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1
I N T R O D U C T I O N

Water features an
outstanding variety
of anomalies which
are more pronounced
when supercooled.

Primarily due to the significant number of unexplained anomalies it
exhibits, the study of the structural and the thermodynamic behaviour
of water is one of the most interesting topics in contemporary statisti-

cal mechanics and condensed matter physics (Gallo et al., 2016; Gallo and
Stanley, 2017; Angell, 1983; Debenedetti, 2003; Gallo and Rovere, 2021).

By investigating the thermodynamic response functions it was experimen-
tally observed that these anomalies are even more prominent when water
is supercooled, i.e., when maintained in the liquid form below its freezing
temperature.

However, as the water-ice transition is first order (Parisi, 1998; Debenedetti,
1996), it is exposed to all the challenges associated with nucleation (Debenedetti,
2003). Supercooled water, indeed, exists in a metastable state, and, when a Nucleation makes

the supercooling
process
experimentally
challenging, hence
the crucial role of
simulations.

thermal fluctuation within the system is large enough to overcome the free en-
ergy barrier separating the metastable and the stable state, the homogeneous
nucleation takes place (Parisi, 1989, 1992).

Figure 1.1: Density of water at ambient pressure.
The presence of a maximum represents
one of the most famous anomalies. Pic-
ture adapted from Gallo and Rovere,
2021.

The presence of impurities
makes the nucleation process ac-
celerate as water molecules or-
der more easily around them, ef-
fectively reducing the aforemen-
tioned barrier (Debenedetti, 2003)
and hence causing the nucleation.
For this reason, considerable ef-
forts were put over the years into
purifying experimental water sam-
ples used to study the supercooled
phase (Mishima, 1996; Kanno et al.,
1975; Tombari et al., 1999; Krämer

et al., 1999, 1996).
Besides impurities, another significant challenge is posed by the existence

of a region of water’s phase diagram where homogeneous nucleation occurs
too quickly for water to be supercooled. This region is known as no man’s
land.

Recently the boundaries of the no man’s land have been found to be
narrower than previously estimated (Kim et al., 2017, 2020; Seidl et al., 2015)
and it is known that no thermodynamic constraints prevent liquid water to
reach the glassy state through supercooling (Speedy et al., 1996). Nonetheless,
due to the challenges posed by the emergence of homogeneous nucleation,
numerical simulations (Allen and Tildesley, 2017) keep playing a crucial role
in understanding the unique behaviour of water to date.
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16 introduction

Figure 1.2: Schematic phase diagram of non-
crystalline water. Figure from Gallo
and Stanley, 2017.

Indeed, the onset of homoge-
neous nucleation is a kinetic limi-
tation linked to the experimental
times of observation exceeding the
time taken by water to crystallise.
To address this issue, numerical
simulations can implement faster
cooling rates that allow to explore
the whole supercooled region of
water.

Moreover, in this context, molec-
ular dynamics (MD) simulations
have been pivotal in the develop-
ment of theories that offer expla-
nations for the anomalies of water:
the prime instance of these is pro-The prevailing

explanation for water
anomalies, supported

by numerical
simulations, centres

around the
hypothesis of
existence of a
second-order

Liquid-Liquid
Critical Point.

vided by the formulation, by Poole,
Sciortino, Essmann and Stanley
[1992], of the hypothesis that wa-
ter anomalies emerge due to the
existence in the no man’s land of
a second-order liquid-liquid criti-
cal point (LLCP). This hypothesis,
grounded in the results derived
from MD simulations performed
on the water-like ST2 potential (Stillinger and Rahman, 1974), is currently by
far the most widely credited explanation for the anomalies of water.

The LLCP scenario predicts that below the critical temperature two separate
phases of water are supposed to exist: high-density and low-density liquid
(HDL and LDL), which in turn develop upon heating from the already known
glassy phases (HDA and LDA), and they are separated by a first-order line of
phase transitions, the HDL-LDL coexistence curve. This curve’s prosecution
in the one-phase region is the Widom line, a line of state points on which the
correlation length maxima lie. This line is emanated from the LLCP and the
lines of maxima of the thermodynamic response function converge to it close
to the critical point.

The LLCP hypothesis has been rigorously confirmed for the ST2 model
(Palmer et al., 2014; Liu et al., 2012, 2009; Sciortino et al., 2011; Kesselring
et al., 2013; Smallenburg and Sciortino, 2015), for the Jagla model (Gallo and
Sciortino, 2012), a short-range potential for water (Jagla, 2001) and for the
most realistic numerical water potentials: TIP4P/2005 (Abascal and Vega,
2005) and TIP4P/Ice (Abascal et al., 2005) by Debenedetti, Sciortino and
Zerze [2020]. In the specific case of TIP4P/2005, simulations performed in
Debenedetti et al., 2020 have located the LLCP at TC = 172K,pC = 186MPa
and established the phase transition occurring in its correspondence to be of
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the same universality class as the Ising model, as previously found for the
ST2.

Remarkable experimental evidence supporting the LLCP hypothesis has
been provided (Kim et al., 2017, 2020; Mishima and Stanley, 1998a; Woutersen
et al., 2018; Winkel et al., 2011).

The computational research on supercooled water behaviour has given
particular attention to aqueous solutions (Corradini et al., 2010, 2012), due Water is often easier

to supercool in
solutions.

to their common occurrence in nature and to water being often easier to
supercool in them. Importantly, for instance, MD simulations on aqueous
solutions of NaCl have shown the LLCP shifting to higher temperatures and
lower pressures upon increasing the solute concentrations (Corradini et al.,
2011), indicating that more physically accessible conditions for studying the
liquid-liquid transition are achievable. Perchlorate solutes

and the potential role
of water anomalies
on the presence of
liquid water on Mars

Within this context, this work will focus on aqueous solutions of sodium
perchlorate (NaClO4) and magnesium perchlorate (Mg(ClO4)2). These so-
lutions are currently of great relevance, as their behaviour is considered to
provide an explanation for the recent detection on Mars through dielectric
permittivity measurements of unusually bright basal reflections, connected
to the existence of liquid water underneath the Martian South Pole surface
(Orosei et al., 2018; Lauro et al., 2021). Perchlorates are known to be abundant
on Mars and recent experiments have also shown that supercooled aqueous
perchlorate solutions can remain liquid down to 150K (Toner et al., 2014).

The aim of this PhD thesis was to determine what role water anomalies
can play on the presence of liquid water on Mars and assess if, how and to
what extent the unique properties of water are retained upon increasing the
concentrations of the solutes. To do so, the thermodynamic and structure of
aqueous solutions of sodium perchlorate and magnesium perchlorate was
explored with MD simulations.

In particular:

chapter 2 outlines the research context, focusing on the characteristics of
the water molecule and its hydrogen bond network. It explores the sta-
bility and metastability of liquid water, particularly in the supercooled
domain. Key anomalies of water are detailed, followed by a discussion
on theoretical models for their occurrence, emphasising the Liquid-
Liquid Critical Point (LLCP) theory, pivotal to the presented results.
Finally, properties of solutions relevant to this study are presented.

chapter 3 focuses on the essential aspects of the MD technique in the mi-
crocanonical ensemble. It introduces MD’s fundamental principles, then
details integration algorithms and the use of thermostats for canonical
ensemble simulations. The chapter also covers the force-fields for water.
Among these is the TIP4P/2005 employed in this thesis.

chapter 4 outlines the simulations’ general methodology, emphasising
the strategies implemented, including generating the initial conditions
based on the chosen concentrations for the system alongside a descrip-
tion of the potentials used. It then presents thermodynamic findings
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for sodium perchlorate solutions at 1.63 wt% and 15.4 wt%, detailing
estimations of the temperature of maximum and minimum density
curves, isothermal compressibility peaks with the estimated position of
the Widom Line, and the boundary of liquid-gas limit of mechanical
stability (LG-LMS). The chapter then shows the phase diagrams in the
supercooled region extrapolated from the simulations and concludes
with schematic phase diagrams for the two solutions to focus on the
changes on the interplay between LDL and HDL upon increasing the
concentration and with respect to the bulk.

in chapter 5 a structural analysis of the sodium perchlorate aqueous solu-
tions is undertaken through the examination of the water-water, ion-ion,
and ion-water radial distribution functions (RDFs), along with the study
of first-shell coordination numbers for the water-water interaction. This
analysis demonstrates the ions’ effects on the interplay between the
HDL and the LDL phases of the system.

chapter 6 presents the thermodynamic results for aqueous magnesium
perchlorate solutions, alongside a description of the potential used
and the key differences from sodium perchlorate. By estimating the
position of the system’s density anomaly region, the peaks of isothermal
compressibility and the LG-LMS, the phase diagram of solutions at
concentrations of 2.95 wt% and 24.4 wt% is calculated. The chapter
concludes with a comparison of the thermodynamic results obtained
from the four studied solutions.

chapter 7 presents the structural results of the aqueous solutions of mag-
nesium perchlorate by mean of the water-water, ion-water and ion-ion
RDFs and the first-shell coordination numbers for the water-water inter-
action. A structural comparisons among the four solutions concludes
the chapter.

chapter 8 summarises the results for the four systems.

All the simulations were performed using GROMACS (Hess et al., 2008) on
the GRID-Roma Tre cluster, employing the potentials defined in Nieszporek et
al., 2016; Agieienko et al., 2014 and the TIP4P/2005 model of water (Abascal
and Vega, 2005). A total number of 2937 state points were studied. The total
single-CPU computation time was approximately 100 years. I personally
coded the algorithms applied to carry out the data analysis of the systems.
The graphs were generated using gnuplot (Williams and Kelley, 2023). System
snapshots were graphed using VMD (Humphrey et al., 1996).



Part I

N U M E R I C A L LY E X P L O R I N G A Q U E O U S S O L U T I O N S :
A N O M A L I E S O F WAT E R A N D C O M P U TAT I O N A L

M E T H O D S





2
S U P E R C O O L E D WAT E R A N D A Q U E O U S S O L U T I O N S

2.1 stable water

The water molecule (Fig. 2.1) is a V-shaped and planar molecule,
consisting of an oxygen atom at its centre and two hydrogen atoms at
its outer vertices. The O – H distance is 0.09578 nm while the central

angle is 104.5◦ (Császár et al., 2005; Hasted, 1972).
Oxygen and hydrogens form a covalent bond. The orbitals of the oxygen

atom, whose outer shell is made up of six electrons, undergo hybridisation,
leading to four equivalent sp3 orbitals: two of which accommodate lone
pairs, each consisting of two electrons while the other two form sigma bonds
with the two hydrogen atoms. The sp3 hybridisation results in a tetrahedral
structure among the oxygen, the two hydrogens and the two lone pairs. Due
to its high electronegativity, the oxygen exerts a strong attraction toward
the electron that the hydrogen shares with it. Because of this, the hydrogen
partially exposes the nucleus and the water molecule is polar. For this reason
the hydrogen is often referred to as ’protonated’ and we can attribute partial
charges of approximately δq ≈ −0.7e for the oxygen atom and δq ≈ +0.35e
for each hydrogen atom (Martin and Zipse, 2005).

Lone pairs can form so-called hydrogen bonds with the hydrogen atoms of
neighbouring water molecules, while protonated hydrogens can attract lone
electron pairs from an adjacent water molecule’s oxygen, thereby creating a
network of intermolecular interactions (Gallo and Rovere, 2021). Each water
molecule can engage in four hydrogen bonds, two as a donor and two as an
acceptor, resulting in a tetrahedral arrangement of hydrogen bonds around
the central oxygen atom (Fig. 2.2).

At ambient temperature, the estimate of the energy associated with the
hydrogen bond is about 20 kJ/mol. Notably, the energy associated with
dipole-dipole interactions is considerably lower, around 1 kJ/mol. As a result,
the hydrogen bond stands out as a relatively strong force in liquid phases,
despite being markedly weaker than covalent bonds, which usually have an
energy close to 400 kJ/mol.

2.1.1 The Phase Diagram of Stable Water

Figure 2.3 shows the phase diagram of stable water. When compared to
most substances, water can be found in a liquid phase for a very wide range
of temperatures and pressures, including ambient conditions T = 300K and
p = 1 atm.

In the liquid state near the melting point, the local tetrahedral symme-
try discussed in the previous section is only partially maintained, with

21
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Figure 2.1: A water molecule.
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Figure 2.2: The tetrahedral hydrogen bond network locally formed by water.
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Figure 2.3: Phase diagram of the stable phases of water. Picture from Chaplin, 2022.

short-range order. As a result of this, the liquid form of water exhibits a
higher density compared to its crystalline (ice) state, representing one of the
most well-known anomalies of water, related to the density anomaly (see also
Sec. 2.4).

This feature is highlighted by the negative slope of the coexistence line
between the liquid and the solid phases, for which the Clausius-Clapeyron
equation

dp

dT
=

1

T

λ

∆V

implies, λ being the latent heat of fusion, its increase in volume upon freezing.
Another important feature of water is its polymorphism (Bachler et al.,

2019). If the temperature is lowered below 273.15 K, the solid phase is the ice
Ih but this is not the only solid phase of water existing. Up to today, nineteen
stable and four metastable crystalline phases are known (Debenedetti, 2003;
Chaplin, 2022; Petrenko and Whitworth, 1999; Salzmann et al., 2009).

2.2 metastability, supercooling and nucleation

Phase transitions (Parisi, 1998) constitute a collective change in the be-
haviour of a system with a high number of particles and are perhaps the
most important example of critical phenomena in condensed matter physics.

The water-to-ice transition that occurs at TF = 273.15 K under standard
atmospheric pressure is arguably the most familiar example of a first-order
phase transition. This classification refers to transitions involving a latent heat
and a sudden change in the system’s energy landscape and can be identified
by a discontinuity in the first derivative of the free energy.

The main features that characterise first-order phase transitions are:

• discontinuities in several thermodynamic quantities (such as the density
or internal energy in the case of water);
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Figure 2.4: Schematic example of a free-energy density function exhibiting a
metastable and a stable state as a function of one order parameter.
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Figure 2.5: Free energy and the critical radius.
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• the lack of precursor signs, meaning the change occurs without any
gradual transformation or early indicators in the system’s properties;

• the ability, possibly with highly accurate procedures, to bring the system
into a metastable state, that is, a state with a (potentially very) long life
time which is mechanically stable but not in a state of thermodynamic
equilibrium.

Supercooled Water
Water stands out among the systems that exhibit metastability: it can retain

its liquid state at temperatures below its freezing point. This phenomenon is
referred to as ’supercooling’. A metastable state is

a local minimum
point of the free
energy.

From the perspective of statistical mechanics, a metastable state is a local
minimum in the free energy landscape as a function of the degrees of freedom.

2.2.1 Nucleation

As a function of the order parameter, when known, an example of free
energy of a system with a stable and a metastable state can be shaped as in
figure 2.4.

Upon crossing a first-order phase transition, a system generally does not
instantly transition into a new stable phase. Instead, the former stable state
becomes metastable and thermal fluctuations favour the formation of nuclei
of the stable phase within the metastable state (Parisi, 1992). Considering
the system’s total free energy, the new stable phase is naturally preferred.
However, the free energy balance of a stable spherical bubble of radius R is
expressed as:

∆F = −δf · V(R) + δFI(R), (2.1)

where δf is the free energy density difference between the stable and the
metastable minima, V(R) ∼ RD is the volume of the bubble and the interfacial
free energy δFI(R) can grow at most as (Cavagna, 2009):

δFI(R) = O(σ · Σ(R)),

with σ being the surface tension and Σ(R) ∼ RD−1 describing the surface area
of the bubble.

Therefore, for minor fluctuations, resulting in smaller values of R, the
free energy of the stable state initially increases until a critical radius RC is
reached (Fig. 2.5). By differentiating the eq. (2.1), this radius can be obtained
from the maximum of ∆F using the equation

(D− 1)σRC
D−2 −DδfRC

D−1 = 0

providing

RC =
D− 1

D

σ

δf

from which we can determine the homogeneous nucleation barrier

∆FC ∼
σD

δfD−1
.
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Figure 2.6: Schematic example of a free-energy function exhibiting a spinodal.

The probability of the necessary fluctuation for nucleation to occur can be
determined by the Arrhenius law

P ∼ e−β∆FC . (2.2)

The nucleation time
τ ∼ eβ∆FC (2.3)

can vary significantly depending on the specific characteristics of the system
being considered and potentially be very long.

When the temperature changes, so does the shape of the free energy and
therefore the metastable state can disappear: the state point of the system
where this happens is called spinodal (Fig. 2.6).The role of impurities

Impurities can reduce the nucleation time by providing a surface for
crystals to form on (Debenedetti, 2003). This can reduce the free energy
barrier ∆FC.

For example, when water freezes, it usually nucleates more easily on dust
particles or other impurities in the water.

2.2.2 Second-Order Phase Transitions

In second-order phase transitions (Parisi, 1998, 1989), also known as con-
tinuous transitions, at the critical temperature TC the internal energy is
continuous, hence there is no latent heat, while the specific heat is singular.
There are precursor signs and no trace of metastability. The prime example
of a second-order transition is the ferromagnetic transition, and the prototype
model in theoretical physics exhibiting such a transition is the Ising model
(see for example Parisi, 1998).

The precursor phenomena of second-order transitions are related to the
singular behaviours of the response functions near the critical point. These
behaviours are linked to the existence of a correlation length ξ within the sys-
tem and to its thermal fluctuations: at |T − TC| ≫ 0 the connected correlation
functions of the system have a local behaviour G(r) = f(r/ξ), such as

G(r) ∼ e−r/ξ,
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T = TC
T < TC

T > TC

p

V

Figure 2.7: Generic system undergoing a phase transition in the van der Waals theory.
The critical isotherm is highlighted in red. In the multi-coloured isotherm
below TC the metastable states are highlighted in green and cyan. Purple-
coloured is the nonphysical curve.

while they are scale-invariant at the critical point

G(r)|T=TC
∼ r−(D−2+η),

D being the dimension of the system.
Near the critical point, the fluctuations start correlating over progressively

larger scales, ultimately diverging at the critical point itself. The correlation
length exhibits a singular behaviour as it approaches the critical temperature
TC, described by

ξ ∼ T → TC(T − TC)
−ν.

As a consequence, several thermodynamic quantities exhibit a power-law
singular critical behaviour near the critical point. In the case of ferromag-
netism, for example, the magnetic susceptibility for T → TC behaves as:

χ ∼ (T − TC)
−γ.

