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INTRODUCTION

Quantum groups first arose in the physics literature, particularly in the
work of L.D. Faddeev and the Lenigrad school, from the “inverse scatter-
ing method”, which had been developed to construct and solve “integrable”
quantum systems. They have generated a great interest in the past few
years because of their unexpected connections with, what are at first glance
unrelated parts of mathematics, the construction of knot invariants and the
representation theory of algebraic groups in characteristic p.

In their original form, quantum groups are associative algebras whose
defining relations are expressed in terms of a matrix of constants (depending
on the integrable system under consideration) called quantum R matrix. It
was realized independently by V. G. Drinfel’d and M. Jimbo around 1985
that these algebras are Hopf algebras, which, in many cases, are deformations
of “universal enveloping algebras” of Lie algebras. Indeed Drinfel’d and Jimbo
give a general definition of quantum universal algebra of any semisimple
complex Lie algebra. On a somewhat different case, Yu. I. Manin and
S. L. Woronowicz independently studies non commutative deformations of
the algebra of functions on the groups SLy(C) and SUs, respectively, and
showed that many of the classical results about algebraic and topological
groups admit analogues in the non commutative case.

The aim of this thesis is to calculate the degree of some quantum universal
enveloping algebras. Let g be a semisimple Lie algebra, fixed a Cartan
subalgebra h C g and a Borel subalgebra h C b C g, we denote with A
the correspondent set of simple roots. Given A’ C A, we associate to A
parabolic subalgebra p D b.

Following Drifel’d, the considered situation can be quantized. We obtain
Hopf algebras over C [q,q ], Uy(b) C Uy(p) C Uqy(g).

When we specialize the parameter ¢ to a primitive I root € of 1 (with
some restrictions on [). The resulting algebras are finite modules over their
centers, they are a finitely generated C algebra. In particular, every irre-
ducible representations has finite dimension. Let us denote by V the set of
irreducible representations, Shur lemma gives us a surjective application

m:V — Spec(Z).

To determine the pull back of a point in Spec(Z) is very difficult work.
But generically the problem becomes easier. Since our algebras are domain,
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there exists a non empty open Zariski set V' C Spec(Z), such that 7| -1(y,
is bijective and moreover every irreducible representation in 7=1(V') has the
same dimension d, the degree of our algebra. The problem is to identify d.

Note that, a natural candidate for d exists. We will see that in the
case of Uc(p), we can find a natural subalgebra Zy C Z, such that as Uc(p)
subalgebra is a Hopf subalgebra. Therefore it is the coordinate ring of an
algebraic group H. The deformation structure of U, (p) implies that H has a
Poisson structure. Let d be the maximal dimension of the symplectic leaves,
then a natural conjecture is d = I2. This is well know in several cases, for
example, p = g and p = b (cf [DCK90| and [KWT76]).

Our job has been to prove this fact and to supply one explicit formula
for 9.

Before describing the strategy of the proof, we explain the formula for §.
Set [ the Levi factor of p. Let W be the Weyl group of the root system of
g, and W' C W that one of subsystem generated by A’. Denote by wq the
longest element of W and wé the longest element of W'. Recall that W acts
on h and set s as the rank of the linear transformation wg — wé of h. Then

§ = 1(wo) + l(wp) + s,

where [ is the length function with respect to the simple reflection.

We describes now the strategy of the thesis. In order to make this, the
main instrument has been the theory of quasi polynomial algebras, or skew
polynomial, . In this case we know, following a result of De Concini, Kag
and Procesi (|[DCKP92] and [DCKP95|), that to calculate the degree of S
corresponds to calculate the rank of a matrix (with some restriction on ).

In order to take advantage of this result we have constructed a defor-
mation of U (p) to S and one family, U, of finitely generated algebras
parameterized by (¢,%x) € C x Spec(Zp). Then the fact that on C[t,t7!]
our deformations have to be trivial, together with the rigidity of semisimple
algebras can be used to perform the degree computation at t = 0. In its the
algebra we obtain is a quasi derivation algebra, so that the theorem of De
Concini, Kag and Procesi (|[DCKP95]) can be applied and one is reduced to
the solution of a combinatorial problem, the computation of the rank of an
integer skew symmetric matrix.

The actual determination of the center of the algebra U.(p) remains in
general an open and potentially tricky problem. However we will propose a
method, inspired by work of Premet and Skryabin (|[PS99]), to “left” elements
of the center of the degenerate algebra at t = 0 to elements of the center at
least over an open set of Spec Zj.

We close this introduction with the description of the chapters that com-
pose the thesis.

In the first chapter, we recall the notion of Poisson group, this is the
instrument necessary in order to describe the geometric property of the Hopf
subalgebra Zj.
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In the second and third chapter, we describe the slight knowledge of
algebra with trace and quasi polynomial algebra. These are the instruments
necessary in order to describe the theory of the representations of U, and
Uc(p). Moreover we describe how to calculate the degree of quasi polynomial
algebra.

This concludes the first part of the thesis. In the second part, we will be
studying the theory of quantum groups.

In chapter 4 we recall the main definitions and the main properties of
quantum universal enveloping algebras associated to a semisimple complex
Lie algebra g, and we consider how to calculate the degree of U (g) and U (b).

The last chapter is dedicated to the definition of quantum enveloping
algebra associated to a parabolic subalgebra p of g and the proof of the
formula for the degree.



Part I

USEFUL ALGEBRAIC AND GEOMETRIC NOTION



1. POISSON ALGEBRAIC GROUPS

In this chapter we recall some basic facts about Poisson groups that will
prove useful in the study of quantum groups. The interested reader can find
more details in a vast variety of articles and monographs, for example in
[CP95], [KS98| or [CGIT|.

1.1 Poisson manifolds

1.1.1 Poisson algebras and Poisson manifolds

Definition 1.1.1. A commutative associative algebra A over a field k is
called a Poisson algebra if it is equipped with a k-bilinear operation {, } :
A ® A — A such that the following conditions are satisfied:

1. Ais a Lie algebra with the bracket {, };
2. the Leibniz rule are satisfied, i.e. for any a,b,c € A, we have
{ab,c} = a{b,c} + {a,c}b.
If these conditions are satisfied, the operation {, } is called Poisson bracket,
and &, = {a,-} is called Hamiltonian derivation.

Definition 1.1.2. Let A and B be a Poisson algebra over k. An algebra
homomorphism f : A — B is called Poisson homomorphism if

f{a,b}) = {f(a), f(b)} -

Poisson algebras form a category, with morphism being Poisson homo-
morphism.

Definition 1.1.3. A smooth manifold M is called a smooth Poisson man-
ifold if the algebra A = C°°(M) of smooth complex value function on M is
equipped with a structure of Poisson algebra over C

Definition 1.1.4. An affine algebraic k-variety M is called an affine alge-
braic Poisson k-variety if the algebra A = k[M] of regular function on M is
equipped with a structure of Poisson algebra over k
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Definition 1.1.5. 1. Let M and N be smooth Poisson manifolds. A
smooth map f : M — N is called a Poisson map if the induced map
f*:C®(N) — C*®(M) is a Poisson homomorphism.

2. Let M and N be algebraic Poisson k-variety. An algebraic map f :
M — N is called a Poisson map if the induced map f* : k[N] — k[M]
is a Poisson homomorphism.

It is clear that smooth, and algebraic, Poisson manifolds form a category,
with morphisms being Poisson map.

Definition 1.1.6. Suppose that M is a smooth Poisson manifold, let A =
C>®(M).

1. Given ¢ € A, the vector field {4 associated to the Hamiltonian deriva-
tion {¢, } of A is called Hamiltonian vector field.

2. A submanifold (not necessarily closed) N C M is called Poisson sub-
manifold if the vector 14(n) is tangent to N for any n € N and ¢ € A.

Let M a smooth Poisson manifold, then there is an equivalent definition
of Poisson manifold in term of bivector fields. Recall that an n-vector field
is a section of the bundle A" T'M where T'M is the tangent vector bundle of
M. In particular, we call 2-vector fields bivector fields.

Recall also the definition of the Schouten bracket of n-vector fields which
generalize the usual Lie bracket on vector fields. The Schouten bracket of
an m-vector field with an n vector field is an (m + n — 1)-vector field which
is locally defined by

[Ug A v o A, U1 A oo A Uy

= (1" g, o) Ay A At At AVLA AT AL Ay
/[:7«].

where ui, ..., Up,v1,...,09, € Ty, M, m € M, and [, | denote the Lie bracket
of vector fields.

Denote by T* M the cotangent bundle to M. Given a bivector field m on
M, we define a bilinear operation {, } on C>*(M) by

{¢. ¢} = (m,do A dip) (1.1)

where (, ) is the natural paring between the sections of the bundle T*M A
T*M and TM NTM.

Proposition 1.1.7. The bracket 1.1 defines a Poisson manifold structure
on M if and only if
[r,7] =0
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Proof. Easy verification of the definition. O

Let (M,m) be a Poisson manifold. Consider the morphism of vector
bundle 7 : T*M — T'M induced by 7, we have

Definition 1.1.8. A Poisson manifold is called symplectic manifold if the
map 7 is an isomorphism.

1.1.2  Symplectic leaves

One of the most fundamental facts in the theory of Poisson manifolds is

that for any Poisson manifold M there is a stratification of M by symplectic

submanifolds which are called symplectic leaves in M. In a certain sense,

symplectic manifolds are simple objects in the category of Poisson manifolds.
In what follows we assume that M is a smooth Poisson manifold.

Definition 1.1.9. A Hamiltonian curve on a smooth Poisson manifold M
is a smooth curve v : [0, 1] — M such that there exist f € C>°(M) with the
property that

V() =& (v(1))
for any t € (0,1)

Definition 1.1.10. Let M be a smooth Poisson manifold.

1. We say that two points x,y € M are equivalent if they can be connected
by a piecewise Hamiltonian curve.

2. An equivalence class of points of M is called symplectic leaf of M

Property. Let S be a symplectic leaf of a smooth Poisson manifold M.
Then:

(i) S is a Poisson submanifold of M ;
(ii) S is a symplectic manifold;
(iii) M is the union of its symplectic leaves.
We need a tool to determine symplectic leaves.

Definition 1.1.11. Let P; and P> be Poisson manifolds, S a symplectic

manifold. A diagram P; & S LY P is called a dual pair, if fi and fo
are Poisson maps and the Poisson subalgebras fyC*(P;) and f5C°°(Pz) of
C>(S) centralize each other with respect to the Poisson bracket.

A dual pair is called full if f1 and fo are submersions.

Theorem 1.1.12. Let P; LI L Py be a full dual pair. Then the blow-up

My, = fgfl_l(xl) is a symplectic leaf in Py for any x1 € Py.
Proof. See |[KS98|, page 8. O
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1.2 Lie bialgebras and Manin triples

1.2.1 Lie bialgebras

Definition 1.2.1. A Lie bialgebra is a pair (g, ¢) where g is a finite dimen-
sional Lie algebra over k, and ¢ : g — g A g, called cobracket, satisfies the
following conditions:

1. the dual map ¢* : g* A g* — g* makes g* into a Lie algebra;

2. the cobracket ¢ : g — g A g is a 1-cocycle on g, i.e. for any a,b € g,

¢([a,b]) = a.¢(b) — bg(a)
where a.(b®c¢)=[a®@1+1®a,b®c| =[a,b] @ c+bX |[a,c].

Lie bialgebras form a category, with morphisms being Lie algebra homo-
morphism which commute with the cobracket.

Property. Given a Lie bialgebra g, the vector space g* carries a canonical
structure of Lie bialgebra, the Lie bracket being the map dual to the cobracket
in g and the cobracket being the map dual to the bracket in g.

Definition 1.2.2. The Lie bialgebra g* is called the dual Lie bialgebra of g.

Example 1.2.3. Any Lie algebra g with trivial cobracket (i.e., zero) is a Lie
bialgebra.

Example 1.2.4. Let g be a Lie algebra. Consider the dual vector space g*
as a commutative Lie algebra. Then the map ¢ : g* — g* A g* dual to the
Lie bracket on g, define a Lie bialgebra structure on g*, it is the dual Lie
bialgebra to the one in example 1.2.3.

Example 1.2.5. Let g be a complex simple Lie algebra with a fixed non
degenerate invariant symmetric bilinear form, which is necessarily a scalar
multiple of the Killig form. Choose a Cartan subalgebra h C g, with n =
dim b, the rank of g. Choose a set of simple roots ay,...,a, € h*. This
gives a decomposition

g=n. Shan (1.2)

where ny (resp. n_) is the nilpotent subalgebra spanned by the positive
(resp. negative) root subspaces.

Let Xii, H;, i = 1,...,n, be the Chevalley generators corresponding
to the simple root «;, and A = (a; ;) the Cartan matrix whose entries are
a;j = 22222)) , where (, ) is the symmetric bilinear form on h* induced by
the bilinear form on g.

Recall that g is generated by Xii, H; and the Serre relations
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[HZ‘,HJ‘] = 0, |:Hz; X;t} = :I:az-,jX]i,
X7 XS =0, ad' o (XF) X =0,

where ad(a)(b) = [a, b] is the adjoint action of g on itself.
Then the following cobracket ¢ defines a Lie bialgebra structure on g:

o(XF) = ;i XF A H;,

where d;, i = 1,...,n, are positive rational numbers that satisfy d;a;; =
dja;j;. For more details see [KS98|.

Definition 1.2.6. The Lie bialgebra structure described in example 1.2.5 is
called the standard Lie bialgebra structure on g

Example 1.2.7. Consider the simple complex Lie algebra g = slo(C), then
the Chevalley generator are

0 1 10 0 0
+ — - —
(o) m=(o 8) e=(00)

then the cobracket is

We verify only that ¢ is a cocycle.

O([H, XT]) = op(+2XF)=+12X*AH
H-¢(X*) - X" -¢(H) = H-(X*AH)
= [HX*]ANH=+2X*ANH

XT.XT]) = ¢(H)=0
XT-p(X)—X9(X") = XT- X" AH-X -XTANH
= XN, X JAH+X A[XT H|
—[ X, XT|ANH—-XTANX,H]
= HAH+2X AXT
+HANH+2XT N2X~
=0

The fact that ¢* defines a Lie bracket is an easy exercise.
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1.2.2 Manin triples

For our proposition it is convenient to think of Lie algebras in terms of Manin
triple.

Definition 1.2.8. Let g be a Lie algebra equipped with a nondegenerated
invariant symmetric bilinear form (, ), and g4 and g_ Lie subalgebra of g.
The triple (g, g+, 9-) is called Manin triple if:

L.g=9+®9g-,
2. g+ and g_ are maximal isotropic subspaces with respect to (, ).

Suppose that (g,g+,¢—) is a Manin triple. Since both g; and g_ are
maximal isotropic subspaces of g, we can identify g+ with g} as a vector
space.

Theorem 1.2.9. (i) Suppose that (g,9+,8-) is a Manin triple. The n
(g+,®) is a Lie bialgebra where the cobracket ¢ : g+ — g+ A g4 is the
dual map to the Lie bracket in g=.

(ii) Suppose that (g,¢) is a Lie bialgebra. Consider the vector space g*
equipped with the dual Lie bialgebra structure (cf. definition 1.2.2).
Then:

(6@g" 0,07
is a Manin triple, with the Lie algebra structure on g @ g* given by
[a+a,b+ 8] = [a,b] + [, B] + ad,(b) — adj(a) — ady () + ady(3),
for any a, b € g, a, B € g%, and the bilinear form on g ® g* given by
(a+a,b+ p) = B(a) + ab).
Note that, in particular

o, b] = ad,(b) — ad(a),
(0, 8] = ad2(8) — ad(a).

