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NOTATIONS

N,Z,Q,R,C the set of natural, integer, rational, real and complex numbers
Qf,Q* subgroups of rational numbers with respect to addition and multiplication
Q=% R=0 the set of rational or real numbers greater or equal to zero
F, finite field withp — 1 elementsy is a prime)
d,n,m integers (usually positive)
pvpi7Q7Qial>li primes
d|n d dividesn
din d does not dividen
P || n p™ divides exactlyn (i.e.,p™|n andp™*! t n)
v,(a) p—adic valuation of: (i.e.,p*@ || a)
(a,b) the greatest common divisor (gcd)©andb
a, b] the least common multiple (Ilcm) afandb
n= Hf’:l p;* canonical primes factorization of an integer
ZPQ sum over all primes< x
> d‘; sum over all positive divisors of
ol sum over all primes dividing
» product over all primes
P(t) product over all primeg < ¢
m(x) the number of primesg < z
Cn primitive n—th root of the unity
Qn the fieldQ(¢,,) with ¢, primitive n—th root of the unity

If p1a, we define

ordpa:min{k:EN: akzlmodp},

ind,a = (p — 1)/ ord, a.

We denote byi(z) thelogarithmic integral:

li(z) = /; dt/logt.



INTRODUCTION

The first that studied the problem to determine whether an integer (different to
0,£1 and a perfect square) is primitive root for infinitely many primesvas
Gauss. In articles 315-517 of his Disquisitiones Arithmeticae (1801), he showed
the connection between the decimal expansion of the nuinperith the multi-
plicative order ofl0 (mod p). For anyp > 5 prime, the decimal expansion of
1/pis purely periodic, with period equal tad,, 10. For example] /7 = 0.142857

has period (and order) equal@pso10 is a primitive root (mod 7). Gauss’ table
gives several other examples of primesuch that 0 is a primitive root (mod p).

Many authors ascribe to Gauss the following conjecture:

there exist infinitely many primessuch thatl0 is primitive root.

In order to prove this conjecture, Chebichev showeddhdf(10) € {1,2,4, p,
2p,4p} for anyp > 5. In particular, he proved that, if = 2 (mod 5) is a prime
such thaty = 4p + 1 is also prime, theri0 is a primitive root (mod ¢). The
Chebichev’s argument is the following:

= (2)-0) ()= ()< i

Since the prime divisors dfo* — 1 are3, 11, 101 # 4p+ 1 for anyp, soord, 10 =
g — 1. But the problem to determine

#{p<z:p=2 (mod 5)anddp + lis prime}

is hard. By a heuristic argument, the probability that betke 2 (mod 5) and
4n + 1 are primes# < z) is at leastcz/log® z. Hence we can expect that the
conjecture has affirmative answer.

No progress on this problem until 1927, when Emil Artin generalized the
Gauss’ conjecture in the the following:



for any integera, different from0, +1 and not a perfect square, there
exist infinitely many primes such that: is a primitive root

In other words:

Na(w) =#{p <z : (a), =F}} = (A(a) + o(1))li(x) (0.1)

whereli(z) is thelogarithmic integral defined asf; dt/logt, and A(a) is posi-
tive.

The Artin’s approach to this problem is the following:is a primitive root
(mod p) if and only if for any primeq such thatg|p — 1, thena®=V/4 £ 1
(mod p).

By a principle (due to Dedekind), the conditia®?~"/? = 1 (mod p) is
equivalent to the condition that splits completely in the kummerian extension
Q(¢,,a/?)/Q (with ¢, ag-th primitive root of the unity). By Chebotarev’s Den-
sity Theorem, the number of such primeg j$Q(¢,, a'/9) : QJ.

Hence Artin deduce that is primitive root (mod p) if and only if p don’t
splits completely ifQ(¢,, a*/7) /Q for anyq|p—1. Therefore, by Inclusion/Exclusion
Principle, we can expect that

B p(n)
AW =2 Qe Q'

n>1

More precisely, if we define:

A=), “(”Tf):l}(l—l(ﬁn)

= ne(

then A > 0 is well defined since the series converges, aitd) is a rational
multiple of A.
So one can expect:

#{p<w: {(a),=F}~ Ala)r(z), T — 00 (0.2)

where

Aa) = H (1 - [Q(gq,all/q) : @]> '

q

This value of A(a) was believed true until 1960, when D.H. Lehmer made
some numerical calculation and found out some discrepancies. Heilbronn showed

\



that the problem was born to consider the eventibes not split completely in
Q(¢,, a*/) as independents and published a correct value of the Artin’s constant:

A@:g@‘wiﬂgofuiﬂaw

whereh the largest integer such that= af with ay € Z and

1, if ag Z1 (mod 4)

(14 1100 TTy ) 753 1T gt e a0 =1 (amod 4),

qlao

His correction agreed with the Lehmer’s calculation.

In 1965, Hooley proved in [6] the Artin’s conjecture, with the terifu) as
in the work of Heilbronn, using the Generalized Riemann Hypothesis. We give a
sketch of the Hooley’s proof following M. R. Murty [15].

Let L, = Q({,, a'/?). We define the following functions:

m(z, k) = #{p <z : p splits completely in_,, Vq|k},
M(x,m,m2) = #{p <z : p splits completely in som&,,n; < ¢ < n2}.
By Chebotarev Density Theorem (under GRH), we have:
li(x)
m(x,d) = + O(v/zlog(xzd)). 0.3
(@) = 7o + OVElog(ed) 03)
We have, by Inclusion/Exclusion Principle:

Nofw) = 3 (k). k),

k>1

but we cannot use directly (0.3), because the contribution of the error term is
too large. For this reason, if we sBtt) = [],, [, we obtain:

Nu(e) < 3 uldyn(e,d),

d|P(t)

No(z) = > pdym(z, d) = M(z, 2,2 — 1),
)

d|P(t

Vi



If we setz = %logz, by (0.3), we obtain:

No(z) = A(a)li(z) + O ( = ) L O (M(z, 2,0 —1)).

log” x
To estimate the term/(z, z,z — 1), we ca use:
M(z,z,x —1) < M(x,z,m) + M(x,m,m2) + M(x,n9,2 — 1),
with 7, = /z/log® z andn, = /zlogz. The first two terms are shown to be
O (%) using (0.3) and some sieve methods. The last term is more difficult
to estimate. The idea is the following:df*~1/¢ = 1 (mod p) for someg > n;,,
thenp| [« /z/10g.(@™ — 1). But the number of prime divisors af* — 1 is at

mostm log a, SO:
log1
3 mlogazg(w)

2
m<y/z/logx 1Og t
and we obtain the thesis:
logl
Nu(z) = A(a) li(z) + O (%) .
log” x
In 1976, Matthews studied a generalization of the Artin’s conjecture:
Givenay,...,a, € Z \ {0,£1} and not a perfect square, do there

exist infinity many primes such thatu; is a primitive root (mod p)
foranyi=1,...,r?

He proved the following theorem:

Theorem (Matthews, [11]) Givenay,...,a, € Z*, there exists a positive con-
stantC' = C(ay, ..., a,) such that if the Generalized Riemann Hypothesis holds,
then
1 1 271
#{p<z|ordya, =p—1Vi= 1,...,7"}:Cli(x)+0<x%) .
O

In 1983, Gupta and Murty proved, without any hypothesis, that there is a set
of 13 numbers such that, for a least one of these 13 elements, Artin’s conjecture
is true. This result was later sharpened in 1986 by Heath-Brown to a set of
elements:

Theorem (Heath-Brown, [5]) One of 2,3,5 is a primitive root (mod p) for
infinitely many primes p. O

vii



0.1 Analogous problems to Artin’s conjecture

Many analogous problems to Artin’s conjecture are been studied (and solved) in
this last years. The first problem has been addressed by H. Lenstra ([9]) and solved
by Murata in [14] and Wagstalff in [21]:

Leta,m € N, witha > 2 squarefree. Do there exist infinitely many
primesp such thatnd, a = m?

Theorem (Murata, [14]) Leta > 2 be a squarefree natural number and assume
that the GRH holds. Then we have, for any 0

“logl 1
#{pgx : jndpa:m}: (Ca,m+0(m og looggl'—i‘ Oga)>h(x)
i

wherec, ,, is a suitable non negative constant, and the constant implied in the
O-symbol may depend en O

A general expression for the constapt,, has been obtained by S. Wagstaff.
Our Theorem 1,(see cap 1.) generalizes Matthews’s Theorem and it is an analogue
of Murata’s Theorem.

Several authors studied the most general problem:

Leta,k € NT. Do there exist infinitely many primessuch that
k| ord, a?

Wiertelak [22] was the first to obtain an asymptotic formula for
No(x, k) =#{p <z : k|ord,a}.
Moree proved the following result.

Theorem (Moree, [12]) Letk € N* be squarefree and € Q \ {0,+1}. Then
the following asymptotic formula holds:

Nz, k) = (ﬁa,k + Ou ((log (lfog;gz;(km)) li(z).

wherex, , is a positive rational constant. O

viii



Another problem solved (under GRH) is the so-catked-variable Artin con-
jecture

Leta,b € Q* multiplicatively independent. Do there exist infinitely
many prime® such thatrd, a|ord,(b)?

This problem was studied by Stephens in 1976 and completely solved by
Moree and Stevenhagen that proved the following theorem:

Theorem (Moree & Stevenhagen, [13]Leta,b € Q" multiplicatively indepen-
dent. If we assume GRH, then:
<zx:
i RS oy alordy )}y (1 o )
= () .

p*—1

for some positive rational constany,;. O

In this Thesis we study the following problem, due to Schinzel-Wojcik.

Let{a,...,a.} € Q\ {0,£1}. The Schinzel-Wojcik's problem for
{a1,...,a,} is to determine whether there are infinitely many primes
p such that

ord,a; = - -+ = ord, a,

and if their density is positive.
We define:

_____ w@)=#{p<z: vy(a;) =0Vi=1,...,r, ordya; =--- =ord,a,}.

The main results are the following two theorems:

Theorem. Let {ay,...,a,} € Q\ {0,£1}, I" = (ay,...,a,) as subgroup of
Q* and assume that the Generalized Riemann Hypothesis holds for the fields
Q(Cn,al’™ ... ar’™) (n,n4,...,n, € N) and thatrank(I') > 2. Then

2T -2
N (z) = (5a1 ,,,,, w4 O (M)) li(x)
log

.....



Unfortunately, in this general case we are unable to determine whether the
SW problem has affirmative answer. However it is reasonable to expect that SW
problem has affirmative answer if and onlyif, .. # 0. In the particular case
in which the group(a,, . .., a,) has rank one and eaah = a" for somea € Q,
we can show, without applying Generalized Riemann Hypothesis, the following
result.

Theorem. Leta € Q \ {0,+1}, hy,...,h, € N with (hy,...,h,) = 1 and

h = [hy, ..., h,]. Then the following asymptotic formula holds:

Nt () = (B v+ O (2 éffg?;(h)+3)) l(a)
wherew(h) denotes the number of distinct primes factoré @ind o ., .. is a
rational constant. OJ

In this case we can give a complete answer to the SW problem.
Corollary. Leta € Q\ {0,£1} and hy,...,h, € NT. Thend, n # 0.

-----

Therefore the SW problem féu"t, ... o} has an affirmative answer.

0.2 Analogous problems to Artin’s conjecture for subgroups

Pappalardi in [16], studied the problem to determine (under GRH) an asymptotic
formula for the number of primes for whidFj, can be generated bygiven mul-
tiplicatively independent rational numbers. In particulan’ifs generated by a
single element, then this problem coincides with Artin’s Conjecture. His result:

Theorem (Pappalardi, [17]) LetT" = (a4, ...a,) C Q*, be a finitely generated
subgroup withrank(I") = r > 1. Assume that the GRH holds. Then

zlog(ay -+ - ar))

#p<a: [F;rfp]—l}—érh@)m(

log? z
where (m)
pulm
op = _—
mZ QG T7)]
and the error term is uniform with respect o< @ logz anday, ..., a,.



In particular, if aq, . .., a, are primes, then

x4" log(zay - - - ar))

IOgT—l-Q T

p<z: pgSr, [F,: T} :1}:5rli(x)—|—0(
uniformly with respect te < %log x/loglogz anday, ..., a,. 0J

Cangelmi & Pappalardi in [3], have determined the number of pripngsch
that the image of® (mod p) contains a promitive root, and §B;, : I')] = 1.
Their results:

Theorem (Cangelmi & Pappalardi, [3])Let " C Q*, be a finitely generated
subgroup withrank(I') = s > 1. Assume that the GRH holds. Then

< 15001 = (30 (g ) ) 10

wheredr is a suitable non negative constant, and the constant implied iOthe
symbol depends only dn O

The most general problem is the following.

LetI’ C Q* be a finitely generated subgroup such thabe torsion
free with supporsSr andm € N*. Do there exist infinity many primes
p for which the index of the group generated by the reductioh of
(mod p) ism?.

The associate function is the following:
Nr(z;m) =#{p <z : p ¢ Sp, and[F, : T})] = m}.
We prove, in chapter 3, the theorem:

Theorem. LetI" as above andn = o(x'/%). Assume that the GRH holds for the
fields of the forn@Q({,,, I'Y/M) with M € N*. Then

Nr(z;m) = (p(F,m) +0 (%)) li(x)
where ifM = mk, then
B (k) 1
PTm) =3 D T G

k>1

(0.4)

Xi



1. ON A PROBLEM OF SCHINZEL & WDJCIK

1.1 Introduction

If « € Q* andp is an odd prime such that the-adic valuation,(a) = 0 then we
define theorder of @ modulop by

ordya=min{k €N : " =1 (modp)}.
In 1992 Schinzel and Wjcik [19] proved the following theorem.

Theorem (Schinzel & Wojcik, 1992, [19]) Leta,b € Q \ {0,£1}. Then exist
infinitely many primeg such that the following two conditions are satisfied:

(i) vp(a) =v,p(b) = 0;
(i) ord,a = ord, b.

Clearly the first condition is satisfied for all but finitely many primes and the
second is the important one. Whenever we use the symbgh, we always as-
sume that,(a) = 0. The proof of Schinzel and ¥jcik’s result is very ingenious
and uses Dirichlet’s Theorem for primes in arithmetic progressions. In the last line
of their paper, Schinzel and 8jtik conclude by stating the following problem:

Givena,b,c € Q\{0,+1}, do there exist infinitely many primes such
that

ord, a = ord, b = ord, c?
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We refer to the above as the Schinzelbjéik (SW for short) problem fou, b, c.
In general, if{a;,...,a.} C Q\ {0, +£1}, the SW problem fofay,...,a,}isto
determine whether there are infinitely many primpesich that

ord,a; = - -+ = ord, a,.

