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Introduction

A toric arrangement is a finite family of hypersurfaces in a complex torus T,
each hypersurface being the kernel of a character of 7.

Although similar arrangements appeared already in the 90s, it is just in
the last few years that a systematic theory of toric arrangements and their
applications has been developing. Toric arrangements proved to be deeply
related with a wide number of topics, including partition functions, integral
points in polytopes, zonotopes, and index theory.

Toric arrangements are also closely related with hyperplane arrangements,
from different points of view. First of all, every toric arrangement is locally
isomorphic to hyperplane arrangements. Secondly, every toric arrangement
can be seen as a periodic arrangement of affine subspaces in an affine space.
Thirdly, many results known for hyperplane arrangements have an analogue
for toric arrangements: for instance, the computation of the cohomology
of the complement ([12]), the construction of a wonderful model (Chapter
3), and the definition of a polynomial encoding a rich description of the

arrangement (Chapter 2).



Furthermore, as explained in a forthcoming book of De Concini and Pro-
cesi ([14]), whereas hyperplane arrangements are related with some differen-
tiable problems and objects, toric arrangements are related with their dis-
crete counterparts: for instance, if the former appear in the computation
of volume of polytopes, the latter does while counting the number of their
integral points; also, the former are related with boz splines and multivari-
ate splines (functions studied in Approximation Theory), while the latter
with partition functions; furthermore, the former are associated with differ-
entiable Dahmen-Micchelli spaces (spaces of polynomials defined by differen-
tial equations), and the latter with discrete Dahmen-Micchelli spaces (spaces
of quasipolynomials defined by difference equations).

Similarly to what happens for hyperplane arrangements, also for toric
arrangements one of the main goal is to understand the topology and the
geometry of the complement Rx of the union of the hypersurfaces. And,
if in the theory of hyperplane arrangements a key object is the intersection
poset, likewise in the theory of toric arrangements a central role is played
by the poset C(X) of the layers of the arrangement, i.e. of the connected
components of the intersections of the hypersurfaces. For instance, by [12]
the cohomology of Rx is a direct sum of contributions given by the elements

of C(X).

This thesis is composed of three parts, which can be read independently



from each other. Although the subject is common, the points of view are
rather different: Lie-Theoretic in the first part, Combinatorial in the second,
Algebro-Geometrical in the third.

In Chapter 1 we describe the combinatorics of C(X) for the toric arrange-
ments that are defined by root systems. This remarkable class of examples is
related to the Kostant partition function, which plays an important role in
Representation Theory, since it yields efficient computation of weight mul-
tiplicities and Littlewood-Richardson coefficients. For these arrangements,
by studying the action of the Weyl group, we can provide precise formulae
counting the elements of C(X). Using this formulaec we compute the Euler
characteristic and the Poincaré polynomial of Rx.

In Chapter 2 we introduce a polynomial M (z,y), which can be considered
as the "toric analogue” of the Tutte polynomial. Indeed, the characteristic
polynomial of C(X) and the Poincaré polynomial of Rx are shown to be
specializations of M (x,y), as the corresponding polynomials for hyperplane
arrangements are specializations of the ordinary Tutte polynomial. We also
prove that M (z,y) satisfies a recurrence known as deletion-restriction, and
that it has positive coefficients. Furthermore, we show that M(z,1) counts
integral points in zonotopes according to the dimension of the minimal face
in which they are contained, while M (1,y) is the graded dimension of the
related discrete Dahmen-Micchelli space.

In Chapter 3 we build a model Zx which contains Rx as a dense open



set, but in which the complement of Rx is a normal crossing divisor D. We
call Zx the wonderful model of the toric arrangement, in analogy with the
wonderful model built in [I0] for arrangements of subspaces in a vector (or
projective) space. Then we develop the ”toric analogue” of the combinatorics
of nested sets, and we use it to define a family of smooth open sets covering
the model. In this way we prove the model to be smooth, and we obtain a
geometrical and combinatorial description of the irreducible components of

D and of their intersections.
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Chapter 1

The case of root systems

In this chapter, given the toric arrangement defined by a root system P, we
describe the poset of its layers and we count its elements. Indeed we show how
to reduce to the 0-dimensional layers, and in this case we provide an explicit
formula involving the mazimal subdiagrams of the affine Dynkin diagram of
®. Then we compute the Euler characteristic and the Poincaré polynomial

of the complement of the arrangement.

1.1 Introduction

Let g be a semisimple Lie algebra of rank n over C, h a Cartan subalgebra,
® C h* and VY C b respectively the root and coroot systems. The equations
{a(h) =0, a € ®} define in h a family H of intersecting hyperplanes. Let
(®VY) be the lattice spanned by the coroots: the quotient T = h/(®Y) is a
complex torus of rank n. Each root « takes integer values on (®Y), hence it
induces a map T'— C/Z ~ C* that we denote by e®. This is a character of
T; let H, be its kernel:

Hy={teT|e(t)=1}.

11



In this way ® defines in T a finite family of hypersurfaces
7T ={H,, acd'}

(since clearly H, = H_,). H and 7 are called respectively the hyperplane
arrangement and the toric arrangement defined by ® (see for instance [12],
[14], [36]). We call spaces of ‘H the intersections of elements of H, and layers
of 7 the connected components of the intersections of elements of 7. We
denote by L(®) the set of the spaces of H, by C(®) the set of the layers of 7,
and by L4(®) and Cy(P) the sets of d—dimensional spaces and layers. Clearly
if & = &1 x Py then L(P) = L(P1) X L(P2) and C(P) = C(P1) x C(Py), hence
from now on we will suppose ® to be irreducible. Let W be the Weyl group
of ®: since W permutes the roots, its natural action on T restricts to an

action on C(®).

H is a classical object, whereas 7 has recently been shown ([12]) to pro-
vide a geometric way to compute the values of the Kostant partition function.
This function counts in how many ways an element of the lattice (®) can be
written as sum of positive roots, and plays an important role in representa-
tion theory, since (by Kostant’s and Steinberg’s formulae [27], [39]) it yields
efficient computation of weight multiplicities and Littlewood-Richardson co-
efficients, as shown in [7] using results from [1], [4], [11], [40]. The values of
Kostant partition function can be computed as a sum of contributions given
by the elements of Co(®P) (see [T, Teor 3.2]).

Furthermore, let Re be the complement in 1" of the union of all elements
of 7. Re is known as the set of the regular points of the torus T and has

been widely studied (see in particular [12], [28], [29]). The cohomology of Re
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is direct sum of contributions given by the elements of C(®) (see for instance
[12]). Then by describing the action of W on C(®) we implicitly obtain a
W —equivariant decomposition of the cohomology of Re, and by counting
and classifying the elements of C(®) we can compute the Poincaré polyno-

mial of Rg.

We say that a subset © of ® is a subsystem if it satisfies the following

conditions:
l. a€e®=—-acO
2. ,feQanda+pedP=a+3€0O.

For each t € T let us define the following subsystem of ®:
O(t) = {a € Ple*(t) = 1}.

and denote by W (t) the stabilizer of ¢.

The aim of Section 2 is to describe Co(®), which is the set of points t € T'
such that ®(t) has rank n. We call its elements the points of the arrangement
7. Let ay, ..., a, be simple roots of ®, ag the lowest root (i.e. the opposite
of the highest root), and ®,, the subsystem of ® generated by {a; }o<i<n,izp-
Let I" be the affine Dynkin diagram of ® and V(I") the set of its vertices (a
list of such diagrams can be found for instance in [2I] or in [26]). V(I') is
in bijection with {ag, a4, ..., a,}, hence we can identify each vertex p with
an integer from 0 to n. The diagram I', obtained by removing from I' the
vertex p (and all adjacent edges) is the ordinary Dynkin diagram of ®,. Let
W, be the Weyl group of ®,, i.e. the subgroup of W generated by all the

13



reflections s,, ..., Sq

® and Wy =W.

except s,,. Notice that I'g is the Dynkin diagram of

n

Then we prove:

Theorem 1.1.1. There is a bijection between the W—orbits of Co(P) and
the wvertices of I', having the property that for every point t in the orbit
O, corresponding to the vertexr p, ®(t) is W—-conjugate to ®, and W (t) is
W —conjugate to W,.

As a corollary we get the formula

Wi
Co(®) = ) : (1.1.1)
Sy Wl

In Section 3 we deal with layers of arbitrary dimension. For each layer C'

of 7 we consider the subsystem of ®
o ={aedle(t)=1Vt e C}

and its completion ®c = (®c)r N P.

Let K4 be the set of subsystems © of ® of rank n — d that are complete
(i.e. such that © = ©), and let C& be the set of layers C such that &¢ = ©.
This gives a partition of the layers:

Co(®@) = | | C&.

ek,
Notice that the subsystem of roots vanishing on a space of H is always com-
plete; then IC; is in bijection with £;. The elements of L, are classified and
counted in [34], [36]. Thus the description of the sets C& given in Theorem
[1.3.7] yields a classification of the layers of 7. In particular we show that

14



ICE| = ng'lCo(©)], where ng is a natural number depending only on the
conjugacy class of ©, and then
Ca(@)| = D n6'[Co(O)].
0k
In Section 4, using results of [12] and [13], we deduce from Theorem [I.1.]]
that the Euler characteristic of R¢ is equal to (—1)"|W|. Moreover, Corollary
yields a formula for the Poincaré polynomial of Re:

n

Po(q) =Y _(-D)q+ D)% > ng'We.

d=0 0cky

By this formula Ps(g) can be explicitly computed.

1.2 Points of the arrangement
1.2.1 Statements

For all facts about Lie algebras and root systems we refer to [23]. Let

g:h@®ga

aced

be the Cartan decomposition of g, and let us choose nonzero elements
X07X1)' s 7Xn

in the one-dimensional subalgebras ga,, ga;s - - - > 8a,,: SINCE [ga, Gor] = Bator

whenever a,o/,a + o' € ®, we have that X, Xq,..., X, generate g. Let

ap =1 and for p = 1,...,n let a, be the coefficient of v, in —cy. For each
p=20,...,n we define an automorphism o, of g by
)X ifj#p
UP(X]) - 23(‘7,’0,71 e
e X, ifj=p

15



Let G be the semisimple and simply connected linear algebraic group
having root system ®; then g is the Lie algebra of G, and T is the maximal
torus of G corresponding to h (see for instance [22]). G acts on itself by
conjugacy, and for each ¢ € G the map k — gkg~! is an automorphism of

G. Tts differential Ad(g) is an automorphism of g.

Remark 1.2.1. For every t € Co(®), let g4%® be the subalgebra of the el-
ements fixed by Ad(t). For every a € & and for every X, € g, we have
that

and then
g1 = @ @ o
acd(t)
On the other hand g°» is generated by the subalgebras {ga, }o<i<n,izp- Then

4d(t) and g7» are semisimple algebras having root system respectively ®(t)

g
and ®,. Our strategy will be to prove that for each t € Co(®), Ad(t) is

conjugate to some o,. This implies that gA4®

®(t) to ®,, as claimed in Theorem [1.1.1]

is conjugate to g°» and then

Then we want to give a bijection between vertices of I' and W —orbits
of Cy(®) showing that, for every ¢ in the orbit O,, Ad(t) is conjugate to
o,. However, since some of the o, (as well as the corresponding ®,) are
themselves conjugate, this bijection is not canonical. To make it canonical
we should merge the orbits corresponding to conjugate automorphisms: for
this we consider the action of a larger group.

Let A(®) C b be the lattice of the coweights of ®, i.e.
A(®) ={h € bla(h) € ZVa € D}.

16



The lattice spanned by the coroots (®V) is a sublattice of A(®); set

A(®)
(@)

Z(®) =

This finite subgroup of T' coincides with Z(G), the center of G. It is well
known (see for instance [22], 13.4]) that

Ad(g) =idy = g € Z(9). (1.2.1)
Notice that
Z(®)={t e T|P(t) = o}

thus Z(®) C Cy(P). Moreover, for each z € Z(P),t € T, a € P,
e*(zt) = e*(2)e™(t) = e*(t)

and therefore ®(zt) = ®(¢). In particular Z(®) acts by multiplication on
Co(®). Notice that this action commutes with that of W: indeed, let

N = Ng(T)

be the normalizer of 7" in G. We recall that W ~ N/T and the action of W
on T is induced by the conjugacy action of N. The elements of Z(®) = Z(G)
commute with the elements of GG, hence in particular with the elements of
N. Thus we get an action of W x Z(®) on Cy(®P).

Let @ be the set of the Aut(I')-orbits of V(I'). If p,p’ € V(I') are two
representatives of ¢ € @), then I', ~ I',/, thus W, ~ W,,. Moreover we will
see (Corollary [1.2.4(ii)) that o, is conjugate to o,y. Then we can restate
Theorem [LL1.1] as follows.

17



Theorem 1.2.1.  There is a canonical bijection between () and the set
of W x Z(®)—orbits in Co(P), having the property that if p € V(') is a

representative of ¢ € QQ, then:

1. every point t in the corresponding orbit O, induces an automorphism

conjugate to op;

2. the stabilizer of t € Oy is isomorphic to Wy, X Stabayyr)p.

This theorem implies immediately the formula:

Co(®) =3l "v”V/p | (12

q€Q

where p is any representative of ¢q. This is clearly equivalent to formula

(1.1.1).

Remark 1.2.2. If we view the elements of A(®) as translations, we can define

a group of isometries of b
W =W x A(®).

