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Chapter 1

Introduction and general
outlook

Is it possible to describe gravity by means of simpler spin-one gauge theories?
This question is undeniably relevant to our understanding of the Universe, as
gravity continues to underlie the most challenging problems in fundamental
physics. At first glance, however, a positive answer may seem unlikely, given
the inherent differences between gravity and gauge theories. This is further
supported by the Weinberg-Witten theorem [1], which asserts that the graviton
is not a composite object, but rather a fundamental spin-two particle.

Nevertheless, evidence that has emerged over the past fifteen years in the
study of scattering amplitudes suggests that the initial question may not be as
trivial as it seems. Specifically, it was discovered that two tree-level Yang-Mills
amplitudes, when expressed in a certain symmetric form, can be combined to
yield gravitational tree-level amplitudes [2,3]. This observation led to the rapid
development of the double-copy framework®. Important results have been
achieved by employing the double-copy or Bern-Carrasco-Johansonn (BCJ)
relations for amplitudes, such as the proof about N' = 8 supergravity being
finite at five loops [7].

One might wonder whether the double-copy construction finds applications
in other contexts. A natural arena is provided by solutions to classical field
equations, being closely related to the semiclassical limit of tree-level scatter-
ing amplitudes. Indeed, with some subtleties, it is possible to arrange some
non-perturbative, geometric solutions in general relativity as a double-copy of
classical solutions in suitable Yang-Mills theories [8-10].

How is it possible that gauge theories, which are generally unaware of
spacetime geometry, can provide information about it? To what extent does

'See [4-6] for reviews.



8 Introduction and general outlook

double-copy know about geometry? To address this, we must establish a con-
nection between gravity and Yang-Mills (YM) theories at a fundamental, field-
theoretical level. This was partially achieved in the framework of the convo-
lutional double-copy [11-13], where the DC gravitational field is expressed
as a particular convolution of Yang-Mills fields. The convolutional double-copy
dictionary is able to connect gravity and gauge theories at the level of symme-
tries, although both theories are considered in the linearised limit. In fact, the
“input” of the double-copy in this particular setup is not the full non-Abelian
structure of Yang-Mills fields but only its abelianised limit, meaning that the
Yang-Mills fields are Maxwell fields with a global color index. At the same
time, the “output” of the convolutional double copy is not a full gravitational
field, but rather its linearised version, describing a spin-two particle on a flat
background. As of now, a complete field-theoretical framework that connects
non-Abelian Yang-Mills theories to full gravity has not been developed, leaving
the geometrical interpretation of the double-copy still unclear.

Nonetheless, the convolutional approach appears to be a promising step to-
wards answering this fundamental question. In particular, it seems well-suited
to addressing an intermediate, yet nontrivial, problem: can gauge theories pro-
vide information on the asymptotic geometry of spacetime? This is the central
question guiding this thesis, and based on our understanding, we believe the
convolutional dictionary allows us to provide a positive answer in the case of
asimptotically flat configurations. By means of the convolutional DC, we are
able to show that the boundary conditions, studied at future null infinity Z,
in (linearised) gravity can be expressed as a double copy of the boundary con-
ditions in electromagnetism. Moreover, we are able to express the non-trivial
class of gauge symmetries preserving the boundary conditions in gravity as a
double-copy of those in electromagnetism, mapping the Maxwell asymptotic
symmetries to the gravitational ones. Previous analysis on double-copy and
asymptotic symmetries can be found in [14,15], with reference to the self-dual
sectors of gauge and gravitational theories. Further related works are [16,17].

An asymptotic symmetry is a local gauge symmetry which preserves the
boundary condition while mapping different physical configurations®. There-
fore, gauge symmetries can have a physical meaning, and this is encoded in
the presence of (infinitely many) conserved charges which do not die off at
the boundary under investigation. Furthermore, asymptotic symmetries are
associated to important observable effects [19], which are soft theorems for
scattering amplitudes and memory effects. This connection is elegantly de-
scribed by the so-called infrared triangle, depicted in Figure 1.1.

?See [18] for a review.
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Figure 1.1: The infrared triangle, connecting asymptotic symmetries with soft
theorems and memory effects. Image from the ArXiv version of [18].

The concept of asymptotic symmetry finds applications in both gravity and
gauge theories. The very first example of it can be found in the context of
general relativity and the study of asymptotically flat spacetime at null infinity
Z, as discussed in 1962 by Bondi, van der Burg, Metzner and Sachs [20-22].
Specifically, they identified the class of nontrivial diffeomorphisms that pre-
serve the asymptotic flatness condition to be an infinite-dimensional enhance-
ment of the Poincaré group, encompassing the Lorentz group and the super-
translations, an infinite-dimensional generalisation of the ordinary translations.
Surprisingly, the first discussion of asymptotic symmetries in gauge theories is
far more recent, with the first study on Yang-Mills theories in 2013 by Stro-
minger [23]. The fundamental idea of this project is to study the connection
between these two examples of asymptotic symmetries from the point of view
of the double-copy.

Basically, the plan of asymptotic symmetries consists in identifying those
gauge parameters compatible with the boundary conditions and a nonvanishing
asymptotic charge at the boundary. Typically, these charges are further
constrained by the condition of being non-divergent. This request limits the
possible classes of gauge parameters allowed and, for the theories considered
in this thesis, in D = 4 it implies that the Minkowskian components of the
gauge parameters have to approach Z with an O(r°) falloff condition. However,
recent developments on the possibility to renormalize the divergent terms of
asymptotic charges [24] allow one to explore for higher-order asymptotic
symmetries, parametrised by in principle arbitrary divergent, O(TN), gauge
parameters. The idea at the basis of infrared triangle is that a higher-order
asymptotic symmetries is associated to a certain sub”-leading soft theorem.

Within this framework, in this thesis we also study higher-order asymp-
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totic symmetries in D = 4 for electromagnetism, refining the existing analy-
ses [25,26,135,136], and for the two-form theory, for which previous investi-
gations only concerned the finite sector of asymptotic charges [27,28]. This
discussion is strictly related to the double-copy viewpoint. In fact, the con-
volutional double-copy describes an extended graviton, which propagates a
spin-two graviton, a two-form Kalb-Ramond field and a scalar dilaton. This
is the N’ = 0 supergravity multiplet, which emerge as the particle content of
the low-energy limit of bosonic string theory. In particular, we are able to
employ the DC dictionary in order to map the ordinary Maxwell asymptotic
symmetries to the corresponding (extended) gravitational ones, where with
“ordinary” we refer to those standard asymptotic symmetries which do not
require a renormalization procedure. Surprisingly, this analysis unveils some
aspects about two-form asymptotic symmetries that were not fully clarified
in the existing literature [27,28]. A natural outlook stemming from the DC
analysis would be that of generalising our study to higher order. In this sense,
the two-form higher order symmetries that we explored in [29] and illustrate
in this thesis, can provide a benchmark for testing deeper investigations from
the double-copy point of view. Furthermore, in D = 4 a two-form is dual,
on-shell, to a scalar field. This duality makes the two-form analysis appealing
since it could allow us to better explore the relation between asymptotic sym-
metries and physical observables, taking advantage of the simplicity of scalar
field theories.

We divide this thesis in two parts, the first on asymptotic symmetries and
the second on double-copy. We start with a review on asymptotic symmetries
and their connection with physical observables, respectively analysed in sec-
tion 2.1 and section 2.2. We thus focus in section 2.3 on the peculiarities that
emerge in Lorenz gauge, for which gauge parameters require logarithms in their
expansion near Z. This is instrumental to present the work [29] in chapter 3,
which discusses higher-order asymptotic symmetries for electromagnetism and
for the two-form. For the electromagnetic part, the work can be partially un-
derstood as a review of the already existing analyses [25,26], but in a slightly
different setup. Focusing on Z", reached by the limit r — oo at fixed retarded
time u = t — r, we consider different choices for the expansions of quanti-
ties near the boundary and, for what concerns the renormalization, we discuss
more general expansions for the physical Cauchy data of the theory. Specifi-
cally, while the gauge parameter expansion require logarithmic terms, we use
a power expansion for the field strength, thus implying that the gauge field
components admit logarithms exclusively within pure gauge sectors. At the
same time, we consider the Cauchy data, encoded in the angular components
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of the gauge field A; (i = 1,2), to admit a power expansion in the retarded
time w near Z©, which is reached in the limit v — —oo. The symplectic
renormalization allow us to obtain N independent asymptotic charges

Q0 = [ dedzn. DA,
A

- (1.1)
QMW =— / dzdzZv,; eﬁ_")DiAgn’O) (1<n<N),
I+

where we parametrised the angular variables by means of complex stereo-

graphic coordinates z,z. In particular, DiAgn’O)

is the two-sphere divergence
of AE”’O’, which is the u—independent part of the O(r™") Cauchy data compo-
nent near Z°, while e, is the u—independent part of the (divergent) O(r")

gauge parameter.

The same approach is then applied to the two-form case. In particular,
the Cauchy data is encoded in the B,; component, which is of order O(r),
for which we assume the same expansions used for the electromagnetic case.
Focusing on arbitrary O(TN) parameters, we identify higher-order asymptotic
symmetries and /N independents asymptotic charges:

QY =— / dzdzy A VDB
i

(1) D) g
Qp ' =-— . d2dZy.zAc “ 5B, (1.2)
(—n) N — 2 _ (—n)y2 p/(n—1,0)
B = +dzdzvzg)\c DB B3<n<N+1),
It

where D? is the two-sphere Laplace operator, )\((;”) is the u—independent part
of the O(r") gauge parameter, while the B™%5 encode the u—independent
O(r") term of the Cauchy data. We thus find that the result of electromag-
netism can be generalised to the two-form. Furthermore, the structural sim-
ilarities between electromagnetic and two-form charges suggest also an inter-
pretation in terms of double-copy.

These results suggest various possible directions to be explored in the fu-
ture. For instance, it would be interesting to generalise our approach to arbi-
trary spacetime dimension D and to study p-forms, with the aim of exploring
the on-shell duality between p- and (D — p — 2)-forms from the perspective
of asymptotic symmetries [30]. Furthermore, our analysis could be applied
to gravity, for which only O(rQ) asymptotic symmetries were formulated in
D = 4 [31] and studied to arbitrary order only in the self-dual sector [15], and
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to higher-spin theories [32,33].

The usual prescription used for symplectic renormalization is to cancel all
the divergences while leaving the finite parts unaltered, which are interpreted
as physical. The divergences are cancelled exploiting ambiguities intrinsic to
the definition of the presymplectic potential. However, there are additional
residual ambiguities whose role has not been clarified yet. It could be possible
that these residual terms are able to cancel some finite parts, whose physical
meaning should be reconsidered.

In the second part of this thesis, we focus instead on double-copy asymp-
totic symmetries. We start with a review of the various incarnations of the
double-copy in chapter 4, with a particular emphasis on the field-theoretical
aspects in section 4.3 and section 4.4. We then review the work [34] in chap-
ter 5, employing the convolutional dictionary to map the boundary conditions
of electrodynamics in Lorenz gauge to the boundary conditions of a graviton
in de-Donder gauge, a two-form in Lorenz gauge and a dilaton. We further
find that ordinary Maxwell asymptotic symmetries are mapped to the (ex-
tended) gravitational ones, deriving asymptotic charges for all the fields in the
N = 0 supergravity multiplet. In particular, for the symmetric part of the
DC field, encoding a graviton and a scalar, we obtain BMS supertranslations
charge [19, 31,35, 36]

1 _ i1 (—
Q" = §/dzdz%ZT(z, Z)D D]hl(-j v (1.3)

with T" being the function parametrising supertranslations and hl(-;l) the O(r)
components of h;; encoding the two graviton polarisations, and the asymptotic
scalar charge

Qf = —% /dzdz%z(DQ +1)T(z, 7)™, (1.4)
which provide an explanation to the existence of infinitely-many conserved
charges for the scalar field proposed in [37]. For the anti-symmetric part of
the DC field, describing a two-form, we obtain indeed the charge Qg) presented
in (1.2). In particular, we find that the DC predict the presence of logarithmic
terms in the two-form gauge parameter, which are required in order to obtain a
non-vanishing asymptotic charge and were not considered in previous analyses
of the two-form asymptotic symmetries. Finally, in the last section of chapter 5
we also mention some preliminary results of the work in progress [38], where
the convolutional DC dictionary is applied to the first higher-order asymptotic
symmetries.

In future investigations we seek to extend our double-copy results to ar-
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bitrary higher-order O(TN) asymptotic symmetries. As mentioned, however,
gravitational asymptotic symmetries so far have been discussed only up to
O(r?) parameters [31]. In this respect, a DC analysis could provide also novel
results at the level of gravity. In fact, a better understanding of the relation
between asymptotic symmetries and the double-copy could be useful in sim-
plifying computations for asymptotic symmetries, which become particularly
challenging when dealing with gravity, in arbitrary spacetime dimension or for
theories involving p—forms or higher-spin fields.

At the same time, the problem of symplectic renormalization and residual
ambiguities could receive clarifying inputs from the DC perspective. Gener-
alising the double-copy results to higher-order asymptotic symmetries might
provide insights on the role of the residual terms. For instance, it would be
interesting to understand whether we are able to find some DC relations at
the level of renormalized asymptotic charges or if the DC dictionary connects
quantities only before the renormalization procedure. Furthermore, since the
symplectic renormalization involve the addition of some boundary terms to
the Lagrangian, it might be interesting to study whether some double-copy
relations can be established at the level of these boundary terms.

The double copy can be viewed, in a sense, as a duality between grav-
ity and gauge theories. Unlike holography, which connects gravity to lower-
dimensional gauge theories defined on the boundary, the double copy is a map
between theories defined in the same spacetime dimension. Currently, there are
no analyses about the possible interplay between double copy and holography,
but we hope that the results on asymptotic symmetries could help in unveil-
ing a possible relation between double-copy and, for instance, flat holography,
introduced in subsection 2.2.4. In this respect, let us observe that the convolu-
tional DC dictionary has been recently extended to the AdS background [39]
and this could provide a starting point for confrontation with the holographic
viewpoint.

Finally, let us remark that asymptotic symmetries could be a non-trivial
arena to test improved DC definition, since the convolutional dictionary em-
ployed in this thesis has the limitation of connecting linearised theories. We
expect that an improved definition of the DC field, involving the non-Abelian
structure of Yang-Mills and aiming to fully reproduce geometrical structure of
gravity, should help to implement the connection also at the level of asymptotic
symmetries.
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The research carried out during this three-years PhD is contained in the two
works [29,34] and a work in progress [38]. These works are presented in Chapter
3, based on [29], and in Chapter 5, based on [34, 38].

Furthermore, during the PhD, I was also involved in a different project on
string theory, whose content is not detailed in this thesis:

e M. Romoli and O. Zanusso, “Different kind of four-dimensional brane for
string theory”, Phys.Rev.D 105 (2022) 12, 126009
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Asymptotic symmetries
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Chapter 2

Topics on asymptotic
symmetries and infrared effects

Over the past decade, there has been a renewed interest in the subject of
asymptotic symmetries in gravity and gauge theories, mostly due to the es-
tablished connection with soft theorems and memory effects (see [18] for a
review), elegantly described by the infrared triangle. In fact, the concept of
asymptotic symmetry has been extended to other theories, including electro-
dynamics [40-42], Yang-Mills theory [23,43], p-forms theories [27,28,44] and
higher-spin theories [32,45]. Tt has also been generalized to arbitrary space-
time dimension [33,46-51], different backgrounds [52-54] and to more general
contexts [37,55-57].

In its most basic incarnation, the program of asymptotic symmetries con-
sists in finding, among the residual gauge symmetries, the ones that preserve
the boundary conditions, i.e. the chosen (field) falloffs, and still act nontriv-
ially on asymptotic field configurations. In the case of gauge fields, we focus on
boundary conditions at null infinity, particularly Z", characterized by r — oo
with fixed retarded time u = t — r. Falloffs are typically determined by en-
suring the finiteness of physical quantities and the inclusion of all physically
reasonable solutions. For instance, in electromagnetism, the long-range elec-
tric field falls off as r%, while in gravity, the characterization of the boundary
is captured by the concept of asymptotic flatness at null infinity [20,21,58-60].

In this chapter we review the subject of asymptotic symmetries starting
from a discussion about conformal infinity and the derivation of the BMS
group. Then, we present the concept of asymptotic symmetry in the case
of electromagnetism in the simplest setup: the radial gauge. Subsequently,
we derive the asymptotic charges for the theories analysed and explore the
connection with physical observable quantities. Finally, in the last section

17



18 Topics on asymptotic symmetries and infrared effects

we focus on the issues that occur when working in Lorenz gauge, such as
the requirement of different expansions for the gauge parameters. This is
instrumental to the discussion of higher order symmetries which is the subject
of Chapter 2.

2.1 Basics on asymptotic symmetries

2.1.1 Conformal infinity

We start by reviewing the conformal compactification of Minkowski space-
time, which allows one to endow flat spacetime with a boundary. The idea
at the basis of conformal compactification is to bring points at “infinity” on a
non-compact pseudo-Riemannian manifold to a finite distance by a conformal
rescaling of the metric. This was formally introduced by Penrose [58,59]. We
focus on the four-dimensional case, even if most of the concepts are generalis-
able to arbitrary spacetime dimension D. The Minkowski metric reads

ds® = Gudatds” = —dt* + dr* + r*d?, (2.1)

where dy? = %-jdzidzj (1,7 = 1,2) is the line element on the Euclidean 2-
sphere, which can be either described through standard angular variables (6, ¢)
or, for instance, by means of a stereographic projection, described either in
terms of complex coordinates (z, Z) or real variables (z; = Rez, z, = Imz).
To study causal motion on spacetime we employ retarded and advanced
null coordinates
u=t-—r, v=1t+r, (2.2)

with —oo < v < u < 00, so that the metric reads

2
df::-dumw%<“;”) . (2.3)

These coordinates represent affine parameters along outgoing and incoming
null geodesics, respectively. To make the range compact we introduce “rescaled”
coordinates

u=tanU, v=tanV, (2.4)

with U,V € (—%, g) and the metric reads
ds® = Q7% (—4dUdV +sin*(U — V)dy?) (2.5)

with @ = 4cos® U cos® V being the conformal factor. This metric diverges
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for U,V — £7%, which corresponds to the limit u,v — oo. We perform the

conformal rescaling

ds® — d&° = Q°ds’ (2.6)

in order to add the “points at infinity” U,V = 47 and make the metric finite.
Let us remark that after the rescaling distances get warped, but the causal
structure is preserved since conformal transformations preserve the angles.
We now introduce new time and radial coordinates T and R, defined anal-
ogously to (2.2)
U=T-R, V =T+R, (2.7)

with 0 < R < 7w and |T| + R < m. We have (conformally) mapped the

Minkowski spacetime into the triangle of vertices i’ (7, 0), i7 (0, 7) and i~ (0, —7),
which goes under the name of Penrose diagram, depicted in Figure 2.1. Ev-

ery point in this diagram except the R = 0 line corresponds to a two-sphere

S? and the boundaries are defined as

e Future timelike infinity i, corresponding to ¢t — 400 with r fixed,
equivalent to R = 0,7 = 7.

e Spacelike infinity i, which corresponds to the limit  — 0o at constant
t, equivalent to R = 0,7 = .

e Past timelike infinity i, corresponding to ¢ — —oo with r fixed,
equivalent to R = 0,7 = —.

e Future null infinity Z*, which connects i™ and i and correspond to
the limit » — oo at fixed u =t — r, equivalent to R+ 1T = .

e Past null infinity 7, which connects ¢+ and i° and correspond to the
limit » — oo at fixed v =t 4 r, equivalent to R — T = 7.

2.1.2 The antipodal matching condition

In Figure 2.1 we specified also 4 other points:

° I]: which corresponds to the limit w — oo of ZT. This point, which is
associated to a 82, does not coincide with i".

e 77 is defined as the limit © — —oo of Z7 and does not coincide with 7°.
e T consists in the limit v — 400 of Z~, distinct from 7°.

e 7~ is reached by the limit v — —oo of Z™, and it is different from 7.
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Figure 2.1: Penrose diagram of Minkowski space in which every point except
for r = 0 is a S%. Red lines represent surfaces of constant ¢, while blue lines
represent surfaces of constant r. The thick gray line is the worldline of a
massive particle moving at constant velocity, and the thick wavy gray line is a
light ray, propagating on constant u surfaces. Image from the ArXiv version

of [18].

Likewise, Z* and Z. do not coincide as well. In fact, i’ is in particular a spe-
cial “point” and several considerations are required in order to discuss physics
around spacelike infinity, which are summarised in the antipodal matching
condition, first introduced in [61]. To present it, it is convenient to depict the
Penrose diagram as is Figure 2.2 taking into account the S, so that every two
sphere is represented by two points which, as we shall see, are exchanged by
the antipodal map. Furthermore, we describe the 2—sphere through complex
stereographic coordinates (z, z), which are related to the standard polar and
azimuthal angles as
0 i 0 _is

z = tan —e zZ =tan —e

2.
27 2 ’ (28)

so that 2" = z. The variable z runs over the entire complex plane: z = 0 is the

north pole (0 = 0), z = oo is the south pole (f = 7) and 2z = 1 corresponds to
the equator. The two-sphere metric in these coordinates is anti-diagonal with

2

m. (2.9)

Vez =
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®

Figure 2.2: Alternative Penrose diagram of Minkowski space and the antipodal
matching condition.

The antipodal matching condition specifies the relation between fields val-
ued at 7% and Z; in a CPT and Lorentz-invariant way stating that

®(9’¢>‘zi = &(-0, _gb)’z;’ (2.10)

which in stereographic coordinates reads

D(z2,2) |+ = B(=1/2,-1/2 (2.11)

e
Even if surprising at first, this condition is fundamental in order to define
conserved quantities and to connect them with soft theorems and memory ef-
fects and it is instrumental in the definition of scattering problem from Z~ to
" [40,61]. In fact, considering a trivial scattering process, the out states are
antipodally related to the in states, as one can understand by studying the
trajectory of a free massless particle in Minkowski space. Hence, the antipo-
dal map provides a natural CPT and Lorentz-invariant definition of “identity”
between in and out Fock spaces [62]. A convenient way to understand the
antipodal matching condition is to write explicitly the metric in the T', R co-
ordinates, which is

ds® = Q0 %d5" = Q (T, R) (—dT* + dR* + sin® Rdy?) | (2.12)

and note that d3” is the natural Lorentz metric on Ry x S°, known as the
Einstein static universe. In fact, one can recognize the S metric being dR* +
sin® Rdv®, with the restriction on R € (0, 7). The entire Ry x S* can be drawn
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as a cylinder in which each circle of constant T' represents a three-sphere.
From the figure Figure 2.3, we can observe that null infinity Z is the lightcone

QT

Figure 2.3: Conformal compactification of Minkowski spacetime. Unrolling
the shaded region gives the Penrose diagram for Minkowski space. The red
arrows indicate how the generators of null infinity pass through spatial infinity.
Image from the ArXiv version of [18].

of spatial infinity . The future lightcone wraps around the cylinder and
converges at i, while the past lightcone at i~. The matching condition (2.11)
states that the fields are continuous along the generators of Z when crossing
%, even if it is a singular point.

We are interested in describing physics on the null boundaries of space-
time Z%. To this end, we employ coordinates suited to describe those regions
of spacetime, which are retarded Bondi coordinates (u,r, z,Z) for Z™ and ad-
vanced Bondi coordinates (v, 7, z, Z) for Z~. However, the definition of (z, 2)
in the two cases is not the same, but we choose them in order to satisfy the
antipodal match in the simplest possible way. In particular, respect to the
Minkowski coordinates X* = (¢, X') with I = 1,2, 3, we write

- X' +iX?
AR u=t—r, r=|X| Z:%’
,

1 o9 (2.13)
_ > X +iX
AR v=t+r, r=|X| r=—a
—r

This choice is perfectly suited to account for the antipodal matching condition,
because we have

, (2.14)
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so that the condition (2.11) is now

D(z,7)| @(z,z)]ﬂ. (2.15)

Tt =

The Minkowski metric in retarded Bondi coordinates reads
ds* = —du® — 2dudr + TZ”yijdzidzj, (2.16)
while when working in advanced coordinate we have

ds® = —dv? + 2dvdr + r*v;,d2 d2 . (2.17)

2.1.3 Massive particles

So far, we introduced a setup which is naturally suited to discuss massless
particles, since they are the primary focus of this thesis. However, it is worth to
mention that it is possible to take into account massive particles, which follow
timelike trajectories that start from i~ and end at i*. To discuss physics
around these points we need to consider a hyperbolic slicing of Minkowski
space [63,64], with slices labelled by the coordinate

=t —r’=uv. (2.18)

Hypersurfaces at constant 7 are are hyperbolic spaces and for 72 > 0 the
hypersurfaces have the topology of Hy (or Euclidean AdSs), while for 7% < 0
the topology is dS5. In particular, i* have obviously 72 > 0 and therefore
around those points we consider a Hj slicing. On the other hand, to take into
account also i°, which is characterized by 7° < 0, we consider the dS; case.

On H, we introduce the coordinate p defined as

p=— =" (2.19)

so that the Minkowski metric reads

Ao
ds®> = —dr* + 72 {1 +pp2 + devz} . (2.20)

The slicing is depicted in figure Figure 2.4 and it allow us to study the action of
asymptotic symmetries around i+ and i%, as for instance is done in [46,65,66].
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Figure 2.4: Hyperbolic slicing of Minkowski spacetime. Image from the ArXiv
version of [18].

2.1.4 Asymptotic flatness

Having discussed the boundary structure of Minkowski spacetime and the
meaning of approaching infinity, we are now ready to take into account gravity
and the concept of asymptotically flat spacetimes. This was first discussed
by Bondi, van der Burg, Metzner and Sachs [20,21] and later reformulated in
a more geometrical fashion by Penrose and Carter [58,60,67]. We start by
observing that in any four-dimensional spacetime, it is always possible [22] to
write the spacetime metric in the following form

ds® = *’ <Kdu2 — 2du dr) +gi; (d2' —U'du) (d2? —Udu) ,  (2.21)
r
with
0, det <g—g> = 0. (2.22)
r

Equation (2.22) implies that 7 is the luminosity distance. The conditions (2.21)
and (2.22) are referred as Bondi gauge, which is commonly used in most of the
literature on asymptotically flat spacetimes. Some peculiarities emerge when
working in other gauges, as we discuss later.

In (2.21), B, V, U" and gi; have arbitrary dependence on the coordinates,
except for the condition (2.22). Indeed, any geometry can be described locally
by that metric. For instance, the Minkowski spacetime corresponds to
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Imposing asymptotic flatness at large r with fixed (u, z,z) leads to falloff
conditions on the metric components. There is no a priori preferred method
of determining what these falloffs must be and the literature discusses various
options. Typically they are chosen in order to allow for all physically relevant
solutions, including gravitational radiation, while excluding the unphysical
ones, such as those with infinite energy.