Proposition 1.2.10. Let g be a Lie bialgebra, and D(g) = g & g* the lie
algebra describe in theorem 1.2.9. Then there exist a canonical Lie bialgebra
structure on D(g) given by the cobracket

bp(g) (a+ ) = ¢g(a) + ¢g+(a),
for any a € g and o € g*

Definition 1.2.11. Lie bialgebra D(g) is called the double Lie bialgebra
(sometimes it is called the classical double of g)
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Remark 1.2.12. Manin triple which corresponds to the double Lie bialgebra
is

(D(g) ©D(9),D(9), 8D ")

where D(g) is embedded into D(g) @ D(g) as the diagonal, and g & g* (the
dual Lie bialgebra of D(g)) is the direct sun of the Lie algebras g = (g,0) C
D(g) ® D(g) and g* = (0,g*) C D(g) ® D(g). The bilinear form is given by

((a,b),(c,d)) = (a, C>D(g) — (b, d>D(g)7

for any a, b, c,d € D(g).

Double Lie bialgebra has an important property. Namely, the cobracket
on such Lie bialgebra is described by a very simple formula, as shown in the
following proposition

Proposition 1.2.13. Let g be a Lie bialgebra, and D(g) the double Lie
bialgebra. Suppose that {e,} is a basis of g and {e*} is the dual basis of g*.
Let us identify e, with (eq,0) € D(g) and e* with (0,e*) € D(g). Then the
cobracket in D(g) is given by

pla)=la®@1+1®a,r]

for any a € D(g), where

r=Y ea®c* € D(g)®D(g),

is the canonical element related to (, ).

We give now some important examples of Lie bialgebra and corresponding
Manin triple.

Example 1.2.14. Let g be a complex simple Lie algebra equipped with
the standard Lie bialgebra structure (cf. definition 1.2.5) related to a fixed
invariant bilinear form (, ), let h be the corresponding Cartan subalgebra
and define by = ny & h a Borel subalgebra of g. Then the corresponding
Manin triple is (g & g, ¢,5), where g is embedded diagonally into g @ g, and

s ={(z,y) Eby Db_:zy+ys =0},

where zy denote the “Cartan part” of € b4. In other words, x = x4 + xy
where x4+ € ny and zy € h. The invariant bilinear form g ® g is given by

<(avb)7 (Ca d)> = <(Z,C>g - <ba d>g

Note that as Lie algebra D(g) is isomorphic to g @ g. For more details one
can see for example [KS98].
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Example 1.2.15. Let g be as in the previous example. Consider the Borel
subalgebras b, note that they are in fact Lie bialgebras with respect to the
restriction of the cobracket from g to b.. Then the corresponding Manin
triple is

(g D ha b+7 b—) )

where the Borel subalgebras are embedded into g @ § so that if @ € by then
a — (a,ap) and if a € b_ then a — (a, —ap), where we use the notation in
the previous example, the bilinear form is given by

<(a7b)v (C> d)> = <(L, C>g - <ba d>h

with a, ¢ € g and b, d € b, and (, )y as the restriction of (, )g to h. In
particular, we see that the Borel subalgebras b, and b_ are dual to each
other as Lie bialgebra.

We consider, in the next example, an intermediate case between Borel
subalgebra b and Lie algebra g.

Example 1.2.16. Using the notation of the previous example, we call par-
abolic subalgebra any subalgebra p of g such that b C p, note that by and g
are examples of parabolic subalgebra. Set R as the set of rot associated to g
and X, o € R the root vectors, we define R, := {a € R: X, € p}. We call
[:=he ®aeRp:—aeRp CX, the Levi factor and u = @aeRp:_ang CX, the
unipotent part of p. Moreover, we have p = [ @ u, for more details one can
see [Bou98| or [Hum7s|.

Proposition 1.2.17. p is a Lie bialgebra with respect to the restriction of
the cobracket from g to p.

Proof. Simple verification of the definition. O

Proposition 1.2.18. The Manin triple corresponding to p is
(g Lps),
where p is embedded into g & [ so that a — (a,a() and
5:{(x,y)€b_@bﬂr:mh+yh:0},
where bﬂr = by N1, the bilinear form is given by

((a,b), (C, d)> = <a7c>g - <b7 d>['

with a, ¢ € g and b, d € 1, and (, ) is the restriction of (, )4 to L.
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Proof. Observe that, the following decomposition hold in g
g=u_Glu
with u_ := @, cp\p,, and
dim(g @ ) = dim(g) + dim(l) = dim(p) + u + dim(l) = 2 dim(p)
where v = dimu_ = dimu; Let us now check that p Ns = {0}, take
(a,b) € pNs, then
e (a,b)ep=b=aq
e (a,b)€s=acb_,bebl and ay+by=0
Thenb=teh=0b, Nb_,anda=u+twithueuCby,butaecb_,soit
follows that v = 0 and a = b = t. Then the last condition gives us
O=a+b=2t=1t=0.
In conclusion we have a = b = 0. Hence p Ns = {0}. Observe that
dims = dim b, + dimb" — dim b = dimp,
then we have
gPl=pbDs.

It remains to show that p and s are isotropic subspace with respect to (, ).
Recall that (, )4 is an invariant symmetric bilinear form for g, note that
for any parabolic subalgebra by C q C g, its Levi factor m we have:

(Z,¥)g = (Tt Yn)m

for every z, y € q.
Let (a,b) € p then b = a;, and we have

<(a7b)’(a7 b)> = <a’ a>g_ <b’ b>[
= (a,a)qg — (ar, ap)y
= 0.

Let (a,b) € s then ap, + by, = 0. Recall that the Levi factor for by is h. We
get

<(aa b)a (av b)> = \q, a>g - <b7 b>[

(ap, an)y — (b, by)y
(ay, ap)y — (—an, —ab)y
(ap, an)y — (ap, ap)y

= 0.

This finished the proof that (g @ [,p,s) is the Manin triple associated to
p. O
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1.3 Poisson groups

1.3.1 Poisson affine algebraic group

Let G an affine algebraic groups over an algebraic closed field k. Let k[G]
its coordinate ring. We know that k[G] is a Hopf algebra with

Comultiplication: A : k[G] — k[G] ® k[G]
Antipode:  S: k[G] — k[G]
Counit: €: k[G] =k

given respectively by A(f)(hi,h2) = f(hih2), V hi, ha € G, S(f)(h) =
f(h1,Vhea, ef) = f(e) where e € G is the identity element.

Definition 1.3.1. Suppose that a Hopf algebra A is equipped with a Poisson
algebra structure. We say that A is a Poisson Hopf algebra if both structure
are compatible in the sense that the comultiplication A is a Poisson algebra
homomorphism, where the Poisson structure on A ® A is given by

{a®b,c®d} ={a,c} @ bd+ ac® {b,d}

Property. Let A be a Poisson Hopf algebra, then the counit € is a Poisson
algebra homomorphism, and the antipode S is a Poisson algebra antiauto-
morphism.

Proof. See [KS98|, page 18. O

We know that the algebra k[G] of regular functions on an algebraic group
G is a Hopf algebra. Recall that it is also a Poisson algebra if G is a Poisson
algebraic variety.

Definition 1.3.2. 1. Suppose G is an algebraic group over the field k
equipped with a Poisson manifold structure. We say that G is a Poisson
algebraic group if the algebra k[G] of regular functions on G is a Poisson
Hopf algebra.

2. Equivalently, G is a Poisson algebraic group if the multiplication m :
G x G — G is a Poisson map.

Property. Let G a Poisson algebraic group, then the map s : G — G, such
that s(g) = g~ for every g € G, is an anti-Poisson map, i.e. the dual map
s* : k[G] — K[G] is an antihomomorphism of Poisson map.

Note. Poisson algebraic groups form a category, with morphisms being ho-
momorphisms which are the same time Poisson maps.
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1.3.2 Poisson Lie group

The definition of Poisson algebraic group formulated in the language of points
can be easily carried over to the case of Poisson Lie groups. The principal
difficulty is that the comultiplication maps goes into C*°(G x G) but not
necessarily into C*°(G) ® C*(G) # C*(G x G)

Definition 1.3.3. Let G be a Lie group and at the same time, a Poisson
manifold. We say that G is a Poisson Lie Group if the multiplication m :
G x G — @ is a Poisson map.

Note. Poisson Lie groups form a category, with morphisms being homomor-
phisms which are the same time Poisson maps.

Proposition 1.3.4. Let G be both a Lie group and a Poisson manifold, and
let  be the bivector field corresponding to the Poisson manifold structure on
G. Then G is a Poisson Lie group if and only if w satisfies the following
condition:

m(g192) = (lg1)«7(92) + (rg>)«7(g1)

for any g1, g2 € G, where [, is the left multiplication and rg is the right
multiplication.

Proof. See [KS98|, page 19. O

Corollary 1.3.5. The unit element of a Poisson Lie group is always a zero-
dimensional symplectic leaf

In this thesis we always used Poisson algebraic groups so we shall describe
Poisson brackets on the algebras of regular functions.

Example 1.3.6. Every Lie group G with trivial Poisson bracket is a Poisson
Lie group.

Example 1.3.7. Consider the abelian Lie group G = C". Note that by
linearity it suffices to define the Poisson bracket on the coordinate function.
To get a Poisson Lie group structure we can take:

n
{4, 2} = Z Cf’jxk
k=1

where x,,, m = 0...n, are the coordinate function, and the structure con-
stant cf’ ; satisfy the following condition:

koo k
CGj = TG
n

I m I m I m _
Z <Ci,jcl,k + Gkt + Ck,icl,j> =0
I=1
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Example 1.3.8. An important special case of the previous example is The
Kirillov-Kostant bracket. Let g a lie algebra. Consider the dual vector space
g* equipped with the structure of abelian Lie group. The Kirillov-Kostant
bracket on g* is given by:

{a7 b} = [CL, b}g

where a, b € g are regarded as linear function on g*.
Example 1.3.9. Consider the Lie group G = SLy(C) of complex 2 x 2

matrices with determinant 1. Then the following relations define a Poisson
Lie group structure on G:

{t11,t12} = —tiitao,
{tin, tr} = —tiiton,
{t12,t22} = —t1aton,
{ta1,t22} = —tarton,
{tiz,t:1} = 0,
{t11,t22} = —2t1at,

where t;;, (i, = 1,2), are the matrix elements.

1.3.3 The correspondence between Poisson Lie groups and Lie bialgebras

One of the most important facts of the Lie theory is the correspondence
between Lie groups and Lie algebras. Recall that given a Lie group G,
the tangent space at the unit element has a canonical Lie algebra structure.
Conversely, given a Lie algebra g, there exists a unique connected and simple
connected Lie group whose tangent space at the unit element is isomorphic
to g as Lie algebra.

We establish now a Poisson counterpart of this result. Let G a Poisson
Lie group, and g its Lie algebra. As usual identify g with the tangent space
T.G to G at the unit element of the group. Define a linear map ¢ : g — gA g
as the linear map which is dual to the Lie bracket in g* = TG given by

la, 8] = de{f, g} (1.3)
for any «, B € g*, where f, g € C*°(G) are such that

def = q, deg = ﬁ

Theorem 1.3.10. (i) Let G be a Poisson Lie group. Then there exists a
canonical Lie bialgebra structure on the Lie algebra g = T.G with the
cobracket ¢ : g — g A g given by 1.5.

(ii) Let G be a Lie group, and suppose that the Lie algebra g = T.G is
equipped with a Lie bialgebra structure. Then there exist a unique Pois-
son Lie group structure on G such that 1.8 holds.
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Proof. See |KS98|, page 21. O

Proposition 1.3.11. (i) The correspondence G — g = T.G established a
covariant functor from the category of the Poisson Lie groups to the
category of Lie bialgebras.

(ii) The correspondence establishes an equivalence between the full subcat-
egory of connected and simply connected Poisson Lie groups and the
category of Lie bialgebras.

Example 1.3.12. Let G be a Lie group with trivial Poisson structure then
g is a Lie bialgebra with trivial cobracket

Example 1.3.13. Let G be the Lie group with Kostant-Kirillov structure,
define in example 1.3.8, then g is the Lie bialgebra given in the example 1.2.4

Definition 1.3.14. Let G be a Poisson Lie group, g the Lie bialgebra of G.

1. A connected Poisson Lie group G* which corresponds to the Lie bial-
gebra g* is called a dual Poisson Lie group.

2. A connected Poisson Lie group D(G) which corresponds to the double
Lie bialgebra D(g) is called a double Poisson Lie group of G

1.4 Symplectic leaves in Poisson groups

1.4.1 Symplectic leaves in Poisson Lie groups and dressing action

Now we use theorem 1.1.12 to describe symplectic leaves in a Poisson Lie
group. The double Poisson Lie group construction allows us to describe
the symplectic leaves locally as the orbits of the so-called dressing action.
Throughout the section the word “locally” means “in a neighborhood of the
unit element of the group”.

Let G be a Poisson Lie group, and g the Lie bialgebra of G. Recall that
we have a simple description of the dual Lie bialgebra structure on D(g) by

pla)=la®@1+1®a,r]

for any a € D(g), where r = ) ey ® €%, {eq} being a basis of g and {e“}
the dual basis of g*.

Proposition 1.4.1. The Poisson bracket on D(G) is given by
{1, 2} =D (0af16% f2 = 6% frdafa) = > (50 f1(8%) f2 = (6%) 16}, f2)

where 6o (resp. 97,) is the right (resp. the left) invariant vector field on D(G)
which takes the value e, at the unit element of D(G), while 6 (resp. (6¢)’°)
is the right (resp. the left) invariant vector field on D(G) which takes the
value e at the unit element of D(G).
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Proof. See |[KS98|, page 23. O

Proposition 1.4.2. The multiplication maps

m : GxG" — DG, (1.4)
m : G"xG— D(G) (1.5)

are local Poisson diffeomorphisms in a neighborhood of the unit element.

Proof. This is an easy consequence of the fact that D(g) = g® g* as a vector
space. ]

It is clear that one can identify locally G with G*\D(G) or with D(G)/G*.
Consider the natural projection p; : D(G) — G* \ D(G) and p2 : D(G) —
D(G)/G*. Then we have the following property

Proposition 1.4.3. The Poisson manifold structure on the double Lie group
D(G) induces Poisson manifold structure on G* \ D(G) and D(G)/G* such
that the natural projections p1 and ps are Poisson maps. Both manifolds are
isomorphic to G as Poisson manifolds in a neighborhood of the coset G*.

Now we introduce the notion of left and right dressing actions. First we
define them locally. Given g € G and h € G* which lie in some neighborhoods
of the unit element of D(G), using proposition 1.4.2 there exist unique g" € G
and h?Y € G* such that

hg = g"h9 (1.6)

This formula defines a local left action of G* on GG and a local right action
of G on G* given by
h:g—g" g:h— h9 (1.7)

respectively. Note that we can replace G by G* and vice versa, so that we
have also a local right action of G* on G and a local left action of G on G*.

Definition 1.4.4. The local left (risp. right) action of G on G* define by
1.6 and 1.7 is called local left (risp. right) dressing action of G on G*. If
it can be extended to a global action, the latter is called global left (resp.
right) dressing action of G on G*.

Proposition 1.4.5. Let G a Poisson Lie group and G* the Poisson Lie
group dual to G. Then the symplectic leaves in G locally coincide with the
orbits of the right (or left) dressing action of G*. In particular, if the right
(resp. left) dressing action is defined globally, the symplectic leaves are the
orbits of the right (risp. left) dressing action.

