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Abstract

In this thesis we looked into three different problems which share, as a common factor,
the exstensive use of the Fourier—Mukai transform as a research tool.

In the first Part we investigated the syzygies of Kummer varieties (i.e. the quotient of
an abelian variety X by the Z/27Z induced by the group operation), extending to higher
syzygies results on projective normality and degree of equations of Sasaki ([?Sasakil]),
Kempf ([?Kempf1]) and Khaled ([?Khaled2, 7kh]).

The second Part of this Thesis is dedicated to the study of pluricanonical linear systems
on varieties of maximal Albanese dimension. More precisely, in Chapter 3 we prove that the
4-canonical map of a smooth variety of general type and maximal Albanese dimension is
always birational into its image, the content of this section can also be found in [?T12011].
Chapter 4 is based on a joint work with Z. Jiang and M. Lahoz ([?JLT2011]) in which we
prove that, in any Kodaira dimension, the 4-canonical map of a smooth variety of maximal
Albanese dimension induces the Iitaka fibration, while, in the case of varieties of general
type, the 3-canonical map is sufficient (and hence the 3-canonical map of these varieties
is always birational). We remark that these last results are both sharp.

Finally, in the last part of this thesis we consider the problem of classification of
varieties with small invariants. The final goal of our investigation is to provide a complete
cohomological charaterization of products of theta divisors by proving that every smooth
projective variety X, of maximal Albanese dimension, with Euler characteristic equal to 1,
and whose Albanese image is not fibered by tori is birational to a product of theta divisors.
Under these hypothesis we show that the Albanese map has degree one. Furthermore, we

present a new characterization of ©-divisor in principally polarized abelian varieties.
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INTRODUCTION

Abelian varieties are among the most studied objects in algebraic geometry. In 1981
Mukai ([?Mu]) developed a tool (called Fourier-Mukai transform) in order to study moduli
spaces of deformation of sheaves on abelian varieties. In this thesis we use the Fourier-
Mukai functors in order to investigate geometric objects that are closely related to abelian
varieties: Kummer varieties (i.e. quotients of abelian varieties by the natural Z/27Z action
induced by the group operation) and maximal Albanese dimension varieties (varieties
which admit a generically finite morphism into an abelian variety). In particular we

analyzed three different problems:

- we investigated the syzygies of Kummer varieties unifying and enhancing results of
Sasaki ([?Sasakil]), Kempf ([?Kemp£f1]) and Khaled ([?Khaled2, 7kh]);

- we studied pluricanonical system on varieties of maximal Albanese dimension, im-
proving the work of Chen—Hacon ([?CH2002, ?Chen2001]), Pareschi—Popa ([?PP3])
and Jiang ([?Jiang2009));

- we employed the Fourier-Mukai transform to the classification problem of irregular

varieties with given invariants.

The problem of projective normality and degree of defining equations of a curve C
embedded in the projective space by a very ample linear system |D| is very classical. In
[?GI] Green realized that both questions are different faces of a wider problem about the
syzygies of C, and that this issue could be addressed by computing the cohomology of the
Koszul complex of certain vector bundles on C'. More precisely the question is to calculate
the minimal degree of generators of the section algebra Ry, (py := @, H°(C, Oc(nD)) over
Sou(py = Sym®*(H"(C, 0¢(D)). The techniques presented in [?GI] work in any dimension

and in the last three decades a lot of work has been done to extend Green’s work (see,

vii



viii Introduction

for example [?GII,?Green,?GL1,?GL2, 7EL] and the very recent preprint [?7Ein2011]). For
what it concerns abelian varieties, the results obtained in the 70s by Koizumi ([?Ko1976])
and Mumford ([?Mum-ab]) were recently generalized to higher syzygies by Kempf ([?Ke1]),
Pareschi [?Pa], Pareschi—Popa ([?PPII]) and Lazarsfeld-Pareschi-Popa [?LPP].

A Kummer variety K4 is quotient of abelian variety A by the action of the involution
(=1)4 : A — Adefined by a — —a. Since ample line bundles on Kummer varieties could be
easily described in terms of (even powers of) line bundels on the associate abelian varieties,
Kummer varieties present a deep affinity with abelian varieties. In the second Chapter
of this thesis we use this special kinship in order to extend to higher syzygies the results
on projective normality and degree of defining equations of Kummer varieties obtained in
the 90s by Sasaki, Kempf and Khaled. For a more precise account of these achievements
we invite the reader to look over the introduction to Chapter 2; in fact the statements
are somewhat thechnical and we deemed it better to postpone their presentation after
having explained all the terminology involved. The main ideas behind the proofs is to
“pull back” the problem on the Kummer to a problem on the abelian variety A and then

use the machinery granted by the Fourier-Mukai transform in order to solve it.

While in Chapter 2 we brought in to play integral transforms in order to study a
quotient of an abelian variety, in the second and third Part of this thesis, we considered
the triple given by a smooth complex projective variety X, its Albanese variety Alb(X),
i.e. the dual torus to H' (X, 0x)/H'(X,Z), and its Albanese morphism

albx : X — Alb(X).

Thus if previously we used the Fourier-Mukai transform in order to investigate the prop-
erties of sheaves pulled back from a variety K 4, now we will concentrate on sheaves pushed
forward to an abelian variety. In both second and third Part of this thesis we focus our
attention on varieties of mazimal Albanese dimension (i.e. varieties whose Albanese map
is generically finite into its image), heeding, in particular, to those of general type, whose
canonical line bundle is big by definition. Thus, when m is an integer large enough and
divisible (meaning that H°(X,w$™) # 0), the rational map induced by the m-canonical
linear system is birational. In this case it is usually said, by a slight abuse, that the

m-canonical linear system itself is birational.

One of the main issues about varieties of general type is an effectiveness problem that
arises every time we have to deal with quantities that are “big enough”. In fact it is very
natural to ask onself if a bound can be found for such numbers. Hacon and McKernan
in [?HM|, and indipendently Takayama [?Taka|, proved that in any dimension there exists

a bound mg depending only on the dimension of X, for which the m-pluricanonical map
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is birational for every divisible m > mg. For what it concerns curves this bound is 3,
and this result is an easy consequence of Riemann—Roch Theorem. Bombieri [?Bo] showed
that mg = 5 is the optimal bound for surfaces. As the dimension grows, the situation gets
more and more complicated and still there are many open problems. For example, we cite
the work of Chen—Chen who proved that 73 is a bound for threefolds, but it is not know
if this is optimal. Some results on 4-folds were discovered by Di Biagio in his Ph-D thesis
[?Lo, ?Loth]

The study of m-canonical map of irregular varieties was started by Chen and Hacon
who in [?Chen2001] proved that, in case of varieties of maximal Albanese dimension, the
dependecy on the dimension of Hacon—-McKernan was linear. However, in a later paper,
[?7CH2002] they realized that it was non existent, that is some bound can be found (3 for
varieties with positive Euler characteristic, 6 for every other varieties) that worked in any
dimension. The same results were later found again by Pareschi and Popa ([?PP3]) as a con-
sequence of the Fourier-Mukai based thecniques ideated in [?PPI]. Jiang in [?Jiang2009]
proved that the 5-canoncial map for varieties of maximal Albanese dimension is always
birational, lowering by one the bound of Chen—Hacon. In addition he demonstrated that,
even when the variety Z is of intermediate Kodaira dimension the pluricanonical linear
system |mKz| induces the litaka fibration for every m > 5, shifting the attention from

varieties of general type to varieties of any Kodaira dimension.

In Chapter 3 we studied the tetracanonical map and showed that, in the case of va-
rieties of general type, it is always birational. However this result is not sharp, and in
Chapter 4 we presents an improvement of its obtained in collaboration with Z. Jiang
and M. Lahoz ([?JLT2011]). Namely we were able to prove that the tricanonical map
of varieties of general type and maximal Albanese dimension is birational; furthermore,
indipendently from the Kodaira dimension, the 4-canonical map of varieties of maximal
Albanese dimension induces the litaka fibration. We remark that both achievements are
sharp: infact the bicanonical map of desingularizations of irreducible principal polariza-
tions is not birational and, in addition, we were able to produce an example of variety
of maximal Albanese dimension and intermediated Kodaira dimension whose tricanonical

map could not induce the Iitaka fibration.

The second issue related to irregular varieties is the classification problem. It is well
known that the holomorphic Euler characteristic of varieties of maximal Albanese dimen-
sion is non-negative. Ein-Lazarsfeld ([7EL1997]) proved that if the Euler characteristic
of X, x(X), is zero, then the Albanese image of X is fibered in tori. Augmenting the
Euler characteristic by one, we find the first examples of varieties of maximal Albanese

dimension whose Albanese image is not fibered in translates of abelian subvarieties of
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Alb(X): smooth models of (irreducible) theta divisor in principally polarized abelian va-
rieties. An interesting line of research started by Ein-Lazarsfeld ([?7EL1997]) and later
pursuit by Hacon ([?Hac]), Hacon—Pardini ([?HP1]), Lazarsfeld-Popa ([?LP2009]), Barja—
Lahoz—Naranjo—Pareschi ([?BLNP]) and Pareschi ([?Pa2]), consists in characterizing smooth
models of theta divisors by their birational invariants. The next step along the road of
better comprehension of varieties of maximal Albanese dimension and Euler characteristic
one would be to provide a similar description for products of irreducible theta divisors. In

this setting Pareschi conjectured the following

A complex smooth projective variety X of maximal Albanese dimension such
that x(X,wx) = 1 and its Albanese image is not fibered in tori is birational to

a product of theta divisors.

The above statement holds for surfaces, thank to the work of Beauville ([?Be1982]), who
proved that a surface S with irregularity ¢(S) = 1 and x(S) = 1 is a product of genus
2 curves, Pirola ([?P12002]) and Hacon—Pardini ([?HP2002]) who studied surfaces S with
x(S) = 1 and ¢(S) = 3. The conjecture is also known to be true for highly irregular
varieties thank to [?HP2] where the authors proved that the irregularity ¢(X) := h'(X, Ox)

of a varieties as above satisfies the inequality
g(X) <2dim X

and equality holds if and only if X is birational to a product of curves of genus 2. If
Pareschi’s conjecture were proved to be true it will reduce the problem of (birational)
classification of varieties of maximal Albanese dimension and y = 1 to the study of va-
rieties whose Albanese image is not of general type. Moreover, it could lead to a better
understandig of those varieties whose bicanonical map is not birational, completing the
work of Barja—Lahoz—Naranjo—Pareschi ([?BLNP]) and Lahoz ([?La2011]).

In the last Part of this thesis we study smooth complex projective varieties X of maxi-
mal Albanese dimension with Albanese image not fibered in subtori of Alb(X) and whose
Euler charecteristic is equal to one, proving some partial results that hopefully will lead to
the resolution of Pareschi’s conjecture. In particular, we find that the Albanese morphism
of such varieties is always birational and we used this fact to give a new cohomological
characterization of © divisors under the further hypothesis of the Albanese image of X
being normal (again, since this last result is a bit technical we invite the reader to the

introduction to the Chapter 5 for the complete statement).
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Notation:

Through out this thesis we work on an algebraically closed field k; restrictions to the
characteristic or to the field itself will be announced when needed. Unless otherwise stated,
with the word “variety” we will mean a projective variety over k and a “sheaf” .# on X
will always stand for a coherent sheaf. The abelian category of coherent sheaf on X will
be denoted with Coh(X ), while D(X) will be the bounded derived category of complexes
of coherent sheaves on X, i. e. D(X) := D*(Coh(X)).

Given .Z a sheaf on X, its cohomology groups will be denoted by H'(X,.%), or simply
H'(.Z) when there is no chance of mistaking the variety X. By h*(X,.#) (or simply
hi(F)) we will mean the dimension of H(X,.%) as k-vector space.

Let z € X, by k(z) we denote the skyscraper sheaf at x. Given .# a coherent sheaf on
a variety X, and V a subspace of H(X,.#), we will denote by Bs(V') the base locus of V

i.e. the locus of points x € X where the map
VRk(r) — .7 ®k(x)

fails to be surjective. If V ~ HO(X,.%) we will call Bs(V) the base locus of .# and we
will denote it by Bs(.:#). The reader could find a more accurate list of the symbols used

in this thesis at the end of this document, just before the index.
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CHAPTER 1

LGENERIC VANISHING: BACKGROUND MATERIAL

We expose here some basic results in use throughout the thesis. Moreover, at the

beginning of each Chapter, the reader will find more preliminary material.

1.1 Fourier-Mukai Functors

One of the main technical tools applied in this thesis is the Fourier-Mukai functor
introduced by Mukai in [?Mu] in order to study moduli space of deformations of Picard
sheaves. It is constructed as follows: given A an abelian variety of dimension ¢ and A
its dual, one can consider #4 (or simply & when there is no chance of confusion) the

Poincaré line bundle on the product A x A and build the exact functor:

-~

(1.1.1) RS, = Rq, (0" (1) ® &) : D(A) — D(A)

where p and g are respectively the left and right projection from A x A. Mukai’s inversion
thoeorem [?Mu, Theorem 2.2] tells us that this functor is an equivalence of triangulated

categories with a quasi-inverse given by his twin functor,
RS, :=Rp.(¢" (1) ® £),

composed with the exact equivalence (—14)*[+¢|, where the map —14 : A — A is the
“multiplication by -1” in the abelian variety, and [-] stands, as usual, for the shift functor

in a triangulated category. In fact the followings composition formulas hold:
(1.1.2) RS40 R§A ~ (=14)%o[—q], R§A oRSy ~ (—12)* o [—ql;
A key point of the proof is the remark that RS4(€4) ~ k(0)[—q].

1



2 1. Generic Vanishing: Background Material

Often in the sequel, when there is no chance of confusion about the variety A, we will
write just RS or RS instead of RS 4 Or RS A.

Denote with R'S(.%) (respectively RIS (7)) the i-th cohomology group of the complex
RS(.F) (respectively RS(.Z)). Then we can define the followings

Definition 1.1.1 ([?Mu, Definition 2.3]). We say that Weak Index Theorem (in brief
W.LT.) holds for an object .# in D(A) if the R'S4(.%) vanish for all but one i; this 7 is
denoted by i(.#) and called index of .#, the coherent sheaf RU¥)S,(.%) is denoted by
Z and is called the Fourier-Mukai transform of .%. By W.L'T.(j) we denote the class of
objects in D(A) that satisfies W.I.T. with index j.

We say that Index Theorem (in brief I.T.) holds for a coherent sheaf .# on A if for any

o € A and all but one i we have
hi(A,.F @ a)=0.
By L.T.(j) we will mean the set of coherent sheaves on A that satisfies I.T. with index j.

It can be proved using base change that a sheaf ¥ satisfies I.T. with index ¢ if and
only if it satisfies W.I.T. with index ¢ and its transform Z is a vector bundle.

A very nice example of the use of the Fourier-Mukai functor in order to study sheaves on
abelian varieties is the following cohomological characterization of principal polarizations,

due to Hacon, tha we will be needing afterwards.

Proposition 1.1.2 ([?Hac, Proposition 2.2]). Let A be an abelian variety and .F a torsion
free sheaf of rank 1 (i. e. F ~ S QL with L a line bundle and .# and ideal sheaf). Suppose
that % satisfies I.T. with index 0 and that its Euler characteristic is 1. Then % is a line
bundle with h°(X,.#) = 1 hence it is a principal polarization.

1.1.1 Relations with Other Functors

In this paragraph we report some results of [?Mu, Section 3] that show the behavior of
RS and RS with respect to other classical functors of algebraic geometry. Before going
further we introduce a piece of notation: from now on, given a topologically trivial line
bundle o on A, the symbol [a] will stand for the point of A parametrizing o (via Z.),
Loe a~ Py Let p € Abea point, by {, : A — A we will denote the morphism
“translation by p” defined by z — x + p. In a similar way we will define the morphism

tf‘a] with [a] € A. The topologically trivial line bundle @{p}x 7 Wwill be denoted by P,

Proposition 1.1.3 (Exchange of translation and tensor product). Given p € A, there is

the following isomorphism of functors

RSot, ~(-® P_p)oRS.
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Conversely if [o] € A we get

RSo(-®a) =1, oRS

1.1.2 Generalized Fourier-Mukai Functors

After the first appearence of the Fourier-Mukai transform in 1981 a lot of work has
been done to study the behavior of this functor and to better understand his usage. The
first step in this investigation has been to extend this tool to a more general setting. In
fact, given two varieties X and Y, any object in & € D(X X Y) can substitute the role
of the Poincaré bundle &2 in Definition (1.1.1). What we get is an exact functor R®s :
D(X) — D(Y) that is called Integral transform with kernel &. Usually, in literature,
this functors are said to be Fourier-Mukai functors whenever they yield an equivalence of
categories.

In a sequence of articles (see for example [?PP3, 7PP5, 7PP6, 7PP4|) Pareschi and Popa
studied a very special integral transform: given a variety X of dimension n with a non

trivial morphism to an abelian variety
a: X — A,

dim A = ¢ one can consider the product X x A. The line bundle &2, := (a x id)*Z2 on
X x Ais given and we may constuct the functor R®4,. It is an easy consequence of

projection formula and base change that
(1.1.3) R®», ~ RS4 o Ra,.

In what follows it will be necessary to consider the integral transform with kernel &2 L.
Since by the “See-saw” Principle (see [?Mum-ab][Cor. 6, pg. 54]) it is not difficult to show
that

P2 (1ax —17)* 2

we get
(1.1.4) R® -1 ~ (-17)'R®,.
Now for any smooth variety Z we may consider the dualizing functor
RAy == Jtome,(—,wz).

Again, when there will not be any chance of confusion, we will omit the subscript Z.

A key result of Grothendieck and Verdier explains the behaviour of RAz with re-
spect with the derived direct image functors. In the sequel, however, when we will refer
to Grothendieck duality we will mean the following statement that explains the mutual

relation between integral transforms and duality functors.
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Theorem 1.1.4 (Grothendieck duality, [?PP4, Lemma 2.2]). Let X be a smooth variety
of dimension n with a : X — A a non trivial morphism to an abelian variety- There is an

-~

isomorphism of functors from D(X) — D(A)
RAAR(I) », = (—12)*R<I)yaRAX [n]

Applying both sides of the equality above to a given object .% in D(X) and taking

cohomology sheaves of both complexes, we got the following isomorphisms of sheaves

(1.1.5) Ext' (R », 7, 07) ~ R"'® , \RAF

1.2 Cohomological Support Loci and GV-sheaves

In the previous Section we introduced integral transforms and explained their realations
with other functors; now we are able to present another fundamental tool we will be using;:

sheaves that satisfy generic vanishing.

Definition 1.2.1 (Cohomological support loci). Given a sheaf .# on X its i-th cohomo-

logical support locus with respect to a is :

VIX,.Z) = {lo] € AW (X, F @a*a) > 0}

a

As it happens for cohomology groups, when possible we will omit the variety X in the

notation above.

Example 1. If .% is a sheaf on an abelian variety satisfying I.T. with index 0, then its
cohomological support loci Vi (.#) are empty for every i > 1.

