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Introduction

The aim of this PhD thesis is to investigate relations between the CR and the
complex geometry of orbits of real forms and of the complexification of their max-
imal compact subgroups in a complex flag manifold X ~ G/Q. The pair of or-
bits M, and M_ which are involved are related by Matsuki duality (see [33]).
Their homotopies and singular homologies and cohomologies are equal because,
by Mostow fibration, their compact intersection M is a deformation retract of both.
Here we are interested in their respective CR and Dolbeault cohomologies.

The orbits of real forms, which were first investigated by J.A. Wolf (for a com-
prehensive introduction to this topic see [20127]), are a large class of homogeneous
CR manifolds. Wolf studied the action of a real form Gq of a complex semisimple
Lie group G on a G-homogeneous flag manifold X. He showed that Gy has only
finitely many orbits in X, that the union of the open orbits is dense in X, and that
there is a unique closed orbit, that is compact (simple proofs of these facts can be
found in [45]]). Moreover, in collaboration with W. Schmid, he proved in [42] a van-
ishing theorem for the cohomology with coeflicients in any coherent sheaf # for
the open Gy-orbits and he investigated arc components of general orbits, outlining a
framework that includes, as special cases, bounded symmetric domains [27]. In [4]]
A. Altomani, C. Medori and M. Nacinovich pursued the investigation of these top-
ics, by starting a systematic study of the subject in the framework of CR geometry.
Their first topic was the examination of the properties of the closed orbits, that
they characterized in terms of cross-marked Satake diagrams. Later on, in [SH11]],
they studied the CR structure of the general Gy-orbits in X, that they called para-
bolic CR manifolds. They focused on finite type and holomorphic nondegeneracy
conditions, canonical Gg-equivariant fibrations and topological properties.

The contents of this work is the following.

Chapter I is a concise introduction to the main notions and tools needed in
this thesis, mainly following [13,/16, (17,21} 23,24, 26|33, 40, 41, 45] as general
references.

In Chapter II we introduce the Matsuki dual pairs M ,M_, their compact inter-
section My, and consider their CR structures. Invariant CR structures on homoge-
neous manifolds are described by the datum of a pair (go, q) of a real Lie algebra gg
and a complex Lie subalgebra q of the complexification g of g9, which is called a
CR-algebra (see [2,34]). We also recall the definition, given in [8], of n-reductive
CR- algebras. Using the data of their CR-algebras, we compute the CR-dimension
and codimension of each orbit, pointing out that the immersions i : My < M_ and
i’ M, — X are CR-generic (Prop[2.3.1). Moreover M, and M, have the same
CR-codimension, so that the scalar Levi form on M is the restiction of that of M.

Chapter III focuses on the study of the covariant fibration of G.D. Mostow (cf.
[36,37]). The complex manifold M_ ~ K/V is described as a fiber bundle K¢ Xy, F
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iv INTRODUCTION

which is covariant with respect to the compact form Ky of K, over a compact base
My = Ko/Iy. Here, in the context of Matsuki duality, K is a maximal compact
subgroup of Gy, K its complexification and V = KN Q, Iy = Ky N Q. The right
hand side of the isomorphism M_ =~ Ky Xy, Fp is the quotient of the Cartesian
product Ky X Fy modulo the equivalence relation (x,v) ~ (x - k, ad(k"1)(v)), for
x € Ky, v € Fy, and k € Ip. The aim of Ch.III is to clarify the structure of the
typical fiber Fy, which is known to be a Euclidean subspace of K on which ad(Iy)
acts as a group of linear transforms.

To understand the structure of Fy, it is convenient to gather some information
about the noncompact Riemann symmetric space of negative sectional curvature
Po(n) = SL,(C)/SU(n). Ky has, for some integer n > 1, a faithful linear repre-
sentation in SU(n), which extends to a faithful linear representation K «— SL,(C).
We can therefore identify K with a closed subgroup of SL,(C) and M_ with a sub-
manifold of SL,(C)/V. The Mostow fibration of K/V can be deduced from that of
SL,(C)/V.

If the unipotent radical V,, of the isotropy V of M_ equals the unipotent radical
of a parabolic subgroup, then the typical fiber Fy can be taken equal to exp(fo),
with fo = (0 + v*)* N pg, where py is the hermitian symmetric summand in the
Cartan decomposition of the Lie algebra f of K. We say in this case that V is HNR,
i.e. has a horocyclic nilradical.

In Chapter IV we investigate relations between the CR and Dolbeault cohomol-
ogy groups of the compact intersection and of the complex Matsuki orbit, respec-
tively. The Mostow fibration is used to take the square of the norm of a Euclidean
metric on the fibers as an exhaustion function on M_. For an HNR isotropy V, this
choice corresponds to minimizing the square of the distance from the base point
of an orbit of V in the symmetric space K/Ky. This leads to the fact that M_
keeps the pseudoconcavity of M. In this way we obtain isomorphisms between
some CR cohomology groups of My and those of M_, by using Andreotti-Grauert
theory. This construction of the exhaustion function generalizes the proof of the
pseudoconvexity of reductive linear complex Lie groups, which can be obtained,
using Andreotti-Grauert, from the Cartan decomposition.

The final Chapter V is devoted to discussing some examples.



CHAPTER 1

Preliminaries

1. Real Forms of Complex Lie Groups and Algebras

Let g be a complex Lie algebra. A real Lie subalgebra g is a real form of g
if C® gg = g. The real forms of g are in a one-to-one correspondence with the
anti-C-linear involutive automorphisms o € Autg(g) of g, by

g ={XeglolX)=X}.

We call o the conjugation with respect to go. Let G be a complex Lie group, with
Lie algebra g, and assume that o lifts to G, (this is always the case when G is
simply connected). Then the subgroup

Go=G"={geGlo(® =g}

In general, we say that a subgroup Gy is a real form of G iff

e its Lie algebra gy is a real form of g;
e G = GoG*, with G° the identity component of G.

We recall that a Lie algebra g over a field k is semisimple if and only if its
Killing form

(1.1) k(X,Y) = trace(ad(X), ad(Y)), VX, Y € g

is non-degenerate. A real Lie algebra gy is semisimple iff its complexification
g = C® gp is semisimple and compact if its Killing form it is negative definite.
If k is negative semidefinite, then g¢ is reductive and its Killing form is negative
definite on its semisimple ideal and vanishes on its center. Then it is possible to
define on gp a negative definite invariant bilinear form and find a compact linear
group Go with Lie algebra gy.

An involutive automorphism 6 € Aut (go) of a real semisimple Lie algebra g
is called a Cartan involution if

(1.2) (X, Y) = —«(X,0(Y)) = —(0(X),Y), X,Y € go
is positive definite. As 6% = id,,, we obtain the Cartan decomposition

(1.3) 8o = fo @ po,

of go into the sum of its (+1)-eigenspace ¥y and (-1)-eigenspace po. By (I.2)), Ty is
a compact Lie subalgebra of gg. The Cartan involution 6 lifts to an involution ® of
any Lie group G¢ with Lie algebra go and the connected component of the identity
K of the subgroup Ky = {a € Gy | O(a) = a} is compact and has Lie algebra .
The Cartan decomposition

Ko x pg 3 (x,Y) — x-exp(¥) € Go

1



2 1. PRELIMINARIES

holds at the group level. Moreover, Ky is the normalizer in G of K{ and is compact
if and only if G has finitely many connected components. In this case Ko is a
maximal compact subgroup of Gy.

Assume that gg is a real form of the complex Lie algebra g of a semisimple
complex Lie group G. We fix a Cartan involution 8 on gy and denote by the same
symbol 6 its C-linear extension to g and by {, p its eigenspaces, wich are the com-
plexifications of fp,po, respectively. Using (I.3)) we attach to g the compact real
form

(1.4) gy = fo @ ipo.

It is the compact form associated to 6 and is the Lie algebra of a maximal compact
subgroup G, of G. By costruction the C-linear ¢ and anti- C-linear o~ defined at the
beginning are commuting automorphism of g. Their composition

(1.5) T=0060=0oa0,
is the conjugation of g with respect to its compact form (1.4).

Nortarion 1.1.1. For thesis, in such a way that it will be consistent with the
work done for matrices in Chapter[3| we use the notation 7(X) = —X* for all X € g.

2. Root systems

We recall that a Cartan subalgebra b of a Lie algebra g over k is a nilpotent
Lie subalgebra equal to its normalizer:

h=Ny(h) ={Xeg| [X,H] b, VH €b}.

In particular, if g O ¢’ D ) and b is a Cartan subalgebra of g, then ) is also a
Cartan subalgebra of g’.

When g is reductive, its Cartan subalgebras are commutative and in fact are its
maximal Abelian subalgebras.

If g is either solvable or with k algebraically closed, then all its Cartan subal-
gebras are conjugated by the group E of its elementary automorphisms, which is
the group generated by the exp(ad(X)), for X € g and ad(X) nilpotent (see e.g. [17,
Ch.VIL§2,3)).

Assume that g is semisimple and fix a Cartan subalgebra fy of g. Its dual b*
can be identificated with [ by the non-degenerate form (I.1)). The roots of g with
respect by a re the element of the set R (g, b), of nonzero @ € h* such that

g ={Xegl|[H X]=a(H)X, YVH € b} #0.

Each g, is one-dimensial and is called the root subspace of «. For an ad(bh)-stable
subspace q of g we write R(q, ) for the roots of }) in g, i.e. the subset

R(a,h) = {a € R(3,H) |9, C q}.

In a root system R(g, ) we can always choose a set of positive roots, wich is a
subset R* (g,b) of R (g, h) such that:

e for each a € R(g, ) exactly one of the roots @, —a belongs to R* (g, ));
o ifa,8 € R*(g,h) and a + B € R(g,b), then a + B € R* (g, D).

This choice yields a partial ordering ”<” on R(g, D), in which @ < B if 8 — a is
a root in R*(g,h). Having chosen a set R*(g, D) of positive roots, the elements
of its complement R™(g, h) in R(g, h) are called negative roots. A root in R*(g, D)
is simple if it is not the sum of two positive roots. The elements a1, ..., of a
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system I of simple roots form a basis of h* ~ §. Every 8 € R(g,}) is a linear
combination § = Zlekiai of simple roots, with integral coefficients which are
either all nonnegative (8 € R* (g, h)) or all nonpositive (8 € R™ (g, h)).

For @ € R (g, ) we define the orthogonal hyperplane to a by
(1.6) Lo ={B€blk(a.p) =0},
and the reflection

kB.a)

k(a,a)

(1.7) ra(B) =B -2
with respect to the hyperplane L,.

DerntTION 1.2.1. A Weyl chamber C is a connected component of

b\ | La-
aeR(g,h)

The reflections r,, for @ € R(g,}b), generate a group of isometries of h*, which is
called the Weyl group of R(g, D).

RemMark 1.2.2. The r,, with @ € 11, are a set of generators of W .

Fix a Cartan subalgebra ) C g and let k = dim¢ b. Let Il = {ay,...,a;} be a
system of simple roots for R(g, h). The Cartan matrix A = (A; ;) associated to g is a
k X k square matrix whose coeflicients are integral and can be computed by means
of the simple roots by the formula

(18) A,‘j = 2K(ai,cxj)//<(aj,a/j),

where « is the Killing form, which restricts to a Euclidean scalar product on the
real subspace by generated by IL.

Proposimion 1.2.3. A Cartan matrix is a k X k square matrix A = (A; ;) satisfy-
ing:
(1) Aj;=2,foralli=1,...,k
(2) Ajje{-3,-2,-1,0}if 1 <i#j<k;
(3) A;j=0ifand only if Aj; = 0;
(4) there is a diagonal matrix D such that D A D™ is symmetric and positive.

Proor. For proofs of these facts see [16, Ch.3.4]. O

Note that the Weyl group is determined by the Cartan matrix: if ey,..., e is
the canonical basis of R", the maps s1,..., sy defined by s;(e;) = e; — A, je; for
j=1,...,k, corresponding to the reflections with respect to the hyperplanes of the
simple roots, generate a finite group isomorphic to the Weyl group W.

The Cartan matrix can also be used to construct the Dynkin diagram.

DeriNiTiON 1.2.4. The Dynkin diagram of R is a graph on k vertices, corre-
sponding to the simple roots {ay, ..., k}. The vertices @; and a are connected by

(i, ajk(aj, a;)

AA s =
YT Ky, ank(a, @)

lines. If k(a;, @;) < k(, @), then an arrow tip is added on the aj-edge.
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One can fix a Cartan subalgebra ) which is invariant under the conjugation o
defined by a given real form gg. Then by duality o defines a conjugation @« — & on
R(g, D). The roots in

Ro ={a e R|la =—-a},
are imaginary. They are compact when by = § N gg is a maximally vectorial Cartan
subalgebra of gg. Imaginary roots form a system closed under root addition and
form a subsystem of roots. The intersection

Iy = RoN1II

is a basis for Ry. The roots in the complement R(g, h) \ Ro(g, ) can be partitioned
into the set of real roots Re(g,b) with @ = o(@) = @ and complex roots Repx(8, D)
with @ # +a. In [15] Araki showed that h and R*(g,b) can be chosen in such a
way that @ € R*(g, b) for all noncomplex roots in R* (g, h). Then the conjugate @;
of a complex simple root is the sum of a complex simple root «; and of a linear
combination of compact roots. Having made this choice, we give the following
definition.

DerniTioN 1.2.5. The Satake diagram is obtained from the Dynkin diagram in
the following way:

e vertices corresponding to the roots of Ily are represented by a black cir-
cle’@®@”;

e vertices corresponding to the real and complex roots in IT \ Il are repre-
sented by a white circle ”O”;

e wheni # jand @; > «;, then the white vertices corresponding to ; and
«; are joined by an arc "~

Dynkin diagrams characterize the semisimple complex Lie algebras. The Sa-
take diagrams classify their real forms. The compact form is the one with Ry(g, h) =
R(3,D), Ree(g,h)) = 0 and the split form the one with Ry(g,h) = 0, Ree(g,bh) =
R(g, D).

3. Borel and Parabolic Subgroups

We assume in the following that G is a complex algebraic, connected and semi-
simple Lie group, with Lie algebra g.

Dermnttion 1.3.1. A Borel subalgebra of g is a maximal solvable subalgebra b
of g. A Borel subgroup B of G is a connected subgroup of G such that b = Lie(B)
is a Borel subalgebra of g.

Dermnttion 1.3.2. A parabolic subalgebra of g is a subalgebra q of g wich con-
tains a Borel subalgebra. A connected subgroup Q of G is parabolic if q = Lie(Q)
is parabolic in g.

We recall that if Q is parabolic in G, then

(1.9) Q =Ng(a) = {g € G| Ad(g)(a) = a}.

A Borel subalgebra b of g contains a Cartan subalgebra §). Conversely, if b is a
Cartan subalgebra and R* (g, ) a positive system of roots, then

(1.10) b=+ P

aeR*

is a Borel subalgebra.



3. BOREL AND PARABOLIC SUBGROUPS 5

Prorosition 1.3.3. All Borel subgroups are G-conjugate. m|

We keep the notation of §I| In particular, 6 is the complexification of the
involution associated to a Cartan decomposition gy = ¥y @ pg of a real form gg of
g and o, T are the conjugations of g with respect to gp and to the corresponding
compact form g, = fy @ ipg.

ProposiTioN 1.3.4. The intersection of two Borel subgroups contains a Car-
tan subgroup of G. The intersection of two Borel subalgebras contains a Cartan
subalgebra of g.

Proor. Every Borel subgroup B decomposes into the direct product B = HN
of a Cartan subgroup H and of its unipotent radical N. We claim that, if B is
another Borel subgroup, then the intersection B N B’ contains a Cartan subalgebra.
Indeed, by Proposition we can find g € G so that B = ad(g)(B’). By the
Bruhat decomposition (see e.g. [23, Ch.IX, Thm.1.4]) we may write g = b’wb, with
b,b’ € Band w € Ng(H) so B = ad(wb)B’. Then b-'Hb is a Cartan subgroup
contained in B’ N B. Indeed

B=nwbB b 'w'n'=>B=wbBb'w!' > HcwbBb 'w!
>H=w'HwcbhBb ' =b'HbcB NB.
In particular, if b, b’ are Borel subalgebras, and B, B’ the correpsonding analytic

subgroups, the Lie algebra ) of a Cartan subgroup H ¢ BNB' is contained in b N b’.
O

CoroLLARY 1.3.5. Every Borel subalgebra of g contains a Cartan subalgebra
of g9 and two Cartan subalgebras of gy which are contained in the same Borel
subalgebra of g are Go-conjugate.

Proor. In a solvable Lie algebra, any two Cartan subalgebras are conjugate
by an element of its unipotent radical [45, Theorem 1.13]. Let b be any Borel
subalgebra of g. Since o(b) is Borel, by Proposition there is a Cartan sub-
algebra b contained in b N o(b). Then b and o (D) are two Cartan subalgebras of
the solvable Lie algebra b N o(b) and there is an element X € n N o(n) such that
Ad(exp(X))(h) = o(h). We have

b = o(h) = o(Ad(exp(X)(DH)) = Ad(exp(a(X)))((h))
= Ad(exp(c(X))) o Ad(exp(X))(h) = Ad(exp(co (X)) exp(X))(D).

Thus Ad(exp(o(X)) - exp(X)) = eg, being a unipotent element of the normalizer
of . Since the exponential in injective on the nilpotent subalgebra n N o(1), from

Ad(exp(o(X)) - exp(X)) = exp(ad(0(X))) - exp(ad(X)) = e
we obtain that o"(X) = —X. Set )’ = Ad(exp(3X))(b). Then

o (i) = o(Ad(exp(3X)(H)) = (Ad(exp(=5X))(o (D))
= (Ad(exp(—3X)))(Ad(exp(X)))(H) = b’
Then by = {H € 1) | o(H) = H} is a real form of )’ and hence a Cartan subalgebra
of go. Two complete the proof, we note that, if b is Borel, then b N gy C g is

solvable. Hence all its Cartan subalgebras are Gy-conjugate and, by the first part
of the proof are also Cartan subalgebras of gp. O
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Prorosition 1.3.6. Let b be a Borel subalgebra. There is a g € Gq so that
Ad(g)(b) contains a Cartan subalgebra stable under both o and 6. There also
exists a k € K so that Ad(k)(b) contains a Cartan subalgebra stable under both o
and 6.

Proor. This follows from the fact that each Cartan subalgebra o-stable is G
conjugate to a 6-stable Cartan subalgebra. See [30, Prop. 6.59]. O

Fix a Cartan subalgebra b contained in a parabolic subalgebra g of g, and let
R = R (g, D) be the corresponding root system. Denote by hr the real subspace of [
on wich the roots are real valued. The choice of a Weyl chamber C C bhr defines a
partial order < on the dual space D). The parabolic algebra q is the direct sum of f)
and the root spaces contained in g, i.e.

