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Introduction

Statement of the problem

For any d € Z and ¢g,n > 0 such that 2g — 2 + n > 0, denote by Picq 4., the
stack whose sections over a scheme S consist of flat and proper families
7w : C — S of smooth curves of genus g, with n distinct sections s; : S — C
and a line bundle L of relative degree d over C. Morphisms between two
such objects are given by cartesian diagrams

B2

C—=C

> Q
515

such that s;; o 81 = B2 0s;, 1 < i < n, together with an isomorphism
Bs: L — Bi(L)).

Picq,q.n is endowed with a natural forgetful map onto M, ,, and it is, of
course, not complete.

In the present thesis we search for a compactification of Picq 4., over
M,.,. By this we mean to construct an algebraic stack P, ,,, with a map
V4 4.n onto M, ,, with the following properties.

1. Pagnand ¥y, ,, fit in the following diagram;

PiCd7g7n > Pd,g,n

Mg,n(% mg,n

2. U4 4. is proper (or, at least, universally closed);
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3. Payn has a geometrically meaningful modular description.

Note that in order to complete Picq g, over M, , it is not enough to
consider the stack of line bundles over families of n-pointed stable curves,
since this is not complete as well. So, it is necessary to enlarge the category
either admitting more general sheaves than line bundles or a bigger class
of curves.

Motivation

The problem of compactifying the (generalized) Jacobian of curves or of fa-
milies of curves has been widely studied in the last decades, starting from
the work of Igusa [I56] and of Mayer and Mumford [MM]. Since then, se-
veral solutions where found, specially in the case of irreducible curves (see
[A04] for an overview and comparison results on these constructions). For
irreducible curves a first answer was given by D’Souza in [DS79]. Later,
Altman, Kleiman and others extended this work to families of irreducible
curves with more general singularities than nodes (see [AK80] and also
[EsO01]). For reducible curves the situation is more intricate since one has
to deal also with nontrivial combinatorial problems. A first solution, for
a single reducible curve, is given by Oda and Seshadri in [OS79]. Then,
in [C94], Caporaso constructs a compactification the universal Picard va-
riety over M, and later, in [P96], Pandharipande makes a more general
construction that holds also for vector bundles of higher rank and coin-
cides with Caporaso’s in the case of line bundles. We also recall Simpson’s
general construction of moduli spaces of coherent sheaves on projective
schemes in [Si94] and Schmitt’s construction of algebraic stacks compacti-
fying the universal moduli space of semistable vector bundles over smooth
curves in [S04].

On the other hand, the construction of the moduli space of stable curves
with marked points was done by Knudsen in [K83], following ideas of
Mumford, with the scope of proving the projectivity of the moduli space
of stable curves. Since then, M, , itself became the subject of great inte-
rest, because of its rich geometry, and because of several applications. In
particular, M, ,, has a central role in Gromov-Witten theory and enume-
rative geometry. In fact, in part motivated by Witten’s conjecture ((W91]),



il

the study of the cohomology ring of M, ,, attracted the attention of several
algebraic geometers in the last decades and led to very important results.

We recall, for instance, Kontsevich’s first proof of the Witten conjec-
ture in ([K92]); the interaction between geometry and physics leading to
the development of quantum cohomoly and Gromov-Witten theory (see e.g.
[FP97]); the algebro-geometric inductive calculations on the cohomology
ring of Mg, due to Arbarello and Cornalba in [AC98]; Faber’s conjec-
tures on the structure of the tautological ring of M, and its pointed ver-
sions ([F99], [P02]), the ELSV formulas relating intersection formulas in
M, ,, with Hurwitz numbers ((ELSV1], [ELSV2]) and the recent proof by
Faber, Shadrin and Zvonkine in [FSZ] of the generalized Witten conjecture
(TW93)).

So, it is natural to search for a compactification of Picy 4, over M, ,
and to study its applications. Nevertheless, at least to our knowledge,
there was no construction of compactified Picard varieties for curves with
marked points until now.

Our interest in constructing such a space is also due to Goulden, Jack-
son and Vakil’s “generalized ELSV formula”conjecturing a relation between
the intersection theory of a (4g — 3+ n)-dimensional space and certain dou-
ble Hurwitz numbers (see [GJV05] and [LV]). According to these authors,
this space should be a suitable compactification of Picg 4, over M, ,, sup-
porting particular families of classes satisfying certain properties. Unfor-
tunately, we do not know yet if our space supports such classes, except for
what they call y-classes, which turn out to be the pullback of the v-classes
in M, ,. It is certainly interesting to consider this as a future research
problem.

Balanced Picard stacks over M,

Let us start by considering the case n = 0 (and g > 2). As we already men-
tioned, the situation here is particularly fortunate since there are many
constructions of compactified Picard varieties of stable curves.

In particular, in [C94], Caporaso addresses the problem of compacti-

d
g

degree d”over M, g, parametrizing isomorphism classes of line bundles of

fying Pic; over M,, where Picg denotes the “universal Picard variety of
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degree d over automorphism-free nonsingular curves. We will now briefly
describe this construction.

Fix an algebraically closed field & and consider the Hilbert scheme H
of genus g curves defined over k embedded in P” as nondegenerate curves
of degree d, where r = d — g. There is a natural action of PGL(r + 1) in
H corresponding to the choice of the coordinates used to embed the curves.
For d > 0, define

ﬁd,g = Hd//PGL(’I’ + 1)

as the GIT-quotient of H; by the natural action of PGL(r + 1), the locus
of GIT-semistable points for this action (under a fixed suitable lineariza-
tion). By results of [G82] and [C94], we know that, for ¢ > 2, points in Hy
correspond exactly to quasistable curves of genus g embedded by balanced
line bundles (of degree d), where quasistable curves are semistable curves
such that two exceptional components never meet, and balanced is a com-
binatorial condition on the multidegree of the line bundle on the curve (see
Definition 2.1.1 below). In particular, given a quasistable curve X, there
are only finitely many balanced multidegrees summing up to d.

By construction, P, , is endowed with a proper morphism ¢, onto M,
such that, for ¢ > 3, gb;l(Mg) is isomorphic to Picf;. Moreover, given
[X] € My, ¢;'(X) is a projective connected scheme with a finite number
of components (that can not exceed a certain numerical invariant of the
curve) and, if X has trivial automorphism group, ¢;1(X ) is reduced and
its smooth locus is isomorphic to the disjoint union of a finite number of
copies of the Jacobian of X, Jx.

Let d > 0 such that (d— g+ 1,29 —2) = 1. Then, the GIT-quotient yield-
ing Py, is geometric (see [C94], Proposition 6.2) and the quotient stack
associated to it, [H;/G], is a Deligne-Mumford stack with a strongly re-
presentable morphism onto M,, where with G we will denote the group
PGL(r + 1) (see [CO5], 5.9). Moreover, it has the following modular des-
cription.

Consider the stack P, over SCH; whose sections over a k-scheme S
consist of families 7 : X — S of genus g quasistable curves over S endowed
with a balanced line bundle of relative degree d over X and whose mor-
phisms are cartesian diagrams of the curves plus an isomorphism between
the line bundles (as in Picq,4,, above, ignoring the sections). There is a



natural action of G,,, on fdyg given by fiberwise scalar multiplication on
the line bundles, leaving the curves fixed. Then, [H,;/G] is isomorphic to
the rigidification (in the sense of [ACV01]) of P, , by the action of BG,,
(see [CO5] 5.10).

Let us now suppose that (d — g+ 1,29 — 2) # 1. Then, the quotient stack
[Hi/G] is not Deligne-Mumford and it is not possible to give a modular
description of it using the same reasoning of Caporaso’s in [C05], since it
uses the existence of the analogue of Poincaré line bundles for families of
stable curves, which does not exist in this more general case. The main
result of the first part of the present thesis consists exactly in showing
that, if d > 0, the quotient stack [H;/G] has the same modular description
as in the case that (d — g + 1,29 — 2) = 1. This follows from Theorem 2.3.1,
where we show that P, , is isomorphic to [H;/GL(r + 1)], where GL(r + 1)
acts by projection onto G = PGL(r + 1). This implies that P, , is a smooth
and irreducible Artin stack of dimension 4g — 3 endowed with a universally
closed map onto M,. Since, for d and d’ such that d = &’ + m(2g — 2) for
some m € Z, P4, is isomorphic to Py 4, we get that the same statement
holds in general for any d € Z and for g > 2.

Then, using the universal property of the notion of rigidification, we
give a modular description of the rigidification of P, , along the action of
BGu, Pay []Gm, and we show that it is isomorphic to [H,;/G] (see section
2.4 below). It also follows that P, , is a G,,-gerbe over [H,/G] (see 2.4.1).

