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1. On a problem of Schinzel & Wójcik . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Lemmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 General case: proof of Theorem 1 . . . . . . . . . . . . . . . . . 9
1.4 Degenerate case: proof of Theorem 2 and Corollary 3. . . . . . . 13
1.5 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . 16
1.6 Conclusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2. Explicit computation of δa,b . . . . . . . . . . . . . . . . . . . . . . . 22
2.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Computation ofB(M) . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 Computation of#HM , #LM,2 and#KM,N . . . . . . . . . 31
2.3 Proof of Theorem 14 and Corollary 15 . . . . . . . . . . . . . . . 33
2.4 Proof of Theorem 16 . . . . . . . . . . . . . . . . . . . . . . . . 37
2.5 Simplest case:δpα,qβ . . . . . . . . . . . . . . . . . . . . . . . . 38

3. On distribution of subgroups with fixed index. . . . . . . . . . . . . . . 49
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2 Proof of Theorem 24 . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2.1 An unconditionally estimate for the upperbound . . . . . . 55
3.3 Proof of Theorem 25 . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4 Recovering results of Murata and Cangelmi & Pappalardi . . . . . 58



3.4.1 Recovering Murata’s result . . . . . . . . . . . . . . . . . 58
3.4.2 Recovering result of Cangelmi & Pappalardi . . . . . . . 62

4. Some computations of ρ(Γ, m) . . . . . . . . . . . . . . . . . . . . . 63
4.1 Computation ofρ(Γ, pα) . . . . . . . . . . . . . . . . . . . . . . 64
4.2 Computation ofρ(Γ, 2) . . . . . . . . . . . . . . . . . . . . . . . 69

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

ii



NOTATIONS

N, Z, Q, R, C the set of natural, integer, rational, real and complex numbers
Q+, Q∗ subgroups of rational numbers with respect to addition and multiplication
Q≥0, R≥0 the set of rational or real numbers greater or equal to zero
Fp finite field withp− 1 elements (p is a prime)
d, n, m integers (usually positive)
p, pi, q, qi, l, li primes
d|n d dividesn
d - n d does not dividen
pm ‖ n pm divides exactlyn (i.e.,pm|n andpm+1 - n)
vp(a) p–adic valuation ofa (i.e.,pvp(a) ‖ a)
(a, b) the greatest common divisor (gcd) ofa andb
[a, b] the least common multiple (lcm) ofa andb

n =
∏k

i=1 pαi
i canonical primes factorization of an integern∑

p≤x sum over all primes≤ x∑
d|n sum over all positive divisors ofn∑
p|n sum over all primes dividingn∏
p product over all primes

P (t) product over all primesp ≤ t
π(x) the number of primesp ≤ x
ζn primitive n–th root of the unity
Qn the fieldQ(ζn) with ζn primitive n–th root of the unity

If p - a, we define

ordp a = min
{
k ∈ N : ak ≡ 1 mod p

}
, indp a = (p− 1)/ ordp a.

We denote byli(x) the logarithmic integral:

li(x) =

∫ x

2

dt/ log t.



INTRODUCTION

The first that studied the problem to determine whether an integer (different to
0,±1 and a perfect square) is primitive root for infinitely many primesp, was
Gauss. In articles 315-517 of his Disquisitiones Arithmeticae (1801), he showed
the connection between the decimal expansion of the number1/p with the multi-
plicative order of10 (mod p). For anyp > 5 prime, the decimal expansion of
1/p is purely periodic, with period equal toordp 10. For example,1/7 = 0.142857
has period (and order) equal to6, so10 is a primitive root (mod 7). Gauss’ table
gives several other examples of primesp such that10 is a primitive root (mod p).
Many authors ascribe to Gauss the following conjecture:

there exist infinitely many primesp such that10 is primitive root.

In order to prove this conjecture, Chebichev showed thatordp(10) ∈ {1, 2, 4, p,
2p, 4p} for anyp > 5. In particular, he proved that, ifp ≡ 2 (mod 5) is a prime
such thatq = 4p + 1 is also prime, then10 is a primitive root (mod q). The
Chebichev’s argument is the following:

102p ≡
(

10

q

)
=

(
2

q

)(
5

q

)
= (−1)(q2−1)/8

(q

5

)
= −

(
4

5

)
≡ −1 (mod q).

Since the prime divisors of104−1 are3, 11, 101 6= 4p+1 for anyp, soordp 10 =
q − 1. But the problem to determine

#{p ≤ x : p ≡ 2 (mod 5) and4p + 1 is prime}

is hard. By a heuristic argument, the probability that bothn ≡ 2 (mod 5) and
4n + 1 are primes (n ≤ x) is at leastcx/ log2 x. Hence we can expect that the
conjecture has affirmative answer.

No progress on this problem until 1927, when Emil Artin generalized the
Gauss’ conjecture in the the following:



for any integera, different from0,±1 and not a perfect square, there
exist infinitely many primesp such thata is a primitive root.

In other words:

Na(x) = #{p ≤ x : 〈a〉p = F∗p} = (A(a) + o(1)) li(x) (0.1)

whereli(x) is the logarithmic integral, defined as
∫ x

2
dt/ log t, andA(a) is posi-

tive.
The Artin’s approach to this problem is the following:a is a primitive root

(mod p) if and only if for any primeq such thatq|p − 1, thena(p−1)/q 6≡ 1
(mod p).

By a principle (due to Dedekind), the conditiona(p−1)/q ≡ 1 (mod p) is
equivalent to the condition thatp splits completely in the kummerian extension
Q(ζq, a

1/q)/Q (with ζq a q–th primitive root of the unity). By Chebotarev’s Den-
sity Theorem, the number of such primes is1/[Q(ζq, a

1/q) : Q].
Hence Artin deduce thata is primitive root (mod p) if and only if p don’t

splits completely inQ(ζq, a
1/q)/Q for anyq|p−1. Therefore, by Inclusion/Exclusion

Principle, we can expect that

A(a) =
∑
n≥1

µ(n)

[Q(ζn, a1/n) : Q]
.

More precisely, if we define:

A =
∑
n≥1

µ(n)

nϕ(n)
=
∏

l

(
1− 1

l(l − 1)

)
then A > 0 is well defined since the series converges, andA(a) is a rational
multiple ofA.

So one can expect:

#{p ≤ x : 〈a〉p = F∗p} ∼ A(a)π(x), x →∞ (0.2)

where

A(a) =
∏

q

(
1− 1

[Q(ζq, a1/q) : Q]

)
.

This value ofA(a) was believed true until 1960, when D.H. Lehmer made
some numerical calculation and found out some discrepancies. Heilbronn showed

v



that the problem was born to consider the eventsp does not split completely in
Q(ζq, a

1/q) as independents and published a correct value of the Artin’s constant:

A(a) =
∏
l 6|h

(
1− 1

l(l − 1)

)∏
l|h

(
1− 1

(l − 1)

)
C(a)

whereh the largest integer such thata = ah
0 with a0 ∈ Z and

C(a) =


1, if a0 6≡ 1 (mod 4)

(1 + µ(|a0|)
∏

q|(h,a0)
1

q−2

∏
q 6|h

q|a0)

1
q2−q−1

, if a0 ≡ 1 (mod 4).

His correction agreed with the Lehmer’s calculation.

In 1965, Hooley proved in [6] the Artin’s conjecture, with the termA(a) as
in the work of Heilbronn, using the Generalized Riemann Hypothesis. We give a
sketch of the Hooley’s proof following M. R. Murty [15].

Let Lq = Q(ζq, a
1/q). We define the following functions:

π(x, k) = #{p ≤ x : p splits completely inLq,∀q|k},
M(x, η1, η2) = #{p ≤ x : p splits completely in someLq, η1 < q < η2}.

By Chebotarev Density Theorem (under GRH), we have:

π(x, d) =
li(x)

[Ld : Q]
+ O(

√
x log(xd)). (0.3)

We have, by Inclusion/Exclusion Principle:

Na(x) =
∑
k≥1

µ(k)π(x, k),

but we cannot use directly (0.3), because the contribution of the error term is
too large. For this reason, if we setP (t) =

∏
l≤t l, we obtain:

Na(x) ≤
∑

d|P (t)

µ(d)π(x, d),

Na(x) ≥
∑

d|P (t)

µ(d)π(x, d)−M(x, z, x− 1).
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If we setz = 1
6
log x, by (0.3), we obtain:

Na(x) = A(a) li(x) + O

(
x

log2 x

)
+ O (M(x, z, x− 1)) .

To estimate the termM(x, z, x− 1), we ca use:

M(x, z, x− 1) ≤ M(x, z, η1) + M(x, η1, η2) + M(x, η2, x− 1),

with η1 =
√

x/ log2 x andη2 =
√

x log x. The first two terms are shown to be

O
(

x log log x
log2 x

)
using (0.3) and some sieve methods. The last term is more difficult

to estimate. The idea is the following: ifa(p−1)/q ≡ 1 (mod p) for someq > η2,
thenp|

∏
m<

√
x/ log x(a

m − 1). But the number of prime divisors ofam − 1 is at
mostm log a, so: ∑

m<
√

x/ log x

m log a = O

(
x log log x

log2 x

)
,

and we obtain the thesis:

Na(x) = A(a) li(x) + O

(
x log log x

log2 x

)
.

In 1976, Matthews studied a generalization of the Artin’s conjecture:

Givena1, . . . , ar ∈ Z \ {0,±1} and not a perfect square, do there
exist infinity many primesp such thatai is a primitive root (mod p)
for anyi = 1, . . . , r?

He proved the following theorem:

Theorem (Matthews, [11]). Givena1, . . . , ar ∈ Z∗, there exists a positive con-
stantC = C(a1, . . . , ar) such that if the Generalized Riemann Hypothesis holds,
then

# {p ≤ x | ordp ai = p− 1 ∀i = 1, . . . , r} = C li(x) + O

(
x

(log log x)2r−1

(log x)2

)
.

�

In 1983, Gupta and Murty proved, without any hypothesis, that there is a set
of 13 numbers such that, for a least one of these 13 elements, Artin’s conjecture
is true. This result was later sharpened in 1986 by Heath-Brown to a set of3
elements:

Theorem (Heath-Brown, [5]). One of 2, 3, 5 is a primitive root (mod p) for
infinitely many primes p. �
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0.1 Analogous problems to Artin’s conjecture

Many analogous problems to Artin’s conjecture are been studied (and solved) in
this last years. The first problem has been addressed by H. Lenstra ([9]) and solved
by Murata in [14] and Wagstaff in [21]:

Leta, m ∈ N+, with a ≥ 2 squarefree. Do there exist infinitely many
primesp such thatindp a = m?

Theorem (Murata, [14]). Let a ≥ 2 be a squarefree natural number and assume
that the GRH holds. Then we have, for anyε > 0

# {p ≤ x : indp a = m} =

(
ca,m + O

(
mε log log x + log a

log x

))
li(x)

whereca,m is a suitable non negative constant, and the constant implied in the
O–symbol may depend onε. �

A general expression for the constantca,m has been obtained by S. Wagstaff.
Our Theorem 1,(see cap 1.) generalizes Matthews’s Theorem and it is an analogue
of Murata’s Theorem.

Several authors studied the most general problem:

Let a, k ∈ N+. Do there exist infinitely many primesp such that
k| ordp a?

Wiertelak [22] was the first to obtain an asymptotic formula for

Na(x, k) = #{p ≤ x : k| ordp a}.

Moree proved the following result.

Theorem (Moree, [12]). Let k ∈ N+ be squarefree anda ∈ Q \ {0,±1}. Then
the following asymptotic formula holds:

Na(x, k) =

(
κa,k + Oa,k

(
(log log x)ω(k)+3

(log x)2

))
li(x).

whereκa,k is a positive rational constant. �
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Another problem solved (under GRH) is the so-calledtwo-variable Artin con-
jecture.

Let a, b ∈ Q∗ multiplicatively independent. Do there exist infinitely
many primesp such thatordp a|ordp(b)?

This problem was studied by Stephens in 1976 and completely solved by
Moree and Stevenhagen that proved the following theorem:

Theorem (Moree & Stevenhagen, [13]). Let a, b ∈ Q∗ multiplicatively indepen-
dent. If we assume GRH, then:

lim
x→∞

#{p ≤ x : ordp a|ordp(b)}
π(x)

= ca,b

∏
p

(
1− p

p3 − 1

)
for some positive rational constantca,b. �

In this Thesis we study the following problem, due to Schinzel–Wojcik.

Let {a1, . . . , ar} ⊂ Q \ {0,±1}. The Schinzel–Wojcik’s problem for
{a1, . . . , ar} is to determine whether there are infinitely many primes
p such that

ordp a1 = · · · = ordp ar

and if their density is positive.

We define:

Na1,...,ar(x) = #{p ≤ x : vp(ai) = 0 ∀ i = 1, . . . , r, ordp a1 = · · · = ordp ar}.

The main results are the following two theorems:

Theorem. Let {a1, . . . , ar} ⊂ Q \ {0,±1}, Γ = 〈a1, . . . , ar〉 as subgroup of
Q∗ and assume that the Generalized Riemann Hypothesis holds for the fields
Q(ζn, a

1/n1

1 , . . . , a
1/nr
r ) (n, n1, . . . , nr ∈ N) and thatrank(Γ) ≥ 2. Then

Na1,...,ar(x) =

(
δa1,...,ar + Oa1,...,ar

(
(log log x)2r−2

log x

))
li(x)

whereδa1,...,ar is a rational constant. �
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Unfortunately, in this general case we are unable to determine whether the
SW problem has affirmative answer. However it is reasonable to expect that SW
problem has affirmative answer if and only ifδa1,...,ar 6= 0. In the particular case
in which the group〈a1, . . . , ar〉 has rank one and eachai = ahi for somea ∈ Q,
we can show, without applying Generalized Riemann Hypothesis, the following
result.

Theorem. Let a ∈ Q \ {0,±1}, h1, . . . , hr ∈ N+ with (h1, . . . , hr) = 1 and
h = [h1, . . . , hr]. Then the following asymptotic formula holds:

Nah1 ,...,ahr (x) =

(
δah1 ,...,ahr + Oa,h

(
(log log x)ω(h)+3

(log x)2

))
li(x)

whereω(h) denotes the number of distinct primes factors ofh andδah1 ,...,ahr is a
rational constant. �

In this case we can give a complete answer to the SW problem.

Corollary. Let a ∈ Q \ {0,±1} and h1, . . . , hr ∈ N+. Thenδah1 ,...,ahr 6= 0.
Therefore the SW problem for{ah1 , . . . , ahr} has an affirmative answer.

0.2 Analogous problems to Artin’s conjecture for subgroups

Pappalardi in [16], studied the problem to determine (under GRH) an asymptotic
formula for the number of primes for whichF∗p can be generated byr given mul-
tiplicatively independent rational numbers. In particular, ifΓ is generated by a
single element, then this problem coincides with Artin’s Conjecture. His result:

Theorem (Pappalardi, [17]). Let Γ = 〈a1, . . . ar〉 ⊂ Q∗, be a finitely generated
subgroup withrank(Γ) = r > 1. Assume that the GRH holds. Then

#{p ≤ x : [F∗p : Γp] = 1} = δΓ li(x) + O

(
x log(a1 · · · ar)

log2 x

)
where

δΓ =
∑
m≥1

µ(m)

[Q(ζm, Γ1/m)]

and the error term is uniform with respect tor ≤ 1
3 log 2

log x anda1, . . . , ar.
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In particular, if a1, . . . , ar are primes, then

{p ≤ x : p 6∈ SΓ, [F∗p : Γp] = 1} = δΓ li(x) + O

(
x4r log(xa1 · · · ar)

logr+2 x

)
uniformly with respect tor ≤ 1

4
log x/ log log x anda1, . . . , ar. �

Cangelmi & Pappalardi in [3], have determined the number of primesp such
that the image ofΓ (mod p) contains a promitive root, and so[F∗p : Γp] = 1.
Their results:

Theorem (Cangelmi & Pappalardi, [3]). Let Γ ⊂ Q∗, be a finitely generated
subgroup withrank(Γ) = s > 1. Assume that the GRH holds. Then

{p ≤ x : [F∗p : Γp] = 1} =

(
δΓ + O

(
1

logs(x)(log log x)s

))
li(x)

whereδΓ is a suitable non negative constant, and the constant implied in theO–
symbol depends only onΓ. �

The most general problem is the following.

Let Γ ⊆ Q∗ be a finitely generated subgroup such thatΓ be torsion
free with supportSΓ andm ∈ N+. Do there exist infinity many primes
p for which the index of the group generated by the reduction ofΓ
(mod p) is m?.

The associate function is the following:

NΓ(x; m) = #{p ≤ x : p 6∈ SΓ, and[F∗p : Γp] = m}.

We prove, in chapter 3, the theorem:

Theorem. Let Γ as above andm = o(x1/6). Assume that the GRH holds for the
fields of the formQ(ζM , Γ1/M) with M ∈ N+. Then

NΓ(x; m) =

(
ρ(Γ, m) + O

(
log x

m log2(x/m)

))
li(x)

where ifM = mk, then

ρ(Γ, m) =
∑
k≥1

µ(k)

ϕ(M)

1

|Γ ·Q∗M
M /Q∗M

M |
. (0.4)

�
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1. ON A PROBLEM OF SCHINZEL & ẂOJCIK

1.1 Introduction

If a ∈ Q∗ andp is an odd prime such that thep–adic valuationvp(a) = 0 then we
define theorder of a modulop by

ordp a = min
{
k ∈ N : ak ≡ 1 (mod p)

}
.

In 1992 Schinzel and Ẃojcik [19] proved the following theorem.

Theorem (Schinzel & Wójcik, 1992, [19]). Let a, b ∈ Q \ {0,±1}. Then exist
infinitely many primesp such that the following two conditions are satisfied:

(i) vp(a) = vp(b) = 0;

(ii) ordp a = ordp b.