It is easy to produce examples having no odd primes with the wanted property.
Indeed lets = e,b = €2, c = —€%. Foranyp > 3,if § = ord, e = ord, —e?, then
we havee® = (—e?)° =1 (mod p). Thereforeg(—1)° = 1 (mod p) so that2 | §
and(e?)%/2 = 1 (mod p). This impliesord, e | §/2 contradictingord, e? = 4.
However we have the following result due todywik [24]:

Theorem (Wojcik, 1996 [24]) Let K/Q be a finite extension and, ..., «, €
K\ {0,1} be such that the multiplicative group, ..., a,) C K is torsion free.
Then the Schinzelldypothesis Hmplies that there exist infinitely many primes
of K of degreel such that

ord, a; = - -+ = ord, a..

It is an immediate corollary that if,b,c € Q \ {0, 1} are such that-1 ¢
(a,b,c) C Q*, then Hypothesis H (see [18]) implies that the SW problem for
{a,b,c} has an affirmative answer. Note, however, that the sufficient condi-
tion —1 ¢ (a,b,c) is not always necessary. Indeed consider SW problem for
{2,3,—6}. The above theorem does not apply althoughpfer 19, 211, 499, 907
and for many more primeg, we find thatord, 2 = ord,3 = ord, —6. More-
over, empirical data suggest that the SW problem has an affirmative answer. Ob-
serve that Hypothesis H never answers the SW problem for sets of the form
{a,b,—ab} C Q\ {0,£1}. For completeness, we recall the famous

Hypothesis H (Schinzel, 1959 [18])et fi, . .., fx € Z[z] be irreducible polyno-
mials with positive coefficients and such thatl(fi(n)--- fx(n) | n € N) = 1.
Then there are infinitely martye N such thatf,(¢), ..., fx(t) are all prime.

The condition on the greatest common divisor of the values of the polynomials
is needed to avoid situations like the one of the polynomial = + 2 that takes
only even values.

The Generalized Riemann Hypothe¢BRH for short) can be applied to the
SW problem. Indeed, we have the following:

Theorem (Matthews, 1976 [11])Givenay,...,a, € Z*, there exists a positive
constantC' = C'(ay,...,a,) such that if the Generalized Riemann Hypothesis
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holds, then
(loglog x)* 1
(log z)? '

This result is known as th&@multaneous primitive roots Theoreand admits
as an immediate consequence the following:

#{p <z ordpai:p—1W:1,...,T}:Cli(x)—|—0<x

Corollary. With the above notation, if'(ay,...,a,) # 0 and the GRH holds,
then the SW problem has an affirmative answewfor . . , a,.

Further results in [11] imply that:

1. C(ay,...,a,) = 0if and only if at least one of the following conditions is
satisfied:

(@) there existd < i; < ... < i1 < nsuch that

Qjy *+ Qg iy S (Q*>2;

(b) there existd < i; < ... < iy, < n such that
a;, -+ gy, € —3(Q")?

and the set of primeg = 1 (mod 3) for which eachy; is not a cube
modulogq is finite.

Furthermore each of the conditions above implies that. . , a,, cannot be
simultaneously primitive roots for infinitely many primes.

2. Using the above it can be checked th@®, 3, —6) # 0 so that GRH implies
that the SW problem has an affirmative answer in this case.

3. Foranya,b € Q\ {0,+1} itis easy to see that'(a, b, ab) = 0. Indeed, if
ord, a = ord, b = p — 1, then the Legendre symbo(%) and (g) are both

equal to—1. Therefore(“;f’) = 1 and this implies thatrd, ab | Z*.

4. The SW problem fof4, 3, —12} is still open both on Hypothesis H and on
GRH.
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For given rational numbers,, . . ., a, not0 or £1, we consider the following
function:

Ngoow(@)={p<az : ordya; =---=ord,a,}. 1.1)
We denote byay, ..., a,) the subgroup of)* generated by, ...,a,, and by
r(ai,...,a,) =rankz(aq,...,a,) its rank as abelian group. Clearly

1<r(ay,...,a) <r.
The main results are the following two theorems.

Theorem 1. Let{a,...,a,} C Q\ {0,£1} and assume that the Generalized

Riemann Hypothesis holds for the fiel@dé,, ai’™, ..., ar’™) (n,n, ..., n, €

N) and thatr (a4, ...,a,) > 2. Then

log 1 2'=2
Noy..ooar (@) = (6a1 ..... ww + O (M)) liz)
log

where ifky, ... k. e N, k= [kq, ..., k],

k k

F=(af*,....a7),  A=T-Q™/Q™,
N = 2%2(mk) gand
B={e@ e TQ™/Q™: [QV/E): Q] < 2 and disc(Q(V/E)) | mk} .

then

5. = M(h)"'u(kr)#l?_ 12
e 2 Ty A (-2
k1,...,kr€N

When eaclu; is the power of the same rational number, the greup. . ., a,)
has rank one. In this case we write = a” for eachi = 1,...,r and we note
that we can assume that the greatest common divisor. ., h,.) = 1 otherwise
we can replace with ("), Here the Generalized Riemann Hypothesis can
be avoided.

Theorem 2. Leta € Q\ {0,+1}, hy,...,h, € N with (hy,...,h,) = 1 and
h = [hq, ..., h,]. Then the following asymptotic formula holds:

(loglog )3\
Nahl ..... ahr (I’) = (5ahl ..... ahr + Oa,h < (log :L‘)Q 11(1’)
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wherew(h) denotes the number of distinct prime factorshoflf = +b¢ with
b > 0 not a power of any rational number add(b) = disc(Qv/b), then

[1—vi(d) 1
5ah1 .... ahr = <1 — P )X 1+ t27h>< Sq + tD(b)Ahxga H ﬁ
Ik 1|12D(b) (1o
where
0 if a > 0; 1 ifx|y;
Sq = 3.9v2(d) _3 if 0: tey = h e
— @ a < 0; 0 otherwise;
and
1 gmax{0,v3(D(b)/d)—1} . )
e = (_?)22—Illax{l,v2(D(b)/d)} If “= 07
«a=9 (-3) if a < 0andvy(D(b)) # v2(8d);
= if a < 0anduvy(D(b)) = v2(8d).
In this degenerate case we can give a complete answer to the SW problem.
Corollary 3. Leta € Q\ {0,£1} andhy,...,h, € N*. Thend,u, - # 0.
Therefore the SW problem féu":, ..., a"} has an affirmative answer.

Corollary 3 will be proven at the end of Section 1.4.

1.2 Lemmata

In this section we present some useful results for setting up the proofs.
LetI" C Q* be a finitely generated multiplicative subgroup. Bupportof I
is the finite set of primes defined as

Sr={p: dg €T, v,(g) #0}.

Furthermore for each prime¢ Sy, we define th@rderord, I' of I' modulop
as the maximum order modujoof the elements of and theindexof I' modulo
p by

ind,I'=(p—1)/ord, I
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If we write ind,, I" or ord, I', we always implicitly assume that¢ Sr. In particu-
lar theindexof a; modulop is defined asnd, a; = (p — 1)/ ord, a;. Once again,
if we write ind,, a;, we assume that,(a;) = 0.

We start from an elementary result:

Lemma4. Leta; ...,a, € Q*\ {1}, m € N, kq, ..., k. € N be squarefree and
setk = [k1,..., k). If p & S(a,,.q,), then the conditions

.....

i. mk; |ind,a;fore=1,...,r;
ii. mk | indp<alf/k1, . ,af/kr>

are equivalent.

Proof. First note that
(mk; |ind,aVi=1,...,7) <= (mk|ind, af/kiW =1,...,7r).

Indeed, ifg is a primitive root modulg anda; = ¢* (mod p), thenind, a; =
(p—1, ;). Furthermorenk; | (p—1,«;)fori=1,... rifandonly ifmk | p—1
andmk | a;k/k;fori =1,...,r. This happens if and only ihk | (p—1, a;k/k;)
fori=1,...,r or equivalently ifmk | ind, a'%i for i = 1,...,r. Finally

%

. k/k1 k/ke\ _ (; k/ka : k/ky
ind,(a;’™, ..., a"*) = (ind, a}"™, ... ind, ak/*").

Somk | ind, a¥’* fori =1,... rifand only if mk | ind, (a?* ... a*). O

The proof of Theorem 1 uses the Chebotarev Density Theorem. The following
version is obtained using the effective version due to Lagarias and Odlyzko [7].

Lemma 5 (Chebotarev Density Theoremlet M/ € N. Then the Generalized
Riemann Hypothesis for the Dedekind zeta function of the@é{d,, I''/*) im-
plies

li(x)
[Q(Car, T/M) = Q)

#{p<x: M|ind,I'} = + O(vzlog(x M#5Sr)) . 0

(1.3)
To compute the degrefQ (¢, TVM) : Q] = # Gal(Q(¢u, TVM) : Q) we

need to employ Kummer Theory (see [8, Chapter VIII, section 8] and also [3])
that allows us to deduce the next result.
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Lemma 6. LetM > 1 be aninteger and sdt” = 2°2(™)_ With the notation above,
we have that

[Q(¢ar, TYM) : Q) = #A/#B
where

and
B = {eQ ™ e TQ /@ : [Q(V/E) : Q] < 2and disc(Q( §/2) | M} .o
The next lemma is implicit in the work of C. R. Matthews [10]:

Lemma 7. Assume thal' C Q* is a multiplicative subgroup of rank > 2. Let
t € R,t > 1. We have the following estimate

1+1/s

< _— .
#4p Jord, D < 1) < (1)

where the implied constants may depend’on O

The invariantA,(T") of a multiplicative subgroup’ C Q* with rankz(T") = s,
is defined as the great common divisor of all the minors of sieéthe relation
matrix of the group of absolute valuesbf(see [3, Section 3.1] for some details
or chapter 2, section 1).

The next result follows immediately from a result in [3, Section 3.3], where it
is stated in the case whe\ is squarefree. However, it is clear that the proof does
not depend on this property.

Lemma 8. LetI’ and M as above, and = rankz(I"). Then

M/2)*

LYMYy . Q| > o(M ( :

[Q(Cars )1 Q] > p( >AS(F) O

Lemma 9. Letr > 2 and letl" = (a’f/'“, . ,a,’f/k’“> whereky, ..., k. € N and

k = [ky,...,k:]. Further let P(t) be the product of all primes up to Then we
have the following identity

plka) - plhy) <(logt)2rz 1 )
= 501 ey Qe O -7 - 15
r;zm,..%p(t) QG TR - @] e +—) (@5

where the implied constant may dependwgn . . , a,.
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Proof. Let us start by observing thatdf= rankz(I"), then

As ak/kla e ak/k"' S ks_l X AS Aty .- 0r)).
1

» r

Therefore, by Lemma 8 and singémk) > ¢(m)p(k), we have

! ot 2A) 1 1
[Q(Cne, TVF) = Q] — @(m)ms — p(k)ks — o(m)m* — @(k) -k

Hence

_ k) - - - plhy)
So = Z Z; )[@(ka’l“l/lﬁm>:@]

since fork squarefree
ki, ke €N k=[ki,. .. K]} = (2 —1)*®
and the series
Z (27 — 1)~(k)
et o(k) -k

converges as — oc.
For a similar reason,

, 1

m<z k>t k1, kr
k=[k1,....kr]
(27’ . 1)w(k) <1Og t)QT_Z
< Sk o e ) (1.7)
,; p(k) -k t

The last estimate can be obtained for example as an application of the lkeara
Tauberian Theorem (see for example Delange [4]) and by partial summation, ob-
serving that

o 2(or _ 1\w(n)
Z M(k;(ff) . nsl)l ()
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is a meromorphic function, analytic and non zere at 1.
Finally, since

k) - lly)
>, > )[@(kajpl/km):@}—éal ..... o +0(S0) + O(S1),

we obtain the claim on summing the estimates of (1.6) and (1.7). H

1.3 General case: proof of Theorem 1

Letm be a positive integer. We need to consider the auxiliary function:

Noya(@m)={p<z : indya; =---=ind,a, = m}.

Nai... ar(x):ZNm ..... a, (T, M). (1.8)

Note that forr = 1, the functionN,(z, m) was considered by L. Murata in
1991 [14], who proved:

Theorem 10(Murata) Leta > 2 be a squarefree natural number and assume
that the GRH holds. Then we have, for any 0

“logl 1
#{pggj : jndpa:m}: (Ca,m+0(m og l(())ggl"f’ Oga)>h(x)
i

wherec, ,, is a suitable non negative constant, and the constant implied in the
O-symbol may depend en

The problem of determining whem ,, = 0 has been addressed by H. Lenstra
[9]. A general expression for the constapt,, has been obtained by S. Wagstaff
[21]. These results and also Theorem 1 are proved using the classical method of
Hooley [6].

As a side-product of our Theorem 1, we prove implicitly the following result
that generalizes Matthews’s Theorem and it is an analogue of Murata’s Theorem:
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Theorem 11.Let{a;,...,a,.} € Q\ {0,£1}, m € N, assume that GRH holds
and thatr(ay, . ..,a,) > 2. Then

1 1 2 —2
Na1 ..... ar (ZL’, m) = <Ca1 ..... ar,m + Oa1 ..... Qrym <M>) 11(5(])

log x
where . s
IL(/ 1 e lu/ r
Cay,..., ar,m — Z (19)
k1,...,kr€N Sp(mk) #A
and the notations are the same as in the statement of Theorem 1. |

Proof of Theorem 1We estimate the lowerbound and the upperbound separately.
For the upperbound note thatjfe R, with0 < y < z, then

1+1/s 1
Na1 .,a ) z) T 7 N
2 Nose (2,10) < (1/ log(x/y)

m>y
Indeed ifind,a; = --- = ind,a,, then each:; generates the same group
modulop. Hence in particular, for each= 1,...,r, we have thaind, a;, =
ind,(as,...,a,). SO
ZNal _____ a(@,m) <#{p <z :ind,(ai,...,a,) >y}
m>y

S#{pgx: ordp<a1,...,ar><£}

Yy
- (x)1+1/8 1
y log(z/y)

by Lemma 7. Therefore we can tale= (zlog® z)'/(*+1) obtaining

T 1+1/s 1
St =St o (1) )

ind, a;

Noioo aT(x,m,t):#{pgx: Vi=1,...,r, m|ind,a; and< ,P(t)) :1}
m
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where, as usuak(t) denotes the product of all primesup tot.
Note that

........

S N @m ) =3 3" uk) - u(k)Coulai krs . k) (1.10)

Co(x;ky, .. k) =#{p<z: mk;|indya; Vi=1,...,r}.

Letk = [ki,..., k], apply Lemma 4 so thatk; | ind, a; fori =1,... 7 if
and only ifmk | ind,(a¥/*" ... a¥*). Therefore
Co(xy k1, .. k) = #{p < x: mk|ind,(a b/ L ak Y

The Chebotarev Density Theorem in Lemma 5, implies that (1.10) equals

S X ulh)eenlh) | iy g * O (Voo

1/km) -
MY koo P(E) Gk, T1/Rm) = Q)

wherel" = (a’f/'“, ce ff/kr> Here we used the fact that = S,

easy to see that:

> Y Valog(zmk) = > O(Va2" log(xmP(t)))

m<y k1,....kr| P(t) m<y

= O(x/ B 662 (2 P(1))) .

