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Introduction

This thesis concerns the convergence of the empirical spectral distribution of random ma-
trices, that is the probability measure concentrated on the spectrum {\; (M), ..., \, (M)}
of a complex n x n matrix M. Namely we define the empirical spectral distribution s

as
n

1
Ba = n Z 5)\¢(M)-

i=1
We will consider matrices M whose entries will be random variables, as a consequence
par will be a random probability measure.
The study of the spectrum of random matrices goes back to the ‘50 when the Hungar-
ian physicist Eugene Wigner, proved that the empirical spectral distribution (ESD) of a
sequence of Hermitian random matrices, whose entries are independent random variables

with unitary variance, up to rescaling weakly converges to the probability measure
1 —
psc(dw) = o0 4 —a? ]1|:L‘\<2d$'

The law g is the so called Wigner semi-circular law, see figure 1.
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Figure 1: Histogram of the spectrum of a 1000x 1000 Wigner matriz with standard Gaussian entries,

plotted with the density of jisc-
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In the same years Wigner conjectured that the limit spectral distribution of a se-
quence of non Hermitian matrices with unitary variance independent random entries, un

to rescaling, is the uniform law on the unitary disc of the complex plane, see figure 2.

Figure 2: Plot of the spectrum of a 2500x 2500 matrix with i.i.d. standard Gaussian entries.

The proof of the conjecture has a long history, it indeed has been proved by Tao and
Vu in 2009, after more than 40 years of partial results. We just mention very few of
them, for a more detailed sequence of the results we refer to [13, Section 2].

The first piece of proof for the circular law theorem is by Metha in [19], who in 1967,
using the work of Ginibre [15], proved the result for the expected empirical distribution
for complex Gaussian entries. In 1997 Bai, in [4], is the first to obtain results in the
universal case, using the work of Vyacheslav Girko, but assuming stronger hypothesis
on the law of the entries, such as bounded density and finite sixth moment. Finally in
2009, Tao and Vu proved the original conjecture, in [27].

The proof is based on the Girko Hermitization method, a trick to pull back the
non-Hermitian problem to Hermitian matrices. We give more details in chapter 1, but
the core of the method is to work with the spectrum of the singular values of the non-
Hermitian matrix and to take advantage of their logarithmic bond with the spectrum of
the eigenvalues of M, see Theorem 1.2.1 and Lemma 1.2.3.

In 2008 Ben Arous and Guionnet, proved a heavy tailed counterpart of the Wigner

theorem, see also Zakharevich [30]. They indeed proved an existence result for the
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limiting spectral distribution of a sequence of Hermitian matrices whose entries are
independent with common law in the domain of attraction of the a-stable law, with
a € (0,2). As in the finite second moment scenario, the limiting spectral measure
does not depend on the law of the entries of the matrix, but only on the parameter «.
Remarkable work in this regime is also by Belinschi, Dembo and Guionnet [5]. These
works established rigorously a number of prediction made by physicists Bouchaudand
and Fizeau [14]

In 2010 Bordenave, Caputo, and Chafai [9], with a new and independent approach
based on the objective method introduced by Aldous and Steele in [2], give an alternative
proof of the convergence in the heavy tailed setting. They prove that the heavy tailed
matrix, suitably rescaled, locally converges to an infinite poissonian weighted tree called
PWIT. The heavy tails regime is in many ways more difficult than the bounded variance
regime. Indeed we do not have an explicit expression for the limiting distribution.
Nevertheless the approach of [9], is powerful enough to give some properties of the
limiting spectral measure, by means of recursive analysis on the limiting tree.

In 2012 the same authors in [10], prove an analogous of the Circular law, for non-
Hermitian matrices with i.i.d. heavy tailed entries, using the same approach from [9]
combined with the Hermitization techniques by Tao and Vu.

Very little is known if the entries of the matrix are not independent.

An interesting problem with non-independent entries is obtained by considering
Markov matrices, i.e. matrices with non-negative entries and row sum equal to 1. In this
case is natural to associate the random matrix with the corresponding weighted random
graph, and to interpret the elements of the matrix as the transition probabilities of the
random walk on the graph.

Suppose U; ; is a collection of i.i.d. random variables, and define the Markov matrix

Xn = (Xij)

n
Lj=11

U . n
Xij=—>  pi=) Uy
Pi =

By construction, the spectrum of X, is a subset of {z € C: |z| < 1}. The convergence
of ESD of P has been investigated in recent works by Bordenave, Caputo, and Chafal.

When the variables {U; ;} have finite variance 02 € (0,+00) and unitary mean, N

behaves as the ESD of \/% where U, = (U; ;) is the non normalized matrix. Namely
it converges to the circular law when U, is non-Hermitian, see [11] and figure 3, and to
the Wigner semi-circular law when U, is Hermitian, see [8].

This analysis can be extended to other models with non-independent entries such

as random Markov generators and zero sum matrices, see the work of Bordenave, Ca-



Figure 3: Plot of the spectrum of a 2000%x 2000 rescaled random non-Hermitian Markov matriz, with

Us,j are i.i.d exponential random variables with mean 1.

puto, and Chafai [12] and Tao [25]. In [9], Bordenave, Caputo, and Chafal, study the
markovian case when U, is a symmetric heavy tailed random matrix. Of remarkable
interest is the case o € (0,1). In this regime the ESD of the matrix X,,, without any
scaling factor, converges to a non trivial measure concentrated on the unitary disc of
the complex plane. In this work we study the non-Hermitian version of this heavy tailed
matrix, that is the case where U, has i.i.d. heavy tailed entries, with a € (0,1). Our
main result concerns the convergence of the ESD of the associated Markov matrix X,
to a non trivial measure supported in the unitary disc of the complex plane, depending
only on the parameter o.. In contrast with the Hermitian case, this limiting distribution
should have a remarkable concentration on a disc with radius » < 1, see figures 4,5,6
and 7 for a plot of the eigenvalues, and figure 8 and 9 for a radial plot of the density
of the eigenvalues. They represent simulation of ux,, where X, is a n x n random
Markov matrices, and the non normalized matrix U, has i.i.d. entries U;; ~ V=1 a,

with V' ~ Unif(0,1), for various values of o and n, as reported in captions.

This thesis consists of 4 chapters. In chapter 1 we introduce some of the more

remarkable technical tools we need in the following chapters. In order to relieve the
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reading we dilute those technical tools in a survey of some results cited above. The last
section of chapter 1, is a more detailed introduction to our work.

In chapter 2, we prove the local convergence of a non-Hermitian random Markov
matrix X, with entries in the domain of attraction of an a-stable law with o € (0,1)
to a modified PWIT whose generations have alternated distribution, this generalizes the
analysis of [10].

In chapter 3, we use the resolvent convergence implied by the local convergence, to
prove the convergence of the ESD of the singular values of X,,, see theorem 1.6.2, to a
measure with finite exponential moments, see proposition 3.3.3.

In chapter 4, we use the Girko’s Hermitization method to obtain the convergence of
the spectrum of the eigenvalues of X,,, see theorem 1.6.1, to a non trivial measure, see

section 4.6.

The techniques used in this work follow very closely, with few exceptions, the works
[8, 9, 10, 11].

_!3-:..
(‘n'.

Figure 4: 2000 x 2000 oo =0, 1
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Figure 5: 2000 x 2000 « = 0,3

Figure 6: 2000 x 2000 o = 0,5

V11l



10

-05+

-10F

Figure 7: 2000 x 2000 o = 0,9

02 04 0.6 0.8 10

Figure 8: Radial plot of the density for n = 2500 and oo = 0,3



0.2 04 0.6 0.8 10

Figure 9: Radial plot of the density for n = 2500 and @ = 0,5



Chapter 1
Preliminaries

Consider a matrix M € M, (C), the set of nxn complex matrices. Call \y(M), ..., A, (M)
its eigenvalues counting multiplicity, we define the empirical spectral distribution (ESD)
of M as

1 n
fing = ngé,\i(M). (1.0.1)

This defines a unitary mass measure on C, pys is a probability measure defined on the
complex plane. Moreover, if we let the entries of the matrix M be random variables, ps
becomes a random probability measure defined on the complex plane. We are interested
in its asymptotic behavior as the order n of the matrix diverges to infinity, when the
entries of M are random variables.

The aim of this chapter is to introduce some fundamental technical tools we need
through the following chapters. Starting from the finite variance case, with the Wigner
theorem for Hermitian matrices and the circular law theorem for non Hermitian ma-
trices, and continuing with the results for heavy tailed matrices of Bordenave, Caputo
and Chafai, referred to as BCC from now on, we present some results we cited in the
introduction, since the technicalities we need for the proofs of those theorems are the

same we need in the following chapters.

1.1 Semi-circular Law

Consider a matrix X,, = (X;;) such that X;,;, = X;;, for 1 < i < j, and where
{Xi}1<i<j<n is a collection of i.i.d. random variables with common law P on C, and
{Xii} is a collection of i.i.d random variables with common law Q on R.

Then X,, = (X j)i<i j<n is a random Hermitian matrix, also called Wigner matrix.
If the variables X; ; have finite variance, namely Var(X; o) = E [ |X172|2] —E[]X12] ]2 =

0% < 400, then the ESD of (no?)~%/2X,, converges to a probability measure defined on

1



1.1 Semi-circular Law

the interval [—2,2] of the real line, called semi-circular law. We will call this law p..

The semi-circular law is the probability measure

1
[Lsc(dl') = %\/4—$21|$‘S2d$. (111)

The result was proved by Wigner in 1955, and is contained in [29]. It can be considered

the starting point of the random matrix theory.

Theorem 1.1.1. Consider a random Wigner matriz X, such that Var(X2) = 02 <
400, then almost surely,

(w)

_ _— .
,U(ng2) 1/2x, 0o Hsc

We write u, :_%3;? 1o, when the sequence of measure u, weakly converges to
the measure po in the classical sense, i.e. py(h) — po(h) for any bounded and
continuous function h.

Many different proofs of this result have been given, see [3, Chapter 2]. We give
the idea of the proof using the Resolvent method, since it gives us the opportunity to
introduce the Cauchy-Stieltjes transform of a measure, the resolvent of a matrix and

how they are linked in random matrix theory.
1.1.1 Cauchy-Stieltjes transform, resolvent and pointed spectral mea-
sure

We first introduce the Cauchy-Stieltjes transform of a real measure and the resolvent of
a matrix, then, given some properties of these objects, we will see how they are linked

to each other, and how, through this link, one can prove the Wigner theorem.

Cauchy-Stieltjes transform

For a finite measure p supported on R, define the Cauchy-Stieltjes transform as

9u(2) :=/ ! p(dz) (1.1.2)

r—z

for z € C* := {w € C: Im(z) > 0}. If u has bounded support we have
gu(z) = szﬂ*l /x",u(dx). (1.1.3)
n>0
If p is a probability measure, then g,(z) is an analytic function from C* — C*, its
modulus is bounded by Im(z)~! and it characterizes the measure p, in the sense that
we can deduce p from g,(z), see [3, Section 2.4 |. Moreover the convergence of the
Cauchy-Stieltjes transform is equivalent to the weak convergence as stated in the next

result proved in e.g. [7].



1.1 Semi-circular Law

Theorem 1.1.2. Let 1 and (pn)n>1 be a sequence of real probability measures, then the

following are equivalent.

i) (w)
Hn n—-+o0o H-

3 N
) Gu, (2) m gu(z) for all z € CT.

iii) There exists a set D C CT with an accumulation point such that for all z € D,

Gpun (2) P gu(z).

The Cauchy-Stieltjes transform of the semi-circular law satisfies the following fixed

point equation for all z € CT,

Guse (2) = = (2 + gue (2)) 7, (1.1.4)

see e.g. [7].

Resolvent

Let M be a n x n complex Hermitian matrix, take 2 € C*, then, if 1, is the n x n
identity matrix, M — 21, is invertible, one defines the resolvent of M as the function
R:C* — M,(C) such that

R(z) := (M — z1,)" %

If (vg)}_, is an orthonormal basis of eigenvectors of M, which exists by spectral theorem,

we can decompose the resolvent matrix as

n 1 .
R(Z) = ; mvk’l}k.

Using this decomposition we can observe that R(z) is a normal matrix, namely R(z)R(z)* =
R(2)*R(z). Moreover R(z) is bounded, |R(z)||2—2 < Im(z)~! and z — R(2) is an ana-

lytic function on CT.

1.1.2 Pointed spectral measure

In order to introduce the bond between Cauchy-Stieltjes transform and Resolvent we
need to introduce the pointed spectral measure. Let & be a vector of C" with unitary ¢
norm, and (vg)}}_; an orthonormal basis of C" given by the eigenvectors of M. We can
define the real probability measure

n

Mg = > 1wk, O 0n - (1.1.5)
k=1



1.1 Semi-circular Law

We call this measure, spectral measure pointed at £. This measure could analogously be

defined by the unique probability measure u’}cw such that
[ atusatan) = (. 21%),

for any integer £ > 1. Note that for the special case £ = (ﬁ, cey ﬁ) we find again the

ESD of M, pupy = Miwﬁ’ "). Also, if (ey, ..., ey) is the canonical base of C",
— 1 - €4
Ha = n ;1 Kpg-

Now consider an Hermitian matrix M € #H,(C), the subset of M,,(C) of the Hermitian

matrices, the link between the Cauchy-Stieltjes transform and Resolvent is that,

€REE = [ oui ) = g6 o)

where ,uﬁ/[ is the pointed spectral measure we defined in (1.1.5). Moreover, considering

war, the ESD of M,

n

gMJM(Z) = / ! NM(dx) = %Z )\z(]Wl)—Z = %TI“(R(Z)).

r—z
=1

Let us remark that the measure uys, is actually a random probability measure. We can

deal with this extra randomness introducing concentration inequalities.

1.1.3 Concentration Inequalities

Concentration inequalities are a powerful tool in probability theory, and more generally
in measure theory. What essentially concentration inequalities state is that, under suit-
able hypothesis, a random object is, with very high probability, close to a constant. The
random object is generally a function, on which we require mild hypothesis, of a family
of random variables and the constant is the expected values of the function under the
probability measure.

The first result we present is the one we will use the most, see [10, Lemma C.2]. It
refers to random matrix with independent half-rows, as the Hermitian random matrix
X, from the Wigner theorem. Recall the BV-norm of a function f: R — R, vanishing

at 0o, i.e. lim,_, 1 f(x) =0, is defined as

Iflpy = sup > |f(zrr1) = flze)l,

(Tr)kez k

with zp41 > xp, for any k.



1.1 Semi-circular Law

Theorem 1.1.3 (Concentration of ESD with independent half-rows). Let M be an
Hermitian random matriz. For 1 < k < n define the variables M}, := (Mk’d)?:l € Rk,
If the variables (My)}_, are independent, then for any f: R — R such that || f||py < 1

(1] ) 520 ()

The proof is based on the Azuma-Hoeffding’s inequality, see e.g. [18].

and every t > 0,

There is a huge family of very useful concentration inequalities based on Logarithmic-
Sobolev type inequality, which we will not present, but for which we refer to [7, Subsec-
tion 3.3.2]. What we want to present instead is the following concentration inequality

by Talagrand in [24], which we will use in Chapter 4.