Clearly the first condition is satisfied for all but finitely many primes and the
second is the important one. Whenever we use the symbolordp a, we always as-
sume thatvp(a) = 0. The proof of Schinzel and Ẃojcik’s result is very ingenious
and uses Dirichlet’s Theorem for primes in arithmetic progressions. In the last line
of their paper, Schinzel and Ẃojcik conclude by stating the following problem:

Givena, b, c ∈ Q\{0,±1}, do there exist infinitely many primes such
that

ordp a = ordp b = ordp c?
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We refer to the above as the Schinzel–Wójcik (SW for short) problem fora, b, c.
In general, if{a1, . . . , ar} ⊂ Q \ {0,±1}, the SW problem for{a1, . . . , ar} is to
determine whether there are infinitely many primesp such that

ordp a1 = · · · = ordp ar.

It is easy to produce examples having no odd primes with the wanted property.
Indeed leta = e, b = e2, c = −e2. For anyp ≥ 3, if δ = ordp e = ordp−e2, then
we havee2δ ≡ (−e2)δ ≡ 1 (mod p). Therefore(−1)δ ≡ 1 (mod p) so that2 | δ
and(e2)δ/2 ≡ 1 (mod p). This impliesordp e2 | δ/2 contradictingordp e2 = δ.
However we have the following result due to Wójcik [24]:

Theorem (Wójcik, 1996 [24]). Let K/Q be a finite extension andα1, . . . , αr ∈
K \ {0, 1} be such that the multiplicative group〈α1, . . . , αr〉 ⊂ K is torsion free.
Then the Schinzel’sHypothesis Himplies that there exist infinitely many primesp

of K of degree1 such that

ordp α1 = · · · = ordp αr.

It is an immediate corollary that ifa, b, c ∈ Q \ {0, 1} are such that−1 6∈
〈a, b, c〉 ⊂ Q∗, then Hypothesis H (see [18]) implies that the SW problem for
{a, b, c} has an affirmative answer. Note, however, that the sufficient condi-
tion −1 6∈ 〈a, b, c〉 is not always necessary. Indeed consider SW problem for
{2, 3,−6}. The above theorem does not apply although forp = 19, 211, 499, 907
and for many more primesp, we find thatordp 2 = ordp 3 = ordp−6. More-
over, empirical data suggest that the SW problem has an affirmative answer. Ob-
serve that Hypothesis H never answers the SW problem for sets of the form
{a, b,−ab} ⊂ Q \ {0,±1}. For completeness, we recall the famous

Hypothesis H (Schinzel, 1959 [18])Letf1, . . . , fk ∈ Z[x] be irreducible polyno-
mials with positive coefficients and such thatgcd(f1(n) · · · fk(n) | n ∈ N) = 1.
Then there are infinitely manyt ∈ N such thatf1(t), . . . , fk(t) are all prime.

The condition on the greatest common divisor of the values of the polynomials
is needed to avoid situations like the one of the polynomialx2 + x + 2 that takes
only even values.

The Generalized Riemann Hypothesis(GRH for short) can be applied to the
SW problem. Indeed, we have the following:

Theorem (Matthews, 1976 [11]). Givena1, . . . , ar ∈ Z∗, there exists a positive
constantC = C(a1, . . . , ar) such that if the Generalized Riemann Hypothesis



1. On a problem of Schinzel & Wójcik 3

holds, then

# {p ≤ x | ordp ai = p− 1 ∀i = 1, . . . , r} = C li(x) + O

(
x

(log log x)2r−1

(log x)2

)
.

This result is known as thesimultaneous primitive roots Theoremand admits
as an immediate consequence the following:

Corollary. With the above notation, ifC(a1, . . . , ar) 6= 0 and the GRH holds,
then the SW problem has an affirmative answer fora1, . . . , ar.

Further results in [11] imply that:

1. C(a1, . . . , ar) = 0 if and only if at least one of the following conditions is
satisfied:

(a) there exists1 ≤ i1 < . . . < i2s+1 ≤ n such that

ai1 · · · ai2s+1 ∈ (Q∗)2;

(b) there exists1 ≤ i1 < . . . < i2s ≤ n such that

ai1 · · · ai2s ∈ −3(Q∗)2

and the set of primesq ≡ 1 (mod 3) for which eachai is not a cube
moduloq is finite.

Furthermore each of the conditions above implies thata1, . . . , an cannot be
simultaneously primitive roots for infinitely many primes.

2. Using the above it can be checked thatC(2, 3,−6) 6= 0 so that GRH implies
that the SW problem has an affirmative answer in this case.

3. For anya, b ∈ Q \ {0,±1} it is easy to see thatC(a, b, ab) = 0. Indeed, if

ordp a = ordp b = p− 1, then the Legendre symbols
(

a
p

)
and

(
b
p

)
are both

equal to−1. Therefore
(

ab
p

)
= 1 and this implies thatordp ab | p−1

2
.

4. The SW problem for{4, 3,−12} is still open both on Hypothesis H and on
GRH.
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For given rational numbersa1, . . . , ar not 0 or±1, we consider the following
function:

Na1,...,ar(x) = {p ≤ x : ordp a1 = · · · = ordp ar} . (1.1)

We denote by〈a1, . . . , ar〉 the subgroup ofQ∗ generated bya1, . . . , ar, and by
r(a1, . . . , ar) = rankZ〈a1, . . . , ar〉 its rank as abelian group. Clearly

1 ≤ r(a1, . . . , ar) ≤ r.

The main results are the following two theorems.

Theorem 1. Let {a1, . . . , ar} ⊂ Q \ {0,±1} and assume that the Generalized
Riemann Hypothesis holds for the fieldsQ(ζn, a

1/n1

1 , . . . , a
1/nr
r ) (n, n1, . . . , nr ∈

N) and thatr(a1, . . . , ar) ≥ 2. Then

Na1,...,ar(x) =

(
δa1,...,ar + Oa1,...,ar

(
(log log x)2r−2

log x

))
li(x)

where ifk1, . . . , kr ∈ N, k = [k1, . . . , kr],

Γ = 〈a
k

k1
1 , . . . , a

k
kr
r 〉, A = Γ ·Q∗mk/Q∗mk,

N = 2v2(mk) and

B =
{

ξQ∗N ∈ ΓQ∗N/Q∗N : [Q(N
√

ξ) : Q] ≤ 2 and disc(Q(N
√

ξ)) | mk
}

,

then

δa1,...,ar =
∑
m∈N

k1,...,kr∈N

µ(k1) · · ·µ(kr)

ϕ(mk)

#B
#A

. (1.2)

When eachai is the power of the same rational number, the group〈a1, . . . , ar〉
has rank one. In this case we writeai = ahi for eachi = 1, . . . , r and we note
that we can assume that the greatest common divisor(h1, . . . , hr) = 1 otherwise
we can replacea with a(h1,...,hr). Here the Generalized Riemann Hypothesis can
be avoided.

Theorem 2. Let a ∈ Q \ {0,±1}, h1, . . . , hr ∈ N+ with (h1, . . . , hr) = 1 and
h = [h1, . . . , hr]. Then the following asymptotic formula holds:

Nah1 ,...,ahr (x) =

(
δah1 ,...,ahr + Oa,h

(
(log log x)ω(h)+3

(log x)2

))
li(x)
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whereω(h) denotes the number of distinct prime factors ofh. If a = ±bd with
b > 0 not a power of any rational number andD(b) = disc(Q

√
b), then

δah1 ,...,ahr =
∏
l|h

(
1− l1−vl(d)

l2 − 1

)
×

1 + t2,h×

sa + tD(b),4h×εa

∏
l|2D(b)

1

1− l2−1
l1−vl(d)


where

sa =

{
0 if a > 0;

−3·2v2(d)−3
3·2v2(d)−2

if a < 0;
tx,y =

{
1 if x | y;

0 otherwise;

and

εa =


(
−1

2

)2max{0,v2(D(b)/d)−1}
if a > 0;(

−1
2

)22−max{1,v2(D(b)/d)}
if a < 0 andv2(D(b)) 6= v2(8d);

1
16

if a < 0 andv2(D(b)) = v2(8d).

In this degenerate case we can give a complete answer to the SW problem.

Corollary 3. Let a ∈ Q \ {0,±1} and h1, . . . , hr ∈ N+. Thenδah1 ,...,ahr 6= 0.
Therefore the SW problem for{ah1 , . . . , ahr} has an affirmative answer.

Corollary 3 will be proven at the end of Section 1.4.

1.2 Lemmata

In this section we present some useful results for setting up the proofs.
Let Γ ⊆ Q∗ be a finitely generated multiplicative subgroup. Thesupportof Γ

is the finite set of primes defined as

SΓ = {p : ∃g ∈ Γ, vp(g) 6= 0}.

Furthermore for each primep 6∈ SΓ, we define theorderordp Γ of Γ modulop
as the maximum order modulop of the elements ofΓ and theindexof Γ modulo
p by

indp Γ = (p− 1)/ ordp Γ.
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If we write indp Γ or ordp Γ, we always implicitly assume thatp 6∈ SΓ. In particu-
lar theindexof ai modulop is defined asindp ai = (p− 1)/ ordp ai. Once again,
if we write indp ai, we assume thatvp(ai) = 0.

We start from an elementary result:

Lemma 4. Leta1 . . . , ar ∈ Q∗ \ {±1}, m ∈ N, k1, . . . , kr ∈ N be squarefree and
setk = [k1, . . . , kr]. If p 6∈ S〈a1,...,ar〉, then the conditions

i. mki | indp ai for i = 1, . . . , r;

ii. mk | indp〈ak/k1

1 , . . . , a
k/kr
r 〉

are equivalent.

Proof. First note that

(mki | indp ai∀i = 1, . . . , r) ⇐⇒ (mk | indp a
k/ki

i ∀i = 1, . . . , r).

Indeed, ifg is a primitive root modulop andai ≡ gαi (mod p), thenindp ai =
(p−1, αi). Furthermoremki | (p−1, αi) for i = 1, . . . , r if and only if mk | p−1
andmk | αik/ki for i = 1, . . . , r. This happens if and only ifmk | (p−1, αik/ki)

for i = 1, . . . , r or equivalently ifmk | indp a
k/ki

i for i = 1, . . . , r. Finally

indp〈ak/k1

1 , . . . , ak/kr
r 〉 = (indp a

k/k1

1 , . . . , indp ak/kr
r ).

Somk | indp a
k/ki

i for i = 1, . . . , r if and only if mk | indp〈ak/k1

1 , . . . , a
k/kr
r 〉.

The proof of Theorem 1 uses the Chebotarev Density Theorem. The following
version is obtained using the effective version due to Lagarias and Odlyzko [7].

Lemma 5 (Chebotarev Density Theorem). Let M ∈ N. Then the Generalized
Riemann Hypothesis for the Dedekind zeta function of the fieldQ(ζM , Γ1/M) im-
plies

# {p ≤ x : M | indp Γ} =
li(x)

[Q(ζM , Γ1/M) : Q]
+ O

(√
x log(xM#SΓ)

)
. �

(1.3)

To compute the degree
[
Q(ζM , Γ1/M) : Q

]
= # Gal(Q(ζM , Γ1/M) : Q) we

need to employ Kummer Theory (see [8, Chapter VIII, section 8] and also [3])
that allows us to deduce the next result.



1. On a problem of Schinzel & Wójcik 7

Lemma 6. LetM ≥ 1 be an integer and setK = 2v2(M). With the notation above,
we have that [

Q(ζM , Γ1/M) : Q
]

= #A/#B
where

A = Γ ·Q∗M/Q∗M

and

B =
{

ξQ∗K ∈ ΓQ∗K/Q∗K : [Q( K
√

ξ) : Q] ≤ 2 and disc(Q( K
√

ξ)) | M
}

.�

The next lemma is implicit in the work of C. R. Matthews [10]:

Lemma 7. Assume thatΓ ⊆ Q∗ is a multiplicative subgroup of ranks ≥ 2. Let
t ∈ R, t > 1. We have the following estimate

# {p | ordp Γ ≤ t} � t1+1/s

log t
, (1.4)

where the implied constants may depend onΓ. �

The invariant∆s(Γ) of a multiplicative subgroupΓ ⊆ Q∗ with rankZ(Γ) = s,
is defined as the great common divisor of all the minors of sizes of the relation
matrix of the group of absolute values ofΓ (see [3, Section 3.1] for some details
or chapter 2, section 1).

The next result follows immediately from a result in [3, Section 3.3], where it
is stated in the case whenM is squarefree. However, it is clear that the proof does
not depend on this property.

Lemma 8. LetΓ andM as above, ands = rankZ(Γ). Then

[Q(ζM , Γ1/M) : Q] ≥ ϕ(M)
(M/2)s

∆s(Γ)
. �

Lemma 9. Let r ≥ 2 and letΓ = 〈ak/k1

1 , . . . , a
k/kr
r 〉 wherek1, . . . , kr ∈ N and

k = [k1, . . . , kr]. Further letP (t) be the product of all primes up tot. Then we
have the following identity∑

m≤z

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)

[Q(ζmk, Γ1/km) : Q]
= δa1,...,ar + O

(
(log t)2r−2

t
+

1

zs

)
(1.5)

where the implied constant may depend ona1, . . . , ar.
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Proof. Let us start by observing that ifs = rankZ(Γ), then

∆s(〈ak/k1

1 , . . . , ak/kr
r 〉) ≤ ks−1 ×∆s(〈a1, . . . , ar〉).

Therefore, by Lemma 8 and sinceϕ(mk) ≥ ϕ(m)ϕ(k), we have

1

[Q(ζmk, Γ1/km) : Q]
≤ 1

ϕ(m)ms
× 2s∆s(Γ)

ϕ(k)ks
� 1

ϕ(m)ms
× 1

ϕ(k) · k
.

Hence

S0 =
∑
m>z

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)

[Q(ζmk, Γ1/km) : Q]

�
∑
m>z

1

ϕ(m)ms

∑
k|P (t)

µ(k)2
∑

k1,...,kr

k=[k1,...,kr]

1

ϕ(k) · k
= O

(
1

zs

)
(1.6)

since fork squarefree

#{k1, . . . , kr ∈ N : k = [k1, . . . , kr]} = (2r − 1)ω(k)

and the series ∑
k|P (t)

(2r − 1)ω(k)

ϕ(k) · k

converges ast →∞.
For a similar reason,

S1 =
∑
m≤z

∑
k>t

µ(k)2
∑

k1,...,kr

k=[k1,...,kr]

1

[Q(ζmk, Γ1/km) : Q]

�
∑
k>t

µ(k)2 (2r − 1)ω(k)

ϕ(k) · k
= O

(
(log t)2r−2

t

)
. (1.7)

The last estimate can be obtained for example as an application of the Ikeara
Tauberian Theorem (see for example Delange [4]) and by partial summation, ob-
serving that

∞∑
n=1

µ(k)2(2r − 1)ω(n)

ϕ(n) · ns−1
· ζ(s)1−2r

.
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is a meromorphic function, analytic and non zero ats = 1.
Finally, since∑

m≤z

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)

[Q(ζmk, Γ1/km) : Q]
= δa1,...,ar + O(S0) + O(S1),

we obtain the claim on summing the estimates of (1.6) and (1.7).

1.3 General case: proof of Theorem 1

Let m be a positive integer. We need to consider the auxiliary function:

Na1,...,ar(x, m) = {p ≤ x : indp a1 = · · · = indp ar = m} .

It is immediate that

Na1,...,ar(x) =
∑
m∈N

Na1,...,ar(x, m). (1.8)

Note that forr = 1, the functionNa(x, m) was considered by L. Murata in
1991 [14], who proved:

Theorem 10 (Murata). Let a ≥ 2 be a squarefree natural number and assume
that the GRH holds. Then we have, for anyε > 0

# {p ≤ x : indp a = m} =

(
ca,m + O

(
mε log log x + log a

log x

))
li(x)

whereca,m is a suitable non negative constant, and the constant implied in the
O–symbol may depend onε.

The problem of determining whenca,m = 0 has been addressed by H. Lenstra
[9]. A general expression for the constantca,m has been obtained by S. Wagstaff
[21]. These results and also Theorem 1 are proved using the classical method of
Hooley [6].

As a side-product of our Theorem 1, we prove implicitly the following result
that generalizes Matthews’s Theorem and it is an analogue of Murata’s Theorem:
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Theorem 11. Let {a1, . . . , ar} ⊂ Q \ {0,±1}, m ∈ N, assume that GRH holds
and thatr(a1, . . . , ar) ≥ 2. Then

Na1,...,ar(x, m) =

(
ca1,...,ar,m + Oa1,...,ar,m

(
(log log x)2r−2

log x

))
li(x)

where

ca1,...,ar,m =
∑

k1,...,kr∈N

µ(k1) · · ·µ(kr)

ϕ(mk)

#B
#A

(1.9)

and the notations are the same as in the statement of Theorem 1. �

Proof of Theorem 1.We estimate the lowerbound and the upperbound separately.
For the upperbound note that ify ∈ R, with 0 ≤ y ≤ x, then∑

m≥y

Na1,...,ar(x, m) �
(

x

y

)1+1/s
1

log(x/y)
.

Indeed if indp a1 = · · · = indp ar, then eachai generates the same group
modulop. Hence in particular, for eachi = 1, . . . , r, we have thatindp ai =
indp〈a1, . . . , ar〉. So∑

m≥y

Na1,...,ar(x, m) ≤ # {p ≤ x : indp〈a1, . . . , ar〉 > y}

≤ #

{
p ≤ x : ordp〈a1, . . . , ar〉 <

x

y

}
�
(

x

y

)1+1/s
1

log(x/y)

by Lemma 7. Therefore we can takey = (x logs x)1/(s+1) obtaining

Na1,...,ar(x) ≤
∑
m≤y

Sa1,...,ar(x, m) + O

((
x

y

)1+1/s
1

log(x/y)

)

=
∑
m≤y

Na1,...,ar(x, m) + O

(
x

(log x)2

)
.

For eacht ∈ R, 1 ≤ t ≤ x, we further set

Na1,...,ar(x, m, t) = #

{
p ≤ x : ∀i = 1, . . . , r, m| indp ai and

(
indp ai

m
, P (t)

)
= 1

}
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where, as usual,P (t) denotes the product of all primesp up tot.
Note that

Na1,...,ar(x, m) ≤ Na1,...,ar(x, m, t).