-----

2
O
IA

u(ky) - (k) 1]
Z Z [@<<mk,rl/km>:@]+0(logx) lifz)

T (logt)> =2 2 log’(zP(t)) 1 ;
- -5a1 ..... ar + O( t + ‘1-(8*1)/(23+2) + logm h(a:)
(1.11)
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in virtue of Lemma 9 and of the previous discussion. If we chaosdog =/ (7r log 2),
we obtain the upperbound estimate.
As for the lowerbound let € R, with 1 < z < z. Itis clear that

Natrooar (@) 2 Sy (,m). (1.12)

1 1 27 -2 1 l 3
> Ny (w.m) = {6@ ,,,,, o+ O(M NI %)] li(x)

log z8

+ E(z, z). (1.13)

where ift = logz/(7rlog2), then

E(x,z)=0 (Z#{pgx: Eli,l>t,lm|indpai}>.

m<z

In order to estimate the above for eaghn, witht < n; < n, < z, we define:
Ei(x,m;m,m) =#{p<x: 3 € (n,n], Im|ind,a;}.

So

ZZ i(x,m;t,n) + Ei(xz,m;n,x)].

m<z i=1

Note that

Ei(x,m;n,z) < {p <x: ordya; < i}
mmn

Applying Lemma 7, we deduce that

ZZE (z,min, o) < Y (mn)lﬂ/sm :O<m),

i=1 m<z m<z
(1.14)
if we choose) = (z log® x)/(s+1),
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To estimate the first term, we use again the Chebotarev Density Theorem in
the form given by Theorem 1.3. So

ZZEi(x,m;t,n) < ZZ Z (Q l/ml

=1 m<z i=1 m<zle(t,n)] ml7 a’z ) . @]

1
= O,,. ( a7+ Z Vaz log(wzl))
m<z >t

I<n

O(ﬁlog(xml))>

o,..(12 >+mog<m>)

t

To conclude the proof of Theorem 1 it is enough to chooselog . O

1.4 Degenerate case: proof of Theorem 2 and Corollary 3.

Let
No(z, k) = #{p < x: k|ord,a}.

The functionV, (z, k) has been studied by several authors: Ballot, Hasse, Moree,
Odoni, Pappalardi, Wiertelak and maybe others. Wiertelak [22] was the first to
obtain an asymptotic formula fo¥/, (z, k) (see also [16]). The proof of Theorem

2 requires the most general result due to Moree [12, Theorem 2].

Lemma 12. Letk € N* be squarefree and € Q \ {0, +1}. Then the following
asymptotic formula holds:

No(z, k) = (ma,k + O ( (loglog x); o ) ) li(x).

(log )2
Here
[1—vi(d)

?—1

kar = (142 ][
1k

(1.15)
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where if we writer = +b¢ withb € Q>° not a perfect powet) (b) = disc(Q(v/D)),

3-sgn(@)20-1) 4 o it o | kand D(b) | 4k;
D e sgnm))(w 1) if 2 | kand D(b) 1 4k;
0, if 21 k;

IS

and

2max{0,ﬂ2(D(b)/d)_1}

(-3) , ifa>0;
B I ot e
Proof of Theorem 2We use the general property:
ord, a® = ord, a/(s, ord, a)
and we observe that whéh,, ..., h,) = 1, the condition
(hi,ord,a) = (h;,ord,a) foralli,j =1,...,r

is equivalenttdh;,ord, a) = 1fori = 1,...,r. The latter condition is equivalent
to (h,ord, a) = 1 whereh = [hy,. .., h,]. Therefore by the Inclusion/Exclusion

Principle,
Napi o are () = {p<z: (hyord,a) =1}
= Y u(k)#{p <x: klord,a}.

k|h

The function above has also been considered by Wiertelak [23] in the special
case whem is a positive integer. By Lemma 12, we have

S0 = S0 (s + O (LB Y

o (log x
(log log z)~(h)+3 .
= ((Sahl ..... a,}fr + Oa,h ( (log x)Q 11(.13)
where
[1—vi(d)

..... —Zu )(1+¢) P

k|h |k
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The above is equal ta; + X + >3 where

ll v (d) ll v (d)
Si=Y_ ulk) = H < ) : (1.16)
k|h Uk
(3(1— sgn( )(2v2(d) — 1) Ji-ud
Xy = Z“ 08 8 by
k|h Ik
2|k

B sgn(a) —1 3~ gua(d) _ 3 [1-vi(d)
= tap X 5 ><3.2v2(d)_2><H 1_l2—1

ll ’Ul(d
= tanxsax [] -~ (1.17)

1|k

and .
[i-vud
Ss=cax » pk)]] T (1.18)
k|h Uk
2k
D(b)|4k

The conditiong | kandD(b) | 4k are equivalent to the conditida, D(b)/(D(b), 4)] |
k. Furthermore the integde, D(b)/(D(b),4)] is squarefree and equals to the
product of the primes dividingD(b). Therefore the sum on the right hand side
above equals

_ll—vl(d) ll—vl(d) ll vy d)
lo.n X Lp(b),an X H 7] (1— 12—1> XH(l— ) (1.19)

112D(d)

Adding up the expression in (1.16), (1.17), (1.18) apdimes (1.19) we obtain
the formula ford,», .. in the statement of Theorem 2. N

77777

Proof of Corollary 3. Note that

- v (d)
H(l_z );Ao

1|k

so, in order fow,», . = 0 we should have | h so thatt, , = 1 and

1
Sq + tD(b)Ah X Eq H <— =—1. (120)
L~ i)

2
l\ZD(b) llf'ul(d)
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In the case: > 0, thens, = 0 and identity (1.20) boils down to

H (l . lvz(d)l(l2 — 1)) — txe, = —tX (_%) (121)

112D (b)

wherev € {0, 1,2} andt € {0,1}. First note that the left hand side of (1.21) is
larger thanl /2 in absolute value. Indeed, we have that

l if [ =2 anduvy(d) = 0.

P2 —1) —1 {> 1 ifl>2orifl =2andvy(d) >0
1
2

This implies that in order for equality (1.21) to be satisfied we must aye0
andt = 1. But this also implies tha2D(b) = 16 and therefore the left hand side
of (1.21) is equal to-1/2 while the right hand side is equal tg2.

In the case: < 0, after some calculations, identity (1.20) boils down to

v

H) (l — lvl(d)l(lz — 1)) = 2t x (—%)2 , (1.22)

IID(b
1>2

wherev € {0,1,2}, ¢t € {0,1}. This forcest = 1 andr = 0 for otherwise the

right hand side of (1.22) would have as denominator a powerwafiich cannot
happen on the left hand side. By a similar argument as above we arrive to a
contradiction. This concludes the proof of Corollary 3. O

1.5 Numerical Examples

In this section we compare numerical data. The table compares the densities

ceey

Q \ {0,+£1} with natural height up t@. Both quantities have been truncated at
the fifth decimal digit.
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Na,a2...,aT (108)/7T(108)

6a,a2 ..... ary

a\r 2 3 4 5 6 7 8
2 | 0.29165| 0.18226| 0.18226| 0.14429| 0.14429| 0.12325| 0.12325
0.29166| 0.18229| 0.18229| 0.14431| 0.14431| 0.12326| 0.12326
-2 1 0.29164| 0.18228| 0.18228| 0.14429| 0.14429| 0.12325| 0.12325
0.29166| 0.18229| 0.18229| 0.14431| 0.14431| 0.12326| 0.12326
3 | 0.33336| 0.27084| 0.27084| 0.21445| 0.21445| 0.18322| 0.18322
0.33333| 0.27083| 0.27083| 0.21440| 0.21440| 0.18314| 0.18314
-3 | 0.33335| 0.08334| 0.08334| 0.06597| 0.06597| 0.05635| 0.05635
0.33333| 0.08333| 0.08333| 0.06597| 0.06597| 0.05635| 0.05635
3/2 | 0.33338| 0.22401| 0.22401| 0.17732| 0.17732| 0.15145| 0.15145
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
-3/2 | 0.33331] 0.22398| 0.22398| 0.17729| 0.17729| 0.15152| 0.15152
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
4 | 0.58330| 0.36454| 0.36454| 0.28858| 0.28858| 0.24651| 0.24651
0.58333| 0.36458| 0.36458| 0.28862| 0.28862| 0.24653| 0.24653
-4 | 0.33333] 0.20832| 0.20832| 0.16490| 0.16490| 0.14082| 0.14082
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14087| 0.14087
3/4 | 0.33330| 0.27083| 0.27083| 0.21443| 0.21443| 0.18323| 0.18323
0.33333| 0.27083| 0.27083| 0.21440| 0.21440| 0.18134| 0.18134
-3/4 | 0.33335| 0.08332| 0.08332| 0.06593| 0.06593| 0.05634| 0.05634
0.33333| 0.08333| 0.08333| 0.06597| 0.06597| 0.05635| 0.05635
5 | 0.33323| 0.20826| 0.20826| 0.12157| 0.12157| 0.10384| 0.10384
0.33333| 0.20833| 0.20833| 0.12152| 0.12152| 0.10380| 0.10380
-5 1 0.33342| 0.20833| 0.20833| 0.18661| 0.18661| 0.15941| 0.15941
0.33333| 0.20833| 0.20833| 0.18663| 0.18663| 0.15941| 0.15941
2/5 | 0.33325| 0.20837| 0.20837| 0.17037| 0.17037| 0.14557| 0.14557
0.33333| 0.20833| 0.20833| 0.17035| 0.17035| 0.14551| 0.14551
-2/5 | 0.33342| 0.20835| 0.20835| 0.17036| 0.17036| 0.14554| 0.14554
0.33333| 0.20833| 0.20833| 0.17035| 0.17035| 0.14551| 0.14551
3/5 | 0.33326| 0.20831| 0.20831| 0.15190| 0.15190| 0.12970| 0.12970
0.33333| 0.20833| 0.20833| 0.15190| 0.15190| 0.12975| 0.12975
-3/5 | 0.33344| 0.20836| 0.20836| 0.19099| 0.19099| 0.16324| 0.16324
0.33333| 0.20833| 0.20833| 0.19097| 0.19097| 0.16312| 0.16312
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Na,a2...,aT (108)/7T(108)

6a,a2 ..... ary

a\r 2 3 4 5 6 7 8
4/5 | 0.33337| 0.20837| 0.20837| 0.12163| 0.12163| 0.10392| 0.10392
0.33333| 0.20833| 0.20833| 0.12152| 0.12152| 0.10380| 0.10380
-4/5 | 0.33331| 0.20823| 0.20823| 0.18654| 0.18654| 0.15936| 0.15936
0.33333| 0.20833| 0.20833| 0.18663| 0.18663| 0.15941| 0.15941
6 | 0.33330| 0.22398| 0.22398| 0.17721| 0.17721| 0.15135| 0.15135
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
-6 | 0.33335| 0.22399| 0.22399| 0.17733| 0.17733| 0.15156| 0.15156
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
5/6 | 0.33328| 0.20840| 0.20840| 0.16172| 0.16172| 0.13813| 0.13813
0.33333| 0.20833| 0.20833| 0.16167| 0.16167| 0.13809| 0.13809
-5/6 | 0.33322| 0.20823| 0.20823| 0.16157| 0.16157| 0.13799| 0.13799
0.33333| 0.20833| 0.20833| 0.16167| 0.16167| 0.13809| 0.13809
7 | 0.33335| 0.20842| 0.20842| 0.16495| 0.16495| 0.15289| 0.15289
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.15290| 0.15290
-7 | 0.33327| 0.20828| 0.20828| 0.16483| 0.16483| 0.11677| 0.11677
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.11682| 0.11682
2/7 | 0.33332| 0.20829| 0.20829| 0.16483| 0.16483| 0.14382| 0.14382
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14388| 0.14388
-2/7 | 0.33325| 0.20830| 0.20830| 0.16485| 0.16485| 0.14385| 0.14385
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14388| 0.14388
3/7 | 0.33328| 0.20829| 0.20829| 0.16493| 0.16493| 0.15531| 0.15531
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.15530| 0.15530
-3/7 | 0.33341| 0.20841| 0.20841| 0.16494| 0.16494| 0.13377| 0.13377
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.13366| 0.13366
4/7 | 0.33330| 0.20829| 0.20829| 0.16500| 0.16500| 0.15296| 0.15296
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.15290| 0.15290
-4/7 | 0.33327| 0.20833| 0.20833| 0.16484| 0.16484| 0.11680| 0.11680
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.11682| 0.11682
5/7 | 0.33326| 0.20832| 0.20832| 0.16497| 0.16497| 0.13778| 0.13778
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.13771| 0.13771
-5/7 | 0.33343| 0.20836| 0.20836| 0.16496| 0.16496| 0.14729| 0.14729
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14720| 0.14720
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Na,a2...,aT (108)/7T(108)

6a,a2 ..... ary

a\r 2 3 4 5 6 7 8
6/7 | 0.33333| 0.20841| 0.20841| 0.16496| 0.16496| 0.13915| 0.13915
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.13907| 0.13907
-6/7 | 0.33329| 0.20823| 0.20823| 0.16491| 0.16491| 0.13907| 0.13907
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.13907| 0.13907
8 | 0.29165| 0.25523| 0.25523| 0.20206| 0.20206| 0.17264| 0.17264
0.29166| 0.25520| 0.25520| 0.20203| 0.20203| 0.17257| 0.17257
-8 | 0.29164| 0.25519| 0.25519| 0.20201| 0.20201| 0.17253| 0.17253
0.29166| 0.25520| 0.25520| 0.20203| 0.20203| 0.17257| 0.17257
3/8 | 0.33327| 0.22399| 0.22399| 0.17724| 0.17724| 0.15141| 0.15141
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
-3/8 | 0.33338| 0.22401| 0.22401| 0.17733| 0.17733| 0.15149| 0.15149
0.33333| 0.22395| 0.22395| 0.17730| 0.17730| 0.15144| 0.15144
5/8 | 0.33341| 0.20836| 0.20836| 0.17036| 0.17036| 0.14552| 0.14552
0.33333| 0.20833| 0.20833| 0.17035| 0.17035| 0.14551| 0.14551
-5/8 | 0.33326| 0.20826| 0.20826| 0.17034| 0.17034| 0.14551| 0.14551
0.33333| 0.20833| 0.20833| 0.17035| 0.17035| 0.14551| 0.14551
7/8 | 0.33334| 0.20827| 0.20827| 0.16490| 0.16490| 0.14391| 0.14391
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14388| 0.14388
-7/8 | 0.33327| 0.20823| 0.20823| 0.16481| 0.16481| 0.14379| 0.14379
0.33333| 0.20833| 0.20833| 0.16493| 0.16493| 0.14388| 0.14388

It is easy to see that if is not prime, then

Indeed the formula fob,, 2

[ad}
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kernel ofl - 2--- (r — 1) if and only if r is not prime.
Similarly if r is not prime, for every: > 1,

Na,a? ,,,,, ar(x):Na,tﬂ ,,,,, a"*l(x)-

Indeed ifr = st, thenord, a® = ord, a' = ord, a if and only if

(ord,a,s) = (ord,a,t) =1

« In Theorem 2 depends only on the squarefree
kernel of1-2 - - - . Note that the squarefree kernelle? - - - r equals the squarefree
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and this is equivalent ttrd, a, st) = 1.
This explains why the third column in the tables equals the second, the fifth
equals the fourth and the seventh equals the sixth.