An important invariant associated to this cohomological loci is the following;:

Definition 1.2.2 ([?PP6, Definition 3.1]). Given a coherent sheaf .# on X, the generic
vanishing index of % with respect to a is
gv,(F) := min{codim (V' (7)) — i}.
>0
If the V%’s are empty for i > 0 then we say by definition that the generic vanishing index
of F is +oo. When .# = wx then gv,(.%) is called the generic vanishing index of X (with
respect to a) and it is denoted by gv,(X).

The class of sheaves whose generic vanishing index is greater or equal k is usually
denoted by GVj. A sheaf .% whose generic vanishing index is non-negative is called GV -
sheaf (generic vanishing sheaf). In literature, when .# is a sheaf on an abelian variety A
with gviq(:#) > 1, it is often said that .# is Mukai regular or, in biref, M -regular. A well
known result of Green—Lazarsfeld provides us with many examples of generic vanishing

sheaves:
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Theorem 1.2.3 ([?GL1]). Given X a smooth variety with a non trivial morphism a : X —

A to an abelian variety, then
gv,(X) > dima(X) — dim X.
In particular, if X has mazimal Albanese dimension, then wx is a GV -sheaf.

The integral transform defined in paragraph 1.1.2 is a perfect instrument to study the
geometry of the generic vanishing loci. An example of such thing is the following result
that relates the “size” of the V(%) with the vanishing of the cohomology sheaves of the
transform RAx.%.

Theorem 1.2.4 (W.LT. criterion, [?PP4, Theorem A]). Let .¥# be a sheaf on X and

suppose n = dim X . Then the following are equivalent:
(i) gva(F) = —k for k > 0;
(ii)) R'® 5 (RAZF) =0 for everyi#n—k,...,n.

Observe that, by the above result, the generic vanishing index of a sheaf .# is non-
negative if and only if the complex Ras(RA.%) satisfies W.IL'T. with index n. Thus
Theorem 1.2.4 provides us with a criterion (that we will call W. I. T. criterion) that will

help us to understand whether a sheaf satisfies the generic vanishing.

1.2.1 GV-sheaves

Now we focus on some features of generic vanishing sheaves. The second equivalent
condition of Theorem 1.2.4 tells us that the full transform of RAx.% is indeed a sheaf
concentrated in degree n = dim(X). In particular we have that the object Ra,RA.Z
satisfies W.I.T. with index n. Another peculiar property of GV -sheaves is stated in the

following Lemma.

Lemma 1.2.5 ([?Pa2, Corollary 3.2]). Given .# a GV -sheaf on X with respect to some
map a. Then
Vad<‘gz) c---C Val(f}\) - Va0<°gz)'

The following Proposition provides two basic properties for its Fourier transform
Ra.RAZ.

Proposition 1.2.6 ([?Pa2, Proposition 1.6]). Let .# be a GV -sheaf on X with respect to
a. Then

(i) tkRa,RAF = x(F)
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(ii) RA;(ReRAY.F) ~ (—1;)*'Rd 5, (F).

Notation 1.2.1. In literature one may find the notation RA.Z instead of the more cum-
bersome Ra,RA.Z that we adopted. But in the sequel we will often need to track down

which map to A we are employing, hence we will stick to this heavier notation.

We conclude this section by stating another important property of GV -sheaves. We

recall the following definition

Definition 1.2.7. Let k be a non-negative integer. A coherent sheaf .% on a smooth

projective variety is called and k-syzygy sheaf if it exists an exact sequence
0—-F =6, ——E—9—0
with & another coherent sheaf and &%, j = 1,...,k locally free sheaves.

Example 2. a) Any coherent sheaf is a 0-syzygy sheaf.
b) .Z is 1-syzygy if and only if it is torsion free.
c) F is 2-syzygy if and only if it it reflexive.

In [?PP6] Pareschi and Popa used k-syzygy sheaves to describe the classes GV}, when

k is positive, proving the following.
Theorem 1.2.8. The following are equivalent
(i) gva(F) 2 k;
(ii) R@ﬂ is a k-syzygy sheaf.
As an immediate consequence we get
Theorem 1.2.9. Let % be a GV sheaf on X. The following are equivalent:
(1) gvo(F) = 0;
(ii) the sheaf Ra,RAZ is not torsion free.

Thank to Theorem 1.2.8, combined with Evans-Griffith syzygy theorem ([?EG]) Pareschi
and Popa were able to prove the following relation between the Euler characteristic of a

sheaf and its generic vanishing index.

Proposition 1.2.10 ([?PP5, Corollary 4.1]). Let X be a compact Khdaler manifold of
mazimal Albanese dimension and a : X — A a generically finite morphism whose image

generates A, then

X(wx) > gv,(wx)-



Part 1

Syzygies of Projective Varieties






CHAPTER 2

SYZYGIES OF KUMMER VARIETIES

Let X be an abelian variety, its associated Kummer variety Kx is the quotient of
X by the natural (Z/2Z)-action induced by the morphism —1x : X — X defined by
x — —x. Given a Kummer variety Lx and an ample line bundle A on Kx, a result
of Sasaki ([?Sasakil]) states that A®™ is very ample and the embedding it defines is
projectively normal as soon as m > 2. Later Khaled ([?Khaled2]) proved that, under the
same conditions, the homogeneus ideal of x is generated by elements of degree 2 and
3, while, if m > 3 it is generated only by quadrics; if, furthermore, we assume the A is a
general very ample line bundle on X, then the homogeneus ideal of Kx is generated in
degree less or equal 4 (for a complete exposition of existing results conerning syzygies of
Kummer varieties see Section 2.1.2). In this Chapter we prove that these statements are
particular cases of more general results on the syzygies of the variety Kx.

More precisely, let Z be an algebraic variety over an algebraically closed field k£ and
let &/ be an ample invertible sheaf on Z, generated by its global sections. With R, we
will indicate the sections ring associated to the sheaf <f -

Ry =P H(Z, ")
nez
while S, will be the symmetric algebra of H°(Z.7). The ring R, is a finitely generated

graded S.-algebra and as such it admits a minimal free resolution FE,, i.e. an exact

complex
(2.0.1) Eo=0—... g o Pop hop R, 0
where

(i) Ep = Sﬂ@@j S (—aoj), aoj € Z, agj > 2 since Z is embedded by a complete linear

system,
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(ii) E;, = EB]'S,Q{(—CLU), a;; € Z, G >0,
(iii) and Im(f,) C mE,_; where m is the maximal homogeneus ideal of S, .

This resolution is unique in the sense that given E, another minimal free resolution there
exists a graded isomorphism of complexes E, — E, inducing the identity map on R,/ (see
[?7E11995, Theorem 20.1]).

In order to extend classical results of Castelnuovo, Mattuck, Fujita and Saint-Donat

on the projective embeddings of curves, Green ([?GI]) introduced the following

Definition (Property NNV, ). Let p be a given integer. The line bundle & satisfies property
N, if, in the notations above,
Ey = S

and
Ei:@S%(—i—l) 1< <p.

Pareschi ([?Pa]) extended the above condition as follows : we say that, given a non nega-
tive integer 7 property N{j holds for 7 if, in the notation above, ap; < 1+ 7 for every j
(i. e. the embedded variety is h-normal for every h > 2 + r). Inductively we say that .o
satisfies property Ny if Ny, holds for / and ap; < p+ 147 for every j.

Green in [?GI] proved that, if Z is a smooth curve of genus ¢g and o/ a very ample line
bundle on Z then & satisfies N, if deg.e/ > 2g 4+ 1 + p. He also conjectured that, if C' is

a smooth non-hyperelliptic curve and K¢ is its canonical divisor, then
Oc(Kc) satisfies N), if and only if p < Cliff(C);

where Cliff (C) is the Clifford index of the curve(cfr. [?Eisenbud, Section 9A]). Green’s
conjecture was recently proved for the general curve by Voisin ([?V1,?V2]), and for the
general cover by Aprodu-Farkas ([7AF2010]). Farkas investigated syzygies of curves in
order to evince geometrical properties of the moduli sapces M, and Wg (see for example
[?F1,7F2]).

Another line of research started by [?GI], is to see how to best extend Green’s results in
higher dimension. The case of surfaces has been challenged by Gallego and Purnaprajna
in a long series of articles starting in 1996. For a survey in this matter please see [?GP].
The syzygies of the projective space were studied by Green in [?GII]|, where he proved
that Opn(d) satisfies N, for d > p > 1, by Ottaviani-Paoletti ([?70P2001]), who proved
that Op2(d) does not satisfy N, for 3d —2 < p, and in the recent preprint [?Ein2011],
where the authors studied the asymptotic behaviour of syzygies of projective varieties

in general, and those of P" in particular, demonstrating some theorems conjectured in
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[?70P2001]. For arbitrary smooth varieties there is a general conjecture of Mukai and in
[?EL] Ein—Lazarsfeld proved that, if Z is of dimension n, denoting by wyz its canonical

line bundle on Z, then for any .Z very ample on Z the sheaf
A = wy @ LOMTIH)

satisfies V), for every d > p > 1.

Abelian varieties distinguish themselves among other smooth varieties since, at least
for what it concerns their syzygies, they tend to behave in any dimension like elliptic
curves. More precisely, Koizumi ([?7Ko1976]) proved that, given &/ ample on an abelian
variety X, then for m > 3, &/®™ embeds X in the projective space as a projectively
normal variety. Furthermore, a classical theorem of Mumford ([?Mum-ab]), perfectionated
by Kempf ([?Kel]), states that the homogeneus ideal of X is generated in degree 2 as
long as m > 4. These results inspired Lazarsfeld to conjecture that &/®™ satisfies N, for
every m > p + 3. In [?Ke5] Kempf proved that &/®™ satisfies condition N, as soon as
m > max{3,2p + 2}. A generalized version of Lazarsfeld’s conjecture, involving property
N, rather than simply V,,, was proved in [?Pa]; later in [7PPII] Pareschi-Popa were able to
recover and improve Pareschi’s statements as a consequence of the powerful, Fourier-Mukai
based, theory of M-regularity that they developed in [?PPI].

Given the results on projective normality and degree of defining equations of Sasaki
and Khaled, and the close relationship between abelian varieties and Kummer varieties,
it was natural to conjecture that even for the latter could be found a bound mg(p,r),
independent of the dimension of Kx such that o7®™ satisfies N, for every m > mo(p,r).
In this Chapter we present some results in this direction. The main idea behind the proofs
is that ample line bundles on Kummer variety Kx have a nice description in terms of
ample line bundles on X. More precisely, denoting by mx : X — Kx the quotient map,
then for every A ample on Ky it exists &/ ample on X such that 7% A ~ /®2. Hence we
can use Pareschi-Popa machinery to find some results on &/®?™ and then study how the

Z/27 action fits in the frame. Below we list the main achievements we obtained.

Theorem 2.A. Fiz two non negative integers p and r such that char(k) does not divide

p—+1, p+2. Let A be an ample line bundle on a Kummer variety Kx, then
(a) A®"™ satisfies property N, for every n € Z such that n > p + 2.
(b) More generally A®™ satisfies property N for every n such that (r 4+ 1)n > p+ 2.

Since it consists in an improvement of existings results on the degree of defining equa-
tions of Kummer varieties it is worth to emphasize individually the case p = 1 of the above
statement. Thank the geometric meaning of property Ny (Section 2.1.1) one can deduce

the following:
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Particular Case 2.B. Let A be a very ample line bundle on a Kummer variety Kx, then
the ideal of the image pA(Kx) in P(H°(X, A)) is generated by forms of degree at most 4.

This result was classically known to be true, thank to the work of Wirtinger,
Andreotti-Mayer and Khaled, just when A was a general very ample line bundle on KCx.
Adding one hypothesis about the line bundle A we can get a somewhat better result

improving the work of Kempf and Khaled; namely:

Theorem 2.C. Let p and r be two integers such that p > 1, r > 0 and char(k) does not
divide p+1, p+2. Let A be an ample line bundle on a Kummer variety Kx, such that its
pullback T A ~ /9% with o/ an ample symmetric invertible sheaf on X which does not

have a base divisor. Then
(a) A®™ satisfies property N, for every n € Z such that n > p+ 1.
(b) More generally A®™ satisfies property Ny for every n such that (r+1)n > p+ 1.

Again, it is worth of single out the case p = 1 of the above Theorem, concerning the

equations of the Kummer variety Kx.

Particular Case 2.D. Suppose that char(k) does not divide 2 or 3 and let A be an ample
invertible sheaf on Kx such that w3 A ~ o/®? with o without a base divisor. Then

(a) If n > 2 then the ideal Fi,, sen of the embedding @ gen is generated by quadrics.
(b) Fx .4 is generated by quadrics and cubics.

The key point of the proofs of Theorems 2.A and 2.C will be to reduce the problem
on the Kummer variety Kx to a different problem on the abelian variety X. Namely we

will show that property N, on the Kummer is implied by the surjectivity of a map of the
type:

(*) P FX Foa) o H(X, #©a)™ H(X, Fo 4 @ a)
[a]eT

where .7 and # are sheaves on X and U is a non empty open subset of X , the abelian
variety dual to X and m, is just the multiplication of global sections. Criteria for the
surjectiviy of such maps are implicit in Kempf’s work ([?Ke5, 7Ke1990]), for the case .F a
vector bundle and J# a line bundle (for an explicit argument due to Lazarsfeld see [?Pa]).
These results had been improved and extended to general coherent sheaves by Pareschi—
Popa in [?PPII|.

This Chapter is organized in the following manner: in the next section we expone some

background material such us the relationship between proprerty Ny and the cohomology
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of the Koszul complex and a useful criterion for the surjectivity of a map of type (*). In
Section 3 we present some slightly modified version of results of Sasaki and Khaled. The

last section is entirely devoted to the proof of the main theorems.

2.1 Background Material

2.1.1 Property NI and Koszul Cohomology

In this first section we review some well known relations between property Ny, or more
generally property NN, and the surjectivity of certain multiplication maps of sections of
vector bundles.

Let Z be a projective variety and let L be an ample invertible sheaf on Z. We begin

by stating a well known result of homological algebra:

Proposition 2.1.1 ([?Eisenbud, Proposition 1.1.7]). Let S = k[xo,...,x,] a polynomial
ring and let E : --- — FEy — Ey be the minimal free resolution of a finitely generated

S-module M. Then if S is any minimal set of homogeneus generators of E;, then the set
Sj:={s€ S|s has degree j} C S
has cardinality dimy, Tory (k, M);.
An immediate corollary of this is

Corollary 2.1.2. Fiz p and r non negative integers. Given L an a very ample line bundle

on a projective variety Z, it satisfies property Ny (N;) if
(i) TorgL(k:,RL)j =0 for every j > 1 (for every j >r+3),
(ii) TorgL(k,RL)j =0 for every j > p+2 (for every j >r+p+2).

Using this fact and computing the above Tor groups via the Koszul resolution of the
field k, Green observed (see for example, [?GI, Thm. 1.2], [?Green, Thm. 1.2], or [?Laz, p.

511]) that condition N, is equivalent to te exactness in the middle of the complex
p+1
(211) /\ HO( ®H0 L®h /\HO ®H0 L®h+l /\ HO ®HO L®h+2)

for any h > 1. More generally, condition Ny is equivalent to exactness in the middle of
(2.1.1) for every h > r + 1. Suppose that L generated by its global sections and consider

the following exact sequence:

(2.1.2) 0— M, — H(L)® 67 — L — 0.
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Taking wedge product, for any p one gets the following exact sequence
p+1 p+1
(2.1.3) 0—>/\ML—>/\HO ®ﬁz_>/\ML®L_>0
It follows (for details cfr. [?Laz] or [?Ein2011]) that property N is implied by the
surjectivity of

p+1
(2.1.4) N\ B(L) © H(L®") — H° (/\ My ® L®h+1>

for any h > r + 1, where (2.1.4) was obtained by twisting (2.1.3) by L®" and taking
cohomology. Thus from (2.1.3) it follows that if

p+1
(2.1.5) H'(Z, \ M, ® L®") =0,

then for any h > r+ 1, then condition N, is satisfied. If char(k) does not divide p, AP & is
a direct summands of &®P for any vector bundle &. Therefore we are led to the following

Lemma:
Lemma 2.1.3. Assume that char(k) does not divide p and p + 1.
(a) If H'(Z, MEDPH ® L®") =0 for any h > r + 1 then L satisfies Ny.

(b) Let W C H°(Z, L) be a free sublinear system and denote by My, the kernel of
the evaluation map W ®@ Oy — L. Assume that H'(Z, M%}p®L®h) = 0, then
H'(Z, M%}pﬂ ® L®") = 0 if and only if the multiplication map

W @ H(MF @ L") — HO(MyP @ L")
18 surjective.

Proof. The proof of (a) is straightforward, while (b) follows from the following exact

sequence:

0— M @ L — W o MiP @ L% — M{P @ L¥+ — 0.

Property N, for Small p’s’

By definition , if a variety Z is embedded in a projective space by a very ample line
bundle L satisfying property Ny, then the variety Z is h-normal for every h > r. Hence

property Ny is equivalent to projective normality.
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For p = 1 property N; carries information of geometric nature since it returns intel-
ligence about the equations of the embedding of the variety Z. More specifically, we can
prove the following result that will allow us to deduce Particular Case 2.B and Particular

Case 2.D from the main theorems.

Proposition 2.1.4. If L is a very ample line bundle on an algebraic variety Z satisfying
Ny, then the homogeneus ideal of Z is generated by homogeneus elements of degree at most
r+ 2.

Proof. Denote by V the vector space H%(Z, L) and let S¥V be the component of degree

k of the symmetric algebra of V', S. Consider furthermore the two S-modules

I=@HPV), I7.L(K))

and R and take a look to the following commutative diagram where the middle column

is given by the Koszul complex.

3
SF1V @ A2V © H(Z, My, ® L®F)

| |

0—=0LL,V SV oV {RL}r®V 0
(1>l (2>l l
0 Iy Sk+1y {Rr} 1 0

Our aim is to see that the map (1) is surjective for every k > r + 2. Suppose that L
satisfies property N7, then in particular property IV} holds for L and the second and third
row are exact for every k > r + 1. Since (2) is surjective, by the Snake Lemma, for every
k > r + 1 the surjectivity of (1) is implied by the surjectivity of (3) for every k > r 4 2.

Now we can factor (3) in the following way:

3
SF1V @ A2V © HY(Z, My ® L®F)

\/

HO(Z, L®k71) ®/\2V

where g is the canonical mapping H°(P(V), Op(k — 1)) — H%(Z, L®*~1) and f is the
map in (2.1.4). For every k > r + 2, g is surjective because L satisfies N, while the

surjectivity of f is equivalent to property Nj; hence (3) is surjective. O
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2.1.2 Kummer Varieties: Definition, Projective Normality and Equa-
tions

Let X be an abelian variety over a field k, with char(k) # 2. As usual we denote by
—1x : X — X the morphism given by x — —x. We recall that the Kummer variety
associated to X, denoted with Kx, is the quotient variety

ICX ::X/<—1x>.

By mx : X — Kx we will mean the canonical map to the quotient.

2.1.3 Line Bundles on Kummer Varieties

In this paragraph we recall some basic fact on symmetric sheaves and on line bundles
on Kummer varieties. This part of the thesis, as well as any other passage in this section,
is of expository nature: a complete treaty of the results here presented can be found in
[?Mum-eq, pp. 303-305].