The most restrictive way to assign falloffs consistent with asymptotic flat-
ness and the presence of gravitational radiation is

V 2mB

L ]
r ) r
B 3
f=—=<+00"),
r’ ) (2.24)
9ij = 7“2%]‘ +rCy; + o(r?),
.U 4N'
Uu' = — t5—=3 + O(T_4) ,
re 3

where all the introduced functions depend on u, z and Z. In addition, we have
v7C;; = 0 because of the requirement (2.22). The function mp(u, z, %) goes
under the name of Bondi mass aspect, since it is related to the notion of
energy at a given retarded time, while the definition of angular momentum is
related to V i(u, z, Z), which is called angular momentum aspect

The Einstein equations provide constraints between these components,
namely

i 1 ij 1 i, 1 ij 3 ij

U :—éDjC], 8umB:—§ ijN]—i-ZDiDjN], f=—-—=—0C,;C",
(2.25)

where N;; = 0,C;; is the Bondi news tensor, which identifies the two inde-
pendent components of C;; as the free radiative boundary data, namely
as the two independent graviton polarizations that propagate to infinity. In
fact, the time dependent part of C;; gives rise to the energy flux carried by
radiation. Indeed, considering a linearised perturbation on Minkowski space-
time, g,,, = 7, + ", With b, satisfying the falloff conditions, the energy flux
across a sphere of retarded time u and radius r is proportional to [20)]

]{ N;N7dQ, (2.26)

where df) is the measure element on the Euclidean unit sphere.
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2.1.5 The BMS group

BMS asymptotics symmetries are defined as the residual diffeomorphisms com-
patible with the Bondi gauge and that preserve the falloffs (2.24), mapping an
asymptotically flat geometry to an inequivalent one, acting nontrivially on the

leading field components C;;, U, mg. They are also called large diffeomor-

79
phism, while a “small diffeomorphism” acts only at subleading level, inducing
an identity transformation on Z7.

As we shall see in the next section, we can distinguish a large diffeomor-
phism from a small one because the first is associated to a finite and non-
vanishing asymptotic charge in the limit » — oo, while the second leads to a
vanishing charge in that limit.

We can determine asymptotic symmetries by solving the asymptotic Killing
equation, imposing that the infinitesimal transformations

5§guu = £§guy ) (227>

preserve the falloffs and the gauge. We start imposing that the vectors preserve
the gauge condition, namely

Eﬁgrr = gm‘argu - 07
Efgri = gurazfu + guiargu = 07 (228>
Le(9397) = 97 (€"0,95 + 9,:0p€") = 0,

where round brackets denote symmetrization of the indices. From the first
equation we obtain that £ must be r—independent, namely

&= flu,z2). (2.29)

Inserting this solution in the second of (2.28), we find
¢ = —Ojf/ Poldr +Y, (2.30)

with Y = Yi(u, z, Z) being an r—integration function. By means of the identi-
ties g¥0,g;; = 4rt ¥ 0,9:; = 0 and ¢g”0,g;; = v Ovij, which can be derived
from the condition det(g;;) = r*det(7;;), the third equation in (2.28) leads to

&= (U0 —-DE) (2.31)

N3

where we recall that D; is the covariant derivative on the two-sphere respect
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to the metric ;.

Substituting the falloffs (2.24) into (2.29), (2.30) and (2.31) we obtain

fu = f(u,z,é),
§ = —5D,Y (u,z2) + %Wf(u,z,z) +0(r), (2.32)

& =Y"(u,z%) — %Dif(u, 2, Z) + (9(7“_2) ,

where D? = D'D; and D' = viij. Imposing that L,g,, = O(r~?) and Legui =
O(1) gives
1

2

so that Y'(u, z, Z) = Y'(z, Z) is actually a vector on the sphere, while

o,f = =D;Y", 9,Y' =0, (2.33)

£ =T(2,2) + gDiYi(z, 2+ 06, (2.34)

Finally, the condition L¢g,; = O(r) implies that Y satisfies the conformal
Killing equation on the two-sphere

DiY; =7,;D-Y, (2.35)

where the dot denotes contraction with v;;. The last remaining equation
LeGuy = O(r™") gives
(D*+2)D-Y =0, (2.36)

which is identically true if (2.35) holds.

In the (z, Z) coordinates, the conformal Killing equation (2.35) reads simply
0.Y* =0, 0.Y* =0, (2.37)

so that for any holomorphic (antiholomorphic) function local solutions are
given by Y?(2,2) = Y*(2) and Y?(z,2) = Y?(z). Globally well-defined so-
lutions are selected by requiring that the Laurent expansion of Y~ (YZ ) be
nonsingular for z = 0 and z — oo, and similarly for Y*(z). This leaves us with

YZ = CO -+ (&4 —+ C222 s YE = 60 -+ 512 —+ 6222 . (238)



28 Topics on asymptotic symmetries and infrared effects

To summarise, BMS asymptotic symmetries are parametrised by

€ =T(z,2) + gp Y (2,7),

u+r
2

. . 1 . ;
€ =Y'(2,2) = ~D'T(5,2) = 2-D'D - Y(2,2) + O( ),

D-Y(z,2)+ 0", (2.39)

1
51“ - §D2T(Z7 2)

where T'(z,Z) is an arbitrary function of the angles, while Y" satisfies the
conformal Killing equation (2.35) on the Euclidean unit sphere and assume
the general form (2.38).

As a first comment, it is possible to check that the 6 global conformal Killing
vectors found Y" are indeed the generators of the Lorentz transformations. In
fact, an infinitesimal rotation/boost generator is given by

[, =w,z" (2.40)

p— %

with w,,, = wy,, antisymmetric and z” denoting Minkowski coordinates, which
are conveniently related to the Bondi coordinates through

o' = uth +rd'(2) (2.41)
with ¢ = (1,0,0,0) and ¢ is a null vector expressed as

22—z 22—z 1—2zz
() = (1 ", = (1,71 . 2.42
¢'(2) <’1—|—z2’ Zl—l—zZ’l—i—zE) (1,77) ( )

Hence, the Bondi components read

" =un'wyr, 1"=—(u4+r)n'wy, 1'=—-0n"wy+0n'wm’ ——=0"n"wy,
(2.43)
which correspond to the case

T=0, Y= —0'n'wy + 'n'wm’ . (2.44)

Using the explicit expression for n’, we identify

Cop = 5(‘*}01 — w3 + (W + wa3))

€1 = Woz + Wi, (2.45)
1 .

Cy = —(W13 — wor + i(wpe — W23)),

2
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thus providing the correspondence between the Lorentz generator and the
global conformal Killing vector.

At the same time, we find the 4 spacetime translations when

T(Za 2) = TO,O + Z Tl,m}/i,m(z7 2)) (246)

where Y ,,, are the spherical harmonics functions with [ = 1 and T, T} ,,, are
constants coefficients. In fact if we move back to Minkowski components, the
choice (2.46) correspond to a constant &".

Hence, the set asymptotic symmetries (2.39) contains the Poincaré trans-
formations. However, it is much bigger because the function T'(z, z) is indeed
arbitrary, corresponding to an infinite-dimensional enhancement of ordinary
translations (2.46). These are indeed called supertranslations and were in-
troduced by Bondi, van der Burg, Metzner and Sachs in 1962 [20-22].

Supertranslations map an asymptotically flat geometry to a physically dif-
ferent one despite the fact that they are diffeomorphisms. To understand this,
we can consider a solution [18] describing an outgoing pulse of gravitational
waves crossing the south pole of Z and another pulse crosses the north pole
of Z* | both at retarded time u = 100. We now on act with a supertrans-
lation parametrised by a function T'(z, Z) that has the property that 7'(south
pole)=100 and 7'(north pole)=0. The new solution now has one outgoing pulse
at the north pole only at « = 100 and one at the south pole only at u = 200.
The outgoing data are measurably changed by a supertranslation. The action
of a supertranslation is indeed an independent shift of the retarded time at
every angle, as depicted in Figure 2.5

Projecting (2.39) on a surface of fixed r and taking the limit » — oo, for
fixed u, we find "
5“:T+§D-Y, &=Y". (2.47)

Evaluating the commutator between two vectors &;, & we can observe that
they give rise to the following algebra

u 1 u i i
[51752] :Yv[IDTQ]_F§T'[1DYr2]+§ID[Yv17YV2]7 [51752] = [leayé] ) (248>

which goes under the name of bms,—algebra. If s = (7,Y) € bms, denotes a
generic element of the algebra, we can schematically write [68]

1
(T0, Y1), (T, Ya)] = (Yi - DTy + 5TuD - Yy, [V1, V3] (2:49)
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Figure 2.5: Action of a supertranslation. Image from the ArXiv version of [18].

A key structural feature of the bms,—algebra is the existence of an infinite-
dimensional Abelian subalgebra given by supertranslations ¢ = T(z,2)d,,
which is in fact a Lie ideal since by (2.49) the commutator of a supertranslation
with any transformation is again a supertranslation.

At the group level, supertranslations give rise to an infinite-dimensional
Abelian normal subgroup ST of the full BM S group. Supertranslations con-
tain ordinary translations (2.46) as a four-dimensional subgroup and enter the
full asymptotic symmetry group as follows:

BMS = ST x SO(3,1). (2.50)

2.1.6 Generalisations of BMS

Up to this point, we have discussed the BMS group largely in the context of
its original formulation [20,21]. However, over the past fifteen years the BMS
group has undergone significant extensions. These generalisations are among
the motivations of the renewed interest towards the subject of asymptotic
symmetries.

Superrotations and extended BMS

As discussed previously, there are only six global conformal Killing vector on
the sphere, consisting in the non-singular solutions of the CKV equations

9:Y* =0, 9,Y*=0. (2.51)
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However, it has been proposed to generalize the choice of Y* by considering
also two-sphere vector that satisfy the CKV equations everywhere except for
isolated points. This was first suggested by Banks in a footnote of [69] but
formally developed later by Barnich and Troessart [55,70,71]. This proposal
is analogous to the work of Belavin, Polyakov, and Zamolodchikov, who found
the same equation in analysing the symmetries of two-dimensional CFTs [72].

This generalisation goes under the name of superrotations, which extend
the six global CKV to the local solutions of equation (2.51). For instance, we
now consider all the functions Y* = 2" with arbitrary n, admitting isolated
poles, as well as singular solutions as Y* = ﬁ, for which

1

Z—Ww

s = 210%(w — 2) # 0, (2.52)
and that violate the falloff only in an isolated point w (this violation in par-
ticular has been interpreted in terms of cosmic strings [73]). At the local level,
the subalgebra given by superrotations is also infinite-dimensional and is in
fact given by the direct sum of two Virasoro algebras, one for the holomorphic
sector and one for the antiholomorphic sector (2.37). This result is at the basis
of the celestial holography program, whose goal is to recast the bulk physics
in asymptotically flat spacetimes in terms of 2D CFTs. The asymptotic sym-
metries comprising supertranslations and superrotations go under the name of
extended BMS, that are

eBMS = ST % (Vir x Vir). (2.53)

On the asymptotic shear C;;, which encodes the graviton polarisations, the

YR
asymptotic Killing vectors (2.39) act as

0:C., = 68 C,, +6:C... (2.54)

where we split the contribution in hard and soft parts. In particular, we have

sie,, = [(T n gDM) 9, +°YD. — 1vD.| O
2 2 2 (2.55)

0:C,, = — 2D2T — uDJY

and analogous expressions for J.C’;.
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Generalized BMS

More recently, it has been proposed a further generalisation of the superro-
tations sector. In particular, while considering local CKV imply that we find
falloffs violations in isolated point, we can allow two-sphere vectors that sim-
ply violate some falloffs. This generalisation has been suggested by Campiglia
and Laddha in 2014 [74] and goes under the name of generalised BMS. The
idea is to extend the local CKV to an arbitrary two-sphere vector Y. The
generalised BMS group is

gBMS = ST x Diff(5?). (2.56)

This result has allowed to connect the gBMS to the subleading soft graviton
theorem, formulated by Cachazo and Strominger in [75].

In the logic of the original presentation of gBMS the idea was to substitute
the preservation of the falloffs, written as

v(,ufu) = O‘I+ (257)
with the idea of having asymptotically divergence-free Killing vectors
V. =0+, (2.58)

thus allowing for specific violations of the falloffs. However, as we discuss in
the next section, a more general attitude concerning falloff preservation can
be assumed, as long the asymptotic charge can be renormalized.

The action on the asymptotic shear is the same of (2.55), but the meaning
of Y" is different.

2.1.7 Electromagnetic asymptotic symmetries

Up to this point in the discussion we have been concerned with the symmetries
of weakly radiating gravitational systems in the limit » — co. However, the
concept of asymptotic symmetry finds applications also in the context of gauge
theories. In this subsection we discuss the simplest case: electromagnetism,
originally presented in [23].

We start by considering the classical action for electromagnetism coupled
to a conserved current J*,

1
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with F,, = 9,4, — J,A, being the field strength which is invariant under the
gauge transformation

S A, = . (2.60)

The action (2.59) is invariant under a gauge transformation (2.60) up to a
boundary term, because the current is conserved, 9,J" = 0.

In retarded Bondi coordinates, we choose the retarded radial gauge condi-
tion

A, =0, A+ =0, (2.61)

which can be thought as the spin-one analogue of the Bondi gauge. The first
condition leaves as residual gauge freedom an r—independent scalar function
€(u, z, z), while the second condition implies that € has to be u—independent.
We are left with a residual gauge parameter

€(z,2), (2.62)

resembling the spin-one analogue of the supertranslation parameter 7.

The falloff conditions are chosen in order to take into account all physically
reasonable solutions, while avoiding all the unphysical ones, characterized by
the divergence of physical quantities like the energy. This constraints fix the
falloffs of the field strength to be

F,=00"%, Fua=0(1), F,u=00"7%), Fupp=0(1). (2.63)
Fields falloffs compatible with the gauge choice and the field strength are
A, = Ay (u,z,2) [r+O(r?), Ay = A(u,2,2) +O(r™), (2.64)

where it is worth to note that these falloffs can be in principle generalised
in pure gauge sectors, as we do in chapter 3. Furthermore, we can assign
falloff conditions to the current and, in particular, accounting for the possible
presence of massless charged particles implies that J" behaves like

e AR BTG TS N % +0(r) . (2.65)
r r

Note that not all the field components are independent since they satisfy the
relation

9,A, = 0,D'A; + J,, | (2.66)

which can be derived from the equations of motion. From this condition, we
see that the A;’s have the role of the free Cauchy data, corresponding to the
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two physical polarisations of the electromagnetic field.

As one can check by direct computation, the parameter (2.62) preserve the
falloffs chosen and, by construction, the gauge. This analysis can be generalised
in several ways as for the BMS case discussed in the previous subsection. We
shall discuss in detail these generalisation in the next chapter.

2.2 Physics of asymptotic symmetries

2.2.1 Asymptotic charges
Covariant phase space

The most important tool in order to understand whether an asymptotic sym-
metry has a physical interpretation is the asymptotic charge. We introduce
this notion employing the covariant phase space formalism, whose main
idea is to combine the calculus in both spacetime and field space. This tech-
nique was introduced in [76-78] and later refined in [79-81]. Discussions with
a particular focus on asymptotic symmetries can be found in [82,83]. Reviews
can be found, for instance, in [84-86].

On a four-dimensional differentiable manifold M, the space of forms induce
the de Rham cohomology, where we denote with d and 7 the exterior derivative
and interior product on this complex, respectively. The exterior derivative is
assumed to be nilpotent, i.e. d> = 0. The Lie derivative along & € TM is
given by

Le = dig + igd. (2.67)

These notions can be introduced also in the space of all possible field con-
figurations I'. In this case, we denote with § the exterior derivative, assumed
to be nilpotent as well, while we use [y, for the interior product, so that the
Lie derivative reads

Ly =01y +1,0. (2.68)

Putting together spacetime and field-space forms to form the variational bi-
complex, defined on (M,T"). We refer to “(p,q)—forms” as a form on the
bicomplex which is a spacetime p—form and a field-space g—form.

Given a Lagrangian theory, whose action reads

S = /M L, (2.69)

we can write the way L, which is a (4,0)—form, transforms under a generic



2.2.2 Physics of asymptotic symmetries 35

field variation ¢ — ¢ + dp as
0L = EOMdyp + db, (2.70)

with € being the presymplectic potential, which is a (3, 1)-form. We define the
presymplectic two-form, which is precisely a (3,2)—form, as

w =60, (2.71)

and the symplectic two-form

Q= /Ew, (2.72)

with 3 being an arbitrary Cauchy surface. Therefore, Q2 is a (0, 2)—form.

Assuming trivial cohomology in the space of 1-forms on I', a vector V € TT
is called a symplectomorphism or Hamiltonian vector field if £,,w = 0. For a
gauge symmetry, we can define the current as

and the charge
Q= / Jy. (2.74)
)

Furthermore, for a gauge symmetry the current is in general an on-shell total
derivative and the charge can be written as a integral over 0¥ by means of
the Stokes theorem. At the same time, for a spacetime symmetry we have an
on-shell identity for the Noether current, which is

The presymplectic potential admits two types of ambiguities
0 — 60+ 6=+dTY. (2.76)

The first does not change w, since ¢ is nilpotent, and corresponds to the addi-
tion of a boundary term to the Lagrangian L. — L 4+ d=. The second modifies
w — w + doY but does not affect df in (2.70), since d is nilpotent.

The existence of these ambiguities is fundamental in order to discuss asymp-
totic charges. In fact, as we discuss later, some divergences occur when dealing
with higher order asymptotic symmetries. Therefore, it is not possible to per-
form the limit to define asymptotic charges. However, we can absorb the
divergent terms in ambiguities of the presymplectic potential, while leaving
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the finite and non-vanishing parts of the asymptotic charges unchanged. The
latter provide the physical content of the asymptotic symmetries.

Asymptotic electric charges

We start by determining the asymptotic charges in the case of electromag-
netism. Given the action (2.59), the presymplectic potential reads

0 = 5A N «F, (2.77)

with * denoting the Hodge dual. We define the presymplectic potential current
by means of the Hodge dual %6, for which we use the same letter

g — /g F™SA,,. (2.78)

The Noether current is therefore
JH =g F"0,e =~ 0,(v/—g F"e). (2.79)
A Cauchy slice is a hypersurface of constant t, therefore we are interested in
0" =0"+0". (2.80)

The Noether charge is then

Q; = / dzdzdury,s(0, — 0,)(r*F""¢), (2.81)
s

t

where we neglected a total two-sphere divergence. The asymptotic charge con-
sists in evaluating (), in the limit ¢ — oo and taking the finite and nonvanishing
part [25,31,74]. In this respect, we observe that in other analyses of asymp-
totic charges a fixed r surface X, is considered in the limit » — oo, which
is not however a Cauchy surface. In our understanding, these two definitions
are identical for parameters of order O(r°) and therefore, for the cases under
examination, studying the limit ¢ — oo for the integral over X, coincides with
studying the limit » — oco. However, as we discuss in Chapter 3, these two
definitions are not equivalent when one consider higher-order asymptotic sym-
metries and in particular, the definition with ¥, is the one allowing to recover
the charge of the subleading soft photon theorem [25,87].

Reminding that we have F*" = O(r7%) and € = O(1°), we observe that
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only the 0, part survives in the limit » — oo and, using the eom , we find
Q= / dzdzduy,.€(z,2)0,(D - A9 — J,). (2.82)
I+

which is the asymptotic electric charge.

eBMS charges

Starting from Einstein-Hilbert action

1
S:%2 d'z/=g R, (2.83)

with R being the Ricci scalar, we can determine the presymplectic potential,
which is
0" =V,09" —g,,V"g"". (2.84)

Employing the definition, the Noether current is

— VI ¢ R) (2.85)

and, substituting 6", we find

. ]- v v ]- g v
i =5V (vyv[é“]w(R ~ 59 >£y)~ kw_( Ve
(2.86)

Substituting the form of asymptotic Killing vectors found before and the falloffs
conditions (2.24), we find the asymptotic charge of BMS is

1 _ _ 1 ij
Qr = e /I+ dzdzduy,;T(z, z) (Tuu — ZDiDjN]> , (2.87)
with T}, being the stress-energy tensor which enter in the gravitational asymp-
totic charge exactly as the current density J, in the electromagnetic case.

At the same time, we find the contribution from the superrotation part to
be

1

QY - 47TG zt

. 1 __
dzdfdu%g YZ (uauasz —+ Tuz — Z@ (chzz — DEC'ZZ)
(2.88)
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which, by means of the equations of motion

1 __
auNZ = Zaz(DzOZZ - DECZZ) - uauasz - Tuz7

1 - (2.89)
O,N; = Zaz(pic” — D2C%) —ud,0:mp — T,z ,
can be written as an integral over 7
Q L[ geazviN (2.90)
= 2dZ 7,5 ; - .
Y 47TG ot Yez 7

2.2.2 Soft theorems as Ward identities

Soft theorems are identities relating two scattering amplitudes whereas one
differs from the other for the emission or absorption of low-energy (“soft”)
particles. They were first presented in the case of QED, where the soft particle
is a photon, by Bloch and Nordsieck in 1937 [88] and further extended by Low
et al [89-93]. Tt has been generalized to the gravitational case by Weinberg
in 1965 [94] and extended by Cachazo and Strominger in 2013 [75]. More
recently, there have been included the case of the spin 1/2 photino [95] and
the spin 3/2 gravitino [96,97]. Furthermore, it has been generalized to scalar
theories [37,98].

In this section, we discuss the leading soft photon theorem and the leading
soft graviton theorem, with the soft particles being photons and gravitons,
respectively. For simplicity, we present the scenario with only one soft emission
or absorption, though the generalization is straightforward. Additionally, we
discuss only the tree level structure of these theorems, as loop corrections have
been studied but are not relevant for the purposes of this thesis.

Soft theorems in a nutshell

Soft photon theorem.  We begin by evaluating an (n + 1)-particle scat-
tering amplitude that describes a process involving a soft photon with four-
momentum wq” and polarization ef (with £ denoting the two helicities) along
with n “hard” massive scalar particles, each with momentum pf; (k =1,...,n),
which is large compared to the soft momentum, and charge e,. The amplitude
can be depicted diagrammatically by the Lh.s. of Figure 2.6. This process
can be divided into two scenarios: in the first, the soft photon attaches to an
internal line; in the second, it is emitted (or absorbed) by an external particle.
As we shall see, only the latter contribution is relevant at leading order.
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wq  P;
D3 Pn—1 D3 Pn—1 D3 Pn—2
%) Pn = D2 Pn + P2 Prn-1
>pi /\J\
P1 wq P1 wq b1 Pn

Figure 2.6: Soft theorem

We analyse the second case, denoted with an apex “(2)”, where the soft pho-
ton is attached to an external line with momentum p;,. The diagram is equiv-
alent to a diagram with n hard particle of momentum p, ..., p, +wq", ..., p,,

times a propagator
1 1

(pp +wq)® +m*  2wpy-q’

(2.91)

where we used the fact that p,, is on-shell, and a vertex e, (2pf +wg") that has
to be contracted with the polarization vector z—:ff. Putting all together, we find

1

+(2

An—él)(pla N S A0)) o anek
k

+
Pr-€
£ An(p177pk+WQ77pn)
Pr -4

(2.92)
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When the soft photon is inserted in an internal line of momentum k*, the
logic is similar but we encounter a crucial difference: the momentum " is the
sum of on-shell momenta but k* 4+ m* # 0, so that

1 1

= = O, 2.93
(ky +wq)® +m®  kj 4 2wky - q +m® S (2.93)

thus implying that the contribution from the first of the r.h.s. of Figure 2.6
is of order O(w"). The contribution to the amplitude, denoted with the apex
“(1)’7 IS

. €:|:

o Ay ap) £ O], (2.94)

AED sy Dy WQ) = ep—t
n+1(P1 p Q) Xk:nk kk:,%+m

where the k-sum runs over all the inequivalent way of attaching a soft photon
to an internal line.
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Therefore, to leading order the soft photon theorem is

})i_r%[w Ai:—l-l(pla cs Doy WQ)] = Slj(:zadAn(pb s Pn3) (2.95)
where ST, is the leading soft factor, which can be read directly from (2.92).
While we referred to a specific theory involving scalar matter, the result is
independent from the theory considered, at least if we focus on the leading
contribution. Therefore, the structure of the soft factor is the same if we
consider QED as well as complex scalar QED. This property, which is valid also
when considering quantum corrections, goes under the name of universality
of leading soft theorems.

The subleading corrections to the soft factor, which are of order O(w"),
receive contributions from both cases. However, it is highly non-trivial to
evaluate the contribution of the emission/absorption from an internal line using
Feynman diagrams. However, using other arguments such as the request of
gauge invariance, it is possible to determine the form of the subleading soft

factor
+ J'U‘V

Quén i
S = —te Y @y , 2.96
bl = E g (2.96)

where J,, is the angular momentum of the k—th hard particle. This result
was derived in 1958 by Low [91] and later extended in [92,93].

Soft graviton theorem. Similar results hold in the gravitational case.
Indeed, considering the analogous process involving n hard particle of momen-
tum p; and the emission/absorption of a soft graviton of momentum wg¢" and
polarization 531, we can write

+

Sea
M7:|z:+1(p17 R 2] C“-)Q) = ( ot + Ssubl + O( )) Mn(pb cee 7pn>7 (297>

where the leading soft factor was derived by Weinberg in 1965 [94] and it has
the form

+
St —ErGy BEPeE (2.98)
. P-4

while the derivation of the subleading soft graviton theorem is more recent,
from Cachazo and Strominger [75], which implies

e N/
subl ZQkpk M -k ’ (299>

Pr - q



2.2.2 Physics of asymptotic symmetries 41

with Jj ,, is the angular momentum of the k—th hard particle, being the some
of the orbital angular momentum and the helicity of the internal spin.

Leading soft photon theorem as a Ward identity

We start from writing explicitly the soft theorems in term of retarded momen-
tum coordinates, parametrised as

1
1+ ww
Pl =wiq" (wy, wy) (2.100)

P =wd" (w,w) = w (1 4+ ww,w + w, —i(w — w),l —ww) ,

et =5, [(1 + wid)g"(w, @) |

V2

where we are considering the case of massless hard particle of momentum p;
and we identify &/ = &}, = \%(w,l,—i,—w), el = ¢eb = \/Li(w,l,i,—w).

