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Introduction

In this thesis we present an accurate lattice determination of the average up/down,
strange and charm quark masses and of the decay constants fr, fx/fr, fp and fp,,
using the gauge configurations produced by the European Twisted Mass (ETM) Col-
laboration. These decay constants in combination with the experimental measurements
of appropriate leptonic decay rates provide the knowledge of the CKM matrix elements
[Vaals Vs, [Vea| and [Vis|.

The precise knowledge of the quark masses and of the CKM matrix elements plays a
fundamental role both in testing the Standard Model (SM) and in the search for new
physics (NP).

The Standard Model (SM) is the modern theory that describes the fundamental in-
teractions among elementary particles.
So far the SM has proven remarkably successful in reproducing the experimental data.
During the past forty years, many experiments have tested it obtaining very good agree-
ment with theoretical predictions. Furthermore, in the last year a new particle with mass
around 125 GeV and showing Higgs boson properties has been observed by ATLAS and
CMS [1, 2]. After years of intense experimental search, it could be the Higgs boson of
the SM, the last missing particle of the model to be discovered.
Despite its success in describing with high precision a wide variety of experimental re-
sults, there are several reasons to believe that the SM is not the final theory of particle
interactions, but a low-energy approximation of a more fundamental theory.
The fact that the SM does not provide a description for the gravitational interaction is
perhaps the most evident limit of the theory. Other missing pieces in the puzzle include:
the instability of the Higgs mass to radiative corrections, the lack of a mechanism ex-
plaining the bariogenesis, the absence of a candidate for the dark matter, and its failure

to truly unify all the fundamental forces together.
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v Introduction

Beyond these issues, questions related with the flavor structure of the SM still remain
unanswered. In particular, the fact that the model only parametrizes the observed hier-
archy of particles mass and mixing angles through free parameters (limiting to the quark
sector only: 6 masses, 3 angles and 1 complex phase), without providing an explanation
for it.

These questions may find an answer in a more fundamental theory that manifest itself
at some higher scale.

The search for new physics can be carried out by investigating directly higher and higher
energies in particle accelerators as LHC, or looking at the indirect effects of new physics
at lower scales, occurring through quantum loops. These effects should manifest as small
corrections to the Standard Model predictions.

In the perspective of highlighting and quantifying the effects of new physics testing the
predictions of the Standard Model, a dominant role is played by flavor physics, which,
because of its highly non trivial structure, is particularly sensitive to higher scales.
This requires the precise knowledge of the parameters of the (hadronic) flavor sector
which are the quark masses and the CKM matrix elements.

As far as the quark masses are concerned, on the theoretical side, explaining and under-
standing their hierarchical structure remains an open and fascinating challenge. On the
phenomenological side, since several important observables depend on the quark masses,
a precise determination of these values is crucial to constrain the SM.

The extraction of the values of the CKM matrix elements on the other hand, performed
combining experimental inputs with theoretical calculations, represents the most tighten
test of the Standard Model. In particular the decay constants calculated in this work

can be used to test the unitarity constraints of the first two row of the CKM matrix.

In the determination of the quark masses and decay constants lattice QCD (LQCD)
plays a primary role as it is a non-perturbative approach based on first principles only. It
consists in simulating QCD itself by formulating the Lagrangian on a discrete and finite
Euclidean space-time which allows for a numerical computation of the path integrals
via Montecarlo methods. The finite volume, the lattice spacing and generally the lower
bound on the simulated light quark masses, which are limited by the current available
computing power, introduce errors which have to be well under control and accounted

for.

Thanks to the increased computational power as well as to the algorithm and action

improvements of the last decade, LQCD simulations have made significant progresses
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reaching a remarkable level of precision. In particular, this is due to the so-called un-
quenched calculations, where the contribution of loops of dynamical sea quarks is taken
into account. As a matter of fact, most of the recent lattice determinations of quark
masses have been performed with either two (up and down) [3, 4] or three (up, down
and strange) [5]-[12] dynamical sea quarks.

In this thesis we present a lattice calculation using the gauge configurations produced
by the European Twisted Mass (ETM) Collaboration with four flavors of dynamical
quarks (Ny = 2 4 1 4 1), which include in the sea, besides two light mass degenerate
quarks, also the strange and the charm quarks with masses close to their physical values.
Such a setup is the closest one to the real world, adopted till now only by the ETM
[13, 14] and the MILC [15] Collaborations.

The thesis is organized as follows

e In Chapter 1 I will first discuss the flavor sector of the SM and its free parameters,
paying a particular attention to the CKM flavor mixing matrix. I will then move
to leptonic decays, introducing the leptonic decay constants, which are one of the
subject of the present work together with the precise determination of up, down,
strange and charm quark masses. In particular, the central role of the decay
constants in the determination of CKM matrix elements will be emphasized in

specific cases.

e Chapter 2 will be dedicated to the introduction of the calculation method employed
in this work: lattice QCD. After a general introduction I will present the Twisted
Mass action used by the ETM Collaboration and, in the second part, I will give
some details on the numerical analysis discussing the statistical and systematic
error treatment. Before closing this chapter, I will also discuss the relation between
the two-point correlation functions, which are the basic ingredient of our numerical

analysis, and the meson masses and matrix elements.

Chapter 3 and 4 present the main original works performed in this thesis

e In Chapter 3, after discussing the details of the simulation, I will present our
determination of the quark masses obtained analysing pseudoscalar meson masses.
The chapter will be divided in three section describing respectively the calculation

of the average up/down quark mass m,q, of the strange quark mass m, and the



vi Introduction

charm quark mass m.. Our determination of the ratio m,,/mg, ms/m,q and m./mg

will also be discussed.

e In Chapter 4 I will present our analysis of the leptonic decay constants. The first
part of this chapter will be focused on the kaon sector and on the determination of
the kaon decay constant fx and the ratio fx/fr, while the second part will concern
the D sector and the determination of the decay constants fp and fp,, along with
ratio fp./fp-

Finally, I will present some conclusions and comment on future perspective.
The main results obtained in this work are summarized below
e Quark masses

The final results obtained for the quark masses in the MS scheme are:

mua(2 GeV) = 3.70(17) MeV |
ms(2 GeV) = 99.2(3.9) MeV |

me(m.) = 1.350(46) GeV , (1)

where the errors are the sum in quadrature of the statistical and systematic uncertainties.

We also obtain preliminary results for the following ratios of quark masses

M 0.486(54) |

mq

s 96.65(30) |

Muyd

me

Me _ 11.65(12 2
T —1L65012) )

which are independent of both the renormalization scheme and scale.
e Decay constants

The final results we obtained for the decay constants are:
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frc+ = 154.4(2.1) MeV

J;K* — 1.183(17) (3)

fp, = 242.1(8.3) MeV

fp = 201.9(8.0) MeV |

o _ 1 199(25) (4)
fp
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Chapter 1

Flavor Physics

In this chapter we discuss some aspects of flavor physics in the SM focusing on the issues
which are more relevant for the present work. We will first discuss the SM lagrangian
and its free parameters which in the quark sector are the particle masses and the entries
of the Cabibbo Kobayashi Maskawa (CKM) matrix which regulates the mixing between
different flavors of quarks.

Then we will show how, combining experimental measurements with the non perturbative
determinations provided by Lattice QCD, it is possible to precisely determine these

parameters.

1.1 The Standard Model and the quark masses

The standard model of electroweak and strong interaction is a gauge theory invariant
under the symmetry group SU(3)c ® SU(2), @ U(1)y.

SU(3)¢ is the group associated to the color symmetry, on which the description of the
theory of the strong interaction, the quantum chromodynamics (QCD), is based. The
group SU(2), ® U(1)y describes the electromagnetic and weak interactions involving
gauge (W=, Z% ~) and matter fields. The electroweak theory is an example of what is
called a “chiral” theory, i.e. a theory in which the left-handed and right-handed compo-
nents of the fermionic field undergoes different transformation properties; this is what is
meant by the letter L, which suggests that the interactions described by SU(2), gauge
group involve only the left-handed components.

Y, instead, labels the weak hypercharge group U(1)y. The hypercharge is related

1



2 Chapter 1. Flavor Physics

to the electric charge () and to the third component of weak isospin by the relation
Q=T5+Y/2.

The electroweak gauge symmetry is spontaneously broken by the vacuum expectation
value (VEV) different from zero of the Higgs field in the electromagnetic subgroup with
the following path

SU@3)e ® SU(2), @ U(1)y — SU3)e @ U(1)g. (1.1)

Spontaneous symmetry breaking permits to generate mass terms, proportional to the
Higgs VEV, for those gauge bosons associated to the broken symmetries (the so called
Higgs mechanism [16, 17]). In other words, the spontaneous breaking of the symmetries
associated to the W%, Z0 (i.e. SU(2);, and U(1)y) produces the necessary mass term for
the electroweak gauge bosons, while leaving SU(3)¢ ® U(1)q unbroken guaranties that
the gluon and the photon remain massless.

The fermionic matter contents of the SM is made up by the known leptons and quarks
organized in three families. In the electroweak sector of the theory, the fermionic fields
are organized in a particular way: left-handed components (in the interaction eigenstates
basis) are grouped in SU(2), doublets, while the right-handed components of quark fields
and of the three charged leptons are SU(2), singlets.

e I T
L L L

Ig=(e)g: = ) 1= (T )g;
1_ [ U 2 _ [ € 5 (1 )
QL_(d,>L7QL_<S,)L7 QL_(b,>L? (12)
up = (Wg, up = () up = OFY

The chiral nature of the electroweak interaction forbids the presence of mass terms
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in the lagrangian for fermions, as can be easily seen from the behavior of a fermionic

mass term under a generic gauge group transformation:

Lo =m(fufr+ frfL) = L, =m (]?LU]JEURfR + fRU]J[zULfL> # Ly, (1.3)

with U, # Ug. It is known however that, in a gauge invariant theory, it is possible to
obtain mass terms for fermions, once again, through the spontaneous gauge symmetry
breaking, using the VEV of the Higgs scalar doublet.

The Standard Model lagrangian can be summarized as:

LSM = £fe7"mioni0ns + 'Cgauge + 'CHiggs + £Y . (14)
The fermionic Lagrangian has the following structure

3

‘Cfermions - Z Z QZ}z]D'QDZ + Z szzwwz (15)
i=1 LY=Qr,ur,dr ¢Y=Lp,lr
where, to ensure the gauge invariance under SU(3)¢c ® SU(2), ® U(1)y we introduced

the covariant derivative D,,, defined as

DF = 9" igs%Gﬁj + ig%wg‘ 1 igY B¥ (1.6)
with G the eight gluon fields, W} the three weak interaction bosons and B* the single
hypercharge boson. A\, and o, are the Gell-Mann matrices and the Pauli matrices respec-
tively. Obviously, the terms proportional to g and g5 are present only if the field is not a
singlet of SU(2), and SU(3)¢. The covariant derivative thus introduces the interactions
between fermionic and gauge fields.

The physical mediator of the electroweak interactions are related to WZ and B, by the

following relations

W, = (W, +iW2)/V2 (1.7)

W2\ [ cosby sinby Z, (1.8)
B, ~\ —sinfy cosby A, '

and
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where 6y is the Weinberg angle.
The electroweak interaction lagrangian between matter and gauge fields emerge con-

sidering non-kinetic terms in the covariant derivatives, which can be of two kinds:
LY =Lec+ Ly (1.9)

charged currents couplings to W* bosons and neutral currents one to v and Z° bosons.

In particular one finds that charged current interactions are described by

g
Loo = ——= (JTWHF+WIJH) | 1.10
cc 2\/5( J j ) ( )
with
J,ﬁ = Z (ﬂ§:7ud3: + ZZVMVE) ’ (1.11)
i=1,3

where we have indicated with ¢ the family index for both lepton and quark fields.

For neutral currents interactions one has

9

= —eJ! A —2 _JkZ 1.12
ENC eJem #+2COSQWJZ ) ( )
where
Jélm:Zfoffyuf7
B (1.13)
JEIfov"(vf—af%)f,
with
v =TI —2Qsin%0 =71 1.14
r =15 sy, ap=Tj. (1.14)

In these expressions )¢ and T: :{ represents, respectively, the electric charge and the third
components of weak isospin (different from zero only for left-handed fermions); we have

also indicated with g and e the SU(2), and U(1)g coupling constants, respectively.
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I/i l; ll_% ur, dL Upr dR

Q 0 -1 -1 2/3 -1/3 2/3 -1/3
Ts 1/2 -1/2 0 1/2 -1/2 0 0
Y -1 -1 -2 1/3 1/3 4/3 -2/3

Table 1.1: Electroweak quantum numbers for leptons and quarks. We have indicated
with Q) the electric charge, T3 the third component of weak isospin and with Y, the weak
hypercharge.

In table 1.1 we have collected all the electroweak quantum numbers for the different
fermions.

The gauge kinetic term, £y4y4¢, in the Lagrangian (1.4) reads

1 .
‘Cgauge = _Z [Ga ij + W;l,WiuV + BMVBMV} (115)

pr~a

where G, and W, are defined as follows

Fo = 0,A% — 9,A% — gf™ Ab A° (1.16)

pivo

where 2% are the structure constants of the corresponding gauge group, and while for
B, holds

B"™ = 9"B” — 9" B" (1.17)

Finally, we describe the so called Higgs sector of the Standard Model lagrangian. It

contains a complex scalar field, ¢, which is an SU(2), doublet:

_ (¢
¢ = <¢0) : (1.18)

described by the following lagrangian

['Higgs = |D¢|2 - V(¢7 ¢T) (119)

with a potential V' (¢, ¢") defined as
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V(6,61) = 1106+ SA66)? (1.20)

with A > 0. In this framework, spontaneous symmetry breaking happens if the potential
minimum occurs for values of the ¢ field which are different from zero. From the shape
of the potential V (¢, ') it is easy to see that this will happen if u? < 0.

The field component with VEV different from zero is the neutral one and this imply
that the vacuum is invariant under U(1)g. In particular, one can parametrize the Higgs

doublet as a VEV part plus a part which oscillates around the minimum v,

ola) = Ule) 5 (H‘;m) , (1.21)

where h(z) is a real field whose VEV is zero and U(z) € (SU(2) @ U(1)y). U(x) can
be cancelled making the inverse gauge transformation U(z)~! which brings us in the so

called unitary gauge. In this gauge, the field ¢ becomes

| 0
o) = 75 (U . h(x)) . (1.22)

If we look at the covariant derivative in the lagrangian (1.19), which now reads

2

g
— 7 IH 1.23
8cos Oy ( )

it is clear that the non vanishing VEV has generated a mass term for the W* and the

1 2
Dof* = 50,k b+ (v + h)* [%W;W“ +

Z leaving the photon massless.

Let us now describe the Standard Model lagrangian term which is responsible for the
fermionic masses, which is the so called Yukawa lagrangian L£y. Assuming there are no
right handed neutrinos, this term is the most general one describing the coupling of the

Higgs doublet with fermionic fields

Ly = =N Lygen, — ] Qpody, = N]Qpéu + hec. | (1.24)
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where the field ¢ is defined as ¢® = ¢*# ¢, with €*# is the SU(2), antisymmetric tensor
and «, (3 are isospin indices. The complex-valued matrices \;, A, and Ay are 3 X 3 matrices

and 4,7 = 1,2, 3 are generation indices.

After the spontaneous symmetry breaking the Yukawa lagrangian becomes

H _ _
EY:_(LPZ)MM@@+&M%mﬁJﬂﬂh+h&] (1.25)

where also in this case the non vanishing VEV of ¢ has introduced mass terms trough
the M’ which are generic 3 x 3 complex matrices.

It is always possible to diagonalize M/ by means of a redefinition of the fermionic fields.
A generic, complex valued matrix can always be rewritten in terms of a diagonal matrix

D; with positive eigenvalues and two unitary matrices

D; = U MU} (1.26)

so that, rescaling the fields as for example

uy — UuLuL , URr — UuRuR , (127)

the Yukawa term written in term of the mass eigenstates reads

H _ —
Ly — - (1 N ;> (@, Dadly + t, Dyt + T, Dily + hc] (1.28)

where the diagonal matrices D; now contain the masses of the fermions of the theory

D, = diag(mg, ms,mp) D, = diag(my, me,my) Dy = diag(me, my,, m;) (1.29)

It is useful to emphasize that particle masses introduced here, which are related to
the Yukawa couplings and to VEV of field ¢, are free parameters of the SM in the sense
that the theory does not provide a prediction for their values nor an explanation of their
observer hierarchical structure. Naturally, all fermion masses would be expected to be
of the order of the VEV v, as well as the weak gauge boson masses. Only for the top
quark, however, this expectation is realized in nature.

In the next session we will introduced the other free parameters of the SM in the quark

sector that control the flavor mixing, Namely the CKM matrix elements.
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1.2 The Cabibbo Kobayashi Maskawa Matrix

In this section we will continue the brief overview on the Standard Model flavour sector by
describing the quark flavour mixing matrix, also known as Cabibbo-Kobayashi-Maskawa
matrix.

This matrix enters the Lagrangian because weak interactions in the quark sector are not

flavour diagonal in the mass eigenstates basis.

1.2.1 Definition & parametrization

In the previous section we applied the transformation (1.27) to the fermionic fields in
order to diagonalize the mass matrices M; in the Yukawa lagrangian. It is then neces-
sary to investigate the consequences of these transformation in the other part of the SM
lagrangian. In what follows we will only focus on the quark sector being the one related

to the present work.

Let us first note that the matrices U cancel out in all kinetic terms and in the interac-
tion terms between quarks and gluonic fields, because they are both chirally conserving
and flavour diagonal. The interaction terms with the electromagnetic (A4,) and the neu-
tral weak mediator (Z°) fields remain unchanged too, for the same reason.

The only effect of the rotation is thus present in the charged weak currents which trans-

form as

1 1
JMJ[ = EﬂLv“dL — —ﬂL’}/MUJLUdeL . (130)

V2

From this expression expression one defines the unitary Cabibbo-Kobayashi-Maskawa
(CKM) [18, 19] flavour mixing matrix as

Ul Ua, = Veru - (1.31)

This matrix connects the interaction eigenstates (d’,s’,0’) with the mass eigenstates
(d, s,b):
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d/ Vud Vus Vub d
s = Vea Vos Vap s |- (1.32)
b Via Vis Vip

The mass eigenstates are different from the interaction ones and the charged current
interactions mix different flavours with weight V;; in the mass eigenstates basis. It
is worthwhile to underline that within the Standard Model the only flavour changing
mechanism is represented by this matrix and that there are no flavour changing neutral

currents (FCNC) whose absence is ensured by the unitarity of Vogas.

In the case of three quark generations, the CKM matrix is a 3 x 3 unitary complex
matrix which depends on nine real numbers (9 x 2 = 18 real parameters with 9 unitarity
constraint relations). Exploiting the quark fields phase redefinition freedom (6 — 1 =5
arbitrary phases) one concludes that Vo depends only on 4 real parameters, three an-
gles and one phase, which, together with fermion masses, constitute the free parameters
of the flavour quark sector of the Standard Model.

Once the number of the independent physical parameters of this matrix is known,
one can introduce a set of different parametrization for that matrix. The most natural

choice consists in writing the matrix as a product of three different rotations

1 0 0 C13 0 5136_15 Ci12 S12 0
VCKM = 0 Co3 So23 0 1 0 —S12 C12 0 5 (133)
0 —S8923 Co3 —<S’136i(S 0 C13 0 01
which leads to
_'6
C12€13 512C13 s13e”"
_ ) )
Vokm = | —S12C23 — €12C23513€™  C1aC23 — 512523513€"°  S23C13 ) (1.34)

i5 i5
512523 — €12€23513€ —C12523 — S512€23513€ (C13C23

where s;; = sin6;;, ¢;; = cos6;; (and 6,2 is the Cabibbo angle) and ¢ is the phase.
What is important to emphasize is that if § = 0 the matrix Vo becomes real and one

has no C'P violation in the quark sector too.
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Another interesting feature of the matrix is that for a complex phase to be present
in the Standard Model the number of quark generations must be at least three. In
the old Cabibbo version of the theory, which involved only two generations (u,d) and
(¢,s), the mixing matrix was a real rotation in flavour space and there was no room
for C'P violation. Moreover in order for C'P violation to appear, it is necessary that all
quark masses are different because, if this is not the case, by means of suitable unitary
transformation, one could redefine the quark fields eliminating the C'P violating phase.

It can be shown that the necessary condition for having C'P violation is

(mif —m2)(mi —my)(my, — mZ)(my — m3)(miy —mg)(mg —m7) x Jop #0 (1.35)

where we have introduced the Jarlskog parameter [20]

2 .
JCP = 512513523C12C23C 3 sind . (136)

Jop can be thought as a quantitative estimate of the size of C'P violation in the SM,
and it has been measured to be Jop = 3.12(9) 107° [21].

The weak interaction mixes flavors according to a specific hierarchy: the diagonal ele-
ments of the matrix (1.32) describe transitions within the same generation and are larger
(~ O(1)) than off diagonal elements (~ O(107!) to ~ O(1073)), which represent transi-
tions between different generations, one has s13 < S93 K 512 < 1.

The hierarchical structure of the CKM matrix has been pictorially represented in figure
1.1, where transitions within the same generation are represented with bold black lines,
while transitions between different generations are represented with dashed and dotted
lines of different colors.

A specific C KM matrix parametrization, which explicitly shows this hierarchical struc-

ture has been proposed by Wolfenstein [22] and can be obtained by setting

S19 = A s S93 = 14)\2 s 8136_i(S = A)\S(p — 277) . (137)
Expanding the matrix elements in powers of \, neglecting terms O(A?) one has
-5 A AN (p—in)
Voxm = ~\ — 2 AN +O0Y). (1.38)
AN3(1 — p —in) —AN? 1
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d U
. . —
\\\ /” 0(1)
S ¢” \\\ c - T=-° O(]‘O_l)
— e —
e e 0(1072)
b el N O(107%)
[ S —

Q=-1/3 Q=+2/3
Figure 1.1: The hierarchy of charged currents flavour mixing transition.

1.2.2 CKM Unitarity relations

Other important information on the C'K'M matrix can be extracted performing the so

called unitarity triangle analysis. This kind of analysis is based on the unitarity of Vo s

VigenVern = Ve Vg =1 (1.39)

It consists of nine relations between the matrix elements. Since different entries of
CKM matrix can be independently determined, it is possible to test SM by verifying
whether such relations are satisfied. These relations can be divided in two classes: three
normalization relations and six orthogonality relations.

The normalization relations requires that the sum of squared entries of each rows (or
columns) must be equal 1.

The most precise bound comes from the analysis of the first line of the matrix, that

corresponds to the relation:

|‘/ud|2 + |Vus‘2 + |Vub’2 =1 (1.40)

As will be explained in a while, to test these relations one has to combine experimental
measurements with theoretical calculations to determine the CKM matrix elements.
The value of |V,4| can be very precisely determined from the measurement of nuclear (3

decays and from leptonic pion decays m — p, v, while |V,,| can be determined studying
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the leptonic and semi-leptonic decays of K mesons. The matrix element |V,;|, which can
be determined studying the leptonic and semi-leptonic decays of B mesons, is however
largely suppressed (see eq. (1.38)) respect to the other quantities in eq. (1.40). Therefore
at the current level of precision, when we test the unitarity of the first row of the CKM
matrix the determination of |V,,| is at the level of the errors of |V,4| and |V,s| and it is
therefore irrelevant.