(111 a=b+ ) 9
ae@

where Q = {@ € R|g, C q}. The fact that q is parabolic means that one can choose
a Weyl chamber C in such a way that

(1.12) a €@ forall a >0,

making the roots subset Q parabolic, i.e. it is closed under root addition and
QU(-Q) =R.

A Weyl chamber C for wich (I.12) holds true is called fir for Q. We denote by
E(R) the set of all Weyl chambers for R and by €(R, Q) the subset of those that are
fit for Q. Let C € €(R) and I1(C) be the corresponding system of C-positive simple
roots. All @ € R are linear combinations of elements of the basis II:

(1.13) a= Zkaiai, ke, € 7.

a;€ll

We define the support of a with respect to I1, denoted by supp(a), to be the set of
a; € II for wich k,, # 0. Having fixed C € (R, Q), we associated to q the subset
® of IT consisting of the simple C-positive roots @ for wich g_, ¢ q. Then Q and q
are completely determinated by @, indeed:

(1.14) Q={eeR|a>0U{eeR|a<0, supp@)ND® =0} =Q UQ",
with

1.15) Q@ ={ee@|-acQ) ={aeR]|suppla)Nd =0}
(1.16) @' ={aeQ|-a¢@ ={aecR]|a>0, supp(a) N D # 0},
(1.17) @"=R\Q={aeR|a<0, supp(a) N D * 0}.

We write Qg for the parabolic set Q associated to ® c II. For the parabolic
subalgebra q associated to Qg we have the decomposition

(L18)  do=Dh+ ) 8o =0 ®ap,

% EQ(I)
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where
(1.19) an= ). ga isthe nilradical of a,
ey
(1.20) a=0he Z Go 1S a reductive complement of g, in qo,
ey
and
(1.21) Gy = Z ge 1s a complement of g in g.
aeQy”

We explicitly note that the g¢ in (I.18) contains the Borel subalgebra b defined in
(LI and

=9+ qp.

All Cartan subalgebras by of g are equivalent, modulo inner automorphisms.
Having fixed ), and hence R, all bases of simple roots of R are equivalent modulo
the transpose of inner automorphisms of g normalizing h. Thus, after picking a
Weyl chamber C, and having fixed in this way a system II of C-positive simple
roots, the correspondence

D © g

is one-to-one between subsets ® of IT and complex parabolic Lie subalgebra of g,
modulo inner automorphisms.

We can single out the equivalence class of a parabolic subalgebra of g (or
subgroup of G) by adding on the Dynkin diagram a cross X" under the vertices
corresponding to the roots of ®.

We denote by Q" and Q", the connected and simply connected Lie subgroups
of G with Lie algebras (I.20) and (I.19), respectively.

Thus the choice of a Cartan subalgebra [) of g contained in g, yields the Cheval-
ley decomposition of the parabolic subgroup Q:

Proposition 1.3.7. Let Q be the parabolic subgroup of G, corresponding to
the complex parabolic Lie subalgebra q of g. With the notation above we have a
Chevalley decomposition

(1.22) Q=Q =Q"
Moreover let ¢ C Yy be the center of q":
¢ =3(a") ={H €| ad(H)(q") = 0},
then the reductive complement Q" is characterized by:
(1.23) Q =Zg(0)={geG|Ad(g)(H)=H, H € ¢}.

Proor. Any complex parabolic subgroup can also be viewed as a real parabolic
subgroup. Then (I.22) reduces the to the Langlands decomposition Q = MAN,
with Q" = MA. Thus the statement is a consequence of [30, Prop. 7.82(a)]. Note
that q” is the centralizer of ¢ in g and its own normalizer. This yields the inclu-
sion Q" C Ng(¢"). Since Ng(q") is semi-algebraic, it has finitely many connected
components. Thus its intersection with Q" is discrete and finite, and thus trivial
because Q" is connected, simply connected and unipotent. O
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4. Complex Flag Manifolds

A G-homogeneous manifold M is the datum of a smooth manifold M together
with a transitive action of a Lie group G on M. Having fixed a point p € M, the
manifold X can be identified with the coset space G/I,, where I,{g € G| g-p =
p} is a closed, but not necessarily a connected, subgroup of G, that is called the
stabilizer of p. Conversely, a closed subgroup I, of a Lie group G defines an
homogeneous manifold G/I,.

Fix a complex semisimple Lie group G and a closed parabolic subgroup Q of
G, with Lie algebra q C g = Lie(G). Consider the adjoint action of G on g. For all
g € G, Ad(g)(q) is still a parabolic subalgebra of g. By (1.9) the parabolic subgroup
Q is the stabilizer of q for this action. Thus the homogeneous manifold,

(1.24) M =G/Q,

has a natural embedding, as a projective algebraic variety, in the Grassmannian of
{-dimensional subspaces of g, for £ = dim¢ g, given by

M > x-Q — Ad(x)(g) € Gr(g).

We call M a generalized flag manifold. It is known (see e.g. [27, Lemma 1.15]),
that M is a compact complex projective variety. Since M is compact and G-
homogeneous, we know, by a theorem of D.Montgomery (see [35]), that a maximal
compact subgroup G, of G acts transitively on M and we can identify M with the
G,-homogeneous space

M =G,/(G, N Q).

Moreover we have :

Lemma 1.4.1. Let M = G/Q be a homogeneus compact manifold. Then we can
find a maximal compact subgroup G, of G. and a reductive Levi factor Q" of Q
such that

(1.25) M= Gy/(G,NQ").

Proor. We have G, N Q" ¢ G, N Q since Q" € Q. To prove the opposite
inclusion, we fix a compact form Q,, whose intersection with Q contains a maximal
torus. If 7 is the conjugation with respect to Q,, than one can take Q N 7(Q) as a
reductive Levi-Chevalley factor Q" in Q, sothat G, N Q c QN 7(Q) = Q". m]

Let 7 be the conjugation with respect to a compact form G, of G.

LemMma 1.4.2. Let M = G/Q be a G-homogeneous complex compact manifold
and t a t-invariant Cartan subalgebra contained in q = Lie(Q). Let R = R(g, 1) be
the corresponding root system and Q = R(q, D) the parabolic set of q. Then we can
find an element Y € t, = t N g, such that

(1.26) Q ={aeR|a(T) =0} and Q" ={a|a(iY) > 0}.

Proor. Note that the roots in R take purely imaginary values on the elements
of t,. Fix a system Il = {a,...,a,} of simple roots of R, in such a way that the
corresponding set R* of positive roots is contained in Q.

By relabelling the simple roots, we can assume that Q = Qg for the subset
O = {ay,...,} c II, as in (I.I8). We define a basis {Z,, ..., Z;} for t;* ~ t, by
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requiring that aj(Z;) = ifor 1 < j < kand a;(Z;) = 0 for k < j < n. Then
k
=iz
j=1
verifies the statement. O
The following proposition is a direct consequence of the above lemma:

ProprosiTion 1.4.3. If Y € t, satisfies (1.26), then we can identify M with adjoint
G,-orbit O of Y in g,, by the map

(1.27) M>x-Q— T, = Ad(x)(T) €O C g,

Proor. By Lemma|[I.4.1|the map (I.27) is well defined and onto.
By Lemmdl.4.2] g, = {Z € g | [Z, (] = 0}. The statement follows because Q is
connected and therefore also its maximal compact subgroup Q N G, is connected.
i

Remark 1.4.4. Fix x € M, with x ~ gQ. We denote Q, = gQg' and
ar = Ad(g)(q). Let Q) = gQ’ ¢!, then it is the Levi factor of Q, , with Lie
algebra q, = Ad(g)g. However, there are some remarks to be made regarding
Cartan subalgebras. We have T € t C g, C q, and in similar way we can find a
Ty et C g Cq). However it is not always possible to take " = Ad(g)t, since this
is not well defined (except when Q is a Borel subgroup, and ¢, = t). Moreover,
every Q, contains a o-stable maximal torus and a 7-stable maximal torus, but in
general it is not true for Q, to contain a torus stable under both - and 7 .

In the following we describe the complex tangent bundle on M with its com-
plex structure. For x ~ g - O € M, we have the decomposition

(1.28) g=ac+ 0" = q+ oy + 0",

that it is not intrinsic to x, but depends on the Levi decomposition and hence on the
initial choice of t. We can write Z € g as

Z = nq(2) + nq(Z) + nyn(2),

with 7y the standard projection over the respective component in (1.28].
Moreover we have the indentification

T M =g/a, = q;n‘

By the fact that M is a complex projective manifold we can think at q;” and o (q7"),
respectively, as the holomophic and anti-holomophic tangent bundle of M in x. For
X0 = eg - Q we have T)?(;]M ~g/q~q"and T;(;OM ~ o (q7") = ¢", but in general
o (a;") # qy.

By Lemma follows :

Lemma 1.4.5. For every x € M the map
(1.29) Ly 9/0x = 8u/8u N 0
defined as
L (Z + qx) = mgn(Z) + (w0 (2)) + 84 N Q) = 7qn(Z) + 7g(Z) + gu N

is an isomorphism of vector spaces.
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Proor. The map (1.29) is well defined. If Z; + q, = Z» + q, then 7y (Z;) =
nq(Z1), and hence I,(Z) + q,) = I(Z, + q,). Moreover we have that 7y (Z) +
(7w (Z)) € gy Finally, since Z — (nqg(Zl) +7T (7Tq;(Zl))), then I, inverts the map
induced by inclusion. O

For Z € q;" , we denote by Z* € X (M) the infinitesimal generator of the
one-parameter group ¢ (¢, x) = exp (tZ) x of diffeomorphism of M.

ProposiTION 1.4.6. For x € M and Z € o;" we have Z* = (Z + 1(Z2))*

X

Using Lemma [1.4.5| we can define a complex structure J, € End (7 M) on
T M = g,/5, N q% as follow:

(1.30) To (1q:0(2) + 1 (Z) + 84 0 Q%) = imgn (Z) — imn(Z) + 0 0
with Z € g.

5. Matsuki’s Dual Orbits

Let G be a connected semisimple complex Lie group, Gg a real form of G,
corresponding to a conjugation o. Fix a Cartan involution § commuting with o
and denote by 7 = 006 = 6o ¢ the conjugation corresponding to the compact form
G,={xeG|1(x)=x}of G.

We begin by considering the full flag manifold N = G/B, with B c G a Borel
subgroup. We can identify N with the set & of all Borel subalgebras of g, via the
adjoint action of G.

We are interested in the study of the homogeneous submanifolds of N which
are the orbits of the left action of a subgroup G’ of G.

Set

Ko=G)=GonG,, K=G"={zeG|0@) =z}
Then K is a maximal compact subgroup of Gg and K its complexification.

DerniTION 1.5.1. For p € N = G/B, let us set
(1.31) M.(p) = Go - p =~ Go/So, with S ={x € Go | x- p = p},
which is a real smooth submanifold of N,
(1.32) M_(p)=K-p=K/V, withV={zeK|z-p=p}
which is a complex submanifold of N,
(1.33) Mo(p) = Ko - p = Ko/Io, withlp = {x€ Ko | x- p = p},
which is a compact submanifold of N.

THEOREM 1.5.2. There are a finitely many orbits M. (p) in N.

Proor. We know (see e.g. [30, Prop. 6.64]) that there are only a finite number
of conjugacy classes of Cartan subalgebras in gg, for the adjoint action of Gy.
List them as by, ..., b;. Every Borel subalgebra b of g is Gg-conjugate to a Borel
subalgebra containing one of the §);’s of the list. There are only a finite number of
Borel subalgebras containing a given Cartan subalgebra. They are parametrized by
the Weyl chambers of the corresponding root system, being of the form

b=Db; + @ Oa
aeR*(C)
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for the positive system R*(C) corresponding to the Weyl chamber C.
Thus the number of orbits M. (p) in N is bounded by & - [W]|. O

LemMma 1.5.3. Let b and v be Borel subalgebras containing 0-stable Cartan
subalgebras of go. If b and V' are either Go- or K-conjugate, then they are Ky-
conjugate.

Proor. Letb =h@nand b’ =0’ @n’, where ) and Iy are the complexifications
of f-stable Cartan subalgebras by and b{) of gop and n, ’ the nilradicals of b, b’,
respectively.

Assume that b = Ad(go)(b’), for some gg € Gg. The proof in the case where
b = Ad(k)(b’) for some k € K is similar, and will be omitted.

Both Ad(go)(bé) and b are Cartan subalgebras of bNgg, which is a solvable Lie
subalgebra of g9. Hence Ad(go)(b(’)) = Ad(exp(Xo))(ho) for some Xy in the nilradi-
cal of b N go. For g1 = exp(—Xo) - g0, we have Ad(g)(b;) = ho and Ad(g1)(g") = g.

We need to show that g; € K. To this aim, we use the Cartan decomposition
Gy = exp(pg) - Ko to write g; = exp(Yy) - ko, with Yy € pg and ky € Ky. From

Ad(g1)(hy) = b = 6(ho) = B(Ad(g1)(0(bg)) = Ad(B(g1))(Dy)

we obtain that

Ad(exp(Y0))(Ad(ko)(by)) = Ad(exp(—Yo))(Ad(ko)(Dy)),

i.e. yo = Ad(exp(2Yy)) normalizes the 6-stable Cartan subalgebra Ad(ko)(bf)). This
implies that yg € Kq and thus that Y = 0, yielding g1 = ko € Kp. O

By Lemma|1.5.3] Ky acts on the set 2 of all Borel subalgebras which contain
a f-stable Cartan subalgebra of gp.

CoroLLARY 1.5.4. Each Gy-orbit and each K-orbit in 5B meets Z in exactly
one Kg-orbit. There are one-to-one correspondences between Go-orbits in N =~ 9,
Ko-orbits in & and K-orbits in N ~ Z:

N/Go = B|Gy & Z Ky & B/K =~ N/K.
Thus ifb € %, then (Go-b) N (K-b) = Ko - b.

Proor. Every Cartan subalgebra of gg is conjugate to one which is 8-stable (see
e.g. [23, Ch.IX, Cor.4.2]). This implies that every Go-orbit in .Z intersects 2 and
Lemma [I.5.3]tells us that the intersection is a Ky-orbit.

A b € & contains a Cartan subalgebra b of gg, wich is conjugate with a 6-sta-
ble Cartan subalgebra by, of go. Their complexifications h = C®fp and )’ = C® Y
are Cartan subalgebras of f and hence, since f is complex, there is k € K such that
Ad(k)(h) = b’. Then b” = Ad(k)(b) contains the #-stable Cartan subalgebra by, and
therefore in an element of the intersection of 2 with the K-orbit of b. Again, by
Lemma/[1.5.3] the intersection of Ad(K)(b) with 2 is a Kg-orbit. O

CoroLLARY 1.5.5. There are a finite number of K-orbits in N.

A general flag manifold M of G can be identified with the grassmannian 2 of
the parabolic subalgebras q which are conjugate to a given parabolic subalgebra ¢°
of q. Each Borel b € 4 is contained in a unique parabolic g € .2, and therefore we
obtain a G-equivariant fibration

(1.34) T N=2%>50—>qge =M with n(b)=q if bcCaq.
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Writing M = G/Q and N = G/B with B c Q, the fibration can be described
by n(gB) = gQ.

Proposition[I.5.2]and Corollary[I.5.5]imply that G and K have a finite number
of distinct orbits in M.

However, Lemma(I.5.3|may fail, because the reductive factor q, of a parabolic
q ¢ 4 may contain Cartan subalgebras of gy which are not Gg-conjugate.

Fix p e M ~ G/Q. If p = x-Q, then the stabilizer of p in Q is Q, =
ad(x1)(Q). Since KN Q. GoNQ, and Ky N Q,, are the stabilizer subgroups of p
for the actions of K, Gy and K¢ on M, respectively, then:

(1.35) M_(p) = K(p) ~K/(KNQ,).
(1.36) M.(p) = Go(p) = Go/ (Go N Q).
(137) Mo(p) = Ko(p) = Ko/ (Ko N Q).

Set.#_ ={M_(p) | p e M}, A+ ={M(p)|peM}, Mo ={Mop)|peM}

Matsuki’s duality (see [33|]) states that there is a one-to-one correspondence
M My inwhich M_(p_) & M (py)if M_(p_)N M, (py) = My(po) for some
Po € M.

THEOREM 1.5.6 (Matsuki 1988). There is a bijection between .#_ and M, in
which M_(p’) € - and M (p"") are related if and only if M_(p"YNM_(p"") € .

Proor. The statement follows from the fact that two parabolic subalgebra q, ¢’,
containing a 6-stable Cartan subalgebra defined over R, are G- conjugate (or K-
conjugate) if and only if that they are Kg-conjugate and the fact that the fibration
(T.34) sends orbits to orbits. m]

TueoreMm 1.5.7. We have:

(1) There exist only one closed orbit in . and only one open orbit in A _.
(2) M. (p) is closed iff M_(p) is open and M.(p) C M_(p);
(3) M_(p) is closed iff M. (p) is open and M_(p) C M. (p).

Proor. These results follow from the study of the orbits of the real forms in
[27], and Matsuki duality. |

6. CR Manifolds

Let M be real manifold of dimensione m, countable at infinity. A partial com-
plex structure of type (n, k) on M is the pair (HM, J) consisting of vector subbundle
HM of its tangent bundle 7'M and a smooth fiber-preserving vector bundle isomor-
phism

J:HM - HM
such that:
(1) J>=-Id: HM — HM;
2) JHM = HM ,Vx € M,
3) X, Y]-[UX,JY]eI(M,HM), VX,Y e I'(M,HM);
4) dimg HxM =2n, m =dimM =2n + k.
We say that (HM, J) is formally integrable if

(1.38) [X,JY] + [JX, Y] = J(X, Y] - [JX,JY]), VX, YeD(M,HM).
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We denote by
T'OM = {x—iJX|X € HM} and T%'M = {x +iJX|X € HM},

the complex vector subbundle of the complexification CHM of HM, whose fibers
are the eigenspaces corresponding to the eigenvalues i and —i of J, respectively.
Then the formal integrability condition of (I.38)) can also be expressed by

(1.39) [C(M, T"°M), T(M, T'OM)] c T(M, T M),
or, equivalently, by

(1.40) [C(M, T M), T (M, T M) < T(M, T M).
The following relations hold:
o TOM =T01M;
o TYOMNT™M = {0);
o T''M e T" M =CHM.
DeriniTioN 1.6.1. An abstract CR manifold (M, HM, J) of type (n,k) is the
triple consisting of a smooth paracompact manifold M of dimension m = 2n + k

and a formally integrable partial complex structure (HM, J) of type (n, k) on it. We
call n the CR dimension and k the CR codimension of (M, HM, J).