We recall that an invertible sheaf . on an abelian variety X is called symmetric when
(-lx)' 2L ~2
Thus, take . a symmetric line bundle on X and fix ¢ an isomorphism
VL = (-1x)"Z;
then for all x € X closed points, 1 induces an isomorphism
ba): L) — Z(~a).

Therefore it is possible to canonically normalize 1 by requesting that the map (0) is the
identity.

Definition 2.1.5. The canonical isomorphism arised from the above consturcion is de-

noted by ¥ ¢ and it is called Mumford’s normalized isomorphism of £
Remark that for every x € X point of order 2, )¢ induce an involution e(z) on .Z(z).

Definition 2.1.6. The line bundle .Z is totally symmetric if e(z) is the identity for every

2-torsion point.
Example 3. An even power of a symmetric line bundle is always totally symmetric.
A converse to this example holds for ample line bundles:

Proposition 2.1.7. Let .Z be a totally symmetric ample invertible sheaf on an abelian

variety X, then L ~ o/®? with </ an ample symmetric invertible sheaf on X.
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This statement is classical and well known. A proof of its is implicit in [?Sasakil, Proof
of Lemma 1.2]. We include our own proof for the reader’s benefit. We will need the

following two statements about totally symmetric line bundles.

Lemma 2.1.8 (Properties of totally symmetric line bundles). (i) Let £ be an ample
totally symmetric invertible sheaf of type 6 = (d1,...,dgy) on an abelian variety X of

dimension g. The group
K(Z)=Ker(z— t:20.L")
contains all the points of order 2 of X. Hence all the d;’s are even.

(ii) If £ and L are two totally symmetric line bundles such that they are algebraically
equivalent, then £ ~ %.

Proof. Part (i) is Corollary 4 p. 310 in [?Mum-eq] while part (ii) is explained at p. 307 of
the same paper. O

Proof of Proposition 2.1.7. By the Lemma 2.1.8(i) we have that & ~ .#%? with .# an
ample line bundle on X. If .Z is already symmetric there is nothing to prove. Thus we
can suppose that .# is not symmetric. Now consider « a topologically trivial line bundle
such that a®? ~ (—1x)*.# @ #®" (it exists because Pic’(X) is an abelian variety and
therefore a divisible group ([?Mum-ab, (iv) p. 42])). The invertible sheaf &7 := .# ® « is

symmetric. In fact we have
AR (~1x)' N~ M@0 (—1x) (MO @) 2 a0 @ (—1x) MO ~ O.

Therefore the sheaf &7®? is totally symmetric and algebraically equivalent to .%. Since

also .Z is totally simmetric the statement follows for Lemma 2.1.8(ii). O

Proposition 2.1.9 ([?Mum-eq, Proposition 1 page 305]). Let £ be an invertible sheaf on
an abelian variety X and consider the associated Kummer vairety mx : X — Kx. Then &

is of the form 75 M with M some line bunlde on Kx if and only if it is totally symmetric.

Now take .Z a symmetric invertible sheaf on X. The Z/27Z action on X given by
the involution —1x : X — X induces trough & a lifting of the action on .. The

composition

(=1x)* (=1x)*(Ye)

H(X, &) HY(X, £)

HY(X, (—1x)"2)

is denoted by [—1] ¢, or simply by [—1] when there is no chance of misinterpretation, and

it is an involution of H(X, %) and admits just 1 and -1 as eigenvalues. We define

H(X, £)* = {s € H(X, %) such that [—1] ¢s = £s}
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If .Z is totally symmetric, by Proposition 2.1.9 then it exists a line bundle M on the Kum-
mer variety Ky such that 7% M ~ % and one can identify H*(Kx, M) with H*(X, £)*.

Notation 2.1.1. From now till the end of this chapter, in order to lighten the notation, we

will use the letter ¢ to denote the map (—1)x.

2.1.4 Projective Normality and Equations

If A is an ample invertible sheaf on Kx generated by its global sections, one may

wonder about the “good” properties enjoyed by the morphism
S0|A®n‘ : ’CX — P(HO(/C)(, An))

associated to the complete linear system |A"™|, n € N*. In this paragraph we review
some known results on very ampleness, projective normality and bound of the degree of
equations of Kummer varieties.

For example, a well known fact (cfr. [?BL, Proposition 4.8.1]) says that, if 75, A = 26
with ¢ a principal polarization on X, then A is very ample, i.e. 4| is an embedding. For

what it concerns projective normality, we have the following results.
Theorem (Sasaki, Khaled). In the above notation

(i) A®"™ is very ample and normally generated, (i. e. the embedding induced by |A®"|

is projectively normal) for every n > 2;

(i) If A is very ample, then it is normally generated if and only if, after writing A ~
%% with o ample and symmetric on X, Ox ¢ Bs(H’(X, o ® a)t) for every
[a] € X of order 2.

Th first part of the above Theorem is due to Sasaki ([?Sasakil]), while the second
was proved by Khaled in [?kh]. The degree of generators of the homogeneous ideals of Kx
was studied by Kempf and Khaled who proved the following statements.

Theorem. In the notation above.

(i) Let 0 and A be respectively a principal polarization on the abelian variety X, and a
line bundle on Kx such that 75 A ~ 20. Then A®? s normally generated and the
homogeneous ideal associated to the embedding ¢ 02 is generated by its components

of degree two and three.

(i1) If n > 3, then the ideal of Kx in the embedding given by A®™ is generated by forms
of degree 2.
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(iii) The image homogeneus ideal associated to p g2 is generated in degree two and three.

(iv) If A very ample and normally generated, then the ring
@HO(ICX, A®n>
neN
is generated by HY(Kx, A) modulo quadric, cubic, and quartic relations.

Proof. The first part of the statement is proved in [?Kempf1]. For the others please see
[?Khaled2]. O

In [?Coble| Beauville proved that part (i) of the above Theorem is sharp:

Proposition ([?Coble, Proposition 3.2]). Let (X,0) be an indecomposable principally
polarized abelin variety and consider @|g| the morphism associated to the complete linear
system |20|. The ideal )z of ¢ppe|(X) in P(H*(X, Ox(20)) cannot be genereted by its

elements of degree < 3.

2.1.5 M-regular Sheaves and Multiplication Maps

M-regular sheaves and M-regularity theory, introduced by Pareschi-Popa and reviewed
in the first Chapter of this thesis, are crucial to our purpose thank to their application in
determining whether a map of the form
(2.1.6) P H' X, F9a)@ H (X, # ®a") ™ H(X, F @ X),

laleU
with .% and 7 sheaves on an abelian variety X and U C X an open set, is surjective. We
will list below all the results of such kind that we will be using troughout the paper. The

first one is an extension of a theorem that had already appeared in the work of Kempf,
Mumford and Lazarsfeld.

Theorem 2.1.10 ([?PPI], Theorem 2.5). Let .# and F be sheaves on X such that F is
M -regular and 2 is locally free satisfying I.T. with index 0. Then (2.1.6) is surjective
for any non empty Zariski open set U C X.

An easy corollary of the above result is stated below.

Corollary 2.1.11. If % and S satisfy the hypothesis of the above Theorem, then there

exists N a positive integer such for the general [aq], ..., [an] € X the map

mak

N
PH' (X, F @ ap) ® H(X, # @ ay) HYX, .7 @ )
k=1

18 surjective.
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We conclude this paragraph by presenting two results on multiplication maps of sec-

tions we will be needing afterward.
Proposition 2.1.12. Let &7 be an ample line bundle on an abelian variety X. The map
(2.1.7) m: HY (X, %% @ H' (X, 7**®a) — H'(X, %' @ a).

is surjective for the general [a] € X. If furthermore o/ does not have a base divisor, then

the locus Z C Pic®(X) in which it fails to be surjective has codimension at least 2.

Proof. The first part of the statement is classical, for a reference see, for example [?BL,
Proposition 7.2.2]. For what it concerns the second part, it was proved by Pareschi-Popa

([?PPII]) as a consequence of their M-regularity techniques. O

2.2 Multiplication Maps on Abelian Varieties

A well known result by Khaled states that

Proposition 2.2.1 ([?Khaled?2]). Let o/ be an ample symmetric vector bundle on an
abelian variety X. Take k = 2n an even positive integer. Thus o/%F is totally symmetric

and for every n > 1 and every h € Z, h > 3 the following map is surjective for every
[a] € Pic®(X)

mt : HO(X, 7%t @ H)(X, #®" ® a) — H'(X, %" @ a).

[0}

The main goal of this section is to prove that the same is true for every h = 2 and for
general o € X. If furthermore we assume that </ does not have a base divisor, then we
will show that the locus of [a] € X where

(221)  m:HOX, &P @ H(X, &% ga) — H(X, &2 g a)

[0}

fails to be surjective has codimension at least 2. We will do this by slightly modifying the
methods adopted by Khaled in [?Khaled?2].

To this end, consider the isogeny
E: XXX —XxX
given by & = (p1 + p2, p1 — p2)

Lemma 2.2.2. For any [o] € X we have an isomorphism

I

& (p1(# ® B)) @ p5(F @ ) P2 @BRa)@py(d? @B aY)
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Proof. We will use the “See-saw” Principle: for any y € X we have
EWi(A ®B) @Py(F ® Q)| xxpy 2T @, D5’ DT o~
~ A Q[ a.
Now we look at the restirction of £*(p3 (/' @ ) ® p5(« ® ) to {0} x X and we get
£ Wi ®B) @p3 (o @ ))joyxx ¥ ©B@ITA ®a) = dP PR a;
hence the statement is proved. O

Notation 2.2.1. When [a] = [3Y] we will denote @7 simply by ol
Composing with the Kiinneth isomorphism we have a map
£ HX, o @) @ HYX, o ®a) — HY(X, 7% o fea) e H(X, %0 fea").

Taking [a] = [3Y] we want to characterize the image of H*(X, & ® 8)@H*(X, o @ V)
in H(X, &9)* @ HY(X, &/%? @ 3%?) through ¢*.

In order to achieve this goal, we consider the following two automorphisms of X x X

o i, = (—p1,p2). It induces the automorphism [—1] e2 ® id on
HY(X, @) @ HO(X, &% ® §%%);

for every section s € HY(X, &%) ® H*(X, @/®% @ 3%?%), we have that
s€ HY(X, 79" @ H'(X, 7?2 8%%) & [-1] e @id(s) =s.
¢ T, the automorphism of X x X defined by (—p2, —p1).
Now, for every [3] € X let
(2.2.2) Y A QP — A RP

be the isomorphism given by tensoring the normalized isomorhims of &7, ¥/, with the
identity of 3. We denote by

vpyit (o @ B) @plit(o @ BY) —: pi( @ B) @ py(d @ 3Y)

the isomorphism of sheaves defined by U(p5i*t ® pii*s) = pji*(¥5)i*s @ p5i*(Yv)i*t. We

obtain the following diagram

HYX x X, pi(o ® B)® pi(o @ BY)) —2h . HO(X, o ® B)@ HY(X, o @ BY)

|

HY(X x X, p3i*(o/ @ B)@ pli* (o @ BY)) T ep

fl

HO(X x X, pi(o/ ®@ B)@ p3(of @ 8Y)) —220 o HO(X, of @ B)o HO(X, o @ 6Y)
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Where T®F is the involution defined by T7®P(s @ t) = i*(1hav)i*t @ i*(1hg)i*s. Let us
denote by
[H(X, o ® B)© H(X, o @ ")

the eigenspaces of
HY(X, o @ B) ® H'(X, o @ ")

under the action of T7®5.
Proposition 2.2.3. For every [a] € X we have
CHYX, o @) @ HUX, o ©8Y)]F C HY(X, %)% @ HU(X, o/ @ §°%).

Proof. We shall write HY(.«7) instead of H%(X,.e7). This proof is just a slight modification
of Khaled’s proof of [?kh, Proposition 2.2]. First of all observe that the following diagram

commutes:

P (¥, @2)®id

pi(¥?) @ ps (2 @ 39?) pii*(®?) @ py(A % ® B%?)

‘I’ﬁT Tii(%)

& i (o @ B) @ ps(o @ BY)) E (T (1 (F2B) @ ps( @ (Y)))

In fact it certainly commutes up to a costant. By looking at the diagram in the origin of

£ (v)

X x X this costant can be shown to be 1. Thus we have the commutative diagram

2)®id
HO(,Q/®2 (%692 ®ﬁ®2§ (e )®HO( * o7 921 (%®2®ﬁ®2)) HO<427®2 (%®2®ﬁ®2))

T@ﬁ Tizqi'g T(Dﬁ

H (£ ® BRI ©5Y) < HUE7(o @ BRI ©FY) <— HOE (o @ HR (@ ©0Y)

Tg* Tg* Tg*

HY((o ® B)R(/ ®Y) H (7 ((« @ IR (o ©19)) H((o/ ® BRI ®SY))

Hence, composing with Kiinneth isomorphism we obtain another commutative diagram:

*

HO(%@Q) ® HO(%®2®B®Q)
PT(¢Q¢®2)®idT
HO(o/%?) @ HY (/#2239 Terop

Pk

HO(%®2) ® HO(%®2®ﬁ®Q)

HY(o @ B) @ H(o 23

é—*

H (o @ B) @ H (o ®3Y)

Therefore we have
& oT7%0 = 1] /02 ®id o £*.

The statement follows directly. O
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Theorem 2.2.4. Let o/ be an ample symmetric line bundle on X and take [a] € X. Then

the multiplication map
m: HY (X, @%@ H' (X, #*?®a) — H'(X, *' ®a)
1s surjective if and only if the following multiplication map is surjective
mt: H(X, 79" @ H'(X, #%? @ a) — HY(X, 7% ® a)

Proof. The “if” part is strightforward. The proof of the “only if” part is a mix of Obuchi’s
proof of his Theorem about normal generation on abelian varieties (cfr. [?0hbuchi1988,
Theorem]|) and Khaled’s proof of his result about normal generation on Kummer varieties
(cfr. [?kh, Theorem 2.3]).

The multiplication map
m: HY (X, %% @ H' (X, 4*?®a) — H'(X, %' ® a)

is (as observed by Khaled) the composition of £* with the map id ® ey wag,v, Where
e oigyv i the evaluation in 0 of the sections of &®* @ a¥. Infact if we denote by
A: X — X x X the diagonal immersion, then m is just A* composed with the Kiinneth
isomorphism. Now we can write A = £o f where f : X — X x X is the morphism defined

by x +— (z,0x). Now observe that, modulo Kiinneth isomorhism,
f*HY(X, 7% @ H(X, 7% @ a") — HY(X, o7®%)

is exactly id ® e 1g,v. Hence m = A* =id ® e yo1gqv © £

Thus we can consider the following commutative diagram

0 0 \Y *
w@@[ }H (M®ﬂ) ®@H (d@)ﬂ ) § HO(%®2) ®HO(%®2®a)
QQM) /
HY (/% ® a)

The upper arrow is an isomorphism by projection formula. In fact we have that

§Oxxx ™ @ PIY ® Pa7y-
heXz
Then we can write
H (%% @ H'(#/®2® a) ~ H(pj(#%?) @ p5(7/** ® a)) ~
HO (& (pi(o @ B) @ p3 (o @ BY))) ~
H (6.8 (pi (o ® B) @ p5 (o ® 8Y))) ~
HO(pi (o @ B) @ p3( @ BY) @ &.0xxx) ~

P H'(7ep)eH (s
BE2]=[a]

1R

12
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Therefore the surjectivity of m is equivalent to the following
(1) 0 ¢ Bs(« ® 3Y) for every 8 € X such that 3% ~ a,

where, as usual Bs(«/ ® V) stands for the base locus of & ® V.
Now we shall prove that if (f) holds, then m™ is surjective. Thank to the Proposition

2.2.3 and the isomorphism

*

2
Bppejai) H (o © 5) — H(o/®* © ),

yielded by 2% and projection formula, it is enough to check that for every [3] satisfying
[6%%] = [o]

2% @eyepv (H (o © ) @ H (o ® )" = 25 HO(o/ © B).
To this goal take s € H(« ® 3), we want to provide an element
o€ (H(o ®p)® H (o ® V)

such that
2x ®eygpv(0o) = 2x(s)

Denote by X the constant ey ggv ([(*95 0 i*](s)). If A # 0, take

o=

(s ® [i"g 0 77](s))-

>| =

Suppose, otherwise, that A = 0; since (f) holds, it exist a t € H°(«/ ® ) such that
ewapv ([i*1g0i*](t)) = 1. Then, take o to be the section

(s+t)@[i*Ysoi(s+t) —t@[i*Ygoi](t) € (H(F @) e H (o ep))".
Applying 2% ® ey gpv to o we get

2 © carnp (0) = 2k ® campy (s + 1) © "5 017 (s + 1) — 1 ® [i*5 0] (1)) =
= (s ) 1—2%(t) 1=
= 2%(s).

Therefore the statement is true. O

Using the above Theorem and a well known facts about multiplication maps on abelian

varieties one is able to prove the following;:
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Corollary 2.2.5. 1. For every &/ ample symmetric invertible sheaf on X the multipli-

cation map
(2.2.3) mt: HY(X, @) @ H(X, #%? ® a) — H'(X, &% @ a)
is surjective for the generic [a] € Pic?(X).

2. If furthermore o/ does not have a base divisor, then the locus where (2.2.3) is not

surjective has codimension at least 2.

Proof. The statement follows directly from the Theorem 2.2.4 and the corresponding state-
ments (cfr. Proposition 2.1.12) about the map

m: H' (X, %% @ H' (X, 4*?®a) — H'(X, %' @ a).

Now we are ready to challenge the result that is the main point of this paragraph.
Theorem 2.2.6. Let of be an ample symmetric invertible sheaf on X, then

1. there exist a non-empty open subset U C Pic®(X) such that for every h, n € Z with

n > 1 and and every o € U the following map is surjective
(2.2.4)  mb:HY(X, &%) @ H'(X, 7**®a) — H' (X, "2 @ a).
2. If furthermore </ does mot have a base divisor, then the locus Z in Pic®(X) where

(2.2.4) fails to be surjective has codimension at least 2.

Proof. We will apply pretty much the same techniques used by Khaled in [?Khaled2] in
order to prove Proposition 2.2.1. We will procede by induction on n, with base given by
Corollary 2.2.5.

Case n > 1. Observe the following commutative diagram:

HO(X, o) HO(X, o/®2"DYe HO(X, 7% ® a) ——> HO(X, %) %0 HO(X, #®2"~D+2 g q)

l%

HO(X, 79" @ a)

HY(X, ®*)t® H (X, %° ® a)

Me

The locus of points in Pic®(X) where m,, is not surjective is contained in the following

union

{[a] € Pic®(X) | ¢q is not surjective} U {[a] € Pic®(X) | 4 is not surjective}.
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Hence we have
codim{[«] | m, is not surjective} >
min{codim{[a] | ¢, is not surjective}, codim{[a] | ¥4 is not surjective}}

Since 2 4+ 2(n — 1) > 3, by Proposition 2.2.1, v, is surjective for every [a] € X and the

latter of the two sets above is empty. By inductive hypothesis,
codim{[a] € Pic’(X) | ¢4 is not surjective}

is greater or equal to one, in the general case, to two, when .7 has not a base divisor,
therefore the Theorem holds.
O

2.3 Equations and Syzygies of Kummer Varieties

Putting together the results of the previous paragraphs, in this last Section we will
prove Theorem A and Theorem C.