Furthermore the Inclusion/Exclusion Principle yields∑
m≤y

Na1,...,ar(x, m, t) =
∑
m≤y

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)Cm(x; k1, . . . , kr) (1.10)

where

Cm(x; k1, . . . , kr) = #{p ≤ x : mki | indp ai ∀i = 1, . . . , r}.

Let k = [k1, . . . , kr], apply Lemma 4 so thatmki | indp ai for i = 1, . . . , r if
and only ifmk | indp〈ak/k1

1 , . . . , a
k/kr
r 〉. Therefore

Cm(x; k1, . . . , kr) = #{p ≤ x : mk | indp〈ak/k1

1 , . . . , ak/kr
r 〉}.

The Chebotarev Density Theorem in Lemma 5, implies that (1.10) equals∑
m≤y

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)

[
li(x)

[Q(ζmk, Γ1/km) : Q]
+ Oa1,...,ar(

√
x log(xmk))

]

whereΓ = 〈ak/k1

1 , . . . , a
k/kr
r 〉. Here we used the fact thatSΓ = S〈a1,...,ar〉. It is

easy to see that:∑
m≤y

∑
k1,...,kr|P (t)

√
x log(xmk) =

∑
m≤y

O
(√

x2tr log(xmP (t))
)

= O
(
x(s+3)/(2s+2)2tr log2(xP (t))

)
.

Therefore, sinces ≥ 2,

Na1,...,ar(x) ≤

∑
m≤y

∑
k1,...,kr|P (t)

µ(k1) · · ·µ(kr)

[Q(ζmk, Γ1/km) : Q]
+ O

(
1

log x

) li(x)

=

[
δa1,...,ar + O

(
(log t)2r−2

t
+

2tr log3(xP (t))

x(s−1)/(2s+2)
+

1

log x

)]
li(x)

(1.11)
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in virtue of Lemma 9 and of the previous discussion. If we chooset = log x/(7r log 2),
we obtain the upperbound estimate.

As for the lowerbound letz ∈ R, with 1 ≤ z ≤ x. It is clear that

Na1,...,ar(x) ≥
∑
m≤z

Sa1,...,ar(x, m). (1.12)

From a similar argument as above we deduce that

∑
m≤z

Na1,...,ar(x, m) =

[
δa1,...,ar + O

(
(log log x)2r−2

log x
+

1

zs
+

z log3 x

x1/42

)]
li(x)

+ E(x, z). (1.13)

where ift = log x/(7r log 2), then

E(x, z) = O

(∑
m≤z

# {p ≤ x : ∃i, l > t, lm | indp ai}

)
.

In order to estimate the above for eachη1, η2 with t ≤ η1 < η2 ≤ x, we define:

Ei(x, m; η1, η2) = # {p ≤ x : ∃l ∈ (η1, η2], lm | indp ai} .

So

E(x, z) ≤
∑
m≤z

r∑
i=1

[Ei(x, m; t, η) + Ei(x, m; η, x)].

Note that

Ei(x, m; η, x) ≤
{

p ≤ x : ordp ai <
x

mη

}
.

Applying Lemma 7, we deduce that

r∑
i=1

∑
m≤z

Ei(x, m; η, x) �
∑
m≤z

(
x

mη

)1+1/s
1

log(x/mη)
= O

(
x

log2(x/z)

)
,

(1.14)
if we chooseη = (x logs x)1/(s+1).
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To estimate the first term, we use again the Chebotarev Density Theorem in
the form given by Theorem 1.3. So

r∑
i=1

∑
m≤z

Ei(x, m; t, η) ≤
r∑

i=1

∑
m≤z

∑
l∈(t,η]

(
li(x)

[Q(ζml, a
1/ml
i ) : Q]

+ O(
√

x log(xml))

)

= Oa1,...ar

(
li(x)

∑
m≤z

∑
l>t

1

mϕ(m)

1

l2 − l
+
∑
l<η

√
xz log(xzl)

)

= Oa1,...ar

(
li(x)

t
+ η

√
x log(xzη)

)
.

To conclude the proof of Theorem 1 it is enough to choosez = log x.

1.4 Degenerate case: proof of Theorem 2 and Corollary 3.

Let
Na(x, k) = #{p ≤ x : k| ordp a}.

The functionNa(x, k) has been studied by several authors: Ballot, Hasse, Moree,
Odoni, Pappalardi, Wiertelak and maybe others. Wiertelak [22] was the first to
obtain an asymptotic formula forNa(x, k) (see also [16]). The proof of Theorem
2 requires the most general result due to Moree [12, Theorem 2].

Lemma 12. Let k ∈ N+ be squarefree anda ∈ Q \ {0,±1}. Then the following
asymptotic formula holds:

Na(x, k) =

(
κa,k + Oa,k

(
(log log x)ω(k)+3

(log x)2

))
li(x).

Here

κa,k = (1 + ε)
∏
l|k

l1−vl(d)

l2 − 1
(1.15)
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where if we writea = ±bd with b ∈ Q>0 not a perfect power,D(b) = disc(Q(
√

b)),

ε =


3(1−sgn(a))(2v2(d)−1)

4
+ εa, if 2 | k andD(b) | 4k;

3(1−sgn(a))(2v2(d)−1)
4

, if 2 | k andD(b) - 4k;
0, if 2 - k;

and

εa =


(
−1

2

)2max{0,v2(D(b)/d)−1}
, if a > 0;(

−1
2

)22−max{1,v2(D(b)/d)}
, if a < 0 andv2(D(b)) 6= v2(8d);

1
16

, if a < 0 andv2(D(b)) = v2(8d).

Proof of Theorem 2.We use the general property:

ordp as = ordp a/(s, ordp a)

and we observe that when(h1, . . . , hr) = 1, the condition

(hi, ordp a) = (hj, ordp a) for all i, j = 1, . . . , r

is equivalent to(hi, ordp a) = 1 for i = 1, . . . , r. The latter condition is equivalent
to (h, ordp a) = 1 whereh = [h1, . . . , hr]. Therefore by the Inclusion/Exclusion
Principle,

Nah1 ,...,ahr (x) = {p ≤ x : (h, ordp a) = 1}

=
∑
k|h

µ(k)#{p ≤ x : k| ordp a}.

The function above has also been considered by Wiertelak [23] in the special
case whena is a positive integer. By Lemma 12, we have

Sah1 ,...,ahr (x) =
∑
k||h

µ(k)

(
κa,k + Oa,h

(
(log log x)ω(h)+3

(log x)2

))
li(x)

=

(
δah1 ,...,ahr

r
+ Oa,h

(
(log log x)ω(h)+3

(log x)2

))
li(x)

where

δah1 ,...,ahr
r

=
∑
k|h

µ(k)(1 + ε)
∏
l|k

l1−vl(d)

l2 − 1
.
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The above is equal toΣ1 + Σ2 + Σ3 where

Σ1 =
∑
k|h

µ(k)
∏
l|k

l1−vl(d)

l2 − 1
=
∏
l|h

(
1− l1−vl(d)

l2 − 1

)
, (1.16)

Σ2 =
(3(1− sgn(a))(2v2(d) − 1)

4

∑
k|h
2|k

µ(k)
∏
l|k

l1−vl(d)

l2 − 1

= t2,h ×
sgn(a)− 1

2
× 3 · 2v2(d) − 3

3 · 2v2(d) − 2
×
∏
l|h

(
1− l1−vl(d)

l2 − 1

)

= t2,h × sa ×
∏
l|h

(
1− l1−vl(d)

l2 − 1

)
(1.17)

and

Σ3 = εa ×
∑
k|h
2|k

D(b)|4k

µ(k)
∏
l|k

l1−vl(d)

l2 − 1
. (1.18)

The conditions2 | k andD(b) | 4k are equivalent to the condition[2, D(b)/(D(b), 4)] |
k. Furthermore the integer[2, D(b)/(D(b), 4)] is squarefree and equals to the
product of the primes dividing2D(b). Therefore the sum on the right hand side
above equals

t2,h× tD(b),4h×
∏

l|2D(d)

−l1−vl(d)

l2 − 1

(
1− l1−vl(d)

l2 − 1

)−1

×
∏
l|h

(
1− l1−vl(d)

l2 − 1

)
. (1.19)

Adding up the expression in (1.16), (1.17), (1.18) andεa times (1.19) we obtain
the formula forδah1 ,...,ahr in the statement of Theorem 2.

Proof of Corollary 3. Note that∏
l|h

(
1− l1−vl(d)

l2 − 1

)
6= 0

so, in order forδah1 ,...,ahr = 0 we should have2 | h so thatt2,h = 1 and

sa + tD(b),4h × εa

∏
l|2D(b)

1(
1− l2−1

l1−vl(d)

) = −1. (1.20)
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In the casea > 0, thensa = 0 and identity (1.20) boils down to

∏
l|2D(b)

(
l − lvl(d)(l2 − 1)

l

)
= −t× εa = −t×

(
−1

2

)2ν

(1.21)

whereν ∈ {0, 1, 2} andt ∈ {0, 1}. First note that the left hand side of (1.21) is
larger than1/2 in absolute value. Indeed, we have that

lvl(d)(l2 − 1)− l

l

{
> 1 if l > 2 or if l = 2 andv2(d) > 0

= 1
2

if l = 2 andv2(d) = 0.

This implies that in order for equality (1.21) to be satisfied we must haveν = 0
andt = 1. But this also implies that2D(b) = 16 and therefore the left hand side
of (1.21) is equal to−1/2 while the right hand side is equal to1/2.

In the casea < 0, after some calculations, identity (1.20) boils down to

∏
l|D(b)
l>2

(
l − lvl(d)(l2 − 1)

l

)
= 2t×

(
−1

2

)2ν

, (1.22)

whereν ∈ {0, 1, 2}, t ∈ {0, 1}. This forcest = 1 andν = 0 for otherwise the
right hand side of (1.22) would have as denominator a power of2 which cannot
happen on the left hand side. By a similar argument as above we arrive to a
contradiction. This concludes the proof of Corollary 3.

1.5 Numerical Examples

In this section we compare numerical data. The table compares the densities
δa,a2,...,ar with the quantitiesSa,a2...,ar(108)/π(108) for r = 2, 3, . . . , 8 anda ∈
Q \ {0,±1} with natural height up to8. Both quantities have been truncated at
the fifth decimal digit.
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Na,a2...,ar(108)/π(108) δa,a2,...,ar ,
a \ r 2 3 4 5 6 7 8

2 0.29165 0.18226 0.18226 0.14429 0.14429 0.12325 0.12325
0.29166 0.18229 0.18229 0.14431 0.14431 0.12326 0.12326

-2 0.29164 0.18228 0.18228 0.14429 0.14429 0.12325 0.12325
0.29166 0.18229 0.18229 0.14431 0.14431 0.12326 0.12326

3 0.33336 0.27084 0.27084 0.21445 0.21445 0.18322 0.18322
0.33333 0.27083 0.27083 0.21440 0.21440 0.18314 0.18314

-3 0.33335 0.08334 0.08334 0.06597 0.06597 0.05635 0.05635
0.33333 0.08333 0.08333 0.06597 0.06597 0.05635 0.05635

3/2 0.33338 0.22401 0.22401 0.17732 0.17732 0.15145 0.15145
0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144

-3/2 0.33331 0.22398 0.22398 0.17729 0.17729 0.15152 0.15152
0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144

4 0.58330 0.36454 0.36454 0.28858 0.28858 0.24651 0.24651
0.58333 0.36458 0.36458 0.28862 0.28862 0.24653 0.24653

-4 0.33333 0.20832 0.20832 0.16490 0.16490 0.14082 0.14082
0.33333 0.20833 0.20833 0.16493 0.16493 0.14087 0.14087

3/4 0.33330 0.27083 0.27083 0.21443 0.21443 0.18323 0.18323
0.33333 0.27083 0.27083 0.21440 0.21440 0.18134 0.18134

-3/4 0.33335 0.08332 0.08332 0.06593 0.06593 0.05634 0.05634
0.33333 0.08333 0.08333 0.06597 0.06597 0.05635 0.05635

5 0.33323 0.20826 0.20826 0.12157 0.12157 0.10384 0.10384
0.33333 0.20833 0.20833 0.12152 0.12152 0.10380 0.10380

-5 0.33342 0.20833 0.20833 0.18661 0.18661 0.15941 0.15941
0.33333 0.20833 0.20833 0.18663 0.18663 0.15941 0.15941

2/5 0.33325 0.20837 0.20837 0.17037 0.17037 0.14557 0.14557
0.33333 0.20833 0.20833 0.17035 0.17035 0.14551 0.14551

-2/5 0.33342 0.20835 0.20835 0.17036 0.17036 0.14554 0.14554
0.33333 0.20833 0.20833 0.17035 0.17035 0.14551 0.14551

3/5 0.33326 0.20831 0.20831 0.15190 0.15190 0.12970 0.12970
0.33333 0.20833 0.20833 0.15190 0.15190 0.12975 0.12975

-3/5 0.33344 0.20836 0.20836 0.19099 0.19099 0.16324 0.16324
0.33333 0.20833 0.20833 0.19097 0.19097 0.16312 0.16312
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Na,a2...,ar(108)/π(108) δa,a2,...,ar ,
a \ r 2 3 4 5 6 7 8
4/5 0.33337 0.20837 0.20837 0.12163 0.12163 0.10392 0.10392

0.33333 0.20833 0.20833 0.12152 0.12152 0.10380 0.10380
-4/5 0.33331 0.20823 0.20823 0.18654 0.18654 0.15936 0.15936

0.33333 0.20833 0.20833 0.18663 0.18663 0.15941 0.15941
6 0.33330 0.22398 0.22398 0.17721 0.17721 0.15135 0.15135

0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144
-6 0.33335 0.22399 0.22399 0.17733 0.17733 0.15156 0.15156

0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144
5/6 0.33328 0.20840 0.20840 0.16172 0.16172 0.13813 0.13813

0.33333 0.20833 0.20833 0.16167 0.16167 0.13809 0.13809
-5/6 0.33322 0.20823 0.20823 0.16157 0.16157 0.13799 0.13799

0.33333 0.20833 0.20833 0.16167 0.16167 0.13809 0.13809

7 0.33335 0.20842 0.20842 0.16495 0.16495 0.15289 0.15289
0.33333 0.20833 0.20833 0.16493 0.16493 0.15290 0.15290

-7 0.33327 0.20828 0.20828 0.16483 0.16483 0.11677 0.11677
0.33333 0.20833 0.20833 0.16493 0.16493 0.11682 0.11682

2/7 0.33332 0.20829 0.20829 0.16483 0.16483 0.14382 0.14382
0.33333 0.20833 0.20833 0.16493 0.16493 0.14388 0.14388

-2/7 0.33325 0.20830 0.20830 0.16485 0.16485 0.14385 0.14385
0.33333 0.20833 0.20833 0.16493 0.16493 0.14388 0.14388

3/7 0.33328 0.20829 0.20829 0.16493 0.16493 0.15531 0.15531
0.33333 0.20833 0.20833 0.16493 0.16493 0.15530 0.15530

-3/7 0.33341 0.20841 0.20841 0.16494 0.16494 0.13377 0.13377
0.33333 0.20833 0.20833 0.16493 0.16493 0.13366 0.13366

4/7 0.33330 0.20829 0.20829 0.16500 0.16500 0.15296 0.15296
0.33333 0.20833 0.20833 0.16493 0.16493 0.15290 0.15290

-4/7 0.33327 0.20833 0.20833 0.16484 0.16484 0.11680 0.11680
0.33333 0.20833 0.20833 0.16493 0.16493 0.11682 0.11682

5/7 0.33326 0.20832 0.20832 0.16497 0.16497 0.13778 0.13778
0.33333 0.20833 0.20833 0.16493 0.16493 0.13771 0.13771

-5/7 0.33343 0.20836 0.20836 0.16496 0.16496 0.14729 0.14729
0.33333 0.20833 0.20833 0.16493 0.16493 0.14720 0.14720
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Na,a2...,ar(108)/π(108) δa,a2,...,ar ,
a \ r 2 3 4 5 6 7 8
6/7 0.33333 0.20841 0.20841 0.16496 0.16496 0.13915 0.13915

0.33333 0.20833 0.20833 0.16493 0.16493 0.13907 0.13907
-6/7 0.33329 0.20823 0.20823 0.16491 0.16491 0.13907 0.13907

0.33333 0.20833 0.20833 0.16493 0.16493 0.13907 0.13907
8 0.29165 0.25523 0.25523 0.20206 0.20206 0.17264 0.17264

0.29166 0.25520 0.25520 0.20203 0.20203 0.17257 0.17257
-8 0.29164 0.25519 0.25519 0.20201 0.20201 0.17253 0.17253

0.29166 0.25520 0.25520 0.20203 0.20203 0.17257 0.17257
3/8 0.33327 0.22399 0.22399 0.17724 0.17724 0.15141 0.15141

0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144
-3/8 0.33338 0.22401 0.22401 0.17733 0.17733 0.15149 0.15149

0.33333 0.22395 0.22395 0.17730 0.17730 0.15144 0.15144
5/8 0.33341 0.20836 0.20836 0.17036 0.17036 0.14552 0.14552

0.33333 0.20833 0.20833 0.17035 0.17035 0.14551 0.14551
-5/8 0.33326 0.20826 0.20826 0.17034 0.17034 0.14551 0.14551

0.33333 0.20833 0.20833 0.17035 0.17035 0.14551 0.14551
7/8 0.33334 0.20827 0.20827 0.16490 0.16490 0.14391 0.14391

0.33333 0.20833 0.20833 0.16493 0.16493 0.14388 0.14388
-7/8 0.33327 0.20823 0.20823 0.16481 0.16481 0.14379 0.14379

0.33333 0.20833 0.20833 0.16493 0.16493 0.14388 0.14388

It is easy to see that ifr is not prime, then

δa,a2,...,ar = δa,a2,...,ar−1 .