Here, ν, η and γ are examples of critical exponents.
Due to the divergence of the correlation length, the specific details of

the system at the critical point become irrelevant: systems apparently very
different from each other can have the same critical behaviour, i.e. the same
critical exponents, and are said to belong to the same class of universality.

2.2.3 Mechanical Stability

We now focus on a generic system undergoing a second-order phase
transition in the van der Waals theory at a critical temperature TC. In Fig. 2.7
the critical isotherm is shown in red, the isotherms at T > TC are shown in
yellow and those at T < TC are shown in grey.
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Figure 2.8: Helmholtz free energy of a generic system in the van der Waals theory at
T < TC. Figure adapted from Debenedetti, 1996.

While the stable behaviour, which in this work we are not interested in,
would be obtained by the Maxwell construction, the metastable phases are
those in the two areas on either side of the critical point delimited by the
dotted and the dash-dotted curves.

For clarity, one of the isotherms below TC has been highlighted with
different colours. Two stable phases (one on each side, grey-coloured) exist
outside the dashed orange coexistence curve. The green and the cyan arcs
represent metastable phases. The minimum in green and the maximum in
cyan are spinodals satisfying ∂2F/∂V2 = 0 (Debenedetti, 1996), hence the
dash-dotted black line is the spinodal curve. The purple arc is non-physical
and for those values of p and V the liquid is unstable.

In Fig. 2.8, maintaining the same colour coding used in Fig. 2.7, the
Helmholtz free energy of a generic van der Waals system along an isotherm at
T < TC is represented. The dashed line represents the stable thermodynamic
equilibrium of the system. The system becomes metastable if it follows the
green or cyan curve.

From the point of view of aqueous solutions, the states we are considering
are metastable, i.e. they are not in a phase of thermodynamic equilibrium
(meaning state points in which the system can stay for an infinite time) but
there is mechanical stability. For this reason the spinodal in this context is called
limit of mechanical stability (LMS).

2.3 supercooled water

Normally, water is liquid between 273 K and 373 K at standard atmospheric
pressure. Under certain conditions (Gallo et al., 2016; Gallo and Stanley, 2017;
Angell, 1983; Debenedetti, 2003; Gallo and Rovere, 2021), such as lack of
impurities and extremely isolated environments, however, this liquid phase
can exist down in temperature to as low as 227 K (Kim et al., 2017).
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TG = 136 K
TX = 150 K

TH = 235 K

TF = 273 K

Tb = 373 K

Tsh = 535 K

Vapour

Superheated Water

Stable Water

Supercooled Water

No man’s land

Ultraviscous

Amorphous solid

Figure 2.9: Schematic thermodynamic (solid
lines) and kinetic (dashed lines)
boundaries of non-crystalline water at
p = 1 atm adapted from Debenedetti
and Stanley, 2003.1

In this context, metastable wa-
ter that retains its liquid na-
ture below its freezing point is
known as ’supercooled’.

A scheme of the boundaries
of the regions of noncrystalline
water adapted from Debenedetti
and Stanley, 2003 is reported in
Fig. 2.9.

One typical process to ex-
perimentally explore the super-
cooled phase of water and avoid
nucleation involves purifying
the sample and dividing it into
small droplets (Mishima, 1996;
Kanno et al., 1975; Tombari et al.,
1999; Krämer et al., 1999, 1996).

By reducing the concentration
of impurities that trigger crys-
tallisation to approximately 1015

per m3, a droplet measuring
5µm is likely to contain less
than one impurity (Angell, 1983).

These droplets can be super-
cooled down to temperatures
at which the intrinsic crystalli-
sation rate is so high that the
droplet’s lifespan becomes neg-
ligible. For instance, the

lifespan of a 5µm
droplet is around
10−5 s when the
nucleation rate is at
1021 m−3.

This scenario set a pressure-
dependent experimental thresh-
old for supercooling, known as
homogeneous nucleation tempera-
ture TH, which has hence com-
monly been located at 235 K.

It must be underlined that at
TH no thermodynamic spinodal
occurs. In fact, if water is su-
percooled below TX = 150K, for
fast enough cooling rates, an ul-
traviscous supercooled liquid is
obtained (Debenedetti, 2003).

The region T ∈ (TH, TX) is
called no man’s land (Mishima and Stanley, 1998b), because inside it nu-

1 The values of TH and TX conventionally adopted in literature were used.
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cleation occurs too quickly for existing experimental methods to allow the
observation of supercooled water.

However, recent experimental observations, performed by using evapora-
tive cooling of micron sized water droplets, reached a new upper end of the
no man’s land at around 227 K (Kim et al., 2017).

Another metastable form in which water can occur is glassy water. From a
structural point of view there is no difference between a supercooled liquid
and a glass, yet typically in glasses a dramatic dynamic slowdown takes
place in a very small temperature span, with the viscosity of the system
increasing abruptly by as much as 12 orders of magnitude or more. This
feature, although from the point of view of the critical phenomena the glass
transition is not a transition at all, makes it possible to operatively define
the glass transition temperature TG as that at which the viscosity is 1012 Pa s
(Debenedetti, 2003; Gallo and Rovere, 2021; Cavagna, 2009; Angell, 2002).

Glassy forms of water include low-density amorphous (LDA), high-density
amorphous (HDA) and very high density amorphous (VHDA, Loerting et al.,
2001).

The metastable LDA and HDA phases have been shown to be separated
by a first-order-like phase transition (Mishima et al., 1985; Winkel et al.,
2008) and can be obtained through vapour deposition (LDA) or through
compression from the solid phase (HDA). LDL (low-density liquid) and HDL
(high-density liquid) metastable phases have been theorised to exist in the no
man’s land (Sec. 2.7).

The lower end region of the no man’s land was also accessed (Seidl et al.,
2015) via techniques such as laser heating amorphous ice up to 205 K on
femtosecond scales (Kim et al., 2020).

2.4 thermodynamic anomalies of water

Despite being Earth’s most prevalent liquid, water is known (Gallo et al.,
2016; Gallo and Stanley, 2017; Angell, 1983; Debenedetti, 2003; Gallo and
Rovere, 2021) for featuring a significant amount of anomalies compared to
the others.

Over 75 such anomalies have been identified to date (Chaplin, 2022).
Among them the best-known is the density anomaly. As previously dis-Density Anomaly

cussed in Sec. 2.1.1, the liquid-solid coexistence line has a negative slope.
At atmospheric pressure, the density of water does not follow a monotonic
decrease with increasing temperature. Instead, it exhibits a maximum at 277

K. This Temperature of Maximum Density (TMD) exhibits a range of values
as the pressure varies leading to a TMD curve in the water phase diagram.
Experimental TMD points for D2O from Angell and Kanno, 1976 are reported
in Fig. 2.10.

In deep supercooled confined water, a Temperature of Minimum Density
(TmD) was also observed experimentally (Liu et al., 2007; Mallamace et
al., 2007), at temperatures below which water resumes the behaviour of a
conventional liquid with the density decreasing upon cooling. The behaviour
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Figure 2.10: TMD line for D2O from Angell and Kanno, 1976.

of such confined water has been shown to be very similar to the bulk (Gallo
et al., 2010, 2000a,b). Simulation studies show that the TmD might also exist
in bulk water (Paschek, 2005).

We now consider the thermodynamic response functions and their connec-
tion to fluctuations (Landau and Lifshitz, 1958) which link the macroscopic Thermodynamic

Response Functionsthermodynamic features to the microscopic behaviour described by statistical
mechanics.

isothermal compressibility

Figure 2.11: Supercooled wa-
ter’s isothermal
compressibil-
ity. Figure from
Debenedetti, 2003.

The isothermal compressibility

κT = −
1

V

∂V

∂p

∣∣∣∣
T

(2.4)

is connected to the fluctuations of vol-
ume of a system with a fixed number
of particles by〈

(V − ⟨V⟩)2
〉
= V kBT κT ;

Fig. 2.11 shows experimental measure-
ments of κT along isobars.
While in simple liquids κT typically
shows a decreasing behaviour upon
lowering the temperature, in the case
of water it reaches a minimum prior to
an increase. At ambient pressure, the
minimum is at T = 319 K.
This increase is particularly noticeable
in the supercooled phase.
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isobaric specific heat

Figure 2.12: Supercooled D2O
isobaric heat capac-
ity. Figure from
Debenedetti, 2003.

The isobaric specific heat

cp =
T

N

∂S

∂T

∣∣∣∣
p

(2.5)

is connected to the entropy fluctua-
tions of N molecules at fixed p

⟨(S− ⟨S⟩)2⟩ = NkBCp

and to the isochoric specific heat by

cp − cV =
VT

N

α2
p

κT
.

Fig. 2.12 shows its similar trend to κT
upon lowering T , with a minimum and
a consequent steady increase. The min-
imum is at T = 308 K at ambient pres-
sure.

coefficient of thermal expansion

Figure 2.13: Supercooled D2O
coefficient of
thermal expan-
sion. Figure from
Debenedetti, 2003.

The coefficient of thermal expansion
(see Fig. 2.13 for D2O)

αp =
1

V

∂V

∂T

∣∣∣∣
p

(2.6)

is connected to the fluctuations of vol-
ume and entropy

⟨(V − ⟨V⟩)(S− ⟨S⟩)⟩ = V kBT αp .
αp > 0 T > TMD

αp = 0 T = TMD

αp < 0 T < TMD.

At ambient pressure, TMD = 277 K.
In a simple liquid αp decreases mono-
tonically upon decreasing T but satis-
fies αp > 0.

2.4.1 Apparent singularities

Schematic reproductions of the behaviour of water’s density and of its ther-
modynamic response functions at ambient pressure are reported in Fig. 2.14

and Fig. 2.15.
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Figure 2.14: Density of water at ambient pressure. Data adapted from Chaplin, 2022.

Figure 2.15: Thermodynamic response functions compared to simple liquids at am-
bient pressure, with Tm being the melting temperature: isothermal
compressibility (a), isobaric specific heat (b), coefficient of thermal ex-
pansion (c). Figure from Debenedetti and Stanley, 2003.

Specifically, the behaviour of isothermal compressibility and isobaric spe-
cific heat highlighted in such figures implies that unlike common liquids,
at low temperatures, thermal fluctuations in volume and entropy increase
rather than decrease.

Moreover, these fluctuations are anticorrelated, being αp < 0. The observed
anticorrelation is a result of the formation of an open network of hydrogen
bonds. In this network, a reduction in orientational entropy is coupled with
an increase in volume.

All the response functions show an (at least) apparent singular behaviour

χ ∼ (T − TS)
γχ . (2.7)

Several hypotheses have been formulated to account for the presumed
divergences in the physical properties of supercooled water, their underlying
causes remain a subject of ongoing debate.

Among these, Speedy and Angell [1976] have suggested the existence
of a singular temperature at TS = 228 K. However, by far the most widely
accepted explanation for the anomalies of water centres around the hypothesis
of existence of a second-order Liquid-Liquid Critical Point (LLCP) located
within the "no man’s land (see Sec. 2.7).
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(a) D(p) (b) D(ρ)

Figure 2.16: Experimental self-diffusion coefficient of water D along isotherms as a
function of pressure (a) and density (b). Fig. (a) from Debenedetti, 2003.
Fig. (b) from Errington and Debenedetti, 2001.

2.5 dynamic anomalies of water

Figure 2.16 shows the experimental behaviour of water self-diffusion co-
efficient D. In typical liquids, D decreases with increasing compression.Diffusion anomaly

However, water exhibits an anomalous behaviour at approximately 283 K,
where its diffusivity initially increases with rising pressure, reaching a peak
around 150 MPa. Computer simulations have further revealed that as the
temperature decreases beyond this point, water’s diffusivity reverts to the
normal behaviour, thus passing through a minimum. By connecting these
points of maximum and minimum diffusivity, one can draw a line of diffu-
sivity extrema in the phase diagram (Errington and Debenedetti, 2001; Xu
et al., 2006; de Oliveira et al., 2008).

2.6 structural anomalies

The thermodynamic and dynamic anomalies of water have frequently
been attributed to the structure of water and its hydrogen bond network.
Theoretical and computational studies have shown that these anomalies are
both contained within a broader region of structural anomalies (Errington
and Debenedetti, 2001; Yan et al., 2007; Nilsson and Pettersson, 2015).

This region was defined using a local orientational order parameter q,
which measures the degree of tetrahedral order in the arrangement of water
molecules in the first shell, and a translational order parameter t, which mea-
sures the tendency of two water molecules to occupy a preferred separation.

An anomalous region emerges where both order parameters simultane-
ously decrease with increasing pressure. The line of structural anomalies
is then defined by identifying the loci of maxima in orientational order at
low densities and minima in translational order at high densities. Within
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this zone of structural anomalies, water exhibits an increase in disorder upon
compression. Therefore it has been shown that upon increasing the degree of
order, structural, dynamic and thermodynamic anomalies of water occur in a
cascade (Fig. 2.17, Errington and Debenedetti, 2001).

2.7 the liquid-liquid critical point scenario

2.7.1 The LLCP hypothesis

Figure 2.18: Low-temperature isotherms in the
(p,V) plane for the ST2 model of
water. Figure from Poole et al.,
1992.

The Liquid-Liquid Critical Point
(LLCP) scenario was theorised in 1992

in a paper by Poole, Sciortino, Ess-
mann and Stanley in which, upon in-
vestigation of the thermodynamic and
structural features of the supercooled
ST2 model of water through molec-
ular dynamics (MD) simulations, the
occurrence of the aqueous anomalies
were ascribed to the existence of a
second-order liquid-liquid phase tran-
sition. The LLCP would occur in the
no man’s land.

In the LLCP framework, below the
critical temperature TC, two phases of
water arise: high-density liquid (HDL)
and low-density liquid (LDL). Like
their amorphous counterparts, in this
scenario, the HDL and the LDL phases
are separated by a manifold of first-
order phase transitions ending at the
LLCP, where the distinction between

the two phases disappears with

ρHDL − ρLDL
T→T−

C−−−−→ 0. (2.8)

This is a very common occurrence in critical phenomena, linked to the
existence of a diverging correlation length at the second-order critical point.
Above TC, a line of state points corresponding to the maxima of the correlation
length develops, the Widom line (Xu et al., 2005; Franzese and Stanley, 2007).
This line is the extension in the one-phase region of the HDL-LDL coexistence
curve (see also Fig. 1.2) and has also been observed for the liquid-vapour
critical point (Anisimov et al., 2004; Gallo et al., 2014).

The divergence of the correlation length provides an explanation for the
polynomial increases observed in the thermodynamic response functions
and discussed in Sec. 2.4, as they behave as precursors of the second-order
transition, themselves exhibiting maxima along or close to the Widom Line
and a singular behaviours near the critical point.
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Figure 2.17: Loci of structural, dynamic and thermodynamic anomalies for the
SPC/E model of water from Errington and Debenedetti, 2001: q max-
ima (triangles up) and t minima (triangles down) locate the structural
anomaly region, where water’s degree of order decreases upon compres-
sion; D maxima (circles) and minima (diamonds) locate the diffusivity
anomaly region, where the diffusion coefficient increases upon increas-
ing density; the TMD points (squares) locate the region of density
anomaly, where ρ increases upon isobaric heating.

In the simulations performed in Poole et al., 1992 on the ST2 model of
water

• the occurrence of van der Waals loops and a flex point in the isotherm
curves were observed in the low-temperature phase diagram, signalling
the occurrence of two distinct phases at temperatures below a second-
order critical point: Fig. 2.18 and 2.19(a);

• one of the two phases structurally resembled that of the HDA, the
other one that of the LDA. Therefore they were named HDL and LDL:
Fig. 2.19(b);

• experimental anomalies of water were reproduced by the ST2 model:
Fig. 2.19(c) and 2.19(d).

Following the publication of the seminal paper by Poole et al. [1992],
a significant amount of work has been undertaken across experimental,
theoretical, and computational physics to further develop and contribute to
the current understanding of this concept (see for example Mishima and
Stanley, 1998a,b; Errington and Debenedetti, 2001; Ito et al., 1999).

All major contributions regarding the implications of an LLCP in the phase
diagram of supercooled water, along with both supporting and contesting
studies, were comprehensively reviewed by Gallo et al. in 2016.

The phase diagram of water in the LLCP scenario adapted from Gallo et al.,
2016 is reported in Fig. 2.20 showing the second-order LLCP, the HDL and
the LDL phases with the HDL-LDL coexistence line in the no man’s land, the
ultraviscous liquids, and the amorphous HDA and LDA phases.
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(a) Isothermal compression (b) Structural comparison: HDL-LDL vs
HDA-LDA

(c) Density (d) Response functions

Figure 2.19: Thermodynamic and structural results of MD calculations performed
on the supercooled ST2 model of water: figures from Poole et al., 1992.
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Figure 2.20: Phase diagram of non-crystalline water (adapted from Gallo et al.,
2016) highlighting the ’no-man’s land’, a region currently observed to
contain only crystalline ices, bounded by the homogeneous nucleation
line TH above and the crystallisation line TX below. Located in the no
man’s land is the Liquid-Liquid Critical Point (LLCP) at temperatures
below which two distinct phases of water, separated by a coexistence
first-order phase transition line, exist: high-density liquid (HDL) and
low-density liquid (LDL). The coexistence line ends at the LLCP. Situated
just beneath TX are two ultra-viscous liquid domains, namely HDL and
LDL ultraviscous liquids. The glass transition temperatures Tg,1 and
Tg,2, which demarcate the transition from the glassy solids LDA and
HDA to the ultra-viscous liquids LDL and HDL, are also reported.
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2.7.2 Experimental Results

The hypothesised location of the critical point in the no man’s land renders
its experimental investigation extremely challenging, being constrained by
the emergence of homogeneous nucleation. However, it has been shown that
the amorphous phase can be linked to normal liquid water via a reversible
thermodynamic path (Speedy et al., 1996), and notably, the experimental
boundary of the no man’s land has been recently observed to be narrower
than historically thought (Kim et al., 2017; Seidl et al., 2015; Nilsson, 2022).

Kim et al. [2017], in particular, were able to measure the structure as well
as the maxima in isothermal compressibility and correlation length. The
presence of a maximum in the correlation length is a characteristic feature
of the Widom line. Therefore, their findings unambiguously confirm the
existence of this line, and consequently, provide evidence for a second-order
critical point (Gallo and Stanley, 2017).