1.6 Conclusion.

It would be interesting to determine (even conjecturally) a characterization of
those finite sets of rational numbers for which the SW problem has an affirma-
tive answer. We are unable to do that at present time but it is reasonable to expect
that the SW problem has an affirmative answer{for, . . . , a, } if and only if

Indeed in many variations of Artin’s primitive root conjecture it is seen that if
a set of primes satisfying certain order conditions had density zero, then the set is
finite. In Lenstra’s paper [9] there are some results to this effect.
in virtue of Theorem 1 provides on GRH a sufficient condition for the SW problem
to have affirmative answer). We will address this problem in a future paper.

We conclude with the following elementary result:

Proposition 13.If S = {ay,...,a,} C Q*\ {0,%£1} is such that:

i. —1e(S);

i. SN(S)%+£0.
Then the SW problem fotf has a negative answer.
Proof. Assume thabt = ord,a; = ... = ord, a, for some primep > 2. Since
—1=ay"---a2 for suitablew,, . ..,w, € Z, we have

(-1 =adr- . a® =1 (mod p).

This implies that | 6.
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If a;, € SN (S)? thena;,, = a3™ - - - a2™ for suitablery, . .., 7, € Z. Hence

afO/Q —ai"---ad" =1 (mod p)

which contradicts the hypothesisd, a;, = 9. O

We conclude with a series of remarks:

1.
2.

The two conditions of Proposition 13 can be both satisfied oniyif3.

The second condition in Proposition 13 implies in particular thais a
square and therefore the Matthews constéfi;, ..., a,) (defined as in
Matthews’ Theorem in the introduction) is zero.

While the condition-1 € (S) in the previous proposition seems to be nec-
essary in order the have a negative answer to the SW problem (§e&'d/
Theorem in the introduction), we are unable to guess whether the second
one is necessary.

The only case which is not covered neither by Theorem 1 or by Theorem 2 is
r(ai,...,a,) = 1land—1 € (ay,...,a,). From Proposition 13 we deduce
that this case includes some sets for which the SW problem has negative
answer.

. A weaker analogue of the SW problem is the question of whether there exist

infinitely many primes such thabrd, a; | ord,as | - - - | ord, a,. Maybe

there are examples where this problem has affirmative answer, whereas the
SW problem has negative answer. Fot= 2 this problem has been con-
sidered by Moree and Stevenhagen [13]. They prove thatifa,; /a; and

b = by/ba, ((a1,a2) = (b1, by) = 1) are multiplicatively independent ratio-
nals, then the set of primes such thad, a | ord, b is infinite and is equal

to the set of primes dividing at least one term of the sequénee— b, a3,

n > 1. This is a special case of a theorem due to Polya. Under GRH this
set has a positive density.
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In this chapter we want to find an explicit formula fa@y;,, with a, b multiplica-
tively independent rational numbers. Before doing it, we need to introduce some
notations.

Leta = [T'_, p andb = [['_, p/", with o, 3, € Zandp, < po < ... < p
(this convention holds for this whole chapter). We denotexby (a, ..., ay)
andg = (1, ..., 3)) the vectors of the powers afandb. Letk;, k; € N. We set
k= [k, ks], ki = £, M = mk andl’ = (a™, ") as subgroup of*. As in the
previous chapter le$r be the support of .

For any matrixA € M, «,(Z) with rank(A) = s, we define the invariant
A;(A) as the greatest common divisor of all the minors of sipé A, with the
following conventions: Ay = 1 andA; = 0 for anyi > s. Further we set
hy = Ai(a), ho = A1(B) andD = %. We also define, for all primg fixed,
d; = min(vy(hq), vy(he)), di = max(v,(hy), v,(he)) anddy = v,(As(e, B)).

Let {e;};—1... be the canonical basis B, as vectorial space ov&k. For any
(n1,n2) € F3 and for anyp fixed, we define

n = min(ny, ny), © = max(ny,ns),
01 = min(vy,(hy) + na, vy(he) + n1) — n,
(52 :d2+n1+n2 — n.
Lete € Fi be a column vector. For agli fixed, we set:
dy = min(v,(As(ev, €)), vp(A2(0, €))),
0y = min(vp(Ag(, €)) + ng, vy (A2(0,€)) +11) — 1,
d?’) - UP(A3(Q757 6))7
05 =n1 +ng —2n+ds.

The main results are the following.



2. Explicit computation of d, 23

Theorem 14. Leta,b € Q' be multiplicatively independents, withand b as
above. Ifp; # 2, then:

IT A 1+— ZH( ) (¢) (2.1)
pprimes e€l, i=1
5750

otherwise

5= T A 1+i €1+ZH(1——) T(e) + W(e))

p primes EeFt =2
6750 €1
(2.2)
where
A, = (2.3)
1-dy 3d1—2da+1 [ (P°—p—1)(p—1) i
1= B 4 pPm2et ( Y=y ) otherwise
{ ZnanE{O,l} (_Tl)n1+n2 ZZ ];(8?547%)’ if UQ(PO(E)) = 07
T(e) =
0, otherwise
—1\n1+n n,n1,n -
{ an’n2€{071} (f) L Zn J; 2373+n2))7 if UQ(PO(g)) > O,
W(e) =
0, otherwise
where

f(n ni, n2) — 2min(n+n1+n2+51+2752+22)
Poe) = [I._, 0§, o(e) = va(disc(Py(e))),
0y — 05+ 1, if 05 =06,

Y

K(ny,ng,e) =
01+ 1, otherwise

and}_ is the sum over alh € N such that the following conditions hold with
respect ta::

Cl: n > K =max(o(e), k(ny,ne,€)) —m;

C2: 05> min{dy+ 1,n+n+ 05}
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In this case it is possible to improve the formulasfoandV.
Corollary 15. With the same notations of above Theorem, we have:

a) if ds # do:

1 262+473s1 2
T<8> — Z (_1)n1+n2 l 7 _'_ g (227282%*51 _ 23517252) XO:| Xl

ni,n2=0

1 252+473s1 2
W<8> — Z (_1)n1+n2 l 7 _|_ g (227282%*51 _ 23517252) X0:| XQ

ni,n2=0
wherey is the usual characteristic function,

Xo = x(05 >d1), x1=x(v2(Fo(e)) =0), x2=x(v2(Fo(e)) >0)
ands; = max(52 — 01 + 1, 0'(6)), So9 = max(51 +1, 0'(5)).
b) If d§ = dy:

1
2 c
T(g) — { Z g (_1>n1+n2 (22—282—0—51 o 22(52—52)—{-61) XO} X1,

1,n2=0

2 c
W(g) — { Z g (_1>TL1+TL2 (22—282—0—51 o 22(52—52)—{-51) XO} Xo-

ni,n2=0

Theorem 16. Leta,b € Q* multiplicatively independents, with at least one be-
tweena andb less tharD. If p # 2 anda < 0, with the same notations above, we
have:

1 ! 81 £ *
=TI n 41 | ET(1- 3 ) @+ ¥ 2o
pprimes 2 €T} i=1 Pi 2=0,1
40

(2.4)
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otherwise

t

H A, 1+Ai2 W*(er) + Z H(l—i—;) (T*(e) + W*(e)

pprimes aeng i=2
e#0,e1
+ > Z*<<z,e>>>]}
2=0,1
(2.5)
where
0 it vs(Po(e)) =0,
T(e) = )
> meqony ()" o Mina) otherwise
—1\m1+n2 % f(n,ni,n .
" Y metony ()" X Lam it wy(Ry(e)) > 0,
WH(e) =
0, otherwise
where

f(n, na, n2) — 2m1n(n+n1+n2+61+ﬁ,52+2g)’

> *is the sum over alt € N such that the following conditions hold with respect
toe:
C1*: n > max(max(o(e), k(ni,ng,g)) — 7, 2)
C2: 5> min{ds + 1,n+n+ 5}
and(z g) € Fit!

Z(me)= Y (‘71) ZM

3n+n
n1,n2€{0,1} 90<2 )

where} " is the sum over alb € N such that the following conditions hold with
respecttqz, ):
C3: n=1-m0 =008 =0d"ands{* > 1+4,.

We are aware that the above expressiongtor), W(e) and Z(¢) need to be
simplified. This will be the topic of future work.
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By Theorem 1, we have that:

- (k1) p(ka) #B(mk)
= D ok HAGnE)

mzkl 7k2 eN

where

and if N = 2v2(mk) then

B(mk) = {5@” e TQ*N QN : [Q(Y/%) : Q] < 2 and disc(Q(R/%)) | mk:} .

To show the Theorems we need to compute expligitlg and#5.

2.1 Preliminary results

LetI' C Q* be a finitely generated multiplicative subgrouprafik = s, with
Z—basis{b,, ..., bs}, supp(I') = Sr andM € N. We fix an ordering for the basis
and the support (i.65r = {p1 < p2 < ...p¢}).

If ' C Q*, we define theelation matrixof I with respect to basi&, . . ., bs}
and suppor8r as follows:

Q11 ... Qi
AT by, 0 1Sy = o
Qr1 ... Oy

whereb, = H;lej‘j’i. If {c1,...,cs} is another ordered-basis ofl" then there
exists a matridU € SLy(Z) such that

A(F, {bl, .. 7b5},Sp) = A(F, {017 ce . ,CS},SF> -U.

Because we have fixed the basis and the support, we repl&cgb,, . .., b}, Sr)
with A(T").
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The invariantA;(I") is defined as\; of the relation matrix of’. We note that
A;(T") is well defined and does not depend on the ordering of the basis or of the
support.

More in general, if' € Q*, we can define the subgroup of the absolute values
of I as follows:

ITl[ = {lal : a €T},

We define as the relation matrix of absolute valued ofith respect to basis
{b1,...,bs} and supporsr:

Q11 ... Qi
A([IT]) =
Qpg o0 O
while the relation matrix of" with respect to basiéb, . .., bs} and supporfr is
the matrix
Qo1 ... Qs
A/(F) _ Q11 ... O
(0775 I 6 T

whereb; = (—1)20: Hj.zl P with ag; € {0,1}. We note that the relation matrix

associated atT'|| equalsA(T") with the first row removed.
The following lemma give us a formula to compute explicithyd (M) in terms
of invariants of the subgroup.

Lemma 17. With the notations above, we have:

MS
#AM) = (M=, A{(T)Ms=1, ... A,T)) .

The proof of this lemma can be found in [3], Sec 3.1.

Lemma 18. With the same notations of Theorems 14 and 16, let

1
#A(mk)e(mk)’

0= plky)p(ks)

m,k1,ko €N

Thend’ is multiplicative and

=11 A

p primes



2. Explicit computation of d, 28
where
L if d, = d
A, = (2.6)
1 — Bt o pihi =2l (—(’(’;Jfl_)aé”__ﬁ)) otherwise
Proof. Since

#HAM

p|M

[Tre e

vp (M)

(see, e.qg., [[8], Chapter VIII, Section 8]) then the following expression is multi-

plicative:
M2, MA;(aky, Bky), Do(aky, Bky))
5 = (k) 2 Bka), Ag(aky, Bka)) _
m,k;kzeN M?p(M)
= Y ukulk )(m2k1k2,mAl(oz)k:g,mAl(ﬁ)k:l,Az(%ﬁ)) _
- 1 2 —
m.k1 k€N m2kikap(mlky, kz))
— H i Z ( )n1+n2 (p2n+n1+n27pn+n2h17pn+n1 h2’ hlth)
p primes \ n= f gp(p""‘max{nl,m})p%
B H | P pm1n{a1—d1,1} -1 N p3d1 3p2 +p— 1 pmin{l,ﬁl
p primes p*—1 ph (p - 1) p2dz (p3 — 1) (p —1
— H A,
p primes
where
1— 2p3d13*j112+1 i dl _ 31
Ap=
1 — 2t 4 pia—2dat] (%) otherwise

We note that\, # 0 for all p, and say’ # 0.

7))
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2.2 Computation of B(M)

It is hard to compute explicitliy 5(M). We bypass this problem introducing a
new set with the same cardinality B{ /). Now we need distinguish two cases:
' CQ* andl’ C Q*.

Case 1:T' C Q"

Let £Q*Y € TQ*Y/Q*Y with ' € Qf and A(I") as above. We define
v(€) = (v, (§),...,v,(€)) (mod N) (i.e. the vector op—adic valuations
of ¢ (mod N)) andz(&) = (z,...,zs) wherez; is the power ofy; that
occurs ing (i.e& = bi' - - - b%).

We can associatgeto the following linear system of congruences
AT) - XT =v(o)T (mod N) (2.7)

whereX = (z1,...,z,) is a vector of unknowns. This system is solvable
and a solution is given by(¢) (we note that this depends strongly upon how
basis and support are chosen and ordered).

We say thatv(¢) € SLC(A, N) if the linear system of congruences (2.7)
can be solved.

If QN € B(M), then[Q( ¥/€) : Q] < 2. This condition is equivalent to
have only two possible values for the components of the vadi©r. N/2
or0 (mod N).

Lete € FY, P(e) = [T'_, p\"*"?, andPy(e) = []'_, p5'. We can construct

i

a bijective application betwedf( /) and the set:
Has = {g € F,: (N/2)e € SLC(A, N) and disc(\/Po(a))]M}

in the following way: for any= € H,,;, we associaté’(<)Q*" that lives

in B(M) because\/P(c) = /Py(e) and[Q(/Fy(e)) : Q] < 2. This

application is clearly bijective. We have proved the following.

Lemma 19. Let B(M) andH,, as above. Then exists an bijective applica-
tion betweert{,, and B(M).
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Case2:I' C Q*

Let €Q*V € TQ*N/Q*N with T C Q* and A(T') as above. We define
v(§) = (v(§),v(|[¢]])) where

V@:{ 1, if&E<0

0, otherwise

andz(¢) = z(|[¢]]).
As above, we associafeo the linear system of congruences:

A - X =v(©)T (mod N) (2.8)

and its solutiorz(¢). In this case the conditiof@( V/€) : Q] < 2 is equiva-
lent both the following:

1. there are only two possibilities values for the components of the vector
v(£): N/2or0 (mod N);

2. if N > 2,thenv(§) = 0.

Let = (co,e1,...,8) € F5™, P(E) = (—=1)= [T, pV*"* and P, (&) =
(_1)50 H§:1 pfz

In order to construct our application, we must consider two cases:

a) N = 2, we use the set:
Lass = {ge Fttl . Ze SLO(A,2) and disc(m)m} :
b) N > 2, we use:
Karn = {5 e F,: (N/2)-(0,¢) € SLO(A, N) and disc(\/%ww} .

We note that this set is well defined also fér= 2.

As above, the application betweBii)\/) and/Cy, v Or Ly 2 is bijective and
we have the following.
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Lemma 20. Let B(M), L2 and Ky, y as above.