Part of this thesis work is dedicated to the calculation of leptonic decay constants which
are used in the determination of the CKM matrix elements, and in next sections we will
discuss how lattice computations help in performing such tasks.

Thanks to the increasing precision reached both in experimental measures and by lattice
calculation, it is possible to verify rather accurately also the unitarity relation for the

second row which reads

Veal® + Ve * + [Vao|* = 1. (1.41)

In particular the first two entries can be determined combining experimental measure-
ments of the purely leptonic decays with the D and D, leptonic decay constants which

have been computed in the present work.

The six orthogonality relations, on the other hand, can be represented as six triangles
in a complex plane, all having the same area A = Jop/2. It is convenient to consider
a triangle with sides that are of the same order of magnitude. Using Wolfenstein’s
parametrization for C K' M elements it can be realized that this is obtained by considering
the triangle coming from the orthogonality of first and third row (or first and third
column, which can be shown to be equivalent at order O(\?)).

The corresponding orthogonality relation reads

VudVy + VeaVep + ViaViy = 0. (1.42)

It is convenient to rescale the unitarity triangle (UT), relation (1.42) by dividing for
VeV

vud u:b 1 + ‘/td tE

Vcdvcb ‘/;d‘/;b

In this way the vertices are (0,0), (1,0) and (p,7), where the barred parameters are

=0. (1.43)

related to p and n by
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, 1 — A2)\4 P+ if] A2\, 4
=1/ = (1-% AL (144
p+in T 1- AN (51 ) <1 5 ) (P + O . (144

The unitarity triangle is shown in fig. 1.2 in the (p,7) plane

(0,0) (1,0)

Figure 1.2: The unitary triangle.

where the angles are defined as follows

ViaVi,

p— pu— e 1-45

0= o —arg (g2 ) (1.45)
VCdV*b)

=¢ =arg | — B , 1.46
Vua Vi,

v = =g (- ) (1.47)

while the two non trivial sides are

|VudV*b| A2\ 1 Vb
Ry, = W~ (1 —-— ] = 1.48
" Vv 2 ) x|V, (1.48)
ViVl 1| Vi
R, — ~Z 1.49
Vvl T N | Vi (1.49)

Various experimental results combined with theoretical determination can study dif-

ferent proprieties of this triangle, such as side lengths, angles amplitudes, etc. In general
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it is convenient to show the various bounds coming from the CKM matrix constraints
as bands in the (p, 77) plain which must intersect on the apex of the triangle. In Fig. 1.3
we show the fit of all the present bounds to the values of (p and 7) performed by UTfit

collaboration.
1=
0.5
& [l
B \'
O cb =
-0.5
A
-1 -0.5 0 0.5 1

P

Figure 1.3: Results of the UT analysis within the SM from the UTfit collaboration.

All the constraints to the triangle intersect in the same region, thus indicating quite
a good agreement between SM predictions and experiments. The increasing precision
both on the theoretical and experimental sides will allow in the future to perform more

an more stringent fit and possibly highlight the presence of New Physics.

1.3 Leptonic decay constants

Among the most simple hadronic quantities measurable on lattice are the leptonic decay

constants of mesons. A large part of our work has been devoted to the determination
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of the decay constants for various pseudo-scalar mesons. The results combined with
experimental measurements, provides some of the most precise determination of the
CKM matrix elements, and is therefore of great relevance in flavor physics. A charged
pseudo-scalar meson, composed by an up-type and down-type quark, can decay into a
lepton-neutrino pair through the emission of a W meson. These class of decays, being
characterized by a purely leptonic final states, are called leptonic decay. Is worth men-
tioning that semi-leptonic decays can also be considered for the determination of the
CKM matrix elements but, since they have not been studied in the present work, they
will not be discussed.

At the energy scale characteristic of an hadronic decay process, strong interaction cannot
be treated with perturbative methods because o, > 1. Therefore the hadronic quantities
involved in the decay widths must be evaluated using non perturbative techniques. In
this contest lattice QCD plays a primary role being a non perturbative approach based
only on first principles.

A leptonic decay of a meson M can be diagrammatically represented as shown in fig. 1.4

Figure 1.4: FEzample of Feynman diagram which contribute to a leptonic decay of a
general meson M. The hadronic part must be evaluated by means of non perturbative
methods.

The corresponding decay rate at leading order is given by
G2 M2 \?
L(PS —1,y) = 8_71: Vool f3s Mpg M? (1 — M—Iés) (1.50)
where G is the Fermi constant, M; and Mpg are the charged lepton and pseudo-scalar

particle masses, V,, is the CKM matrix element appropriate for the decay, and fpg
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parameterize the hadronic matrix element of the axial current between the pseudo-scalar

meson state and the vacuum

(0] @ y,v5 d|Mps) = —ifpspy (1.51)

where p,, is the meson momentum.

Using eq. (1.50) one can obtain the matrix element V., by combining the experimental
measurement of the decay rate and the lattice calculation of the leptonic decay constant.
In the next sessions we will discuss the various decay constants which have been evaluated
in the present work by explaining their role in the determination of the CKM matrix

parameters.

1.3.1 f_f{/ﬁT and fK

In the kaon and pion case it is convenient to consider the ratios of leptonic decay rates.

In particular, one of the most precise determination of the value of the ratio |V,s/Vi4|
comes from the study of the following ratio

M2\ 2

DK = ) el 73 Mo (1= )

(m — p,v) Vaal® f2 M, (1_M_12>2

M2

™

(L+d08m), (1.52)

where fx and f, are the kaon and pion decay constants and dgj; denotes the effect of
(long distance) electromagnetic corrections. These corrections are currently estimated
using Chiral Perturbation Theory (ChPT) supplemented by large-N model, which pro-
vide dgpr = 0.0070(35) [23].

Experimental measurements on kaon and pion decays have reached a remarkable level

of precision allowing to accurately determine the ratio [24]

Vus
Vud

fr+
fﬂ'+

Therefore to obtain from this measure the ratio |V,s/V,4| a determination of fx/f, is

= 0.2758(5) , (1.53)

needed. Lattice QCD calculations is the only method that allows to determine the value
of the decay constants non-perturbatively based only on first principles. Our calculation
of the ratio fx/f, will be presented in chapter 4.

Once |Vys/Vua| has been determined, in order to extract the two separate matrix elements
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|Vis| and |V,4| are considered both the precise determination of |V,4/, from superallowed

nuclear § transition,

Viua| = 0.97425(22) , (1.54)

and the determination of |V,4| from the kaon semileptonic decays

Vius| £4(0) = 0.2163(5) . (1.55)

In the latter case the semileptonic form factor f(t) relevant for the semileptonic decay
K° — 77,1, 1, function of momentum ¢ transferred between the two mesons, must be

calculated on the lattice.

It is useful for flavor physics phenomenology to provide not only the ratio of fx/ fr,
but also the value of the decay constant fx. In particular the knowledge of fx is relevant
for the precise theoretical determination of the parameter g, which regulates the amount
of CP violation in neutral kaon mixing, and helps us constraining the apex of the CKM
unitarity triangle.

In the SM, K — K oscillations take place, at the second order in the weak interaction
through the exchange of two W’s. At the leading order in 1/M32, the corresponding box
diagram can be contracted to a point resulting in an effective four-fermion interaction

controlled by the operator

Qi = 1 1571~ 95)d] [5%(1 ~ 76)d] (1.56)

It is useful to parametrize the matrix element of the operator in terms of its vacuum in-
sertion approximation (VIA) (i.e. inserting, in all possible ways, only the vacuum instead
of a complete set of states) times the deviation from this approximation represented by

the so called bag parameter By . This leads to

(] Qu %) = (R Qu ), B =[5 (6 507107 B =[S0z
(1.57)
From equation 1.57 it is clear that fg, as well as By, which must also be calculated
on the lattice, is relevant in the determination of the AS = 2 operator responsible for

neutral kaon oscillations, and therefore in the determination of the ex parameter.
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It is worth mentioning that in New Physics models a larger set of operators can medi-
ate the kaon mixing. Their matrix elements in the VIA still involve fx but different
B—parameters. The lattice determination of these B—parameters together with fx can
be used to put bounds on New Physics models.

The details and the result of our calculation of the kaon decay constant fx will be

presented in chapter 4.

1.3.2 fp and fp,

Leptonic and semileptonic decays of D and D, mesons, which occur via charged W boson
exchange, are sensitive probes of ¢ — d and ¢ — s transitions. Given experimental
measurements of the branching fractions combined with sufficiently precise theoretical
calculations of the hadronic matrix elements, they enable the determination of the CKM
matrix elements |V,4| and |V.|. As already mentioned in sec. 1.2.2 their knowledge is
required for a precise test of the unitarity of the second row of the CKM matrix.

In the present work we limited ourself to the calculation of the leptonic decay constants
of D and D, mesons.

The leptonic decays width follows eq. 1.50, which in this case reads

2
(D) — 1, v,) Cr Vgl 3, Mp, M} (1 My ) (1.58)
(s) M) = o 1Veql JDy D4 l - 2 ’
8 ® Mp, |

The branching fractions have been measured by CLEO, BELLE and Babar with a pre-
cision around 5 — 6% for the D,-meson, while the uncertainties are approximately twice
as large for the Cabibbo suppressed D-meson decay modes.

The latest experimental averages from the Particle Data Group [25], where electromag-

netic corrections estimated to be of the order of 1% have been removed, reads

[Veal f, = 253.1(5.3) MeV (159)

When combined with lattice results for the decay constants, which for the present study

are reported in chapter 4, these results allow for determinations of |V 5| and |V_4].



Chapter 2

Lattice QCD

2.1 Lattice regularization

LQCD is a first principle non perturbative implementation of field theory using the
Feynman path integral approach. The starting point for the path integral formalism is

the partition function in the Minkowski space
7 = /cheis[‘b}. (2.1)

By replacing the continuum space-time by a discrete grid of spacing a and extension
aL (a7 ) in the spatial (time) directions the infinite degrees of freedom of the continuum
theory are reduced to a discrete set of degrees of freedom which can be numerically
computed.

In the Minkowski space, the paths are weighted with an highly oscillating function
eIl For this reason, this path integral representation is not suited for numerical
calculations. In spite, it is customarily to use the euclidean action in which the paths are
weighted by a Boltzmann factor. The euclidean action is obtained from the Minkowskian
one by performing a Wick rotation to imaginary time. Under this rotation the partition

function transforms as

(Z = / D@ew@]) — (Z = / DCDe_SM) : (2.2)
Minkowski Euclidean

Lattice regularization provides the only known non-perturbative and mathematically

well defined formulation of QCD from first principles.

19
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In addition, the inverse of the lattice spacing provides an intrinsic cutoff scale, regu-
larizing ultraviolet divergences. Therefore, the lattice provides a regularization scheme
as dimensional regularization can be, suitable for analytical treatment and compatible
with the perturbative approach.

Different actions on the lattice are possible. The basic requirement that any lattice
action should fulfil is that it must reproduce the correct expression in the continuum

limit (@ — 0).

2.1.1 Fermionic Action

In what follows, we will give a lagrangian formulation of the fermionic action on the
lattice and we will show the solution of the so called fermion doubling problem. The
fermionic lagrangian density in euclidean space-time can be written in the following way,

omitting for the sake of readability, the sum over the flavour of the quark involved

Lr=1(x) (§+ Mo) ¥(z). (2:3)

From this expression it is straightforward to write the fermionic action

Sp— / A wd Y (2)oK (2, Y)astis(y) | (2.4)

with K(2,9)as = (i@ + Mp)apd(x —y). Symmetrizing derivative operators and imposing

that fermionic fields are zero at spatial infinity in (2.4), one gets

_ 1 « 1 o
Sp = [ (o) (=5 + 3000+ Mo) vl 25)
Equation(2.5) can be put on the lattice using the following substitutions

(

wa(x) — wa(x) Wlth X & A

() = Dyp(a) = Latai)=via)

a

(2.6)
5“@[1(@ — D* (I’) — p(x)—p(z—afp)

M a
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where we have indicated with A the hypercubical lattice of spacing a and side L. Sub-

stituting (2.6) in (2.5) one finds the so called naive regularization

Sp =a" Y 0(@)Q(w, y)¢(y) (2.7)

where

Q) = [Moa<x 9+ (21 S bl — (4 ) = 5 Dby — (- ﬂ)))]
" - (2.8)

This minimal approach used to translate the continuum action on the lattice, however,
introduces in the theory new and unwanted degrees of freedom. This can be shown
explicitly computing the fermion propagator, S(x,y) = (¥(x)(y)), associated with the
action (2.7). To do so notice that S(z,y) = Q' where Q7! is determined from the

equation

Z Q(z, Z)Q_I(Za Y) = Ouy - (2.9)

The inverse matrix Q! is easily computed using the Fourier transform formalism in
momentum space. Imposing periodic boundary conditions on the lattice, S(z,y) can be

written as

[—2’2% sin(p,a) + Moa
15 B —7/a d4p .
a (LL', y) -

ePE=y). (2.10)
jo (2m)* Z sin’(p,a) + MZa?
o
Recovering the limit a — 0 one obtains
wfa gt [_izwﬁu + Mo

. P I (o

S(z,y) = lim Py (2.11)
YN SRS

m
sin(pua)

with p,, =

a

This propagator indeed keeps the physical pole associated with the particle mass.

However one must be very careful in taking the continuum limit near the Brillouin zone
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boundary. In fact, when p, takes the value m/a the function sinap, in (2.11) becomes
null (as it happens for p, = 0). This, in turn, implies that near the point p, = 0 or
pu = m/a the propagator will have extra divergences. These, fifteen regions are pure
lattice artifacts having no continuum analog. In conclusion, discretizing the theory with
this naive approach one obtains 16 different fermionic species with degenerate mass. This
is the so called fermion doubling problem.

The doubling problem can be solved by adding to the action a second order derivative
term proportional to the lattice spacing a, which therefore vanishes in the continuum

limit, called the Wilson term as it was introduced for first time in [26] :

SY = Sp+a) agi}(x)D;D,ﬂ/J(x) =a*y (x) [Dw + Mo] ¥(x) (2.12)

where 7 is the Wilson parameter and the Wilson-Dirac operator can be defined as

DD, . (2.13)

1
DW:Z—’Y#(D“—FD;)—FCLQ M

2
m
If we calculate the propagator for S"(z,y), we find that it has been modified in the

following way

- 1 [_iZ’VMﬁu + M(p)]
SW(z,y) = / d'p - oiP(@=y)

o (200N B2+ M(p)? ’ 214)
where ’
M(p) = My + %Sin (7). (2.15)

What happens now is that for any finite value of r the mass of these 15 additional
particles, known as doublers, gets larger and larger with the decreasing of the lattice
spacing, and eventually decouples from the system in the continuum. In particular
setting » = 1, in a typical lattice simulation with an inverse lattice spacing of roughly
2GeV the 15 doublers have a mass of at least 4 GeV, so their presence can be safely
ignored in the computation.

The presence of this term in an interacting theory such as QCD has a bad side effect:

the chiral symmetry is broken at finite lattice spacing. This comes from a more general
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property of QCD, expressed by the No-Go Nielsen and Ninomiya theorem [27], which
states that it is impossible to define a discretization of QCD simultaneously free from
the fermion doubling problem which reproduces the correct chiral limit when the mass
parameter m is set to zero.

Though chiral symmetry is restored in the continuum limit, the fact that it is broken
on the lattice has important consequences. First of all it introduces O(a) errors, while
the original naive formulation is affected only by O(a?) errors. Moreover, the quark mass
term is not protected against additive renormalization. The renormalized quark mass

takes the form mgr = Z,,,(My — M,,) where M,, is called the critical mass.

2.1.2 Regularization of Yang-Mills theory

Once the problem of unphysical zero modes is solved one can discretize the QCD con-
tinuum action to obtain the lattice version.

In order to regularize the QCD we have to make the lattice Lagrangian for fermionic
field described in the previous chapter gauge invariant. Let us define a lattice SU(3)
gauge transformation Q(z), being = the coordinate of a generic lattice site. Fermionic

fields must transform according to the fundamental representation of the transformation

V() = Qa)i(e)
$(2) = D) ().

While the mass lagrangian term is automatically invariant under gauge transformations

(2.16)

My (z)y(z) = M (2)Q (2)Q(2)i (@), (2.17)

for the discretized derivative this is not true, consider for example

Y(@)(x + i) = P(@) QN (@) + @)Y (n + ) (2.18)

As in the continuum case, in order to make the whole lagrangian gauge invariant we
have to introduce some kind of covariant derivative. This can be achieved by defining,
for each link connecting two nearest neighbour lattice sites n, n + ji, a link variable U,,,

element of SU(3), transforming under the gauge transformation Q as:

U(x) = Q2)U,(2)Q1 (= + f1)

Ut(x) = Qz + Ui () (2), (2.19)
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Then, replacing the derivatives D, and D’ in eq. (2.13) with V,, and V} which are

the forward and the backward covariant lattice derivatives, respectively, defined by

[Un(@)¢(x + app) — ¢ (x)]

V,(x) = , (2.20)
U Y2 — af —ail
Tyt = [ =0 e = eivte i) o1
we obtain an action which is gauge invariant under the defined transformation €2
SY [, 0, U] = a*> ¢ (x) [Dyw [U]+M] ¥(z). (2.22)

Notice that the link variable U,(x) can be written in terms of a generating element
A, = A*T*® of the algebra of SU(3)

U,(z) = e90adu(@) (2.23)

where gg is the bare coupling constant.

For the gauge fields introduced in the covariant derivative we have also to introduce
a kinetic term Sg.
The simplest gauge-invariant quantity that can be built from the group elements U, is
the trace of the plaquette P, defined as the ordered product of the four links variables
lying over the border of the square defined by the points x and x + i + -

Up = Uy = Uy (2)U,(x + @)U (z + D) U (). (2.24)

In particular the expression found by Wilson for the gauge action which in the continuum

limit correctly reduces to
cont 1 4 v
St = 3 d'zTr(F, F"), (2.25)
is given by

Sy = ;5 (1 — %Re{TT[Up]}) : (2.26)

where the sum is intended over the plaquette, which means indicating with n the generic

lattice site
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=Y > (2.27)

n v<p

Indeed, making use of the expansion

A (z + ait) = A, (x) + ad, A, (x) + O(a?) , (2.28)

and of the Baker-Campbell-Hausdorff formula

eAeB = A+BH3AB.. (2.29)

it is possible to express the plaquette as

U, = €90 Fur (2.30)

where we have defined F),, as

P = 3uA, () = 0,4,() + igo[ A, (), A, ()] + O(a?). (2.31)

Taking the continuum limit of eq. (2.31) one finds the well known expression for the
field tensor in QCD. Then simply substituting eq. (2.30) in eq. (2.26) one finds

s v
S —3— 5 d*'zF,, F* + O(a®) . (2.32)

This means that the action S} correctly reproduces to the continuum one up to

O(a?) terms, assuming the following relation between 3 and the bare coupling constant
8=

In summary, the lattice QCD action can be written as

SHESS

Saop = SalUl+ 3 SEsU by, 0yl (2.33)

with Sg from eq.(2.26) and where for each quark flavor Sl‘;[ff has the form of eq.(2.22).



26 Chapter 2. Lattice QCD

2.2 Improvement

Being not possible to choose arbitrarily small lattice spacing, it is advisable to use
any possible strategy to minimize discretization effects and make the extrapolation to
the continuum limit simpler. We have already shown that Wilson gauge action (2.26)
reproduces the continuum limit up to terms O(a?). Wilson regularized fermionic action,
defined in eq. (2.22), instead, reproduces the continuum limit up to terms of order O(a).
One possibility to improve the approach to the continuum of the discretized action is
to add operators of dimension greater than 4, which vanish in the continuum limit.
These operators must not modify the symmetries of the regularized action in order not
to spoil the continuum limit, but can suppress lattice artifacts and partially remove the
discretization effects. If a is small, the S can be expanded in powers of a and the lattice

theory can be described by means of a local effective theory with the following action

Sepr = So + ac1Sy + a*cyS; + O(a”) (2.34)

where Sy is the continuum QCD action while S; are irrelevant operators, of dimension
441, suppressed by increasing powers of the cut-off a. Among all the possible operators,
the allowed ones are the ones which share the same symmetry of the lattice action.

It is not only the lattice action which is responsible for the cut-off effects, but also the
composite local operators which enter the Green functions of interest. Consider the

renormalized n-point correlation function

Gu(zy,...,x,) = (Z8)" (P(21) ... P(20)) cont » (2.35)

where Zg is the renormalization constant and the points x4, ..., x, are kept well sepa-
rated from each other. In the local effective theory, the renormalized field Ze®(x) can

be represented as the effective field

D (1) = Bo(x) + a®(z) + a*Py(x) + O(a?) , (2.36)

where again the fields ®4(x) are a linear combination of local fields with the proper
dimension and symmetry properties. At O(a), the connected correlation function on the

lattice is given by
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Gn(l'l, Ce ,In) :<(I)0(.171), Ce 7(I)O(xn>>cont

_ CL/ d4y<q)0(l‘1), RN (1)0($n)£1(y>>cont

n

+ay (Po(x1),..., i(xr), .. Po(2n))eont + O(a®) | (2.37)
k=1

where the subscript cont indicates that the expectation values on the right hand side
must be taken using the action Sy. Moreover ®; and £, which are a linear combination
of operators, contains a dependencies inside the coefficients. Those coefficients can be

calculated in perturbation theory as polynomial expressions in log(a).

It should be possible to add a set of irrelevant operators explicitly to the action
with appropriate coefficients such to cancel at a certain order the lattice artifacts. The
addition of these operators is known as Symanzik improvement program [28].

It will be shown in section 2.3 that using a particular formulation for the fermionic
lattice action, known as twisted mass lattice QCD (tm-LQCD) action, which is the regu-
larization chosen for our analysis, one is able to gain O(a) improvement in an automatic
way only by tuning appropriately M, to its critical value M., instead of improving both

the action and the operators involved in the simulation.

The Symanzik improvement program can be also applied to the gauge action. At
first order this requires to write the gauge action in terms of all possible length 6 and 4
paths (which means to add rectangle and chair-shaped paths to the simple plaquette).
The simplest case is the tree-level Symanzik improved action in which only rectangle

contributions are added so that the gauge action reads:

Ssym = %Z 0¥ (3-Re{Tr [UF]}) +e Y (3-Re {Tr [UZ]})|, (2.39)

n v<ph v<p

where Up*! is the usual plaquette defined in eq. (2.24), while U2*! is the rectangle
defined as

UR" = Un@)Uy (@ + @)U, (x + 20U} (x + o+ 0)Uj (x + #)Uf () (2.39)
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The coefficients ¢y and ¢; are fixed perturbatively to ¢; = 1/12, ¢o = 18¢;.
In the Iwazaki improved action [29], which is the one used in our analysis to regularize
the gauge sector, also the chair-shaped paths are included, moreover the coefficients are

fixed non-perturbatively.

2.3 Twisted Mass Action

In this section we will present the fermionic action employed in the simulations, known
as twisted mass lattice QCD action. The choice for this particular kind of regularization
is justified, as we have already anticipated and as we will further discuss in section 2.3.1,
because it automatically provides the O(a) improvement for the correlation functions
(30, 31].