Also, while investigating the melting lines induced by decompression in
various high-pressure ice phases within small emulsified droplets, a disconti-
nuity in the melting line of ice IV was observed at the position suggested for
the liquid-liquid transition which Mishima and Stanley predicted to happen
at Tc ≈ 220 K, and pc ≈ 100 MPa (Mishima and Stanley, 1998a,b).

Figure 2.21: Radial distribution
functions for LDL
(lines) and HDL
(circles) water at T =

268 K. Figure from
Soper and Ricci, 2000.

By electron spin resonance experiments,
Banerjee et al. [2009] identified results in bulk
water that align with the LDL-HDL coexistence
in the deeply supercooled region.

Experimental results from neutron scattering
on water confined in silica MCM-41 pores are
consistent with the LLCP hypothesis (Liu et al.,
2007; Liu et al., 2005, 2006; Zhang et al., 2011a).

The structural properties of the hypothesised
LDL and HDL phases were investigated by
studying the water radial distribution functions
(RDFs) through neutron diffraction scattering
experiments. Soper and Ricci’s research re-
vealed that in the HDL phase, the second shell
of the oxygen-oxygen RDF collapses in com-
parison to the LDL phase, indicating a signif-
icant disruption of hydrogen bonds between
the first and second shell of water molecules.
Furthermore, in the HDL phase, the hydrogen
bonds within the first shell become more lin-
ear. Figure 2.21 from Soper and Ricci, 2000 il-
lustrates the oxygen-oxygen, oxygen-hydrogen,

and hydrogen-hydrogen RDFs.
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2.7.3 Numerical Simulations

Computer simulations have been instrumental in investigating the LLCP,
not only because its hypothesis emerged from computational studies but also
because they circumvent experimental challenges associated with nucleation
by employing faster cooling rates. This approach enables the exploration of
the no-man’s land.

The existence and classification of the LLCP have been rigorously proved
to be of the second-order Ising universality class in various water models,
specifically ST2 in Palmer et al., 2014; Liu et al., 2012, 2009; Sciortino et al.,
2011; Kesselring et al., 2013; Smallenburg and Sciortino, 2015, TIP4P/2005

(Abascal and Vega, 2005) and TIP4P/Ice (Abascal et al., 2005) in Debenedetti
et al., 2020, and Jagla (Jagla, 2001) in Gallo and Sciortino, 2012.

In these three models the isothermal compressibility and the correlation
length of the TIP4P/2005 were found, for T → TC, to have a critical behaviour

κT ∼ (T − TC)
−γ ξ ∼ (T − TC)

−ν (2.9)

with γ = 1.26 and ν = 0.63 which are the same exponents numerically
obtainable for the 3D Ising Model with Monte Carlo techniques (see for
example Parisi, 1998) for the magnetic suceptibility χ (γ) and the correlation
length ξ (ν).

It is important to note that the TIP4P/2005 and TIP4P/Ice models are
particularly renowned for their accuracy in exploring the thermodynamics of
water.

Simulation results compatible with the LLCP theory were also obtained
for SPC/E (Harrington et al., 1997), TIP4P (Corradini et al., 2010; Poole et al.,
1993; Sciortino et al., 1997; Tanaka, 1996), TIP5P (Xu et al., 2005; Kumar et al.,
2005; Yamada et al., 2002), TIP5P/E (Paschek, 2005), TIP4P-Ew (Paschek et al.,
2008) and BSV (Jedlovszky and Vallauri, 2005) models of water.

A recent line of research has focused on investigating the liquid-liquid
transition in ab initio deep neural network models for water. While there are
already results consistent with the LLCP hypothesis (Gartner III et al., 2020),
no rigorous evidence has yet been obtained.

2.7.4 Other scenarios

Notwithstanding the numerous evidences supporting the LLCP theory, it
is worth mentioning other scenarios that have been proposed to explain the
occurence of water anomalies in supercooled water. The most popular ones
over the years have been:

the singularity-free scenario Sastry et al. [1996] suggested that the
density anomaly alone can be considered responsible for the increase
in thermodynamic response functions. This increase would give rise to
maxima without leading to any divergence (Rebelo et al., 1998). Further-
more, the cp peaks do not increase upon decreasing the temperature;
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the critical point-free scenario Angell [2008] proposed a scenario
in which the liquid-liquid transition would be order/disorder first-
order-like, with a coexisting phase extending to the region of negative
pressures and ending on the LG-LMS line without any occurence of
second-order critical points.

Nevertheless, the LLCP hypothesis remains by far the most credited one
(Gallo et al., 2016).

2.8 aqueous solutions

Water, known for its exceptional properties, is not only a remarkable liquid
but also an extraordinary solvent (Gallo et al., 2016; Angell, 2002). Therefore
the study of water in solution holds significant importance. Besides, notably,
in natural settings, water is primarily found in solutions.

Both experimental analyses and computer simulations have demonstrated
that the addition of solutes affects several key thermodynamic properties of
water. These include, among many others, the melting and boiling points,
viscosity, the TMD, the location of the LLCP and the Widom Line.

The study of water anomalies in ionic solutions is particularly important for
their enhanced supercooling capabilities compared to bulk water due to the
lowering of the homogeneous nucleation temperature as ion concentration
increases (Miyata et al., 2002). Additionally, ions appear to be more favourably
solvated in the HDL phase (Souda, 2006; Mishima, 2007).

Research conducted by Archer and Carter (Archer and Carter, 2000; Carter
and Archer, 2000) has shown that aqueous solutions of NaCl retain the
anomalous behaviour of thermodynamic response functions and the presence
of a TMD up to a moderate concentration of 2 mol/kg. However, at higher
NaCl concentrations, this anomalous behaviour in heat capacity disappears,
though this does not rule out the possibility of a liquid-liquid transition
in supercooled NaCl aqueous solutions. In this context, MD simulations
by Corradini et al. [2010; 2011] on NaCl in TIP4P water across various
concentrations have analysed the LLCP both in bulk water and in solutions,
revealing a shift in the thermodynamic plane towards higher temperatures
and lower pressures upon salt addition (Fig. 2.22).

Moreover, Mishima’s research (Mishima, 2007, 2005) has provided exper-
imental evidence supporting the potential for a liquid-liquid transition in
LiCl(aq). This hypothesis has gained additional support from subsequent
experimental (Ruiz et al., 2014) and simulation data (Paschek, 2005; Le and
Molinero, 2011). Recent simulations by Perin and Gallo [2023] have shown the
LLCP in supercooled TIP4P/2005-aqueous solutions of LiCl persist at a con-
centration of 0.678 mol/kg but no evidence of a critical point at 2.034 mol/kg
has been observed, with it possibly having shifted to lower temperatures
(Fig. 2.23).

The classification of ions in aqueous solutions as either structure-makers
or structure-breakers has been a topic of interest in understanding how
ions influence water structure (Hribar et al., 2002). Structure-making ions
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Figure 2.22: Phase diagram of NaCl aqueous solutions in supercooled water, derived
from MD simulations. With a rise in salt concentration, the LDL region
contracts and the LLCP moves towards higher temperatures and lower
pressures. Figure from Corradini and Gallo, 2011.

Figure 2.23: Phase diagram of LiCl aqueous solutions in supercooled TIP4P/2005

water, derived from MD simulations. Figure from Perin and Gallo, 2023.
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are thought to cause a rearrangement of nearby water molecules, resulting
in an ordered hydration structure. Structure-breaking ions are considered
to weaken or distort the hydrogen bonds of surrounding water molecules.
However, this classification is only qualitative and its validity has been
challenged over the years (Gallo et al., 2011; Smith et al., 2007; Soper and
Weckström, 2006).

In summary, research across experiments, theory, and simulations on
supercooled aqueous solutions indicates their potential as a viable pathway
for resolving the complexities of supercooled water. These solutions not
only provide easier access to the supercooled state of this anomalous liquid
but also suggest the possibility of shifting the LLCP to more experimentally
accessible regions of the phase diagram.

2.8.1 Aqueous Perchlorate Solutions

Water anomalies are notably linked to its role as a "matrix for life" (Franks,
2000), and in this context, the study of water in solutions is crucial. Aqueous
solutions are widespread and, as discussed in the previous section, water
often tends to supercool more easily in such environments (Corradini et al.,
2010, 2012; Archer and Carter, 2000), leading to significant research focus on
the structure and thermodynamics of water in solution.

Regarding aqueous solutions, the hypothesis of liquid water existing in
perchlorate solutions beneath the Martian South Pole crust has been put
forward to explain anomalously bright basal reflections detected through
dielectric permittivity measurements on Mars (Orosei et al., 2018; Lauro et al.,
2021). Perchlorate salts of magnesium, sodium, calcium and potassium are
ubiquitous on Mars and therefore deemed to be the natural candidates to
provide an explanation for these findings.

Notably, the subsoil temperature at the Martian South Pole, where the
liquid solutions were discovered, is about 180 K, considerably lower than
the freezing point of water in such solutions (Orosei et al., 2018; Chevrier
et al., 2009). This implies that it is due to the solutes properties that water is
enabled to remain liquid at temperatures lower than its freezing point.

Experiments (Toner et al., 2014) have shown that sodium perchlorate solu-
tions can be supercooled down to approximately 220 K, while magnesium
and calcium perchlorate can reduce this temperature to at least 150 K.

The ability of water to retain its liquid form upon supercooling in perchlo-
rate solutions is potentially also due to its anomalies. The local structural
ordering affects not only water’s anomalies but also ice nucleation (Gallo
et al., 2016). Thus, studying the thermodynamics of supercooled aqueous
solutions of perchlorates is highly topical.

Experimental studies have investigated the structure-making or structure-
breaking properties of perchlorate ions in water, particularly under conditions
akin to those underneath Martian soil. These studies show that even at
high concentrations, the hydrogen-bond network of water is only partially
disrupted by perchlorate ions (Laurent et al., 2020, 2019; Lenton et al., 2017).
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Recent findings by Calvagna et al. [2021] indicate that water anomalies persist
in dilute sodium perchlorate solutions up to 2M.

This thesis will focus on the study of the thermodynamics and structure of
aqueous solutions of sodium perchlorate (Chapters 4 and 5) and magnesium
perchlorate (Chapters 6 and 7) in order to understand the effect of Martian
solutes on supercooled water and what role water anomalies play in this
context.

Further details on perchlorates and perchlorate aqueous solutions are
reported in Sec. 4.1.1 and in Chapter 6’s introduction.
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N U M E R I C A L S I M U L AT I O N S O F A Q U E O U S S O L U T I O N S

3.1 molecular dynamics

The core principle of classical Molecular Dynamics (MD) involves
solving the Hamiltonian equations of motion for a many-body system
through the application of finite difference integration algorithms

(Allen and Tildesley, 2017). These algorithms provide the basis for the
computational study of the physics of liquid matter and will be extensively
employed in this thesis to analyse the thermodynamics and the structure of
aqueous perchlorate solutions.

Our focus will be on simulated systems with a constant total number N of
particles, for which, in terms of the Cartesian positions of the particles and
their momenta, the Hamiltonian can be expressed as

H(r, p) =
N∑
i=1

p⃗i
2

2mi
+U(r) . (3.1)

where the notations
r = (⃗r1, r⃗2, . . . , r⃗N)

p = (p⃗1, p⃗2, . . . , p⃗N)

were introduced to facilitate reading.
Assuming that the potential U(r) is a pairwise function, Eq. (3.1) can be

rewritten as

H(r, p) =
N∑
i=1

p⃗i
2

2mi
+

1

2

∑
i

∑
j̸=i

U(⃗ri − r⃗j) (3.2)

and the Hamiltonian equations (Goldstein, 2002; Arnold et al., 1989) are
˙⃗pi = −∇⃗r⃗iH(r, p) = −∇⃗r⃗iU

˙⃗ri = ∇⃗p⃗i
H(r, p) =

p⃗i

mi

(3.3)

which allows, given the initial conditions (r0, p0), to deterministically obtain
the positions r⃗i and the velocities v⃗i = p⃗i/mi of any particle in the system by
iterative discrete integrations from a time t to a time t+∆t. Details regarding
integration algorithms can be found in Sec. 3.2.

Assuming that in the system there are no integrals of motion other than
the energy E, the equilibrium condition can be defined by the probability
distribution

Peq (H(r, p)) ∼ δ(H(r, p) − E) (3.4)

which, for a system with known and fixed E,V ,N (energy, volume and
number of molecules) also serves as a proper definition of the microcanonical
ensemble in statistical mechanics (see Parisi, 1998; Huang, 1987).

45
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time averages

For a generic observable A(r, p), i.e. any thermodynamic quantity, a
measurement of A is defined by its time average

Ā = lim
t→∞ 1

t

∫t
0

dt ′A(r(t ′), p(t ′)) . (3.5)

ensemble average

An ensemble average can be also considered

⟨A⟩ =
∫
drdpPeq(H(r, p))A(r, p) . (3.6)

ergodicity As long as the simulations run over timescales much higher
than the characteristic time of molecular motion, in MD the ergodic hypothesis
is assumed (see for example Gallavotti, 2014; Cencini et al., 2010):

⟨A⟩ = Ā , (3.7)

i.e. that the time average does not depend on the initial condition of the
system and its value is the same as the one obtained by the ensemble average.

In the microcanonical ensemble, pressure and temperature are thermo-
dynamic observables and can be computed by means of the (generalised)
equipartition theorem (Huang, 1987)〈

xα
∂H

∂xβ

〉
= δαβkBT (3.8)

where xα is any one-dimensional canonical coordinate and kB = 1.38 ×
10−23 J K−1 is the Boltzmann constant.

• The temperature can be computed from

N∑
i=1

⟨p⃗i · ∇⃗p⃗i
H(r, p)⟩ = 2

N∑
i=1

1

2mi
⟨p⃗2

i ⟩︸ ︷︷ ︸
⟨EK⟩

= 3NkBT ,

EK being the kinetic energy, hence

T =
2

3

⟨EK⟩
NkB

. (3.9)

• The pressure can be computed from the virial

N∑
i=1

⟨⃗ri · ∇⃗r⃗iH(r, p)⟩ = −

N∑
i=1

⟨⃗ri · ˙⃗pi⟩︸ ︷︷ ︸
virial

=

N∑
i=1

⟨⃗ri · F⃗(ext)
i ⟩︸ ︷︷ ︸

−PV

+

N∑
i=1

⟨⃗ri · F⃗(int)
i ⟩︸ ︷︷ ︸

W

=

= 3NkBT ,

where W is the internal virial (Allen and Tildesley, 2017), hence

P =
NkBT

V
+

W

V
. (3.10)
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3.2 algorithms

As discussed in the previous section, MD algorithms are a discrete integra-
tion of the equations of motion. The simplest way to proceed for ˙⃗ri = v⃗i and
˙⃗pi = ma⃗i is to introduce Euler’s method by expanding up to the first order:{

v⃗i(t+∆t) = v⃗i(t) + a⃗i(t)∆t+O
(
∆t2

)
r⃗i(t+∆t) = r⃗i(t) + v⃗i(t)∆t+O

(
∆t2

)
.

This algorithm, while simple, does not preserve the Hamiltonian properties
of the system. However, this problem may be remedied by considering the
Euler-Cromer method, in which r⃗i(t+∆t) = r⃗i(t) + v⃗i(t+∆t)∆t+O

(
∆t2

)
and can work well for simple systems (see for example Barone et al., 2013).

3.2.1 Verlet Algorithms

For more accurate computations, higher-order algorithms must be consid-
ered. Examples of these include the Verlet class of algorithms.

By summing both the following equations (Verlet, 1967)
r⃗i(t+∆t) = r⃗i(t) + v⃗i(t)∆t+

1

2
a⃗i(t)∆t

2 +O
(
∆t3

)
r⃗i(t−∆t) = r⃗i(t) − v⃗i(t)∆t+

1

2
a⃗i(t)∆t

2 +O
(
∆t3

) (3.11)

we can obtain

r⃗i(t+∆t) = 2⃗ri(t) − r⃗i(t−∆t) + a⃗i(t)∆t
2 +O(∆t4)

since the parity of the result implies the ∆t3 term is null.
By subtracting the equations in (3.11)

v⃗i(t) =
r⃗i(t+∆t) − r⃗i(t−∆t)

2∆t
+O

(
∆t2

)
is obtained.

Despite being fast and accurate in computing positions, this method does
not allow for an equally precise calculation of velocities. Moreover, it is not
self-sufficient, since in addition to the initial condition r⃗0, v⃗0 it is necessary to
know r⃗(∆t) in order to proceed (Gallo and Rovere, 2021; Allen and Tildesley,
2017; Barone et al., 2013).

leapfrog verlet algorithm To allow for a better computation of the
velocities, the leapfrog (Hockney, 1970) Verlet algorithm can be considered,
in which, at a time t+ 1

2∆t, they are computed from r⃗(t), a⃗(t), v⃗(t−∆t/2)

v⃗i

(
t+

1

2
∆t

)
= v⃗i

(
t−

1

2
∆t

)
+ a⃗i(t)∆t+O(∆t2)

while the positions are

r⃗i(t+∆t) = r⃗i(t) + v⃗i

(
t+

1

2
∆t

)
∆t+O(∆t4) .
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r(t)

v(t)

t− 1
2∆t

t t+ 1
2∆t

t+∆t t+ 3
2∆t

t+ 2∆t

Figure 3.1: Scheme of the leapfrog Verlet algorithm.

Finally v(t) is obtained from

v⃗i(t) =
v⃗i

(
t+ 1

2∆t
)
+ v⃗i

(
t− 1

2∆t
)

2
+O(∆t2) .

A scheme of the algorithm, which was used in the MD simulations performed
during the whole PhD programme, is reported in Fig. 3.1.

3.3 md in the canonical ensemble

MD algorithms are defined in the microcanonical ensemble, which requires
the system to be isolated and the knowledge of E,V ,N: the equivalence of
the ensemble with thermodynamics is established by proving that assuming
the equilibrium, the maximisation of entropy follows.

A closer alignment with experimental conditions would require the system
to be in contact with an external source of heat at a known absolute tempera-
ture T . It is easy to prove that the only equilibrium probability distribution
of a system, given T ,V ,N, can be expressed as:

Peq(H(r, p)) =
e−βH(r,p)

Z(T ,V ,N)
(3.12)

provided that β−1 = kBT is imposed. The distribution just defined is
the canonical probability distribution, and the normalisation Z(T ,V ,N) =

e−βF(T ,V ,N) is the partition function of the system that holds the link between
statistical mechanics and thermodynamics, F(T ,V ,N) being the Helmholtz
free energy of the system.