(@) If vo(M) = 1, then there exists an one-to-one application between
Ly andB(M).

(b) If vo(M) > 2, then there exists an one-to-one application between
lCM,N andB(M)

2.2.1 Computation of #Hr, #Lar2 and #Ky v

First we need a method to know when a linear system of congruences as (2.7) has
solution. The following result, due to Butson and Steward, gives us the answer.

Theorem 21(Butson—Stewart, 1955,[2]Let A € M,,..,(Z), b € Z™ and A; =
A;(A). The linear system of congruences

A-XT=b" (mod N)
has solution if and only if one of the following holds:
1. ifn S m, (Al/Az—bN) = (Zi/zi_l, N) forall i = 1, o,

2. If_n >l77/, (Az/Azfl,N) = (Zl/zl,l,N) for all i = 1,...,m and
(Am+1/Am7 N) =N

whereA; is the invariant factor of the augment mati(ix|b”). O
The keys are the following lemmas.

Lemma 22. LetI" = <aié1’ b%2) C Q* with ky, ko squarefree. We set; = v2(7£2)
andng = Ug(/{?1>, 0'(8) = UQ(diSC(Po(&T))),

9y — 05+ 1, ifd5 =10,
k(ny,ng,€) =
01+ 1, otherwise

and K = max(o(¢€),k(ni, ng,€)). Thene € H,, if and only ifdisc(FPy(e))|mk
and both the following conditions hold:
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Cl:  w(mk) > K = max(c(e), k(va(ky), va(ks), £));
C2: 65 > min{dy + 1, ve(mk) + 05}.

Proof. The condition thatlisc(P(¢))|mk is clear. The others conditions follow
from Theorem 21. We set = vy(m), SOve(mk) = n + 7, (we remember that

n = max(ng, ng)).
First of all, we note that it is very easy to show that the condi@@1s equiv-

alentto(Az/A,, N) = N.
Regarding conditioil€1, we have the following:

e (A, N) = (A}, N/2)is equivalent tan(mk) — 1 =n+n—1> 4.

o (Ay/A,N) = (Ay/A;,N/2) and &5 = 6, are equivalent tow + 1 >
0y — 01 + 1.

e (Ay/A},N) = (Ay/A;, N/2) andds > 6, are equivalentta+n > §; + 1.
[

Lemma 23. LetI' = <a'151’b%2> C Q* with kq, ky squarefree. With the same
notation as above, we have:

1. ¢ € K, if and only ifdisc(Fy(e))|mk and both the following conditions
hold:

C1*:  wy(mk) > max(max(o(e), k(n1,n2,¢)),2);

2. € € L2 ifand only ifdisc(FPy(€))|mk and the following condition holds:
C3*: UQ(TI’LI{Z) = ]_,(51 :0,52 :55 and5§ > 1+52

Proof. The condition thatlisc(Fy(€))|mk is clear. We omit the proof of (1), be-
cause it is the same argument of Lemma 22./L.et vy(m). Lete € L, 2. The

conditionvy(mk) = 1 is clear.

e (A, N) = (A}, N/2) is equivalent tar(mk) — 1 =n+n —1 > §, but
n+mn=1s06; =0.
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o (Ay/A1,N) = (Ay/Ay, N/2) ands; = 6, = 0 are equivalent ta + 1 =
1> 62+ 1, sowe have, = 5 = 0.

o (Ay/A,N) = (Ay/A;, N/2) andds > 0 are equivalent td, = d5.

e (A3/A,, N) = N is equivalent ta5; > 1+ 6.

2.3 Proof of Theorem 14 and Corollary 15

Leta, b as in Theorem 14. We replaég, with §. We set

(m2kika, mA; (Q)ks, mAL(B)k1, Ao, ﬁ))
m2kks - p(mlky, ko)) ’

F(m, ky, kg) = p(kr) (k)

so we have, by Lemma 19

_ k) (ko) #B(mk)
S 2 ok HAm) m7£21F<m>kl>kz)#Hmk

m,k1,k2>1

where we remember that
#Hpr = {6 cF,: ge € SLC(A,N) and disc(\/Pg(g))]mk} .

We need to distinguish two cases:C Q1 with 2 ¢ Spr andT” C QT with
2 € Sr.
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Casel I' C Q' and2 ¢ Sr

In this case, we havgB(mk) = #H,.x, SO We can rewrite

0 = > Flmkyk)#Hme = > > Fm,ky k) =

m,k1,ka €N 56]}7’ m,k1,ka €N
EEHmk
= E F m kl,kz E E m kl,kg
m,k1,k2€N e€FE\{0} m,k1,k2€N
€ H'mk

By Lemma 18, we have that:
Y Flmkiks) = [ M
m,k1,ka €N p primes
and to simplify the notation, we set:

IT 2.

p primes

So

5:5/+ Z Z mkl,kQ

e€Fi\{0} m k1 ko €N
e€Hmi

By Lemma 22, we have thate H,,;, if and only if conditionsC1 andC2
hold. We fixe # 0. If p ¢ SrJ{2} we can obtain fron}_ F(m, ki, k2)
a factorA,. Instead ifp; € Sr we obtain a facto(A,, — ¢;) while the
remaining sum over the powers ®five us the coefficient

_ —1\"T L f(n’n17n2)
- ¥ (3) il
n1,n2€{0,1} n

where f(n,ny,ny) = 2min{ntnitnatotndztant and$™* js over alln such
that condition<C1 andC2 holds with respect te.

We can extend the definition @f(¢) in the following way:

—1\n1tn2 * n,n1,n .
7(5) _ an,me{og} (Tl) Zn f@((237}+ﬁ2)), if UQ(P:(E)) =0
0, otherwise.
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So:

§=4¢ 1+ALZ II (1—
2

e#0 p; €St

) T(e) (2.9)

gi
Api
and (2.1) of Theorem is proved.

Before starting the proof for (2.2) we show the formulagoih the Corol-
lary 15. We need to distinguish two cases:

i) If 65 > &2 + 1, then the conditiorC2 is verified;
ii) if 05 = do, thenC2is equivalent tor < 05 — 65 — 7.

We note that§ = 4, if and only if d5 = d». We define

s1 = max(dy — 41 + 1,0(¢)),
sy = max(d; + 1,0(¢)).

Case i)d§ # da:
We have, ifvy(FPy(e)) = 0:

T(e)= >

( o 1 ) ni+ng * 2min{n+n1 +no+0d1 +Q,52+2ﬂ}

923n+n
n1,n2€{0,1} 90( )
- Cp\Mtme | 2, 9ftlt2(ntn) 02200 92(nitng)+éi+
B ZO (T) < T osm 2 YO
ni,na= n+n=s1 nt—=s9
5§>51
L 252+4*381 2
= Z (_1)n1+n2 |:T + § (227282+51 _ 23617262) X:| .
ni,n2=0

wherex, = x(05 > ¢;) and the first formula of Corollary 15 is proved.

Case ii)d§ = ds : In this case we have:

N+ <6 — 05 <y — 0 +1
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and so
05 > (51
n -+ n 2 51 —+ 1.
Then
1 nitng * omin{n+ni+na+d1+n,d2+2n}
TE= > (T) ) m P
n1,n2€{0,1} n
1 1 ni+ng 92—95 22(n1+n2)+51+1
- Z (T) Z 92(n+m)
n1,m2=0 n+n=sg
05>01
L2
_ Z g (_1)n1+n2 (22—252+61 _ 22(65—52)-&-%) X0
ni,n2=0

and the second formula of Corollary 15 is proved.

Case2 I' C Q" and2 € Sr.
Becausest is orderedp; = 2. Itis clear that, as ilCase 1 we can write

0 = 5/+ Z Z F(m>k1>k2>

e€FE\{0} m k1 k2 €N

e€Hmk
=0+ > Fmkik)+ D Y F(m ki, k).
m,k1,k2 €N e€Fi\{0,e1} m,k1,k2€EN
e1€EHmk e€Hmi

By the same argument as above, we can rewrite:

, 1
o =91+ Wlel)+ > H(

e€Ft\{0,e1} szSF

e [UGRRNC)

(2.10)

—1\n1+n2 n,n1,n R
W(S) — Zn1,n26{0,1} (Tl) Zn fgﬁ 237’1+"2)’ if U2(P:(6)) >0
0, otherwise
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and so we have the Theorem. The proof for the remaining formulas for
W(e) is the same a$% (¢).

2.4 Proof of Theorem 16

Let a,b as in Theorem 14. We use the same notations as the above section. We
prove only formula (2.4) (the proof of other formula is analogous). We have, by
Lemma 20:

5 = Z (m k‘l,k‘g #Bmk = Z Z m ]{fl,k’g

m,k1,ka €N ge]Ft m,k1,ko €N
EEBmk
= E F(m, ky, ko) + E E F(m, ki, ka) +
m,k1,k2EN c€FE\{0} | m,k1,k2EN
€6£7nk,2
E F(m, ki, k)
m7k17k26N
EEKmk’N

By Lemma 23, and using the same argument of previous proof, we have:

o (RS I (- ) (re 3 7o)

e#0 p; €SP
nitng kk 2min(n+n1+n2+51+@,52+2@)

S0(23n+ﬁ) ?

where

ro- 5, 6)

n1,m2€{0,1} n
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where} " is the sum over alh € N such that the following conditions hold
with respect ta:
C1*: n > max(max(o(e), k(ny,ne,€)) —7,2)
C2%: 45> min{ds + 1,n+ 7+ 65}

and

nitng *xk gmin(n-+ny+ng+d1+n,02+2n)

#ea- 2 (F) X e

n1,n2€{0,1}

where)~ " is the sum over alh € N such that the following conditions hold
with respect tq z, ¢):
C3: n=1-n06 =078 =0"ands{ > 1+ 4,.

2.5 Simplest case: 0,0 4

In this section we analyze the caseaof p* andb = ¢°. Our analysis requires

a subdivision into two casesw, 3) = (1,1) and(«, 3) # (1,1). All following
tables compare the densitigs, with the quantitiesV, ,(107) /7 (107) with natural
height up to7. Both quantities have been truncated at the fifth decimal digit. We
setN, ;(107) = N, 4(107) /7 (107) and

Computation of 4, ,

Letp, g be primes withp # ¢. We have

§ = H A = H <1—l32_l1):0.273273...

l primes [ primes

We have only three possibilities fpr ¢:
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l. p=2,¢q=1,3 (mod 4);

Il. p,g=1lorp,g=3 (mod 4);

Il p=30org=1 (mod 4).

. p=2andg=1,3 (mod 4).

Using (2.2), we obtain:

. (4T 3q
52"1‘5'<E+8<q3—2q—1>)‘
| Computation of), ,, with p < 100, p = 1,3 (mod 4)

2 P N27p(107) (52’1, 2 P Ng?p(l()?) 52,[)

2] 3] 0,28280| 0,28295[ 2 | 43 | 0,26819 | 0,26763
2] 5] 0,27230 | 0,27207] 2 | 47 | 0,26821 | 0,26762
2] 7 ] 0,27006 | 0,26976[ 2 | 53 | 0,26770 | 0,26761
2 11| 0,26851 | 0,26844[ 2 | 59 | 0,26755 | 0,26760
21 13] 0,26823 | 0,26819] 2 | 61 | 0,26784 | 0,26760
2 17| 0,26749 | 0,26793[ 2 | 67 | 0,26771 | 0,26760
2[19| 0,26834 | 0,26786/ 2 | 71 | 0,26734 | 0,26760
21 23] 0,26727|0,26777 2| 73| 0,26761 | 0,26759
2129] 0,267790,26770[ 2|79 | 0,26736 | 0,26759
2[31] 0,26799 | 0,26768[ 2 [ 83 | 0,26799 | 0,26759
2| 37] 0,26806 | 0,26765| 2 | 89 | 0,26733 | 0,26759
2| 41] 0,26787 | 0,26764/ 2 | 97 | 0,26736 | 0,26759

II. p,¢g=1 (mod4)orp,gq=3 (mod 4).

In this case, the formula (2.1) yields:

Opq =10

1
1+ (A

3

(p) + A(q)) +4A(p)A(q) | -
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(@) p,g <50withp,g =3 (mod 4).

Computation ob, ,, withp,q =3 (mod 4)

J

p.q

p

q

510»‘1

0,29217

0,29237

11

23

0,27428

0,27422

11

0,28912

0,28908

11

31

0,27405

0,27414

19

0,28795

0,28764

11

43

0,27446

0,27409

23

0,28766

0,28742

11

a7

0,27386

0,27408

31

0,28699

0,28720

19

23

0,27338

0,27370

43

0,28746

0,28707

19

31

0,27359

0,27362

47

0,28709

0,28705

19

43

0,27380

0,27357

11

0,27635

0,27617

19

47

0,27407

0,27356

19

0,27588

0,27553

23

31

0,27357

0,27354

23

0,27555

0,27543

23

43

0,27420

0,27349

31

0,27571

0,27533

23

a7

0,27344

0,27348

43

0,27546

0,27527

31

43

0,27340

0,27341

SN N ] | W0 W W W www s

47

0,27507

0,27526

31

a7

0,27378

0,27340

—_
—_

19

0,27476

0,27431

43

47

0,27318

0,27336

(b) p,q < 50withp, ¢ =1

(mod 4).

Computation ob, ,, withp,g =1 (mod 4)

J

p.q

p

q

J

p.q

13

0,27814

0,27810

13

41

0,27387

0,27387

17

0,27771

0,27775

17

29

0,27394

0,27370

29

0,27816

0,2

17

37

0,27457

0,27365

37

0,27786

0,27736

17

41

0,27313

0,27364

41

0,27786

0,27735

29

37

0,27343

0,27344

17

0,27433

0,27415

29

41

0,27398

0,27343

29

0,27357

0,27393

37

41

0,27331

0,27339

37

0,27372

0,27389
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p=3andg=1 (mod 4).

Holds the following formula:

For allp, ¢ < 50, we have:

J

p

=0 L5 (A) + Al0) ~ SA()AG)]

3

|

Computation ob,, ,, withp =3 andg =1 (mod 4)

q

5 )

p

q

5137‘1

5

0,28992

p.g
0,28973

23

5

0,27728

0,27742

13

0,28717

0,28731

23

13

0,27467

0,27398

17

0,28759

0,28715

23

17

0,27426

0,27376

29

0,28677

0,28701

23

29

0,27357

0,27355

37

0,28763

0,28698

23

37

0,27357

0,27351

41

0,28676

0,28697

23

41

0,27329

0,27349

5

0,27922

0,27904

31

5

0,27767

0,27735

13

0,27566

0,27573

31

13

0,27454

0,27391

17

0,27518

0,27552

31

17

0,27346

0,27368

29

0,27602

0,27532

31

29

0,27397

0,27347

NN W wwwwws

37

0,27543

0,27528

31

37

0,27313

0,27343

~J

41

0,27580

0,27526

31

41

0,27349

0,27342

—_
—_

5

0,27786

0,27796

43

5

0,27741

0,27731

—_
—_

13

0,27440

0,27457

43

13

0,27450

0,27386

—_
—_

17

0,27494

0,27435

43

17

0,27381

0,27363

—_
—_

29

0,27388

0,27414

43

29

0,27383

0,27343

—_
—_

37

0,27378

0,27410

43

37

0,27371

0,27338

—_
—_

41

0,27422

0,27409

43

41

0,27350

0,27337

—_
Ne)

bt

0,27773

0,27749

47

5

0,27788

0,27730

—_
Ne)

13

0,27450

0,27406

47

13

0,27438

0,27385

—
Ne}

17

0,27397

0,27384

47

17

0,27369

0,27363

—
Ne}

29

0,27391

0,27363

a7

29

0,27353

0,27342

—
Ne}

37

0,27410

0,27359

a7

37

0,27359

0,27338

—
Nej

41

0,27370

0,27358

a7

41

0,27316

0,27336
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Computation of 6. s

We show the following case, only with ¢ = 1 (mod 4):
l. a=p* b= q° with vy(a) = v3(3)
. a=p, b= ¢’ with vy(a) = vy(B3) + 1

. a=p* b=q¢°withvy(a) > v2(3) + 1.

l. a=p* b= q°with vy(a) = v2(3).