W is called the extended affine Weyl group of ® and contains the affine Weyl
group W = W (®Y) (see for instance [24], [37]).

The action of W x Z(®) on Co(®P) is induced by that of W. Indeed
W preserves the lattice (®¥) of b, and thus acts on T = §/(®") and on
Co(®) C T . Since the semidirect factor (®V) acts trivially, W acts as its

quotient

18



1.2.2 Examples: the classical root systems

In the following examples we denote by &,,, ®,,, €, respectively the symmet-

ric, dihedral and cyclic group on n letters.
1. Case C,, The roots
206+ -+ 2001 + oy

(i = 1,...,n) take integer values on the points [a/2],...,[a) /2] €
h/(®"), and thus on their sums, for a total of 2™ points of Co(P). Indeed,
let us introduce the following notation. Fixed a basis hj,...,h} of h*,

the simple roots of C,, can be written as
a;=h; —hifori=1,...,n—1, and o, = 2h;,. (1.2.3)
Then
®={h; —h;} U{h; +hj}U{£2R;} (i, =1,....n,i#j)
and writing t; for e", we have that

e ={e*, o€ ®} = {t;t; "} U {tit;} U{t;?}.

The system of n independent equations

has 2" solutions: (%1,...,£1), and it is easy to see that all other

systems does not have other solutions. The Weyl group W ~ &,,x (€3)"

19



acts on T = (C*)" by permuting and inverting its coordinates; the
second operation is trivial on Co(®). Thus two elements of Cy(P) are
in the same W—orbit if and only if they have the same number of
negative coordinates. Then we can define the p—th W —orbit O, as the
set of points with p negative coordinates. (This choice is not canonical:
we may choose the set of points with p positive coordinates as well).

Clearly if t € O, then
W(t) ~ (6, x 6,_,) x ()"

Thus |O,| = (Z) and we get:

1Co(D)| = pio (Z) —on,

Notice that if t € O, then —t € O,_,, and Ad(t) = Ad(—t) since
Z(®) = {£(1,...,1)}. In fact I" has a symmetry exchanging the ver-
tices p and n — p. Finally notice that Cy(®) is a subgroup of T isomor-
phic to (€2)" and generated by the elements

0;=(1,...,1,=1,1,...,1) (with the —1 at the i — th place).

Then we can come back to the original coordinates observing that ¢; is
the nontrivial solution of the system ¢;> = 1, t; = 1Vj # i, and using

(1.2.3) to get:
0; <> [Z ay/ 2] .
k=i
. Case D,, We can write a,, = h},_; + h}, and the others o; as before;

then
e® = {t;t; '} U{tit;}.

20



Then each system of n independent equations is W —conjugate to one

of this form:

t1 =t
tpo1 =1
tp1 =1t,"
tzill = lpt2
b1 =1y
(tno1 =1t,!

for some p # 1,n — 1. Then we get the subset of (€3)" composed by
the following n—ples:

{(£1,.. ., £\ {x5, i=1,...,n}

which are in number of 2" —2n. However reasoning as before we see that

each one represents two points in h/(®"). Namely, the correspondence

nzla_l\c/iax—l_a;i _)5
2 4 v

k=i
From a geometric point of view, the t¢;s are coordinates of a maximal

is given by:

torus of the orthogonal group, while ' = §/(®") is a maximal torus
of its two-sheets universal covering. Each W —orbit corresponding to
the four extremal vertices of I is a singleton consisting of one of the
four points over £(1,...,1), all inducing the identity automorphism:
indeed Aut(I") acts transitively on these points. The other orbits are

defined as in the case C,.
3. Case B,, This case is very similar to the previous one, but now o, = h,
e = {tit; 'y U {tit;} U {t; '}

21



and then we get the points

(&1, DG i,

then we have 2" — n pairs of points in Cy(P).

In this case the projection is

n—1 v
ap a,

L4 "

{ [Z >

k=i

4. Case A, If we see h* as the subspace of (hf,...,h},,) of equation
S hf =0, and T as the subgroup of (C*)"*! of equation []#; = 1, we
can write all the simple roots as a; = h} — h},; then e® = {t;t;'}.
In this case ® has no proper subsystem of its same rank, then all the

coordinates must be equal. Therefore

Co(®) = Z(®) = {(¢,-.., QI" =1} = &y
Then W ~ &,,,1 acts on Co(P) trivially and Z(®P) transitively, as ex-
pected since Aut(I") ~ ®,,,; acts transitively on the vertices of I'. We
can write more explicitly Co(®) C /(DY) as

Co(q)):{ nf—lzmz\/] ,k::O,...,n}.

i=1

1.2.3 Proofs

Motivated by Remark [1.2.1] we start to describe the automorphisms of g
that are induced by the points of Co(®).
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Lemma 1.2.2. Ift € Co(P), then Ad(t) has finite order.

Proof. Let 31,..., 8, linearly independent roots such that % (t) = 1: then
for each root av € ® we have that ma = Y ¢;3; for some m and ¢; € Z, and

thus

n

e (tm) = em(t) = [J (™) (t) = 1.

i=1
Then Ad(t™) is the identity on g, hence by (1.2.1) t™ € Z(®). Z(P) is a
finite group, thus ¢”* and ¢ have finite order. O

The previous lemma allows us to apply the following

Theorem 1.2.3 (Kac).

1. Fach inner automorphism of g of finite order m 1is conjugate to an

automorphism o of the form

with ¢ fixed primitive m—th root of unity and (so, . .., S,) nonnegative

integers without common factors such that m = s;a;.

2. Two such automorphisms are conjugate if and only if there is an au-

tomorphism of I sending the parameters (s, ..., s,) of the first in the
parameters (g, ...,s,) of the second.
3. Let (i1, ...,1,) be all the indices for which s;; = ---=s; = 0. Then g°

is the direct sum of an (n—r)—dimensional center and of a semisimple

Lie algebra whose Dynkin diagram s the subdiagram of T of vertices

U1y eeylp.
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This is a special case of a theorem proved in [25] and more extensively in

[21], X.5.15 and 16]. We only need the following
Corollary 1.2.4.

1. Let o be an inner automorphism of g of finite order m such that g is
semisimple. Then there is p € V(I') such that o is conjugate to o,. In

particular m = a, and the Dynkin diagram of g° is I'p.

2. Two automorphisms o,, o, are conjugate if and only if p,p" are in the

same Aut(I")—orbit.

Proof. 1f g% is semisimple, then in the third part of Theorem [1.2.3 n = r,
hence all parameters of o but one are equal to 0, and the nonzero parameter s,
must be equal to 1, otherwise there would be a common factor, contradicting
the first part of the Theorem. Thus we get the first statement. Then the
second statement follows from Theorem [1.2.3(ii). O

Let be t € Co(P): by Remark g%® is semisimple, hence by Corollary
2.4(1 1s conjugate to some o,. en there 1s a canonical map
1.2.4(1) Ad(t) i j ». Th here i ical

P Co(P) — Q
t— (t) = {p € V(I') such that o, is conjugate to Ad(t)}.

Notice that ¢(t) is a well-defined element of @) by Corollary |1.2.4{(ii).

We now prove the fundamental

Lemma 1.2.5. Two points in Co(P) induce conjugate automorphisms if and

only if they are in the same W x Z(®)—orbit.
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Proof. We recall that W ~ N/T and the action of W on T is induced by
the conjugation action of N; it is also well known that two points of T are
G—conjugate if and only if they are W—conjugate. Then W —conjugate
points induce conjugate automorphisms. Moreover by

Ad(t) = Ad(s) & Ad(ts™") = idy & ts™' € Z(®).
Finally suppose that t,t" € Co(®) induce conjugate automorphisms, i.e.
Jg € G|Ad(t') = Ad(g9)Ad(t)Ad(g™") = Ad(gtg™).

Then 2t/ = gtg™' for some z € Z(®). Thus zt' and ¢ are G—conjugate
elements of 7', and hence they are W —conjugate, proving the claim.

[]

We can now prove the first part of Theorem [1.2.1] Indeed by the previous
lemma there is a canonical injective map defined on the set of the orbits of

C()((I))Z
— . Co(®)
v W x Z(®)

We must show that this map is surjective. The system

Q.

ai(h) = 1(¥i #0,p), ap(h) = a, "

is composed of n linearly independent equations, then it has a solution h € b.

Notice that ag(h) € Z. Let t be the class of h in T'; then
et)=1eacd,

Then by Remark Ad(t) is conjugate to o, and ®(t) to ®,.
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In order to relate the action of Z(®) with that of Aut(I"), we introduce
the following subset of W. For each p # 0 such that a, = 1, set z, = w{wo,
where wy is the longest element of W and w} is the longest element of the

parabolic subgroup of W generated by all the simple reflections s,,, ..., Sq

n

except sq,. Then we define
Wz = {1} U{z}p=1...nja,=1
Wy has the following properties (see [24, 1.7 and 1.8]):
Theorem 1.2.6 (Iwahori-Matsumoto).
1. Wy is a subgroup of W isomorphic to Z(®).

2. For each z, € Wy, we have that z,.cp = o, and z, induces an auto-
morphism of " that sends the 0—th vertex to the p—th one; this defines

an injective morphism Wy — Aut(T').
3. The Wy—orbits of V(I') coincide with the Aut(I")—orbits.

Therefore @ is the set of W;—orbits of V(I"), and the bijection 1) between
@ and the set of Z(®)—orbits of Cy(P)/W can be lifted to a noncanonical
bijection between V(I') and Co(®)/W. Then we just have to consider the

action of W on Cy(®) and prove the
Lemma 1.2.7. Ift € O,, then W (t) is conjugate to W,.

Proof. Notice that the centralizer Cy(t) of t in NV is the normalizer of T' = Crp(t)
in Cg(t). Then W(t) = Cn(t)/T is the Weyl group of Cg(t). Cq(t) is the
subgroup of GG of points fixed by the conjugacy by ¢, then its Lie algebra is
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g44® which is conjugate to g°» by the first part of Theorem[1.2.1] Therefore
W (t) is conjugate to W,,.
O

This completes the proof of Theorem [[.2.1] and also of Theorem [I.1.1]
since by Remark the map ¢ defined in (1.2.4) can also be seen as the
map

t — (t) = {p € V(I') such that ®, is conjugate to ®(¢)}.

1.3 Layers of the arrangement

1.3.1 From hyperplane arrangements to toric arrange-
ments

Let S be a d—dimensional space of H. The set &g of the elements of ®
vanishing on S is a complete subsystem of ® of rank n — d. Then the map

S — &g gives a bijection between L, and Iy, whose inverse is
© — S(0) ={h € bhla(h) =0Va € O}.

In [36, 6.4 and C] (following [34] and [6]) the spaces of H are classified
and counted, and the W —orbits of L, are completely described. This is done
case-by-case according to the type of ®. We now show a case-free way to
extend this analysis to the layers of 7.

Given a layer C' of 7 let us consider
Oo ={a e Ple*(t) =1Vt € C}.
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In contrast with the case of linear arrangements, ¢+ in general is not com-
plete. For each © € Ky, define C3 as the set of layers C' such that ®¢ = ©.

This is clearly a partition of the set of d—dimensional layers of 7, i.e.

Ca(®) = | | €& (1.3.1)

0cky

Given any C € C3, we call S(©) the tangent space at the layer U. Then by
[36] the problem of classifying the layers of 7 reduces to classify the layers
of T having a given tangent space, i.e. the elements of CS. In the next
section we show that this amounts to classify the points of a smaller toric

arrangement, namely that defined by ©.

1.3.2 Theorems

Let © be a complete subsystem of ® and W® its Weyl group. Let ¢ and
K be respectively the semisimple Lie algebra and the semisimple and simply
connected algebraic group of root system ©, 0 a Cartan subalgebra of ¢, (©)
and A(O) the coroot and coweight lattices, Z(©) = % the center of K, D
the maximal torus of K defined by 9/(6"), D the toric arrangement defined
by © on D and Cy(O) the set of its points.

We also consider the adjoint group K, = K/Z(0) and its maximal torus
D,=D/Z(©) ~0/A(O©). Werecall from [22] that K is the universal covering
of K,, and if D' is an algebraic torus having Lie algebra 0, then D' ~d/L for
some lattice A(©) D L D (0Y); then there are natural covering projections
D — D" — D, with kernels respectively L/(©") and A(©)/L. Notice that

O naturally defines an arrangement on each torus D', and that for D' = D,
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the set of its O-dimensional layers is Cy(©)/Z(©). Given a point ¢ of some D’

we set

O(t) = {a € Ole“(t) = 1}.
Theorem 1.3.1. There is a W —equivariant surjective map
p:Co — Co(0)/Z(0)
such that ker p ~ Z(®) N Z(0) and ¢ = O(p(C)).

Proof. Let S(©) be the subspace of h defined in the previous section, and H
the corresponding subtorus of T'. T/ H is a torus with Lie algebra h/S(0) ~ 0,
then © defines an arrangement D' on D' = T'/H. The projection 7 : T" —
T/H induces a bijection between C& and the set of 0-dimensional layers of
D', because H € Cg and for each C' € C§, & = O(7(C)).