Theorem 1.1.4 (Talagrand concentration inequality). Let K be a convex subset of R
with diameter D = sup, e |v — y|. Consider a conver Lipschitz real valued function
defined on K", with Lipschitz constant ||f| pip. Let P = Py ® --- ® P, be a product
measure on K, and let Mp(f) be the median of f under P. Then for any t > 0

+2

P(|f — Mp(f)| > t) < de PV

Note that if Ep(f) is the mean of f under the measure P of the theorem,

+oo
Me(f) — Bo(f)] < /0 B(|f - Mp(f)| > t)dt

—+o00 t2
[Tt L
0 4D2| f | Lip

= 4V7D|| f | Lip-

We may then deduce an equality involving the mean of f under P.

1.1.4 Rough sketch of proof of Theorem 1.1.1

The idea of the proof of theorem 1.1.1, using the resolvent method, is to show the

convergence of g, ,  to g,,.. Fix 02 = 1. The first step is to consider E [ Iux, ], since
ovn Vv n
Jux, concentrates around its mean, by theorem 1.1.3. Then, a simple calculation gives
Vn

ovn

E |01y, | = 2E(TERC)]

Where R(z) is the resolvent of X,,/v/n. Now, since {(R(z));;}~, are variables with the

same distribution, one can conclude that

)

%E[T&"R(z)] =E[(R(z)11].



1.2 Circular law

Now, using concentration arguments, properties of the resolvent, and the fact that

all the non diagonal entries of X,, have the same law, one can show that, if one call
limy, 00 E [guxn ] = Qu., then g, satisfies the same fixed point equation as the

Vn
Cauchy-Stieltjes transform, namely

gl«’zoo = (Z +g,uoo)71 N

Since the Cauchy-Stieltjes transform of probability measure uniquely characterize a
distribution, pioo = ptsc. Now the convergence of Cauchy-Stieltjes transform is equivalent

to weak convergence of measure, then

(w)
HXn 7 scs
vn n—+oo

see [7] for a more detailed proof.

1.2 Circular law

In this section we analyze the limiting behavior of a non-Hermitian matrix. For a matrix
M € M,,(C), recall its spectrum is {\; (M), ..., \,(M)}, where the eigenvalues are order
in such a way that |[A\(M)| > --- > |\, (M)|. We can consider the singular values,
defined by

si(M) = Ni(VMM*) fori=1,...,n,
where M* = M is the conjugate-transpose matrix of M, then {s1(M),...,s,(M)} C
[0,+00). Again the singular values are such that s;(M) > - > s,(M). We can define

an analogous of the ESD for the singular values, as

1 n
Up = EZéSk(M)
k=1

Note that the spectrum of the singular values of M* and M7T, equals the spectrum of

the singular values of M. Also, it will be useful to notice that the 2n x 2n Hermitian

0 M
(M* 0) (1.2.1)

has spectrum {£s1(M), ..., £s,(M)}. The spectrum of the singular values and the spec-

matrix

trum of the eigenvalues are linked by Weyl’s inequalities, see [28].

Theorem 1.2.1 (Weyl’s inequalities). For any M € M, (C), and every 1 < k < n, if
M(M)| > > |A(M)], and s1(M) > -+ > s,(M), are the spectrum of the eigenvalues



1.2 Circular law

and singular values respectively, then

Moreover
I[I san< [ o)
i=n—k-+1 i=n—k+1

Then when k = n we obtain the equality,

Also, using majorization techniques, one may deduce from Weyl’s inequalities, that
for every real-valued function f, such that t — f(e!) is increasing and convex on

[sn(M), s1(M)], for every 1 < k < mn,

k k
D FINM)) <Y f(si(M)).
i=1 i=1
In particular for k = n and f(z) = 22,
STINMP <Y si(M)? =Te(MM*) = > | M. (1.2.2)
i=1 i=1 i,j=1

For the proofs and more details we refer to [13]. Consider now a random matrix X,,,
whose entries are a collection of i.i.d. random variables (X;;)i;_;, with common law P

on C. One can prove an analogous of theorem 1.2.2 for the non-Hermitian matrix X,,.

Theorem 1.2.2. Consider a matriz X,, = (Xi,j):‘fj:l where {X; j}1<ij<n is a collection

of i.i.d. complex random variables with common law P, such that Var(X; 1) =1. Then

where C1 is the uniform law on the unit disc of the complex plane, with density z

%]1|Z|§1, for z € C.

Some special case of this theorem can be directly proved, e.g. for the case X1 ~
N(0, %]].2) see [13, Theorem 3.5]. Anyway for the general case, the key ingredient for
the proof is to take back the problem to Hermitian matrices, through a technique called

Hermitization.



1.2 Circular law

1.2.1 Logarithmic potential and Hermitization

We define the logarithmic potential of a probability measure u defined on C as

Uuz) == [ 1oglz = wln(du),

and we define P(C) the set of probability measure for which this integral is finite. Then
Uu(z) is a function defined on C — [—o00,+00]. One can compute the Logarithmic

potential of the Circular law Cy, see e.g. [23],

—log|z| if [z| > 1
Ue,(z) = . (1.2.3)
s(1=2P) if 2] <1
Note that the logarithmic potential uniquely determines the measure, in the sense that
for every p,v € P(C) if Uy(z) = U,(z) for almost every z € C, then pu = v, see [13,
Lemma 4.1].

Consider now a matrix M € M,,(C), and let us compute the Logarithmic potential
of its ESD,

1
Upni(z) = —/(Clog |w = z|uar(dw) = ——log | det(M — z)].

For z ¢ {\i (M), ... \n(M)},

+oo
" log | det(M — 2)| = - log(/(M — ) (M —2)%) = /0 log(t)var_»(dt).

The two spectra are then bonded. This relation is the heart of the Hermitization method.
For a sequence of non Hermitian matrix (My,),>1, this method let us deduce the con-
vergence of pyy,, by the convergence of vy, , and the convergence of vy, is a problem
of convergence of spectrum Hermitian matrices. The price to pay is, in first place, the

introduction of the complex variable z. Also if one wants to take the limit in equation

+o0
U, (2) = — /0 log(t)var, - (dt).

the weak convergence of (v, —»)n>1 is not sufficient, since log(-) is not bounded on
[0,+00). Thus one has to require the uniform integrability of log(-) with respect to
the sequence of measures (vas,—»)n>1. Recall that a function f : R — R is uniformly
integrable for a sequence of probability measure (7, ),>1 if

lim sup /m (@)l da) =
>

t—4o00 n>1



1.2 Circular law

We use the following property, if 7, % 7 for some 7 and f is continuous and
n——+0o0o

uniformly integrable for (m,),>1, then f is integrable with respect to m and

lim / (@) mn(dz) = / F(z)m(dz).

n—-+0o0o

This method has been used in almost every work related to non Hermitian random
matrices. The original idea goes back to Girko, we will then refer to this method, as

Girko Hermitization method.

Lemma 1.2.3 (Hermitization). Let (My)n>1 be a sequence of complex random matrices,
where My, € M,,(C) for every n > 1. Suppose that there exists a family of non random
probability measure v,, z € C, supported in [0,400) such that, for almost all z € C,

almost surely

i) v ECORNY
M,—z1, oo R

ii) log(-) is uniformly integrable for (var,—z)n>1
Then there exists a probability measure p € P(C) such that

. (w)
J) almost surely pp, ——— p.
n—-+o0o

7j) for almost all z € C
+o00o
Uu(z) = —/ log(s)v,(ds).
0

For a proof based on the work of Tao and Vu, we refer to [13]. The hypothesis of
the lemma can be weakened, mostly we can require less than uniform integrability for
the log(+), we refer to [13, Remark 4.4]. Anyway if i) and ), both hold in probability
for almost all z € C, then j) and jj) hold with the convergence in probability in j), see
[13, Lemma 4.3].

1.2.2 Small singular values

The proof of theorem 1.2.2, is based on the Hermitization lemma. Part i) is, as already
noticed, a problem of convergence of Hermitian matrices, which we can deal with using
the approach for the proof of theorem 1.1.1.

To prove the uniform integrability of part i), one proves a stronger condition, namely
the existence of a positive p such that

limsup/spynl/zxnz(ds) < 400 (1.2.4)

n



1.2 Circular law

and
1imsup/s_pun_1/zxnz(ds) < +00. (1.2.5)

n

The finiteness of integral (1.2.4), for p < 2, follows by the law of large numbers, consider

the special case z = 0,

1 & 1 . 1 <
/82Vn—1/2Xn(d8) = ﬁ ZSZ(X)z = TI‘(XX ) = ﬁ Z |Xi,j‘2 m E “X171’2] .
=1

Con? <
i,7=1
The hard part is to prove the finiteness of the integral (1.2.5). The turning point is
the following lemma by Tao and Vu in [27], to lower bound the small singular values of
n~l/ 2X,, — z1.

Lemma 1.2.4 (Count of small singular values). There exists co > 0 and 0 <y < 1 such
that, almost surely, for n big enough and n*~7 <i<n—1 and all M € M,C,

sn_i(n_l/an + M) > col.
n

The key ingredient for the proof is the following lemma from [27], which relates the

singular values, to distance of some opportune vector spaces.

Lemma 1.2.5 (Tao-Vu negative second moment). If M is a full rank n' x n complex
matriz, with n’ < n and rows Ri, ..., R,. Set R_; = span{R; : j # i} then

' o

D s (M) =) dist(R;, R_;) 2.

i=1 i=1

The smallest singular value s, (n~/2X,,—21), deserves a special mention. One indeed

needs a polynomial lower bound on the least singular value in order to bound the integral
of s7P with respect to v,—1/2y, 1. Such an estimate is not trivial to prove. Anyway,
assuming further hypothesis on the law of the entries of X,,, such as absolute continuity
with bounded density, the proof is rather simple, and is based on the properties of the
convolution of densities, see e.g. our proof of lemma 4.2.3. One can prove the same

result in complete generality, but with much more work, see [26].

Lemma 1.2.6 (Polynomial lower bound on least singular value). For every a,d > 0,
there exists b > 0 such that if M is a deterministic complex nxn matriz with s1(M) < n?,
then

P (sn(Xn + M) < n*b) <n-e.

In particular there exists b > 0, which may depends on d, such that almost surely, for n
big enough,
$n(Xp + M) >n7"0

10



1.3 Heavy tailed Hermitian random matrices

With these results, we can now give the desired bound on (1.2.5), set Y,(z) =

—-1/2
n~ 12X, — 2z,

/8_pvyn(z)(d5) =

i=n—|n1=7]+1

=1
INVAAN +b

<cy — — P

<@t (L) e

=1

now the first term of the right hand side is a Riemann sum for fol s Pds, which converges
for 0 < p < 1. Then for 0 < p < min(y/b,1), we have the bound and we can apply
the Hermitization lemma to establish the convergence of px, to a measure p, whose

n

logarithmic potential is
+o0
Uuz) == [ log(ops(a)
0
for all z € C. Since v, does not depend on the law of X7 1, it follows that also p does
not depends on the law of the entries of X,,, then p is the circular law, the same as
the Gaussian case, see e.g. [13, Chapter 3]. It is also possible to explicitly compute the
integral f0+°° log(s)v(ds), to prove that it matches (1.2.3), the logarithmic potential of

the uniform law on the unit disc of the complex plane, see [20].

1.3 Heavy tailed Hermitian random matrices

The above scenario can be drastically perturbed when we consider random matrices
whose entries have heavy tails at infinity. For any « > 0, we define H,, as the class
of laws supported in [0, +00), with regularly varying tail of index «, meaning that for
every t > 0,

G(t) := L(t,+o0) =t “L(t),

where L(t) is a function slowly variating at infinity, i.e. for any « > 0,

lim L(zt)
t—+oo L(t)

Define a,, = inf{¢t > 0 : nG(t) < 1}. Then nG(a,) = nL(a,)a,“ — 1, and for all
n——+0o0
t>0,

nG(ant) — t~ . (1.3.1)

It is known that a, has regular variation at co with index 1/, so that a, = n'/*¢(n),

for some function ¢(n) slowly varying at oo, see Resnick [21] for more details. We call

11



1.3 Heavy tailed Hermitian random matrices

H?, the subset of H,, of the laws such that L(¢) — ¢ > 0 when t — 400, this let us take
an = c/*n/* in equation (1.3.1).

The case a > 2 corresponds to the Wigner theorem. We now consider random
matrices X,, = (X; ;) with i.i.d. entries, up to requiring X = X,,, such that U; ; = | X ;|
is in Hy, for a € (0,2). A random variable Y is in the domain of attraction of an a-stable
law, if and only if the law £ of |Y] is in H, for a € (0,2), and if it exists the limit
P(X;; >t)

(Xl > 1) - ) (1.32)

0 = lim
For X,,, rescaled by a,, the following result holds.

Theorem 1.3.1 (Symmetric i.i.d matrix, a € (0,2)). For every a € (0,2) there exists a

symmetric probability distribution pa on R depending only on a, such that almost surely,

(w)
'ullr_Lan n—-+oo 'LLa'

The limiting spectral measure po, has bounded density and heavy tail of index «.

This result was first proved by Ben Arous and Guionnet in [6], then, with a different
method, by BCC in [9]. Their key idea is to exhibit the local convergence of the sequence
of random matrices a, ' X, to a self-adjoint operator defined as the adjacency matrix of
an infinite rooted tree with random edge weights, the so called Poisson infinite weighted
tree (PWIT) introduced by David Aldous in [1].

1.3.1 Local convergence and Poisson weighted infinite tree

The basic idea for the proof of theorem 1.3.1, is to apply the resolvent method in this
context. It needs a bit of extra work, but once one sees the matrix X,, as the adjacency
matrix of an undirected weighted graph, one can prove that a; !X, converges locally
to a PWIT, and using known spectral theory one can transfer the convergence to the
resolvents.

We will present more details on the local convergence and its bond with the resolvent
convergence in chapter 2. If A, is the adjacency matrix of the weighted graph G =
(Vp, E), rooted in v € V,, = {1,2,...,n}, then A, can be interpreted as on operator on a
suitable Hilbert space. Moreover if A,, converges to an operator A on the same space,
and both A, and A are self adjoint, then also the respective resolvents converge. The
right notion of convergence will be the local convergence.

In this regime, the operator A, will be a; ! X,,, for which we will show the convergence

to an operator to be defined, in the Hilbert space ¢?(V), where V is the the vertex set

12



1.3 Heavy tailed Hermitian random matrices

of the PWIT, and the scalar product is the usual

<907¢> = Z @v&m Pv = <6U7§0>7

veV
where @,y € C, and ¢, denote the unit vector with support v.

Let us now introduce the Poisson weighted infinite tree. The PWIT(v) is a random
rooted tree, with vertex set identified with N/ := Uklek, where N = {@}, is the root.
The root’s offsprings are indexed by the elements of N, and, in general, the offspring
os some vertex v € N¥ are indexed (v1), (v2),... € N¥*1. To the edges of the tree we
assign marks according to a collection {=,},cns, of independent realizations of a Poisson
process of intensity v on R. Starting from the root &, we sort =5 = {y1, 92, ...} in such
a way that |yi1| < |ya| < ---, and assign the mark y; to the offspring of the offspring
labeled 4. Recursively, for any v € N/, sort =, and assign the mark y,; to the offspring
labeled vi. Since Z, has v(R) elements, in average, as convention, if ¥(R) < 400 we

assign the mark oo to the remaining edges.