With these choices, the soft theorem for a positive helicity outgoing photon at
leading order reads

out n

e e
limw AL = (14 ww 5 ( i — ko )An 2.101
w—0 1= ) e \w — wi w —wy ( )

We write A, as
(out|aS" Slin), (2.102)

with § being the S-matrix, and we note that, to leading order in w, it is
equivalent to
—(out|Sa|in). (2.103)

due to CPT invariance. This can be proved by observing that mapping out-
going hard particles to incoming hard particles changes the overall sign of the
soft factor and, at the same time, having a negative-helicity incoming photon
leads to the replacement &} — (&

)" =¢'l. A convenient way to write the soft
photon theorem is therefore

lim [w (out|a]"S — Sa’|in)] = 2S;.,4(out|S|in) (2.104)

w—0

We now want to prove that this is equivalent to the Ward identity for the
asymptotic symmetry parametrized by €(z, ). Having a conserved charge that
obeys to the antipodal matching condition, its conservation can be written as

(out|QFS — SQ |in) = 0, (2.105)
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where we have

QF = /+ dzdzdury,ze(z, 2)(0,(D* A, + D A;) + 7.,),
T (2.106)

Q- :/ dzdzdvy,se(z,2)(0,(D*A, + D*A;) + 7,)
-

where the second charge refers to past null infinity, for which we did not
performed the derivation since there are no crucial differences. Note that we
use the same €(z, z) in force of the antipodal matching.

Now we decompose the two-sphere vector by means of the Helmoltz de-
composition:

Ay =D;A+¢e,; DA, (2.107)

so that
D*A, + D*A. = 2v70,0.A. (2.108)

Hence, the charge can be written as

QF = Z/ddeA 0,05€(z, 2) +/

N dzdzduy,ze(z, ) j,- (2.109)
7

In most of the literature the term A is denoted as N, but here we adapt to the
notation we use in the next chapter.

Integrating by parts, the charge acts on the states as

Q:lim) = =2 [ dzdzee(z, 90A i) + 3 el i)
= (2.110)
(out|QF = —2 / dzdz0,05¢(z, Z) {out| A" + Z G e(20 28" out.

=1

Using the auxiliary boundary condition 0,4, = 9. A, at ZJ , which is equivalent

to demand the absence of long-range magnetic fields on Z", we can integrate
by parts and choose €(z,z) = L. Using 9,*— = 2163 (w — 2), we find

z—w’

out

4 {out|0, A*S — 80, A" |in) = [Z Lm — Z Qz—OUt (out|Slin) .
- W W o W

(2.111)

As we discuss in detail in Chapter 5, we can prove, using a stationary phase

1 V2
+___* .
DA’ = e T wm iy wWay +wa ] (2.112)

argument that
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and substituting it in the Lh.s. of (2.111) it gives the soft theorem (2.101),
thus proving that the Ward identity for (leading) electromagnetic asymptotic
symmetry is equivalent to the leading soft photon theorem.

Supertranslations soft theorem and a hint of Double Copy

The derivation of the gravitational counterpart of this result passes through
the same steps, therefore we highlight only the main differences. Interestingly,
this analysis leads to the first hints of double-copy, which we explore in the
forthcoming parts of this thesis. The BMS charges read

1 -
+ 2 = 2 n722 2 nTZ2Z
= T T,, — - (D*N* + D*N
@' = g [ w7 T - § (DN 4 D2V,
L ! (2.113)
- 2 ~ 2 122 2 \72Z2
Q = G |- dvd®z,; T(z, Z) [Tw + - 1 (DZN + D;N )} .

The polarization vectors can be written in a double-copy formulation, as orig-
inally presented by Weinberg [94]

+ +
I

+
,uz/:6 v

€L, (2.114)

with 6i being the ones used for electromagnetism. With this decomposition
the leading gravitational soft factor reads

Sy = VBTG Y = (b= = V8rGY SEL. (2.115)

. Pr - q

Setting all the couplings to one, we can rearrange the soft factor in this form

E;j:

grav

+
-y Ul s st s
. Pr-d

n (2.115) and introduced
the scalar soft factor S* ¥, This rearrangement is similar to the double-copy

scal

where we defined S¥* in the same spirit as SF

grav

discussion of soft theorems [99].

With the choices (2.100), the soft factor assumes the form

N |
St o _ Wi Yo 2117
grav Z (1 + wzwz) (w . wi ( )




44 Topics on asymptotic symmetries and infrared effects

With the definition (2.114), the analysis of the stationary phase leads to

hee = ——Y8TC i (wa, +wa ] (2.118)
(1 4+ ww)” w=0

and substituting in (2.101), we find the soft graviton theorem.

2.2.3 Memory effects

Memory effects are observable phenomena that occur when radiation interacts
with a test charge, leaving a permanent imprint on the charge even after the
radiation has died out. For instance, we can observe that two test masses
invested by gravitational radiation exhibit a permanent relative displacement.
Analogously, a small electric charge, initially at rest, might exhibit a non-zero
velocity after being invested by electromagnetic radiation. Memory effects on
a particle located near null infinity can be induced either by radiation emitted
from the movement of charged sources within the interior of spacetime or by the
outflow of charged massless matter traveling along null rays. The first scenario,
known as linear or ordinary memory, reflects the movement of bulk charges,
which is captured in the properties of test particles. The second scenario, called
nonlinear or null memory, indicates the passage of charged radiation, which
can occur in both nonlinear field theories involving self-interacting massless
particles and linearized theories with charged massless sources.

In order to present the gravitational memory effect we start from the
geodesic deviation equation. We start by considering a family of closely
spaced geodesics indexed by a continuous variable o and parametrized by an
affine parameter 7. For each «, the curve swept out by 7,(7) is a geodesic. If
2" (a, 7) are the coordinates of the geodesic 7,(7), then the tangent vector to

the geodesic is
th = 0. a". (2.119)

If 7 is the proper time, then ¢ is the four velocity of the object travelling along
the geodesic. The deviation vector, on the other hand, is

st = 0,a". (2.120)
The relative acceleration is defined as

a = D2s" (2.121)

)

with D, being the covariant derivative along 7. The geodesic deviation equa-
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tion reads
DZs" = R*  t“1°s°. (2.122)

vpo

At null infinity, the deviation is encoded in (s, s*) and we have t* = ¢%. Hence,
the geodesic deviation equation reads

925" = R°,,.s". (2.123)

From the asymptotically flat metric in Bondi gauge (2.21) with the falloff
conditions (2.24), we have

z 'YZZ 2
R =—20,C 2.124
uuz 2T u zz ( )
and, upon integration between a u; and u,, denoting the interval of radiation,
we find .
z 8 2 z
D*s* = L_D*C 2.125
s = DL, (2.125)

thus showing a permanent separation between the initial and final state [100-
104]. Proposals to observe and measure the gravitational memory effect are
given in Lasky et al. [105] and van Haasteren and Levin [106].

Interestingly, the connection between the memory effect and the soft the-
orems is easy to be understood [107]. In fact, the shift of the outgoing metric
sourced by black hole or neutron star collisions of momentum pA was presented
by Braginsky and Thorne [100]

A A
D?h.. = D? ( %) (2.126)
ij A '

TPk

where we recognize the soft theorem if we substitute the momentum of the col-
liding stars or black holes with the momentum of the hard particles and write
the graviton momentum as k = wq. Then the two result match up to a Fourier
transform [ dte™". Note that, at very long distances, astrophysical black holes
can be consistently approximated to point-like object like elementary particles.

Let us now understand the connection with asymptotic symmetries. In the
assumption that there is no energy flux or retarded time dependence of the
asymptotic data at late and early times, C,, must vanish up to a supertrans-
lation:

ngrly _ _2D§Cearly 7 Cizlte _ _2Dgclat}e ’

where 9,0 = 9,0 = (. The early and late geometries are related by a
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Figure 2.7: Memory effect: an array of evenly spaced inertial detectors (black
dots) on the sphere near Z* will be permanently displaced (red arrows) by the
passage of gravitational radiation. Image from the ArXiv version of [18].

supertranslation
D’C =™ — o, (2.127)

Hence we can think of a pulse of radiation passing through Z* as a domain
wall separating diffeomorphic but BMS-inequivalent vacua.

D?D*C** = 2D*mp + 2 / duT,,, (2.128)

where the u-integral extends from the early to the late regions. Solving this
differential equation, it follows that

D*C(z,2) = —/deywwG(z,Z;w,u_)) (/ duT,,(w,w) —i—'D2m3> ., (2.129)

where the Green’s function is

1 D*O D*O
G (2,77 ,7) = —sin? 5 logsiHQT, (2.130)
T

with D*© the angle on CS* between (z, %) and (2/,2'). This is an explicit
formula for the supertranslation induced by waves passing through Z*, as
depicted in Figure 2.7

The memory effect finds application in gauge theories as well and the dis-
cussion is quite similar. However, it is worth to note that the electromagnetic
memory effect, for instance, if harder to observe respect to the gravitational
one which, although being extremely difficult to see, has decent chances of
being measured in the next years.
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2.2.4 Flat holography

The holographic principle [108,109] states that it is possible to encode the
description of gravity in a given spacetime region on the boundary of that
region. This paradigm is realised mostly in the AdS/CFT correspondence
[110-112], a duality between a gravitational theory in a d—dimensional Anti-
de Sitter (AdS) space and a conformal field theory (CFT) on its boundary,
originating from the dynamics of D—branes in the bulk and which can be
constructed, for instance, through geometrical engineering of quantum field
theory [113-118].

Extending the correspondence beyond AdS spacetime is one of the most
challenging problems in theoretical physics. Researchers are currently making
significant efforts to apply the holographic principle to the case of asymptot-
ically flat spacetimes, which represent a model more similar to our Universe.
This attempt is at the basis of the flat holography program. Specifically, two
main approaches have emerged within this program: the Carrollian holog-
raphy and the Celestial holography.

Carrollian holography. In the first approach, the dual theory is a BMS
field theory defined on the 3d null boundary of the spacetime [119-126], called
also a conformal Carrollian field theory CCarrFT. Carriollan holography in-
volves a codimension-one holographic duality, compatible with the AdS/CFT
perspective. At the same time, establishing a holographic dictionary in the flat
case introduces new challenges not encountered in AdS, due to the null nature
of the conformal boundary and the radiative flux passing through it. Taking
a flat-space limit in the bulk, specifically by letting the cosmological constant
approach zero, induces an ultra-relativistic limit ¢ — 0 in the boundary theory;,
which contracts the conformal symmetries to BMS symmetries. In order to
understand this approach, let us consider eBMS Killing vectors

=T+ EDiYi +0>r™,

2
r r i 1 2 u ( -1
§ = —IDY DY — DY + 067, (2.131)
. 1 . ,
f=Y"—-= (DZT + gDZDjYJ) +0(r %),
r

with T = T(z,%) parametrising supertranslations and Y' = (Y (2),Y(2))
parametrising superrotations, where Y satisfies the conformal Killing equa-
tion. Geometrically, eBMS symmetries are the conformal symmetries of a
Carrollian manifold C' on Z* with coordinates z* = (u, z, z) [121,122]. This
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structure is given by a degenerate metric
G = 0du’ + ’yijdzidzj , (2.132)

whose kernel is generated by a nowhere vanishing vector Carrollian field vector
field n*, such that qabnb = 0. In particular, we have

n"d, = 0, (2.133)

In [127] it was added the further requirement for a Carroll manifold to carry,
in addition, a symmetric affine connection', compatible with both ¢ and n.

In [121], it was introduced a notion of conformal Carroll group of level N
CCarry(C, g,n) of those transformations which act as

g— Q% n—oQ V. (2.134)

The Lie algebra of infinitesimal conformal Carrollian transformations on C|,
ccarey (C, g,n), is generated by vector fields € = £°0, on T satisfying

'ngab = Qfgp » ﬁg’ n = __na7 (2135)

with a being a function on Z*. As pointed out in equation (II1.5) of [121], the
most general solution £ to (2.135) with N = 2 is precisely the restriction to
T of the asymptotic Killing vector (2.131)

£ = (T v gD : Y) d, +Y'd;, (2.136)

with
a=D-Y. (2.137)

The standard Lie bracket on Z* of these vector fields reproduces the BMS
algebra, as discussed in equation (2.49). In particular, this results is valid in
any spacetime dimension D with

CCarry(Cp, q,n) = BMSp,, . (2.138)

Inspired by this equivalence, the idea of Carrollian holography is that three-
dimensional quantum CCarrFT coupled with external sources describe grav-
ity in four-dimensional asymptotically flat spacetimes. Specifically, in [128] a
holographic dictionary is proposed, connecting Carrollian momenta and grav-

'Since q is degenerate this connection might not be uniquely defined.
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itational data at Z7.

Celestial holography. In the second approach to flat holography, the holo-
graphic dual of asymptotically flat gravity is a two-dimensional celestial con-
formal field theory CCFT, living on the conformal sphere at infinity.

To discuss soft theorems, we used the standard framework of S-matrix
that maps an incoming to an outgoing Hilbert space, for which multiparticle
states in the in- and out- Hilbert spaces are described as asymptotic, non-
interacting momentum eigenstates. However, it is possible to formulate an
alternate description of scatterings as a type of correlation function on the
celestial sphere [129], as depicted in Figure 2.8. In this case, in and out states
are labelled by operator defined on the celestial sphere Oy (z;,2,). In this

0

=

Figure 2.8: Asymptotic momentum eigenstates are mapped to points on the
celestial sphere CS?.

language, scattering amplitudes are mapped to two-dimensional celestial cor-
relators [64, 130, 131]

(out| S |in) — (On, (wy,W1),...,0p (W, 10,)) . (2.139)

Specifically, instead of using energy-momentum eigenstates, the S-matrix is
written in boost eigenstates basis. This change of basis is realised through the
Mellin integral transform, defined as

Ox(w,w) = / dw w7 O(w, w, ). (2.140)
0
Working in this basis, the operators

h= %(z —wd,), h=-(—l-wd,)), (2.141)
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through which the subleading soft graviton mode couples to an external par-
ticle, as explained in equation (2.96), are diagonalised. In particular, [ and w
are the helicity and the energy of the external particle. The scaling dimension
A,; of the operator Oa (w;,w;) on the celestial sphere is defined as

A; = h; + h,. (2.142)

In particular, we have
(Oa, (wy,my),..., 0 (w,,w,)) =[] / dw; W Hout| S |in) . (2.143)
i=1

Hence, in celestial holography the duality is realised between a four-dimensional
bulk and a two-dimensional boundary, providing a crucial difference with
the standard AdS/CFT paradigm and the Carrollian approach. However,
in [128,132] was argued that Celestial holography and Carrollian holography
are complementary to each other. Specifically, Carrollian source operators liv-
ing at null infinity can be mapped to CCFT operators living on the celestial
sphere after using an appropriate integral transform, thus providing a relation
between the correlation functions between the sourced CCarrFT and those of
the CCFT. In particular, the Ward identities of the (sourced) Carrollian CFT
are equivalent to those of the CCFT.

2.3 Peculiarities of Lorenz gauge

In this thesis, we work in Lorenz gauge. We motivate this choice noting that,
in this gauge, we can generalise to arbitrary higher order the falloff of the
gauge parameter, thus providing a systematic way to analyse higher-order
asymptotic symmetries. Furthermore, the Lorenz gauge is natural from the
point of view of the double copy, as will become clear in the second part of this
thesis. However, there are some technical issues that required to be discussed.
It turns out that, in order to find asymptotic symmetries in Lorenz gauge,
we need to generalise the gauge parameter expansion by means of logarithmic
terms. In this section, we review these issues for spin-one and spin-two theories.
The two-form analysis is left for the next chapter.
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2.3.1 Electromagnetism

The Lorenz gauge consists in
VHA, =0, (2.144)
so that the Maxwell equations reduce to

A, =0 (2.145)

n

and the residual gauge parameter obeys to the d’Alembert equation as well

Oe = 0. (2.146)

Let us forget for the moment about the falloff preservation, since this is
addressed in the next chapter. We focus instead on the electric asymptotic
charge, defined as

Q= dzdzr*y e F,, . 2.147
+
7t

Since we have F,, = (’)(r_Q) we observe that, in order to have non-vanishing
and non-divergent® charge in the limit r — oo, we need ¢ = O(1). In force of
the other attempts in the context electromagnetism, one might be tempted to
write o (n)
e (u,z,2)
n—

Inserting this expansion in the wave equation, we find
—2(n —1)0,e™ = [D* + (n — 1)(n — 2)]e" . (2.149)
To leading order, this reads
8,6V (u, 2,2) =0, (2.150)

thus implying that €9 is a u—independent term, consistently with what ex-
pected from analysis in other gauges. However, going at the first subleading
order, the equation implies

D?0 (2, 2) = 0, (2.151)

?In the next section we discuss divergent charges by means of symplectic renormalization,
but in this section we stick to the standard approach.
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which means that only constants parameters are allowed to leading order.
Specifically, this means we have only space for global symmetries, as can be

(0)

understood by substituting a constant ¢/ in the asymptotic charge, which

would be the standard electric charge.

One might be tempted to interpret this result as a signal that Lorenz
gauge is not suited for asymptotic symmetries, meaning that we are gauging
away some physical degrees of freedom. This is partially true: the absence
of a nontrivial leading parameter is indeed the evidence that our setup is not
enough to encompass asymptotic symmetries. However, our setup is not only
the gauge choice and the falloffs, but also the series (2.148). Crucially, it was
noted [25, 50, 133] that generalising the expansion by means of logarithmic
(subleading) terms

> ™ (u, z, 2) OOA() log r 5 159
Z —i—Ze (uzz)r : (2.152)

n=0 n=1

we are able to “restore” asymptotic symmetries. The equation (2.151) is indeed
modified as
20,6V = D%V (2.153)

. A1
and since ¢V

is unconstrained by other equations, we can find an arbitrary
(O)(z z) and therefore asymptotic symmetries. We refer to the series (2.152)

as a polyhomogeneous expansion.

Generalising the expansion modifies the result about asymptotic symme-
tries. Our interpretation of this fact is the following: in principle, the Lorenz
gauge allows for an arbitrary e(u,r,z,Z) obeying the d’Alembert equation.
By writing a power expansion, we have further restricted our residual gauge,
adding an extra condition to the gauge parameter. Crucially, we (unknow-
ingly) gauged away some “physical” parts of €, which are recovered when we
choose a more general expansion. This is an accident of Lorenz gauge, which
was not noted in the analyses in radial gauge and temporal gauge.

However, the generalisation of the series leads to some side effects: the
standard falloffs are violated. This is addressed in the next chapter with great
detail, but this issue is at the basis of some attempts to generalise the falloffs for
both the field components that the gauge parameter, which led to higher-order
asymptotic symmetries.
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2.3.2 Spin two

Now let us move to the case of supertranslations, where the leading order of
the residual gauge symmetries are parametrised by

1 . .
eO=707z, 0= 57)2:F(,z, z), &W=_DT(zz). (2.154)
In the case of spin two, the gauge condition we consider is the de-Donder gauge
1
V*h,, — év,,h =0. (2.155)

Note that if we work in terms of the trace-reversed graviton, namely

- 1
Py = Ny — §nw,h, (2.156)

the gauge condition becomes equivalent to the Lorenz gauge, since
V*h,, =0. (2.157)

The residual gauge vector obeys again to the d’Alembert equation
0¢* =0. (2.158)

Assuming the power expansions

£ =

o0 fr(n) ' 00 gz(n)
= st g:; wl (2.159)

n=0 r n=0

the order-by-order wave equation reads

—2(n —1)8,&"™ = [D* + (n—1)(n—2) — 2¢" " — 2D, ™

—2(n—1)9,6""™ = [D* + (n—1)(n — 2))¢* Y 4 26" ("7 4 ot

—2(n =10, = [D*+ (n— 1)(n —2) - 1)¢'" +2D'¢" 7Y,
(2.160)

For n = 0 we find the leading orders to be u—independent, while for n = 1 we

have ,
[DZ . 2]§r 0) 2D§2(1) _

DO 4 25 )+ 2D, 5 (2.161)
[D* —1]¢'® 4 2p'er O
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Summing the first two, we already obtain
DO+ ¢ ) =0, (2.162)

meaning

¢O =0 pe, (2.163)

with ¢;, constant, implying already we cannot find supertranslations in the
form (2.154). Evaluating the divergence of the third equation, we also find

Dt = 2¢v @ 4 ¢, (2.164)
Substituting everything in the second equation, we find
D? — 2" = 0. (2.165)

The solutions to this equations are ordinary four-dimensional translations,
parametrised by the spherical harmonics {Y; ¢, Y ,,,}. We thus find the same
result of the spin-one case.

Modifying the expansions by means of subleading logarithmic series as

8

A )logr
2

0 n=1

r(n) )
fr Zf logr (2.166)

0 n=1
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the equations (2.161) are modified analogously to the spin-one case, namely
20,8 = (D = 2)¢" ¥ — 20",
20,6 = D¢ 4 2¢7© 4 2D e' M = 0, (2.167)

thus proving we can find standard supertranslations (2.154), since & gul),
are unconstrained by other equations.



Chapter 3

Two-form higher-order
asymptotic symmetries

In this chapter, we review the work [29], with the aim of exploring higher-
order asymptotic symmetries for electromagnetism and two-form theory. In
fact, building on the ideas behind the formulation of superrotations [70, 71],
asymptotic symmetries have been generalised to higher orders. The order of
an asymptotic symmetry is defined with respect to the radial power of the
corresponding asymptotic parameter in Minkowskian components'. Super-
translations are, for instance, O(1) (or O(r°)) asymptotic symmetries, while
superrotations are O(r). The key concept of the infrared triangle is that the
semiclassical Ward Identity for an O(r") asymptotic symmetry corresponds
to the sub™-leading soft theorem. We can find analyses of O(r) asymptotic
symmetries in electromagnetism [25], recently generalised to arbitrary O(r")
in [26]. The non-abelian case was studied at O(r) in [134], and recently ex-
tended to arbitrary higher order in [135,136]. For gravity, O(r?) asymptotic
symmetries were studied in [31], exploring the connection with sub-subleading
soft graviton theorem. In this work, we present the O(r") generalisation of
two-form asymptotic symmetries, whose O(1) formulation was studied in the
context of the scalar duality in [27,28] and recently refined in [34].

One of the issues about higher-order asymptotic symmetries regards the
preservation of the boundary conditions, defined by assigning falloff conditions
to the gauge fields at the boundary under investigation, which in our case is
Z". Typically, one starts by determining the falloffs of the field strength of
the theory under investigation and then deduces the gauge fields falloffs. This
process, however, is not entirely unambiguous, as field falloffs can include

n fact, this is not equivalent to study the radial power of Bondi components, since when
focusing on angular components we have an extra power of r from the change of coordinates.
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overleading pure gauge terms, allowing for the extension of the order of the
asymptotic parameter that preserves these falloffs. An exception is the radial
gauge in electromagnetism, where this flexibility is not present for O(r™); (N >
0) parameters.

Another key point is the choice of field and parameter expansions. While
early work focused on % expansions, recent analysis have introduced logarith-
mic terms [47,48,50,137], which seem unavoidable in certain setups, such as in
the Lorenz gauge, which we adopt. In this gauge, the asymptotic symmetries
require logarithmic terms in their parameters, though not in the field compo-
nents. Therefore, we allow for logarithms in the gauge fields only in pure gauge
sectors. As a consequence, the field strength admits a simple power expansion,
as detailed in section 3.2 and section 3.3.

A challenge with higher-order asymptotic symmetries is the divergence of
the corresponding asymptotic charge. These divergences are interpreted as am-
biguities in the presymplectic potential and can be renormalized in the manner
of [24]. We apply this procedure to eliminate divergences while preserving the
finite parts.

There are several motivations for this work. To begin with, O(") two-
form asymptotic symmetries are interesting because of the existence of the
scalar duality, since in D = 4 a two-form is dual (on-shell) to a scalar field.
Hence, understanding these higher order asymptotic symmetries could be the
key to understand asymptotic symmetries for scalars. And since scalar the-
ories represent the simplest field theories, these results could help towards a
deeper understanding of the connection between asymptotic symmetries and
physical effects. Furthermore, as discussed in the second part of this thesis,
O(1) asymptotic symmetries of electromagnetism are linked via double copy
to BMS supertranslations and O(1) two-form symmetries [34]. This suggests
a potential generalization to higher order and specifically to O(r), providing a
two-form counterpart to superrotations.

Additionally, let us observe that the two-form provides the simplest exam-
ple of a theory possessing a gauge-for-gauge redundancy, namely the gauge
parameter has itself a gauge symmetry. We thus might expect some pecu-
liarities that are not present in the electromagnetic case. From our analysis,
however, it seems that no particular role is played by the gauge-for-gauge
parameter, except that of simplifying some computations.

We begin with an analysis of electromagnetism, which can be partially
understood as a review of [26], and then extend our approach to the two-form
theory, first reviewing the existing results in literature about O(1) asymptotic
symmetries [27,28,34] and then generalising the discussion to arbitrary O(r").
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The symplectic renormalization is presented in section 3.4.

3.1 Preliminaries

3.1.1 Review of notation and conventions

We focus on D = 4 and adopt the mostly plus convention for the metric. For
the discussion of asymptotic parameter, we employ retarded Bondi coordinates
(u,r,2"), with 7 being the radial coordinate, u = t — 7 the retarded time and
2 (¢ = 1,2) the angular coordinates, which we parameterise by means of
stereographic projection in terms of (z, z), related to the standard angles as

. 0 - 0
z = €' cot 3 z=re"cot 7 (3.1)
with 6 € [0, 7] and ¢ € [0, 27).

The Minkowski metric reads
ds® = —du® — 2dudr + r°v;;dz" d2’, (3.2)

where «;; is the unit metric on the two-sphere, which is anti-diagonal in terms
of (2, z), with
2

Tar (3.3)

Y2z =
The covariant derivative with respect to «;; is denoted with D; and the
two-sphere Laplace operator is D? = D;D". At the same time, we use v, for
the covariant derivative respect to the metric (3.2) and O = V,V* for the
d’Alembert operator. Divergences are often denoted as D -V := D'V, and
V-V:=V"V,.
The non-vanishing Christoffel symbols are

U r 7 1 7 z Nz 2z
Fij = _Fij = T%j5> Frj = ;63'7 I, =1%=— . (3.4)

z 1+ 22
We often make use of the following commutation relation, which we write
here explicitly:
D,D*V; = (D* - 3)D,V; + 27, D, V". (3.5)

Future null infinity Z" is reached by sending 7 — oo (or t — 0o) with fixed
u. It is a null hypersurface with R x S? topology. Sending u — +00 we reach
Z{. Fields and parameter are expanded near Z*. The most general radial
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expansion we write is

:E:: A(nz)IO§;T7 (3.6)

where the coefficients of the radial expansion are always denoted with a super-
script “(n)” and, in particular, we use the hat for the logarithmic coefficients.

When discussing charges and renormalization we employ (¢, u, z, Z) coor-
dinates, since we are interested in the large t—behaviour around Z*. The
expansion coefficients are denoted with a subscript “(n)” and

Y= Z tnIQO(nl) + 10gtz tn2 (ﬁ(n2). (37)
nq Ty

To describe the behaviour near Z* we consider only power expansions that

= Z umgo(”’m). (3.8)

In some cases this expansion is valid for all values of u and not only for v —

we denote as

—00, but we use the same notation, specifying always the meaning.