Indeed the formula forδa,a2,...,ar in Theorem 2 depends only on the squarefree
kernel of1·2 · · · r. Note that the squarefree kernel of1·2 · · · r equals the squarefree
kernel of1 · 2 · · · (r − 1) if and only if r is not prime.

Similarly if r is not prime, for everyx > 1,

Na,a2,...,ar(x) = Na,a2,...,ar−1(x).

Indeed ifr = st, thenordp as = ordp at = ordp a if and only if

(ordp a, s) = (ordp a, t) = 1
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and this is equivalent to(ordp a, st) = 1.
This explains why the third column in the tables equals the second, the fifth

equals the fourth and the seventh equals the sixth.

1.6 Conclusion.

It would be interesting to determine (even conjecturally) a characterization of
those finite sets of rational numbers for which the SW problem has an affirma-
tive answer. We are unable to do that at present time but it is reasonable to expect
that the SW problem has an affirmative answer for{a1, . . . , ar} if and only if

δa1,...,ar 6= 0.

Indeed in many variations of Artin’s primitive root conjecture it is seen that if
a set of primes satisfying certain order conditions had density zero, then the set is
finite. In Lenstra’s paper [9] there are some results to this effect.

We are also unable to characterize the finite sets for whichδa1,...,ar 6= 0 (which
in virtue of Theorem 1 provides on GRH a sufficient condition for the SW problem
to have affirmative answer). We will address this problem in a future paper.

We conclude with the following elementary result:

Proposition 13. If S = {a1, . . . , ar} ⊂ Q∗ \ {0,±1} is such that:

i. −1 ∈ 〈S〉;

ii. S ∩ 〈S〉2 6= ∅.

Then the SW problem forS has a negative answer.

Proof. Assume thatδ = ordp a1 = . . . = ordp ar for some primep > 2. Since
−1 = aω1

1 · · · aωr
r for suitableω1, . . . , ωr ∈ Z, we have

(−1)δ ≡ aδω1
1 · · · aδωr

r ≡ 1 (mod p).

This implies that2 | δ.
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If ai0 ∈ S ∩ 〈S〉2, thenai0 = a2τ1
1 · · · a2τr

r for suitableτ1, . . . , τr ∈ Z. Hence

a
δ/2
i0

= aδτ1
1 · · · aδτr

r ≡ 1 (mod p)

which contradicts the hypothesisindp ai0 = δ.

We conclude with a series of remarks:

1. The two conditions of Proposition 13 can be both satisfied only ifr ≥ 3.

2. The second condition in Proposition 13 implies in particular thatai0 is a
square and therefore the Matthews constantC(a1, . . . , ar) (defined as in
Matthews’ Theorem in the introduction) is zero.

3. While the condition−1 ∈ 〈S〉 in the previous proposition seems to be nec-
essary in order the have a negative answer to the SW problem (See Wójcik’s
Theorem in the introduction), we are unable to guess whether the second
one is necessary.

4. The only case which is not covered neither by Theorem 1 or by Theorem 2 is
r(a1, . . . , ar) = 1 and−1 ∈ 〈a1, . . . , ar〉. From Proposition 13 we deduce
that this case includes some sets for which the SW problem has negative
answer.

5. A weaker analogue of the SW problem is the question of whether there exist
infinitely many primesp such thatordp a1 | ordp a2 | · · · | ordp ar. Maybe
there are examples where this problem has affirmative answer, whereas the
SW problem has negative answer. Forr = 2 this problem has been con-
sidered by Moree and Stevenhagen [13]. They prove that ifa = a1/a2 and
b = b1/b2, ((a1, a2) = (b1, b2) = 1) are multiplicatively independent ratio-
nals, then the set of primes such thatordp a | ordp b is infinite and is equal
to the set of primes dividing at least one term of the sequenceb2 an

1 − b1 an
2 ,

n ≥ 1. This is a special case of a theorem due to Polya. Under GRH this
set has a positive density.



2. EXPLICIT COMPUTATION OFδA,B

In this chapter we want to find an explicit formula forδa,b, with a, b multiplica-
tively independent rational numbers. Before doing it, we need to introduce some
notations.

Let a =
∏t

i=1 pαi
i andb =

∏t
i=1 pβi

i , with αi, βi ∈ Z andp1 < p2 < . . . < pt

(this convention holds for this whole chapter). We denote byα = (α1, . . . , αt)
andβ = (β1, . . . , βt)) the vectors of the powers ofa andb. Letk1, k2 ∈ N. We set
k = [k1, k2], k̃i = k

ki
, M = mk andΓ = 〈aek1 , b

ek2〉 as subgroup ofQ∗. As in the
previous chapter letSΓ be the support ofΓ.

For any matrixA ∈ Mn×m(Z) with rank(A) = s, we define the invariant
∆i(A) as the greatest common divisor of all the minors of sizei of A, with the
following conventions:∆0 = 1 and ∆i = 0 for any i > s. Further we set
h1 = ∆1(α), h2 = ∆1(β) andD = ∆2(α,β)

h1h2
. We also define, for all primep fixed,

d1 = min(vp(h1), vp(h2)), d1 = max(vp(h1), vp(h2)) andd2 = vp(∆2(α, β)).
Let {ei}i=1,...,t be the canonical basis ofFt

2 as vectorial space overF2. For any
(n1, n2) ∈ F2

2 and for anyp fixed, we define

n = min(n1, n2), n = max(n1, n2),

δ1 = min(vp(h1) + n2, vp(h2) + n1)− n,

δ2 = d2 + n1 + n2 − n.

Let ε ∈ Ft
2 be a column vector. For allp fixed, we set:

dε
2 = min(vp(∆2(α, ε)), vp(∆2(β, ε))),

δε
2 = min(vp(∆2(α, ε)) + n2, vp(∆2(β, ε)) + n1)− n,

dε
3 = vp(∆3(α, β, ε)),

δε
3 = n1 + n2 − 2n + dε

3.

The main results are the following.
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Theorem 14. Let a, b ∈ Q+ be multiplicatively independents, witha and b as
above. Ifp1 6= 2, then:

δa,b =
∏

p primes

Λp

1 +
1

Λ2

∑
ε∈Ft

2
ε6=0

t∏
i=1

(
1− εi

Λpi

)
T (ε)


 (2.1)

otherwise

δa,b =
∏

p primes

Λp

1 +
1

Λ2

W(e1) +
∑
ε∈Ft

2
ε6=0,e1

t∏
i=2

(
1− εi

Λp

)
(T (ε) +W(ε))




(2.2)

where

Λp =


1− 2p3d1−2d2+1

p3−1
if d1 = d1

1− p1−d1

p2−1
+ p3d1−2d2+1

(
(p2−p−1)(p−1)
(p3−1)(p2−1)

)
otherwise

(2.3)

T (ε) =


∑

n1,n2∈{0,1}
(−1

4

)n1+n2
∑∗

n
f(n,n1,n2)

ϕ(23n+n)
, if v2(P0(ε)) = 0,

0, otherwise

W(ε) =


∑

n1,n2∈{0,1}
(−1

4

)n1+n2
∑∗

n
f(n,n1,n2)

ϕ(23n+n)
, if v2(P0(ε)) > 0,

0, otherwise

where
f(n, n1, n2) = 2min(n+n1+n2+δ1+n,δ2+2n),

P0(ε) =
∏t

i=1 pεi
i , σ(ε) = v2(disc(P0(ε))),

κ(n1, n2, ε) =


δ2 − δε

2 + 1, if δε
2 = δ1

δ1 + 1, otherwise

and
∑∗

n is the sum over alln ∈ N such that the following conditions hold with
respect toε:
C1: n ≥ K = max(σ(ε), k(n1, n2, ε))− n;
C2: δε

3 ≥ min{δ2 + 1, n + n + δε
2}.
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In this case it is possible to improve the formulas forT andW.

Corollary 15. With the same notations of above Theorem, we have:

a) if dε
3 6= d2:

T (ε) =

{
1∑

n1,n2=0

(−1)n1+n2

[
2δ2+4−3s1

7
+

2

3

(
22−2s2+δ1 − 23δ1−2δ2

)
χ0

]}
χ1

W(ε) =

{
1∑

n1,n2=0

(−1)n1+n2

[
2δ2+4−3s1

7
+

2

3

(
22−2s2+δ1 − 23δ1−2δ2

)
χ0

]}
χ2

whereχ is the usual characteristic function,

χ0 = χ(δε
2 > δ1), χ1 = χ(v2(P0(ε)) = 0), χ2 = χ(v2(P0(ε)) > 0)

ands1 = max(δ2 − δ1 + 1, σ(ε)), s2 = max(δ1 + 1, σ(ε)).

b) If dε
3 = d2:

T (ε) =

{
1∑

n1,n2=0

2

3
(−1)n1+n2

(
22−2s2+δ1 − 22(δε

2−δ2)+δ1
)
χ0

}
χ1,

W(ε) =

{
1∑

n1,n2=0

2

3
(−1)n1+n2

(
22−2s2+δ1 − 22(δε

2−δ2)+δ1
)
χ0

}
χ2.

Theorem 16. Let a, b ∈ Q∗ multiplicatively independents, with at least one be-
tweena andb less than0. If p 6= 2 anda < 0, with the same notations above, we
have:

δa,b =
∏

p primes

Λp

1 +
1

Λ2

∑
ε∈Ft

2
ε6=0

t∏
i=1

(
1− εi

Λpi

)
(T ∗(ε) +

∑
z=0,1

Z∗((z, ε)))




(2.4)
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otherwise

δa,b =
∏

p primes

Λp

1 +
1

Λ2

W∗(e1) +
∑
ε∈Ft

2
ε6=0,e1

t∏
i=2

(
1− εi

Λp

)
(T ∗(ε) +W∗(ε)

+
∑
z=0,1

Z∗((z, ε))

)]}
(2.5)

where

T ∗(ε) =


0, if v2(P0(ε)) = 0,∑

n1,n2∈{0,1}
(−1

4

)n1+n2
∑∗∗

n
f(n,n1,n2)

ϕ(23n+n)
, otherwise

W∗(ε) =


∑

n1,n2∈{0,1}
(−1

4

)n1+n2
∑∗∗

n
f(n,n1,n2)

ϕ(23n+n)
, if v2(P0(ε)) > 0,

0, otherwise

where
f(n, n1, n2) = 2min(n+n1+n2+δ1+n,δ2+2n),∑∗∗

n is the sum over alln ∈ N such that the following conditions hold with respect
to ε:
C1∗: n ≥ max(max(σ(ε), k(n1, n2, ε))− n, 2)
C2∗: δε

3 ≥ min{δ2 + 1, n + n + δε
2}

and(z, ε) ∈ F t+1
2

Z∗((z, ε)) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∗∗∑
n

f(n, n1, n2)

ϕ(23n+n)

where
∑∗∗∗

n is the sum over alln ∈ N such that the following conditions hold with
respect to(z, ε):
C3∗: n = 1− n, δ1 = 0, δ2 = δ

(z,ε)
2 andδ

(z,ε)
3 ≥ 1 + δ2.

We are aware that the above expressions forT (ε),W(ε) andZ(ε) need to be
simplified. This will be the topic of future work.
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By Theorem 1, we have that:

δa,b =
∑

m,k1,k2∈N

µ(k1)µ(k2)

ϕ(mk)

#B(mk)

#A(mk)

where
A(mk) = Γ ·Q∗mk/Q∗mk,

and ifN = 2v2(mk), then

B(mk) =
{

ξQ∗N ∈ ΓQ∗N/Q∗N : [Q(N
√

ξ) : Q] ≤ 2 and disc(Q(N
√

ξ)) | mk
}

.

To show the Theorems we need to compute explicitly#A and#B.

2.1 Preliminary results

Let Γ ⊆ Q∗ be a finitely generated multiplicative subgroup ofrank = s, with
Z–basis{b1, . . . , bs}, supp(Γ) = SΓ andM ∈ N. We fix an ordering for the basis
and the support (i.e.SΓ = {p1 < p2 < . . . pt}).

If Γ ⊆ Q+, we define therelation matrixof Γ with respect to basis{b1, . . . , bs}
and supportSΓ as follows:

A(Γ, {b1, . . . , bs},SΓ) =

 α1,1 . . . α1,s

. . . . . . . . .
αt,1 . . . αt,s


wherebi =

∏t
j=1 p

αj,i

j . If {c1, . . . , cs} is another orderedZ-basis ofΓ then there
exists a matrixU ∈ SLs(Z) such that

A(Γ, {b1, . . . , bs},SΓ) = A(Γ, {c1, . . . , cs},SΓ) · U.

Because we have fixed the basis and the support, we replaceA(Γ, {b1, . . . , bs},SΓ)
with A(Γ).
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The invariant∆i(Γ) is defined as∆i of the relation matrix ofΓ. We note that
∆i(Γ) is well defined and does not depend on the ordering of the basis or of the
support.

More in general, ifΓ ∈ Q∗, we can define the subgroup of the absolute values
of Γ as follows:

||Γ|| = {|a| : a ∈ Γ}.

We define as the relation matrix of absolute values ofΓ with respect to basis
{b1, . . . , bs} and supportSΓ:

A(||Γ||) =

 α1,1 . . . α1,s

. . . . . . . . .
αt,1 . . . αt,s


while the relation matrix ofΓ with respect to basis{b1, . . . , bs} and supportSΓ is
the matrix

Ã(Γ) =


α0,1 . . . α0,s

α1,1 . . . α1,s

. . . . . . . . .
αt,1 . . . αt,s


wherebi = (−1)α0,i

∏t
j=1 p

αj,i

j with α0,i ∈ {0, 1}. We note that the relation matrix

associated at||Γ|| equalsÃ(Γ) with the first row removed.
The following lemma give us a formula to compute explicitly#A(M) in terms

of invariants of the subgroup.

Lemma 17. With the notations above, we have:

#A(M) =
M s

(M s, ∆1(Γ)M s−1, . . . , ∆s(Γ))
. �

The proof of this lemma can be found in [3], Sec 3.1.

Lemma 18. With the same notations of Theorems 14 and 16, let

δ′ =
∑

m,k1,k2∈N

µ(k1)µ(k2)
1

#A(mk)ϕ(mk)
.

Thenδ′ is multiplicative and
δ′ =

∏
p primes

Λp
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where

Λp =


1− 2p3d1−2d2+1

p3−1
if d1 = d1

1− p1−d1

p2−1
+ p3d1−2d2+1

(
(p2−p−1)(p−1)
(p3−1)(p2−1)

)
otherwise.

(2.6)

Proof. Since
#A(M) =

∏
p|M

|ΓQ∗pvp(M)

/Q∗pvp(M) |

(see , e.g., [[8], Chapter VIII, Section 8]) then the following expression is multi-
plicative:

δ′ =
∑

m,k1,k2∈N

µ(k1)µ(k2)
(M2, M∆1(αk̃1, βk̃2), ∆2(αk̃1, βk̃2))

M2ϕ(M)
=

=
∑

m,k1,k2∈N

µ(k1)µ(k2)
(m2k1k2, m∆1(α)k2, m∆1(β)k1, ∆2(α, β))

m2k1k2ϕ(m[k1, k2])
=

=
∏

p primes

 ∞∑
n=0

∑
n1=0,1
n2=0,1

(
−1

p

)n1+n2 (p2n+n1+n2 , pn+n2h1, p
n+n1h2, h1h2D)

ϕ(pn+max{n1,n2})p2n

 =

=
∏

p primes

(
1− p

p2 − 1

[
pmin{d1−d1,1} − 1

pd1(p− 1)
+

p3d1

p2d2

(
3p2 + p− 1

(p3 − 1)
− pmin{1,d1−d1}

(p− 1)

)])
=

=
∏

p primes

Λp

where

Λp =


1− 2p3d1−2d2+1

p3−1
if d1 = d1

1− p1−d1

p2−1
+ p3d1−2d2+1

(
(p2−p−1)(p−1)
(p3−1)(p2−1)

)
otherwise.

We note thatΛp 6= 0 for all p, and soδ′ 6= 0.
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2.2 Computation of B(M)

It is hard to compute explicitly#B(M). We bypass this problem introducing a
new set with the same cardinality ofB(M). Now we need distinguish two cases:
Γ ⊆ Q+ andΓ ⊆ Q∗.

Case 1: Γ ⊆ Q+

Let ξQ∗N ∈ ΓQ∗N/Q∗N with Γ ⊆ Q+ andA(Γ) as above. We define
v(ξ) = (vp1(ξ), . . . , vpt(ξ)) (mod N) (i.e. the vector ofp–adic valuations
of ξ (mod N)) andz(ξ) = (z1, . . . , zs) wherezi is the power ofbi that
occurs inξ (i.e ξ = bz1

1 · · · bzs
s ).

We can associateξ to the following linear system of congruences

A(Γ) ·XT ≡ v(ξ)T (mod N) (2.7)

whereX = (x1, . . . , xs) is a vector of unknowns. This system is solvable
and a solution is given byz(ξ) (we note that this depends strongly upon how
basis and support are chosen and ordered).

We say thatv(ξ) ∈ SLC(A, N) if the linear system of congruences (2.7)
can be solved.

If ξQ∗N ∈ B(M), then[Q( N
√

ξ) : Q] ≤ 2. This condition is equivalent to
have only two possible values for the components of the vectorv(ξ): N/2
or 0 (mod N).

Let ε ∈ Ft
2, P (ε) =

∏t
i=1 p

(Nεi)/2
i , andP0(ε) =

∏t
i=1 pεi

i . We can construct
a bijective application betweenB(M) and the set:

HM =
{

ε ∈ Ft
2 : (N/2)ε ∈ SLC(A, N) and disc(

√
P0(ε))|M

}
in the following way: for anyε ∈ HM , we associateP (ε)Q∗N that lives
in B(M) becauseN

√
P (ε) =

√
P0(ε) and [Q(

√
P0(ε)) : Q] ≤ 2. This

application is clearly bijective. We have proved the following.