Let us then introduce the limiting operator of a,;!X,,. Let 6 be as in equation (1.3.2),

then define the positive Borel measure on the real line £y as,
lo(dx) = 01,>0dx + (1 — ) 1<0dz,

and consider a realization of PWIT(fg). Denote the mark from vertex v € N¥ to

vk € N**1 by y,%. Note that almost surely

Z ’yvk‘iz/a < +OO7
k>1

13



1.3 Heavy tailed Hermitian random matrices

since almost surely limy oo k™ %|ypx| = 1. Define D the dense set in £2(V) of vectors
of finite support, we may then define a linear operator T': D — ¢2(V) by letting, for
v,we Nf,

sign(yw)|yw| "/ if w = vk for some integer k
T(v,w) = (0, Tdy) = sign(yv)\yvlfl/a if v = wk for some integer k (1.3.3)

0 otherwise

The operator T is symmetric. It is also self-adjoint, see [9, Proposition A.2].

The next step is to prove the local convergence of (a,'X,,1) to (T,@). We will
not go into details, since we present a similar argument in chapter 2. For the details of
the heavy-tailed hermitian case see the proof of [9, Theorem 2.3.i)]. It is based on the
fact that the order statistics of the row vectors of a, ' X,, converges to a Poisson point
process of intensity ax = 'dz, so that, if we consider for example vertex 1, and define
Vi > .-+ >V, the ordered statistics of (X1, ..., X1,n), then

a7 (Vi oo Vi) —2— (1,72, ) (1.3.4)

n—-+0o

where (7;);>1 is an ordered Poisson point process of intensity ax~%"1dz, see [17] or [9,
Lemma 2.4].

The convergence in equation (1.3.4), is to be interpreted as follows: for any fixed
k > 1 the joint law of a, 1(V1, ..., Vi) converges weakly to (71,72, .-, Vk)-

We can now compute the Cauchy-Stieltjes transform of -1y, - In particular, for
2z € CT,

n

1 1
Iy, () = /H“anlxn(dx) - nz;(Raann(z))ii’

if (Ra; 1y,

inequalities we can focus on the expected value of the random measure 1 X, and by

(2)) = (a,;'X,, — 21)~! is the resolvent of a,!X,. Again, by concentration

exchangeability of the variables,

Egu_i, ()] =E|(Ryoy, (D1 ].

We can then exploit the bond between local convergence and resolvent convergence, and

affirm

E | (Rypx, (D | = E [ (01, (07" X = 22)7101) ] —— E[ (3o, (T = 2)7"65) .
(1.3.5)
Define E [ (6, (T — 2)'65) | = E[h(2)], and note that E[h(z)] = E gy, | = gg

is the expected value of the pointed spectral measure with respect to the vector dg,

pe ]

associated to the self-adjoint operator 7.

14



1.4 Non Hermitian Heavy tailed random matrices

The limiting measure p, is not explicitly known, but h(z) satisfies a recursive dis-
tributional equation, from which one can deduce some properties of u,. Namely, by
recursive properties of N/ the vertex set of the PWIT, one can prove the distributional

equality
-1

hz) L — {243 Giul2) (1.3.6)
E>1
where (hy(z)) are i.i.d. random variables with the same law as h(z), and {{; }x>1 is an
independent Poisson point process with intensity %x_l_o‘/ 2dx. For the proof we refer to
[9, Theorem 4.1].
In particular from equation (1.3.6), one can prove the following properties of the

limiting spectral distribution p:
i) e is absolutely continuous on R with bounded density

ii) The density of u, at 0 is equal to

1 2\ (T(1—2)\ "V
+(+2) (ia)
T a) \I'(1+%)

iii) g is heavy tailed and, as t — +oo,

1
o (t, +00) ~ 51‘7“.

1.4 Non Hermitian Heavy tailed random matrices

In 2012 BCC, proved an analogous of theorem 1.2.2 for non Hermitian matrices X,, with
i.i.d entries (Xi,j)?,j:p whose law is absolutely continuous with bounded density, and in
H, , a € (0,2), see [10].

Theorem 1.4.1. There exists a probability measure po on C depending only on « such
that, almost surely
(w)

MCL;IX'VL n—-+oo Ma'

The measure o has bounded density and finite moments of any order.

The approach for the proof relies on Girko’s Hermitization method, so that an in-
termediate step is to prove the convergence for the ESD of singular values of the matrix

a;'X, — 21

Theorem 1.4.2. For all z € C there exists a probability measure v, , on [0,400) de-

pending only on o and z such that, almost surely

15



1.4 Non Hermitian Heavy tailed random matrices

As in the light tailed case, this is a problem of convergence of the spectrum of

Hermitian matrices, see [10, Theorem 1.2]. The approach is via bipartization.

1.4.1 Bipartization of a matrix

Given a complex n x n matrix A € M,(C), we define its bipartized version B, in

M, (Mo(C)) =~ Mo, (C), as

B = (BZ])ZLle where BZ] = — .
, (A*)ij 0 Aji 0

Since (B*);; = Bj;, as an element of Ma,(C), B is Hermitian.

In graph term, we can identify the non Hermitian matrix A as the weight matrix of
an oriented network on the vertex set {1,...,n}, with weight A;; on the oriented edge
(7,7). The bipartized version of A, the Hermitian matrix B, is the weight matrix of a
non oriented network on {—1, ..., —n,1,...,n}, with weight A;; on the non oriented edge
fi,—j}.

Xn B,

®
@\®
©

Figure 1.1: The edge (i,5) maps into {i,—j} with the bipartization.

Through the permutation o, defined as
) 2 — 1 if1<i<n
o(i) =
2(i—n) ifn+1<i<2n,

applied to the row vectors, we can rearrange the entries of the matrix B as

()

We will denote the first n rows and columns of the bipartized matrix as {—1,..., —n}
and the last n as {1,...,n}. With this notation there is no edge of type either {i,j} or
{—14,—j}. The non-oriented graph is indeed a bipartized graph. Since we will use Girko’s

Hermitization method to prove the convergence of the empirical spectral distribution of
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1.4 Non Hermitian Heavy tailed random matrices

eigenvalues of the matrix X,,, we will deal with the matrix X,,—z1. We call its bipartized

version By (z). Define

z

H, = {U(z,n) - (” Z) . 2€C, neC+} C Ms(C),
n

and U ® 1, € M, (M2(C)) as (U ® 1,)i; = 6;;U, then B, (z) = (B, — U(2,0) ® 1,),
where B,, is the bipartized version of X,. As an element of My, the resolvent of the

the matrix By, (z) has the form,
R, (:)(n) = (Bu(2) = 1l20) ™" = (Ba = U(2,n) ® 1) ™" = Rp, (U). (1.4.1)

Where Rp_ (U) the resolvent matrix defined in M,,(Mz(C)).
For 1 <1i,5<n (Rp,(U))ij € M2(C). When i = j, the matrix

ai(z,m) bi(z,m)
Rp,(U))i = ’
(R, (U)) (bg(z,n) ci(z,ﬁ)>

has bounded entries, see [10, Lemma 2.2].

For a complex n x n matrix A define the symmetrized version of v as

=1

once one has rearranged the entries of the bipartized matrix, it is easy to notice that,
B = Ua (1.4.2)

if B is the bipartized version of A, see [10, Theorem 2.1]. Thus the analysis of the
spectrum of singular values of the non Hermitian matrix A, is reduced to the study of
the spectrum of the Hermitian matrix B.

In [10], the authors develop all the results needed for the convergence to bipartized
matrices. In particular it continues to hold the fact that the local convergence implies
the convergence of the resolvents, but now the resolvents have to be considered of the
bipartized operators. Also for the non Hermitian matrices the local convergence is
to a Poisson weighted infinite tree, but the measure now has density 2¢y. This can be
explained roughly by a simple observation. Focus on a single vertex in the non bipartized
matrix, e.g. vertex 1. We have two vectors of weights, (X12,..., X1 ,) and (X1, ..., Xp1)
if we do not consider the loop X11. The component of the first vector are the weights of
the outgoing edges from 1, the second are the weights of the edges incoming to 1. Since
the order statistics of both those vectors converges to an ordered Poisson point process

of intensity ax~* dz if rescaled by a factor a,,, by thinning property of Poisson process,
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1.5 Markov Matrices

this is equivalent to have a Poisson process of double intensity, which we then split into
two process of halved intensity. We refer to [10, subsection 2.6], for further details.

Call then A the limiting operator defined on PWIT(2¢y). We again can transfer the
local convergence to resolvents of the bipartized operators, provided the self-adjointness,
which is proved in [10, Proposition 2.8]. So that, if By, is the bipartized version of a ;! X,
and B is the bipartized operator of A, one has

ar(z,n) bi(z:m)\ ()
—— (RpU))z o =
bl (zm) q(z,n)) el (

n—-+o0o

a(z1) b(z,m) |

V(z,m) c(z,m)
(1.4.3)

Since B is almost surely self-adjoint, it implies it exists a measure vy ,, the pointed

(RB,(U))1 = (

spectral measure on vector dg, such that

a(zm) == (Rp(U))o0 = / !

Vg 2 (dx) =Gvg,. (T/)

By concentration inequalities we can focus on expected values, and compute gE{

] (n)
which is equal to E[a1(z,n)] from equation (1.4.3), see [10, Theorem 2.1], so that again
by (1.4.3),

U o_
ap Xn—2

lim E | 7,0y ] = lim Efai(zn)] = Ela(z,m)],
since, again, the resolvent is a bounded and analytic function of the spectrum. Thus
V-1, _, converges to a measure vo > = E[vg . ]. For the uniform integrability of log(-)
for the sequence of measure (Vagl Xn—z)nzl’ one has essentially to readapt to the heavy
tailed setting, the proof of the light tailed case. We will not present any details now,
since we will go through similar arguments in chapter 4, for further details we refer to
[10, section 3]. This gives an idea of the proof of theorem 1.4.1.

As h(z) for the Hermitian case, also the random variable a(z,7n) satisfies some recur-
sive distributional equation, through which it is possible to give some properties for the

limiting spectral distribution p,. Namely we have,

n+ Zk21 Ekak
N+ D st Ekar)(n+ D051 §ar)’
where (aj)r>1 and (a},)g>1 areii.d. copies of a(z,n) and (§)k>1, (§),)k>1 are independent

d
W =

poisson Process on [0, +00) of intensity %x_l_o‘ﬂdm.

One can then deduce some properties of pq, see [10, Theorem 1.3].

1.5 Markov Matrices

As already noticed in the introduction, Markov matrices are an interesting instance of the

problem of the convergence of the spectrum of random matrices with non-independent

18



1.5 Markov Matrices

entries. Starting from a collection of non-negative random variables {Ui,j}?j>17 we can

define the random Markov matrix

n UZ}' " -
Xn = (Xij)ij=1= < ]> pi = ZUi,j

Pi /=1 j=1

When the entries of the random matrix have light tails, due to a law of large numbers
for p;, the work of BCC shows that, up to rescaling, the behavior of the Markov matrix
X, is the same as non normalized matrix, see [11, 8].

We then directly go through the analysis of the spectrum of random Markov matrices

with heavy tailed entries.

1.5.1 Hermitian Heavy tailed Markov matrices

In [9], BCC study the case of Markov matrices, with heavy tailed entries. When a@ > 1,
it still holds a law of large numbers for the normalization p;, and one can reduce the
problem to the non-normalized case.

We focus on the case a € (0,1). In this regime the entries of U, = (Um)zjzl have
infinite mean, and there is no law of large numbers. Anyway, if one considers the first row
of the matrix U,, U} = (Ui, ..., U1 ), for the vector of its order statistics (Vi,..., V),
still holds (1.3.4), and

(w)

a;l(‘/l, ceey Vn) m (’Yl,’)/Q, )

Where {~;}i>1 is an ordered Poisson process of intensity az~* 1dz. Since almost surely

limy, 4 o0 ’yn/n_l/a =1, and

Zn_l/a < 400

n>1
for a € (0,1), one can prove that for the normalization holds the following convergence
result,
n n
-1 -1 -1
a, pi=a, ;Ul,i =a, E;VZ m ;%’a
i= = >

see [9, Lemma 2.4]. Combining this latter with (1.3.4), one can prove that

(L. %) 0, (0
pr” T p1) oo 2121%72121%’

The law of the vector on the right hand side, is called Poisson -Dirichlet law of index

«. As in the non-normalized case, we can use this convergence result to establish the

local convergence of the Markov matrix X,, to an operator defined on the PWIT, which
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1.5 Markov Matrices

now weights edges with Poisson-Dirichlet weights. Namely, consider a realization of a

PWIT(¢;), where ¢; is the Lebesgue measure on [0, +00), and define

p(v) =y e+ 3y e,

k>1

where yz = 0. Then we can define the linear operator K, on the dense subset of N/ of

vectors with finite support D, as follow,

—1/a
yg(v) if w = vk for some integer k
K(v,w) = (6, Kdw) = y;’:(t))a if v = wk for some integer k (1.5.1)
0 otherwise

Note that K is not symmetric, but it becomes symmetric in the weighted Hilbert space

¢%(V, p), defined by the scalar product

(1), = > p(w)Puthu.

ueV

Moreover on the same Hilbert space K is a bounded self-adjoint operator, since by

Schwartz’s inequality

(Ko, Ko)2 =" pu)] Y K(u,v)puf

ueV veV

<> pw) > K (u,0) e
ueV veV

= Z ‘SDU 7(10> °
veV

To work on the unweighted Hilbert space we actually have to consider the operator

S(u,v) = Plv) K(v,w) = T(v,w)

o(w) )p(w) (52

for v,w € N/, and T is as in (1.3.3). The map 6, — mév, induces a linear isometry
between ¢2(V,p) and the unweighted Hilbert space ¢2(V). In this way, one can prove
that S is the local limiting operator of the matrix P, = (P ;);';—, and Py ; = Ui j/\/pip;.-

For the proof see, [9, Theorem 2.3 (iii)]. Note that by (1.5.2), the spectrum of S is

contained in [—1,1]. Call
R™(z) = (P, — 21,)"" and R(z)=(S—2z)""
the resolvents of P, and S respectively. For [ € N set
(05, 5'05).
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1.6 Non Hermitian random Markov matrices with heavy tailed weights

Note that p; = p(@)~1(dz, Kdy) is the probability that the random walk on the PWIT
associated to K comes back to the root after [ steps, starting from the root. In particular
pon+1 = 0 for any n > 0. Set pg = 1, and let pgy done the spectral measure of S pointed
at the vector 5. Equivalently, jug is the spectral measure of K pointed at the £2(V, p)
normalized vector dy = g / W . In particular,

p = [ alho(do).

Since all odd moments equal 0, py is symmetric. For any z € CT we have

1
1
(6o ()60 = [ 2 pialde) = g
1T —Z
By construction
TR ) = | Ll ) =
n o ,1:U—z'uK = Gurc:

By exchangeability and linearity we have

1
B | ST (R ) | = B[RO ] =Bl ] = g5
Now by local convergence, we may infer that

lim gy, = lim E|R™()11 | = E[(00, R(2)00)] = 9510,

n—-+o00 n—-+o0o

Now one has to prove a concentration-type result, as

ngr—ir-loo |guK o g]E[NKH =0

for any z € CT, see [9], for details. This gives an idea of the proof of the following result,

provided to set fiq = E[pg].