Proof. See |[KS98|, page 26. O
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Theorem 1.4.6. Let g € G belong to a sufficiently small neighborhood of
the unit element in G. The symplectic leaf in G passing trough g locally (in
some neighborhood of g) is the image of the double coset G*gG* C D(G)
under the natural projection D(G) — D(G)/G* = G

Proof. See |[KS98|, page 27. O

1.4.2 Symplectic leaves in simple complex Poisson Lie groups

Let G be a finite dimensional simple complex Lie group, and g the Lie algebra
of G. Suppose that g is equipped with the standard bialgebra structure
described in the example 1.2.5. It induces a Poisson Lie group structure on
G which is also called standard. Our goal is to describe the symplectic leaves
in G.

Let (gdg, g,5) the Manin triple associated to g, described in the example
1.2.14. It is easy to see that D(G) is isomorphic to G x G as Lie group and
we can choose G* = {(g1,92) : g1 € By, g2 € B_ and (g1)u(92)u = €} as
dual Poisson group. It is also clear that G - G* is dense and open in D(G).
Moreover, the multiplication map m : G x G* — G - G* is a covering space.

We conclude that the image G of the quotient map p : G — D(G)/G* is
dense and open in D(G)/G*. By theorem 1.1.12 and theorem 1.4.6 we get

Lemma 1.4.7. (i) Any symplectic leaf in G is a connected component of
the fiber p~*(S), where S is a symplectic leaf in G

(i) Any symplectic leaf in G is of the form G N G*gG*/G* for some g €
G C D(G).

Now we want to describe the symplectic leaves. It appears that they are
related to the Bruhat decomposition.

Let by = ny @b be the Borel subalgebra of g, and By the corresponding
Borel subgroup of G. Recall that the Weyl group W is generated by the
simple reflection s; : h* — h* given by:

2(A\, o)
() = A\ — )
SN =2 e
where a4, ..., q, are the simple root, and r = dimb is the rank of g. The

following results are well know (cf. [Ste68])

Proposition 1.4.8. The following decomposition of G holds:

G= () BiwB: (1.8)
wew

It is called the Bruhat decomposition of G
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Let X = G/By the flag manifold. By proposition 1.4.8, we have

X = U X, where X, = BywBy /By
wew

Definition 1.4.9. X, is the so-called Schubert cell of X corresponding to
weW.

It is well know that X, is naturally isomorphic to CH*), where I(w) is
the length of w.

Proposition 1.4.10. The following Bruhat decomposition holds:

D(G) = U P(wi,w)-P, (1.9)
(wl,wQ)EWXW

where P = HG* and H 1is the distinguished Cartan subgroup of G associated
to h.

Consider the following sets:

C(wl,w) = (G* ) (wl,wQ) : G*)/G*,

B(wl,wg) C(wl,wg) N Ga
Ay wa) = p! <U hB(wl,w2)>
heH

Proposition 1.4.11. (i) each symplectic leaf in G is of the form hB(
for some h € H and (wi,w2) € W x W.

w1,w2)

(ii) each symplectic leaf in G is of the form hA(,, .,y for some h € H and
(wi,wz) €W X W.

Proposition 1.4.12. Denote s(wi,ws) = codimp ker(wiwy " — 1). Then

C(m,wz) o fgowrwn) o clwn)+iw2)
Example 1.4.13. The following is the full list of the symplectic leaves in
SLy(C):
t 0
CTt = { < 0 t_l > } )t 7é O)
TA . t b .
t (67(4}0) - 0 til . b # O ’t ;é O’
t 0
iTtA(wOve) = {( c t_l > :C 75 O} 7t 7é 07
a b b 9
EA(wO,wO) = {<C d):b,c#(),C:t}’t?éO'
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Finally, consider the map u : G* — G given by pu((b1,b2)) = bl_lbg,
so that p is a covering of the big Bruhat cell B~ B™. De Concini, Ka¢ and
Procesi shows in [DCKP92|, that as soon as C' C G is a conjugacy class, until
dim C > 0, p~1(C) C G* is a single symplectic leaf of G*. If dim C = 0, i.e.
C = {z} is an element of the center of G, then y~!(x) has a finite number
of elements each of which is a symplectic leaf.



2. ALGEBRAS WITH TRACE

In this chapter we will require some slight knowledge of the theory of algebras
with trace that will be useful, in the next chapters, for the study of quantum
groups and quasi polynomial algebras. More details and a more general
approach in order to study these algebras can be found in [Pro87|, [Pro73],
[Pro74| or [Pro79|.

2.1 Definition and properties

Let A be an associative algebra with an unit element 1 over a field k of
characteristic 0 and let us denote the algebraic closure of k by k.

Definition 2.1.1. A trace map in an algebra A is a linear map
tr:A— A
satisfying the following axioms: for all pairs of element a, b € A
1. tr(ab) = tr(ba)
2. tr(a)b = btr(a)
3. tr(tr(a)b) = tr(a)tr(b)
An algebra with a trace map is called algebra with trace

Note. The value of the trace is a subalgebra of the center of A (by condition
2).

An ideal I of A algebra with trace is an ordinary ideal closed under trace,
so that A/I inherits a trace.

We are interested in a particular family of algebra with trace as in [Pro87].
Once we have a trace map we want to define for all a € A the element oy (a)
"the symmetric function over the eigenvalue of a", by declaring that tr(a*)
should be the sum of the k" power of the eigenvalues of a. To do this recall
that in the ring Q[z1,...,x,] it defines the elementary symmetric function
by the identity

n

[t =) =D (~1)oit®

=0
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and the power sums function 9, = fo It is easy to prove that, for every
k < n, is a polynomial pg(y1,...,yx) with rational coefficient, independent
of n and such that:

O = pk‘(djla cee 7wk‘)
We then set
or(a) = pi(tr(a), ... tr(a").

Next we can formally define for every element a € A and for every integer
d a d"-characteristic polynomial:

d

Xd,alt] = Z(—l)igi(a)td—i

1=0

Definition 2.1.2. 1. We say that an algebra A with trace satisfies the
d™-formal Cayley-Hamilton theorem if x44[a] = 0 for all a € A.

2. We say that A has degree d if it satisfies the d*"-formal Cayley-Hamilton
theorem and ¢r(1) = d.

Note that algebra with trace of degree d form a category with morphisms
being algebra morphisms compatible with trace, which will be denoted by
Cq.

2.2 Representations

We are interested in a representation theory of algebra with trace of degree
d. Let give an example

Example 2.2.1. Let A be a commutative algebra, then My(A) with the
ordinary trace is an algebra with trace of degree d.

Definition 2.2.2. A n dimensional representation of an algebra with trace R
with value in a commutative algebra A is an homomorphism p : R — M, (A)
compatible with the trace map. If A = k we think of this representation as
a geometric point.

Remark 2.2.3. We have necessarily n = d, since
d = p(tr(1)) = tr(p(1) = tr(1) =,

where I is the identity matrix of M, (A).

Before stating the main theorem of this section, we will give some exam-
ples of algebra with trace. In order to simplify the treatment and stick to a
geometric language we assume, from now until the end of the chapter, that
k is algebraically closed and of characteristic 0.
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Example 2.2.4. Consider A to be an order in a finite dimensional central
simple algebra D. This means that the center of A is a domain, A is torsion
free over Z and, we have D = A®zQ(Z), where Q(Z) is the field of fractions
of Z. In other words, A embeds naturally in D which is its ring of fractions.

If Q(Z) is the algebraic closure of Q(Z), we have that A ®z Q(Z) is the full
ring My(Q(Z). Hence we have on D, and on A, the usual reduced trace map
tr: D — Q(Z). It is well known that tr(A) = Z, if A is a finite Z module,
Z is integrally closed and the characteristic is 0. So under this hypotheses
A is an algebra of degree d. For more details cf. [Pro73] or [MR87].

Example 2.2.5. The second example is given by Azumaya algebras (cf
[Art69]). Recall that:

Definition 2.2.6. An algebra R over a commutative ring A is called an
Azumaya algebra of degree d over A, if there exists a faithfully flat extension
B of A such that R ®4 B is isomorphic to the algebra My(B).

In this case it’s easy to show that the ordinary trace maps R into A.

Let R be a finitely generated algebra, we want to describe it’s d dimen-
sional representation.

Theorem 2.2.7. Assumes that R € Cq is a finitely generated algebra. Set
T = tr(R).

(i) T is a finitely generated algebra, and R is s finite module over T.
In particular T s the coordinate Ting of an affine algebraic variety
X7 = Maxspec (T).

(ii) The points of Xp parameterize equivalence classes of d-dimensional,
trace compatible, and semisimple representations of R

(iii) Set Spec(R) equivalences classes of irreducible representations of R.
The canonical map Spec(R) X X7, induced by the central characters,
1s surjective and each fiber consists of all those irreducible representa-
tions of R which are irreducible components of the corresponding semi-
simple representation. In particular each irreducible representation of
R has dimension at most d.

(iv) The set

Qr = {a € Spec(T), such that the corresponding semisimple

representation is irreducible}

is a Zariski open set. This is exactly the part of Spec(T) over which R
is an Azumaya algebra of degree d.

Proof. See [DCP93| theorem 4.5, page 48. O
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Remark 2.2.8. (1) If R is an order in a central simple algebra of degree
d then T equals the center of R, furthermore since the central simple
algebra splits in a d dimensional matrix algebra which one may consider
as a generic irreducible representation, it is easily seen that the open
set Q0 is non empty.

(2) If T is a finitely generated module over a subalgebra Zj, we can consider
the finite surjective morphism

7 : Spec(T") — Spec(Zp).
Then by the properness of 7 we get that the set
QY = {a € Spec(Zy) : 7 a) C Qr}

is a Zariski open dense subset of Spec(Z)).

We will use this remark in the theory of quantum groups where there is
a natural subalgebra Zy which appears in the picture.



3. TWISTED POLYNOMIAL ALGEBRAS

In this chapter we introduce the main notion of quasi polynomial algebras,
or skew polynomial. Note that as the quantum enveloping algebras are the
“quantum” version of the universal enveloping algebras of a Lie algebra, we
can think that twisted polynomial algebras are the “quantum” version of
the symmetric algebra of a Lie algebra. More details on twisted polynomial
algebras can be found, for examples, in [DCP93] or [Man91].

3.1 Useful notation and first properties

Before giving the definition of twisted polynomial algebra, we want to intro-
duce some notations, all will be useful in the sequel.

Let fix an invertible element g € C different from 1 and —1 so that the
fraction 7 (11,1 is well defined. For all n € Z, set

n

[n]:u

- q_l — qnfl + qnf?) 4t q7n+3 4 q*’rlri’l'

We have the following relation:

[-n] = —In]

[n+m] = ¢"[m]+q"[n]

Observe that if ¢ is not a root of unity then ¥V n € Z, non zero, [n] # 0. If ¢
is a primitive [** root of unity, with I > 2, define

{ lif | is odd
6:

% if [ is even.
Now is easy to check that
Property. If q is a primitive | root of unity then
(i) [n]=0<n=0 mode
(ii) [l = [n].

We can now define the ¢ analogue of the factorials and of the binomial
coefficients
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Definition 3.1.1. For integer 0 < k < n, set [0]! =1,

[kt =[] - [#],

BT

Proposition 3.1.2. If z and y are variables subject to the following relation
2y = ¢*yx then, forn >0,

(z+y)" Zq’“"’“)[ }’“”’“ (3.1)

if k>0, and

Proof. We begin by stating the q analogue of the Pascal identity:

L el ]
then by induction on n the statement follow O
Corollary 3.1.3. If q is a primitive | root of unity,and xy = ¢*yx then
(x +y)° =a°+y°

Proof. Observe that

[Z]:0forallksuchthat0<kr<e.

Apply this in the formula 3.1 and the statement fallow. O

We give now some notations that will be useful in chapter 4 in order to
define the relations of the quantum groups. Fix d € N, for all n € Z, set

n

q"—q

n =

We can now extend the definitions of g-factorial and g-binomial, in the fol-
lowing way

Definition 3.1.4. For integer 0 < k < n, set [0]!y = 1,
[klta = [tg- - [Kla,

if £ > 0, and
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3.2 Definition

Let A be an algebra over an algebraic closed field k, and ¢ an automorphism
of A.

Definition 3.2.1. A twisted derivation of A relative to o is a linear map
D : A — A such that:

D(ab) = D(a)b+ o(a)D(b)
Va,be A

Definition 3.2.2. A twisted derivation D is called inner, if it exists in an
element a € A such that:

D(b) = ab—o(b)a
and we denote it adsa.

Property. Let a € A and o be an automorphism such that o(a) = ¢*a where
q 1s a scalar. Then

adsa)™ _ m _1\J,d(m=1) m a9 ()
(adsa)™ (b) ;O(”q []] o)

Corollary 3.2.3. Under the hypothesis of Property 3.2 we have:

(adya)® (z) = a®z — o°(x)a®

if ¢ s a primitive [-th root of 1.

Fix an automorphism ¢ of A and a twisted derivation D of A relative to
o

Definition 3.2.4. We define the twisted derivation algebra A, p[z] in the
indeterminate x to be the k-module A ®y k[z] thought as formal polynomials
with multiplications defined by the rule:

za = o(a)x + D(a).
When D = 0, we will call it twisted polynomial algebra and we denote it by
A lz].

Let us notice that if a, b € A and a is invertible we can perform the
change of variables
y:=axr+b

and we see that

Asplz] = A pr 2],
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for a suitable pair (¢, D’). In order to see this, it is better to make the
formulas explicit separately when b = 0 and when a = 1. In the first case

yc = axc = a(o(c)z + D(c)) = a(o(c))a 'y + aD(c),
and we see that the new automorphism ¢’ is the composition Ad(a)o, and

D' = aD, where Ad(a)(z) = axa™'.

In the case a = 1, we have
yc = (z+b)c =o(c)x + D(c) + be = o(c)y + D(c) + bec — o (c)b,
so that ¢/ = o0 and D' = D + ad, b. Summarizing we have

Proposition 3.2.5. Changing o, D to Ad(a)o, aD (resp. to o, D +ad,b)
does not change the tuisted derivation algebra up to isomorphism.
Remark 3.2.6. It is clear that if A has no zero divisors, then the algebra
A, plr] and A,[z,27!] also have no zero divisors.

Given a twisted polynomial algebra A, p[x], we can construct a natural
filtration given by

deg(p(z)) = n

where p(z) = apz™ + ...+ ap, an, # 0. The associated graded algebra is
clearly As[z].

Definition 3.2.7. We shall say that the algebra A,[x] is a simple degener-
ation of A, plz].

Example 3.2.8. Let A be an algebra over a field k of characteristic 0, let
x1,...,T, be a set of generators of A and let Zy be a central subalgebra of
A.

For each i = 1,...,n, denote by A’ the subalgebra of A generated by
T1,...,T;, and let Z(i) = ZyN A*. We assume the following three conditions
hold for each i =1,...,n:

L. @z = bejo0; + By it @ > j, where b;; € k, P € AL

2. 0i(x;) = b;;x; for j < i define an automorphism of AL

3. D,(a;j) = Pij for 5 < i.
We obtain

. -
A=Al D [z

as twisted polynomial algebra. For every ¢, we may consider the twisted
polynomial algebra A" defined by the relation z;x; = bj;xja; for j <i. We
call this the associated quasi polynomial algebra.

Theorem 3.2.9. Under the above assumptions, the quasi polynomial algebra
A ="A" is obtained from A by a sequence of simple degenerations.

Proof. See [DCP93| theorem 5.3, page 56. O
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3.3 Representation theory of twisted derivation algebras

We want to analyze some interesting cases of the previous constructions for
which the resulting algebras are finite modules over their centers and thus we
can develop for them the notion of degree and a good representation theory.