First of all, observe that the case p = 0 of the Theorem A follows directly as a corollary
of Khaled’s work (cfr. Proposition 2.2.1). Thus, for what it follows we will always consider
p =L

Our strategy in proving both Thoerem A and C will be using the part (b) of Lemma
2.1.3 and reduce the problem to checking the surjectvity of

(2.3.1) HO(]CX’ A®”)®HO<]CX’ M®p ®A®nh> —)HO(K:Xy M®p ®A®n(h+l)>

A®n A®n

for every h > r+ 1. Denoting with & an ample symmetric line bundle on X such that
o/ ®% ~ 7* A, we split the proof in several steps.

Step 1: Reduction to the surjectivity of
(2.3.2) H(X, o/%*™)* @ HO(X, 7" (Mpon)®P @ /") — HO(X, 7% (M ge0 )®P ©@ o7 ©2nht1)

Our first aim will be to show that if the map (2.3.2) is surjective, then (2.3.1) is too. We

prove this in the next lemma:

Lemma 2.3.1. Let A € Pic(Kx) and E be a vector bundle on Kx. Denote by & the

pullback ©5 E. If the following multiplication map is surjective,

(2.3.3) HY(X,o®*)" @ H'(X,&) — HY(X, 7% @ &)
then also
(2.3.4) H%(Kx,A®") @ H(Kx,E) — H°(Kx,A®" ® E)

18 surjective.
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Proof. The proof is very straightforward. The idea is that the vector space V := H°(X, &)
splits as a direct sum V* @ V™~ where VT (respectively V™) is the subspace of invariant

(respectively anti-invariant) sections with respect to the Z/27Z action defined by
S+ §01.
Therefore, if we denote by f the map in (2.3.3), also f splits as a direct sum f* @ f~ with
ffHY(X, 79" @ HY(X, &)Y — HY (X, 7" ® &).

If f is surjective, then f* is surjective. The statement follows from the trivial identification
of fT with (2.3.4). O

The next step in the proof will find us with reducing our problem to the surjectivity of
a map of the type (2.1.6) and hence to an M-regularity problem. Before going any further

we need some remarks.

Remark 2.3.1. Suppose that A is an ample line bundle on Kx and let & an invertible
sheaf on X such that 7% A = &/®2. Take n an integer such that A®™ is globally generated

and consider the following exact sequence of vector bundles:
0 — Myen — HY(Kx, A") ® O, — A®" — 0.
By pulling back via the canonical surjection mx we get:
0 — m%(Mpsn) — HY(X, )" @ Ox — % = 0.

Hence, after defining
W, = H(X, &*")"
we have that 75 Men ~ My, .

From now on given a sheaf . on X, we will often write HY(.%) instead of H'(X, .7).

Step 2: Reduction to an M -reqularity problem
Consider the vanishing locus V(My, ® &/®?), we claim that it coincides with the

locus of a € X such that the multiplication map

mg « HO (%)t @ H(o/®? @ a) — H (o) g a)

[0}

is not surjective. Infact consider the short exact sequence

0— My, — W@ 7% @a — 7220 g — 0.
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Taking cohomology we get
+
HO(MWn ®a) N HO(%®2n)+ ®HO(%®2 ® a) ﬂa_> HO(%®2(TL+1) ®a) N
ce— HI(MWn ®Oé) — Ho(ﬂ®2n)+®H1(£{®2 ®a) — .

Since for every topologically trivial line bundle @ € Pic?(X) H)(#®?") T @ HY (#®?®a) =

0, it follows that the surjectivity of m is equivalent to the vanishing of H!'(My, ® ).
Thank of this characterization of the locus on Pic’(X) where m fails to be surjective

and using a technique introduced by Kempf and widely employed we were able to prove

the following

Lemma 2.3.2. Let o/ and & be an ample symmetric sheaf on an abelian variety X and a

coherent sheaf on X, respectively. If & @ o/®72 is M-reqular, then the multiplication map
(2.3.5) HY(X, 7°)" @ H'(X,&) — H'(X, %" ® &)
1s surjective for every n > 1.

Before proceeding with the proof we will state an immediate corollary of this Lemma,

that reduce our problem to an M-regularity problem
Corollary 2.3.3. If M%i ® o/ ®2h=1) s M -regular, then (2.3.2) is surjective.

Proof of the Lemma. By Proposition 2.2.6(1) we know that V(Myy, ® .o/®?) is contained
in a Zariski closed subset of X. Therefore it exists an open set Uy C Pic’(X) such that
Uo N VI My, @ o/®%) = (). Now observe the following commutative diagram.

@ HO(JZ{®2”)+ ® Ho(ﬂ®2 ®a)® HO(éo A ozv)

O{Gﬁo
f Ho(ﬂf®2")+ ®H0(<§")
@ HO(bQ{®2n+2 ® a) ® HO((go ® d®—2 ® aV) .
CMGUQ
h\
HO(& © o/ ®2m)

The map f = @m_ is surjective by our choice of the set (70, the map h is surjective by
M-regularity hypothesis together with Theorem 2.1.10. Thus g is necessarily surjective.
O
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Step 3: Solution of the M -regularity problem.

Theorem 2.1.10 and the result in the last paragraph allow us to reduce the problem of
the surjectivity of the map (2.3.5) to an M-regularity problem. In particular we have that,
if M&%ﬁ ® 7®2(h=1) is M-regular for every h > r, then A®" satisfies N;. The solution of

the M-regularity problem is presented in the next two statment.

Proposition 2.3.4. Let p a positive integer. Then M&;}i ® O™ satisfies I.T. with index
0 (and hence it is M-regular) for every m > 2p + 1

Note that Theorem A follows at once from this Proposition taking m = 2nr — 2.

Proof. We will procede by induction on p.

Case p = 1. Let us consider the following exact sequence:
0 — My, — W, @ Ox — %" - 0.
twistin with @®™ ® o with [a] any element X we obtain
(2.3.6) 0— My, " @a — W, @ 7" @ a — F"T™ @ a — 0.

Hence one can easily see that the vanishing of the higher cohomology of My, ® &“™ ® «

depends upon:
(i) the vanishing of the higher cohomology of &/®™ @ «a and
(ii) the surjectivity of the following multiplication map:
HY(X, 9" @ H)(X, " ® a) — HY(X, %" @ a).

Condition (i) holds for every « as long as m > 1, while, thank to Khaled result (cfr Propo-

sition 2.2.1), we know condition (ii) holds for every « as long as m > 3.

Case p > 1. Suppose now that p > 1 and take any [o] € X. By twisting (2.3.6) by M‘%ﬁ_l
we can observe that the vanishing of higher cohomology of MI%I:L ® %™ ® o is implied by

(i) the vanishing of the higher cohomology of Ml?}i 19 @%@ and

(ii) the surjectivity of the following multiplication map:

(2.3.7) HO(X, ") @ HO(X, MZP ' @ /%™ @ a) — HO(X, MZP ™' @ /%™ @ a)
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By induction (i) holds as long as m > 2p — 1. Thank to Lemma 2.3.3 and Lemma 2.1.10
we know that if M%i_l ® ¥ 2 ® a satisfies I.T. with index 0, than (2.3.7) is surjective
holds. But we use induction again and we get that M%’:L_l ® A" 2@ a is LT. with
index 0 whenever m — 2 > 2p — 1, that is whenever m > 2p + 1 and hence the statement

is proved. O

Proposition 2.3.5. In the notations above, take p > 1 an integer. If &/ does not have a
base divisor, then M&B}Z ® ™ s M-regular for every m > 2p.

Again Theorem C, follows at once after taking m = 2(nr — 1).

Proof. For m > 2p + 1 the statement is a direct consequence of the Proposition above,

hence we can limit ourselves to the case m = 2p. We will procede by induction on p.

Case p = 1: We want to prove that codim Vi (My, ® «/®%) > i for every i > 1. From
the vanishing of the higher cohomology of &7®? @ a for every a € Pic’(X) we know that
the loci

ViMy, @ Z%%) =0 for every i > 2.

Recall that the locus V2 (M, ® @/®2) is the locus of points o € X such that the multi-
plication
Wn ® HO(%®2 ® a) N HO(A®2n+2 ® a)

is not surjective. We know from Proposition 2.2.6 that if &7 has not a base divisor then
this locus has at least codimension 2 and hence the statement is proved.

Case p > 1 Take [a] € X. Consider the following exact sequence
(238) 0= M @ 7P @a— W, M ' @ 7" ®a — M '@ %" @0 —0

From Proposition 2.3.4(a) we know that for every ¢ > 1 both Hi(Mgf}i_l ® 7% @ a) and
Hi(M‘%Z_l ® /¥ ® o) vanish. Thus the loci VI(MP @ @/®%) are empty for every
¢ > 2. It remains to show that that

codim VI(M‘%’L ® %) > 2.

As before one may observe that this locus is exactly the locus in X where the following

multiplication map fails to be surjective:
W, @ HO(MGP " @ o/ @ o) — HO(MP ™ @ 77" @ a).

Infact, taking cohomology in (2.3.8) and observing that for every [a] € X, hl(M%]Z 1w
%% @ a) = 0, due to Proposition 2.3.4, we have the conlcusion following the same

argument that in the case p = 0.
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Now take [a] € VI(My? ® #/®%). By inductive hypothesis the sheaf M&’}ifl ®
Z®2P=1) is M-regular. Corollary 2.1.11 implies that there exists a positive integer N
and [B1],...,[On] € X such that the following is surjective.

N
@Ho(d®2n+2 ® Bk ® Oé) ® HO(M%i_l ® d®2(10—1) ® ﬁlg) i> HO(M‘%Zfl ® .Q/®2p+2” ® a)

k=1

Consider the commutative square

N
PH (7" @ HY (7 @ a® i) @ H'(MGF ' @ /7% @ )
k=1

H(a/®*")Y @ HO(MGP ' @ 7% @ )

N
@Ho(ﬂmm—z ®a®b)® HO(M&%Z_I ® o®2(—1) ® 55)

: \

HO(MGE @ of 9200 %)

The right arrow is not surjective by our choice of a. The bottom arrow is surjective,

hence the left arrow could not be surjective. Therefore
N
o€ U Z,
k=1
where Zj, stands for the locus of [3] € X such that the multiplication map
(2.3.9) HY(a®*")" @ HY(7/*? @ B® B) — H (7" @ B Br)
fails to be surjective. Thus one has that
N
VM @ @%%) C | ) Z.
k=1
By Theorem 2.2.6(2) the loci Zj have codimension at least 2, therefore

N
codim V! (My? @ o/%%) > codim | | Z, > 2
k=1

and the statement is proved. ]
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2.4 Final Remarks

In this section we present some possible further developments of the achievements
presented in this Chapter.

First of all we remark that we do not expect our results to be optimal for p > 2. Infact
we guess, following the analogy with abelian varieties, that for large p, A®™ should satisfies
property N, for n ~ & rather than for n ~ p. However any result of this kind is impossible
to achieve with the methods employed here. Our hope is that using Ploog’s equivariant
Fourier-Mukai transform ([?Ploog07]) instead of classical integral transforms is possible
to develope an M-regularity theory on Kummer varieties and to use it to investigates their
syzygies.

Another possible development is to find an explicit basis for the quartics that cut a
Kummer variety Kx associated to a pricipally polarized abelian variety X and embedded
by a divisor 20 with © a principal polarization in X. In fact Khaled in [?kh| found such
a base when 20 yields a projectively normal embedding (indeed he was able to prove that
Kummer varieties are defined by quartics equation just in this setting). Unfortunately
the open sets of the moduli space of Kummer varieties of dimension ¢ constitued by pro-
jectively normal varieties is not much interesting from a geometric point of view. For
example, for what it concerns Jacobians J(C'), the projective normality of the embedding
20 is equivalent to the existence of an even theta-characteristic on C' (cfr. [?kh]); hence
there are examples of Jacobians with non-projectively normal associated Kummer, as well
ones whose associated Kummer variety satisfies Vg. Therefore, finding the equation defin-
ing Kummer varieties in a non projectively normal setting could have many applications
and could lead to a better comprehension of the geometry of the moduli spaces of Kummer

varieties and consequently to a better understanding of the Shottky problem.

Changing Group

One may wonder if the techniques described in this Chapter are adapt to study the
syzygies of other (singular) quotients of abelian varieties. More precisely let G be a finite
group of authomorphisms of an abelian variety X, we can consider the (G.I.T.) quotient
7r§ : X — K$ := X/G and investigate the syzygies of an embedding of his.

The first problem that we encounter in this study is that we do not have the nice
characterization of ample line bundles on IC)G( in terms of line bundles on X we had for
classical Kummer varieties. Namely we do not know if the pullback of any ample line
bundle on K¢ can be described as a (fixed) power of an ample line bundle on X. What
we can say is that, for every L G-invariant ample invertible sheaf on X (e.g. a sheaf such
that for every g € G there is an isomorphism ¢4 : L — g¢*L), the sheaf L®IGI is of the
form 77% L with £ € Pic(lC)G(). Hence the first step toward the study of syzygies of these
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quotient varieties would be restricting onself to the analysis of the embeddings given by
those line bundles .Z such that pg;(’ * & ~ LOIGl for some L € Pic(X).

Next we need to check if the proof in the previous Sections are “stable by changing
group”. After substituting the groups H*(X, L®")* with the equivariant cohomology
groups H'(X, L®™)%  there is no problem whatsoever for what it concerns the results of
Section 2.3. The issues arise when we are looking at the “base” of our induction, namely
at section 2.2. in fact the results we find there are proved using techniques tailor made for
the Z /27 actions. Thus, in order to study the syzygies of generalized Kummer varieties

it is necessary to give answer to the following problem:

Problem. Let G be a finite group acting on an abelian variety X. Take L a G-invariant
ample line bundle on X. Consider Vg(n, k) the locus in X where the following is NOT

surjective:
m& : HO(X,L®™")% @ H)(X,L®* ® a) — HY(X,L*""* @ a).
For which k and n nonegative integers
1. Va(n, k) is empty?
2. Va(n, k) has codimension greater than 17
3. Va(n, k) has positive codimension?

A possible way to circumvent the problem could be, again, adopting the equivariant
Fourier-Mukai transform and see if it can be used to develope an equivariant M-regularity

theory.
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CHAPTER 3

TETRACANONICAL MAPS OF VARIETIES OF
MAXIMAL ALBANESE DIMENSION

An interesting issue in birational geometry is studying the structure of the pluricanon-
ical maps of smooth varieties. In particular, given Z a complex smooth projective variety,
one wants to find explicitly (when it exists) an integer ng such that for every n > ng
the pluricanonical linear system [nKyz| ~ |w5"| yields a map birational equivalent to the
litaka fibration of X.

For example, in the case of curves and surfaces of general type, the answer to this
question had been long known: if C is a curve of genus g > 2, then an easy application of
Riemann-Roch Theorem tells us that the tricanonical map P1we3| is birational. The case
of surfaces was succesfully challenged by Bombieri in [?Bo|, who proved that given S is a
surface of general type, then the pentacanonical, P18 is always birational.

Under the further assumption that Z is of mazimal Albanese dimension (i.e. the
Albanese map Z — Alb(Z) is generically finite), the pluricanonical maps are surprisling
easier to understand. In [?Chen2001] Chen and Hacon proved that if Z is a smoooth
complex projective variety of maximal Albanese dimension, then the image of Pluen] has
dimension k(X) for any n > 6; if furthermore Z is of general type then this map its
birational onto its image for any n > 6. Moreover if the Albanese image of Z is not ruled
by tori) than the complete linear system |mK z| induces a birational map for every m > 3.
These statements were later recoverd by Pareschi-Popa ([?PP3]) as an application of their
Fourier-Mukai based techniques. More recently it was shown by Jiang [?Jiang2009],
applying ideas from [?PP3|, that, if Z is a smoooth projective variety of maximal Albanese
dimension, then Pl is a model of the Iitaka fibration. The main result of this paper,
whose proof uses M-regularity techniques introduced by Pareschi and Popa in [?PP3], is

an improvement of Jiang’s theorem:
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Theorem 3.A. If Z is a complex projective smooth variety of mazimal Albanese dimen-

sion and general type, then the tetracanonical map Pluet) 1s birational onto its image.

The argument consists in showing that reducible divisors D+ Dgv, with [a] € Pic%(Z),
D, € \wQZw ® al and D,v € |cu‘§Z92 ® V| separate points in a suitable open set of Z. The
crucial point is that, for all [a] € Pic?(Z), the sections of w}? ®  passing trough a general
point of Z have good generation properties. In order to achieve this we use Pareschi-
Popa theory of M-regularity and continuous global generation ([?PPI,?PP3|), joint with a
theorem of Chen-Hacon [?Chen2001] on the fact that the variety V°(wy) spans Pic®(Z).

It is worth mentioning that this achievement is not sharp. In fact in the next Chapter
we will present a proof, obtained in collaboration with Z. Jiang and M. Lahoz, of the
birationality of the tricanonical map for varieties of general type and maximal Albanese
dimension. However tha aforementioned proof, since it relays on induction on dimension,

is less explicit than the one exposed here.

In what follows Z will always be a smooth complex variety of general type and maximal
Albanese dimension while wy shall denote its dualizing sheaf. By Alb(Z) we will mean

the Albanese variety of Z.

3.1 Background Material

3.1.1 Asymptotic Multiplier Ideals and Related Vanishing Properties

In this paragraph we briefly recall the basic properties of multiplier ideals and asymp-
totic multiplier ideals. For a complete treatment of this matter we recommend Chapters
9 to 11 of [?LazarsfeldIeII].

Assume that Y is a smooth variety of dimension n and let D be an integral divisor
onY. Let V C HY(Y, Oy (D)) be a non-zero finite dimensional linear subspece. We recall

that a log resolution of the linear series |V'| is a projective birational mapping
Y =Y

with Y’ non-singular and such that the p*|V| = [W| + F where F + exc(u) is a divisor
with simple normal crossing support and W C H=(Y', Oy:(u*D — F)) is a base point free
linear series. (Here exc(u) stands for the sum of exceptional divisors of ).

Now, following [?LazarsfeldIeII, Definition 9.2.10 |, given D, V, u as above and
¢ > 0 a rational number one can define the multiplier ideal ¢ (c-|V|) corresponding to ¢

and |V] as
S (c-|V|) = pOy(Kyr )y — e F]).
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It can be checked that this object does not depend on the choice of the log resolution .
If we assume that the linear series |D| has non-negative litaka dimension and we take p a
positive integer, we can form the multiplier ideal sheaf associated to the complete linear

series |pD|
c
/(Z;IPDD C Oy.