In section 2.2 we consider the restriction of [H;/G] to the locus ﬂz of
d-general curves, i.e., the locus of genus g stable curves over which the
GIT-quotient above is geometric. In Prop. 2.2.2 we show that this restric-
tion, denoted by [U;/G], is a Deligne-Mumford stack and is endowed with
a strongly representable map onto ﬂj. In particular, it gives a functorial
way of getting a compactification of the relative degree d Picard variety for
families of d-general curves (see Corollary 2.2.4 below). By this we mean
that, given a family of stable curves f : X — S, the base change of the
moduli map uy : S — M, by [Hy/G] — M, is a scheme, P‘;, yielding a
compactification of the relative degree d Picard variety associated to f (see
1.1 for the Definition of the Picard variety associated to a morphism). This
generalizes Proposition 5.9 of [C0O5] as observed in Remark 2.2.5. Instead,
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if the fibers of the family f are not d-general, the fiber product of the mo-
duli map of f, us : S — M,, by the map [H;/G] — M, is not a scheme.
Indeed, it is not even an algebraic space. However, it is canonically en-
dowed with a proper map onto a scheme yielding a compactification of the
relative degree d Picard variety associated to f (see Prop. 2.4.12).

In section 2.2.2 we give a combinatorial description of the locus in M
of d-general curves, MZ. For each d, Mz is an open subscheme of M,

containing all genus g irreducible curves and Wj = Mz, if and only if
(d—g+1,2g—2)=(d — g+ 1,29 — 2). In Proposition 2.2.14 we also show
that the HZ’S yield a lattice of open subschemes of M, parametrized by the
(positive) divisors of 2g — 2.

Let B be a smooth curve defined over an algebraically closed field k& with
function field K and Xx a smooth genus g curve over K whose regular
minimal model over B is a family f : X — B of stable curves. Then, if
(d— g+ 1,29 — 2) = 1, the smooth locus of the map P(; — B is isomorphic
to the Néron model of Pic? X, over B (see Theorem 6.1 of loc. cit.). We
end chapter 2 by asking if, for any d, [H,;/G|, parametrizes Néron models
of Jacobians of smooth curves as it does if (d — g + 1,29 — 2) = 1. In section
2.4.2 we show that the answer is no if (d — g + 1,29 — 2) # 1, essentially
because [H,/G) is not representable over M,. We here focus on the case
d = g— 1, which is particularly important. In fact for this degree all known
compactified Jacobians are canonically isomorphic and are endowed with
a theta divisor which is Cartier and ample (see [A04]).

Compactified Picard stacks over M, ,

A consequence of what we have said so far is that, if we define P, 4 to be
equal to P, 4, it gives an answer to our initial problem for g > 2 and n = 0.
Chapter 3 is devoted to the case n > 0.

We start by introducing the notions of n-pointed quasistable curve and
of balanced line bundles over these (see Definitions 3.1.3 and 3.1.4 below)
and by noticing that, for n = 0 and g > 2, these coincide with the old no-
tions. It turns out that, for n > 0, n-pointed quasistable curves are the
ones we get by applying the stabilization morphism defined by Knudsen in
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[K83] (see 3.4.3 below) to (n — 1)-pointed quasistable curves endowed with
an extra section without stability conditions. Moreover, balanced line bun-
dles on n-pointed quasistable curves correspond to balanced line bundles
on the quasistable curves obtained by forgetting the points and by con-
tracting the rational components that get quasidestabilized without the
points (see Lemma 3.1.10).

As a consequence, we also get a definition of n-pointed quasistable
curves and of balanced line bundles over these for curves of genus 0 with
at least 3 marked points and for curves of genus 1 with at least 1 marked
point. It turns out that, for genus 0 curves, the notion of n-pointed qua-
sistable coincides with the notion of n-pointed stable. Moreover, given an
n-pointed stable curve X of genus 0, for each degree d, there is exactly one
balanced multidegree summing up to d (see Remark 3.1.6).

We define P, , to be the stack whose sections over a scheme S are
given by families of genus g n-pointed quasistable curves over S endowed
with a relative degree d balanced line bundle. Morphisms between two
such sections are like in Picy,,,, above. We prove that P, ., is a smooth
and irreducible algebraic (Artin) stack of dimension 49 — 3 + n, endowed
with a universally closed morphism onto M, ,, giving a solution for our
initial problem for all g,n > 0 such that 2g — 2+ n > 0 (see Theorem 3.2.2).

Our definitions imply that, for every integer d, P, 3 is isomorphic to
Mo 3 x BG,,, that P, is isomorphic to M;; x BG,, (see Propositions
3.2.7 and 3.2.10, respectively) and that Theorem 3.2.2 is true for g > 2 and
n = 0 (see Theorem 2.3.1).

Then, for n > 0 and 2g — 2 + n > 1, we proceed by induction in the
number of marked points n. Our construction goes along the lines of Knu-
dsen’s construction of ﬂgﬂn in [K83], which consisted on showing that, for
n > 0, Mg 41 is isomorphic to the universal family over M, ,. In the
same way, we show that there is an isomorphism between P, , ,+1 and
the universal family over Py, 24,4, (see theorem 3.2.5), where 2, ,,
is the stack whose sections over a k-scheme S are families of n-pointed
quasistable curves over S, endowed with a balanced line bundle L and with
an extra section. Z; ;. is naturally endowed with a universal line bundle
L, (see Proposition 3.2.3 below). The isomorphism between P, .1 and
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Z4,4,n 18 built explicitly and it generalizes Knudsen’s notion of contraction
and stabilization of n-pointed stable curves in this more general context of
quasistable curves endowed with balanced line bundles. The main diffe-
rence here is that we use the balanced line bundle itself tensored with the
sections to contract and stabilize the curves, instead of the dualizing sheaf
of the families used by Knudsen.

In order to make contraction work, we also need to prove some techni-
cal properties for line bundles over nodal curves. For instance, we show
that a line bundle with sufficiently big multidegree is nonspecial, globally
generated and normally generated (see Propositions 3.3.3 and 3.3.10). In
particular, we get that, if L is a balanced line bundle of degree d > 0 in an
(n+1)-pointed quasistable curve X of genus g > 0 with 29 —2+n > 0, then
L(p1 + - -+ + pn) is nonspecial, globally generated and normally generated,
where p1, ..., pn, pnt1 are the marked points of X (see Corollaries 3.3.6 and
3.3.12). We also get that the same holds for (wx(p1 + -+ + pn + Pns1))™,
for m > 3, where wx denotes the dualizing sheaf of X (see Corollaries 3.3.5
and 3.3.11).

In section 3.5 we show that P, , is endowed with a (forgetful) mor-
phism ¥, , , onto M, ,, given on objects by taking the stable model of the
families and by forgetting the line bundle. We further study the fibres of

‘I/d-,g-,w

Finally, in section 3.6, we study further properties of P, g,n- For instan-
ce, we show that if d and d’ are such that 2g — 2 divides d — d’, then Py 4 ,,
is isomorphic to Py 4 ,. We also study the map form P ;41 to Py 4, and
its sections and we show that these yield Cartier divisors on P, 11 with
possibly interesting intersection properties.

Again, there is an action of BG,, on fd_,g_,n given by scalar product on
the line bundles, leaving the curves and the sections fixed, so P, , can
never be Deligne-Mumford. By construction, forn > 0and 2g —2+n > 1,
the rigidification of P, 4, along this action of G,,, denoted by Py 4n /G,
is Deligne-Mumford if and only if P4, ,—1 is and, in the same way, the
natural map from Py 4 ,, /G, onto M, ,,, denote it again by ¥4 4 ,,, is proper
and strongly representable if and only if ¥4, is. (Notational remark:
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we will use the \f at sl ash symbol / as proposed by Romagny in [R05]
rather than fﬁ;n, as originaly denoted by [ACVO01], since we already use
this notation for fixed points). So, we get that, for any n > 0 and g > 2,
Pa.gn [[Gm is a Deligne-Mumford stack proper and strongly representable
over M, ,, if and only if (d — g + 1,29 — 2) = 1 (see Proposition 3.6.3). For
g = 0 and 1 we get that, for any integer d € Z, Py .n //Gm is isomorphic to
M, for n > 3 and that Py, //G,, is isomorphic to M ,, 41 for n > 1 (see
Proposition 3.6.4).

We would also like to observe that another possible approach to the
construction of Py, , would be to use Baldwin and Swinarski’s GIT cons-
truction of the moduli space of stable maps and, in particular, of M, ,, in
[BS08], and then proceed as Caporaso did in [C94].
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Chapter 1

Preliminaries and
notation

We will always consider schemes and algebraic stacks locally of finite type
over an algebraically closed base field k. We will always indicate schemes
with roman letters and stacks with calligraphic letters.

1.1 The relative Picard functor

Let X be an S-scheme with structural morphism 7 : X — S. Given another
S-scheme T', we will denote by 7y : X7 — T the base-change of = under
the structural morphism 7" — S.

XT Z:TXSX—>X

I'———S§

Given a family of nodal curves f, we will denote by Pic; the relative
Picard functor associated to f and by Pic‘} its subfunctor of line bun-
dles of relative degree d. Picy is the fppf-sheaf associated to the functor
P : SCHp — Sets which associates to a scheme T over B the set Pic(X7).
In particular, if the family f has a section, Pic;(T") = Pic(Xr)/ Pic(T) (see
[BLR], chapter 8 for the general theory about the construction of the rela-

1



2 1. PRELIMINARIES AND NOTATION

tive Picard functor).