The twisted mass action however, was originally introduced to solve a different prob-
lem [32]. The eigenvalues of the Wilson fermionic matrix fluctuate configuration per
configuration because of additive renormalization, and at small quark mass exceptional
configurations with anomalously low eigenvalues may appear, whose presence put strong
practical and conceptual problems in the numerical analysis, and in particular limits the
smallness of the quark masses which can be analysed at a fixed lattice spacing. Twisted
mass action provides an infrared regulator that allows to obtain substantially smaller

quark masses compared to the Wilson fermion action.

We will start introducing the action and investigating its relation with the one pre-
sented in the previous sections.

Let us consider two flavors, Ny = 2, of degenerate quarks,

X = (X“> . (2.40)
Xd

The action for the two flavor doublet y reads

Sl X, Ul = a* Y~ x(@) [Dw + Mo + ipsms) x(2) = a* Y x(2) Dimx(@) . (241)

where Dy is the one defined in eq. (2.13). In (2.41) u is the so called twisted mass and
73 is the third Pauli matrix of the flavour symmetry group SU(2)y.

It is interesting to take the continuum limit of (2.41)
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Sl X, U] 5 / dzx () [y Dy + mq + ipy573] X- (2.42)

where my = My — M,,.

Notice that we can write the mass term as

my + ipysTs = Me™ ™ (2.43)

where the untwisted m, and twisted mass p are now related with the so called polar

mass M via the following relations

my, = Mcosa M = \/m? + p?
! — [ (2.44)
fq = Msina tano = m—%

Clearly, in the continuum, the Twisted Mass QCD action is just a rewriting of the

standard QCD one in a different basis connected to the v one by

X IOy S s e = (245

provided we have chosen w = a, i.e. tanw = p1/m,. Indeed, under transformation (2.45),
if the operator D, is invariant under chiral transformation, the only affected term is the

mass term for which

Meiovsms _y ) fet(a—w)rsTs : (2.46)

so for the proper choice of w one has

S [ X Ullmge = S X X Ul = / d*x(x) (vuD, + M)h(z) . (2.47)

For this reason, y, Y is referred to as the twisted basis while, ¥, 1 is referred to as
the physical basis.
At finite lattice spacing, however, the situation is different because the term Dy, in the

Wilson action breaks the chiral symmetry when the mass parameter is set to zero. Thus
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the twisted mass term cannot be eliminated with a rotation of the fermionic fields. This
means that the Wilson action and the twisted mass action are not equivalent for finite

lattice spacings but only when we take the continuum limit.
It can be useful to write the twisted mass action in the physical basis. It can be easily

done applying eqs. (2.45) to the Wilson Twisted Mass action and using the definition
(2.13) of Dy. The action turns out to be written in the physical basis as

Smlth, 0, G) = a* Y ()

1 .
5 Z’}/u(vu + V#)‘f’
“w

b() . (2.48)

ar * —WY5 T
<M0— ?;vuvu> e 4 m,,

In this basis, the Wilson term is the twisted one, while the mass term is left real.

It is of particular relevance the case m, = 0, hence M, = M,, which also implies that
the only contribution to the continuum fermion mass M comes from the twisted mass
i (see eqs. (2.44)). This corresponds to a rotation of w = 7/2 and under this condition
the action is called twisted mass action at mazimal twist. Tuning the action to maximal
twist, as we will see in the next section, is sufficient to guarantee an automatic O(a)
improvement.

From the other side, the Twisted terms break parity and isospin at finite lattice spacing.
The breaking of parity induces mixing between pseudo-scalar and scalar particles, for
example mesons. Being scalar heavier than pseudo-scalar mesons, this is not a problem
when one is interested in looking at the lighter ones, because scalar mesons appear as
excited states whose presence goes away in the continuum, but can be more troublesome
if one is interested in looking at the scalar mesons. Isospin breaking instead leads to a
breaking of the SU(2) vectorial symmetry of QCD with two degenerate flavors. The lack
of this symmetry at finite lattice spacing means for example that M+ = M- # Mo

for discretization effects.

Before moving to the automatic O(a) improvement of the twisted mass regularization,
it is useful to add some details on the renormalization of the two bare mass parameters,

My and p. As it is well known the Wilson term breaks explicitly the axial symmetry at
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finite lattice spacing. Consequently, as we already discussed, the bare untwisted quark
mass is subject to an additive renormalization constant in addition to the multiplicative
one:

mb = Zpmg = Zn(My — M) . (2.49)

q
M., is the value of My where the untwisted quark mass vanishes.

On the other hand, the twisted mass p, renormalizes only multiplicatively. It can be
shown that the product of the twisted mass y, and pseudoscalar density P is renormal-
ization group invariant. Thus Z,' renormalizes Lq

plt=Zun=Zp'p. (2.50)

So, another advantage of working at maximal twist is that the twisted mass p is
in this condition the only mass parameter related directly with the physical mass and,
unlike the untwisted mass my, it renormalizes multiplicatively.

The use of Twisted Mass regularization at maximal twist has the further advantage
of simplifying the renormalization of some hadronic matrix element. In particular the
decay constant fpg of a pseudo-scalar meson composed of two quarks of masses m; and

mo in Wilson regularization is computed as

frsp" = (0] A} |PS) (2.51)

where Aff is the renormalized axial current, which can be computed on the lattice only
through an appropriate renormalization procedure. However, making use of the Partially
Conserved Vector Current (PCVC) relation holding at maximal twist, it can be also

computed as
(0] P5 |PS)
M2,

without the need of the knowledge of any renormalization constants [30].

fps = (m1 +my) (2.52)

2.3.1 Automatic O(a) improvement

At maximal twist, for which w = 7/2, the quark mass comes from the twisted term only,
and the exponential e(=%7%7) reduces to —ivys73. So that the theory tuned at maximal

twist at finite lattice spacing describes two flavors of Wilson fermions regularized with
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two opposite values of r, each carrying a non trivial Dirac structure ~s.

S, ¥, G) = a* Z W(x) [é Z’Vﬂ(vz + V)

v(z) . (2.53)

. ar "
— VY573 (Mcr - 7 ; vyvu) + %

This situation has a very nice property: parity even correlation functions (which

include all the physical correlators) are automatically O(a) improved, and O(a) dis-
cretization effects will appear only in parity odd (unphysical) correlation functions. For
a detailed proof see [30], in the present letter we will only give a sketch of the argument

behind this remarkable features of twisted mass regularization of QCD.

Through Symanzik expansion (presented in section 2.2) it can be shown that O(a)
discretization effects in parity even correlation functions computed in Wilson regularized
QCD are odd with respect to a transformation that changes the sign of the Wilson
parameter r. Therefore it could be possible to get rid of all the O(a) discretization
effects by averaging correlation functions computed with » = +1 with the same functions
computed with r = —1. This is exactly what happens in tmQCD at maximal twist, where
the average is automatically performed between the two quarks of the doublet.

So, instead of having to improve both the action and the operators involved in the
simulation, one is able to gain O(a) improvement in an automatic way only by tuning
to maximal twist.

A possible approach to achieve this tuning is presented in the next section.

2.3.2 Tuning to maximal twist

One of the main advantages of the Twisted Mass Action is that automatic O(a) im-
provement can be achieved, working at maximal twist, by tuning only one parameter,
the bare quark mass My, to its critical value M,... This means that in the full renormal-
ized theory the maximal twist condition is realized by tuning M, to a value for which
the renormalized Wilson mass mf is 0.

This can be achieved by making use of the Partially Conserved Axial Current (PCAC)

relation
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R Z A ((8,A%(x)) P*(0))
T 2Zp((Pe(x) P(0))

(2.54)

where A and P are the axial and pseudoscalar currents. This relation descends from
the axial untwisted Ward identity [30], and using it the renormalized Wilson mass can
be determined. Being interested in getting a null m®, it is sufficient to tune M, to get
a null value of the correlation function ((9,A%(x)) P*(0)).

2.3.3 Twisted mass with non degenerate quarks

The strange and charm quarks can be introduced in the Twisted Mass action by adding
a twisted heavy mass-split doublet [33]

Y = <X> , (2.55)
Xs

The twisted lattice fermionic action of a SU(2) pair of mass non-degenerate quarks can

be written in the form

Sfm = CL4 Z )Zh(x) [DW + M() + Z.MU'YE')TI + i,u57'3] Xh(l’) s (256)

where h stands for heavy, M, is the untwisted bare quark mass for the heavy doublet, pu,
the bare Twisted Mass and ps the mass splitting along the 73 direction. Physical values
of the strange and the charm quark mass can be achieved by tuning the parameters p,
and ps such that the simulated K and D mesons have their physical masses. The chiral
rotation relating the heavy quark doublet in the twisted basis to the one in the physical

basis are given by

Yn(x) = M52y ()

Yp(x) = )Zh(x)eiwh%”/?. (2.57)

The bare parameters i, and pgs for the non-degenerate heavy doublet are related to the

physical renormalized strange and charm quarks through [31]
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B 1 +Zp
mc—ZP Mo ZSILL6 )

1 Zp
v = 2P0 ) 2.58
me= - (u > Ma) (2.58)

2.4 Numerical simulations

The formulation of a field theory on the lattice, besides providing an ultraviolet cut
off, represents also an operative definition for calculating vacuum expectation values of

operators.

01010) = 5 [ 1DV (Do) [DF] O, D)e 500, (2.59)

where the partition function Z is defined as

7 = / (DU [Dy)] [Dy] e~ 5U0) (2.60)

On the lattice, functional integrals like (2.59) become ordinary multiple integrals
which can be numerically evaluated.
In this section we will describe some of the numerical simulation techniques employed
in a lattice calculation. In particular we will begin considering how fermionic fields are

treated in the integration and then move to the gauge field part.

2.4.1 Integration of the fermionic degrees of freedom

Let us consider eq. (2.59). Fermionic fields are anti-commutating variables, which in
order to be treated numerically should be represented in terms of matrices of rank equal
to the lattice volume. One can avoid dealing with such representation by analytically
perform the integration over the fermionic variables using the following relation which

is a particular case of the Wick theorem

/ (DY) [DY] e MY = det M . (2.61)

Thus the partition function can be expressed as the integral over all the configurations

of fields U defining an effective action Scss as
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7z - / (DU e~ 96 () +ntdet M) _ / (DU e51s (2.62)
and eq. (2.59) can be rewritten as

J DU O(U)e 515
[DUe S

(0) = (2.63)

with O(U) being expressed in terms of the gauge fields, according to the Wick theorem.

2.4.2 Montecarlo method for the gauge configurations

Once the fermionic degrees of freedom have been analytically integrated out, we are left
with the integral over the gauge fields, which has to be computed numerically. It is clear
that already with lattice grids of few points per size, the number of degrees of freedom
is too large to allow for a direct evaluation of integrals, so one need to rely on Dynamic
Monte Carlo techniques.

However, most of the link gauge configurations have an action that takes large values
and fortunately only a small fraction of them will make a significant contribution to the
integral. That is, the distribution is highly peaked on those configurations that minimize
the action.

For this reason in any lattice simulation only a representative set of gauge configurations
is used. This method goes by the name of importance sampling. The set of gauge con-
figurations is generated according to a probability distribution given by the Boltzmann
factor P(U;) = €%/ and in particular using a Markov chain where each configuration U;
is obtained from the preceding one U;_;.

For each gauge configuration U; one measures the value of the observable O; on such
configuration, and then an approximate estimate O of the observable is given by simple
average of the N determinations O;. How to properly estimate the statistical uncertain-

ties in these conditions will be discussed in the following sections.

2.4.3 Error analysis

In what follows we briefly present two methods used in our analysis to correctly handle

statistical errors in a lattice simulation.
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Jackknife analysis

Observable quantities like the meson masses and the leptonic decay constants are de-
rived in lattice calculation from correlation functions as will be explained in sec. 2.5. To
obtain these correlation functions a numerical evaluation of the path integral, performed
according to the techniques briefly presented in sec. 2.4, is needed. All these techniques
are based on the general idea that the mean over all gauge configuration can be replaced
with a mean over an appropriate subsample of those configurations. These configura-
tions, however have been generated following a Markov chain so the ith configuration
depends on the (i — 1)th configuration. This introduces correlations that need to be
properly handled. First of all, one should update the algorithm for a sufficiently large
number of steps so that thermalization is achieved, i.e until the system has lost all mem-
ory of the initial configuration. Once thermalization is reached one has to select a set of
gauge configurations U; separated by an adequate number of Monte Carlo trajectories in
order to reduce the autocorrelation between measurements. In our analysis for example
we used a block size of 20 trajectories.

Nonetheless observables calculated on these gauge configurations are still partially cor-
related. Therefore the typical standard deviation is not a realistic error. The Jackknife
method is a statistical method for estimating the error propagation from the original
data to derived quantities taking correlation into account.

The general idea is to take a subset of n; gauge configurations and calculate the averages
over this subsample. In this way, if n; is large enough the averages can be considered as
single uncorrelated measures and treated with the usual standard deviation. If however,
as in most of practical situation, the subset n; is not large enough a possible solution is
the Jackknife method.

Consider a generic observable O calculated over N gauge configurations. Instead of
taking the average OF over the n; configurations, the average is performed on the com-
plementary set N — n; which is larger. The optimum estimate for the expectation value
of the observable O is (O) y & 04k (O), where 040 takes into account the fact that the
oL, w~, are calculated over sets that share part of the data. The formula to calculate

Ojack Teads

02a(0) = (Ny = 1) ((03) = (0%, ) (2.64)

with
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(On)y, = _0]. (2.65)

Bootstrap analysis

In many practical situations one is interested in combining quantities coming from dif-
ferent gauge ensembles, for example in a fit. In these cases it is therefore necessary to
correctly estimate how the errors on the original quantities propagate in the derived
quantities. Let us consider a practical example. We suppose we have to compare two,
statistically independent, quantities A and B, to obtain a third quantity, C', which de-
rives from the other two. We have at our disposal for the input quantities N; jackknife

averages, A7 and By, which have been calculated as explained in the previous section.

Notice that, as there is no correlation between the two samples A7 and B{, we can in
principle choose to combine whatever of the N% couples (A/, B{) with i,k =1...N;.

The bootstrap procedure consists of generating, following a random distribution, a Ny,
number (high enough) of (i, k), couples. Then, one will proceed to evaluate for each
couple b the dependent quantity CZ. The mean value C' will be equal to the ensemble

average. The bootstrap error for that quantity will be given by

o3(0) = (Ny = 1) ((CB)y, — (CBVas ) (2.66)
with
1 ol B
(On)n,.., = m;q . (2.67)

2.4.4 Systematic effects

In the following section we will analyse the various problems affecting a typical lattice
computation and the techniques used to treat them.

Chiral extrapolation

In all regularizations, lower values of the quark mass (m,) correspond to enhance the
density of low eigenvalues of the fermionic matrix, and this makes computations more

and more demanding and difficult as m, is lowered. Generally speaking, the lowest value
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of quark masses considerable in a simulation, necessary to avoid the problem of excep-
tional configuration, decreases with decreasing lattice spacing a. This means that, if we
want keep the simulated volume large enough to contain finite size effects, the number
of lattice points has to be increased in order to simulate lower quark masses.

Only recently, thanks to the increased computational power, the first computations at
physical light quark mass have been presented (For example the MILC collaboration is
the only one to have data at the physical points in a four dynamical fermion simulation
[34]). However, at present, still a large majority of simulations, including ours, is per-
formed with light quark masses higher than their physical value.

This has to be taken into account by performing an accurate chiral extrapolation my;gn: —
Mphysicar dUring the computations, as will be described in details in an appropriate section

of each studied quantity.

Finite size effects

When performing computations on the lattice, the volume acts as infrared cut-off on the
obtained observable, that has to be removed at the end of the computation.

The effects of the finite volume is to modify the energy levels of the particle described
by the theory. The shift of the energy levels can be shown to be related to the scat-
tering length of particles in the box, and thus in general can be computed analytically
and removed without performing explicitly the V' — oo limit. The relevant scales for
determining the finite size effects (FSE) are the side L of the box simulated, and the
mass of the lowest particle of the theory, therefore the pion mass M, which, having a
greater propagation length, is the most affected by the presence of borders.

For the observables computed in this analysis, FSE are in general an exponentially sup-
pressed function of the quantity M, L, which, for the values of M, L associated with our
gauge ensembles (typically > 4), can be calculated using ChPT.

We checked explicitly the amount of FSE by performing in one case two simulations at
the same M, but different L. This allowed us to check not only the amount of FSE in

the raw data but also the efficiency of the analytical correction formula we used.

Discretization effects

The lattice regularized theory reproduces the original theory only in the continuum limit

a — 0. Observables computed at finite lattice spacing will differ from its continuum coun-
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terpart for finite terms which vanish in this limit, generally called discretization effects.
In order to extract continuum physics it is therefore necessary to compute observables
at different values of the lattice spacing and extrapolate them to a — 0.

In practice, data computed at finite lattice spacing are typically fitted with a polynomial
expression in a. Once the a dependence has been studied through the fit the continuum
limit is performed numerically.

This extrapolation induces errors on the observables, so one should try to work at lattice
spacing that are as small as possible. However the minimal lattice spacing affordable is
dictated by the available computational power. Hence the importance of improvement

which guarantees that we have to deal only with effects of order a? and higher.

Lattice spacing determination

To choose the lattice spacing a at the beginning of the computations, one in practice
has to fix the gauge coupling g at the value g(a) that it assumes at the chosen scale.
In general it is not possible to fix exactly g to the value required for the chosen lattice
spacing, due to the uncertainties of the S-function, which is known only perturbatively
up to few orders in g.

This means that at the beginning of the computation one cannot choose exactly the value
of the lattice spacing to work with, but can only fix it roughly, by taking a reasonable
value of g, with the help of the information coming from previous studies.

On the other hand, all quantities determined on the lattice are known only in units of a.
Therefore, in order to convert all quantities to physical units, it is crucial to have a good
knowledge of the lattice spacing. For this reason, after performing the computations,
one needs to re-determine it.

This can be done by choosing a known quantity G and then confronting its value with
the one computed in lattice units G' = aG.

In our analysis the scale was set using the pion decay constant f.

Quenching effects

Up to the late nineties the available computational power was not sufficient to allow to
take into account the contribution of the fermionic determinant in lattice computations.
For this reason all lattice calculations were performed neglecting the det M contribution

in the action. This corresponds to perform the mgyqex — 00 limit of the action, so that
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sea quarks do not propagate, i.e. to neglect diagrams containing fermionic loops in the
computation of the correlation functions. This approximation is known as quenching of
the fermionic degrees of freedom.

In the last decade the development in algorithms and machines made it possible to start
performing calculations taking into account the presence of the fermionic determinant.
Nowadays, most of the lattice calculations are performed with either two (up and down)
or three (up, down and strange) dynamical sea quarks. The present work, performed
using the gauge configurations produced by the European Twisted Mass (ETM) Col-
laboration is one of the first to include the effects of four flavors of dynamical quarks
(N =2+1+1).

Non-perturbative renormalization

Renormalization constants provide the link between matrix element regularized on the
lattice, and those renormalized in the continuum. The operators we simulate are bare
operators regularized with the lattice spacing a which can be interpreted as an ultraviolet
cut-off. Therefore renormalization constants can be computed perturbatively since they
enclose only short-distance contributions. In practice, however, perturbation theory on
the lattice is much more complex than the one in the continuum so that the computations
are rarely extended beyond one loop order. Moreover, lattice perturbation theory usually
converges rather slowly and the accuracy of the perturbative renormalization constants
is limited. For this reason, one often prefer to rely on non-perturbative methods.

The renormalization constants used in the present work have been calculated non per-
turbatively in the so called RI-MOM scheme.

2.5 Two-point correlation functions

In this section we will discuss the relation between the quantities extracted from the
euclidean theory, which is the one employed in simulations, and the physical ones, intro-
ducing the standard procedure used for the calculation of the meson masses and decay
constants in a given regularization of the fermionic action.

The euclidean two-point Green function, for two generic operators O; and O,, can

be written as
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G(z) = G(t,7) = (0|01 (x)03(0)[0) - (2.68)

G(z), once rotated back to Minkowski space-time, gives (0|T[O;(z)0}(0)]|0), with
T the time-ordered product. This quantity represents the probability amplitude for the
creation of a state sharing the quantum numbers of the Oy operator in the space-time
point = = 0, the propagation of that state up to the point = = (¢,7) and its final
annihilation from the O; operator. If we Fourier transform the spacial component we

get

C2(t,p) = Z(owl(g;)og(on())eiﬁf . (2.69)

Let us take t > 0 and insert in (3.6) a complete set of covariantly normalized energy

eigenstates with well definite momentum |n, pi,)

(1, DM, Pm) = (27)°2E b m (2.70)
1

Dn) 7o ao o (0P| = 1, 2.71

;\n,p >(27r)32En<n D (2.71)

one has

12 (0[O (z)|n, pn) (n, | O2(0)[0) 52
CRLP =2 ). (27)32E, ‘

Z n,pn

-3 (0] HHHPE 0,0, ) e~ H1=1PF |, 5. (n, 5| O(0)]0) e
(27)32E,

T n,pn

_ ZZ 0|01 |n pn><n pn|02( >|0> efEntfi(ﬁnfﬁ')-f

a (2m)32E,
T n,pn
-y <0|01(0)|n,192>b§n,p 9:(0)[0) ¢ (2.72)

n

where the translation operator has been used to shift the field in the origin O(x) =
eM+PTO(0, 0)eH=iP7 and the Dirac delta # S e PP T = (5, — p) has been

used in performing the spatial “integration”.
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Consider single particle states, for them at zero momentum one has E, (p,, = 0; M,) =
M,,, with M,, the mass of the n'* state. Then the relation 2.72 becomes

012 Z:\/—\/Z_2 —Mnt

(2.73)

where we have defined

V2L =(00,(0)n, p) . (2.74)

So the euclidean 2-point correlation function can be written as a sum, over a lot

of possible intermediate states n, of exponentials proportional to the matrix elements

\/?%\/Z_?;r . However, for t large enough, only one term will survive because of the

exponential suppression, and it will be the single particle state with the lower mass
value i.e. the fundamental state:

v Zz — Mot )

> (0[01()02(0)[0) (2.75)

For fields defined in a finite time interval (¢ € [0,77]), with periodic boundary condi-
tions, (2.75) is no longer valid and must be modified in order to include contributions
from forward and backward propagation. Hence, if we call n the (temporal) parity of
the 2-point correlator with respect to the transformation ¢t — 7' — ¢, in the case of zero

momentum we will have

ClQ(t) \/_\/> —Mot —MO(T—t)) ] (276)

t—o0 2M0
In the n = 1 case, this expression reads

VEWE . T
C12(t) — L0V e—MOQCOSth—E) MO]. (2.77)

In the rest of the chapter our formulae will be always presented, for simplicity, in the
infinite (lattice) time extension limit.