Let us first make a reduction, consider a finite dimensional semisimple
algebra A over an algebraic closed field k, let €, ke; be the fixed points of
the center of A under o where the ¢; are the central idempotents. We have

D(e;) = D(ez) = 2D(e;)e;,

(3

hence D(e;) = 0. It follows that, decomposing A = @;Ae;, each component
Ae; is stable under ¢ and D and thus we have

A plz] = @B (Aei), p [2].

i

This allows us to restrict our analysis to the case in which 1 is the only
central idempotent.
The second reduction is described by the following:

Lemma 3.3.1. Consider the algebra A = kP with o the cyclic permutation
of the summands and let D be a twisted derivation of this algebra relative to
o. Then D is an inner twisted derivation.

Proposition 3.3.2. Let o be the cyclic permutation of the summand of the
algebra kK¥™. Then

(i) k™ [w, afl] 1s an Azumaya algebra of degree k over its center
k[z™ ™"

(ii) k& [w,x_l] Qpjzna—n] k [x,:r:_l] is the algebra of n x n matrices over
k [SU, :1:_1] .

Proof. |DCP93| proposition 6.1, page 56. O

Assume now that A is semisimple and that o induces a cyclic permutation
of the central idempotents

Lemma 3.3.3. (i) A= My(k)®".

(i) Let D be a twisted derivation of A relative to o. Then the pair (o, D)
is equivalent to the pair (o’,0) where

O'/(Cbl, az, . .. 7an) = (ana ai, ... 7an—1)
Proof. |DCP93| lemma 6.2, page 57. O

Summarizing we have
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Proposition 3.3.4. Let A be a finite dimensional semisimple algebra over
an algebraic closed field k. Let o be an automorphism of A which induces a
cyclic permutation pf order n of the central idempotents of A. Let D be a
twisted derivation of A relative to o. Then:

I

Ao plz] My(k) © k2" [x],
AU7D[J},$_1] > My(k)® k?"[x,x_l].

This last algebra is Azumaya of degree dk.

We can now globalize the previous construction. Let A be a prime algebra
(i.e aAb =0, a, b € A, implies that a = 0 or b = 0) over the field k and
let Z be the center of A. Then Z is a domain and A is torsion free over
Z. Assume that A is a finite module over Z. Then A embeds in a finite
dimensional central simple algebra Q(A) = A ®z Q(Z), where Q(Z) is the
ring of fraction of Z. If Q(Z) denotes the algebraic closure of Q(Z) we have
that A®z Q(Z) is the full ring My(Q(Z)). Then d is called the degree of A.

Let o be an automorphism of the algebra A and let D be a twisted
derivation of A relative to . Assume that

(a) There is a subalgebra Zjy of Z such that Z is finite over Zp.
(b) D vanishes on Zj and o restricted to Zj is the identity.

These assumptions imply that o restricted to Z is an automorphism of finite
order. Let d be the degree of A and let k be the order of o on the center Z.

Definition 3.3.5. If A is an order in a finite dimensional central simple
algebra and (o, D) satisfy the previous conditions we shall say that the triple
(A,0,D) is finite.

Assume that the field k has characteristic 0. Then

Theorem 3.3.6. Under the above assumptions the twisted polynomial alge-
bra Ag plz] is an order in a central simple algebra of degree kd.

Proof. |DCP93| theorem 6.3, page 58. O

Corollary 3.3.7. Under the above assumptions, Ay p(z] and As[x] have the
same degree.

Let A a prime algebra over a field k of characteristic 0, let z1,...,x,
be a set of generators of A and let Z; a central subalgebra of A. For each
i=1,...,k, denote by A’ the subalgebra of A generated by x1,...,z, and
let Z§ = Zo N A

We assume, as in example 3.2.8, that the following three conditions hold
foreach i =1,... k:
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(a) Tixj = bijle’i + Pij if ¢ > j, where bij ek, Pij e AL,
(b) A?is a finite module over Z{.

(c) Formulas o(z;) = bijz; for j < i define an automorphism of A*~!
which is the identity on Zéfl.

Note that letting D;(z;) = P,; for j < i, we obtain A" = Af;é[:c,},
so that A is an iterated twisted polynomial algebra. We may consider the
twisted polynomial algebra A" with zero derivations, so that the relations
are x;xj = bjjxjx; for j < i. we call this the associated twisted polynomial
algebra.

We can state the main theorem of this section.

Theorem 3.3.8. Under the above assumptions, the degree of A is equal to
the degree of the associated quasi polynomial algebra A.

Proof. By theorem 3.2.9 A is obtained from A with a sequence of simple
degenerations, hence by corollary 3.3.7, it follows that they have the same
degree. O

3.4 Representation theory of twisted polynomial algebras

Let k a field and 0 # ¢ € k a given element. Given n x n skew symmet-
ric matrix H = (hj;) over Z, we construct the twisted polynomial algebra
kgr[x1,...,zy]. This is the algebra on generators xy,...,z, and the follow-
ing defining relations:

Tixj = qhijwjxi (3.2)

fori,j =1,...,n. It can be viewed as an iterated twisted polynomial algebra
with respect to any order of the z;’s. Similarly we can define the twisted Lau-
rent polynomial algebra kg [:cl,xl_l, ..., xn, 2], Note that both algebras
have no zero divisors.

To study its spectrum we start with a simple general lemma.

Lemma 3.4.1. If M is an irreducible As[x] module, then there are two
possibilities:

(i) x =0, hence M is actually an A module.
(ii) w is invertible, hence M is actually an Ay[z,r~1] module.
Proof. 1t is clear that imx and ker x are submodules of M. O

Corollary 3.4.2. In any irreducible kg[z1, ..., x,] module, each element x;
15 either O or invertible.
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Given a = (a1,a2,...,a,) € Z", we shall write * = z{*25? ... 20"
The torus (k*)" acts by automorphisms of the algebra kg[zy,...,z,] and
kH[xl,xl_l, ..., xp, 2] in the usual way, the monomial 2% being a weight

vector of weight a. Consider the group G of inner automorphisms of the
twisted Laurent polynomials generate by conjugation by the variables z;.
Clearly G induces a group of automorphisms of the twisted polynomial al-
gebra which are by 3.2 in this torus of automorphisms. In fact one can
formalize this as follows:

Let I' := {041:“ o€ kX} be the set of non zero monomials. Then I is a
group, k™ is a central subgroup and I'/k* is free abelian, the homomorphism
I' — (k*)" given by considering the associated inner automorphisms has as
kernel the monomials in the center.

Let € be a primitive I** root of 1 in k and now take ¢ = . We consider
the matrix H as a matrix of a homomorphism H : Z"™ — (Z/IZ)", and we
denote by K the kernel of H and by h the cardinality of the image of H.

Proposition 3.4.3. (i) The elements z* with a = (a1,...,a,) € KNZY}
(resp. a € K) form a basis of the center of ki[z1,xa,...,x,] (Tesp.
kglry,ait, . o).

(ii) Let a®.a@ ... a™ be a set of representative of Z" mod K.

. 1 2 h
Then the monomials x® ),za( b ,.’L’a( g

kIH[:El,:Ul_l, ooy T,z Y] over dts center.

(iii) deg kg1, ... o) = deg kg1, z7", ... 20, 2, = VI

form a basis of the algebra

Proof. Define a skew symmetric bilinear form on Z" by letting for a =
(aty...,an), b= (b1,...,by) € Z™

<a|b> = Z hijaibj.

3,j=1

Then we have
2% = @) g, (3.3)

Since the center is invariant with respect to the action of (k)™ it must have
a basis of elements from the form x®. This together with 3.3 implies (7).
(i) follows from (i) and the fact that

xaxb _ 6c(a\b)xoz+b (34)

where c(a,b) = >, ; hija;b;.
(1) follows from (7). O

Remark 3.4.4. The center of twisted polynomial algebra is the ring of in-
variants of a torus acting on a polynomial ring hence is integrally closed,
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moreover the algebra is finite over its center hence these algebras are closed
under trace and in fact from 3.4 one can easily deduce a formula for the trace

trz® = 0 if % is not in the center.

3.5 Maximal order

We have already stressed the importance of orders in a simple algebra, an
important special case is the notion of maximal order which in a non com-
mutative case replace the notion of an integrally closed domain. First we
summarize some results on maximal order, more details can be found in
[MRS87], and at the end of the section we give a relation between maximal
orders and twisted polynomial algebras.

Note. Every twisted polynomial algebra of the form kglz,...,z,] is an
order.

Given an order R in a central simple algebra D an element a € R is a
non zero divisor in R if and only if it is invertible in D, such an element
is called regular element. Given two orders R; and Rs let us consider the
following condition:

There exist regular elements a, b € Ry such that Ry C aRsb. This relation
generates an equivalence of orders and a mazimal order is one which is
maximal with respect to this equivalence.

Definition 3.5.1. An order R in a central simple algebra D is called mazimal
order if given any central element ¢ € Rand an algebra S with R C S C %R
we have necessarily that R = S.

We remark an important property of maximal orders:
Property. (i) The center Z of a maximal order R is integrally closed.

(ii) If R is finitely generated algebra over a field k then R is a finite module
over Z.

Corollary 3.5.2. A maximal order in a center simple algebra D of degree
d is closed under the reduced trace and hence it is an algebra in the category
Cqy.

Proof. See [DCP93], §4. O

We want to discuss now some criteria under which, by degeneration ar-
guments, we can deduce that an algebra is a maximal order.

The setting that we have chosen is suggested by the work on quantum
groups. We assume to have an algebra R, over some field k, with a commuta-
tive subalgebra A and elements x1, ..., ) satisfying some special conditions
which we will presently explain.
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Let us first introduce some notations. For an integral vector n :=
(n1,...,nk), n; € N we set degn := ni + ... +ng, and 2% = 2} ... ap*
we call such element a monomial. Furthermore we define on the set of in-
tegral vectors the degree lexicographic ordering, i.e. set n < m if either
degn < degm or degn = degm but n is less than m in the usual lexico-
graphic order, in this way N¥ becomes an ordered monoid.

We now impose:

1. The monomials 2™ are a basis of R as a left A module. Let us denote

by
R, = Z Ax™.

m<n

2. The subspace R,, gives a structure of filtered algebra with respect to
the ordered monoid N*¥. Furthermore we restrict the commutation
relations among the elements x; and A

3. xixj = a;jx;T; + bij with 0 # a;; € k and b;; lower than z;z; in the
filtration.

4. zija = oi(a)r; + lower term with o; an automorphism of A. Notice
that:

(a) aPa™ = \z™z™ + lower term, with 0 # X € k.

(b) The associated graded algebra R is a twisted polynomial ring over
A. In fact the class T; of the z; satisfy

TiTj = Q5T

Tia = 0 (a)@

5. A is integrally closed.

6. For every vector n there exists a monomial a = x™ such that n < m and
its class @ is in the center of R. Let us say for such an m is an almost
central monomial. Such monomial have simple special commutation
rules:

ar™ = 2™a+ lower term, Va € A.

m,.s m+s

rrf = «x + lower term,Vs.

We can finally state our result:

Theorem 3.5.3. Assume that R satisfies hypotheses 1 —6 then R is a mazx-
imal order.
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Proof. We follow De Concini and Kag (cf. [DCP93| theorem 6.5, page 59 or
[DCK90]). Let

z = ba™ + lower term

b € A be an element in the center of R and B be an algebra with R C B C
2z~'R. We must show that B = R. Let us then take any element u € B and
let y := zu € R.

We develop y := ax® + lower term, a € A, we need to show that u € R
by induction on s. In order to do this we first want to prove that b divides
a. Using hypotheses 6 and 4 we deduce that there is a monomial v € R such
that yv = z(uv) has the form

ar™ + lower term

with 2™ an almost central monomial.
Next write (yv)! = 2/~!z(uv)’ and remark that z(uv)! € R. Now

(yv)t = a’z™ + lower term.

Furthermore, we claim that
2= M\pb"2" + lower term,

for all h, A, € k*. This is easily proved, since z is central, by induction,
remarking that

2l = 2 (ba” 4 lower term) = bz""1z” + lower term

We deduce that

t. .tm

a'z™ 4 lower term = (yv) (3.5a)

= 27 lz(uw)! (3.5b)

= (A6 12T flower term)z(uv)t (3.5¢)

This relation implies that for all ¢, b*~! divides a’ in A, in other words

(a/b)! € b= A. Since A is integrally closed (hypothesis 5), we deduce that b
divides a in A as requested.

Next we claim that r divides s. In fact from y* = 2!~'ku® as for the

identity 3.5, we deduce that in the monoid N* the vector (¢ — 1)r divides ts
for all ¢, so r divides underlines and we can find an element w in R so that

- = 5w + lower term.

We can finish our argument by induction. Assume by contradiction that
there is an element v € B and not in R we may choose it in such a way that
the degree of y = zu € R is minimal. By the previous argument we know
that a = bf, f € A. Then fzw = zfw has the same leading term as y and
u — fw € B. By induction u — fw € R which gives us a contradiction. [

Proposition 3.5.4. kylzi,...,x,] is a mazimal order.

Proof. All the hypotheses of theorem 3.5.3 are satisfied. O
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4. GENERAL THEORY

We briefly recall the notations introduced in chapter 1. Let g be a simple
Lie algebra, h a fixed Cartan subalgebra, and let b be a Borel subalgebra
of g such that h C b. We denote by C' = (a; ;) the Cartan matrix of g,
so there exist d; such that (d;a;;) is a positive symmetric matrix. Let R
be the associated finite reduced root system, A its weight lattice and @ its
roots lattice, W the Weyl group. The choice of b gives us a set of positive
root RT, a set of simple roots II C R™ and a set of fundamental weights
Wi, .ny Wy € AL

4.1 Quantum universal enveloping Algebras

The quantum groups which will be the object of our study arise as g-
analogues of the universal enveloping algebra of our semisimple Lie algebra

g.
Definition 4.1.1. A simply connected quantum group Uy(g) associated to

the Cartan matrix C' is an algebra over C(q) on generators E;, F; (i =
1,---,n), K4 a € A, subject to the following relations

{ ol = Hows (4.1)

s=0 , - (4.4)
3 (—1)* [ — % } F 7T R Fs = 0if i # .
s=0 s d

1—ay; — Qs o
s [ ] E e =04
d

i

Where :L is the ¢ binomial coefficient defined in section 3.1.
la;

Note. When there is no possible confusion, we will simply denote U, (g) by
Uu.



4. General Theory 36

Note. One should think of F; and F; as g-analogues of the Chevalley gener-
ators of g.

Theorem 4.1.2. U has a Hopf algebra structure with comultiplication A,
antipode S and counit n defined by:

A(EZ) =F1+ Kai R F;
A(F)) =F,K_o, +1® F
A(Ky) = Ko @ K,

S(E;) = — Ko, E;
L] S(Fl) = _FiKal
S(Ky) = K_a
n(Ei) =0
o | n(F) =0
n(Ka) =1
Proof. See [Lus93|. O

Note. The quantum group in the sense of Drinfel’d-Jimbo is the subalgebra
Uq over C(q) generated by E;, Fj, KilLl = Kiq, (1 =1,---,n), we call it
also adjoint quantum group. More generally, for any lattice M between A
and @), we can define Uy to be the quantum group generated by the F;, F;
(¢t=1,---,n) and the Kg with 5 € M.

We denote by U+, U~ and U° the C(q)-subalgebra of Uy, generated by
the E;, the F; and Kjp respectively. The algebras Y and U~ are not Hopf
subalgebras as one immediately sees from theorem 4.1.2. On the other hand,
the algebra U0 := YTU° and U=V := YU~ are Hopf subalgebras and we
shall think to them as quantum deformation of the enveloping algebras U/(b)
and U(b~), we denote them U, (b) and U, (b™).