If n = 0, we say that M is totally real; if k = 0, M is a complex manifold in view
of the Newlander-Nirenberg theorem. In the following, we shall often write for
simplicity M instead of (M, HM, J).
DEeriniTION 1.6.2. A CR-map of a CR manifold (M, H;, J) into a CR manifold
(M», H;, J») is a differentiable map
O: M > M,
such that:
(1) ®.(H)) C Hy,
(2) ©.(J1X) = J,D.(X), for every X € H;.
A CR-embedding ® : M — N of an abstract CR manifold M into a complex
manifold N is a CR-map wich is an embedding.

We say that a CR-embedding @ : M — N is generic if the complex dimension
of N is n + k, where (n, k) is the type of M.

Let M be a CR manifold of type (n,k). Its characteristic bundle H°M is the
annihilator of HM in T*M. It is the rank k subbundle of 7*M

HM ={aeT*M | a(X) =0, YX € (M, HM)).

Fix a € HQM and X,Y € H.M and choose @ € T'(M,H'M) and X,Y €
(M, HM) such that @(x) = @, X(x) = X and Y(x) = Y. Then we have

(1.41) da(X,Y) = —a([X, Y]),
with the two sides of this equation only depending on @, X and Y. In this way we
associated to @ € H'M a quadratic form
(1.42) Lo(X) = a([JX, X)) = da(X, JX)
on H, M. Since
Lo(X) = Lo(JX)
this form is Hermitian for the complex structure of H,M defined by J.
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DerintTioN 1.6.3. The Hermitian form L, defined by (1.42)) is called Levi form
of M ata € H'M.

We denote by A(@) = (17(@), A~ (@)) the signature of L,, considered as a Her-
mitian form for the complex structure of H, M defined by J; the integers A*(a) and
A™ () are its positive and negative indices of inertia.

DeriniTiON 1.6.4. We say that M in g -pseudoconcave at x € M if 17 (@) > g
for every @ € HOM \ {0} and that M is g-pseudoconcave if it is g-pseudoconcave
at all points.

On an m-dimensional complex manifold M se have the Dolbeault complexes
of sheaves of germs of smooth forms:

E*.8): 080 —2 5 gpl grmt 2, grm 0,

Here P/ denotes the sheaf of germs of complex valued C* forms of bidegree (p, j)
on M. For U™ c M, we denote by HP/(§(U)) the cohomology of this complex
for sections on U. Likewise, we can define the Dolbeault compexes for sheaves of
(p, j)-currents We also have the Dolbeault complexes on the sheaves of germs of
currents

- d _ d
(D'P*,8): 0— g0 s gy Pl gy pm=1 s gy pm

- 0.

Here, for every U°P*" c M and each pair (p, j), the set D' “J(U) of sections of
D'/ on U is defined as the topological dual of the space /" P""~/(U) of smooth
forms, of bidegree (m — p,m — j), having compact support in U, for the standard
Schwartz topology. We denote by HP/(D'(U)) the corresponding cohomology
groups. Actually we have the isomorphisms

HI(U.Q") = HM(EU)) = HM(D'(U))

by the Dolbeault lemma, the elliptic regularity, and the abstract de Rham theorem.
Here Q7 denotes the sheaf of germs of holomorphic p- forms on M, and H/(U, QP)
are the Cech cohomology groups on U , with coefficients Q7 and closed supports.

Likewise, we can consider the Dolbeault complexes for smooth forms or cur-
rents having compact support in U':

(DP*,0) : 0 — D) 2, DPLU) DLy S

— D) > 0,

E&r*,9): 0"y —L grlw) grmlyy -
— s &MU -0

where E'P/(U) is the space of currents of bidegree (p, j), with compact support
contained in U. The corresponding cohomology groups are denoted by H?/(D(U))
and HP/(&'(U)), respectively. In fact,

HPI(D(U)) ~ HPI(E (U)),

as they can be interpreted as Cech homology groups with coefficients in the same
cosheaf (see e.g. [14]).
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Next we consider a C*-smooth CR submanifold My of type (n, k) , which we
assume to be generically and properly embedded in M (so that n + k = m). Let
1, denote the ideal sheaf in the grassmann algebra & of germs of complex valued
C* forms on N, that is locally generated by function which vanish on M and by
their antiholomorphic differentials. This is a graded subsheaf of rings of & and we
denote by ,ﬂﬁf;(;] the intersection %, N E/. Since

I = P ) and I5) c I, Vo< pj<m,

0<p,j<m

we obtain subcomplexes of the Dolbeault complexes (E7*, 0):

0 0

P 3y . p.0 p.1 p.m—1 p.m
(JMO ,0)0: 0> JMO JMO JMO —_— JMO

— 0.

and hence quotient complexes ([&7*], EMO), defined by the short exact sequences
of fine sheaves complexes:

0 —— (A0 —— E&,0) —— (8", du,) — 0.

We denoted by dy, the differential induced by passing to the quotients. Thus the
quotient complex is

([E7*1,0m,) : 0 — [EP] e ——s

B,
— [&P"] —— [&PM] - 0.

In fact the quotient sheaf [&] is supported by M and the cohomology groups on
Uere" ¢ M of ([EP*], E)MO) only depend on the intersection U N My and will be
denoted by HP/([E](U N My)). They are the smooth 8y, -cohomology groups of
U N My, or the tangential Cauchy-Riemann cohomology groups of My N U.

Note that [E7/] = 0 when j > n. We already observed that [£7+/], = {0} for
p € M\ My, and in fact [&] is isomorphic to a sheaf of free C*-modules on My,
so that the ([EP7*], E)MO) are complexes of first order partial differential operators on
sections of smooth vector bundles on Mj.

In order to define the dj;-cohomology groups on currents, we first consider the
spaces [DP/](My N U) of section in [EP/](My N U) having compact support in
My N U. There are short exact sequences

(143) 0= F/(U) 0 DP(U) —— DPIU) —— [DPI)U N Mo) - 0.

Currents are defined by duality:
[DP)(U N Mo) = (LD"P1(U 1 M) -

By (T43), [D'P/]1(U N My) is isomorphic to annihilator of I, (U)NDHHR=Pn=i()
in O'PK*i(U). Note that in the degree of the current on M corresponding to the
current on My there is an index shift equal to the real codimension of My. Since
the definition of the ideal .%;, only involves the pull-back of smooth forms to M,
it follows that the annihilator, and hence [D’?/](M N U) consists of currents whose
coeflicients are single layer distributions carried by My. In this way we obtain, for
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each 0 < p < n + k, a complex of sheaves

- d
(D", 8) = 0 - DP0 — Pl

m,
N D/p,n—l — 2, gpr 5.
We denote by H PI([D'1(U N My) its cohomology groups, which are called the and

refer to as the distribution dy- cohomology groups of My N U. The differential
operators in this complex are easily described by their identification with

3 1 (S (U) N DHPr=i(U))° — (A (U) 0 D=7 ()0

which should be computed in the sense of currents (see e.g. [41]).
We can also consider, for 0 < p < n + k, the cohomology groups of the
corresponding complexes of forms and of currents with compact support:

([DP*1(U N My),0py) : 0 — [DPO)(Mp N U) —%’-» [DP(U N My) — ---

o
s [DPPNU A M) — [DPM(U N M) — 0,

0 MO

(&7 IU 0 Mo). Ouy) = 0= [EPY My U)  —— [E71)(U N Mg) — -+

]
o [EPPTU N M) —= [EPM(U N My) — 0,

where [&'7 J(UNM,) is the space consisting of the sections on U of [D'? I, having
compact support, and we have the identification
; i 0
[EP1(U 0 Mo) = (AP (W)
We denote their cohomology groups by
HPI(ID)(U N Mo)) and HP(IE'1(U N Mo)),

respectively.

Since the Poincaré lemma may fail for the tangential Cauchy-Riemann com-
plex (see e.g. [12]]), the cohomology groups computed by the differential com-
plexes can be different from the corresponding Cech groups with coefficients in
the sheaves %0 = ker{éM0 : [EPO] — [EP']} of CR-forms or QPO = ker{ébwO :

[D'P0] - [D'P']} of CR-currents.

Following we remarks some of the main results for the relation between the
Levi form and CR-cohomology group , we gave as general reference [40].

We begin with the following proposition:

ProrosiTion 1.6.5. Let My be a g-pseudoconcave CR-manifold of type (n, k),
and M be an (n + k)-dimensional tubular neighborhood of My. Then there exists
a fundamental system U of tubular neighborhoods of My, with U C M, having
smooth boundary, and with the Levi form of U having at least q negative and at
least g — k — 1 positive eigenvalues.

Proor. For a proof of this facts see [40, Prop.3.2]. O

We recall that a complex manifold M of complex dimension m is called r-
pseudoconvex (r-pseudoconcave), in sense of Adreotti (see [26, pg.318]), if there
is a real valued smooth function ¢ on M, a compact set K and a constant ¢y € R,
such that:

(1) p<cpon M\ K;
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(2) for every ¢ < ¢, {¢ < ¢} is compact in M,
(3) the complex Hessian of ¢ has at least m — r positive (r + 1 negative)
eigenvalues at each point of M \ K.

If, in the definition of r-pseudoconvexity, we can choose K = () the manifold M
is called r-complete. 1t is shown in [13]] that if M is r-pseudoconvex then for any
coherent sheaf ¥ on M we have

dim H/ (M, F) < o if j > r.

Moreover if M is r-complete then H/(M, F) = 0 for j > r. If M is r-pseudoconcave
and ¥ is a locally free coherent sheaf, then

dim H/ (M, F) < oo for j < r.
For an r-pseudoconcave M and any coherent sheaf ¥ on M, we have
dim H(M,F) < oo for j > n+k—r,
where H li denotes cohomology with compact supports.

COROLLARY 1.6.6. Let My be a compact q-pseudoconcave CR manifold of type
(n, k). Then the fundamental system {U} of tubular neighborhoods in Proposition
(1.6.3) can be taken to be (n — q)-pseudoconvex and q-pseudoconcave.

Proor. See [40, Corollary 3.3]. ]
THEOREM 1.6.7. Let My be a compact g-pseudoconcave CR manifold of type
(n, k). Then forall0 < p <n+k:
(1) for j < gand j > n—q, dim H/ (Mo, QII:/IO) and indeed the natural maps

HI (U, Q") - H' (Mo, 2}, )
are isomorphisms, where {U} is as in Corollary (1.6.6).

(2) for j < q there are isomophisms H/ (MO’QPMO) ~ H/ (M, QP).

(3) for j > n— g, dim HPJ (M) < .

Proor. We have
HI (M, 2}, ) = lim HI(U, Q7).
UoMy
By [13]
H (U, Q") 5 H (U,Q") for j<gand j>n—gq

if U D U are tubular neighborhoods as in Corollary (1.6.6), and hence we obtain
(1). The isomorphisms in (2) follow by the proof of the abstract deRham theorem,
since we have the Poincaré lemma for 51\/10 in the correct range [1], [39]. For (3)
see [41), p.155]. O






CHAPTER 2

CR Structures of Matsuki’s Dual Orbits

References for this chapter are [2-4,9-11]].

1. Homogeneous CR Manifolds

Let G be a real Lie group with Lie algebra g, and denote by g = C ® gy its
complexification.

DerintTION 2.1.1. A Go-homogeneous CR manifold is a Gp-homogeneous smooth
manifold endowed with a Gg-invariant CR structure.

Let M be a Gy-homogeneous CR manifold. Fix a point py € M and denote by
Sy its stabilizer in Gg. The natural projection

n:Gy— G/Sy = M,

makes Gy the total space of a principal Sp-bundle with base M. Denote by 3(Go)
the space of smooth sections of the pullback to Gg of the bundle 7%! M of anti-
holomorphic tangent vectors to M, i.e. the set of complex valued vector fields Z on
Gy such that o
C )
dn=(Z,) € Tﬂ(g)M, Vg € Go.

Since T%' M is formally integrable, 3 (Gg) is formally integrable, i.e.

[3(Go), 3(Go)] € 3(Go).

Being invariant by left translations, 3(Gy) is generated, as a left C* (Gg, C)-module,
by its left invariant vector fields. By the formal integrability assumption, the sub-
space

(2.1) q=(dn")y"(TY'M) c g = T Go,

is a Ad(Sp)-invariant complex Lie subalgebra of g. By all these observations we
have the following Lemma:

Lemma 2.1.2. Denote by s the Lie algebra of the isotropy subgroup Sy. Then
(2.1) establishes a one-to-one correspondence between the Go-homogeneus CR
structures on M = Go/So and the Ady(So)-invariant complex Lie subalgebras q of
g such that g N gy = p. m]

This lemma suggests to introduce the following (see [34])

DeriniTION 2.1.3. A CR algebra is a pair (g, q), consisting of a real Lie algebra
go and a complex Lie subalgebra g of its complexification g, such that the quotient
80/(go N q) is a finite dimensional real vector space.

If M is a Gp-homogeneous CR manifold and q is defined by (2.1)), we say that
the CR algebra (g, ) is associated to M at xy.

The intersection q N q is a complex Lie subalgebra of g, which is the complex-
ification of the Lie algebra sy = q N gg of the stabilizer Sy of x¢ in Gy.

19



20 2. CR STRUCTURES OF MATSUKI’S DUAL ORBITS

The CR-algebras associated to M at different points are conjugate: if (gg, q) is
associated to M at xo, and g € Gy, then (g9, Ad(g~")(q)) is associated to M at g - xo.

The CR-dimension and CR-codimension of M can be expressed in terms of the
associated CR algebra (g, q):

(2.2) CR — dim M = dim¢ g — dimg(q N §);
(2.3) CR - codimension M = dim¢ g — dime(q + @).

By Lemma [2.1.2] the datum of its associated CR-algebra at any point charac-
terizes the CR-structure of a Gg-homogeneous CR manifold M.

Let M, N be Go-homogeneous CR manifolds and ¢ : M — N a Go-equivariant
smooth map. Fix xg € M al let (g9, q) and (g, ¢) be the CR algebras associated to
M at xp and to N at ¢(xp), respectively. Then

(2.4) gNgCent.
ProposiTion 2.1.4. A Go-equivariant map ¢ : M — N is CR if and only if
(2.5) qCe.

Proor. Taking into account (2.4)), condition (2.5)) is equivalent to the inclusion

dgp™(T' M) C Ty, \N.

By the assumption that ¢ and the CR-structures of M and N are Gg-equivariant,this

is equivalent to the fact that dq&C(Tg’lM ) C T%C)N for all x € M and therefore that

¢ is CR. O

ProposiTion 2.1.5. A Gg-equivariant CR-map ¢ : M — N is a CR-submersion
ifandonlyife = q+eNe;

Proor. A Go-equivariant CR map ¢ of Go-homogeneous spaces is always a
submersion, because

dée : go/(80 N a) = Go/(go N ¢)
is onto, as gg N q C g N e. It is a CR submersion iff, moreover, q C ¢ and
dge s a/(@nd — ¢/(eN?)
is onto. This last condition is equivalentto e = g+ e N E. O

The fibers of a Gg-equivariant CR submersion are homogeneous CR manifolds.
Indeed, if S is the stabilizer of ¢(xo) € N, with Lie algebra s; = ¢ N go, then
Fo = ¢~ H(p(x0)) = S{/So has (s, a N '¢) as associated CR algebra at xo.

CoROLLARY 2.1.6. A CR-subbmersion ¢ : M — N has :

(1) totally real fibers if and only ifgNne=qgNe=qNq,
(2) complex fibers if and only if gNe+gNe=e¢eNEt O

2. v,-reductive CR-algebras

For the results of this section we refer to [11]].
Let f be a reductive complex Lie algebra and

t=3®s

be its decomposition into the sum of its center 3 = {X € t| [X, Y] = 0, VY € t} and
its semisimple ideal s = [, f].
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The Lie algebra f admits a faithful linear representation in which all elements of
3 correspond to semisimple matrices. This leads to an intrinsic notion of semisim-
ple and nilpotent elements of f, as those to which are associated semisimple or
nilpotent matrices, respectively. Each element X € f admits a unique Jordan-
Chevalley decomposition

(2.6) X =X+ X,, with X;, X, € f and X semisimple, X,, nilpotent.

A real or complex Lie subalgebra v of { is called splittable if, for each X € v,
both X; and X,, belong to .

Let v be a Lie subalgebra of f and rad(v) its radical (i.e. the maximal solvable
ideal). We denote by
2.7) v, = {X € rad(v) | ad(X) is nilpotent}
its nilradical (see [21} p.58]). It is the maximal nilpotent ideal of v. We have
(see [17, Ch.VIL_§5,Prop.7])

ProposiTioN 2.2.1. Every splittable Lie subalgebra v is a direct sum

(2.8) D =D, + Dy,
of its nilradical v, and of a reductive subalgebra v,, which is uniquely determined
modulo conjugation by elementary automorphisms of v. O

We assume in the following that f is the complexification of a compact Lie
algebra fp. Since compact Lie algebras are reductive, and the complexification of
a reductive real Lie algebra is reductive,  is complex reductive. Conjugation in ¥
will be taken with respect to the real form .

ProposiTiON 2.2.2. For any complex Lie sub algebra v of 1, the intersection vNd
is reductive and splittable. In particular v N D N v, = {0}. A splittable v admits a
Levi-Chevalley decomposition with a reductive Levi factor containing v N .

Proor. We recall that v is splittable if and only if rad(v) is splittable. When this
is the case, v admits a Levi- Chevalley decomposition, and all maximal reductive
Lie subalgebras of v can be taken as reductive Levi factors. The intersection » N ©
is reductive, because it is the complexification of the compact Lie algebra v N .
Then the reductive Levi factor in the Levi-Chevalley decomposition of » can be
taken to contain » N . O

We use the notation
ip=ovNfty, v, =vN0D.
The following defintion outlines the class of CR algebras that will be consid-
ered in this thesis.

DeriniTion 2.2.3. Let Kq be a compact Lie group with Lie algebra fy and M a
Ko-homogeneous CR manifold, with stabilizer Iy and CR algebra (fp, v) at a point
X0 € Mp. We say that My and its CR-algebra (fy, v) are v,-reductive if

(2.9) v=(0ND) Dy,
i.e. if o, = v N D is a reductive Levi factor in v.

If (o, v) is v,-reductive, then v is splittable. Indeed all the elements of v, are
nilpotent and those in vNfy are semisimple. Hence v has a system of generators that
are either nilpotent or semisimple and therefore is splittable (see [17, Ch.VIL,§5
,Thm.1 ]).
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3. Matsuki’s dual homogeneous CR manifolds

Having fixed pg € M ~ G/Q, we will use the notation M, M_ and M for the
corresponding submanifolds of M containing pg, omitting the explicit reference to
the point pg. We assume that the orbits M, and M_ are Matsuki-dual, so that M
is their compact intersection. We will consider M., M_, My as homogeneous CR
manifolds of the Lie groups Gy, K and Ko, respectively. We begin by considering
the principal fibration, given by (1.33)),

(2.10) T Ko g MO =~ Ko/I(),
and take the complexification of its differential in e

(2.11) dry ¥ — Ty M.