We have the following Lemma

Lemma 3.1.1. For every integer k > 1 there is an inclusion

/(5\@1) c /(irpw\)

This result together with the ascending chain condition on ideals tells us that the

family

{/<§\pz>r>}p20

admits a unique maximal element ¢ (c||D||), called the asymptotic multiplier ideal as-
sociated to ¢ and |D|. The main reason for the introduction of multiplier ideals is the
possibility to extend classical results, such as Kodaira vanishing for big and nef line bun-
dles. In fact we have the following important achievement that alone is the cause of our

need for multiplier ideals.

Theorem 3.1.2 (Nadel vanishing for asymptotic multiplier ideals [?LazarsfeldIell,
Thm. 11.2.12]).
In the notation above, if D has non-negative litaka dimension, we have the following

vanishing:
(i) If A is big and nef integral divisor on'Y', then
H'Y, Oy (Ky +mD + A)® #(||[mD]])) =0 fori>0

(i) If D is big then the same statement is true assuming just the nefness of A. In

particular if D is big then
H'(Y, Oy (Ky +mD)® #(|[mD|))) =0 fori>0
Since multiplier ideals are, in particular, ideal sheaves, it is very natural to ask ourselves
questions about the geometry of their zero locus. We have the following results:
Lemma 3.1.3. Given a L line bundle on'Y of non-negative Iitaka dimension

(i) Then
HO(Y,L® J(||L|l)) = H°(Y, L),

i.e. the zero locus of # (||L||) is contained in the base locus of L.
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(i) For every non negative integer k,
S ([LEED]) 7 ([[L24]])

Proof. Both results are exposed in [?LazarsfeldIeII|, part (i) is Proposition 11.2.10,
while part (ii) is Theorem 11.1.8. O

As an easy corollary we have the following Lemma due to Pareschi and Popa that we

will be needing afterward.

Lemma 3.1.4 ([7PP3, Lemma 6.3(b)]). Let Y be a smooth complex variety of general
type and denote by Ky its canonical divisor. For any m > 1, the zero locus of # (||(m —
1))Kyl||) is contained in the base locus of Oy (mKy) ® a for every [a] € Pic?(Y).

For the reader’s benefit we include the short proof.

Proof. Since bigness is a numerical property, all line bundles wy ® « are big. By Nadel’s

vanishing (Theorem 3.1.2) for any m > 1 we have
RY,0P" @80 7 (||wy ®a)®™ ) =0

for every i > 0 and every [a], [3] € Pic’(Y). Since the Euler characteristic is invariant
under smooth deformations, h°(Y,wi™ @ 3@ # (||(wy ® @)®(™=V]|)) does not depend on
[3]. Denote this quantity by A(a). Now, Lemma 3.1.3 implies that for any [3] € Pic’(Y)

RY,wf™ @B e 7 (||(wy @)™ ) <Y, 0™ @ B)

and equality holds for [8] = [@®™]. As a consequence we have that, by semicontinuity, for
any [3] in a neighbourhood of [a®™], hO(Y,w™ @ B) = A(a). Since this holds for every
[a] it follows that hO(Y,ws™ ® 3) is constant (and equal to AMOpieo(yy)) for any [5] and
m > 1. The statement follows directly. O

In what follows we will adopt the following notation. Given . an invertible sheaf on
a smooth projective variety Y such that HO(Y,.%) # 0; we will denote by _#(||-Z||) the
asymptotic multiplier ideal sheaf associated to the complete linear series |D| with D an
effective integral divisor with 0y (D) ~ .Z.

3.1.2 Ilitaka Fibration

We conclude this section of preliminaries by recalling the definition and the basic prop-
erties of the Iitaka fibration associated to a line bundle. We will discuss litaka fibrations

associated to the canonical sheaf of a maximal Albanese dimension variety more throughly
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in Chapter 4, but since we spoke about it in the introduction to this Chapter, we deemed
it best to expose this material in here. We follow [?LazarsfeldIeII, Section 2.1.C].
Let Y be a smooth projective variety and consider L a line bundle such that its litaka

dimension (Y, L) is non negative. Let
N(Y, L) := {k € N|°(Y, L¥¥) # 0},

and denote by ¢ : Y --» Z; C P the rational map associated to the complete linear

system |L®*|. As k grows these maps turn out to have a “limit” in the following sense:

Theorem 3.1.5 ([?LazarsfeldIeIl, Theorem 2.1.19]). In the notation above if k €
N(Y, L) is big enough then the map ¢y is birational equivalent to a given fiber space

of normal varieties and the restriction of L to a general fiber of woo has litaka dimension

0. In particular it exists a commutative diagram

where the horizontal maps are birational and us s a morphism. Moreover setting Lo 1=

us, L and taking F' to be a very general fiber of oo then

Observe that dim Z, ~ k(Y, L).

The algebraic fiber space (3.1.1) is called the litaka fibration associated to L and it is
unique up to birational equivalence. When L = wy the canonical line bundle on Y, then
we speak about the litaka fibration of Y.

Since the issues we will be addressing have a birational nature, we will usually assume
that Yo =Y.

It has been proved by Chen and Hacon [?CH2004] that Y is of maximal Albanese
dimension if and only if Z,, is. In this case the general fiber of ¢, is again of maximal
Albanese dimension. Since it has Kodaira dimension 0, a result of Kawamata [?Ka1981]

implies that it is birational to an abelian variety K.

3.1.3 Generation Properties of M-regular Sheaves

In the first Chapter we recalled the notion of M-regular sheaf on an abelian variety

and we listed some of their main properties. However for what we want to prove here
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these notions are not sufficient: since we will need to work with the generation properties
of M-regular sheaves. Below we recall some basic terminology about generation of sheaves
and we present results of Pareschi and Popa that investigate the generation properties for
Mukai-regular sheaves.

Given % a coherent sheaf on variety Y over an algebraically, closed field k, we say

that it is globally generated (in brief GG) if the evaluation map
HYY,Z#)® Oy — F

is surjective. More generally, given T C Y a proper subvariety, we say that .% is globally

generated away from T if for every y ¢ T the map
H(Y,7) @ k(y) — F @ k(y)

is surjective. The following notion has been introduced to further weaken the concept of

global generation.
Definition 3.1.6 ([?PP3, Definition 2.10]). Let Y be a variety

1. A sheaf % on Y is continuosly globally generated (in brief CGG) if the sum of the

evaluation maps

Y

Evy : @Ho(ﬁééa) Qal —
aclU

is surjective for every U non empty open set of Pic(Y).

2. More generally, given T' a proper subvariety of Y, .% is said to be continuosly globally
generated away from T if Supp(Coker(Evy)) is contained in T for every U non empty
open set of Pic®(Y).

The following proposition relates the behavior of the CGG property with respect to
the twisting by a line bundle.

Proposition 3.1.7 ([?PPI, Proposition 2.12]). In the settings above, assume that F is
CGG away from a subvariety T and let </ a line bundle that is CGG away from a subva-
riety W of Y, then for every o € Pic®(Y) the sheaf F @ of @ o is globally generated away
from T UW.

We conclude this paragraph by recalling a result of Pareschi and Popa that will enable
us to study generation properties of certain sheaves on an abelian variety and derive from

them the generation properties of w§4 on Z.

Proposition 3.1.8 ([?PP3]). An M -regular sheaf on an abelian variety is continuosly

globally generated.
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3.1.4 On the Geometry of Generic Vanishing Loci

In this subsection we expose some results of Chen-Hacon [?Chen2001, Theorem 1],
Green—Lazarsfeld [?GL2, Theorem 0.1] and Simpson [?8, Section 4,6,7] about the geometry

of the generic vanishing loci introduced in the first chapter.

Theorem 3.1.9 (Subtorus Theorem [?GL3, 7S]). Let Y be a compact Kdhler manifold,

and W an irreducible component of Vi(wy) for some i. Then
(a) There exist a torsion point [3] and a subtorus T of Pic®(Y) such that W = [B] + T.

(b) There exist a normal analytic variety X of dimension < d—1i, such that (any smooth
model of ) X has mazimal Albanese dimension and a morphism with connected fibres
f:Y — X such that T is contained in f*(Pic’(X)).

We recall that the morphism in (b) arises as the Stein factorization of the composition
7 o alby where 7 : Alb(Y) — T is the map dual to the inclusion T < Pic%(Y).

Theorem 3.1.10 ([?7CH2004]). Let Y be a complex smooth projective variety of maximal
Albanese dimension and let f :' Y — Z a model of the litaka fibration of Y. Then the
translates through the origin Oy of the components of VO(Y,wy) generate Pic®(Z) as a
subabelian variety of Pic®(Y). In particular of Y is of general type then they generate the
whole Pic®(Y).

3.2 Proof of Theorem 3.A

We will prove this slightly more general statement:

Theorem 3.2.1. Let Z be a smooth complex projective variety of maximal Albanese di-
mension and of general type, then, for every [a] € Pic%(Z) the linear system \w%% ® af is

birational.

Note that also in the setting of Jiang and Chen-Hacon what is proved is the birationality
of w$® @ a for all [o] € Pic?(Z).

We will need the following easy lemma.

Lemma 3.2.2. Let E an effective divisor on an abelian variety X. Take Ty, ..., Tk
subtori of X such that they generate X as an abstract group and let v;, i =1,...,k some
points of X. Then EN (v; +T;) # 0 for at least one i.

Proof. If E is ample, then the statement is easily seen to be true.

Thus we can suppose, without a loss of generality, that E is not ample. Then it exists
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an abelian variety A # 0, a surjective homomorphism f : X — A and an ample divisor
H on A such that F = f*H. Suppose now that £ does not intersect y; + T; for every i,
it follows that H does not intersect f(~; + T;) for every i. Hence, since H is ample, the
image v; + T; through f is a point, and therefore T; is contained in the kernel of f for
every ¢. But this is impossible since the T;’s generate X.

O

Proof of Theorem 3.2.1.
Let ay : Z — Alb(Z) Albanese map of Z. Let us state the following claim.

Claim 1: For the generic z € Z the sheaf az (%, @ w5? ® # (||wz||)) is M-regular.

Remark 3.2.1. In [?PP3] Pareschi and Popa proved this claim to be true in the case
of varieties of Albanese general type, and this was the key point of their proof of the
birationality of tricanonical maps (cf. [?PP3, Theorem 6.1]). However, in their argument,
the assumption that the Albanese image of Z is not ruled by subtori enters crucially. The

proof of this claim is, therefore, the point in which our work diverges from [?PP3].

Before proceeding with the proof of the Claim 1 let us see how it implies Theorem
A, this argument follows the one Pareschi and Popa in [?PP3]. First of all we simplify a
bit the notation by letting F := w3? ® #(||wz||). Now observe that, since the Albanese
morphism ayz is generically finite, a well known extension of Grauert-Riemenschneider
vanishing theorem (see, for example [?PP3, proof of Proposition 5.4]) yields that, for any
a € Pic%(Z), the higher direct images Rlayz (w3’ ®a® Z (|lwz ®||)) vanish. Therefore,
for every i > 0 we get the equality

ViZw3?©a® 7 (llwz ®al) = VI(AD(Z),az.(w? @ a® 7 (|lwz ® al])))

By Nadel vanishing for multiplier ideals (Theorem 3.1.2(ii)) the loci at the left hand side
are empty when ¢ > 0. In particular az .(w3?®a® 7 (||lwz®al|)) is M-regular on Alb(Z)
and hence cgg everywhere (Proposition 3.1.8). Since az is generically finite, we get that
w?®a® f(||lwz®all) is CGG away from W, the exceptional locus of az. This means
by definition that the map

(321) P H(wP®a® f(|lwz@al)@8) @8 <5 wi?0a® 7 (|lwz®al)) ©C(z)
[Blen

is surjective for every z ¢ W and for every Q C Pic’(Z) non-empty open set. Now we
recall that the base locus of _# (||wz ® a||) is contained in the base locus of w§? ® a®? for

every [a] € Pic®(Z) (cfr Lemma 3.1.4); hence we can consider the closed set

W' =W U {zero locus of #(|lwz @ al|)}.
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It follows easily from (3.2.1) that, if z ¢ W’ the map

P HwPeap) s 2w @aeC(2)
[Bleq

is surjective for every © open dense set in Pic®(Z) and thus wézw ® a is CGG away from
w'.

Afterwards, since we are supposing that the claim is true, we can take U a non empty
open set of Z such that for every z € U the sheaf az (., ® F) is M-regular and hence
CGG. Again, it follows S, ® F is CGG away from W. Finally by [?PPI, Proposition
212] 7, @ .F Qu 2 ® a is globally generated away from W’ and therefore .7, ® ®w ‘®a
is globally generated away from T = W' U {zero locus of #(||wz||)} and we can conclude
is bira-

that wQZM ® « is very ample outside a proper subvariety of Z and hence Pl gal

tional for every [a] € Pic’(Z). This prove the Theorem.

Now we proceed with the proof Claim 1. Recall that, by the Subtorus Theorem

(Theorem 3.1.9), we can write
k
=J (B +T0)
=1

where the [3;] are torsion points of Pic’(Z) and the Tj C Pic’(Z) subtori. Hence, for all
i and for all [a] € T; the line bundle wz ® a ® (; has sections, and therefore its base locus
Bs(wz ® a® [3;) is a proper subvariety of Z). We take an non-empty Zariski open set U

contained in the complement of

k
WUU ﬂ Bs(wz ® a ® ;).

1=1a€T;

Given z € U we want to prove that for every ¢ > 1

Codim Vi(az (&, @ F)) > i+ 1.
Consider the following short exact sequence:
(3.2.2) 02, QF 7y —F7T—F370C(2) =0

Since z does not belong to the exceptional locus of the Albanese map of Z, by pushing

forward for ay we still get a short exact sequence:
(3.2.3) 0= az+( Q@ F R7) — az«(F ®@7) — az«(F @7®C(z)) — 0.

In particular R'ay (%, ®.Z ®v) = 0. Since, as already observed, an extension of Grauert-

Riemenschneider vanishing, yields the vanishing the Riaz .(w5*® # (||wz||) ®7) for every
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4 >0 and every [y] € Pic’(Z), we have that Riaz.(.%, ® . @) = 0 for every j > 0 and
every . Therefore, for every j > 0

(3.2.4) Vilaz «( S @ F)) =V I, @ F)

Now we look at the long cohomology sequence of the short exact sequence (3.2.2). By
Nadel vanishing (Theorem 3.1.2) we have that, for every i > 1 and [y] € Pic’(Z),

H'(Z,w3* @ J(lwzll) ® a)=0

and therefore, by (3.2.4) the loci Vi(az «(.#, ® F)) are empty for every i > 2.
It remains to see that CodimV!(az.(.%, ® %)) > 1. Before proceeding further we state
the following:

Claim 2: For every j =1,...,k, VH(£, @ Z) N (T; + [5?2]) = 0.

The reader may observe that by Theorem 3.1.10 the T}’s generate Pic’(Z), and this,
together with Lemma 3.2.2, implies directly Claim 1. In fact the locus V1(.%, ® %)) is a

proper subvariety of Pic’(Z) that cannot possibly contain a divisor, hence its codimension
shall be greater than 1. By (3.2.4) also CodimV1(az.(%, ® #)) > 1.

To prove Claim 2 we reason in the following way. First we remark that there is an
alternative description of the locus V1(.#, ® F): in fact by (3.2.2) and the vanishing of
HY(Z, 7 ®~) for every [7] (again due to Nadel vanishing) we have that H'(Z, Z,0.7 ®7) #
0 if and only if the map H°(Z,.# ® v) — .# ® v ® C(z) is not surjective. Therefore we
can write

VY7, @ F) = {[y] € Pic®(Z) such that z ¢ Bs(.F ®7)}.

Since we chose z ¢ ﬂaeTj Bs(wz ® a® 3;) it exists V; a dense open set of Tj such that, for
every [0] € Vj, z is not in Bs(wz ® B; ® ¢). Take [y] € T}; the intersection V; N ([y] — V)
is still a non-empty open set of T;. For [0] € V; N ([y] — V) we write

W @AY~ (wzRB;®0)Q(wz BTV

since, thanks to our choice of §, both wz ® 3; ® § and wyz ® Bj ® ¥ ® §~! are generated
in z, also the left hand side is. Therefore z ¢ Bs(w?2 ® ﬂ?z ® 7). Now we use again
Lemma 3.1.4: the zero locus of _# (|lwz]|) is contained in the base locus of w$? @ a for
every [a] € Pic®(Z); thus we have the equality Bs(w3? ® 5;82 ®0) =Bs(F ® ﬁ;m ®0) and,
consequently, § ® 5?2 ¢ V(£ ® Z) and the claim is proved. O



CHAPTER 4

EFFECTIVE IITAKA FIBRATIONS

The results presented in this chapter are joint work with Z. Jiang and M. Lahoz
([?7JLT2011]) and are an improvement of the material exposed in the previous Chapter

and published in [?Ti2011]. In particular, our main achievement is the following:

Theorem 4.A. Let X be a smooth projective variety of maximal Albanese dimension.
Then,

1. the linear system |4K x| induces the litaka fibration of X;
2. if X is of general type, then the linear system |3K x| induces a birational map.

This is clearly the optimal bound for varieties of maximal Albanese dimension. On
one hand, the varieties of general type whose bicanonical map is not birational have been
studied in [?BLNP,?La2011]. On the other hand, we produce varieties of dimension at least
4, whose tricanonical map does not induce the litaka fibration (see Example 4).

We observe that when y(X,wx) > 0, the birationality of the tricanonical map was
proved by Chen and Hacon [?CH2002, Thm. 5.4]. Hence, we restrict ourselves to the case
X(X,wx) = 0. In that situation we have a special fibration where the m-th pluricanonical
linear system restricts surjectively to the general fiber for m > 3 (see Lemma 4.3.5). On
the base of this fibration, we construct two positive line bundles (see Lemmas 4.3.3 and
4.3.4). One of them induces a birational map on the base, and the other one is used to
prove the appropiate effectiveness. We use them to apply Lemma 4.2.1, which allows us to
apply induction on the dimension of X. The lack of effectivity is what forces us to consider

the tetracanonical map for non-general type varieties (as we note in Remark 4.5.2).

47
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Notation

In the sequel, X will always be a smooth complex variety of maximal Albanese di-
mension. We denote by ax : X — Ax the Albanese morphism of a smooth projective
variety.

We will not distinguish in this Chapter between line bundles and divisors on X. Thus
given two line bundles L and M we will denote the twist of M and L either by L ® M or
by L + M. The dual of an invertible sheaf will be denoted either by LY or by —L. The
reason for doing this is that sometimes the notation with tensor products is cumbersome.

Given a smooth variety X, by P, (X) we will mean the m-th plurigenus of X, i.e.
RY(X, w?}m).

4.1 Background Material

In this section we present some results we will be needing afterwards.

Vanishing Theorems

We begin with two vanishing results. The first one tells us when certain higher direct

image are zero.

Lemma 4.1.1 ([?LazarsfeldIeII, Lemma 4.3.10]). Let h : X — Z be a morphism of
wrreducible projective varieties and let H be a very ample divisor on Z. Suppose that G is

a coherent sheaf on X with the property that
HY(X,9 @ h*(H®™)) =0 for every i > 1 and every m >> 0.
Then R h(9) =0 for every j > 0.

The second is a very important vanishing result of Kawamata-Viehweg that extends

Kodaira vanishing to big and nef Q-divisors.