3.1.2 Asymptotic charges

Electromagnetism. Considering the Lagrangian

1
L=—1F, ", (3.9)

the presymplectic potential current reads

/=g F"™S A, (3.10)

Given a gauge transformation .4, = 0,¢ the current is an on-shell total deriva-
tive

T = —0,(J=g F"™¢). (3.11)

We consider a surface ¥, at constant ¢ = u+r and then study the limit t — oc.
This defines the asymptotic charge, evaluated in (u, t, z, Z) —coordinates, which



3.3.1 Preliminaries 59
18

Q. =lim — [ dudzdz0,(v/—g F'e)

t—o0 )
f (3.12)
=lim — [ dudzdzv,;(0, — 9,)(r*F,,€),
t—o0 2,

where in the last step we substituted the expression in terms of Bondi compo-
nents and neglected a total two-sphere divergence.

At the same time, we can write a dual asymptotic magnetic charge, which
is

Q,, = /Z dudzdz(d, — 0,)(/—g F,.€) (3.13)

where F is the dual field strength, defined as through the Hodge dual F = *F,
and € is the gauge parameter of the dual gauge field A, with F' = dA.

However, it should be noted that the definition (3.13) is not entirely correct.
As studied in detail in [138], the charge (3.13) is not derived from a well-defined
canonical analysis. To obtain its correct form, one should extend the covariant
phase space by means of edge modes degrees of freedom. In particular, the
correct magnetic charge is different from the one (3.13) when the dual gauge
parameter has singularities.

We do not perform such an analysis here, as our primary interest lies in
the two-form and the comparison with the electric charges. The correct form
of the charge is used in [26] for a O(r") dual gauge parameter. We leave this
analysis for future investigations.

2-form. The Lagrangian is

1

L= H,,H" (3.14)

so that the presymplectic potential current reads

0l = —/—g H"*5B,, . (3.15)

(0,\, — 9,\,) the current takes the

Given a gauge transformation 0B, = »— 0,

form

1
2

Tt = —0,(v=gH""X,). (3.16)
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Considering again a constant time surface ¥, , the asymptotic charge is defined
as the limit ¢ — oo of the quantity

Qp = lim | dudzdzv.:(9, - 0,) (rPH""\,) (3.17)
—00

3

where we are neglecting again a total two-sphere divergence.

For higher-order asymptotic symmetries, there are t—divergences which
imply that the both @), and ()5 are not well-defined in the limit. However, we
can employ symplectic renormalization in order to neglect these divergences
and perform the limit.

3.2 Electromagnetism

We start by deriving O(TN) asymptotic symmetries for electromagnetism. We
do not consider sources in our analysis and focus only on the soft part of the
charges, with the aim of comparing the spin-one and the two-form results.
This is motivated by the fact that the double-copy results [34], which partially
inspired this work, are based on a dictionary that treats differently fields and
sources [11]. In addition to this, we observe that the source of [25,26], namely
the current of scalar electrodynamics

Ju = 1e¢D, " + c.c (3.18)

with D,¢ = 9,¢ — ieA,¢, with the standard assumption ¢ = (9(%) and A, =
O(%), leads to a nontrivial constraint on the u—dependence of qﬁ(l), which
comes from the condition j* = 0.

Let us also remark that we cannot treat A, and j, independently in an
order-by-order analysis of the equations of motion, crucial to determine the
correct falloffs. Indeed, some leading components of the current j, already

involve A,, making it nontrivial to assume that the results align with those

"
derived from the free equations of motion. For instance, in the case of ¢°
theory in D = 4, as noted in [98], the standard falloff of scalar field ¢ = O (%),
is not consistent with the equations of motion in the presence of the interaction,
while being fully compatible with the vacuum equations of motion.

A full analysis is left for future investigation, while in the present setup
we restrict our study to the scenario where all quantities satisfy the vacuum
equations of motion, analysed in Appendix A. Let us observe that this setup
applies also to the case of solutions far from localised sources, to which the

vacuum equations of motion provide a good approximation [139].
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The falloffs analysis starts by asking compatibility with some physical re-
quests about the field strength:

F, =02, E,=0(1), E,=0"?), F;=0(1). (3.19)

Moreover, we propose a key ansatz regards the expansion of the field strength
components:

F, =) === (3.20)

where we add details on the u—dependence in the next section. Hence, log-
arithms are not included in the field strength expansion, unlike the gauge
parameter and the gauge field components. This choice is motivated by ob-
serving how logarithms in (3.20) are unnecessary. In fact, they are required
in the gauge parameter because otherwise the Lorenz gauge condition does
not allow for a non-trivial O(1) term. Consequently, logarithms are added
in the field components or otherwise the falloffs cannot be preserved (see, for
instance, section 5 of [50]). However, this issue is specific to Lorenz gauge but
does not arise, for instance, in retarded radial gauge or in radiation gauge. In
these well-studied and somehow simpler cases, the parameter does not require
logarithms, therefore there is no need to consider these terms in the gauge field
components and, accordingly, no reason to add them in the field strength. And
since the field strength is a gauge invariant quantity, we do not expect the ex-
pansion considered to be gauge-dependent. This choice is one of the main
differences with [26]. Note that this does not imply that including logarithms
in the field strength does not make sense, but only that the confrontation with
other analyses in other gauges must be performed cautiously. To our best un-
derstanding, our setup is not modified when considering sources, as they are
gauge invariant.

We work in Lorenz gauge
VF¥A, =0, (3.21)
so that the residual gauge parameter ¢ obeys to
Oe=10 (3.22)
and the Maxwell equations reduces to

DA, = 0. (3.23)
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3.2.1 Falloffs

The choice (3.20) has a crucial consequence on the logarithmic terms of the
gauge field components: they are pure gauge terms. Therefore, the gauge field
admits the general expansion

A, =A,+0,a= Z

n,ny,ny

r

A a™) (nylogT
T’; +9, (T +am =) | (3.24)

where we factored out all the pure gauge sector. The Lorenz gauge condition
implies that the a-series satisfies the wave equation.

Only the first series in (3.24) contributes to the field strength, allowing us
to determine the falloffs of A, from (3.19), which are :

A, =00, A =007 A =0(), (3.25)

where constant terms are neglected®. It is straightforward to verify that these
falloffs are consistent with the equations of motion. In fact, since the log-
arithms appear in pure gauge sectors, it is sufficient to study the equations
of motion for a % expansion. Specifically, A; has the role of the free Cauchy
data, as it remains unconstrained by the equations of motion, meaning that
AZ(-O) = AZ(-O)(u, 2,%) is arbitrary on Z*. We assume that, as we approach Z7,
AZ(-O) tends to a well-defined function of (z, z) as

0
AP 2,2) = 3 WAz, ) (3.26)

m=—00

Although other expansions® are possible, the structure in (3.26) simplifies the
discussion of renormalization. In particular, this assumption has consequences
on the expansion of the presymplectic potential in (3.127) and the consequent
renormalization procedure.

2See section 3.2.4 for further comments.
*In [26] it is assumed that the term AEO) satisfies the so-called tree-level assumption,
namely
AL = AP 4 O(ju| ™) (3.27)
in the limit v — o0, meaning that lir:il u"9,A; =0 Vn > 0. However, this assumption
U—r L0

is not required for the purposes of this work and therefore we relax it. See the conclusions
for further comments.
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We can also rearrange the expansion (3.24) as
.A,(f) i log T
AH:;T_n—i_Z,A“ 7, (328)

where it is important to remark that the second series is entirely pure gauge,
while the first series receives contribution from both A, and a.

Let us notice that, by allowing for overleading pure gauge terms, we are
extending the space of asymptotic field configuration I' and therefore we are
generalising the presymplectic potential, since the variation d.A, is within the
space I'. This turns out to be crucial for the discussion of charge renormaliza-
tion.

3.2.2 Field strength

As shown in (3.12), the component F,, = O(r?) enters in the asymptotic
electric charge definition. Specifically, the assumption

Fur :i

n=2

)
ur '2
. (529

implies that only the first series of (3.24) contributes to it. Using the equations
of motion, we find

F2=p.A0
D2 (3.30)

Fm = — A DA (> 9),
n R

as well as
d,FY =0,D- AV
0,F® — _Lpp. 40

u ur 2

D’ D’ D? + (n—2)(n—3)

o, Fm — —_ 1) A2 D. A3 > 3).

wlur’ =7 ((n—Q)(n—3)+ ) oot 2(n—2) (n>3)

(3.31)

We can perform a further gauge fixing and express F@E?) only in terms of D - A.
This is discussed in the rest of the section and in detail in section A.2.

These equations, together with the assumption (3.26), fixes the u—dependence
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around v — —oo to be

00 n—2
1
Fp=Y =& MEM™ (2, 2) + f (u, 2, 2 3.32
ur nz;rn 7n2:0u ur (Z7z)+f’ll/f’ (u7Z7Z) ( )
where f&?)(u,z,,?) — 0 for u — —oo and, consistently with (3.26), has a
u—power expansion. On Z] we assume that the field strength goes to zero

because we are not considering massive charged particles.

The dual tensor F,, := (xF),, is defined as

ur

(3.33)

where €” is the antisymmetric Levi-Civita tensor on the two-sphere.

In order to analyse it, let us introduce a particularly useful splitting which
generally valid for every two-sphere vector

This is the Helmholtz decomposition on the two-sphere which, in stereographic
coordinates, takes the simple form

Az = Dz(A + A/)a

, (3.35)
A, = D.(A- A).

This splitting is particularly well-suited for analysing asymptotic symmetries
since these two components decouple in the asymptotic charges. Indeed, the
tensor F,,., that appear in the asymptotic electric charge definition, depends
on D- A = D?A, while the dual tensor, which enters in the magnetic charge,
depends exclusively on £ F; = 2D 4’

3.2.3 Asymptotic symmetries
O(1) asymptotic symmetries
Working in Lorenz gauge, the residual gauge parameter satisfies the wave equa-

tion

Oe = 0. (3.36)
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In order to find a O(1) term with arbitrary dependence from angular vari-

. . . 4 . .
ables, a standard power expansion is not sufficient™. A solution is to use a
polyhomogeneous expansion

€= i S f: emlo8T (3.37)

[

This parameter does not preserve the falloffs (3.25). We thus modify them
to be

A, = O(k’%), A, = (’)(k;%"), A, = 0(1), (3.38)
where the overleading terms respect to (3.25) are understood as pure gauge

terms. Note that, if this were not the case, we would have found F,; = O(%7),
T

overleading respect to (3.19), or should have imposed a constraint® on fl?(«z) and
AY | namely /lgl) = —D,A?. According to the notation (3.24), the falloffs

(2

(3.38) consist in
A, =00, A =0"%  A=001), a=0(1), (339

with a polyhomogeneously expanded as in (3.24).

The equation (3.36) for a parameter of the form (3.37) implies for the first
orders that

O = 0, 2),

|
&0 = SuD?” + &z, 2), (3.40)
e = e(l)(u, 2, Z),

where the subscript “c 7 denotes a u—integration constant, that appears in

(1)

general at every order, while € is completely free. All the functions that

43

appear with a subscript “c 7 depend only on z and z. In particular, the

u—dependent part of ¢V can be used to fix A = 0, leaving only €V (z, 2)

and all the €/ (z,2) for n > 1 can be used to gauge away u—independent
(n)

.’ to reach the condition

components of Aﬁ”). In particular, we use the various €

A0 (5 z) = 0, (3.41)

(n)

*In fact, the wave equation for a parameter ¢ = > < implies Dze(o)(z, z) = 0, thus
©) are allowed. In D > 4 we do not even find constants [50].
°To be precise, this constraint should be imposed only on the u—independent part of

showing that only constants are e

AS‘” and A§1)7 because for the u—dependent part it comes from the equations of motion.
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at u — —oo, meaning that we are cancelling the u—independent part at Z~.
Comments are added in section A.2. Having used all the subleading terms in
¢, we have reached a complete gauge fixing.

The parameter (3.40) preserve the falloffs (3.38) and, as we discuss below,
it corresponds to the standard O(1) asymptotic charge.

O(r) asymptotic symmetries

We are now interested in a O(r) asymptotic parameter which, however, would
violate the falloffs (3.38). Therefore, we consider

A =0(1), A, =0(1), A =0(@) (3.42)

where all the leading terms are now in pure gauge sectors, meaning that we
consider a = O(r) respect to (3.24). The parameter takes the form

€= i S iém)b#, (3.43)

where we emphasize that the logarithmic series starts again from n = 1. In
fact, the second series is necessary to find a O(TO) term with arbitrary angular
dependence, but then the O(r) term can have it without requiring additional
terms®

For what concerns the gauge parameter, the wave equation implies

D — (—1)(2 z),
0) _ D2+2 ey

€ — +e(2,2),
2 (3.44)
1 2D2_2 2 1 1 2 (0 1
eV == =D+ ouDe” + &0z, 2),
L — e(l)(u, 2,%).

The same comments as before on the subleading integrations 6(”),€(") with

n > 1 can be repeated here. However, in this case we find two distinct arbi-
trary functions of the angular variables, eg_l)(z, z) and ego)(z, Z), to which we

SWe could, in principle, consider a logr term in the series (3.43), but in order for it to
have a non-trivial angular dependence we should add a third series

o0

Z )log r

n=1
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can associate two independent contributions to the asymptotic charge, which
correspond to the leading and the sub-leading soft photon theorem, as was
derived in [25].

(@ (rN> asymptotic symmetries

As understood, we can in principle generalize the falloffs to an arbitrary r
order (N > 0) by taking a = O(r"). Consequently, we consider O(r") gauge
parameter, with expansion

€= i e+ ié“‘)b#, (3.45)

where the second series starts again from n = 1.
The wave equation implies that, for every 0 <n < N

Z umemm (3.46)

—n.0) - . . .
(=m0 is unconstrained at every order n, since it

where the u-independent part e
comes from a u—integration constant. Note that, although we used the same
notation of (3.32), this expansion is valid for every value of w.

Consistently with the previous notation, we define
= 0, (3.47)

Given all the eg_”) for 0 < n < N, the wave equation completely determines
the structure of the u—dependent terms to be

1 m
(—n,m) __ . (—n—m)
€ = 9 ml(n £ )] J:ll (i+n)(i+n+1))|e . (3.48)

(—n—

where €, ™ = 0if n+m > N. Hence, there are N independent free functions

of the angular variables which give contributions to the asymptotic charges.
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3.2.4 Charges

Leading and subleading electric charges

The asymptotic electric charge is formally determined by

Q. = lim — [ dudzdz~,.(0, — 0,)(r*F,€) (3.49)

t—o00 s,

and taking the finite part. The integral is ill-defined because there are both t—
and u—divergences. However, these divergences are understood as ambiguities
of the presymplectic potential and are analysed in detail in section 3.4.

We start defining
p=1F, € (3.50)

Note that studying the O(t°) term is not equivalent to studying the O(r°) term
in general, except when considering a (9(7”0) asymptotic parameter. Indeed,
for a O(r) parameter, we have

p=r [Féf)e(_l)} + [FQEE)G(_I) + Fﬁ)e(o)] + ... (3.51)
which implies

(3.52)
while, substituting » =t — u, we find

(0u=0,)p = t | V0,FD |+ V0, FD + 0,(FR ) — 0, (wFR) |+
(3.53)

Using the expression for ¢ in (3.44) as well as those for F,,, (3.30)-(3.31)
and, substituting 7 = ¢ — u, we find up to some integration by parts at O(t°)

1
Q.= / dudzdzy,- (2uz>2 09,0 A0 4 D9,D. AO ) = QY+ QY

(3.54)
which matches the soft part of [25,26]. In particular, the charge Q(_l) is the
one derived in the context of the subleading soft photon theorem in [87], thus
indicating that the O(t°) term is the correct one to consider. This approach
differs, for instance, from the one proposed in [140] where the charge corre-
sponding to the subleading soft photon theorem is not overleading as our Q(_l)
but the first subleading.
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(@ (’l"N) charges

Next, we determine the O(r") charge. For a O(r") parameter, p, defined in
(3.50), has the following expansion

oo

(CONS
p (mlogT
p=> r—n+§ P == (3.55)
n=1

r
n=—N

We focus on the part containing positive powers of r, namely the first series
with —N < n <0, which we rewrite as

N
> ottt (3.56)

with
2Hk) (=n=k), (3.57)

To evaluate the charge we need to integrate
(8u - a’r‘)(rnp(_n)) = Tn up(_n) - nr(n_l)p(_n) (358>
so that the O(t") terms reads
N N
S (a0 — (=)™ D) = 3 @, ) (3.59)
n=0 n=0

Hence, the charge at O(t") reads

Q. = — ZO /Z | dudzdz(9,((—u)"p™™)). (3.60)

As one can observe, there are divergences from the du integral, coming from
powers in u of both € and F),,. These divergences can be renormalized as well,
leaving us with the O(u”) term. We can now perform the limit for ¢ — oo and
find

N N
Quren =S Q0 =3 /Z ez EEY L (361)
n=0 n=0 -

where the meaning of F£§+"’O) is explained in (3.32). The renormalization
discussion is presented in detail in section 3.4 and the results match the ones
discussed in [26].
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Finally, we can express everything as a function of the free data A© by
means of the residual gauge fixing and, using the expressions derived in sec-
tion A.2, we find

Qg(,)l)Fen = / . dzdz,; e£0)1)2 A0,0)
N (3.62)
Qg?en = — / dzdz Y.z EE_")DQA(MO) ) (n > 1)
I+

Global charges in Lorenz gauge

Even though it is not strictly related to our purposes, let us add a few com-
ments to the subject of the global charges, which should appear in

Q0 = [ dedzn. Y (3.63)

as the case of ego) being a constant parameter. However, in Lorenz gauge we
have F{? = D . A© (also in the presence of sources’), and therefore we find
Q(O) = 0, which would imply the absence of the standard electric charge.

const

This problem is solved by noting that the field strength falloffs, consistently
with the equations of motion, allow for a

A =0 (1) (3.64)

r

with a constant AS). The correct expression for Fﬁ), also in the presence of
sources, would be
F?D =p.A® 4 4D (3.65)

thus providing a term in (3.63) that survives in the constant € case.

Neglecting the constant Aﬁl) has no consequence in the analysis of asymp-
totic symmetries, characterized by non-trivial egn), but it is crucial to find
consistent global charges. To our knowledge, this detail has been first pointed
out in [34].

"The condition Fﬁ) =D A can be derived by the Lorenz gauge condition and there-
fore it is unaltered in the presence of sources. See the Appendix A for the order-by-order
equations.
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3.3 Two-form

In D = 4, a two-form gauge field B, is dual, on-shell, to a scalar field ¢
through
H = xdo, (3.66)

where we introduced the field strength H = dB. By assuming the standard
behaviour of a scalar field approaching null infinity

Dy 2
P UL N (3.67)

r

the duality induces the field strength falloffs, namely
Hu'ri = O(T_l), Huzj = O(T), HT'?,j = O(l) . (368)

Accordingly to the setup chosen for the spin-one case, the field strength admits
a power expansion, thus allowing for logarithms in the gauge field components
only in pure gauge sectors. We work again in Lorenz gauge, namely

V¥B,, =0, (3.69)

so that the residual gauge parameter obeys to the Maxwell equations
Ox, =V, V-A=0. (3.70)
Furthermore, A, itself possesses a so-called gauge-for-gauge redundancy, namely

O\ 0,

ey — Upt,

(3.71)

with e being a scalar function. We use € to reach the Lorenz gauge for the
parameter \,, so that it obeys to

0N, =0, V-A=0, (3.72)
and the residual gauge-for-gauge parameter obeys to
e = 0. (3.73)

This equaton is analysed in detail in Appendix A.
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3.3.1 Falloffs and field strength

The two-form analogue of (3.24) is

B | ~nylog T
By =B, +0uby= Y [ i+, (b(y] I)W + bl(/]Z)TTQ) . (3.74)

n,nq,My

where the pure gauge part has been factored out, so that only the first series
is relevant to the field strength.

The field strength falloffs (3.68), together with the ansatz about the power
expansion, the equations of motion and the Lorenz gauge condition, determine
the falloffs of the first series to be

By =0(r), Bu,=0(), B,=04"), B,=0"7?. (3.75)
(-1)

]
that it approaches a well-defined function in the limit © — —oo and admits a

In particular, B;; ’(u, 2z, Z) has the role of the free data and we assume again

u—power expansion near Z_ as in (3.26).
We can also write (3.74) as

B s log T
B.,=>_ L+ > B —. (3.76)

r

As a consequence of the previous discussion and the equations of motion, we
find that the field strength approaches Z" as

[e¢) n—1
1 m n,m n _
n=1 m=0

where A" — 0 for u — —oc.

In order to discuss asymptotic symmetries we apply the splitting previously
used for A; to the parameter component \;, with components

Ai = DA+, DN, (3.78)

and expansion coefficients A™, A™ and N™ N™ | By looking at (3.17), we
observe that only the second component can contribute to the asymptotic
charge, since

D'H,.; =0 (3.79)

as a consequence of the Bianchi identity V;H,,,) = 0. This can be understood
by noting how the term D;\ in \; resembles a gauge-for-gauge redundancy.
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Similar expansions can be proposed for the components

B,;=D,B, +¢,;D' B,

B, =D,B, +¢&,;D’ B, (3.80)
while, for the free data B;; we write
By; = &, B. (3.81)
Under a gauge transformation parametrised by A, X', we have
6,B =0, 6yB =D\, (3.82)

which further clarifies the different roles played by the two components of the
splitting (3.78).

3.3.2 Asymptotic symmetries

Given the expression (3.17), we observe that to find a non-vanishing charge,
A; has to fall off at most as O(r), because of (3.68). To find a non-trivial O(r)
term in ), it must admit a polyhomogeneous expansion such as

[e’] n) [e'e)

N= % Z log : (3.83)

n=—(N+1)

with N > 0. In particular, the second series is necessary to have a nontrivial
XD

Furthermore, we observe how the splitting (3.78) is particularly useful when
working in Lorenz gauge. Indeed, the parameter, obeying to (3.72), completely
decouples after the splitting. As detailed in Appendix A, the equations LI\, =
0, 0N, =0 and V - A = 0 involve only the divergence of \; and therefore only
A. At the same time, the equation for [J\; decouples as well and, in particular,
the order-by-order equations for \" are

~

{—QnauX ™ 429, = [D* + n(n — DN —2(n — DAY,

. . 3.84
—2n9, N " = [D* + n(n — 1N Y (3.84)

where A™ = 0 for n < 0 in our expansion. This system is quite similar to the
one for a scalar obeying the wave equation, up to a redefinition of the orders
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due to the fact that we are studying angular components \,%. In particular, it
is easy to check that, without a X' ©), the system (3.84) leads to

DN =0, (3.85)

thus proving we cannot find asymptotic symmetries in Lorenz gauge without
a polyhomogeneous expansion.

O(1) asymptotic symmetries

While it would be sufficient to consider only X', as clarified earlier, we start by
briefly reviewing the result [34], where the O(1) of a two-form asymptotic sym-
metries are understood as a component of the double-copy supertranslations.
To this end, we consider

Bur = O<T71)7 Buz = O(log 7“), Bm’ = O<1)7 Bz = O(T>7 (386>

J

where the overleading terms respect to (3.75) are understood as pure gauge.
Relative to the writing (3.74), the falloffs (3.86) mean

Bz’j = O(T>7 Bui - O(1>> Bm’ = O(T_l)v Bur = O(T_Q)J 3.87
b, = O(1), b, = O(1), b =O(r). (3:87)
Note in fact that it is not possible to have a non-trivial B} and Bﬁ?) without
having B,; = O(logr), as observed in [34].

To find leading orders with a non-trivial angular dependence we require the
gauge parameter to admit a polyhomogeneous expansion as well, in particular

A Sy log T
)\u - Z rn _'_ Z )\u ,rn )
n=0 n=1
XM & logr
py— r n)
. Z;M+ZQT7T7 (3.88)
- )\En) 2 (n) logr
>‘i = Z n + )\7, n
n=— n=0

8Sometimes a different parametrization is chosen, so that a vector reads
u T 1 A
A=XN0,+XN0.+-)0;,
r

with the extra % in front of the angular component. With this parametrization, the system
would have been identical to the scalar one.
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Equations (3.72) imply on the first terms that

AW =202, A =202, ATV =aV¢2, AV =A0(3)

(3

(3.89)
and fix a relation between the leading orders, namely
DAY + 200 — Ay _2piaY =g (3.90)

We parametrise the solutions to this equation as “supertranslations+something
else”, namely”

- D* +2 :
N = —T(2,2), A= DT +R,(2,2), A= -—°T-D'R,
(3.91)
The supertranslations part here resembles a gauge-for-gauge redundancy.

Indeed it can be fixed away by means of a gauge-for-gauge symmetry of a
scalar parameter with ¢(™Y = T(z,2z). The other part, parametrised by R;,
can be decomposed again in

R;=D/R+¢c,;D'R' (3.92)

and only R’ contributes to the charge, while the existence of R signals the
possibility of performing a further residual gauge fixing. For more comments
see section 5.5.2 .

(0 (TN> asymptotic symmetries

Let us now discuss a O(TN) asymptotic parameter, with the expansion (3.83).
Using the splitting (3.78), the only contribution to the charge comes from the
term ). In fact, to study the asymptotic symmetries of a two-form we can
consistently choose

A,=0, A=0, A=0. (3.93)

With this choice we cannot appreciate the possible double-copy structure as
in the previous discussion, but it is the simplest way to analyse the two-form
asymptotic symmetries. This setup implies, for instance, that the falloffs of
B, B,, B, where we used the notation introduced in (3.80), can be always

9 . . .. .
Let us remind that indices are raised as

AU (n) _ _)\(”) A" (n) _ )\(") . )\(n) )\A (n) _ ,yij)\(_n+2)
T ) T u ) Vi

so that we recognise 7 (z, z) as the conterparto of the function that parametrises supertrans-
lations in the gravitational case.



76 Two-form higher-order asymptotic symmetries

preserved. The falloffs we need to generalise by means of pure gauge terms are
only B, B.., B,. In particular, \" acts on these components as

BB)"™ =D\ 5B =N ™, [0B)™ = —(n — )NV 4 VY
———(n)

——— (n) ——(n)
]

OB]  =D*N™  [§B]) = —(n -1\

(3.94)

The wave equation for \', which is reported order-by-order in (3.84), com-
pletely fixes the u—dependence on Z" being again of the form

NED =3 gy e (3.95)

where we are now focusing on the n > 1 part, which gives non-vanishing
contributions to the charge, and in particular

(n—1)! - , . hem
! H(D2+(z—|—n—1)(z+n)) W )
i=1
(3.96)
where the result is identical the case of the scalar wave equation except for a
shift n — n — 1 due to the fact that the equations of motion of the angular
component change the r-order (see Equation 8).

1

/\/(7n,m) _
2" ml(n+m—1)

3.3.3 Charges

Leading and subleading charges.