Thanks to more general results of D. Mumford and A. Grothendieck
in [M66] and [Gr], we know that Pic; (and also Pic?) is representable
by a scheme Picy, which is separated if all geometric fibers of f are ir-
reducible (see also [BLR], 8.2, Theorems 1 and 2). Picf]l, the “universal
degree d Picard variety”, coarsely represents the degree d Picard func-
tor for the universal family of (automorphism-free) nonsingular curves of
genus g, fq : Z4 — Mg. Furthermore, it was proved by Mestrano and
Ramanan in [MR85] for char k = 0 and later on by Caporaso in [C94] for
any characteristic that Picf; is a fine moduli space, that is, there exists a
Poincaré line bundle over Picg Xm0 Zg, if and only if the numerical condi-
tion (d — g + 1,29 — 2) = 1 is satisfied.

1.2 Curves

Let S be a scheme. By a genus g curve X over S (or a family of curves over
S) we mean a proper and flat morphism X — S whose geometric fibers are
connected projective and reduced curves of genus g over k having at most
nodes as singularities.

If we do not specify the base scheme S, by a curve X we will always
mean a curve over k.

1.2.1 Line bundles on reducible curves

We will denote by wx the canonical or dualizing sheaf of X. For each proper
subcurve Z of X (which we will always assume to be complete), denote by
Z':= X\ Z,by kz :=#(ZNn Z') and by g its arithmetic genus. Recall that,
if Z is connected, the adjunction formula gives

Wy = dengX :29Z—2+kz. (1.1)

For L € Pic X its multidegree is degL := (degy, L,...,deg, L) and its
(total) degree is deg L := degy L +--- + deg, L, where Z;,...,Z, denote
the irreducible components of X.

Givend = (d1,...,d,) € Z7, we set Pict X := {L € Pic X : degL = d} and
Pic? X := {L € PicX : deg L = d}. We have that Pic’ X = }° , _, Pic? X,
where [d| = >")_, d;.



1.2. CURVES 3

The generalized Jacobian of X is

Pic® X = {L € Pic X : degL = (0,...,0)}.

1.2.2 Stable and semistable curves

A stable curve is a nodal (connected) curve of genus g > 2 with ample
dualizing sheaf. We will denote by M, (resp. M,) the moduli scheme
(resp. stack) of stable curves and by MS C M, the locus of curves with
trivial automorphism group.

A semistable curve is a nodal connected curve of genus ¢ > 2 whose
dualizing sheaf has non-negative multidegree.

It is easy to see that a nodal curve X is stable (resp. semistable) if, for
every smooth rational component F of X, kg > 3 (resp. kg > 2). If X is
semistable, the smooth rational components F such that kg = 2 are called
exceptional.

A semistable curve is called quasistable if two exceptional components
never meet.

The stable model of a semistable curve X is the stable curve obtained
by contracting all the exceptional components of X.

A family of stable (resp. semistable, resp. quasistable) curves is a flat
projective morphism f : X — B whose geometrical fibers are stable (resp.
semistable, resp. quasistable) curves. A line bundle of degree d on such a
family is a line bundle on X whose restriction to each geometric fiber has
degree d.

1.2.3 n-pointed stable and semistable curves

An n-pointed curve is a connected, projective and reduced nodal curve X
together with n distinct marked points p; € X such that X is smooth at p;,
1< <n.

Suppose that g and n are such that 29 —2+n > 0. Then, we will say that
an n-pointed curve of genus g is stable (resp. semistable) if the number of
points where a nonsingular rational component E of X meets the rest of X
plus the number of points p; on F is at least 3 (resp. 2).

Suppose that (X;p1,...,p,) is an n-pointed curve. It is easy to see that,
analogous to the case of curves without marked points, (X;p1...,p,) is



4 1. PRELIMINARIES AND NOTATION

stable (respectively semistable) if and only if the dualizing sheaf of X ten-
sored with the marked points, wx (p1 +- - - +pn), is ample (has non-negative
multidegree) (see for instance [HM], p. 84).

A family of n-pointed stable (resp. semistable) curves is a flat and proper
morphism 7 : X — S together with n distinct sections s; : S — X such that
the geometric fibers X, together with the points s;(s), 1 < i < n, are n-
pointed stable (resp. semistable) curves.

1.3 Algebraic stacks

Let S be a category endowed with a Grothendieck topology.

Roughly speaking, a stack is a category fibered in groupoids over S such
that isomorphisms are a sheaf and every descent datum is effective.

We will not give any details about this definition since there are plenty
of good references; see, for instance [FGA] or [V89]. For a short introduc-
tion to the subject see also [F] or [E0Q].

We will denote by SCH (resp SCHy) the category of schemes (resp. sche-
mes over k) endowed with the flat topology.

Remark 1.3.1. Given a scheme S, the category SCH /S of schemes over
S is a stack: the objects are morphisms of schemes with target S and a
morphism from f : T — Sto f': T" — S is a morphism of schemes g : T —
T’ such that f’ = f o g; the projection functor sends the object T — S to T
and a morphism g to itself.

1.3.1 Representability

Definition 1.3.2. A stack F is said to be strongly representable if it is
isomorphic to the stack induced by a scheme (see Remark 1.3.1 above).

We say that a morphism of stacks f : F — G is representable (resp.
strongly representable) if, for any scheme Y with a morphism'Y — G, the
fiber product F xg Y is an algebraic space (resp. a scheme).

Note that morphisms of schemes are always strongly representable.

Example 1.3.3. The morphism ¢ : M, — M, forgetting the section is
strongly representable. In fact, giving a map of Y to M, is equivalent to



1.3. ALGEBRAIC STACKS 5

give acurve 7 : C — Y in M,(Y): the image of the identity morphism
Idy : Y — Y. Then, given any other morphism g : Z — Y, its image
under the map to M, is necessarily 7*(f). It follows that the fiber product

Y x37, Mg, is isomorphic to C.

Definition 1.3.4. Let P be a property of morphisms of schemes X — Y that
is stable under base change and that is local for the étale topology on Y (e.g.
flat, smooth, étale, separated, proper). A strongly representable morphism
of stacks f : F — G has property P if for any map S — G, where S is a
scheme, the morphism of schemes F xg S — S has property P.

1.3.2 Algebraicity

In what concerns to algebraic stacks, we will always follow the definitions
of [L-MBO0O0].

Definition 1.3.5. A stack F is algebraicin the sense of Artin (resp. Deligne-
Mumford) if there exists a smooth (resp. étale) and surjective strongly re-
presentable morphism S — F, where S is (the stack associated to) a scheme.
We will also say that S — F is a presentation or a smooth (resp. étale) atlas
of F.

Note that it makes sense to say that S — F is smooth or étale in virtue
of Definition 1.3.4 above.

1.3.3 Quotient stacks

Since almost all stacks that we will consider throughout this thesis are
quotient stacks, we will say something more about these now.

Let G be an algebraic group acting on a scheme S on the left. Let [S/G]|
be the following category fibered over SCH: its objects are principal homo-
geneous G-bundles with a G-equivariant morphism to S and morphisms
are those pullback diagrams which are compatible with the morphism to
S.

Then, [S/G] is an algebraic Artin stack since there is a natural map

5 —[5/G]

which is a smooth and surjective presentation of [S/G] of relative dimen-
sion dim G.
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Definition 1.3.6. A quotient stack is a stack of the form [S/G], for some S
and G as above.

If the stabilizers of the action of G on S are all finite and reduced (for
instance, if it is a GIT-geometric action), it turns out that [S/G] is indeed
Deligne-Mumford (see for instance [V89], 7.17).

Example 1.3.7. The satcks M, and M, are a quotient stacks for the ac-
tion of PGL(r + 1) in suitable subschemes of a certain Hilbert scheme H
(see for instance [E00] for an overview of this construction).

1.3.4 Coarse moduli spaces for algebraic stacks

Definition 1.3.8. A coarse moduli space for a stack F is an algebraic space
F together with a morphism 7 : F — F satisfying the following properties:

e for any algebraically closed field (), the morphism induced by = in the
connected components of the groupoid F(Spec)) and F(Spec(Q) is an
isomorphism;

e 7 is universal for morphisms from F onto algebraic spaces.

Example 1.3.9. GIT-geometric quotients by the action of an algebraic
group in a scheme are coarse moduli spaces for the quotient stack asso-
ciated to that action (see [V89] 2.1 and 2.11). So, for instance M, and M,
are coarse moduli spaces for the stacks M, and M, respectively.



Chapter 2

Balanced Picard stacks
over M,

In the present chapter we will try to give an answer to our initial problem
for n = 0. So, we consider the stack Picy 4, parametrizing families of non-
singular curves of genus g endowed with a line bundle of relative degree d
over these families and we try to get a modular compactification of it over
,.

As we already mentioned, this case is particularly fortunate since there
are already several constructions of compactified Jacobians for families of
stable curves.

Our approach will be to consider Caporasos’s construction, which is
made by means of a GIT quotient, and try to give a modular description of
the quotient stack associated to it (see 1.3.3 above).