In this work we will consider local operators which interpolate mesons, i.e. opera-
tors with quantum numbers appropriate to create the meson states of interest from the

vacuum. Such composite operators can be written as
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State JPC  Dirac Matrix
Scalar ot |

0+ Yo
Pseudo—scalar 0~ Vs

0=+ Y570
Vector 1= i

1= Y07i
Axial Vector 177 V5Yi
Tensor 1+ Vi Yk

Table 2.1: JPC quantum numbers of the 16 Dirac covariants and the Lorentz group

transformation properties.

qu )T (x (2.78)

where ¢; and ¢, are two valence quarks of different flavour, a is a color index and
the spinorial indices have been omitted for the sake of simplicity. I' is one of the 16
combinations (see tab. 2.1) of Dirac v matrices which are responsible for the spin (J),
parity (P) and charge conjugation (C) quantum numbers of the composite operator
Or(z).

For example in this work we considered operators of the form

O1(z) = Oz(z) = P5(2) = 017542 , (2.79)
for which it is possible to exploit (2.77) for estimating in LQCD the corresponding

meson masses and matrix elements through a simple exponential fit.

However, beside the exponential fit to the large time behaviour of the euclidean
lattice correlator, there is another method for estimating meson masses, inspired again
by (2.75). It is possible to calculate the so called effective mass (in lattice units), defined
by

aM,4(t) = log {%} . (2.80)

This quantity, for large ¢, will reach a plateau at a value equal to the mass of the

ground state.



44 Chapter 2. Lattice QCD
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Figure 2.1: Example of the plateau of the effective mass as a function of time.

An example of the dependence of the effective mass as a function of time (in lattice
units) is shown in fig. 2.1 for a light-light PS meson.
It is crucial to properly choose the time interval [t,,in, timae] Over which the fit has to be
performed, so that the fundamental state is isolated. More specifically, t,,;, has to be
chosen high enough for the contribution of excited state to be sufficiently suppressed.
The lower is the mass difference between the ground state and the first excited states,
the higher t¢,,;, has to be chosen. On the other hand, t,,,, is limited by lattice time
extension 7', and thus by the available computing power. Moreover the signal we are
trying to isolate is exponentially suppressed by the factor exp(—Myt), see eq. 2.75, which
lead for large ¢ to noisy data.
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Quark Masses

The precise knowledge of the quark masses and of the hadronic parameters in general
plays a fundamental role both in testing the Standard Model (SM) and in the search
for new physics (NP). The SM, despite its unquestionable successes in describing exper-
imental data gives neither an explanation nor a prediction for the quark masses. On the
theoretical side, explaining and understanding the hierarchical structure of the quark
masses remains an open and fascinating challenge. On the phenomenological side, since
several important observables depend on the quark masses, a precise determination of
these values is crucial to constrain the SM and through comparisons between theory and
experiments to search for NP.

In the determination of the quark masses lattice QCD (LQCD) plays a primary role
as it is a non perturbative approach based on first principles.

Thanks to the increased computational power as well as to the algorithm and action
improvements of the last decade, LQCD simulations have made significant progresses
reaching a remarkable level of precision. In particular, this is due to the so-called un-
quenched calculations, where the contribution of loops of dynamical sea quarks is taken
into account. As a matter of fact, most of the recent lattice determinations of quark
masses have been performed with either two (up and down) [3, 4] or three (up, down

and strange) [5]-[12] dynamical sea quarks.

In this chapter we present an accurate determination of the average up/down, strange
and charm quark masses using the gauge configurations produced by the European
Twisted Mass (ETM) Collaboration with four flavors of dynamical quarks (Ny =241+
1), which include in the sea, besides two light mass degenerate quarks, also the strange

45
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and the charm quarks with masses close to their physical values. Such a setup is the
closest one to the real world, adopted till now only by the ETM [13, 14] and the MILC
[15] Collaborations.

First we calculated the up/down average quark mass from the analysis of the pion
mass and decay constant. Then, using scale setting determined from the pion part of
the analysis, we extracted the strange and charm quark masses from the analysis of K-

and D-meson correlators, respectively.

3.1 Simulation details

In this section the simulation details will be discussed. We will start presenting the action
used in the simulation and then give some details on the gauge ensembles considered in

this analysis.

3.1.1 The Action

The present work is based on the Ny = 241+ 1 gauge field configurations generated by
the ETMC using the following action
S =8,+ 8., + Sk

tm

(3.1)

where the gluon action S, is the Iwasaki one [29]. For the fermions the Wilson twisted-

mass action is adopted, given for the mass-degenerate up/down quark doublet by [35]

_ 1 a
l _ 4 * . 3 *
Sim = @ ZI P(x) {5 Zu Yu(Vu+V3) — iyt [Mo ~3 Zu VNVM} + Ml} ()
(3.2)
and for the strange and charm doublet by [33]

Sh —at Zx U(z) {% Z“ YV + V5) — iysr! [MO - g Z# v#v;] + o + W?’} W(x),

(3.3)
where V,, and V}, are nearest-neighbor forward and backward covariant derivative, 1
is the light quark mass and M, is the untwisted mass tuned to its critical value M., as
discussed in Ref. [13] in order to guarantee the automatic O(a)-improvement at maximal
twist [30, 31]. Finally in Eq. (3.3) the twisted masses u, and ps are related to the
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renormalized strange and charm sea quark mass via the relation [31]

c,5 — o + 3.4
Mes = 7 (M ZS“5> (3.4)

with Zp and Zg being the PS and scalar renormalization constants, respectively.

The twisted-mass action (3.1) is known to lead to a mixing in the strange and charm
sectors [14]. In order to avoid the mixing of K- and D-meson states in the correlation
functions, we adopted a non-unitary set up in which the valence quarks are regularized
as Osterwalder-Seiler (OS) fermions [36]. The action for each valence quark flavor ¢

(f =1, ss', c) reads as

Shs = a* Zz qr(z) {% ZM YV + V},) = iysry [Mo - g ZM VMVZ:| + Mf} qr(z) -
(3.5)
Each valence doublet is mass-degenerate (u; = py, ps = pg and g, = pie), and their
Wilson parameters ry are always chosen such that the two valence quark in a PS meson
have opposite r—values. This choice guarantees that the squared PS meson mass, m%g,

differs from its continuum counterpart only by terms of O(a?u) [30].

3.1.2 Lattice set up used in this analysis

The details of our lattice set up are collected in Table 3.1, where the number of gauge
configurations correspond to a block size of 20 trajectories. At each lattice spacing,
different values of the light sea quark masses have been considered. The light valence
and sea quark masses are always taken to be equal. On the contrary the masses of both
the strange and the charm sea quarks are fixed at each [ to a value chosen to be close to its
physical one [13]. To be able to analyse mesons in the strange and charm sectors we have
simulated three values of the valence strange quark mass and six values of the valence
heavy quark mass, which are needed for the interpolation in the physical charm region
as well as to extrapolate possibly to the b-quark sector. In particular, in the light sector
the masses were simulated in a range 0.1 m?"s < 1 < 0.5 mP"* in the strange sector
in 0.7 ms < g < 1.2 mPhs | while for the charm sector in 0.7 mPhs < p, < 2.0 mpHs.
Quark propagators with different valence masses are obtained using the so-called multiple
mass solver method [37, 38], which allows to invert the Dirac operator for several quark

masses at a relatively low computational cost.
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ensemble I5) V/a* Qllseq = Q] | Glly afis Netg Gfls afle
A30.32 | 1.90 | 323 x 64 0.0030 0.15 0.19 150 | 0.0145, | 0.1800,0.2200,
A40.32 0.0040 90 | 0.0185, | 0.2600, 0.3000,
A50.32 0.0050 150 | 0.0225 | 0.3600, 0.4400
A40.24 | 1.90 | 243 x 48 0.0040 0.15 0.19 150

A60.24 0.0060 150

A80.24 0.0080 150

A100.24 0.0100 150

B25.32 | 1.95 | 323 x 64 0.0025 0.135 | 0.170 150 | 0.0141, | 0.1750,0.2140,
B35.32 0.0035 150 | 0.0180, | 0.2530, 0.2920,
B55.32 0.0055 150 | 0.0219 | 0.3510, 0.4290
B75.32 0.0075 75

B85.24 | 1.95 | 243 x 48 0.0085 0.135 | 0.170 150

D15.48 | 2.10 | 48% x 96 0.0015 0.12 | 0.1385 | 60 | 0.0118, | 0.1470,0.1795,
D20.48 0.0020 90 | 0.0151, | 0.2120, 0.2450,
D30.48 0.0030 90 0.0184 | 0.2945, 0.3595

Table 3.1: Values of the simulated sea and valence quark bare masses for each gauge

ensemble used in this work.

We studied the dependence of the PS meson masses (and of the pion decay constant)
on the (renormalized) light quark mass fitting simultaneously the data at different lattice
spacings and volumes. In particular, we anticipate that the values of the lattice spacing
we found in our pion analysis are a = 0.0885(36), 0.0815(30), 0.0619(18) fm at 5 =
1.90, 1.95 and 2.10, respectively, so that the lattice volume goes from ~ 2 to ~ 3 fm.
Details of the parameters of the gauge ensembles are reported in Table 3.2. In the same
table are also shown the range of pion masses (i.e., ~ 210 = 450 MeV) and the one of
M, L, where the values of M, are already extrapolated to the continuum and infinite

volume limits.

The statistical accuracy of the meson correlators is significantly improved by using
the so-called “one-end” stochastic method, implemented in [39], which includes spatial
stochastic sources at a single time slice chosen randomly. Statistical errors on the meson
masses are evaluated using the jackknife procedure, while statistical errors, which are
based on data obtained from independent ensembles of gauge configurations, like the
errors of the fitting procedures, are evaluated using a bootstrap sampling with 100 events

to take properly into account cross-correlations.
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ensemble | 5 | L(fm) | Mz(MeV) | M,L
A30.32 || 1.90 | 2.84 245 3.53
A40.32 282 4.06
A50.32 314 4.53
A40.24 || 190 | 2.13 282 3.05
A60.24 344 3.71
A80.24 396 4.27
A100.24 443 4.78
B25.32 | 195 | 2.61 239 3.16
B35.32 281 3.72
B55.32 350 4.64
B75.32 408 5.41
B85.24 | 195 | 1.96 435 4.32
D1548 || 2.10 | 297 211 3.19
D20.48 243 3.66
D30.48 296 4.46

Table 3.2: Values of the pion mass and of the quantity M,L for the various gauge
ensembles used in this work. The values of M, are already extrapolated to the continuum

and infinite volume limits
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3.2 Analysis of the 2-point PS correlators

The 2-point PS correlators represent the basic ingredient for the whole analysis. As
explained in sec. 2.5 from them it is possible to extract the masses and decay constants
of the PS meson analysed in this work.

Considering for example the pion case, for all the gauge ensembles we computed the

2-point PS correlators defined as

C(t,p) = Z<0|7>5<x>P§ (0)]0)e™ . (3.6)

where P;(z) = u(x)ysd(z). As already explained in sec. 2.5, at large time distances one

has
Z;

c(t) t>>a, (T—t)>>a QN[

(e Mrt 4 M T=) (3.7)

so that the pion mass and the matrix element Z, = |(7|u75d|0)|* can be extracted from
the simple exponential fit given in the r.h.s. of Eq. (3.7) taken over the appropriate
time interval. For maximally twisted fermions the value of Z, determines the pion decay

constant without the need of the knowledge of any renormalization constant [30], namely

a*Z,
aM,sinh(aM,) "

afr = 2am (3.8)
Practically, as explained in sec. 2.5, to extract M, and f, we used the so called effective

mass whose definition is reported here:

aM.5(t) = log [ Cc(t) } . (3.9)

(t+1)

Once we extracted M, and f, we have studied the dependence of the pion mass and

decay constant on the renormalized light quark mass

1

G,Zp

my = (ap) (3.10)

through a simultaneous fit.
With the same procedure meson masses and decay constants in the K and D sector

can be extracted. In fig. 3.1 three example of 2-point correlators are shown, build up

respectively with two light quarks, a light and a strange quark and a light and a charm
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quark. The red lines indicate the time intervals in which the plateaux was fitted i.e.
the region in which the leading exponential contribution can be isolated. As already
explained in sec. 2.5, t,,;, has to be chosen large enough for the contribution of excited
state to be sufficiently suppressed. The lower is the mass difference between the ground
state and the first excited state, the higher ¢,,;, has to be chosen. This resulted in a

different choice of the fitting time intervals for [-/ and [-h mesons as con be seen in 3.1.

B=2.10
wi =0.0015

w2 =0.0015
Meir =0.0705(9)

p=2.10

w =0.0015

ps =0.0184

Mer =0.1772(9)

B=2.10

w =0.0015

un =0.1795
Meir =0.581(5)

Figure 3.1: Three example of 2-point correlators build up respectively with two light
quarks, a light and a strange quark and a light and a charm quark. The red lines indicate

the time intervals in which the plateaux was fitted.

Before closing this section we have collected for convenience in Table 3.3 the time
intervals used for the extraction of the PS meson masses (and of the pion decay constant)
from the 2-point correlators at each § and lattice volume in the light, strange and heavy

sectors.
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&4 V/a* Ats/a | Atansn/a
1.90 | 323 x 64 | [12,31] | [15,31]
1.90 | 243 x 48 [12, 23] [16, 23]
1.95 | 323 x 64 | [13,31] | [18,31]
195 | 243 x 48 | [13,23] | [18,23]
2.10 | 483 x 96 | [18,40] | [23,40]

Table 3.3: Time intervals used for the extraction of the PS meson masses (and decay

constant) from the 2-point correlators in the light (1), strange (s) and heavy (h) sectors.

3.3 Average up and down quark mass

In this section we present our determination of the average up/down quark mass. First
we will give some details on the general strategy and on the different approaches used to
control and estimate the various source of systematic uncertainties related to the chiral

extrapolation, the continuum limit and the FSE and the renormalization constants.

Chiral extrapolation

Since the simulation was not performed at the physical value of the light quark mass, a
chiral extrapolation is needed. In order to estimate the associated systematic error we
studied the dependence on the light quark mass by using different fit formulae based on
the predictions of Chiral Perturbation Theory (ChPT) as well as on polynomial expres-

sions.

Discretization effects

As far as the continuum limit is concerned, in order to lower as much as possible the
impact of discretization effects and to keep the continuum extrapolation under control
we tried two different procedures, which use f, to ultimately set the scale. The first one
involves ry/a as the intermediate scaling variable, while in the second one we used as
a reference mass the one of a fictitious pseudoscalar (PS) meson made of two strange

quarks, aM,,, trying to exploit a partial cancellation of discretization effects in the ratios
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like M5/ M. Of course the continuum limit of M, has eventually to be performed and
this reintroduces non negligible cutoff effects in the determination of the lattice spacing.
The fact that we obtain compatible predictions between the two procedures strengthens
the validity of our results and shows that we are controlling safely the impact of the

discretization effects.

The analysis has thus followed four branches depending on the choice of the scal-
ing variable (either ro/a or aMy,) as well as on the different fitting procedures (either
ChPT or polynomial expansion). The differences among the results obtained within the
above-mentioned four branches of the analysis have been used to estimate the systematic

uncertainties.

FSE corrections

As far as FSE are concerned, we have considered three different estimators for the cor-
rections: the NLO ChPT predictions of Ref. [40] (which will be labelled as GL), the
resummed formulae of Ref. [41] including higher order corrections (labelled as CDH)
and finally the formulae developed in Ref. [42] which accounts for the 7° — 7™ mass
splitting (labelled as CWW). Using different approaches gave us a better understanding
of how well the corrections are working, what is the size of each contribution on our data

and whats the impact of of these FSE on the final results

Renormalization constants and ry/a

Renormalization constants are a crucial ingredient in the determination of quark masses.
Our collaboration calculated the quark mass renormalization constants Z,, = 1/Z, in the
RI-MOM scheme using two different methods, labelled as M1 and M2. The first method
MT1 tries to remove O(a?p?) effects, while in the second method M2 the renormalization
constant are taken at a fixed reference value of p?, so that the use of the two sets of
renormalization constants should lead to the same final results once the continuum limit
is performed. The differences due to the different choice of the values of Zp are included
in the systematic error. In Table 3.4 the values of Zp used in this work are presented.
In the same table are also shown the values of ro/a that we used to convert the data
at different values of lattice spacing to a common scale given in units of the Sommer

parameter ro. For each [ the values of ry/a have been calculated at the various values
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of the light quark mass [13, 43| and then extrapolated to the chiral limit using either a
linear or a quadratic dependence in ajiz,. The errors reported in Table 3.4 represent the
sum in quadrature of the statistical uncertainty and of the systematic error associated
to the two different chiral extrapolations. Notice that in the branches of our analysis,
in which we divide the PS meson masses by the quantity aMg,, the impact of r¢/a is

marginal and could in principle be avoided.

B | ZMS(2GeV)(My) | ZM5(2GeV) (M) | ro/a
1.90 0.521(7) 0.564(6) 5.31(8)
1.95 0.506(4) 0.537(4) 5.77(6)
2.10 0.513(3) 0.540(2) 7.60(3)

Table 3.4: Input values for the renormalization constant Zp = ZIW(Q GeV) and the

chirally extrapolated values of ro/a for each values of B (see text).

Methodology for the external parameter of the analysis

The uncertainties on the renormalization constants Zp and on the values of ry/a have

been taken into account by including in the definition of the x? the following contribution

) (<ro/a>z~”a2 (rofa),) oy (2 fa (Zp),) | -

ro/a P

where (r9/a), and (Zp), stand for the input values corresponding to the bootstrap event
i, while (ro/a)/™ and (Zp)!/" are free parameters of the fit. This procedure is basically
equivalent to impose a Bayesian gaussian prior for Zp and r/a. Note that the use of the
bootstrap sampling by itself would only propagate correctly the uncertainties of these
quantities. Within the single bootstrap event, however, one would assume (arbitrarily)
in the fit that these quantities are exactly known. Instead, using Eq. (3.11) we allow the
quantities ro/a and Zp to change from their central values in the fit for each bootstrap

event with a weight in the x? given by their global uncertainties.

3.3.1 Analyses of the pion mass in units of r

Since the chiral extrapolation is an important source of uncertainty in our analysis, we
tried to fit the dependence of both M? and f, on the renormalized light quark mass
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m; using two different fitting functions: the one predicted by ChPT at NLO and a
polynomial expansion. These two choices correspond to expand the squared pion mass
and decay constant either around the chiral point m; = 0 up to higher masses, in which
case non analytical chiral logs enter in the expression, or around a non vanishing mass
m; = m; down to the physical point. The first approach is supposed to be more accurate
in the region of very small m;, but in principle both solutions are legitimate, and one
has to look how well the data are fitted by these approaches. Since both fits turn out to
be in nice agreement with the lattice data, the differences between the results obtained
using the chiral fit and the one obtained using the polynomial expansion reflect our
genuine uncertainty on the chiral extrapolation and will be thus used to estimate the

corresponding systematics.

Chiral fit in units of r

Let us consider the ChPT approach in units of ry which hereafter will be referred to as
analysis 1A. The ChPT predictions at NLO can be written in the following way

2
(MWT0)2 = 2(307’(])(?7117"0) <1 —+ 5[ log 51 + Plgl + P2 2 (44Cf

7y log &) Kf5F (3.13)

7 — log gl) - K1P13.12)

a? dco
(faro) = (foro) <1 —2&log & + P36 + Py—

o (4 Jo
where P, — Pj are free parameters (P, and Pj are related to the NLO low-energy constants
(LECs) £3 and /4, respectively) and

2Boml

gl = 167T2fg )

(3.14)

with By and fy being the LECs entering the L.O chiral Lagrangian. Both By and f, have
been left free to vary in our fitting procedures.

The quantities Ky°” and K7° in eqs. (3.12-3.13) represent the FSE for the pion
mass and decay constant, respectively. They will be discussed in a while.

For the moment notice the presence of the terms proportional to a? log & in Eqgs. (3.12-
3.13). These terms originate from the mass splitting between the charged and the neutral
pions, which is a discretization effect appearing within the twisted mass formulation. The
impact of the pion mass splitting on the ChPT expansion of M? and f, has been worked
out in Ref. [44]. We have expanded the resulting chiral formulae up to O(a?), leading
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in Egs. (3.12-3.13) to the presence of the parameter ¢, which is directly related to the
neutral and charged pion mass splitting at LO by

(M — MZs)ro = 4a’cy (3.15)

Treating ¢, as a free parameter in the y?-minimization procedure leads to quite large
uncertainties in the determination of this quantity. Therefore, we choose to gave to ¢y a
prior based on the values reported in Ref. [45] and to treat it in the same way adopted
for the renormalization constants Zp and the quantity r¢/a in Eq. (3.11). In Ref. [45]
two different determinations of ¢y are reported, one in which the chiral limit is performed
through a constant fit in M2 and the other one in which the fit was assumed to be linear.
In the present work we have used an average of the two values including the spread in
the error, namely 73cy = —1.7 & 0.6.

The dependence of our lattice data for roM?/m; and rq f, on the renormalized quark
mass rom; is shown at each lattice spacing in Figs. 3.2 and 3.3, respectively. The behavior

of the chiral extrapolation in the continuum limit is also reported.

2 R R
M,T /mI vs m,

B=1.90V=32’x64|
B=1.90v=24’x48
B=1.95V=32’64
B=1.95v=24>48|_|

B=2.10V=48°x96
Continuum Limit | |

¢0 C0 0o

olbh 1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
Tom, "

Figure 3.2: Chiral and continuum extrapolation of roM?/my based on the NLO ChPT fit
given by Eq. (3.12). Lattice data have been corrected for FSE using the CWW approach.
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Figure 3.3: The same as in Fig. 3.2, but for the decay constant rqf.

From Figs. 3.2 and 3.3 it can be seen that the impact of discretization effects using
the values of ry/a is almost completely negligible in the case of ryf,, while it is at the
level of ~ 10% in the case of roM?2/m, (if estimated from the difference between the
continuum results and the ones at the finest lattice spacing).

The value of the physical average up/down quark mass, m,4, can be extracted from

the ratio M?/f? using as input its experimental value obtained using
M?P =135 MeV P =130.41 MeV . (3.16)

The numerical results for m,q as well as those for the lattice spacing and the relevant
LECs will be collected and discussed in Section 3.3.3.

FSE correction in the pion fit

Before moving on to the analysis in which the chiral extrapolation was carried out us-
ing a polynomial fit formula, some details will be given on the FSE and on the various
approaches we used to address the problem.

On the theoretical side the impact of FSE on M, and f; have been studied with ChPT
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at NLO in Ref. [40] and using a resummed asymptotic formula in Ref. [41], where both
leading and subleading exponential terms are taken into account and the chiral expansion
is applied to the m — 7 forward scattering amplitude. When the leading chiral represen-
tation of the latter is considered, the resummed approach coincides with the NLO result
of Ref. [40]. Viceversa at NNLO the resummation technique includes only part of the
two-loop effects as well as of higher-loop effects. The resummed approach was positively
checked against a full NNLO calculation of the pion mass in Ref. [46], showing that the
missing two-loop contributions are actually negligible. Finally, the cutoff effects that
within the twisted mass formulation can give rise to a splitting between charged and
neutral pions, may in turn enter also the determination of FSE, as explicitly worked out
within the resummed approach in Ref. [42].

Thus, as far as FSE are concerned, we have employed three different approaches:
the NLO ChPT predictions of Ref. [40] (which will be labelled hereafter as GL), the
resummed formulae of Ref. [41] including higher order corrections (labelled as CDH)
and finally the formulae developed in Ref. [42] which accounts for the 7° — 7" mass
splitting (labelled as CWW).