In fact we are interested in the study of a common generalization of U, (g)
and U,(b), namely U, (p) for b C p C g a parabolic subalgebra.

4.1.1 P.B.W. basis

First, following Lusztig [Lus93|, we define an action of the braid group By
(associated to W). Denote by T; the canonical generators of Byy, we define
the action as an automorphism of U, by the formulas:

TiKy = K, (4.5a)
T,E; = —~FK; (4.5b)
T,F; = —K; 'F; (4.5¢)
T,E; = (—adEi(_ai’j)) (E) (4.5d)

where if A(z) =) x; ® y;, then ad(x)(y) = > x;yS(y;).
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Now we use the braid group to construct analogues of the root vectors
associated to non simple roots.

Let us take a reduced expression wg = s;, ... s;, for the longest element
in the Weyl group W. Setting 3; = s;, - -~ 5;,_, (), we get a total order on
the set of positive root. We define the elements Eg, =T, ... T;,_, (E;;) and

ij_1
Fp, =T, ... Ti;_,(F;;). Note that this elements depend on the choice of the

reduced expression.
Lemma 4.1.3. (i) Eg, eUt, Vi=1...N
(i) Fg, €U, Yi=1...N
Lemma 4.1.4. (i) The monomials Elgi . Elgﬁ[’ are a C(q) basis of UT
(i) The monomials Fgll Fglf\\lf are a C(q) basis of U~
Poincaré Birkhoff Witt Theorem. The monomials
k k k k
Ep, -+ By Kakpy -+ Fy

are a C(q) basis of U. In fact as vector spaces, we have the tensor product
decomposition,

U=U"U’ U~
Proof. See |Lus93]. O

Levendorskii Soibelman relation. For i < j one has
()
By Ep, — ¢ Eg By = Y~ ¢ EF (4.6)
kezy

where ¢, € Clg,q7 Y] and ¢ # 0 only when k = (ki,...,ky) is such
that ks = 0 for s < i and s > 7, andEk:Egi--i?gx,

(i)
Fy Fg, —q P00 Fs Fg = > cpF* (4.7)
kez¥

where ¢, € Clq,q7 '] and ¢ # 0 only when k = (ky,--- ,ky) is such
that ks = 0 for s <i and s > j, and F* :FggFgll

Proof. See |[LS91b]. O

An immediate corollary is the following: Let w € W. Choose a reduce
expression for it, w = s;, ... s;,, which we complete to a reduced expression
Wo = Si; ... 8y of the longest element of W. Consider the elements Eg,,
i =1,...,k. Then we have:
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Proposition 4.1.5. (i) The elements Eg,, j = 1,...,k, generated a sub-
algebra U“ which is independent of the choice of the reduced expression
of w.

(ii) If ' = ws with s a simple reflection and l(w') = l(w)+1=k+1. then
U“ is a twisted polynomial algebra of type uzn [E6k+1]’ where o and
D are given by the following formula, given in 4.6

o(Eg) = q(/@j‘ﬁk+1)Eﬁj (4.8a)
D(Ez) = > B (4.8b)
kezll
Proof. See [DCP93]. O

The elements K, clearly normalize the algebra U“ and when we add
them to these algebras we are performing an iterated construction of Laurent
twisted polynomials. The related algebras will be called B“.

4.1.2 Degenerations of quantum groups

We want to construct some degenerations of our algebra U,(g) as the graded
algebra associated to suitable filtration.

Definition 4.1.6. Consider the monomials Mj, , o = FFK,E", where k =
(ki,... . kn), 7= (r1,...,7N) € Zf and o € A. The total height of My, , o =
FFK,E" is defined by

do(Myy = FFELE") = (ki + i) ht 3;,

1

And its total degree by
d(Mk,r,a) = (k:N, ceey k‘l, T1y.e-s TN, dO) c ZE_N+1,

where, ht § is the usual height of a root with respect to our choice of simple
roots.

We shall view ZiN *1 as a total ordered semigroup with the lexicographic
order <. L.S. relations allow us to introduce a ZiN +L_filtration of the algebra
U by letting Uy, s € ZiNH be the span of the monomials Mj, , o such that

d(Mk:,r,oc) <s.

Proposition 4.1.7. The associated graded algebra GrU of the ZiNﬂ—ﬁltered
algebra U is an algebra over C(q), on generators E,, « € R and Kg, f € A,
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subject to the following relations:

KaKp = Katp, Ko =1; (4.9a)
Kals = ¢ €K, (4.9b)
£l 3 =E g€ ifa,B e RY (4.9¢)

— o(@lB)
{ Ealp = ¢ EpEq if o, € R anda > . (4.94)

ol = q(alﬂ)gfﬁg_a
Proof. See [DCP93|, §10. O

Remark 4.1.8.  a) Considering the degree by total height dy, we obtain a
7., filtration of U, let U(®) = Grif the associated graded algebra. We
define by induction 4® the graded algebra associated to U0~1 with
respect to the Z -filtration given by

| [ rN—i if1<i<N
dz(Mk,r,a) = { kinif N+1<i<2N

It is clear that at last step we get the algebra Grif defined by 4.9, i.e.

UPN) =~ Gru

b) The algebra Gri/ is a twisted polynomial algebra over C(g) on genera-
tors Eg,,...,E8y, E—pyy--- E—p,, and Ky, ..., Ky, with the element KC;
inverted.

A first application of this methods is:
Theorem 4.1.9. The algebra U has no zero divisors.

Proof. Follows from remark 3.2.6. O

4.2 Quantum groups at root of unity

To obtain from U a well defined Hopf algebra by specializing g to an arbitrary
non zero complex number €, one can construct an integral form of U.

Definition 4.2.1. An integral form U, is a A subalgebra, where A =
Clg,q '], such that the natural map

Ur®aC(q) —U
is an isomorphism of C(q) algebra. We define
U =Us 4 C

using the homomorphism A — C taking ¢ to e.
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There are two different candidates for /4 the non restricted and the re-
stricted integral form, which lead to different specializations (with markedly
different representation theories) for certain values of e. We are interested
in the non restricted form. For more details one can see [CP95].

Introduce the elements

Kig" — K; '¢;"

L e’
qi — g,

with m > 0, where ¢; = ¢%.

Definition 4.2.2. The algebra U 4 is the A subalgebra of U generated by
the elements E;, Fj;, KijEl and L; = [K;; OLH’ fori=1,...,n. With the map
A, S and 7 defined on the first set of generators as in 4.1.2 and with

AL)=LioK + K, '®L (4.10a)
S(L;) = —L; (4.10b)
n(L;) =0 (4.10¢)

Note. The defining relation of U 4 are as in 4.1.1 replacing 4.3 by
E;F; — F;E; = 0;;L;
and adding the relation
(¢i—q;")Li=K; — K !

Proposition 4.2.3. U4 with the previous definition is a Hopf algebra. More-
over, Uy 1s an integral form of U.

Proof. See |[CP95| or [DCP93| §12. O
Proposition 4.2.4. If 2% # 1 for all i, then

(i) Ue is generated over C by the elements E;, F;, and Kij[]L with defining
relations obtained from those in 4.1.1 by replacing q by €

(i) The monomials
k k k k
Ep, -+ By Kalgy -+ Fy

are a C basis of U,.
(i1i) The L.S. relations holds in U,.
Proof. See [DCP93] §12. O
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4.2.1 The center of U,

The center of U, consists of “two parts”, one coming from the center at a
“generic ¢’, the other from the fact that € is a root of 1. We begin by
describing the center at “q generic”.

Let Z be the center of U. Any element z € Z can be written as a linear
combinations of the elements of the basis of U given by the P.B.W. theorem.
Since z commutes with the K; for all 4, it follows that

p=) . ) Een
neQt rite Par(n)
where ¢, € U° and

Par(n) = {(ml,...,mN) e NV . Zmiai —n}.

)

Definition 4.2.5. The map h : Z +— U° defined by h(z) = g0 is called the
Harish Chandra homomorphism

Property. h is a homomorphism of algebras.

Proof. See [DCP93], §18. O

h allows us to describe Z as a ring. Any element ¢ € 4° may be regarded
as a C(q)-valued function on the weight lattice A in an obvious way: if
é=11", Kf", where t; € Z for all i, set V A\ € A

BN) = T e

and extended to U by linearity. Define an automorphism of C(q)-algebras
v : U — U° by setting v(K;) = ¢;K;. Then

Property. For all ¢ € U°
Y(P)(A) = ¢(A +p)
where p=1(a1+ ...+ an).

Let Q5 = {0 : Q — Za}, it is easy to see that Q% acts on U as a group of
automorphisms by

o Kz = o(B)Ks (4.11)
o-F, = o(a)F, (4.12)
o B, = E, (4.13)

for all « € RT, B € Q, and o € Q5. Note that W acts on Q3:

(w-0)(B) = (W™ (B));
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moreover, the action of Q)5 can be obviously extended to an action of the
semidirect product W x Q3.

Let W the subgroup generated by all conjugates cWo ™! of W by ele-
ments o € Q5.

Theorem 4.2.6. The homomorphism yoh : Z — U° is injective and its
image is precisely the set UV of fized points of the action of W on UP.

Proof. See [DCP93| or [CP95]. O

Example 4.2.7. Let g = sl2(C). Then W = W and U consist of the
Laurent polynomials in K7 which are invariant under Ky — K| ! Thus

UW s generated as an algebra over C(q) by

K+ K~}
(¢—q 1)
It easy to check that the quantum Casimir element

_ K1+ g K}
(q—q71)?

lies in Z and v~1(h(Q)) = ¢. It follows from theorem 4.2.6 that ) generates
Z as C(q)-algebra.

Q + EF

We see now the quantum analogue of the Harish Chandra’s theorem on
the central characters of the classical universal enveloping algebra. Let A € A
and define a homomorphism X : 4% — C(q) by K; — ¢(*N). Let

Xgr =Aoy Toh:Z = C(g)

Theorem 4.2.8. Let A\, u € A. Then x) = xp if and only if p = w(N) for
some w € W.

Proof. See |[CP95| O

Suppose now that € € C is a I** root of the unity such that [ is odd
and [ > d; for all i. Our aim is to describe the center Z. of .. We shall
assume a different approach from that used in the generic case. Let Z; =
(ZNA)/(q—e€), we call it the Harish Chandra part of the center. This is
not the full center, in fact we have

Proposition 4.2.9. The elements E., F. for o € RT, and K,f for i =
1,...,n liein Z..

Proof. See [DCP93], §21. O
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For a € RT, B € Q, set eq = E., fo = F. and kg = K/ZB; we shall
often write e; and f; for e,, and f,,. Let Zy (resp. Z(T, Z; , and Z8 be the
subalgebra of Z, generated by the e, f, and k:li (resp.eq, fo and k:li)

Proposition 4.2.10. (i) We have ZF C UF.

(ii) Multiplication defines an isomorphism of algebras

Zy ® Zy @ Z§ — Zy.

(iii) ZQ is the algebra of Laurent polynomial in the k;, and ZSE 1s the poly-
nomial algebra with generators the e, and f, respectively.

(i) We have ZE =UF N Z,

(v) The subalgebra Zy of Z. is preserved by the braid group algebra auto-
morphism T;.

(vi) Ue is a free Zy module with basis the set of monomial
Ef - BENKD . K FRY - FY
for which 0 < tj,s;,k; <, fori=1,...,nand j=1,...,N.
Proof. See [DCP93], §21. O
Therefore, we can completely describe the center of U..
Theorem 4.2.11. Z, is generated by Z1 and Zy.
Proof. See [DCP93], §21. O

The preceding proposition shows that U, is a finite Zy module. It follows
that Z. C U, is finite over Zy, and hence integral over Zy. By the Hilbert
basis theorem, Z. is a finitely generated algebra. Thus, the affine schemes
Spec(Z,) and Spec(Zy), namely the sets of algebra homomorphism from Z,
and Zp to C, are algebraic varieties. In fact, it is obvious that Spec(Zp)
is isomorphic to C*¥ x (C*)". Moreover the inclusion Zy — Z, induces a
projection 7 : Spec(Z,) — Spec(Zp), and we have

Proposition 4.2.12. Spec(Z.) is a normal affine variety and 7 is a finite
(surjective) map of degree ™.

Proof. See |CP95] or [DCP93] §21. O

We conclude this section by discussing the relation between the center
and the Hopf algebra structure of U.
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Property. We have
Ale)=e;@1+k e
A(fi)=fi®ki+1® f;
A(k)z) =k ®k;
Pr0p051t10n 4.2.13. Zy is a Hopf subalgebra of Ue, as are Z7, Z>0 ZSZJ
and 23" = 75 73.

It follows that Spec(Zp) inherits a Lie group structure from the Hopf
structure of U. In fact

Property. The formula

/
, —2'z
Z,2 lim ————
{ } g—e l qfl)
defines a Poisson bracket on Zy which gives to Spec Zy the structure of a
Poisson Lie group.

In order to study in more details the Poisson structure of Z,, we must
introduce some extra structure. For every q € C, define derivations e; and
fi of Uy by

e(u) = [[El u} (4.14)

it

F!
f.(u) = [ Z',u} . (4.15)
- [l]qz"
Note that, if we specialize to ¢ = €, we obtain at first sight an indeter-
minate result, since the E! and F} are central and [l], = 0. However, we
have

Proposition 4.2.14. On specializing to q = ¢ = €% the formulas 4.1/
induces well defined derivation of U.. In fact, we have the following explicit
formulas:

—Qjj

Qz‘(Ej) = 5 Z [ e ] ( Fsz‘l_r_Fil_erFir),
1 RN 1 _ _
&(Fy) = Joi5e—¢ D (Kie - K e B!
1 _
e(KY) = Fopaii(ei = € WK

and L is obtained from e; by using

To.e:T, = f.

wWo =4~ wo i

where i — i is the permutation of the nodes of the Dynkin diagram of g such
that wo(oy) = —a.
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Let G be the connected, simply connected Lie group with Lie algebra g,
let H C G be the maximal torus of G where LieH = b, and let N* be the
unipotent subgroups of G with Lie algebra n*. Note that H is canonically
identified with Spec(Z) by the paring

(exp(n), ki) = exp (2%\/3%(77))

for n € b, the Lie algebra of H. The product G = N~ HNT is well known
to be a dense open subset of G (in the complex topology), called the big cell.
We define maps

E : Spec(Zj)— N* (4.16)
F : Spec(Z;)— N~ (4.17)
K : Spec(Z)) — H (4.18)

and by multiplication a map
7 : EKF : Spec(Zy) = Spec(Z3) x Spec(Zy) x Spec(Zy ) — G

as follows. Fix a reduced expression of the longest element of W, wy =
Siy ---Siy, and let Eg ..., Eg, be the corresponding negative root of g.
Let

o= (6= 51) T Ty () € 2

which we regard as a complex valued function on Spec(Zjy). Then we define
maps E, F and K to be the products

Fo= oxp(fanFay) - oxp (fo, Fa) 3
E = exp (Two(fBN)Two (FﬂN)) ... C6Xp (TUJO (fﬂl)Two (Fﬂl))
K(h) = h?
where h € H

Proposition 4.2.15. The product map m = FKE : Spec(Zy) — G is inde-
pendent of the choice of reduced decomposition of wg, and is a covering of
degree 2.