In the canonical ensemble, the energy is not constant but has fluctuations
of the order ∆E = O(

√
N).

In order to simulate a system in the canonical ensemble a notion of ther-
mostat must be introduced, whose role is to alter the energy of the system to
obtain the wanted temperature.

A straightforward but rather nonphysical way to do so is to directly rescale
the velocities to fix the temperature at a desired value. If Eq. (3.9) is consid-
ered without the average brackets, one obtains the instantaneous temperature
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T(t). After each iteration of the integration algorithm the atomic velocities v⃗i
are rescaled by

v⃗ ′i =

[
T

T(t)

] 1
2

v⃗i. (3.13)

This algorithm is not actually equivalent to the canonical ensemble since it
forbids fluctuations in T(t).

3.3.1 The Berendsen Thermostat

A slightly more physical approach to this issue introduced by Berendsen
et al. [1984] consists in applying a weak coupling with an external thermal
bath, hence slowly correcting the deviation from a reference temperature T

by considering

dT(t) =
dt

τ
(T − T(t)) (3.14)

which means that the deviation of the system from T decays exponentially

T(t) − T ∼ e−
t
τ .

The equivalent equation to the (3.13) is obtained by considering a generic

v⃗ ′i = χ v⃗i

and computing the variation in the kinetic energy after rescaling

∆EK =
1

2

N∑
i=1

(χ− 1)miv⃗
2
i =

3

2
(χ− 1)NkBT(t) ,

hence

v⃗ ′i =

[
1+

∆t

τ

(
T

T(t)
− 1

)] 1
2

v⃗i .

3.3.2 Velocity-rescaling Temperature Coupling

The main benefit of the Berendsen algorithm is its high efficiency in
controlling the temperature. However, the exponential relaxation of the
temperature differentiates it significantly from both the canonical and the
microcanonical ensembles. At long times, this translates again into a sup-
pression of the kinetic energy fluctuations (Gallo and Rovere, 2021; Zhou
and Liu, 2022; Abraham et al., 2023): hence, T(t) is not a fluctuating quan-
tity in the Berendsen thermostat while it is in the canonical ensemble (with
∆T(t)2/ ⟨T(t)⟩2 = O(1/N), see for example Frenkel and Smit, 2023). For
this reason, the Berendsen thermostat is typically no longer used in MD
simulations.
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In order to obtain a thermostat that actually enforces a canonical distribu-
tion, Bussi et al. [2007] modified the Berendsen thermostat by introducing a
stochastic differential equation for the kinetic energy

dEK(t) =
dt

τ
[EK − EK(t)]︸ ︷︷ ︸
Berendsen

+ 2
dW

τ

[
EKEK(t)

Nf

] 1
2

(3.15)

where

Nf is the number of degrees of freedom;

dW is a Wiener process (Gardiner, 1985; Boffetta and Vulpiani, 2012).

This thermostat, called velocity-rescaling temperature coupling (or v-rescale)
in GROMACS (Hess et al., 2008; Bekker et al., 1993; Berendsen et al., 1995)
but usually referred to as the Bussi-Donadio-Parrinello thermostat, was used
in all the MD simulations carried out during the PhD programme.

3.3.3 Equilibration in the Canonical Ensemble

The overall idea of the ergodic hypothesis introduced in sec. 3.1 is that over
the course of a measurement, the system will explore the entire hypersurface
of constant energy E, except for regions of measure zero.

In a numerical simulation in the canonical ensemble, being in a steady
state is also a requirement to ensure that the measured observables do not
depend on the initial conditions. For this reason, each production run, in
which thermodynamic quantities are measured, must be preceded by an
equilibration run also lasting on a timescale that far exceeds the characteristic
time of molecular motion (Allen and Tildesley, 2017).

In this thesis, I will focus on MD simulations of supercooled water and of
aqueous solutions.The role of local

minima in
supercooled systems

Numerical simulations allow the exploration of regions of the aqueous
phase diagram which are typically inaccessible experimentally (Gallo et al.,
2016; Gallo and Stanley, 2017; Debenedetti, 2003). However, as mentioned in
Chapter 2, supercooled water is a metastable system and therefore charac-
terised by existing in a local minimum of the free energy.

The free energy landscape of such a system is typically given by a very
large number of local minima. See for example Fig. 3.2. The equilibration
process allows the system, through fluctuations, to reach the non-crystalline
metastable minimum x0 with the lowest free energy.

When the temperature is very low, if the dynamics carried out on the
system during the MD equilibration run leads it into the wrong valley and if
this basin has a very low free energy, the necessary fluctuation to escape from
it may never occur, thus leaving the system trapped into that state without
ever reaching x0.

In a real system, unless nucleation arises first, such a fluctuation typically
always occurs but the actual time for the it to take place is a random variable,
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Figure 3.2: Ideal representation of a 3D projection of a system with a free energy
landscape decomposed into sub-basins: a typical occurrence in super-
cooled and amorphous systems in the low-temperature limit. Picture
from Altieri et al., 2021.
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itself subject to significant fluctuations and therefore can be arbitrarily long.
Moreover, as eq. 2.3 implies, it is expected to diverge with the inverse
temperature β → ∞.

For a completely arbitrary system, the equilibration time may even exceed
the age of the universe.

In conclusion, the temperature of a system undergoing molecular dynamics
simulations cannot be arbitrarily lowered. Instead, there is a lower limit
which can be operatively determined by supercooling the system at very low
temperatures, heating it and then verifying, upon recooling, down to what
temperature it explores the same equilibrium states it visited before.

In the systems introduced in the following chapters, this lower limit for the
temperature has been estimated to be 170 K.

3.4 force fields

Potential energy terms are commonly assumed to be additive (Allen and
Tildesley, 2017)

U(r) = Ub(r) +Unb(r)

where

Ub(r) gives the intramolecular bonded interactions:

covalent bond-stretching represents the oscillations around the
equilibrium bond length,

angle-bending corresponds to the oscillations of three atoms around
an equilibrium bond angle,

torsion characterises the torsional rotation of four atoms around a
central bond;

Unb(r) gives the intermolecular non-bonded interactions:

lennard-jones

ULJ(rij) = 4ϵij

[(
σij

rij

)12

−

(
σij

rij

)6
]

coulomb

UCoul. =
qiqje

2

rij
.

3.4.1 Periodic Boundary Conditions and cut-off radius

While considering the forces acting on a system, boundary interactions
must be taken into account. Macroscopic systems with O

(
NAvogadro

)
parti-

cles have negligible boundary terms. Theoretical models in which critical
phenomena (such as the liquid-liquid transition) are studied satisfy the ther-
modynamic limit N → ∞ with a finite N/V .
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Figure 3.3: 2D system with PBC and a cut-off radius.

Since a typical numerical simulation involves significantly fewer parti-
cles, managing the boundary interactions is crucial to prevent them from
influencing the system’s behaviour.

This issue can be solved by introducing the periodic boundary conditions
(PBC) in which the simulation box is replicated identically on each side.

As a result, the boundaries are eliminated and the system becomes effec-
tively infinite. To avoid introducing artificial correlations (including every
molecule interacting with itself) and very long computational times, the
minimum image convention (see Gallo and Rovere, 2021) can be assumed: the
interactions are computed up to a cut-off rc ⩽ L/2, L being the linear size of
the box (Fig. 3.3).

3.4.2 Models of Water

In MD simulations, a variety of potentials can be employed. These include
the ST2 (Stillinger and Rahman, 1974), SPC (Simple Point Charge, Berendsen
et al., 1981), SPC/E (SPC Extended, Berendsen et al., 1987), TIP5P (Transfer-
able Intermolecular Potential with Five Points, Mahoney and Jorgensen, 2000),
the TIP4P (Transferable Intermolecular Potential with Four Points Jorgensen
et al., 1983) and all of its variants such as TIP4P/Ew (Horn et al., 2004),
TIP4P/Ice (Abascal et al., 2005) and TIP4P/2005 (Abascal and Vega, 2005).
Among these, the TIP4P/2005 model is known for being the most accurate at
replicating the main features of water phase diagram.



54 numerical simulations of aqueous solutions
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◦

Figure 3.4: Schematic geometry of the TIP4P potentials. Colour coding is red for
oxygen, grey for hydrogen, yellow for the dummy site. O – H distance is
0.9572 Å, the O – M distance is 0.1546 Å.

U(rij) = 4ϵij
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σij

rij

)12

−

(
σij

rij

)6
]
+

qiqje
2

rij

mass (a.m.u.) zj (e) σij(nm) ϵii(kJmol−1)

H 1.00794 0.5564 0 0

O 15.9994 0 0.31589 0.77490

M 0 -1.1128 0 0

Table 3.1: Force-field details for the TIP4P/2005 model of water.
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3.4.2.1 The TIP4P/2005

The TIP4P models all share the same rigid geometry reported in Fig. 3.4,
with an OH distance of 0.9572 Å and an O – H – O angle of 104.52◦ fixed at
their respective experimental values. A negatively charged (−2q) dummy
site M at a distance 0.1546 Å from the oxygen is also present in this set of
potentials, while the rest of the Coulombian partial charges are associated to
the hydrogens (+q each). The oxygen atom is the Lennard-Jones interaction
site.

In this thesis, the TIP4P/2005 will be employed, the force-field parameters
of which are reported in Table 3.1.
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T H E R M O D Y N A M I C S O F N a C l O 4 A Q U E O U S S O L U T I O N S

In order to study the phase diagram of aqueous sodium perchlorate
solutions from ambient to supercooled conditions, the systems were
analysed through molecular dynamics (MD) simulations. This chapter

will detail the thermodynamic findings for sodium perchlorate aqueous
solutions at concentration C1

NaClO4 = 1.63wt% and C2
NaClO4 = 15.4wt%,

which were analysed during the second year of the doctoral programme.
These results were also published in La Francesca and Gallo, 2023.

4.1 simulation details for a low-concentration solution

Methods
The strategy employed to achieve this involved simulating isochores over a

temperature range wide enough to allow the investigation of the thermody-
namics of the supercooled systems.

Once the set of densities for the isochores was chosen, the preliminary steps
entailed picking the initial states of each isochore. These states were prepared
using the GROMACS (Hess et al., 2008; Bekker et al., 1993; Berendsen et
al., 1995) software suit, setting up a 15nm3 simulation box, within which
ten ClO4

− ions and ten Na+ ions were inserted, then filling it with 4099

water molecules. The resulting solution had a concentration of C1
NaClO4 =

1.63wt% which corresponds to a number fraction of 2.43× 10−3. The initial
condition was further refined by rescaling it to achieve the desired density
and generating initial velocities, again via GROMACS, conforming to a
Maxwell distribution at a temperature of T0 = 400K. Following this, with
the temperature maintained at T = 400K, the system underwent its first
equilibration run in the canonical ensemble.

Hence, the systems across the isochores had their temperature progressively
reduced down to 170K, as intermediate state points were recorded.

To ensure accurate temporal resolution, in the simulation setup, a 1 fs time
step was defined. For the thermostat, the velocity-rescale temperature cou-
pling (Bussi et al., 2007) was used. To address the electrostatic interaction the
Particle–Mesh Ewald method was employed (Essmann et al., 1995). Periodic
boundary conditions were implemented. The cutoff radii were set at 0.95nm
for all considered solutions.

4.1.1 Force Fields Descriptions

The TIP4P/2005
potentialWater was modelled using the TIP4P/2005 (Abascal and Vega, 2005; Vega

et al., 2009; Vega and Abascal, 2011) potential, known for its high accuracy
in reconstructing water’s phase diagram. As already discussed in previous
chapters, through MD simulations in 2020, Debenedetti et al. proved that

59
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mass (a.m.u.) qi (e) σii(nm) ϵii(kJmol−1)

Na+
22.9898 1 0.333045 0.011598

Cl 35.4527 1.0786 0.347094 1.108760

O 15.9994 -0.51965 0.878640 0.011598

Table 4.1: Force field details for the sodium perchlorate.

this model of supercooled water exhibits a liquid-liquid transition at 172K
and 186MPa. The finite size scaling analysis conducted in the same paper
indicates that the size here chosen for the system is adequate to appropriately
reproduce the thermodynamics in the vicinity of the liquid-liquid critical
point (LLCP).

Figure 4.1: 3D visualisation of the
perchlorate ion generated
using the VMD software
(Humphrey et al., 1996).

The tetrahedral (Fig. 4.1) structure with an-
gles of 109.5◦ induced by the sp3 hybridisa-The Perchlorate Ion

tion of the Cl renders the ClO4

− ion non-polar
with a formal charge of −1.

The description of the perchlorate ion pro-
vided by Nieszporek et al. and used herein is
that of a rigid tetrahedron with the chlorine
ion centrally located at a uniform distance
of 0.144nm from each surrounding oxygen.
Considering in general a description of the
potential given by

U(rij) = 4ϵij

[(
σij

rij

)12

−

(
σij

rij

)6
]
+

qiqje
2

rij

the relevant parameters are itemised in Ta-
ble 4.1.

The Lorentz-Berthelot combination rule

ϵij =
√
ϵiiϵjj σij =

σii + σjj

2
(4.1)

completes the parameter space.

4.2 results for the C1
NaClO4 = 1 .63 wt% solution

For the C1
NaClO4 solution, 27 isochores were considered with densities

spanning from 1140 kg/m3 to 880 kg/m3. For each isochore, the initial con-
dition was obtained as described in the previous section: the details of the
simulation boxes for each density are presented in Table 4.2.

Over the isochores, state points were simulated at temperatures ranging
from 400K to 170K. At each temperature, two distinct runs were carried
out: an equilibration run and a production run. The durations of these
simulations, high enough to make sure the energies of the systems had
reached their minima, are detailed in Table 4.3.
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Figure 4.2: Snapshot of a C1
NaClO4 = 1.63wt% solution at density ρ = 1100 kg/m3

and temperature T = 200K. Water is shown in pink (oxygen) and grey
(hydrogens), sodium in blue and perchlorates in teal (chlorine) and red
(oxygens).
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density box length

880 kg/m3
5.206 nm

890 kg/m3
5.186 nm

900 kg/m3
5.167 nm

910 kg/m3
5.148 nm

920 kg/m3
5.129 nm

930 kg/m3
5.111 nm

940 kg/m3
5.092 nm

950 kg/m3
5.074 nm

960 kg/m3
5.057 nm

970 kg/m3
5.039 nm

980 kg/m3
5.022 nm

990 kg/m3
5.005 nm

1000 kg/m3
4.988 nm

1010 kg/m3
4.972 nm

1020 kg/m3
4.956 nm

1030 kg/m3
4.940 nm

1040 kg/m3
4.924 nm

1050 kg/m3
4.908 nm

1060 kg/m3
4.892 nm

1070 kg/m3
4.877 nm

1080 kg/m3
4.862 nm

1090 kg/m3
4.847 nm

1100 kg/m3
4.832 nm

1110 kg/m3
4.818 nm

1120 kg/m3
4.804 nm

1130 kg/m3
4.789 nm

1140 kg/m3
4.775 nm

Table 4.2: Simulated densities for the C1
NaClO4 solution with the corresponding box

lengths.
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For the C1
NaClO4 solution, the density in the simulations was gradually

reduced from 1140 kg/m3 down to the liquid-gas limit of mechanical stability
(LG-LMS), which was recognised by the onset of cavitation: the formation
of vapour bubbles in the region where the system pressure is negative (and
where the stable phase is gas), a process that led to a sudden increase in the
system’s pressure (Lascaris, 2022).

For this solution, the LG-LMS was identified with the 880 kg/m3 isochore.
A snapshot of the solution at density 1100 kg/m3 and temperature 200K is

shown in Fig. 4.2.

4.2.1 The Equation of State in the Isochore Plane

A representation of the equation of state of the C1
NaClO4 solution is shown

in Fig. 4.3. Each point represents a simulated state point of the system and
each line an isochore.

To emphasise the relatively similar (though not identical) behaviour by
the solution and the bulk, the respective isochores at 960 kg/m3 have been
highlighted in black for both.

As discussed in the introductory chapter, when studying the phase diagram
of water and aqueous solutions, one of the most well-known anomalies
encountered is the presence of a temperature of maximum density. Local
maxima of the isobars also exist and define the Temperatures of Minimum
Density (TmD).

By definition, these stationary points coincide with the state points at which
the coefficient of thermal expansion at constant pressure

αP =
1

V

∂V

∂T

∣∣∣∣
p

(4.2)

is nullified.
By expanding

dp =
∂p

∂T

∣∣∣∣
V

dT +
∂p

∂V

∣∣∣∣
T

dV

at constant pressure, dp = 0, the following holds

∂p

∂T

∣∣∣∣
V

= −
∂p

∂V

∣∣∣∣
T

∂V

∂T

∣∣∣∣
p

(4.3)

and thus we can obtain

αp = −
1

V

∂V

∂p

∣∣∣∣
T︸ ︷︷ ︸

κT

∂p

∂T

∣∣∣∣
V

, (4.4)

κT being the isothermal compressibility, which for a mechanically stable
liquid satisfies

κT > 0. (4.5)
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temperature equilibration time production time

400 K 0.1 ns 0.1 ns

380 K 0.1 ns 0.1 ns

350 K 0.1 ns 0.1 ns

330 K 0.1 ns 0.1 ns

315 K 0.1 ns 0.1 ns

305 K 0.1 ns 0.1 ns

300 K 0.1 ns 0.1 ns

295 K 0.1 ns 0.1 ns

290 K 0.1 ns 0.1 ns

285 K 0.1 ns 0.1 ns

280 K 0.5 ns 0.5 ns

275 K 0.5 ns 0.5 ns

270 K 0.5 ns 0.5 ns

265 K 0.5 ns 0.5 ns

260 K 1 ns 1 ns

255 K 1 ns 1 ns

250 K 1 ns 1 ns

245 K 1 ns 1 ns

240 K 10 ns 10 ns

230 K 10 ns 10 ns

220 K 20 ns 20 ns

210 K 20 ns 20 ns

200 K 40 ns 40 ns

190 K 40 ns 40 ns

180 K 40 ns 40 ns

175 K 40 ns 40 ns

170 K 40 ns 40 ns

Table 4.3: Simulation times for the C1
NaClO4 solution.
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Figure 4.3: Unfitted simulated state points of the C1
NaClO4 solution in the (p, T)

plane, for densities ranging from ρ = 880 kg/m3 to ρ = 1140 kg/m3,
with increments ∆ρ = 10 kg/m3 and temperatures from T = 400K to
T = 170K. The symbols represent state points derived from simulations,
while the lines serve as a visual guide. Error bars are plotted but not
visible. Included are initial estimates of the Temperature of Maximum
Density (TMD) curves for the solution, shown as red-filled upward
triangles, alongside bulk data (empty teal upward triangles) from Biddle
et al., 2017. Downward triangles denote the TmDs. The teal-filled circle
marks the bulk Liquid-Liquid Critical Point (LLCP) as per Debenedetti
et al., 2020 and filled diamonds indicate the isothermal compressibility
maxima obtained from the data. The thick dash-dotted line at the bottom
represents the 880 kg/m3 isochore, coinciding with the system’s Liquid-
Gas Limit of Mechanical Stability (LG-LMS). The 960 kg/m3 isochore data
for both the C1 solution (filled black circles) and the bulk (empty black
circles) is highlighted. Further refined estimates of the TMDs, TmDs and
isothermal compressibility maxima will be provided subsequently.
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Hence

αp = 0 7→ ∂p

∂T

∣∣∣∣
V

= 0, (4.6)

i.e. the boundaries of the density anomaly region coincide with the stationary
points of the isochores, as Eq. (4.3) suggested.