Beside the lattice volume and the pion mass, the predictions of both CDH and CWW
approaches require the knowledge of the LECs ¢; — ¢, and eventually of the splitting
parameter ¢;. The LECs f53 and /4, which are related to the &-dependent NLO terms
in M? and f,, have been treated as free parameters in our fitting procedures, while for
{1 and /5 we used the values reported in Ref. [42]. The CWW corrections depend also
on the neutral pion mass Mo, which was estimated at LO through Eq. (3.15) using
(M+)ro = 2Bym;. We have checked that such values of Mo are consistent with the
corresponding ones extracted directly from the appropriate PS correlator in Ref. [47].

To check how well the finite volume corrections are working and what is the relative
weight of each contribution we can use the two ensembles A40.32 A40.24 (see Table
3.1), which correspond to the same quark mass and lattice spacing, but different lattice
volumes. Moreover, we stress that the ensemble A40.24 has both the lowest value of the
quantity M, L (see Table 3.2) and the largest pion mass splitting, being M o/M ~ 0.5
[47]. Therefore FSE are expected to be maximal for this gauge ensemble.

The terms K},°* and K{5%, appearing in the ChPT formulae (3.12-3.13), relate the
squared pion mass and decay constant calculated at finite volume with their infinite

volume counterparts. For the gauge ensemble A40.32 and A40.24 we can write

Miss) = Moo K352
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Mpy = Mo Koy (3.17)

and in analogous way for K735 and K3} in the case of the decay constant fr. Taking
the ratio of the above relations we see that for an ideal correction the ratio of the

multiplicative factors K 75F

should match exactly the ratio of the uncorrected lattice data
without any knowledge of the infinite volume values. The more accurate the correction
is, the more the prediction for (K%, /K1 3%)) matches the lattice data (Misy/Miaq)-
The corresponding numerical results are reported in Tables 3.5 and 3.6 for the pion mass

and the decay constant, respectively.

GL | CDH | CWW || Lattice data Msg/May
Kstz]/KFSE 0.994 | 0.985 | 0.981 0.972(13)

Table 3.5: Values of the ratio of the FSE correction factor K¥°F for the gauge ensembles
A40.32 and A40.24 obtained within the approaches GL, CDH and CWW (see text).

GL | CDH | CWW | Lattice data f3s/ fo4
K35 /Ky | 1.023 | 1.040 | 1.054 1.050(19)

Table 3.6: The same as in Table 3.5 but for the decay constant f.

From these tables one can see that the corrections calculated using the CWW ap-
proach are compatible with the lattice predictions for both the pion mass and the decay
constant, working remarkably well on the latter. It is also possible to see how big is the
contribution of the various corrections we are adding in the FSE prediction in terms of
getting closer to the ratio of uncorrected lattice data.

In table 3.7 we collected the values of the coefficients (K ﬂﬁi} —1) and (K f [524E] 1),
representing the FSE correction in percentage for the ensemble A40.24, which, as already
stressed, is affected by the largest FSE correction in the whole set of gauge ensembles.
Moreover, by comparing CDH and CWW predictions it can be seen that the O(a?)
term related to the pion mass splitting, though not negligible, appears to be well under
control. Thus, in what follows, the lattice data will be corrected for FSE using the CWW

formulae unless explicitly stated.
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GL CDH | CWW
KFSE —1] 00070 | 0.0187 | 0.0243

FSE
K“M]—l —0.0280 | —0.0469 | —0.0632

Table 3.7: Values of Ky°" — 1 and K{°" — 1 for the gauge ensembles A40.24 obtained
within the various FSE approaches GL, CDH and CWW (see text).

Polynomial fit in units of r

As anticipated in Section 3.3, we studied the chiral extrapolation by replacing the NLO
ChPT predictions with a simple polynomial expansion in the renormalized light quark
mass (analysis 1B), namely

a2
(MWT())Q = Pl(mlTo) (1 —I— Pg(mﬂ“o) + Pgr—2 —|— P4(ml7“0)2) . KAF;[SE (318)
0

(1,2
(fﬂro) = P5 (1 + Pﬁ(ml’f’o) + P7ﬁ + Ps(ml’f’o)2> . KJFSE s (319)

0
where P — Py are free parameters. Since the calculation of K3;°* and K{ " may require
the use of LECs that are only meaningful in a ChPT fit, the FSE corrections have been
taken from the ChPT analysis in units of r (analysis 1A) and applied directly to the
lattice data.

The dependence of roM?2/m; and 7o f, on rom; at each lattice spacing and in the
continuum limit obtained using Eqs. (3.18-3.19) is shown in Figs. 3.4 and 3.5, respectively.

Notice that the impact of discretization effects on 79 M?2/m; obtained using the poly-
nomial fit (see Fig. 3.4) is very similar to the one found in the case of the NLO ChPT
prediction (see Fig. 3.2). Finally, as it can clearly be seen from Figs. 3.2-3.5, both the
NLO ChPT and the polynomial fits describe quite well the lattice data for the pion mass
as well as for the decay constant, yielding slightly different results only at the physical

pion point.

3.3.2 Analyses of the pion mass in units of M,

The results shown in Figs. 3.2 and 3.4 confirms that the impact of discretization effects
using 7o as the scaling variable is at the level of ~ 10% for the squared pion mass. In

order to keep the extrapolation to the continuum limit under better control we repeated
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Figure 3.4: Chiral and continuum extrapolation of 1o M?/m; obtained using the polyno-
mial fit given by Eq. (3.18). Lattice data are corrected for FSE using the CWW approach.

the analyses 14 and 1B adopting a different choice for the scaling variable, namely
instead of ry we introduced the mass M, of a fictitious PS meson made of two strange
valence quarks. The PS mass M, is affected by non-negligible cutoff effects, similar to
the ones of a K meson, without however any significant dependence on the light-quark
mass. Thus, we tried to improve the continuum extrapolation by considering the ratio

M?2/M?2, which may exploit a (partial) cancellation of discretization effects.

Extracting the reference mass M,

To construct the meson mass ratio we first performed a slight interpolation in the
strange valence quark mass to get the quantity aM,s at a common (but arbitrary) value
roms = 0.22 for each g and light quark mass. Since, as expected, we found no significant
dependence of aM,, on the light quark mass, we performed a constant fit in am; to
obtain the values of aM,, at each g and for each bootstrap event an example of this fit

is reported in fig. 3.6
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Figure 3.5: The same as in Fig. 3.4, but for the decay constant rqf.
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Figure 3.6: Dependence of aM,s on the light quark mass fitted with a constant.
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The averages over our bootstrap sample read as
aMss|B:1_907 1.95, 2.10 = {0.3258(2), 0.2896(2), 0.2162(3)} . (3.20)

The values for a M, have been used to bring to a common scale all the lattice quantities
simulated at different 3, covering the role that in analysis 14 and 1B was played by
ro/a. Notice however that while ro/a was obtained by an independent analysis, this
is not the case for the quantity aM,,, because it is derived directly from the same
gauge configurations used in our analysis. Because of that we decided to keep the exact
correlations of aM,, with other quantities in the analysis and so we treated its errors not

through a contribution in the y?2, but simply via the bootstrap sampling.

Chiral and polynomial fit in units of M,

The analysis 2 proceeds in the same way as in the previous Section, namely in the case
of the NLO ChPT fit (analysis 2A) one has

M?  2Bymy 4cy

MZ T M2 (1 +&log& + P& + Py (aM)? + (47 fo)? (aM,,)*log& | - K3 (3.21)
fr o (1 ogloge+ P+ Py (M) — 2 (aM,,) loggy ) - KFSE(3.22)
M, M, (4 fo)? ’

and in the case of the polynomial fit (analysis 2B) one has the analogous of Egs. (3.18)
and (3.19) expressed in units of M.

M? ?
M;r :Pljc[/ll <1+P2]T\Zl +P3(GM55)2+P4 (]le> ) K]\}:[SE (323)

my
M,

(fxro) = Ps (1 + P M.

2
+ Pr(aM,,)? + Py ( d ) ) L KESE (3.24)

Once again the results from both the ChPT and polynomial fits have been considered
to get the final result and to estimate the systematics.

In Fig. 3.7 we show the dependence of M?/(m;M,,) on m;/M,, at each lattice spacing
and in the continuum limit within the analysis 2A (ChPT fit). Similar results have been
obtained within the analysis 2B (polynomial fit) and are shown in fig. 3.8.

The comparison of Figs. 3.2 and 3.7 clearly shows that, when M, is chosen as the

scaling variable, discretization effects on the squared pion mass are significantly reduced
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Figure 3.7: Chiral and continuum extrapolation of M?/(m;M,s) performed using the NLO
ChPT fit (3.21). Lattice data have been corrected for FSE using the CWW approach.

from ~ 10% down to ~ 4.5%.
As will be seen in a while, an even stronger reduction will be observed in the case of the

kaon or the D—meson mass.

3.3.3 Results in the pion sector.

In this section we present the results for all the four analyses 1A, 1B, 2A and 2B carried

out in the pion sector.

Using the experimental value of the ratio M2/ f? the average up/down quark mass
myq can be determined, while using the experimental value of f, the Sommer parameter
ro can be obtained within the analyses 1A and 1B. In turn, the latter allows to get the

values of the lattice spacing at each  using the values of ry/a.
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Figure 3.8: Chiral and continuum extrapolation of M2 /(m;M,,) performed using the poly-
nomial fit formula. Lattice data have been corrected for FSE using the CWW approach.

The scale setting for the analyses in M,, units

As far as the scale setting is concerned, the analyses in units of M, i.e. analyses 2A and
2B, require a slightly more involved procedure. One could naively think that is sufficient
to extract the quantity M, using the experimental value of the pion decay constant and
then to combine this mass with the quantities a M, given by Eq. (3.20) to get the values
of the lattice spacing at each . However this is not the case, because discretization
effects in aM,, are large and a continuum extrapolation of M, is required. Therefore,
we have first converted the quantity aM,,s to roMs, (using the values of ry/a) and then
performed a simple fit of the form (roM,s)? = P, + Pya?/ri.

Combining the continuum extrapolation of roM,, with the experimental input of the
pion decay constant and the values of ry/a one can determine the three values of the
lattice spacing at each .

The extrapolation to the continuum limit of the quantity (r9M,,)? is reported in fig.
3.9
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Figure 3.9: Continuum extrapolation of (roMss)* performed in order to set the scale in

those analyses that uses aMgs as a scaling variable.

Collection of results from the various analyses

All the results obtained for m,q, for the scaling variables ry and M, for the values of
the lattice spacing at each 8 and for the LECs By, fo, ¢35 and ¢, are collected in Table
3.8.

We stress that it is quite reassuring to observe that different ways to handle the
chiral extrapolation as well as the discretization effects produce fully consistent results,

demonstrating the solidity of our determinations.

Methodology used to combine results from different analyses

Combining all results reported in Table 3.8 provides us with the final estimates, including
a determination of the various sources of systematic uncertainties. The general procedure
followed in this work consist in taking the average of all the results for a specific quantity,

eventually weighted with the inverse of the statistical error, and to compute the overall
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ro Analysis M4~ Analysis
Quantity Chiral Fit | Polynomial Fit || Chiral Fit | Polynomial Fit
my(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)
ro(GeV 1) 2.39(6) 2.42(7) - -
ro(fm) 0.470(12) 0.477(14) -
M,s(GeV) - 0. 672(9) 0.654(10)
a(f = 1.90)(fm) | 0. 0886(27) 0.0899(31) 0.0868(33) 0.0892(34)
a(f = 1.95)(fm) | 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)
a(f = 2.10)(fm) | 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)
By(MeV) 2515(90) - 2551(73) -
fo(MeV) 121.1(2) - 121.3(2) -
I3 3.24(25) - 2.94(20) -
Iy 4.69(10) - 4.65(8) -

Table 3.8: Summary of the results of the four analysis in the pion sector using the CWW

approach to calculate the FSE and the set M1 for the renormalization constants Zp.

error using the following formula

OQZ%ZU?-I—%Z(%—@Q:

where z; and o; are the central value and the error for a given quantity x obtained

(3.25)

using the analysis 7, Z is the mean value of the quantity over the different analyses
Clearly the second term in the r.h.s. of Eq. (3.25)

accounts for the spread of the results of the various analyses.

and N is the number of analyses.
In the specific case it
corresponds to a systematic error which is a combination of the chiral extrapolation and
the discretization uncertainties. Eventually we have to add to this error other sources
of systematic uncertainties which have not been included so far, namely the systematic
error associated to the calculation of FSE and to the method used to calculate the

renormalization constants Zp.

Final estimate and systematics

Combining all the uncertainties together we get the following estimate for the average

up/down quark mass in the MS scheme at a renormalization scale of 2 GeV:

Mud = 3.70(13) stat+ £it (6) chirat (5) Disc. () 2, (4) ps MeV
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= 3‘70<13>stat+fit(]-0)syst MeV
— 3.70(17) MeV . (3.26)

Decoupling exactly one source of uncertainties from the other is not a trivial task,
so let us discuss a bit further how the various components of the systematics have been

evaluated.

The first error includes the statistical one as well as the error associated with the
fitting procedure. This means that such an error is larger than the typical statistical error
of the lattice data, being amplified in a way that depends on the chiral and continuum
extrapolation. In total we get a (stat+fit) error equal to ~ 3.5%.

Additional chiral extrapolation and discretization uncertainties in the second term of
the r.h.s. of Eq. (3.25) are evaluated from the differences of the results obtained using
ro or M, (labelled as Disc.) and chiral or polynomial fit (labelled as Chiral). We found
them to be at the level of 1.6% and 1.4%, respectively.

For the uncertainty due to FSE we considered the difference between the result ob-
tained using the most accurate correction, i.e. the CWW one, and the result obtained
without FSE corrections at all. This give rise to an error equal to ~ 1.1%.

Finally, comparing the values of m,q obtained using the sets M1 and M2 for the

renormalization constants Zp we get an error of ~ 1.4%.

Comparison with the FLAG averages and other results from the pion fit

Our determination (3.26) for myq is the first one obtained at Ny =2+ 1+ 1 and it also
satisfies the quality criteria proposed by the FLAG group [48] to be eligible for entering
the lattice average of m, 4. We remind that the recently updated lattice averages provided
by FLAG [48] are: m,q = 3.6(2) MeV at Ny = 2 and myq = 3.42(9) MeV at Ny =2+ 1.
The comparison of these results with our finding (3.26) shows that the partial quenching
of the strange and/or charm sea quarks is not yet visible at the (few percent) level of
the present total systematic uncertainty.

For the Sommer scale rq we get
ro = (0.474 + 0.014)fm , (3.27)
while the values of the lattice spacing at each § turn out to be

al5 190, 195 2.10 = 10-0885(36), 0.0815(30), 0.0619(18)}fm . (3.28)
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Our results FLAGNf:2 FLAGNf:2+1 FLAGle:2+1+1
mua(MeV) | 3.70(17) 3.6(2) 3.42(9) .

Table 3.9: Comparison of the result we found in this analysis for the average up/down
quark mass myq with corresponding averages performed by FLAG [48] for Ny =2, Ny =
2+ 1.

For completeness, the values obtained for the LECs By, fo, {3 and ¢4 are reported also
in Table 3.10

Quantity Value

Bo(MeV) | 2571(80)(55)

fo(MeV) | 121.2(2)(3)
I3 3.11(23)(25)
Iy 4.69(09)(14)

Table 3.10: Results for the LO and NLO LECs. The first error represents the (stat+fit)

uncertainty, while the second error is the remaining systematic one (see text).

We emphasize (see also the recent work of Ref. [49]), that a precise determination
of the NLO LECs /5 and ¢4 requires a careful study of the impact of the choice of pion
mass range considered for the chiral fit as well as of NNLO corrections. Such analyses,

which are in progress, are out of the scope of the present work.

FSE impact on the physical quantities

Before closing this Section, it is very interesting to look at the impact of the various
formulae used to calculate the FSE for the quantities extracted from the pion analysis.
In this respect, the results obtained within the four analyses 1A, 1B, 2A and 2B are
quite similar to each other. Therefore in Table 3.11 we have reported the findings
corresponding to the analysis 1A.

From Table 3.11 it can be seen that, though the FSE corrections can reach a level
equal to 2.4% and 6.3% for the pion mass and decay constant, respectively (see Table
3.7 for the ensemble A40.24), the final impact on m,g, 7o and the LECs By, fo, /5 and
¢, is limited to be below the (stat-+fit) error.
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Quantity | No Correction GL CDH CWW
my(MeV) 3.68(14) 3.76(14) | 3.73(13) | 3.72(13)
ro(fm) 0.464(12) 0.466(12) | 0.468(12) | 0.470(12)
I 3.42(20) 3.35(20) | 3.34(21) | 3.24(25)
Iy 4.83(9) 4.77(9) | 4.76(9) | 4.69(10)
By(MeV) 2548(99) 2497(97) | 2500(93) | 2515(90)
fo(MeV) 120.8(1) 120.9(1) | 120.9(1) | 121.1(2)
Table 3.11: Comparison between different FSE corrections on the physical quantities

extracted by the pion analysis 1A. The errors include the statistical and fitting procedure

uncertainties (see text).

3.4 Strange quark mass

In this section we present our determination of the strange quark mass m.

General strategy

The analysis follows a strategy similar to the one presented for the pion sector. As a
preliminary step, however, we performed an interpolation of the lattice kaon data at a
fixed value of the strange quark mass in order to arrive (iteratively) to the physical one
(see next Section). Then for the data at the fixed value ms we studied the dependence
of the kaon mass on both the light quark mass and the lattice spacing to performed the
chiral extrapolation and the continuum limit. Also in this analysis, in order to control
the systematic uncertainties we investigated multiple approaches concerning both the

discretization effects and the chiral extrapolation.

Discretization effects

In the kaon sector we handled discretization effects using the approaches explained al-
ready for the pion sector. We performed a standard analysis, using ry/a as scaling
variable, and an alternative one in which we used a fictitious PS meson mass aM,, to
build the ratios M;s/Mjss, which are expected to have milder lattice artifacts. Indeed we
find that, since M;, and M, have very similar discretization effects, their cancellation is
much more significant than in the pion case, as it will be shown in a while.

In these analyses, while the kaon masses simulated at different values of the lattice spac-
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ing are brought to a common scale using either aMs or r9/a, the quark masses are
converted directly to physical units using the values of the lattice spacing determined
from the pion sector. The reason for this choice is that the quantity aM,s has non-
negligible discretization effects, which are used to compensate those of the kaon mass

but would introduce large lattice artifacts in the ratios m; /M.

Chiral extrapolation

In both the ry and the M, analyses we considered two different chiral extrapolations in
the light quark mass m,, namely either the predictions of SU(2) ChPT or a polynomial
expansion. In such a way, as in the pion sector, there are four different branches of the
analysis, labelled as 14, 1B, 2A and 2B.

Input parameters from previous analysis

To determine the strange quark mass we made use of quantities extracted from the pion
sector, like the lattice spacing, the LECs By and fj, the Sommer parameter ry and the
results for the average up/down quark mass, reported in Table 3.8. In order to preserve
meaningful correlations between quantities corresponding to the same bootstrap event,
in each of the four kaon analyses we used inputs coming from the corresponding pion fit.
This is also motivated also by the fact that, for instance, if SU(2) ChPT is used for the

pion analysis, then the same theory should be applied to the kaon as well.

Renormalization constants

In the determination of the strange quark mass, as for the other quark masses, the choice
of the method to calculate the renormalization constants has an important impact. Thus
both sets of Zp presented in table 3.4 have been used and the different results have been

included in the determination of our final estimate and its systematic uncertainties.

Combining the results from all the four analyses we obtain our final result for m and

an estimate of various sources of systematic uncertainties.
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3.4.1 Analyses of the kaon mass in units of r

The analysis is performed iteratively. First one starts from an initial guess for the physical
strange quark mass ms. Then, adopting a quadratic spline lattice data are interpolated
in the strange quark mass to the physical value my and are brought to a common scale
using ro/a. A combined fit is then performed to extrapolate the dependence of M3z on the
light quark mass and on the lattice spacing to the physical point and to the continuum
limit. Afterwards the value obtained for the kaon mass, converted in physical units using
the value of ry obtained from the pion analyses, is compared with the experimental one.
If the latter is not reproduced, a new guess for m, is done and the whole process starts
again.

The experimental value of the kaon mass to be matched is the one corrected for
leading strong and electromagnetic isospin breaking effects according to
- Mg+ Mg, (1+¢)

2 2

(M) (M2, — M%) =~ (494.4 MeV)® | (3.29)

where € ~ 0.7 [48].

For the analysis 1A we used the SU(2) ChPT predictions at NLO, which assume the
chiral symmetry to be satisfied by the up and down quarks only. For the kaon mass no
chiral logs are predicted to appear at the leading order and the corresponding formula

reads
(roMg)® = Po(my + my) [1+ Pimy + Pya®] - K3 PP (3.30)

For the polynomial fit (analysis 1B) we introduced also a quadratic dependence in the

light quark mass
(roM)* = Py(my + my) [1 + P{my + Pym} + Pia®] - K;F . (3.31)

The uncertainties on the renormalization constants Zp and the values of ro/a are
accounted for using the same procedure described for the pion, i.e. by including the term
(3.11) in the x? definition.

The dependence of M# on the renormalized quark mass at each lattice spacing as
well as its chiral and continuum extrapolation are shown in Figs. 3.10 and 3.11 in the
cases of the SU(2) ChPT fit (3.30) and of the polynomial ansatz (3.31), respectively.

In both cases the lattice data are reproduced quite well by the fitting formulae. Notice
the typical size of discretization effects which can be quantified at the level of ~ 10%

by taking the difference between the results at the finest lattice spacing and the ones in
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Figure 3.10: Chiral and continuum extrapolation of M% in units of ro using the SU(2)
ChPT predictions given by Eq. (3.30). All the data are corrected for FSE using the CDH

approach [41].

the continuum limit. As in the pion case, the difference between the results of the two
chiral extrapolations represent our estimate of the systematic uncertainties due to the

chiral extrapolation.

FSE in the kaon mass

The data for the kaon mass have been corrected for FSE using ChPT formulae. The
absence of the chiral log at NLO make the corresponding FSE correction formula, GL,
vanishing identically. Thus the first non-vanishing correction appears at NNLO and it
was calculated in Ref. [41]. The pion mass splitting is expected to give a contribution
to the FSE as for the pion case. However explicit calculations are not available!. In
Table 3.12 we show that: i) FSE on the kaon mass are definitely smaller compared

to the pion case (see Table 3.5), and ii) even if the contribution from the pion mass

LA first step in this direction has appeared recently in Ref. [51], where however the framework

adopted differs from the non-unitary setup chosen in this work for the valence and sea strange quarks.
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Figure 3.11: The same as in Fig. 3.10, but in the case of the polynomial fit (3.81).

splitting is neglected, the CDH predictions appear to work quite efficiently, reproducin
p g g ) p pp q Y, rep g

the observed ratio of lattice data evaluated at two different volumes.

GL | CDH || Lattice data Msy/Ma,
KISE o /KL |1 ] 0.991 0.990(7)

Table 3.12: Values of the ratio of the FSE correction factor KﬂiE in the case of the kaon
mass for the gauge ensembles A40.32 and A40.24, obtained within the approaches GL
and CDH, compared with the corresponding ratio of lattice data.