Proof. See [DCP93], §16. O

Theorem 4.2.16. (i) Consider the Poisson structure on G defined in ex-
ample 1.2.14, then we have an identification of Spec(Zy) with a Poisson
dual to G. In particular Lie Spec(Zy) = s, where

5:{($,y)€b+@b_l$h+yh:0},

(i1) The symplectic leaves of Spec(Zy) coincide with the preimages of the
conjugacy classes in G under .

(i) If C C G is a conjugacy class and diim C' > 0 then 7~ (C') is connected.
Proof. see [ DCKP92| or [DCP93| §16. O
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4.3 Parametrization of irreducible representation of U,

As usual we assume that e is a primitive [ root of the unity with [ odd and
I > d; for all 4. All representation are on complex vector space.

We know that Z, acts by scalar operators on V' (cf [CP95]), so there exist
an homomorphism xy : Z. — C, the central character of V, such that

z-v=xv(z)v

for all z € Z. and v € V. Note that isomorphic representations have the
same central character, so assigning to a U, module its central character give
a well define map

= : Rap (U,) — Spec (Z0),

where Rap (Ue) is the set of isomorphism classes of irreducible ¢, modules,
and Spec (Z) is the set of algebraic homomorphisms Z, — C.
To see that = is surjective, let IX, for x € Spec(Z,), be the ideal in U,
generated by
kerxy ={z—x(2)-1:2z¢€ Z}.

To construct V € Z71(x) is the same as to construct an irreducible repre-
sentation of the algebra UX = U, /IX. Note that UX is finite dimensional and
non zero. Thus, we may take V', for example, has any irreducible subrepre-
sentation of the regular representation of UX.
Composing with the surjective map Spec(Z.) — Spec(Zy), we obtain a
surjective map
® : Rap(U) — Spec(Zp).

A priori in order to study representations one should study the representation
theory of the algebra UX, for all x € Spec(Zy). However by [DCKP92| (or
[DCPI3| §16), we have that

Theorem 4.3.1. Let x1 and x2 € Spec(Zy) such that x1 and x2 live in the

same symplectic leaf then UX' = UX2.

4.4 Degree of U..

Summarizing, if € is a primitive I** root of 1 with I odd and [ > d; for all i,
we have proved the following facts on U,:

e U, is a domain (cf theorem 4.1.9),
e U, is a finite module over Zy(cf proposition 4.2.10).

Since the L.S. relations holds U (cf proposition 4.2.4), we can apply the
theory developed in section 4.1.2, and we obtain that Grif, is a twisted
polynomial algebra, with some elements inverted. Hence all conditions of
theorem 3.5.3 are verified, so
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Theorem 4.4.1. U, is a maximal order.
Proof. See [DCK90]. O

Note. As we have seen in section 3.5, since U, is a maximal order, Z, is
integrally closed and U, € C,,, for some m € N.

Following example 2.2.4, we can make the following construction: denote
by Q. := Q(Z) the field of fraction of Z., we have that Q(U) := U, @z, Q.
is a division algebra, finite dimensional over its center Q). Denote by F the
maximal commutative subfield of Q(U,), we have that

(i) F is a finite extension of Q. of degree m,
(i) Q(U.) has dimension m? over Q.,
(iil) QUe) ®q, F = My (F).
So,

Proposition 4.4.2. There is a non empty closed proper subvariety D of
Spec(Z.) such that

(i) If x € Spec(Z,) \ D, then UX is isomorphic to M,,(C), and (hence)
there is, up to an isomorphism, exactly one irreducible U, module V,
with character x. One has dim V) = m.

(ii) If x € D, then dimUX > m?, but the dimension of every irreducible
UX module is strictly less than m.

Proof. Apply theorem 2.2.7. O
Note that, from the above discussion, we have:
dimg(zy) Qe = degT

dierQ(Z/{e) = m?
dimgz,) QUe) = PPN*"

where, the first equality is a definition, the second has been pointed out
above and the third follows from the P.B.W theorem. Finally, we have

PPN+ — 2 deg 7.

Recall that, from proposition 4.2.12, we have deg T =", hence

degU.(g) = m =1V,
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4.5 Degree of U.(b)

Recall that, we have U,(b) = U= = UTU° C U,(g). We begin to give a
more useful construction of U, (b). We have seen at the end of section 4.1.1
that for all w € W, we can construct two twisted derivation algebras & and

Bv.
Lemma 4.5.1. Let wy € W be the longest element, then Uy (b) = B“°.
Proof. Follows from the definitions of U,(b) and B°. O

So, U,(b) is a twisted derivation algebra. Let € be a primitive It root of
1 such that [ > d; for all ¢, we may consider the specialized algebra

Uc(b) = Uy(b)/(q — €) C Ue(g)-
Proposition 4.5.2. (i) The monomials
Bt ES KK
for (k1,...,kn) € (ZT)N and (s1,...,5,) € Z"form a C basis of U.(b)
(i) The L.S. relations holds in U(b).
Proof. See [DCKP95] or [DCP93] §10. O

Using previous proposition and proposition 4.1.5, we have that U (b) is
a quasi derivation algebra with relations of type in example 3.2.8, so we can
consider the associated quasi polynomial algebra U(b). We can then apply
the theorem 3.2.9. We have

Theorem 4.5.3. The algebras U.(b) and U(b) have the same degree.
Note. We have that U.(b) C Gric(g).

So the algebra U.(b) is a twisted polynomial algebra where the commu-
tation relation are of type

TiTj = eh"ija:i,

in order to compute is degree d is necessary to identify and study the corre-
sponding matrix H = (h;;) since, according to proposition 3.4.3, d* is equal
to the number from elements of the image of H modulo [. Let us explicit
the matrix H.

Let xz,, denote the class of Eg,  for m = 1,..., N, then from relations
4.9, we have

TiT; = e(ﬁilﬁj)xjxi, ifo<i<y
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Thus we introduce the skew symmetric matrix A = (a;5) with a;; = (8i[5;)
if ¢ < 7.
Let k; the class of K, relations 4.9 we obtain a n x N matrix

B = ((Wi|/6j))1§i§n,1§jSN

Let t = 2 unless the Cartan matrix is of type G2 in which case t = 6, and
let Z =7 [%] . We wish to think the matrix A as the matrix of a skew form
on a free Z' module V with basis u1,...,uy. Identifying V with its dual
V* using the given basis, we may also think A as linear operator from V to
itself. While we may think of the matrix B as a linear map from the module
V to the module Q* ®z Z', where Q* = Homz(A,Z) be the dual lattice.

Construct the matrix T

A —'B
(5 o)

T is the matrix associated to the twisted polynomial algebra U (b). To study
this the matrix we need the following

Lemma 4.5.4. Let w € W and fix a reduced expression w = S;, -+ Si,.
Given w =Y ;" | djw;, with §; =0 or 1. Set

I,(w):={te{l,...,k} s, (w) #w}.

Then
w—ww) =3 4

tel,

Proof. We proceed by induction on the length of w. The hypothesis made
implies sj(w) = w or sj(w) = w — a;. Write w = w's;,. If k ¢ I, then
w(w) = w'(w) and we are done by induction. Otherwise

ww) =w'(w— ;) =w'(w) — B
and again we are done by induction. O

Consider the operator 77 = ( A —'B ) and N = ( B 0 ) so that
T=T®N.

Lemma 4.5.5. (i) The operator T} is surjective

(it) The vector vy, := (3 ;e ur) —w —wo(w), as w run thought the funda-
mental weights, form a basis of the kernel of T .

(i) N(v,) = w — wo(®) = Srer, Br-
Proof. See [DCKP95] or [DCP93] §10. O
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Since T is the direct sum of 77 and N, its kernel is the intersection of
the two kernels of these operators. We have computed the kernel of T3 in
proposition 4.5.5, so the kernel of T' is equal to the kernel of N restricted
to the submodule spanned by vectors v,,. Thus, we can identify N with the
map 1 —wg : A — @Q. At this point we need the following fact

Lemma 4.5.6. Let 6 = > | a;cy the highest oot of the root system R. Let
7" =Za;t, ... a0, and let A" = A®zZ" and Q" = Q ®7 Z". Then the

r'n
7" submodule (1 —wo)A” of Q" is a direct summand.

Proof. See [DCKP95] or [DCP93] §10. O
We call [ > 1 a good integer if [ is relative prime to ¢ and to all the a;
Theorem 4.5.7. Ifl is a good integer, then

deglU.(b) = 15 (wo)+rank(1—wp))

Proof. From the above discussion we see that degl{ (b) = I*, where s =
(N +n) — (n —rank(1 — wyp)) with N = I(wp), which together with theorem
4.5.3 prove the claim. O

Note. This method for the calculation of the degree does not use the center
of U(b).



5. QUANTUM UNIVERSAL ENVELOPING ALGEBRAS FOR
PARABOLIC LIE ALGEBRAS

Let € be a primitive I*" root of the unity, we have seen in the previous chapter
how the degree of U(g) can be calculated. As we have seen in section 4.5,
De Concini, Kag and Procesi prove that U (b) is a quasi polynomial algebra
and they calculate the degree reducing itself to calculation of the rank of
a matrix as we saw in chapter 4, theorem 4.5.7, they obtain the following
formula

degZ/{E(b) = l%(l(WO)-‘rI‘ank(l_wo))

In this chapter, we want to generalize the previous formula at p parabolic
subalgebra of g. If we wanted to follow the chosen direction for U.(g), we
would have to determine the center U (p). This seems to be a much greater
and at the moment more open problem. Unfortunately U (p) is not a quasi
polynomial algebra, therefore we cannot directly apply the theory developed
in chapter 3. So the main idea is to see Uc(p) as a flat deformation of a
suitable quasi polynomial algebra, and using it to calculate the degree.

We recall some notations. Let g be a simple lie algebra, fix a Borel sub-
group b C g and a Cartan subalgebra h C b C g. Let p be a parabolic
subalgebra in standard position i.e. b C p. Let p = [ & u the Levi decompo-
sition of p, with [ the Levi factor and u the unipotent part.

Let R be the finite reduced root system associated to g, RT the positive
roots and II C R the simple roots. Define (R")" = R'NR* and II' = IINR™
the positive respectively the simple roots of [ with respect to our choice. Set
C = (d;ja;j) and C” the Cartan matrix associated to g and [, V the Weyl
group associated to g and W, C W the subgroup associated to [, A and A
the weight lattice and @ and Q' the root lattice of g and [ respectively.

5.1 Parabolic quantum universal enveloping algebras

5.1.1 Definition of U(p)

Let w([) be the longest element of W and wqg the longest element of W. We

can choose a reduced expression wy = 8j, ... 8j, i, - - - Sij,, such that wl =

) g “qj [ 0 = -1 _ . .
Si; - .. i, is a reduced expression for wy. We set W = wo(wy) ™ = s, ... 5,
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with h = |[(R)*| and h + k = N = |R*|. We define, as in general case,

B = wsiy .8, (aq,) € (RHT,
2 [
t = Sjp -85 (Oé,'Hk) ER+\(R )+.
Let U the quantum group associated to g define in 4.1.1, B the braid

group associated to W with the Lusztig action over U define by 4.5. Given
this choice, we obtain the ¢ analogues of the root vectors:

E,Btl = Tl ... T, (Ezt) )

EB? = Tj...T),_, (Ein) .
and

Fﬁtl = Tl ... T, (Fit)7

Fgo = Ty ... Ty, (Firir) -

The PBW theorem implies that, the monomials

Sl “ .. Sk Sk+1 ) Sk+h tk+h “ .. tk+1 tk . e tl
B BEEy" - B K\Fg™ - Fy W Fig - Fgh - (5.1)

for (s1,-++,sn), (t1,...,tn) € (Z*)N and X € A, form a C(q) basis of U.
The choice of the reduced expression of wy and the LS relation for U
implies that

Property. For i < j one has

()
1131
Eg By — "D Ep By = 3 | eBY
kezy
where ¢, € C(q) and ¢, # 0 only when k = (s1,...,5k) is such that
s, =0 forr <iandr>j, andEf:Egll...E;’{.
1 k
(i)
(32|32
Eg By —a "V BBy = 3 aB)
kezl
where ¢, € C(q) and ¢, # 0 only when k = (t1,...,ty) is such that
tr=0 forr <iandr>j, andEé“:EtIQ...Et*g.
Ieh By
The same statement holds for Fi1 and Fgs.

The definition of the braid group action implies:
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Property. (i) Ifi € II', then

Ez - Eﬂsl’
Fo= Fg
for some s € {1,...,h}.
(i3) If i € I\ 11", then
Ei = Eg,
F, = Fp.

for some s € {1,...,k}.

Definition 5.1.1. The simple connected quantum group associated to p, or
parabolic quantum group, is the C(q) subalgebra of U(g) generated by

U(p) = (Bsy, K, Fi,)
fori=1,...,h,j=1...N and A € A.

Definition 5.1.2. 1. The quantum Levi factor of U (p) is the subalgebra
generated by
U(l) = (Eg, K, Fg1)

fori=1,...,h,and A € A.
2. The quantum unipotent part of U (p) is the subalgebra generated by
U = (Fg)
withs=1...h

Set U™ (p) = UT() = (Ei)ict, U (p) = (Fi)ienr, U () = (Fi)jem and
U(p) =U(I) = (Ky)ren. We have:

Property. The definition of U(p) and U(I) is independent of the choice of
the reduced expression of w([) and wy.

Proof. Follows immediately from proposition 4.1.5. O

We can now state the P.B.W theorem for U(p) and U(I), which is an
immediately consequence of 5.1.

Proposition 5.1.3. (i) The monomials

S1... gSh etn | plel pte gty
Eﬂ% E}LK)‘F}IL Fﬁ% Fﬁi Fﬁf

for (s1,-- ,8n) € (ZN, (t1,...,ty) € (ZY)N and X € A, form a C(q)
basis of U(p).
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(i) The monomials
S1.. . fpSh th ... pt1
Eﬂll EB}LK)‘Fi Fﬁ%
for (s1,...,81), (t1,...,tn) € (ZT)" and X € A, form a C(q) basis of
U(r).

Proof. Follows easy from the P.B.W theorem for U,(g). O

Proposition 5.1.4. Set m = rank [ = #[II'|. The algebra U(p) is generated
by E;, F; Ky, withi =1,...,m, j = 1,...,n and A € A, subject to the
following relations:

KoKp = Kayp
[ Kty .
KoEiK_o = ¢ E;
—(aey) (53)
KaFjK_a =q J Fj
K, — K_,,
[Ei, Fj] = 0ij—a———1+ (5.4)
q 1 — q ?
1-ai 1-— CLij l—a;;i—s o .
2 (=0 BV OEEF=041F]
s U L (5.5)
2, [ ’ } F, "R Fy =0 ifi # .
5=0 $ d;
Where :L 1s the q binomial coefficient defined in section 3.1.
Jd;
Proof. Follows from P.B.W. theorem and the L.S. relations. O
We state now some easy properties of U(p):
Lemma 5.1.5. The multiplication map
U U (1) @ U (1) — U(I)
s an isomorphism of vector spaces.
Proof. Follows from the P.B.W theorem for U(I). O

Lemma 5.1.6. The multiplication map
U U™ 5 U(p)

defined by m(z,u) = xu for every x € U(I) and u € U™, is an isomorphism
of vector spaces.

Proof. The statement follows immediately from the proposition 5.1.3. O
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Lemma 5.1.7. The map p:U(p) — U(L) defined by

i (B3 B ROF S - Fgt i Fi )
1 h h

Bt B2 82
0 ift; #0 for somei=1,...,h,
= E;{~~-E;§LKAF“§+}L-~-F;’§+1 ift;=0foralli=1,...,h,
1 h h 1

s an homomorphism of algebras.
Proof. Simple verification of the definition. O
Proposition 5.1.8. U(p) and U(l) are Hopf subalgebra of U.