Theorem 1.5.1. For every o € (0,1), there exists a symmetric probability distribution
Lo supported on [—1,1], depending only on «, such that almost surely,

(w)  ~
PE —— Ha
n—-+o0o

1.6 Non Hermitian random Markov matrices with heavy

tailed weights

We investigate the convergence of the spectrum of a non Hermitian Markov matrix, with
heavy tailed entries. For entries in HY, « € (0,1), with bounded density, if X,, is the
normalized matrix

U n U \"
X, = (X;r_, = (Y _ (Y , 1.6.1
(X3l (ZkUik)m:l (p) (1.6.1)

we prove the next result.
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1.6 Non Hermitian random Markov matrices with heavy tailed weights

Theorem 1.6.1. If the law L of {Ui;}};_; € Hy, has bounded density, then there exists
a probability measure p, on {z € C:|z| < 1}, depending only on a, such that for X,, as
in (1.6.1),

(w)

w
—_—
MXn n—+00 I"La

almost surely.

We want to apply Girko’s hermitization method. Therefore we first prove the con-
vergence of the ESD of the singular values of X, — z1,, to a measure v, ,, then we
prove the uniform integrability in probability of the function log(-), with respect to the
sequence (X, — z1p)p>1.

The first step in the proof of the convergence of vx, _., is to investigate the local
convergence of By, (z), the bipartized version of X,, —z1, since we want to take advantage
of the bond between local convergence and resolvent convergence. Focus on vertex 1 of
Xy, and consider, Ry := (Xi1,...,X1,) and C; := (Xi1,...,Xp1). Those vectors are
the first row and the first column of the matrix X, respectively. For both vectors
consider the order statistics R1 and C;. Unlike the i.i.d heavy tails case, they now have
different limiting behavior. Indeed R behaves as in the Hermitian case and it converges
to a PD(«). The column vector Cy has a different limiting behavior, we will prove
it converges to a function of a Poisson process of intensity az=*'dz. Then the local
limit in this scenario is an infinite weight tree as the PWIT, but it has generations with

alternated distribution. As in the following figure.

PD(«)

PPP

PD(«)

Moreover the alternation depends on which vertex we pick to be the root. So that
if the root is in one of the n vertices {—1, ..., —n} we introduced for the bipartization of

X, the alternation is switched.
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1.6 Non Hermitian random Markov matrices with heavy tailed weights

PPP

PD(a)

PPP

Namely we have two different local limits, depending on which vertex we decide to
be the root. This implies that the limiting spectral measure of the singular values will be
an average of this two different limiting spectral distribution, so that in the case z = 0,

if Ay and A_ are the two limiting operators, we have

. (w) 1 1
E(ox,] =E[pp.0] 772 5E[Huro)] +5E [ra o]

We are still able to transport the convergence to resolvent since both limiting oper-

ators are essentially self-adjoint, see proposition 3.1.1. We prove the following result.

Theorem 1.6.2. For any z € C and o € (0,1) there exists a measure v, o, depending

only on z and «, such that, almost surely

(w)
VX, -1z > Vzo
n—-+oo

While px, is concentrated on {w € C: |w| < 1}, here vy, — z can have unbounded
support. Simulations however suggest a very light tail of the distribution, see e.g. figure
1.2.

We indeed prove a finiteness result for the exponential moment of the limiting spectral
distribution of the singular values, see proposition 3.3.3.

We then readapt results from [10] and [11] to prove the uniform integrability of the
log(+) for the sequence (vx, —.1,) and conclude the prove of theorem 1.6.1.

We will also observe that that the logarithmic potential of i, is not infinite, so that
e, is not a Dirac delta in 0, and that the second moment of p,, is strictly less than 1,
so that p, is not supported in {z € C: |z| = 1}.

As suggested by figures 4, 5, 6 and 7, the measure p,, should exhibit some interesting

concentration phenomenon within a disc of radius z < 1.
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1.6 Non Hermitian random Markov matrices with heavy tailed weights

1l [ PR PRI P P Bl 1
-15 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 1.2: Histogram of vx, with n = 1000 and o = 0.5. The entries of the non-normalized matriz

1/

are i.i.d variables distributed as U™/, where U has the uniform distribution in [0, 1].
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Chapter 2

Local Convergence

This chapter is dedicated to the study of the local structure of non Hermitian random
Markov matrices with heavy tailed weights. We will look at the matrix X,, as an adja-

cency matrix of a weighted graph.

2.1 Local weak convergence to PWIT

This section explores the local convergence. We first introduce the notion of local con-
vergence, then look at convergence, as a vector of random variables, of the rows of the

matrix B,,, and finally we explore the local convergence of B,,.

2.1.1 Local operator convergence

Let V be a countable set, consider the Hilbert space £2(V'), with the scalar product
(0 0) = outbu, = (00, )
veV
where ¢, € CV and §, is the unit vector with support v. Let D(V') be the dense subset
of £2(V), of the vectors with finite support.

Definition 2.1.1 (Local convergence). Suppose (Ay)n>1 15 a sequence of bounded oper-
ators on £2(V) and A is a linear operator on the same space with domain D(A) D D(V).

For any u,v € V we say that (A, u) converges locally to (A,v) and write

(Ap,u) —25— (A, 0),

n—-+o0o
if there exists a sequence of bijections o, : V. — V, such that o,(v) = u and, for all
¢ € D(V),

Oﬁlllnonw ” A(P
n——+0o0
m 52(9 )
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2.1 Local weak convergence to PWIT

Assume in addition that A is closed and D(V) is a core for A, the local convergence
is the standard strong convergence of operators in #2(V), up to a re-indexing of V' which
preserves a distinguished element. The nice property of local convergence is its bond
with strong convergence of the resolvents, as stated in the next theorem from [10].

Theorem 2.1.2 (From local convergence to resolvent). Assume that (A,) and A satisfy
loc

the condition of definition 2.1.1, and (A, u) —T> (A,v), for some u,v € V. Let
n—-—+0oo

By, be the self-adjoint bipartized operator of A,. If the bipartized operator B of A is
self-adjoint, and D(V') is a core for B, then, for all U € H,

(60, R, (U)8) —— (85, R(U)3,), (2.1.1)

n—-+4o0o

where Rp(U) = (B(z) —n)~ ! is the resolvent of B(z).

This results shall be applied to random operators on £2(V'), which satisfy the condi-
tions of Definition 2.1.1 with probability one. In this case we say that (A,,u) ﬁ
(A,v) in distribution, if there exists a random bijection o,, as in Definition 2.1.1 such
that o, 1 A,onp ﬁ) Ap, for all ¢ € D(V). A random vector ¢, € £?(V) converges

in distribution to ¢ € ¢2(V) if for all bounded continuous f : 2(V) — R,

lim E[f(en)] =E[f(0)].

n—oo
Also recall that the convergence in distribution of A,¢ to Apfor any ¢, implies the

convergence in distribution of the vectors (4,1, ..., An@k).

2.1.2 Single row convergence

There are two types of row vectors of By,. Fix v € {1,2,...,n} , e.g. v =1. The weights
of the outgoing edges correspond to the first row of the matrix X,,, the vector

1
1

(X11, X2, .0, X1p) = p (U11,Ur2, ..., Utp).

Its convergence has already been explored by BCC in [9]. If Vi > Vo > --. >V,

correspond to the order statistics of the vector (U1, Uia, ..., U1y) then

1 d gi! V2 d
— V1, Vo, ..y V) , ... | = PD(0, ), (2.1.2)
P1 " oo Zkzl Yk Zkzl Yk

where {7;};>1 is an ordered Poisson point process of intensity az~*"'dz, and the vector

has distribution Poisson-Dirichlet of parameter «, denoted PD(0, o), see [9, Lemma2.4].

On the other hand, if v € {—1,—2,..., —n}, the weights on the edges correspond to
the first column of the matrix X,,. Fix v = —1, the vector is
Un Uxn Un1
(X11, X215 0 Xpi1) = <77"'7 — .
P1 o P2 Pn
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2.1 Local weak convergence to PWIT

The setting here is slightly different, indeed the first column is a vector of i.i.d. variables.

We will prove its convergence to a function of a Poisson point process.

Proposition 2.1.3. Let X™ be the vector of the order statistic of (X11,..., Xn1), then

cn) __d &1 13
* nreo <C(a) + & cla) + &’ ) ’ (2.1.3)

where {&}i>1 is an ordered Poisson Process of intensity ax=“ ldx, and c(a) is an

absolute constant depending only on «,

+oo
)= [ s n(ds)
0
where i is the law of the one sided stable distribution of index c.

To prove Proposition 2.1.3, we will use the next result from [21], for the proof we

refer to [21, Theorem 5.3].

Lemma 2.1.4 (Poisson point process with Radon intensity measure). Let &7, &5, ... be

sequences of i.i.d. random variables on R = R U {£o0} such that

nP(er ey — (2.1.4)

n——+00
where v is a Radon measure in R. Then for any finite set I C N the random measure
> g
ie{l,..n\I

converges weakly as n — 400 to PPP(v), the Poisson point process on R with intensity

law v, for the usual vague topology on Radon measure.
For the notion of vague convergence we refer to [21, Section 3.5].

Lemma 2.1.5. Let A be a nonnegative random variable in H,. Define B(n) = a1 Y ", A;,
where A; are i.i.d. copies of A, independent of A. Then there exists an absolute constant

c(a) > 0 depending only on «, such that for anyt >0

lim nP (A > ta,B(n)) = c(a)t™*, t>0 (2.1.5)

n—oo

Proof. Let p, denote the law of B(n), so that, for any fixed ¢ > 0 one has

o oo
nlP (A > ta,B(n)) = / nP (A > stay,) pn(ds) = c_lt_o‘/ s YL(ants)pn(ds),
0 0
(2.1.6)
since, as the law of the entries is in H, a,, of equation (1.3.1) is of the form a,, = ¢%/*n!/®,

Recall that g, converges weakly to pu, the law of B := ">, 7;, where {;} denotes the
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2.1 Local weak convergence to PWIT

Poisson point process of intensity az~"!dz on the interval [0,00), so that u is the law
of the one sided stable distribution of index «. Thus, we need to show that for any fixed
t>0:
[e.e]
lim c_l/ s™“L(apts)pn(ds) = c1, (2.1.7)
0

n—oo
for some positive constant cy.
We fix € > 0 and start by showing that
[ee] [e.e]
lim ¢! / s L(apts)pn(ds) = / s~ %u(ds), (2.1.8)
3 3

n—o0

Indeed, |¢ ™' L(ants) — 1| < u(n), for some function u(n) — 0 as n — oo uniformly in
s>e, and [ sy (ds) — [7°s™*u(ds) by weak convergence. This implies (2.1.8).

Next, fix some constant K so large that 1/2 < ¢ !L(z) < 2 for all z > K(t A 1). Let
us show that

Kay'
lim s “L(ants)pn(ds) = 0. (2.1.9)

n—o0 0

This follows from the
L(ants) = s“tapP (A > ants) < s*t%a;,.

Indeed, with this bound one has

Ka,;1 Ka,,
/ sTYL(ants)pn(ds) < to‘af{/ pn(ds). (2.1.10)
0 0

—1

Since fUKa" pin(ds) is the probability that B(n) < Ka, ! one has

n
P (B(n) < Ka,') =P <an1 ZAi < Kan1> <P (ifllﬁ%ani < K> =P(A<K)".
= (2.1.11)
From the definition of K it follows that P (A < K) < 1—w, foru = u(K) = (¢/2)*K~¢ >
0. Thus OKQ’_LI tn(ds) < (1 —wu)" decays exponentially to zero. This, together with
(2.1.10), implies (2.1.9).
Finally, we need to consider the integral

Z(e,n) = /6 s~ %up(ds). (2.1.12)

Ka;l
Since s > K/a, here one has ¢ 'L(ants) < 2 by definition of K. Therefore
3
Z(e,n) < 2/ s Yup(ds)
Kay"
We want to show that .
limsup/ s %un(ds) < q(e), (2.1.13)

n—oo JKay!
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2.1 Local weak convergence to PWIT

for some ¢(e) — 0 as € — 0.

Let Z denote the one-sided stable distribution with index a.. As in Lemma 3.5 of [10]
one has that there exist n > 0 and p € (0, 1) such that A dominates stochastically nDZ
where D is a Bernoulli(p) variable independent of Z. Thus B(n) stochastically dominates
B(n) = a,Y(D1Z1 + -+ DpZ,) where D; are iid copies of D and Z; are iid copies of
Z. If i, denotes the law of B(n) then it is given by the mixture fi,, = Y jp_,p(k,n)vy
where p(k,n) = (})pF(1 — p)"*, and vy is the law of a,'(Z1 + -+ + Z). Recall that
Z1 + -+ + Z, has the same law of k}/*Z, so that v is the law of (%)1/ “Z. Let E be
the event that D; + --- 4+ D,, > pn/2. We can therefore estimate

) s Yup(ds) < (K/an) P (E°) + Y p(k,n) ) s~ vg(ds). (2.1.14)
/Kanl : k:%r;/2 ~/Kanl g

P (E°) decays to zero exponentially in n by Chernoff bound,

P (E°) :IP’(D1+-~+Dn < %) (2.1.15)

see e.g. [18] .Thus the first term above vanishes in the limit n — co. We now consider
the second term. For any k € [pn/2,n] one has that vy, is the law of AZ, for a constant
A = (k/n)" bounded above and below uniformly in n, since A € [(p/2)/*,1]. If v, is
the law of AZ as above and v denotes the law of Z then using a change of variables one

has

€ e/

limsup sup / s Yyg(ds) < sup )\_O‘/ x %v(dx) < q(e),
n—o0  kelpn/2n] JKay' AE[(p/2)Y/ 1] 0

for some g(e) — 0. Here we are using the easily established fact that [j = *v(dz) — 0

as € — 0 (this follows because v(0, z] behaves as e=*"""* for small x). Inserting this in

the previous expressions, we have obtained

lim sup /‘E s Yup(ds) <P (E)q(e) <qle). (2.1.16)

n—oo JKa;t

This ends the proof of (2.1.13).
Putting together (2.1.8),(2.1.9) and (2.1.13), we have shown that for any fixed ¢ > 0
one has -
lim nt“P (A > ta,B(n)) = c(a) = / s “u(ds). (2.1.17)
0

n—oo

O]

We now have all the ingredients for the proof of Proposition 2.1.3.
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2.1 Local weak convergence to PWIT

Proof of Proposition 2.1.3. The j-th column vector has form

5., (e,
pi )i \Un+Usg+-+Upn);

for i.i.d. variables Uji, ..., U;, € HY, for any ¢ = 1,...,n. Fix j = 1. We can rearrange

the vector as

Un+Up+-+Upn/); N (1 + Ui2+(']"+Uin>
i i=1

n .
Let us now focus on the vector (ﬁ)lz1 Define B};) =a, Y(Up+---+Up). By

lemma 2.1.5, the ordered statistics of the vector

() (),
Ug + -+ - + Usp, 1217 a/nB'Szi) ,

=1

verify condition (2.1.4) of Lemma 2.1.4, for (51(71)) = ( Ui(n)> , with v(t, +00) =
i>1 anB,L' i>1

c(a)t™®, where ¢(«) is an absolute constant depending only on «, and as a consequence,

the ordered statistics converge to the vector

71 72
ooz ), 2.1.18
(e ) 2119
where {7;}i>1 is the ordered Poisson process of intensity az=*~!. Thus if (Vi,...,V},) is

n
the vector of the ordered statistics of ( Ué )> , the vector of the ordered statistics of
i=1

(2
n an bBp
@) is
Pi i=1

n
1 .
1+71_ i1

by monotonicity and continuity for x € (0,400) of the function,

1
1+ 2

xT

T —

follows the statement. O

For the row vectors one has a result of almost sure uniform square integrability, as

proved in [9, Lemma 2.4]. We prove an analogous result for the column vector.