Theorem 4.1.2 (Kawamata—Viehweg vanishing Theorem|[?LazarsfeldIeIl, §15]). Let
X be a smooth projective variety of dimension n, and let N be an integral divisor on X.
Assume that N is numerically equivalent to a sum B+ A with B a nef and big divisor and

A =3 a; i a Q-divisor with simple normal crossing support and fractional coefficents
0<a; <1 for every:i.

Then for every i >0
h(X,0x(Kx +N))=0
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A result of Barja—Lahoz—Naranjo—Pareschi

In [?BLNP] the authors introduced the following:

Hypothesis 4.1.3 ([?BLNP, Hypothesis 4.7]). Let X be a variety of dimension n and
maximal Albanese dimension equipped with a generically finite morphism to an abelian

variety a : X — A such that the map a* : A — Pic’(X) is an embedding and
codimV/(X,wx) >i+1 forevery 0 <i<n
The reason for recalling this setting is the following result of [?BLNP]:

Proposition 4.1.4 ([?BLNP, Proposition 4.10]). Let X be a smooth projective variety
satisfying Hypothesis 4.1.3. Then x(wx) = 0 if and only if X is not of general type.

Furthermore, if this is the case, X 1is birational to an abelian variety.

Some Technical Lemmas of Jiang

We conclude this section by listing some results from [?Jiang2009a] that we will be
using.

Given a surjective morphism of smooth projective varieties, f : X — Y, and D a Q-
divisor on X we will say that the Iitaka model of (X, D) dominates Y if it exists a positive
integer IV, and an ample divisor H on Y such that ND — f*H is an effective divisor.

Lemma 4.1.5 ([?Jiang2009a, Lemma 2.1]). Suppose that F' : X — Y is as above. Let L
be a Q divisor on X such that the Iitaka model of (X, L) dominates Y, and let D a nef
Q-divisor on'Y such that L+ f*D is an integral divisor on X. Then for every i > 1, every
§ >0 and every [a] € Pic®(X)

WY, R f(0x(Kx + L+ f' D)o (L) ®a) =0

Lemma 4.1.6 ([?Jiang2009a, Lemma 2.3]). Suppose that f : X — Y is an algebraic
fiber space between smooth projective varieties and suppose that the m-th plurigenus of X,
P, (X), in non zero for some m > 2. Assume that H is a big Q-divisor on Y. Then,
the Iitaka model of (X, (m — 1)Kx,y + f*H) dominates Y, for any m > 2. Furthermore
denoting by F the sheaf

felOx(Kx + (m = 1) Kx)y) @ Z(|[(m = 1) Kx/y + [ H]|)
we get that F is a non zero sheaf of rank Pp,(X,) with X, the general fiber of f.
Observe that if Y is of general type, then we can take H = Ky and thus we get

L. the litaka model of (X, Kx + (m — 2)Kx/y) dominates Y’
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2. fi(Ox(2Kx+(m—2)Kx/y ® Z(||[Kx +(m—2)Kx/y||) is a non zero sheaf of rank
B (Xy)-

Now let g : X — Z be an algebraic fiber space between smooth projective varieties
such that is not zero for some m > 2. Fix H a big, base point free divisor on Z. Consider

the following ideal sheaves

S = F(lm = Vxyz + g H])

Lemma 4.1.7 ([?Jiang2009a, Lemma 2.4]). The following inclusions hold

/m—l,n 2 /m—l,n+17

and, in addition, it exists an integer N such that for every n > N there is an equality

jm—l,n = jmfl,N-
In the above assumptions introduce the following sheaves:
Fm—1,1 = 9x(Ox(Kx +(m —1)Kx/2) ® Im-1,N-

Lemma 4.1.8 ([?Jiang2009a, Lemma 2.5]). In the above assumptions and notation,
suppose furthermore that Z is of maximal Albanese dimension and that H is a big, base
point free divisor pulled back from Alb(Z). Then F,,—1, 1 is a non zero GV sheaf.

4.2 Preliminaries

We begin with some easy lemmas.

Lemma 4.2.1. Let f: X 572y be fibrations between smooth projective varieties. Let

L be an line bundle on X. If the following two conditions hold:

1) The image of H*(X,L) — HY(X,, L|x,) induces a map birationally equivalent to
9ix, : Xy — Zy for a general fiber Xy of f;

2) There are line bundles H;, 1 <i < M, on'Y such that L — f*H; is effective and the

multiple evaluation map
oy : Y — P(H(Y,H)*) x --- x P(H(Y, Hy)*)
1s birational.

Then, the linear system |L| induces a map birationally equivalent to g : X — Z.
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Proof. Since the L — f*H; are effective we have a projection m that induces the following
diagram
PIL

X P(H(X, L))

/ l >

fi\ }j

Y

\

Y

P(HO(Y7 Hl)*) X X P(HO(Yv HM)*)
Condition 2) guarantees that ;| separates generic fibres of f and condition 1) shows
that the map ¢z factorizes to ¢z o g and a general fiber of % is mapped birationally via

$Yz- OJ

We will need the following lemma to ensure the birationality of ¢y in the previous

lemma.

Lemma 4.2.2. Let 7 : ¥ — Y be an abelian cover with Galois group G of smooth

projective varieties of maximal Albanese dimensions. We denote by = ay o7 : Y — Ay.
~ 0
Assume that V;)O?(Y,w?) = Pic”’(Y) and

~  ®2
Taws" = @ Hy,
xeG*

where H, is the line bundle corresponding to the character x € G*.

Then, there exists Hy, such that the multiple evaluation map
Plai]-[am] * Y — I)(IIO()/vT{Xﬂ ® hll])*) X X I)(JJO()/;7{XD ® hlﬂ4])*)
is birational for some [a;] € Pic®(Y), 1 <i < M.

If 7 is an isomorphism, then Lemma 4.2.2 is essentially a part of the proof of [7CH2002,
Thm. 4.4].

Proof. We first write
Tawyp = EB L.
xE€G*

Since VO (wy, by) = Pic?(Y), we conclude that there exists x; such that VO (Y, Ly,) =
Pic’(Y). Then, for any [a] € Pic’(Y), the line bundle Ef?f ® « is globally generated on
the open dense subset

Y\ Niwepico(v) Bs([£y, @ al).

Since there is the natural G-map of vector bundles on Y,

(ﬁ*w?)®2 — %*wgz,
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if we take xo = X7, then we have an inclusion [,%2 — H,,- Hence, there is an open
dense subset U of Y such that for any [a] € Pic’(Y), the line bundle H,, ® « is globally
generated on U, i.e. ¢,y is a morphism.

On the other hand, we consider ﬂ(w?f ® Z([lwpl])). Since Z(|lwgl]) — Op is

G-invariant, we can write

T (wP® 7 (lwpl) = P Hy® H,

XEG*

where .#, is an ideal sheaf on Y. Moreover, we have
HY(Y, Hy ® Fy) = HO(Y, Hy),

and
H(Y,H, ® %, ®a) =0,

for any [a] € Pic’(Y) and i > 1.

Therefore, Hy, ®.%,, @« is globally generated on the open subset U, so Supp(0y /.%y,)
is contained in Y\U. Now, let V = U\ Exc(ay) and for any point y € V, from the exact
sequence

0— S dHy @ Iy — Hyy @ Fyy — Cy — 0,

we see that ay, (7 ® Hy, ® #y,) is a M-regular sheaf, so it is cgg (see 3.1.7). Hence for
any z € V different from y, there exists [a] € Pic?(Y) such that .7, @ Hy, ® Fy, @ « is
globally generated on z.

This shows that for any two different points y,z € V there exists [a] € Pic?(Y) and a
divisor Dy, in |Hy, ® «f such that y € D, but z ¢ D,. Therefore ¢, (y) # va(z).

We take aq,...,ap such that ¢q,...q,, becomes stable, namely ¢q,...q,, is birational

equivalent to @, ...q,,p for any P € Pic’(Y). Then, ¢a,.a,, is birational. O
The following lemma should be compared to [?CH1, Lem. 3.1].

Lemma 4.2.3. Let f : X — Y be a surjective morphism between smooth projective
varieties. Assume that X is of mazimal Albanese dimension. Then, Kx y is effective.

Proof. We have the natural inclusion f*Q%, 5 Q}( Denote by % the saturation of

i(f*Q)). Then, det(#) — f*Ky is an effective divisor on X. We then consider the
exact sequence
0—.% — Q}( — 9 —0.
Since X is of maximal Albanese dimension, Qﬁ( is generically globally generated and so is
Q.
Hence det(Q) is also an effective divisor. Hence Kx/y = det(F) — f*Ky + det(Q) is
effective. n
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4.3 Positive Bundles on the Base and Surjectivity of the
Restriction Map to a Fiber

We will use the following definition that it is strongly related to Hypotheses 4.1.3.

Definition 4.3.1. Let .% be a coherent sheaf on an abelian variety A. We say that % is
almost M-regular if VO(A, %) = g, codimgVi(A,ﬁ) >i+1,for1 <i<dimA-—1, and
dim VamA(A 7)) = 0.

Let X be a smooth projective variety of dimension n and maximal Albanese dimension.
We know that the pushforward of the canonical bundle ax.wx is a GV -sheaf but it often

fails to be M-regular, which makes the tricanonical map difficult to study. Hence we

consider the set
Sy ={0<j<n| V(ZJX (X,wx) has a component of codimension j},
which measures how far ax,wx is away from being almost M-regular.

Setting 4.3.2. Assume that Sx is not empty. We denote by k the maximal number of
Sx and [3] + B C V% (X,wx) a codimension-k component, where [] is zero or a torsion

element of Pic®(X)\B. Let the following commutative diagram

X Ay

|l

Y

Y——8B

be a suitable birational modification of the Stein factorization of the composition proax,
such that Y is smooth.

Lemma 4.3.3. Assume Sx is not empty, so we are in Setting 4.3.2. Then, in some
birational model of f : X — Y, there exists a line bundle L on'Y such that ay.L is almost
M -regular, V) (Y, L) = B, and Ox(Kx)® 3% @ f*LV has a non-trivial section for some
J € Z. Moreowver,

1) if B is trivial, we can take L to be wy and j = 0;
2) if [8] € Pic®(X)\B, then we can take L such that ay.L is M-regular.

Proof. We know by [?GL3, Theorem 0.1] that the dimension of a general fiber of f is k.
Assume first that 3 is trivial. For [ap] € B — U; VYR fiwx)

0 < h*(X,wx ® akap) = WX, wx @ ffap) = h°(Y, R* fuwx @ ap)
= hO(KwY(X)OéB).
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So x(Y,wy) > 0 by semicontinuity. Hence V), (wy) = Pic’(Y).

Moreover, the pull-back by pr of any codimension-j component of Van(Y, wy) is a
codimension-(j + k) component of V(f;rk(X ,wx). Hence by the maximality of k, we know
that codimEVi(wY, ay)>i+1forall 0 < i< dimY and ay.wy is almost M-regular. By
Lemma 4.2.3, Ox(Kx — f*Ky) is effective.

Now, assume that [3] € Pic®(X)\B. We may choose [3] such that ([3]) N B = 0, where
G := ([A]) is the subgroup generated by [3]. We then consider the étale cover 7: X — X

induced by G and, after modifications, we have the following diagram

bg

(4.3.1) T =X 5% Ay
ol
}/} T Y ay B

by

where all varieties are smooth and the vertical morphisms are fibrations.

The same arguments in the previous case show that Vb% (17, wp) = B and
codimpVii (¥, wp) > i+ 1forall 0 <i < dimY.

Since [f]+ B C VakX (X,wx), REf(wx ® Q) # 0. If we denote by X,, a general fiber of
[, then we know that §x, is Ox,. Hence

Fawp = RF(f om)awy = @i(RF fu(wx ® %)) = &iLs,

where Lo = wy and after modifications, we may assume that all £; are line bundles on Y.

Moreover, we have

ker(EHPico(?)) = Eﬂker(ﬁxeg)?)
= Bn([g)=0.

Hence for i # 0, VAmY (Y, £;) = 0 and ay.L; is M-regular.

We know K %

for every i. Hence,

e is effective by Lemma 4.2.3 and we have a nonzero map 7°L; — wg

0< ho()z,wg ® f*w;é) < ho(f(,w;{ ® 7Ly

= (X, wx ® Y ® L)
J

So there exists j such that wy ® 8% @ f*L) is effective. Thus in 2), we can take £ to be
any L; for ¢ #£ 0. O



4.3 Positive Bundles 55

Lemma 4.3.4. Assume Sx is not empty, so we are in Setting 4.3.2. Let L be the line
bundle obtained in Lemma 4.3.3. Then, after modifying Y, there exists a line bundle H on
Y and i € Z such that H® L®2 and Ox(2Kx) ® 3% @ f*HY have non-trivial sections.
Moreover we can take [a;] € Pic®(Y), 1 <i < M such that the multiple evaluation map

oy : Y - PH (Y,H®a1)*) x - x P(HY(Y,H ® ap)*)
1s birational.

Proof. If (8 is trivial, we just take H to be w%ﬂ. By Lemma 4.2.2, we conclude.

If [3] € Pic®(X)\B, then we use the same notations as in the proof of Lemma 4.3.3.
Notice that in diagram (4.3.1) we have £, x,, is the trivial bundle. Hence, a general fiber
of f is birational via 7 to a general fiber of f. So G is also the Galois group of the field
extension k(f/) Jk(Y). After modifications of f : X — Y, we may assume that G acts also
on }7, fis a G-equivariant morphism, and 7 : Y — Y is a G-cover of smooth projective
varieties.

Now, we apply Lemma 4.2.2 to 7. Take H to be the direct summand of %*w;? which
contains £2.

As in the proof of Lemma 4.3.3, since T*H — w%Q and K g e is effective, we conclude
that there exists i € Z such that Ox(2Kx) ® 8% @ f*H" is effective. O

Lemma 4.3.5. Assume Sx is not empty, so we are in Setting 4.3.2. Let L be the line

bundle obtained in Lemma 4.3.3. Then, for y a general point of Y, the restriction map
HY(X,O0x(mKx — (m —3)f*L) ® a) — H* (X, Ox,(mKx,) ® a)
is surjective, for any m > 2 and [o] € V2 (X, w¥™).

Proof. We just prove the statement for a« = Ox, the same arguments works for the general
case.

There are two distinguished cases, whether @ is trivial or not, which we deal with
slightly different techniques.

Case A. Assume that 3 is trivial.

We have seen in the proof of Lemma 4.3.3 that x(Y,wy) > 0, so Y is of general type.
By Lemma 4.1.6, the Titaka model of (X, Kx + (m —2)Kx/y) dominates Y and by Lemma
4.1.5 there exists an asymptotic multiplier ideal sheaf .7 := 7 (|[Kx + (m —2)Kx/y||) on
X such that ay.fs(Ox(2Kx + (m —2)Kx/y) ® .#) is a sheaf satisfying I.T. with index 0.
In particular it is M-rgular and hence, by 3.1.7, cgg. It follows that

T = [ui(Ox(2Kx + (m = 2)Kx)y) ® F)

is cgg outside the exceptional locus of ay .
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We conclude, similarly to [?BLNP, Prop. 4.4. and Cor. 4.11] that, % ® wy is globally
generated in an open dense subset of Y. Indeed, we first notice that |wy ® /| is not empty
for all [o] € B. Take a;, 1 <i < N such that the evaluation map

oN H'V,Z@a)®a) — F
is surjective. Then
o HY(Y,.Z @ a;) @ H'(Y,wy ® o)) @ Oy — .F @ wy

is surjective over Y\ Ui<i<n Bs(lwy ® «;|). Finally this evaluation map factors through
HYY, 7 Quwy)® Oy — F Quy.

Moreover, by the second part of Lemma 4.1.6, % is a non-zero sheaf on Y of rank
am(Xy). Hence, over a general point y € Y, .Z|, is isomorphic to H°(X,, Ox,(mKx,)).

Since

F @uwy C fi(Ox(mEKx — (m —3)f"Ky))

and they have the same rank a,,(Xy), we conclude the proof of the lemma when f is
trivial.

Case B. If § is non-trivial, we use the same commutative diagram as in the proof of
Lemma 4.3.3:

We claim that the Iitaka model of (X, (m—1)Kx —(m—2)f*L;) dominates Y. Indeed,
by Lemma 4.1.6, the Iitaka model of (X, (m — I)K)?/f, + f*Kf,) dominates Y. Since
(m — 1)K)?/? + Ky 2 7 ((m — 1)Kx — (m — 2)f*L;) and 7 is birational to an étale
cover, the claim is clear.

Then, by Lemma 4.1.5 there is an ideal .#; of X such that
ay.(f.Ox (mKx) ® @ £

is a sheaf satisfying I.T. with index 0, and f,Ox(mKx)® .% ®£Z®_(m_2) has rank o, (Xy)
(see for example [?Jiang2009a, Proof of Lem. 3.9]). We conclude as before, that for ¢ # 0,
f«(Ox(mKx — (m —3)f*L;)) is globally generated over an open dense subset of Y. [
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4.4 General Type Case

In this section X will be a variety of general type.

Theorem 4.4.1. Let X be a smooth projective variety, of maximal Albanese dimension
and general type. Then, the linear system |w§3}3 ® «f induces a birational map, for any
[a] € Pic®(X).

Proof. We reason by induction on the dimension of X, that we will denote by n. Note
that for n = 1 the result is well known. So we assume that for any [ay] € Pic®(Y), |3Ky +
ay| induces birational map for any smooth projective variety Y of maximal Albanese
dimension, general type, and dimY <n — 1.

Observe that Sx is empty if and only if ax+wx is almost M-regular. Since X is of
general type, if Sx is empty, then x(X,wx) > 0 by Proposition 4.1.4. Since Chen-Hacon
have proved that |3K x| induces a birational map in this situation from now on, we will
assume Sx is not empty.

As in the last section, we are in Setting 4.3.2. So, let k be the maximal number of Sx
and let [8] + B be an irreducible component of V% (X,wx). Note that we can choose [J]
such that ([8]) N B = 0. Taking the étale cover induced by G := ([3]), we get the same

commutative diagram as in the proof of Lemma 4.3.5 (see (4.3.1))

(4.4.1)

where f and g are obtained by taking respectively the Stein factorization of probg and
pry obg and after modifications, we may assume 7 is a G-cover of smooth varieties.
Let y € Y be a general point and denote by X, a general fiber of f.

By Lemma 4.3.5, the restriction map
(4.4.2) H(X,0x(3Kx) ® a) — H°(X,, 0x,(3Kx,) ® a)
is surjective for any [a] € Pic’(X) and, by induction hypothesis,
I3Kx, + ax,|

induces a birational map.
We have also produced interesting line bundles on Y in Lemma 4.3.3 and Lemma 4.3.4.
Let H be the line bundle on Y constructed in Lemma 4.3.4. According to Lemma 4.2.1,
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in order to conclude the proof of the theorem, we just need to prove the following claim.

Claim . For every [o] € Ax and every [o/] € B, the line bundle
3Kx +a— f"(H+d)

has a non-trivial section.

Let be ¢ := 7 (||2Kx — f*H + +f*H]||), where N is an integer large enough and H
is an ample divisor on Y. For any [a] € Ax, we define

G 1= f*(ﬁx(?)KX — f*H) & j ®a)).