0

With v equal to the Lie algebra of V = KN Q,,, it was shown in [8] that the CR
algebra (o, v) is v,-reductive in sense of Definition [2.2.3] The projection (2.11])
restricts to a C-linear isomorphism of v, onto Tg(’)l M, and the pullback by (2.11)

of the CR-structure Tg(’)] My = v, in pg is
()" (T M) = v = v, ®v,= (0N D) @,

The pair (fp, v) is the CR algebra associated to My at pg. Let mg be the linear
subspace of f; given by

(2.12) my = {X € fo|x(X,Y) =0, VY € ip® (v, + D,) N o},
and let us denote by m its complexification. We have

(2.13) CR—-dim(M,) = dimc v — dimc v, = dim¢ v,,,
(2.14) CR-codim(My) = dim¢ t — dime(v + v) = dime m,

for the complexification m of the orthogonal of ((v + 1) N fp) in .

For our purposes it is convenient to describe the totally complex CR-structure
of M_ by explicitly constructing its CR algebra. First we need to consider the
complexification

(2.15) 53X > (X, X) etdt
of f, the conjugation & associated to the real form ¥ of ¥t being
(2.16) FX,Y) = (,X).

Since M_ is a complex manifold, its real tangent space has a complex structure J,
which corresponds to the differential of the multiplication by i in any holomorphic
coordinate chart:

(2.17) M_3p—J, =i €Homg(T,M_,T,M_), forpeM_.

Using (2:T3), at the base point py = (e - V, e - V), we have the complexification of
the tangent space

(2.18) T, M- = (t/v) & /D),

and the complex structure defined by (2.17) is described in this identification by
the restriction to the real tangent space of

C . pC . . c
(2.19) Jo TS M_3(ZW) > (i-Z,~i- W) e Ty M-_.
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By (2.19) we can define
T\OM = [L(2.2) - i1°2.2))| Z € /)
={(Z,0), with Z € t/v}

=@, om0
and
ToIM_ = {1(Z.2) +iJ°(Z.2))| Z e t/v)
= {(0, Z) with Z € ¥/5}
=0& (v, ®m).
Clearly

FTYOM)=Ty'M_ and TyM_=T)'M_&T)'M_.
We consider M_ as the base of the principal V-bundle
7. K-> M_=~K/V.

Take the complexification of the differential in e of the projection 7:

(2.20) ARy . TOT— Ty M_.

Then the pullback of the CR—structure TII,E)OM‘ =Tp,M_ =5, &mis
—1 -

(2.21) (dn)  (TH' M) = 0@D) & (0, ® m) = vOE.

Since 6 (0 &) = £& D then the complexification of the isotropy is

(2.22) &) NFLdT) = &5

Then (t,v & ) is the CR - algebra of M_ at pg. Since
1OI+5dH =@ o H+(F o0 =ttt
it is totally complex. Indeed

(2.23) CR - dim M_ = dimc(v ® 1) — dime (0 @ 5) = dimc 5, + dime m
(2.24) CR — codimM_ = dimct@ f— dimc((0®F) + (0 ®F)) = 0.
For the Go-orbit M, we consider the principal fibration, given by (I.3T]),

(2.25) m:Go— My~ Gy/So,
with S = Gg N Qy,, and take the complexification of its differential in e
(2.26) drny g — Ty M..

We denote the pullback by (2.26) of the CR - structure Tg(’)l M, in py by
-1
(2.27) q=(dnf) (75 M),

so that the pair (go, q) is the CR - algebra of M, at py. The set g of (2.27) is a
complex Lie subalgebra of g with g N g9 = s, the Lie algebra of the isotropy Sg.
We have

(2.28) CR — dim M, = dim¢ q — dime(g N §)
(2.29) CR — codimM, = dim¢ g — dimg(q + @).
Thus, we have

ProposiTionN 2.3.1. Let M, and M_ be Matsuki’s dual orbit with My ~ M_ N
M.. We have:
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(1) The immersion iy, : My — M_ is a generic CR immersion.
(2) The immersion iy, : My — M is a generic CR immersion.

(3) The orbits My and M, have same CR—codimension.
Proor. (1) We have
dingy (TpoMy") = TpyM2" 0 dirg, (T Mo)

The sum of (2.13)) with (2.14) equals (2.23)). Then iy, is CR and generic.
(2) Similarly CR — dim M, + CR — codim M, = dim¢ g.
(3) We have dim¢ g — dimc(q + q) = dimc f — dime(v + D). m|

Remark 2.3.2. We note that the immersion i : My — M., when My # M,, is
not CR-generic.



CHAPTER 3

Mostow Fibration

We keep the notation of the previous chapter. By a classical result of G.D.
Mostow (see [36,37]), there is a Kg-equivariant fibration

T K/V ~M_ - Mo =~ K()/I().

In fact, generalizing the classical Cartan decomposition, Mostow shows (see
[37, Theorem A, p.473]) that, if V is a closed subgroup of a Lie group K, and both
V and K have finitely many connected components, then one can find compact
subgroups Iy ¢ Ky ¢ K and Euclidean subspaces E and F of K such that

V=I)-E
and
K=Ky -F-E
as topological direct products, with

kFk™' = F, forall k € I.

Here I and K are maximal compact subgroups of V and K, respectively.

By saying that ¥ = {F,} is a Ky-equivariant fibration of M_ = K/V with
Euclidean fibers we mean that Kq acts transitively on ¥ and that the stabilizer in
Ky of the fiber F, through p € M_ acts on F), as a group of linear isometries for
a suitable Euclidean structure on F,. Each fiber contains regular points p which
are fixed by its stabilizer. The Kgp-orbit of a regular point is a submanifold My of
G/V, which intersects each fiber of ¥ in a single point, which can be taken as the
0 vector for its Euclidean structure.

Seeking for an exhausting function ¢ : M_ = K/V — R, with ¢ >0 and
Ko/Ip = My = qu (0), it is a reasonable approach to fix a Riemannian structure on
the fiber of the Mostow fibration and take ¢ equal to the distance from the origin
on the fibers.

In this way, using the Andreotti-Grauert theory, we can investigate the rela-
tionship of the Dolbeault cohomology of M_ and the inductive limit of the corre-
sponding cohomology groups of the tubular neighborhoods of M, which are the
real-analytic CR-cohomology groups of Mj.

To this aim, it will be interesting to clarify the structure of the fibers, to un-
derstand to what amount the signatures of the scalar Levi forms on M reflects the
pseudo-convexity and the pseudo-concavity of the open sets U, = {¢ < c} of the
exhaustion.
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1. The Mostow fibration of M_

Let K¢ be a compact Lie group and M, a Ky-homogeneous reductive compact
homogeneous CR manifold. Fix a point py € My to represent My as the quotient
Ko/Iy of Ky modulo the stabilizer I of a base point pg. The CR structure of My
is assumed to be Ky-equivariant, and therefore is described by the datum of an Iy-
invariant complex Lie subalgebra v of the complexification f of the Lie algebra fj
of Ky, subject to the condition that the intersection v N ¥y is the Lie algebra iy of
the isotropy Iy. The fact that My is reductive means, according to [8], that v has a
Levi-Chevalley decomposition

D=0,D0,,
in which

e v, is the nilradical, consisting of the nilpotent elements of its radical;
o the reductive factor v, can be chosen to be the complexification of 1.

Note that the complexification of iy is always reductive, because iy is the Lie alge-
bra of a compact group. Thus our request is that its Iy-invariant complement in v
consists of its nilradical.

We know from [8, Theorem 26] that v is the Lie algebra of a closed subgroup
V of the complexification K of Ky, so that M_ = K/V is a K-homogeneous com-
plex manifold, and we have a Kg-equivariant CR-embedding My <— M_, which is
generic. The subgroup V is algebraic and admits the Levi-Chevalley decomposi-
tion (see [21, §6.5])

3.1 V=V,>xV, with [V, NV, < +c0.

Since a linear representation of a compact group is completely reducible, fy de-
composes into a direct sum of Ad(Ip)-invariant subspaces:

(3.2) to = ip ® ([v, ® 0, ] N Ty) & My,

where the conjugation is taken with respect to the real form fy and my is the or-
thogonal of iy @ ([v, ® D, ] N Tp) with respect to an Ad(Kg)-invariant scalar product
on fj.

The differential of the projection mg : Ko — M) restricts to a linear isomor-
phism of ([v,®v,]Nt) ® mg) C T = T. Ko onto T, Mp. Withm = mp+img C {, we
obtain by complexification a linear isomorphism of the complement v, ® b,, & m of
v, in t onto the complexification CT ), My of the tangent space of My at pg, which
gives the identifications

— 1 — 1
TpoMo = ([0, ® B,] N o) ®mo, T)OMo =5,, Tp'Mo=v,,
HPOM() =~ [v, ® v,] Ny, TpOM()/HpOMO ~ Mmy.
The last one corresponds to representing the quotient 7’Mq/H My as the orthogonal
of HMy in T My with respect to a Kg-invariant riemannian metric on My.

By the Mostow decomposition of [37]], we can represent M_ as a Euclidean
fiber bundle over M. The isotropy Iy is a maximal compact subgroup of V and,
putting together the Levi-Chevalley decomposition (3.1)) and the Cartan decompo-
sition of V,, we have a diffeomorphism

3.3) Ip X1y X0, (x,Y,Z) — x-exp(i¥)-exp(Z) € V.
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At the Lie algebras level this corresponds to the direct sum decomposition
v =1y @ (iip) ® vy.
On the other hand, by complexifying (3.2)) we obtain:
(3.4 t=0®0,®0,) D (mydimy).
Sincd]
0, & D, = 0, ® ([0, © D] N o),
we obtain a direct sum decomposition

3.5 =t ® imo® (iig ®vy).

This makes exp(img) a natural candidate for the Euclidean fiber F of the Mostow
fibration.

We recall (see [36], [37], [38]) that, in view of the previous discussion, there is
an isomorphism

(3.6)  KoxFxigXv,3d(x,v,Y,Z) — x-v-exp(iY) - exp(Z) € K.
This shows (see [37), p.474]) that
(3.7) M_=K/V ~Kq xy, F.

Recall that the right hand side is the quotient of Kg X F, modulo the equivalence
relation
(x,v) ~ (x- k,ad(k"")(v)), Vx e Ko, Vv eF, Yk el
The diffeomorphism is provided by the last horizontal map in the commutative
diagram

(x,v)—>x-v
Ky —— KoxF —/5 K

o L !

My —— KOXI()F ;) M_,

where 7 : K — M_ = K/V is the canonical projection, and we have the fibration
of M_ over M,

(39) 7 = K() X1y F - Ko/I() =~ M()

We can consider Kq as a reductive Kg-homogeneous CR manifold with CR
algebra (fp, v,) (see e.g. [7]). We have the generic CR-embedding Ko — K/V,,.
Let us denote by M_ the complex homogeneous space K/V,. We have a commu-
tative diagram in which, since v, C v, the vertical arrows are CR and holomorphic
submersions, respectively:

Ko — M_

! !

My —— M_.
Note that the first vertical arrow of the diagram is a CR submersion with totally
real fibers.

Un fact, if Z € B, thenZ = —-Z+(Z+2Z), withZ =Z € v, and Z + Z € ¥,. The sum is direct
because v, Ny = {0}.
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2. Some preliminary remarks

In [36, §7] D. Mostow shows that the fiber of a covariant fibration is (essen-
tially) unique. Let us consider the case where V is a closed algebraic subgroup of
SL,(C),with maximal compact subgroup Iy = V N SU(n). The typical fiber Fy is
an Ip-invariant Euclidean subspace of SL,,(C) such that each € € SL,,(C) uniquely
decomposes into

(3.10) C=u-x-z, withu e SU@n), x € Fy, z € exp([po(n) N v] ® v,)=E.
We want to show that the fiber is essentially determined by its image in Py(n) =
{x € C"™" | x* = x > 0} by the map SL,(C) 3 x — x*x € Py(n).
Let us set
(3.11) Dy = {x"x| x € Fp}.
We obtain

ProposiTioN 3.2.1. A necessary condition for Fy being the fiber of a covariant
fibration is that

(3.12) {ze V| 7" 0z = Do} = .

Proor. Assume that z*y*yz = x*x, with z € V and x,y € Fy. Then x = uyz for
some u € SU(n). Decompose z = w - v, with w € Iy and v € E. We obtain

X = (u-w)-(w_1 Sy W) v, with(u-w)eSU(n),(w_1 -y-w)€e Fp,veE.
Due to the uniqueness of the decomposition (3.10), we obtain that u = w=! € I,
x=w! -y-w € Fgand v = I,,. In particular, z=w -1, = w € . ]

Proposrtion 3.2.2. (3.12), together with

(3.13) the map Fy 3 x — x"x € Oy is a diffeomorphism onto,
(3.14) the map ®yxV 3 (p,z) — 7" pz € Po(n) is onto,

are necessary and sufficient conditions in order that F be the typical fiber of a
covariant fibration.

Proor. In fact, for € € SL,(C), by (3.14) there are z € V and p € @ such that
T -C =2z p-z By (@BI3), there is a unique x € Fy for which p = x*x. From
C*-C=z"-x*x-zweobtainthat T = u - x - z with u € SU(). Then we use the
decomposition z = w - v with w € Iy and v € E to get the unique decomposition

x=(u-w)-(w_l-y-w)-v, With(u'w)ESU(l’l),(W_l-x-W)EF(),VGE.

This completes the proof. O

3. Geometry of the space of Hermitian symmetric forms

For better understanding the Mostow decomposition of M_ ~ K/V, we begin
by investigating the structure of SL,,(C)/SU(n), which is a noncompact Hermitian
symmetric space of rank (n — 1). We consider [19] as a general reference.

These comments are relevant because the compact Lie group Ky has, for some
integer n > 1, a faithful linear representation in SU(n), which extends to a linear
representation K — SL,(C). We can therefore identify K with a closed subgroup
of SL,,(C) and M_ with a submanifold of SL,(C)/V.
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The linear group SL,(C) has the Cartan decomposition
(3.15) SU(n) X po(n) 3 (x, X) — xexp(X) € SL,(C),

where its maximal compact subgroup SU(n) = {x € SL,(C) | x*x = I} consists
of the n X n unitary matrices with determinant one, and py(n) is the subspace of
traceless Hermitian symmetric matrices in C"™".

The quotient M, = SL,(C)/SU(n) is endowed with a riemannian metric with
nonpositive sectional curvature. We can identify M, with the set $y(n) of positive
definite Hermitian symmetric matrices in SL,,(C) (which is diffeomorphic to py(n)
via the exponential map). In this way 2, is an open subset of pg(n) and its tan-
gent bundle 7'M, is naturally diffeomorphic to the subbundle of the trivial bundle
Po(n) x p(n) (here p(n) is the space of Hermitian symmetric matrices in C"™", with
no trace condition)

T, =~ {(p, X) € Po(n) X p(n) | trace(p~' X) = O}.
In this identification, SL,(C) acts on M, by
(3.16) SL,(C) X M, > (z,h) — zhZ" € M,

as a group of isometries, and SU(n) is the stabilizer of the identity e = I,,, that we
choose as the base point.

The metric on M, is associated to the restriction to po(n) of the canonical sym-
metric bilinear form

(3.17) (X|Y) = trace(XY) for X,Y € sl,(C),

which is real valued and positive definite on pg(n). This means that at the base
point e = n(I,,) the Riemannian metric is defined by

8e(X,Y) = (X|Y), forX,Y € po(n) = T My,
and at a point p = zz* € M, , for z € SL,(C), by
(3.18) gp(X.Y) = g(p”' X, p7'Y).
By the trace’s properties, for all X, Y € T),2,, we have
gX,Y) = trace(p‘lXp_lY) = trace(Xp_]Yp_])
= trace(z ' X[z*] 'z Y[z Th)

which yields in particular
(3.19) g(X,Y) = X&) N Y (@)Y, forX, Y € T,M,.
Thus we have verified
Proposrtion 3.3.1. SL,,(C) acts by as a group of isometries.
The exponential map restricts to a diffeomorphism
po(n) 3 X — exp(X) € M,

and the curves t — exp(zX), for X € py(n), are the geodesics through the identity
in M,. By translation, the curves in M, of the form

(3.20) R >t — zexp(tX)7" € M,, for X € po(n), z € SL,(C)
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are the complete geodesics issued from p = zz*. We note that, if z € SL,(C)
and 7'z = z,2}, with z; € SL,(C), then z; = zu, with u € SU(n) and therefore
71 exp(tX)z] = zexp(tAd(u)X)z".

To compute the distance of a point p € M, from the base point e, we observe
that SU(n) is the stabilizer of e and therefore dist(p, ¢) = dist(z"p z, e) if z € SU(n).
Taking z € SU(n) such that p’ = zpz* = diag(M(p), ..., M(p)), the geodesic seg-
ment joining e to p’ is

[0,1] >t — exp [t - diag(log(Mi(h)), . .., log(A.(h)))].

Since dist(p, ) = dist(p’, e), this yields the formula for the distance:
(3.21) dist*(p,e) = > |log(hi(p)I?
. ’ i=1 1 b

where A;(p) > 0 are the eigenvalues of p.

Lemma 3.3.2. If p1, p2 € Po(n), then
. n —
(3.22) dist*(p1, p2)= ), [log0u(py' p2)P-

Prook. Let a € Py(n) with a®> = p;. By Sylvester determinant theorem [28] the
matrices pl‘1 p> and a” ! pya~! have the same characteristic polynomial and hence
the same eigenvalues. Indeed pl‘1 D2 is conjugate to a(pf1 pal = alpyal.
Since dist(p1, p2) = dist(e,a™! poa~"), formula (3:22)) follows from (3:21). ]

3.1. Killing and Jacoby vector fields on 44,. Killing vector fields are the
infinitesimal generators of the one parameter groups of isometries. By Prop
the map

(3.23) sl,(C)2Z — Tz ={p > Zp+ pZ'} € X(M,,),

is an isomorphism between sl,,(C) and the Lie algebra of Killing vector fields
on M,.
Fix H € py(n) and consider the geodesic

v : R>1t — exp(tH) € M,,

through the base point e. Denote by J (H) the space of Jacobi vector fields on vy,
and by Jo(H) the subspace of those those vanishing for ¢ = 0.

For every Z € sl,(C), the restriction 62+, of Tz, to vy is a Jacobi vector field.
For h = exp(H), set suy(n) = {Z € sl,(C) | Z*h + hZ = 0}. It is the Lie algebra of
the isotropy group of & for the action of SL,(C).

Lemma 3.3.3. The correspondence
(3.24) 0:35L,(C)>Z — 0z(t) = {t > Z" exp(tH) + exp(tH)Z} € J (H)
is a linear map with kernel
(3.25) ker0 = {Z € su(n) | [H, Z] = 0} = su(n) N suy(n).
We have
(3.26) 0,(1) = %(exp(tH)[H, Z]-[H,Z ] exp(tH)) = %B[H,Z](t), vVt e R.