As we already did for the pion case, it is interesting to look at the coefficient K ﬂiEp g
1,representing the FSE correction in percentage, for the gauge ensemble affected by the
largest FSE correction i.e. A40.24. These values are collected in in table 3.13.

3.4.2 Analyses of the kaon mass in units of M,

Following the same strategy adopted in the pion analyses, the kaon masses simulated at

different 3 values can be brought to a common scale by constructing the ratios M /M2,
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GL | CDH
Kty =11 0 ]0.010

Table 3.13: Values of KXY — 1 for the gauge ensembles A40.24 obtained within the
various FSE approaches GL and CDH.

which are expected to suffer only marginally by discretization effects. Instead, as already
pointed out, the light quark mass m; is not converted in units of M, in order to avoid
the introduction of unwanted lattice artifacts. The mass m; is directly expressed in
physical units by using the values of the lattice spacing found in the pion sector. Let
us remind that the quantity aM,, has been extracted for each bootstrap event and
that its mean value at each [ is reported in Eq. (3.20). Finally, the mass M, has no
experimental counterpart, being just an intermediate hadron scale chosen arbitrarily (see
Section 3.3.2).

As for the analyses done in units of rg, we used again two different chiral extrapo-
lations, adopting formulae similar to Eqgs. (3.30) and (3.31), but expressed in units of
M,,. After the chiral extrapolation and the continuum limit are carried out, the result
for My /Mgs can be combined with the continuum limit value of Mg, obtained in the
corresponding pion analysis in order to eventually compare with the experimental kaon
mass (3.29).

The dependencies of Mz /M2, on the renormalized light quark mass at each values
of B as well as in the continuum limit are shown in Fig. 3.12 using the SU(2) ChPT
prediction (analysis 2A).

In the case of the kaon mass the use of the hadron scale M,.,turn out to be an
extremely efficient tool, for an almost total cancellation of the discretization effects,
namely from ~ 10% (see Figs. 3.10 and 3.11) to about 0.4% (see Fig. 3.12). This allows
us to keep the extrapolation to the continuum limit under a very good control in the
whole range of values of the renormalized light quark mass.

Results of the same quality are obtained within the analysis 2B, which makes use of

the polynomial fit for the chiral extrapolation, as can be seen from fig. 3.13.

3.4.3 Results for the kaon sector

In this section we collected the results an systematics for the strange quark mass obtained

in the analyses presented in the previous sections. At the end of this section we will also
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Figure 3.12: Chiral and continuum extrapolation of M% in units of M2 wusing SU(2)
ChPT at NLO. All the data are corrected for FSE using the CDH predictions [{1].

present our determination of the ratios mg/m,q and m,/mg.

Collection of results from the various analyses

As explained in the previous sections, our result for the strange quark mass m, is the
one that reproduces after the chiral and continuum limits the experimental value of the
K-meson mass, M " = 494.4 MeV.
At this point the error on the determination of the strange quark mass has to be estimated
from the statistical4-fit error obtained for the K meson mass in the fitting procedure. In
particular the upper bound in my is obtained as the value that reproduces, after the fit,
M7 plus its fit error while the lower bound is the value that reproduces My minus its
fit error. In practice, this was done scanning a region of the strange quark mass around
the central value determined by our analysis, and for each value of m, a new fit was
performed.

The results of the four analyses 14, 1B, 2A and 2B for the strange quark mass, given

in the MS at a renormalization scale of 2GeV, are shown in Table 3.14, where we used
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Figure 3.13: Chiral and continuum extrap(l)lation of M% in units of rq using SU(2) ChPT
prediction. All the data are corrected for FSE.

the renormalization constants Zp calculated in the RI-MOM scheme using the method
M1.

ro Analysis M, Analysis
Quantity | Chiral Fit | Polynomial Fit | Chiral Fit | Polynomial Fit
ms(MeV) | 101.6(4.4) | 102.5(3.9) || 99.4(2.9) | 100.8(3.2)

Table 3.14: Results for the strange quark mass obtained in the four branches of the
analysis. The renormalization constants Zp are those obtained in the RI-MOM scheme
within the method M1.

Methodology used to combine results from different analyses

The strategy for combining the results from the various analysis used for the strange
quark mass is similar to the one presented for the pion fit in Section 3.3.3. However,
differently from the pion analysis, the results presented in table 3.14 are associated

with wider range of statistical uncertainties. For this reason, the average of the several
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analyses was performed weighting the results with the inverse of their statistical errors

> i'?z'/Ui2
S (3.32)

Consistently, the formula used to compute the overall error has been modified in the

T =

following way

2 _ L > (2 = 7)*/o}
=Nt TS (3.33)

This approach is the one used also in the rest of the work.

o

Final estimate and systematics

Combining the various results, we obtained our final determination of the strange quark

mass mg, namely

mg = 99-2<3'4)stat+fit(0-6)Chi7“al(1-1)Disc.(1'5)Zp <O5)FSE MeV y
= 99-2(3'4)stat+fit(2'0)syst MeV s
= 99.2(3.9) MeV . (3.34)

The largest uncertainty, of about 3.4%, comes from the statistical error plus the
uncertainties due to the fitting procedure. The latter is the dominant one, mainly because
of the distance between the lowest simulated quark mass and the physical point m,4 in
the chiral extrapolation.

Additional systematic uncertainty related to the chiral extrapolation has been eval-
uated using the spread among the results obtained from the chiral and polynomial fit.
This corresponds in the error budget to a 0.6% systematic uncertainty.

The discretization error has been calculated using the spread among the results ob-
tained in units of 7y and those found in units of Mj,, representing a 1.1% uncertainty on
M.

The different sets of values of Zp, calculated using the methods M1 and M2, give
rise to an uncertainty of 1.5%.

The difference of the strange quark mass obtained in the analysis 14 without cor-
recting for the FSE and the one obtained using the CDH approach [41] has been used to
estimate the corresponding systematic uncertainty, which turns out to be of the order
0.5%.
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Comparison with the FLAG averages

Closing this section it is interesting to report a comparison of the results we found in
this analysis for the strange quark mass m, with corresponding averages performed by
FLAG [48] for Ny =2 and Ny =2+ 1:

Our results | FLAGy,—2 | FLAGy,=211 | FLAGN,;=21111
ms(MeV) | 99.2(4.0) 101(3) 03.8(2.4) -

Table 3.15: Comparison between the result we found wn this analysis for the strange
quark mass ms and the corresponding averages performed by FLAG [48] for Ny = 2 and
Ny=2+41.

3.5 Determination of the ratio m,/m,

The results for the strange quark mass m and for the average up/down quark mass 1,4
corresponding to each of the four branches of the analysis (see Tables 3.8 and 3.14) can
be used to estimate the mass ratio mg/m,q. One gets

ms

o = 26.98(1:29)tart ie(0-25)nirar(0-13) pise. (0.01) 7, (016) s

= 26.98(1.29) sat+ £it(0.32) syst
_ 26.98(1.32) . (3.35)

The total uncertainty is of 4.9%, coming mainly from the chiral extrapolation.
In order to reduce the uncertainty we considered an alternative strategy.
The squared meson mass M% of a PS meson made of two valence quarks with masses

m; and ms can be written as
M3, = Bo(ma +mg) [147(my, ma, a®)] (3.36)

where the quantity r(m1, ms, a®) includes the contributions of all possible mass terms of
order higher than the linear one (including also logs).

Therefore one can define the quantity R(m,, m;,a?) as

2M2 — M2
R(my, my, a%) = %% . (3.37)
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which by construction is independent on the values of Zp as well as of the lattice spacing.
Using eq. 3.36 one gets
1+ (1 + Z_i)r(m& my, (12) - ::_ir(ml)mla CL2)

R(mg,my, a®) = , (3.38)

1+ r(my, my, a?)

which implies that R(ms, m;,a?) deviates from unity when r(ms, m;, a?) or r(my, my, a?)
deviates from zero. Moreover in the SU(3) symmetric limit m, = m; one has R(m;, m;, a?)
= 1, which implies that the discretization effects on the ratio R(mg, m;, a?) should start
at order O[a?(ms — my)].

A useful feature of R(mg,my,a?) is that the dependence upon the strange and light
quark masses is expected to give rise to small corrections only. In particular, the mild
dependence on the light quark mass m; allows to reduce the uncertainty due to the chiral

extrapolation, so that a precise determination of the mass ratio mg/m,q is given by

m OMZ — M2\P"* 1
= e T (3.39)

where RP"S can be precisely evaluated on the lattice.

In Fig. 3.14 the lattice data for R(ms, m;,a?), interpolated at the physical strange
mass (3.34) and corrected for FSE using the CWW predictions [42] for M, and the CDH
ones [41] for My, are shown versus the light quark mass m; for all ensembles.

The chiral and continuum extrapolations are performed through a simple linear fit
of the form

R(ms, my,a*) = Ry + Rymy + Rza® (3.40)

The results are presented in Fig. 3.14 as solid lines for each ( values and in the continuum.
It can be seen that discretization effects are small, being the difference between the result
at the finest lattice spacing and the one in the continuum of the order of ~ 1%. At the
physical point we find RP"* = 0.970(11) which implies

Ts — 96.65(30) . (3.41)

Myd

The result (3.41) is clearly preliminary because it is based on the bootstrap events of
analysis 1A only. It seems however that the use of the quantity R leads to a significant
improvement of the precision for the mass ratio mg/myq.

A comparison between our result and the corresponding FLAG averages [48] reported
in table 3.5.
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Figure 3.14: Chiral and continuum extrapolation of R(ms, my,a?), defined in Eq. (3.87),

based on a linear fit in my. The data are interpolated at the physical strange mass (3.54)
and corrected for FSE using the CWW predictions [42] for M, and the CDH ones [41]

for Mk.

3.6 Determination of the ratio m,/my

The light quark mass dependence of the squared kaon mass can be used to evaluate the

strong isospin breaking effect due to difference between the v and d quark masses, leading

eventually to an estimate of the ratio m,/mg. Indeed, in the limit of vanishing electric

quark charges the difference between the neutral and charged squared kaon masses can

be expanded in powers of the quark mass difference (my — m,) as (see Ref. [52] and

Our results

FLAG

FLAGNf:2+1

FLAGNf:2+1+1

ms/mud

26.7(3)

28.1(1.2)

27.5(4)

Table 3.16: Comparison between the result we found in this analysis for the ratio mg/myqg
and the corresponding averages performed by FLAG [48] for Ny =2 and Ny =2+ 1.
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references therein)

OMZ
Oml

o = e = (ma =) - )mm FOlma—m)] . (342)

The isospin breaking slope (OMj./0my),, is defined in the isospin symmetric limit

and therefore it can be computed by appl;l;ng the derivative to the continuum and
infinite volume limits of our fitting formulae, like Eqs. (3.30-3.31), with respect to m;.
The charged and neutral kaon masses, Mo and M+, are the masses defined in pure
QCD. For their values we adopted the recent FLAG estimates Myo = 497.2(4) MeV
and M+ = 491.2(5) MeV [48] to obtain from Eq. (3.42) the value of (mg — m,) and
consequently the one of the ratio m,/mg (using also Eq. (3.26) for the average up/down
quark mass). After having implemented the above strategy for the four branches of the

kaon analysis one gets the result

My,
o = 0.486(47) stat+ £it (22) chirai(15) pise.(3) zp (4) psp MeV
= 0-486<47)stat+fit (27)5y5t MeV s

= 0.486(54) MeV | (3.43)

which turns out to be fully consistent with the FLAG averages [48] reported in table 3.6.

Our results FLAGNfZQ FLAGNfzg_H FLAGNf:2+1+1
my/ma | 0.49(5) 0.50(4) 0.46(3) -

Table 3.17: Comparison between the result we found in this analysis for the ratio m,/mq
and the corresponding averages performed by FLAG [48] for Ny =2 and Ny =2+ 1.
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3.7 Charm quark mass

In this Section we present our determination of the mass of the quark charm obtained
by analyzing both the D- and D,-meson masses, following a strategy similar to the one

presented for the K-meson.

General strategy

The lattice data for the D- and D,-meson masses are interpolated to the physical strange
and charm quark masses using a quadratic spline. The physical strange quark mass is
the one determined in the previous Section, while the physical charm quark mass is
defined such that the experimental value of the D- or D,-meson mass is reproduced.
Then the dependence of Mp and Mp, on the light quark mass and on the lattice spacing
is studied at fixed strange and charm quark masses, and the continuum limit and the
chiral extrapolation to the physical point m,q of the light quark mass is performed. The
charm quark mass is determined by fitting either the D- or the D,-meson mass. The
latter, however, is expected to have smaller systematic uncertainty associated to the
chiral extrapolation because of the milder light quark dependence, which occurs only
through the sea. Because of that our final result for the charm quark mass will be the
one coming from the Dg-meson analysis and the value obtained from fitting the D-meson
mass is used as a consistency check.

Also in this analysis, in order to control the systematic uncertainties we investigated
multiple approaches both on the side of the discretization effects and on the side of

chiral extrapolation.

Discretization effects

As in the cases of the pion and kaon analyses, the lattice data for the charmed meson
masses are converted in units of either the Sommer parameter ry or the mass M., of a
fictitious PS meson made with one valence quark in the strange mass region and one
valence quark with mass around charm. Such a reference mass M., expected to have
discretization effects closer to the ones of Mp or Mp_, has been constructed assuming
the arbitrary values romg = 0.22 and rom. = 2.4 at each [ and light quark mass. As in
the case of the mass M,,, the continuum limit of M, is needed and it is calculated after

converting the quantities aM.s to roM.s using the values of r9/a at each f.
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Chiral extrapolation

For each choice of the scaling variable we tried different formulae to fit the chiral extrap-
olation. For the chiral extrapolation in the light quark mass, the Heavy Meson ChPT
(HMChPT) predicts no chiral log at NLO for the D-meson mass and therefore we have
used either a linear or a quadratic expansion in m;. In the case of Mp, we have consid-
ered also a constant fit because the dependence on m;, which only comes from the sea,

is expected to be very mild.

Input parameters from previous analysis: lattice spacings, light and strange

quark masses

Each analysis in the charm sector needs, as input parameters, quantities previously
calculated in the pion sector, like the physical value of the light quark mass, the lattice
spacings and the value of the Sommer parameter. At variance with the kaon analyses,
there is no reason to correlate the results from one specific kind of analysis in the pion
sector with its analogue in the charm one. For instance, as far as the chiral extrapolation
is concerned, the pion and the D, masses don’t even share the same chiral theory.
However, we want to account for the correlations among other quantities, like m,4 and
the values of the lattice spacing at each 5. Therefore, we have adopted a strategy similar
to the one already used to combine the results of the four branches of analysis to get our
final results. Namely, for each bootstrap event of the Mp or Mp, fit, all input quantities
are taken from one of the pion analyses chosen randomly assuming the same extraction
probability (because the corresponding errors obtained from the various analyses on all
quantities of the pion sector are very similar to each other). As a matter of fact, we note
that the expression (3.25) just corresponds to the variance of a distribution obtained
picking up randomly elements from four different distributions of given means z; and
variances o2.

An important consequence of this strategy is that, when we combine the results of the
bootstrap events to obtain the statistical error, the latter automatically includes various
sources of uncertainties, the most important of which is the one pertaining to the scale

setting. Our final result for the charm quark mass will result from a combination of the
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different analyses of the Dy-meson mass, automatically including in this way an estimate

of the related systematic uncertainty.

Renormalization constants

Also in the case of the determination of the charm quark mass the choice of the method
to calculate the renormalization constants is supposed to have an important impact.
Thus both sets of Zp presented in table 3.4 have been used and the different results have

been included in the determination of our final estimate and its systematic uncertainties.

3.7.1 Analyses of D and D; meson masses in units of r

Our analyses follow closely the same strategy already applied to the kaon case. One
starts from an initial guess for the physical charm quark mass m.. Then, after a smooth
interpolation in the strange and charm quark masses to their physical values, the D-
and Dg-meson masses, extracted in lattice units from the corresponding correlators, are
brought to a common scale using ry/a, while the quark mass is converted in physical
units using directly the values of the lattice spacing obtained in the pion sector.

As already explained in the previous Section, the dependence of both rqMp and
roMp, upon the light quark mass m; can be described quite well by a simple polynomial

formula, namely

ToMD:P0+P1ml+P2m12+P36L27 (344)

roMp, = Py + Pjm; + Pym? + Pja* | (3.45)

where Py— P; and Pj— P; are free parameters. In the case of D-meson we have considered
either a linear or a quadratic fit, while for the Dy-meson (containing the light quark only
in the sea) we have added also a constant fit, i.e. P{ = Py =0 in Eq. (3.45).

As in the previous analyses, the errors on Zp and the ro/a are accounted for by a
contribution to the x? given by Eq. (3.11). Moreover, since the results corresponding to
the ensembles A40.24 and A40.32 (differing only because of the lattice volume) almost
coincide, we did not apply, in this case, any FSE correction.

The dependencies of Mp, on the light quark mass m,; for each 8 values and lattice
volumes as well as its continuum limit are illustrated in Figs. 3.15-3.16, adopting a

constant fit or a quadratic one, respectively. It can be seen that the discretization
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effects, which can be estimated through the difference between the results at the finest
lattice spacing and those in the continuum limit, are of the order of 3%.
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Figure 3.15: Chiral and continuum extmpollation of roMp, adopting a constant fit in my,

i.e. Pl =Py =0 in Eq. (3.45).
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3.7.2 Analyses of D and D, meson masses in units of M,

The size of the discretization effects can be reduced using M., as a scaling variable. In
this analysis we divide the charmed meson mass aMp, by the quantity aM.,, constructed
at each § and m; assuming fixed but arbitrary values for the valence strange and charm
quark masses, whereas we convert the quark masses directly to physical units.

Once the continuum limit and the extrapolation to the physical light quark mass has been
performed, the mass of the D(D;) is converted to physical units using the continuum

extrapolation of M., to be matched with the experimental value.

Extracting the reference mass M,

To construct the meson mass M., we first performed a slight interpolation in the strange
valence quark mass to get the quantity aM,s at a common (but arbitrary) value romg =

0.22 for each 8 and light quark mass. To arbitrarily fix the value of the other valence
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Figure 3.16: The same as in Fig. 3.15, but in case of the quadratic fit of Eq. (3.45).

quark in the charm region we used the relation rom. = 2.4. Founding no significant
dependence of aM,.s on the light quark mass, we performed a constant fit in ay,; to
obtain the values of aM,, at each [ and for each bootstrap event as can be seen in fig.
3.17.

The averages over our bootstrap sample read as
aMCS|6:1_907 1.95, 2.10 = {0.8592(3), 0.7681(4), 0.5779(3)} . (3.46)

Also in this case, the knowledge of the continuum limit of M., is required.
Therefore, we have first converted the quantity aM., to rqM., and then performed a
simple fit of the form (rgMg)? = P, + Pa?/r2. The extrapolation to the continuum

limit of the quantity (roMcs)? is shown in fig. 3.18

Fit in units of M,

The chiral extrapolation and the continuum limit of Mp_ /M, is performed using the
fitting formula

Mp,

:]50+J51ml+]52ml2+153a2. (347)

cs
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Figure 3.17: Dependence of aM.s on the light quark mass fitted with a constant.

The dependence of Mp_ /M. on the light quark mass at each § and in the continuum
limit, corresponding to either a constant or a quadratic fit in Eq. (3.47), are shown in
Figs. 3.19 and 3.20 respectively.

Comparing the results in units of ry presented in Figs. 3.15-3.16, with the ones in
units of M., shown in Figs. 3.19-3.20 one sees that discretization effects are strongly
reduced in the ratio Mp_ /M., so that the gap between the continuum and the finest
lattice spacing decreases from 3% down to 0.3%.

3.7.3 Results in the D sector

In this section we collected the results and discuss the systematic uncertainties for the
charm quark mass obtained in the analyses presented in the previous sections.

A collection of results from the various analyses of D, meson

After the continuum limit and the extrapolation to the physical light quark mass m,q
are performed, the masses of the D and D, mesons are converted in physical units using

either the value of rg obtained from the pion analyses or the continuum extrapolation of



3.7. Charm quark mass 89

24—

22— —

(aM

18— —

\ \ \ \ \
0 0.01 0.02 0.03 0.04

@y’

Figure 3.18: Continuum extrapolation of (roM,.s)* necessary to set the scale in those

analyses that uses aMs as a scaling variable.

M.,. Then, by successive iterations, the physical charm quark mass m,. is determined by

matching the mass of the D- or Dg-meson to the corresponding experimental value [53]
Mp? =1.870GeV Mp? =1.969 GeV . (3.48)

The uncertainty on the physical charm quark mass is estimated from the (stat. +
fit) error obtained for the D- or D,-meson mass at the physical point in the fitting
procedure. The uncertainty has been obtained in practice by scanning a region of the
physical charm quark mass around the value corresponding to Mg?? p) to find the values
of m. that reproduce Mp", plus/minus its (stat. + fit) error.

Our findings expressed in the MS(2 GeV) scheme and corresponding to the various
chiral extrapolation formulae discussed in the previous Sections are shown in Table 3.18,
where we have used the set of Zp values of the method M1.

All the analyses have also been performed using the Z,’s coming from the other
calculation method (M2). Our finale estimate is the result of a combination of values

obtained from the use of both renormalization constant sets.
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Comparison with results from the D meson

It is interesting to check the compatibility of the results of Table 3.18 obtained using the

D,-meson mass with the ones corresponding to the analyses of the D-meson mass. The
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ro Analysis M., Analysis
Quantity | Const. Fit | Lin. Fit | Quad. Fit | Const. Fit | Lin. Fit | Quad. Fit
me(GeV) | 1.198(37) | 1.198(37) | 1.201(37) || 1.187(38) | 1.189(38) | 1.190(38)

Table 3.18: Comparison between the results for the physical charm quark mass m. ob-
tained by different chiral and continuum extrapolations of the Dy meson mass. The
results are expressed in the MS(2GeV) scheme and correspond to the choice of the Zp
values obtained with the method M1.

latter ones are reported in Table 3.19, where it can be clearly seen that there is indeed

a full compatibility.

ro Analysis M., Analysis
Quantity | Lin. Fit | Quad. Fit | Lin. Fit | Quad. Fit
me(GeV) | 1.187(36) | 1.198(40) | 1.170(34) | 1.181(36)

Table 3.19: Comparison between the results for the charm quark mass m. obtained by
different chiral and continuum extrapolations of the D meson mass. These results are
expressed in the MS(2 GeV) scheme and correspond to the choice of the Zp values cor-

responding to the method M1.

The quality of the chiral and continuum extrapolation performed on the D-meson

mass is illustrated in Fig. 3.21 in the case of a quadratic fit in m;.

Final estimates and systematics

The results from Table 3.18 and the ones obtained using the Zp values of the method
M2 have been combined to get our final result for m.. This was done using the same
strategy adopted for the pion case, explained in details in Section 3.3.3, but as for the
kaon we used weighted averages (see sec. 3.4.3) After evolving the perturbative scale
from 2 GeV to the value of m, itself using N®*LO perturbation theory with four flavors

of sea quarks, one obtains

mc(mc> = 1-350(44>stat+fit+scale(3)Chiral(8)Disc.(19)ZP (5)ms GeV )
- 1'350(44>stat+fit+scale(22)syst GeV 5

= 1.350(49) GeV (3.49)
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Figure 3.21: Chiral and continuum e:ctmg;olations of roMp assuming a quadratic fit in

my.

with a total uncertainty equal to 3.6% of the central value.