Observe that to conclude the proof of the claim it is enough to see that V) (Y,.%,) = B.
For any ample divisor H' on Y, we have that

(1) H(X,0x(3Kx — f*H)® # ®a® f*Oy(H')) =0,

for any i > 0. We postpone the proof of (}) to the end of the proof of this theorem. From
(1) we deduce that
R'f.(0x(BKx — [*H)® 7 ® a)) =0,

for any i > 0 (see Lemma 4.1.1). Therefore,
X(Y, f}\O) = X(X, ﬁx(3KX - f*H) ® j ® Oé)

is constant for P € A X

By Lemma 4.3.3 and Lemma 4.3.4, there exist integers ¢ and j and effective divisors
Dy € |[Kx+iB—f*L] and Dy € |2Kx+j3— f*H|. Let m = i+j and write D = D1+ D5 €
IBKx +mp — f*H — f*L], i.e.

H(X,0x(3Kx +mfB — f*H — f*L)) = H'(X, Ox(D)) #0.

Since
* 1 *
7 = F(REx — fH+ )
O Z(I2Kx — f*H)||) H is ample on Y
= Z(|2Kx +jB — f*H||) [(] is torsion
D Ox(—D3) by Lemma 3.1.3 ,
we have

HY, Zrp @ L7 = HY(X,0x(3Kx + mB — f*H — f*L)® #)
(4.4.3) > HY(X,0x(Dy)) #0.
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Therefore, since V) (Y, L) = B, we have h0(Y, Fmp @ a’) >0 for all o] € B.
On the other hand, we see by Lemma 4.1.8 that .#, is a GV-sheaf for any [a] € Ax.
Therefore, for [o/] € B general and any [a] € Ay,

Y, Fo @ ') = X(B, Fu) = X(B, Fp) = B°(B, Fppp @ ') > 0.

Hence, by semicontinuity, for any a € Ay, V2 (Fa) = B.
Proof of () Notice that 2K§/f, < 7*(2Kx — f*H) and Kf(/? + %f*%*H is a big Q-
divisor on X. Hence, 2Kx — f*H+ %f*H is a big Q-divisor on X. So () is a consequence

of Kawamata-Viehweg vanishing theorem (Theorem 4.1.2). O

4.5 TIitaka Fibrations

In this section X will not necessarily be a variety of general type.

Theorem 4.5.1. Let X be a smooth projective variety, of maximal Albanese dimension.

Then, the linear system |4Kx + «| induces a model of the Iitaka fibration of X, for any
2

o] € Vo, (X,0%Y).

Before starting the proof the Theorem 4.5.1, which is parallel to the proof of Theorem
4.4.1, let us fix the notation.

Setting 4.5.2. Consider the following diagram:

X 2 Ay

lg iprz

72 Ay,

where g : X — Z which is a model of the Iitaka fibration of X and Z is smooth. Let
K be the kernel of pr;. We denote by X, a general fiber of g, which is birational to its
Albanese variety K , and the natural map K — K is an isogeny. We know that pr7, A 7z is

an irreducible component of
A =ker(Ax — Pic®(X.))
and denote by Q := %/ pr, Ay. Observe that 2 can be also identified with ker(K — K).

Remark 4.5.1. The group Q is often non-trivial and this is exactly the reason why the
tricanonical map can not always induce the Iitaka fibration. In some specific cases, given
information about Q, we could prove that the tricanonical map or some twisted tricanoni-
cal map (the maps induced by |3Kx + a| for some [a] € Pic’(X)) would induce the Titaka
fibration (see Remark 4.5.2).
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Nevertheless we will construct a variety of maximal Albanese dimension (see Example
4), where NONE of the twisted tricanonical maps is birationally equivalent to the Iitaka
fibration.

Before proving the theorem, we start with an easy observation.

Lemma 4.5.3. The kernel # defined in Setting 4.5.2, satisfies
H = VaOX (X, w™) for all m > 2.

Proof. 1t is clear that V2 (X,w$™) C . If [o] € X, then g,(w§™ ® a) is a nontrivial
torsion-free sheaf. By Lemma 4.1.5, g, (w$™ ® /(Hw?}(m_l) |)®a) is a sheaf satisfying I.T.
with index 0 for any m > 2. Hence, we conclude since 0 < h°(Z, g, (w?}m®/(||w§(m_l) &
@) < h(X,wi™ ® a). O

Proof of Theorem 4.5.1. We will prove the theorem by induction on the dimension of X.
We suppose the statement is true in dimension < n — 1 and assume dim X = n. If X is of
general type, then we are back to Theorem 4.4.1. Hence we can assume x(X) = dim Z =
n — [, for some number [ > 0. In particular, Sx is not empty.

Hence, we are in Setting 4.3.2. Let k be the maximal number of Sx and let [§] + B
be an irreducible component of V,* (X, wx). Since R¥ f,(wx ® B® &) # 0, for all [a] € B,
we observe that B < pry Ay Hence, Setting 4.3.2 and 4.5.2 combine in the following

commutative diagram

X5 Ay

a
Z*Z>AZ pr

\\ lh l J/

YTY>B

f

Let y € Y be a general point and denote by X, and Z, general fibers of f and h. By
Easy Addition Formula (e.g. [?ii, Thm. 10.4]), dimY + x(Xy) > x(X) = dim Z. Hence
k(Xy) > dim Z, and then gy, : X, — Z, is the litaka fibration of X,.

By Lemma 4.3.5 and 4.5.3, the restriction map

H(X,0x(4Kx + a)) — H(X,, Ox,(4Kx, + o|x,))

is surjective, for any [a] € #. Notice that [a)x,] € Vi, (Xy,wg?i), so by induction
Yy

hypothesis,
|4KXy + Oé|Xy |
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induces the litaka fibration gx, : Xy — Zy.
Let ‘H be the line bundle on Y constructed in Lemma 4.3.4. Then, by Lemma 4.2.1,

we just need to prove the following claim to finish the proof of the theorem.

Claim. For every [a] € # and every [o/] € B,
4Kx +a— f*(H+d)

has a non-trivial section.

Let be 7 = 7 (||3Kx — f*H + + f*H||), where N is an integer large enough and H

is an ample divisor on Y. For any a € JZ, we define
g, = g*(ﬁX(ZLKX +a—f"H)® /)

Observe that to conclude the proof of the claim it is enough to see that VaoY (Y, h.%,,) = B.
By Lemma 4.1.5, we have

H'(Z,9,® 3" @ h*H') =0,
for any 7 > 1, any ample divisor H on Y, and any [3"] € Ay. Hence, by Lemma 4.1.1
R'h.(9, @ ") =0,
for any ¢ > 0. Therefore,
(15.1) Y @ ® B)) = X(2,%n ® )

is constant for 3" € Ay.

By Lemma 4.3.3 and Lemma 4.3.4, we know there exists m € Z such that
HY(X,0x(3Kx +mfB — f*H — f*L)) # 0.

Observe that [ —mf] is not necessarily in pr’, Ayz. But, since [a —mf] € 4, we have
that az.g«Ox (Kx +a—mf) is a non-trivial GV-sheaf. In particular, V) (Z,g.Ox(Kx +
a —mf3)) # 0. Hence there exists [(y] € pr Ay such that [a — mB3 + Bo] € V2 (X, wx).

Therefore

AKx +a+fo— ffH— "L
= (Kx+a-mpB+0)+ BKx +mB— f"H— fL)

is the sum of two effective divisors. By the same argument as in (4.4.3),

HY(Z,9, @ h* L7 @ 3y) #0.
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We know that V) (Y, L) = B (see Lemma 4.3.3) and h, (%, ® 3') is a GV-sheaf for any
a €% and any ' € Ay (see Lemma 4.1.8). Hence, for o/ € B general,

RO(Y, he% @ ') = X (Y, h%y) = X(Y, ha(Dp @ o)) by (4.5.1)
= h2(Y, he(Go @ Bo) @ @) > 0.

By semicontinuity, V) (h«%.) = B for any [a] € 7. O

Now, we can make more precise Remark 4.5.1.

Remark 4.5.2. In the previous proof, observe that if [ — m/0] lies in pr7, KZ, then 3Kx +
a+ By — f*H — f*L is effective for some [y € pr* EZ. So, we could have improved
the result to the tricanonical map (assuming the induction hypothesis). In particular, if
2 =/ pry Ay is trivial for X and the successive fibers of the induction process, then
the tricanonical map twisted by an element in % induces the litaka fibration.

Moreover, if for some [a]| € ', [a]+pr), Ay is an irreducible component of Vaox (X, wx),
then we can again prove that the tricanonical map twisted by an element in J# induces
the Iitaka fibration. This shows that varieties of maximal Albanese dimension, where
none of the twisted tricanonical map is birational equivalent to the Iitaka fibration, are
closely related to varieties of maximal Albanese dimension, of general type with vanishing

holomorphic Euler characteristic.

We finish with an example of maximal Albanese dimension, whose tricanonical map
does not induce the litaka fibration. This example is based on the famous Ein-Lazarsfeld
threefold, which is constructed in [?EL1997, Ex. 1.13] and further investigated in [?CDJ].

Example 4. We take three bielliptic curves C; of genus 2, i = 1,2,3. Let p; : C; — FE; be
the double cover over an elliptic curve E; and denote by 7; the involution of fibers of p;.
We write

pOc;, = O, ® L; 1,

where L; is a line bundle on E; of degree 1.

Let Y be the threefold (C; x Cy x C3)/(71, T2, T3), which has only rational singularities.
We know that ay : Y — Ey x Ey X E3 is a (Z/2Z x Z/2Z)-cover.

We then take an abelian variety A and a (Z/2Z x Z.)2Z)-étale cover A — A. Set
{[O4, ][], [o2], [a3]} to be the kernel A — A.

Denote H = (Z/2Z x Z/2Z) and let X’ be the variety (Y x A)/H, where H acts
diagonally on Y x A. Notice that X’ has only rational singularities and let X be a

resolution of singularities of X’. The Albanese morphism
ax : X - FE1 x Ey x E3x A

is birationally a (Z/2Z x Z/2Z)-cover.



4.5 Iitaka Fibrations

63

After permutation of {[«a;],7 = 1,2, 3}, we have

axwy ~ (LPRLPRLPROL) @ (L RLPRLY? Ka)
O (LPRLYPRLY Kag) @ (LPPRLP R LY Kas)
It is easy to check that for any [a] € Pic?(X), the linear series |[3Kx + a| can not

induce the Iitaka fibration X — F; x Ey x Ejs.
Using, the notation of Setting 4.5.2, observe that

H =V (X, w?) = U Ey x Ey x B3 x {[B]}
[Ble{[@a]l:cn] (o] [as]}

and Q = 7Z/27 x Z/2Z. Indeed, Q can be identified with {[0 ][, a1], [2], [a3]}.
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CHAPTER B

\_BIRATIONALITY OF THE A LBANESE MAP AND
OTHER RESULTS

Smooth models of theta divisors are, after abelian varieties, the simplest and most
important among irregular varieties. An interesting research started by Ein—Lazarsfeld
([?EL1997]) is to characterize irreducible theta divisors by their birational invariants, in
a similar way to what Kawamata ([7Ka1981]) did for abelian varieties. In this setting we
recall the following result of Hacon—Pardini ([?HP1]).

Theorem. Let X be a smooth complex variety of dimension n, let A be an abelian variety

of dimension n+ 1, and let a : X — A a generically finite morphism. Assume that
a) f*: HO(X, Q%) — HY(A, Q%) is an isomorphism;

b) K (X,wx ® a*a) = 1 for every [o] € A\{[Ga]} and all i > 0. Then f is birational
into its image f(X), A is principally polarized and f(X) is a theta divisor in A.

Not long ago Barja—Lahoz—Naranjo—Pareschi, and independently Lazarsfeld—Popa,

provided this new characterization.

Theorem ([?BLNP|,[?7LP2009]). Let X be a smooth complex variety that admits a : X — A

a generically finite morphism into an abelian variety such that
a) x(wx) =1;
b) dim A > dim X;
c) for every 0 <i < dim X, V/(X,wx) = {04}

Then A is principally polarized, dim A = n+ 1, a has generic degree 1 and X is a smooth

model of a principal polarization in A.
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5. Birationality of the Albanese Map

This was more recently refined in [?Pa2] (see Theorem 5.3.1).
It is tempting to manage to give similar characterizations for products of smooth irre-

ducible theta divisors. To this aim Pareschi conjectured the following:

Conjecture (Pareschi). If X is a variety of mazimal Albanese dimension, whose Albanese
map is not fibered in subtori, and x(wx) = 1, then it is birational to a product of irreducible

O-divisors in principally polarized abelian varieties.

It is well known that subvarieties of abelian varieties either are fibered in subtori or
(their resolution of singularities) are of general type. Certainly products of theta divisors
belong to the latter of these two categories. If the conjecture were proved to be true, we
would have a partial converse of this fact.

The above conjecture is known to be true for surfaces. In fact Beauville proved in
[?7Be1982] that the irregularity of surfaces with y = 1 is at most 4 and surfaces with
irregularity 4 and Euler characteristic equal to one are products of curves of geneus 2 (and
therefore products of irreducible theta divisors). Surface S with y(wg) = 1 and irregularity
q = 3 were studied in [?HP2002]| and [?Pi2002], where was proved that the moduli space

of these irregular surfaces has just two connected components

(a) Mg := {[X]| K% = 6}; the elements of this component are symmetric products of
curves of genus 3 (and therefore are birational to ©-divisors in principally polarized

abelian variety).

(b) Ms :={[X]| K% = 8}; in this case X is a quotient of a product Cy x C3 with C; a
curve of genus 7, where Cs has an ellpitic involution o9 and Cj5 as a free involution

o3, and X is the quotient by the diagonal action.

Notice that the Albanese images of surfaces of type (b), contrary to those in (a), are
fibered in subtori. Therefore the surfaces of maximal Albanese dimension with Euler
characteristic equal to one and Albanese image not ruled by subtori are birational to a
product of theta divisors.

Other examples of varieties that satisfy Pareschi’s conjecture are provided by highly
wrregular varieties, where the meaning of “highly irregular” is to be taken with respect of
the following statement of Hacon—Pardini which generalize in higer dimension a result of
Beauville ([?Be1982]):

Theorem (Hacon-Pardini [?HP2]). The irregularity of smooth complex variety X of di-
mension n, x(X) =1 and of mazimal Albanese dimension is less or equal 2n and equality

occurs if and only if it is birational to a product of curves of genus 2.

Hence varieties X with x(X) = 1 and maximal irregularity satisfy Pareschi’s conjec-

ture.
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In this Chapter we study smooth projective varieties with y(wx) = 1, whose Albanese
image is not fiberd in tori, in order to challenge Pareschi’s conjecture. We present some
partial results. First of all, in the same setting as in the conjecture above, we were able
to prove the following theorem that could be regarded as a further evidence of trueness of
the conjecture, since the Albanese map of a desingularisation of a product of theta divisor

is obviously birational.
Theorem 5.A. The Albanese map of X has degree 1.

Afterwards we used this fact to further refine the known cohomological characteriza-
tions of (smooth models of) theta divisors recalled at the beginning of this introduction.

In particular we prove

Theorem 5.B. Let X as above and suppose that its Albanese image is normal. Consider

the generic vanishing loci
Vil (wx) = {la] € Pic’(X) | h'(wx ® @) # 0}

If [Ox] is an isolated point of ailbx (wx) for every i > 0 then X is birational to an

wrreducible theta divisors in an principally polarized abelian variety.

We remark that the hypothesis about the normality of the Albanese image of X is not
very restrictive thank to a theorem of Ein—Lazarsfeld ([7EL1997]) that states that irre-
ducible theta divisors are always normal with at worst rational singularities. Furthermore
we believe that this assumption could eventually be removed.

We would like to remark that Theorem 5.B constitutes a further evidence of the validity
of Pareschi’s conjecture. In fact if this were to be proved, then theta divisors would be
the sole irregular varieties whose generic vanishing loci have an isolated point.

We hope that Theorem 5.B (or a refinements of its), thank to the better understanding
of theta divisors that it allows, would help us to succed in the proof of Pareschi’s conjecture.

This Chapter is organized in the following manner. In section 5.1 we present some
background material and some preliminary lemmas. Section 5.2 is dedicated to the proof
of Theorem 5.A. To this aim we present some results on the Fourier-Mukai transform of
the structure sheaf 0x and we expose a birational criterion similar to [?HP1, Theorem

3.1]. In the last section we prove Theorem 5.B.

5.1 Preliminaries

In this section we recall some known results which will be needed afterwards. We
begin with two Theorems of Hacon—Pardini tha generalize the work of Kollar and Green—
Lazarsfeld.
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Theorem 5.1.1 ([?HP2, Theorem 2.1]). Let X, Y and Z be projective varieties, with
X smooth. Consider f : X — Y and g : Y — Z two surjective morphisms and take
[7] € Pic%(X) a torsion point. Then:

(i) R'g. R fo(wx ®T) is torsion free for everyi,j > 0;
(ii) Rig. R’ fo(wx @ 7) =0 for every j >0, i > dim;Y — dim Z;
(iii) R¥(go fulwx ©7) = @o Rig R fulwx © 7).

Theorem 5.1.2 (Generic Vanishing [?HP2, Theorem 2.2]). Let f: X — Y andg:Y — Z
be morphisms of smooth projective varieties and let a : Z — A a morphism to an abelian
variety. Take [1] € Pic®(X) a torsion point and set F := R'g. R f.(wx @ 7). Then:

(i) setk =dim(Z)—dima(Z), gv (%) > —k. In particular if Z is of mazimal Albanese

dimension then F is a GV -sheaf.;

(ii) every irreducible component of VE(F) is a translate of a subtorus of A by a torsion

point.
In [?HP2] Hacon and Pardini proved (a more general version the of the) following

Lemma 5.1.3 ([?HP2, Lemma 3.3]). Let X be a mazimal Albanese dimesnion with a :
X — A a generically finite morphism into an abelian variety. Given W a component of
VF(wx ®7), denote by g : X — Pic®(W) the induced map. Then

dimg(X) < dim X — k.
We include the short proof for the reader’s benefit.

Proof. We can write W = [§] + B with [8] € A a torsion point and B C A a subtorus.
Let B := Pico(é) = Pic®(W). Then by the Theorem 5.1.2 above, for the generic o € B

and for every j5 > 0 and s > 0 one has:
H¥(B,Rlg,(wx ® a*8) ® a) = 0.

Therefore the Leray spectral sequence degenrates and, thank to Theorem 5.1.1, we have

the isomorphism
HY(X,wx ®a"B® g°a) = HY(B, Rig.(wx ® a"8) ® a).

Now assume by contradiction that the relative dimension of g is strictly smaller than k,
by 5.1.1 RFg,(wx ® a*B) = 0 and H*(wy ® a*(8 ® a)) = 0, contradicting the hypothesis
that W C VF(wx). O
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We can evince some more complete information about the dimension of the generic

fiber of ¢:

Lemma 5.1.4. In the notation of the above Lemma, suppose furthermore that the generic
vanishing index of X (cfr Definition 1.2.2), gua(wx), is equal to i and let W be a compo-
nent of VF(wx) of codimension k +i. Then

dimg(X) =dim X — k.