Lemma 19. LetB(M) andHM as above. Then exists an bijective applica-
tion betweenHM andB(M).
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Case 2: Γ ⊆ Q∗

Let ξQ∗N ∈ ΓQ∗N/Q∗N with Γ ⊆ Q∗ and Ã(Γ) as above. We define
ṽ(ξ) = (ν(ξ),v(||ξ||)) where

ν(ξ) =

{
1, if ξ < 0
0, otherwise

andz̃(ξ) = z(||ξ||).
As above, we associateξ to the linear system of congruences:

Ã(Γ) ·XT ≡ ṽ(ξ)T (mod N) (2.8)

and its solutioñz(ξ). In this case the condition[Q( N
√

ξ) : Q] ≤ 2 is equiva-
lent both the following:

1. there are only two possibilities values for the components of the vector
v(ξ): N/2 or 0 (mod N);

2. if N > 2, thenν(ξ) = 0.

Let ε̃ = (ε0, ε1, . . . , εt) ∈ Ft+1
2 , P (ε̃) = (−1)ε0

∏t
i=1 p

(Nεi)/2
i andP0(ε̃) =

(−1)ε0
∏t

i=1 pεi
i .

In order to construct our application, we must consider two cases:

a) N = 2, we use the set:

LM,2 =
{

ε̃ ∈ Ft+1
2 : ε̃ ∈ SLC(A, 2) and disc(

√
P0(ε̃))|M

}
;

b) N > 2, we use:

KM,N =
{

ε ∈ Ft
2 : (N/2) · (0, ε) ∈ SLC(A, N) and disc(

√
P0(ε))|M

}
.

We note that this set is well defined also forN = 2.

As above, the application betweenB(M) andKM,N orLM,2 is bijective and
we have the following.
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Lemma 20. LetB(M), LM,2 andKM,N as above.

(a) If v2(M) = 1, then there exists an one-to-one application between
LM,2 andB(M).

(b) If v2(M) ≥ 2, then there exists an one-to-one application between
KM,N andB(M).

2.2.1 Computation of #HM , #LM,2 and #KM,N .

First we need a method to know when a linear system of congruences as (2.7) has
solution. The following result, due to Butson and Steward, gives us the answer.

Theorem 21(Butson–Stewart, 1955,[2]). LetA ∈ Mn×m(Z), b ∈ Zm and∆i =
∆i(A). The linear system of congruences

A ·XT ≡ bT (mod N)

has solution if and only if one of the following holds:

1. if n ≤ m, (∆i/∆i−1, N) = (∆i/∆i−1, N) for all i = 1, . . . , n

2. if n > m, (∆i/∆i−1, N) = (∆i/∆i−1, N) for all i = 1, . . . ,m and
(∆m+1/∆m, N) = N

where∆i is the invariant factor of the augment matrix(A|bT ). �

The keys are the following lemmas.

Lemma 22. Let Γ = 〈aek1 , b
ek2〉 ⊆ Q+ with k1, k2 squarefree. We setn1 = v2(k̃2)

andn2 = v2(k̃1), σ(ε) = v2(disc(P0(ε))),

κ(n1, n2, ε) =


δ2 − δε

2 + 1, if δε
2 = δ1

δ1 + 1, otherwise

andK = max(σ(ε), k(n1, n2, ε)). Thenε ∈ Hmk if and only ifdisc(P0(ε))|mk
and both the following conditions hold:
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C1: v2(mk) ≥ K = max(σ(ε), k(v2(k̃1), v2(k̃2), ε));

C2: δε
3 ≥ min{δ2 + 1, v2(mk) + δε

2}.

Proof. The condition thatdisc(P0(ε))|mk is clear. The others conditions follow
from Theorem 21. We setn = v2(m), sov2(mk) = n + n, (we remember that
n = max(n1, n2)).

First of all, we note that it is very easy to show that the conditionC2 is equiv-
alent to(∆3/∆2, N) = N .

Regarding conditionC1, we have the following:

• (∆1, N) = (∆1, N/2) is equivalent tov2(mk)− 1 = n + n− 1 ≥ δ1.

• (∆2/∆1, N) = (∆2/∆1, N/2) and δε
2 = δ1 are equivalent ton + n ≥

δ2 − δ1 + 1.

• (∆2/∆1, N) = (∆2/∆1, N/2) andδε
2 > δ1 are equivalent ton+n ≥ δ1+1.

Lemma 23. Let Γ = 〈aek1 , b
ek2〉 ⊆ Q∗ with k1, k2 squarefree. With the same

notation as above, we have:

1. ε ∈ Kmk,N if and only ifdisc(P0(ε))|mk and both the following conditions
hold:

C1∗: v2(mk) ≥ max(max(σ(ε), k(n1, n2, ε)), 2);

C2∗: δε
3 ≥ min{δ2 + 1, v2(mk) + δε

2}.

2. ε̃ ∈ Lmk,2 if and only ifdisc(P0(ε̃))|mk and the following condition holds:

C3∗: v2(mk) = 1, δ1 = 0, δ2 = δε
2 andδε

3 ≥ 1 + δ2.

Proof. The condition thatdisc(P0(ε̃))|mk is clear. We omit the proof of (1), be-
cause it is the same argument of Lemma 22. Letn = v2(m). Let ε̃ ∈ Lmk,2. The
conditionv2(mk) = 1 is clear.

• (∆1, N) = (∆1, N/2) is equivalent tov2(mk) − 1 = n + n − 1 ≥ δ1, but
n + n = 1 soδ1 = 0.
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• (∆2/∆1, N) = (∆2/∆1, N/2) andδε
2 = δ1 = 0 are equivalent ton + n =

1 ≥ δ2 + 1, so we haveδ2 = δε
2 = 0.

• (∆2/∆1, N) = (∆2/∆1, N/2) andδε
2 > 0 are equivalent toδ2 = δε

2.

• (∆3/∆2, N) = N is equivalent toδε
3 ≥ 1 + δ2.

2.3 Proof of Theorem 14 and Corollary 15

Let a, b as in Theorem 14. We replaceδa,b with δ. We set

F (m, k1, k2) = µ(k1)µ(k2)

(
m2k1k2, m∆1(α)k2, m∆1(β)k1, ∆2(α, β)

)
m2k1k2 · ϕ(m[k1, k2])

,

so we have, by Lemma 19

δ =
∑

m,k1,k2≥1

µ(k1)µ(k2)

ϕ(mk)

#B(mk)

#A(mk)
=

∑
m,k1,k2≥1

F (m, k1, k2)#Hmk

where we remember that

#Hmk =

{
ε ∈ Ft

2 :
N

2
ε ∈ SLC(A, N) and disc(

√
P0(ε))|mk

}
.

We need to distinguish two cases:Γ ⊆ Q+ with 2 6∈ SΓ andΓ ⊆ Q+ with
2 ∈ SΓ.
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Case 1: Γ ⊆ Q+ and2 6∈ SΓ

In this case, we have#B(mk) = #Hmk, so we can rewrite

δ =
∑

m,k1,k2∈N

F (m, k1, k2)#Hmk =
∑
ε∈Ft

2

∑
m,k1,k2∈N

ε∈Hmk

F (m, k1, k2) =

=
∑

m,k1,k2∈N

F (m, k1, k2) +
∑

ε∈Ft
2\{0}

∑
m,k1,k2∈N

ε∈Hmk

F (m, k1, k2).

By Lemma 18, we have that:∑
m,k1,k2∈N

F (m, k1, k2) =
∏

p primes

Λp

and to simplify the notation, we set:

δ′ =
∏

p primes

Λp .

So

δ = δ′ +
∑

ε∈Ft
2\{0}

∑
m,k1,k2∈N

ε∈Hmk

F (m, k1, k2).

By Lemma 22, we have thatε ∈ Hmk if and only if conditionsC1 andC2
hold. We fixε 6= 0. If p 6∈ SΓ

⋃
{2} we can obtain from

∑
F (m, k1, k2)

a factorΛp. Instead ifpi ∈ SΓ we obtain a factor(Λpi
− εi) while the

remaining sum over the powers of2 give us the coefficient

T (ε) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∑
n

f(n, n1, n2)

ϕ(23n+n)

wheref(n, n1, n2) = 2min{n+n1+n2+δ1+n,δ2+2n} and
∑∗ is over alln such

that conditionsC1 andC2 holds with respect toε.

We can extend the definition ofT (ε) in the following way:

T (ε) =

{ ∑
n1,n2∈{0,1}

(−1
4

)n1+n2
∑∗

n
f(n,n1,n2)

ϕ(23n+n)
, if v2(P=(ε)) = 0

0, otherwise.
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So:

δ = δ′

1 +
1

Λ2

∑
ε6=0

∏
pi∈SΓ

(
1− εi

Λpi

)
T (ε)

 (2.9)

and (2.1) of Theorem is proved.

Before starting the proof for (2.2) we show the formulas ofT in the Corol-
lary 15. We need to distinguish two cases:

i) If δε
3 ≥ δ2 + 1, then the conditionC2 is verified;

ii) if δε
3 = δ2, thenC2 is equivalent ton ≤ δε

3 − δε
2 − n.

We note thatδε
3 = δ2 if and only if dε

3 = d2. We define

s1 = max(δ2 − δ1 + 1, σ(ε)),

s2 = max(δ1 + 1, σ(ε)).

Case i)dε
3 6= d2:

We have, ifv2(P0(ε)) = 0:

T (ε) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∑
n

2min{n+n1+n2+δ1+n,δ2+2n}

ϕ(23n+n)

=
1∑

n1,n2=0

(
−1

4

)n1+n2

 ∞∑
n+n=s1

2δ2+1+2(n+n)

23(n+n)
+

δ2−δ1∑
n+n=s2
δε
2>δ1

22(n1+n2)+δ1+1

22(n+n)


=

1∑
n1,n2=0

(−1)n1+n2

[
2δ2+4−3s1

7
+

2

3

(
22−2s2+δ1 − 23δ1−2δ2

)
χ

]
.

whereχ0 = χ(δε
2 > δ1) and the first formula of Corollary 15 is proved.

Case ii)dε
3 = d2 : In this case we have:

n + n ≤ δε
3 − δε

2 < δ2 − δ1 + 1
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and so {
δε
2 > δ1

n + n ≥ δ1 + 1.

Then

T (ε) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∑
n

2min{n+n1+n2+δ1+n,δ2+2n}

ϕ(23n+n)

=
1∑

n1,n2=0

(
−1

4

)n1+n2
δ2−δε

2∑
n+n=s2
δε
2>δ1

22(n1+n2)+δ1+1

22(n+n)

=
1∑

n1,n2=0

2

3
(−1)n1+n2

(
22−2s2+δ1 − 22(δε

2−δ2)+δ1
)
χ0

and the second formula of Corollary 15 is proved.

Case 2: Γ ⊆ Q+ and2 ∈ SΓ.

BecauseSΓ is ordered,p1 = 2. It is clear that, as inCase 1, we can write

δ = δ′ +
∑

ε∈Ft
2\{0}

∑
m,k1,k2∈N

ε∈Hmk

F (m, k1, k2)

= δ′ +
∑

m,k1,k2∈N
e1∈Hmk

F (m, k1, k2) +
∑

ε∈Ft
2\{0,e1}

∑
m,k1,k2∈N

ε∈Hmk

F (m, k1, k2).

By the same argument as above, we can rewrite:

δ = δ′

1 +
1

Λ2

W(e1) +
∑

ε∈Ft
2\{0,e1}

∏
pi∈SΓ
i≥2

(
1− εi

Λpi

)
(T (ε) +W(ε))




(2.10)

where

W(ε) =

{ ∑
n1,n2∈{0,1}

(−1
4

)n1+n2
∑∗

n
f(n,n1,n2)

ϕ(23n+n)
, if v2(P=(ε)) > 0

0, otherwise
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and so we have the Theorem. The proof for the remaining formulas for
W(ε) is the same asT (ε).

2.4 Proof of Theorem 16

Let a, b as in Theorem 14. We use the same notations as the above section. We
prove only formula (2.4) (the proof of other formula is analogous). We have, by
Lemma 20:

δ =
∑

m,k1,k2∈N

F (m, k1, k2)#Bmk =
∑
ε∈Ft

2

∑
m,k1,k2∈N

ε∈Bmk

F (m, k1, k2) =

=
∑

m,k1,k2∈N

F (m, k1, k2) +
∑

ε∈Ft
2\{0}

 ∑
m,k1,k2∈N
ε∈Lmk,2

F (m, k1, k2) +

∑
m,k1,k2∈N
ε∈Kmk,N

F (m, k1, k2)

 .

By Lemma 23, and using the same argument of previous proof, we have:

δ = δ′

1 +
1

Λ2

∑
ε6=0

∏
pi∈SΓ

(
1− εi

Λpi

)(
T ∗(ε) +

∑
z=0,1

Z∗((z, ε))

)
where

T ∗(ε) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∗∑
n

2min(n+n1+n2+δ1+n,δ2+2n)

ϕ(23n+n)
,
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where
∑∗∗

n is the sum over alln ∈ N such that the following conditions hold
with respect toε:
C1∗: n ≥ max(max(σ(ε), k(n1, n2, ε))− n, 2)
C2∗: δε

3 ≥ min{δ2 + 1, n + n + δε
2}

and

Z∗((z, ε)) =
∑

n1,n2∈{0,1}

(
−1

4

)n1+n2 ∗∗∗∑
n

2min(n+n1+n2+δ1+n,δ2+2n)

ϕ(23n+n)

where
∑∗∗∗

n is the sum over alln ∈ N such that the following conditions hold
with respect to(z, ε):
C3∗: n = 1− n, δ1 = 0, δ2 = δ

(z,ε)
2 andδ

(z,ε)
3 ≥ 1 + δ2.

2.5 Simplest case: δpα,qβ

In this section we analyze the case ofa = pα andb = qβ. Our analysis requires
a subdivision into two cases:(α, β) = (1, 1) and(α, β) 6= (1, 1). All following
tables compare the densitiesδa,b with the quantitiesNa,b(10

7)/π(107) with natural
height up to7. Both quantities have been truncated at the fifth decimal digit. We
setNa,b(107) = Na,b(107)/π(107) and

A(x) =
x

x3 − 2x− 1
.

Computation of δp,q

Let p, q be primes withp 6= q. We have

δ′ =
∏

l primes

Λl =
∏

l primes

(
1− 2l

l3 − 1

)
= 0.273273 . . .

We have only three possibilities forp, q:
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I. p = 2, q ≡ 1, 3 (mod 4);

II. p, q ≡ 1 or p, q ≡ 3 (mod 4);

III. p ≡ 3 or q ≡ 1 (mod 4).

I. p = 2 andq ≡ 1, 3 (mod 4).

Using (2.2), we obtain:

δ2,q = δ′ ·
(

47

48
+

3q

8(q3 − 2q − 1)

)
.

Computation ofδ2,p, with p ≤ 100, p ≡ 1, 3 (mod 4)

2 p N2,p(107) δ2,p 2 p N2,p(10
7) δ2,p

2 3 0,28280 0,28295 2 43 0,26819 0,26763
2 5 0,27230 0,27207 2 47 0,26821 0,26762
2 7 0,27006 0,26976 2 53 0,26770 0,26761
2 11 0,26851 0,26844 2 59 0,26755 0,26760
2 13 0,26823 0,26819 2 61 0,26784 0,26760
2 17 0,26749 0,26793 2 67 0,26771 0,26760
2 19 0,26834 0,26786 2 71 0,26734 0,26760
2 23 0,26727 0,26777 2 73 0,26761 0,26759
2 29 0,26779 0,26770 2 79 0,26736 0,26759
2 31 0,26799 0,26768 2 83 0,26799 0,26759
2 37 0,26806 0,26765 2 89 0,26733 0,26759
2 41 0,26787 0,26764 2 97 0,26736 0,26759

II. p, q ≡ 1 (mod 4) or p, q ≡ 3 (mod 4).

In this case, the formula (2.1) yields:

δp,q = δ′ ·
[
1 +

1

3
(A(p) + A(q)) + 4A(p)A(q)

]
.
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(a) p, q ≤ 50 with p, q ≡ 3 (mod 4).

Computation ofδp,q, with p, q ≡ 3 (mod 4)

p q Np,q(10
7) δp,q p q Np,q(10

7) δp,q

3 7 0,29217 0,29237 11 23 0,27428 0,27422
3 11 0,28912 0,28908 11 31 0,27405 0,27414
3 19 0,28795 0,28764 11 43 0,27446 0,27409
3 23 0,28766 0,28742 11 47 0,27386 0,27408
3 31 0,28699 0,28720 19 23 0,27338 0,27370
3 43 0,28746 0,28707 19 31 0,27359 0,27362
3 47 0,28709 0,28705 19 43 0,27380 0,27357
7 11 0,27635 0,27617 19 47 0,27407 0,27356
7 19 0,27588 0,27553 23 31 0,27357 0,27354
7 23 0,27555 0,27543 23 43 0,27420 0,27349
7 31 0,27571 0,27533 23 47 0,27344 0,27348
7 43 0,27546 0,27527 31 43 0,27340 0,27341
7 47 0,27507 0,27526 31 47 0,27378 0,27340
11 19 0,27476 0,27431 43 47 0,27318 0,27336

(b) p, q ≤ 50 with p, q ≡ 1 (mod 4).

Computation ofδp,q, with p, q ≡ 1 (mod 4)

p q Np,q(10
7) δp,q p q Np,q(10

7) δp,q

5 13 0,27814 0,27810 13 41 0,27387 0,27387
5 17 0,27771 0,27775 17 29 0,27394 0,27370
5 29 0,27816 0,2 17 37 0,27457 0,27365
5 37 0,27786 0,27736 17 41 0,27313 0,27364
5 41 0,27786 0,27735 29 37 0,27343 0,27344
13 17 0,27433 0,27415 29 41 0,27398 0,27343
13 29 0,27357 0,27393 37 41 0,27331 0,27339
13 37 0,27372 0,27389



2. Explicit computation of δa,b 41

III. p ≡ 3 andq ≡ 1 (mod 4).

Holds the following formula:

δp,q = δ′ ·
[
1 +

1

3
(A(p) + A(q))− 2

3
A(p)A(q)

]
.