Moreover the restriction of the projection dm : h — h/S(©) to (PV) is
simply the map that restricts the coroots of ® to ©. Set R*(©) = dr((®V));
then A(©) D R®(0©) D (6OV) and D' ~ 0/R*(O). Denote by p the projection
A(D) — % and embed A(©) in A(®P) in the natural way. Then the kernel

of the covering projection of D' — D, is isomorphic to

) 3(a(0)) = 2(2) " Z(6).
Il
We set
e 1z
Z{@)n 2(0)]

The following corollary is straightforward from Theorem [1.3.1}
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Corollary 1.3.2.
C| = ng'|Co(O)]

and then by ,
Ca(®)| = D n6'ICa(O)]-

SIS oF]
Notice that two layers C,C" of T are W —conjugate if and only if the two

conditions below are satisfied:

1. their tangent spaces are W —conjugate , i.e. 3w € W such that &¢ =

w.Per;
2. C and w.C" are W®¢ —conjugate.

Then the action of W on C(®) is described by the following remark.

Remark 1.3.1.

1. By Theorem [1.3.1] ¢ induces a surjective map ® from the set of the
W —orbits of C& to the set of the W® x Z(0)—orbits of Cy(0), that
are described by Theorem [1.2.1]

2. In particular if © is irreducible, set I'® its affine Dynkin diagram, Q®
the set of the Aut(I')—orbits of its vertices, Fg) the diagram that we
obtain from I'® removing the vertex p, and ©, the associated root

system. Then there is a surjective map
pies—

such that, if $(C') = g and p is a representative of ¢, then ¢ ~ O,,.
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1.3.3 Examples

Case F,.  Z(®) = {1}, thus ng = |Z(0©)|. Therefore in this case ng does
not depend on the conjugacy class, but only on the isomorphism class of ©.

We say that a space S of H (respectively a layer C' of 7') is of a given type
if the corresponding subsystem ®g (respectively ®¢) is of that type. Then

by [36 Tab. C.9] and Corollary there are:

1. one space of type "Ay”, tangent to one layer of the same type (the

whole spaces);
2. 24 spaces of type Ap, each tangent to one layer of the same type;
3. T2 spaces of type A; X Ap, each tangent to one layer of the same type;
4. 32 spaces of type A,, each tangent to one layer of the same type;

5. 18 spaces of type B,, each tangent to one layer of the same type and
one layer of type A; X Ay;

6. 12 spaces of type C3, each tangent to one layer of the same type and 3
of type Ay x Ag;

7. 12 spaces of type B3, each tangent to one layer of the same type, one

of type Az and 3 of type A; x Ay X Ay;
8. 96 spaces of type A; X Ay, each tangent to one layer of the same type;

9. one space of type F4 (the origin), tangent to: one layer of the same
type, 12 of type A; x Cs, 32 of type Ay X Ay, 24 of type Az x A;, and 3
of type Cy.
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Case A,,_;. [t is easily seen that each subsystem O of ® is complete
and is a product of irreducible factors 4, ..., 0O, with ©; of type A,,_; for
some positive integers A; such that \; +---+ Ay = n and n — k is the rank of
©. In other words, as is well known, the W —conjugacy classes of spaces of
‘H are in bijection with the partitions A of n, and if a space has dimension d
then corresponding partition has length |A\| = k equal to d + 1. The number
of spaces of partition A is easily seen to be equal to n!/by, where b; is the
number of \; that are equal to i and by = []4!%b;! (see [36] 6.72]). Now let
g be the greatest common divisor of Ay,..., \x. By Example 4 in Section
1.2.2 we have that

12(0)] = Ai... he = 1Co(6)

and |Z(®) N Z(©)| = gx. Then by Corollary |C®| = g» and

c(@)= Y B2

b
N=d+1

This could also be seen directly as follows. We can view 71" as the subgroup

of (C*)™ given by the equation ¢; ...t,—1 = 0. Then © imposes the equations

ty = =1y,

t>\1+"'+)\k71+1 = tn

Thus we have the relation
xi\lxz’“ —1=0.

If g» = 1 this polynomial is irreducible, because the vector (A, ..., \;) can
be completed to a basis of the lattice Z*. If gy, > 1 this polynomial has

exactly g, irreducible factors over C. Then in every case it defines an affine
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variety having g, irreducible components, which are precisely the elements

of C&.

1.4 Topology of the complement

1.4.1 Theorems

Let Rg be the complement of the toric arrangement:
Re =T\ | J Ha.
acdt

In this section we prove that the Euler characteristic of R¢, denoted by
FEs, is equal to (—1)"|WW|. This may also be seen as a consequence of [5
Prop. 5.3]. Furthermore, we give a formula for the Poincaré polynomial of
R, denoted by Ps(q).

Let dy,...,d, be the degrees of W, i.e. the degrees of the generators
of the ring of W —invariant regular functions on b; it is well known that
dy...d, = |W|. The numbers d; — 1,...,d, — 1 are known as the exponents

of W; we denote by P(®) their product:
P(@)=(dy—1)...(d, — 1).
Then we have:

Theorem 1.4.1.

Py(q) = Y P(dc)(q+1)"g—4O)
cec(®)

where d(C) is the dimension of the layer C.
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Proof. Let nbc(®) be the number of no-broken circuit bases of ® (whose
definition is recalled in Section 2.3.4). By [35], nbc(®) equals the leading
coefficient of the Poincaré polynomial of the complement of H in h; moreover
by [3] this coefficient is equal to P(P) (these facts can be found also in [14],
10.1)).

Then the claim is a restatement of a known result. Indeed the cohomology
of R can be expressed as a direct sum of contributions given by the layers
of T (see for example [12, Theor. 4.2] or [I4] 14.1.5]). In terms of Poincaré
polynomial this expression is:

Po(g) = Y nbe(®o)(q+1)" Vg,
cec(e)

]

Now we use the theorem above to compute the Euler characteristic of

Ro.

Lemma 1.4.2.

Proof. We have
Ep = Py(—1) = (=1)" Y P(®(t)) (1.4.1)
teCo(P)
because the contributions of all positive-dimensional layers vanish at —1.
Obviously isomorphic subsystems have the same degrees, thus Theorem [1.1.1

yields the statement. O]

Theorem 1.4.3.
Ey = (=1)"|W|
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Proof. By the previous lemma we must prove that

§ () _
2w
If we write dY,...,d" for the degrees of W), the previous identity becomes
z”:(df{—l)...(dg—m .
... d -

p=0
This identity has been proved in [I3], and later with different methods in
[18]. O

Notice that W acts on Rg and then on its cohomology. Then we can

consider the equivariant Euler characteristic of Re, that is, for each w € W,

n

Eg(w) =Y (=1)' Tr(w, H'(Re,C)).

=0
Let ow be the character of the regular representation of W. From Theorem

we get the following
Corollary 1.4.4.
Eb = (—1)nQW
Proof. Since W is finite and acts freely on Rg, it is well known that Ep =

kow for some k € Z. Then to compute k we just have to look at Ep(lw) = Fp.
]

Finally we give a formula for Pg(q) which, together with the mentioned

results in [36], allows its explicit computation.

Theorem 1.4.5.

Pa(q) = Zq+ )"y g W

0eky
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Proof. By formula we can restate Theorem 1.4.1 as

Py(q) = Zq+1“dz > P(@c)

Oekq cecd

Moreover by Theorem [1.3.1] and Corollary [1.3.2] we get

> P(@c)=ng' Y P(®

cecg teCo(O)

Finally the claim follows by formula (1.4.1) and Theorem applied to ©:

> P®© —1)xe = WO

tGCo )

1.4.2 Examples

Case F,. In Section 1.3.3 we have given a list of all possible types of
complete subsystems, together with their multiplicities. Then we just have

to compute the coefficient ng'|W®| for each type. This is equal to:

e 1 for types 1., 2. and 3.

2 for types 4. and 8.

4 for type 5.

24 for types 6. and 7.

1152 for type 9.
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Thus
Ps(q) = 2153¢* + 1260¢° + 286¢° + 28¢ + 1.

Case A, ;. By Section 1.3.3, ng' = 2~ and [W®| = \!...

PR
Hence by Theorem 1.4.5

n

Py(g) = (q+1)%" " Y nlb'g( =1l (A — 1)L

d=0 I\=d+1
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Chapter 2

A generalized Tutte polynomial

In this chapter we introduce the notions of multiplicity matroid and multiplic-
ity Tutte polynomial M (z,y), which generalize the ordinary ones and have
applications to zonotopes, multigraphs and toric arragements. We prove that
M (z,y) satisfies a deletion-restriction formula and has positive coefficients.
The characteristic polynomial and the Poincaré polynomial of a toric arrange-
ment are shown to be specializations of the associated polynomial M(x,y), as
the corresponding polynomials of a hyperplane arrangement are specializa-
tions of the ordinary Tutte polynomial. Furthermore M(1,y) computes the

graded dimension of the related Dahmen-Micchelli space.

2.1 Introduction

The Tutte polynomial is an invariant naturally associated to a matroid and
encoding many of its features, such as the number of the bases and their
internal and external activity ([41], [§], [14]). If the matroid is defined by a
finite list of vectors, it is natural to consider the arrangement obtained by

taking the hyperplane orthogonal to each vector. To the poset of the intersec-
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tions of the hyperplanes one associates its characteristic polynomaial, which
provides a rich combinatorial and topological description of the arrangement
([35], [42]). This polynomial can be obtained as a specialization of the Tutte
polynomial.

Given a torus 7" = (C*)™ and a finite list X of characters, i.e. elements
of Hom(T,C*), we consider the arrangement of hypersurfaces in 7" obtained
by taking the kernel of each element of X. To understand the geometry of
this toric arrangement one needs to describe the poset C(X) of the layers,
i.e. of the connected components of the intersections of the hypersurfaces
([12], [19]). Clearly this poset depends also on the arithmetics of X, and not
only on its linear algebra: for instance, the kernel of the identity character
A of C* is the point ¢ = 1, but the kernel of 2\ has equation t*> = 1, hence
is made of two points. Therefore we have no chance to get the characteristic
polynomial of C(X) as a specialization of the ordinary Tutte polynomial
T(z,y) of X. In this chapter we define a polynomial M (x,y) that specializes
to the characteristic polynomial of C(X') (Theorem and to the Poincaré
polynomial of the complement R x of the toric arrangement (Theorem.
In particular M(1,1) equals the volume of the zonotope associated to X
(see Proposition [2.2.1]), while M (1,0) equals the Euler characteristic of Ry,
and also the number of connected components of the complement of the
arrangement in the compact torus T = (S')". Furthermore, if the elements of
X are linearly independent, the coefficients of M (z,y) count integral points
of the zonotope, collected according to the dimension of the minimal face
containing every point (see Theorem .

We call M(x,y) the multiplicity Tutte polynomial of X, since it satis-
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fies a recursive formula similar to the deletion-restriction one that holds for
T(x,y). By this recurrence (Theorem we prove that M (z,y) has pos-
itive coefficients (Theorem [2.3.7).

Finally we show that the polynomial M (x,y) is related with the discrete
Dahmen-Micchelli space DM (X)) of X. This is a space of quasipolynomials,
defined by difference equations, which arises in the study of partition func-
tions ([I5], [16], [14]). As stated in Theorem [2.5.3] M(1,y) computes the
graded dimension of DM (X).

Actually a similar polynomial can be defined more generally for matroids,
if we enrich their structure in order to encode some ”arithmetic data”; we call
such objects multiplicity matroids. For instance, we show that every graph
with labeled edges defines a multiplicity matroid and hence a multiplicity

Tutte polynomial.

2.2 Definitions and examples

2.2.1 Definitions

We start recalling the notions we are going to generalize.
A matroid 9 is a pair (X, I), where X is a finite set and [ is a family of
subsets of X (called the independent sets) with the following properties:

1. The empty set is independent;
2. Every subset of an independent set is independent;

3. Let A and B be two independent sets and assume that A has more
elements than B. Then there exists an element a € A\ B such that
B U{a} is still independent.
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A maximal independent set is called a basis. The last axiom implies that
all bases have the same cardinality, called the rank of the matroid. Every
A C X has a natural structure of matroid, defined by considering a subset of
A independent if and only if it is in /. Then each A C X has a rank which
we denote by r(A).

The Tutte polynomial of the matroid is then defined as

T(z,y) =) (1) Wy — =,
ACX

From the definition it is clear that T'(1,1) equals the number of bases of
the matroid.

In the next sections we will recall the two most important examples of

matroid and some properties of their Tutte polynomials.

We now introduce the following definitions.

A multiplicity matroid 9 is a triple (X, I, m), where (X, I) is a matroid
and m is a function (called multiplicity) from the family of all subsets of X
to the positive integers.

We say that m is the trivial multiplicity if it is identically equal to 1.

We define the multiplicity Tutte polynomial of a multiplicity matroid as

M(z,y) = Y m(A)(x — 1)/ (y — )i,
ACX
Let us remark that we can endow every matroid with the trivial multi-

plicity, and then M(z,y) = T'(x,y).

Remark 2.2.1. Given any two matroids 9t = (X1, [1) and My = (X, I5), it
is naturally defined a matroid 9t & My = (X, I): X is the disjoint union of
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Xjand Xy, and A € I'ifandonly if Ay = ANX; € I and Ay = ANXs € L.
Moreover if 9 and 9, have multiplicity functions m; and mgy, m(A) =
m1(Ay)-ma(As) defines a multiplicity on 9t; & 9My. We notice that the rank
of a subset A is just the sum of the ranks of A; and A,, and so it is easily
seen that the (multiplicity) Tutte polynomial of 9%; & 9, is the product of
the (multiplicity) Tutte polynomials of 9t and 9.