Lemma 2.1.6. Consider the family of i.i.d. random variables in H},, {Ai;}ij>1, and

define for everyn > 1, Bff) =a,Y(Ap + -+ Ain). Then,

2
n A 4
li E J = 2.1.1
lc—lgli-loo Slrle ( > 0 ( 9)

j=k+1 anB,(Lj)
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2.1 Local weak convergence to PWIT

Proof. By proposition 2.1.3, if G(t) :==P < Al;%l) > t), we have that

an Dn

nG(ant) — c(a)t™ . (2.1.20)

n—-+4o0o

Define G~'(y) = inf{w > 0 : G(w) < y} for y € (0,1). If V = (V4,...,V;) is the

vector of the ordered statistics of the vector ( Al}n, A2}2> ..., —An
an By, an By,

@) ) , then following

an By,

the approach of [17],

V4 (Gl (”) G! <”> e <%>) : (2.1.21)
Tn+1 Tn+1 Tn+1

where v, = Z,’f:l E;, and {E;};>1 is a collection of i.i.d. exponential random variable

with mean 1. Now, by equation (2.1.5) for any § > 0 we can find an integer ng such that

a; Ve = a; ' G (/Ama1) < () (14 0)yngr) Y

for n > ng. Since n/y,+1 — 1, a.s. the expression above is a.s. bounded by 2(1 +

5)1/0‘7,;0‘, the claim follows by the a.s. summability of ’yk_l/a. O

2.1.3 Local convergence to a modified PWIT

We now investigate the limiting local structure of the bipartite graph identified by B,,.
Define the weighted rooted network (G, v), induced by the weights given by the matrix
weights B,,, obtained by distinguishing the vertex labeled v. For any L, P € N such that
L+ L+---+LF <n, we want to define (G, v)"" a subnetwork of (G, v), which vertex
set is identified with the vertex set of a L-ary tree of depth H, rooted in v.

Fix v = 1. For any fixed realization of the marks {Uij}gj:p we partially order the
vertices of (Gy, 1) as elements of
P
JrLp= U{l,Z, ...,L}k -\
k=0
The indices will be given by a map
ont Jip — Vi (2.1.22)

Set I = {1}, and the index of the root 1 is o;,}(1) = @. To a vertex v in V,, \ I is given
the index (k) if it is the k-th largest value in N7 = {Uj1 : j # 1}}_;, the neighborhood
of 1, for 1 < k < L. This defines the first generation. Define I; as the union of I
and the L selected vertices. If P > 2, we repeat the indexing procedure, starting from
(1), the first child of @, on the set V;, \ I;. We obtain a new set indexed {11,...,1L}.

Define I1; as the union of I; and the L selected vertices. This procedure is repeated
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2.1 Local weak convergence to PWIT

until depth P, when (L*+! — 1)/(L — 1) vertices are indexed. Call this set of vertices
VnL’P = opJr,p. Even though VnL’P has the structure of the vertex set of a tree, Its
edges set still has circuits and loops. In the next proposition we prove that in the limit
it actually converges to a tree. In the sense that all the edges {u,v} € Jr p x Jr p that

do not belong to the tree vanish. For the sake of clarity, define
ELP = u,v}y € Jpp x Jpp: Pk € {1,..., L} such that u = vk or v = uk}. (2.1.23)

Proposition 2.1.7. The edges in ELT vanish in the limit, if

nP(lME.)Ly,

an n—-+oo

where v is a Radon measure on R with no mass at 0.
We need the next lemma for the proof.

Lemma 2.1.8. Let ELF be as in (2.1.23), then the vector

{Ui’j:{i,j}eEL’P},
a

n

is stochastically dominated by i.i.d. random variables distributed as Uy 2/ay,.

Proof. The claim is implied by the following. Let Yi,...,Y,, be i.i.d positive random
variables. And let m = n; + --- + n,, for positive p,ny,..,ny, so that the variables are
divided into k blocks Ii,...,I,, such that for any j = 1,..,p, |I;| = n;. Fix now some
integers 0 < k; < n; for any j, and call q{, e qij, the random indices of the k; largest
values of the variables of the j-th block. Call this random set of indices J7, so that
JI = {4, ...,qij}. Call J = UL_, J?, where J' = () if k; = 0. Define Y ={Y;:i¢ J} We
now prove that Y is stochastically dominated by m — |J| i.i.d. copies of Y;.

Construct the following coupling. Extract a realization yq, ..., ym of Yi,..., Y, and

isolate the m blocks. Consider the vector

_ 1 1 2 2 p
Z = (215 o0 Zny kg > Bl 0 Py ks oo an—kp>7

obtained by extracting uniformly at random n; — ki values from yi,...,Yyn,, N2 — k2
form ypn,+1, ..., Yn, and so on. Now we construct the vector V. For the first block take
vil = zil, for any ¢ = 1,...,n1 — k1, whenever ¢ € I \ J; was picked for the vector
Z. Assign the remaining values through an independent uniform permutation of the
variables ;,i € I;\ J%, not picked for the vector Z. Repeat this procedure for any block.
By construction, coordinate-wise Z > V. The proof ends noticing that V is distributed

as Y, while Z is distributed as a vector of m — |.J| i.i.d. copies of Y;. O

32



2.1 Local weak convergence to PWIT

proof of Proposition 2.1.7. By lemma 2.1.8, if (Uy, ..., UlEL,P‘) is a vector of i.i.d. vari-

ables with the same law as Uj; ;, then by union bound,

P< max w>t>§]?( max k>t>
{i.jyeELP an k=1,...,|EL.P| ap,
< |EbT|P (U1 > t>
Qa

n

ELP U
<E L p < > t) 0

n A, n—+oo

By settings nlP (U; > tay) = nG(apt) — t~, then for any ¢ > 0,

n—-+o0o

U . EL.P
P< max z’]>2€>§t_o“‘—>().
{i,jyeEL-P an n n—+00

O]

We now observe that, p; stochastically dominates p;, which normalized by a,,, con-
verges in distribution to a positive random variable (the one-sided stable law of index
«). Then proposition 2.1.7, implies

IP’< max Ui’j>t> — 0.
{i,j}eEL-P p; n—+00
The distribution of the limiting tree depends on the vertex picked to be the root. Con-
sider the special case P = 1, namely we only look at the first generation. For any
1 <L <n—1,the rooted network (G, 1)™! converges to a tree of depth 1, as proved
in proposition 2.1.7. The weights on the edges converge to the first L maxima of a
PD(«). If we map v = —1 into the root, the weights will converge to the first L maxima
of the vector (2.1.3), see proposition 2.1.3.

We generalize the convergence in the next proposition, but first let us define the
limiting objects. Consider a realization of PWIT(ax~* 'dz). For any v € N7, call
d(v) = dist(@,v), the graph distance of v from @ on the infinite tree, and denote y,
the mark from v to vk, for £ € N. Define,

p(v) == D vk <1+C?;)> (2.1.24)

if v =@, set yz = 0. The definition of p(v) arise from (2.1.2). The order statistics of
the row-type vectors converge to an infinite vector with PD(«) distribution. Now we are

conditioning one of the elements of the vector to have a certain weight, i.e. for vertex

v to have an element of weight C(Oglyv. Namely we condition on the event that there
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2.1 Local weak convergence to PWIT

exists a ¢* such that Zyi* " . Now for any k,
i>1Yi

— Yo
c(a)+yo

~1 -1
- _ Y Ye  _ ijl Yi — Yix Ye Yk (2.1.25)
Z]’zl Yj ijl Yj Z]’zl Yj ijl Yj Zj;ﬁi* yi’

~1
so that V' := <1 - Zyi* ) V', has distribution PD(«,0) independent of y;=, if V' has

i>1Yi

distribution PD(«,0). This follows by properties of the poisson process. Then (2.1.24)

follows.

We define two random operators on D(Nf), for any v € N7, and k € N, as

( Yuk .
if d(u) = 0(mod 2
o (u) = 0(mod 2)
(Ous At-Ou) = (Ouk, A4 0u) = C(a;y%yuk if d(u) = 1(mod 2) (2.1.26)
\ 0 otherwise
( Yuk .
if d(uv) = 0(mod 2
@) + vor (u) = 0( )
(Ous A_Gur) = (Oup, A_3,) = y(“’“) if d(u) = 1(mod 2) (2.1.27)
o(u
0 otherwise

where ¢(«), is an absolute constant depending only on «, whose explicit representation
is
+00
c(a) :/ x *p(dr), (2.1.28)
0
where 1 is the law of the one sided stable distribution of index «, see proof of Lemma
2.1.5.

Proposition 2.1.9 (Local weak convergence to a tree). Let Gy, be the complete network
on{—1,...,—n}U{l,...,n}, whose mark on edge (3, j) equals (By,); ;. Then for all integers

L,P as n — oo, in distribution,
(G, )P = (A, 2087 (G —1)PT = (A, 2)BT,

Where (Ax, @) is the subtree with vertices in V¥ and marks inherited from the

infinite tree.
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2.1 Local weak convergence to PWIT

Proof. Let us focus on the convergence of (G, 1)»" lo—j> (Ay,2)F. By proposi-
n——+0oo

tion 2.1.7, of (Gn,1)"" converges to a L-ary tree of depth P. We now focus on the
convergence of the marks. We order the element of J; p in lexicographic order, i.e.
@ <1<---<L---L. Forwv e Jgp, let O, denote the set of the offspring of v in
(G, 1)2P. By construction Iy = {1} and I, = 0, (Uw<vOw). The indexing procedure
at every step sorts the marks of neighboring edges that have not been explored at an
earlier step, then by construction the offspring of the row-type generation of the tree are
independen, and the marks from a parent to his offspring in (G, 1)"" behave as inde-
pendent vectors, for the convergence (2.1.24). For the column-type generations, following
equation (2.1.25), the marks converge to a vector with PD(«, 0) distribution, multiplied
by a factor (1 - m) By equation (2.1.25), it is still distributed as PD(«,0). Thus

the marks converge weakly to those in (A, @)%F. O

We now improve the convergence to the infinite tree. To prove the local weak
convergence we extend B, to an operator on D(Nf) setting (0i, Bndj) = B;j, for
i,7 € {—1,...,—n} U{l,...,n} otherwise 0. The proof is a compound of the results

of [9], and [10], due to the double nature of the limiting operators.

Theorem 2.1.10. Let B,, be the bipartized version of X,, Ay as in (2.1.26), and A_
as in (2.1.27) then

(Bml) et (*A-H ) (Bm_l) (A_,@)

n—-+0o
Proof. We again focus on the convergence to A. By proposition 2.1.9, for any L, P € N
such that 1 4+ L + --- + L¥ < n, the rooted network (G, 1)%¥ locally converges,

(Gn, )EP —2 (A4, 2)5F, (2.1.29)

n—+o0
forA, asin (2.1.26). If o5'¥ is the bijection defined in (2.1.22), we can extend o’ to
a bijection on the whole set Nf. By Skorokhod representation theorem we may assume
that (2.1.29) is an a.s. convergence, and we can find diverging sequences L,, and P,, and
a sequence of bijections o, := Jﬁ”’P", such that 14+ L, +--- + Lﬁ” < 2n and such that

Uz, (w),5n(v) —— (0u; A10y), if v = vk, 0 otherwise. Now, for any v € N7/, we have to

n—-+o0o
prove
~_1 ~ . 2
Zu: ((3u, (3, Bp&) 80 ) — (0uy At60)) — 0. (2.1.30)
We already proved that, for any u, Uz, ()5, () T) (0y, Atdy), plus we have the

uniform square integrability results from [9, Lemma 2.4], for the row-type generation,

and Lemma 2.1.6, for the column-type generation, up to noticing that, for every 4,
lim sup Z I hm sup Z

k—oo n k1 Uj1+Uj2+ U]n k—oo n Zkt1 an
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2.1 Local weak convergence to PWIT

where BY) = (Uip + -+ + Usn). 0
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Chapter 3
Singular values

The aim of this chapter is to prove the convergence of the empirical spectral distribution
of the singular values of the matrix X,, — z1, via theorem 2.1.2. We also prove a result
for the finiteness of the exponential moment of the limiting spectral distribution of the

singular values.

3.1 Resolvent convergence

In order to apply theorem 2.1.2, we shall check the self-adjointness of our bipartized
operators. Our operators are symmetric, densely-defined but unbounded, we are then
interested in their unique self-adjoint extension, which, with a slight abuse of notation,

we will denote as the operators, once we prove they are essentially self-adjoint.

3.1.1 Self-adjointness of limit operators

Equations (2.1.26) and (2.1.27) define two a.s. self adjoint operators, as proved in the

next proposition.

Proposition 3.1.1 (Self-adjointness of limit operators). For any z € C the operators
Ay and A_ defined in (2.1.26) and (2.1.27) are essentially self-adjoint with probability

one.
In order to prove proposition 3.1.1, we recall two lemmas from [10].

Lemma 3.1.2. Let V = N7 denote the vertex set of the PWIT, and let D be the space
of the finitely supported vectors. Write u ~ v if u = vk or v = uk for some k € N. Let
A:D — (2(V) denote the symmetric linear operator defined by

<5ua A5v> = Wy = Wy u,
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3.1 Resolvent convergence

and such that wy, = 0 whenever u and v are not neighbors. Suppose there exists a
constant k > 0 and a sequence of connected finite subsets (Sp)p>1 in V, such that

Sn C Snt1, U, Sn =V and for every v € Sy,
> Jwwl? < k. (3.1.1)
u¢ Spu~v
Then A is essentially self-adjoint.
Lemma 3.1.3. Let k >0, 0 < a <2 andlet 0 < 1 < 9 < --- be a Poisson Process

of intensity 1 on (0,+00). Define T =inf{t € N : 77, x,f/a < k}. Then E[7] is

finite for any k and it goes to 0 as k goes to oo.