For allp, q ≤ 50, we have:

Computation ofδp,q, with p ≡ 3 andq ≡ 1 (mod 4)

p q Np,q(107) δp,q p q Np,q(10
7) δp,q

3 5 0,28992 0,28973 23 5 0,27728 0,27742
3 13 0,28717 0,28731 23 13 0,27467 0,27398
3 17 0,28759 0,28715 23 17 0,27426 0,27376
3 29 0,28677 0,28701 23 29 0,27357 0,27355
3 37 0,28763 0,28698 23 37 0,27357 0,27351
3 41 0,28676 0,28697 23 41 0,27329 0,27349
7 5 0,27922 0,27904 31 5 0,27767 0,27735
7 13 0,27566 0,27573 31 13 0,27454 0,27391
7 17 0,27518 0,27552 31 17 0,27346 0,27368
7 29 0,27602 0,27532 31 29 0,27397 0,27347
7 37 0,27543 0,27528 31 37 0,27313 0,27343
7 41 0,27580 0,27526 31 41 0,27349 0,27342
11 5 0,27786 0,27796 43 5 0,27741 0,27731
11 13 0,27440 0,27457 43 13 0,27450 0,27386
11 17 0,27494 0,27435 43 17 0,27381 0,27363
11 29 0,27388 0,27414 43 29 0,27383 0,27343
11 37 0,27378 0,27410 43 37 0,27371 0,27338
11 41 0,27422 0,27409 43 41 0,27350 0,27337
19 5 0,27773 0,27749 47 5 0,27788 0,27730
19 13 0,27450 0,27406 47 13 0,27438 0,27385
19 17 0,27397 0,27384 47 17 0,27369 0,27363
19 29 0,27391 0,27363 47 29 0,27353 0,27342
19 37 0,27410 0,27359 47 37 0,27359 0,27338
19 41 0,27370 0,27358 47 41 0,27316 0,27336
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Computation of δpα,qβ

We show the following case, only withp, q ≡ 1 (mod 4):

I. a = pα, b = qβ with v2(α) = v2(β)

II. a = pα, b = qβ with v2(α) = v2(β) + 1

III. a = pα, b = qβ with v2(α) > v2(β) + 1.

I. a = pα, b = qβ with v2(α) = v2(β).

We pickv2(α) = h. The following expression forδa,b holds:

δa,b =δ′
{

1 +
1

Λ2

[
λp

(
3 · 2−h

7
− 2

3

(
2−h − 2−h−2

))
+ λq

(
3 · 2−h

7
− 2

3

(
2−h − 2−h−2

))
+ λpλq

3 · 2−h

7

]}
where

δ′ =
∏

p prime

Λp

with

Λp =


(
1− 2p1−vp(α)

p3−1

)
, if vp(α) = vp(β)(

1− p1−d1

p2−1
+ p3d1−2d2+1 (p2−p−1)(p−1)

(p3−1)(p2−1)

)
, otherwise

and

λp =

(
1− 1

Λp

)
.

(a) a = p2, b = q2, h = 1.

In this case

δ′ =
5

7

∏
l>2 primes

(
1− 2l

l3 − 1

)
= 0.455455 . . .
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The formula forδp2,q2 is:

δ′
[
1 +

1

10
(A(p) + A(q)) +

6

5
A(p)A(q)

]

Computation ofδp2,q2 , with p, q ≡ 1 (mod 4)

p q Np2,q2(107) δp2,q2 p q Np2,q2(107) δp2,q2

5 13 0,45824 0,45786 13 41 045613 0,45575
5 17 0,45798 0,45769 17 29 0,45592 0,45567
5 29 0,45811 0,45753 17 37 0,45637 0,45564
5 37 0,45833 0,45750 17 41 0,45473 0,45564
5 41 0,45815 0,45749 29 37 0,45577 0,455544
13 17 0,45557 0,45589 29 41 0,45544 0,45553
13 29 0,45608 0,45578 37 41 0,45555 0,45551
13 37 0,45575 0,45576

(b) a = p2, b = q6 with h = 1.

We have:

δ′p2,q6 =
5

7
× 25

39

∏
l>3 primes

(
1− 2l

l3 − 1

)
= 0.379545 . . .

The formula is the following:

δp2,q6 = δ′p2,q6

[
1 +

1

10
(A(p) + A(q)) +

6

5
A(p)A(q)

]
.
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Computation ofδp2,q6, with p, q ≡ 1 (mod 4)
p q Np2,q6(107) δp2,q6 p q Np2,q6(107) δp2,q6

5 13 0,38209 0,38151 13 5 0,38188 0,38155
5 17 0,38134 0,38141 17 5 0,38138 0,38141
5 29 0,38182 0,38127 29 5 0,38180 0,38127
5 37 0,38155 0,38125 37 5 0,38167 0,38125
5 41 0,38142 0,38124 41 5 0,38145 0,38124
13 17 0,37977 0,37991 17 13 0,37952 0,37991
13 29 0,37986 0,37982 29 13 0,37953 0,37991
13 37 0,38017 0,37980 37 13 0,38016 0,37980
13 41 0,38072 0,37979 41 13 0,38039 0,37979
17 29 0,38012 0,37972 29 17 0,37984 0,37972
17 37 0,38006 0,37970 37 17 0,38014 0,37970
17 41 0,37938 0,37970 41 17 0,37937 0,37970

(c) a = p2, b2 = q10 h = 1.

We have:

δ′p2,q10 =
5

7
× 247

310

∏
l primes

l 6=2,5

(
1− 2l

l3 − 1

)
= 0.394727 . . .

The formula is the following:

δp2,q10 = δ′p2,q10

[
1 +

1

20
(−λp − λq + 6λpλq)

]
where

Λl =


247
310

, if l = 5,

1− 2l
l3−1

, otherwise.
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Computation ofδp2,q10 , with p, q ≡ 1 (mod 4)
p q Np2,q10(107) δp2,q10 p q Np2,q10(107) δp2,q10

5 13 0.40042 0.40036 13 5 0.40046 0.40036
5 17 0.39976 0.40010 17 5 0.39979 0.40010
5 29 0.39968 0.39988 29 5 0.39969 0.39988
5 37 0.40028 0.39983 37 5 0.40016 0.39983
5 41 0.40050 0.39982 41 5 0.40037 0.39982
13 17 0.39482 0.39486 17 13 0.39484 0.39496
13 29 0.39548 0.39477 29 13 0.39542 0.39496
13 37 0.39506 0.39475 37 13 0.39468 0.39496
13 41 0.39506 0.39475 41 13 0.39461 0.39496
17 29 0.39472 0.39477 29 17 0.394508 0.39486
17 37 0.39537 0.39475 37 17 0.39514 0.39486
17 41 0.39422 0.39475 41 17 0.39411 0.39486

II. a = pα, b = qβ with v2(α) = v2(β) + 1.

We setv2(β) = h. The following expression forδa,b holds:

δa,b = δ′
{

1 +
1

Λ2

[
λp

(
−2−h−3

7

)
+ λq

(
−2−h−3

7
+

2

3

(
2−h − 7

16
2−h

))
+ λpλq

(
−2−h−3

7

)]}
with δ′ andΛp defined as inI.

(a) a = p4 andb = q2 with p, q ≤ 50 andp, q ≡ 1 (mod 4).

We have:

δ′p4,q2 =
19

28

∏
l>2

(
1− 2l

l3 − 1

)
= 0.432682 . . .
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Computation ofδp4,q2, with p, q ≡ 1 (mod 4)

p q Np4,q2(107) δp4,q2 p q Np4,q2(107) δp4,q2

5 13 0.43231 0.43181 13 5 0.42334 0.42275
5 17 0.43306 0.43238 17 5 0.42302 0.42273
5 29 0.43342 0.4329 29 5 0.42339 0.4227
5 37 0.43306 0.43301 37 5 0.42313 0.4227
5 41 0.43323 0.43304 41 5 0.42271 0.4227
13 17 0.4319 0.43195 17 13 0.43139 0.43135
13 29 0.43312 0.43247 29 13 0.43165 0.43133
13 37 0.43258 0.43258 37 13 0.43136 0.43132
13 41 0.43272 0.43261 41 13 0.43141 0.43132
17 29 0.43263 0.43245 29 17 0.43202 0.4319
17 37 0.43278 0.43255 37 17 0.43219 0.43189
17 41 0.4318 0.43258 41 17 0.43126 0.43189
29 37 0.43287 0.43252 37 29 0.4325 0.43241
29 41 0.43265 0.43256 41 29 0.43242 0.43241
37 41 0.43229 0.43255 41 37 0.43238 0.43252

(b) a = p4 andb = q6 with p, q ≤ 50 andp, q ≡ 1 (mod 4).

We have:

δ′p4,q6 =
19

28
× 25

39

∏
l>3

(
1− 2l

l3 − 1

)
= 0.360568 . . .

Computation ofδp4,q6, with p, q ≡ 1 (mod 4)

p q Np4,q6(107) δp4,q6 p q Np4,q6(107) δp4,q6

5 13 0.36022 0.35984 13 5 0.35275 0.35229
5 17 0.36038 0.36032 17 5 0.35226 0.35227
5 29 0.36108 0.36075 29 5 0.35291 0.35225
5 37 0.36081 0.36084 37 5 0.35243 0.35225
5 41 0.36082 0.36087 41 5 0.35231 0.35225
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Computation ofδp4,q6, with p, q ≡ 1 (mod 4)

p q Np4,q6(107) δp4,q6 p q Np4,q6(107) δp4,q6

13 17 0.36022 0.35996 17 13 0.35949 0.35946
13 29 0.36096 0.36039 29 13 0.35941 0.35944
13 37 0.36106 0.36048 37 13 0.35989 0.35943
13 41 0.36099 0.36051 41 13 0.35953 0.35943
17 29 0.36016 0.36037 29 17 0.35996 0.35991
17 37 0.36031 0.36046 37 17 0.35988 0.35991
17 41 0.36045 0.36048 41 17 0.35986 0.35991
29 37 0.3605 0.36044 37 29 0.36003 0.36034
29 41 0.3605 0.36046 41 29 0.36037 0.36034
37 41 0.36059 0.36046 41 37 0.36061 0.36043

III. a = pα, b = qβ with v2(α) > v2(β) + 1.

We pickv2(β) = h. The following expression forδa,b holds:

δa,b = δ′
{

1 +
1

Λ2

[
λp

(
−2−h−3

7

)
+ λq

(
−2−2d2−1+3h

7
+

2−h

3

+
23h−2d2−1

3

)
+ λpλq

(
−2−h−3

7

)]}
.

(a) a = p4 andb = q with p, q ≤ 50 andp, q ≡ 1 (mod 4).
We have:

δ′ =
19

56

∏
l primes

l>2

(
2l

l3 − 1

)
= 0.216341 . . .

Computation ofδp4,q, with p, q ≡ 1 (mod 4)

p q Np4,q(10
7) δp4,q p q Np4,q(10

7) δp4,q

5 13 0.21402 0.21473 13 5 0.198 0.19748
5 17 0.21516 0.21582 17 5 0.1977 0.19743
5 29 0.21656 0.21682 29 5 0.19795 0.19738
5 37 0.21618 0.21702 37 5 0.19761 0.19737
5 41 0.2163 0.21708 41 5 0.19777 0.19737
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Computation ofδp4,q, with p, q ≡ 1 (mod 4)

p q Np4,q(10
7) δp4,q p q Np4,q(10

7) δp4,q

13 17 0.21475 0.21496 17 13 0.21347 0.21382
13 29 0.2162 0.21596 29 13 0.21371 0.21377
13 37 0.21591 0.21616 37 13 0.21374 0.21376
13 41 0.21601 0.21621 41 13 0.2135 0.21376
17 29 0.21598 0.2159 29 17 0.21501 0.21486
17 37 0.21582 0.2161 37 17 0.21461 0.21484
17 41 0.21556 0.21616 41 17 0.21436 0.21484
29 37 0.21589 0.21605 37 29 0.21584 0.21584
29 41 0.21575 0.21611 41 29 0.21555 0.21583
37 41 0.21535 0.2161 41 37 0.21569 0.21603

(b) a = p4 andb = q3 with p, q ≤ 50 andp, q ≡ 1 (mod 4).

We have:

δ′ =
19

56

25

36

∏
l primes

l>2

(
2l

l3 − 1

)
= 0.180284 . . .

Computation ofδp4,q3, with p, q ≡ 1 (mod 4)

p q Np4,q3(107) δp4,q3 p q Np4,q3(107) δp4,q3

5 17 0.17913 0.17985 17 5 0.16452 0.16453
5 29 0.18063 0.18068 29 5 0.16466 0.16449
5 37 0.18016 0.18085 37 5 0.16451 0.16448
5 41 0.18004 0.1809 41 5 0.16479 0.16448
13 17 0.17895 0.17914 17 13 0.17783 0.17818
13 29 0.18015 0.17996 29 13 0.17786 0.17814
13 37 0.18006 0.18013 37 13 0.17842 0.17813
13 41 0.18025 0.18018 41 13 0.17763 0.17813
17 29 0.17975 0.17992 29 17 0.17903 0.17905
17 37 0.17988 0.18008 37 17 0.17881 0.17904
17 41 0.17999 0.18013 41 17 0.17895 0.17903
29 37 0.17998 0.18004 37 29 0.18026 0.17986
29 41 0.17978 0.18009 41 29 0.17963 0.17986
37 41 0.18006 0.18008 41 37 0.17981 0.18003



3. ON DISTRIBUTION OF SUBGROUPS WITH FIXED INDEX.

3.1 Introduction

Let Γ ⊆ Q∗ be a finitely generated subgroup such thatΓ be torsion free with
supportSΓ andm ∈ N+. We are interested in the density of primesp for which
the index of the group generated by the reduction ofΓ (mod p) is m. In other
words, we want to study the following function:

NΓ(x; m) = #{p ≤ x : p 6∈ SΓ, and[F∗p : Γp] = m}

and its natural density:

lim
x→∞

NΓ(x; m)

π(x)
= ρ(Γ, m).

This problem is a generalization of some earlier works by Lenstra [9], Murata
[14], Wagstaff [21], Pappalardi [17] and Cangelmi & Pappalardi [3].

• Murata studied

Na(x; m) = #{p ≤ x : p 6 |a and indp(a) = m}

for anya ≥ 2 integer squarefree. His result is the following.

Theorem (Murata, 1991, [14]). Let a ≥ 2 be a squarefree natural number
and assume that the GRH holds. Then we have, for anyε > 0

Na(x; m) =

(
ca,m + O

(
mε log log x + log a

log x

))
li(x)

whereca,m is a suitable non negative constant, and the constant implied in
theO–symbol may depend onε.



3. On distribution of subgroups with fixed index. 50

The problem of determining whenca,m is equal to zero has been addressed
by H. Lenstra [9]. A general expression for the constantca,m has been
obtained by S. Wagstaff [21].

In Chapter 1 we obtained, as a side-product of our Theorem 1, the following
analogue of Murata’s Theorem:

Theorem. Let {a1, . . . , ar} ⊂ Q \ {0,±1}, m ∈ N, assume that the GRH
holds and thatr(a1, . . . , ar) ≥ 2. Then

Na1,...,ar(x, m) =

(
ca1,...,ar,m + Oa1,...,ar,m

(
(log log x)2r−2

log x

))
li(x)

where

ca1,...,ar,m =
∑

k1,...,kr∈N

µ(k1) · · ·µ(kr)

ϕ(mk)

#B
#A

(3.1)

and the notations are the same as in the statement of Theorem 1. �

• Pappalardi in [16], has determined on GRH an asymptotic formula for the
number of primes for whichF∗p can be generated byr given multiplicatively
independent rational numbers. In particular, ifΓ is generated by a single
element, then this problem coincides with Artin’s Conjecture. His result:

Theorem (Pappalardi, 1997, [17]). LetΓ = 〈a1, . . . ar〉 ⊂ Q∗, be a finitely
generated subgroup withrank(Γ) = r > 1. Assume that the GRH holds.
Then

{p ≤ x : p 6∈ SΓ, [F∗p : Γp] = 1} = δΓ li(x) + O

(
x log(a1 · · · ar)

log2 x

)
where

δΓ =
∑
m≥1

µ(m)

[Q(ζm, Γ1/m)]

and the error term is uniform with respect tor ≤ 1
3 log 2

log x anda1, . . . , ar.

In particular, if a1, . . . , ar are primes, then

{p ≤ x : p 6∈ SΓ, [F∗p : Γp] = 1} = δΓ li(x) + O

(
x4r log(xa1 · · · ar)

logr+2 x

)
uniformly with respect tor ≤ 1

4
log x/ log log x anda1, . . . , ar.

�
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The value of density can be expressed as an Euler product and Pappalardi
has computed this in the last case.

• Cangelmi & Pappalardi in [3], have determined the number of primesp such
that the image ofΓ (mod p) contains a promitive root, and so[F∗p : Γp] =
1. Their results:

Theorem (Cangelmi & Pappalardi, 1999, [3]). Let Γ ⊂ Q∗, be a finitely
generated subgroup withrank(Γ) = s > 1. Assume that the GRH holds.
Then

{p ≤ x | p 6∈ SΓ and[F∗p : Γp] = 1} =

(
δΓ + O

(
1

logs(x)(log log x)s

))
li(x)

whereδΓ is a suitable non negative constant, and the constant implied in
theO–symbol depends only onΓ.

The main goal of this chapter is to prove a result that generalizes the above
formulas, in particular the first and the third. The main results are the following.