The strategy to separate the various sources of the systematic error is the same as
the one used in the previous sections.

In Eq. (3.49) the first error includes not only the statistical uncertainties combined
with the one associated with the fitting procedure, but also the uncertainties coming
from the setting of the scale (see Section 3.7). This error is the most relevant one and
corresponds to a contribution equal to 3.3% of the central value.

The systematic uncertainty due the chiral extrapolation has been estimated from the
largest spread amongst the results corresponding to constant, linear or quadratic fits (see
Table 3.18) and it turns out to be equal to 0.2%.

The difference among the results obtained using ry or M., can be used to estimate
the uncertainty coming from the discretization effects, which results to be of the order
of 0.6%.

The effect of the choice of the Zp values between methods M1 and M2 gives rise to
a systematic error of 1.4%.

Finally we have to take into account also the error induced by the total uncertainty

of the physical strange quark mass mg, which has been used to interpolate the lattice
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data. This effect results to be equal to 0.3%.

Comparison with other literature results

Our finding (3.49) is consistent with the result m.(m.) = 1.28(4) GeV obtained in Ref. [3]
at Ny = 2, while a very slight tension, at the level of ~ 1.5 standard deviations, occurs
with respect to the PDG value m.(m.) = 1.275(25) GeV [53] with the largest uncertainty

affecting our determination.

3.8 Determination of the ratio m./m

The results for the strange and charm quark masses reported in Tables 3.14 and 3.18

can be used to estimate the mass ratio m./my, obtaining

me
- = 11'86(58)stat+fit<6)0hiral(6)Disc,(1>Zp(6>FSE )

ms

= 11.86(58)stat+ fit(10)syst »

= 11.86(59) , (3.50)

which implies a total uncertainty of 5.0%.

In order to improve the precision of our determination of the ratio m./ms we can
adapt the approach used in the case of the mass ratio mg/m,q in Section 3.5.

Using lattice data for the masses of the 1., D and Dy mesons, we can define the
quantity R(m., mg, my, a?) as

_ my (M, — Mp,)(2Mp, — M,,
R(mc,ms,ml,cﬂ)zﬁ( 1 ]\52)(_ Mg 77).
c K T

(3.51)

which by construction is independent on the values of Zp as well as of the lattice spacing.
In Eq. (3.51) the mass of the 7. meson corresponds to the connected diagram only, or in
other words it is the mass of a fictitious é¢ PS meson with my = m..

For a PS meson made of two valence quarks with masses m; and ms, in which one

of the two quarks is around the charm mass, the meson mass M5 can be written as
My = A(1+ Ca®) + B(1 + Da®)(mq + ms) [1 + T(mq, ma, a®)] (3.52)

while the pion and kaon mass squared can be written as
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M3, = Bo(ma +mg) [147(my, ma, a®)] (3.53)

where the quantity 7(m1, ms, a®) includes the contributions of all possible mass terms of
order higher than the linear one (including also logs).

Using egs. (3.52) and (3.53) in eq. (3.51) one can see that the leading contribution
in (M, — Mp,)(2Mp, — M,, ) are proportional to m,, while the leading contribution in
M2 — M? are proportional to m,. Therefore ﬁ(mc, ms, my, a?) is expected to have a mild
dependence on the light, strange and charm quark masses. In particular the mild depen-
dence on the light quark mass m; represent a way to reduce the uncertainty produced
by the fitting procedure in the chiral extrapolation, so that a precise determination of

the mass ratio m./mg is given by

me ((Mnc — Mp,)(2Mp, — Mnc)>phys 1 (3.54)

s M 2 o

ms

where B"™ can be computed on the lattice.
In Fig. 3.22 the lattice data for R(m., m,, m;, a?), interpolated at the physical strange
and charm masses, are shown versus the light quark mass m; for all the gauge ensembles.
The chiral and continuum extrapolations are performed through a simple linear fit
of the form
R(mg,my,a®) = Ry + Riymy + Rsa® (3.55)

The results are reported in Fig. 3.22 as solid lines at each 3 values and in the continuum.

Using this strategy we obtained the following result for the ratio mg/m.q

2l 11.65(9) stats it (5)m, (6)m, = 11.65(12) . (3.56)

ms

The result (3.56) is clearly preliminary because it is based on the bootstrap events of
analysis 1A only. It seems however that the use of the quantity R leads to a significant

improvement of the precision for the mass ratio m./m.
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Chapter 4

Leptonic decay constants

4.1 fr+ and the ratio fr+/f.+

In this section we present our determination of the leptonic pseudoscalar decay constant
fr+ and the ratio fx+/ fr+. First we will give some details on the general strategy and on
the different approaches used to control and estimate the various sources of systematic
uncertainties, which are mainly related to the chiral extrapolation, the continuum limit
and the FSE.

General strategy

In order to extract the kaon decay constants we first analysed the 2—point correlators for
each lattice spacing and volume. As a preliminary step, we performed an interpolation
of the lattice data to the physical strange quark mass. In particular, the numerical data
for fx have been interpolated using a quadratic spline to the physical strange quark
mass determined as the value for which the experimental K meson mass is reproduced.
Then for the data at fixed m, = mP"*  after correcting for FSE, we studied the depen-
dence of the kaon decay constant on both the light quark mass and the lattice spacing
thus performing simultaneously the chiral extrapolation and the continuum limit.

In addiction, combining our estimate for the kaon decay constant with the experimental
value of f,, which has been used to set the scale of the entire analysis, we got our deter-
mination of the ratio fx+/fr+. For this ratio we also tried a direct determination which
provided compatible results.

Following a strategy similar to the one explained in details in chapter 3, in which we

97
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computed the up, down, strange and charm quark masses, in the analysis of fx we inves-
tigated different approaches to handle the discretization effects, the chiral extrapolation
and the FSE.

Combining the results obtained from the different branches of the analysis we extracted

our final determination and assessed the systematic uncertainties.

Discretization effects

To properly control discretization effects we performed both a standard analysis, denom-
inated in the following as analysis 1, in which we used as intermediate scaling variable
ro/a (the final scale was always set using f.), and second one, in which the quantities
calculated at different lattice spacings are set to a common scale by dividing them with
a reference meson mass M, in lattice units. As already explained, since aM,, shows no
significant dependence on the light sea quark mass, it was fitted as a constant in m; for
each [ value. The ratios fx/M,s show a partial cancellation of the discretization effects
with respect to fx. On the other hand the scale setting procedure, and in particular
the lattice spacing determination, requires, for this kind of analyses, to perform the con-
tinuum limit of M,,, reintroducing in this second step the discretization effects removed
from the analysis of fi. For further details on the scale setting for analysis 2 refer to
sec. 3.3.3. Thus in this second analysis, with respect to the first one, there is a different

interplay between the chiral and continuum extrapolation.

Chiral extrapolation

For both the analyses in units of ry and in units of M, we considered different possibil-
ities for the fitting formula used in the chiral extrapolation, namely, both the prediction
of SU(2) ChPT and a polynomial expansion in m;. We denominated this two cases as

analysis A and B.
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Input parameters from previous analysis: lattice spacings, light and strange

quark masses

As discussed above the analysis is divided in four main branches denominated as 1A,
1B, 2A and 2B.

The same four different approaches have been also considered in the pion analysis in or-
der to determine the average up/down quark mass, the value of the Sommer parameter
ro (or analogously the value of the reference mass M, in physical units) and the lattice
spacings, and in the study of the kaon mass, to determine the physical strange quark
mass. The details and the results of all these analyses are reported in tabs. 3.8 and 3.14.
In order to account for existing correlations, and to introduce the same physical assump-
tions in the various analyses (like the form of the chiral extrapolation), all the input
quantities for the kaon decay constants fit have been taken from the corresponding anal-
yses of pion and kaon mass. So, for example, in the fit 1A for fx will use the light quark
mass and the lattice spacings from the 1A pion fit and the strange quark mass from the
1A kaon mass fit.

FSE corrections

In order to correct for FSE we considered two different formulae starting with the NLO
prediction of SU(2) ChPT [40], which will be referred to as Gasser Leutwyler (GL) and
the higher order correction resummed formula introduced in [41] by Colangelo, Diirr and
Haefeli (CDH). The latter, being in principle the most accurate prediction has been used
for our central analyses. The comparison with GL, and even even with the absence of
FSE corrections, gives useful information and helped us to estimate the correspondent

systematic uncertainty.

Renormalization constants

As we already did for the quark mass analysis, we implemented all the different ap-
proaches using the two set of quark masses renormalization constants Zp reported in
3.4. This two sets have been calculated in the RI-MOM scheme by our collaboration
using two methods, named M1 and M2, which differ for the treatment of discretization

errors. Thus in principle they should yield the same results for the physical quantities,



100 Chapter 4. Leptonic decay constants

after the continuum extrapolation has been taken. Even if the impact of Z, on the final
results of fx is very limited, it has been nonetheless taken in to account to estimate the

corresponding systematics.

4.1.1 Analyses of fx in units of r

In this section we discuss the the analysis of fx using ry as a scaling variable using differ-
ent assumptions for the chiral extrapolation. As a first step, all the data from different
lattice spacings, interpolated at m?"* have been calculated in a common scale using
ro/a, i.e. in units of the Sommer parameter. The quark masses have been converted
directly to physical units using the values of the lattice spacing. The uncertainties on
renormalization constants, and those of of ry/a, have been taken into account in the fit
using the same procedure described for the quark mass analyses i.e. by including in the
definition of the x?2, for each bootstrap, the term (3.11). For the lattice spacings errors

instead, we used the bootstrap sampling.

Chiral fit of fx using rg

We simultaneously studied the dependence of fx on the light quark mass and on the
lattice spacing to perform the chiral and the continuum extrapolation.
In the analysis 1A we used the following fit formula based on SU(2) ChPT prediction

3
(fxro) = P <1—15110gfz+P251+P3a2) - K§oF, (4.1)
where BB
= . 4.2
& 1672 f¢ (42)
and By and fy are low energy constants (LECs) entering the LO chiral Lagrangian.

The multiplicative factor K f SE is the FSE correction and relates the kaon decay con-

stant calculated at finite volume with its infinite volume counterpart. Some details will
be given in a while, for the moment notice that we are using in our main analysis the

resummed formula presented in [41] which will be referred to as CDH.

In fig. 4.1 is shown the dependence of r fx on the renormalized quark mass for each

lattice spacing and volume.
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Figure 4.1: Chiral and continuum extrapolation of fx in units of ro using SU(2) ChPT
prediction. All data are corrected for FSE.

Notice that after taking the continuum limit the kaon decay constant was extrapolate
at two different value of the light quark mass. The first one, presented in the plot in
magenta, is the result obtained for fx in the isospin symmetric limit, and corresponds to
the extrapolation at the average up/down quark mass. The second one, represented with
a violet symbol, is the value extrapolated to the up quark mass and corresponds to the
quantity fx+ corrected for leading isospin breaking effect. In fact, it can be shown that
the first order correction of the QCD isospin breaking effects, on a given quantity, only
depends on the valence quarks [52]. The effects of the sea quarks enters proportionally to
the square of the up/down mass difference, (mq—m,)?, an effects which is well below the
analysis precision. This means that, for the kaon decay constant, to correct for leading
isospin breaking effects, it is sufficient to extrapolate fx to the up quark mass.

For the pion decay constant, on the other hand, the symmetry under up-down quark
exchange guarantees that the first isospin breaking correction coming from the valence

quarks is proportional to (mg — m, )% So that, frx(m.), fr(muw) and fr(my)/ fr(Mua)
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are quantities corrected up to the first order in my —m,, for QCD isospin breaking effects.
Electromagnetic isospin breaking corrections are a by far more challenging issue and have
not been included in the present study.

To perform the extrapolation to the up quark we used the value of m,y4 calculated
from the pion fit presented in 3 and an determination of the ratio m,/mg = 0.5 taken
from [54]. Let me emphasize however that in the quark masses analysis presented in
chapter 3 we have also calculated our own determination of the same ratio from the
Ny =241+ 1 lattice data finding completely compatible results. Our determination

reads m, /mg = 0.49(5), for details on the calculation see section 3.4.3.

Polynomial fit of fx using ry

As far as the analysis 1B is concerned, instead of relying on the NLO SU(2) ChPT pre-
diction we performed a polynomial expansion in the renormalized light quark mass. The
dependence of the pseudoscalar leptonic decay constant fx on m;, and the correspondent

chiral extrapolation, have been studied with the following fit formula:
(fxro) = P (14 Pamy + Psa® + Pymj) - K;°F (4.3)

and the results are shown in fig. 4.2. As for the analysis 1A, both the extrapolation to
Mmud (fr), and m,, (fx+) are shown in the plot.

Both fitting assumptions 1A and 1B provided a good description of the lattice data.
We take the differences as a measure of the systematic uncertainties associated to the
chiral extrapolation of our analysis.

Having obtained the results for fx and fx+ one can divide them for the experimen-
tal value of the pseudoscalar pion decay constant to obtain the quantities fr/f. and
fx+/ f=+ which correspond respectively to the SU(2)-symmetric ratio, and the ratio cor-

rected for QCD isospin breaking effect at leading order.

FSE in the leptonic decay constant fx

Before moving to the second part of the analysis in which we used aM,, as a scaling
variable, more details will be given on the FSE corrections.

As already done for the pion case in section 3.3.1, one can look at the two points of
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Figure 4.2: Chiral and continuum extrapolation of fx in units of ro using a polynomial

formula in m;. All data are corrected for FSE.
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our ensembles sharing the same light quark mass at different simulated volume, i.e. the
gauge ensembles A40.32 and A40.24, to evaluate the magnitude of the FSE and the
efficiency of the different correction formulae. By considering the ratio of the analogous

of eqs. 3.17 for the kaon decay constant simulated at L = 32 and L = 24,
(f&)i2) = ()oK T 35 (4.4)

(f)ea = (fi) el K7 24 (4.5)

it is clear that, the more the ratio of the multiplicative correction factors (K35 /K 34)
is closer to the ratio of the uncorrected lattice data, the better the correction formulae are
working. Indeed for an ideal correction an exact equality holds. These values, calculated
for both GL and CDH, are reported in table 4.1 and show that the CDH formula is

properly estimating the FSE.

GL | CDH | Lattice data f32/ fos

K35 /KFRl 1 1.007 | 1.028 1.020(13)

Table 4.1: Values of the ratio of the FSE correction factor KfSE for the gauge ensembles
A40.32 and A40.24 obtained within the approaches GL and CDH (see text).

In table 4.2 are reported the values of (K f [gf] — 1) for the gauge ensemble A40.24
which is the one that gets the largest correction in the whole set. For this reason, the
values reported in the table, representing the FSE correction in percentage, indicate an

upper bound of the magnitude of this effect on the single data point.

GL CDH

FSE
KFSE —1]-0.009 | —0.032

Table 4.2: Values of KfSE—l for the gauge ensembles A40.24 obtained within the various
FSE approaches GL and CDH (see text).

Looking at these tables one see that, even if the FSE are indeed non negligible for
the gauge ensemble simulated at small values of ML, the use of the resummed CDH
formula keeps them well under control. For this reason, the CDH resummed formula has
been used in our main analysis while GL prediction will be used as a way to estimate

the associated systematic uncertainty.
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It will be shown in section 4.1.3, however, that being the magnitude of the typical cor-
rection significantly smaller than the upper limits presented in table 4.2, the impact of

FSE on our results is really modest.

4.1.2 Analyses of fx in units of M,

In this section we present the analysis 2 which aimed to keep the extrapolation to the
continuum limit under better control by reducing the discretization effects in the kaon
decay constant building the ratios afx/aMs,, in line with the strategy presented in
chapter 3 for the quark masses.

While the decay constants have been expressed in units of the reference mass M, for the
quark masses we chose to work in physical units, converting them with our determination
of the lattice spacings (see eq. (3.28)). The reason for this is to avoid the introduction of
the discretization effects contained in aM,, in the quark masses, which are parameters
of the lattice action.

We studied the dependence of fx /My at fixed mg = m@’hys on the light quark mass
for each lattice spacing and volume in order to perform the chiral extrapolation and
the continuum limit. This was done either by assuming the fit formula to based on the
prediction of NLO SU(2) ChPT (referred to as analysis 2A)

fx
Mss

=P <1 - zfl log&; + P26 + P3a2) ([KFPP], (4.6)

or expanding up to quadratic terms the expression for the kaon decay constant around
a non vanishing value of the light quark mass down to the physical point (referred to as

analysis 2B). This resulted in a polynomial formula of the form

Jx
Mss

= Py (1+ Pymy + Psa® + Pymy) - [K[57]. (4.7)

For both analyses the FSE correction have been calculated using CHD resummed for-
mula.

After the chiral and the continuum extrapolations the value of fx and fr+ have been
converted in physical units using the value of M, obtained as explained in sec. 3.3.3.
The total uncertainties in the determination of M, have been accounted for using boot-

strap sampling.
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The results for fx and fg+ have been finally combined with the experimental value of
the pion decay constant to get the ratios fx/fr and fx+/fr+.

In fig. 4.3 the dependence of fx in units of My, on the light quark mass is shown, for
each 5 and volume, together with the extrapolation both at m,s and at m, in the case
of analysis 24, i.e. by using SU(2) ChPT prediction.
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Figure 4.3: Chiral and continuum extrapolation of fx in units of Mss using SU(2) ChPT
prediction. All data are corrected for FSE using CDH formula.

A similarly good agreement between the fit formula and the lattice data has been
found using eq. (4.7), as can be seen in fig. 4.4. Being the two approaches equally le-
gitimate and capable of providing a satisfying description of our data, both results from
analysis 2A and 2B have been used to determine our final results for the kaon decay

constant.

Confronting figs. 4.1 and 4.3 one sees that the ratio fx/M,, exhibits a milder a?
dependence with respect to the quantity rofx. This reduction, if quantified by taking
the difference of the continuum and the finer lattice spacing over the continuum, goes
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Figure 4.4: Chiral and continuum extrapolation of fx in units of My, using a polynomial
fit formula. All data are corrected for FSE using CDH formula.

from 3% in the analysis in units of rq to —1.5% in the analysis in units of M,,. Both
results obtained from the analysis in units of rq and in units of M,, will be used to

achieve our final determinations and their systematic uncertainties.

4.1.3 Results for fx+ and fr+/fr+

In this section we present the results for analyses 14, 1B, 2A and 2B for the leptonic
pseudoscalar decay constant fx and the ratio fx/f.. They include both the quantities
calculated in the isospin symmetric limit and the one extrapolated to the up quark mass

and thus corrected for isospin breaking effects.
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A collection of results from the various analyses

The results reported in table 4.1.3 have been obtained by using the renormalization
constants calculated in the RI-MOM scheme with the method M1. All these analyses
have been also performed using the second set of Z,, denoted as M2, obtaining very
similar results. Nonetheless, the results of the analyses performed with both sets of
renormalization constants have been combined in our final determination taking this

way into account the associated systematic effect.

ro Analysis M, Analysis
Quantity | Chiral Fit | Polynomial Fit || Chiral Fit | Polynomial Fit
fr(MeV) | 153.8(2.5) 154.2(1.9) 156.6(1.3) 155.1(1.6)
fr+(MeV) | 152.3(2.6) 153.3(2.0) 155.2(1.4) 154.2(1.7)
i/ fr 1.179(20) 1.182(15) 1.201(09) 1.189(12)
fr+/frr | 1.168(20) 1.175(16) 1.190(11) 1.182(13)

Table 4.3: Summary of the results of the four analysis for the decay constant fx and
for the ratio fr/fr presented both in the SU(2)-symmetric case, and with QCD isospin
breaking effect corrections at leading order. We used the CDH approach to calculate the
FSE and the set M1 for the renormalization constants Zp.

Final estimates and systematics

Combining all the results with the same procedure explained in details in sections 3.3.3
and 3.4.3, we obtained our final determination for the quantities of interest and their

systematic uncertainties. In particular for fx+ we obtained:

fKJr = 154~4(1~8)stat+fit(0~5)Chiml(1-0)Disc.(0-4)FSE(0-2)ZPMGV
= 154-4(1-8)stat+fit(1-2>syst MeV

= 154.4(2.1) MeV

while for ratio of fr+/fr+:
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Quantity | No Correction GL CDH
frer(MeV) | 151.8(2.6) | 152.2(2.6) | 152.3(2.6)
frcr | fat 1.164(20) | 1.167(20) | 1.168(20)

Table 4.4: Results for the kaon decay constant and for the ratio of the kaon over the pion

decay constants obtained using different approaches to the FSE correction.

Tt/ for = 1.183(14) start fit (4) chirat (8) Dise.(4) rse(1) zp
= 1'183(14)stat+fit(9)syst
— 1.183(17) (4.9)

Systematic uncertainties due to the chiral extrapolation, besides the fitting errors,
have been evaluated using the differences between the results —A and — B from both the
analysis in units of ry and M,,. This corresponds in the error budget to a 0.3% of the
result.

The discretization systematics instead, have been estimated using the differences be-
tween the results 1— and 2— and they represent a 0.7% error.
The difference between the results for fx+ and fx+/fr+ obtained without applying any
correction for FSE and the one obtained by correcting with the CDH formula has been
used to extract the FSE systematic uncertainty which is 0.3%.

In table 4.4 we show the impact of the different approaches used to treat the FSE
(including the choice of applying no correction) on the final results of this part of the
analysis. This have been verified for the analysis in units of r0 and using the chiral fit
(analysis 1A) but the effect on the results of all the other analysis are similarly small.
As can be seen for this table even if the FSE can be large on some gauge ensemble and
clearly needs to be treated carefully the total impact on the physical quantities is less
severe.

The different choice of the method to calculate the renormalization constants has for
these results a very small impact giving an additional uncertainty of 0.1%.

The largest contribution is the 1.2% of uncertainty coming from the statistical error plus
the uncertainties due to the fitting procedure which accounts also for the total error on
the determination of mg (described in sec. 3.4). This error represent a large contribu-

tion with respect to the others, but let us emphasize that this is not dominated by the
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statistical errors. Comparing the typical error of the data points with the one of the fit
results, for example in fig. 4.3, it is clear that the latter have been amplified by the chiral
and continuum extrapolation, meaning that it is including a systematic component as

well.