We will start by giving an overview of the whole construction and by
discussing some details associated to it. For example, we give, for every in-
teger d, a geometrical description of the locus of genus ¢ stable curves over
which we get Deligne-Mumford stacks strongly representable over M,. In
this case, our stacks parametrize Néron models of Jacobians of smooth
curves in a sense that will be made precise (see 2.4.2 below). We also show
that this point of view allows us to get compactified Picard varieties (of
degree d) for families of stable curves in a functorial way. By this we mean
that, given a family of stable curves f : X — S, the fiber product of our

7
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stacks by the moduli map p; : S — M, is either a compactification of the
relative degree d Picard variety associated to f or has a canonical map onto
it (see 1.1 for the definition of Picard variety associated to a morphism).

2.1 Balanced line bundles over semistable
curves

Recall that Gieseker’s construction of M, consists of a GIT-quotient of the
action of SL(N), for some N € Z, on a Hilbert scheme where it is possible to
embed all semistable curves of genus g (the “Hilbert point”of the curve) (see
[G82]). Gieseker shows that in this Hilbert scheme, in order for the Hilbert
point of a curve to be GIT-semistable, it is necessary that the multidegree
of the line bundle giving its projective realization satisfies an inequality,
called the “Basic Inequality”. Later, in [C94], Caporaso shows that this
condition is also sufficient.

We will now give the definition of this inequality, extending the termi-
nology introduced in [CCCO04].

Definition 2.1.1. Let X be a semistable curve of genus g > 2 and L a degree
d line bundle on X.

(i) We say that L (or its multidegree) is semibalanced if, for every con-
nected proper subcurve Z of X the following (“Basic Inequality”) holds
dwyz kz dwyz kz

Y < deg, L < 2o My(d). @1
52 2 S OBzESg 5T z(d. 21

mz(d) :=

(it) We say that L (or its multidegree) is balanced if it is semibalanced
and if degy L = 1 for every exceptional component E of X. The set of
balanced line bundles of degree d of a curve X is denoted by B%.

(iii) We say that L (or its multidegree) is stably balanced if it is balanced
and if for each connected proper subcurve Z of X such that deg, L =
mz(d), the complement of Z, Z', is a union of exceptional components.

The set of stably balanced line bundles of degree d on X will be denoted
by B%.
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Remark 2.1.2. Balanced multidegrees are representatives for multide-
gree classes of line bundles on X up to twisters (that is, to elements in
the degree class group of X, Ax, which is a combinatorial invariant of the
curve defined in [C94]). More particularly, in [C05], Proposition 4.12, Ca-
poraso shows that, if X is a quasistable curve, every multidegree class in
Ax has a semibalanced representative and that a balanced multidegree is
unique in its equivalence class if and only if it is stably balanced.

In [BMS1] and [BMS2] we have studied, together with Simone Bu-
sonero and Lidia Stoppino, several geometrical and topological properties
of stable curves using exactly this invariant and its combinatorial proper-
ties. It is remarkable how combinatorics give interesting tools to the study
of reducible nodal curves.

We now list some easy consequences of the previous definition.

Remark 2.1.3. (A) If a semistable curve X admits a balanced line bun-
dle L, then X must be quasistable.

(B) To verify that a line bundle L is balanced it is enough to check that
deg, L > myz(d), for each proper subcurve Z of X and that degpL =1
for each exceptional component F of X.

(C) If X is a stable curve, then a balanced line bundle L on X is stably
balanced if and only if, for each proper connected subcurve Z of X,

deg, L # mz(d).

(D) Let X be a stable curve consisting of two irreducible components, Z
and Z’, meeting in an arbitrary number of nodes. Then X admits a

degree d line bundle which is balanced but not stably balanced if and

d—g+1 d

only if ey Wz € L (equivalently if 2_(]“7_451 wygr € 7).

(E) Aline bundle is balanced (resp. stably balanced) if and only if Low$"
is balanced (resp. stably balanced), for n € Z. So, given integers d
and d’ such that In € Z with d £ d’ = n(2g — 2), there are natural
isomorphisms B = BY (and B¢ = BY).

For (A) and (B) see [CE] Remark 3.3. (C) and (E) are immediate conse-
quences of the definition. For (D) note that, given a balanced ~-uple d € Z”
such that |d| = d, there exists a (balanced degree d) line bundle L in X
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such that degl. = d. Since kz = wz — 297 + 2, we can write mz(d) as
d;é‘igl wz + gz — 1, which is an integer by hypothesis. In the same way,
Mz (d) = d — mz(d) is an integer too, so (mz(d), Mz (d)) is a balanced

multidegree which is not stably balanced.

2.1.1 Caporaso’s construction

Let P;, — M, be Caporaso’s compactification of the universal Picard va-
riety of degree d, Picf]l — M (9, constructed in [C94]. We will now recall some
basic facts about this construction.

For d > 0, and g > 2, Py, is the GIT-quotient

Tq - Hd — Hd//PGL(’I’ + 1) =: ﬁd,g

where H, := (Hilb{. 9"")**, the locus of GIT-semistable points in the Hil-
bert scheme Hilb. 9*!, with » = d — g, which is naturally endowed with
an action of PGL(r + 1) leaving H, invariant. P, , naturally surjects onto
M, via a proper map ¢4 : Pq, — M, such that, for g > 3, qS;l(Wg) is

isomorphic to Pic‘;.

Remark 2.1.4. Note that, even if Caporaso’s original results were stated
for ¢ > 3, the whole GIT construction holds also for ¢ = 2. In fact, the
universal Picard variety Picg over M, g in [C94] exists only for g > 3 (since
M, g is empty otherwise), so it only makes sense to compactify it for ¢ > 3.
However, the description of the GIT-stable and semistable points of the
Hilbert schemes where we embed the curves, works also for g = 2 as we
can see by analyzing the proofs in [C94]. This description is all we need for
our results.

For [X] € M,, denote by P, x the inverse image of X by ¢4. Py x is
a connected projective scheme having at most A x irreducible components,
all of dimension g. In addition, if X is automorphism-free, the smooth locus
of P, x is isomorphic to the disjoint union of a finite number of copies of
JX .

Points in H, correspond to nondegenerate quasistable curves in P" em-
bedded by a balanced line bundle.

Let H; C H, be the locus of GIT-stable points. These correspond to
nondegenerate quasistable curves in P” embedded by a stably balanced
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line bundle of degree d.

Definition 2.1.5. Let X be a semistable curve of arithmetic genus g > 2.
We say that X is d-general if all degree d balanced line bundles on X are
stably balanced. Otherwise, we will say that X is d-special.

Denote by Uy = (¢4 o wd)_l(ﬁz) the subset of H,; corresponding to
d-general curves. Uy is an open subset of H; where the GIT-quotient is
geometric (i.e., all fibers are PGL(r + 1)-orbits and all stabilizers are finite
and reduced), invariant under the action of PGL(r + 1).

Uq = Hg ifand only if (d— g+ 1,29 —2) = 1, so the GIT-quotient yielding
P, is geometric if and only if (d — g + 1,2g — 2) = 1 (see Proposition 6.2 of
loc. cit.).

2.2 Balanced Picard stacks on d-general
curves

For reasons that will be clear in a moment (see Section 2.2.1 below), call
P, the GIT-quotient of U by PGL(r + 1), for g > 2.

For the time being let
G := PGL(r +1).

Let us now consider the quotient stack [U;/G].

Recall that, given a scheme S over k, a section of [U;/G] over S consists
of a pair (¢ : E — S,¢ : E — U,) where ¢ is a G-principal bundle and ¢ is
a G-equivariant morphism. Arrows correspond to those pullback diagrams
which are compatible with the morphism to U,.

Let ﬂg C M, be the moduli stack of d-general stable curves. There
is a natural map from [U;/G] to Hz, the restriction to d-general curves of
the moduli stack of stable curves, M,. In fact, the restriction to U, of the
stabilization morphism from H, to M, factors through MZ and, since Uy is
invariant under the action of G, this yields a map from [U;/G] to Mz.

We will start by proving the following general result about representa-
bility of morphisms of Deligne-Mumford stacks.
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Lemma 2.2.1. Let f : F — G be a representable morphism of Deligne-
Mumford stacks admitting coarse moduli spaces F and G, respectively.
Then, if the morphism induced by f on the coarse moduli spaces, 7 : F' — G,
is strongly representable, also f is strongly representable.

Proof. We must show that, given a scheme B with a morphism to G, the
fiber product of f with this morphism, 75, is a scheme.

Fp——=F —F

bk

B——G——G

Since f is representable, we know that Fp is an algebraic space, so to show
that it is indeed a scheme it is enough to show that there is a projective
morphism from Fp to a scheme (see [K71], II, 6.16). Consider the fiber
product of the induced morphism from B to G with x, Fz. Since, by hy-
pothesis, 7 is representable, F'p is a scheme and is endowed with a natural
morphism to Fg, p: Fg — Fp, the base change over B of the map from F
to F'. Since F' is the coarse moduli space of F, this map is proper (see [V89]
2.1), so also p is proper. Now, to show that p is projective it is enough to
see that it has finite fibers, which follows from the fact that the stacks are
Deligne-Mumford. O

Proposition 2.2.2. The quotient stack [U;/G) is Deligne-Mumford for eve-
ry d € Z and for every g > 2 and its natural map onto ﬂj is strongly
representable.