We study the limit ¢ — oo of
- | dudzdzr.s(0, - 000 Huiky). (3.97)
Xy

and consider the O(t°) term. We rewrite the integral using the splitting (3.78)
and integrating by parts as

/ dudzdzy.:(8, — 8,)pu | (3.98)
Et

where we define
pH = )\lgl]DjHuri . (399)

We start considering the leading and subleading contributions to the asymp-



3.3.3 Two-form 77

totic charge, with a \' = O(r?). In particular, we have

(8, — 0,)py =7 [ )£9,D, Hwﬂ [ N2gip o)
(3.100)
and the O(t") term is given by
d, (—UX( 9D, HY + N Vp gl 4 N CDip, Hﬁi) . (3.101)

while the term linear in ¢ is neglected by means of symplectic renormalization.

To evaluate this, we need the expressions

HY = DB
D2 (3.102)

i p(=1)
?) Hurz - 9 D]Bij ’

and, by means of (3.81), we find

D, HY) = D*BCY,

£99,D;H) = —~—L B,

urt 2
Finally, using

A2 — /\(—2)( z),

D49 (3.104)
2N D2, 2) + XOV(z, 2),

)\(—1)

we arrive to
Qn - QY+, (3109
with
QO — / dudzdzy.. X009 D’ B, (3.106a)

The charge Qg) matches the one presented in [34]. It corresponds to the
leading soft scalar theorem, originally derived in [37], as studied in [27,28]. The
charge le), to which we refer as subleading, is presented here for the first
time. Interestingly, it has a form identical to its electromagnetic counterpart
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Q™Y derived in (3.54) which, up to an integration by parts, reads
QLY = / dudzdz%%eg—”au(92)2A<°> (3.107)

where we used the splitting (3.34) to highlight the similarity between the two
charges. Our guess is that the conservation of the charge (3.106b), up to
the identification of BV with the scalar mode gb(l), might correspond to a
subleading version of the soft scalar theorem presented in [37].

To our knowledge, however, no subleading formulation of the soft scalar
theorem of [37] has been derived yet. Nonetheless, we expect the subleading
soft scalar factor to have a similar structure to the photon and graviton ana-
logues. This is motivated, for instance, by the structure of subleading soft
factors for dilatons, derived in [141,142].

Furthermore, we notice the proposal in (3.43) of [37] for the smeared version
of the scalar charges is also motivated by the analogy with electromagnetism
and gravity. In this sense, the natural proposal for a subleading version of the
charge would be our QEB_I).

0 (’I“N> charges.

Let us now consider the (’)(rN) charges with arbitrary N by repeating the same
step of the previous case. We have

o (n)

p — () log 7
o= 3 S pmlosr. 108
n=—N

n=1

We focus on the part with — N <n <0 with

N—
" =Y NCrEID (3.109)

uri
k=0

3

so that the O(t") term reads

f: d, ((—u)”p“")) , (3.110)

with the charge

dudzdzvy,; 0, ((—u)"p(_")> . (3.111)

-3

n=0 2y
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There are again u—divergences, but they are understood in terms of ambigui-
ties of the presymplectic potential. We are left only with the u—independent
terms and a well-defined integral, so that we can perform the limit ¢ — co and
obtain

N
Qporen = > QG = — /I dzdzy ANTIDHGEY (3.12)
n=0

The confrontation with the spin-one counterpart is straightforward: we
find N independent asymptotic charges, parametrised by N arbitrary scalar
functions of the angular variables, arising from u—integrations. Using the
expressions obtained in section A.2 we find

QY = - / dzdzy. VDB
It

(1) (D) o
Cp " == | dedzhe 7= B (3.113)
_ —2
Cm) T / dzdzy, N\ DR 10 (n>2).
2 "

3.4 Renormalization of the charge

Our study of asymptotic charges encounters two types of divergences: those
arising from positive powers of ¢ and those resulting from the du integration
over positive powers of u. To address these issues, we employ a symplectic
renormalization procedure, as proposed in [24].

The presymplectic potential admits two types of ambiguities that allow us
to define an equivalence relation

6" ~ 0" +0,T" 4 0=F, (3.114)

with T being antisymmetric. Our prescription is to use these ambiguities to
cancel the divergences while leaving the rest unchanged.

We do not need to specify the theory to which we are referring, since all
the expansions and assumptions apply to both one- and two-form cases, as we
prove. This is a consequence of using the same setup for both theories. In
(u,t, z, z) coordinates, we have

0,0" ~ 6L — 0,0" — 0,6", (3.115)

where “~” denotes an on-shell relation. As t — 400, §' has the general



80 Two-form higher-order asymptotic symmetries

structure

N
9! = Z tnﬁfn)(u, z,Z) + 9?0) (u,t, z, z), (3.116)
n=1
where 9’(‘/0) (u,t,z,z) is such that tlgglo 9%0)(u,t,z,2) = QEO)(u,z,Z). In particu-
lar, logarithmic terms such as ¢ "logt are inside 9%0)(u,z,2) and, therefore,
not relevant. Similar expansions are introduced for £,60" 0" with respective
coefficients L), 0(), 0(n) -

Let us verify that the expansion (3.116) holds in both one- and two-form
cases. For the spin-one case, we write

Bt = 0" 1+ 07 = 12y (F™ + F™)6 A, . (3.117)

In our setup, the field strength admits a power expansion, while for the gauge
field variation we have

SA, = 6A, — d,da, (3.118)

where A, admits a power expansion as well, while for a we chose to consider
a polyhomogeneous expansion. In particular, we used

Sl CO)

(3.119)

with the logarithmic series starting at order O (10%) Summing over indices

we find y
02 = TQPYzZ [Fm‘(éAu - 5"47“) - Z_QFUJ5A2:| (3120)

and, using the field strength falloffs (3.19), we deduce that the first logarithmic
term in 6’ is of order O (loﬁ) and therefore of order O (logt). The highest

T t
order, instead, is of order O(r") and therefore O(t").

Let us repeat the analysis for the two-form case. We have
etB = TZIYZZ(HWW + HT#V)(SB;W

) ik il (3.121)
i Yy
= Y2z 7JHuri(6Buj - 6Brj> - THW]&BM

Field strength components admit a power expansion with falloffs (3.68). The

two-form gauge field variation is

0B, = 6B,, — ,,0b, (3.122)

uv
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with b admitting a polyhomogeneous expansion of the form

. > bin) > 7 (n) lOgT
bu_n:Z:Nr_n—i_nZ;bu O
(n
b, = Z br Zb logr (3.123)
> b(") o (mylogr
b = YN
n;—l " ; r

Substituting these in the equation(3.121), we find exactly the expansion (3.116).

The equation (3.115) implies that every an) with n > 0 corresponds to an
ambiguity, namely

0y = (5%—1) — 0,000 1) — b(n-1)) - (3.124)

Therefore, we can identify
tu Y 1 naou tu
T = ; ﬁt Q(nfl) + T(O) 9
N '
T = Z ﬁtnegn_l) + 1), (3.125)

- Z __tn‘c(n 1) O) )

where T(O), T(O), :t are (free) functions with a well-defined limit for ¢ — co.
We thus find that

0" ~ 0oy + 0, () + ;T () + 6Zg), (3.126)

implying that only the t° order contributes to the charge in the limit ¢ — co.

Next, we address the u—divergences, which arise from the du integration.
This is managed using T%‘). Near u — —o0, Gfo) reads

N
0lo) = D Olomyu" > + (g (1, 2,2), (3.127)
=1

where we factored out the part that is not u—integrable, absent for N = 0,
while @fo) (u, z, Z) admits a u—power expansion with leading order (’)(u_2).
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To prove this expansion, we start from the setup used for O(1) asymptotic
symmetries. The O(r") case would differ from the O(1) only for overleading
powers of u. Let us begin with electromagnetism and determine the O(t°)
term. The only contribution is from the last term in (3.120) and reads

Oh o) = 72270, A0 AL, (3.128)

where we substituted Fu(?) = 8UA§0). Near Z* we use the ansatz (3.26) for AEO)
which, for u — —o0, means

8,AY = Ou™?). (3.129)

Consistently with this assumption, we find that 5.A§-0) tends to a well-defined
function of the angles for v — —oco. Combining these two results, we find a
u—integrable quantity for 9’{0) in the N = 0 case. Considering higher order
terms with arbitrary IV, the setup differs only for a = O(?"N), therefore we are
adding overleading powers of u, finding non-integrable quantities as in the first
series of the expansion (3.127).

Let us repeat the same computation for the two-form case in the N = 0
setup. We have
Bs0) = 72277 0, B VB Y, (3.130)

w1

and near Z°
(1) _ p(-10),_ = -1
B;; " = By (z,2)+ O (u )

auBz‘(j_l) ! (u72) . (3.131)

Hence, the presymplectic potential in the N = 0 case is integrable and order
O(u_Q). Modifying the setup to arbitrary N adds positive powers of u.

We now use T’Eg) to cancel the first series. This can be achieved, for instance,
employing these expansions

N+1 ‘ 1
Yl = Z WY, Y = ET%"” (3.132)
with
91(60 n+1) ti t
T?{in) = — n 7_ 2 y a T 0 1) 0(071). (3133)

This solution is not unique and depends on the specific structure of the renor-
malizing terms. Here we are assuming that ng) has a u—power expansion,
making it impossible to cancel a - L term with a u—derivative, which is why we
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used 8Z-T%7_1).

Let us comment on the fact that the expansion (3.127) is related to the
ansatz (3.26), specifically to the assumption that the free data approaches 7
with a u—power expansion. As mentioned in Equation 3, other expansions can
be considered. This is the case of [26], for which the free data approaches a well
defined function AEO’O) faster that any w ". This choice, however, would not
alter equation (3.127), but only the falloff of the integrable quantity, preserving
the validity of the renormalization process. A different expansion is proposed
in [143], namely

00 om 1 n—1
AEO) _ Ago,o) + ZAEO’ )% +..., (3.134)
n=1

which instead would modify the equation (3.127), and therefore would lead to
some differences in the renormalization procedure, whose analysis we leave to
a future work.

Ultimately, this process leaves us with well-defined quantities, thus show-
ing that it is possible to renormalize the presymplectic potential to make the
asymptotic charge finite while accommodating arbitrary powers of the asymp-
totic parameter.

The symplectic renormalization procedure is a powerful tool that allow us
to study higher order asymptotic symmetries and deal with divergences. This
approach suggests the possibility of discovering an infinite set of asymptotic
charges, broadly meaning an infinity of infinitely-many conserved charges. It is
crucial, however, to emphasize that we used a specific prescription: to cancel
the divergences by means of ambiguities while leaving unaltered the finite
parts, which enter in the definition of asymptotic charges. However, it is clear
that there are residual ambiguities that might further constraint the number
of physical asymptotic charges. We could find more general forms for T and
= to cancel some finite parts of #°. In particular, we did not use the residual
term (55?0).

3.5 Outlook

In this chapter, we analysed O(r") one- and two-form asymptotic symmetries.
We began by revisiting electromagnetism, which was studied in detail in [26].
We focused only on the soft part of the charges, with the aim of confronting
it with the two-form ones, and we chose a slightly different setup w.r.t. [26],
mostly concerning to the expansion of the quantities involved. At any rate,
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our results are in agreement with those of [26], in all places where comparisons
were possible.

We then moved to O(r") two-form asymptotic symmetries. Up to the
symplectic renormalization procedure, we found N independent asymptotic
charges, with each charge parametrised by an arbitrary function of the angles.
The result for the O(r) case is particularly interesting, since it is the charge
one would naively expect for the subleading soft scalar theorem in the spirit
of [37].

These results leave space for several future investigations. First, it would
be interesting to repeat our analysis considering sources of various form, thus
providing the hard part of the asymptotic charges. As mentioned, we think
that this would require particular attention in the falloffs analysis.

Another possible generalisation involves exploring arbitrary spacetime di-
mension D and generic p—forms, with the aim of exploring the duality between
p— and (D — p — 2)—forms from the perspective of asymptotic symmetries.

Additionally, we seek to better understand the potential connection be-
tween the O(r") asymptotic charge and the sub™-leading soft theorem. In this
respect, the existing duality between the two-form and a scalar in D = 4 is
particularly appealing, given the relative simplicity of scalar theories.

Finally, we aim to explore the limitations of the symplectic renormalization
and the role of residual ambiguities. In our view, this issue is one of the most
challenging aspects regarding asymptotic symmetries. A deeper understanding
of this problem is crucial, as it would help to determine the physical significance
of asymptotic symmetries at every order.
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Chapter 4

Basics on double copy

4.1 Double copy for amplitudes

4.1.1 Properties of Yang-Mills tree level amplitudes

We start by analysing the structure of tree level Feynman diagrams describing
n external SU(N) gauge bosons, to which we refer as gluons, to show that
it is possible to rearrange every Feynman diagram in terms of a new set of
diagrams with only trivalent vertices. We explicitly show this result for a
four point amplitude, but it can easily generalized to arbitrary n by means of
induction.

Given a Yang-Mills theory, described by the gauge-fixed Lagrangian

1
I =

_ §AZDA(J,M . gfabc (aqu) AbuAcu . ngfabedeeAZAgAcuAdy, (41)

we have the following Feynman rules:

e propagator:

S
“ 1 Q9900000000 b.v Sk — ~i"—, (42)
p p

87
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e interacting vertices

ay,
‘/3“}1,;?1/;23 — gf‘llaQaa{nMMQ <p1 _ pz)l% 4 77#2#3 <p2 _ p3)#1+
+ 0" (py = p1)" },
Qg, 2 as, (3 (43)
Qy, My Ay, fhy
4#1#2#3#4 - _ Z'QQ{fa1a26f03a4€(nﬂ1#3nﬂzﬂ4 _ 77#1#477M2H3)+
a1a2a304

+ fa1a4€fa2036(nﬂlﬂznﬂ3ﬂ4 _ 77#1#:377M2M4)+

+ f‘l1a36fa4a2€(nﬂlﬂ4n#2ﬂ3 _ 77#1#277#3#4)}'

Qg, 2 as, (3 (4.4)

At tree level, the four gluons amplitude receives contributions from

1 41 41 41 4
ATE — 3@@%+ Vi + :%;‘ + . (4.5)

v Vu

2 3 2 3 2 3 2 3
While the first three diagrams have only trivalent vertices and describe the
usual s—channel, t—channel and u—channel, after the relative Mandelstam
variables, the last one corresponds to the contact term. Our goal is to prove

that it is possible to decompose the contact term into contributions to the
various channels. In our conventions, Mandelstam variables are are defined as

s = (p; +p2)2 = 2py - Po = 2p3 - Py,
t=(p ‘|‘P4)2 = 2Dy - Py = 2Py - D3, (4.6)
u = (p +p3)2 = 2py - p3 = 2py - Dy,

since we parametrize all the momenta as incoming, so that the conservation

reads ) . p; = 0.
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We evaluate the contributions of these diagrams as

2
s-channel: — z'g—fal‘l?efa?’a‘*e{(el €3 (py — po)* 4 262 (e! - py) — 2e1(€? -pl)}

s
X {(53 e (ps — pa)* + 2577 ) — 267" 'p3)}’

t-channel: — ig;fala‘lef“?“?’e{(el N (py — pa)® + 28" (e - py) — 26" (e p1)}
X {(%- %) (p2 — p3)* + 267(” - ps) — 26™(e” - pa) },

u-channel: — ig—2fa1a3efa4a2e{(€1 . 53)(]01 —p3)* + 283&(81 “P3) — 251&(53 -p1)}

X {(54 &%) (py — po)* + 267 (" - pp) — 267 (7 “pa) }s
(4.7)

while the contact term reads

Contact: — gg? fo192¢ faatae [(51 e ) = (M- 63)}
. inga1a4efa2a3e [(51 . 62)(53 . 64) o (51 . 53)(52 . 54)} (48)
. ngfa1a36fa4a26 [(51 . 64)(52 . 53) o (61 . 52)(63 . 54)} ]

4394¢ “which is exactly

Interestingly, the term in the first line contains ¢ f*12¢ f
the same combination of structure constants that enters in the s—channel
contribution. The same result holds for the other lines, corresponding to the
other channels. Hence, we can split these contribution as “corrections” to
the s—,t—, u—channels, rearranging the Feynman diagrams into new diagrams

with only trivalent vertices, depicted as
1 4 1 4 1 4

2 3 2 3 2 (4%9)
This way, the 4-points amplitude at tree-level takes the form

csn cng - cyn
ZL: 2{ss+ttt+uu}’ (41[))
u
where the ¢;’s are
CS — fal(12€f03a46’ Ct — fa1a4efa2a3e’ Cu — fala36f(l4(1267 (4‘11)

and are called color factors, since they contain only the structure constants,
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while the n,;’s are the kinematics factors:

=i L) N u—t) 2 ) pe)e’ - (- 1)
+ (&% p)et - (pr—p2)] +2(7 - ) [(e' p2)e® - (s — pa)
( 1)51 (ps — )] - 4( 53)(51 'p2)<54 “P3)

%) (- p)(e'ps) —A(e! € (e p)(E” - pa)
( ) (et —s(eh e ) )

TV
contact term

ny=—if(e"-e") (e’ )(S—U)+2( M) [(e? Pz) *(pa = p1)
+ (g% pa)e’ - (p1 — pa)] + [(51 -pa)et - (py — p3)
+ (" p)et - (ps —p2)] + ( ) (e pa) (€ ps)
(et ) (e py)(E pz) ( ) p)(E” - ps)
—l—é(al %) (et Yy — (et &)}

n, =—i{(e'-&’)(* )(t—s +2 Lg%
+ (54 - pa)e? - (p — p3)} [(5
+ (& p)e’ - (2 —pa)] + ( ) (e pz,)(E )
+4(e" e p)(E® py) —4(e ) p)(E - py)
+u(e' - &) —u(e' - %) (- 542}.

v
contact term

(4.12)

[ : ]91)
' (P4 P2)

This splitting procedure, namely the multiplication and division by appropri-
ate propagators in order to reproduce the same color and propagator structures
of the Feynman diagrams with only trivalent vertices, can be implemented for
amplitudes with more than four particles as well. Therefore, it is possible
to rearrange the amplitude in terms of a new set of diagrams (which are not
Feynman diagrams) with only trivalent vertices, generalizing the result (4.10)

to
n2

(4.13)

z€F3

where the sum runs over thi new set of diagrams I'y and the variables s, are
a n—point generalization of the Mandelstam variables.

4.1.2 Color-Kinematics duality

The factorization (4.10) is important in order to discuss a symmetry of am-
plitudes, namely the color-kinematics duality [2,144]. Let us observe that
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the color factors in (4.10) obey to the Jacobi identity
cs+c+c, =0, (4.14)

whose origin can be traced back to the existence of a SU(N) group structure.
On the other hand, as one can verify from a direct computation, we also have

ng +ny +n, =0, (4.15)

whose origin is a priori nontrivial. This is the first example of the color-
kinematics (CK) duality, which is a symmetry of every n—point tree level
amplitude.

The generalization to arbitrary n requires a further observation: the n—point
amplitude (4.13) is invariant under

RSN (4.16)

if

Asc,
Yy =~ (4.17)
i€l Hai Say

This property goes under the name generalized gauge invariance, where
the use of “generalized” is due to the fact that the transformations considered
with A, correspond, at the field-theoretical level, to field redefinition more
general than the ones usually considered for standard gauge transformation
comprising, for instance, non-local terms.

The CK duality is a symmetry of a n—points YM amplitude that states
that it is always possible to find a generalized gauge transformation such that,
for every Jacobi identity satisfied by the color factors of a triplet of diagrams
in the set I'5, the transformed kinematic factors obey to an analogous identity

ci+cj+ck:O:>ng+n;+n§€:O. (4.18)

Furthermore, the new kinematic factors possess the same antisymmetry of the
color factors, namely
¢ =—¢; = n;=—nj (4.19)

where c; is obtained from the diagram of ¢; by exchange of two external legs
attached to the same vertices.

While for the 4-points case we did not require a generalized gauge transfor-
mation, it is already necessary at 5 points. At tree level, it is always possible
to arrange the (transformed) kinematic factors such that they behave as the
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color factors. Indeed, the CK duality is a proved theorem at tree level and
strongly supported at various loop, although a general proof is still missing.

Given an L-loop amplitude, it is possible to apply the same splitting pro-
cedure we discussed for ALY and obtain

AL loop _ ;L g 2+2LZ/< lek) L ne (4.20)
SH '

el

where we introduced the loop momenta [;, and the symmetry factors S;. The
CK-duality has been successfully tested in various specific cases, such as

e 4 gluons, 4 loops in N = 4 super Yang-Mills (in every dimension) [3,145];

5 gluons, 2 loops in N =4 SYM (in every dimension) [146];

4 gluons, 2 loops in pure YM (in dimension D = 4) [3];

4 gluons, 1 loop in pure YM (in every dimension) [147];

4 gluons, 1 loop in pure YM with matter (in every dimension) [148];

4 gluons, 1 loop with less than maximal supersymmetry (in dimension
D = 4) [149].

4.1.3 Double copy relations

The CK duality suggests a sort of interchangeability between color and kine-
matic factors. This observation, together with the existence of Kawai-Lewellen-
Tye relations [150] in string theory, which relate closed string amplitudes to
products of open ones, is at the basis of the double copy construction, also
known as Bern-Carrasco-Johansson (BCJ) relations [3,151]. In its essence, the
DC states that, given a tree-level n-gluon scattering amplitude A-* written in
the CK-dual form, it is possible to obtain an n-point tree-level amplitude of a
gravitational theory ML by replacing the color factors with a second copy of
kinematic factors n,, possibly taken from a different YM theory.

= M =i(2k)

zGFS zEFS

TL
A,

(4.21)

where we contextually redefined the couplings. Let us highlight however that
it is not necessary that both n; and n, are in the CK-dual form, but it is
sufficient to have it for only one of them.
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While being not particularly relevant for this thesis, one of the main feature
of the DC construction is that it holds at tree-level for numerous supersym-
metric YM models [3,151], with the resulting amplitudes corresponding to
supergravity theories. In particular, we can take n;,n; being the kinematic
factors of an n—gluons amplitudes of two different super Yang-Mills and the
DC relations provide the map

4.1.4 Particle content of the DC

Having discussed the inputs of the DC relations, let us now focus on un-
derstanding the outputs. Hence, we now explore the particle content of the
corresponding gravitational theory.

The DC amplitude (4.21) contains, among other terms, products of spin-
one polarization vectors ¢, €,,. In the case of a single massless particle, we can
always choose a frame where its momentum is

p. = E(1,0,...,0,1), (4.23)

so that its little group (LG), i.e. the subgroup of the Poincaré group which
preserve this vector, is ISO(D —2). Particle states with finite spin are defined
as reducible but not decomposable representations of the LG such that, in
order to avoid continuous spin representations, an equivalence relation between
polarization tensors is assumed such to trivialize the action of the commuting
generators of 1SO(D — 2):

€y~ Eu T PPy (4.24)

These equivalence relation allow us to use (discrete) representations of SO(D —
2).

Given our frame (4.23) and the equivalence relation (4.24), we can always
find \(p) such that ) = €, = 0, where i is the polarization. Therefore, the
product 525‘; can be arranged as

0 0 e 0 0
0 &8 -+ €éps O

gt = | : . : . (4.25)
0 ep_9él -+ €p_afp_o 0

0 0 0 0
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Hence, ¢, is a reducible rank-two SO(D —2) tensor whose particle content
can be easily understood in terms of Young Tableaux

@H@ ., (4.26)

elJ=L1]

where:

LI T] ‘ symmetric traceless tensor with w d.o.f. thus describing a
T

(massless) graviton h,;

2)(D-3)

2. antisymmetric rank 2 tensor with (D— 5 polarisations, corre-

sponding to a two-form B;;.
3. e represents the trace part of (4.25) and describes a scalar particle ¢.

This clarifies what is the output of the DC relations when the inputs are non-
supersymmetric YM amplitudes: a graviton, a Kalb-Ramond two form and a
dilaton. This matches the particle content of the low-energy limit of closed
bosonic string theory, which is sometimes referred as N' = 0 supergravity.
When the inputs are SYM theories we have a wider particle content as output,
compatibly with (4.22).

To write the outer product covariantly, let us introduce the identity matrix
for the LG as

0 0 0
_ _ 1
Tl =0 67707 0| = + 5P, (4.27)
0 0 0
with g, being an auxiliary vector defined as
q, = E'(1,0,---,0,—1). (4.28)

We thus obtain the following covariant decomposition of gfw [152]:

—~

i i _ 14 o e & 1
Cuv = Ep&y = 55 p€v) — m N + §p(#qy)

gmv%ton (429)
1, , ¢&:-& 1
T8 T g \ M T 5Py | -
— - - ,

two-form scalar
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An equivalent decomposition can be obtained by neglecting the terms with
the auxiliary vector g, which can be eliminated by means of an on-shell gauge

transformation
. 1 . » gi . 5‘ L gi . éﬂ
8:11/ = 58@8@) — m?]w, + 58@&21] + m??w,, (430)
N -_ 7/ N e’ N, o’
graviton two-form scalar

so that we can define the polarisations of the graviton, the two-form and the
scalar respectively as:

i I €€ i I €€
G = 5800 — 55w Aw = 5808, 5= 55

(4.31)

Let us observe that the first of (4.31) is such that GLZ, satisfies the de Donder

gauge condition:
1
b Gll = §pyGaa7 (432)
which results from the gauge-fixing necessary to change the decomposition

(4.29) into (4.30).

4.1.5 The zeroth copy

As was observed in [153], the replacement (4.21) is not the only possible one.
Indeed, one can replace the kinematic factor with another copy of color factors,
coming from a YM theory with a possibly different gauge group. This operation
builds what is called the zeroth copy and reads

AZL _ gn—2 Z CiTy; N 7:LTL _ (y)n—Q Z CiC; ’ (4'33)

S S
ZEFS Hal oy ZGFS Hai (o7}

where the latter expression is expected to describe a scalar amplitude. At the
same time, it contains two color factors. Hence, 7, is a scattering amplitude
in a theory of scalar fields ®,,/, transforming in the adjoint representation of
two (possibly different) Lie algebras. The Lagrangian of this theory, which
correctly reproduces the structure 7,,, is

Lo——s0 & 0o —Ypobe ity g g (4.34)

2 B> aa 3 aa “bb T cc

where primed and unprimed indices refer to two possibly different Lie alge-
bras. The field ®, / goes under the name of biadjoint scalar field and it is
fundamental in order to derive a field theoretical version of the double copy.
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4.2 Classical double copy

Given the BCJ relations for tree-level amplitudes, one might expect to finds
relations at the level of classical solutions, as they are related to tree level
scattering amplitudes. This is indeed the case, even if with subtleties. In
fact, it is possible to express geometric, non-perturbative solutions in general
relativity as the double-copy of classical solutions in gauge theories. This
framework goes under the name of classical double copy.