Proof. Follows immediately from the definition. O

5.1.2  Definition of Uc(p)

Let A = C[q,q7 '], and U4 the integral form of U defined by 4.2.2. Like in
the general case, we define U 4(p), has the subalgebra generated by Eg, Fa,

Fgo, K and Lj, withi = 1,...,h,s=1,...,kand j =1,...,n.

Definition 5.1.9. Let € € C, we define

Ue(p) =Ua(p) ®a C
using the homomorphism A — C tacking ¢ — €
Let € € C such that 2% # 1 for all i, then

Property. Uc.(p) C Uc(g). Moreover Uc(p) is generated by Eg, Fp, and
Kjil,forizl,...,h, s=1,....Nand j=1,...,n.

Proof. The claim is a consequence of the definition of U (p). O]

Proposition 5.1.10. The P.B.W. theorem and the L.S. relations holds for
Uc(p)

Proof. The claim is a consequence of the P.B.W. theorem and L.S. relation
for U.(g) and the choice of the decomposition of the reduced expression of
wo. ]

5.2 The center of U.(p)

Let € € C a primitive [** root of unity, with [ odd and | > d; for all i. Has
in section 4.2.1, we note that at root of unity the algebra U.(p) has a big
center. The aim of this section is to extend some properties of the center of
U, at the center of U (p).
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Proposition 5.2.1. Fori=1,...,k, s=1,....,h and j = 1,...,n, E

B
Féil’ Fég and Kfl lie in the center of Ue(p)

Proof. Tts well known that these elements lie in the center of U (cf [Lus93|
of [DCP93|), but they also lie in U.(p), hence the claim. O

For a € (RY)T, B € RT and X € Q, define e, = E!, f5 = Fé, kiﬂ = K)j\tl.
Let Zy(p) be the subalgebra generated by the e, f3 and k;tl.

Proposition 5.2.2. Let Z8, Z(]L and Z; be the subalgebra generated by k:l?tl,
eq and fg respectively.

(i) Zy CUE(p)
(i) Multiplication defines an isomorphism of algebras

Zy @ Z0 @ Z§ — Zo(p)

(iii) Z) is the algebra of Laurent polynomial in the k;, and ZJ and Z; are
polynomial algebra with generators e, and fg respectively.

(iv) Uc(p) is a free Z2(p) module with basis the set of monomial

SL . EShETL .. Tn ke |tk pte ot
Eﬁl EﬂiKl K, FB}L Fﬁ% Fﬁi Fﬁ%

for which 0 < s;,t;,7m, <l

Proof. By definition of U™ (p), we have e, € U™ (p), since U (p) is a subal-
gebra (i) follows. (ii) and (iii) are easy corollary of the definitions and of the
P.B.W. theorem. (iv) follows from the P.B.W. theorem for U(p). O

The preceding proposition shows that Uc(p) is a finite Zy(p) module.
Since Zj is clearly noetherian, from (iii), it follows that Z.(p) C Uc(p) is
a finite Zy(p) module, and hence integral over Zy(p). By the Hilbert ba-
sis theorem Z.(p) is a finitely generated algebra. Thus the affine schemes
Spec(Z.(p)) and Spec(Zp(p)) are algebraic varieties. Note that Spec(Zp) is
isomorphic to CN x CHM x (C*)™. Moreover the inclusion Zo(p) < Zc(p)
induces a projection 7 : Spec(Z.(p)) — Spec(Zy(p)), and we have

Proposition 5.2.3. Spec(Z(p)) is an affine variety and 7 is a finite sur-
jective map.

Proof. Follows from the Cohen-Seidenberg theorem ([Ser65| ch. IIT). O

We conclude this section by discussing the relation between the center
and the Hopf algebra structure of U (p).

Proposition 5.2.4. (i) Zy(p) is a Hopf subalgebra of U.(p).
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(ii) Zy(p) is a Hopf subalgebra of Zy.

(i) Zo(p) = Zo N Ue(p)-
Proof. 1t follows directly from the given definitions. O

The fact that Zy(p) is an Hopf algebra tells us that Spec(Zy(p)) is an
algebraic group . Moreover, the inclusion Zy(p) < Zp being an inclusion of
Hopf algebras, induces a group homomorphism,

Spec(Zo) — Spec(Zo(p))-

Let us recall that in theorem (i), we have that

Spec(Zy) = {(a,b) :€ B~ x BT : v~ (a)7"(b) = 1}
where 7% : B¥ — H. From this and, the explicit description of the subalge-
bra Zy(p) C Zy, we get

Spec(Zo(p)) = {(a,b) :€ By x BT : ™ (a)x " (b) = 1}

where L C G is the connected subgroup of G such that Liel. = [, and
B, =B NL.

5.3 Parametrization of irreducible representations

5.3.1 Character of a representation

We begin by observing that every irreducible U (p) module V is finite di-
mensional. Indeed, let Z(V') be the subalgebra of the algebra of intertwining
operators of V' generated by the action of the elements in Z,(p). Since U (p)
is finitely generated as a Z.(p) module, V' is finitely generated as Z(V') mod-
ule. If 0 # f € Z(V), then f-V =V, otherwise f -V is a proper submodule
V. Hence, by Nakayama’s lemma, there exist an endomorphism g € Z(V)
such that 1 — gf = 0, i.e. f is invertible. Thus Z(V) is a field. It follows
easily that Z(V') consists of scalar operators. Thus V is a finite dimensional
vector space.

Since Z,(p) acts by scalar operators on V', there exists an homomorphism
xv : Ze — C, the central character of V, such that

z-v=xy(2)v

for all z € Z. and v € V. Note that isomorphic representations have the
same central character, so assigning to a U(p) module its central character
gives a well define map

E: Rap (U(p)) — Spec (Zc(p)),
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where Rap (Uc(p)) is the set of isomorphism classes of irreducible U (p) mod-
ules, and Spec (Z.(p)) is the set of algebraic homomorphisms Z(p) — C.

To see that = is surjective, let IX, for x € Spec(Z(p)), be the ideal in
Uc(p) generated by

kerx ={z—x(2)-1:2€ Z(p)}.

To construct V € Z71(x) is the same as to construct an irreducible represen-
tation of the algebra UX(p) = U (p)/IX. Note that UX(p) is finite dimensional
and non zero. Thus, we may take V, for example, to be any irreducible sub-
representation of the regular representation of UX(p).

Let x € Spec(Zy(p)), we define,

U (p) = Us(r) [

where JX is the two sided ideal generated by
kerxy ={z—x(2)-1:2€ Zy(p)}

5.4 A deformation to a quasi polynomial algebra

In this section we construct the main tool of this thesis. We want to modify
the relation that define the non restricted integral form of U (g), so as to
obtain a deformation of U(p) to a quasi-polynomial algebra. We begin by
constructing the deformation for U (g), which is exactly a reformulation of
the construction of Gri{ in section 4.1.2.

5.4.1 The casep =g.

Definition 5.4.1. Let t € C, we define U! the algebra over C on generators
E;, F;, L; and Kii, for i =1,...,n, subject to the following relation:

+1g-+1 _ £l £l
{Ki K = KHK; 56)

KK =1
Ki (B K, = e B,
K; (Fj) Kt = e % F}

([Ei, ] = t0i;L;

(5.7)

€
e %ij

(FiK + K Fj)

—1
edi—e—di
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Proposition 5.4.2. Fort =1, we have U} = U,

Proof. For t = 1, the relations of U are exactly the relation 4.2.2 that define
U.. O

Let 0 # X € C, define

1

1 1
ONE;) = T B, O\(F) = < F;, 9\(Ly) \

)\ )\ Y )\( 7 ) 7 Y ( )
fori=1,...,n.

Proposition 5.4.3. For any 0 # XA € C, ¥y is an isomorphism of algebra
between UL and UN

Proof. Simple verification of the property. ]

Set S. := U™, we want to construct an explicit realization of it. Let
D =U(by) @U(b_) and define the map

>»:8 —D

by X(E;) = & = E;®1, X(F) = F = 1®F, and S(KF') = K =
Kijﬂ®KijEl fori=1,...,n.

Lemma 5.4.4. ¥ is a well defined map.

Proof. We must verify that the image of E;, F; and K; satisfy the relation
5.6 for t = 0.

KEE = et

(o opn 511
K&K = e%i;

{ KRk = i, (512
(€, Fi] =0

1—a;; _1) 1— aij :| g'lfaijfrglgr -0

ZTIO ( ) |: r . 1 1% (513)
Zi;gzj(_l)r |: 1 —Taij :| Elfaijfrfjfzr -0

Note that the relations 5.11 are obvious. We begin by demonstrating the
relation 5.12

K&K = KoK (BEiel) K 'e K !
KEK '®1
€I B @1

= %ig;
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in the same way, we have C;F;KC; 1 — ¢~ F;. Finally we have
& Fjl = &Fj— Fj&i

= (EBEio)(1eF) - (1 F)(Eel)

= 0
and
1—a;; 1
Z (_1)r |: _raw :| gil_aij_rgjgl?"
r=0 €
17(11']' 1
=S [ B e e
r=0 €
=0
in the same way, we can verify the third relation of 5.13. O

Note that X is injective, then we can identify S, with the subalgebra of
D generated by &;, F; and K;, for i = 1,...,n. We define now the analogues
of the root vectors for S,:

Definition 5.4.5. Foralli=1,..., N, let
(i) €3, = Ep, ®1€ S,
(i) Fp, :=1® Fg, € Se
As a consequence of this we get a P.B.W theorem for ..

Proposition 5.4.6. The monomials
k k s sn Th k
Es ...EﬂxlCll K Fgy - T

for (k1,....kn), (h1,...,hy) € (ZY)N and (s1,...,sn) € Z", form a C basis
of S¢. Moreover
S=8 @8 ®S8"

where ST (resp. S- and S°) is the subalgebra generated by Eg, (resp. Fp,
and IC; ).
Proof. This follows from the injectivity of 3 and proposition 4.5.2 O

Note. Its is clear that Eg, is also the image of the element Eg, € U!, where
the Ejg, are non commutative polynomials in the E;’s by Lusztig procedure
([Lus93|). The same thing is true for Fg, and Fp,.

We see now, that the L.S. relation holds for S..
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Proposition 5.4.7. For i < j one has

1.
gﬁjgﬁi - e(ﬁimj)ggiggj = Z Ckgk (5.14)
kezll
where ¢, € C and ¢, # 0 only when k = (k1,...,kn) is such that
ks =0 for s <i and s > j, andé’kzé’gll...é’gx.
2.
fﬁjfgi — Ef(ﬁi‘ﬂj)fgifﬁj = Z Ck]:k (5.15)
kezy

where ¢, € C and ¢ # 0 only when k = (ki,...,kn) is such that
ks =0 fors<iands>j, and}"k:}"gg...fkll.

Proof. We have by definition £, = Eg, ® 1, then

Ep,E8, — e(ﬁi\ﬁj)gﬁigﬁj = (EﬂjEﬁi - E(ﬂiw.j)EﬁiEﬁj) ®1
= Z CkEk ®1
kezy

where we have been using the L.S. relation for the Eg,. Note now that

Eh=FErer1,
then
gﬁjgﬁi — e(ﬁi‘ﬁj)gﬂigﬁj = Z CkEk ®1
kez¥
- Y e
kezl
In the same way, we can prove the L.S. relation for the Fp, O

Theorem 5.4.8. (i) S. = U™" is a twisted derivation algebra.

(i) GrlU., where Grl, is defined by the relation 4.9, is a degeneration, in
the sense of twisted derivation algebra, of Se

Proof. Define U° = C[Eg,, Fs,] C Se, then we can define
U = U;,_Dl [gﬁwfﬁzvfi] C S

where o and D are given by the L.S. relation. Note now that, the K;, for i =
1,...,n normalize YV, and when we add them to this algebra we perform an
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iterated construction of twisted Laurent polynomial. The resulting algebra
will be called 7. We now claim

Se=T

Note that, by construction 7 C S, so we only have to prove that S¢ C 7.
Now note that

ggll...ggg/ql.../Cflnj:gjzvv”.]:hll eT

for every (ki,...,kn), (h1,...,hn) € (ZY)N and (s1,...,8,) € Z". Then
by proposition 5.4.6 we have S, C 7.

The second part is obtained by using standard technique of quasi poly-
nomial algebra. Denote by S, the quasi polynomial algebra associated to S..
It easy to see that S, = Gri/.. O]

We finish this section with some remarks on the center of U!. Recall that
U! is isomorphic to U, for every t € C*, hence Z! is isomorphic to Z! = Z..
For t = 0, we define Cy the subalgebra of S, generated by Eé, F /13 for 3 € R

and IC;-H for j =1,...,n and let C¢ be the center of S.. Let Zy[t] the trivial
deformation of Z

Lemma 5.4.9. (i) p: Zy[t] — U} defined in the obvious way is an injec-
tive homomorphism of algebra.

(ii) Ul is a free Zy[t] module with base the set of monomials
k k s n h h
ES - EGgNK - Ky FN - Fl
for which 0 < k;,s;,h; <1, fori=1,...,N and j =1,...,n.

Proof. (i) follows by definitions of Zy[t]. (ii) follows from the P.B.W theorem.

O
Lemma 5.4.10. Zy[t]/(t) = Cy and Zp[t]/(t — 1) = Z,.
Proof. Follows from the definitions of Zy[t], Cp and Zj O
Proposition 5.4.11. U, and S, are isomorphic has Zy modules.
Proof. Follows from the previous lemma. O

5.4.2 general case

We can now study the general case.

Definition 5.4.12. Let U/(p) be the subalgebra of U generated by Eg1,
Fp, and Kflfori=1,...,h,j=1,...,Nands=1,...,n.
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Set Sc(p) = U=(p) C S..

Proposition 5.4.13. (i) For every t € C, U(p) is an Hopf subalgebra of
U.

(i) For any XA # 0, ¥y defines by 5.10 is an isomorphism of algebra between
UE(p) and U (p).

Proof. This is an immediate consequence of the same property in the case

p=g. O
We can now state the main theorem of this section
Theorem 5.4.14. S.(p) is a twisted derivation algebra

Proof. We use the same technique as we used on the proof of theorem 5.4.8.
Using the notation of section 4.5, let D(p) = U (b") ® U(b_). Define

% 8e(p) — D(p)
by S(E;) = &, £(Fy) = Fj, (K1) =K for i e Il and j = 1,...,n.
Lemma 5.4.15. S.(p) is a subalgebra of Se

Proof. Note that D(p) is a subalgebra of D, and, as in lemma 5.4.4, the
map Y is well define and injective. So, we have the following commutative
diagram

b

SELD

Since ¥ and j are injective map, we have that ¢ is also injective O

So we can identify S¢(p) with the subalgebra of S generated by Eg1, Fp,
and IC;-tl fori=1,...,h,s=1,...,N and j = 1,...,n. As corollary of
proposition 5.4.6 and proposition 5.4.7, we have:

Proposition 5.4.16. (i) The monomials
k kn ot t
8ﬁ1%...8ﬁilC§1 KT Ty

for (k1,....kp) € (ZD, (t1,...,tn) € (ZT)N and (s1,...,8,) € Z7,
form a C basis of Se.