Proof. The fact that [U;/G] is Deligne-Mumford comes from the well known
fact that a quotient stack is Deligne-Mumford if and only if the action of the
group on the scheme is GIT-geometric, that is, if all stabilizers are finite
and reduced. Since U, is the locus of curves where balanced line bundles
are necessarily stably balanced, the Hilbert point of a d-general curve is
GIT-semistable if and only if it is GI'T-stable, so the GIT-quotient of U; by
G is geometric.

The proof of the strong representability of the natural map from [U;/G]
to MZ consists on two steps: first we prove that it is representable and
then we use it to prove strong representability.
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To prove representability it is sufficient to see that given any section
of our quotient stacks over the spectrum of an algebraically closed field %/,
the automorphism group of it injects into the automorphism group of its
image in ﬂj (see for example [AV02] 4.4.3). But a section of our quotient
stack over an algebraically closed field consists of a map onto a orbit of the
action of G in U,. So, the automorphism group of that section is isomorphic
to the stabilizer of the orbit. The image of our section consists of a stable
curve X: the stable model of the projective curve associated to that orbit.
As this must be d-general, it is GI'T-stable and we can use [C94] section 8.2
to conclude that the stabilizer of the orbit injects into the automorphism
group of X.

So, the map from [U;/G] to ﬂ; is representable. It follows now immedi-
ately that it is also strongly represqntable from Lemma 2.2.1 and the fact
that the GIT-quotients yielding ?i‘j and M, are geometric (see Example
1.3.9). O

Definition 2.2.3. Let f : X — S be a family of stable curves. A com-
pactification of the relative Picard variety of degree d associated to [ is a
projective S-scheme P whose fiber over closed points & of S corresponding to
automorphism-free fibers X of f is isomorphic to (bgl (Xe).

The following is an immediate consequence of the previous Proposition.

Corollary 2.2.4. The Deligne-Mumford stack [U;/G] gives a functorial way
of getting compactifications of the relative Picard variety of degree d for
families of d-general curves in the sense of Definition 2.2.3.

Remark 2.2.5. Consider [H;/G], the quotient stack of the action of G =
PGL(r+1)in Hy. Then, if (d — g+ 1,29 — 2) = 1, [Hy4/G] = |U4/G] and all
we said in this section was already proved in [CO05], section 5, for [H;/G].
Note also that in loc. cit. [H;/G] is denoted by Py ,.

2.2.1 Néron models of families of d-general curves

Recall that, given a DVR (discrete valuation ring) R with function field K
and an abelian variety Ax over K, the Néron model of Ax, N(Ak), is a
smooth model of Ax over B = Spec R defined by the following universal
property (cf. [BLR] Definition 1): for every smooth scheme Z over B with
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amap ug : Zxg — Az of its generic fiber, there exists an unique extension
of ux to a B-morphism u : Z — N(Ag). Note that N(Ax) may fail to be
proper over B but it is always separated.

Let f : X — B be a family of stable curves with X nonsingular. Denote
by X the closed fiber of the family and by X its generic fiber. The ques-
tion is how to construct the Néron model of the Picard variety Pic? X in a
functorial way over M,. Even if it is natural to look at the Picard scheme
(of degree d) of the family, Pic? — B, which is smooth and has generic
fiber equal to Pic? X, it turns out to be unsatisfactory since it fails to be
separated over B if the closed fiber X, of f is reducible.

Consider the quotient stack [U;'/G], where U;' is the locus of points in
U, that parametrize d-general stable curves.

It is clear that the statement of Proposition 2.2.2 holds for [U3!/G] since
U3t is a G-invariant subscheme of U,. So, given a family of d-general stable
curves f : X — B, the fiber product [US'/G] vy B, where B — M, is the

moduli map associated to the family f, is a scheme over B, denoted by PJ‘Z.

Pl

-

Suppose X is regular. Then, from [C05], Theorem 6.1, we get that PJ‘Z =
N (Pic? Xg).

2.2.2 Combinatorial description of d-general curves in

M,

Recall the notions of d-general and d-special curve from Definition 2.1.5.

Following the notation of [CE], we will denote by X¢ the locus in M of
d-special curves. So, Eg consists of stable curves X of genus ¢ such that
B% \ B # 0 (see Definition 2.1.1). In particular, £¢ is contained in the
closed subset of M, consisting of reducible curves. Let us also denote by
MZ the locus of d-general genus g stable curves (so X4 U HZ = M,, for all
d € 7).

From [C94], Lemma 6.1, we know that Wz is the image under ¢4 of Uy,
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so it is an open subset of M.

Recall that a vine curve is a curve with two smooth irreducible compo-
nents meeting in an arbitrary number of nodes. The closure in M, of the
vine curves of genus g is precisely the locus of reducible curves.

In Proposition 2.2.10, we give a geometric description of Eg.

Example 2.2.6. Let d = 1. From [CE], Prop. 3.15, we know that, if ¢
is odd, X} is empty and that if g is even, ¥} is the closure in M, of the
locus of curves X = C; U Cs, with C and C5 smooth of the same genus and
$(C1 N Cy) = k odd.

Observe that, from the above example, we get that E}] is the closure in
M, of the 1-special vine curves of genus g. In what follows we will see that
this is always the case for any degree.

Lemma 2.2.7. Let d be an integer greater or equal than 1. Then Eg is the
closure in M, of the locus of d-special vine curves.

Proof. Let X be a genus g d-special curve. As X is stable, using Remark
2.1.3 (C), this means that there is a connected proper subcurve Z of X and
a balanced line bundle L on X such that deg, L = mz(d).

So, let Z be a connected proper subcurve of X such that deg, L = mz(d)
and such that wz is maximal among the subcurves satisfying this condi-
tion. The complementary curve of Z in X, Z’ must be such that

deg, L=d—deg, L =d—mz(d) = Mz (d).

Let us see that Z’ is connected as well.

By contradiction, suppose Z' = Z] U --- U Z/ is a union of connected
components with s > 1. As deg,, L = My (d), also each one of its connected
components Z/, ¢ = 1,...,s, must be such that degz L = Mz (d). In fact,
suppose one of them, say Z7, is such that deg Z;L <M z (d). Then,

d'lUZ/ kZ/ d’LUZ/ kZ/
deg, L = ZdegZ,L<Zzg 575 T3 3 = My/(d)

leading us to a contradiction. Note that the sum of the kz ’s is kz because,
being the Z!’s the connected components of Z’, they do not meet each other.
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Now, let us consider W := ZU Z]. As s > 1, W is a connected proper
subcurve of X with wy = wz +wz; > wz. Indeed, as X is stable,

0<wy <29g—-2 (2.2)

for every proper subcurve Y of X, since there are no exceptional compo-
nents. Moreover,

dwy  kz dwz kzr  dww  kw

degWL:degZL+degZ{L:2g_2 5 +2g—2 2 ~95-9 5

because, as 7] is a connected component of Z’, we have that
kz —kzy =kz —4(ZNZ}) = kw.

So, W is a connected proper subcurve of X with degy;, L = my (d) and with
ww > wgz. In this way, we have achieved a contradiction by supposing that
7' is not connected.

As both Z and Z' are limits of smooth curves and ¢ is closed in M,
then X lies in the closure in M, of the locus of genus g d-special vine
curves. o

Given integers d and g, we will use the following notation to indicate
greatest common divisor

prga = (d—g+1,2g—2).

From [C94], we know that Eg is a proper closed subset of M, and that
Eg = ( if and only if 41, 4 = 1 (see Prop. 6.2 of loc. cit.).

Remark 2.2.8. From Lemma 2.2.7 and Remark 2.1.3(D) we conclude that
a stable curve X is d-special if and only if there is a connected proper

subcurve Z of X such that X \ Z is connected and 25{—;2 divides wyz.

Remark 2.2.9. If 11, ; = 29 — 2, which means that d = (¢ —1) (mod 2g —2),

an immediate consequence of the previous Remark is that all reducible
curves are (g—1)-special. This is the opposite situation to the case y4 4 = 1.

From Remark 2.2.8 we see that Eg depends only on 4 4. This is evident
in the following proposition, where we give a geometric description of Eg.
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Proposition 2.2.10. Let d be an integer greater or equal than 1. Then E_‘;
is the closure in Hg of vine curves X = C1 U Cs such that
29 —2
Hg.d

|wcl'

More precisely, E_‘; is the closure in M, of the following vine curves:
given integers m and k with

1<m<pgaq
and
2g — 2 2g — 2 29 — 2
lgkgmin{g m+ 2,29 — J m}, k= I %m (mod 2),
HKg,d Hg,d Hg,d
then X = Ol U CQ, with ﬁ(Cl n CQ) = k, and
° Q(CI) = ﬁ;im— % + 1;

 o(C) =g - !