In particular, 07 is always orthogonal to Yy (t) along yg, whereas 07 is orthogonal
to vy(t) along vy if and only if
(3.27) trace (Z + Z")H) = 0.
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Proor. The condition 87(0) = 0 implies that Z* + Z = 0, i.e. that Z € su(n).
To compute the covariant derivative 0z(¢), we note that for all X € pg(n) the vector
fields

R >t — (exp(tH), exp(tH/2)X exp(tH/2)) € Ty,1y My
are parallel along vy. Thus

. d
Oz(n = - ((exp(—sH/2)[Z" exp([t + s1H) + exp([t + s]H)Z] exp(—sH/2))) |s=0
= 1 ((Z*, Hlexp(tH) + exp(tH)[H, Z]) .

For Z € su(n), we have Z* = —Z and therefore 0,(0) = [H, Z], yielding (3.25).
Finally, we observe that, since H and yg(¢#) commute for all ¢,

yu(n(Oz(), T (1)) = trace(y (102(t)yy (DHYw(1)) = trace (Z + Z")H) ;
8vnn(Oz(0), Tr (1) = trace(vy; (D025 (VHYE(D)
= trace ([H,Z — Z*1H) = trace([[H,H],Z - Z*]) = 0.
This completes the proof. |

To finish up the description of the Jacobi vector fields on Yz we need to intro-
duce the space

(3.28) C(H) = {X € po(n) | [H, X] = 0} = i(su(n) N sup(n)).

Lemma 3.3.4. For Ty, T; € C€(H),
(3.29) (R>t— J(@t) = (To +tT))yu(®)} € J(H), with J(0) = Ty and J(0) = T;.
In particular, {Tyy(t) | T € €(H)} are the parallel Jacobi vector fields onyy. 0O

Since on the geodesics of negatively curved manifolds there are no pairs of
conjugate points, we obtain

Lemma 3.3.5. Denote by Jo(H) the space of Jacobi vector fields vanishing at
0. Then the map

(3.30) Jo(H) 3 J — J(t) € Ty My
is a linear isomorphism for every t # 0. O

Since M, has negative sectional curvature, if J € J(H), then t — [|J(?)|| is a
nonnegative convex function and therefore there are the three possibilities:

(1) |J(®)]| has neither a maximum nor a minimum,;
(2) |IJ(®)|] has a minimum and is unbounded;
(3) J(2) is parallel along vp.
For X, € € po(n), Z € s1,(C) we shall use the notation:
e Jx is the Jacobi vector field satisfying
Jx(0) =0, Jx(0) = X;
e [ is the Jacobi vector field satisfying
L:(0) =&, Lg(0) = 0;
e 0z is the Jacobi vector field satisfying
000)=Z+Z", 020) =3%[HZ-2Z"].
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Note that Lg = %65 for € € py(n) and that 07 is the Jacobi associated to the Killing
vector field Tz-.

Since H, and hence ady, are semisimple, we have a direct sum decomposition
(3.31) po(n) = Imm(ad(iH)) ® Ker(ad(iH)) = [H, su(n)] ® C(H).
Therefore we obtain

Proposrtion 3.3.6. The space of Jacobi vector fields along vy is described by
(3.32) JH)={0z +tTyy | Z € sI,(C), T € C(H)}.

Those vanishing for t = 0 are

(3.33) Jo(H) ={0y +tTyy | Y €i[H,su(n)], T € C(H)}.
For J(t) = 0z(t) + tTyg(t), with Z € s1,(C) and T € C(H) we have
JO)=Z+Z", J(t) = 10im.z147(0),
(3.34) , ) . .. 1
J(O) = E[H,Z -Z"+T, J(@) = Ze[H,[H,Z]](t)-

Proor. The characterizations of Jacobi vector fields in (3.32)) and (3.33) follow
from Lemma and Formula (3.3T)). To compute their covariant derivatives, we
can use the parallel transport Ty, M, > X — exp(sH/2)X exp(sH/2) € Ty, (1+5 My
along vy. Then

ds
= 3[Z", Hlexp(tH) + % exp(tH) [H, Z] = 30,7(t).
This yields (3.34). i
LemMma 3.3.7. We have

0,(t) = (i) [exp(—sH/2){Z" exp([t + s]H) + exp([t + s]H)Z} exp(—sH/[2)]
s=0

1
(3.35  IJDIP = I7O)P+2(JO)(0)+ 2 ; ( —l)(IIJ'(t)II2 + (J(t),f(t))) dr,

VJ e J(H),
where norms and scalar products are taken at the corresponding points vy (t).

Proor. We use the integral form

1
F(1) = fO) + F/(0) + fo (1= " (0)dt

of the reminder in Taylor’s expansion of a C? function of a real variable, with

F@ = 1O, 0

To better understand Formula (3.33)), it is convenient to introduce the symmet-
ric bilinear form

1
(336) (il = fo (1= {1 OW2(0) + (I2@) + 207 10 d,

for Jl, J2 € j(H)
LemMma 3.3.8. Form (3.36) is positive semidefinite on J (H) and
UINr =0 J =0 fora € e C(H).
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Proor. For J € J(H), we have
(J,J)) = =(RU,Yr)1ul)) 2 0, VieR,

because M, has negative sectional curvature. Thus for each ¢ € R the symmetric
form

B(J1(2), J2(1) = g(J1 (1), Ja(0)) + g(J1 (D), J2 (1))
is positive semidefinite. Hence, if (J|J)g = 0, then J(t) = 0 for all ¢. The statement

follows from the fact that the Jacobi fields Lg with § € C(H) are exactly those
which are parallel along vg. O

By polarizazion we obtain
Lemma 3.3.9.
(3.37) (Li(DI2(D)n = J1(0)2(0))+(J1(0)2(0))+ (201 0D + (J11J2)m,
VJ1,J2 € J(H).
O

Remark 3.3.10. To compute explicitly the scalar product of Jacobi vector fields
at different points, it is convenient to consider their parallel transport along vy to
the base point e. The correspondence is

TyunMy 3 02(8) — Zi + Z; € ToM,, with Z, = exp(tH/2)Z exp(~tH|/2).
In particular, since [H, Z]; = [H, Z;], we obtain
162(0)I> = Ytrace({[H, Z] + [H, Z,]*}*)
= Ltrace({[H, Z:] - [H, Z{1})
= Ltrace([H,Z, - Z; 1),
(02(0)102(1) = Jtrace({Z; + Z;} - {[H, [H, Z)] + [H, [H, Z]]'})
= ttrace({Z, + Z;} - [H,[H, Z, + Z; 1)
= —%trace([H, Z + Zf]z).
Since [H,Z] = —[H, Z;]*, we obtain
621> + (B2(DB2(1) = jtrace(([H, Z] + [H. Z]")* - (1H.Z] - [H,Z]")*)
= trace([H, Z;] - [H, Z,]").

With this notation, (3.33)) can be rewritten as

1
121 + Z1* = Zo + ZI* + 2(HI[Zo, Z51) + | (1=1) - trace([H, Z,] - [H, Z,]*)dt
0

= 120 + ZI* + (1H, ZoliZ3)) + ([H, Zo]"|Z0)

1
+ f(l — 1) - trace([H, Z;] - [H, Z,]")dt.
0
Remark 3.3.11. The space J(H) of Jacobi vector fields along vy has a natural
symplectic structure, defined by the form
() w(J1,J2) = trace(J1(0)/2(0) — J1(0)J2(0))
= (i) = (L(0OV1(D), Vi eR,
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where the last expression is constant along yg (see [29, Prop.1.12.3]).
In particular, if X € pg(n), Z € sl,,(C) and trace(XZ) = 0, then

%gvmt)(fx, Lz) = gyuy(Uxs Lz) + 8yutnUxs Lz) = 28y, (Ux, Lz),
because
w(Jx, Lz) = g(Jx(0), Lz(0)) = gy,,0)(Jx, Lz(0)) = Ftrace(X(Z + Z")) = 0.
Lemma 3.3.12. If Z € s1,(C) and X € po(n), then
(3.38) Ix(DIOz(D) = (XIZ + Z7)e + (JxI02)n-
Proor. This follows by Formula of Lemma|[3.3.9|because Jx(0) =0. O

Lemma 3.3.13. Let X, € € po(n) be nonzero matrices such that

(3.39) (X&), = trace(XE) = 0.
Then
(3.40) [(Jx(DILe(D)nl < IIx (Dl - [ILe(Dlp-

In particular, Jx(1) and Lz(1) cannot be proportional.
Proor. By Formula (3.37), we have
I7x (DIl = I,

ILe(DIZ = IEIZ + LIz,
Ix(Dll(D)y = UxILe)n-

Then
I(Ix(ILeDAl < IWxller - Leller < I1xler - AJIENE + 1Ll
when X and § are different from zero. This proves the lemma. |

Let J be any Jacobi vector field along yy. We rewrite Formula (3.35)) in the
form

ITCDIG = ITO)E + 2O (©0)) + (T

Let us take J = 067 + Jx with Z € s[,,(C) and X € pg(n) with trace(XZ) = 0.
Then

JO)=Z+Z*, JO)=X+1i[HZ-Z"]
yields
DI = 1Z + Z | + 2Z + ZF1X + 3[H, Z = Z)e + (I
=NZ+Z W2+ (HZ-ZNZ+Z")e + Iy
=1Z + Z*; + 2(HI[Z, Z*De + (1D)p1.
Thus we obtain
Lemma 3.3.14. Let Z € s1,(C) and X € po(n), with trace(XZ) = 0. Then
(3.41) 102(1) = Jx(DIz = I1Z + Z*|1; + 2(HI[Z, Z*D)e + 110z — Jxll;. O
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An interesting feature of Formula (3.41) is that the first two summands are
independent of X. In particular, the left hand side is positive for all Z in a real
subspace v’ of sl,(C) with v’ N su(n) = {0} when ||H||. is sufficiently small.

The Jacobi vector fields can be used to compute the differential of the expo-
nential map. In fact, for H, X € po(n), the covariant derivative % exp(H + tX)|;=0
is the value for = 1 of the Jacobian vector field Jx along vy, which was taken to
satisfy the initial conditions Jx(0) = 0 and Jx(0) = X. By the previous discussion,

(3.42) Jx(t) = [exp(tH), Y] + T exp(tH) € Jo(H), where
X=[Y,H]+T,withY € su(n) and T € C(H),
and then we get

(3.43) D exp(H + 1X)|i=o = Jx(1) = [exp(H), Y] + T exp(H).

4. Decompositions with Hermitian fibers

Let V be a closed complex Lie subalgebra of SL,(C), which admits a Levi-
Chevalley decomposition (3.1). We keep the notation of Section [I] but substitute
img for mg. Then we set

my = (v + )" N py(n),
v =10, ® (v N po(n)).

As we indicated before, exp(img) is our favourite candidate for the typical fiber F
of a Ky-covariant fibration of SL,,(C)/V. In fact, we will show that this is the case
for some special classes of V. We begin by studying here the map

SU®@®) x mo XV 3 (x,X,z) = xexp(X)z € SL,(C)
in general.
ProrosiTion 3.4.1. We can find a real r > 0 such that the map
(3.44) Ao’ xXmg 3 (z,X) — exp(Z”) - exp(X) - exp(Z) € M,
is a local diffeomorphism for || X||. < r.

Proor. By using the diffeomorphisms p — z* - p - z of M, we can reduce
to proving the statement at points (0, H), with H € mgy. At those points, to com-
pute the differential we can use the Jacobi vector fields 6z and Jx on yy. In-
deed we have dMO, H)(Z,0) = 6z(1) and d\MO, H)(0,X) = Jx(1). Moreover,
the maps v’ 3 Z — 0z(1) € T)M, and my > X — Jx(1) € T, M, are injective. By
Lemma we have

Ix(1) = Oz(DIz 2 11Z + Z°|[; = 2HIZ.Z e, VX € mo.
Since [Z,Z*] = 0 when Z+Z* = 0, we have, for some constant C > 0,
|(HI[Z.Z*D.| < CIHILIIZ + Z°113.
The statement follows. O
CorOLLARY 3.4.2. There is r > 0 such that the smooth map
(3.45) Vxmgs(z,X)— 7" -exp(X)-z€ M,

is a submersion for || X|| < r. O
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Lemma 3.4.3. The map (3.43) is onto.
Proor. For each p € 94, the orbit
(3.46) N, ={"pz|zeV}

of V* is a closed smooth submanifold of #,. There is a point py € N, having
minimal distance from e, i.e. satisfying

dist(po, €) = mingey, dist(g, e).

We can assume that pg = p. Leta = /p~! € Py(n), X = log(p) € po(n). Then
[0,1] 3 — yx(f) = exp(X) is the geodesic arc joining e to p and (1) = a ' X a~!
is orthogonal to T,N, = {Z*p + pZ | Z € v}. Since a, a‘l,p,X commute, we have

(a'Xa "2 p + pZ)|y = trace(X(aZ* pa + apZa)
= trace(aXZ" pa + apXZa)
= trace(aXZ*a™") + trace(a” ' XZa)
= trace(XZ") + trace(XZ)
=trace(X(Z+Z")) =0, YZ €,

shows that X € mg. In particular, each orbit N, intersects exp(mg). Thus, for each
p € Po(n), the intersection N, Nexp(img) contains a point z*pz = exp(X), withz € V
and X € mg. This yields p = [z7']* exp(X)[z~!], proving the Lemma. O

From Lemma [3.4.3| we obtain the surjectivity of the map
(3.47) SU®@#n) x mg 3 (x, X) — n(x - exp(X)) € SL,(C)/V,
where 7 : SL,(C) — SL,(C)/V is the projection onto the quotient:

ProvositioN 3.4.4. The map is onto.

Proor. Let z € SL,,(C). Then z*z € M, and therefore

Z'z=v"-exp(2X) - v, withveV, X e my.
Then
x=z-v’. exp(—X)
satisfies
X x = exp(-X)v ' TI" 2"z v - exp(—X)
= exp(-X)[v TV - exp(2X) - v- v - exp(-X) = L.
Therefore x € SU(n) and
(3.48) z=x-exp(X) v,

with x € SU@#), X € mp, v € V. O

We already noticed that, in the situation of §Il where V is a closed subgoup
of the complexification K of a compact group Ky, we can assume that K is an
algebraic subgroup of SL,(C), with Ky = K N SU(n) and V N SU(n) a maximal
compact subgroup of V. We obtain the general statement:
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ProrosrTion 3.4.5. Let fo = mg NE. Then we have a commutative diagram with
surjective arrows

(3.49) Ko xfo Ko x1, fo

~ 7

K/V,

where the horizontal arrow is the projection onto the quotient, the left arrow is
obtained by restricting (3.47), and the right arrow is obtained by passing to the
quotient.

Proor. It is sufficient to follow the proof of Proposition [3.4.4] and check that
X € fy and x € K if we take z € K.
In fact, for z € K we obtain the decomposition

(3.50) z=x-expX)-v, withxeKpy, Xefy, veV,
because K 3 7"z = v* exp(2X)v implies that exp(2X) = [v*]"'z*zv™! € K and hence

X etnmy=fy. O

The left arrow of (3.49) is actually the Mostow fibration when V is reductive
(see e.g. [43]).

ProrosriTion 3.4.6. If'V is reductive, then the natural surjective map
Ko X, fo » M- = K/V
is a diffeomorphism.

Proor. In this case V is algebraic and self-adjoint and therefore has the Cartan
decomposition

V = (VN SU()) X exp(v N po(7n)).
By Lemma[3.3.13] the map
(0N po(n)) X To 3 (Z,X) — exp(Z7) - exp(X) - exp(Z) € VN Py(n) = exp(v N po(n))

is surjective and is a local diffeomorphism at every point of (v N py(n)) X fo. Thus,
being a connected covering of a simply connected space, is a diffeomorphism.
Hence, for every C € K, there is a unique pair (Z, X) € (v N po(n)) X fo such that

T - T =exp(Z") - exp(X) - exp(2).

Therefore u = T - exp(-Z) - exp(—%X) € Kp and we obtain the direct product
decomposition

(3.5 K =Ko - exp(fo) - exp(v N po(n)),

from which the statement follows. O

Proposition [3.4.6] corresponds to an M_ which is the Stein complexification of
a totally real compact M. We will be more interested in the case where V has a
nontrivial unipotent radical.

When we know that decomposition is unique, we can extract some ex-
tra information from the minimal distance characterization of pq in the proof of
Lemma[3.4.3] For instance, as a corollary of Lemmd3.4.3] we obtain the following
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Prorosition 3.4.7. For h € Py(n), denote by Dy(h) the minor determinant of
the first € rows and columns of h. Set Do(h) = 1 and let 0 < M(h) < - -+ < Ay(h) be
the eigenvalues of h. Then

(352  distthe)= Y logOa)P 2 Y [log(De(h)/De-1(),
If h is not diagonal, we have strict inequality.

Proor. We take V equal to the group of unipotent upper triangular matrices in
GL,(C). The element & = ¢® € N, = {z*hz | z € V}, with A € py, at minimal
distance from e satisfies trace([Z + Z*]A) = 0 for all nilpotent upper triangular Z
and hence is diagonal. The unique diagonal & = z*hz in N}, is the one obtained by
the Gram-Schmidt orthogonalization procedure. The proof is complete. O

The orbit of a point p € M,, by the group of unipotent upper triangular matrices
of SL,(C) is an example of a horocycle of maximal dimension in a symmetric
space of noncompact type. We will generalize this situation while outlining a class
of subroups V for which F' = exp(fp) can be taken as the fiber of the Ky-covariant
fibration.

5. The general case

Before computing in general the typical fiber of the Kp-covariant fibration
. M_ — M, it is convenient to rehearse some notions introduced in [8, §3] to
construct what was called there CR deployment. We simply assume, in the begin-
ning, that f is a reductive Lie algebra over C.

For a Lie subalgebra a of f, we denote by r(a) its radical and by n(a) its ideal
consisting of the adi-nilpotent elements of r(a). Starting from any splittable Lie
subalgebra v of f we construct a sequence {v,} by setting recursively

(3.53) o =B ,
1) = Ne(n(oy)) = {Z € ] [Z,n(o@p))] C n(opy)}, Yh>0.

Each Lie subalgebra v, with 4 > 1, is the normalizer in t of the ideal of ad-
nilpotent elements of the radical of the preceding one. In the paper cited above
it is shown that Yy S Darl) and n(n(h)) c n(n(h+1)) for all ~ > 0 and that the
union |J,5od(n) is a parabolic subalgebra w of f, which was called the parabolic
regularization of v. This shows that the set

(3.54) P() = {q | q is parabolic in f and v C g, n(v) C n(q)}

is nonempty.
Let us prove a general lemma on parabolic Lie subalgebras.

LemmMma 3.5.1. If g1, ap are parabolic Lie subalgebras of 1, then
q=0q1 N a2 +nar)
is a parabolic Lie subalgebra of t.