4.2.1 The Kerr-Schild solutions

The Kerr-Schild (KS) class of solutions to Einstein equations is well-suited to
have an interpretation in terms of DC. For instance, working in this frame-
work it is possible to write the Schwarzschild solution as a double copy of the
Coulomb potential [8] or the (A)dS solutions as double copies of uniform distri-
bution of (color) charge solutions [154]. The KS double-copy finds applications
also in more complicated solutions, including the Taub-NUT spacetime as an
example of double Kerr-Schild metric [154], Kerr-Schild metrics over curved
backgrounds [9], perturbative solutions [155], accelerating particles and ra-
diative solutions [156-161], GR and YM solutions over maximally symmetric
spacetimes [10].

Kerr-Schild solutions are characterised by the existence of a coordinate
system where the metric reads

v = N + (,Ok'#k,/, (435)

with 7,, being the Minkowski metric, ¢ a scalar field an £, a vector that
satisfies

(4.36)

nuykuku = guykuku =0,
K, k, = 0.

Equations (4.36) imply several useful properties:

o g = 77!“’ _ gok“k”

n"'k,0,k, =0, ¢""k,0,k, = 0.
/—g=1

Gy = % {aﬁ(gﬁkakv) + 0, (pkkg) — 0% (pksk,) + Pk kpk.k - 890}

I,k =0, T4,k k, =0
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o (V,k)E" = (0,k,)k" =0, (V,k,)E" = (0,k,)k" =0,

o« R = %{8Q8A(g0k“ky) + 9,0, (pk k) — 0“9, (0k k,)}, where we use the
mixed convention R, = g™ R, ot =M 0,-
Let us highlight that this last property shows that, for a solution in the Kerr-
Schild form, the Ricci tensor is linear in the (non-perturbative) graviton field
¢k, k,, implying that the Einstein-Hilbert equations are also linear. This fact
will be of great use for the DC.

The Double Copy for Kerr-Schild solutions

The authors of [8] focused on the particular case of vacuum, stationary Kerr-
Schild solutions. Stationarity means

O = 0,
0¥ (4.37)
80]4% - 0,
while the vacuum condition reads
R, =0, (4.38)
which are further simplified by the stationarity condition (4.37):
0o _ 1 0 _ Lo 0 _
* Ry = —§D(90k ko) = —§V (pkko) =0,
i 1 i g
o R'y= 5{83'8 (pk' ko) — V?(kiko)} = 0, (4.39)
i 1 i i i
[ ] R j = 5{31(9 ((,Ok?l]fj) + 818](@]{?1/{3 ) — 8lal(g0k; k'])} = 0.
The Kerr-Schild metric is invariant under
by = alolh,, po) - S (4.40)
a”(x)
and we can use this invariance to fix k; = 1. Therefore, the first two of
equations (4.39) are
1
o __VQQO = 07
2 (4.41)

o S{00/(pH) — VA(ph)} =0
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Starting from this setup, the DC mapping works in this case at reverse: we
can identify a single copy field A, for the Kerr-Schild solutions and show
that the equations of motion for the metric imply the YM equations for Aj.
The particular structure of the Kerr-Schild solution is especially suited to
this procedure, thus suggesting that the single copy field is related to k,. In
particular, it is identified as
Al = ¢k (4.42)

wr
where the set of scalars ¢” satisfy the same equations of the scalar ¢ .

The key observation to show that A} satisfies the YM equations of motion
is that its field strength must be linear due to the factorization of the colour
and Lorentz indices in the definition (4.42):

F;jl/ - 8u<90aku> - au(SOaku)a (443)
so that equations (4.41) lead to:

o 0'Fly=Vp =0,

- 9, a " (4.44)

Double Copy for the Schwarzschild solution

We now apply the same procedure to the Schwarzschild metric in D = 4, which

reads 1
ds* = —S(r)dt* + S5 mdr? +r2dQ?, (4.45)
with 9G M
S(r)y=1- — (4.46)

and M is the mass of a point-like source. Let us write the metric in the
Kerr-Schild form by changing the coordinates

dr
dt — du = dt + —— 4.47
— du + 50’ (4.47)
and redefining
u—T=u—r. (4.48)

The metric reduces to

ds* = (1 = S(r)) (dT 4 dr)* — dT? + dr® + r*d0?

4.49
= ndatdx” + ok, k,da"dz”, (4.49)
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where

2GM
Y = 1 _S(T) = T?

ko= (L),

We can observe that this k, satisfies the properties that define a Kerr-Schild

(4.50)

metric.
To extract the single copy construction [8], we factor out from ¢ the grav-
itational coupling constant k*> = 87G and the mass M

1
= —. 4.51
v dmr ( )
Thus, writing the metric tensor as
G = My + 26N, (4.52)
we have
2G M KM ) K
2kh,, = . k.k, = mk#ky =k"Myk,k, = h, = EMgpkukl,. (4.53)
The single-copy is constructed by mapping
k=29, M —c" k,k, =k, (4.54)

where ¢ is the Yang-Mills coupling and ¢” is a colour charge. Therefore, our
single-copy field reads

Ca

Al =g

n

k. (4.55)

A physical interpretation of this result can be found by choosing a gauge-fixing
such that the spatial part of the YM field is set to zero so that Aj, assumes
the form of the Coulomb solution:

Ca

A =g

1= (1,0,0,0). (4.56)

4.2.2 Weyl Double Copy

Another approach to the realm of classical solutions is that of the Weyl double
copy, first proposed in [162]. In the Weyl DC, the connection is at the level
of the Weyl tensor C' which, written in spinorial language, is the product of
two Maxwell tensors F'. This is motivated by the structure of linear waves in
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gauge theory and in gravity:

A, =¢,e == F,, =ik, —ke,)e™,
By = € €% = R\ = §(kl‘€” — kye)(kyen — kae,) e, (4.57)
where we used €, = €,¢,. Therefore, at linearised level we have
" Ryyor ~ Fu Fox. (4.58)

Then, working with the spinorial formulation of general relativity [163], the
idea at the basis of the Weyl DC is to connect the Weyl tensor and the field
strength in position space through the relation

1

CABCD = EF(ABFCD) ) (4'59)

with S being a scalar field, which is required for dimensional reasons, and
A, B,C, D denoting (undotted) spinorial indices. The Weyl DC approach is
an extension of the KS DC. In [162] the focus is on four-dimensional vacuum
metrics of algebraic type D, a class that includes several important solutions.
In particular, in the vanishing cosmological constant case the metric takes the
form [164]

1 p2+q2d » . P(p)

ds* = P (dr + ¢*do)? dg?
ST 0Pl PO p+p2+q2(7+q ) Qg (4.60)
. ?(q)2(d7'—p2d0)2 ’
P +q

with z = (1,0,p,q) real coordinates (in (—,+,+,+) signature) and P, Q
functions of the form

P(p) =v(1—p*) + 2np — ep” + 2mp° ,
Q(g) = (1 —¢*) — 2mgq + e¢* — 2ng’ (4.61)

where m, n, v, € are free parameters that, in appropriate combinations, can be
associated to mass, NUT charge, angular momentum and acceleration. Work-
ing in the spinorial formalism it is thus possible to identify the electromagnetic
and scalar fields associated with this family. In particular, the single-copy fields
still depend on the free parameters.

The Weyl DC finds application in several other contexts, such as grav-
itational waves [165], twistor theory [166-168] and asymptotic symmetries



4.4.3 Convolutional double copy 101

[14-16,169].

4.3 Convolutional double copy

The framework of classical DC seems to connect the geometry of spacetime to
YM theories, which are generally unaware of spacetime geometry. In order to
understand to what extent it is possible to describe general relativity by means
of YM theories, one would like to relate gravity and YM at a field-theoretical
level. This is one of the reasons driving the efforts to understand the off-shell
origins of the DC relations. In addition to this, let us mention that achieving
a Lagrangian understanding of the DC could assist in proving (or disproving)
the DC correspondence at the loop level.

4.3.1 The Double-Copy field

We want to define a DC field which describe the particle content of the DC
and that can be written as specific product of YM fields. Starting from the
construction at the level of scattering amplitudes, where the double copy is
realised through a product in momentum space, it has been proposed to define
a DC field in configuration space in terms of a specific convolution product
[11-13].

The convolution, defined as

(fog)(x) = / Pyfy)ele —y). (4.62)

is a commutative and associative linear product which behaves in a peculiar
way under differentiation, namely

9u(f o g)(x) = (9uf 0 g)(x) = (f 0 Dug)(x). (4.63)

This property is crucial in order to connect YM theories and gravity at the
level of symmetries.

In order to consistently define a DC field that describes gravity through a
convolution we require that:

e The DC field is a rank two tensor which propagates the N’ = 0 gravita-
tional degrees of freedom.

e The DC field is a color scalar, since gravity is a non-colored theory.

e The DC field has the correct mass dimensions.
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e Gauge transformations of spin-one fields are mapped to the correspond-
ing transformations of the DC field.

The definition of the DC field [11-13] is

Hy (@) = (AL o ® b o AV)(z) = A, % A,, (4.64)
where Az,fll‘f/ are the YM fields and CD;} is the convolution inverse of the
biadjoint scalar field ., introduced in (4.33). The presence of the biadjoint
scalar is necessary in order to have a color scalar DC field, while the use of the
convolution inverse, defined as

O oDy =67 ()00, (4.65)

is necessary to obtain the correct mass dimensions:

D -2 D -2

2 (4.66)

AL LA [, = —— = [Hu) = =

However, in order to realize the DC map at the level of symmetries, a
crucial constraint is in order: Az,fl‘;/ are not full-fledged YM fields but an
“abelianised” version. The color index is thus understood as global index,
while gauge transformations are parametrised as

AL = 9,e", SAY =9, (4.67)

Therefore, for what concerns gauge symmetries, Ay, flﬁ/ are formally N? — 1
and (N')* — 1 copies of a Maxwell field. This simplification results that the
DC field describes gravity at a linearised level.

4.3.2 DC field content

A straightforward approach might be to define the graviton and the two-form
as the symmetric and antisymmetric parts of H,,, respectively. This setup
would yield the correct linearized gauge transformations, as we discuss later.

However, this identification overlooks some important aspects.

For massless particles, the physical states lie in the irreducible represen-
tations of SO(D — 2), as discussed in the scattering amplitudes construction.
On the other hand, covariant fields correspond to representations of GL(D, R).
We can understand the product in terms of Young tableaux but, when referring
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to GL(D, R), the product reads simply

Ce=[TeH (1,69

where there are no constraints on the trace of the symmetric part. As a
consequence, in the covariant construction of the graviton h,, there is some
degree of arbitrariness in the definition of its trace, and this leads to possible
mixing with the scalar field of the N' = 0 Supergravity multiplet.

As mentioned, the naive identification h,,, = H,,, would work in reproduc-
ing linearised diffeomorphism. Postponing this proof to the next subsection,
we now observe that the more general identication

huu - H(w/) — VM P> (469>

where v € R is a parameter and ¢ is a gauge invariant scalar field, works as
well by construction.

Let us discuss how we can obtain a gauge invariant scalar field. Postponing
the proof, a notion of DC gauge symmetry is induced on the DC field. Its
symmetric part transforms as

0H ) = 0,6, + 0,6, (4.70)

wv)

and therefore the trace is not generally gauge invariant since
0H =20-€&. (4.71)

In order to define a gauge-invariant quantity, we need compensate that trans-
formation and this can be achieved by adding non-localities in the definition
of the scalar field, which turns out to be

p=H— M?H (4.72)
To summarize, the off-shell decomposition of the DC field is

Py = Hipy = VP

B, = Hy,, (4.73)

Let us observe that, given the differentiation rule of the convolution, we have
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that for )
= 4.74
=55 (4.74)
the Lorenz gauge conditions on the single copy fields implies the Lorenz gauge
condition of the two-form and the de-Donder condition on the graviton. From

now on, we specialize to this value of ~.

4.3.3 Linearised symmetries and field strength

In the abelianized limit ¢ — 0, a gauge field transformation, together with a
global one, reduces to:

SAL =9, + [ ALY°, (4.75)

where € = ¢(z) is the function parametrising the gauge freedom, while 6 is a
constant parameter used for global transformations.
The biadjoint scalar field is chosen to transform only globally as

50 = foedl 6o 4 fUCR ] 7 (4.76)

Thus, when the inputs undergo a gauge transformation, a variation is induced
in the DC field, which reads

0H,, = 6(Aj; 0 (ID;} o flff/)

) - ., - ., (4.77)
= (0A}) 0 CI)a;, oA, +A4,0 5(@(1;,) oA, +4,0 <I>a;, o (0Ay).

Substituting the transformation laws and using the differentiation rule of con-
volution, we find
0H,, = 0,0, + 0,0, (4.78)
where
! :e“ocb_l,ofl“/,
g aa (4.79)

~ __ jaQ -1 ~a’
ozu—AMoq)m,oe )

By means of the decomposition in terms of the DC multiplet, we identify
the linearised diffeomorphism parameter to be

1
£, = 5(% +a,), (4.80)

while the two-from gauge parameter reads

A, = %(% —a,). (4.81)
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An important observation is in order: gauge-invariant quantities are mapped,
through double copy, to gauge invariant quantities. Indeed, it is possible to
define a Riemann tensor in terms of the abelianised field strength Fy, as

Ry = —~F,  F (4.82)

nvpo 2 1% po

which as element of GL(D), decomposes as follows

Hel-FHer e (153)

suggesting that the geometry associated to the DC field be that of a manifold

with torsion T),,,, encoded in the field strength of the two-form 7' = dB.

pvp

4.3.4 Equations of motions

We now want to see that, whenever the single copy fields are on-shell, the DC
field is on-shell as well. The vacuum equations of motions reads

1
R'uu B inMVR - O?

0B, — 0,0°B,, + 8,0’B,,, =0, (4.84)
DQO = O,

and we want to show that they are induced by the equations of motion of the
single copy fields

0A% —0,0- A = 0. (4.85)
In order to prove it, we work in Lorenz gauge, so that the DC multiplet
reads
1

h’,uz/ = H(,uz/) - mnw/Ha
4.86
By = Hyu) s ( )

p==H.

The vacuum equations of motion for a spin two in de-Donder gauge read

Oh,, =0, (4.87)

uv

with f_zW = hy, — %nuyh being the trace-reversed graviton. Let us prove that
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they are indeed induced by the on-shell condition of the spin one field
Oh,, = O[A x A,)] = [0A,] x A, =~ 0, (4.88)

where we used the differentiation rule of the convolution product and that, in
Lorenz gauge, the equations of motion reads [JA, = 0. Identical results hold
for the two form and the dilaton. Starting from the equations of motion (4.84),
the derivation can be performed in a gauge independent manner.

Furthermore, we can include sources in our discussion. In particular, let us
introduce the linearised equations of motion for YM fields

{G“F[Z,, — DA% — 9,0 A" = j¢, (4.50)

§'Fe = DAY — 9,0 AY = jo.

in terms of the abelianized sources j,, j,.

The discussion for the convolution require some steps. For the biadjoint
scalar (not the inverse), we have

Od,  =j%.. (4.90)

aa’ = Jad'
We can define the convolution inverse of the current [jfa/]_l and, convoluting
it with both sides of the previous equation, we find

U] ™" 0 Oy = Uiy ™" 0 oy = 0uabyy 0™ (2) (4.91)
And since we have[jglzl]_l od®, /= (D[jfz/]_l) o ® . we can identify
O] = . (4.92)
We can thus define the DC source as

Juw = Jao o) ol =4, @7, (4.93)

and identify its components in terms of the DC multiplet sources

— _ 1. -
R, — %WVR = =3 ®Jy) = 1), B )
OB, — 0.0"B,, + 0,0’ B,y = 51, ® Ju) = Ju, (4.94)
Op = % ® Jo = §.
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4.4 Lagrangians

4.4.1 Attempts towards a Lagrangian DC

There were several attempts to provide a Lagrangian descriptions ot the double-
copy. The first approach was proposed by Bern, Dennen, Huang and Kiermaier
in [151] and it was based on the introduction of several auxiliary fields. Their
logic was similar to the BCJ algorithm for the scattering amplitudes. In fact,
the aim of the BDHK approach is to modify the YM Lagrangian in order to
have CK-duality encoded into it. Such modification consisted in the inclu-
sion of additional vertices which are all identically vanishing due to the Jacobi
identity, but produce new Feynman rules which make every n-gluon tree-level
amplitude manifestly CK-dual. All the new vertices are non-local, but it is
possible to eliminate the non-localities by introducing, order by order, a set of
auxiliary fields. This procedure has been carried out explicitly up to the fifth
order. For instance, the additional 5-gluon vertex reads

3
g a1a a2C rCcasa a a a
£,5:_§fl2bfb3f 45(8[HAV]1A[)2A3M
a a a a a a 1
O AT AD AT L ), AT A A"

I

(4.95)
(14(141/14asp)7

al

which manifestly vanishes if rearranged

3
£l5 _ _%(falzszfbag,c + faSalbfbazc + fa2a3bfbalc)
(4.96)

1
X (O AL AGP AT ) 5 (AT ATP) = 0.
Adding the auxiliary fields, this 5-point Lagrangian reads

L5 =Y OXE, + DU C) y + DU D0 g

1
abc apr oAb sc apy b 4c auvpo b gc
+gf <Y " ALAL + 0, DYy ALA, — S0,DU a[yAp]Ag) (

pvp
4.97)
achaul/ ]-a Cb,oaa A¢ B Cbpo c
+9f 99p~(3) Yo ] T O ol ) -
Squaring the Lagrangian, we can identify the gravitational field as

AFAY — H™ (4.98)

where H"” is the physical field, which includes the graviton, anti-symmetric
tensor, and dilaton. All the other combinations of fields are squared through
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DC to gravitational auxiliary fields. In 2013, this approach was generalised up
to six points [170].

4.4.2 Lagrangian Convolutional DC

The first attempts on a Lagrangian derivation based on the convolutional ap-
proach were proposed in [12,13], with an extension to the purely gravitational
cubic vertex in [171]. However, from an off-shell point of view, there are two
issues: on the one hand, the number of degrees of freedom of the DC field
does not seem to match that of the extended gravitational multiplet, upon
discarding those gauge components that can be fixed without making use of
the equations of motion, one would be left with 3 x 3 components for the
DC field, against 6 + 3 + 1 for the off-shell system given by graviton, Kalb-
Ramond field and dilaton. On the other hand, when interpreted in DC terms,
the source for the scalar field naturally mixes with the trace of the stress-
energy tensor sourcing the graviton equations of motion, thus posing an issue
of relative dependence of the two types of coupling. This problem was partially
solved by the inclusion of an auxiliary scalar field in [13].
The solution considered in [172] is the Maxwell-like Lagrangian [173,174]

1 . o
Ly = 2 ar (npu Moo 0 = o O O = 1, 9, aﬂ)Hp ’ (4.99)

with H being the DC field. This Lagrangian correctly reproduce the equations

of motion
OH" —0,0’H,” — 0,0"H", = 0. (4.100)
The Lagrangian £;;; is not invariant under a full DC gauge transformation,
since
6o Lyyp = —0"(a,+a,)0-0-H. (4.101)
unless
0" (a, +a,) = 0. (4.102)

This condition can be understood as a generalisation of the one used in uni-
modular gravity (see e.g. [175-177]). Under (4.102) the trace and the double
divergence of H"” are separately gauge invariant.

The constraint (4.102) implies a linear dependence between the two gauge
sectors that in particular reduces by one scalar component the possibility of
performing independent gauge transformations off shell, thus restoring the
matching between the expected DC components and their vector seeds. More-
over, it is relevant to recall that for unimodular gravity the actual source of the
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gravitational field effectively is the traceless part of the stress-energy tensor,
since the variational derivative with respect to metrics with fixed determinant
selects the traceless component of the Einstein tensor. There is no missing in-
formation with respect to the full sourced Einstein-Hilbert equations, though,
since the two setups are known to be classically equivalent (barring the different
role played by the cosmological constant). In this respect, for the symmetric
part of H

0z
trace of the symmetric tensor is not just frozen, as it could consistently chosen

(4.99) is tantamount to a version of unimodular gravity where the

to be, nor is it pure gauge as for the Fierz-Pauli case, rather it represents an
independent physical scalar field. It is then clear that, if one were to source
(4.100) with a traceful tensor, the trace of the latter would unambiguously
source the scalar field alone encoded in the trace of H,,.

It is also possible to provide a formulation in order to obtain a full gauge-
invariant free Lagrangian. This can be achieved by admitting non-localities.
The result is still rewarding, however, as it makes the DC structure apparent.
The non-local DC Lagrangian is [172]

1 1
‘CNL = §HOLB{DT]CWT]6V — Gaaungy — aﬁayna# + aaﬁgﬁalﬁy}H‘“/ s (4103)

and, integrating by parts and bearing in mind the definition of the DC curva-
ture (4.82), one finds that the free Lagrangian (4.103) admits the rewriting

1 1
Lxi = 5 Rupo = R
; ) (4.104)

1 o v
< (Fo x F,5) E(F“ *x F"P).

L. . S .
Splitting the curvature in terms of H,,, and B,

1
Ry = 5 {0,0,H5, +0,0,H,, — 0,0,H5, — 0,0,Hpy }

2 (4.105)
+ 5 {00, B+ 0,0,B., — 0,0,B,,, — 0,0,B,.,}.

pPuo

S
uvpo
of a manifold with Levi-Civita connection and metric g, = 71,, + H S while

n2)
in the second row the field strength of the two-form,

where in the first row one can recognise the linearised Riemann tensor R

Hyp = 0,By, + 0,B,, + 0,B

p v

(4.106)

wvp pH

appears in the combination 9, H,,, — 0, H,0-
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Substituting (4.105) in (4.104) one obtains

1 S 1 Suvpo 1 v,
‘CNL == §RHVPO' ER - éHquHM p’ (4107)
where the first term is the spin-two representative of the Lagrangians found
in [173] from the first Regge trajectory of tensionless limit of string theory,
while the the second term is justified by the presence of a torsion, related to
the two-form field strength as

T = —Hppo- (4.108)
The nonlocal equations of motion obtained from (4.103)
1
OH" — 9"9, H* — 0"9y H" + 0" 0" 50005 H =0, (4.109)

are equivalent to (4.100) up to a partial gauge fixing.
Furthermore, the massless DC Lagrangian (4.104) admits a simple exten-
sion to the massive case of the Proca-like form [172,178]

1 1 oo 1 y
‘CNL = §RuupUERup — §m2HWH”
1 n 1 Qo v 1 2 1 w Av
:g(FMa*FI/B)E(F * F )—gm (AM*AV)(A *A)

(4.110)

Indeed, the corresponding equations of motion
1
OH" — 0"0, H* — 0"05 H"® + 0" 0" 50005 H —m?H"™ =0, (4.111)

imply
O, HY =0 = 0g H" (4.112)

and thus reduce to
(O - m*)H" =0, (4.113)

which describe the (free) propagation of massive graviton, two-form and scalar.



Chapter 5

Double-copy supertranslations

The convolutional framework is not enough to understand the geometrical
meaning of the double-copy, since it works between abelianised Yang-Mills
and linearised gravity. Nonetheless, it appears to be well-suited to addressing
an intermediate, yet nontrivial, problem: how much DC knows about the
asymptotic geometry of spacetime? In this chapter, we review the analysis
performed in [34] to answer this question and, at the end, we also present
some preliminary results of [38].

5.1 Introduction and setup

We aim to understand whether the convolutional DC dictionary works in map-
ping Maxwell asymptotic symmetries to the N' = 0 counterparts. This chapter
is based the results of [34,38] and partially [29].

In the discussion we often refer to the Maxwell asymptotic fields and pa-
rameters as “inputs”, while we call “outputs” the double-copied quantities. In
particular, our inputs are the falloffs of the spin-one field components A, flu
at Z* and the properties of the corresponding asymptotic gauge parameters
€, €. Clearly, the outputs we want to analyse are the falloffs of the DC field
multiplet h,,, B,,, ¢ and the parameters ,, A,,.

This approach already raises a conceptual issue regarding the convolution.
In fact, this operation involves an integral that evaluate quantities in all the
spacetime points, while we are only specifying their asymptotic behaviour.
However, it is known that the asymptotic properties of a convolution can be
determined by the asymptotic properties of the convoluting quantities [179].
Specifically, we address this point by means of the method of regions [180,181],
whose detail we clarify below, generalising the approach used in [182].

There are technical issues as well, which we address in this chapter. First,

111
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it is important to note how the convolution does not transform covariantly.
This can be understood by considering the convolution product of two Maxwell
fields, without taking into account the convolution inverse ® ' for the moment.
We define

buule) = [0 A)w) = [ d'y A )AL ). 5.)
Under a change of coordinates z* — ™, the Lh.s. transforms as
h;“,(x/) = (3ux/p8,,x/‘7 [A, 0 A" (5.2)
However, this operation is not equivalent to
AL 0 A](2') = [(9,2"A,) 0 (9,27 A,)(2") | (5.3)

thus showing we do not have a covariant definition. We thus choose the convo-
lutional dictionary to work with Minkowskian components. For instance, this
implies

Hyy = Ay * 12127 (5.4)

with 1, 2 denoting Minkowskian components and where we are now considering
the full DC convolution. At the same time, we have

H, #+A,x A, (5.5)

but rather
H,, = 0,2"0,2"H,, = 0,2"0,2" (A, x A,)) (5.6)
where " are the Minkowski coordinates. For the rest of this thesis, we always

assume that the convolutional DC relations apply only in this case. One might
wonder whether it is possible to generalise the convolutional dictionaries in a
covariant manner. To our knowledge there is not such a definition, but this is
undoubtedly a technical issue and not a conceptual one. However, let us remark
that, whatever generalisation of the convolution is proposed, the results have
to be compatible with those obtained working with Minkowskian components.
Another possibility is to use a modified dictionary with a convolution defined
at null infinity. For instance, a dictionary involving a two-sphere convolution
has been proposed in [183]. This generalisation in particular could be useful
when working with the celestial sphere.

Having clarified how to use DC relations, leads to another important issue:
the gauge choice. Indeed, it is straightforward to verify that not all the gauge
are related in a convolutional DC approach. For instance, when the input is
in radial gauge, we see from (5.5) that the output is not in the corresponding
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gravitational one, namely the Bondi gauge (or the Newman-Unti gauge).

Therefore, while the radial gauge is the simplest choice to discuss asymp-
totic symmetries, we opt for the Lorenz gauge, for which the DC dictionary
provide a one-to-one correspondence. Indeed, the derivation rules of convolu-
tion imply that

VHA, =0
N — V"H,, =0, (5.7)
VHA, =0
so that
VFh, — 1v h=0
Y ’ (5.8)
V¥B,, =0,

meaning the spin-two field h, satisfies the de-Donder gauge condition, whereas
the two-form is in Lorenz gauge as well.

The gauge parameters satisfy

— (5.9)
Furthermore, the Lorenz gauge condition enforces the transversality of the DC
parameters, namely

=0, V"a,=0. (5.10)

Therefore the spin-two parameter satisfies
V-£=0, ¢t =0, (5.11)

which provides the condition constraining diffeomorphisms in the various in-
carnations of unimodular gravity [177].