Rewriting Eq. (4.3) as

∂p

∂T

∣∣∣∣
ρ

= −
∂p

∂ρ

∣∣∣∣
T

∂ρ

∂T

∣∣∣∣
p

(4.7)

and differentiating it we obtain

∂2p

∂T2

∣∣∣∣
ρ

= −
∂p

∂ρ

∣∣∣∣
T

∂2ρ

∂T2

∣∣∣∣
p

. (4.8)

From Eq. (4.5) and Eq. (4.8) it follows that p(T)|V and ρ(T)|p have opposite
concavities for mechanically stable liquids, hence the isochores’ minima mark
the TMD curve, while their maxima are localised on the TmD curve.

An initial estimate of the positions of these two curves is also portrayed
in Fig. 4.3, alongside the bulk behaviour known from the literature (refer
to Biddle et al., 2017). These points were determined by highlighting the
isochore minima and maxima in the region of water anomalies, as directly
obtained by the simulations.

Additionally, estimates have been made for the peaks of isothermal com-
pressibility and the specific state points at which they manifest. Hereafter,
we will provide a better estimate of both the TMD and TmD curves as well
as the maxima of isothermal compressibility.

Fig. 4.3 also shows bulk water’s LLCP obtained in Debenedetti et al., 2020.
In order to provide a more accurate localisation of the region of density

anomaly (i.e. where density increases upon heating along constant pressure
paths) of the solution under investigation, the isochore curves were modelled
using sixth-degree polynomials.1

Fig. 4.4 thus shows the positions of the TMD and TmD points obtained by
identifying the minima and maxima of the fitted polynomials, respectively.A necessary

condition for the
LLCP

A second order critical point is characterised by the condition

∂p

∂ρ

∣∣∣∣
TC

= 0 , (4.9)

indicating the presence of an inflexion point with a horizontal tangent in the
isotherm plane, which will be investigated in the following section.

Within the (p, T) plane, instead, when considering a discrete set of iso-
chores, Eq. (4.9) leads to

p(TC, ρ)
∆ρ

=
p(TC, ρ+∆ρ)

∆ρ
, (4.10)

1 The 1130, 990, and 930 kg/m3 isochores have been also fitted with fourth-degree polynomials
(not shown), providing a trend akin to that reported here albeit with slightly diminished
accuracy. Hence, higher polynomial orders were considered.
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Figure 4.4: Equation of state in the isochore plane for the C1
NaClO4 solution obtained

from MD simulations covering densities ranging from ρ = 1140 kg/m3

to 880 kg/m3 (LG-LMS) with an incremental change of ∆ρ = 10 kg/m3.
Error bars are plotted but only visible in the inset. Polynomial fittings
have been applied to the simulated data points and the resulting isochores
are reported with solid lines. The teal-filled circle is the TIP4P/2005 bulk
LLCP as computed in Debenedetti et al., 2020. The solution’s TMDs
(upward triangles) and the TmDs (downward triangles) obtained from
the fits are highlighted in red and compared to the values known in
literature for the bulk TIP4P/2005 (see Biddle et al., 2017) and here
reported with teal empty triangles. Notably, the 1050 kg/m3 and the
1060 kg/m3 isochores cross at 175K.
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Figure 4.5: Simulated state points for the C1
NaClO4 solution plotted in the isotherm

plane. The dashed lines are a guide for the eye. Highlighted by red
squares are the points at 175K, the closest temperature to where the
crossing was identified in the isochore plane.

implying that the critical region is located at the crossing of the isochores
that occurs at the highest temperature within the region of density anomaly.
This intersection, for the set of densities considered in Fig. 4.4, occurs at
T = 173.4K, between isochores at ρ = 1050 kg/m3 and ρ = 1060 kg/m3.

Therefore, we proceed to study the equation of state of the system in the
isotherm plane limited to temperatures and densities close to these values.

4.2.2 The Equation of State in the Isotherm Plane

The outcomes of the simulations can be depicted in the isotherm plane, plot-
ting pressure p against density ρ. By focusing on the state points within the
vicinity of the critical zone, discerned through the crossing of the isochores,
the plot in Fig. 4.5 is obtained. In this figure, the isotherm corresponding to
the nearest simulated temperature to the said intersection is highlighted by
red squares.

The simulated state points have been fitted with fifth order polynomials,
to account not only for the overall concavity of the curves but also for
the flattening observed in the central area as the critical temperature is
approached. This flattening results in the occurrence of an inflexion point
with a horizontal tangent, defining the critical point itself, as indicated by
Eq. (4.9). The isotherm curves pT (ρ) are illustrated in Fig. 4.6, with the
horizontal inflexion point occurring at a temperature 170K < T < 175K.
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Figure 4.6: Equation of state in the isotherm plane for the C1
NaClO4 solution. Error

bars are plotted but not visible. Lines are isotherm curves pT (ρ) obtained
through polynomial fits to the simulated state points. Highlighted in red
is the isotherm at 175K, the closest temperature to where the crossing
was identified in the isochore plane.

4.2.3 On the Singularities Approaching the Transition

With the dual aim of both calculating the critical point and completing the
study of water’s anomalies, we can now proceed to determine the behaviour
of the isothermal compressibility, defined as

κT = −
1

V

∂V

∂p

∣∣∣∣
T

, (4.11)

which, for the set of densities ρi considered in the isotherms pT (ρ) in Fig. 4.6,
can be expressed as

κT i =
1

ρ i

∂ρi
∂p

∣∣∣∣
T

=
1

ρ i

1

∂pT (ρ)
∂ρ

∣∣∣
ρ=ρi

. (4.12)

In Fig. 4.7 the graph of κT vs p is reported. The Widom Line

As established in the literature (Parisi, 1998; Franzese and Stanley, 2007),
second-order phase transitions, the liquid-liquid transition in TIP4P/2005

being one of which as validated in Debenedetti et al., 2020, are marked by
the emergence of precursor phenomena. These phenomena are characterised
by diverging response functions as they approach the second-order critical
point.
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Figure 4.7: Isothermal compressibility κT vs pressure p for the C1
NaClO4 solution for

temperatures ranging from 220K to 170K.

As an important example of this, according to the calculations led by
Debenedetti et al., the bulk TIP4P/2005 exhibits near the critical point a
singular behaviour

κT ∼ (T − TC)
−γ γ = 1.26 T → TC ,

which places TIP4P/2005 in the Ising universality class.
The singularities in these response functions are tied to the presence of

a diverging correlation length. The theory of critical phenomena further
proves that within the single-phase region, a line of correlation length maxima,
known as the Widom Line, emerges. This leads to the observation that the
isothermal compressibility, along with other response functions, displays
pronounced lines of maxima that align with and converge towards the Widom
Line in proximity to the critical point (Kim et al., 2017; Xu et al., 2005; Abascal
and Vega, 2010; Gallo and Rovere, 2012; De Marzio et al., 2016; Lupi et al.,
2021).

The peaks of isothermal compressibility can be used as a proxy for identi-
fying the Widom Line.

To further refine the phase diagram calculation, besides the LLCP, it is
necessary to identify the pressures corresponding to the maxima of isothermal
compressibility within the considered temperature range. The plot of κT (p),
as reported in Fig. 4.7, exhibits very sharp peaks at both 175K and 170K.
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Figure 4.8: Derivative of pT (ρ) for the two simulated temperatures closest to the
critical point for the C1

NaClO4 solution.

Analysing (Fig. 4.8) the derivative of the isotherms ∂pT (ρ)
∂ρ it is revealed

that neither of these temperatures coincides precisely with the critical point,
which is characterised by

∂p

∂ρ

∣∣∣∣
T

= 0 .

Let ρ∗ be the point of minimum of the isotherm derivative.
Therefore, Fig. 4.9 displays the minima of the isotherm derivatives

∂pT (ρ
∗)

∂ρ

within the investigated temperature range. The pattern appears to be consis-
tent with a linear trajectory and the intersection between the linear fit and
the horizontal axis provides an estimated critical temperature of

TC = 173.3K .

In order to determine the critical pressure, the values of pT derived from
the isotherms at their derivatives’ points of minimum ρ∗ were plotted against
their respective temperatures in Fig. 4.10. The values of pT (ρ

∗) were then
fitted with a quadratic polynomial.

This approach yielded an estimated critical pressure of

pC = p(TC) = 169.4MPa .

A linear fit of the inflexion densities is shown in Fig. 4.11, from which a
critical density of

ρc = ρ(TC) = 1049.6 kg/m3
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NaClO4

solution.

is estimated.
Hence, the critical point is:

TC = 173.3K

pC = 169.4MPa

ρC = 1049.6 kg/m3.

The complete phase diagram of the supercooled C1
NaClO4 aqueous solution

obtained by this study is reported in Fig. 4.12. In the same figure the phase
diagram of the corresponding bulk phase is also reported. The comparison
will be discussed in Sec. 4.4.
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Figure 4.12: Phase diagram of the C1
NaClO4 solution without the isochores. The

figure shows the LLCP, the TMD and the TmD curves for the solution
compared to the values known in literature for the bulk (Debenedetti et
al., 2020; Biddle et al., 2017). The figure also shows the LG-LMS and the
state points corresponding to the peaks of the isothermal compressibility.
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4.3 results for the C2
NaClO4 = 15 .4 wt% solution

The second system investigated was the C2
NaClO4 = 15.4wt% solution

which was built similarly to the C1
NaClO4 solution in Sec. 4.1.

A direct comparison between the two concentrations is reported in Ta-
ble 4.4.

In order to obtain the C2
NaClO4 solution, the number of ions was increased

to 100 Na+ ions and 100 ClO4

− ions, while keeping a comparable number of
TIP4P/2005 water molecules as in the C1

NaClO4 solution.2

In Table 4.5 the selected densities for the system isochores and the linear
dimensions of the simulation boxes necessary to achieve them are reported.
Also in this case, isochoric simulations were carried out in the canonical
ensemble over the temperature range specified in Table 4.6, which further
includes the respective equilibration and production times.

To facilitate more effective equilibration of the system at lower tempera-
tures, the system was allowed to equilibrate at the intermediate tempera-
tures of 195K and 185K, where no production runs were performed. The
asymptotic thermodynamic values of these points were also used to in-
crease the degrees of freedom for fitting the isochores in the density range
[1100 kg/m3, 1115 kg/m3] with eighth-degree polynomials instead of sixth-
degree.

The liquid-gas mechanical stability limit was determined, as before, by the
occurrence of cavitation, this time observed at 950kg/m3. A snapshot of the
solution at 1200 kg/m3 and 200K is shown in Fig. 4.13.

The simulated state points for the C2
NaClO4 solutions are shown in Fig. 4.14

in the isochore plane.
The C2 concentration has a clear influence on the thermodynamic proper-

ties of the solution, altering them from those observed in bulk water much
more than the C1 concentration did. To quantify this change, Fig. 4.14 dis-
plays, similarly to what was done for the C1

NaClO4 solution, the isochores at
960 kg/m3 for both the C2

NaClO4 solution and bulk water: in this case, the
difference (both in the curvature and in the displacement) between them is
evident.

2 In this thesis, the focus is on studying the variation of thermodynamic and structural properties
as the concentration increases, which is why a very low initial concentration was chosen and
then the number of ions was increased.

Nions Nwater molecules conc . (wt%) conc . (numb . frac .×10−3 )

C1
NaClO4

20 4099 1.63 2.43

C2
NaClO4

200 3737 15.4 26.1

Table 4.4: Concentrations of the two NaClO4 solutions investigated expressed both
in weight percentage and in number fraction.
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density box length

950 kg/m3
5.112 nm

960 kg/m3
5.094 nm

970 kg/m3
5.077 nm

980 kg/m3
5.059 nm

990 kg/m3
5.042 nm

1000 kg/m3
5.025 nm

1010 kg/m3
5.009 nm

1020 kg/m3
4.992 nm

1030 kg/m3
4.976 nm

1040 kg/m3
4.960 nm

1050 kg/m3
4.944 nm

1060 kg/m3
4.929 nm

1070 kg/m3
4.913 nm

1080 kg/m3
4.898 nm

1090 kg/m3
4.883 nm

1100 kg/m3
4.868 nm

1105 kg/m3
4.861 nm

1110 kg/m3
4.854 nm

1115 kg/m3
4.846 nm

1120 kg/m3
4.839 nm

1130 kg/m3
4.825 nm

1140 kg/m3
4.811 nm

1150 kg/m3
4.797 nm

1160 kg/m3
4.783 nm

1170 kg/m3
4.769 nm

1180 kg/m3
4.756 nm

1190 kg/m3
4.742 nm

1200 kg/m3
4.729 nm

Table 4.5: Simulated densities for the C2
NaClO4 solution with the corresponding box

lengths.
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temperature equilibration time production time

400 K 0.1 ns 0.1 ns

380 K 0.1 ns 0.1 ns

350 K 0.1 ns 0.1 ns

330 K 0.1 ns 0.1 ns

315 K 0.1 ns 0.1 ns

305 K 0.1 ns 0.1 ns

300 K 0.1 ns 0.1 ns

295 K 0.1 ns 0.1 ns

290 K 0.1 ns 0.1 ns

285 K 0.1 ns 0.1 ns

280 K 0.5 ns 0.5 ns

275 K 0.5 ns 0.5 ns

270 K 0.5 ns 0.5 ns

265 K 0.5 ns 0.5 ns

260 K 1 ns 1 ns

255 K 1 ns 1 ns

250 K 1 ns 1 ns

245 K 1 ns 1 ns

240 K 10 ns 10 ns

230 K 10 ns 10 ns

220 K 20 ns 20 ns

210 K 20 ns 20 ns

200 K 40 ns 40 ns

195 K 40 ns

190 K 40 ns 40 ns

185 K 40 ns

180 K 40 ns 40 ns

175 K 40 ns 40 ns

170 K 40 ns 40 ns

Table 4.6: Simulation times for the C2
NaClO4 solution.
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Figure 4.13: Snapshot of a C2
NaClO4 = 15.4wt% solution at density ρ = 1200 kg/m3

and temperature T = 200K. Water is shown in pink (oxygen) and grey
(hydrogens), sodium in blue and perchlorates in teal (chlorine) and red
(oxygens).
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Figure 4.14: Unfitted simulated state points of the C2
NaClO4 solution in the (p, T)

plane, for and temperatures ranging from T = 400K to T = 170K and
densities from ρ = 950 kg/m3 to ρ = 1200 kg/m3, with increments
∆ρ = 10 kg/m3 except in the region [1100 kg/m3, 1120 kg/m3] where it
is ∆ρ = 5 kg/m3. The symbols represent state points derived from simu-
lations, while the lines serve as a visual guide. Error bars are plotted but
not visible. Included are initial estimates of the Temperature of Maxi-
mum Density (TMD) curves for the solution, shown as red-filled upward
triangles, alongside bulk data (empty teal upward triangles) from Biddle
et al., 2017. Downward triangles denote the TmDs. The teal-filled circle
marks the bulk Liquid-Liquid Critical Point (LLCP) as per Debenedetti
et al., 2020 and filled diamonds indicate the isothermal compressibil-
ity maxima obtained from the data. The thick dash-dotted line at the
bottom represents the 950 kg/m3 isochore, coinciding with the system’s
Liquid-Gas Limit of Mechanical Stability (LG-LMS). The 960 kg/m3 iso-
chore data for both the C2

NaClO4 solution (filled black circles) and the
bulk (empty black circles) is highlighted. Further refined estimates of
the thermodynamic anomalies will be provided subsequently.
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Figure 4.15: Simulated state points for the C2
NaClO4 solution plotted in the isotherm

plane. The dashed lines are a guide for the eye.

The same figure also presents a first estimate of the TMD and the TmD
curves for the C2

NaClO4 solution compared to the bulk phase. For this partic-
ular concentration, these two lines look to be shifting towards lower tempera-
tures and pressures.

Simulated state points for selected temperatures and densities are shown
in Fig. 4.15 in the isotherm plane in which is evident that the curves flatten
out at a temperature of 180K and a pressure of about 85MPa, in a density
range around 1110 kg/m3.

A full representation of the system’s equation of state, comprehensive of
the fitted isochores, is shown in Fig. 4.16.

The TMD and the TmD points obtained from the fits in Fig. 4.16 follow the
trend already highlighted in Fig. 4.14, shifting towards lower temperatures
and pressures.

The 1110 kg/m3 and the 1115 kg/m3 isochores cross approximately at
180K.

We can now proceed to study the equation of state of the system in the
isotherm plane limited to temperatures and densities close to these values.
The fitted isotherms are plotted in Fig. 4.17. A flattening of the p180K curve at
the flex point is evident, which marks our estimate of the critical temperature

TC = 180K.