_k
3

Proof. The first part of the proposition is an immediate consequence of
Lemma 2.2.7 and Remark 2.2.8.

Let X be a d-special genus g vine curve X = C,UC> with §(C1 NCs) = k.
From Remark 2.2.8 we know that there exists an integer m such that

2g — 2
m = wc,
Hg,d
with 1 < m < pug4 4 because, as X is a stable curve, 2“; 6}2 must be smaller
than 1.
As we, = 2g(Cy) — 2+ k, we get that k = 2;fg—fm (mod 2) and that
g—1 k
Ch) = m— — + 1.
9(C1) o 5
Now, as g = g(C1) — g(C2) + k — 1, we get that
g—1 k
Co)=g— - =
9(C2) =g s 3

As ¢g(C1) and ¢(C3) must be greater or equal than 0, we get, respectively,

that

29 —2 2g—2
J m+2and k < 2g — J

Hg,d Hg.d

k<

m.
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It is easy to see that if g(C7) or ¢g(Cs) are equal to 0 then k£ > 3. So, the vine
curves we constructed are all stable. O

Remark 2.2.11. Since by smoothing a vine curve in any of its nodes we
get an irreducible curve, we see that the above set of “generators”of Eg is
minimal in the sense that none of them lies in the closure of the others.

The dependence of Eg on p4 4 gets even more evident in the following
proposition.

Proposition 2.2.12. For every d,d’ € Z, jig,4lptg.4 if and only if ©2 ¢ ©7.

Proof. That ji q|uge implies that ¥¢ ¢ %4 is immediate from Remark
2.2.8.

Now, suppose ¢ € $4". If j15, 4 = 1 then obviously jig.a|pg,ar. For pig.q # 1
we will conclude by contradiction that g 4|pg.a. So, suppose pig.a 1 figd-
Then, also Qlf,g—f i %. We will show that there exists a stable curve X
consisting of two smooth irreducible components C; and C» meeting in &
nodes (6 > 1) which is d-special but not d’-special.

Take X such that we, = %. If such a curve exists and is stable
then we are done because X will clearly be d-special and not d’-special. In
fact, by construction, % does not divide w¢, and ii j
either because we, = (29 — 2) — Qﬂgg—f. ’

So, X must be such that

will not divide w¢,

‘Q(CI):ﬁ+1—%

g—1
Hg,d

e g(C2) =g~ -3

. (5213.nd652ugg—7d2 (mod 2).

As ¢g(C;) must be greater or equal than 0 and the curve X must be stable,
we must check if such a construction is possible.

So, if 25;5 = 1 (mod 2), take 6 = 1. Then we will have that ¢(Cy) =
= +gand g(Ca) = g— 2
are considering /iy 4 > 1.

If 259—13 = 0 (mod 2), take 6 = 2. Then we will have that ¢(Cy) = ﬁ
and g(Cy) =g — z :i — 1, again both greater than 1. We conclude that X is

a stable curve. O

- %, which are both greater than 1 because we
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The following is immediate.
Corollary 2.2.13. For all dand d’, £ = Eg, if and only if ig.a = fig,a-

For each positive divisor M of 2g — 2 there is an integer d = M + g — 1
such that u, 4 = M. So, for each such M, we can define

—M J—
Sgar =20 and M, =M, \ Sy .

For example, ﬁzgd consists of irreducible curves of genus g and W; =
M,.
The following is now immediate.

Proposition 2.2.14. The open subsets W;w associated to the positive di-
visors M of 2g — 2, form a lattice of open subschemes of M, such that
M, c M, ifand only if M’|M.

2.3 Modular description of balanced Picard
stacks over M,

Suppose g > 2 and (d — g + 1,29 — 2) = 1. Then M‘j = M, and [U;/G] =
[Hq/G] (see section 2.2.2). Moreover, from [C05], 5.10, we know that [H;/G]
is the “rigidification”in the sense of [ACV01] (see section 2.4 below) of the
category whose sections over a scheme S are pairs (f : X — S, L) where f is
a family of quasistable curves of genus g and L is a balanced line bundle on
X of relative degree d. Arrows between such pairs are given by cartesian
diagrams

X s x

|l

S——9

and an isomorphism L = h*L' ® f*M, for some M € Pic S.

This description uses heavily the existence of Poincaré line bundles for
families of quasistable curves, established in loc. cit., Lemma 5.5. How-
ever, this works only if (d — g+ 1,29 — 2) = 1.

In order to overcome this difficulty we will try to define the stack of line
bundles of families of stable curves.
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We will start by recalling the definition of “Picard stack associated to
a morphism of schemes”. Roughly speaking, a Picard stack is a stack to-
gether with an “addition”operation which is both associative and commuta-
tive. The theory of Picard stacks is developed by Deligne and Grothendieck
on Section 1.4 of Exposé XVIII in [SGA4]. We will not include here the pre-
cise definition but we address the reader to [ibid.], [L-MBO00] 14.4 and [BF],
section 2.

Given a scheme X over S with structural morphism f : X — S, the S-
stack of (quasi-coherent) invertible Ox-modules, Picx g, is a Picard stack:
the one associated to the complex of length one

T<0(Rf:Gm[l]).

So, given an S-scheme T, Picy,s(T) is the groupoid whose objects are
invertible Ox,-modules and whose morphisms are the isomorphisms be-
tween them (with notation as in 1.1).

Picx,s fits in the exact sequence below, where, given an S-scheme T,
Picx,s(T) is defined as Pic X7/ f7(PicT) and BG,,(T) is the group of line
bundles over 7.

0 — BG,, — Picx/s — Picx;g — 0

Now, let us consider the forgetful morphism of stacks 7 : M, ; — M,.
The morphism 7 is strongly representable since, given a morphism Y with
amap h : Y — M,, the fiber product Y’ X, My 1 is isomorphic to the
image of Idy under h, which is a family of stable curves of genus g, say
C — Y (see Remark 1.3.3).

So, we define the category Picmg’l /M, associated to 7 as follows. Given
a scheme Y, morphisms from Y to M, correspond to families of stable
curves over Y. So, the objects of Picza, , /74, (Y') are given by pairs (C —
Y, L) where C — Y is the family of stable curves of genus g associated to
amap Y — M, and L is a line bundle on C 2 Y XX, M,.1. Morphisms
between two such pairs are given by cartesian diagrams

o -l o (2.3)

o

Y —Y’

together with an isomorphism L = h*L'.
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We will now concentrate on the following full subcategory of Picmg M,
(and on a compactification of it).

Definition 2.3.1. Let P, , (respectively P, ,) be the category whose objects
are pairs (f : C — Y, L) where [ is a family of stable (respectively qua-
sistable) curves of genus g and L a balanced line bundle of relative degree
d over' Y. Morphisms between two such pairs are defined as in Picmg,l S,

The aim of the present section is to show that both P, , and P, , are
algebraic (Artin) stacks. We will do it directly by showing that they are
isomorphic to the quotient stacks we are about to define.

Recall from the section before that GL(r + 1) acts on Hy, the locus of
GIT-semistable points in Hilbﬂdmﬁ*gﬂ, with » = d — g, by projecting onto
PGL(r + 1). Consider also the open subset of H,; parametrizing Hilbert
points of stable curves and denote it by H3. It is easy to see that H5' is a
GL(r 4+ 1)-equivariant subset of H,.

So, we can consider the quotient stacks [H3'/GL(r+1)] and [Hq/GL(r +
1)]. Given a scheme S, [H5'/GL(r + 1)](S) (respectively [H;/GL(r + 1)](S))
consists of GL(r + 1)-principal bundles ¢ : £ — S with a GL(r + 1)-
equivariant morphism ¢ : E — H, (respectively ¢ : E — H5'). Morphisms
are given by pullback diagrams which are compatible with the morphism
to Hy (resp. HSY).

Theorem 2.3.2. Let d > 0 and g > 2. Then, P4, and P, , are isomorphic,
respectively, to the quotient stacks [H5'/GL(r + 1)) and [Hq/GL(r + 1)).

Proof. Since the proofis the same for both cases, we will consider only the
case of [Hy/GL(r + 1)].

We must show that, for every scheme S € SCH, the groupoids P ,(5)
and [Hy/GL(r + 1)](S) are equivalent.

Let (f : X — S,L) be a pair consisting of a family f of quasistable
curves and a balanced line bundle L of relative degree d on X. We must
produce a principal GL(r + 1)-bundle E on S and a GL(r + 1)-equivariant
morphism ¢ : F — H,. Since we can take d very large with respect to g
(see Remark 2.1.3 (E)), we may assume that f.(L) is locally free of rank
r+1=d — g+ 1. Then, the frame bundle of f.(L) is a principal GL(r + 1)-
bundle: call it E. Now, to find the GL(r 4 1)-equivariant morphism to Hy,
consider the family Xz := X xg F polarized by Lg, the pullback of L to
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Xg. Xg is a family of quasistable curves of genus g and Lg is balanced and
relatively very ample. By definition of frame bundle, fg.(Lg) is isomorphic
to C"t1) x F, so that Ly gives an embedding over E of Xz in P" x E. By
the universal property of the Hilbert scheme H, this family determines a
map ¢ : E — Hy. It follows immediately that ¢ is a GL(r + 1)-equivariant
map.