Proor. By [17, Ch.VIILProp.10] we know that q; N g, contains a Cartan subal-
gebra b of t. If R is the set of roots corresponding to I, each parabolic Lie algebra ¢;
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(i = 1,2) can be decomposed into a direct sum of b and of root spaces (see (I.11))
and there are Ay, A, € bhg such that

a=be > tu

GER,
a(A)=>0

where {, = {Z € | [A,Z] = a(A)Z, YA € br} is the root space of a.
Take € > 0 so small that € - |a(Az)| < a(Ay) if a(A;) > 0. Then we have

a=he >t

0ER,
a(A]+€A2)>0

and this shows that q is parabolic. In fact, if £(q;) are the h-invariant reductive
summands of q; and 1n(¢;) the ideals of nilpotent elements of their radicals, we have

q = (L(aq1) N L(a2)) & (L(ar) N1(q2)) & n(qy). ]

Let us assume, from this point, that f is the complexification of its compact
form fy. Using the lemma and parabolic regularization we obtain

ProposiTiON 3.5.2. We can find q € B(v) with £(q) = g N a.

Proor. We can take g = (w N w) + 1n(w), for the parabolic regularization w
of v. O

This shows that the set

(3.55) Bo=1{g€P®) | qg=(gNq &n(q)}

is nonempty. For q € o(v) we will use £(q) = g N q. The parabolic regularizazion
produces a small w and a corresponding smaller (w N W) & n(w) in Po(v). As
in [8]], we are more interested in the maximal elements of P(v), because we have
(cf. [8L Proposition 20])

Proposrtion 3.5.3. If q is any maximal element of Bo(v), then
(356)  a=Lie(n(@)+L@) and n@ = ) ad"(@@)n()).

Proor. Let q € Po(v) and denote by 3 the center of £(q). Being invariant under
conjugation, it is the complexification of the Lie subalgebra 3¢ of a maximal torus
to of Ty. Set 3r = i30. Following the construction of Konstant in [32], we consider
the set Z consisting of the nonzero elements v of the dual 3; for which

Iy ={Xet|[ZX]=v(2)X, VZ € 3r} # {0}.

This set Z shares many properties of the root system of a semisimple Lie algebra.
With the scalar product defined on 3z by the restriction of the trace form of a
faithful linear representation of f and the corrisponding dual scalar product on 3,
we have

(D) vez= -vez and I, =t_,,

(”) V17V2avl + V2 € Z - [fvl’f\/z] = f\/1+\/29

(i) Vi,V € Zand (vi|vy) > 0= v; —v; € Z,

(iv) Vv € 2z, i, is an irreducible £(g)-module,

) n(q) = Zwof\” for some lexicographic order in Z,

i) 3 abasis {uy, ..., e} C 2 of positive simple roots of 3.



40 3. MOSTOW FIBRATION

The Lie algebra Lie(n(v) + £(q)) is contained in ¢q and is a direct sum
Lie(n(v) + £(@) = L& ). 1,

for a subset £ of Zz* = {v > 0}. Assume that there is a positive simple root w;
which does not belong to E. Since y; is simple, ¢’ = q @ f_, is still a parabolic Lie
subalgebra. Let us show that it is an element of P (v). We have

¢ = @) O (), with ) = L)@k, Ty and @)=Y

Note that £(¢’) = ¢’ N §. An element X € n(v) can be written in a unique way
as asum X = Y,cXy with X, € f,. Then X € n(q’), because £ c z* \ {w;}.
This shows that n(v) C n(q’), i.e that ¢’ € By(v). Thus, if g is maximal in PFo(v),
then Lie(n(v) + £(q)) contains all f,, fori = 1,..., ¢ and thus is equal to g, because
(if) and the fact that every positive root is a sum o simple positive roots yield that
Lie(ZlefMi) = n(q). Finally, it follows from the discussion above that n(q) is the
ad(2(q))-module generated by n(v). m|

Analogously, we obtain

Prorposrttion 3.5.4. If q ia any maximal element of *B(v), then

(3.57) q = Lie(n(v) + £(q)),
for any reductive Levi factor £(q) of q, and n(q) is the ad(2(q))-module generated
by n(v). O

5.1. A decomposition Lemma for unipotent Lie groups. We recall that a
unipotent Lie group is a connected and simply connected Lie group having a nilpo-
tent Lie algebra. Let n be a nilpotent real (or complex) Lie algebra and N the
corresponding unipotent Lie group. We recall that exp : 1 — N is an algebraic dif-
feomorphism and that each Lie subalgebra e of 1 is the Lie algebra of an analytic
closed subgroup E = exp(e) of N. The simple version of the Mostow decomposi-
tion theorem in this case reads

ProposiTion 3.5.5. Let N be a connected and simply connected nilpotent Lie
group with Lie algebra n and E a Lie subgroup of N with Lie algebra ¢ C n. Then
we can find a linear complement 1 of ¢ in n such that

(3.58) IXE>(X,x) — exp(X)-xeN
is a diffeomorphism onto.

Proor. We argue by recurrence on the sum of the dimension n of n and of the
codimension k of ¢ in n. The statement is indeed trivial whenn = 1. If kK = 1,
then e is an ideal in n. Indeed, by passing to the quotient, ad(e) acts as a group
of nilpotent maps, and hence trivially, on the one-dimensional vector space 1t/e.
Any linear complement [ of e in 1, being one-dimensional, is a Lie subalgebra of
n. By [23, Ch.VL,Lemma 5.2], the map

f:Ixes(X,Y) — exp(X)-exp(¥Y) e N

is regular. Since e is an ideal, f(I X e) is a Lie subgroup of N. Since f(I X )
contains an open neighborhood of ey, it follows that f is onto. Therefore f, being
a connected covering of a simply connected manifold, is a diffeomorphism.
Assume now that k > 1 and that the statement has already been proved when
the codimension of the subalgebra of the nilpotent Lie algebra is less than k or the
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nilpotent Lie algebra has dimension less than n. Since n is nilpotent, its center ¢
has positive dimension. If eN¢ > A # 0, then A = exp(R - A) is a one-dimensional
normal subgroup of N and E. Denote by I’ the projection into /(R - A) of a linear
complement [ of ¢ in n. Since dim(N/A) = n— 1, by the recursive assumption there
is a diffeomorphism

f U X(E/A) > (X', X)) — exp(X’) - x’ € N/A.

Let us show that this implies that is also a diffeomorphism. In fact, if T € N,
by the surjectivity of f” there is a pair (X,y) € [ X E such thatexp(X) -y = C- a,
for some a € A. This shows that T = exp(X) - (y - a~') and therefore is
onto. If T = exp(X) - (x1) = exp(X2) - (x2) - a, with X|,X; € [, x,x, € E and
a € A, then X; = X, = X because the projection [ — [’ is a linear isomorphism.
Moreover, the correspondence T — X is C*-smooth, because f”~! is smooth. Then
C — x =exp(—=X) - T € E is also smooth, and T — (X, exp(—X)C) yields a smooth

inverse of (3.58).

If ¢ N e = {0}, then we can take a linear complement [ of e in 1 containing c.
Arguing again by recurrence, we obtain a diffeomorphism

f/ox(E-C)/C)> X', x)— exp(X')-x" € N/C.

Then (3.58) is a diffeomorphism. Indeed, (E - C)/C =~ E and therefore for C € N
there is a unique x € E, with x = ¢(C) for a smooth function ¢ : N — E, such that,
forsome Z e cand Y €,

C-exp@)=exp(Y) - x=>C=exp(Y +2Z) - x.

The exponential is a diffeomorphism of 1 onto N. If we denote by log : N — 1 its
inverse, we obtain X = Y + Z = log(x~'¢) € [ and

N5 ¢ > (log([p©17'0), §(0)) € IXE

is a smooth inverse of (3.38).
This map lifts to the diffeomorphism , because by the recursive assumption, if
f is a linear complement of R - A in e, then

fxR> (¥, N - exp(Y)-exp(lA) = exp(Y + AMA) € E

is a diffeomorphism. This completes the proof. |

For the applications, we need some precision on the possible choices of 1.

PrOPOSITION 3.5.6. We make the assumptions of Proposition|3.5.5and suppose,
moreover, that there is a semisimple Lie group A of automorphisms of n leaving
e invariant. Then we can choose an A-invariant linear complement 1 of ¢ in n for

which (3.58)) holds true.

Proor. We can follow verbatim the arguments in the proof of Proposition[3.5.5]
by adding at each step the requirement of [ being A-invariant. This is possible
because of the semisemplicity assumption. In case ¢ N e = {0}, we can take an [
containing ¢, because ¢ is A-invariant. O
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5.2. Characterization of the typical fiber. We keep the notation of §I] Fix
a parabolic subgroup Q of K, with Lie algebra q € P (v). It is well known that
(3.59) K=K,;-Q.

Let L(Q) be the reductive factor of Q with Lie algebra £(q) = g N q, which is the
complexification of its maximal compact subgroup L(Q) = L(Q) N Ky = Q N K.
The nilradical n(q) of q is the Lie algebra of its unipotent radical Q, = exp(1(q)).
By using the Cartan decomposition = ¥y @ pg of T (here pg = ity because f is the
complexification of fy), and the Levi-Chevalley decomposition of Q, we obtain the
direct product decomposition

(3.60) Q = L(Q) exp(n(a)) = Lo(Q) - exp(po N q) - exp(1(a)).

By applying the decomposition (3.5T)) with L(Q) replacing K, we obtain the direct
product decomposition

(3.61) L(Q) = Lo(Q) - exp(fo) - exp(po N ),
with o equal to the orthogonal complement of (py N v) in (P N ).

Lemma 3.5.7. We have a direct product decomposition

(3.62) K =Ky - exp(fo) - Qn - exp(po N v).

Proor. By (3.60) and (3.61)) we obtain the direct product decomposition
(3.63) K =Ky - exp(fo) - exp(po N v) - Qy.
We have

exp(v N po) - Qn = Qy - exp(v N Pp)
because Q,, is a normal subgroup. Indeed, for X € v N py and z € Q,, we have
z-exp(X) = exp(X) - (exp(—X) - z - exp(X)

€Q
and exp(X) - z = (exp(X) - z - exp(—X) - exp(X).
€Qn
The fact that the products are direct follows from the direct product decompositions
Q=LQ) Q. =Q,L(Q). This proves the lemma. O

LemMma 3.5.8. We can find an ad(ly)-invariant linear complement 1 of v,, in q,
to obtain a direct product decomposition

(3.64) K =Ky - exp(fo) - exp(l) - exp(v,) - exp(v N o).
Proor. The statement is obtained by applying Proposition to the case
where 1 = n(q), ¢ = v, and A = Ad(Ip). m]

Putting together the results obtained so far, we have:

TuEOREM 3.5.9. If q € PBo(v), then the typical fiber of a Mostow fibration

(3.65) M_ =Ko %1, Fo — Mo = Ko/l
can be taken equal to the product

(3.66) Fo = exp(fo) - exp()

of

(3.67) fo=aqnagnponN(+0)t
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and of a suitable Ad(Ip)-invariant linear complement 1 of v,, = n(v) in g, = n(q).
O

ExampiE 3.5.10. Let v be the one dimensional complex Lie subalgebra of
sl,(C) generated by a nilpotent matrix of rank (n — 1), that we can take equal to

0 1
0 1

Zy= o
0 1
0

Then we can take q equal to the Borel subalgebra t (C) of upper triangular complex
matrices, fo equal to the algebra sb,(R) of real diagonal traceless matrices, and

(={z=@pen©]),__zum =0}
where 11 (C) are the upper triangular nilpotent complex n X n matrices.

Let Po(f) = exp(pp) be the Euclidean factor of the Cartan decomposition of
K. By employing the linear representation K < SL,(C), it can be identified to a
totally geodesic submanifold of Py(n).

Lemma 3.5.11. Assume that N is a unipotent subgoup of K. Then, for every
p € Po(n), the map
(3.68) Noz— 7*hze N, ={pz| z€ N}

is a diffeomorphism.

Proor. In fact the stabilizer Stab(p) of p for the right action
KxPo() > (z,x) = 2" - x-z€ Po(D)

of K on Py(¥) is a compact group and hence Stab(p) N N = {ex}. Thus (3.68)
is a diffeomorphism with the image, being the restriction to N =~ N/{ek} of the
diffeomorphism K/Stab(p) — Py (). |

CoroLLARY 3.5.12. Fix q € Po(v) and let Ty and | be the corresponding sub-
spaces of t of Theorem Then the elements X € Ty and Z € | of the decompo-
sition

C=u-exp(X)-exp(Z2)-v, with uecKy veexp(,): exp(yvNpy)
are obtained in the following way:
o [0,1] > t — exp(2tX) is the geodesic in Py(¥) joining ex to the unique
point po of Seec = {2 - T" -T2 | z € V- Q,} at minimal distance from ex;
o 7 is the unique element of | such that exp(Z*) - pg - exp(Z) belongs to
Npy ={z" - po-z|z€V}

Proor. Indeed the Mostow fibration of M’ = K/(V - Q,) can be taken to have
a hermitian typical fiber exp(fo) and correspondingly we obtain a unique decom-
position
C=u-exp(X)-E-exp(Y) with E€Q,and Y € vn py.
Next we consider &"-exp(2X)-E =E"- po-&. By Lemma|3.5.11|and the choice of
[ we know that the element E* - pg - § of {z* - po - z | z € Q,} uniquely decomposes
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as a product w* - exp(Z*) - po - exp(Z) - w with w € V,, and Z € [. This yields the
thesis. O

6. Horocyclic Nilradical

In Theorem we can take [ = {0} when v, is the nilradical of a parabolic
q € Po(v).

TueoreM 3.6.1. Ifv, is the nilradical of a parabolic q € Bo(v), then

(3.69) Ko x o2 (x,X) — [x-exp(X)] € M_,
where
(3.70) fo=ananpyn(+0)t,

induces a diffeomorphism of M_ with
Ko x1, fo = Ko X fo/ ~, (were (x,X) ~ (x-u, Adu™)(X)), Yu € Iy),

and
(3.71) M_ = Kq Xy, fo 3 (x, X) — [x] € My = Ko/Io,
is a Mostow fibration of M_ over M. O

Following the notation in [44, p.17], we give the following definition

Dermnition 3.6.2. Let V be a closed subgroup of K, which admits a Levi-
Chevalley decomposition. If its unipotent radical V, is the unipotent radical of a
parabolic subgroup, then we say that 'V has horocyclic nilradical, or simply is HNR.

Let us go back to the notation of We observe that by substituting to V the
subgroup V- Q,,, where Q,, is the unipotent radical of a parabolic Q with q € P (v),
we simply put on the same My a stronger CR structure. In fact, the CR-algebra at
the base point was changed from (g, v) to (fp, v + q,). The spaces of the realization
changed from M_ = K/V to an M’ = K/(V - Q,), which is the basis of a complex
fiber bundle M_ — M’ , with Stein fibers (cf. [8, Thm.4.7]).



CHAPTER 4

Dolbeault and CR Cohomologies

In this chapter we investigate the relationship between the Dolbeault coho-
mology of M_ and the real-analytic CR-cohomology of M. The last one is the
inductive limit of the corresponding Dolbeault cohomology groups of the tubular
neighborhoods of M. By using the results of Chapter[3] we are able to construct an
exhaustion fuction for M_, having a complex Hessian whose signature in linked to
the pseudoconvexity/pseudoconcavity of My. In fact we find conditions for obtain-
ing vanishing thorems fot the CR cohomology of M( and the Dolbeault cohomololy
of the K-orbit M_, similar to what J.A.Wolf did for the relationship of M, to M,
in the case where M, is an open Gg-orbit in [42].

We shall actually discuss the slightly more general situation of a homogeneous
reductive compact CR-manifold M.

1. An Exhaustion Function for M_

In [22]] H. Grauert showed that a real-analytic manifolds admits a fundamen-
tal systems of Stein neighborhoods in any of its complexifications. In particular,
the complexification K of a compact Lie group Ky is Stein, and the isomorphism
provided by the Cartan decomposition

Koxts(x,X) — g-exp(iX) eK
also provides an exhausting function
K 5 x-exp(iX) — |IX|]> = —x(X, X) € R,

which is zero on Ko, positive on K \ K¢ and strictly pseudo-convex everywhere.
Here and in the following we shall denote by « both the negative definite invariant
form of a faithfull unitary representation of fy and its C-bilinear extension to f.
When fj is semisimple, we may take « equal to its Killing form.

In a similar way, we will obtain from the Mostow decomposition an exhausting
function on a complex K-homogeneous space M_ = K/V. We recall (see §l1|of
Chapter 3) that the basis My is a reductive Kg-homogeneous compact CR manifold,
whose CR structure is defined by the CR algebra (fy, ), for v = Lie(V), withp N'd
being a reductive complement of its nilradical v,,.

DeriniTION 4.1.1. We say that M_ ~ K/V is HNR if its isotropy group V is
HNR in the sense of Defintion [3.6.2]

We already noticed that this condition is natural if we consider on My maximal
CR structures.
If M_ is HNR, then by Corollary[3.5.12]we have a direct product decomposition

4.1 K = Ko - exp(fo) - exp(v,) - exp(v N po)

45
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with pg =i-fy, fo = (0 +D)F Npy and the exp(fp)-factor is characterized by
if T=u-exp(X)-v, with uecKy, X €fpandv eV, then
4.2) i . on
IXIl = 3dist(ek, Newg), for Ngg ={v*- T -C-v]veV)
Formula (#.2)) is a consequence of the fact that the adjoint of Iy = VN K acts as a
group of isometries on fo.
Thus by passing to the quotient, the map
Ko xfo 3 (x,X) — [IXIP* = k(X, X) € R.

defines a smooth exhausting function (square brackets are used for the equivalence
class)

(4.3) ¢ M_ ~Kq xg, fo 3 [x, X] — [IX|* € R.
We have:

Lemma 4.1.2. If M_ is HNR, then the map ¢ defined by (&.3)) has the properties:
(1) peCM_,R)yand ¢ > 00n M_;
) ¢ 10) = Myanddp #0ifp>0;
(3) ¢ is invariant for the left action of Ko on M_ :
dlkop) = ¢(p), VYpe M-, Yk € Ko. =
In the sequel we shall assume that M_ is HNR and consider the exhaustion
function ¢ defined in (#.3).