2.2.2 Lists of vectors and zonotopes

Let X be a finite list of vectors spanning a real vector space U, and I be the
family of its linearly independent subsets; then (X, I) is a matroid, and the
rank of a subset A is just the dimension of the spanned subspace. We denote
by Tx(z,y) the associated Tutte polynomial.

We associate to the list X a zonotope, that is a convex polytope in U

defined as follows:

Z(X) = {Zt;px,ogt:p < 1}.

Zonotopes play an important role in the theory of hyperplane arrangements,
and also in that of splines, a class of functions studied in Approximation

Theory. (see [14]).

We recall that a lattice A of rank n is a discrete subgroup of R™ which
spans the real vector space R™. Every such A can be generated from some
basis of the vector space by forming all linear combinations with integral
coefficients; hence the group A is isomorphic to Z™. We will use the word
lattice always with this meaning, and not in the combinatorial sense (poset

with join and meet).
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Then let X be a finite list of elements in a lattice A, and let I and r be
as above. We denote by (A)z and (A)r are respectively the sublattice of A
and the subspace of A ® R spanned by A. Let us define

Aa=AN{(Ag:

this is the largest sublattice of A in which (A)z has finite index. Then we
define m as this index:

m(A) =[Aa: (A)z].

This defines a multiplicity matroid and then a multiplicity Tutte polynomial
Mx (z,y), which is the main subject of this chapter. We start by showing
the relations with the zonotope Z(X) generated by X in

U=A®R.

We already observed that T'x(1,1) equals the number of bases that can

be extracted from X; on the other hand we have:
Proposition 2.2.1. Mx(1,1) equals the volume of the zonotope Z(X).

Proof. By [38], Z(X) is paved by a family of polytopes {IIz}, where B varies

among all the bases extracted from X, and
vol(Ilg) = |det(B)]|.
On the other hand, when B is a basis,

m(B) = [A : (B)z] = |det(B)|. (2.2.1)



Since

Mx(1,1)= > m(B)

BCX,Bbasis

the claim follows. O

Now, let us assume X to be a basis for U. In this case Mx(z,y) is a
polynomial in which only the variable x appears, whose coefficients have a
remarkable combinatorial interpretation.

We say that a point of U is integral if it is contained in A. For every
A C X the zonotope Z(A) is a face of Z(X); we say that a point of Z(A) is
internal to such face if it is not contained in any smaller face of Z(X). We

denote by h(A) the number of integral points that are internal to Z(A).

Lemma 2.2.2. For every A C X,

h(A) =) (=) PIm(B).
BCA
Proof. For every € > 0, let € be the point in A ® R of coordinates
£= Z EA.
AeX

Let Z(X)—e be the polytope obtained translating Z(X) by —e. It is intuitive

(and proved in [14], Prop 2.50]) that when ¢ is small enough
vol (Z(X)) = [(Z(X) — ) N Al

(More in general, this is true when ¢ is any point outside the cut-locus of

Z(X); the interested reader can refer to [14]).
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Notice that by construction Z(X) — ¢ contains all the integral points
which are internal to the faces Z(A), A C X, and none of those which are
on the opposite faces; hence

(Z(X)—2)NAl= > h(4)

ACX
Moreover by Formula (2.2.1) m(X) equals the volume of Z(X). Thus we

proved:

= > h(A)

ACX
Then we get the claim by inclusion-exclusion principle, since the intersection

of two faces Z(A;), Z(As) is the face Z(A; N Ay). O

We can now prove that the coefficient of ¥ equals the number of integral

points of Z(X) — € that are internal to some k—codimensional face:

Theorem 2.2.3. Let X be a basis for U. Then

Mx(z,y) = Z h(A) | 2"

ACKX, |Al=n—k
Proof. By definition
Mx(z,y) = Y m(A) (@ —1)" .
ACX
The coeflicient of z* in this expression is

> ("

ACX, |Al<n—k
By the previous Lemma, or claim amounts to prove that the coefficient of 2"
is

ACX, |Al=n— kBCA BCX, |B|<n—k
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because every B C X is contained in exactly
( n—|B| ) _ (n—!BI)
n—k—|B| k
sets A C X of cardinality n — k. Then we get the claim. O]
Ezxample 2.2.1. Consider the list in Z?
X ={(3,3),(-2,2)}.

Then
Mx(z,y) = (x —1)* +5(x — 1)+ 12 = 2% + 3z + 8.

Indeed the picture of the zonotope Z(X) with its integral points is:

2.2.3 Graphs

Let GG be a finite graph and X be the set of its edges. We view each A C X
as a subgraph of G, having the same set of vertices V(G) of G and A as set
of edges. We define I as the set of the forests in G (i.e, subgraphs whose
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connected components are simply connected). Then (X, I) is a matroid with
rank function

r(A) = [V(G)] = «(4)
where ¢(A) is the number of connected components of A.

Remark 2.2.2. If G has no loops nor multiple edges, let us take a vector
space U with basis €1, ..., e, in bijection with V(G), and associate to the
edge connecting two vertices ¢ and j the vector e; — e;. In this way we get
a list X of vectors in bijection with X and spanning a hyperplane U in U.
Since in this correspondence the rank is preserved and forests correspond to
linearly independent sets, G and X define the same matroid and have the

same Tutte polynomial.

Now let us assume every edge e € X to have an integer label m, > 0.

Then by defining
m(A) = H Me

ecA
we get a multiplicity matroid and then a multiplicity Tutte polynomial

Mg (z,y).

We may view the labels m, as multiplicities of the edges in the following
way. Let us define a new graph G,,, with the same vertices of GG, but with m,
edges between the two vertices incident to e € X. Then let S(G,,) be the set
of simple subgraphs of GG,,, i.e subgraphs with at most one edge connecting
any two vertices, and at most one loop on every vertex. It is then clear that

Me,y) = 7 (w— 1007y — i,
AeS(Gm)

In particular, Mg(2,1) equals the number of forests of G,,, and Mg(1,1)

the number of spanning trees (i.e., trees connecting all the vertices) of G,,.
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2.3 Deletion-restriction formula and positiv-
ity

The central idea that inspired Tutte in defining the polynomial T'(x,y), was

to find the most general invariant satisfying a recurrence known as deletion-

restriction (or deletion-contraction). Such recurrence allows to reduce the

computation of the Tutte polynomial to some trivial cases. We will explain

this algorithm in the two examples above, i.e. when the matroid is defined

by a list of vectors or by a graph. Then we will show that in both cases also

the polynomial M (x,y) satisfies a similar recursion.

2.3.1 Graphs

Let G be a finite graph, and e € X be an edge that is not a loop; then we
define two new graphs. G is obtained from G by removing the edge e; G,
is obtained from G by removing the edge e and identifying the two vertices
that were connected by e (hence, if there are other edges between these two

vertices, they become loops). Then we have the following

Theorem 2.3.1.
Tg(l', y) = TG1 ($7 y) + TG2<x> y)

if e is contained in some cycle;
TG(Ia y) = QJTG2 (I, y)
otherwise.

We generalize this theorem as follows. If GG is a labeled a graph and e € X

is an edge that is not a loop, we define two labeled graphs as follows. (G is
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obtained from G by replacing by m. — 1 the label m, of e (or by removing
the edge e, if m, — 1 = 0). G2 is obtained from G by removing the edge e
and identifying the two vertices that were connected by e. Let e be en edge

contained in some cycle; then we have:

Theorem 2.3.2.
Me(z,y) = Mg, (z,y) + Mg, (z,y)

Proof. We denote by mi(A) the multiplicity of A in G| and by msy(A) the
multiplicity of the image A of A in G5. We distinguish two cases.
If me = 1, we divide the sum expressing Mg(z,y) into two parts, the first

over the sets A not containing e:
>~ m(A) (e — 179Dy = DD = Ay, (2,y)
ACGy

since clearly 7(X) = r(X;) and m(A) = my(A). The second part is over the

sets A containing e:
|A] = |A| — 1, 7(A) = r(A) — 1, 7(Gy) = 7(G) — 1, ma(A) = m(A).

Therefore

3 m(A) @ — 1Ty - A =

ACG,ecA

S ma(A) (@ — 17D (g - 1ADDM ().
ACGo

If on the other hand m, > 1, for every A C X such that e ¢ A, we set
A, = AU {e}. Then

m(A) = my(A) and m(A.) = my(A.) + ma(A,)
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and

|A| = |Ae] — 1, 7(A.) = 1(A,) — 1, 7(Gy) = 7(G) — 1.

Hence
Ma(z,y)= > (m(A)(x —1)/& @y — Ay
ACG,e¢A

+m(Ae)(z — 1)7”(X)—T‘(Ae)(y _ 1)|Ae|—7’(Ae)) _
= > () = O A
ACGH

+ mg(A_e)(a: _ 1)T(GQ)—T(AT)(y _ 1)|A7|—T(AT) = Mg, (z,y) + Mg, (x, y).
A.CGo

]

If on the other hand e is not contained in any cycle, we observe that in

the notations above, for every A C G,e ¢ A
r(A.) =r(A)+1 and m(A.) = mem(A).
Thus it is easily seen that
Mg(z,y) = (x — 1 4+ me) Mg, (x,y).

By applying recursively this formula and the theorem above we can reduce
to the case of graphs with only loops; then by Remark we can assume
them to have only one vertex. If GGy is such a graph, let A be the number of

its loops and my, ..., my; be their labels. Then clearly

h
Me,(z,y) = H mi(y — 1) +1).
=1
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Remark 2.3.1. We can identify an ordinary graph with the labeled graph
m. = 1Ve € X.

Then the formulae above reduce to Theorem 2.3.1, and Tg,(z,y) = y".
In this way we see that the coefficients of T¢(z,y) are always positive,

while the coefficients of Mq(z,y) are not.

2.3.2 Lists of vectors

Let X be a finite list of elements spanning a vector space U, and let v € X
be a nonzero element. We define two new lists: the list X; = X \ {v} of
elements of U and the list X5 of elements of U/(v) obtained by reducing X,
modulo v. Assume that v is dependent in X, i.e. v € (X;)g. Then we have

the following well-known formula:

Theorem 2.3.3.
TX(x’ y) = TX1 (ZL‘, y) + TX2 (ZE, y)

It is now clear why we defined X as a list, and not as a set: even if we
start with X made of (nonzero) distinct elements, in X, some vector may
appear many times (and some vector may be zero).

Notice that by applying recursively the above formula, our problem re-
duces to compute Ty (x,y) when Y is the union of a list Y; of k linearly
independent vectors and of a list Y of h zero vectors (k,h > 0). In this case

the Tutte polynomial is easily computed:

Lemma 2.3.4.

Ty (z,y) = z*y".
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Proof. Given any v € Y1, since

<Y>]R - <Y \ {v}>R b <{U}>R

by Remark we have that

Ty (z,y) = 2 Ty\oy (2, ).

Hence by induction we get that Ty = 2* Ty,. Finally

h

Ty (2,y) = ) (?) (y—17 = ((y—1)+1)" ="

=0

Thus we get:

Theorem 2.3.5. T'x(x,y) is a polynomial with positive coefficients.

2.3.3 Lists of elements in finitely generated abelian
groups.

We now want to show a similar recursion for the polynomial Mx(z,y). In-
spired by [16], we notice that in order to do this, we need to work in a larger
category. Indeed, whereas the quotient of a vector space by a subspace is
still a vector space, the quotient of a lattice by a sublattice is not a lattice,
but a finitely generated abelian group. for instance in the 1-dimensional case,
the quotient of Z by mZ is the cyclic group of order m.

Then let ' be a finitely generated abelian group. For every subset S of
' we denote by (S) the generated subgroup. We recall that I' is isomorphic
to the direct product of a lattice A and of a finite group I'y, which is called
the torsion subgroup of I'. We denote by 7 the projection 7 : I' — A.
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Let X be a finite subset of I'; for every A C X we set
AA = A N <7T(A)>R

and

r 4= A A X Ft.
In other words, T4 is the largest subgroup of " in which (A) has finite index.

Then we define

m(A) = [Ty : (A)].

We also define r(A) as the rank of m(A). In this way we defined a multi-
plicity matroid, to which is associated a multiplicity Tutte polynomial:
My (,y) =Y m(A)(x = 1) (y — 1)l
ACX
It is clear that if I' is a lattice, these definitions coincide with the ones given
in the previous sections.

If on the opposite hand IT" is a finite group, M(z,y) is a polynomial in
which only the variable y appears; furthermore this polynomial, evaluated at
y = 1, gives the order of I'. Indeed the only summand that does not vanish
is the contribution of the empty set, which generates the trivial subgroup.

Now let A € X be a nonzero element such that

m(A) € (m(X\{\}))g (2.3.1)

We set
X;=X\{\}cT
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and we denote by A the image of every A C X under the natural projec-
tion

L —T/(N).

Since I'/()\) is a finitely generated abelian group and A is a subset of it, m(A)
is defined. Notice that

m(A) = [(T/QN)a: (A)] = [La/N) - (A)/N)] = [Laz (A)] = m(A).

We denote by X, the subset X; of I'/(\). Then we have the following

deletion-restriction formula.
Theorem 2.3.6.
MX(*T’ y) = MX1 (l’, y) + MX2 (ZL’, y)'

Proof. The sum expressing Mx (z,y) splits into two parts, the first over the
sets A C X;:

Y mA)(x = 1) O (g — AT = My (2, y)
ACX,

since clearly r(X) = r(X;). The second part is over the sets A such that

A € A. For such sets we have that:
Al = |A| =1, 7(A) =7(4) — 1, r(X2) = r(X) — 1, m(A) = m(A).