Proof of Proposition 8.1.1. We prove the proposition for A,, through a stochastic dom-

ination argument. For any realization of A, define A as

Yuk .
= ifd(u) = 0(mod 2)
Zi21 Yui

c(a)
0 otherwise
It follows, for any u,v € N/
P(A(u,v) > Ay (u,v)) =1, (3.1.3)

where A(u,v) = (0u, A, dy), and c(a) is the absolute constant depending only on «
defined in equation (2.1.28). Since for any index i € N/, y; > 0, we have, with probability
one, for any u,v € N/ such that d(u) = 0(mod 2) and d(v) = 1(mod 2),

Yuk and Yok < Yvk
> j>1Yuj cla) +yor ~ cla)’

for p(u) defined in (2.1.24). Thus A stochastically dominates A;. The condition (3.1.1)

concerns the finiteness of the sum of the operator weights on a collection of subsets of

the vertices of the tree. By (3.1.3), if the sum is finite for A then it is finite for Ay.
For any v € VT define

o0
(k) =inf{t>0: Z ygpgm
p=t+1

By construction (7,5 (k)),ey+ is a collection of i.i.d. variables. Fix now & such that

v

E[7} (k)] < 1. Such a & exists by Lemma 3.1.3.

v
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3.2 Singular values

Similarly for any v € V'~ define 7,7 (). The collection (7, (k)),cv- is again i.i.d. by
construction. Since the Poisson-Dirichlet generations sum up to 1, it holds and analogous
of Lemma 3.1.3, and we can again fix a & such that E[7, (k)] < 1. Call now

= min k), 77 (K)}.
r= min {7 (). (0)

The proof ends as in [10, Proposition 2.8]. Consider an i.i.d. collection of variables
indexed by the vertices set V, distributed as 7, {t, }yev. Fix the s such that E[7,] < 1.
Now put a green mark on the on all vertices such that 7, > 1, and red otherwise. Define
the subforest 7Y of T', where we put an edge between v and vk if vis greenand 1 < k < 7.
Then if the root is red, we set S; = {@}, if the root is green we consider T = (V3, E%),
the subtree of T} containing the root. Due to the choice of &, T4 is almost sure finite.
Consider L, the set of the leaves of T, namely the set of the vertices in VJ such that
for all 1 < k < 7, vk is red. Set S; = VJ UveL%{Uk‘ :1 <k <7,}. Now we define the
outer boundary of {@} as 9,{@} = {1,..., 75} and for v = (i1, ...,ix) € N/ \ {@} we set
O-A{v} = {(i1, e, k-1, 96+1) } U{ (91, .-y ik, 1), o, (41, ..., I, Tw) }. For a connected set S the
outer boundary is
0,8 = (U aT{v}> \ S.
vES

Now for each vertex uq,...,u; € 0,51, we repeat the above procedure to the rooted
subtrees Ty, , ..., Tu,. We set Sy = S1Ujcjcp Uperg {vk : 1 <k < 7,}. Iteratively, we
may thus define an increasing connected sequence ESn) of vertices with the properties

required for corollary 3.1.2. O

3.2 Singular values

In this section we give the proof of the weak convergence of the empirical spectral dis-
tribution. Due to concentration properties, it will be sufficient to prove the convergence

of the expectation of the random measure vy, _.1.

3.2.1 Proof Theorem 1.6.2

Recall the structure of the matrix

U " U \"™
G e I G
o (Z] Uij i =1 Pi /i j=1

where {U; ;}}';_; is a i.i.d. collection of variables with law in HZ,.
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3.2 Singular values

Proof of theorem 1.6.2. Rearranging the entries of the matrix

0 z
B(Z):<Xn—< >®]]-n>7
z 0
we note that it is similar to,
0 (X, —21)
(X, — 21)* 0 '

The spectrum of this matrix is {+o7(X,, — 21), ..., £0,(X, — z1)}, as already observed
in [10, Theorem 2.1], then up, (.) = Vx, 1. Define
bi;(za 77) Ck(Z, 77)

Rk = (Bn —U(2,m) @ L) ix = <ak(z,77) bk(%ﬁ)) ‘

We have

n n

Te(Ra(U)) = ) _(a(z,9) +cx(z,n) = Y _(0x(Xn —21) =)~ + (—o(Xp —2) =) ",
k=1 k=1

By Theorem 2.1.10, (B, 1) locally converges to (A4, &). By Proposition 3.1.1, Ay
is an essentially self-adjoint operator, as a consequence, by Theorem 2.1.2, we have the

convergence of the resolvents. Namely, for any i € {1,...,n},
E[Rn(U)s] —— E[Ra, (U)os ]
Analogously, for any index in {—1,...,—n},
E[Ry(U)-i~i] 7/ E [Ra U)oz ] -

Moreover, by the essential self-adjointness of both A, and A_, it follows that there exist

.+ .
measures Ug . and Vg , such that

-+

4 z
R (U)o = [ 225 — e (o).

Call .o = 3B [v5 .| + 3E[v5. ], then
MEpx, 2] (1) = Mg, 1(0)

— LR Te(Rp, (1))

2n
= %E [Rn(U)11] + %E [R,(U)_1_1]
p——— %E [Ra, (U)go ] + %E [Ra_ (U)os ]

= Mgt J+ig]vg, ] (1) = M, (1)-
Thus we proved E [Ux, ;1] —— E [y ] = I, o. Since the matrix B, is Hermitian,

n—-+oo
we are in the hypothesis of concentration theorem 1.1.3. We can then exploit the bound

of lemma and Borel-Cantelli first lemma to upgrade the convergence to almost sure. [J
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3.3 Moments

3.3 Moments

We now estimate the moments of the limiting spectral distribution of the singular values
V. To this end we shall use Bennett’s inequality to bound the moments of the random
variable an) = >, Xj1, for reasons that will be clear later. Let us now give a prove

of the Bennett’s inequality.

Theorem 3.3.1 (Bennett’s inequality). Let Z be a random variable such that, E[Z ]| =
0, E[ZQ] = 0%, |Z] < M, where M is a positive constant. Then if Z1,.., Z, are
independent copies of Z, and t > 0,

(352 <o (1)} 20

=1

where p(x) = (14 x)log(l + x) — .

Proof. By Chernoff bound, for any s > 0,

n n
P <ZZ1 > t) < e_SteXpHIE [esz"] .
i=1 i=1

Now,

k!

E[(sZ)k]
k!

k=2

0 SkMkaE [ZZ]

(Hélder) <1+ ) o
k=2 '

=1+%i(SM)k

Then,

Minimizing over s > 0 the right hand side, we get (3.3.1). O

The variable an) is the sum of the elements of the first column of the matrix X,,

a vector of i.i.d. random variables. In order to apply Bennet inequality we need to
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3.3 Moments

compute E[X;;] and Var(Xi1). By symmetry E[Xy;] = n~!

1,...,n, E[X11] = E[X;;], moreover Z?Zl Xjr =1, then E[X,;;] = n~L, for every

. Since for every ¢,5 =

1,7 =1,...,n.

For the variance we give a lower bound, which is sufficient for our purpose. Define the
event E%n) = {X11 = max;=1 ., X1;}, it has probability 1/n. Since E [(Xl,l —-E[ X ])2] =
E[X?,] ~ . we bound E[ X2, ],

E[X2,]>E [Xil;EY‘)}
_p (E{”)) E [ max X%i]
i=l,on

By Proposition 2.1.3,

(w) 71
X.
iff?.’fn{ i} @t

where {7;}i>1, is an ordered Poisson process of intensity az=*~!dz, then

<C(a;ir 71)2] = nla) <1

As a consequence there exists a n > 1, such that E [maxi:17._,7n X%Z] > k(a)/2, and

E [sz} > k(a)/2n. Thus for n big enough,
E[(Xi1-E[X)?] =E[X},] - ;2 5% - > B

Call {Z;}" | == {X1; —n 1} ,. To estimate the moments of an) we apply Bennett’s
inequality to the collection {Z;}. Note that for every i = 1,...,n, |Z;] < 1. For any
k > 1, we have

B[ -1 = [
0
400 +o00
§/01 P(Fg)zl—tl/’“>dt+4 P(rg)zlﬂl/k)dt
:/0 P (T =1 ¢/%) dt+/0 P (T > 1+ ¢/%) at

+oo
< 1+/ P(r™ =146/ ar
0

+oo

P (I — 1 > t) at

By Bennett’s inequality, applied to the variables Z;, with M = 1, E[Z;] = 0, and

0?2 > k(a)/n4, we have

400 +oo 1/k
(n) 1/k _Ii(a) 4t
/0 ]P’(PZ. >1+4¢ >dt§/0 exp{ 0 ¢<ﬂ(a)>},
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3.3 Moments

where ¢(t) is as in theorem 3.3.1. Note that ¢'(t) = log(t+1), so that ¢(¢) is an increasing

monotone function for ¢ > 0.

oo wlo 1/k
E[|F§n)—1\k]§1+/o+ exp{— (4)<p<it(a)>}dt

+oo _r(a) (4t
=1+/ kth—le™ 4 “’(n<a>>dt<+oo.
0

Since the right hand side does not depend on n, we have the uniform bound

+0o0 _nla) (_at
limsupE {|F§n) — 1|k] <1 —l—/ kth—le™ 1 ‘P(Ma))dt,
n 0

We can now bound the moments of both operators A, and A_, defined in equation
(2.1.26) and (2.1.27) respectively.

Proposition 3.3.2. For any k > 1
E| (40, A%d5) | < CuE [TF],

where Cop = (k+1)7! (zkk) 1s the number of Dyck paths of length 2k, and " is the random

variable
400 i
r=_"
; c(a) + i
with {~; }i>1 ordered Poisson process of intensity ax~*"'dz, and c(a) defined in (2.1.28).

Proof. Define the operators

Yuk .
—_ if d(u) = 0(mod 2
S v (u) = 0( )
(Ous A Su) = (Bu, A0y =& — P ¢ g(u) = 1(mod 2 (3.3.2)
@) + o (u) = 1( )
0 otherwise
ek d(u) = 0(mod 2)
(s A_Gur) = (Burs A_0u) = <=2 if d(u) = 1(mod 2) (3.3.3)
2121 Yui
0 otherwise

We will from now on consider those operators, since
E [<5@,Ai’“5g>} <E [<5Q,,Z§tk5®>} , (3.3.4)
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3.3 Moments

see proof of proposition 3.1.1. Define Og as the set of all path starting from @ and
returning to @ in 2k steps. For a path n € O, n = (3, v1,vs, ...V2%—2, Vok_1, @), with
v; € N7, define W(n), as the product of the weights of the edges along the path, say:

W("7) = Wa v Woy,up *** Wog_g, 051 Wogg—1,2-

Since both operators A, and A_ are defined on a tree, in particular on an acyclic graph,

the weights of W (n) will be pairwise identical, and the path weight can be rewritten as

2 2 2
W w .
V1,02 Vk—2,Vk—1" Vk—1,Vk

2
W(T]) = w@,vlw
for some vy, ...,v; € N/, Since 0 < wij <1 for any i,j € Nf,
W(n) < VW0) = wemWeyw Wop 051 Wor 1,0

Then

E[ (6, A0) | < > VW),

neok
We should now enumerate, for any k& > 1, the paths in O%.

Let us give an example. Fix k = 5, and consider the path
n=(2,1,11,1,12,121,12,1,13,1, @),

and plot its distance from @ at each step.
30
25¢
2.0 —
15F
10"
05"

The result is a Dyck path. However, the same Dyck path can be associated to
(infinitely) many other paths n € O%, namely when the path takes the step from 12 to
121, the vertex 121 could have been replaced by any other vertex of its generation, and
the Dyck path would have been the same. Then, in order to count the total weight of
all paths 7 associated to the Dyck path of the example, the first step is to sum over
Dqo = {12k : k € N}, the descendants of 12, obtaining

E : E : Wiy Wiy ig Wiy yizWis ig Wiy is = E : W, i1 Wiy ia Wiy ,isWiy iy E Wizis | >

11,12,03,15 14 € D12 11,12,13,15 14€D;4
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3.3 Moments

if D, := {vk:k € N}. Forv € N, call Q, = ZkZI wWyk. Since we are summing inside

the expectation, and generations are independent, we have
E [w®7i1wi1,i2wi1,1'3("‘)2'1,@'491'3 } =E [wZ,ilwil,izwil,iswihM ] E [Qig ] :

Note now that the variable 2 can be distributed either as I' or as the sum of the com-
ponent of a PD(«). Furthermore observe that we obtain the same graphic (Dyck path)
replacing any vertex with any other of its generation, what it matters is the sequence of
the steps. The total weight of the paths associated to the Dyck path of the example is

given by the sum,

E : E : E : Wiy Wiy ia Wiy izWiy ig Wi, is -

11€Dg i2,i3,i4 GDil i5 EDiS

Once we take the expectations, it becomes

E| DY Y D weiwinamWiimWinawisis | =E[Q]E[QP]E[Q].
1€ Dg ia,is,is€ D, i5€Djy
Now notice that if  is a Poisson-Dirichlet type generation, for any n > 1, E[Q"] = 1.
Moreover, since E[I'] = 1 and for any integers 0 < n; < ng, E[I™ ] < E[I'2],
independently of the distribution of the generation we have E[Q"] < E[I"]. Then by
Hoélder inequality

E[QE[Q*]E[Q]<E[T|E[T?]E[T]<E[r°] R[5 E[1°]° =K [17].

For a generic Dyck path 7, of length 2k, we will prove that the total weight of the
paths 7 associated to m (we will write n ~ 7) does not exceed E [I‘k ] Since by Jensen
inequality,

E [Fal ]az E |:Fb1 ]bZ <E |:Fa1a2+b1b2:| ’

steps taken over independent progenies, are less expensive than steps in the same progeny,
provided that the steps are taken at same root distance.

Therefore, given any Dyck path 7, we can upper bound the expected total weight
of its associated paths 7, which we will denote as n ~ 7, simply keeping track of how
many times it touches progenies at a given distance from &. Call d; the number of
times the path touches progenies at distance ¢ from @. Since the length of the 7 is 2k,

di+do+---+dy =k, and

> VW (n)

n~m

E gE[Fdl}E[rdz]...E[pdk],
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3.3 Moments

again by Holder inequality,

k k S

[1E [Fd’l <TIE [rkF —E [r’f} .

i=1 i=1

58

In conclusion, call the Dyck paths of length 2k, 71, ma, ..., m¢,,. We have

E| (b, A00) | <E| > VW)

neok

<3| vire|
< CyE [Fk} .
O

The bound on the moments of both A, and A_ are powerful enough to let us
deduce a bound on the exponential moment of the limiting spectral distribution of the

eigenvalues.

Proposition 3.3.3. For any A € R,

/e Va,z(dt) < +o0.

Proof. By straightforward computation,

IR

+o0o k
_ k
E k'/t Va,z(dt)

-3 k!/tkﬂ«:[y@,z](dt)

+oo )\Zk 1

-5 b e (st 2 (s )
S S R)

400 |92k '
_ A 1 (2k)IE [Fk}
—~ (2 E+1 KK

+oo )\2k
= kZ:O s i
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3.3 Moments

Since by Bennett’s inequality we have bounds for the moments of |I' — 1|, we observe

that

a[r) <2[r]
<E[(T-1+1)]
) Zk: <’;>|F—1|i]

L i=0
k

<E :\F—1|’f};<lz> :2’“E[|F—1\’f}.