Nortation 4.1.3. The level and sublevel sets of ¢ are the smooth hypersurfaces
and domains denoted by

4.4 Us={peM_|¢p(p)=cte M- and Q. ={pe M_|¢(p)<c}h
2. Ky-Orbits in M_

We keep the notation of §3|l1l §4lIl For an HNR manifold M_ we use the
Mostow fibration (3.9)) and the exhaustion function ¢ € C*(M_, R) of (@.3).
Since all points of M_ have representatives of the form x - exp(X) with x € Kg
and X € fo, then every Kg-orbit intersects the fiber Fy over the base point pg in a
point px which has a representative exp(X), for some X € fo. An x € Ky stabilizes
px if and only if x-exp(X) is still a representative of px, and this, by the equivalence
relation defining Ko Xp, fo, means that x € Iy and Ad(x"")(X) = X. The Ky-orbit
My through py is the homogeneous space Ky/Ix, where Iy is the stabilizer in Ky
of px, given by
Iy = {x € Ko | xexp(X) € exp(X)V}
= {x € Kqg | exp(—X) x exp(X) € V}
= Ky N ad(exp(X))(V).
The isotropy Ix is a closed Lie subgroup of Ky with Lie algebra
ix={Y et [[Y,X] v} ={Y ety |[¥,X] €ip},
because [V, X] € fp and v N {y = ip.
Nortation 4.2.1. For X € fo we denote by
4.5) My =Ko - px = Ko/I
the Ky-orbit through exp(X), where we recall that Iy = {x € Ko Ad(x)(X) = X}.
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ReMaRrk 4.2.2. We note that the Ky-orbits My in M_ may not be diffeomor-
phic to My. Indeed, as My is a minimal Kg-orbit in M_, an My is diffeomor-
phic if and only if is CR-diffeomorphic to My, and this happens if and only if
[ad(exp(—X))(Kp)] NV is a maximal compact subgroup of V.

For X € {y, the left translation
M_>p—exp(X)-pe M_
is a biholomorphism of M_ which transforms M, onto a CR-diffeomorphic
(4.6) My = exp(X) - M.
Lemma 4.2.3. For X € fo, we have
4.7 My C {9 < [IXIP} = Qupe.

Proor. Let 7 : K — K/V =~ M_ be the canonical projection. Any point of M
is w(u) for some u € Ky. Then p = exp(X) - m(u) = n(exp(X) - u). Set € = exp(X) - u.
We know that ¢(p) is the square of the half of the distance in pg of the base point
ek from N = {v*-T*-T-v | v € V}. Since the point C* - T belongs to N+ and
has distance 2||X]| from ek, (in fact t — u* - exp(2¢X) - u is a geodesic joining ek to
£ - ©), it follows that o(p) < |IX]%. o

We summarize:

ProrositioN 4.2.4. Let ¢ > 0. Then

@.8)  Ue=|J xe, Mx (disjoint union), My c (¢ <|XIP}, VX efo. o
IXIP=¢
In particuar, through each point of the level set U, for ¢ > 0, we can draw
a translate of My, which will be CR-diffeomorphic to My and tangent to U, from
inside. This means that the boundary U, of Q. is at each point less convex than My,
in a sense that will be made more precise in the following.

3. Levi Forms

Since f is the complexification of fy we continue using the notations py = ify
and 7(Z) = —Z* for the conjugation (L.3).

First we recall how the vector-valued Levi form on My can be computed by
exploiting its Ko-homogeneity. The quotient T, Mo/H,, M at the base point pg
may be identified with the orthogonal complement mg of ([v ® v*] N Pe(n)) in .
Denote by @ the orthogonal projection of fy onto mg. Then, via the identification
v, ~ Tg(’)l M, the vector-valued Levi form at pg is defined by

4.9) L:v,>57Z — —w(i[Z,Z"]) € my.

Since [Z,Z*] € po = ify, the ’i” factor is needed to get an argument in .
For the real bundle HM,, we have the identification H, M = (v, ® v,,) N .
For X € (v, ® v;,) N ¥y there is a unique ¥ = JoX € (v, ® v)) N fp such that
X + iJoX € v,. This defines the partial complex structure

JO . HMO - HM()

of My. Denote by the same symbol Jj its extension to a C-linear automorphism of
v, ®v,. Then Jé = —I and v, v}, are the eigenspaces of the eigenvalues —i and i,
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respectively. We can rewrite the vector valued Levi form at pg as a real quadratic
form on H,,My. Setting Z = X + iJoX in (#.9) we obtain

LX +iJX) = ~@(i [X + iJoX, X — iJoX]) = —2@(X, JoX]), VX € (v, ® B,) N .

The fact that the invariant symmetric bilinear form « vanishes on the nilpotent
Lie subalgebra v, yields, for all X € (v, ® b,) N 1o,

0=«xX+iJoX, X +iJoX) = (X, X) — k(JoX, JoX) + 2ik(X, JoX)

U
kX, X) = k(JoX, JoX), «k(X,JoX) =0,

showing, as expected, that Jy is an isometry, product of 7/2-rotations on mutually
orthogonal planes of H,, M.

To describe the scalar Levi forms of M\, we use its natural Riemannian metric
associated to (—«), which induces the Riesz isomorphism T, M, = T;OMO and
allows us to represent the fiber of the characteristic bundle at the base point as a
subspace of T, My, given by

HOM, ~ (0@ ") Nty = my.
We associate to X € myg the co-vector & € H'M|, defined by
ax(+) = —«k(X, ).
Then the scalar Levi form on M is given at the base point by
(4.10) Lo, (Z2) = —ax(i[Z,Z7]) = k(X,i[Z,Z7])

Assume that M_ is HNR and use the notation of §I|2] In this case the typical
fiber fy is img and the scalar Levi forms can be parametrized by the elements X € g,
by

Lix(Z,-Z") = —k(X,[Z,Z7]), Z € v,,.

RemMARrk 4.3.1. When M, is the intersection of two Matsuki-dual orbits M,
and M_, both My and M, are homogeneous CR manifolds, of the groups Kq and
Go, respectively. Then the Levi form L,, defined in (4.10), is the restriction of
the corresponding scalar Levi form on M.. Indeed, by (3) of Proposition |2.3.1] at
points p of My we have HgMO = HgMJr and T;,)’IMO C T2’1M+.

To study the Dolbeault cohomology of M_, we will use Andreotti-Grauert the-
ory. To this aim we need to investigate the Levi convexity/concavity of the level
sets (4.8) of the exhausting function ¢.

Let 7 : K —» K/V ~ M_ be the canonical projection. It will be convenient
to exploit the fact that 7 is a holomorphic submersion to lift some computation
on M_ to K. We use, for the description of the complex structure of K, results
from [31, Ch.III].

We can associate to  two algebras of complex valued holomorphic and anti-
holomorphic vector fields. To each Z € t we let correspond the holomorphic and
anti-holomorphic vector fields 7% and Z* on K, defined by

4.11) {Z#f(z) = Filieo f(z - exp(t - 2)),

| (o]
_ \' K’C , v K,
Z'f(z) = |T=0 f(z-exp(t- 2)), feC (K0, Vze

Sl Flo
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where T is a complex variable and, a% = %(ﬁ — %), a% = % (% + %).
Then 0 = {Zﬁ | Z € t} and 1% = {Zﬁ | Z € t} are the algebras of left-invariant
holomorphic and anti-holomorphic vector fields, respectively. Note that (Z# + Z%)
is the left-invariant real vector field associated to Z € .

This construction allows a simpler representation of the complex structure of
K. In fact

(4.12) TWK={Z}|Zet} and TO'K={Z'|ZeH).

Since, for Z € tand f € C*(M_, C) we have

0
rZD)f = (a) f(n(z - exp(t - Z))),
=0

T=
the push-forward . (Zg ) vanishes at 71(z) if and only if Ad(z)(Z) € v. Analogously,
s (Zi1 ) = 0 vanishes at 71(z) if and only if Z € v. Therefore we obtain

@13 {TJ;%M_ = (17} | Z € AdR)(5, @ m)),

TS = (r(ZF) | Z € Ad(R)(E, & m)).

We recall that the complex Hessian at zp € K of a smooth real valued func-
tion y € C(K,R), computed on a complex vector field 0 of type (1,0) which is
tangential to the level set {w(z) = y(zp)}, is

i00y,(0,0) = idow(0, 0)(z0)
= i{00y (D) — 6w (0) — dw([6, B])}H(zo)
= —idy([0, 6])(z0) = idw([6, O])(z0)
= —3 d“y([(Re), (ImB)])(z0)
= 3dy(J[(Re0), (Im6)])(zo),

where the third and fourth terms are equal since dy vanishes identically on (1, 0)-
vector fields, Oy(0) = dy(0) because dy and dy take the same values on (0, 1)-
vector fields and then dy(0) = 0 on {y(z) = y(zo)} because 0 is tangential to the
level surface of y; the fourth and fifth terms are equal because d = 9+ 0 and dy(z)
vanishes on the vector field [0, 0] which is tangential to {y(z) = w(zp)}; the last
equalities follow from d = %(d + id°), so that dy(zg) = %dcw(z()) on vector fields
that are tangent to {y(z) = w(zo)}. Finally, from 20 = d+id one obtains that for all
real vector fields € we have (dy + id“y)(E+iJE) = 0 and hence dy(JE) = —d“y(E).

Let ¢ € C*(M_,R) and y = 7*¢. If 0, € CT,K, then

7.(0)d = 0.7°) = 0,y.

Assume now that ¢ is the exhausting function (4.3). We want to compute its com-
plex Hessian at points p of M_ where ¢(p) > 0. Since ¢ is Kp-invariant, it suffices
to compute its complex Hessian at points [exp(X)] with X € fo. This reduces the
question to computing the complex Hessian of y = 7*¢ at points exp(X) for X € fo,
X # 0. The function vy is defined by

(4.14) v(@) = IXI? ifz=u-expX)-v, withu € Ko, X € o, v € V.
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Let Z € . To compute the real derivative with respect to the left invariant vector
field Z = %(Ztj + Zﬁ) of y at exp(X), we consider the function
R 3t — exp(X) - exp(tZ) = exp(tZ) - exp(Ad(exp(—tZ2))(X)) € K.
We have
Lemma 4.3.2. For Z € tand X € §y, we have
(4.15) Zexp)W = (X | Z + Z°).

Proor. Let Z € f and consider, for t € R, the element T, = exp(tZ) - exp(X)
of K. By Theorem [3.6.1] and Proposition [3.4.4] there are uniquely determined
v € exp(v N pg) - exp(v,) and X; € fp such that

G, G = exp(X) - exp(tZ¥) - exp(tZ) - exp(X) = v; - exp(2X;) - vy,

Let us look for the solution by setting X; = X + tH + 0%, v; = exp(tW) + 0(),
with H € foand W € (v N pg) @D v,,.
Then
Zexp(X)W = 2(X|H).

Let us compute this scalar product. By differentiating with respect to ¢ and
setting t = 0 we obtain

exp(X) - (Z+Z") - exp(X) = W* - exp(2X) + exp(2X) - W + Jou(1),

where Joy is the Jacobi vector field along the geodesic ¢t — exp(2tX) in Py(K)
which satisfies the initial conditions

Jou(0) =0,
jQH(O) =2H.

Then
Jou(t) = exp(2tX) - S = § - exp(2tX) + 2T - exp(2tX),

with § € fg and T € €(X) N pg, where €(X) = {Y € | [X, Y] = 0}, satisfying
2H =[X,S]+2T

and therefore
(X|H) = k(X,H) = %K(X, [X,S]D +«(X,T) = (X|T)

because k(X, [X,S]) = «([X, X],S) = 0.
We obtain the equation

exp(X) - (Z+Z") -exp(X) = (W =8 +T) - exp2X) + expX) - (W + S + T),
that can be rewritten as
Z+7Z" = [exp(X)(W + §) exp(—=X)] + [exp(X)(W + §) exp(—X)]" + 2T.
Thus we obtain
2(X|T) = 2x(X,T)
=k(X,Z +Z") — k(X, Ad(exp(X))(W) + Ad(exp(—X))(W™))
— k(X, Ad(exp(X))(S) — Ad(exp(—X))(S))
=XIZ+Z)-XIW+ W) —-(X|S -5)
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because Ad(exp(£X))(X) = X and the form « is Ad(K)-invariant. Hence

2(X|T) = (X|Z+ Z7),
since X € fy is orthogonal to (v + »*) N py. Thus we obtain @.13). O

4. Dolbeault and CR Cohomologies
We remark that by Andreotti’s theory we know that for every coherent sheaf
on an r-pseudoncave complex manifold M_ we have
H/(M,F) < 00,¥j <r.
Then we have the following proposition:
ProrosrTion 4.4.1. For a complex flag manifold M ~ G/Q let M_be the Mat-
suki’s dual K-orbit of a Gg-orbit M, with My ~ M_ N M, being a compact

CR-manifold . If M_ is HNR and My is r-psudoconvave, then for every coherent
sheaf ¥ we have

(4.16) dim (H/ (Mo, F) ~ H/(M_,F)) < o0, Vj<r.
In particular,
4.17) dim (HP/(My) ~ HPY(M_)), Yj<r.

Here we used the notation H?*/ for the 4 and 0,-cohomologies on forms of
type (p, *). Because of the Poincaré lemma, they coincide with the Cech cohomol-
ogy with coefficients in the sheaf of germs of holomorphic p-forms.

Proor. Since M_ is HNR, then the exhaustion function ¢ in (@.3) is well de-
fined. Then to verify (.16 we can apply Andreotti-Grauert’s theory, showing that
each subdomain Q. = {¢ < c} is r-pseudoconcave. To this aim, we prove that the
complex hessian of ¢ admits at least r negative eigenvalues on the analytic tangent
to U, = 0Q.. We may consider the vector fields tangent to the submanifolds My
and My, defined respectively in (#.3)) and (#.6). By exploiting the Ko-invariance
of ¢, we can take, without any loss of generality, pg = [exp(X)] € U., with
IX|> = ¢ € R. By Lemma [@2.3) we have My c Q. = {¢ < |IX|]*} and My is
tangent to U, at py. Since My is CR-diffeomorphic to My, it is r-pseudoconcave.
Being My C Q., the restriction of the complex Hessian of ¢ to the analytic tangent
to My at [exp(X)] has at least as many negative eigenvalues as the Levi form of
My in the codirection Jd¢([exp(X)]) and hence, by the assumption, has at least r
negative eigenvalues. This completes the proof. |






CHAPTER 5

Some Examples

1. Examples of orbits of the complex type: SL,(C)

1.1. Orbits of SL3(C) in 71(C?) x F>(C?). The real action of Gy = SL3(C)
is defined by a - (¢,L) = (a(f),a(L)). Since on the maximal compact subgroup
Ko = SU@B3) we have @ = [aT]7!, the action a - (£,L) = (a(f),[aT]" (L)) of
Ky complexifies to a holomorphic action of K = SL3(C). We identify C3 with
its dual space via the bilinear form (vjw) = wTv and use the notation wo =
{veC3|(w)y=0, Ywe W}. Then both Gy and K have two distinct orbits in
F1(C3) x F>(C3), which are paired by the Matsuki duality:

(open) M+ (0)={(t,L)|ENL={0}, & M_(0)=M0)={({L)|=L"),
(minimal) M. (1)=My(1) = {(t,L) | c L} < M_(1)={(¢,L)|¢n L’ ={0}}.
We note that M, (0) is the single open orbit of Gg = SL3(C) and M_(1) the

single compact orbit of K = SL3(C), which can be identified with the diagonal
of CP? x CP?.
The orbit M, (1) = My(1), that we shall denote by My within this subsection,
is the minimal orbit of Go = SL3(C). We shall set M_ for its Matsuki dual M_(1).
Let £y = {e1) and Ly = {ey, e2), so that py = (o, Lg) € My and My ~ SU3)/Iy
for the stabilizer

Io = {diag(h1, A2, 23) [ Il = 1, Ay - Rp - hg = 1} = S' x S
of pg in Ko = SU(3). The stabilizer V of pg in K = SL3(C) is

211 212 O
V=310 22 0|z;€C, zi1z202wm33=1¢.
0 z3p 233

In particular

0 z1 O
v, =<]/0 0 O
0 z» O

and M, has CR-dimension two. We have

it Gz 0
iy®[v, @0, NTp = q|-Ci2 T2 T3

0 Gp it

Z1,22€C},

TLER, T+ +13=0, Ci,jGC}.

Thus an Ad(Ip)-invariant complement of iy @ [v, @ v,] N Ty can be taken to be

0 0 0 00 0
Mo = [0 0 o]eec — img = X(@):[o 0 OJGEC
5 0 0

0 00

53
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We have inh 6]
Sin
hiel 0 6
0o 0 g |coshlo 0|
exp[0 0 0= 0 1 0
8 0 0/ |.sinh|0
psimhlOl o oshiel
O]
so that

cosht 0 esinht
exp(imp) = _ 0 1 0 t,seER;.
e sinht O cosht

Let us consider any matrix a = (a; ;) € SL3(C) = K and the corresponding point
a-po =€y, Ly)in M_. Then ¢, is the line in c3 generated by the first column of a,
while L, = [aT]"'({e;, €2)). Thus we can characterize L, in the following way. A
vector (21, 22,23)T belongs to L, iff, for some w, w, € C, we have:

wi 21 21 Wi <1
@] wa|=|n|ead|a|=|m|e L =
0 23 23 0 23

We note that the necessary and sufficient condition for (£,, L,) to belong to My is
that aj a3 + ax1a23 + a3, 1a33 = 0. This is the entry in the third line and first
column of a*a.
When a = a, exp(X(0)), with a, € Ky, we have a*a = [exp[X(G)]2 and
|[exp[X(0)]3 | = |20 sinh(|0]) cosh(0)/16]] = sinh(2/0]).

The exhausting function can therefore be written as

a1321 + ax320 + a3z = 0}-

o(la]) = %log(r + V1 +7%), where t=|ay a3+ a a3+ az1assl.

The matrix X(0) has eigenvalues e 9 1,60 Let us consider for the matrices
a*X(0)a, with a € SU(3), the scalar product of the first and the third columns.
Since Re(v*'w) = L(|Iv + wil> = [lv=wl?), Im(v*w) = (Il +iwl*> —[lv = iw]|*), we ob-
tain that an upper bound for sinh(¢([X(0)al])), when a € SU(3), is 3(e*% — 2% =
sinh(2[0]) = sinh(¢(X(0))). This shows that the translate of My are tangent to the
level hypersurfaces ¢p([a]) = ¢ > 0 and stay within ¢([a]) < c.

1.2. A special example. We consider the action of SL3(C), thought as a real
group, on the flag manifold CP? x CP? of SL3(C) x SL3(C), given, in homogeneous
coordinates, by

a-(zw) = (a@),[a"1'w), [z],[w] € CP.