Therefore
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Then we prove:
Theorem 2.3.7. Mx(x,y) is a polynomial with positive coefficients.

Proof. By applying recursively the formula above, we can reduce to the case
of lists that do not contain any A satisfying condition (2.3.1). Any such
list Y is made of elements of some quotient I'(Y') of I', and is the disjoint
union of a list Yy of h zeros (h > 0), and of a list ¥ such that 7(Y7) is a
basis of A(Y) ® R. (Here we denoted by 7 the projection I'(Y) — A(Y),
where I'(Y') ~ A(Y) x ['(Y), is the product of the lattice and of the torsion

subgroup). Then we first notice that

My, = [D(Y)] Zh: <?) (y— 1) =DV )l ((y— 1) +1)" = [0V )uly"
=0
Furthermore it is easily seen that
My (x,y) = My, (z,y) My, (z,y).
Finally the positivity of My, (z,y) follows from Theorem [2.2.3| O

2.3.4 Statistics

Usually, polynomials with positive coefficients encode some statistics: in
other words, their coefficients count something.

For instance, the Tutte polynomial embodies two statistics on the set of
the bases, called internal and external activity. Although they can be stated
for an abstract matroid (see for example [I4, Section 2.2.2]), we give such

definitions for a list X of vectors. Let B be a basis extracted from X.
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1. We say that v € X \ B is externally active for B if v is a linear combi-
nation of the elements of B following it (in the total ordering fixed on

X);

2. we say that v € B is internally active for B if there is no element w in

X preceeding v such that {w} U (B \ {v}) is a basis.

3. the number e(B) of externally active elements is called the external

activity of B;

4. the number i(B) of internally active elements is called the internal

activity of B;
Then in [§] is proved the following result:

Theorem 2.3.8.
Tx(x,y)= Y, 2@y

BCX, Bbasis
Hence the coefficients of T'x (x,y) count the number of the basis having a
given internal and external activity.
Since also Mx (z,y) has positive coefficients, it is natural to wonder which
are the statistics involved. When X is an integer basis of the lattice, we have

Theorem [2.2.3} in the general case, we leave this question open:

Problem 2.3.1. Give a combinatorial interpretation of the coefficients of

Mx(z,y).

We say that a basis B of X is a no-broken circuit if e(B) = 0. We

denote by nbc(X) the number of no-broken circuit bases of X. It is clear
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from Theorem 2.3.8 that
nbe(X) = Tx(1,0). (2.3.2)

We will use this formula in the next section.

2.4 Application to arrangements

In this Section we describe some geometrical objects related to the lists con-
sidered in Section 2.2.2, and show that many of their features are encoded in

the polynomials T'x(z,y) and Mx(x,y).

2.4.1 Recall on hyperplane arrangements

Let X be a finite list of elements of a vector space U. Then in the dual space
V = U* a hyperplane arrangement H(X) is defined by taking the orthogo-
nal hyperplane of each element of X. Conversely, given an arrangement of
hyperplanes in a vector space V', let us choose for each hyperplane a nonzero
vector V* orthogonal to it; let X be the list of such vectors. Since every
element of X is determined up to scalar multiples, the matroid associated to
X is well defined; in this way a Tutte polynomial is naturally associated to
the hyperplane arrangement.

The importance of the Tutte polynomial in the theory of hyperplane ar-
rangements is well known. Here we just recall some results that we generalize
in the next sections.

To every sublist A C X is associated the subspace At of V that is the
intersection of the corresponding hyperplanes of H(X); in other words, A

is the subspace of vectors that are orthogonal to every element of A. Let
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L(X) be the set of such subspaces, partially ordered by reverse inclusion,
and having as minimal element O the whole space V = 0. L£(X) is called
the intersection poset of the arrangement, and is ”the most important com-
binatorial object associated to a hyperplane arrangement” (R. Stanley).

We also recall that to every finite poset P is associated a Moebius function

pw:PxP—7Z
recursively defined as follows:
0 if L>M
u(L, M) =<1 it L=M

— > penem ML, N) if L < M.

Notice that the poset £(X) is ranked by the dimension of the subspaces;

then we define characteristic polynomial of the poset as
x(@) = Y p(0,L)g"™").
LeL(X)

This is an important invariant of H(X). Indeed, let M x be the comple-
ment in V' of the union of the hyperplanes of H(X). Let P(q) be Poincaré
polynomial of Mx, i.e. the polynomial having as coefficient of ¢* the k—th
Betti number of My. Then if V' is a complex vector space, by [35] we have

the following theorem.

Theorem 2.4.1.
P(q) = (—a)"x(~1/q).

If on the other hand V' is a real vector space, by [42] the number C'h(X)

of the chambers (i.e., connected components of M) is:
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Theorem 2.4.2.

The Tutte polynomial Tx(z,y) turns out to be a stronger invariant, in

the following sense. Assume that 0 ¢ X; then

Theorem 2.4.3.
(=1)"Tx (1 —¢q,0) = x(q).

The proof of these theorems can be found for instance in [14, Theorems

10.5, 2.34 and 2.33].

2.4.2 Toric arrangements and their generalizations

Let I' = A x I'; be a finitely generated abelian group, and define

. Hom(T",C)
Tr = ———+.
Hom(T',Z)
Tt has a natural structure of abelian linear algebraic group: indeed it is the
direct product of a complex torus T of the same rank of A and of the finite
group I';* dual to I'y (and isomorphic to it).
Moreover I is identified with the group of characters of T: indeed given

A € A and t € Tr we can take any representative ¢, € Hom(I',C) of ¢ and

set

A(t) = e2mipe()

When this is not ambiguous we will denote Tt by T'.
Let X C A be a finite subset spanning a sublattice of A of finite index.

The kernel of every character x € X is a (non-connected) hypersurface in 7"

H, = {teT|x(t)=1}.
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The collection 7 (X) = {H,, x € X} is called the generalized toric arrange-
ment defined by X on T.
We denote by Rx be the complement of the arrangement:
Rx =T\ | J Hy
xex

and by Cx the set of all the connected components of all the intersections
of the hypersurfaces H,, ordered by reverse inclusion and having as minimal
elements the connected components of 7.

Since rank(A) = dim(T'), the maximal elements of C(X') are 0-dimensional,
hence (since they are connected) they are points. We denote by Co(X) the
set of such layers, which we call the points of the arrangement.

Given A C X let us define

Hy = (1] Ha.
AeA

Lemma 2.4.4. m(A) equals the number of connected components of Ha.

Proof. 1t is clear by definition that m(X) = [Co(X)|. Then for every A C X,
we have that

C(A)°] = m(A)

where C(A)° is the set of the points of the arrangement 7 (A) defined by A
in 7r,. Now let H 4% be the connected component of H, that contains the

identity. This is a subtorus of T, and the quotient map
TF —» TF/HAO ~ TFA

induces a bijection between the connected components of H, and the points

of T(A). O
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In particular, when T" is a lattice, T" is a torus and 7 (X) is called the
toric arrangement defined by X. Such arrangements have been studied for
example in [29], [12]; see [14] for a complete reference. In particular, the
complement R x has been described topologically and geometrically. In this
description the poset C(X) plays a major role, for many aspects analogous
to that of the intersection poset for hyperplane arrangements.

We will now explain the importance in this framework of the polynomial

Mx (z,y) defined in Section 2.3.3.

2.4.3 Characteristic polynomial

Let u be the Moebius function of C(X); notice that we have a natural rank
function given by the dimension of the layers. For every C' € C(X), let
To be the connected component of T' that contains C'. Then we define the
characteristic polynomial of C(X):
X(@) = Y wTe, C)g™™ .
cec(X)
In order to relate this polynomial with Mx (z,y), we prove the following fact.

Let us assume that X does not contain 0. For every C' € C(X), set
D(C) ={A C X | C is a connected component of Hy} .

Lemma 2.4.5.

wTo,C) = > (=)

AeD(C)

Proof. By induction on the codimension of C'. If it is 0 or 1, the statement

is trivial; otherwise, by the inductive hypothesis

WTo,C) == 3 p(Te, D) == 5 % (—1Hl.

D2C D2C AeD(D)
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Proving that this sum is equal to the claimed one amounts to prove that
D SRCIEE
D2C AeD(D)

Now, let B be the largest (hence minimum with respect to reverse inclusion)
element of D(C'). Every A € D(D) for D O C'is a subset of B, and conversely
every A C B is in D(D) for exactly one D O C' (if there were two such layers

D, their union would be connected). Therefore
I IELEDSEIER
D2C AeD(D ACB

where the last equality is an elementary combinatorial fact, which is checked

by looking at the binomial coefficients of (1 — 1)*. O

Theorem 2.4.6.
(=1)"Mx(1—q,0) = x(q)

Proof. By definition we must prove that
(=1)" > m(A) (=g W) = N (T, C)g
ACX cec(X)
We remark that
dim(C) =n—r(A)VA € D(C)
and
(n—71(A)+ (|A] = r(A4)) + n = |A] (mod 2).
Thus we have to prove that for every £k =0,...,n,
> omAa =Y W 0). (24
ACX n—r(A)=k CeC(X),dim(C)=k
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By Lemma [2.4.4] each A is in D(C) for exactly m(A) layers C. Then
Formula (2.4.1) is a consequence of Lemma 2.4.4, since (—1)!4l appears m(A)

times in the sum. O

Ezample 2.4.1. Take T = (C*)? with coordinates (¢, s) and
X ={(2,0),(0,2),(1,1), (1, -1)}
defining equations:
t?=1,=1,ts=1,ts ' = 1.

The hypersurfaces Hp2z and Hg have two connected components each; Hyg
and Hy,-1 are connected (but their intersection is not). The 0—dimensional

layers are
C, = (]-a 1)7 Cy = (_17 _1)7 Cs = (L _1)a Cy = (_]—7 1)

Notice that C; and C5 are contained in 4 layers of dimension 1 each, while
each of C3 and Cy lies in 2 layers of dimension 1. Then u(7,C) = —1 for

each of the six 1—dimensional layers C', and

Hence
x(q) = ¢* — 6¢ +8.
The polynomial M (x,y) is composed by the following summands:
e (z — 1), corresponding to the empty set;
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e G6(x — 1), corresponding to the 4 singletons, each giving contribution

(x —1) or 2(x — 1);

e 14, corresponding to the 6 pairs: indeed, the basis X = {(2,0),(0,2)}
spans a sublattice of index 4, while the other bases span sublattices of

index 2;
e 8(y—1), corresponding to the 4 triples, each contributing with 2(y —1);
e 2(y — 1)2, corresponding to the whole set X.

Hence

My (z,y) = 2* + 2y* + 4z + 4y + 3.

Notice that
Mx(1—¢,0) =¢" —6q+8 = x(q)

as claimed in Theorem [2.4.6l

2.4.4 Poincaré polynomial
For every C € Cx, let us define
Xe={xeX|H,2C}.

Remark 2.4.1. The set X defines a hyperplane arrangement in the vector
space Vo = V/XcT; let £(X¢) be its intersection poset. Let C(X, C) be the
poset of the elements of C(X) that contain C. The map

v :C(X,C) — L(X¢)
D— Xp*
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is an order-preserving bijection. Indeed, given L € L(X(), set
AL) ={x e X, A, =0}.
Then ¢~'(L) is the connected component containing C' of Ha(z).

Lemma 2.4.7.
nbe(Xe) = (—1)"4mO (T, C).

Proof. By the previous remark,

w(Te, C) = peixy(Te, C) = pex.c)(Te, C) = pexey(Ve, Xet) = Xeixe)(0)

since X is the origin in Vi, and hence the only element of rank 0. Thus

by Theorem 2.4.3 and Formula (2.3.2),
Xe(xe)(0) = (1) ™D Ty (1,0) = (=1)" " Onbe(Xe).
[l

Let Ti,..., Ty be the connected components of T. We denote by C(X);
the set of layers that are contained in 7;. This clearly gives a partition of the

layers:
C(X)= Uc<x>i.

We now give some formulae for the Poincaré polynomial P(q) and the
Euler characteristic of Rx. We start from a restatement of a result proved in
[12] Theor. 4.2] (see also [I4], 14.1.5]). In this paper is considered an arrange-
ment of hypersurfaces in a torus, in which every hypersurface is obtained by
translating by an element of the torus the kernel of a character. It is clear

that the restriction of the arrangement 7 (X) on every 7; is an arrangement
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of this kind. Then the cohomology of Rx N7T; can be expressed as a direct
sum of contributions given by the layers of this arrangement, which are the
elements of C(X);. In terms of the Poincaré polynomial P;(q) of Rx N T;,
this expression is:
P(q)= > nbe(Xc)(q+ 1)"m@gn=aim©),
Thus the Poincaré polynomial of
Rx =| [RxnT))

is just the sum of these polynomials:

Theorem 2.4.8.

P(q) = Z nbe(Xe) (g + 1)%mO) gn—dim(©)
cec(x)

Then we prove:

Theorem 2.4.9.

29+ 1
P(Q)Zq”Mx( qq ,0).