Theorem 24. Let Γ as above andm = o(x1/6). Assume that the GRH holds for
the fields of the formQ(ζM , Γ1/M) with M ∈ N+. Then

NΓ(x; m) =

(
ρ(Γ, m) + O

(
log x

m log2(x/m)

))
li(x)

where ifM = mk, then

ρ(Γ, m) =
∑
k≥1

µ(k)

ϕ(M)

1

|Γ ·Q∗M
M /Q∗M

M |
. (3.2)

We can compute exactly the value ofρ(Γ, m). For anyM ∈ N+, we define
N = 2v2(M) ands(ξ) = disc(Q(

√
ξ))

A(M) = ΓQ∗M/Q∗M ,

C(M) =
{

ξQ∗N ∈ ΓQ∗N/Q∗N : [Q(N
√

ξ) : Q] ≤ 2
}

,

B(M) =
{
ξQ∗N ∈ C(M) : s(ξ) | M

}
.
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Theorem 25. With the same notation as above

ρ(Γ, m) = A
(m)
Γ


∑

ξ∈C(2v2(m))
s(ξ)

(m,s(ξ))
odd

∏
l|s(ξ)
l-m

(
−1

(l − 1)#A(l)− 1

)
− (3.3)

#A(2v2(m))

(2, m)#A(21+v2(m))|
∑

ξ∈C(21+v2(m))
s(ξ)

(2m,s(ξ))
odd

∏
l|s(ξ)
l-2m

(
−1

(l − 1)#A(l)− 1

)
(3.4)

where

A
(m)
Γ =

1

ϕ(m)#A(m)

∏
l>2
l-m

(
1− 1

(l − 1)#A(l)

)
×
∏
l>2
l|m

(
1− #A(lvl(m))

l#A(l1+vl(m))

)
.

In the last section of this chapter we will prove that we can derive the results
of Murata and Cangelmi & Pappalardi from our formula (3.3).

3.2 Proof of Theorem 24

Let Γ andm as in the Theorem 24. We denote bys = rankZ(Γ) andSΓ the sup-
port of Γ. We can suppose thats ≥ 2 (otherwise we can use Murata’s Theorem).
We start the proof using the Inclusion/Exclusion Principle:

NΓ(x; m) =
∑
k≥1

µ(k)# {p ≤ x : p 6∈ SΓ, mk | [F∗P : Γp] } .

So, for eacht ∈ [1, x], we have
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NΓ(x; m) ≤
∑

k | P (t)

µ(k)# {p ≤ x : p 6∈ SΓ, mk|[F∗P : Γp] } = U(x; m, t)

and

NΓ(x; m) =
∑

k | P (t)

µ(k)# {p ≤ x : p 6∈ SΓ, mk | [F∗P : Γp]}

+ O (#{p ≤ x : p 6∈ SΓ, ∃l > t, lm | [F∗P : Γp]})
= U(x; m, t) + O (E(x, m, t)) .

Before we estimeU(x; m, t), we need the following result.

Lemma 26. Let Γ and m as above. IfM = mk, then we have the following
identity: ∑

k|P (t)

µ(k)

[Q(ζM , Γ1/M) : Q]
= ρ(Γ, m) + O

(
1

msϕ(m)t

)
. (3.5)

Proof. First, we note that ∑
k≥1

µ(k)

ϕ(k)k

converges to Artin’s constant.
Following the proof of Lemma 9, we have that:

1

[Q(ζmk, Γ1/km) : Q]
≤ 1

ϕ(m)ms
× 2s∆s(Γ)

ϕ(k)ks
� 1

ϕ(m)ms
× 1

ϕ(k) · k
.

Hence ∑
k|P (t)

µ(k)

[Q(ζM , Γ1/M) : Q]
� 1

ϕ(m)ms

∑
k|P (t)

µ(k)

ϕ(k)k

= O

(
1

ϕ(m)mst

)
.
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Now, by Chebotarev Density Theorem 5 and Lemma 26, we have:

U(x; m, t) =
∑

k |P (t)

µ(k)#

(
li(x)

[Q(ζM , Γ1/M) : Q]
+ O

(√
x log(xM#SΓ)

))

= li(x)

(
ρ(Γ, m) + O

(
1

msϕ(m)t

))
+ O

(√
xP (t) log(xmP (t))

)
.

In order to estimateE(x; m, t), we define, for anyt ≤ η < θ ≤ x,

E(x; m, η, θ) = #{p ≤ x : p 6∈ SΓ, ∃l ∈ (θ, η], lm | [F∗P : Γp]}

so

E(x; m, t) ≤ E(x, m, η, t) + E(x, m, x, η).

Applying Lemma 7, we obtain

E(x, m, x, η) �
(

x

mη

)(s+1)/s
1

log(x/(mη))
� x

m log2(x/m)
,

if we chooseη = ( x
m

logs(x))1/(s+1).
Using Chebotarev Density Theorem 1.3, Brun–Tithsmarch Theorem and Merten’s

formula, we deduce:

E(x, m, η, t) ≤
∑

l=∈(t,η]

(
li(x)

[QM(Γ)1/M : Q]
+ O(

√
x log(xml))

)

= O

(
li(x)

∑
l>t

1

ϕ(m)ms

1

l2 − l
+
∑
l<η

√
x log(xml)

)

= O

(
li(x)

ϕ(m)mst
+ η

√
x log(xmη)

)
.

Becausem = o(x1/6), if we chooset = 1
6
log x− 1

2
log m, we deduce the thesis.
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3.2.1 An unconditionally estimate for the upperbound

It is possible to obtain an unconditionally estimate for the upperbound using Cheb-
otarev Density Theorem without GRH (see for example [20] Theorem 2 and [16],
Lemma 2.1).

Lemma 27(Chebotarev Density Theorem). LetΓ ⊆ Q∗ finitely generated. There
exist two absolute constantsA andB such that ifM ≤ B log1/8 x, then

#
{
p ≤ x : M | [F∗p : Γp]

}
=

li(x)

[QM(Γ1/M) : Q]
+O
(
x exp(−A

√
log x/M)

)
. �

(3.6)

By this result, if we replace the hypothesism = o(x1/6) of Theorem with
m = o(log1/8 x) and we suppose thatmP (t) ≤ B log1/8 x, then

U(x; m, t) = li(x)

(
ρ(Γ, m) + O

(
1

ϕ(m)mst

))
+O

(
xP (t)

m exp(A
√

log xmP (t)

)
.

If we chooset = log log x− log m− log log log x, then

U(x; m, t) = li(x)

(
ρ(Γ, m) + O

(
log9/8 x

m exp(C log3/8 x)

))
.

3.3 Proof of Theorem 25

We setρ = ρ(Γ, m),A(M) = ΓQ∗M/Q∗M , N = 2v2(M),

C(M) =
{

ξQ∗N ∈ ΓQ∗N/Q∗N : [Q(N
√

ξ) : Q] ≤ 2
}

.

Moreover ifξQ∗N ∈ C(M) we denote bys(ξ) = disc(Q(
√

ξ)) and define

B(M) =
{
ξQ∗N ∈ C(M) : s(ξ) | M

}
.
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Let us start from:

ρ =
∑
n≥1

µ(n)

ϕ(mn)

#B(mn)

#A(mn)

=
∑
n≥1

(n,2)=1

µ(n)

ϕ(mn)

#B(mn)

#A(mn)
+
∑
n≥1

(n,2)=1

µ(2n)

ϕ(2mn)

#B(2mn)

#A(2mn)

= ρo − ρe.

First we computeρo.

ρo =
∑
n≥1

(n,2)=1

µ(n)

ϕ(mn)

#B(mn)

#A(mn)
=

∑
ξ∈C(2v2(m))

∑
(n,2)=1
s(ξ)|mn

µ(n)

ϕ(mn)#A(mn)
.

Let g = s(ξ)/ gcd(s(ξ), m) and note that the conditions(ξ) | nm above is equiv-
alent ton = kg wheregcd(2g, k) = 1. Therefore

ρo =
∑

ξ∈C(2v2(m))
g odd

µ(g)
∑
k∈N

(k,2g)=1

µ(k)

ϕ(kgm)#A(kgm)

=
1

ϕ(m)#A(m)

∑
ξ∈C(v2(m))

g odd

µ(g)

ϕ(g)#A(g)

∑
k∈N

(k,2g)=1

µ(k)
ϕ((k, mg))#A(gm)

ϕ(k)(k,mg)#A(kgm)

where we used the following identity:

ϕ(kgm)#A(kgm) = (ϕ(m)#A(m)× ϕ(g)#A(g))×
(

ϕ(k)
(k, gm)

ϕ((k, gm))

#A(kgm)

#A(gm)

)
.

Forgm fixed, the function(
ϕ(k)

(k, gm)

ϕ((k, gm))

#A(kgm)

#A(gm)

)
is multiplicative ink. Hence
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ρo =
1

ϕ(m)#A(m)

∑
ξ∈C(2v2(m))

g odd

µ(g)

ϕ(g)#A(g)

∏
l>2
l-g

(
1− ϕ((l,m))#A(lvl(m))

(l − 1)(l,m)#A(l1+vl(m))

)

=
1

ϕ(m)#A(m)

∏
l>2
l-m

(
1− 1

(l − 1)#A(l)

)
×
∏
l>2
l|m

(
1− #A(lvl(m))

l#A(l1+vl(m))

)
×

×
∑

ξ∈C(2v2(m))
g odd

µ(g)

ϕ(g)#A(lg)

∏
l|g

(
1− ϕ((l,m))#A(lvl(m))

(l − 1)(l,m)#A(l1+vl(m))

)−1

.

Becauseg = s(ξ)/ gcd(s(ξ), m), we have the identity

µ(g)

ϕ(g)#A(g)

∏
l|g

(
1− ϕ((l,m))#A(lvl(m))

(l − 1)(l,m)#A(l1+vl(m))

)−1

=
∏
l|s(ξ)
l-m

−1

(l − 1)#A(l)− 1
.

If we set

A
(m)
Γ =

1

ϕ(m)#A(m)

∏
l>2
l-m

(
1− 1

(l − 1)#A(l)

)
×
∏
l>2
l|m

(
1− #A(lvl(m))

l#A(l1+vl(m))

)
,

then

ρo = A
(m)
Γ ×

∑
ξ∈C(2v2(m))

s(ξ)
(m,s(ξ))

odd

∏
l|s(ξ)
l-m

(
−1

(l − 1)#A(l)− 1

)
.

A similar calculation shows that

ρe = A
(2m)
Γ ×

∑
ξ∈C(21+v2(m))

s(ξ)
(m,s(ξ))

odd

∏
l|s(ξ)
l-2m

(
−1

(l − 1)#A(l)− 1

)
.

We note that
A

(2m)
Γ

A
(m)
Γ

=
#A(2v2(m))

(2, m)#A(21+v2(m))
.
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Therefore, subtracting the two expressions forρo and forρe, we obtain

ρ = A
(m)
Γ


∑

ξ∈C(2v2(m))
s(ξ)

(m,s(ξ))
odd

∏
l|s(ξ)
l-m

(
−1

(l − 1)#A(l)− 1

)
−

#A(2v2(m))

(2, m)#A(21+v2(m))|
∑

ξ∈C(21+v2(m))
s(ξ)

(2m,s(ξ))
odd

∏
l|s(ξ)
l-2m

(
−1

(l − 1)#A(l)− 1

) .

(3.7)

3.4 Recovering results of Murata and Cangelmi & Pappalardi

In this section, we show how our formula is a generalization of the formulas of
Murata and Cangelmi & Pappalardi.

3.4.1 Recovering Murata’s result

If a ∈ N+ squarefree, then from a work of Murata [14] we have

ca,m = da,m

1 + εa,m

∏
l|a
l-m

−1

l2 − l − 1


where

da,m =
1

mϕ(m)

∏
l

(
1− ϕ((l,m))

l(l − 1) · (l,m)

)
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and

εa,m =



1 if a ≡ 1 mod 4, 2 | m
if a ≡ 3 mod 4, 4 | m
if a ≡ 2 mod 4, 8 | m

−1 if a ≡ 1 mod 4, 2 - m

−1/3 if a ≡ 2 mod 4, 4‖m
if a ≡ 3 mod 4, 2‖m

0 if a ≡ 2 mod 4, 4 - m

if a ≡ 3 mod 4, 2 - m

In order to computeρ, we setΓ = 〈a〉, with a ∈ N+ squarefree. Then
#A(m) = #(ΓQ∗m/Q∗m) = m. So

A
(m)
Γ =

1

mϕ(m)

∏
l>2
l 6|m

(
1− 1

l(l − 1)

)
×
∏
l>2
l|m

(
1− lvl(m)

l2+vl(m)

)

=
1

mϕ(m)

∏
l>2
l 6|m

(
1− 1

l(l − 1)

)
×
∏
l>2
l|m

(
1− 1

l2

)

and
#A(2v2(m))

(2, m)#A(21+v2(m))|
=

2v2(m)

(2, m)21+v2(m)
=

1

2(2, m)
.

It is obvious that (
1− 1

2(2, m)

)
A

(m)
Γ = da,m.

Let

D1 =

{
ξ ∈ C(2v2(m)) :

s(ξ)

(m, s(ξ))
odd

}
and

D2 =

{
ξ ∈ C(21+v2(m)) :

s(ξ)

(2m, s(ξ))
odd

}
.
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Then

D1 =



{
Q2v2(m)

, a2v2(m)−1Q2v2(m)
}

if 2 | m, a ≡ 1 mod 4

if 4 | m, a ≡ 3 mod 4

if 8 | m, a ≡ 2 mod 4

{Q2v2(m)} otherwise

while

D2 =



{
Q2v2(m)+1

, a2v2(m)Q2v2(m)+1
}

if a ≡ 1 mod 4

if 2 | m, a ≡ 3 mod 4

if 4 | m, a ≡ 2 mod 4{
Q2v2(m)+1

}
otherwise.

We note that ifa andm satisfy the conditions such that#D1 = 2, then#D2 = 2.

Case 1:D1 =
{

Q2v2(m)
}

andD2 =
{

Q2v2(m)+1
}

. So

ρ =
1

mϕ(m)

∏
l>3
l-m

(
1− 1

l(l − 1)

)∏
l>3
l|m

(
1− 1

l2

)(
1− 1

(2, m)2

)
.

This case includes:

• m odd anda ≡ 3 (mod 4);

• 4 6 |m anda ≡ 2 (mod 4).

Case 2:D1 =
{

Q2v2(m)
}

andD2 =
{

Q2v2(m)+1
, a2v2(m)Q2v2(m)+1

}
.

• If m odd anda ≡ 1 (mod 4), then

ρ =
1

mϕ(m)

∏
l>3
l-m

(
1− 1

l(l − 1)

)∏
l>3
l|m

(
1− 1

l2

)1

2
− 1

2

∏
l|a
l-m

−1

l(l − 1)− 1

 .
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• If 4‖m anda ≡ 2 (mod 4) or 2‖m anda ≡ 3 (mod 4)

ρ =
1

mϕ(m)
T (3, m)

1− 1

3

∏
l|a
l-m

−1

l(l − 1)− 1


where

T (p, m) =

(
3

4

)∏
l>p
l-m

(
1− 1

l(l − 1)

)∏
l>p
l|m

(
1− 1

l2

)
.

Case 3:D1 =
{

Q2v2(m)
, a2v2(m)−1Q2v2(m)

}
andD2 =

{
Q2v2(m)+1

}
. Then

ρ =
1

mϕ(m)
T (3, m)

1 +
1− 1

4

1− 1
4

∏
l|a
l-m

−1

l(l − 1)− 1



=
1

mϕ(m)
T (3, m)

1 +
∏
l|a
l-m

−1

l(l − 1)− 1

 .

This case include:

• 8|m anda ≡ 2 (mod 4);

• 4|m anda ≡ 3 (mod 4);

• 2‖m anda ≡ 3 (mod 4).

Therefore, the formulas always agree.
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3.4.2 Recovering result of Cangelmi & Pappalardi

The value of the costantδΓ is

AΓ

1− 1

#A(2)

∑
ξ∈F(2)

µ(|s(ξ)|)
∏
l|s(ξ)

1

(l − 1)#A(l)− 1


where

AΓ =
∏
l>2

(
1− 1

#A(l)(l − 1)

)
,

and

F(2) = {ξ ∈ A(2) : s(ξ) ≡ 1 (mod 4)}.

Sincem = 1, we have that#A(2v2(m)) = #C(2v2(m)) = 1 and the condition
s(ξ)/(2m, s(ξ)) odd is equivalent tos(ξ) ≡ 1 (mod 4). Then

{ξ ∈ C(2) : s(ξ) odd} = F(2).

Therefore

ρ(Γ, 1) = A
(1)
Γ

1− 1

#A(2)

∑
ξ∈F(2)

∏
l|s(ξ)
l>2

(
−1

(l − 1)#A(l)− 1

)
= A

(1)
Γ

1− 1

#A(2)

∑
ξ∈F(2)

µ(|s(ξ)|)
∏
l|s(ξ)

1

(l − 1)#A(l)− 1


where

A
(1)
Γ =

∏
l>2

(
1− 1

(l − 1)#A(l)

)
.
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Let Γ ⊆ Q+ as in Theorem 24 withs = rank(Γ), supportSΓ and#SΓ = r.
In this chapter we give an explicit computation ofρ(Γ, m) in the simple case of
Γ = 〈q1, q2〉 andm = pα prime. We have:

ρ(Γ, m) = A
(m)
Γ


∑

ξ∈C(2v2(m))
s(ξ)

(m,s(ξ))
odd

∏
l|s(ξ)
l-m

(
−1

(l − 1)#A(l)− 1

)
−

#A(2v2(m))

(2, m)#A(21+v2(m))|
∑

ξ∈C(21+v2(m))
s(ξ)

(2m,s(ξ))
odd

∏
l|s(ξ)
l-2m

(
−1

(l − 1)#A(l)− 1

)
where

A
(m)
Γ =

1

ϕ(m)#A(m)

∏
l>2
l-m

(
1− 1

(l − 1)#A(l)

)
×
∏
l>2
l|m

(
1− #A(lvl(m))

l#A(l1+vl(m))

)
.

By Lemma 17, we have:

#A(M) =
M s

(M s, ∆1(Γ)M s−1, . . . , ∆s(Γ))

where∆i(Γ) are the invariants defined in Section 2.1. We put∆i = ∆i(Γ). So,
we have:

#A(pα) =


pαs, if p 6 |∆i(Γ) ∀ i = 1, . . . , s

pαi0+tpα , otherwise
(4.1)
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wherei0 = min{i = 1, . . . , s : p|∆i}, tpα = min(vp(∆i0), α). We need to
distinguish two cases:p = 2 andp > 3.