At the same time, the two-form parameter obeys to
V-A=0, 0N, =0, (5.12)

and this condition does not exactly coincide with Lorenz gauge. In fact, the
parameter should obey the Maxwell equations. However, it is possible to
employ the gauge-for-gauge redudancy in order to enforce the Lorenz gauge
condition on the two-form parameter, leading to (5.12). Consistently, the
gauge-for-gauge parameter satisfies the wave equation.

The falloff conditions and the properties of the gauge parameters in Lorenz
gauge are presented in Section 2.3 and in chapter 3.
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Finally, let us comment on the approach we are going to follow in order
to determine the properties of the DC field. Let us recall that the formal
properties of the convolution allow us to work in Fourier space, where the
convolutional DC dictionary connects the Maxwell fields with the gravitational
ones through a product.

In particular, denoting the Fourier transform of a field as

' (p) := Flo(2)}(p), (5.13)

and given the formal definition of the biadjoint inverse

_ -1
d® ) = (a((b)) , (5.14)
we find -,
&) aILA)a dl(/A)a
U’ = =@ (5.15)
a

(€) ~(A) ~(€)
o a'Ya & aa
GL) = a@/; : al® = L (5.16)

where we omitted the color indices, as we do for most of this thesis.

Our logic is the following: first, we want to study the single-copy quantities
in Fourier space. In fact, knowing the falloff conditions and the formal prop-
erties of the spin-one field components and parameters, we can deduce their
behaviour in Fourier space. Then, we employ the relations (5.15) and (5.16) to
determine the properties of the Fourier transform of the DC field and parame-
s By, @ and
the parameters §,, A, and study the outputs from an asymptotic symmetry

ters. From these results, we can deduce the falloffs of the fields h

point of view.

5.2 Single-copy

In this section, we aim to classify the properties of aLA), dffi), a(e), a® that lead
to the correct falloff conditions of A, A, €, € at Z" and the expected arbitrary
dependence on the angular variables for the parameter that lead to Maxwell

asymptotic symmetries. Let us recall the falloffs here

A, =00, A, =072, A; = 0(1), e=0(1), (5.17)
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where the same conditions hold for fl# and €.

As discussed, all these quantities satisfy the wave equation, therefore we
start by studying it in Fourier space for a scalar field.

5.2.1 Scalar field at null infinity

Let us consider a scalar field satisfying the d’Alembert equation
Oe(x) =0. (5.18)

In Fourier space, the most general solution is

[ A s ()
o) = [ o), (5,19

and, splitting into positive- and negative- frequency parts, we find the usual
expression in terms of creation and annihilation operators

I ST
o(x) = (27]_)3%6 a'? (k) + h.c.. (5.20)

We are interested in the behaviour of this field near Z. In this analysis,
retarded Bondi coordinates are described with (u,r, 21, 25), where 2 = (21, z)
is a R%:vector used to parametrise the two-sphere. It is related to the stereo-
graphic coordinates as

2y = Rez, 2o =Imz. (5.21)

In terms of these R? real coordinates, the two-sphere metric is diagonal, with

2

S — 5.22
(1412 (522)

Yij =

We denote D; the covariant derivative respect to this metric and with D? =
D; D' the Laplace operator.

Cartesian and Bondi coordinates are related as

2r

ot = uth + —
1+ |2

7" (2) (5.23)
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with ¢ = (1,0,0,0) and ¢" is a null vector expressed as

. 1+ |2 1— |22
qN<Z) = ( 2| | y #1925 2| | ) . (524>

At the same time, we introduce Bondi-like coordinates for the momenta,
but with a crucial difference:

k' = pt" + wet (). (5.25)

This change of coordinates is particular because we have that w is not the
standard frequency w # |k|, but a convenient rescaling of it which is

2

. — 5.26

while 1, wy, wy are related to the Cartesian components £ in the same way of
u, 2y, zy are to .

This rescaling, while appearing strange at first, provides a great simplifi-
cation in computations. In fact, in (u,w, W) coordinates the metric reads

2 2 ) i 2 i

dk™ = —dp” — (1 + [0]") dpdw — 2ww; dpdw' + w6, ;dw’ dw’ (5.27)

and therefore the unit metric on the two sphere is now simply 7;; (@) = d;;.
Hence, the covariant derivative w.r.t. ;;(#) is an ordinary partial derivative

0;, providing great simplifications when performing integration by parts. Cor-
respondingly, the Laplace operator is denoted with A = 9,0".

Employing these coordinates and focusing on the positive-frequency part,
we find

. L2
_dwr|w—Z|

> de 2 - —iwqo(m)“ -2 (0) —
o (x) = e d“we =7 0 (wq(w)) . (5.28)
0

In the large-r limit, the leading behaviour of ¢ is determined by those
regions where
wr|w — Z|?

~ 0. 5.29

This condition, which is equivalent to

1
wlit — 7~ 0 (—) , (5.30)

r
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is solved by
wer Y i — 22 ~ e (5.31)

with « arbitrary.

However, the only two relevant regions that are those for which a = 0,1,
whereas the contributions from other regions are either scale-less or lead to
rapidly oscillating integrals. The first case goes under the name of collinear
region, while we refer to the second as regular region.

Collinear region
Let us start studying the region for which

1
-2 ~=, w~ . (5.32)
r

In order to analyse it, we write

1
W=7+ —=5 (5.33)

\/F )
with § formally of O(1). To leading order, we find

(© L[ W @ (9, o 2 2T,
o (x) ~ . dw 5¢ a'” (wq(2)) g d°Se =" | (5.34)
0

Performing the resulting Gaussian s-integral, we find

T (1 + ]27]2)
2ur

(c)

o9 () ~ / dew =0 (D) (q(2)) . (5.35)
0

This is the radiation falloffs and it is easy to check that, in arbitrary spacetime
D—-2
dimension D, this gives a contribution of order O(r~ 2 ) with a u-dependence

arising from the exponent in the dw integrand.

Regular region
The other region consists in

w~ =, =2~ 0. (5.36)
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In this case, we assume the small w expansion® for
(¥) ) ~ B—2 - 5.37
" (wg(w)) ~ W’ ag(q(w)). (5.37)

For fields, the form of the leading coefficient is determined by the soft
factors®. Substituting this expansion in the integral, we find

., 1 e%] B _iwr\w72\2
A @) ~ /de%%”’(w) /0 dww e 1A (5.38)

and performing the w integral, which is convergent for g > 0, we find

(r - F(ﬂ) -2\ B a}f)(w) d —
o (z) i)’ (1+121%) /R? S 2|25d . (5.39)

Including the corresponding analysis for negative-frequency modes, we ob-
tain

)~ I'(B) 2 B %’(w) 2. 7T(1+‘Z’2) Ooem‘wua w2 dw
pule) ~ s (L 27 [ 8 s TEED [ 7 ()
(5.40)

E=7
The collinear region is thus responsible for the radiative order, while the

regular region can, in principle, lead to an arbitrary falloff depending on the
value of 5. The structure of the soft theorems, however, tell us that, for fields
in D=4, 8 =1. This is studied in [184-186].

Interestingly, when generalising the spacetime dimension, the collinear re-

D—-2

gion leads to the standard radiation falloff O <r_ 2 ) , while the regular region,

compatibly with the structure of soft theorems, leads to a O (rf(D73)> , namely
the Coulombic falloffs.

Example: O(1/r) leading order

Let us study the 8 — 1 case, which is relevant for the falloffs. In particular,
we consider the case studied in [182], for which

a'? = a; (@) (5.41)

1 . . .
We can also consider more general low-frequency scaling. For instance, we assume a
w2 logw term for the gauge parameter.
2This will be particularly relevant in the asymptotic symmetries discussion.
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with € being a small parameter we study for ¢ — 0. To simplify the notation,
we remove the superscript (¢) on a'?). We have

: : d"k
o(x) = / [em'za(k) + e_Zk'wa*(k)} 0 (k) 276 (k%) 2P (5.42)
In this case, the collinear region gives
. 14|27 [~ ‘
(5) man (UL [ gt i,
2ir 0 (5.43)
(© T (1427 [ 1wz |
o (x) Na’{(,?)—,/ dw Wt ™7 (B
—2ir 0

The integrals on the right hand sides can be performed by means of an
analytic continuation, the result of which is

¢ ¢ o m(L+[Z7)T(e)
RCIRCINCEN ( 2.)
1r

[ (2) (i) — a}(2)(—iw) ] . (5.44)

We observe that there is a possible divergence for ¢ — 0. However, we can
impose a,(Z) = a;(2) and, using

(iu)° — (—iu) "¢ = —iemsng(u) + O(?),
| (5.45)
re) =1+ o),

we find for e — 0

7’ (1 + |z7|2)
2ir

0 (u,r,Z) ~ —sgn(u) ar(2). (5.46)

We now move to the regular region. The integrals give

1—e¢
r I(1—¢e(1+ |5|2 sin(me o
") ~ 5—25 1_6) / - (4 2)_26a1(w)d2w. (5.47)
(2m)" " r¢ [0 — 7]
We now use the property
I sin(7e) . e i 5(2)( 52 (5.48)
m--—— =11 ——F = — w— Zz .
e—0 |u_j — 2’|2*4€ €0 2|U_j N Z|274e 9 )
for which we find
a,(?) B a,(2) a;(2)

(o) = (1+[27) sgn(u) | = (1+2°) 0(—u)

8rr 8rr
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Let us comment that, in principle, the choice (5.41) allow us to determine
the structure of ¢ at Z". In more general case, for which (5.41) is not exact
but only the leading order of a more complex expansion, the scalar field can
show an arbitrary dependence on the retarded time. This is compatible with
the fact that, when analysing the wave equation for a (’)(7"_1) field, the leading
order is indeed free.

5.2.2 Single-copy vector

Let us now apply our analysis to spin-one vectors. In particular we focus on
A,,, which satisfies
OA, =0, V-A=0. (5.50)

m

Most of the discussion is similar to the scalar one, with the main difference
given by the presence of polarization vectors. Indeed, the Fourier transform

A .
a, can be written as

A (A
a, =a; '€,,

(5.51)
where the index ¢ refers to the sum over physical polarizations. Let us note
that the use of the same letter employed for denoting the angular variables is

not a mistake. In fact, polarisations in momentum space [182] can be defined
H(wd
&; (W) Zai( 7 Z > (5.52)
y - q(w)
with y being a null reference vector. Let us observe that this choice automati-

as

cally satisfies the Lorenz gauge condition, which in Fourier space is k" aLA) = 0.
And since the on-shell momentum is k" = wq" (&), we have

q- =0. (5.53)

Hence, the solution to the equations (5.50) can be written as

Ay (z) = / d4k45(k2)eik'xa(‘4)5i . (5.54)
(2m) o

Let us recall that polarisation vectors depend only on the angles. Therefore, it

is straightforward to observe that nothing change from the point of view of the

collinear region, since the peculiarity of that region is to evaluate, at leading

order, the functions of @ in z. The result is thus simply modified as

(¢) 77(1"" ’5‘2) P —iwg®(Du_(A) -
Ay (x) ~ ———>e,(2) i dwe a;”’ (wq(2)) . (5.55)

2ir
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At the same time, assuming B(A) = 1 and agA)

real again, the regular
region analysis encounters a 5 (W — 2), solving trivially the presence of an
extra function of the angles.

Altogether, for the leading order from both regions one has

Ay e (2) (74(2) 7, 2)) (5.56)

where the sum over polarisations is left implicit and 7"°¢(2), n°"(u, Z) are
scalar functions encoding contributions for the regular and collinear regions,
respectively. In particular, the regular region does not bring any dependence
on u, while the collinear does.

These are the falloffs of the Minkowskian components. We are now inter-
ested in the discussion of the Bondi components. Changing the coordinates,
we find

A, =0(1), A,=0F"hH, A, =0077). (5.57)

In particular, the fact that Aﬁl) = 0 is a consequence of the transversality
of the polarisation vectors, since
m

A = 0,274, = Le, (775(2) + 0w, 7)) = 0. (5.58)
q

5.2.3 Single-copy parameter

To include in the discussion the gauge parameters, we need to find the set
of properties that lead to a O(1) term with an arbitrary angular dependence.
Consistently, they have to admit a polyhomogeneous expansion, namely the
parameter has to be of the form

€= i ;—’; + i én% (5.59)
n=0 n=1

As shown, the collinear region always brings about a ~ % behaviour, therefore
the regular region is the only one that can be responsible for a (9(7“0) term,
which is the leading order of the gauge parameter expansion. The most general
expansion for small w, compatible with the series (5.59), is

(09)* () ~ - (P 203() — iB3(0) + logwe” (o) (), (5.60)

where all the function introduced are real and a is the colour index, which we
leave implicit from now on.
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As we see below, the first term is associated to global symmetries, while the
last two are responsible of asymptotic symmetries. In particular, they both
need to be total derivatives as

ag=Af; by = Ag, (5.61)

where we recall that A is the R°— Laplacian®.

The terms by (W), by(w) can be easily discussed, since the result of the w
integration has already been presented in (5.39). Hence, we just need to discuss
the limit 5 — 0 considering the explicit form of (5.60). For b;, we find to
leading order

r
s = ~sin (35) [ ani -7 (5.62)

which, in the limit § — 0, implies

1
Coiob = / d*0 by () . (5.63)

This result is well-defined as long as b, (W) is integrable and, as one can see, it
does no longer depends on 2, meaning that it corresponds to global symmetries.
Note that, in principle, b; can be associated to non-trivial subleading terms.
This is equivalent to solve the wave equation for a O(1) scalar field without
a polyhomogeneous expansion: we cannot find a leading order with arbitrary
angular dependence, but only a constant. However, the subleading terms are
still there, but do not represent asymptotic symmetries.

For b,, one finds

1 i — Z)?
2)ays ~ 2 logr +vp — = /d2wb +2/d2u7b lo (—)
e() y,1 ( g YE 5) 2 2 108 1+\Z|2
(5.64)

and, given by, = Ag as written in (5.61), the integral is convergent and com-
patible with the expansion (5.59). In fact, the first term vanishes since it is a
total derivate. At the same time, by integrating by parts the second term, the
Alog(|@ — z]) gives a 0P (& — ) and we find

€as1 = #19(Z) (5.65)

3 As we discuss in the DC chapter, we need to assume ag = A? f for the DC parameter to
have an arbitrary angular dependence. However, for this section we maintain this simpler
ansatz.
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thus showing how one can obtain asymptotic gauge parameters of O(1) in the
radial coordinate, while still retaining an arbitrary dependence on the angular
coordinates as well as global transformations.

Note that, without the ansatz (5.61), we would have encountered two prob-
lems: a divergence and a log r term, not compatible with the polyhomogeneous
expansion chosen.

For the last term, ay, we need to perform the dw integral with extra logw
term considered in the expansion. The result is quite similar to the previous
one, but we do not find any possible divergence, since

— =2
€asa ~ (logr + vg) /d2u7 ag + /d2u7 ag log (M) , (5.66)
’ ENE

and, asking again ag = Af, we find as well

as2 #2]0(5) (567)

Being the two contributions practically identical, we consider only the one
coming from ag, since it does not bring any divergence but only a logr term
which is not as problematic.

The result for the leading order parameter is thus

0) __ _(0)
E( ) — Eglob

+ gy (5.68)

where we defined €, 1= €,4..

Let us observe that the first subleading term resulting from the ansatz
(5.60), is indeed of order logr with coefficient

1
eW = 5 D, (5.69)

linear in w, consistently with [50].

Summarising, we write for the Cartesian components of the fields

a o d'k 2 gik-z ,(4) i
A50) = [ el i)

i) - | Tk 502670 (k) & (k) (5.70)

(2r)! o

o d4k 2\ ikx (®)
@) = [ b ) o)



124 Double-copy supertranslations

and the parameters

(1) — d4k 2 eik-xa(e)
@)= [ ) a0 ),

j (5.71)
~a’ N d'k 2\ ik-z~ ()
& (x) = 10(k7)e™ a,” (k).
(2m)
The structure of spin-one asymptotic symmetries fix the properties of ag?), &Eﬁ,), a((z,)
to be real and with a low w behaviour as
(A) ~(4) (@) _ -1
Qg 0 a =0 ), (5.72)

with g4 = g = g® = 1.
The Fourier transforms of the parameters need a double description. The
asymptotic symmetries part is associated to a low-w scaling

.31 = 0(w™ logw). (5.73)

(&
/

a

tries require

with aff), a'! imaginary®. At the same time, the discussion of global symme-

al a9 = 0w (5.74)

a,glob> =g/ glob

4hoa© 5@
with a, g0 Ty ctob

Having classified the inputs, we are ready to employ the DC relations and

imaginary as well.

study the output.

5.3 DC field

The DC field satisfies the wave equation as well. We can write the solution as

= /Jl—ké(kZ)eik'ra(H)(k) 7 (k) (5.75)

24 (277')4 ] pv

and, using the formal properties of the convolution, we can identify

(&) aWg g o
a; = a(q)i : €y = L&D, (5.76)

The falloffs of Cartesian components of H,, are therefore determined by

"Note that we collected a factor i in (5.60)
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the same discussion as before. The collinear region provides again a (9(7“_1)
falloff, while the regular region is determined by the value of 3. We can use
(5.76) and find ~

B(H) _ 6(14) + B(A) _ 5@) =1, (5.77)

and therefore we find that the regular region leads again to a O(r™"') falloff.
We now study this result for the Bondi components.

5.3.1 Falloffs of Bondi components

The single-copy discussion can be easily generalised to the DC field. The
corresponding analysis of the collinear region gives

) > 0,2
HO ~ g / 2—“’@—“ 1™ (wq(2))em(a(2)) +c.c. (5.78)
0 2w
while for the regular, we find
(HY, /= -
I v
ms ~ DO 4z / P LDeWldD) | (59)
(ir) 2| — 2|

where we are interested in the f — 1 limit. In this case, we can write

2
cos <gﬂ> i — 2|72 = %5@)(@ — )+ 0B - 1), (5.80)

so that the result for the Cartesian components from both regions is

1 v d re = CcO —
Hyy ~ —2 () (r5(z) + 0" (. 2)) | (5.81)

with 77(2), n°"(u, Z) collecting the results for the collinear and regular re-
gions.

Moving to Bondi coordinates and using the transversality of €,,,, we obtain

Nz
HY) =0 (5.82)
so that, performing the change of coordinates, we obtain the H—falloffs

Hij = O(T)a Hm = O<1)a Huua Hm‘ = O<T_1)7 Hur7 Hrr = O(T_Q) :
(5.83)



126 Double-copy supertranslations

These falloffs imply the following scalings on the graviton

Pu g i = O (), e = O ().

(5.84)
h‘ui7hz,§: 0(1)7 hzzvhéfzo(r) )
while the two form we find
Bur:O % ) BU'L:Ola
<> @ (5.85)
Brz:O(% ) BU:O(T)
At the same time, we can determine the falloff of the dilaton, which is
p=0(3). (5.86)

These falloffs are compatible with those considered for the corresponding
asymptotic symmetries analysis. This is our first original result: the DC dic-
tionary works in mapping the spin-one falloffs to the corresponding DC ones.
Our aim for the next chapter is to understand whether this works also for the
asymptotic parameters.

5.4 Asymptotic symmetries

5.4.1 Falloffs of «,,

The DC parameters satisfy the wave equation and are divergnece-free. We
thus can write

d4k ik () ~
o, () :/(27)45(/{2)€k al )5u>

- d'k ik (G
a, () :/ (2ﬂ)45(k2)ek a' )5;“

where we are leaving implicit the polarisations indices. The DC dictionary

(5.87)

implies that
P MOPYY Wz
o = c A = (5.88)

As discussed previously, a(A), @™ and ¢'® are real functions with a small w

scaling as a(wq(@)) ~ w'a, (q(@)), i.e. Y = ﬂ(A) = 8 = 1. At the same
time, a(ﬁ), a'® are imaginary functions for which we consider two different con-
tributions, involving a w2 log w scaling for the part responsible for asymptotic

symmetries, while w™? scaling for the global part.
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Focusing only on «,,, these considerations lead to a small w expansion of
the form

a(ﬁ)&(A)

—@ ~ logww’ ™2 a(()a) + w672a§a), (5.89)

o\ (wq(@)) =

with both a((]a), a§°” both being imaginary. We expect a, to be associated to
asymptotic symmetries, while a; to the global ones. As we shall see, the
discussion about asymptotic symmetries require some extra considerations.

5.4.2 DC parameters

As a reminder, we considered
0@~ L (1ogwﬂ—2a0(w) n wﬁ—%(w)) , (5.90)
T

with the first term, obeying to ay, = A f, corresponding to asymptotic symme-
tries, while the second one leads to global symmetries.

Global symmetries

First of all, let us discuss global symmetries, which means we will consider
b, (W) as an input. The associate DC Fourier coefficient is

(4)

(@) L p-2
a;’ ~ —w T —==Db. (5.91)
1 T ag@) 1
This leads to
rge) . (m i gpal _
glob ~ o 2 - p-2Y1 - 28
o —F sin <2ﬂ> /d W —w _CLYD) bye,|w— 2777, (5.92)

which, asking only for integrability conditions, implies a O(r”) constant term
in the limit § — 0, meaning global symmetries.

Asymptotic symmetries

As we shall see, the ansatz a((f) = Af is not enough to find DC asymptotic
symmetries. In particular, we obtain a O(logr) term, which would violate the
falloffs and it is not considered in the discussions of O(1) asymptotic symme-
tries in Lorenz gauge.
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In order cancel the O(logr) term, we require a stronger condition on the
single-copy parameter, namely

al? = A’f. (5.93)

The associate DC Fourier coefficient to asymptotic symmetries would be

a'® ~logww’ 2 al (5.94)
with
() agA) 2
1

We now make use of the explicit form of a(lA), agq)), which is fixed by soft
theorems. In fact, let us recall that, for asymptotic fields generated by sources
moving in the bulk, the form of the leading contribution for soft momenta q is
fixed by soft theorems to be the sum of terms of the following type [107,184—

186]

~ . (b

e Sl Ly (5.96)
p-q p-q p-q

each associated to the motion of a given background particle of hard momen-

!

tum p, with e, é and ¢® the corresponding couplings and where we choose
ei(Z) = (2, 0;5, —2;) = /(7 ), which is equivalent to set the reference vector y

introduced in (5.52) to y" = (—1,0,0,1). From the DC perspective [99, 187],
where at each vertex the particles in the gravitational multiplets are interpreted

as products of single-copy constituents, upon further choosing ¢® = J%’ with
G denoting the gravitational constant, one finds

ol = V3rG % . (5.97)

This observation has an immediate implication on

()
V817G
A= Z Eop. (5.98)

Making use of (5.98) and (5.93) one finds that the dangerous term eventually

cancels, since
logr + vg

o /dZw(Nf) E-pé,=0 (5.99)

because A*( - p &,) = 0, which motivates our choice (5.93).
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By integrating by parts, the DC parameters is

a, ~ AV, + U, Af —20,f0"T,, (5.100)
where we defined ) )
_ a(A) . ZL(A)

U, = g = (5.101)

Bt ag@) o ag@) ’

In fact, the connection with soft theorems, explored in (5.96), implies that

U, =g(e-pe,  V,=glte pl,.. (5.102)

Putting this inside the integral, we find

— -2
— — — — w —
a, ~ (log r+7E)g/d2w A2f(w) (s-p)su+g/d2w AZf(w) (e-p)e, log (’1 n |5|’2) .
(5.103)
Integrating by parts the first term, the integral goes to zero, therefore we do
not have any logr term. This would not be the case if we decided to use a

single Laplacian.

Integrating by parts the second term, we find the result (5.100), which is a
well-defined O(1) term with an arbitrary angular dependence.

Let us highlight that the so-derived DC parameters keep a nontrivial an-
gular dependence at O(1) for large r with

o OH(2) = ol + A T* + FATF — 20, 07",

. ~ ~ y (5.104)
& O(Z) = alyy + AFUF + FAUF — 20, f0ND",

and inherit from their single-copy constituents a polyhomogeneous expansion

o =aO"(2) + O (logr> . (5.105)

r

The Bondi components of o/ are related to the Minkowski ones, here de-
noted as oy, by

o' =—G-ay, o =n'ay, o =-=(D'n")ay, (5.106)

with I =1,2,3 and

i"(7) = ¢(Z) _ (1,77 (2)), (5.107)
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where we recall that D; denotes the covariant derivative on the sphere. They

satisfy
D20 4 2007 4 2D,V = —¢- D20l =0, (5.108)
where D? = D;D" and we used D*n' = —2a’. For the ensuing discussion it

is useful to parameterise the solutions of (5.108) in terms of a scalar function
©(Z') and vector on the sphere ¥'(2") as follows:

Oé(o)u<2> = @(5)7
aMi(2) = —D'O(Z) + 2'(2), (5.109)
a7 (z) = 1@2 0(z) - DY (7).

2

Finally, we collected all the results needed to analyse the asymptotic symme-
tries of the multiplet subsumed in the DC field H,,. In particular, since the

symmetric part H 5,,, encoding the d.o.f. of h,, and ¢, and the antisymmetric

part H ;4,, decouple from a Lagrangian point of view [172], we can analyse their
asymptotic properties separately.

In particular, since the asymptotic charges involve specific components of
the curvatures, it is useful to recall the definition of the DC curvature [11]:

1 - s A
Ry = =5 Fp % B = B + R

uvpo uUvpo s

(5.110)

uvpo

where we can recognise the linearised Riemann tensor for H 51, together with a

gauge invariant combination of derivatives of H fl,, related to the torsion part

of the Riemann tensor. In particular,the Minkowski components are

I
Ruupa

1
= §(aua(,ng ~0,0,H.,+0,0,H,

p*tpo

—9,0,H},), (5.111)

with I = A, S. For the antisymmetric part, we can write

1
A
Ripo = 3 (0, Moo — OHppss) (5.112)
with
- A A A
Hopy = 0nHipy, + 0,Hys + 05 Hoy (5.113)

being the two-form field strength.



5.5.5 Asymptotic symmetries 131

5.5 Asymptotic symmetries

5.5.1 Supertranslations and scalar charges

The DC dictionary implies that the gauge parameter of H 51, is
= —(a"+a"). (5.114)

The asymptotic surface charges correspond to the fixed—u, large—r limit of

QF =" [ e (B + RS (5.115)
where one can identify two contributions to the curvature

— R

uvpo

}%S

uvpo

+ R},

Uy po s

(5.116)

associated to the graviton h,, and to the scalar ¢, respectively.

In particular, the graviton h,, is in de Donder gauge, while the condition
V - & = 0 is consistent with the scalar degree of freedom being encoded in
the equation for the trace of H l‘fy [172-174]. We aim to show that the results
obtained from the DC coincide, up to some considerations, with supertransla-
tions, which in de Donder gauge were discussed in 31,36, 133].