Now by Skorokhod representation theorem we may assume I'("™) converges to I almost

surely, and by Fatou’s lemma

E [rk] < liminfE [(ﬂ”))k] .

n

Thus

+oo
/e Vo, (dt) < ;mE [Fk}

+oo A\2kok A
< hmsupz DI UF(”) — 1| }

N e

k=0

o /f (512800 o {0 (Y

k

0
oo 4t
< 2V 2)\2/ exp { 22%t — K(f)ap () } dt < +o00.
0 k()

M

o
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Chapter 4
Eigenvalues

We will prove the convergence of the empirical spectral distribution of the eigenvalues
via Girko’s Hermitization method, which will require further hypothesis for the law of

the matrix entries, such as the bounded density.

4.1 Tightness

Since X, is a Markov matrix, the empirical spectral distribution px, has support in the
unitary disc of the complex plane {z € C : |z| < 1}, consequently it is tight. We say a
sequence of measure 7, defined on C is tight, if for any € > 0, there exists a compact
set K. C C such that m,(K;) > 1 —e.

In the next lemma we prove the tightness fir the empirical spectral distribution of

the singular values.

Lemma 4.1.1 (Tightness). For all z € C and any § > 0, for any n,
/tQVXn_Z]l(dt) <(L48)+ 1+,
R

then (vx, —21)n>1 is tight.

Proof. By a property of the singular values, if N and M are complex n X n matrices with
spectrum of singular values o1(N) > ---0,(N) and o1(M) > ---0,(M) respectively,
then

max |o;(M) — o;(N)| < o1 (M — N),

1<i<n

see e.g. [16]. Applying this property to the matrices M = X,, — z1 and N = X, for
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4.2 Invertibility

every k= 1,..,n, holds

0k(Xn — 21) — 0k (Xn) < max |oy(Xp — 21) — 0:(X,,)|

i=1,...,n

IN

o1(X, — 21— X,)

=o01(—21) = |z|.

So that,
o (Xn — 21) < op(Xp) + |2

Then, for any n € N and z € C, and 6 > 0,

(o%(Xn — 21))°

S|
NE

/ t2VXn—z]1 (dt) =
R

e
Il
—_

(0% (Xn) + |2])?

IN IN
S|I= 3=
-1

[(1+0)op(Xn) + (1 + 071 |2?]

B
Il
—_

_ 146«
=(1+6 Y2+ — > op(Xn)

k=1
Now,
N 2(Xn) Y vxrx
N "o -
n E\An n r( )
k=1
1 n
o 2 i
1,7=1
1 n
== XJZZ.
ij=1

IA

S
™
2
L

4.2 Invertibility

This section is dedicated to prove a bound for the smallest singular value of the matrix

X, — z1. First let us recall the Rudelson-Vershynin row bound, see [22].

Lemma 4.2.1 (Rudelson-Vershynin row bound). Let M be a complex n x n matriz with

rows Ry, ..., Ry, then

n

~H2 min dist(R;, R—;) < so(M) < min_ dist(R;, R—y),

i=1,..,n i=1,..,n
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4.2 Invertibility

where R_; is the vector space span(Rj;j # 1).

In our setting X,, — z1 is non-invertible for z = 1, since X,, is a Markov matrix.
Anyway if z is at positive distance from 1, we can bound the smallest eigenvalue s, (X, —
z1). We now readapt a result for light tailed matrices from [11]. The first step is to

prove the following lemma.

Lemma 4.2.2. For any z € C define the n x n complex matriz,

1 0 0
A, =1, —=z
10 0
Fiz § > 0. If |1 — 2| > 0 then
0
TLAZ Z
) 2 G5 /e

Proof. Since |1—z| > § > 0, A, is invertible. The rank if the symmetric matrix A, A%—1,

is at most 2, call indeed

1 0 0
M1 =
1 0 0
We have
AZA; — ]]-n = (I].n — ZMl)(:ﬂ.n — ZMl)* — ]ln
= (1, — z2My) (1, — ZM{) — 1,
=1, — zM{¥ — 2M;y + 2P My MT -1,
= —zM{ — 2My + |2PMy M
Since
1 1
MM =
1 1
We have
|22 —2—-2 |2|°—2 -+ |2|*—2
z 2 _ z z 2 LR z 2
—EM{ — 2My + | 2P M M = d ' g | '|
|22 — 2 2|2 |2|?
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4.2 Invertibility

Then A, has at least n — 2 singular values equal to 1, and in particular s,(A,) <1 <

s1(A;). Then A, is lower triangular with eigenvalues 1 — z, 1, ..., 1, by Weyl inequality

11— 2] = [ IN(A)] =] 5i(A:) = s1(A2)sn(A.). (4.2.1)
=1

=1

We also have that
ST(Az) + sp(A) + (n—2) = Tr(AA%) = [1— 2P + (n — 1)(1 + |2]*),

which gives,

sHA) +82(A) =14 (n— 1)z + 1 — 2% (4.2.2)

Then s2(A,) and s2(A,) are the solution of the equation
X2 (1+m-DzP+ 12X+ 1-2*=0.

Take n > 1, so that we do not have complex conjugate solution, then we can

1= D1 2P+ A+ (= D[P+ 1 - 22)2 - 4]1 - 2]

s7(Az) 5

and
52(A ) _ 1+(7’L— 1)|Z|2—|— |1 —Z|2 — \/(1—|—(n_ 1)|Z|2—{— ’1 —Z|2)2 _4|1 —Z|2
n\41z 5 .

21 — z|?
L+ (=12 + 1= 2P+ /(1 4+ (n =122+ 1 - 2[2)2 — 41 — 22
1z
T 14+ (=224 1 -2
1
1

1

_6%+1_|_|Z|2%+1)

62
1462+ 2z]2(n—1)

Thus

52 0
(AL > > 42,
sn(4:) \/1+52+]z]2(n—1) 140+ /nlz| (42.3)
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4.2 Invertibility

Lemma 4.2.3 (Invertibility). For any 6 > 0, if z € C is such that |1 — z| > § and
|z| < 071, then there exists r(§) > 0 such that, a.s.

liminfn"s, (X, — z1,) = +oc.
n—o0

Proof. Fix a > 0 and z € C with |1 — 2| > 4§, |2] < 671, We can rewrite X,, = DUy,

where

Ui - U
D, = diag(p; ', ..., pp ) and U, =
Unl e Unn

Thus we can decompose X,, — z1,, as follow,
X, — 21, = D,Y, where Y, :=U,—z2D,".
Define the event
n
i=1

We have, if n > 1,

P (A7) =P (U{pi > n"}>

<nP(p1 >n")

i=1,..,n

< nP (n max U; > n”)

=n(1-P (‘max U; < nn_l))

i=1,..,n

=n(l—-(1-P(U >n")"
=n(l—(1— L(n"Hn—e0=m)
< n(l — (1 —2en=M= 1)y

IN

on(1 — exp{—2cn (1= D+11
2n(1 _ 1 + 2cn—a(n—1)+1 + O(n—a(n—1)+1>)

< 86”—&(77—1)-1—2.

Then, for n > (2+a)/a+ 1, P(AS) < n~9, for n > 1. Since s,,(D) = min; p; ' and for
any complex n X n matrix M and N, s,(MN) > s,(M)s,(N), on the event A,, we have

{sn(Xn —2) <t} C {sn(Dn)sn(Y) <t} C {sn(Y) < tn™"},

for every t > 0. Now, for every b’ > 0, one may select b > 0 and set ¢t = t(n) = n~? such
that t(n)n™" < n=Y, for n> 1. Thus, on the event A, for n > 1,

Xy o= {5n(Xn — 21,) <070} C {sn(Y) <Y} = Y.
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4.2 Invertibility

Consequently, for any ' > 0, there exists a b > 0 such that for n > 1,
P(X,) =P (X, NA) +P (X, NAS) <P () +P(AF) <P (V) +n "
Then we have to prove that, for some b > 0, depending on §, for n > 1,
P(),) =P (sn(Y) < n—b’) <no. (4.2.4)

Define A, as in lemma 4.2.2. For every 1 < k < n, let P, be the n X n permutation
matrix for the transposition (1, k). Note that P; = 1. For every column vector e; of the

canonical base of R,,,

(PA-Ppes =4 7
ep —z(eg+---+ey) ifi=k.
Now, if Ry, ..., R, and R}, ..., R), are the rows of the matrices U and Y, then
R RIPAP
y=|:]|= :
R, R,P, AP,

Define the vector space R, := span{R} : j # i} for every 1 < i < n. From Rudelson-

Vershynin row bound, Lemma 4.2.1,

min dist(R}, R";) < /ns,(Y).
=1,..,n
As a consequence, by the union bound, for any u > 0,

P (vVns,(Y) <u)P ( min dist(R}, R";) < u>

1=1,....,n
<P(Fi=1,..,n: dist(R},R ;) <u)
< P (dist(R}, R ;) < u)

=1
<n max P (dist(Rj, R_;) < u)

The law of the random variable dist(R}, R’ ;) does not depend on i. We fix i = 1. Let
V' be a unit normal vector to R’ ;. Such a vector is not unique, we just pick one, and
this defines a random variable on the unit sphere S*~! := {2 € C : ||z|2 = 1}. Since
V'e (R )t and ||[V'||]2 =1,

|R} - V| <dist(R},R_{) = min |R}-v'|.
v’ERfl
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4.3 Distance of a row from a vector space.

Let v be the distribution of ¥V’ on S*~!. Since V’ and R} are independent, for any u > 0,

P (dist(R), R ,) < u) <P (R, -V'| < u) = / P (IR, - /| < u) v(dv)).

S§n—1

Fix v € S*7!, then R} - v = Ryv where v := Py A, Piv' = A,v'. Lemma 4.2.2, provides
the bound, if |z| < 571,

_ 11 _
loll: = 40/ > min [ Asalla = 5u(A2) > (1+ 5+ 55v) " 1= cl(d Vi)™

But [|v|l2 > ¢(6,/n)~! implies, that there exists jo € {1,...,n} such that |vj,|7! <

/ne(d,y/n). Therefore
Re(up)| < Vane(6,v/m)  or  |Tm(ug,)] < V2ne(d, V).
Suppose |Re(vj,)| < v2ne(d, /n). Observe that
P(|Ry - | < u) =P (|R1 - v <u) <P (|Re(vj)] < ).

The real random variable Re(R; - v) is a sum of independent real random variables and
one of them is Uy j, Re(vj, ), which is absolutely continuous with a density bounded above
by Be(8,/n)v/2n, where B is the bound of the density of U;;. Consequently by a basic
property of convolutions of probability measures, the real random variable Re(R; - v) is

absolutely continuous with a density ¢ bounded above by Be(d, /n)v/2n, and therefore,

P (|Re(vj,)| < u) = /“ ©(s)ds < Be(3, v/n)V2n2u < ¢(5) Bnu.

—Uu

Finally, to end the proof we have

P (Vnsp(Y) <u) < ¢(8) Bn*u.
Thus, (4.2.4), holds with b = d 4 1/2, taking v = n~¢ such that ¢(6)Bn?*n~¢ < n=° for
n> 1. O
4.3 Distance of a row from a vector space.

Tao and Vu’s negative second moment lemma, bond singular values to distance of the
row vectors to some vector spaces of not too big dimension. Here we readapt to our
setting some results from [10], with the further observation that, since any complex
n x n matrix M, has the same spectrum of the singular values as M* and M7, we will

prove next result for (X,, — 2)*, exploiting this fact to bound the singular values.
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4.3 Distance of a row from a vector space.

Proposition 4.3.1. Let 0 <y < 1/4 and R be a row of an(X,, —2)*. There exists 6 > 0
depending on a and v such that or all d-dimensional subspace W of C* with n—d > n'~7

one has

P (dist(R, W) < nlif”> <. (4.3.1)

Before going into the proof of Proposition 4.3.1, recall the concentration inequality

by Talagrand, in theorem 1.1.4.

Proof of proposition 4.3.1. Assume R is the first row of a,, (X,, —z1), then R = a, (XT(LU —
zey), if XY is the first row of the matrix X} (or the first column of X,,). We have

dist(R, W) > dist(a, XV — ze1,span(er, W)) = a,dist(X D, W),

if we set W1 = span(W, e1). Note that d < dimW; < d + 1. Recall R is a column type

-1 < Ui )n Ui '
Ui+ -+ U i=1 Ui + anBT(LZ) i=1

if one defines BS) =a, YU+ Usy). Call

(Zi)iey = an (U“ .)> : (4.3.2)
=1

vector, then

Ui + anBr(f

note then that for any ¢ > 0, and any ¢ = 1,.

P(Z>t)=P|a,——— v
U + a, By,

(Z)
a, By,
P2 tH <P

IN

< ]P’( U o+, B > ) +P )
B
<PU>tn®)+2"" (4.3.3)
< L(tn®)t~nf® 4+ 2¢~ ™ (4.3.4)

for a positive e. Equation (4.3.3) holds since B,(f) = a, ' > 1_y Uik, and for any positive
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4.3 Distance of a row from a vector space.

P <B7(f) < x) =P <a;l iU"k < a:)
k=2

<P <kglax Ui < xan>

=1,.,n

(1 —P (UZ'Q > anx))"
(1 — L(apx)(anz)™ )"
2

—rT«

< 2e

Thenifn>1, P <B,(f) < n5> < 27", Define J = {i : Z; <by}.

P (T <n—+/n)=P (an 17,>b, > \/ﬁ>
i=1

< e~V (E [€1Z1>bn ])”
<e VP (1+eP(Zy > by)"

< 6—\/ﬁ+cob5anl+m < 6—n5

for a positive §, where ¢y is a positive constant, if one takes b, = a,n 2/, for ¢
small enough. It follows we can reduce to prove the statement under the condition
{|J| > n—+/n}, moreover we can consider any fixed Z C {1, ...,n} such that |Z| > n—/n.
Assume Z = {1,2,...,n'} with n’ > n — \/n. Let be I = span(e;; i € Z) and 7; the
orthogonal projection on I. Define Wy = 77 (W1) = m(span(WWi,e1)). By Grassmann

inequality
dim(Ws) > dim(W; N 1) > dim Wy +dim I — dim(Wy U I) > d — v/n.
Define
W' = span(Wo,E [7(Z) | T = 1)) Y=Z-E[r(2)|T=1I))
Define P the matrix of the orthogonal projection on (W’)+ in C*. Then

E [dist*(Y,W)|J =Z] =E[|PY|?*|J =T] (4.3.5)
=E[Y?|J =T]tP (4.3.6)

By lemma E[Y2|J =Z] > E[Z}|T =Z] = E[Z}|T =Z] > <222, Since trP >
n' —dim W’ > L(n—d),

E [dist? (v, W7 = 7] > (@ pz-an = 5 0-am 2,

4 n
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4.3 Distance of a row from a vector space.

for ¢ > 0, small enough. Under P(-|J = T), b, }(Y1,...,Yy) is a vector of centered and
independent variables on {z € C;|z| < 1}", thus by Talagrand concentration inequality,
applied to F(z) = dist(x, W’),

2

P (|dist(Y, W) — Mdist(Y, W')| > r|J = T) < 4¢ .
O

We will need and analogous of [10, Lemma C.1] for the truncated moments , but
first since the random variable Z defined in equation (4.3.2), actually depends on n, we

should first prove its tightness.
Lemma 4.3.2. The random variable Z defined in equation (4.3.2) is tight.