4.1 Computation of ρ(Γ, pα)

In this case, we have that#A(2v2(m)) = #C(2v2(m)) = 1 and the condition
s(ξ)/(2m, s(ξ)) odd is equivalent tos(ξ) ≡ 1 (mod 4). We define

F(2) = {ξ ∈ C(2) : s(ξ) ≡ 1 (mod 4)} .

Then:

ρ(Γ, pα) = A
(pα)
Γ

1− 1

#A(2)

∑
ξ∈F(2)

∏
l|s(ξ)
l 6=p

(
−1

(l − 1)#A(l)− 1

)

= A
(pα)
Γ

1− 1

#A(2)

∑
ξ∈F(2)

µ(|s(ξ)|)
∏
l|s(ξ)
l 6=p

(
1

(l − 1)#A(l)− 1

)
where

A
(pα)
Γ =

1

pα−1(p− 1)#A(pα)
×
(

1− #A(pα)

p#A(pα+1)

) ∏
l 6=2,p

(
1− 1

(l − 1)#A(l)

)
.

In particular, by (4.1) we have:

A
(pα)
Γ = B

(pα)
Γ

∏
l 6=2,p

l 6|∆i i=1,...,s

(
1− 1

(l − 1)ls

) ∏
l 6=2,p
l|∆i

(
1− 1

(l − 1)li0+tl

)

where

B
(pα)
Γ =


1

pα(s+1)−1(p−1)
×
(
1− 1

ps+1

)
if p 6 |∆i(Γ) ∀ i = 1, . . . , s

1
pα(s+1)−1(p−1)

×
(

1− 1

p
1+i0+(t

p(α+1)−tpα )

)
otherwise.
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Now we must computeF(2). As in Section 2.2, we introduce a new set with
the same cardinality ofF(2). With the same notation of Section 2.2 let

H2 = {ε ∈ Fr
2 : ε ∈ SLC(A(Γ), 2) and s(P0(ε)) ≡ 1 (mod 4)}.

It is clear that#H2 = #F2 (the argument is the same of Lemma 19).

Examples

Let Γ = 〈q1, q2〉 ⊆ Q+ with qi primes andrank(Γ) = 2. We want to compute
ρ(Γ, p).

It is clear the following.

Claim. With the same notation of Section 2.2, ifε ∈ H2 then holds all the follow-
ing conditions:

A1 d1 = 0;

A2 d2 = dε
2;

A3 dε
3 ≥ 1 + d2;

1. Γ = 〈2, q〉, with q ≡ 3 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claim are satisfied, butq ≡ 3 (mod 4) and so#H2 = 1. Then:

ρ(Γ, p) =
p3 − 1

p5(p− 1)
×
(

1− 1

#A(2)

) ∏
l 6=2,p

(
1− 1

l2(l − 1)

)
.

We show the case ofΓ = 〈2, q〉with q ≤ 100, q ≡ 3 (mod 4) andp = 3, 5.

(a) Γ = 〈2, q〉, with q ≤ 100, q ≡ 3 (mod 4) andp = 3. In this case the
value ofρ(Γ, 3) is constant for allq as above:

ρ(Γ, 3) = 0.039501 . . .
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Computation ofρ(Γ, 3), with Γ = 〈2, q〉
q NΓ(107, 3) ρ(〈2, q〉, 3) q NΓ(107, 3) ρ(〈2, q〉, 3)
3 0.03958 0.03950 47 0.03944 0.03950
7 0.03957 0.03950 59 0.03942 0.03950
11 0,28912 0.03950 67 0.03930 0.03950
19 0.03947 0.03950 71 0.03967 0.03950
23 0.03961 0.03950 79 0.03965 0.03950
31 0.03943 0.03950 83 0.03954 0.03950
43 0.03926 0.03950

(b) Γ = 〈2, q〉, with q ≤ 100, q ≡ 3 (mod 4) andp = 5. Also in this
case the value ofρ(Γ, 5) is constant for allq as above:

ρ(Γ, 5) = 0.006989 . . .

Computation ofρ(Γ, 5), with Γ = 〈2, q〉
q NΓ(107, 5) ρ(〈2, q〉, 5) q NΓ(107, 5) ρ(〈2, q〉, 5)
3 0.00704 0.00698 47 0.00678 0.00698
7 0.00693 0.00698 59 0.00689 0.00698
11 0.00706 0.00698 67 0.00696 0.00698
19 0.00707 0.00698 71 0.00697 0.00698
23 0.00696 0.00698 79 0.00700 0.00698
31 0.00687 0.00698 83 0.00693 0.00698
43 0.00708 0.00698

2. Γ = 〈q1, q2〉, with q1 ≡ 1, q2 ≡ 2, 3 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claim are satisfied but onlyq1 ≡ 1 (mod 4) and so#H2 = 2. Then:

ρ(Γ, p) =
p3 − 1

p5(p− 1)
×
∏
l 6=2,p

(
1− 1

l2(l − 1)

)
×
(

1− 1

#A(2)
+

A(q1)

#A(2)

)
where

A(q) =
1

q2(q − 1)− 1
.
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(a) Γ = 〈5, q〉 with q ≤ 100, q ≡ 3 (mod 4) andp = 3. In this case the
value ofρ(Γ, 3) is constant for allq as above:

ρ(Γ, 3) = 0.03964 . . .

Computation ofρ(Γ, 3), with Γ = 〈5, q〉 andq ≡ 3 (mod 4)

q NΓ(107, 3) ρ(〈5, q〉, 3) q NΓ(107, 3) ρ(〈5, q〉, 3)
3 0.03957 0.03964 47 0.03946 0.03964
7 0.03967 0.03964 59 0.03964 0.03964
11 0.03952 0.03964 67 0.03950 0.03964
19 0.03949 0.03964 71 0.03949 0.03964
23 0.03954 0.03964 79 0.03981 0.03964
31 0.03948 0.03964 83 0.03985 0.03964
43 0.03947 0.03964

(b) Γ = 〈l, q〉 with l = 2, 3, q ≤ 50, q ≡ 1 (mod 4) andp = 3. In this
case the value ofρ(Γ, 3) is not a constant:

ρ(Γ, 3) =
13

243
×
[
1− 1

4
(1− A(q))

]
× 0.984707 . . .

Computation ofρ(Γ, 3), with Γ = 〈l, q〉, l = 2, 3 andq ≡ 1 (mod 4)

q NΓ(107, 3) ρ(〈2, q〉, 3) q NΓ(107, 3) ρ(〈3, q〉, 3)
5 0.03968 0.03964 5 0.03957 0.03964
13 0.03979 0.03951 13 0.03953 0.03951
17 0.03954 0.03951 17 0.03967 0.03951
29 0.03966 0.03951 29 0.03950 0.03951
37 0.03959 0.03951 37 0.03981 0.03951
41 0.03954 0.03951 41 0.03985 0.03951

3. Γ = 〈q1, q2〉, with qi ≡ 1 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claim are satisfied andqi ≡ 1 (mod 4) and so#H2 = 4. Then:

ρ(Γ, p) =
p3 − 1

p5(p− 1)
×
∏
l 6=2,p

(
1− 1

l2(l − 1)

)
×
(

1− 1

#A(2)
+

1

#A(2)
(A(q1) + A(q2)− A(q1)A(q2))

)
.
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Γ = 〈q1, q2〉, qi ≤ 50, qi ≡ 1 (mod 4) andp = 3. We have:

ρ(Γ, 3) =
13

243

[
1− 1

4
(1− A(q1)− A(q2) + A(q1)A(q2))

]
×0.984707 . . .

Computation ofρ(Γ, 3), with Γ = 〈q1, q2〉 andqi ≡ 1 (mod 4)

q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3) q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3)
5 13 0.03968 0.03964 13 41 0.03955 0.03951
5 17 0.03956 0.03964 17 29 0.03979 0.03951
5 29 0.03948 0.03964 17 37 0.03948 0.03951
5 37 0.03959 0.03964 17 41 0.03925 0.03951
5 41 0.03959 0.03964 29 37 0.03950 0.03951
13 17 0.03964 0.03951 29 41 0.03934 0.03951
13 29 0.03975 0.03951 37 41 0.03955 0.03951
13 37 0.03925 0.03951

4. Γ = 〈q1, q2〉, with qi ≡ 3 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claim are satisfied andq1q2 ≡ 1 (mod 4) and so#H2 = 2. Then:

ρ(Γ, p) =
p3 − 1

p5(p− 1)
×
∏
l 6=2,p

(
1− 1

l2(l − 1)

)
×
(

1− 1

#A(2)
+

1

#A(2)
A(q1)A(q2)

)
.

Γ = 〈q1, q2〉, qi ≤ 50, qi ≡ 3 (mod 4) andp = 3. We have:

ρ(Γ, 3) =
13

243

[
1− 1

4
(1− A(q1)A(q2))

]
× 0.984707 . . .

Computation ofρ(Γ, 3), with Γ = 〈q1, q2〉 andqi ≡ 3 (mod 4)

q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3) q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3)
3 7 0.03961 0.03951 3 43 0.03964 0.03950
3 11 0.03945 0.03951 3 47 0.03957 0.03950
3 19 0.03972 0.03951 7 11 0.03963 0.03950
3 23 0.03954 0.03950 7 19 0.03956 0.03950
3 31 0.03947 0.03950 7 23 0.03947 0.03950
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Computation ofρ(Γ, 3), with Γ = 〈q1, q2〉 andqi ≡ 3 (mod 4)

q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3) q1 q2 NΓ(107, 3) ρ(〈q1, q2〉, 3)
7 31 0.039650 0.0395 19 31 0.03924 0.03950
7 43 0.03935 0.03950 19 43 0.03962 0.03950
7 47 0.03960 0.03950 19 47 0.03948 0.03950
11 19 0.03959 0.03950 23 31 0.03939 0.03950
11 23 0.03943 0.03950 23 43 0.03940 0.03950
11 31 0.03959 0.03950 23 47 0.03927 0.03950
11 43 0.03957 0.03950 31 43 0.03947 0.03950
11 47 0.03932 0.03950 31 47 0.03902 0.03950
19 23 0.03952 0.03950 43 47 0.03920 0.03950

4.2 Computation of ρ(Γ, 2)

In this case, we have that the conditions(ξ)/(2, s(ξ)) odd is equivalent tos(ξ) ≡
1 (mod 4) and the conditions(ξ)/(4, s(ξ)) odd is equivalent tos(ξ) ≡ 1, 3
(mod 4). So we define:

F(2) = {ξ ∈ C(2) : s(ξ) ≡ 1 (mod 4)},
F(4) = {ξ ∈ C(4) : s(ξ) ≡ 1, 3 (mod 4)}.

The value ofρ is the following:

ρ(Γ, 2) = A
(2)
Γ

 ∑
ξ∈F(2)

∏
l|s(ξ)

(
−1

(l − 1)#A(l)− 1

)
−

#A(2)

2#A(4)

∑
ξ∈F(4)

∏
l|s(ξ)

(
−1

(l − 1)#A(l)− 1

)
where

A
(2)
Γ =

1

#A(2)

∏
l>2

(
1− 1

(l − 1)#A(l)

)
.
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As above, we have that#F(2e) = #H2e with e = 1, 2, so

ρ(Γ, 2) = A
(2)
Γ

∑
ε∈H2

∏
l|s(P0(ε))

(
−1

(l − 1)#A(l)− 1

)
−

#A(2)

2#A(4)

∑
ε∈H4

∏
l|s(P0(ε))

(
−1

(l − 1)#A(l)− 1

) .

The following Claim holds

Claim. If ε ∈ H4 then holds all the following conditions:

B1 d1 ≤ 1;

B2 d2 = dε
2;

B3 dε
3 − dε

2 ≥ 2;

Examples

Let Γ = 〈q1, q2〉 with qi primes. We want to computeρ(Γ, 2).
In this case, we have that

A2
Γ =

1

4

∏
l 6=2

(
1− 1

l2(l − 1)

)
= 0.232500 . . .

and#A(2)/2#A(2) = 1/8. We setNΓ(x, 2) = NΓ(x, 2)/π(x).

1. Γ = 〈2, q〉, with q ≡ 3 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claims are satisfied. In this case we have that#H2 = 1 and#H4 = 2.

Then:

ρ(Γ, 2) =

[
1− 1

8
(1− A(q))

]
× 0.232500 . . .

where

A(q) =
1

q2(q − 1)− 1
.

We computeρ(Γ, 2) with Γ = 〈2, q〉, with q ≤ 100 andq ≡ 3 (mod 4).
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Computation ofρ(Γ, 2), with Γ = 〈2, q〉 andq ≡ 3 (mod 4)

q NΓ(107, 2) ρ(〈2, q〉, 2) q NΓ(107, 2) ρ(〈2, q〉, 2)
3 0.20545 0.20514 59 0.20363 0.20343
7 0.20345 0.20353 67 0.20341 0.20343
11 0.20370 0.20346 71 0.20345 0.20343
19 0.20344 0.20344 79 0.20346 0.20343
23 0.20375 0.20344 83 0.20371 0.20343
31 0.20368 0.20343 89 0.20422 0.20343
43 0.20344 0.20343 97 0.20331 0.20343
47 0.20351 0.20343

2. Γ = 〈q1, q2〉, with q1 ≡ 1, q2 ≡ 3 (mod 4).

In this case, we have thatA(Γ) is the identity matrix and all conditions of
the Claim are satisfied. In particular:#H2 = 2 and#H4 = 4.

ρ(Γ, 2) = A
(2)
Γ

[
(1− A(q1))−

1

8
(1− A(q1)− A(q2) + A(q1)A(q2))

]
=

1

8
A

(2)
Γ [7− (7A(q1)− A(q2) + A(q1)A(q2))] .

(a) Γ = 〈5, q〉 with q ≤ 100 andq ≡ 3 (mod 4). In this case the value of
ρ is the following:

ρ(Γ, 2) =

[
1− 1

99
− 1

8

(
1− 1

99
− A(q) +

1

99
A(q)

)]
× 0.2325 . . .

Computation ofρ(Γ, 2), with Γ = 〈5, q〉 andq ≡ 3 (mod 4)

q NΓ(107, 2) ρ(〈5, q〉, 2) q NΓ(107, 2) ρ(〈5, q〉, 2)
3 0.20311 20307 59 0.20121 0.20138
7 0.20156 0.20148 67 0.20141 0.20138
11 0.20167 0.20140 71 0.20149 0.20138
19 0.20117 0.20138 79 0.20139 0.20138
23 0.20141 0.20138 83 0.20144 0.20138
31 0.20146 0.20138 89 0.20166 0.20138
43 0.20113 0.20138 97 0.20135 0.20138
47 0.20098 0.20138
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(b) Γ = 〈3, q〉 with q ≤ 100 andq ≡ 1 (mod 4). In this case the value of
ρ is the following:

ρ(Γ, 2) =

[
1− A(q)− 1

8

(
1− A(q)− 1

17
+

1

17
A(q)

)]
×0.2325 . . .

Computation ofρ(Γ, 2), with Γ = 〈3, q〉 andq ≡ 1 (mod 4)

q NΓ(107, 2) ρ(〈3, q〉, 2) q NΓ(107, 2) ρ(〈3, q〉, 2)
13 0.20495 0.20504 53 0.20547 0.20514
17 0.20535 0.20510 61 0.20329 0.20343
29 0.20540 0.20513 73 0.20531 0.20514
37 0.20519 0.20514 89 0.20534 0.20514
41 0.20519 0.20514 97 0.20550 0.20514

3. Γ = 〈q1, q2〉, with qi ≡ 1 (mod 4).

In this case:#H2 = #H4 = 4.

ρ(Γ, 2) =
7

8
A

(2)
Γ [1− (A(q1) + A(q2)− A(q1)A(q2))] .

Computation ofρ(Γ, 2), with Γ = 〈q1, q2〉 andqi ≡ 1 (mod 4)

q1 q2 NΓ(107, 2) ρ(〈q1, q2〉, 2) q1 q2 NΓ(107, 2) ρ(〈q1, q2〉, 2)
5 13 0.20122 0.20128 13 41 0.20338 0.20333
5 17 0.20145 0.20133 17 29 0.20356 0.20338
5 29 0.20141 0.20137 17 37 0.20341 0.20338
5 37 0.20141 0.20137 17 41 0.20337 0.20339
5 41 0.20161 0.20137 29 37 0.20345 0.20342
13 17 0.20343 0.20329 29 41 0.20350 0.20342
13 29 0.20357 0.20332 37 41 0.20364 0.20343
13 37 0.20338 0.20333
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4. Γ = 〈q1, q2〉, with qi ≡ 3 (mod 4).

In this case:#H2 = 2 and#H4 = 4.

ρ(Γ, 2) =
1

8
A

(2)
Γ [(7 + A(q1) + A(q2)− 9A(q1)A(q2))] .

Computation ofρ(Γ, 2), with Γ = 〈q1, q2〉 andqi ≡ 3 (mod 4)

q1 q2 NΓ(107, 2) ρ(〈q1, q2〉, 2) q1 q2 NΓ(107, 2) ρ(〈q1, q2〉, 2)
3 7 0.20534 0.20519 11 23 0.20345 0.20346
3 11 0.20543 0.20515 11 31 0.20359 0.20346
3 19 0.20511 0.20514 11 43 0.20370 0.20346
3 23 0.20510 0.20514 11 47 0.20292 0.20346
3 31 0.20525 0.20514 19 23 0.20328 0.20344
3 43 0.20517 0.20514 19 31 0.20331 0.20344
3 47 0.20506 0.20514 19 43 0.20334 0.20344
7 11 0.20390 0.20355 19 47 0.20318 0.20344
7 19 0.20394 0.20354 23 31 0.20338 0.20344
7 23 0.20360 0.20353 23 43 0.20327 0.20344
7 31 0.20361 0.20353 23 47 0.20334 0.20334
7 43 0.20338 0.20353 31 43 0.20381 0.20343
7 47 0.20341 0.20353 31 47 0.20332 0.20343
11 19 0.20369 0.20346 43 47 0.20332 0.20343
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