Let us recall the falloffs we derived from the DC analysis

©s hs P i = O (1) gy = <L2> (5.117)
h

hui? th = O (1) 9

while the leading Bondi components of £ satisfy both (5.108) and (5.109). We
define

1 -
o7 T(Z) =-(0(1=)+06(2)),
() = T() %(§>+ () -
2F) - §E) =5 (FE)+TE)

In particular, it is possible to perform small gauge transformations employing
S" setting to zero hE}T) and hﬁ,).

The residual parameters are then further constrained by ¢-D;¢ = 0, which
suffices to fix the correct cross-dependences among the components of &,
namely

. . 1
5(1)Z = —D'T(2), g(o)r - 51)2 T(Z). (5.119)
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This identifies the leading-order asymptotic symmetries of the DC graviton as

BMS supertranslations. The corresponding charge receives contribution only
from the first term in (5.115), on account of (5.84), and has the form

Q" = - / dzdzy..T (=, ) R, (5.120)

with .
RM®) _ip’thEj‘” . (5.121)

In addition, from both terms in (5.115) one finds that the DC builds
infinitely-many asymptotic charges for the scalar field of the form

1
Q" =-3 /d'zd%z(DQ + 1T (2 2)¢, (5.122)

which reproduce the asymptotic charges proposed for scalar fields in [37], with
the identification of the corresponding smearing function with (D*+1)T(z, 2).

5.5.2 Two-form asymptotic symmetries
We now focus on the two-form part B,,. The parameter is defined as
—a) (5.123)

and satisfies (5.12). The asymptotic charge corresponding to (5.115) emerges
from the r — +o00 limit of

Q" = =1 [ deders (W RE VR (5.124)

where in this case the first contribution vanishes identically, while the latter

gives a non-vanishing contribution originating from )\i(l)Rﬁg} with
A2) _ 4,1) _ 1 _ i p(=1)
Rirur - Hiur - 8uBm - _D]Bij y (5125)

where in the last equality we used the equations of motion. Altogether, the
corresponding asymptotic charge is

QF = / dzdzy,: N DB (5.126)
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and we need to determine whether in our DC setup there is room for a nonva-
nishing coefficient ™. From (5.105) we obtain

o Z )\(n u N Z )\(n)u 1og7“

n=0
> 10 r
N = Z d (5.127)
n=0 n=1
e )\(n)i <(myilog T
A\ = )\ (n)i¥s "
; D P

where in particular the leading coefficients are related by
DA L 2O L op . AW =0,
20, A" = (D* —2)A O —2p . A\ (5.128)
20, A2 = (D* = 1)AW 4 2D N\O

as a consequence of the Lorenz gauge condition. We parameterise the corre-
sponding solutions as follows

A = 7(2)
AV = —Dir(2) 4+ 0'(2), (5.129)
AP — %D%(g) —D.o(2)
having defined
(%) = % (9@ - (:?(5)) ’ (5.130)
o'(7) =5 (T -£'))

with 7(2) and o’(Z) providing the counterparts of (5.118). From the second
of (5.129) we see that in principle there are two types of contributions to QP,
depending on 7(%) and on ¢'(%), respectively. The contribution to the charge
involving 7(2), however, actually vanishes:

QF / dzdzv**(D.D.r — D,D.7)BS"Y = 0. (5.131)

This outcome can be understood upon recognising that variations involving
AW = _D'r represent gauge-for-gauge transformations that do not affect the
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free data encoded in Bi(j_l). Thus, it is the presence of a non-trivial o’(Z) that
allows one to identify the asymptotic charge of the two-form:

Q% = [ ddzy(Dic. ~ Do) BV (5.132)

Let us observe that the parameters 7(Z) and ¢'(Z) play a role which is some-
how reversed w.r.t. their gravitational counterparts 7(Z') and S*(Z) defined
in (5.118), with the supertranslation parameter 7'(Z) providing the relevant
asymptotic symmetry and Si(E’ ) encoding small gauge transformations.

Finally, let us recall that the polyhomogeneous expansion (5.127) induces
partial violations of the falloffs (5.85), consistently with the analysis of chap-
ter 3. Indeed, if o' # 0 then

0B, = O %) , 0B, = O(logr),

(5.133)
0B,; = O(1), 0B;; = o(r),

and therefore the falloffs are generically not preserved except for B;;, which
encodes the free data. The same mechanism is at work for the spin-one and
spin-two cases in Lorenz and de Donder gauges, respectively, where polyho-
mogeneous scalings of the parameters were found to be necessary in order
for asymptotic charges to exist. One possible attitude is to intepret the vi-
olations of (5.85) as physically innocuous, since they affect only pure-gauge
components of the field and as such do not alter any physical observables [50].
Alternatively, one may also envisage the possibility to generalise the falloffs of
the fields from the very start, as suggested in [26,36], possibly in order to take
the presence of matter into account.

The charges (5.132) should provide the dual counterparts of the asymptotic

charges for scalar fields found in [37].

5.6 Double-copy superrotations

Here, we present some preliminary results which will be discussed in detail
in [38].

5.6.1 Single-copy parameter
O(r) Maxwell asymptotic symmetries

As an input, it seems natural to consider the O(r) Maxwell asymptotic pa-
rameter, first presented in [25].
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The parameter admits the expansion

€= i n+§; mlogr (5.134)

where it is worth to remark how the logarithmic series starts again from n = 1.
In fact, we remind that the second series is required to have a O(r°) term with
arbitrary angular dependence, but then the O(r) term has it without asking
extra terms’.

The wave equation, discussed in detail in the first part of the thesis and in
the appendix, implies

Y = 6(_1)(2, Z)
(0) . A + 2 (_

e === L Oz 7)

A2_ ) | (5.135)
e = o2 S Ae™Y 4 U A + m(z Z)
M =Wy, 2, 2)

where e ) denotes a u—integration function that enters at every order and
eW is completely free. Let us observe that this parameter does not preserve
the falloffs considered in the DC discussion, but this also happens for DC
O(1) asymptotic symmetries. We are again admitting violations in pure gauge
sectors. This is compatible with the approach used in Chapter 3, for which we
considered generalised falloffs in pure gauge sectors from the beginning. Using
the notation of Chapter 3, in this case, we can assume we are starting from a
gauge orbit with a = 0. However, from the point of view of the DC analysis, to
our best understanding this would not add more to the results. Furthermore,
as discussed in the first part of the thesis, the parameter leads to a divergent
but renormalizable charge.

In order to apply the same procedure used for supertranslations, we need

to understand what are the properties of the Fourier transform a'® needed to
find a O(r) parameter. We start with the assumption
a ~ 2w w0 (5.136)
:t . .

®We could consider a log 7 term in the series (5.134), but in order for it to have a non-
trivial angular dependence we should add a third series

o0

Z n)log r

n=1
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and note that the integral
1 )
€y~ §/d27ﬂai/dw WP leTiere (5.137)

is divergent for 8 < 0 and therefore the limit § — —1 is not in principle a
definite operation. However, we can perform the integral in the case 5 > 0 and
then extend the result to all values of 8 by means of an analytic continuation.

Asymptotic symmetries. We start analysing the case agf) = 4“9 In

particular, in this case the integral of the sum €, + e_ is defined for g > —1
and therefore the § — —1 limit is a well-defined operation. The integral gives

-8
€~ %Sin (?) (8) / &5 a9 (@) (5.138)

In order to study the f — —1 limit, we define § =< — 1 so that

sin (%) = —COS (%) = 14+ 0(?),

r P =r(1 —clogr + O(?)),

D(B) =~ + (v = 1)+ O),
-8

(5.139)

x N

le

We have a divergence coming from %, but we still might ask conditions on agf)
so that the integral results finite. Using the same logic of supertranslations

discussion, we ask agf) to be a total derivative. In particular, we have

A — 2272 = (2 — 262w — 2| 7%,

5.140)
Ai — 2%~ e8P0 - 2), (
therefore we find that a, = A®f(w) implies

e=rf(w)+..., (5.141)
thus allowing for a leading order with arbitrary angular variables.
Global symmetries. We now focus on the case agf) = o which, in

principle, leads to a divergent integral for § < 0. However, we can perform
the integral considering § > 0 and then generalise the result to every value of
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£ by means of an analytic continuation. The result is

2 (6) — — 2
€~ — r d wa w — s 5.142

which is convergent if the integral is. For instance, we can ask a falloff condition

on agf) , namely

c 1

= (5.143)

with a > 4.
Let us observe that the integral does not have an arbitrary angular depen-
dence on Z, but the structure

a+2'b; + |z
€~ :
1+ |2

(5.144)

with a, b;, ¢ being (not all independent) constants. This, to our understanding,
might be a candidate to discuss the Lorentz group at the level of DC.
The last possibility is to consider an expansion

0\ (w, @) ~ W’ logw a' (@), (5.145)

but in the case f — —1 (¢ — 0) we have a % divergence for agf) — —a'? and

the unavoidable presence of a r log r for agf) = a9, Hence, this expansion does

not seem useful to discuss a O(r) parameter.

5.6.2 DC parameter

We now want to study the DC parameter. By means of the DC relations, the
regular region for the DC parameter gives

-B
r ™ )/ _
@, ~ —-sin (75) r'(B) / &% O (W)W a7 (5.146)
afLA) M i 7 Mo fants

where ¥, = ~5. In [34], we use U* = (' - p,)el’, where €} is the polarisation
vector and p,, is the momentum of a hard particle. For the standard choice of
polarization vectors, e = D;q", U, is quadratic in .

As a consequence of ¥, ~ O(|u/ *), a mechanism similar to the supertrans-
lations case occurs: to ask an) — A’f is not enough, but we need

al? = A3, (5.147)
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Integrating by parts, we find a well-defined O(r) DC parameter, candidate
to describe superrotations, O(r) two-form asymptotic symmetries [29] and the
subleading asymptotic charge for the scalar dilaton. Since it maintains the
angular dependence, we expect to find generalised BMS instead of extended
BMS.

At the same time, the global symmetries seem to be mapped to the Lorentz
group, described by the six global conformal Killing vectors, with a structure
analogous to (5.144).

5.7 Outlook

In this chapter, we reviewed the derivation of DC supertranslations presented
in [34], whereby electromagnetic large gauge transformations “square” to BMS
supertranslations for the graviton and to asymptotic symmetries for the Kalb-
Ramond two-form, while also providing an explanation to the existence of
infinitely-many asymptotic charges for the scalar field. Our approach consisted
in performing the asymptotic expansions of the on-shell fields by means of the
method of regions, which allowed us to deduce the falloffs of the double-copy
fields from those of their single copy constituents under suitable assumptions.
A similar mechanism works for the corresponding asymptotic symmetry pa-
rameters. The appearance of terms involving log r at subleading orders, which
is a common feature of asymptotic expansions performed in Lorenz and de
Donder gauges, motivated us to revisit the study of the asymptotic symme-
tries and charges for the double-copy fields, in particular for the two-form.
We found that the logarithms “predicted” by the convolutional double copy
in this way are precisely those needed to allow for the existence of nontrivial
asymptotic symmetries and charges.

As a first generalisation, we proposed some preliminary results on DC su-
perrotations. We find that, in order to obtain DC parameter of O(r), we need
to consider O(r) gauge parameter at the single-copy level. This is different
from the results of [14], where a subset of superrotations seems to emerge from
a particular subset of O(1) YM symmetries. However, in [14] is also observed
that there is potentially another class of asymptotic symmetries if one allows
for O(r) single-copy gauge transformations. Therefore, it might be very inter-
esting to apply our approach to the self-dual sector and to confront the results
with those of [14] and to understand which results are a peculiarity of the
self-dual sector.

There are several other possible generalisations of our work that could be
considered in the future. First of all, we would like to study the DC of arbitrary
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higher-order asymptotic symmetries. The structural similarities between spin-
one and two-form found in [29] seem to indicate that there might be some
DC relations. However, it is worth to remark that gravity is understood only
up to (’)(7“2), as the computations become very challenging to higher orders.
Therefore, it is not clear what to expect on the gravitational side.

Furthermore, as observed, the study of the DC for asymptotic symmetries
in the convolutional approach is tightly linked to soft theorems and it would be
interesting to better investigate this connection. In this respect, the generali-
sation to O(r") asymptotic symmetries would help in exploring the connection
with the sub”-leading soft theorem.

Further potential developments include the generalisation of our approach
to different, yet related, contexts. The study of asymptotic symmetries and
the associated soft theorems has been generalised to (Anti) de Sitter back-
grounds [52-54, 188], for which the convolutional DC dictionary has recently
been investigated in [39]. Another enticing perspective is to investigate asymp-
totic symmetries of higher spin gauge fields [32,33] formulated as convolutional
double copies of lower-spin building blocks®. Moreover, since the convolutional
DC can be equivalently formulated in any number of spacetime dimensions, it
is certainly possible to imagine that our work and the generalisations thereof
could be also explored beyond D = 4.

%See [189] for a chiral higher-spin DC and [190] for a Kerr-Schild-type one.



140 Double-copy supertranslations



Appendix A

Equations of motion

A.1 Order-by-order expressions

Let us remind that, for radial expansions, we employ the following notation

=2
n

n I
1 r 2

("1)

%) (nylog T

ek B (A1)
na

so that ©™ is the coefficient for r™.

Order by order tricks

In evaluating order-by-order equations, these are the relevant terms that often

occur:
ia . {[%aarﬂ (n) _ pr(et) (n— (a+ 1))()0(n—(a+1))
B e R CE ) )
o { 32¢)" = (n = 1)(n = 2" — (20 = 35"
[07e]™ = (n = 1)(n — 2"
Scalar
The scalar wave equation reads
2 A
(e = (83 — 20,0, — ;(Bu —0,) + —2) e=0 (A.3)
r
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which, order-by-order, implies the system

(2 — 2n)0,e™ 4 20,6 = [A+ (n —1)(n —2)]e" ™V + (3 = 2n)e™ V|
(2 = 2n)0,€™ = [A+ (n = 1)(n — 2)]e" .

(A.4)
Vector
A vector in Lorenz gauge obeys to
OA, = (07 = 20,0, = =9, = 0,) + — | A, =0, (A.5a)
T
2 A 2 2
OA, = (af 20,0, = (0, ~ 9,) +—2) A+ SA, —A)-SD-A=0,
T T T
(A.5b)
OA, = (a? _99.0, + 2 - 1) A, — %Di(Au —A)=0, (A.5¢)
r
2 1
v.A:—auAT+(a,,+;) (A, —A)+ 5D - A=0. (A.5d)
r

The gauge condition reads

auA$n) . (n N 3) Agn—l) N Agn—l) _D. A(n—2) + Agn—l) . Agn—l) _ O,

0, A — (n - 3) (AU = AUD) — DL A" —,
(A.6)

while the equations of motions are’

2—2n

(2= 20)0, AL + 20, A = [A+ (n = 1)(n — 2] ALY — (20 = 3) AT,
( )0, Al
( )0, Al
(2= 20)0, A = [A +n(n = 3)ATY + 2477 —2D - A0,

2 —2n)8,A™ = [A + (n — 1)(n — 2)] A"V |

)

—2n 9, A™ = [A+n(n—1)— 1JA™Y —2D,(A™ — Ay,

M 429, A" = [A +n(n —3)] A" 424D —2p. A2 _ (25 —

3)A" Y,

{_2” A" +20, A7 = [A+n(n = 1) = A" = 2D, (AL = A") = (20 = DA™,

(A.7)
These equations, containing the logarithmic part, are important for the two-
form parameter. However, in order to establish the explicit relation between

1Moving to the right the Lh.s. of each equation we recover the order-by-order expression
of [DA#] (n+1),
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the field strength and the spin-one field, we need the equations only for the
A—part of A, which admits a power expansion. These equations are identical
to the equations of the pure logarithmic part, but here we report them for
simplicity

u )
(2 —2n)0, ALY = [A+ (n = 1)(n —2)]ATY, )
(2 —2n)0,A™ = [A +n(n —3)]A" D 240V 92D . AP (A8c)
—2m 9, A" = [A+n(n—1)—1]A"Y —2D,(AM — A (A.8d)

,A = (n— (A~ AP) 4 D 40D,

The last equation can be split by means of (3.34) and we find

— 29, A™ = [A +n(n—1)]A"D — 24" — AM) (A.9a)

T

—2m 9, A ™ = [A+n(n—1)]A""Y. (A.9D)

where we used that (A —1)D;A = D;AA.

Spin two

We work with De-donder gauge, namely
' 1
G, .:V-hu—gvuhzo. (A.10)

The equations of motion are

1
0 (h;w - En,u,yh) =0 = Dh'uy = 0, (All)

where we used that, in absence of sources, [Jh = 0 and

v
h=h,, — 2h,, + Lh (A.12)
T

ij -

We have
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Equations of motion

A 4 . 2
Dhrr :azhrr - Qauarhrr + _Qhrr - _3Dzhir‘ - _(au - 87‘)hrr
T T T

+ _Q(hur - hr?") + _47ZJhij
T T N

7Y

2

Dh‘uT :azhur - zauarh‘ur + —
r

1
(DiDjh‘ur - _Dihuj - T’yij<au
r
1
A 2
r

Oh =87h —20,0,h + %h — %(«% —0,)h
T

1 1

5 1 2
Oh,; =02h,; — ?hﬁ, —20,0,h, 4 + F(Ah . — =D’hy; — 2rD;(hy, —

ri -
r

2 2

1

+ =5 [Ahy; = 2rDi(hy; — hyy) = 28 Dj(hy; — hyy)]
r

+ 27@](huu - Qhur + hrr)

The gauge condition is instead

ij

Gu :arhru - arhuu - auhur + fy_Q(DZh’]u — i (huu - hur))
T

1 VU

- §au(hrr - 2hur + th])
7"

GT :87"hrr - arhur - auhrr + 9 i

r r

1

7"
- _ar(hrr - 2hu7" + _QhZJ)
2 r

2 2
Gi :arhri + _hm’ - 8uhm - arhuz - _hui
r r
ik ik
04 1 g
+ T—Q(Djhik) - §Di(hrr — 2hy, + thk)

1
(Dihrj - rfyij(hur - h’rr) - _h>

- ar)hu’r

(A.13)

hr'r) + 4huz>

(A.14)

(A.15)
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Order by order, these are

OA™ (A4 (n—2)(n—3) = A" 4 2(n — 2)9,A" Y + 452

—AD'RSY 4 29

T 1]

OR (A + (n— 1)(n — AR 4 2(n — 2)9,h" Y 4 20272 — 2pip[n—?)
DA - (A + (n—2)(n — 3))A P +2(n — 2)9,h0 Y
OR™ - (A + (n—1)(n—2) = DA 4 2(n — 1)8,h"Y — 2D n{Y

+ 2D,
OR™ (A + (n—1)(n—2) —5)h" ) + 4h" 2 + 2(n — 1)a,h" ™Y

— 2D 2D, — 2D

Tt Tru v vrr 1]
(n) | (n—2) (n—1) () _ op(n)

Ohy” (A4 (n+1)(n—=2)hy; 7 +2n0,hi; " + 275(hyy — 2hy,

+h{) = 2D;(hY = bl Y) = 2D (hG Y = B
O™+ (A (0 = 2)(n = 3) (A5 = 257 497 b )

+2(n = 2)9,(hl = 215 + 4R
2GU) 0 —2(n — 3RV +2(n — 3)R Y — 9, + 2D R — 49, R Y
2G™ : — (n —5)hED — 20,A% + 2D R — 4n 0 4 (0 — 3)y 7R
26 —2(n = 3)A Y+ 2(n — 3)TY — 20,h% + 2D — DR

n ik n—2
+ 2D, — 4* D;hG

(A.16)
Two-form
The wave equation is
08B, — (af 20,0, +2 20, -0,) - 32) B, — DB, (A17a)
T r T r
0B, = (af — 20,0, + % — %) B.; + ;DiBura (A.17b)
r r
A1 2 2
r r r
2 A2 2
r

(A.17d)
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while the Lorenz gauge condition G, := V"B, = 0 implies
2 1
G, = (8u -0, — —> B, — —=D'By, (A.18a)
r r

P 1,
G, = — (ar n ;) B, — DB, (A.18b)
T

1

G, = (0, — 0,)B,; — 0,B,, — - D'B (A.18c)
T

ij -

In our setup the logarithms appear only in pure gauge sectors and therefore
trivially solve the equations of motion, implying non-trivial conditions only
in the B—part of the B field. However, here we analyse the order-by-order
equations for a two form gauge field polyhomogeneously expanded.

In particular, the order-by-order wave equation for the logarithmic part is”

—2(n — 2)9,B0Y
—2(n —1)9,B0 "
—2(n — 1)9,8% 7"

(A+(n—1)(n—4)Br"2 —2p'pl% (A.19a)
(A+(n—1n-2)—1)B"? 42D,B0Y  (A.19b)
(A+ (n—1)(n—2) - )BY + 20,807 + 2D/ B

(A.19¢)
~2n0, B0V =(A + (n + 1)(n — 2)BI2 — 2D,(BRY — BNy
+2D;(By " =B TY) (A.19d)

while for the rest we find

—2(n —2)0,B4 Y + 20,800 =(A+ (n—1)(n — 4))B " — (2n — 5)By 7

—2p'B") (A.20a)
~2(n - 1)9,B0" + 20,8070 =(A+ (n — 1)(n — 2) = HBY " — (2n — 3)BY Y
+2D,Bn"Y (A.20D)

—2(n — 1)9,B5 " + 20,85 =(A+ (n—1)(n —2) — B
— (2n—3)BU + 20,80 2D/ B
(A.20c)
210,87V 429,87 —(A + (n+ 1)(n — 2))B"? — (2n — 1)B"?
) 1]

i i
—2Di(By " = B7Y) + 20,8 — BIY).

(A.20d)

?In this case, moving to the right the Lh.s. of each equation we recover the order-by-order
expression of [DBW} @),
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The order-by-order gauge condition for the logarithms is

— 9,8 = (n—3)Bn~Y — pigln—? (A.21a)
(n—3)BI" Y — DB = (A.21D)
0,87 = (n—1)(By; ™" - B - DB (A.21¢)

while
~ 0,80 = =BGV + (n—-3)BL Y - D'BY Y (A.22a)
(n— 3)33;*” B _ pigiT? = (A.22D)
8,8 = oY ij; D n -8y - BUY) —DIBYTY (A220)

For completeness, the following are the equations for the part that admits

a % expansion, which are identical to the previous ones for the logarithmic

part. The gauge condition is

— 8,B" = (n—3)BUY _ pipt=? (A.23a)
(n=3)BG Y = D'BY ™ =0 (A.23Db)
9,B" = (n—1)(Bl"Y — Blr~Y) — pig? (A.23¢)

and the equations of motion are

(A+ (n—1)(n—4)Br —2p'BI"¥ (A.24a)
(A+(n—1)(n—-2)—1)B"? 1 2D,BIY  (A.24D)
(A+ (n—1)(n—2) - 1)BY? +2D,B0 + 2D B

—2(n —2)9,B"Y
—2(n —1)9,B" Y
—2(n —1)9,BU Y

(A.24c)
(n—1) (n—2) (n—1) (n—1)
—2n0,B;; 7 =(A+ (n+1)(n—2))B;; = —2Di(B,; " —B,; )
+2D,(BlY — B7Y) (A.24d)

By means of the splitting (3.80) and the writing (3.81), we can write the
equations for B.., B, and B, which are relevant for the field strength. In par-
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ticular, we have

9,B." = (n — 1) (B, Y — plln=Dy _ gpn=2), (A.25a)
—2(n—1)9,B," ™ = (A+ (n—1)(n—2))B,"? (A.25Db)
—2(n—1)9,B." Y = (A+ (n—1)(n—2)B."2 +2B"3  (A.25¢)
— 28, B = (A4 (n+1)(n —2))B™"? +4A(B,"Y — /"7y

(A.25d)

A.2 Field strength expressions

A21 F,.

Let us start employing the complete gauge fixing mentioned in the text. Using
the subleading integration functions we reach a setup with

VFA, =0, 0O4,=0, AP =0, A" =y, (A.26)

where Aﬁ”’o) is the u—independent part of qu") near Z*. We do not have
further free subleading terms in the residual gauge parameter e.

First, we solve the order-by-order equation [JA,, which reads
(2 —2n)9,A™ = [A + (n—1)(n — 2)]ATY (A.27)

and use Af}) = (0. We start with a Az(f) = A(Q)(z, z) and the equation gives

u,C

n—2
AP =3 " (—u)m AT, (A.28)
m=0
with
o 1 (n—m—1) & iy n—m
AP = iy LA i+ DAL (a29)

=1

This result is exact at Z*. Now we can use the other gauge conditions to
determine a relation between Az(ff; ™) and A.

The equations JA, and V*A, give a order-by-order constraint
[A—(n—2)(n—23)]A"Y +2(n—-2)?A0" Y +2(n—-2)D- A" =0 (A.30)

Let us focus on the limit v — —oo and, in particular, to the u—independent
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part. The condition A™ = 0 implies that

1 P (n—
APD = piA"TY), (A.31)

“ n—1
and therefore we are able to find all the Ag") in terms of the free Cauchy data

1 (n—m—2)!

A(n,m) _
" 2™ ml(n —1)!

ﬁ [A+i(i+ 1)) DA™, (A.32)

i=1

Having determined the expression of A, in terms of the free data, the
equation (A.30) allow us to determine the A, as well. However, we cannot

extract an exact form on Z* because A; as an arbitrary dependence on w.

Still, the gauge condition A,E"’O) = 0 allow us to determine in a compact
form the structure of Fé,’?’o). In fact, substituting it in (3.30) and using the

Helmholtz decomposition, we find

Fé?,()) — AA(0,0)
Fr0 = —AA20 (n > 2).

ur

(A.33)

A22 H,,

Let us now discuss the component H,,;, which enters in the two-form asymp-
totic charge. We have by definition

H) = 0,8, + (n— 1By + D,B,,. (A.34)
and substituting the Lorenz gauge condition on 9, B,; we find

H™ = (n—1) (23(?*) - Bfg‘*“) + D,B,, — D’B"7?. (A.35)

urt u i
Since D'H,,,; = 0, we can write

H®) = ¢, ;D' H,\™ (A.36)

urt T

with
H™ = (0 — 1) (23;("*“ _ Bﬁ”*”) _ By (A.37)

Combining equations of motion with the gauge condition we find

A —n(n—1)]B" Y +on(n—-1)B" Y —2(n-1)B"? =0, (A.38)
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which leads to
W — B 1 2pee), (A.39)
n n

Note that the fact that, for n = 2, this object does not depend on B s
simply due to the fact that we are left with a free function )\l(p) (u, z, Z) that
can be used to fix B = 0. Consistently, we can use the subleading integration
functions to impose the condition

B0~  (n>2). (A.40)

T

This leaves us with

H!(0) — _ g(-10).

1(2,0) _ _ = /(1,0)
Hur - 2 Br ’ <A41)

H/ (n,O) — n—

ur
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