Proof. We shall prove that for any fixed ¢ > 0, there exists a T;0 such that P (|Z| > T) <
e. Take then a positive ¢, following (4.3.4) one has, since Z > 0,

P(Z >t) =P (U. >t>
B{Y

<P (U >t, B < T1> +P (B,(j) > T’1>
B

<tTOTY 4 20T

if T is an opportune constant big enough. O

Lemma 4.3.3. If Z is as in equation (4.3.2), for anyp > 1, there exist positive constants
c1,co such that,

ctP~@ SE[ZP‘Z St] < cot? ™,

Proof. Since
. E[ZP|Z <t]
lim ————— =1,
t—+o00 E[Zp]].zgt]
we will show that there exist two constants c;, co > 0, both independent of ¢, such that
atPr ™ < E [Zp]lzgt] < cotP™*,

(<) For the upper bound we just use the fact that U > 0, and equation (4.3.4).

tP
E[Zp]].ZSt]:E[Zp]lZpétp]:/ P(Zp>x)dx
0

tP U
— Pla,———— 1/p
/0 <a U+aan>x >dw

tP
< / Py
0

p tp—a
p—«
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4.3 Distance of a row from a vector space.

vV
b |2
5|2
o\
T
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)
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S | &
S
N~
Q

&

v
2
L2

h
ks

H\

Q
~
=S

QL

8

Proposition 4.3.4. Assume 0 < v < /4, there exists an event E such that,
E[dist >(R,W);E] <c(n—d)"a  P(EC) <en =20/

Proof. As in the proof of proposition 4.3.1, define the vector subspaces W1 = span(W, e1),
so that,

U Un .
LI 1) W) = dist((Z4, ..., Zn), W).

dist(R, W) > dist(ay, < .
P1 Pn

If we define Z; = an% fori = 1,..,n, and Z := (Z,...,Zy,). Define the set
U1i+aan

Z:={ie{l,..,n} such that Z; < ,/a,}. We have
P (|I] <n-— n1/2+5) <e (4.3.7)

for a positive 9, see proof of proposition 4.3.1. Then is sufficient to prove that for any
set I C {1,...,n} with |I| > n —nl/?te,

E [dist 2(R,W); By | I = T] < s(n — )2/,

for some event E; such that P((E;)¢|I=17) < n~(1=20/® The we will set F :=
E;n{|Z| > n —n'/?*t}. Without loss of generality we can assume I = {1,2,..,n} with
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4.3 Distance of a row from a vector space

n' > n —n'/2*t¢. Let 7;(-) be the orthogonal projection onto span(e; : i = 1,...,n’). If
Wy .= (W), set

W' .= span(Wo,E[7(Z2) | I =T)).
Note that d — n'/2t¢ < dimW’' < d+2. Call Y = Z —E[7(Z)|I = T], so that Y is a

vector of centered random variables under P (-|I = Z). Then

dist(R, W) > dist(Z, Wy) > dist(Y, W’).

Denote P the matrix of the orthogonal projection to (W')+ in C"™. By construction,

n
E[disty, W] =E | Y YiP;Y;|I=I|=E[Y?|I=I]|tP.
i,j=1

Define S = > 7", P,;Y?, where P; = (e;, Pey) € [0,1], > Pi = trP and n — (d +
1) <trP <n —d.

E[(@is?(Y W)~ S| 1=T] =B | (S viPy;) |1=1
i#£]

<[V =T P’ <2 [Z}|I=1) P’
on—d

<cay

n

by Lemma 4.3.3. Now let ( be a random variable with one-side o stable distribution
with o € (0,1). By [10, Lemma 3.6], if we define the event

=1

then P (I') < e "’ for some positive § and e. Since for any a,b € R holds (a—b)? >
a?/2 — b% then S > %Sa — Sy with

n n 2
Sa=) PuZ}  Sy=) PiE[Z|I=T)=( d)<n
=1

n —
i=1

n?’
Let Gy be the event S, > 3S,. By hypothesis 7 < /4, then there exists a positive e,
P(GINT|I=1I) SP(CSc(n—d)i(n—d)Z%\I:I> <P <cnf|I=1I).
Since E [ ("] is finite for any positive m, by Markov’s inequality P (Z < t) <t "E[(™™]

.Thus for any p > 0, there exist a positive constant &, such that

P(GINT) < kpn™P.
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4.4 Uniform integrability

[

Set G =G NT. Ontheevent G S > 15, > £(n—d)P¢ = £(n — d)%(, then for some

constant ¢y > 0,
E [S_Q;G] <ei(n—d)"YVOR [C_2] < co(n—d)~4e,

Thus E [S™%,G|I=1I] = O((n— d)~*%). Since a > b/2 implies |a — b| > [b|/2, using

Markov’s and Cauchy-Schwarz’s inequalities

fot2 AN
P (dist>(Y, W) < §/2;G | I = T) §P< dist (Y’SW) S‘ zé;GHZI)
fat2 AN
§2E[’d18t (Y,;/V) S’;G|I:I}

< 2y/E [[dist>(Y,W") — S%G |1 =T E[S-% G |1 =T),

If we set G = {dist?(Y, W') > §/2}, then P (GS NG | I = I) = O(apn~ % (n—d)'/?=/2)
that is P (G§ N G) = O(n~(1=27)/) under our hypothesis on y. Furthermore, by Cauchy-

Schwarz inequality
E[dist™ %GNG I=T] <E[STHG[I=T]=0((n—d) 2.
Define £ = G§5NG.

P(E°) <P(I)+P(I'NGY)+P(I'NG1NGY)

<ere™ 4 ’“”v(1—2w)/an_(1_2”)/0‘ + con~ (7200,

4.4 Uniform integrability

For 6 € (0,1) define K5 = [3,6~]. We have to prove the for any € > 0, for a.a. z € C

lim sup P (/ |log(z)|vx, —-1(dz) > 5) =0.
=0 p KC

8
Take z # 1. For any and any t > 1, by Markov inequality
+oo 1 +o00 1 +oo 2 2) 2
[ s, aatan) < 5 [ wtogtovs, @) < 5 [ o (e < 22
t 1 1
see proof of Lemma 4.1.1. Then the integral over (6!, +oc0) is not an issue. Call now
o; = $;(X,, — z1), for i = 1,...,n. For the other side, it is sufficient to prove that for

any sequence (0, )n,>1 tending to 0,

n—1

Z ]]-{O—nfigf;n} log O—T:El
1=0

1

n
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4.4 Uniform integrability

converges to 0 in probability. By the invertibility lemma we know that o, > n™" for
some 1 > 0, if n > 1, and we can bound some terms in the sum. Let v € (0,«/4) to be

fixed later, for 0 < ¢ < n'~™7 we use this bound, so that
— Z logo, 2, < nl 7log(n?") — 0.

Call A,, the matrix of the first n — i/2 rows of a, (X, — z1) and 91 > --- > Vp—ij2 its

singular values. By Cauchy interlacing lemma, see e.g. [16],

ﬁn—i

an

On—i =
and by Tao-Vu negative second moment (lemma 1.2.5),
—2 o R T cp—2
974+ ﬁnﬂ'/Q =dist; "+ - dlStn,Z-/g
where dist; = dist(R;, R—j), as defined in the lemma, is the distance of the j-th row
from the subspace spanned by the other rows of A,,.Then

n—i/2

;nl_QZdls‘c2

Since the dimension d of the span of the rows is at most n — /2 we can define F), the
event that for all 1 < j <n —1i/2 dist; > n(=21/ and use Proposition 4.3.1, to bound
P (Fnc) < e_"é, for a positive §. Then

E [i0,?1p, | < 2a2nE [dist; *1p, | .

Since we are on F),, dist; > n1=29)/a By Proposition 4.3.4 there exists an event E
independent from all rows j # 1 such that P (EC) < n~ =29/ and for any W c C

with dimension d < n —n'=7,
E [dist(Ry, W) 215 ] < co(n —d) =2/
Since d is at most n —i/2 < n — 2n'~7, then E [dist; 1] < ¢i~2/®. Therefore

E [disth]lpn] < E[dist11g]+P (EC) 2(1-27) /a
< co(i7H 4 p 302/,

For a suitable v it holds 3(1 — 2y)/a > 2/a, then n=30=20/a < j=2/a and

E [Za'rzzzﬂFn] < QG%RE [dlSt;2]1Fn] < 2@0(1;2”2'_2/04 — 2C0(C1/an1/a)_2ni_2/a_
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4.4 Uniform integrability

Recall that, if we consider variables in HY,, a,, has the form a, = ctept/e and

E[o:21p] <¢ (3)1”/&

n— 2

Finally by Markov inequality,

142/
P(on-i < 02) <P (FY) + of2E [ 21p, ] < e waa2 (2)

1/(142/a)

It follows that for any sequence 9,, we can define &, = d,, so that
142/«
_n§ ~c2 n _n6 ~
P(op—e,n <6n) <e ™ +¢o; <) =e " +¢é0, — 0.
EnN

Then is sufficient to prove

1 Enn L

- Z logo, ~,

i=nl="

given F,, converges to 0 in probability. Thus, for any fixed € > 0,

1 Enn 1 EnNn
—2 -1 -2
P (n Z logo, =, > ¢ ‘ Fn> <e 'E [n Z logo, =, |Fn
i=nl—"7 i=nl—7
1 Enn
i=nl—"
o S n
< 2% og (—) (4.4.1)
n 4 )
i=1
Since
n n
> log(i) = 3 Iok(i)
i=1 i=2
N
> Z/ log(z)dz
=2 i—1

n
= / log(xz)dx = nlogn —n+ 1.
1

Equation (4.4.1) becomes,

EnNn Enm

% Z log <%> = ep log(n) — Z log(i)

< eplog(n) —eyloge,n+e, — —
n
1
=€, —eploge, — —.
n

Which tends to 0 as n — oo.
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4.5 Proof of Theorem 1.6.1

4.5 Proof of Theorem 1.6.1

Since we proved that | log(z)| is uniformly integrable with respect to the measure vx, —.1,
for any z € C\ {1}, in probability and by theorem1.6.2, vx, .1 converges almost surely
to a measure v, ., as a consequence of Girko’s Hermitization method, lemma 1.2.3, px,

converges in probability to a measure p,, that satisfies for any z € C\ {1},

Uso(2) = = [ og(z)va.c(do)

Since U, (z) is deterministic, we can improve the convergence to almost sure, showing

that there exists a deterministic sequence L, such that, almost surely

lim (Uyy, (2) — Ln) = 0.

n—o0

By Lemma 4.1.1 and Lemma 4.2.3, there exists r > 0 such that, almost surely
Supp(VXn—zll) C [Sn(Xn - Z]].), Sl(Xn - Z]]-)] - [n—r’nr}’
if n is large enough. Define f,,(z) = Lcfn-r nr)log(z), as. for n > 1,

waz/mwmwmm»

Since || fu|l7v < clogn, by theorem 1.1.3,

(’/fn 2)vx, o (dz) — [/fn 2\, Z]l(da:)H >€> <2€Xp{ 2(015;)2}.

Call L, =E [ [ fn(2)vx,—-1(dz) ], by first Borel-Cantelli lemma, a.s.

lim (U, (2) = Ly) = 0.

n—oo

4.6 Non triviality of u,

Theorem 1.6.1 gives an existence result for the limiting spectral measure p,, in this
section we observe simple facts to avoid the possibility of a trivial limiting spectral
measure. We indeed will show that u, is neither a Dirac’s delta in 0, nor concentrated
on the boundary of the unitary disc of C.

The first observation is that, since the logarithmic potential of p,, is not infinite, uq
is not a delta. By proposition 3.3.3 it is sufficient to check the finiteness of the integral

in 0. By almost sure convergence of Uy, , we have

/ log(t)|vx. - (dt) —>/ 108 () Vs (),
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4.6 Non triviality of u,

in particular, for z = 0, we have, almost surely,

“+oo
Uu, (0) = lim |log(t)|vx,, (dt).
0

Moreover, by uniform integrability in probability
+oo
lim supP (/ |log(t)|vx, (dt) > y> =0,
0

so that f0+oo |log(t)|vx, (dt) can not diverge to infinity as n — oo (it would have implied
P ( 0+°O |log(t)|vx,, (dt) > y) —— 1, for any positive y).
n—+oo
The weak convergence of the order statistics of the vector (X1 1, ..., X1,) to a PD(«)
will imply that the limiting spectral distribution does not concentrate on {z € C : |z| =

1}. Indeed, by theorem 1.6.1 and Weyl’s equation (1.2.2), we have

[ lenataz) = i | [1:Pux.(a)]
< lim E [/tQVXn(dz)]

n—oo
1 n
_ T - . 2
- e | 3|
1=
1 n
- e | S |
1=

— lim LE[ Te(X,X5)]

n—4+oo n

1 n

= lim -E| ) X7,

n—-+oo n §
i,7=1

n
= lim E|) X},
n—+oo - k
J=1

=E|> | <L

Jjz1
Where {(;};>1 has Poisson-Dirichlet law of index .

Moreover, applying the we can find some recursive distributional equations for the
R4, (U)py and Ra_(U)pw. Namely

n— ZkZI Wo kA,

(
2|2 — (n — Zkzl wgs Ky ) (1N — ZkZI wk,zdy; )

a’(z,m) =

n— Zkzl w@,kal-:
|22 — (n — Zkzl Wfa,kaii—)(n - Zkzl wk,gd:)

a”(z,1) =
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4.7 Further Simulations

We are not able to solve those equations, but they implies the radial symmetry of p,,

since both a™, and a~ depends only on |z|.

4.7 Further Simulations

Motivated by the wise advices of Charles Bordenave and Djalil Chafai, we did some more
numerical simulation to explore properties of the invariant measure. All the simulations

are for « =0, 5.

doo4 - ;

0.003

Out[53]= 9.002

0.001

a 200 400 o 600 800 100

0.004

. ——
o

0003

Outfsg]= 0.002f

0.001

L
200 400 600 800 1000
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4.7 Further Simulations
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4.7 Further Simulations

4.7.1 Maximum values

max{m; :1=1,...,n}.

Plot of the maximum value, for increasing values of n.

o o o
150 | ¢
-
]
100 -
Out[3]= {. d,
-
[ ]
L
m_
* »
[ ]
* [ ]
]
* .
. ™ e . * . * o e e *

) 5 10 j 15 20 25

n from 100 to 2500, steps of length 100.

00 -
G600
Qut[38]=

400+

2001

n from 500 to 5000, steps of length 500.
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4.7 Further Simulations

Out[39)=

a u .
L ]
BO
50 .
10 o
L]
L
L
L
23] -
L
o . ® o [Double-click ta edit. "
. ] - i
.o .® . . *® o0 o0 e @ . C'ERI;dfcr drawing tools.
L ]
L 10 20 . 30 40 0

4.7.2 Total Variation distance from the uniform distribution

lm = Unif[n]|lry = 5 330 7 — |

ds0F “
°
b.asl
™
a
™
b.40 |
e ®
. . °
* .
.
.
.« ® . ®
°
L] ] L]
b.ask . * o
. A
5 10 15 M 25

n from 100 to 2500, steps of length 100.




4.7 Further Simulations

0.3

0.3

0.34

0.32F

25 realization of a 25002500 matrix.
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