In fact in this way we consider on the first factor the standard representation, and
on the second the conjugate of the dual representation, so that the minimal orbit
corresponds to the pairs (€1, £,) consisting of a complex line £; and a complex
2-plane £, with £, C &,. Its cross-marked Satake diagram is

X
Oo———=G0

)

O——=O0
X
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The equation for the minimal orbit is
My == {([z], [w] | (zlw) = O},

where (-|-) is the standard Hermitian scalar product in C3. There is an open orbit
in CP? x CP?, which is the complement of M:

M= {([z], [w] | (zlw) # 0}

A maximal compact subgroup of SL3(C) is the special unitary group SU(3) relative
to the chosen Hermitian scalar product. Since [a*]~! = a for a € SU(3), its action
on CP? x CP? is

a-([zl.[wD) = ([a@)]. [aw)]), Va € SUB), Yz,w e C*\{0}.
The complexification SL3(C) of SU(3) acts then on CP? x CP? by

a-([z].[wD) = ([a@)]. [aw)]), Va € SL3(C), VYz,w e C*\ {0}
Thus the two orbits Matzuki-dual to My and M/, are

M_={([z.wD) [zAw#0} and M’ ={(zl.[z]) | z€C\ {O}.

The complement of M_ is the diagonal of CP? x CP?, which has codimension two
in CP? x CP*: hence M_ turns out to be 1-pseudo-concave, as expected. Note that
in this case the complement of M~ in CP? x CP? is not a set theoretical complete
intersection. In fact S = {(z,w) € CP? x CP? | z A w = 0} has codimension two,
but the minimal number of generators of the ideal 7s C Cp[z, w] of homogeneous
polynomial vanishing on S needs three generators.

1.3. The general case. Let us consider SL,(C), the special complex linear
group, as a real group Go. The flag manifolds of its complexification G = SL,,(C) X
- <kp<nand1 < h <--- < hy < n are increasing sequences of integers,
and each factor of the Cartesian product is the flag of linear subspaces of C" of
the dimensions prescribed by the subscripts. The real action of SL,(C) on M is
described by

@ Ligs- s Ly Oy ) = (@lLiy), - alLy, ;@) - .. a(Cn,)).

The special unitary group SU(n) = {a € GL,(C) | a*a = 1, det(a) = 1}is a
maximal compact subgroup Ky of SL,(C). Since @ = Ta~! for a € SU(n), the
restriction to SU(n) of the action of SL,(C) on X can be described by

a-(Ligs... Liyi s ln) = (alle), - .. a(Ly); 'a” (G, ... Ta 7 ().

The same formula expresses the holomorphic action of the complex Lie group
SL,(C), considered now as the complexification K of SU(n). Thus the complex
orbits of K correspond to the canonical action of SL,(C) on the first factor, and the
dual action of SL,(C) on the second factor.

Let us denote by (zlw) = > zjw; the usual duality pairing in C", which is C-
bilinear, and by E® = {z € C" | (zlw) = 0, Yw € E} the annihilator of a subset E of
C" with respect to the duality form.

Then

(1) The orbits of the real form Gg = SL,(C) are parametrized by the invari-
ants

dij=dimc(L;in¢), i=1,...,p, j=1,...,q



56 5. SOME EXAMPLES

(2) The orbits of the complex form K = SL,(C) are parametrized by the
invariants

dij=dime(Line), i=1,....p, j=1.....q.

1.4. The case M = ¥, X ¥4, p < g. M is a projective manifold of complex
dimension [(p + ¢)n — p* — ¢*].
The real orbits M. (p, g; k) of Gy = SL,(C) are parametrized by the integer
k = dimc(L N £), with v = max{0,n — p — g} < k < p. We denote by M_(p, g; k) its
Matsuki dual and by My(p, g; k) the intersection M. (p, q; k) N M_(p, q; k). Then
Mo (p.q:k) = {(L,0) € Fp X Fy | dim(L N 0) = k),
M_(p,q:k) = (L. £) € Fp X Fy | dim(L N £°) = p — k},
Mo(p, q; k) = {01, €) € Fie X Fpoi X Fy | A C €, uc 0.
Indeed, since 0 = ZL, we have C" = (¥ @ ¢, and the compact orbit My(p, g; k)
consists of those pairs (L, £) for which L admits the orthogonal decomposition
L=(LnOoLnl =rop.

We have canonical fibrations
Mo(p,q; k) —— Mo(k, q;k) = M. (k, g;k) (minimal orbit)

!

7_dL]—p,L](Cn)’
where F,_, ,(C") is the minimal orbit of the complex K = SL,,(C) in the complex
flag manifold F,_,(C") X F,(C").

1.5. The minimal orbit. Consider the minimal orbit My = My(p,q;p) =
M, (p,q; p) of Gy = SL,(C) in M = F,(C") x ¥,(C"). The elements of T, My (the
tangent space to My at the base point are represented by matrices

¥ 0 0 0 O 7, € Ca-Pxp_ 7, ¢ Co=a)x(@-p),
(0 X‘) , where X = Z] 0 0 with (n—q)xp
W Z; 0 wWeC .

The elements with W = O represent Tg’l My, those with Z; = 0, Z, = 0 the quotient
T My/H,My. We have in fact

CR - dim(Mp) = (g—-p)n+p—¢q), CR-codim(My) =2p(n—q).

The Levi form can be computed by commuting the matrices in Tg’lMg and their
conjugates. From

0 0 00 0 O 0 00
[Z1 0 0],[@1 0 O :( 0 0 O]
0 z 0){0 ©; 0 20, -03Z; 0 0
we obtain a Levi form with associated vector-valued Hermitian quadratic form
VAV AV
MAJ”:QéZ—%iJ
Hence all scalar Levi forms that are different from zero have even rank 2r(g — p)

with 1 < r < min{p, (n — ¢)} and Witt index r(g — p). Thus My is strongly (g — p)-
pseudo-concave and weakly ((q — p) - max{p, n — g})-pseudo-concave.
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The dual orbit M_ = M_(p, g; p) consists of the pairs (L,{) € M = F,(C") X
F4(C") with dimc(L N %) = 0. Thus M_ = M \ V. To describe the algebraic
variety V, let us use the embedding 7,(C") — P(A"(C")) and the isomorphism
F4(C") = F_q(C") defined by £ — €°. Then V is the set

Va{vi A Avpl Wi Ao Awp gl [viA vy AW A s Awy_g = 0}

Let us consider n X (n+p—gq) matrix A = (vy,...,Vp, Wi, ..., Wy—4). The generators
of the ideal that defines V are the (n +;‘)_q) minor determinants of order (n+ p — gq) of
A. The codimension of V is given by the number (¢ — p + 1) of minor determinants
of order (n + p — g) that are obtained by bordering a minor determinant of order
(n+p—qg-1)of A.

According to [[12/18/24,25,39] the cohomology groups of the tangential Cauchy-
Riemann complex on M, are finite dimensional in degree j for j < ¢ — p and
j>(@—p)n+p—-g-—1)and infinite dimensional for j = [(g — p) - max{p, n — g}].

We want to describe the Mostow fibration for the minimal orbit of SL,(C) in
Fp X Fy. Inthis case My = My = {({,L) € F, X Fy | ¢ c Lyand M_ = {((, L) |
en L0 ={0}).

We consider My as a homogeneous space of SU(n). We choose the base point
po = (e1,...,ep), {e1,...,e,). Then

-,

The action of SL,(C) on ¥, X ¥y is a- (€, L) = (a(f), [aT]"'(L)). Then the stabilizer
V of pg is

AeU(p), BeU(g—-p), CeUmn-q),
det(A)det(B) det(C) = 1

Zl,l Z1,2 0 Zl,l € GLp(C)a ZZ,Z € GLq—p(C)s Z3,3 € GLn—q(C)a
V = 0 Zy O Zis € CPX(‘I—P)’ Z3s € C(n—q)X(q—p),
0 Z3,3 Z3’3 det(Zl,l) det(le) det(Z3,3) =1
‘We obtain
0 0 Z3
m=1{0 0 0 |z5eCr™m9 73, ecrPry
Zz1 0 0
0 0 Zi3
Mg = 0 0 0 |z;ecrt-at,
—Zi3 0 0
We have
0 0 A cosh( VA A*) 0  A[sinh( VA*A)/( VA*A)]
exp] 0 0 Of= 0 I 0 .
00 A*[sinh( VAA*)/(VAA*)] O cosh( VA*A)

Note that Iy contains a maximal torus and therefore v is regular according to [7].

1.6. Some special cases. Let p = g = 1, with M = F1(C") X F,,(C"). When
h = k, the minimal orbit My = {L = ¢} is totally real, and embeds into the Stein
manifold M_ = {L N ¢° = {0}}. To check this, we consider the standard embedding
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F(C") — P(A*C") and the map P(AX(C")) — P(A"¥(C")) induced by the polar-
ity. This map can be described in the following way. First we note that the duality
pairing on C" extends to a duality pairing on A¥(C"):

1
VLA AL A AW = D)) (e,

On the other hand, the isomorphism A”(C") =~ C identifies A" *(C") to the dual
space of AK(C"). Thus we obtain a linear isomorphism A*(C") — A"~%(C"), that
defines a map on the corresponding projective spaces. Then M_ ~ {(vi A--- Avg) A
(Wr+1 A -+ Awy) # 0} is the complement in M of a hypersurface.

2. Examples of orbits of real form : SU(p, ¢)(C)

2.1. Example: minimal orbits of SU(p, g). Let us consider the minimal or-
bits of SU(p.¢) in the Grassmannian Gr,(CP*?) of {-planes in C’*4. We assume
that 1 < p < ¢ and distinguish the three cases in which £ < p, or g < £ < (p+¢q), or
p <{<q(f p+1 < g). We will denote by £ a fixed Hermitian symmetric form of
signature (p, ¢) on CP*4,

1. The minimal orbit My consists of the ¢-planes of CP*¢ which are

totally isotropic with respect to f£.

The maximal compact subgroups Ko =~ S(U(p) x U(g)) of SU(p, g) corre-
spond to all possible choices of two A-orthogonal subspaces W, ~ C? and W, ~
CY of CP*4, with hAlw, > 0 and |y, <0, and Ko consists of the elements of
SU(p, g) which leave one of, and hence both, the subspaces W), and W, invariant.
Let 7, and 7, denote the projections associated to the direct sum decomposition
Crt1 =W, ®W,. A totally isotropic £-plane o has trivial intersections with both
W, and W, and therefore m,(a), my(a) are {-dimensional and a is the graph of a
uniquely determined

G - mp(a) = my(a),  with A(Py(v), da(v)) = —A(v,v) for all v € W),.
[We call such a ¢, an isometry.] Moreover, there is a principal fibration
My 3 a — (mp(a), my()) € Gr(Wy,) X Gr,(W,), with structure group U(?),

which can also be viewed as a a presentation of My as a CR-lifting of the complex
structure of the product of the Grassmannians.
Since dimc G7(C™) = £(m — {), the CR dimension of My is

n==L4p-=E0+tqg-"=0="Lp+q-20)=dimc Gr(W,) X Gr,(W,)
and its CR codimension is
k = dimg U(0) = *.

The Matsuki dual of M, is the open orbit M_ in G7(CP*9) of the complexifica-
tion K =~ S(GL,(C) x GL4(C)) of K. It is described by

M_ ={a € Gr(C") |an W, ={0}, anW,={0}}
= {a € Gr(CP™) | mp(ar) € Gry(W,), my(c) € Gr(W,)).

The U(¢)-principal fibration of My yields a GL/(C)-principal fibration of M_ with
the same basis:

M_ >3 a— (m,(a), my(a) € Gry(Wy) X Gr,(W,), and structure group GL(C).
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The elements o of M_ are the graph of C-linear isomorphisms ¢, : 7,(a) — m (a).
Using the Hermitian structure of 7,(a) and 7 (), we can compiute the adjoint
¢y : mg(a) — mp(a). The composition ¢y ¢, is Hermitian symmetric and posi-
tive definite on 7,(a) and has a positive definite Hermitian symmetric square root

Vouda. Then Yo = da 0 (Vi)™ € Ulmyp(a) = U(() and
@(a) = {2+ ¥a(2) | z € mp(a)} € My

defines the Mostow fibration @w : M_ — M.
The exhausting function ® of M_ can be defined by taking the Hermitian sym-
metric logarithm log(¢;,¢q) and setting

D(a) = $trace([log(¢} o)1)

Let us better explain how this fits into our general scheme. Fix an orthonormal
basis ey, ..., ep4q Of CP*4 for £ in which the first p vectors ey, ... ,ep, are a basis of
W,,. Then the {-plane ap = (e| + €441, ..., e¢+e4i¢) 1s a point of My. The elements
of K are represented by block matices

7= (ZP ZO) with z, € GL,(C), z, € GL,(C) and det(z,) - det(z,) = 1.
q

0
The stabilizer of a is
ap,; app a1 € GL/(C),  azp € GL, ((C),
vere=| @ L |eR| b € 6LdO), et
6 1 b2:2 by € CX@0,
Hence the nilradical
0 7,
o, 0 O 0 2 Z e C[’X(p—f), 7 € ctxq=0
0 0

of its Lie algebra v is horocyclic:

2/qg <€ < p+q| The case of {-planes with p < ¢ < £ < p+gq can be treated

analogously, as the mapping oo — a is an anti-CR-isomorphism from the minimal
orbit of SU(p, q) in Gr,(CP*?) onto the minimal orbit of SU(p, ¢) in Gr P [(CP*),
Here the perpendicular is taken with respect to the fixed Hermitian symmetric form
h, of signature (p, q).

3. Finally let us consider the case where p < ¢ < g. Then the minumal

orbit My consists of the {-planes a on which # restricts to a degenerate form of
rank (¢—p). For o € M, the intersection a.N o is a p-dimensional totally isotropic
subspace of CP*4 and therefore, keeping the notation of 1, establishes an isometry
of W, onto a p-dimensional subspace o, of W,.

Denote by Gr,_, (W,) the flag manifold of all pairs (L¢p, L¢) consisting of an
(¢ — p)-plane L;_p, and an {-plane L, with L,_, C L, ¢ W,. We obtain a fibration

My> o0 — (an W, m, () € gr[_p,[(Wq)
onto a compact complex manifold of dimension

(@+p-0O-p)+plg-0=Lg+p-0-p~
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In fact, the CR structure on My is the lift of the complex structure of the base
grg_p’f(CpJ“q) for this projection map. The fiber is U(p), of real dimension p>
(equal to the CR-codimension of My). In fact different choices of an isometry of
W, onto my(at Na) = [a N Wyt N my(a) define different points on the fiber of
(N Wy, my(a) in M.

Let us choose an orthonormal basis ey, . .., €,44 of CP*4, withey,..., ep a basis
of W,. Then

ag =<{e1 +epil,....€p+e2p,€p11,-..,€ps¢) € M.
Its stabilizer in K is
asy 0 0 0) aneGLyC), a33€GL,(O)
Vil @ Bl eGL0) wyeC Y,
0 0 0 a;;:4 ary € @px(q—f)7 a4 € c=px(g-0

Also in this case

00 0 0 Zp 3 € CPX(E=p)
0 0 Zr3 Zn4 ’ x(g-0)
M=o 0 0 Zag| 24ECT T
3.4 ((—p)x(g—0)
00 0 o)5BecC
is horocyclic and we have
Z 0 00
0 Z 00
m= 000 0 Z e gl,(C)y,
0 000

where we kept the block notation introduced in the description of V and v,,.
To give an explicit expression of the exhausting function, we note that
M_ ={oe GCP | anW,={0}, dimcanW,={-p}.
In particular, to an element o. € M_ we can associate a linear map
Pa : Wy > my()/ (0N W,) = my(at N a)

and we can consider ¢y ¢, as a Hermitian symmetric map on W,. The condition
for a being an element of My is that ¢, ¢4 = Iw,. Hence

D(a) = Ltrace([log(¢;po)1%)

is an exhausting function for M_.

2.2. General orbits of SU(p, ¢) in the Grassmannian. Let us consider the
orbits of the real form SU(p, g) of SL,,,(C) in Gr,(CP*?). As in the previous
section, we assume that p < ¢ and fix # of signature (p, g) on CP*4,

The orbits are classified by the signature of the restriction of £ to the {-plane
a € Gr,(CP*9): we have orbits M. (a, b, c) where a is the dimension of ker(fly),
b the positive and ¢ the negative index of inertia of #|,. The integers a, b, c are
subject to the conditions

0<a,b<p, 0<c<q,a+b+c=".

The maximal compact subgroup Ky =~ S(U(p) x U(g)) of SU(p, q) is defined
by choosing a p-dimensional subspace W), and an h-orthogonal g-dimensional sub-
space W, with £ > 0 on W), and A < 0 on W,. Then K¢y = S(U(p) > U(g)), with
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the first factor operating on W), and the second on W,. The complexification is
S(GL,(C) >« GL,(C)). Accordingly, the orbits of K in Gr,(CP*?) are characterized
by a pair of nonnegative integers (d, ¢) with d = dimc(aN W),), e = dimc(aN W,),
restricted by the conditions
0<d<p, 0<e<gq,d+e<t.

Then we have

M (a,b,c)={( € grm(@”q) | Al¢ has signature (b, c)},

M_(a,b,c) = {€ € Gr,(C'™) | dimc(¢ N W) = b, dimc(¢NW,) = ¢},

My(a,b,c) = M, (a,b,c) N M_(a,b,c).

We note that if L is a totally isotropic subspace of CP*9, then W, + L+ = CP*4
and W, + L+ = CP*9. Indeed, (W, + L*)* = Wy nL = W, nL = {0}, and
(W, + LYt = W; NL = W,NL = {0}. Then by the Grassmann intersection
formula

dime(L* 0 W,) = dime(W,) + dime(LY) — (p + g) = dime(W,,) — dime(L),
dimc(LJ‘ N Wq) = dlmc(Wq) + dimc(LJ‘) -(p+9) = dlmc(Wq) — dim¢(L).

Thus, for every a = 0,1,...,p we can describe My(a,b,c) as a complex fiber
bundle over the minimal orbit My(a, 0,0) (which is a point in the case a = 0).
Indeed,

My(a,b,c) = {LeU®Q | L € My(a,0,0), U e grb(LLme), Qe ng(LLﬁWq)}.

Let us describe the Mostow fibration. If £ € Ma,b,c), then U = £ N W,
has dimension b, O = £ N W, has dimension ¢ and the subspace U & Q is non
degenerate. Therefore £ N (U & Q)* is an a-dimensional subspace of ¢, and the
restriction of the projections m, and m, to L are linear and injective. Hence L
can be viewed as the graph of a linear isomorphism ¢, : 7,(L) — my(L). The
subspaces (L) and ,(L) have Euclidean structures defined by ﬁ|7r,,( 1) and —/il,rq( L)
respectively. Thus we can define the adjoint ¢; : m4(L) — mp(L) and form the
composite ¢p; o ¢r : mp(L) — mp(L). This is Hermitian symmetric and positive
definite and therefore there is a Hermitian symmetric positive definite /¢; o ¢.
Then ¢z o[ /] o ¢L]‘1 is an isometry of 7, (L) onto mr,(L) for the restrictions of £
and —h, respectively. Hence L' = {z + ¢ o [/} © q)L]‘l(z) | z € m,(L)} is totally
isotropic and the map M_(a,b,c¢) > (L+ U + Q) — (L' + U + Q) € My(a,b,c) is
the Mostow fibration.
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