We pickvs(a) = h. The following expression faf, , holds:

1 3.27h 2
Sap =0'3 1+ — |\ — 2 (27— g2
! { +A2{p( 7 3( )>

3-27 2, b 3.27"
+)‘Q(T_§(2 b 2)>+)‘p>‘qT]}

where
7= 1 M
pprime
with
1 2p1_”p(a) f o
A — T Tl ) I Up(a>_vp(6)
P 1 pl—h 3d1—2dy+1 (P2—p—1)(p—1) h i
- T +p DD ) otherwise
and

1
Ap—(l‘A—)‘

@a=p*b=q¢* h=1.
In this case

, 5 2l
=2 11 (1—l3_1)_0.455455...

[>2 primes
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The formula ford,: - is:

(14 2 (Alp) + Ala) + S A)A()

| Computation 0f,: .2, Withp,g = 1 (mod 4)

q Np27q2(107) 5p2,q2 P q Np27q2(107) 5p2,q2

13| 0,45824 | 0,45786|| 13| 41| 045613 | 0,45575

29 | 0,45811 | 0,45753| 17| 37| 0,45637 | 0,45564

p

5

5 |17 | 0,45798 | 0,45769| 17| 29| 0,45592 | 0,45567
5

5 | 37| 0,45833 | 0,45750| 17|41 | 0,45473 | 0,45564
5

41 | 0,45815 | 0,45749| 29| 37| 0,45577 | 0,455544

13|17 | 0,45557 | 0,45589| 29 | 41| 0,45544 | 0,45553

13]129| 0,45608 | 0,45578| 37 | 41| 0,45555 | 0,45551

13| 37| 0,45575 | 0,45576

(b) a = p? b= ¢S with h = 1.
We have:

5 25 21
/ —
6p27q6 =z X 39 | | (1 BE 1) =0.379545. ..

>3 primes

The formula is the following:

Sprgs = Oln go {1 + 1—10 (A(p) + Alg)) + gA(p)A(Q)} :
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Computation 0b,2 ,6, Withp,¢g =1 (mod 4)

q Np27q6(107) (5p27q6 P Np27q6(107) 5

p2,q8
13 0,38209 | 0,38151] 13

0,38188 | 0,38155
17| 0,38134 | 0,38141| 17 0,38138 | 0,38141

o o o o3

37| 0,38155 | 0,38125| 37 0,38167 | 0,38125

q
5
5
29 | 0,38182 | 0,38127| 29| 5 0,38180 | 0,38127
5
5

5 | 41| 0,38142 | 0,38124| 41 0,38145 | 0,38124

13|17 | 0,37977 | 0,37991|| 17| 13| 0,37952 | 0,37991

13129 | 0,37986 | 0,37982| 29| 13| 0,37953 | 0,37991

13 37| 0,38017 | 0,37980| 37| 13| 0,38016 | 0,37980

13 41| 0,38072 | 0,37979| 41| 13| 0,38039 | 0,37979

17129 | 0,38012 | 0,37972| 29| 17| 0,37984 | 0,37972

17 37| 0,38006 | 0,37970| 37|17| 0,38014 | 0,37970

17|41| 0,37938 | 0,37970|| 41| 17| 0,37937 | 0,37970

€ a=p*bb=¢"h=1.
We have:

5 247 21

! = = — 1-— =0.394727 . ..

52’ 10 7X 31011;[168 lg—l) 0.394727
25

The formula is the following:

, 1
5p2,q10 - 61)2,(110 |:1 + % (—)\p - )\q ‘|‘ 6)\pAq):|

where - _
310" |f l = 5,
A =

1 — 7%, otherwise.
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Computation ob,z2 s, Withp,g =1 (mod 4)

P q Np27q10(107) 5p2,q10 P q Np27q10(107) (51,27(110
5 |13 0.40042 | 0.40036| 13| 5 0.40046 | 0.40036
5 | 17 0.39976 | 0.40010| 17| 5 0.39979 | 0.40010
5 129 0.39968 | 0.39988| 29| 5 0.39969 | 0.39988
5 | 37 0.40028 | 0.39983| 37| 5 0.40016 | 0.39983
5 |41 0.40050 | 0.39982| 41| 5 0.40037 | 0.39982
13 17| 0.39482 | 0.39486| 17| 13| 0.39484 | 0.39496
13 | 29 0.39548 | 0.39477| 29| 13 0.39542 | 0.39496
13 | 37 0.39506 | 0.39475| 37| 13 0.39468 | 0.39496
13 | 41 0.39506 | 0.39475| 41| 13 0.39461 | 0.39496
17129 0.39472 | 0.39477| 29| 17| 0.394508 | 0.39486
17| 37 0.39537 | 0.39475| 37 | 17 0.39514 | 0.39486
17 | 41 0.39422 | 0.39475| 41| 17 0.39411 | 0.39486

a = p, b= ¢ with vy(a) = v5(8) + 1.
We setv,(3) = h. The following expression faf, ; holds:

Sap =0 {1 +

e

with §" andA,, defined as in.

1 9—h=3
(5

Jon (-

27h73 2 N
Zoh_
73 (

(@) a = p* andb = ¢? with p, ¢ < 50 andp,q =1 (mod 4).

We have:

5 19

ptq? T

- 1—
28 (
1>2

21
B—-1

) = 0.432682. ..

&)
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| Computation 06,4 2, with p,g =1 (mod 4)

q Np47q2(107) 5p4,q2 P Np4,q2(107) 5p4,q2

13| 0.43231 | 0.43181] 13 0.42334 | 0.42275

29| 0.43342 | 0.4329 || 29 0.42339 | 0.4227

37| 0.43306 | 0.43301| 37 0.42313 | 0.4227

p
5
5 | 17| 0.43306 | 0.43238| 17 0.42302 | 0.42273
5
5
5

a1 01 01 O] 012

41| 0.43323 | 0.43304| 41 0.42271 | 0.4227

13|17 04319 |0.43195) 17| 13| 0.43139 | 0.43135

13| 29| 0.43312 | 0.43247| 29| 13| 0.43165 | 0.43133

13| 37| 0.43258 | 0.43258| 37| 13| 0.43136 | 0.43132

13|41 0.43272 | 0.43261| 41| 13| 0.43141 | 0.43132

17129 | 0.43263 | 0.43245| 29| 17| 0.43202 | 0.4319

17| 37| 0.43278 | 0.43255| 37| 17| 0.43219 | 0.43189

17141 0.4318 | 0.43258| 41| 17| 0.43126 | 0.43189

29| 37| 0.43287 | 0.43252| 37| 29 0.4325 | 0.43241

29 41| 0.43265 | 0.43256| 41| 29| 0.43242 | 0.43241

37|41| 0.43229 | 0.43255| 41| 37| 0.43238 | 0.43252

(b) a = p*andb = ¢° with p,¢ <50 andp,q =1 (mod 4).
We have:

19 25 2l
O = — x =TT (1~ — 0.360568 ...
ra = 98 7 39 l>3( 53—1>

| Computation 0f,: ,, with p,g =1 (mod 4) |
q Np47q6(107) 6p4’q6 P q Np47q6(107) 5p47q6
13| 0.36022 | 0.35984| 13| 5| 0.35275 | 0.35229
17| 0.36038 | 0.36032|| 17| 5| 0.35226 | 0.35227
29| 0.36108 | 0.36075|| 29| 5| 0.35291 | 0.35225

5

5

37| 0.36081 | 0.36084| 37 0.35243 | 0.35225
41| 0.36082 | 0.36087| 41 0.35231 | 0.35225

(G IN NG INS INE s
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| Computation 06,4 ,, wWith p,g =1 (mod 4)

P q Np47q6(107) (5p47q6 P q Np4,q6(107) 5p47q6

13| 17| 0.36022 | 0.35996| 17| 13| 0.35949 | 0.35946

13| 29| 0.36096 | 0.36039| 29| 13| 0.35941 | 0.35944

13| 37| 0.36106 | 0.36048| 37| 13| 0.35989 | 0.35943

13141 0.36099 | 0.36051| 41| 13| 0.35953 | 0.35943

17129 0.36016 | 0.36037| 29| 17| 0.35996 | 0.35991

17| 37| 0.36031 | 0.36046| 37| 17| 0.35988 | 0.35991

17| 41| 0.36045 | 0.36048| 41| 17| 0.35986 | 0.35991

29 37| 0.3605 | 0.36044| 37|29| 0.36003 | 0.36034

29|41 | 0.3605 |0.36046| 41| 29| 0.36037 | 0.36034

37| 41| 0.36059 | 0.36046| 41| 37| 0.36061 | 0.36043

. a=p* b=q¢" withva(a) > va2(8) + 1.
We pickvs(5) = h. The following expression faf, ; holds:

1 2—h—3 2—2d2—1+3h 2—h
b e LT () (2
23h—2d2—1 2—h—3
Th s )Jr)\p)\q(— - )H

(@) a = p* andb = q with p,¢ < 50 andp,qg =1 (mod 4).

We have:
19 21
o= = — ) = 0.216341...
5 I (52) - oo

[ primes
>2

| Computation 0f,: ,, withp,g =1 (mod 4) |
q Np47q(107) 5p4,q P q Np4’q(107) (5p4,q
13| 0.21402 | 0.21473| 13| 5 0.198 | 0.19748
17| 0.21516 | 0.21582| 17| 5| 0.1977 | 0.19743
29| 0.21656 | 0.21682|| 29 | 5| 0.19795 | 0.19738
5
5

37| 0.21618 | 0.21702| 37 0.19761 | 0.19737
41| 0.2163 | 0.21708| 41 0.19777 | 0.19737

ol g o o 41|
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| Computation ob,« ,, withp,g =1 (mod 4) |
P14 Np“,q(m?) Opt g Pl 4q Np‘*,q(m?) Opt g

13|17 | 0.21475 | 0.21496| 17 | 13| 0.21347 | 0.21382
13129 0.2162 | 0.21596| 29 | 13| 0.21371 | 0.21377
13| 37| 0.21591 | 0.21616| 37 | 13| 0.21374 | 0.21376
13|41 0.21601 | 0.21621| 41| 13| 0.2135 | 0.21376
17129 | 0.21598 | 0.2159 || 29| 17| 0.21501 | 0.21486
17| 37| 0.21582 | 0.2161 | 37| 17| 0.21461 | 0.21484
17141 0.21556 | 0.21616| 41| 17| 0.21436 | 0.21484
29| 37| 0.21589 | 0.21605| 37| 29| 0.21584 | 0.21584
29| 41| 0.21575 | 0.21611| 41| 29| 0.21555 | 0.21583
37| 41| 0.21535 | 0.2161 || 41| 37| 0.21569 | 0.21603

(b) a = p*andb = ¢> with p,¢ < 50 andp,q =1 (mod 4).
We have:

19 25 21
§ = == 2 ) = 0.180284. ..
56 36 11 <z3—1)

[ primes
1>2

| Computation 0b« ,s, withp,g = 1 (mod 4) |
q Np4,q3(107) 5p4,q3 P q Np4,q3(107) 5p4,q3
17| 0.17913 | 0.17985| 17| 5 0.16452 | 0.16453
29| 0.18063 | 0.18068| 29| 5 | 0.16466 | 0.16449
5
5

37| 0.18016 | 0.18085| 37 0.16451 | 0.16448
41| 0.18004 | 0.1809 || 41 0.16479 | 0.16448
17| 0.17895 | 0.17914| 17| 13| 0.17783 | 0.17818
29| 0.18015 | 0.17996| 29| 13| 0.17786 | 0.17814
37| 0.18006 | 0.18013| 37| 13| 0.17842 | 0.17813
13| 41| 0.18025 | 0.18018| 41| 13| 0.17763 | 0.17813
17|129| 0.17975 | 0.17992| 29| 17| 0.17903 | 0.17905
17| 37| 0.17988 | 0.18008| 37| 17| 0.17881 | 0.17904
17141 0.17999 | 0.18013| 41| 17| 0.17895 | 0.17903
29| 37| 0.17998 | 0.18004| 37| 29| 0.18026 | 0.17986
29|41 | 0.1797/8 | 0.18009| 41| 29| 0.17963 | 0.17986
37|41| 0.18006 | 0.18008| 41| 37| 0.17981 | 0.18003

B e
Bl el B oo o o




3. ONDISTRIBUTION OF SUBGROUPS WITH FIXED INDEX.

3.1 Introduction

LetI' € Q* be a finitely generated subgroup such thabe torsion free with
supportSr andm € NT. We are interested in the density of primefor which

the index of the group generated by the reductiof of mod p) is m. In other
words, we want to study the following function:

Nr(z;m)=#{p<z: p&Sr, and[[F; : ')} = m}
and its natural density:

lim N—F(x; m)

F = p(I', m).

This problem is a generalization of some earlier works by Lenstra [9], Murata
[14], Wagstaff [21], Pappalardi [17] and Cangelmi & Pappalardi [3].
e Murata studied
No(z;m) = #{p<z : p faand ind,(a) = m}
for anya > 2 integer squarefree. His result is the following.

Theorem (Murata, 1991, [14]) Leta > 2 be a squarefree natural number
and assume that the GRH holds. Then we have, foeany

No(z;m) = (cam+0 (m loglog$—|—loga)) li(x)
’ log x

wherec, ,, is a suitable non negative constant, and the constant implied in
the O—symbol may depend en
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The problem of determining when ,, is equal to zero has been addressed
by H. Lenstra [9]. A general expression for the constant has been
obtained by S. Wagstaff [21].

In Chapter 1 we obtained, as a side-product of our Theorem 1, the following
analogue of Murata’s Theorem:

Theorem. Let{ay,...,a,} C Q\ {0,£1}, m € N, assume that the GRH
holds and that (a4, ...,a,) > 2. Then

(loglog x)* —2 _
Nal ..... ar (I, TTL) = <Ca1 ..... ar,m + Oa1 ..... ar,m (T 11(1’)

p(ky) - p(k,) #B
..... Z mk ) (3.1)

and the notations are the same as in the statement of Theorem 1.