Fig. 4.18 shows the derivative of the isotherm curve at 180K compared
with that at 175K, the immediately lower investigated temperature. From the
minimum of the 180K curve, very close to zero, it is possible to estimate the
critical density

ρC = 1110 kg/m3.
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Figure 4.16: Equation of state in the isochore plane for the C2
NaClO4 solution obtained

from MD simulations covering densities ranging from ρ = 1200 kg/m3

to 950 kg/m3 (LG-LMS) with with increments ∆ρ = 10 kg/m3 except in
the region [1100 kg/m3, 1120 kg/m3] where it is ∆ρ = 5 kg/m3. Error
bars are plotted but only visible in the inset. Polynomial fittings have
been applied to the simulated data points and the resulting isochores
are reported with solid lines. The teal-filled circle is the TIP4P/2005 bulk
LLCP as computed in Debenedetti et al., 2020. The solution’s TMDs
(upward triangles) and the TmDs (downward triangles) obtained from
the fits are highlighted in red and compared to the values known in
literature for the bulk TIP4P/2005 (see Biddle et al., 2017) and here
reported with teal empty triangles. Notably, the 1110 kg/m3 and the
1115 kg/m3 isochores cross approximately at 180K.
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NaClO4 solution. Error
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Fig. 4.19 shows the isothermal compressibility across the isotherms and
across the isochores, highlighting a peak in the same state point at

pc = 85.7MPa.

From these results the estimated position of the LLCP was
TC = 180K

pC = 85.7MPa

ρc = 1110 kg/m3

.

4.4 comparison

To summarise the thermodynamic findings obtained in this chapter, Ta-
ble 4.7 provides the critical points identified in both the C1 and C2 NaClO4

solutions, compared with the bulk phase data.
A slight increase in the Liquid-Liquid Critical Point (LLCP) temperature

is observed relative to the bulk for the C2
NaClO4 solution, while the critical

pressure decreases slightly for the C1
NaClO4 solution and of circa 85MPa at

concentration C2
NaClO4 .

For an immediate comparison of these thermodynamic findings, Fig. 4.20

displays the phase diagram for both solutions in the (p, T ) plane. This includes
the maxima of the isothermal compressibility (serving as an indicator of the
Widom line), the liquid-gas Limit of Mechanical Stability (LG-LMS) curves,
as well as the Temperature of Maximum Density (TMD) and Temperature of
Minimum Density (TmD) curves. Fig. 4.20 also shows the LLCP as reported
in Table 4.7

The TMD exhibits a significant displacement in both temperature and
pressure compared to the bulk at the highest concentration examined. This
shift appears less pronounced in the TmD. The LG-LMS lines, however,
remain largely unchanged in position.

Results can then be schematised by considering the phase diagram cartoons
presented in Fig. 4.21, in which hypothesised positions of the HDL-LDL

3 Debenedetti et al., 2020.

system TC pC ρC

bulk3
172 K 186 MPa 1030 kg/m3

C1
NaClO4

173 K 169 MPa 1050 kg/m3

C2
NaClO4

180 K 85.7 MPa 1110 kg/m3

Table 4.7: Overview of the critical points of the C1
NaClO4 and the C2

NaClO4 : TC
shifts to slightly higher temperatures, pC to lower pressures, ρC to higher
densities.
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Figure 4.21: Schematic phase diagrams of the C1
NaClO4 and the C2

NaClO4 solutions,
clearly showing the LDL region shrinking upon increasing the sodium
perchlorate concentration. The positions of the HDL-LDL coexistence
line and the HDL LMS here shown are hypothesised, as equilibration
to eccessively low temperature is not possible in MD simulations (see
Sec. 3.3.3).
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coexistence line and the HDL LMS are also shown, as their exact location
is not easy to calculate in MD due to difficulties in equilibrating too low
supercooled temperatures.

It is worth mentioning that for T > TC, the Widom line separates the phase
diagram into regions resembling more HDL-like or LDL-like characteristics.
At T < TC, the coexistence line delineates the separation between the LDL
and HDL phases. The observed shrinkage of the LDL region upon increasing
the solute concentration implies that ions are more likely to be solvated
in denser water, thereby tending to stabilise the HDL region over the LDL
region.

The HDL region
appears to expand at

the expense of the
LDL region

final remarks By examining the trends of the Widom Line, of the
TMD and the TmD curves and by noting the almost constant position of the
LG-LMS, a contraction in the LDL region is evident.
This contraction might explain why water is found in a liquid form on Mars
(Orosei et al., 2018; Lauro et al., 2021), nucleation being favoured in the LDL
region. Indeed, local structural ordering not only controls water anomalies
but also ice nucleation (Gallo et al., 2016).



5
S T R U C T U R A L R E S U LT S : N a C l O 4 S O L U T I O N S

5.1 the radial distribution function

The structural properties of an isotropic fluid can be analysed by
means of the pair correlation function g(r) (Gallo and Rovere, 2021;
Allen and Tildesley, 2017) which, between particles of type A and B,

can be operatively defined as (Abraham et al., 2023)

gAB(r) =
V

N2

〈
NA∑
i=0

NB∑
j=0

δ(r− rij)

〉
(5.1)

which only depends on r and quantifies the likelihood of finding a pair of
atoms or molecules at a distance r.

For this reason, g(r) is known as radial distribution function.
In computer simulations δ(r− rij) in eq. (5.1) is replaced by a function of

compact support that holds non-zero values within a narrow interval. The
gmx rdf tool allows to perform this calculation in GROMACS and was used
to provide the results which are going to be discussed in this chapter and
that are also published in La Francesca and Gallo, 2023.

5.2 water-water radial distribution functions

In this section the differences in the structural behaviour of water as it
transitions from the HDL to the LDL phase will be investigated by means
of the OW − OW RDF, whose behaviour between bulk water, the C1 and C2

aqueous NaClO4 solutions will be compared in detail.
Picking a reference convention for comparison at different concentrations

was not straightforward, as the NaClO4 isochores at the two concentrations
have very different curvatures and are shifted in pressure. It was therefore
chosen to compare the two systems at densities such that the thermodynamic
behaviour of their respective isochores was similar at low temperatures.

This led to the choice of three sets of densities for the two NaClO4 solutions
and bulk:1

high-density triplet lying well above the LLCP;
ρ0 = 1110 kg/m3

ρC1
= 1110 kg/m3

ρC2
= 1200 kg/m3

1 The density of the solution with concentration Cx is denoted by ρCx
, while ρ0 is used for the

bulk.

89
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Figure 5.1: Water-Water RDF for the high-density set for the bulk and the NaClO4

solutions. At the lowest temperature investigated the bulk is clearly in
the LDL phase.
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Figure 5.2: Water-Water RDF for the medium-density set for the bulk and the NaClO4

solutions. The bulk and the C1
NaClO4 solution are practically indistin-

guishable and they appear to be in the LDL phase at low temperatures.
Even though the thermodynamic behaviours of the three systems are
similar, structurally the C2

NaClO4 solution appears to behave like the
higher densities in Fig. 5.1 due to its state points being above the Widom
Line.
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Figure 5.3: Water-Water RDF for the low-density set for the bulk and the NaClO4

solutions. All the systems considered appear to be in the LDL phase at
low temperature. The C1

NaClO4 solution closely matches the bulk, as in
Fig. 5.2.
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medium-density triplet lying in an intermediate region between the
HDL and the LDL phase;

ρ0 = 990 kg/m3

ρC1
= 990 kg/m3

ρC2
= 1130 kg/m3

low-density triplet lying in the LDL region.
ρ0 = 930 kg/m3

ρC1
= 930 kg/m3

ρC2
= 1010 kg/m3

As discussed in Sec. 2.7.2, upon shifting from an LDL-like to an HDL-like
phase, a collapse of the second shell of the gO−O(r) RDF occurs, indicating
a disruption of the hydrogen bonds between the first and second shells of
water molecules.

Hence, to distinguish between the HDL and LDL phases of water, the
first minimum and the second maximum can be considered: a pronounced
first minimum followed by a sharp local maximum indicates the LDL phase,
while a gentler first minimum and a less pronounced second maximum are
indicative of the HDL phase (Corradini et al., 2011; Gallo et al., 2011; Soper,
2017).

Figure 5.1 displays an analysis and comparison of the three systems at the
directly comparable high densities:

ρ0 = 1110 kg/m3, ρC1
= 1110 kg/m3, ρC2

= 1200 kg/m3 .

As expected from Fig. 4.21, at high temperatures, all the solutions consid-
ered display HDL behaviour, with the C2

NaClO4 system differing from the
others at T = 300K, indicating a more pronounced HDL nature.

The dissimilarity between the C2
NaClO4 solution and bulk water becomes in-

creasingly pronounced with decreasing temperature. In contrast, the C1
NaClO4

solution exhibits significant deviations from the bulk only at the lowest exam-
ined temperature, T = 170K. At this temperature, the water in the C1

NaClO4

solution presents a higher HDL character than bulk water. This deviation is
much more pronounced in the C2

NaClO4 solution. As we will observe, align-
ing with the thermodynamic findings presented in the previous chapter, this
represents the most notable distinction between the structure of the C1

NaClO4

solution and that of bulk water.
In Fig. 5.2, the intermediate density set

ρ0 = 990 kg/m3, ρC1
= 990 kg/m3, ρC2

= 1130 kg/m3

is examined. Here, the C1
NaClO4 solution closely matches the bulk also at the

lowest temperature while the behaviour of the C2
NaClO4 solution resembles

that at higher densities, aligning with the observed reduction in the LDL
region upon increasing the concentration of the solutes.
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Lastly (Fig. 5.3), the lowest densities comparable

ρ0 = 930 kg/m3, ρC1
= 930 kg/m3, ρC2

= 1010 kg/m3

are considered. At low temperatures, all systems are in the LDL phase,
although the C2

NaClO4 solution shows distinct differences compared to the
other two systems, being less LDL.

The structural observations, therefore, perfectly match what was observed
from thermodynamics: firstly, while increasing the ion concentration, water
retains its anomalous character, evidenced by its dichotomous structural
behaviour; secondly, there is a shrinkage of the LDL region.

5.2.1 Coordination Number

To conclude the structural analysis of the water-water RDF, the behaviour
of the oxygen-oxygen first shell coordination numbers for water is analysed:

Ncoord = 4π ρOW

∫r0
0

dr gOW−OW(r) r
2 , (5.2)

where

• ρOW is the density of water oxygens;

• gOW−OW(r) is the water-water RDF;

• the cutoff distance r0 is the first point of minimum of gOw−OW(r).

In the current context, the (5.2) can be rewritten as a function of ρ

Ncoord = 4π
NOW

mTOT
ρ

∫r0
0

dr gOw−OW(r) r
2 . (5.3)

Figure 5.4 depicts the OW − OW first-shell coordination numbers evalu-
ated at selected temperatures as a function of varying densities. Since, for
each concentration, the cutoff distance r0 (corresponding to the first RDF
minimum) remained almost unchanged at low temperatures, it was opted
to adopt the same value for all densities: r0 = 0.335nm for the C1

NaClO4

solution and r0 = 0.328nm for the C2
NaClO4 solution.

Upon increasing the densities, the coordination numbers for both concen-
tration show an increasing trend with similar slopes. As the concentration
increases, the curves shift downwards since water molecules also need to
solvate the ions of the solutions.

At lower temperatures, the coordination number approaches 4, thus con-
firming the presence of LDL water in both solutions.
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Figure 5.4: OW − OW first shell coordination numbers for selected temperatures as a
function of density for the C1 and the C2 NaClO4 solutions.
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5.3 ion-water and ion-ion radial distribution functions

Figure 5.5 and Fig. 5.6 depict the alternating arrangement of ions within the
C2

NaClO4 solution by means of the Cl−H, Cl−Na, Cl−OW and Cl−Cl RDFs
at densities ρC2

NaClO4 = 1200 kg/m3 (Fig. 5.5) and ρC2
NaClO4 = 1010 kg/m3

(Fig. 5.6). The results were comparable across the two concentrations but only
the highest concentration, being more representative, will be considered.

The observations indicate that the chlorine ion is consistently surrounded
by a cage of water molecules. This is apparent from the fact that the first
peak, which remains largely consistent across all temperatures, occurring in
the RDF corresponds to the hydrogen. Sodium, oxygen and chlorine follow
in sequence.

At high temperatures, the RDF behaves nearly identically for the two
densities.

The behaviour of the peak associated with the sodium ion suggests that
the ion pairing (Cl-Na) is more prominent at lower densities. This trend can
be attributed to the exclusion of ions by water in the LDL phase, leading
to a higher likelihood of ion proximity, similarly to what can be seen for
example in Corradini et al., 2011 for NaCl. This phenomenon becomes more
pronounced at lower temperatures, as water increasingly assumes LDL-like
behaviour.

Focusing on the Cl-Cl interaction, it is found that for ρ = 1200 kg/m3

(figure 5.5), the first coordination shell is located further away compared to
other ions and shifts slightly closer as temperature decreases, albeit with
only a mild increase in peak intensity. For the lower density ρ = 1010 kg/m3

(figure 5.6), at higher temperatures, the first coordination shell behaves
similarly to the higher density case. However, as the temperature lowers
and the proportion of LDL water rises, the Cl first coordination shell not
only gets closer, as in the higher density case, but also exhibits a significantly
enhanced peak intensity. At the lowest temperature studied, oscillations in
the peaks are noted, indicating the onset of ordering among the Cl ions. It is
emphasised that the two lowest temperatures on this isochore are the only
state points below the Widom line among these eight graphs, indicating that
as water in the solution becomes more LDL-like (below the Widom line),
chlorine ions find it easier to order. This confirms that LDL water does not
favour ion solvation, which appears to be preferred in the HDL phase (see
also Corradini et al., 2010, 2012).

These findings align with the observed reduction of the LDL thermody-
namic region, as discussed in the previous chapter (see Fig. 4.21).
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Figure 5.5: Radial distribution functions for Cl − H, Cl − Na, Cl − OW and Cl − Cl in
the C2

NaClO4 solution at ρ = 1200 kg/m3.
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During the third year of the doctoral programme, MD simulations
were conducted on aqueous solutions of magnesium perchlorate.
Magnesium, sodium, calcium and potassium perchlorates are abun-

dantly present on Mars and, as described in Chapter 2, are believed to be the
key to the detection of liquid water underneath the Martian soil (Orosei et al.,
2018; Lauro et al., 2021).

Figure 6.1: Partial snapshots of a 15.4 wt% NaClO4 and of
a 24.4 wt% Mg(ClO4)2 aqueous solutions at ρ =

1200 kg/m3 and T = 200K.

Experiments (Toner et al., 2014)
have shown that whilst sodium
perchlorate solutions can be su-
percooled down to approximately
220K, solutes such as magnesium
or calcium perchlorate can reduce
this temperature to at least 150K.
This is significant for two primary
reasons: firstly, magnesium and
calcium perchlorates are believed
to be more prevalent than sodium
perchlorate on Mars; secondly, the
temperature of Martian liquid so-
lutions on the site of observation
was estimated to be approximately
180K.

Consequently, it was decided to
calculate the phase diagram and analyse the structure of aqueous solutions
of magnesium perchlorate.

To understand the effects of the ions on the thermodynamics and the
structure of the system, as already done and discussed in Chapters 4 and 5

for sodium perchlorate, phase diagrams and radial distribution functions of
aqueous solutions of magnesium perchlorate were examined at two different
concentrations:

C1
Mg(ClO4)2 = 2.95wt% C2

Mg(ClO4)2 = 24.4wt%.

The concentration details for all the systems studied during the PhD
programme are presented in Table 6.1. The number of ions and water
molecules were selected to achieve comparable number fractions between the
sodium and the magnesium perchlorate aqueous solutions.

Partial snapshots of the C2
NaClO4 and of the C2

Mg(ClO4)2 aqueous solutions
at ρ = 1200 kg/m3 and T = 200K are reported in Fig. 6.1.

Water was modelled using the TIP4P/2005 potential, due to its capability
to yield reliable results in phase diagram analysis.

101
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solute concentration

NaClO4

Nions Nwater molecules wt% numb. frac.×10−3

C1
NaClO4

20 4099 1.63 2.43

C2
NaClO4

200 3737 15.4 26.1

solute concentration

Mg(ClO4)2

Nions Nwater molecules wt% numb. frac.×10−3

C1
Mg(ClO4)2

30 4072 2.95 2.45

C2
Mg(ClO4)2

300 3838 24.4 25.4

Table 6.1: Concentrations of the four systems investigated expressed both in weight
percentage and in number fraction.

mass (a.m.u.) qi (e) σii(nm) ϵii(kJmol−1)

Mg2+
24.3051 2 0.16 3.661

Na+
22.9898 1 0.333045 0.011598

Cl Mg(ClO4)2 35.4527 1.309 0.49 0.168

NaClO4 1.0786 0.347094 1.108760

O Mg(ClO4)2 15.9994 -0.577 0.31 0.317

NaClO4 -0.51965 0.878640 0.011598

Table 6.2: Force field details for the solutions (Nieszporek et al., 2016; Agieienko
et al., 2014).
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Magnesium perchlorate was modelled using the potential defined in
Agieienko et al., 2014. This potential retains the rigid tetrahedral config-
uration of the perchlorate ion induced by the sp3 hybridisation and a formal
charge of −1. The details of the parameters are described in Table 6.2. The
Lorentz-Berthelot combination (4.1) rule completes the parameter space.

For the chosen potential parameters and the concentrations involved, the
methodology applied to carry out the simulations uses GROMACS (Hess
et al., 2008; Bekker et al., 1993; Berendsen et al., 1995) and it is identical to
that reported in chapters 4 and 5 for sodium perchlorate.

The overall single-CPU simulation time for the two NaClO4-TIP4P/2005

solutions and the two Mg(ClO4)2-TIP4P/2005 solutions was approximately
100 years. The equations of state were built out of a total number of 2937

state points.
The results that follow are planned to be submitted for publication in a

paper currently under preparation (La Francesca and Gallo, 2024).

6.1 results for the C1
Mg(ClO4)2 = 2 .95 wt% solution

In order to obtain the phase diagram of the C1
Mg(ClO4)2 solution from

ambient to supercooled conditions, isochores were simulated at the same
densities as the C1

NaClO4 solution.
The 27 densities, along with the corresponding box lengths are reported

in Table 6.3. By gradually lowering the density of the system, the LG-
LMS, acknowledged by the emergence of cavitation, was reached over the
880 kg/m3 isochore, exactly as previously occurred in the C1

NaClO4 solution.
Over the isochores, state points at temperatures ranging from 400K to

170K were simulated. The equilibration and production times needed to
calculate them are reported in Table 6.4.

A snapshot of the solution at density 1100 kg/m3 and temperature 200K is
shown in Fig. 6.2.