Let us check that isomorphisms in P, ,(5) lead canonically to isomor-
phisms in [Hy;/GL(r + 1)](S).

An isomorphism between two pairs (f : X — S, L) and (f': X' — S, L)
consists of an isomorphism / : X — X’ over S and an isomorphism of line
bundles L = h*L'.

These determine an unique isomorphism between f.(L) and f/(L’) as
follows

fulL) = fu(hL') = fU(ha(R7L))) = fi(L).

As taking the frame bundle gives an equivalence between the category of
vector bundles of rank » + 1 over S and the category of principal GL(r + 1)-
bundles over S, the isomorphism f,(L) = f/(L’) leads to an unique iso-
morphism between their frame bundles, call them E and E’ respectively.
This isomorphism must be compatible with the GL(r + 1)-equivariant mor-
phisms ¢y : E — H,; and ¢’ : B/ — H, because they are determined by the
induced curves Xz and X7, embedded in P" by Lg and L/, .

Conversely, given a section (¢ : E — S,¢ : E — Hy) of [Hy/GL(r + 1)]
over S, let us construct a family of quasistable curves of genus g over S
and a balanced line bundle of relative degree d on it.

Let Cy be the restriction to H, of the universal family on Hilbgtfg 1 The
pullback of C; by v gives a family Cg on E of quasistable curves of genus
g and a balanced line bundle L on Cg which embeds Cg as a family of
curves in P". As ¢ is GL(r 4 1)-invariant and ¢ is a GL(r + 1)-bundle, the
family Cr descends to a family Cg over S, where Cs = Cg/GL(r + 1). In
fact, since Cg is flat over E and E is faithfully flat over S, Cy is flat over S
too (see [EGAA4], Proposition 2.5.1).
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Now, since the action of GL(r + 1) on Cy is naturally linearized (see
[C94], 1.4), also the action of GL(r+1) on E can be linearized to an action on
L, yielding descent data for Lz ([SGA1], Proposition 7.8). Moreover, Lg
is relatively (very) ample so, using the fact that ¢ is a principal GL(r + 1)-
bundle, we conclude that L descends to a relatively very ample balanced
line bundle on Cs, Lg (see proof of Proposition 7.1 in [GIT]).

It is straightforward to check that an isomorphism on [H;/GL(r+1)](S)
leads to an unique isomorphism in Py 4(S). O

Remark 2.3.3. For a different proof that a section (¢ : E — S,¢ : E — Hy)
of [Hq/GL(r + 1)] over S leads to a family of quasistable curves of genus ¢
over S and a balanced line bundle of relative degree d on it see the proof of
Proposition 3.2.6 below.

We will call Py, and Py 4, respectively, balanced Picard stack and com-
pactified balanced Picard stack.

Remark 2.3.4. Since G,, is always included in the stabilizers at every
point of the action of G both in H, and in Hj, the quotient stacks above
are never Deligne-Mumford. However, they are, of course Artin stacks
with a smooth presentation given by the schemes H3' and H,, respectively.

Notice also that, since the scheme H, is nonsingular, irreducible and
closed (see Lemmas 2.2 and 6.2 in [C94]), the algebraic stack Py, is a
smooth compactification of Py .

Moreover, combining the statement of Theorem 2.3.2 with the Remark
2.1.3 (E) above, we conclude that, for g > 2, P, , and P, , are smooth and
irreducible algebraic stacks for every d € Z.

Let
dPg.q

be the category over SCH; whose sections over a scheme S, dPy 4(5), con-
sists of pairs (f : X — S, L), where f is a family of d-general quasistable
curves of genus g and L is an S-flat balanced line bundle on X of relative
degree d. Arrows between two such pairs are given by cartesian diagrams
like in (2.3).

Using the same proof of Proposition 2.3.2 we conclude that dP, , is iso-
morphic to the quotient stack [U;/G].
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2.4 Rigidified balanced Picard stacks

In what follows we will relate P, , and Py 4, respectively, with [H3'/G] and
[Hq/G], where G denotes PGL(r + 1), using the notion of rigidification of
a stack along a group scheme defined by Abramovich, Vistoli and Corti in
[ACVO01], 5.1 (recall that H3' C H,; parametrizes embedded stable curves).

Note that each object (f : X — S, L) in P4, have automorphisms given
by scalar multiplication by an element of I'(X, G,,,) along the fiber of L.
Since these automorphisms fix X, there is no hope that our stack P, , can
be representable over M, (see [AV02], 4.4.3). The rigidification procedure
removes those automorphisms.

More precisely, the set up of rigidification consists of:

e a stack G over a base scheme S;
e a finitely presented group scheme G over S;

¢ for any object £ of G over an S-scheme S, an embedding
ie : G(S) — Autg(§)
compatible with pullbacks.

Then the statement (Theorem 5.1.5 in [ACV01]) is that there exists a stack
G /JG and a morphism of stacks G — G //G over S satisfying the following
conditions:

e For any object ¢ € G(S) with image n € G JG(S), the set G(95) lies in
the kernel of Autg(£) —Auts(n);

e The morphism G — G /G above is universal for morphisms of stacks
G — F satisfying condition (1) above;

o If S is the spectrum of an algebraically closed field, then in (1) above
we have that Autg(n) = Auts(£)/G(S);

e A moduli space for G is also a moduli space for G //G.

G /G is the rigidification of G along G.
By taking S = Speck, G = Py, and G = G,,, we see that our situation
fits into the setting above. It is easy to see that, since GL(r 4+ 1) acts on
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H, by projection onto PGL(r + 1), [Hy/PGL(r + 1)] is the rigidification of
[Hy/GL(r+1)] & P4, along G,,: denote it by Py, //G,,. Naturally, the same
holds for [H5'/PGL(r+1)] and Py 4 //G,,. The following is now immediate.

Proposition 2.4.1. The quotient stacks [H3'/G| and [Hq/G] are isomor-
phic, respectively, to Py 4 [/G., and to ﬁm [ G

Remark 2.4.2. The previous proposition holds, of course, also for the rigi-
dification along G,,, of dPgy 4, APy 4 /G, and [U;/G], which we have studied
in section 2.2 (see the definition of dP; 4 in the end of section 2.3).

Recall from the beginning of section 2.3 that, if (d — g+ 1,29 — 2) = 1,
[Hi/G] has a modular description as the rigidification for the action of BG,,
in a certain category.

In order to remove from P, , the automorphisms given by the action
of BG,,, we first consider the auxiliar category A, ,, whose objects are
the same of P, , but where morphisms between pairs (C — Y,L) and
(C" — Y',L') are given by equivalence classes of morphisms in P, , by
the following relation. Given a cartesian diagram

o—rs o (2.4)

|

Y —Y’

and isomorphisms ¢ : L. — h*L' and ¢ : L — h*L’, we say that ¢ is equiva-
lent to ¢ if there exists o € G,, such that a o ¢ = ¢, where by o we mean
the morphism induced by « in L’ (fiberwise multiplication by «).

There is an obvious morphism of P, , — A, , satisfying property (1)
above and universal for morphisms of P, , in categories satisfying it. How-
ever, it turns out that A, , is not a stack. In fact, it is not even a prestack
since, given an étale cover {][,Y; — Y} of Y, the natural morphism from
Agqg(Y) to Ay (11, Y — Y), the category of effective descent data for this
covering, is not fully faithful but just faithful. The fact that it is faithful is
technically very easy to show; the fact that it is not fully faithful follows in
particular from what we show here below.

Let us now consider the category C4 4, with the following modular des-
cription. A section of C, , over a scheme S is given by a pair (f : X — S, L),
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where f is a family of quasistable curves of genus g and L is a balanced
line bundle on X of relative degree d. Arrows between two such pairs are
given by cartesian diagrams

and equivalence classes of isomorphisms L = h*L' ® f*M, for some M
Pic S, for the following relation. We will say that two isomorphisms ¢ :
L — h L ®f*Mand ¢y : L — h*L' ® f*N are equivalent if there exists
an isomorphism g : N — M of line bundles on S such that the following
diagram commutes.

v Tid®f*g

WL ® f*N

Since descent is effective for the category of line bundles on schemes (see,
for instance, [FGA], 4.2.2), straightforward computations show that C, , is
a prestack. Moreover, given the étale cover ([[,Y; — Y) of Y, we get that
A (11, Y: — Y) is isomorphic to Cq 4(J[, Yi — Y).

So, we conclude that the stackification of C4 4 is the rigidification of Py ,
by the action of G,,.