Proof. By definition, we have that

2q +1
anX ( q+ 70) — Z m(A)(q 4 1)nfr(A)qr(A)(_1)|A|—r(A).
q ACX

We compare this formula with the one in the previous Theorem. We have to

prove that for every k = 0,...,n the coefficient of (q + 1)*¢"~* is the same
in the two expressions. In fact by applying Formula (2.4.1) and then Lemma
2.4.7 we get the claim:

=yt Y mA) (=) = () > w(Ic,C) =

ACX,r(A)=n—k CeC(X),dim(C)=k
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= Z nbe(Xe).

CeC(X),dim(C)=k
n

Therefore, by comparing Theorem and Theorem [2.4.9, we get the
following formula, which relates the combinatorics of C(X) with the topology

of Rx, and is the "toric” analogue of Theorem 4.1.

Corollary 2.4.10.

P(q) = (—9)"x (—&1) :

q
We recall that the Fuler characteristic of a space can be defined as the
evaluation at —1 of its Poincaré polynomial. Hence by Theorem [2.4.9] we

have:
Corollary 2.4.11. (—1)"Mx(1,0) equals the Euler characteristic of Rx.

Ezample 2.4.2. In the case described in Example Theorem [2.4.9] (or
Corollary 2.4.10) implies that

P(q) = 15¢* + 8¢ + 1
and hence the Euler characteristic is
P(—1) =8 = Mx(1,0).

2.4.5 Number of regions of the compact torus

In this section we consider the compact abelian group dual to I'

Hom(T',R)

T=—"7—""
Hom(T', Z)

67



We assume for simplicity I' to be a lattice; then T is a compact torus, i.e. it

is isomorphic to (S')", where we set
St={z€eC]||z|] =1} ~R/Z.
Then every x € X defines a hypersurface in 7"

Hy = {teT|x(t)=1}.

We denote by 7 (X) this arrangement; clearly its poset of layers is the same
of the arrangement 7 (X) defined in the complex torus 7. We denote by Rx

be the complement

Rx =T\ |J 7,
xeX
The compact toric arrangement 7 (X ) has been studied in [19]; in particular
the number R(X) of regions (i.e. of connected components) of Ry is proved

to be a specialization of the characteristic polynomial x(q):

Theorem 2.4.12.

By comparing this result with Theorem [2.4.6| we get the following

Corollary 2.4.13.
R(X) = Mx(1,0)

Example 2.4.3. In the case of Example we can represent in the real
plane with coordinates (z,) the compact torus T as the square [0, 1] x [0, 1]
with the opposite edges identified. Then the arrangement W is given by
the lines

x=0,z=1/2,y=0,y=1/2, 2 = —y, z =y.
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These lines divide the torus in 8 = x(0) regions:

L

ya
L=y

2.4.6 The case of root systems

We now show a connection with a result proved in Section [1.4] For the
convenience of the reader briefly we recall the necessary notations and facts.

Let ® be a root system, (®") be the lattice spanned by the coroots, and A
be its dual lattice (which is called the cocharacters lattice). Then we define
as in Section 2.4.2 a torus T' = T having A as group of characters. In other
words, if g is the semisimple complex Lie algebra associated to ® and f is a
Cartan subalgebra, T' is defined as the quotient 7" = b/(P").

Each root « takes integer values on (®Y), so it induces a character
e: T —C/Z~C".

Let X be the set of this characters; more precisely, since o and —a define

the same hypersurface, we set

X ={e", acdt}.
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In this way to every root system & is associated a toric arrangement. These

arrangements are described in Chapter 1; in particular we recall Theorem

[1.4.3] Let W be the Weyl group of ®.
Theorem 2.4.14. The Euler characteristic of Rx is equal to (—1)"|W]|.
By comparing this statement with Corollary 2.4.11] we get the following
Corollary 2.4.15.
Mx(1,0) = |[W].
It would be interesting to have a more direct proof of this fact.

Remark 2.4.2. 1. Let G be the semisimple, simply connected linear al-
gebraic group associated to g. Then 7' is the maximal torus of G

corresponding to h, and Rx is known as the set of reqular points of T'.

2. One may take as A the lattice spanned by the roots. But then one
obtains as T a maximal torus of the semisimple adjoint group G¢,

which is the quotient of G by its center.

Ezxample 2.4.4. The toric arrangement described in Example is that
arising from the root system of type C5. Notice that the order of the Weyl
group of type Cs is

8 = P(—1) = Mx(1,0) = R(X).

2.5 External activity and Dahmen-Micchelli
spaces

Until now we took into account specializations of Tx(z,y) and Mx(x,y) in

which the second variable vanishes. However, there is another remarkable
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specialization of the Tutte polynomial: T'x(1,y), which (by Theorem [2.3.8)
is called the polynomial of the external activity of X. It is related with the

corresponding specialization of My (z,y) in a simple way:

Lemma 2.5.1.

MX(lay): Z TXp(lvy)'

peCo(X)

Proof. By definition

and

But by Lemma [2.4.4]
m(A) = |{p € Co(X)|A C X, }|

which is the number of polynomials T, in which the summand (y — 1)iAl=n

appears. ]

The previous lemma is interesting also for the following reason. In [9] to
every finite set X C V' is associated a space D(X) of functions V' — C, and
to every finite set X C A is associated a space DM (X) of functions A — C.
Such spaces are characterized as the solutions of a system, respectively of
differential equations and of difference equations, in the following way.

For every v € V, let 0, be the usual directional derivative

0, (0) = 9
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and let V, be the difference operator

Vof(z) = fz) = flz —v).

Then for every A C X we define the differential operator
o4 =[]0
vEA

and the difference operator

Va=]] V.

vEA

We can now define define the differentiable Dahmen-Micchelli space
D(X)={f:V —C|0a(f) =0VA such that (X \ A) < n}
and the discrete Dahmen-Micchelli space
DM(X)={f:A— C|V4(f) =0VA such that r(X \ A) <n}.

An explanation of the importance of such spaces would take us too far;
the interested reader can find a wide exposition in the book [14]. Let us just
mention that the differentiable space D(X) is related with hyperplane ar-
rangements and splines, whereas the discrete space DM (X) is related with
toric arrangements and partition functions. Furthermore DM (X) has re-
cently been applied in the index theory of transversally elliptic operators
(see [15], [16]).

In order to compare these two spaces, we consider the elements of D(X)

as functions A — C by restricting them to the lattice A. Since the elements of
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DM (X) are polynomial functions, they are determined by their restriction.

For every p € Co(X), let us define the following map:
v, A —C

A= A(p).

(see Section 2.4.2). In [9] (see also [14], Formula 16.1]) is proved the following

result.

Theorem 2.5.2.

DM(X) = @ pD(X).
pECo(X)

Furthermore, every D(X,) is known to be a finite dimensional graded
vector space, the dimension of the graded parts being given by the coefficients
of the polynomial Tx,(1,y) (see [2] or [I4, Theorem 11.8]). Hence we get a
graduation on DM (X). Thus Lemma 2.5.1 yields the following

Theorem 2.5.3. Mx(1,y) computes the graded dimension of DM (X).
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Chapter 3

Wonderful models

In this chapter we build a wonderful model for toric arrangements. We de-
velop the “toric analogue” of the combinatorics of nested sets, which allows to
define a family of smooth open sets covering the model. In this way we prove
that the model is smooth, and we give a precise geometrical and combinatorial

description of the normal crossing divisor.

3.1 Introduction

In this Section we work with a slightly more general notion of toric arrange-
ment, best suited for geometric applications. This is also the definition used
in [12].

Let T be a complex torus and A its group of characters.

Let X be a finite subset of A x C*. For every pair (A a) € X we define

the hypersurface of T

Hyo={teTINt) —a=0}.
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The collection

T, = {HM, (\a) € 5(}

is called the toric arrangement defined by X on T. Such arrangements have
been studied for instance in [29], [12]; see [14] for a complete reference.

Let R be the complement of the arrangement:

Ry =T\ |J Hu

(A\a)eX

In the present chapter we build a smooth minimal model Z 5 containing
R as an open set with complement a normal crossing divisor D, and a
proper map 7 : Zg — T extending the identity of R . We call Z ; the won-
derful model of T, in analogy with the wonderful model built by De Concini
and Procesi [I0] for arrangements of subspaces in a vector (or projective)
space. We have been greatly inspired by their work, and also by the general
construction [30] of MacPherson and Procesi.

We proceed as follows. In Section 3.2 we give the first definitions, we
make some basic remarks and we build the wonderful model. In Section 3.3
we develop the necessary combinatorial tools, i.e. the "toric analogues” of
the notions of irreducible set, nested set and adapted basis. In Section 3.4 we
define some smooth open sets of the model and we prove that they cover Z 5.
In Section 3.5 the open sets are used to prove that the complement of R ¢ in
Z; is a normal crossing divisor, and to describe its irreducible components

and their intersections (see Theorem (3.5.3]).
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3.2 First definitions and remarks
3.2.1 Toric arrangements

Let A be a lattice and U = A ®z C the complex vector space obtained by
extending the scalars of A.

Let X be a finite set in A x C*, and set
X ={\(\a)e X}

Given A C X, we denote by (A)z and (A)g respectively the sublattice of
A and the subspace of U spanned by A. We will always assume the sublattice
(X)z to have finite index in A; otherwise we can replace A with A N (X)c.

Then we define
. Hom(A,C)
~ Hom(A,Z)

The group T is isomorphic to (C*)", and its group of characters Hom(T, C*)
is identified with A: indeed given A € A and t € T, we can take any repre-
sentative ¢, € Hom(A,C) of ¢t and set

A(t) = e2mipt()
For every pair (\,a) € X we define:
Hyo, ={teT|\t) —a=0}.

We remark that in general the hypersurfaces H, , are not connected; and
even if they are, their intersections are not (see Remark and Example
below). Then we consider the set C(X) of all the connected components

of all the intersections of the hypersurfaces H, ,. This is a poset (with respect
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to inclusion) which plays a major role in the study of toric arrangements,
for many aspects analogous to that of the intersection poset for hyperplane
arrangements. We call the elements of C ()? ) the layers of the arrangement.

Under our assumptions, the minimal elements of C ()~( ) are O-dimensional,

hence they are points. We denote by Co(X) the set of such layers, which we
call the points of the arrangement.

For every layer C' we define
XC = {()\,CL) < )’Z’HA,(Z D) C} .

and

Xe = {\|(\a) € X}

The natural surjection )?C — X is indeed a bijection, since the condition

(A, a), (A b) € X implies that A is identically equal to a = b on C.

3.2.2 Primitive vectors

Fixed a system of coordinates (t1,...,t,) on T, for every v = (vy,...,1,) €

Z" we have a map

e(v): T —C*

(tl,...,tn) P—>t1]/1 '...'tnyn.

It is well known that e is an isomorphism between Z" and A = Hom/(T, C*).

We will assume every A € X to be primitive, i.e. such that
AN {XNec =Nz

This amounts to require that under the previous isomorphism A is identified

with a vector v = (v4,...,1,) € Z" such that GCD({v;}) = 1.

7



Remark 3.2.1. This is not a restrictive assumption; indeed, suppose GCD({v;}) =

d > 1, and write v/ = v;/d. Then

d
/ / d / / :
tl”l-...-tn”"—a:(tl”l-...-tn”"> —a:||(t1“1-...-tn”n—§’%>

i=1
where ( is a primitive d—th root of 1. Then there is a primitive element N’
of A such that A = dX, and we can write H) , as the union of its connected

components:
d
H>\7a - I—I H)\/7Ci %.
i=1

Then we can replace every pair (), a) € X with all the pairs (X, C'a). In this

way we get a new set X’ which defines the same toric arrangement as X.

Example 3.2.1. Take T' = (C*)? with coordinates (¢, s) and
X ={(t%1),(s% 1), (ts, 1), (ts~*, 1)}

Since t*—1 = (t+1)(t—1), the hypersurfaces Hy and H2 have two connected
components each; H;; and H;,—1 are connected, but their intersection is not.

The points of the arrangement are:
p=(11), pp=(-1,-1), ps = (1, 1), pa = (=1, 1).
Notice that )?m = sz — X, whereas
Xpy = Xy = {(1%,1), (%, 1)}
Following Remark , we can replace X by

X' ={(t,1),(t,—1),(s,1),(s,—1), (ts, 1), (ts~", D}.
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3.2.3 Construction of the model

Given a sublattice A C A, we define its completion
A= (A)ecNA.

For every layer C' € C(X), we consider the lattice Ac = (X¢)z and its

completion Ac.

Remark 3.2.2. The elements of A are the characters taking a constant value
on C. Indeed, for every A € A, we have that d\ € A for some d > 0. Then

by definition d\ takes a constant value a on C’; hence
M) =aVteC.

Since C' is connected and the set of dth roots of unity is discrete, the contin-

uous map A must be constant.

Now let Ai,..., Ay be an integral basis of Ac (i.e., a basis spanning over
Z the lattice E), and let a; be the constant value assumed by \; on C: then

the ideal J¢o of the regular functions on 7' that vanish on C' is generated by
{/\1_a17-~~7)\k_ak}

and the normal space to C' in T is

We denote by P¢ its projectified P(N1(C')) and by ¢¢ the natural map

wo:T\C — Po

t— [Al(t) — Q... ,)\k(t) - ak].
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Now let us fix a subset G C C(X). By collecting the maps {¢¢, C € G} and
the inclusion j : R — T', we get a map
ig =] X H(pC:R;(HTX HIP’C
ceg ceg

We define Z3 ; as the closure ig(R ;) of the image of R .
In the next section we will describe the subsets G that give arise to models

with good geometric properties.