Pappalardi in [16], has determined on GRH an asymptotic formula for the
number of primes for whicli; can be generated bygiven multiplicatively
independent rational numbers. In particular’ifs generated by a single
element, then this problem coincides with Artin’s Conjecture. His result:

Theorem (Pappalardi, 1997, [17])Let]’ = (a4, ...a,) C Q*, be afinitely
generated subgroup wittank(I') = » > 1. Assume that the GRH holds.
Then

{p<z: pé&ér, []F;:Fp] :1}:(5Fh($)+0(xl()g(al...ar)>

log? x
where (m)
pulm
or = —_—
n; QG rl/m)]
and the error term is uniform with respectito< -— log randay,...,a,.
In particular, if ay, . . ., a, are primes, then

{p<a:pgSr, [F,: ] =1} =drli(z) + O (M 1og(m1; ' ar))

lo gr+2

uniformly with respect te < 1logz/loglogz anday, ..., q,.
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The value of density can be expressed as an Euler product and Pappalardi
has computed this in the last case.

e Cangelmi & Pappalardiin [3], have determined the number of prinsegh
that the image of' (mod p) contains a promitive root, and §B; : I',)] =
1. Their results:

Theorem (Cangelmi & Pappalardi, 1999, [3]Let' C Q*, be a finitely
generated subgroup wittank(I') = s > 1. Assume that the GRH holds.
Then

(p<z|pgSrandF: T, =1} = (5F +0 (logs(x)(lig - x))) li(z)

wheredr is a suitable non negative constant, and the constant implied in
the O—symbol depends only dh

The main goal of this chapter is to prove a result that generalizes the above
formulas, in particular the first and the third. The main results are the following.

Theorem 24. LetT as above andn = o(z!/%). Assume that the GRH holds for
the fields of the form@({y,, I'Y/M) with M € N*. Then

NiGeim) = (o(r.m) +0 (L))) lia)

mlog®(z/m
where if M = mk, then
pu(k) 1
p(l'ym) = " - (3.2)
( ) ;SO(M) T Q3 /Q3p' |

We can compute exactly the value gfl", m). For anyM € N*, we define

N =220 ands(€) = disc(Q(vE))
A(M) = TQ™ /@™,
e(M) = {€@"¥ e T@/Q™: [Q(VE): @l <2},
B(M) = {¢Q™ € C(M) : s(¢) | M}.
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Theorem 25. With the same notation as above

pCom)y =2 D H( _1#A> )— (3.3)

§ec(2v2(m)) l|l
sy odd Hm
1+ve(m _
(2,m)#A(2 o ))‘ gec(21tv2(m)) Is( l 1 #A )
85 odd ”‘2’”
(3.4
where
1 #A(lvl m))
Ql(m) - - 1 - 1_
r w(m)#A(m) E < (1—1)# ) X g < A (1ol
m llm

In the last section of this chapter we will prove that we can derive the results

of Murata and Cangelmi & Pappalardi from our formula (3.3).

3.2  Proof of Theorem 24

LetI" andm as in the Theorem 24. We denote by- rankz(I') andSr the sup-

port of . We can suppose that> 2 (otherwise we can use Murata’s Theorem).

We start the proof using the Inclusion/Exclusion Principle:

Nr(x;m) :Z,u(k‘)#{pgx: p & Sr, mk | [Fp: Ty }.

k>1

So, for eacht € [1, z|, we have
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Nr(z;m) < Z pk)#{p <z: p&Sr, mk|[Fp: )] } =U(x;m,t)

k| P(t)

and

Ne(zim) = Y pk)#{p<z: p&Sr, mk|[Fp:T,]}

k| P(t)
+OF#{p<z: p&gSp, >t Im|[Fp:T,]})
=U(x;m,t) + O (E(z,m,t)).

Before we estimé{(z;m, t), we need the following result.

Lemma 26. Let " and m as above. IfM = mk, then we have the following
identity:

CLOTRRR N % Py g
Z [Q(Car, TYMY - Q] p(l';m) + O <m5g0(m)t> . (3.5)

klP(t)

Proof. First, we note that
pu(k)
= k)k
converges to Artin’s constant.
Following the proof of Lemma 9, we have that:
1 oL A . 1
[Q(Gut, TFm) = Q] = p(m)me — p(k)ks " p(m)m* (k) -k

Hence

(k) 1 (k)

k;t) QUG ) Q] S plmym* 2= o(k)k
1

=0 (St
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Now, by Chebotarev Density Theorem 5 and Lemma 26, we have:

s, = 3w (g po g + O (Valorea#s)

k| P(t)

= li(x) <p(r, m) + O (m)) +0 (VzP(t) log(xmP(t))) .

In order to estimaté& (x; m, t), we define, forany <n < 6 <z,
E(wym,n,0) =#{p<z: pgSr, A€ (0.n], Im | [Fp: [}]}
SO
E(xym,t) < E(x,m,n,t) + E(x,m,x,n).
Applying Lemma 7, we obtain

(s+1)/s 1 o
Elx,m,x,n) K (—) < ,
(msz,m) <\ oo log(e/(mm) < mlog(z/m)

if we choosey = (£ log®(z))"/ (1),
Using Chebotarev Density Theorem 1.3, Brun—Tithsmarch Theorem and Merten’s
formula, we deduce:

E(x,m,n,t) < lez(t ] ([QM(IE)(T/L T + O(ﬁlog(wml)))

=0 (li(:c) Z gp(ni)ms 2 1_ ; + ZZ \/Elog(xml))

>t

=0 ((p(hl) + n\/ilog(rvmn)) -

m)mst

Becausen = o(z'/%), if we choose = 1 logz — 1 logm, we deduce the thesis.
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3.2.1 An unconditionally estimate for the upperbound

Itis possible to obtain an unconditionally estimate for the upperbound using Cheb-
otarev Density Theorem without GRH (see for example [20] Theorem 2 and [16],
Lemma 2.1).

Lemma 27 (Chebotarev Density Theorem)etI” C Q* finitely generated. There
exist two absolute constantsand B such that ifA/ < Blog'/® z, then

#{p<az: M|[F;:T,]} = [QM(;f/xJV)I) ; Q]+O<$exp(—A\/logx/M)> . 0
(3.6)

By this result, if we replace the hypothesis = o(x'/%) of Theorem with
m = o(log"/® 2) and we suppose thatP(t) < Blog"/® z, then

If we choose = log log x — log m — log log log x, then

U(z;m,t) = li(x) (p(F,m) + O ( log*” z )) :

mexp(Clog®® z)

3.3 Proof of Theorem 25

We setp = p(I', m), A(M) = TQ™M /QM, N = 2720,
c(M) = {£@" e T@ /@™ : [Q(VE) : @ <2}

Moreover if¢Q*Y € C(M) we denote by (&) = disc(Q(+v/€)) and define
B(M) = {6Q e (M) : s(€) | M}.
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Let us start from:
u( ) #B(mn

3
S
4
=
S
S|

First we compute,.

( n2>)1 1 mn mn) gec(2v2(m)) (n,2)= w(mn)#.ﬁl(mn)
' s(&)|

Letg = s(£)/ ged(s(§), m) and note that the conditiof{¢) | nm above is equiv-
alent ton = kg whereged(2g, k) = 1. Therefore

B (k)
o= DL M) D o )

5gc(2v2(m)) (kaeI)\Izl
g odd 29
_ 1 1(9) 1Pk, mg))#A(gm)
A 2 @A 2 MO ) mg AUk
g odd (k,2g)=1

where we used the following identity:

o(kgm)#A(kgm) = (p(m)#A(m) x p(g9)#.A(g)) X (90(/{) (k,gm) #A(kgm)) |

o((k,gm)) #A(gm)

For gm fixed, the function

(k,gm) #A(kgm)
(“’““)so((k,gm)) FA(gm) )

is multiplicative ink. Hence
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R uly) (L m) A
AT 2 (mm#A@>££G' u—rwﬂm#AUHMm»>

Po =

566’;2:(‘2(;’")) 7

- S - pART)

— p(m)#A(m) g (1 (1—1 #,A ) x g (1 1A (1o (m) )) X
Um llm

__ulg) (b.wmmwmwm yl
’ gecmzv;m)) p(9)#A(l?) 1;,[ (I = 1), m)##A Holm))
g odd

Becausey = s(£)/ ged(s(€), m), we have the identity

-1

1(g) o((1,m))# A1) B —1
©(9)#A(g) 11 (1 (- 1)(17"1)#«4(1””’(’”))) =11 (I =1)#A(l) -

tlg 1560
If we set
o~ bl o)1)
r o(m)#A(m) g (1-1 g T AT+l
ltm lJm
then

o D H( AT - )

gec(2v2(m)) 1s(€)
(e 0dd "

A similar calculation shows that

S ()

gec(2ttva(m)yi|s(

s(€) l’f2m
sy 0dd

We note that )
A HARE)
Al (2, m)FART )
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Therefore, subtracting the two expressionsdpand forp,., we obtain

AT D H(—l#A) )_

gec(2v2(m)y i]s(§)

(mif()g)) odd l‘fm
Sy > T :)
1+va(m) _
(27 m)#A<2 2 )| §€C 21+1,2(m))l‘ l 1 #A )
(S IS zpm

(2m,s(§))
(3.7)

3.4 Recovering results of Murata and Cangelmi & Pappalardi

In this section, we show how our formula is a generalization of the formulas of
Murata and Cangelmi & Pappalardi.

3.4.1 Recovering Murata’s result

If « € N* squarefree, then from a work of Murata [14] we have

-1
Cam = da,m 1+ €a,m H 97 1
U ?Z—-1-1
ltm

w110~

l

where
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and

(1 if a =1mod4,2|m

if a=3mod 4,4 |m

if a=2mod 4,8 | m
-1 if e =1mod4,2{m

€a,m =

—1/3 if a =2 mod 4, 4||m

if a =3 mod 4,2||m
0 if a=2mod 4,4tm
L if a =3mod4,2¢m

In order to computep, we setl’ = (a), with a € NT squarefree. Then

#A(m) = #(I'Q™/Q™) =m. So

1 v
A = ——T[(1-
' mw(m)H( H)ﬂ@( Pﬂzm)

llm llm
1 1 1
= 1— X 1 ——
e (=) <11 (- 5)
lm llm
and
# A(sz(m)) B 9ua(m) 1

(2, m)FFAFv2(m)| (2, m)21Hv2(m) — 2(2 m)’

It is obvious that .
(m)
1—-— = )
( 20, m>) A= dam

D, = {g e (2w m odd}

Dy = {5 € C(2Hv=(m)y . % odd} .

Let

and
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Then
9ua(m) qua(m)—1 ~gvg(m) . o

Q ,a Q if 2| m,a=1mod4
D, — if 4| m,a =3 mod4

| =
if 8| m,a=2mod 4

{Q¥="} otherwise
while
( {QZUQ(M)H, a2v2(m>@2v2<m)+l} if a =1mod4

D if 2| m,a=3mod4

2 =

if 4] m,a=2mod 4
{szz(m)+1 } otherwise.
\

We note that itz andm satisfy the conditions such thgtD; = 2, then#D, = 2.

Case 1: Dl = {@21)2(7”)} a_ndl)2 — {Q2U2(m)+1}_ So

p= m&mg(l— zuil))g(“%) (1‘ <2,71n>2)'

ltm llm

This case includes:

e moddandz =3 (mod 4);
e 4 fmanda =2 (mod 4).

Case 2: Dl — {QTQ(m)} andDQ _ {@2”2(m)+1’ a2”2(m)Q2“2(m)+1}.

e If moddandz =1 (mod 4), then

>3
ltm llm

”:msol<m>H(1_ﬁ)g<l_%) %_%Hﬁ
Um
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e If 4|manda =2 (mod 4) or2|jm anda =3 (mod 4)

= ey T | 1- %Hﬁ
Im
where
T(p,m) = (i) 11 (1 BTl : 1)) lH ( - ;)
i ljm

L rim) [ 14 L- g -
p= ,m
me(m) 1-1 ™ (1-1)—1
ltm
1 —1
= T3,m) | 1+
me(m) (8:m) ll;[ (1-1)—1
ltm

This case include:

e 8manda =2 (mod 4);
e 4manda =3 (mod 4);
e 2|manda =3 (mod 4).

Therefore, the formulas always agree.
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3.4.2 Recovering result of Cangelmi & Pappalardi

The value of the costart is

1 1
Ar (1 — FA(2) Z M(|S(§)|)l|l:(£ (I — 1)#A() — 1)

£eF(2)

where

Apzl_[(l—m)’

1>2

and
F2)={£€ A(2): s(§) =1 (mod 4)}.

Sincem = 1, we have tha A(2%2(™) = #C(22(™) = 1 and the condition
s(€)/(2m, s(§)) odd is equivalentta({) =1 (mod 4). Then

{£€C(2): s(¢) odd} = F(2).

Therefore

where



4. SOME COMPUTATIONS ORp(T", M)

LetT" C QT as in Theorem 24 with = rank(I"), supportSr and#Sr = r.
In this chapter we give an explicit computationf’, m) in the simple case of
I' = (q1, ¢2) andm = p® prime. We have:

prmy =2 |3 II(-»#A) )_

gec(v2(m) “H
) m
m.s(en 0dd

#A(27)
Em AT 2 II(Z—l#A) )

gec(2t+v2(m)y Is(
sty 00 o
where
1 HA(I m))
MESSN . TR (R
r o(m)#A(m) g (I —D)#A( 11:! I# A1+ (m)
By Lemma 17, we have:
MS

#HAM) = (Ms, Ay(T)Ms—1, ... Ay (T))

whereA;(I") are the invariants defined in Section 2.1. We put= A,(T"). So,
we have:

P, ifp JA(T)Vi=1,...,s
#A@P") = { (4.1)

pXotte  otherwise
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whereip = min{i = 1,...,s : p|A;}, tp,e = min(v,(A;), ). We need to
distinguish two casegi = 2 andp > 3.

4.1 Computation of p(I', p*)
In this case, we have thatA(22(™) = #C(2*2(™) = 1 and the condition
s(€)/(2m, s(£)) odd is equivalentte({) =1 (mod 4). We define

F2)={£€C(2): s(§)=1 (mod4)}.
Then:

o\ (pa) 1 _1
) =2 | 1= e S 1 (7 1)

§€F(2) U|s(€)
I#p

) 1 !
= Ay 1_#A—(2) Z M(‘S(f)’)n <(l—1)#A(l)—1)

§EF(2) Us(€)
l#p

where

() 1 y _ #A(p") . 1
M T DR (1 p#A<pa+1>),Qp(l (5—1)#,4(1))'

In particular, by (4.1) we have:

l#2,p
IVAZ i=1,..., S Z|A
where
WXO—#) ifp [AI)Vi=1,....s
%épa) —

1 1 .
P -TpoT) ¥ (1 - p1+i0+(tp(&+1)tpa)) otherwise.
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Now we must computé-(2). As in Section 2.2, we introduce a new set with
the same cardinality of (2). With the same notation of Section 2.2 let

Hy = {e€Fy: e € SLC(A(T),2) and s(Py(¢)) =1 (mod 4)}.