(i1) For i < j one has
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(a)
EpEp —PIELED = 3 ot (5.16)

kezy

where ¢, € C and ¢ # 0 only when k = (k1,...,ky) is such that
ks =0 for s <iands > j, andc‘:k:(‘:g}...ggf.
1 h

(b)
Fo, Fp, — ef(ﬁi\ﬁj)fﬂi}“ﬁj = Z cp F* (5.17)
kezl

where ¢, € C and ¢ # 0 only when k = (ki,...,kyn) is such that
ks =0 fors<iands>j, andj’:szgg...}"gll,

As corollary, we conclude that:

Theorem 5.4.17. The monomials
Ekl Ekh j &% KCdn f‘tl j:h
g1 Egr KT Ky Py - T

for (ky,... ky) € (ZD, (t1,...,tn) € (ZT)N and (s1,...,8,) € Z", are a
Clt] basis of UL. In particular t is not a zero divisor in U hence Uf is a flat
over C[t]

Define U" = C[E1, F1] C S, then we can define
1 h
U = U (€50 Fy_ | € Se0)
fori=1,...,h Let U'*! = Llh[]:ﬂi], then
j h+j—1
Ut =y [fﬁi_j] C S(p)

for j = 1,...,k, where ¢ and D are given by the LS relation. Note now
that, the /;, for i = 1,...,n normalize YV, and when we add them to this
algebra we perform an iterated construction of twisted Laurent polynomial.
The resulting algebra will be called 7.

Lemma 5.4.18.
Se(p) =T

Proof. Note that, by construction 7 C S, then we must only demonstrate
that Sc € A. Now note that

ggli...ggglgigl.../cfln]:éx...féll eT

for every (ki,...,kn)(ZY)N €, (t1,...,tn) € (ZT)N and (sq,...,s,) € Z™
Then by proposition 5.4.16 we have S, C 7. O
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Then the claim is proved. O

Theorem 5.4.19. Ifl is a good integer (cf theorem 4.5.7)
deg Sc(p) = l%(l(wo)Jrl(w([))Jrrank(wofw([)))

Proof. Denote by S.(p) the quasi polynomial algebra associated to Sc(p).
We know by the general theory that

deg Sc(p) = deggg(p).

Let z; denote the class Eg for © = 1,...,h and y; the class of Fp, for
j=1,...,N, then from theorem 5.4.14 we have

ﬂilmﬂl')xjwi, (5.18)
(Bilﬁj)yjyi_ (5.19)

.%'i.%'j = 6(
YiYj =€

if i < j. Thus we introduce the skew symmetric matrices A = (a;;) with
ai; = (BilB;) for i < j and A' = (a;j) with al; = (8}]8Y) for i < j.

Let k; the class of K;, using the relation in theorem 5.4.14 we obtain a
n x N matrix B = ((w;|8;)) and a h x N matrix B' = ((wz]ﬁjl))

Let ¢t = 2 unless the Cartan matrix is of type Ga, in which case t = 6.
Since we will eventually reduce modulo [ an odd integer coprime with ¢,
we start inverting ¢. Thus consider the free Z [%] module V1 with basis
Ui, ..., up, V7 with basis uf,...,u)y and V? with basis wy,...,w,. On
V =Vt @ V%® V~ consider the bilinear form given by

At —tBY 0
T=|B" 0 -B |,
0 ‘B -A

then the rank of T is the degree of S.(p). Consider the operators M' =
(A" —'B"' 0),M=(0 ‘B —A),and N=(B'" 0 —B), so that
T=M&NaeM.

Note that

and
B'(u;) = f;
Set T} = M'@® M, then using the notation of lemma 4.5.4, we have

Lemma 5.4.20. The vector vy = 3 iep )t — @ = wo(w) + X ser, (wp) U
as w runs through the fundamental weights, form a basis of the kernel of T} .
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Proof. First, we observe that 7} is surjective, since M and M"are projections
over V~ and VT respectively, by lemma 4.5.5. Since the n vectors v,, are
part of a basis and, the kernel of 77 is a direct summand of rank n, by
surjectivity. It is enough to show that v, is in the kernel of T7. We have

Ti(vo) = A'| D w | -"B'(~w—w(w))

tel, (w))

+'B (~w — wp(w)) — 4 Z wy

tEIw(u)())

= M'(v,)-'B' <w6(w) — wo(w)> — M(vy).
So from lemma 4.5.4 and lemma 4.5.5, we have:
Ty(vy) = ='B' (wh(w) — wo(w))

Let wg = wé@, since w runs through the fundamental weights, we have two
cases:

1. W(w) = w, therefore wl(w) — wo(w) = 0 and Ty (vy) = 0.

2. W(w) # w, therefore wi(w) = w and w{(w) — wo(w) = w — wo(w) €
ker ! B!, by definition of !B', so T (v,) = 0.

O]

Since T is the direct sum of 77 and V. Its kernel is the intersection of the
2 kernels of these operators. We have computed the kernel of T7 in 5.4.20.
Thus the kernel of T" equals the kernel of N restricted to the submodule
spanned by the v,,.

Lemma 5.4.21.

Nw)= 3 8= 3 A= wolw) - whw).

tel, (wf) t€lw (wo)

Proof. Note that B(u;) = 3, then

N(w)= > Bi- >, B (5-20)

tel, (w) t€l, (wo)
Finally, the claim follows using lemma 4.5.4. O

Thus, we can identify N we the map wg — w[[) : A — Q. At this point we
need the following fact
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Lemma 5.4.22. Let 0 = > | a;cy the highest root of the root system R.
Let Z' = Zlay", ... a;Y, and let N = A®z 7' and Q' = Q @7 Z'. Then the

7 submodule (wo — wh)A' of Q' is a direct summand.

Proof. The claim follows as a consequence of lemma 4.5.6. O

So if [ is a good integer, i.e. [ is coprime with ¢ and a; for all 4, we have
rank T = I(wo) + l(w}) +n — (n — rank (wo - w([))) ,

and so the theorem follows. O

5.5 The degree of U.(p)

5.5.1 A family of U(p) algebras

As we have seen at the end of section 5.4.1, Zo( )[t] € Ul(p), so for all t € C
and x € Spec(Zo(p)), we can define U (p) Ul (p)/JX where JX is the two
side ideal generated by

kerx = {— x(2) 11 2 € Zo(p)}
The P.B.W. theorem for U!(p) implies that

Proposition 5.5.1. The monomials

S1 ., FSh L o ptkth | el pte it
Egp o Eg iy’ oo Ky Eg e gy gy - Fg

Jor which 0 < sj,t;,r, <, form a C basis for Ug’x(p)
Lemma 5.5.2. For every 0 # XA € C, UPX(p) is isomorphic to UM (p).

Proof. Consider the isomorphism 9y from U!(p) and U (p), define by the
relation 5.10. Its follows from the above definition that ¥, (JX) = JX. Then
¥ induce an isomorphism between Z/{ét X and Z/{E)‘ bx, OJ

Proposition 5.5.3. The U.(p) algebras L{f’x(p) form a continuous family
parameterized by Z = C x Spec(Zy(p)).

Proof. Let V denote the set of triple (¢, x,u) with (¢,x) € Z and u € UX (p).
Then from the P.B.W. theorem we have that the set of monomial

— t
B B KD KGN - F

for which 0 < s;,t;,7 <1, fori e II', j =1,...,N and v = ...,n, form a
basis for each algebra USX

Order the previous monomials and assign to u € UL the coordinate
vector of u with respect to the ordered basis. This construction identifies V
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with Z x C?, where d = I"*"*N  thereby giving A a structure of an affine
variety.

Consider the vector bundle 7 : V — Z, (¢,x,u) — (¢, x). Note that the
structure constant of the algebra UX (p), as well as the matrix entries of the
linear transformations which define the action of U (p) relative to the basis,
are polynomial in x and ¢. This means that the maps

p:VxzV-—=V,  ([txu),(txwv)— (tx u)
pile xV —V, (z, (t,x,u)) — (t,x, - u)

where (t,x) € Z, u, v € UX(p) and z € Uc(p), 1t defined on V a structure of
vector bundle of algebra and p a structure of vector bundle of U (p) modules.

The fiber of 7 above (¢, x) is the U (p) algebra U7X (p). O
Note. If we fix x € Spec(Zj), we have from theorem 5.4.17 that the family
of algebra U X (p) is a flat deformation of algebra over Spec C[t].

5.5.2  Generically semisimplicity

Summarizing, if € is a primitive I*" root of 1 with I odd and [ > d; for all i,
we have proven the following facts on U,:

o U and U.(p) are domains because Uc(g) it is,

e U! and U, (p) are finite modules over Zy[t] and Z, respectively (cf lemma
5.4.9 and proposition 5.2.2).

Since the L.S. relations holds for U (p) and U! (cf proposition 5.1.10), we can
apply the theory developed in section 4.1.2, and we obtain that GrU,(p) and
GriU! are twisted polynomial algebra, with some elements inverted. Hence
all conditions of theorem 3.5.3 are verified, so

Theorem 5.5.4. U! and U(p) are mazimal orders.
Therefore, Ue(p) € Cpy, i.c. is an algebra with trace of degree m.

Theorem 5.5.5. The set

Q = {a € Spec(Z.(p)), such that the corresponding semisimple

representation is irreducible}

is a Zariski open set. This exactly the part of Spec(Z(p)) over which UX(p)
s an Azumaya algebra of degree m.

Proof. Apply theorem 2.2.7, with R = U,(p) and T = Z.(p). O

Recall that Z.(p) is a finitely generated module over Zy(p). Let 7 :
Spec(Ze(p)) — Spec(Zp(p)) the finite surjective morphism induced by the
inclusion of Zy(p) in Z(p). The properness of 7 implies the following
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Corollary 5.5.6. The set
Qo = {a € Spec(Zy(p)) : 7' (a) C 1}
is a Zariski dense open subset of Spec(Zy).

We know by the theory developed in chapter 3, that Sc(p) € Cpy, with

my = 1 (wo)+1(wp) +rank(wo—wh)  Ag we see in proposition 5.4.9, S¢(p) is a finite

module over Cy, then C¢, the center of S¢(p) is finite over Cy. The inclusion
Co — C¢ induces a projection v : Spec(Ce) — Spec(Cyp). As before, we have:

Lemma 5.5.7. (i)

V' = {a € Spec(C.), such that the corresponding semisimple

representation is irreducible}

is a Zariski open set. This exactly the part of Spec(Ce) over which
SX(p) is an Azumaya algebra of degree my.

(i) The set
Qy = {a € Spec(Zy(p)) : v (a) C '}

is a Zariski dense open subset of Spec(Zp)
Proof. Apply theorem 2.2.7 at S¢(p). O

Note. Since Spec(Zp) is irreducible, we have that €y N €Y is non empty.

We can state the main theorem of this section
Theorem 5.5.8.
deg U (p) = 13 (Lwo)+(wh)Frank(wo—w))
Proof. For x € Qp N, we have, using theorem 5.5.5 and lemma 5.5.7,
degUe(p) = m = degUX(p),
and

deg SX(p) = deg Sc(p).

But for all ¢ # 0, we have that 2" is isomorphic to UX(p) as algebra. Hence
is well known that the isomorphism class of semisimple algebras are closed
(see [Pro98] or [Pie82]), we have that SX(p) = UX is isomorphic to UX(p).
Then

degUe(p) = m = degUX(p) = deg SX(p) = deg Se(p).

And by theorem 5.4.19 the claim follows. O
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Note. As we see in section 3.5, since U(p) is a maximal order, Z.(p) is
integrally closed, so following example 2.2.4, we can make the following con-
struction: denote by Q. := Q(Z.(p)) the field of fractions of Z.(p), we have
that Q(Ue(p)) = Ue(p) ® 7, (p) Qe is a division algebra, finite dimensional over
its center ()e. Denote by F the maximal commutative subfield of Q(Uc(p),
we have, using standard tool of associative algebra (cf [Pie82]), that

(i) F is a finite extension of Q. of degree m,
(i) QU.(p)) has dimension m? over Q,
(iif) QUc(p)) @@, F = Myn(F).
Hence, we have that
dimgzop) Qe = degr

dimg, QUe(p)) = m?
dimg(z,(p) QUe(p)) = 1"HN*"

where, the first equality is a definition, the second has been pointed out
above and the third follows from the P.B.W theorem. Then, we have

PN — 2 deg 1

with m = l%(l(wo)+l(wé)+rank(wo711)([)))7 o

Corollary 5.5.9.

= ln—rank(wo —w([)) ]

deg

5.5.3 The center of UX(p)

To conclude we want to explain a method, inspired by the work of Premet
and Skryabin (|[PS99]), which in principle allows us to determine the center
of UX(p) for all x € Spec(Zp).

Let xo € Spec(Zo(p)) define by xo(E;) = 0, xo(F;) = 0 and xo(K;™), we
set UD(p) = U (p).

Proposition 5.5.10. U(p) is a Hopf algebra with the comultiplication,
counit and antipode induced by Ue(p).

Proof. This is immediately since JX° is an Hopf ideal. 0
Proposition 5.5.11. let x € Spec(Zy(p))
(i) UX(p) is an Uc(p) module, with the action define by

a-u= Za(l)uS(a@)),
where Aa) = ) aq) ® a).
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(i) UX(p) is an UO(p) module, with the action induced by Ue(p).

Proof. (i) We must verify the relation 4.2.2 on the generators. For any
u € UX, we have

Ei-u = EBu+KuS(E) = Eu— KuK;'E;, (5.21a)
Ki-u = KuK;" (5.21c)
(5.21d)
Then
= LiuS (K; ')+ K;uS (L;)
Now we verify the e-Serre relation in the case of a;; = —1, we have:

E?Ej -u= E!Eju+ K!K;juS(E}E};)
+E?KuS(E;) + (1 + € %) K, E; EjuS(E;) (5.22)
+(1+ ¢ K E;KjuS(E;E;) + K?EjuS(E?),
E,E;E; -u = E;E;Bu + K;E;F;uS(E;) + E;K;FEu(S(E;)
+K;K;EuS(E;E;) + E;E; KiuS(F;)  (5.23)
+K;EjKuS(E?) + BiK; KuS(E;E;) + K2 K;juS(E;E;E;),
E;E? -u= E;E?u+ K;E*uS(E;)
+(1+ ¢ ) E; K EuS(E;) + (1 + ¢, 2)K;K; BuS(E;E;)  (5.24)
+E;K2uS(E?) + K; K?uS(E;E?).

i = 0, where [n}dz = i _e—dy then

Note that 1+ €2 — [2]4,€
(E?E; — 2]y, EiE;E; + E;E?) -u=0

All other relation can be obtain with similar calculus. So UX(p) is an

Uc(p) module.

(ii) Recall that E!, F]l-, and Kjﬂ are in the center of U.(p) for i € II' and
7 =1,...,n, and that

AEY) = El@l1+K!@E!
A(F)) = FloK'+10F
AKH) = KF o KF



5. Quantum universal enveloping algebras for parabolic Lie algebras 72

Then

E!'u = Flu—KuK'El =0,
Flu = FluK'—uF/K'=0,
Klou = KéuKi_l:u.

It follows that UX(p) is an U2 (p) module.
O

Proposition 5.5.12. Let x € UX(p), then x is in the center of UX(p) if and
only if x is invariant under the action of U°(p), i.e.

Ei-x = 0, (5.25a)
Fi-z = 0, (5.25b)
K-z = = (5.25¢)

Proof. Let z € Z (UX(p)) then
E;-2=Ex— KizK;'E; =0,

in the same way we obtain the other relations.
Suppose now that = verify the relations 5.25. Then

Ki-x:KixKi_l =,
imply that K;x = zK;. From E; - x = 0 we obtain
0=E -z = Ex-KazK 'E;
= EZ'.’L' — in.

its follows that F;x = zFE;. In the same way we have F;x = xF;. Then x lies
in the center. ]

So we can determine the center at ¢ generic by lifting the center of the
algebra at ¢ = 0. We obtain an analogue of the Harish Chandra theory for
semisimple Lie algebras.
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