Remark 3.2.3.
1. If we choose another basis A}, ..., A}, we get other generators
{AL—dl N )

of the same ideal J¢, hence another basis of J¢/J¢ and then another
system of projective coordinates for Po; then our construction does not

depend on such choice.

2. Since HCeg Pc is a projective variety, the restriction 7w : Zg — T of

the projection on the first factor 7' is a projective and thus proper map.

3. Since ig is injective, we identify R 3 with its image ig(R ). Such image
is closed in R X [[eeg Peo, which is open in T' x [], g Pe; therefore

Z ; contains R 5 as a dense open set, and the restriction of m to R is
7.
3.2.4 Hyperplane arrangements and complete sets

Given a finite set A C U, a hyperplane arrangement H(A) is defined in the
dual space V' = U* by taking the orthogonal hyperplane to each element of
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A. To every subset B C A is associated the subspace B+ of V that is the
intersection of the corresponding hyperplanes of H(A); in other words, B+
is the subspace of vectors that are orthogonal to every element of B. Then

we set

L(A)={B*, B C A}.

L(A) is called the intersection poset of H(A), and its element are called the
spaces of the arrangement.

Given a subset B C A, we define its completion
B = (B)cNA.

We say that B is complete in A if B = B.
For every Q € L(A), let a(Q) be the set of elements of A which are

identically equal to 0 on Q; clearly
a(Q)t =Q and o(B*+) = B.

Hence we have a bijection between £(A) and the family of complete subsets

of A.

Fix p € Co(X). For every pair (A, a) € )?;, A —a € J, defines a vector
in 3,/ ’JZ and hence a hyperplane in its dual, which is the normal space to
the point, i.e. the tangent space T'(p) to p in T. This hyperplane of T'(p)
is simply the tangent space to the hypersurface Hyq) in p. In this way X,
defines in T'(p) a hyperplane arrangement H,, which is locally isomorphic (in

0) to our toric arrangement (in p). Then the map
C — (Xc)J'
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is a bijection between layers C' € C()? ) containing p and spaces of H,,.

Remark 3.2.4. In particular we see that, for every layer C' containing p,
Xo = &((XC)L) is a complete subset of X,. Conversely, for every complete
subset A of X, there is a unique layer C(A) such that Xca) = A and
p € C(A). Namely, C(A) is the connected component containing p of the
subvariety of T’

Hy={teT|\t)—Ap)=0VY\e A}

3.3 Combinatorial notions

3.3.1 Irreducible sets

Let A be a finite subset of A. Given a complete subset B, an integral decom-

position of B is a partition B = |, B; such that

B~ DB

i

A complex decomposition of B is a partition B = |, B; such that

Notice that the B; are necessarily complete.

We say that B is Z—irreducible (resp. C—irreducible) if it does not have
a nontrivial integral (resp. complex) decomposition.

We say that a layer C € C(X) is Z—irreducible (resp. C—irreducible)
if X¢ is. We denote by Z (resp. by Z¢) the set of Z—irreducible (resp.

C—irreducible) layers.
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Remark 3.3.1. Clearly every integral decomposition is also a complex de-
composition, but not conversely: see the example below. Then in general
Ic C 1.

In the language of [30], C()?) is a conical stratification on T, and I is
the set of the irreducible strata. Then a minimal wonderful model can be
obtained by blowing up (in any dimension-increasing order) the elements of
Zc. However, in this model the intersections of irreducible components of the
normal crossing divisor fail to be connected (see example below). In order
to obtain such property (i.e. the last point of Theorem , we will blow
up all the elements of 7.

Ezample 3.3.1. Take T = (C*)? with coordinates (¢, s) and

X ={(ts, 1), (ts7", 1) }.

Then X is identified with the subset {(1,1),(1,—1)} of Z% Thus X is not
C—irreducible, but it is Z—irreducible: indeed Z(1,1) & Z(1, —1) is a sublat-
tice of index 2 in Z2.

The hypersurfaces H;s and H;—1 are the irreducible components of a
normal crossing divisor; however their intersection consists of two points. By
blowing them up we optain a model whose normal crossing divisor has four

irreducible components, pairwise intersecting in a single point.

A%

2 s

] J ?1‘2'
-
‘Hts,i -Hts ! Hts,i Hts',' L
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We now prove some properties of integral decompositions, which are
known (and easier to prove) for complex decompositions (see for instance
[14, Chapter 20.1]).

From now on we will simply call decompositions the integral decomposi-

tions, and rreducible sets (resp. layers) the Z—irreducible sets (resp. layers).

Lemma 3.3.1. Let B = B; U By be a decomposition and D C B be an
wrreducible subset. Then D C By or D C Bs.

Proof. Set D; = DN By and Dy = DN By. We must prove that D = DU D,
is a decomposition; then the irreducibility of D implies that D; or D, is
empty. We first notice that

(D)z = (D1)z © (D2)z

since

(D1)z. N (D2)z € (B1)z N (B2)z € (B1)z N (By)z = {0}.

Then take any A € (D)z. For some positive integer m we have that

mA € (D)z and then it is written uniquely as mA = py + po, with g € (Dy)z

and 9 € (Dg)z. Moreover, since

A€ (B)z =(B1)z ® (Ba)z

A can be expressed uniquely as A = 3 + 72, with 71 € (Bj)z and 7y, € (Bs)z.
Then mA = my; + my, = py + po implies gy = my; and ps = mry,, hence

Y1 € <D1>Z and Y2 € <D2>Z- Thus

(D)z, = (D1)z @ (Da)z.
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Lemma 3.3.2. Fvery subset B has a decomposition B = |J B; into irre-

ducible subsets B;. This decomposition is unique up to the order.

Proof. The existence is clear by induction. Now let B = [ J B} be another
decomposition into irreducible subsets. By the previous lemma every B; is
contained in some B; and viceversa. Then these factors are the same up to

the order. O

3.3.2 Building sets and nested sets of layers

We now recall some general definitions given in [10] and [I4, Chapter 20.1],
adapting them to our situation.

A family G* of subsets of A is a building set if every complete subset B
of A is decomposed by the maximal elements B; of G* contained in B. Then
we say that B = |, B; is the decomposition of B in G* or that the B;s are
the G*—factors of B.

A subset §* of G* is a G* —nested set if given any By, ..., B, € §* mutually
incomparable,

B=BU...UB,

is a complete set in A with its decomposition in G*.
By [30], an equivalent definition is the following. A flag F* is a sequence
By C --- C By of subsets of A. A set §* ={By,..., B} is nested if there is
a flag F* such that all the elements of S* are G*—factors of elements of F*.
The family Z* of all irreducible subsets of A is clearly a building set. In
particular, we call nested sets the Z*—nested sets. Then a nested set is a

family S8* of irreducible subsets such that for every By, ..., B, € §* mutually
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incomparable,

B=BuU...UB,

is a complete set in A with its decomposition into irreducible subsets.

Now let p € C ()? ) be a point of the arrangement, and let C' be any layer
containing p. Let G* be a building set in X,,, and let X¢ = (J, X; be the
decomposition of X in G*. We recall that X is in bijection with )N(c; then
let 3\(: be the subset of )/(\; corresponding to X;. Set

and let C; be the connected component of H; containing C'. Following
Remark [3.2.4, C; = C(X;) is the only layer containing C' and such that
Xo, = X;. We call the C;s the G—factors of C; clearly C' = NC;.

Then we can associate to every building set G* a building set of layers
G defined as the set of all the G—factors of all the elements of C(X). In
particular for G* = 7" we get that the set Z of all irreducible layers is a
building set.

A flag F of layers is a sequence Cy C --- C Cy. A set of layers

S={Cy,...,C}

is G—nested if there is a flag F such that all the elements of S are G—factors
of elements of F. We say that S is a nested set of layers if it is Z—nested,
i.e. if there is a flag F such that all the elements of S are irreducible factors

of elements of F.
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Remark 3.3.2. From now on we will assume for simplicity G = Z, and then
we will focus on the model Z; = Z 3 ; defined as the closure of the image of

the map

ir=jx [[ec: Rz —Tx]]Pc
Ccez cez
However, all the results below may be extended to the case of an arbitrary

building set G.
We call the minimum element of the flag the center of §. This is a well

defined layer by the following Lemma:

Lemma 3.3.3. Let S be a nested set. Then
c)=)c
ces

is connected (and then is a layer).

Proof. Let M(S) be the set of minimal elements of S; clearly
ce)= () ¢
CeM(S)
The elements of M(S) are pairwise incomparable, hence

fow-Yfo- @ e

ces CeM(S)

Let us choose an integral basis b for each of the lattices A¢, C € M(S).
Then

b= |J te

CeM(S)
is an integral basis for Ay s). For any A € Ac, X takes a constant value a,

on C' by Remark [3.2.2, It follows that the elements A — a), A € b generate
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the ideal of definition of C(S), which is clearly irreducible since b is a basis

of a split direct summand in A. n

Remark 3.3.3. Notice that our proof clearly implies that the intersection
C(S) = Neem(s) is transversal.

A nested set of layers is maximal if it is not contained in a larger one;
this happens if and only if S contains all the irreducible factors of a maximal
flag. In this case the center of S is a point p = p(S). We denote by 9 the
set of all maximal nested set of layers of C ()~( ) and by 9, the set of those
having center p. Then we have the partition

m= || Mm,
pECo(X)

The following fact is clear from the definitions (and from Remark [3.2.4)):

Lemma 3.3.4. If S = {C4,...,Cs} € M, is a mazimal nested set of layers
of center p, then

S ={X¢,.--, Xc.}

is a maximal nested set in X,,.
Conversely, given a maximal G*—nested set S in X, there is a unique

S €M, such that S* = g’; namely
Si{m&%&eg}

In particular |S| = |S*| = n, the rank of X (see [14, Theor 20.9]).
Finally we prove an elementary result that we will use frequently in the

next sections. Take S € IM,,.
Lemma 3.3.5.
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1. Let C € T and p € C. Then there is an element C € S which is the
mazimum among all the elements of S contained in C; we call it the

S—core of C.

2. Let C' be an element of S which is not minimal in it. Then there is an
element s(C) € S which is the mazimum among all the elements of S

properly contained in C'; we call it the successor of C.

Proof. The proof is the same for both statements. Let C' and C” be two
elements of & which are contained (or, for the second statement, properly
contained) in C. Then X¢ C XN Xer; hence XU Xen is not a decomposi-
tion. Since X and X¢or are in the nested set S*, they must be comparable;

then also C" and C” are. O

3.3.3 Adapted bases

Given a nested set S, we say that an integral basis b = A; ..., A, for the
lattice A is adapted to S if for every C € S, bN A¢ is an integral basis for

Ac.
Lemma 3.3.6. There exists an integral basis b° for A adapted to S.

Proof. Let us define

AsiZE.

DeS

ASZ@E

CeM(S)

Notice that

where M (S) is the set of minimal (and hence pairwise incomparable) elements

of 8. then by definition As = Ag. We will prove, by induction on the
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cardinality of S, that there is a basis of As adapted to S. Then our claim
follows: indeed, since the lattice As either coincide with A or is a split direct
summand of it, the basis of Ag can be completed to a basis of A.

If S contains only one element C, the statement is trivial since As = A¢
and every basis of this lattice is adapted to S.

Otherwise, take a minimal C' € S, and set &' = S\ {C}. Since §’ is
nested, by inductive hypothesis the lattice

Ao = Y Kp

DeS’

has an integral basis adapted to S’. Since Ass = As we can complete the
chosen basis of Ag to an integral basis b of Ag using elements of Ac. We
claim that this basis is adapted to S. Let us take D in S. If D # C there is

nothing to prove. Then assume D = C'. In this case we know that

As=Ace P A
DeM(S\(C}

By construction, every element in b either lies in A¢ or in @ DeEM(S)\{C} Ap.

Then every A € A¢ is in the span of b N A¢, proving our claim. O]
To every maximal set of layers S € 91, we associate a function
ps:A—S

in the following way. For every A € A we set a = A\(p), and we define ps(\)
as the maximum element of S on which A is identically equal to a. This is

well defined by Lemma m indeed ps(A) = H(rq). This function has the

following properties:
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Lemma 3.3.7.
1. For every C € T there exists A € X¢ such that ps(\) = C.
2. The restriction of ps to an adapted basis b is a bijection.

Proof. For every C' € 7, let M(C') be the (possibly empty) set of the elements
of § properly containing C' and minimal with this property. Such elements
are pairwise incomparable, hence |Jp. M(©) Xp is a decomposition. Since
X¢ D Xp for every D € M(C),
Xo D U Xp
DeM(C)
and this inclusion is proper, because X¢ is irreducible. Then there exists
reXe\ |J Xp
DeM(C)

By definition ps(A\) = C, then the first statement is proved.

Now assume C' € S, and let b be an adapted basis to S: then by definition
bN Ac is a basis for A and

|_| (l_) N E) is a basis for @ Ap.
DeM(C) DeM(C)

Since C' is irreducible

Then there exists

re N\ || (i),
DeM(C)

Clearly ps(A) = C. Then we proved that the restriction of ps to b is surjec-

tive; therefore it is bijective, since |b| =n = |S|. O
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3.4 Open sets and smoothness
3.4.1 Definition of the open sets

To every § € M, we associate a nonlinear change of coordinates fs and an
open set Vs defined as follows.