The simulated state points of the C1
Mg(ClO4)2 solution are reported in the

isochore (p, T) plane in Fig. 6.3. State points belonging to the same isochore
are depicted in identical colours, while dashed curves serve as visual guides.
Isochores corresponding to the bulk TIP4P/2005 and the C1

Mg(ClO4)2 solution
at a density of 980 kg/m3 are highlighted in black. A preliminary estimate
of the region of density anomaly’s location is provided by the curves of
TMD and TmD, here recognised from the isochore minimum and maximum
points as directly obtained from the simulations. These curve estimates are
themselves depicted in Fig. 6.3 and compared with the bulk (Biddle et al.,
2017). Also highlighted in the figure are the preliminary estimates of the
points corresponding to the peaks of the isothermal compressibility for the
solution here simulated, and the bulk LLCP as calculated in Debenedetti
et al., 2020.

Following the approach used for the previous two solutions, more accurate
estimates of the thermodynamic anomalies are immediately provided. This is
done by fitting the isochores using sixth-degree polynomials and determining
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density box length

880 kg/m3
5.211 nm

890 kg/m3
5.192 nm

900 kg/m3
5.172 nm

910 kg/m3
5.153 nm

920 kg/m3
5.135 nm

930 kg/m3
5.116 nm

940 kg/m3
5.098 nm

950 kg/m3
5.080 nm

960 kg/m3
5.062 nm

970 kg/m3
5.045 nm

980 kg/m3
5.028 nm

990 kg/m3
5.011 nm

1000 kg/m3
4.994 nm

1010 kg/m3
4.977 nm

1020 kg/m3
4.961 nm

1030 kg/m3
4.945 nm

1040 kg/m3
4.929 nm

1050 kg/m3
4.913 nm

1060 kg/m3
4.898 nm

1070 kg/m3
4.882 nm

1080 kg/m3
4.867 nm

1090 kg/m3
4.852 nm

1100 kg/m3
4.838 nm

1110 kg/m3
4.823 nm

1120 kg/m3
4.809 nm

1130 kg/m3
4.794 nm

1140 kg/m3
4.780 nm

Table 6.3: Simulated densities for the C1
Mg(ClO4)2 solution with the corresponding

box lengths.
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temperature equilibration time production time

400 K 0.1 ns 0.1 ns

380 K 0.1 ns 0.1 ns

350 K 0.1 ns 0.1 ns

330 K 0.1 ns 0.1 ns

315 K 0.1 ns 0.1 ns

305 K 0.1 ns 0.1 ns

300 K 0.1 ns 0.1 ns

295 K 0.1 ns 0.1 ns

290 K 0.1 ns 0.1 ns

285 K 0.1 ns 0.1 ns

280 K 0.5 ns 0.5 ns

275 K 0.5 ns 0.5 ns

270 K 0.5 ns 0.5 ns

265 K 0.5 ns 0.5 ns

260 K 1 ns 1 ns

255 K 1 ns 1 ns

250 K 1 ns 1 ns

245 K 1 ns 1 ns

240 K 10 ns 10 ns

230 K 10 ns 10 ns

220 K 20 ns 20 ns

210 K 20 ns 20 ns

200 K 40 ns 40 ns

190 K 40 ns 40 ns

180 K 40 ns 40 ns

175 K 40 ns 40 ns

170 K 40 ns 40 ns

Table 6.4: Simulation times for the C1
Mg(ClO4)2 solution.



106 thermodynamics of Mg(ClO4 )2 aqueous solutions

Figure 6.2: Snapshot of a C1
Mg(ClO4)2 = 2.95wt% solution at density ρ = 1100 kg/m3

and temperature T = 200K. Water is shown in pink (oxygen) and grey
(hydrogens), magnesium in yellow and perchlorates in teal (chlorine) and
red (oxygens).
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Figure 6.3: Unfitted simulated state points of the C1
Mg(ClO4)2 solution in the (p, T)

plane, for densities ranging from ρ = 880 kg/m3 to ρ = 1140 kg/m3,
with increments ∆ρ = 10 kg/m3 and temperatures from T = 400K to
T = 170K. The symbols represent state points derived from simulations,
while the lines serve as a visual guide. Error bars are plotted but not
visible. Included are initial estimates of the Temperature of Maximum
Density (TMD) curves for the solution, shown as red-filled upward
triangles, alongside bulk data (empty teal upward triangles) from Biddle
et al., 2017. Downward triangles denote the TmDs. The teal-filled circle
marks the bulk Liquid-Liquid Critical Point (LLCP) as per Debenedetti
et al., 2020 and filled diamonds indicate the isothermal compressibility
maxima obtained from the data. The thick dash-dotted line at the bottom
represents the 880 kg/m3 isochore, coinciding with the system’s Liquid-
Gas Limit of Mechanical Stability (LG-LMS). The 980 kg/m3 isochore
data for both the C1

Mg(ClO4)2 solution (filled black circles) and the bulk
(empty black circles) is highlighted. Further refined estimates of the
TMDs, TmDs and isothermal compressibility maxima will be provided
subsequently.
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Figure 6.4: Equation of state in the isochore plane for the C1
Mg(ClO4)2 solution

obtained from MD simulations covering densities ranging from ρ =

1140 kg/m3 to 880 kg/m3 (LG-LMS) with an incremental change of
∆ρ = 10 kg/m3. Error bars are plotted but only visible in the inset.
Polynomial fittings have been applied to the simulated data points and
the resulting isochores are reported with solid lines. The teal-filled circle
is the TIP4P/2005 bulk LLCP as computed in Debenedetti et al., 2020. The
solution’s TMDs (upward triangles) and the TmDs (downward triangles)
obtained from the fits are highlighted in red and compared to the values
known in literature for the bulk TIP4P/2005 (see Biddle et al., 2017) and
here reported with teal empty triangles. Notably, the 1050 kg/m3 and
the 1060 kg/m3, as well as the 1070 kg/m3 and the 1080 kg/m3 isochores
cross approximately at 175K.
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Figure 6.5: Simulated state points for the C1
Mg(ClO4)2 solution plotted in the isotherm

plane. The dashed lines are a guide for the eye. Highlighted in red are
the points at 175K, the closest temperature to where the crossings were
identified in the isochore plane.

the resulting minima and maxima to respectively highlight the TMD and
TmD curves: see Fig. 6.4. As for the C1

NaClO4 solution, a slight shift of the
TMD curve towards lower temperatures is evident.

It is important to note that the isochores at densities 1050 kg/m3 and
1060 kg/m3, as well as those at densities 1070 kg/m3 and 1080 kg/m3 cross
around 175K. As per Eq. (4.10), an intersection in the isochore plane locates
the critical region, which therefore will be also analysed in the isotherm
plane.

Since the universality of critical phenomena is limited to the region close
to the critical point, the analysis in the isotherm plane will be carried out for
densities and temperatures close to where the isochores intersect.

The simulated state points in the isotherm planes are reported in Fig. 6.5
which also highlights by red squares the 175K isotherm, since 175K is the
temperature around which the isochores cross.

Following the approach employed for the previous solutions, we proceed
to fit the isotherms to fifth-degree polynomials in search of a horizontal point
of inflexion to locate the critical point.

The equation of state of the system in the isotherm plane for the solution
under consideration, complete with the pT (ρ) fits, is shown in Fig. 6.6. As
expected, the curves flatten around 175K. Interestingly, the pressure at the
inflexion point for the last two isotherms is very similar.

Likewise, the derivative of the fits at those densities is located near the
x-axis (Fig. 6.7), although actually slightly closer to zero at 175K compared
to 170K.
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To further understand the critical behaviour of the system, it is hence
required to look at the peaks of the isothermal compressibility, which are
shown in Fig. 6.8.

Despite both compressibility curves being very sharp at their peaks, it is
clear that, being much higher, the one occurring over the 175K curve offers
the best estimate of the liquid-liquid critical temperature

TC = 175K .

Therefore, from the minimum of the critical isotherm’s derivative (Fig. 6.7,
in red), the critical density

ρC = 1052 kg/m3

is estimated, and from the inflexion point of the critical isotherm (Fig. 6.6),

pC = 173.1MPa

the critical pressure.
As a result, the liquid-liquid critical point of the C1

Mg(ClO4)2 solution
TC = 175K

pC = 173.1MPa

ρC = 1052 kg/m3

is obtained.
The resulting phase diagram, inclusive of the TMD and TmD curves

(compared with the bulk), the peaks of isothermal compressibility, the LLCP
(compared with the bulk), and the LG-LMS, is presented in Fig. 6.9. A slight
shift of the critical point to a higher temperature and lower pressure is evident
from the simulation, while the TMD and the TmD curves have shifted slightly
downwards in temperature.
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Figure 6.8: Isothermal compressibility κT vs pressure p for the C1
Mg(ClO4)2 solution

for temperatures ranging from 220K to 170K.
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Figure 6.9: Phase diagram of the C1
Mg(ClO4)2 solution without the isochores. The
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et al., 2020; Biddle et al., 2017). The figure also shows the LG-LMS and the
state points corresponding to the peaks of the isothermal compressibility.
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6.2 results for the C2
Mg(ClO4)2 = 24 .4 wt% solution

The details of the final solution examined, with concentration C2
Mg(ClO4)2 =

24.4wt%, are provided in Table 6.1 along with those of the other systems
discussed in this thesis.

In this section the phase diagram of the C2
Mg(ClO4)2 solution is calculated by

considering MD simulations of the state points of the system over isochores:
the simulated densities, as well as the linear lengths of the boxes, are reported
in Table 6.5.

The simulations were performed in the canonical ensemble, gradually
lowering the temperature from 400K to 170K along the isochores.

In the range of densities [1120 kg/m3, 1160 kg/m3], intermediate equilibra-
tion states at temperatures 195K, 185K and 175K were considered, where no
production runs were performed.

The LG-LMS was identified with the isochore at density 970 kg/m3, at
which cavitation occurred.

A snapshot of the system at density ρ = 1200 kg/m3 and temperature
T = 200K is reported in Fig. 6.10.

The simulated state points of the C2
Mg(ClO4)2 solution are plotted in the

isochore plane in Fig. 6.11.
To show the extent of the change in thermodynamic behaviour induced by

the ions inserted into the system, the isochore at 980 kg/m3 was highlighted
and compared to that of the bulk. As with sodium perchlorate, a shift in
pressure and a change in the curvature upon increasing the concentration are
observed.

In Fig. 6.11, the estimates of the positions of the TMD and TmD curves
(compared with the bulk Biddle et al., 2017), as well as those of the state
points corresponding to the estimated peaks of isothermal compressibility, are
presented, as obtained directly from the simulation. The figure also includes
the position of the LLCP calculated in Debenedetti et al., 2020.

To further refine the calculations, the isochores were fitted via sixth-degree
polynomials. A representation of the equation of state of the system complete
with the fitted isochores is thus provided in Fig. 6.12.

Figure 6.12 also displays the TMD and TmD curves compared with the
bulk (Biddle et al., 2017). For these curves, a downward shift in temperature
compared to the bulk is evident. Unlike the C2

NaClO4 solution, no significative
shift in pressure is apparent.

Within the temperature range explored in the PhD programme, no crossing
was detected, although the fitted isochores at 1145 kg/m3 and 1140 kg/m3

are very close at the lowest considered temperature of 170K.
That at low temperatures the system is not in a critical regime is evident

by analysing its equation of state in the isotherm plane near this region of
state points. As it is evident from both the representation of the state points
in Fig. 6.13 and the fits with fifth-degree polynomials in Fig. 6.14, although
there are inflexion points, none of them has a horizontal tangent or a nearly
flat curvature.



6.2 results for the C2
Mg(ClO4)2 = 24 .4 wt% solution 115

density box length

970 kg/m3
5.271 nm

980 kg/m3
5.253 nm

990 kg/m3
5.235 nm

1000 kg/m3
5.218 nm

1010 kg/m3
5.200 nm

1020 kg/m3
5.183 nm

1030 kg/m3
5.167 nm

1040 kg/m3
5.150 nm

1050 kg/m3
5.134 nm

1060 kg/m3
5.117 nm

1070 kg/m3
5.101 nm

1080 kg/m3
5.086 nm

1090 kg/m3
5.070 nm

1100 kg/m3
5.055 nm

1110 kg/m3
5.039 nm

1120 kg/m3
5.024 nm

1125 kg/m3
5.017 nm

1130 kg/m3
5.009 nm

1135 kg/m3
5.002 nm

1140 kg/m3
4.995 nm

1145 kg/m3
4.987 nm

1150 kg/m3
4.980 nm

1155 kg/m3
5.180 nm

1160 kg/m3
4.966 nm

1170 kg/m3
4.952 nm

1180 kg/m3
4.938 nm

1190 kg/m3
4.924 nm

1200 kg/m3
4.910 nm

Table 6.5: Simulated densities for the C2
Mg(ClO4)2 solution with the corresponding

box lengths.



116 thermodynamics of Mg(ClO4 )2 aqueous solutions

temperature equilibration time production time

400 K 0.1 ns 0.1 ns

380 K 0.1 ns 0.1 ns

350 K 0.1 ns 0.1 ns

330 K 0.1 ns 0.1 ns

315 K 0.1 ns 0.1 ns

305 K 0.1 ns 0.1 ns

300 K 0.1 ns 0.1 ns

295 K 0.1 ns 0.1 ns

290 K 0.1 ns 0.1 ns

285 K 0.1 ns 0.1 ns

280 K 0.5 ns 0.5 ns

275 K 0.5 ns 0.5 ns

270 K 0.5 ns 0.5 ns

265 K 0.5 ns 0.5 ns

260 K 1 ns 1 ns

255 K 1 ns 1 ns

250 K 1 ns 1 ns

245 K 1 ns 1 ns

240 K 10 ns 10 ns

230 K 10 ns 10 ns

220 K 20 ns 20 ns

210 K 20 ns 20 ns

200 K 40 ns 40 ns

195 K∗
40 ns

190 K 40 ns 40 ns

185 K∗
40 ns

180 K 40 ns 40 ns

175 K∗
40 ns

170 K 40 ns 40 ns

∗Only for isochores at densities ρ ∈ [1120 kg/m3, 1155 kg/m3].

Table 6.6: Simulation times for the C2
Mg(ClO4)2 solution.
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Figure 6.10: Snapshot of a C2
Mg(ClO4)2 = 24.4wt% solution at density ρ =

1100 kg/m3 and temperature T = 200K. Water is shown in pink (oxy-
gen) and grey (hydrogens), magnesium in yellow and perchlorates in
teal (chlorine) and red (oxygens).
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Figure 6.11: Unfitted simulated state points of the C2
Mg(ClO4)2 solution in the

(p, T) plane, for densities ranging from ρ = 970 kg/m3 to ρ =

1200 kg/m3, with increments ∆ρ = 10 kg/m3 except in the region
[1120 kg/m3, 1160 kg/m3] where it is ∆ρ = 5 kg/m3. Simulated tem-
peratures range from T = 400K to T = 170K. The symbols represent
state points derived from simulations, while the lines serve as a vi-
sual guide. Error bars are plotted but not visible. Included are initial
estimates of the Temperature of Maximum Density (TMD) curves for
the solution, shown as red-filled upward triangles, alongside bulk data
(empty teal upward triangles) from Biddle et al., 2017. Downward
triangles denote the TmDs. The teal-filled circle marks the bulk Liquid-
Liquid Critical Point (LLCP) as per Debenedetti et al., 2020 and filled
diamonds indicate the isothermal compressibility maxima obtained
from the data. The thick dash-dotted line at the bottom represents the
880 kg/m3 isochore, coinciding with the system’s Liquid-Gas Limit of
Mechanical Stability (LG-LMS). The 980 kg/m3 isochore data for both
the C2

Mg(ClO4)2 solution (filled black circles) and the bulk (empty black
circles) is highlighted. Further refined estimates of the TMDs, TmDs
and isothermal compressibility maxima will be provided subsequently.
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Figure 6.12: Equation of state in the isochore plane for the C2
Mg(ClO4)2 solution

obtained from MD simulations covering densities ranging from ρ =

1140 kg/m3 to 880 kg/m3 (LG-LMS) with an incremental change of
∆ρ = 10 kg/m3 except in the region [1120 kg/m3, 1160 kg/m3] where it
is ∆ρ = 5 kg/m3. Error bars are plotted but not visible. Polynomial
fittings have been applied to the simulated data points and the resulting
isochores are reported with solid lines. The teal-filled circle is the
TIP4P/2005 bulk LLCP as computed in Debenedetti et al., 2020. The
solution’s TMDs (upward triangles) and the TmDs (downward triangles)
obtained from the fits are highlighted in red and compared to the values
known in literature for the bulk TIP4P/2005 (see Biddle et al., 2017) and
here reported with teal empty triangles.
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Figure 6.13: Simulated state points for the C2
Mg(ClO4)2 solution plotted in the

isotherm plane. The dashed lines are a guide for the eye.
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Figure 6.15: Derivative of pT (ρ) for selected temperatures for the C2
Mg(ClO4)2 solu-

tion. No sign of a flex point in the isotherm plane is evident.

This observation becomes even more evident when looking at the deriva-
tives of the isotherms, as reported in Fig. 6.15. None of the considered curves
approaches zero.

Therefore, no critical points are observed for the C2
Mg(ClO4)2 solution in

this range of temperatures.
Nevertheless, observing the behaviour of isothermal compressibility in

Fig. 6.16, it is clear that a line of maxima exists. Thus, it is not ruled out that
these maxima might be anticipating the onset of a critical region at lower
temperatures.

Furthermore, a shift of the critical point to lower temperatures could imply
a lower glass transition temperature and thus a higher stabilisation of the
supercooled phase, therefore providing a further explanation for why water
on Mars would be liquid at temperatures that low, magnesium perchlorate
being a much more abundant salt there than sodium perchlorate.
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Figure 6.16: Isothermal compressibility κT vs pressure p for the C2
Mg(ClO4)2 solution

for temperatures ranging from 220K to 170K.

6.3 comparison

Figure 6.17 shows the phase diagrams of the four solutions investigated.
To facilitate an immediate comparison between the four systems, a symmetric
colour coding has been chosen for sodium perchlorate and magnesium
perchlorate. In red and orange, the thermodynamic quantities for the C1

solutions are displayed, while light and dark yellow indicate those for the C2

solutions. Teal was chosen for the bulk. Simulated state points reported in
green and blue mark the limits of mechanical stability.

liquid-liquid critical point When considering the LLCP across the
solutions, with respect to the bulk:

C1
NaClO4 : the LLCP has a slight shift downwards in pressure but TC is barely

affected by the presence of ions;

C2
NaClO4 : TC shifts to a higher temperature and pC to a significantly lower pres-

sure;

C1
Mg(ClO4)2 : TC shifts slightly upwards in temperature, pC slightly downwards in

pressure;

C2
Mg(ClO4)2 : no critical points were found in the considered ranges of temperature

and densities, although it is possible that an LLCP exists at lower tem-
peratures, possibly shifting the glass transition at a lower temperature
and hence better stabilising the supercooled phase.