Proof. We will show that the general fiber of g, G, has dimension k. The argument we
present is due to Jiang ([?Jmail]).

As before, we can write W = [8] + B with [3] € A a torsion point and B C A a
subtorus. Let B := Pic?(B) = Pic’(W). Now consider 7 : A — B the dual map to the

inclusion B — A. Thus we are in the following situation:

a

(N

where f is (a smooth model of) the Stein factorization of g and b is generically finite. Since
dimY = dim g(X), by the above Lemma, the generic fiber F' of f has dimension greater
or equal k. We claim that equality holds, the statement would follow at once. Suppose
that equality did not hold and take j > 0 and Z an irreducible component of V})j (wy).
Then 7*Z C VajerimF(wX) and we would have, for any j > 0

k+j+i<dimF +j+i<codimzn*Z = codimpgZ + k + i.

Therefore, for any j > 0, codimEVbj (wy) > j + 1. In particular we have that V;?(wy) is
a proper subset of B and hence X(wy) = 0, but guvp(wy) > 1 contradicting Proposition
1.2.10. O

5.2 When the Albanese Map Has Degree 1

Let X a smooth projective variety over the complex numbers of dimension n. From

now on we will work under the following hypothesis:
Hypothesis 5.2.1. The variety X is of maximal Albanese dimension and
(i) x(wx)=1

(ii) ¢(X) := hl(X,Ox) > dim X.
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Furthermore it will be given a : X — A a generically finite map to an abelian variety of

dimension ¢ such that
(i) the pullback a* : A — Pic?(X) is an embedding and
(iv) the image of a is not fibered in subtori of A.

Remark 5.2.1. We recall that condition (iv) tells us that gv,(wx) > 1. Infact, suppose
that gv,(wx) = 0 and take [8] + T C V¥(wy) a component of codimension k. Consider,

as before, the following commutative diagram

where T := Pico(f), and 7 : A — T is the map dual to the inclusion 7 C A. By Lemma
5.1.3 the general fiber of g has dimension greater or equal k. This means that, via qg,
G is mapped surjectively to the k-dimensional general fiber of 7, that is a translate of
the subtorus K := Ker(m) C A. Hence the general fiber of 7,x) : a(X) — T is still
isomorphic to K, implying that a(X) is ruled by subtori. Therefore gvg(wx) > 1. Now
we combine (i) with proposition 1.2.10 and get that gv,(wx) = 1.

The main purpose of this section is to prove the following statement.

Theorem 5.2.2. Let (X,a) be a pair that satisfies Hypothesis 5.2.1, then the map a is

birational onto its image.

Observe as this would immediately imply Theorem 5.A in the introduction.

5.2.1 The Fourier-Mukai Transform of the Structure Sheaf

We will begin by providing information about the complex RSRa,0x under the as-
sumption 5.2.1. By Remark 5.2.1 and the W.L.T crieterion (Theorem 1.2.4), we know that
its cohomology is concentrated in degree n = dim X, while Proposition 1.2.6 and Theorem
1.2.9 tell us that its only non vanishing cohomology sheaf Rﬁx is a torsion free sheaf

of generic rank x(wx) = 1, hence it is an ideal sheaf twisted by some line bundle:
R@X ~ %7 L.

Observe that the codimension of Z is greater than 1. In fact, suppose by contradiction
that exists W C Z a component of codimension 1, then W is a component of the support

of &xt' (07 ® L, 04). Now consider the short exact sequence

(5.2.1) 0— %L —L—-0;,L—0
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Applying R om(—, 04) and taking cohomology we get
0LV S IV Y gat (0,0 L,04) — 0.

Now ¢ is certainly an isomorphism, therefore ) is the zero map and &zt (07 ® L, 04) = 0

contradicting the inclusion
W C Supp &zt (07 @ L, O4)

Remark 5.2.2. a)The subscheme Z above is supported on the union of the generic vanishing
loci Vi (wx) for i > 1. In fact let W be a component of Z, for what observed above we
can suppose that codim ;W =i + 1 for some ¢ > 1. Then W is included in the support
of &zt (O @ L, 0 3). Applying again RZom(—, ;) to (5.2.1) and taking cohomology
we get that for every 7 > 1

51’tj+l(ﬁz ® L, ﬁg) o~ (o((’xtj(fz ® L, ﬁg).
In particular W C Supp &zt (I ® L, 0 3). We apply Theorem 1.2.6(b) that tells us
Supp Ext'( I, @ L, 0 3) = Supp éaxti(RwX, 03) =~ R'S(Ra,wy).

In particular we obtain that W C Supp(R'® 4, (wx)). By base change we have an inclusion
Supp(R!® », (wx)) C Vi(wx). Therefore W C Vi(wx).
b) The sheaf .#; ® L is a GV sheaf on A. Infact, applying Proposition 1.2.6 with

F ~ wx, we have the following isomorphisms of objects in D(A)
(5.2.2) RA(jZ & L) ~ (—12)*R(I)p)a (wX) ~ (—12)*RSRCL*LUX;

where the last equality is nothing else that equation (1.1.3). Now we apply to both sides

the functor RS and we use Mukai’s duality thoerem:
RSRA(; ® L) ~ R§(—12)*R8Ra*wx ~ Ra.wx[—q|.

Since a is generically finite, Grauert-Riemenshneider implies that the latter is a sheaf in
degree ¢. It follows from the W.I.T. crieterion (Theorem 1.2.4) that .7z ® L is GV.
¢) As in [?Pa2], it is easy to compute the Fourier-Mukai transform of .7 ® L using

Mukai’s theorem and what already proven:

(5.2.3) RS(.7; ® L) ~ RSRS(Ra,Ox)[n] ~ (—14)*Ra.Ox[n — ql.

Proposition 5.2.3. The sheaf L is ample.
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Proof. Recall that given x € A we denote by P, the topologically trivial line bundle on A
associated to x, Ql (e} x A" Let us suppose that L is not ample. Hence, by some standard
facts about line bundles on abelian varieties, there exists T a subtorus of A such that for
every z ¢ T, h°(A, L ® P,) = 0. In particular, if z ¢ T, then also —z ¢ T and we have:
0=H(A S @ L® P,)~Hompy 3(04,77© L& P,) ~
~ HomD(g)(RAg(ﬂZ ®L),P_y).
Now we apply to both P_, and RA 2(.#7 ® L) the Fourier-Mukai transform. Using that

it is an equivalence (and hence, in particular, it is fully faithful) we get:

0 = Homp, 3, (RS o RA1(.#7 ® L), RS(P-,)) ~
(5.2.4) ~ Homy, 7 ((—14)"ax(wx)[—q], C(—=)[—q]) ~
(5.2.5) ~ HomD(g)((—lA)*a*(wX),(C(—:L‘)).

Where, as usual C(—z) stands for the skyscraper sheaf at the point —z, (5.2.4) is a
consequence of Remark 5.2.2(b) and some usual computations with integral transform
(combine Proposition 1.1.3 with the fact that Rg(ﬁg = C(0)[—q]) -
From the equality
Homp, 4 ((=14)"ax(wx), C(=2)) = 0
we deduce z is not in the support of a,wyx and hence it is not contained in a(X). It follows
that a(X) C T contradicting the fact that it generates A. O

5.2.2 A Birationality Criterion

In this paragraph we present a birationality criterion, similar to the one exposed in

[?HP1, Theorem 3.1], which we will apply in order to prove Theorem 5.2.2.

Proposition 5.2.4. Let g: X — Y be a generically finite morphism of smooth varieties
of mazimal Albanese dimension and let b :Y — A be a generically finite morphism into

an abelian variety such that
(i) gup(gewx) > 1;
(ii) x(X,wx) = x(Y,wy).
Then g s birational.

Proof. First of all observe that, since g is generically finite, by Grauert—Riemenshneider

vanishing we have x(X,wx) = x(Y, gswx) and hence, using (ii),

(5.2.6) x(Y,wy) = x(Y, gwx).
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Now there is a natural inclusion wy <— g«(wx). In fact, we have a natural inclusion of
differential 1-forms:

g0 — QL.

Taking determinants on both sides and observing that exterior powers commute with

pullbacks, we get another inclusion
g wy — wx.

Pushing forward we obtain

9+(g"wy) = gawx;
we use projection formula in order to achieve
wy ® g« Ox — gxwx.

Finally, by tensoring by wy the natural inclusion 0y — ¢,.0x we get the seeked inclusion.

Therefore we can construct a short exact sequence
(5.2.7) 0— wy — guwy — 2 — 0.
By (5.2.6) and the additivity of the Euler characteristic we have
(5.2.8) x(Y,2)=0.
Now we claim
(5.2.9) gup(2) > 1.

Before proceeding further let us see how (5.2.9) implies the statement. By the W.IL.T.
criterion (Theorem 1.2.4) we have that R® 5, (RAy (2)) is a sheaf Rb*ﬁA\y(ﬁ) of generic
rank 0 in degree dimY. But Theorem 1.2.9 tells us that Rb*ﬁA\y(a@) is torsion free.
Therefore we necessarily have Rb*ﬁA\y(Q) = 0 which implies

0 =R, (RAY(2)).

By applying to (5.2.7) the functor R® 5, o RAy we get an isomorphism of objects in
D(A):

R® 5, (0y) ~ R® »,(RAY (gswx)).
Now we use Grauert—Riemenshneider vanishing theorem together with Grothendieck—

Verdier duality to obtain:

R® »,RA(g.wx) ~ R® 5, RARg.wx ~ R® 5, Rg.RAwy ~ R 5, (Ox).
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In particular we get the following isomorphisms
(5.2.10)
RS(Rb*ﬁy) ~ R‘I)gzb(ﬁy) ~ R(I)(@b(RAy(g*wX)) ~ R‘I’gzbog(ﬁx) ~ RS(R(b o g)*ﬁx)

It follows from Mukai’s inversion theorem and (5.2.10) above that Rb, 0y is isomorphic to
R(bo g).Ox as objects in D(A). In particular we get that .0y ~ (bo g).Ox as sheaves

on A. Therefore we have
degb = rank b, 0y = rank(bo g).0x = degb - degg.

Necessarily the generic rank of g must be 1, and the statement is proved.

In order to conlude the proof we just have to verify (5.2.9). To this aim, consider again
the short exact sequence (5.2.7) and twist it by b*« with [a] € A. Taking cohomology we
get

- — HY(Y, guwx ® b*a) — H(Y,2®b*a) — HTH(Y,wy @ b*a) — - -

Therefore there is an inclusion
Vi(2) € Vi(wx) UV (wy),

Now by Theorem 1.2.3 codimV; ! (wy) > i + 2. In addition, by condition (i) in the
statement we have that also codimV}'(g.wx) > i+1. It follows at once that codimV}'(2) >
i+ 1 too and (5.2.9) holds.

O

Now we are ready to challenge Theorem 5.2.2. In fact consider (X, a) a pair satisfying
Hypothesis 5.2.1. Denote by Y’ the image of @ and take b : Y — Y to be a desingulariza-
tion of its. Then there exists a variety X’ and a generically finite morphism g : X’ — Y
such that bog is birationally equivalent to a : X — Y. Since the issues we are addressing
are birational in nature, we can and will assume, without loss of generality, that X = X’

and we have the following commutative diagram:

X = y ¢
N4
Y/

Given the birationality of b, to ensure the birationality of a it is enough to prove that g is

(5.2.11) A

birational. Let us show that the hypothesis of Proposition 5.2.4 are satisfied.

First of all, observe that, as in the proof of the birationality criterion above, we have

R(I)(a)bRA(g*wx) =~ R(I)@bRARg*wX >~ R@(@bRg*RAwX ~ R(I)(@aRwa.
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Since (X, a) satisfies Hypothesis 5.2.1, by Remark 5.2.1, gv,(wx) > 1. In particular (cfr.
Theorems 1.2.4 and 1.2.9), R® 5, RAwx is a torsion free sheaf in degree dim X = dimY'.
It follows that also R® », RA(g.«wx) is a torsion free sheaf in degree dim Y, hence, applying
again Theorems 1.2.4 and 1.2.9, we get that gvp(g.wx) > 1.

Thus, in order to conclude, we just need to verify that x(wy) = x(wx) = 1. Observe
that, thanks to the natural inclusion j : wy — g«(wx), the generic vanishing properties of

wy and g,wx, and Grauert—Riemenshneider vanishing, if we take [a] € A general we get
X(Y,wy) = I(Y,wy @ b*a) < hO(Y, guwx @ b"a) = x(¥, gawx) = X(wx) = 1.

Let us suppose that x(Y,wy) = 0, by Proposition 1.2.10 we would have that gv,(wy) = 0.
But then b(Y) = Y’ = a(Y) would be fibered in tori contradicting Hypothesis 5.2.1. [

5.3 A Characterization of Theta Divisors

In this section we further refine a cohomological characterization of © divisors due to

Pareschi who in [?Pa2] proved the following

Theorem 5.3.1. Let X be a smooth projective variety of mazximal Albanese dimension
with x(wx) =1 and gv(wx) = 1. Suppose furthermore that for every 0 < i < dim X the

codimension of Vi(wyx) > i+ 1. Then X is birational to a theta-divisor.
We will prove the follwing

Theorem 5.3.2. Let (X,a) be a pair satisfying Hypothesis 5.2.1. Suppose furthermore
that [0 4] € A is an isolated point of Vi(wx) for every i > 0 and that a(X) is normal.
Then the abelian variety A is principally polarized and X is birational to a ©-divisor in

A.
We will begin by proving the preliminary result.

Proposition 5.3.3. Let (X,a) be as in the Theorem above. Then the dimension of A is
n+ 1.

Proof. The assumptions on X, namely that both the Euler characteristic of wx and its
generic vanishing index with respect to the map a are equal to 1, ensure that dim A > n,
Ra.0x is a W.I.T. object with index ¢ = dim A and that its Fourier-Mukai transform,
Rﬁx is a torsion free sheaf of generic rank 1 (crf. Proposition 1.2.6 and Theorem 1.2.9),
i.e. it is an ideal sheaf .#; twisted by some line bundle L. Moreover, thank to the fact

that any codimension i + 1 component of V!(X,wy) does not pass through 0 1> We can
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write Z = SUW with S a scheme supported on 04 and W a scheme not containing 04.

Then we can look at the short exact sequence
0—-92®0L—L-—Lz—0

Taking Ext-sheaves and observing the vanishing, we have that for every ¢ > 1

(5.3.1) Ext'( Iz ® L, 07) = é"xtiH(Lw,@’g)

Now any component of the support of &xt/ (.Fz ® L, O 1) is a component of the support of
R/S(Ra.wy) that is empty for j > n. On the other side S is a component of codimension
q of Z, hence it is a component of &xt?(0y @ L, 03). Hence &xt!(L)z, 03) is non-zero.
Equation (5.3.1) yields that &zt 1 (.7, ® L, 03) # 0, and therefore ¢ — 1 < n. Thus we
get that ¢ = n + 1. Furthermore, since by [?BLNP, Proposition 6.1]

k(0) ~ R"® p, (wx) ~ Ext™(I; @ L, 03) ~ Ext'(Lyz, O5)
we also get that S is the reduced subscheme supported in 0. O
We will also need some Lemmas.

Lemma 5.3.4. Let f:Y — Z is a surjective morphism between varieties with Y normal

and Z smooth, then the general fiber of F' is normal.

Proof. A similar argument could be found in [?M0]. Since normality is a local property we
can think Y = Spec(B), Z = Spec(A) with, A and B C-algebras with B a normal over C,
and f induced by a morphism ¢ : A — B. Since f is surjective, then any prime ideal of A
is contracted. In particular (0) is contracted and ¢ is injective. In this setting the general
fiber is just [p(A\{0})7!] - B. Since normality is stable by localization, [p(A\{0})7!]- B

is normal. We get the statement. O

Lemma 5.3.5. Let A be an abelian variety of dimension q > 2 and take D an ample
divisor in A. If [a] € Pic®(A) is such that ap = Op then a =~ O4.

Proof. Consider the standard short exact sequence
0— Os(—D) — Oy — Op — 0

and tensor it by a topologically trivial line bundle « as in the statement. Suppose that «

is not trivial. Taking cohomology we get
0— HYD,Op) — H' (A, 0a(-D) @) — ---

Since ¢ > 2, then H'(A, 04(—D) ® o) = 0 and H(D, Op) = 0, yielding a contradiction.

Necessarily we must have o >~ 0y4. ]
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As a corollary we get

Corollary 5.3.6. In the notation of the above Lemma, suppose furthermore that D is
normal and take p Y — D a desingularisation. If [a] € A is such that wra is trivial then

a~O4.
Proof. By the normality of D combined with projection formulas we have
Op ~ u Oy ~ (" a) ~ a® Op.
Lemma 5.3.5 implies then that « is trivial. O
Now we are ready to challenge the Theorem.

Proof of Theorem 5.3.2. Let a be the Albanese map of X. We can suppose that there
exists 0 < k < dim X and W a component of V¥(wx) of codimension k + 1. Otherwise we
would be in the hypothesis of Theorem 5.3.1 and there would be nothing to prove. By the
Subtorus Theorem (Theorem 3.1.9) W = [a] + B with B a subabelian variety of A and
[a] € A a torsion point. We will show that [a] € B, contraddicting the assumption that
[04] is an isolated point of VF(wx).

As usual, call 7 : A — B the map dual to the inclusion B < A. Let g :=moa and

denote by K the kernel of m. We are in the following situation:

a|c
G K
|

X

]
\ ]gr

Where G is the general fiber of g and j is the natural inclusion.

By Lemma 5.1.4 combinded with Proposition 5.3.3, we have that
dimg(X)=dimX — k=dimA — k — 1 = dim B,

hence g is surjective. In particular we have that also m,(x) is surjective and G is of
dimension k, hence via the restirction of a maps to a divisor D (of a translate of ) K. This
divisor D is a general fiber of a surjective map from a normal variety into a smooth one
and therefore is normal by Lemma 5.3.4. We recall now that a has generic degree one

(Theorem 5.2.2), therefore we can think of a|r : F' — K as a desingularisation of D and

ajp(or) = (a @) € Pic’(F).
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5. Birationality of the Albanese Map

Now observe that, by Theorem 5.1.2 with g = a = idp the sheaves R/ f.(wx ® a*a)
satisfy GV. It follows that for [3] € B general

hO(B,ka*(wX ®a'a)® F) ~ hk(X,wX ®a*a® f*B) #0

where the last inequality depends on the fact that [o] + B C V¥(wy). We can conclude
that R* f.(wx ® a*a) # 0. Since by Theorem 5.1.1 it is torsion free, for the general b € B
we have

0# R*f(wx ® a*a) ® C(b) ~ H*(F,wp ® (a*a)p).

We deduce that (a*a)p =~ a‘*F(oz‘ K ) is trivial and Corollary 5.3.6 immediatiely implies
that o ~ Of dualizing
0-K—A—B—0

we get
O—>§—>A\—>I?—>O

where the rightmost arrow is the restriction to K. Hence [a] € Ker((—)|x : A—K)=B

and the statement is proved. O
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