It is clear that#H, = #F, (the argument is the same of Lemma 19).
Examples

LetT = (q1,q2) C QT with ¢; primes andank(I") = 2. We want to compute

p(L,p).
It is clear the following.

Claim. With the same notation of Section 2.2 i H, then holds all the follow-
ing conditions:

Al d; = 0;
A2 dy = d;
A3 d > 1+ do;

1. T'=(2,q), withg=3 (mod 4).

In this case, we have that(I") is the identity matrix and all conditions of
the Claim are satisfied, byt= 3 (mod 4) and so#H, = 1. Then:

p(T,p) = % X <1_ #j(Q)) 11 (bﬁ)‘

I#2,p

We show the case a&f = (2, ¢) with ¢ < 100,¢ =3 (mod 4) andp = 3, 5.

(@ I' = (2,q), with ¢ < 100, ¢ =3 (mod 4) andp = 3. In this case the
value ofp(T", 3) is constant for all; as above:

p(T,3) = 0.039501 ...
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| Computation of p(T', 3), with T = (2, ¢) |
4q NF<1O773> p(<27Q>73) q NF(10773) p(<27Q>73)
3 0.03958 0.03950 | 47| 0.03944 0.03950
7 0.03957 0.03950 || 59| 0.03942 0.03950
11| 0,28912 0.03950 || 67| 0.03930 0.03950
19 | 0.03947 0.03950 || 71| 0.03967 0.03950
23 | 0.03961 0.03950 || 79| 0.03965 0.03950
31| 0.03943 0.03950 || 83| 0.03954 0.03950
43 | 0.03926 0.03950

(b) T' = (2,q), with ¢ < 100, ¢ = 3 (mod 4) andp = 5. Also in this
case the value gf(T", 5) is constant for ally as above:

p(T,5) = 0.006989 ...

| Computation of p(T', 5), with " = (2, q) |
Ne(107,5) | /(2,0),5) | ¢ | Ne(107,5) | p((2,4),5)
0.00704 0.00698 || 47| 0.00678 0.00698
0.00693 0.00698 || 59| 0.00689 0.00698
11| 0.00706 0.00698 | 67| 0.00696 0.00698
0.00707 | 0.00698 || 71| 0.00697 | 0.00698
23 | 0.00696 | 0.00698 | 79| 0.00700 | 0.00698
31| 0.00687 0.00698 || 83| 0.00693 0.00698
43 | 0.00708 0.00698

| W[

—_
Ne)

2. T ={q1,q),Withg; =1, =2,3 (mod 4).

In this case, we have that(I") is the identity matrix and all conditions of
the Claim are satisfied but ondy =1 (mod 4) and so#H, = 2. Then:

oCp) = o= < 11 (1 —52(1—1)) . (1 FAD) " #A(Q))

where

A= -1



4. Some computations of p(I', m) 67

(@ I' = (5,¢) with ¢ < 100, ¢ =3 (mod 4) andp = 3. In this case the
value ofp(T", 3) is constant for all; as above:

p(I',3) = 0.03964. ..

| Computation of p(T', 3), with I’ = (5,¢) andg = 3 (mod 4) |
q NF(10773) p(<5aQ>v3) 4q NF(10773) p(<57Q>73)
3 0.03957 | 0.03964 || 47| 0.03946 0.03964
7 0.03967 0.03964 | 59| 0.03964 0.03964
11 | 0.03952 0.03964 | 67| 0.03950 0.03964
19 | 0.03949 0.03964 | 71| 0.03949 0.03964
23 | 0.03954 0.03964 | 79| 0.03981 0.03964
31| 0.03948 0.03964 | 83| 0.03985 0.03964
43 | 0.03947 | 0.03964

(b) T'=(l,¢g) withl =2,3,¢ <50,¢g =1 (mod 4) andp = 3. In this
case the value (T, 3) is not a constant:

13 1
p(l.3) = 55 [1 - A(q))] x 0.984707 . ..

| Computation ofp(T',3), withT' = (I, ¢), | = 2,3andg =1 (mod 4) |

q NF(10773) p(<2>Q>73) q NF(10773) p((3,q),3)
5 | 0.03968 | 0.03964 | 5 | 0.03957 0.03964
13| 0.03979 | 0.03951 || 13| 0.03953 0.03951
17 ] 0.03954 | 0.03951 || 17| 0.03967 0.03951
29 | 0.03966 | 0.03951 || 29| 0.03950 0.03951
37| 0.03959 | 0.03951 | 37| 0.03981 0.03951
41| 0.03954 | 0.03951 || 41| 0.03985 0.03951

3. T ={(q1,q),withg; =1 (mod 4).

In this case, we have that(I") is the identity matrix and all conditions of
the Claim are satisfied angl=1 (mod 4) and so#Hs, = 4. Then:

. P’ -1 _ ; X - !
p(I',p) = P(p—1) x H <1 12(1 — 1)) (1 #A(2) *

1#2,p

(Al) + Alg) — A(Ql)A((D))) |

1
#A(2)
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I'={q,q), ¢ <50,¢; =1 (mod 4) andp = 3. We have:

o(T,3) = 2% 1—i(l—A(ql)—A(q2)+A(q1)A(q2)) X0.984707 . .

| Computation of p(T', 3), with T = {q1, ¢2) andg; = 1 (mod 4) |
a2 NF(1077 3) | p{q1,@2),3) | @1 | 2 NF(1077 3) | p{q1, 42),3)
13| 0.03968 0.03964 13|41 | 0.03955 0.03951
17 | 0.03956 0.03964 | 17| 29| 0.03979 0.03951
29 | 0.03948 0.03964 | 17| 37| 0.03948 0.03951
37 | 0.03959 0.03964 17141 | 0.03925 0.03951
41 | 0.03959 0.03964 | 29| 37| 0.03950 0.03951
17| 0.03964 0.03951 29 41| 0.03934 0.03951
29 | 0.03975 0.03951 | 37|41| 0.03955 0.03951
13 | 37 | 0.03925 0.03951

= = <
Sl o o o on| anis

In this case, we have that(I") is the identity matrix and all conditions of
the Claim are satisfied anglg, = 1 (mod 4) and so#H, = 2. Then:

p3_1 1 1
p(L',p) = Pp—1) X H (1_ l2(l—1)> % (1_ #A(2) *

1#2,p
1

I'={q1,92),q <50,¢;, =3 (mod 4) andp = 3. We have:

p(T,3) = % [1 - }1 (1— A(ql)A(qg))} x 0.984707 . ..

| Computation of p(T', 3), with " = (¢1, ¢2) andg; = 3 (mod 4) |
g2 | No(10%,3) | p({q1,42).3) | @1 | @2 | No(107,3) | p({q1, q2),3)
7 0.03961 0.03951 3 |43| 0.03964 0.03950
11 | 0.03945 0.03951 47| 0.03957 0.03950
19 | 0.03972 0.03951 11| 0.03963 0.03950
23| 0.03954 0.03950 19| 0.03956 0.03950
31| 0.03947 0.03950 23| 0.03947 0.03950

Wl w| wo| wo| W[

~| ~| N w
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| Computation of p(T', 3), with T = {q1, ¢2) andg; = 3 (mod 4) |
Q1 | 42 NF<1O77 3) | p{qr,@2),3) | @1 | 2 NF(1077 3) | pq1, @2),3)
7 | 31| 0.039650 0.0395 19| 31| 0.03924 0.03950
7 | 43| 0.03935 0.03950 | 19| 43| 0.03962 0.03950
7 | 47| 0.03960 0.03950 | 19|47 | 0.03948 0.03950
11119 | 0.03959 0.03950 | 23| 31| 0.03939 0.03950
11 | 23| 0.03943 0.03950 | 23|43 | 0.03940 0.03950
11|31 | 0.03959 0.03950 | 23|47 | 0.03927 0.03950
11| 43| 0.03957 0.03950 | 31|43| 0.03947 0.03950
11| 47| 0.03932 0.03950 | 31|47 | 0.03902 0.03950
19 | 23 | 0.03952 0.03950 | 43|47 | 0.03920 0.03950

In this case, we have that the conditiefg)/(2,

4.2 Computation of p(I', 2)

1 (mod 4) and the conditiors(£)/(4, s(€))
(mod 4). So we define:

F(2) ={€ € C(2): s(&)
F4)={£€C@): s(&)

The value ofp is the following:

where

p(L,

A =

1

> 1l

(56]—'

Q#A

S
od

1
1

(¢)) odd is equivalent ta(¢) =
d is equivalent tx(¢) = 1,3

;93

(mod 4)},
(mod 4)}.

2) UIs(€)

56.7—'

>2

< —1#A> )_

Al (1 T-1

1

1 2 1 (e=vsm=1)

W)'

|
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As above, we have thatF (2¢) = #Hy withe = 1,2, so

- (%, 1L (et

e€Ha l|s(Poy(e))
#A(2) ( —1 )
S (ko))

The following Claim holds
Claim. If e € H, then holds all the following conditions:
Bl d; <1,
B2 dy = d3;
B3 d5 — d5 > 2;

Examples

LetT = (¢, ¢2) with ¢; primes. We want to compuigT’, 2).
In this case, we have that

1 1
2__” 1— ——— | =0.232

12
and#.A(2)/2#A(2) = 1/8. We setNp(z,2) = Nr(z,2)/m(x).

1. T'=(2,q), withg=3 (mod 4).
In this case, we have that(I") is the identity matrix and all conditions of
the Claims are satisfied. In this case we have #Hft, = 1 and#H, = 2.
Then:
p(l',2) = {1 — é (1— A(q))] x 0.232500. . .

where
1

Alq) = ———F7—.
& ¢*(g—1)—1
We computep(T', 2) with I' = (2, ¢), with ¢ < 100 andg =3 (mod 4).
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| Computation of (I, 2), withT' = (2,¢) andg =3 (mod 4) |
q NF(10772) p(<27q>72> q NF(10772) :0(<27Q>72>
3 | 0.20545 | 0.20514 || 59| 0.20363 0.20343
7 | 0.20345 | 0.20353 || 67| 0.20341 0.20343
11| 0.20370 0.20346 || 71| 0.20345 0.20343
19 | 0.20344 0.20344 || 79| 0.20346 0.20343
23 | 0.20375 0.20344 || 83| 0.20371 0.20343
31| 0.20368 0.20343 || 89| 0.20422 0.20343
43 | 0.20344 | 0.20343 || 97| 0.20331 0.20343
47 | 0.20351 | 0.20343

2. ' ={(q1,q2),Withq; =1, 2 =3 (mod 4).

In this case, we have tha(I') is the identity matrix and all conditions of
the Claim are satisfied. In particula#H, = 2 and#H, = 4.

p(r.2) = A (1= Ala) - § (1= Alar) = Ala) + Ala) Alw)
= AP (7 (TA(a) — Ala) + Ala)Alw)].

(@) I' = (5,¢) with ¢ <100 andg = 3 (mod 4). In this case the value of
p is the following:

p(T,2) = {1 - (1 ~ g5~ Al + %A(q))} x 0.2325 . ..

| Computation of p(T',2), with I’ = (5,¢) andg = 3 (mod 4) |
q | Nr(10%,2) | p((5,9),2) | ¢ | Nr(107,2) | p({5,4q),2)
3 0.20311 20307 59| 0.20121 0.20138
7 0.20156 0.20148 || 67| 0.20141 0.20138
11 | 0.20167 0.20140 || 71| 0.20149 0.20138
19 | 0.20117 0.20138 || 79| 0.20139 0.20138
23| 0.20141 0.20138 || 83| 0.20144 0.20138
31| 0.20146 0.20138 || 89| 0.20166 0.20138
43 | 0.20113 0.20138 || 97| 0.20135 0.20138
47 | 0.20098 0.20138
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(b) I' = (3,¢q) withg < 100 andg =1 (mod 4). In this case the value of
p is the following:

1 1 1

p(T,2) = [1 ~Alg) — 5 (1 —Alg) = -+ 1—7A(q)>} x 0.2325 . ..

| Computation of p(T",2), with I’ = (3,¢) andg =1 (mod 4) |
q NF(10772) P(<3, Q>72) 4q NF(107>2) p(<3,q>,2)
13| 0.20495 0.20504 || 53| 0.20547 0.20514
17| 0.20535 | 0.20510 | 61| 0.20329 0.20343
29 | 0.20540 | 0.20513 | 73| 0.20531 0.20514
37| 0.20519 0.20514 | 89| 0.20534 0.20514
41 | 0.20519 0.20514 || 97| 0.20550 0.20514

3. I'={q1,q),withg; =1 (mod 4).
In this case#Hy = #H, = 4.

pT,2) = 192 [1 — (A(g) + Ales) — Alar) A(a2))].

| Computation of p(T', 2), with T = {q1, ¢2) andg; = 1 (mod 4) |
g | Nor(107,2) | p({q1,42).2) || @1 | @2 | Nr(107,2) | p({q1, 42),2)
13| 0.20122 0.20128 13 41| 0.20338 0.20333
17| 0.20145 0.20133 171 29| 0.20356 0.20338
29 | 0.20141 0.20137 17| 37| 0.20341 0.20338
37| 0.20141 0.20137 | 17|41 0.20337 0.20339
41 | 0.20161 0.20137 29| 37| 0.20345 0.20342
17| 0.20343 0.20329 29 41| 0.20350 0.20342
29 | 0.20357 0.20332 | 37|41| 0.20364 0.20343
13 | 37| 0.20338 0.20333

e )
Sl o o o o aoniS
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In this case#H, = 2 and#H, = 4.

1P (7 4+ Algr) + Alge) — 9A(@1) Aae)

p(r, 2) = R

| Computation of p(T', 2), with ' = {q1, ¢;) andg; = 3 (mod 4) |

¢ | @ | Nr(10%,2) | p({q1,42),2) | @1 | g2 | Nr(107,2) | p({q1, ¢2),2)
3|7 0.20534 0.20519 11| 23| 0.20345 0.20346
3 [ 11| 0.20543 0.20515 11 31| 0.20359 0.20346
3 119 ] 0.20511 0.20514 11| 43| 0.20370 0.20346
3 |23 | 0.20510 0.20514 11 47| 0.20292 0.20346
3 |31 0.20525 0.20514 19| 23| 0.20328 0.20344
3 (43| 0.20517 0.20514 19/ 31| 0.20331 0.20344
3 47| 0.20506 0.20514 19| 43| 0.20334 0.20344
7 |11 ] 0.20390 0.20355 19 47| 0.20318 0.20344
7 119 ] 0.20394 0.20354 || 23| 31| 0.20338 0.20344
7 123| 0.20360 0.20353 23| 43| 0.20327 0.20344
7 |31 ] 0.20361 0.20353 | 23| 47| 0.20334 0.20334
7 |43 | 0.20338 0.20353 | 31|43 | 0.20381 0.20343
7 |47 | 0.20341 0.20353 | 31|47| 0.20332 0.20343
1119 | 0.20369 0.20346 | 43| 47| 0.20332 0.20343
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