Let us take a basis of A adapted to S, and denote it by
QS = ()‘C)CES

where Ao = p5'(C). Set ac = Ac(p). Since b° is integral, (Ac —ac)pes is a
system of coordinates on T

Consider C" with coordinates z° = (z¢)ces, and its open set

[/Ei {(ZC) G(Cn| H zD;é—aCVCGS}.

DCC

—~

Define a map fs: Us — T in the given coordinates as

- (IL)

DCC
or equivalently as the nonlinear change of coordinates

/\C — ac = H ZD- (341)
DCC

Then fs(0) = p.
Notice that on the open set of T" where A\¢ — ac # OVC' € S, the map fs

can be inverted by the following formula:

Ao —a , if ' is minimal in &
2 :{ SO (3.4.2)

/\AC;“C , otherwise
s(C)~as(C)
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where s(C') is the successor defined in Lemma [3.3.5]
Let us define the open set of T
7,=T\|JC
p¢C
and set Us = fs'(T,). We denote again by fs the restriction Us — T),.
Now take any A € A; set a = A(p) and C' = ps(N).

Since b° is adapted to S, an integral basis for A is given by
¥NAec={\p,DDC}.

In particular A can be expressed in this basis, and since ps(A) = C, A does
not lie in the span of {Ap, D D C}: then
A= mcAc + Z MpAp
D2C
for some integers mp and a nonzero integer m¢c. The previous identity,
considered as an equality of regular functions on 7', can be written as
A=z T Ape.
D2C
Then we have:
A—a= <ch I 52 —ae T1 A’;D) + (wgc 11 52 - a) (3.4.3)
D2C D2C D2C
and we can write the first summand as
[T 257 (2 = ag€) = Be(re - ac)
D2C

where

se=11 " TI (e —cac)

D2C (mo=1,#1
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is a regular function on 7" which is invertible on C'. Working in the same
way on the second summand of Formula (3.4.3)) we see that, for some regular
functions {fp, D € S},
A—a= 50 ()\C’ — CLO> + Z ﬁD()\D — (ID).
D2C

By operating the change of coordinates (3.4.1]), we get:

A—a= (ﬁc [[z+> a0 ]l ) = (H ) (%) (344)

ECC DDC  ECD ECC

where we set

pa(z°) = Be + Z Bp H 2E.

D2C  DDEXC

We define Vs as the open set of Us where
I »(®) #o0.
AEX
Let us remark that 0 € Vs, since for every A € X,, we have that p)(0) =
Be(p) # 0. Furthermore in Vs, for every A € X,,, we have the equality of

regular functions

H Zp = Ao : (3.4.5)

ECps(\) pa(z%)
3.4.2 Properties of the open sets
Let us define the open set of Vs
Vs' = {2z € Vs | 2¢ # OVC € S}.

We denote by As the open set of T' fs(Vs) N Ry. We remark that by
Formula (3.4.5) f5'(As) = Vs and the restriction of fs to Vs” maps it into
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As. By composing this map with the inclusion As — R and with the
application ¢¢ : Ry — P¢ defined in Section we get a map

wc : VSO — ]Pc.

Lemma 3.4.1. For every C € T and S € M, the map Yo extends uniquely
to a map

%ZVS—”P)C.

Proof. Let p be the center of S. If C' does not contain p the statement is
clear: indeed since Vs C Us, for every u € Vs we have that t = fs(u) ¢ C
so that for at least one index j, \;(¢) # a;. Then the projective coordinate
A;(t) — a; of P¢ is nonzero.

Then assume p € C, and let C be its S—core (see Lemma . By
the first part of Lemma m, there exists \; € X¢ such that ps(A) = C.
Since we assumed (Remark every element of X to be primitive, we
can complete {\} to an integral basis {\,...,\r} of Ac. Then if we set
a; = X\i(p), we have that

[)\1—G1>---,>\k—ak]

is a system of projective coordinates for Pc.

Since b° is adapted to S, an integral basis for Az is given by
¥NAz={\p,D2C}.
In particular every \; € Ag C A_g can be expressed in this basis, and since

ps(M) = C, Ay does not lie in the span of {A\p,D 2 C}.
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After making the nonlinear change of coordinates (3.4.1) as in Formula
(3.4.4), we can divide every projective coordinate by [[pcg 2g; in this way

we get that the map ¢ : Vs* — P¢ is given by

2= | Px (g)v p)\z(g) H ZEs «++5 DX (E) ZE
CCECD, CCECD;,

where we set D; = ps()\;). Since by definition py,(z) # 0 for z € Vs, this
map extends to Vs. Moreover its image is contained in an affine open set of
Pe.

Finally the uniqueness of the extension is clear since by its very definition

Vs is dense in Vs. O

By applying the lemma above to all the layers C' € Z, we get that for

every S € M, the inclusion Vs — Z 5 extends uniquely to a map
jg . VS - Zf(.
Lemma 3.4.2. The map js is an embedding into a smooth open set.

Proof. In order to prove that js is an embedding, it suffices to see that every
coordinate zo on Vs can be written as the composition of js and a function
on js(Vs). Then take C' € §. If C is not minimal, let D = s(C) be the
successor of C. Since b° is adapted to S, on Pp we have the projective

coordinates
e — aE]Ees,E;D
and by the proof of the previous lemma Vs maps into the affine subset where

Ap —ap # 0. Then we can read the coordinate z¢ in Pp by Formula (3.4.2)):

Ac —ac

Zc = .
Ap —ap
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If on the other hand C' is minimal in S, then zo = A\¢ — ac.

In this way all the coordinates zo can be recovered by the projection
of js(Vs) C Zg on T or on some Pp; hence our map is an embedding.
Moreover, since (z¢)ces is a system of coordinates on js(Vs), in every point

the differential of js has rank |S| = n. Then js(Vs) is smooth. O

Remark 3.4.1. By abuse of notation, from now on we will write Vs for js(Vs),

identifying this set with its isomorphic image in Z 3.

3.4.3 Smoothness of the model

Let us define

Yi= Vs
Sem

In this section we prove that Y = Z g, and hence Z; is smooth. The main
step is the following lemma, which tells that every curve in R that "has

limit” in 7', "has limit” in Y. Let D. = {s € C | |s]| < ¢}.

Lemma 3.4.3. Let f: D. — T be a curve such that f(D. \ {0}) C Rx.
Then f lifts to a curve in Y .

Proof. Given such a f, let Cy € C ()~( ) be the smallest layer containing f(0),

and let p € Cy(X) be a point contained in Cy. For every A € X, we have

that locally, near s = 0, we can write

A(f(s)) —a = s"qx(s)

with a = A(p), nx > 0 and ¢,(0) # 0.

For every integer h > 0, let us define
A, ={X € X,|n, > h}.
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Notice that Ay = X, and A1 C Ap; by taking all the irreducible factors
of the elements of this flag we get a nested set in X,,. Let us complete it to
a maximal nested set S*; by Lemma [3.3.4] to S* is naturally associated a
maximal nested set of layers S € 91,,.

We claim that for a such S, the curve f : D, \ {0} — Ry extends to a
map f: D. — Vs.

First notice that f(0) € 7,: indeed for every layer D containing f(0) we
have that C'y € D by minimality and then p € D. Then we have to prove
that:

1. z¢(f(s)) is defined in 0 for every C' € S;

2. pA(f(O)) # 0 for every A € X,.

Take C' € §; if C' is minimal in S then zo(f(s)) = Ac(f(s)) — ac and
there is nothing to prove. Otherwise, let D = s(C') be the successor of C.

Then by

~ Aelf(s) —ac So—Tap D (5)
)= o) —ap o(3)

and ny. > ny, by the definition of S, so z¢ is well defined in 0.

As for the second claim, given any A € X, set C' = ps(\) and take the
vector A\¢ of the adapted basis b°.

Then by definition of S, ny = n,., and by Formulae and

we have

Therefore




Theorem 3.4.4. Y = Zg. In particular Z; is smooth.

Proof. By the well known valuative criterion for properness (see for instance

[20]), the previous lemma amounts to say that the map
Ty, Yz =T
is proper. Since also the projection

Tx[[Pc—T
Cez
is proper, the embedding
Y)z — T x H PC
Cez
is proper as well; therefore its image is closed, and thus it coincides with Z ;.

Therefore Z ; is smooth, since it is union of smooth open sets. O

3.5 The normal crossing divisor
3.5.1 Technical lemmas

For every C' € Z, let us define a divisor Do C Z as follows. Take a S € M
such that C' € §. In the open set Vs take the divisor of equation z¢c = 0; let
D¢ be the closure of this divisor in Zg. The following lemma implies that
D¢ does not depend on the choice of S, and yields the theorem below, which
describes the geometry of Z; \ R 5.
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Lemma 3.5.1. Take any two mazimal nested sets of layers S € M, and
Qe M, Let{z5,C € S} and {z8,C € Q} be the corresponding sets of
coordinates on Vs and Vg.

Then for every C' € S:
1. if C € 8\ Q, 25 is invertible as a function on Vs N Vg;

2.4fCeSNQ, zg/zg is reqular and invertible as a function on VsNVg.

Proof. 1f ¢ ¢ C, then C € S\ Q, and the (first) statement is proved as follows.
Take © € Z such that z5(z) = 0: then by Formula 7(z) € C, where
7 Zgs — T is the projection defined in Remark Therefore 7(z) ¢ T,
hence = ¢ Vg, proving the claim.

Therefore we can assume ¢ € C' and proceed by induction as in the proof

of [14, Lemma 20.39].

e First let us assume C' to be a minimal element in Z; then necessarily

C € 8N Q. We recall that 28 = A\ — a2; set
D =po(Ag) 2 C.

Then for some function a

25 =a H 22 =azg H 2.

E€Q,DDE E€Q,DDE,E+£C

In the same way zg = )\g — ag, and if we set
D’ = ps()\g) 2 C

we get

Q __ 1 Q_ 1.8 S
o =a H Zp = azo H Zp.

FeS,D'DF FeS,D'DF,F#£C
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for some function a’. Since both D and D’ contain C', by substituting

we get:
zg = zg aa H zg H z}?.
E€Q,DOE,E£AC  FeS,D'DF,FAC
Therefore
/ Q S _
aa H 25 H 2p =1
E€Q,DDE,E£AC  FES,D'DF,F£C
and hence

ze 9
o=e I =2

C E€Q,DDE,E+C

is invertible, as claimed.

Now let us take any C' € S. By induction, we can assume that our
claims are true for every D C C, D € SUQ (if D € Q\ S, by

symmetry zg is assumed to be invertible on Vs N Vy).

Let D = C € Q be the Q—core of C. Take A € X such that po(N) =
D, and set G = ps(A). Then G O C and A takes on D and on G the
same constant value a = A(p). Notice that D is the Q—core of G.

Then for some invertible b, &/

A—a=b [ 2=v J] =

EecQ,DDFE FeS,GOF

Hence

1=b 0 H Z9 H zg_l H £:270 (35.1)

FeS\Q,GDF  E€Q\S,DDE FESNQ,DDF

We can now prove the first claim. If C' ¢ Q then D C C. Then
all the factors in equation (3.5.1)) are regular: those of type 2%, F €
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S\ Q,G D F obviously, the others by inductive assumption, since they
involve elements properly contained in C. Since zg appears as one of

the factors in (3.5.1) it is invertible.

In the same way if C' € Q, and then D = C, all the factors in (3.5.1|)

—1 —1
Q 97" must be regular

but (eventually) 22 28  are regular; then also 2 2

and invertible.

Lemma 3.5.2. Let be C € I.
1. The divisor D¢ is well defined.
2. IfC ¢S, then Dc N Vs = 0.

Proof. 1. Let §,Q be two maximal nested set of layers containing C.
Then by the second point of Lemma [3.5.1 25 and zg have the same
zeros in Vs N Vg, which is an open dense set in Vs and in Vg. Then

the closures of the two divisors coincide.

2. Let Q be a maximal nested set of layers containing C'. Then by the
first point of Lemma , zg is invertible as a function on Vs N Vg.
Therefore the divisor of Vg defined by 28 = 0 is contained in Zg \ Vs.
Since this set is closed, it also contains D¢ which is the closure of the

divisor.
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3.5.2 The main theorem

Now let us define

D:UDC.

cez
The geometry of the divisor D is described by the following theorem.

Theorem 3.5.3.
1. Z3 \D = Rx.

2. D is a normal crossing divisor whose irreducible components are the

divisors Do, C € T.

3. Let be N CZ, and

Dy = () De.
CeN

Then Dy # 0 if and only if N is nested.

4. If N is nested, Dy is smooth and irreducible.

Proof. By Theorem [3.4.4] we can check each statement on every open set
Vs, S € M.
Then the first claim, by the second part of Lemma [3.5.2] amounts to note

that

(Zz\D)NVs =Vs\ [ DenVs) =Vs" =Rz NVs.
ceS

(for the definition of Vs see the beginning of Section 3.4.2).

The second statement is obvious since

DNVs = U (DeNVs) = {z € Vs|zc = 0 for some C € S}
ces
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is by definition a normal crossing divisor in Vs.

For the third statement, note that if A/ is not nested it is not contained
in any maximal nested set of layers; then for every S € 9, Dy N Vs = 0 by
the second part of Lemma [3.5.2] On the other hand, if AV is nested it can be
completed to some S € M, and

DyNnVs = {gE VSIZCZOVCEN}
which is clearly nonempty, smooth and irreducible. Since

Dy = J (DynVs)
SON

also the last statement follows.
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