Comments on the isospin breaking effects on our results

We now present, the results for fx and fx/f, obtained in the isospin symmetric limit:

frc = 155.6(1.6) stars it (0.5) chirat(1.1) pise. (0.4) ps(0.2) 7, MeV
= 155.6(1.6) star+ it (1.3) sys:MeV

= 155.6(2.1) MeV (4.10)

fK/.fW = 1-193(13)5tat+fit(4)c’hiral(8)Disc.(4)FSE(1)Zp
= 1-193(13)stat+fit(1o)syst

= 1.193(16) (4.11)

From the comparison of the results (4.8-4.9) with those in (4.10-4.11) it is interesting
to evaluate the impact of the isospin breaking effects. These effects on fx (or fx/fr)
have been also estimated in NLO ChPT (see [23]) to be of the order of 0.21(6)%. A direct
lattice calculation presented in [52, 54] obtained the slightly higher value of 0.40(3)%.
Although it is beyond the scope of this work to give a precise determination of this effect
and its systematic uncertainties, by comparing the result for fx extrapolated at m,q
with the one extrapolated at m,, we can roughly estimate an effect varying from 0.6%
to 0.9%, depending on the form of the chiral extrapolation (a chiral or a polynomial fit).
Thus we observe isospin breaking effects which are even larger then the above mentioned
results. Let me remark, however, that this estimate clearly suffers from large systematic
uncertainties, mostly related to chiral extrapolation. We are trying to infer an effect on
the slope in the m; dependence of fx at the physical point without data at the physical

point.
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Comparison with the FLAG averages

Before closing this section it is interesting to present a comparison of the results obtained
in our analysis with the corresponding averages quoted by FLAG [48] for Ny = 2,
Nf:2+1 ande:2+1+1:

Quantity | Our Result FLAGNf:2 FLAGNf:2+1 FLAGNf:2+1+1
fr+ (MeV) | 154.4(2.1) - - -

fr (MeV) | 155.6(2.1) 158.1(2.5) 156.3(0.8) -

[+ for 1.183(17) | 1.205(6)(17) 1.192(5) 1.195(3)(4)

Table 4.5: Comparison of the results we found in this analysis with corresponding aver-
ages quoted by FLAG [48] for Ny =2, Ny =2+ 1 and Ny =2+1+1

4.1.4 Analyses of the ratio fx/f,

In this work we also tried a determination of fx+/f+ by analysing directly the ratio.
Even if in general studying dimensionless quantities can be useful in order to minimize
the uncertainties related to the scale setting, this is not the case here. The reason is
that in our analysis the scale was set by using f,, so that our study of the kaon decay
constant, explained in the previous sections, is in fact a study of fx in units of f;.
Nonetheless the systematic uncertainties associated with an analysis of fg/f; will be
different, in principle, from the one of f;. In particular, the fact that the two quantities
are known to have a different chiral extrapolation. This motivates the study presented
in this section.

Since fg/fu is a dimensionless quantity, and no scaling variable is needed, we only
considered two approaches: a chiral fit (analysis A) and a polynomial one (analysis B).
In analysis A we performed the continuum limit and the chiral extrapolation to the

physical point by using the following fit formula:

5 KFSE
% =P (1 + Z& log&§; + P& + P3a2) : {KESE} : (4.12)

Eq. (4.12) is inspired by SU(2) ChPT predictions for the pion and for the kaon decay
constants (see (3.13) and (4.1)) in which we neglected the contribution of the 7% /7" mass

spitting from the infinite volume expression of f,. A similar but unknown contribution
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is expected in the kaon decay constant as well, and, introducing it only for f,, would
not take into account possible compensation.

To correct fx/fr for FSE we used the ratio of the finite size effect corrections for the
kaon and the pion decay constants. In particular we used the CDH resummed formula for

[k, and the CWW formula for f, (see for details sec. 3.3.1 and sec. 4.1.1). The factors

FSE
KfK

chiral analyses (1A) taking into account their errors.

and K{°" have been calculated for each bootstrap event in the corresponding

After studying the dependence of fx/f, on the lattice spacing and on the light quark
mass, the ratio was extrapolated to the average up/down quark mass calculated in the
pion fit 3.3.3. For this analysis we took the value of m,4 extracted from analysis 1A.

In the second analysis, B, we used, for the chiral and continuum extrapolation, the

following polynomial fit formula:

fK 2 2 [ ]ISSE]
= P (14 Pomy + Pymjf + Pia®) - g (4.13)
fﬂ' [Kfﬂ ]

For this second case the value of the average up/down quark mass used for the extrap-
olation has been taken from analysis 2A.
Both eqs. (4.12) and (4.13) describe well the data as it can be seen in fig. 4.5.

In the figure, the dashed line represents the SU(2) ChPT prediction while the con-
tinuum line represents the polynomial expression. Combining the two results obtained
from the chiral and the polynomial fit, extrapolated to the average up/down quark mass,

we get our estimate for the isospin symmetric result fx/f, which is:

fr/fr = 1.192(16) (4.14)

The determination of f/f, obtained analysing the ratio is thus completely compatible,
and shows the same level of precision, with respect to the one obtained analysing fx
(see eq. (4.11) ). Thus, this result does not improve but at least strengthen, the solidity

of the previous determination.
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Figure 4.5: Chiral and continuum extrapolation of the ratio fx/fr performed using both
SU(2) ChPT prediction and polynomial expansion in the light quark mass. All data are
corrected for FSE. The numerator has been corrected using CDH formula for the kaon
decay constant while the denominator have been corrected with CWW formula for the

pion decay constant.

4.2 fp., fp and the ratio fp_ /fp

In this section we present our determination of the pseudoscalar decay constants of the
D and D, mesons. First we discuss the general strategy and the different approaches

used to control and estimate the various sources of systematic uncertainties in fp, and

fp./fp.

General Strategy

The analysis has been performed studying separately fp, and the ratio fp,/fp whose
results are then combined to obtain also fp. The reason for this strategy is that fp, has

a my dependence which is milder, occurring only through sea quarks, than the one of fp,
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while the ratio fp,/fp can present a cancellation of some systematic uncertainties. In
order to determine fp, and fp, /fp we studied the quantities ®p, and ®p_ /Pp defined
as follows:

®p,  fp./ Mp,
®p  fovVMp (4.15)

These ® are well defined in Heavy Meson ChPT since they are finite in the heavy quark

static limit.

The analysis closely follows the strategy presented for the K decay constant. First the
simulated data for ®p, and ®p_/Pp are slightly interpolated to physical values of the
strange and charm quark masses, which have been presented respectively in secs. 3.3 and
3.4, using a quadratic spline. The dependence of & and &p_ /Pp (at fixed m, and m..)
on the light quark mass and on the lattice spacings is then studied in order to perform
the continuum limit and to extrapolate the results to the physical up/down quark mass.
We also considered another analysis to determine the ratio fp,/fp based on the study of
the double ratio (fp./fp)/(fx/fx). This idea, suggested in [55], provides a more precise
determination of the ratio of the D and D, decay constants thanks to the mild depen-
dence of the double ratio on the light quark mass which greatly reduces the systematic
associated with the chiral extrapolation. For this reason we will quote as our final result
for fp./fp the determination obtained fitting the double ratio.

Discretization effects and chiral extrapolation

In order to control and estimate the systematic uncertainties due to the chiral and con-
tinuum extrapolation, two approaches have been adopted.

For the ®p_ fit we performed an analysis using 7y as the scaling variable (analysis 1),
and another one in which, as we already did for the Dy meson mass, we tried to reduce
discretization effects building the ratios ®p, /(M.s)®/?, making use of the reference PS
meson mass introduced in section 3.7.2 (analysis 2). For each choice of the scaling vari-
able we considered two different formulae to fit the chiral extrapolation in the light sea
quark mass, i.e. a linear (analysis A) or a quadratic (analysis B) extrapolation.

For fp./fp, which is a dimensionless quantity, the analysis is only divided in two branches
corresponding to different approaches for the chiral extrapolation. One makes use of the

Heavy Meson ChPT predictions, while the other, of a polynomial formula in m;.
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Input parameters from previous analysis: lattice spacings, and quark masses

Concerning the quantities needed in this analysis that have been previously calculated
in the pion fit, such as the physical values of the light quark mass, the lattice spac-
ings and the value of the Sommer parameter, the strategy is the same explained for the
charm quark mass analysis (see sec. 3.7). In each bootstrap event of the fit all the input
quantities are taken from the same analysis choosing randomly among the four branches
1A, 1B, 2A and 2B, preserving in this way the correlations. Since the errors obtained
from the various strategies on all the quantities determined from the pion fit are very
similar, at each analysis the same extraction probability is assigned. In this way, the
statistical plus fitting error obtained combining the fit results from the various bootstrap
events will actually include also other sources of uncertainties, the most important of
which is the uncertainty on the scale. The latter will of course only affect fp,, while the
statistical plus fitting error on fp_/fp will only include a small uncertainty on the light

quark mass determination.

Our final results will be a combination of all the different branches of the analysis

providing at the same time an estimate of the associated systematic uncertainties.

4.2.1 Analyses of ®p_in units of ry

After a small interpolation in the charm and strange quark mass to the physical values,
the simulated values of ®p_ are brought to a common scale using the appropriate power
of rg/a. For the quark masses we chose to work in physical units converting them with
the value of the lattice spacings obtained from the pion fit.

The Z, and the ro/a’s errors are accounted in the fit through a contribution in the x? as
described for the pion fit while the error on the lattice spacings, that are computed on
the same gauge configurations used in our analysis, are treated with bootstrap sampling.
In order to study the ®p  dependence on the average up/down sea quark mass and on
the lattice spacings at fixed (physical) strange and charm quark mass, we considered the

following formula which turn out to describe well the data:

@Dsrg/z = Pi(1+ Pymy + Pymj + Pya®). (4.16)
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We have also performed the chiral extrapolation with a linear dependence on m; that
is dropping the parameter P;.
In this analysis we did not correct for FSE. As it will be shown in figs. 4.6 and 4.7, the
two points corresponding to the gauge ensembles A40.32 and A40.24 sharing the same

pion mass at different volume are almost exactly overlapped.

18

3/2
@, (1)

® (=1.90v=32°64
O B=1.90v=24°x48
® (=1.95v=32°64
: O B=1.95v=24°48
® p=2.10v=48°96
.
®

Cont. Limit Linear Fit _|
Cont. Limit Quadratic Fit

0 0.01 0.02 0.03 0.04 0.05

Figure 4.6: Chiral and continuum extrapolation of ®p_ in units of ro using both a linear

and a quadratic expansion in the light quark mass.

Fig. 4.6 shows the dependence of ®p, on the light quark mass for all the different
f’s and volumes respectively for a linear and a quadratic fit. Both the linear fit and
the quadratic one, depicted respectively as a continuum and a dashed line, provide a
good description of the lattice data, and have been used to determine our finale result.
Notice that, as expected, the dependence of the ®,, meson mass on m; is mild since the
light quark is in the sea only. Finally, fp, can be easily obtained from the chiral and

continuum extrapolated value of ®p_, using the experimental value of Mp_.
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4.2.2 Analyses of ®p_in units of M

As far as analysis 2 is concerned, we divided the pseudoscalar decay constants calculated
at different lattice spacings and volume by aM,,, the reference PS meson mass already
used for the determination of the charm quark mass in sec. 3.7 and converted the quark
masses in physical units by means of the lattice spacing calculated in the pion’s fit.

Once the continuum limit and the extrapolation to the physical light quark mass have
been performed, ®p_ can be converted in physical units using the continuum extrapolated
value of M. At this point the result for fp, can obtained by using the experimental
value of the D, meson mass. The fits are performed using the same formulae of analysis

1 which in this units reads:

Op. /M3* = Py(1 + Pymy + Psa® + Pym?) (4.17)

In fig. 4.7 is shown the dependence of ®p, /Mc?’s/ * on my for all the different lattice
spacings and volumes, obtained fitting the data with a linear and a quadratic formula.
Both assumptions provide a good description of the lattice data, and have been
combined to get the finale result.
Comparing fig. 4.7 with the same plot where ®p_ is in units of r¢, (fig. 4.6), it can be
seen that the cancellation of the discretization effects produced by the ratio has brought
the gap between the continuum and the finer lattice spacing from 8% down to 3% of the

final result.

4.2.3 Analyses of & /Pp and of the double ratio (fp./fp)/(fx/fr)

In this section we present two different approaches we used for the determination of the
ratio st /fD

Chiral and Polynomial fit of ®p_/®p

In the first one we studied the dependence of ®p_ /P p on the light quark mass and on the
lattice spacing for physical values of the strange and charm quark masses as determined
in our analysis and presented in secs. 3.4.3 and 3.7.3.

Heavy Meson ChPT has been used to perform the chiral extrapolation of this quantity to
the average up/down quark mass combined, as usual, with the continuum limit according

to the formula:
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Figure 4.7: Chiral and continuum extrapolation of ®p, in units of Mss using both a linear

and a quadratic expansion in the light quark mass.

Dp,
®p

where ¢ is a parameter of Heavy Meson ChPT measuring the axial coupling of a pion

3 .
=P, (1 + Pymy + Pya® + 1 (1 + 392) & log @) , (4.18)

to doublets of heavy-light mesons (D,D*). In our analysis we used the determination of
g = 0.61(7) reported in [56].

We also tried a second fit dropping the chiral log thus fitting ®p /®p with a simple
linear dependence in m;. The comparison between the two fits also accounts for, other
possible input values for g.

Both fit assumptions are shown in fig. 4.8, the chiral fit being the dashed line while the
linear fit is represented by the continuum one.

We notice that, even if both fits are in good agreement with the data, the values
obtained extrapolating at the average up/down quark mass show a difference which is
significantly larger than the statistical errors. This of course corresponds to a large sys-
tematic error associated with the chiral extrapolation.
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Figure 4.8: Chiral and continuum ezxtrapolation of ®p /P p using both the prediction from

Heavy Meson ChPT and a polynomial expansion in the light quark mass.

Chiral and Polynomial fit of the double ratio (fp./fp)/(fx/fx)

As suggested in [55], we found that analysing the double ratio (fp./fp)/(fx/ fr) increases
the precision on the determination of fp,/fp because of the much milder dependence of
this quantity on m;. To fit the double ratio we combined the ChPT predictions for the

four decay constant obtaining the following formula:

fo./Ip 9.5 1 KjoP
= =P 1+ P -g°— = 1 —I . 4.19
fK/fﬂ— 1 + Fomy + 49 9 fl ngl K;W}EE ( )
As we already did in the study of the ratio (fx/fx), we decided to drop the contribution
proportional to the 7°/7" mass splitting in the pion decay constant. Since a similar
but unknown contribution is expected to occur also for the kaon decay constant and

including it in the pion only, would not account for possible compensations.
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Notice also the presence of the FSE correction for f, and fr. We corrected them using
CWW and CDH as explained in details in (see secs. 3.3.1 and 4.1.1).
As usual a second fit was performed omitting the chiral log contribution, i.e. using the

following linear expression:

fo./fo K8
LD p(1 4 Pymy) 2=
G, LT P s

(4.20)

Both approaches to the chiral extrapolation are shown in fig. 4.9.
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Figure 4.9: Chiral and continuum extrapolation of the double ratio (fp./fp)/(fx/fr)
using both the prediction from ChPT and a polynomial expansion in the light quark

mass.

We observe that the results for the double ratio obtained from the two different
choices of chiral extrapolation are compatible within their statistical uncertainties. As a
consequence, the systematic uncertainty on fp,/fp, computed from the double ratio and
using our determination of fx/f,, turns out to be significantly reduced with this second

approach. For this reason this determination of fp /fp supersedes the one obtained
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from the single ratio ®p_/®p and our final result will be the one derived from it.

We also observe that our data have been extrapolated to m,4. As a consequence, our
results for fp, /fp are quoted in the QCD isospin symmetric limit. The impact of the
isospin breaking effect on the ratio fp_/fp can be estimated looking at the isospin break-
ing effects of ®p_/®p and Mp, evaluated taking the difference between the extrapolation
at myq and the extrapolation at my. Since both effects are of the order of 1% but with
opposite sign the total impact on fp_ /fp is expected to be below the per cent level,

hence small, in this case, compared to other sources of uncertainties.

4.2.4 Results for fp, fp and fp. /fp

In this section we present the results for fp., fp and fp./fp as obtained from the anal-

ysis described above. The systematic uncertainties are also collected and discussed.

fp.: final estimate and systematics

The results collected in the following tables have been obtained using the first set of
RI-MOM renormalization constants calculated with the M1 method (see table 3.4). All
these analyses have been also performed using the Zp values obtained from the method
M2 and the results, though not presented here for brevity, have been included in the
final determination.

For fp, we collected in table 4.6 the results from the four branches of the analysis which
differ for the different choice of the scaling variable and for the different ansatz in the

chiral extrapolation.

ro Analysis M.s Analysis
Quantity | Linear Fit | Quadratic Fit | Linear Fit | Quadratic Fit
fo.(MeV) | 241.7(7.3) 239.0(7.1) 246.5(7.8) 243.6(8.0)

Table 4.6: Results for the Dy meson decay constant from the different branches of the
analysis. The errors include the statistical error, the error associated to the fitting proce-
dure, the uncertainties related the setting of the scale combined also with the uncertainties

in the determination of the strange and charm quark masses.

Combining these results following the strategy explained in secs. 3.3.3 and 3.4.3, we
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obtained our final result for fp_/fp

Ip. = 242-1(7-1)stat+fit+scale(1-4)Chiml(2'9)msc-(2'4)mc(1'4)m5 MeV
= 242.1(7.1) stat+ fit+scate(4.3) syst MeV

= 242.1(8.3) MeV (4.21)

The strategy to separate the various systematic components is same one used in the
rest of this work.
The first contribution, which is the largest one, includes, not only the statistical and fit
uncertainties, but also the uncertainties coming from the setting of the scale as explained
in 4.2. This contribution correspond to an error of 2.9%
The chiral extrapolation systematic uncertainty has been evaluated using the difference
between the results obtained using a linear or a quadratic fit and turns out to be of the
order of 0.6%.
The difference between results from analysis 1 and 2, i.e. in units of ¢ or in units of M,
have been used to estimate the uncertainty coming from discretization effects, which is
of the order of 1.2%.
The contributions coming from the uncertainties in the determination of the charm and
strange quark masses can be quantified to be respectively of the order of 1.0% and 0.6%.
The effect of the systematic uncertainty of renormalization constants, estimated from

the comparison M1-M2 has a very small impact corresponding to an effect of 0.1%.

fp./fp: final estimate and systematics

For the ratio fp,/fp the results coming from the various analyses are collected in table
4.7

The first two columns correspond to different fits of ®p_/®p, while the last two
columns are coming from the two different fits of the double ratio (fp./fp)/(fx/fr)-
Quoted errors includes the statistical error, the error associated to the fitting procedure
combined also with the uncertainties in the determination of the strange and charm
quark masses. For the results of the double ratio method the error was also combined
with the uncertainty on our determination of the ratio fr/f, = 1.193(16) presented

in section 4.1.3. The latter method shows a smaller systematic effect due to the chiral
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Method 1 Method 2
Quantity | Chiral Fit | Linear Fit | Chiral Fit | Linear Fit
fo./fp | 1.235(20) | 1.176(17) || 1.204(22) | 1.191(22)

Table 4.7: Results for the ratio fp./fp from the different branches of the analysis. The
first two columns, referred to as method 1, correspond to different fits of ®p,/Pp, while
the last two columns, referred to as method 2, are coming from the two different fits of the
double ratio (fp./fp)/(frx/fx). The final estimate will be a combination of the results

obtained with method 2 which is the procedure that exhibits the smaller chiral systematics.

extrapolation. For this reason our final result has been determined combining columns

3 and 4 only, and reads

fo./fo = 1199(17) ssar+ it (7) chirat(16) £ /
st/fD = 1'199(17)8tat+fit(17)syst
— 1.199(25) (4.22)

The first contribution includes the statistical uncertainties combined with the one
associated with the fitting procedure which corresponds to an effect of the 1.4%
The systematic uncertainty due to the chiral extrapolation has been taken as the differ-
ence between the results obtained using the prediction from Heavy Meson ChPT and a
linear fit. In the double ratio analysis this effect is reduced to 0.5%.
In addiction there is the uncertainty coming from the required input fx /fr, which is of
the order of 1.3%.
The effect of the choice of renormalization constants method of calculation has a very
small impact corresponding to an effect of 0.1%.
The double ratio method has the further advantage of having negligible discretization
uncertainties. As it can be seen in fig. 4.9, discretization effects are small compared for
example to the statistical errors of the data points. The a—dependence is found to be
compatible with zero but its inclusion has the effect of increasing the error on the final
result. For this reason we removed it from the fit. Moreover, performing the same fit in
m, without the data corresponding to the coarser lattice spacing, which are roughly half
of the points, we obtain the same result.

The double ratio proved to be also very stable with respect to changes of the strange
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and charm quark masses which if varied within their total error produced no changes in

the result at this level of precision.

fp determination and comparison with the FLAG averages

Combining the results obtained for fp, and fp,/fp, we can estimate fp from our analysis,

which reads:

fp =201.9(8.0)MeV (4.23)

At the end of this section is reported a collection of the result presented for D and D,
meson decay constants as well as the FLAG’s averages for Ny = 2, Ny = 2+ 1. Although
some results for this quantities calculated in an Ny = 2 + 1 + 1 simulation have already

been presented (see [57]) no FLAGy,—24141 average has been released yet.

Table 4.8: Comparison between different fits
Quantity | Our Result FLAGNf:2 FLAGNf:2+1 FLAGNf:2+1+1
fp. (MeV) | 242.1(8.3) 248(6) 248.6(2.7) -
fo./fp 1.199(25) 1.17(5) 1.187(12) -
fo (MeV) | 201.9(8.0) | 212(8) 209.2(3.3) -

Table 4.9: Comparison of the results we found in this analysis for fp,, fp and fp,/fp
with corresponding averages performed by FLAG [48] for Ny =2, Ny =2+ 1.



Conclusions

In this thesis we presented an accurate lattice determination of the average up/down,
strange and charm quark masses and of the decay constants fx, fx/fr, fp and fp,
(summarized in the Introduction), using the gauge configurations produced by the Eu-
ropean Twisted Mass (ETM) Collaboration with four flavors of dynamical quarks (N; =
24+1+1). These simulations include in the sea, besides two light mass degenerate quarks,
also the strange and the charm quarks with masses close to their physical values. Let
me emphasize that as far as the quark masses are concerned these are the first results
obtained from an Ny =2 + 1 + 1 simulation.

The value of quark masses have been determined by tuning them in such a way to repro-
duce the observed spectrum of pseudo-scalar mesons. For the average up-down quark
mass we have analysed the pion mass, for strange quark the kaon, and for charm we
used D and D mesons. Quark masses has been renormalized non-perturbatively in the
RI-MOM scheme, and converted to physical units by fixing the lattice spacing from the
pion decay constant f.. By performing the continuum limit, the chiral extrapolation
and the FSE correction through several approaches, we have been able to present results
where the various sources of systematic errors are properly taken into account.

The value of quark masses have been then used as inputs in the lattice calculation of
the leptonic decay constants for which a careful continuum limit, chiral extrapolation
and the F'SE corrections were also implemented. These decay constants in combination
with the experimental measurements of appropriate leptonic decay rates provide the
knowledge of the CKM matrix elements |Vyq|, |Vus|, |Vea| and |Ves| which can be used in
particular to test the unitarity constraints of the first two row of the CKM matrix.

In our results, for both the quark masses and the decay constants, the chiral extrapo-
lation, which is the extrapolations from the unphysically higher values of the simulated
light quark masses to the physical point, represents an important contribution in the total

systematic uncertainty. Thanks to the algorithm and action improvements, simulations
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at the physical value of the light quark mass are feasible nowadays, though computa-
tionally expensive. The ETM Collaboration has already performed simulations at the
physical point with two flavors of dynamical quarks (Ny = 2). Analogous simulation

with Ny =2+ 1+ 1 are planned for the near future.
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