Across all the systems considered, when a ρC was found, it always shifted
upwards in densities upon increasing the concentration of the solutes.
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Figure 6.17: Thermodynamic features of the systems investigated in the PhD pro-
gramme. The the TMD and TmD curves are plotted and compared
to the bulk (as per Biddle et al., 2017). The calculated LLCPs are also
shown, as well as the bulk one (Debenedetti et al., 2020). The figures
also show the points of maximum of the isothermal compressibility and
the LG-LMS for the four solutions considered. The positions of the
HDL-LDL coexistence line and the HDL LMS here shown are hypothe-
sised, as equilibration to eccessively low temperature is not possible in
MD simulations (see Sec. 3.3.3). No state points were simulated below
T = 170K.
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isothermal compressibility The line of state points corresponding
to the peaks of isothermal compressibility shifts towards lower pressures in
both pairs of solutions.

temperatures of maximum and minimum densities The TMD
and the TmD curves show a similar pattern in T , shifting towards lower
temperatures upon increasing the concentrations. The shift is higher for
the TMD curve compared to the TmD one. Therefore, upon increasing the
concentration of the solutes, a shrinkage in the region of density anomaly is
observed. In p, a shifting trend towards lower pressures is noted within the
C2

NaClO4 solution but not within the C2
Mg(ClO4)2 one.

liquid-gas limit of mechanical stability The location of the
LG-LMS does not change much in the (p, T) plane, but shifts upwards in
densities.

As described in Section 4.3, the downward shift in the {p(maxkT )} points,
together with the essentially constant LG-LMS, leads to a narrower LDL
phase, where nucleation is favoured (Gallo et al., 2016), with respect to the
bulk. This can explain why perchlorate solutions on Mars would remain
liquid at temperatures much lower than their melting point. Schemes of
the phase diagrams of the considered solutions showing this behaviour are
pictured in Fig. 6.18. The interplay between the HDL and the LDL phase
for the aqueous Mg(ClO4)2 solutions will be shown in the next chapter by
means of the RDFs.
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Figure 6.18: Schematic phase diagrams of the considered solutions, clearly showing
the LDL region shrinking upon increasing the ionic concentrations.
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In this chapter, the structural analysis of the two aqueous magnesium
perchlorate solutions previously introduced will be performed. The
analyses carried out in the case of sodium perchlorate had shown that

the main effect of adding ions to the solution was a contraction of the LDL
region, resulting in a persistence of the dichotomous behaviour of water and
featuring an interplay between the HDL and the LDL phases. This result was
consistent with the thermodynamic investigations, which showed that the
LLCP shifted to higher temperatures and lower pressures, the Widom Line
was lowered in pressure, the TMD curve shifted to lower temperatures and
pressures but the LG-LMS remained substantially unchanged.

In the case of magnesium perchlorate, the C1
Mg(ClO4)2 solution exhibited,

similarly to the C1
NaClO4 solution, a LLCP at a state point close to the bulk

one. The equation of state of the supercooled C2
Mg(ClO4)2 solution, instead,

did not show the occurrence of any critical point in the temperature range
considered. However, for the C2

Mg(ClO4)2 solution, the pressure correspond-
ing to the peaks of the isothermal compressibility decreased, the TMD shifted
to lower temperatures and the position of the LG-LMS remained essentially
unchanged. The trends in the maxima of isothermal compressibility could
imply a potential convergence to a Widom Line and, possibly, anticipate a
critical point at lower temperatures. Hence, a similar contraction of the LDL
region as the one observed in sodium perchlorate and in methanol (Corradini
et al., 2012) is possible.

7.1 water-water radial distribution functions

The structural features of the systems can be inferred by analysing the
radial distribution function (RDF) g(r) as already done in Chapter 5.

Denoted by ρC is the density at concentration C, the bulk being ρ0. Fol-
lowing the approach taken in the sodium perchlorate analysis, three sets of
densities were considered for the three systems:

high-density triplet 
ρ0 = 1110 kg/m3

ρC1
= 1110 kg/m3

ρC2
= 1200 kg/m3 ;

medium-density triplet 
ρ0 = 990 kg/m3

ρC1
= 990kg/m3

ρC2
= 1130 kg/m3 ;

127
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Figure 7.1: Water-Water RDF for the high-density set of the bulk and the Mg(ClO4)2

solutions. At the lowest temperature investigated the bulk is clearly in
the LDL phase.
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Figure 7.2: Water-Water RDF for the medium-density set of the bulk and the
Mg(ClO4)2 solutions. The bulk and the C1

Mg(ClO4)2 solution have a
very similar behaviour and appear to be in the LDL phase at low temper-
atures. Even though the thermodynamic behaviours of the three systems
are similar, structurally the C2

Mg(ClO4)2 solution appears to behave like
the higher densities in Fig. 7.1.
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Figure 7.3: Water-Water RDF for the low-density set of the bulk and the Mg(ClO4)2

solutions. All the systems considered appear to be in the LDL phase at
low temperature. The C1

Mg(ClO4)2 solution closely matches the bulk, as
in Fig. 7.2.
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low-density triplet 
ρ0 = 930kg/m3

ρC1
= 930kg/m3

ρC2
= 1040 kg/m3 .

The densities were chosen by picking the isochores with similar thermody-
namic behaviour at low temperature.

Next, the water radial oxygen-oxygen distribution functions gOW−OW(r)

can be considered.
Reminding that, for these functions, a pronounced first minimum followed

by a sharp local maximum indicates the LDL phase, while a gentler first
minimum and a less pronounced second maximum are indicative of the HDL
phase (Corradini et al., 2011; Gallo et al., 2011; Soper, 2017), their behaviour
can be checked in the figures 7.1, 7.2 and 7.3.

The results are quite similar to those of sodium perchlorate.

• Albeit with some differences between the various systems, down to
300K all the solutions considered are in the HDL phase. By decreasing
the temperature, a more LDL-like behaviour gradually begins to appear.

• Such behaviour is very noticeable for the bulk at each of the considered
densities and only slightly less so for the C1

Mg(ClO4)2 solution. Actually,
except for the last panel in figure 7.1 (T = 170K), the gOW−OW(r) of the
C1

Mg(ClO4)2 solution matches the bulk at every density and temperature,
with some minor variations that can be attributed to the slight ion-
induced shifts in pressure. The liquid is less

LDL when the ionic
concentration is
increased.

• The C2
Mg(ClO4)2 solution, on the other hand, while having a trend not

dissimilar to that of the other systems, only exhibits a distinctly LDL
behaviour at low temperatures at the lowest of the densities considered.

Therefore, while increasing the ion concentration, water retains its anomalous
structural behaviour and the liquid is more HDL in character.

7.1.1 Coordination Number

Using the definitions reported in Eq. (5.2) and Eq. (5.3), it is possible to
consider the coordination number for the two solutions currently under
investigation.

Figure 7.4 illustrates the OW − OW first-shell coordination numbers evalu-
ated at selected temperatures across varying densities. The graphs in Fig. 7.4
resemble those in Fig. 5.4, which is explained by how similar the relative
gOW−OW(r) behaved both in magnesium and in sodium perchlorate solutions.

Since the first RDF minimum remained almost unchanged at low tempera-
tures for each concentration, a constant cutoff distance r0 was chosen for all
densities: r0 = 0.330nm for the C1

Mg(ClO4)2 solution and r0 = 0.327nm for
the C2

Mg(ClO4)2 solution.
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Figure 7.4: OW − OW first shell coordination numbers for selected temperatures as a
function of density for the C1 and the C2 Mg(ClO4)2 solutions.



7.2 ion-water and ion-ion radial distribution functions 133

As densities increase, the coordination numbers for both concentrations
exhibit an upward trend with comparable slopes. The curves shift downwards
as concentration rises, reflecting the increased solubility of the ions in a more
HDL phase.

At lower temperatures, the coordination number approaches 4, thereby
confirming the presence of LDL water in both solutions.

7.2 ion-water and ion-ion radial distribution functions

Figure 7.5 and Fig. 7.6 depict the alternation in the arrangement of ions
within the C2

Mg(ClO4)2 solution by considering the Cl − H, Cl − Mg, Cl −
OW and Cl − Cl RDFs at densities ρ

C2
Mg(ClO4)2

= 1200 kg/m3 (Fig. 7.5) and
ρ
C2

Mg(ClO4)2
= 1040 kg/m3 (Fig. 7.6). Results were comparable across the two

concentrations but only the highest concentration, being more representative,
will be shown and discussed.

ion-water interaction The feature of the chlorine ion to be sur-
rounded by a cage of water molecules previously observed in sodium per-
chlorate solutions (Sec. 5.3) is also present here, as can be inferred from the
fact that the first ion to appear in Figs. 7.5 and 7.6 is hydrogen, followed in
order by magnesium, the oxygen of water, and chlorine.

ion pairing The ion pairing first peak rises significantly as the temper-
ature drops. This result is consistent with the reduced solubility of ions in Ion Pairing is

favoured at low
temperatures,
confirming LDL
water is present

the LDL phase, causing them to be closer. An increase in the ion pairing
first peak was observed in sodium perchlorate in section 5.3 upon decreas-
ing the density. This phenomenon is much less pronounced for Mg(ClO4)2

(Fig. 7.7), since the ion pairing first peak is similarly high at high density, due
to the stronger electromagnetic interaction between Mg2+ and ClO4

− ions
compared to Na+ and ClO4

−.

Cl−Cl interaction Focusing on the Cl – Cl interaction, compared to
sodium perchlorate, the heights of the peaks, the first of which always appears No ordering effects

are evident in the
Cl – Cl RDF.

around 0.48nm, are lower: this is consistent with the stronger interaction
between the magnesium ion and the perchlorate ion. The absence of order-
ing at low temperatures should be highlighted, in line with experimental
observations showing that the supercooled phase of magnesium perchlorate
is more stable than that of sodium perchlorate (Toner et al., 2014).
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Figure 7.5: Radial distribution functions for Cl − H, Cl − Mg, Cl − OW and Cl − Cl
in the C2

Mg(ClO4)2 solution at ρ = 1200 kg/m3. The insets display the
Cl−Mg RDF separately, using different scales to emphasise the height of
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7.3 comparisons and structural remarks

Water’s anomalous
behaviour persits.The structural analysis, carried out through the examination of the Radial

Distribution Functions (RDFs) as defined by equation (5.1) (Gallo and Rovere,
2021; Allen and Tildesley, 2017), has shown that in the solutions studied,
water’s anomalous behaviour persists despite significant alterations to the
phase diagram caused by the ions. Investigating the water-water RDFs, as
well as the ion-ion and ion-water RDFs, regions characterised by distinctly
High-Density Liquid (HDL) and Low-Density Liquid (LDL) behaviours were
observed. The ion pairing

behaviour confirmed
the presence of LDL
water at low
densities and low
temperatures

Specifically, analysing the ion-ion RDFs, the shifts from HDL to LDL were
inferred by the behaviours of the Cl – Na and Cl – Mg ion pairings, which
exhibited a significant rise in the first peak in response to a decrease in
temperature. This phenomenon is attributed to the fact that water in the
LDL phase is known for excluding ions, leading to a higher likelihood of
them to approach each other. For sodium perchlorate, this effect was also
distinctly observable when the density was lowered; in contrast, the impact
of the density was much less apparent in magnesium perchlorate, due to the
more intense electromagnetic interactions between the ions. The water-water

RDFs show the LDL
region being less
favoured upon
increasing the
concentration

In the water-water structural analysis, the gOw−OW(r) exhibited a gradual
shift in trend from an HDL-like to an LDL-like behaviour, both by lowering
the density and by lowering the temperature. Crucially, it should be empha-
sised that the LDL behaviours at the highest concentrations examined only
manifested at low temperatures and densities and were, nonetheless, less
pronounced than in the bulk. The C1 solutions, instead, were consistently
similar to the bulk, except at high densities and low temperatures where their
LDL-like behaviour was less evident. This pattern was remarkably similar
both in NaClO4 and in Mg(ClO4)2 solutions.

The implication is that both in the case of sodium perchlorate and in
the case of magnesium perchlorate, the LDL region is less favoured upon
increasing the ionic concentration. This observation offers an insight into why
water may retain its liquid form in the Martian subsurface at temperatures
around 180K, given that perchlorate solutions are ubiquitous on Mars (Orosei
et al., 2018; Lauro et al., 2021) and that nucleation is more favoured in the
LDL phase (Gallo et al., 2016).
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In light of the growing interest in perchlorate aqueous solutions for study-
ing water behaviour on Mars, driven by recent experimental evidence
strongly suggesting the presence of supercooled liquid water in these

solutions beneath the Martian soil (Orosei et al., 2018; Lauro et al., 2021), it
was crucial to examine their thermodynamic and structural features and the
role of water anomalies in this context.

This thesis focused on solutions of sodium perchlorate (NaClO4) and
magnesium perchlorate (Mg(ClO4)2), as they are among the most abundant
salts found on the Martian soil. In particular, a concentration-dependent
study of these solutions was carried out in the canonical ensemble based on
molecular dynamics (MD) simulations (Gallo and Rovere, 2021; Allen and
Tildesley, 2017).

Two concentrations for each solute were considered:

• C1
NaClO4 = 1.63 wt%;

• C2
NaClO4 = 15.4 wt%;

• C1
Mg(ClO4)2 = 2.95 wt%;

• C2
Mg(ClO4)2 = 24.4 wt%.

The choice of the concentrations for NaClO4 and Mg (ClO4)2 was made
with the aim to achieve a comparable number fraction among magnesium
and sodium perchlorate solutions (see Table 6.1 for more details).

The study of the phase diagram by the numerical calculation of the systems
equation of state revealed the persistence of several water anomalies.

Specifically, the liquid-liquid critical point (LLCP) that was hypothesised
in Poole et al., 1992, was found in the C1

NaClO4 , the C2
NaClO4 and in the

C1
Mg(ClO4)2 solution. Compared to the bulk (as per Debenedetti et al., 2020),

the LLCP in the C1
NaClO4 and the C1

Mg(ClO4)2 solution was found to be
at approximately the same temperature and slightly shifted downwards
in pressure. In the C2

NaClO4 solution the LLCP was found at a slightly
higher temperature and significantly lower pressure. Upon increasing the
concentrations of the solutes, across all the systems considered, when a LLCP
was found, ρC always shifted upwards in densities.

An important anomaly shared with bulk water that was found in all the
solutions considered is the occurrence of maxima in the isothermal compress-
ibility. This is extremely significant, as lines of maxima of thermodynamic
response functions near the LLCP (or other second-order critical points) tend
to converge towards the Widom Line. The Widom Line is an important
precursor of the LLCP as it converges to it and then its extension into the
two-phase region is the HDL-LDL coexistence line.
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Figure 8.1: Schematic phase diagrams of the considered solutions, clearly showing
the LDL region shrinking upon increasing the ionic concentrations. The
positions of the HDL-LDL coexistence line and the HDL LMS here shown
are hypothesised, as equilibration to eccessively low temperature is not
possible in MD simulations (see Sec. 3.3.3). No state points were simu-
lated below T = 170K.
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The existence of a line of maxima for isothermal compressibility in the
C2

Mg(ClO4)2 solution, marked by increasingly prominent peaks as the tempera-
ture drops down to the lowest temperature where equilibration with MD was
possible, allows us to conclude that the presence of a second-order critical
point at temperatures lower than those investigated cannot be dismissed.
The significance of this is given by the fact that the presence of magnesium
perchlorate far exceeds that of sodium perchlorate on Mars. A downward
shift in temperature of the LLCP could be associated with a reduction in
the glass transition temperature, potentially leading to a greater stabilisation
of the supercooled phase of water. This could be a factor in explaining the
detection of liquid water in the Martian subsurface at temperatures as low as
180 K.

Additionally, shifts towards lower temperatures and pressures in the TMD
(Temperature of Maximum Density) and TmD (Temperature of Minimum
Density) curves were observed. Notably, the shift in pressure was consid-
erably more pronounced for sodium perchlorate compared to magnesium
perchlorate.

These observed anomalies, along with a largely unchanged liquid-gas limit
of mechanical stability (LG-LMS) result in a reduction of the LDL phase,
where nucleation is more likely and, hence, in a consequently increased
stabilisation of the supercooled phase of water.

Schematic phase diagrams highlighting this phenomenon along with the
position of several thermodynamic quantities for the considered solutions are
reported in Fig. 8.1.

The persistence of water anomalies is also evident from the water-water,
water-ion and ion-ion radial distribution functions (RDFs). Specifically, ion
pairing was found to be favoured by the reduction in density (mostly for
NaClO4) and temperature (for NaClO4 and Mg(ClO4)2). Such a behaviour
typically occurs in the LDL region, whilst the ions tend to be more favourably
solvated in HDL water.

From the water-water RDFs also an interplay between the HDL and the
LDL phases of water was observed.

The structural analysis of the systems under investigations further backed
up the observation that water is less LDL upon increasing the concentration.

The water-water RDFs showed a shift from HDL to LDL behaviour at
lower densities and temperatures. Notably, at high concentrations, LDL
characteristics emerged only at very low temperatures and densities, being
less pronounced than in bulk. The pattern was similar in NaClO4 and
Mg(ClO4)2 solutions.

A more stabilised supercooled phase of water is also evident from the
Cl-Cl RDFs in which at low densities and temperatures in the case of magne-
sium perchlorate, that again is much more prevalent on Mars than sodium
perchlorate, the occurrence of order is not observed.

Given the recent findings strongly indicating the presence of liquid water
on Mars, it is important to have shown that water can retain its anomalies at
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moderate concentrations of typically Martian solutes. These anomalies could
play a crucial role in explaining the existence of liquid water on Mars.

Further developments of this work have already been outlined, with the
intent of extending the thermodynamic and structural study to other solutes
and increasing concentrations. Calcium perchlorate and potassium perchlo-
rate are also abundant on Mars and their behaviour in solution with water is
worth investigating. Further studies are also crucial to better understand the
behaviour of the critical point in these solutions.

Another line of research that is intended to be pursued is the development
of further potentials, for instance by using machine learning techniques, with
the aim of improving the comparability of results between different solutes
and more easily extend the analysis to other perchlorates.
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