Proposition 2.4.3. The stack [H,/G) (respectively [H3'/G)) is the stacki-
fication of the prestack whose sections over a scheme S are given by pairs
(f: X — S, L), where f is a family of quasistable (respectively stable) curves
of genus g and L is a balanced line bundle on X of relative degree d. Arrows
between two such pairs are given by cartesian diagrams

and an isomorphism L = h*L' ® f*M, for some M € Pic S.
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Remark 2.4.4. Let d > 0. Then, as in the case (d — g + 1,29 — 2) = 1,
there is a canonical map from [H,;/G] and [H3!/G] to Py, and Py, the
GIT-quotients of H; and H3', respectively, by the action of PGL(r + 1). If
(d—g+1,2g—2) # 1, these quotients are not geometric, which implies that
these maps are universally closed but not separated. So, P, , and P, , are
not coarse moduli spaces for those stacks since the associated maps from
the stacks onto them are not proper. However, at least if the base field has
characteristic 0, we have that the GIT-quotients are good moduli spaces in
the sense of Alper (see [A08]).

2.4.1 Gerbes

The content of this subsection is probably well known to experts.

Definition 2.4.5. Let X be an S-space. A gerbe over X is an S-stack G
endowed with a 1-morphism of S-stacks A : G — X, called the structural
morphism, such that:

1. Aisan epimorphism;
2. The diagonal A : G — G X x G is an epimorphism.

Remark 2.4.6. 1. To say that A is an epimorphism means that given U
in S and x € X(U) there exists U'in S, 2’ € G(U') andn : U' - U
surjective and flat such that f(z') = n*(x).

2. To say that A is an epimorphism means that given U in S and z, 2’ €
X (U) such that A(z) = A(2’), 3U" in S and 7 : U’ — U surjective and
flat such that n*(z) = n*(a).

Let H be a scheme endowed with a left action of GL(m). Then we can
form the quotient stack [H/GL(m)]. Recall that the objects of [H/GL(m)]
are principal homogeneous GL(m)-bundles with a GL(m)-equivariant mor-
phism to H and the morphisms are pullback diagrams which are compati-
ble with the morphism to H.

Suppose this action has the property of being constant along G,,, i.e.,
given o € G, ah = h Yh € H. This way we have naturally an in-
duced action of PGL(m) on H and, again, we can form the quotient stack
[H/PGL(m)]. Of course, even if set theoretically, both quotients H/GL(m)
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and H/PGL(m) are the same, the quotient stacks are different. In fact, we
have the following exact sequence of quotient stacks:

0 — [#/Gp] — [H/GL(m)] — [H/PGL(m)] — 0 (2.5)

where the map [H/GL(m)] — [H/PGL(m)], call it p, associates to an ele-
ment (E — S,¢ : E — H) in [H/GL(m)] the PGL(m)-bundle E/G,, — S
with the PGL(m)-equivariant map ¢ : E/G,, — H, which is well defined
as ¢ is GL(m)-equivariant and the action of GL(m) on H is G,,-invariant.
Note that [x/G,,] is isomorphic to the classifying stack BG,,.
The following lemma is an immediate consequence of a more general
well-known result. We include it here for completeness.

Lemma 2.4.7. Under the above hypotheses, the quotient stack [H/GL(m)]
is a gerbe over [H/PGL(m)).

Proof. Let (E — S,¢ : E — H) be an element in [H/PGL(m)]. As E — S
is a PGL(m)-bundle, In : S’ — S surjective and flat such that »*(E) is
isomorphic to the trivial PGL(m)-bundle PGL(m)xS’. So, the image under
p of the trivial GL(m)-bundle GL(m) x S’ — S’ is, of course, isomorphic to
n*(E) — S’. So, p is an epimorphism.

Now, suppose we have (F — T,¢: F — H) and (F' — T,¢' : F/ — H)
in [H/GL(m)] which image under p in [H/PGL(m)] are isomorphic. As
both F' and F’ are GL(m)-bundles over T, we can find n : 7" — T, surjec-
tive and flat, such that both n*(F') and n*(F’) are isomorphic to the trivial
GL(m)-bundle over T/, GL(m) x T’, with equivariant maps to H given by
composition with ¢ and ¢, respectively. To conclude, we must see that
these maps are the same. But this follows from the fact that the image
of ¢ and ¢’ image under p are isomorphic and the fact that they must be
constant along G,,,. O

Remark 2.4.8. Once we have the exact sequence (2.5) above, we will say
that [H/GL(m)] is a G,,,-gerbe over [H/PGL(m)].

The folowing is now immediate.

Corollary 2.4.9. The compactified balanced Picard stack P, 4, defined in
section 2.3, is a G,,-gerbe over [Hq/G]. Analogously, Py 4is a G,-gerbe over
[H3'/G.
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2.4.2 Rigidified balanced Picard stacks and Néron mod-
els

Let us now consider the following question: does our balanced Picard stack
[H3'] parametrizes Néron models of families of stable curves for every d as
[U3!/G] does for families of d-general curves (see 2.2.1)?

Given a family of stable curves f : X — B = Spec R, we will denote by
Q¢ the base-change of the map [H}'] — M, by the natural map B — M:
B x5, [H']. Is Qf isomorphic to N (Pic? Xg)?

The problem here is that the map [H3!] — M, is not representable in
general. In fact, if it were, [H;'] would be a Deligne-Mumford stack. In-
deed, it is easy to see that a stack with a representable map to a Deligne-
Mumford stack is necessarily Deligne-Mumford. As we already mentioned,
[H3'] is not Deligne-Mumford in general since it is the quotient stack asso-
ciated to a non-geometric GIT-quotient.

As a consequence of this, if the closed fiber of f is not d-general, then

‘} is not even equivalent to an algebraic space. In fact, from a common
criterion for representability (see for example [AV02], 4.4.3 or the proof of
Proposition 2.2.2), we know that Q? would be equivalent to an algebraic
space if and only if the automorphism group of every section of [H3'] over
k with image in M, isomorphic to X; — k injects into the automorphism
group of Xj. Since such a section corresponds to a map onto its orbit in
H, by the action of PGL(r + 1), the automorphism group of such a section
is isomorphic to the stabilizer of that orbit. So, as X} is not d-general,
the stabilizer of its associated orbit in H; is not finite, which implies that
it cannot have an injective morphism to the automorphism group of Xy,
which is, of course, finite.

The following example will clarify what we have just said.

Example 2.4.10. Letd = g—1and f : X — B = Spec R be a family of stable
curves such that X is regular and X}, is a reducible curve consisting of two
smooth components C; and C5 of genus ¢g; and g- respectively, meeting in
one point (of course, g = g1 +g2). Then, the fiber over k of Q‘} is a stack with
a presentation given by a subscheme of the Hilbert scheme H, consisting
of two connected components of dimension 7(r + 2) + g (see [C94], Example
7.2). These correspond to projective realizations of X; on P” given by line
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bundles with the two possible balanced multidegrees on Xy: (91,92 — 1)
and (g1 — 1, g2). By Proposition 5.1 of [C94], given a point & in one of these
components, there is a point in m representing a quasistable
curve with stable model X; embedded in P" by a line bundle of multidegree
(g1 —1,1,92 = 1).

So, as a stack, the fiber of Q? over k is reducible but the GIT quotient of
the Hilbert scheme presenting it by the action of PGL(r + 1) is irreducible
and isomorphic to the Jacobian of Xj;. As a consequence, Q‘} can never be
isomorphic to the Néron model N (Pic? X ).

This is an example of a situation where the GIT-quotient identifies two
components of the Hilbert scheme while in the quotient stack these two
components remain separated.

Proposition 2.4.11. Let f : X — B = Spec R be a family of stable curves
with X regular. Then, using the notation above, Q? >~ NPic! Xk) if and
only if and only if X}, is a d-general curve.

2.4.3 Functoriality for non d-general curves

Let f : X — S be a family of stable curves. Denote by ?? the fiber product
of [H,/G] by the moduli map of f, juf : S — M,.

Recall that, if (d — g+ 1,29 —2) = 1, F; is a compactification of the
relative degree d Picard variety associated to f in the sense of 2.2.3 (see
Remark 2.2.5).

Let now (d — g + 1,29 — 2) # 1. Then, since [H;/G] is not representable
over M,, we have just observed that the same cannot be true in general.

However, we have the following result.

. . . S —d
Proposition 2.4.12. Using the notation we have just introduced, P; has
a canonical proper map onto a compactification P of the relative degree d
Picard variety associated to f.

Proof. If all fibers of f are d-general, then from Corollary 2.2.4 it follows
that P(; is a scheme and it gives a compactification of the relative degree d
Picard variety associated to f.

Suppose now that not all fibers of f are d-general. Then, ?? is a stack
with a presentation given by the subscheme H 5 of H; corresponding to the
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closure in H, of the locus parametrizing curves isomorphic to the fibers of
f-H C{ is naturally invariant for the action of PGL(r 4+ 1) on it.

Let P be the GIT-quotient of H 5 by PGL(r + 1). P gives a compactifi-
cation of the relative degree d Picard variety associated to f. The proper
map H ({ — P factorizes through H g — P’;, the presentation map. In fact,
even if P is not a coarse moduli space for ?I;, there is a canonical map from
F; onto P, which is universal for morphisms of F; into schemes (see [V89]
section 2). Now, since the map H g — P is proper, then P’; — P must be
proper as well.

O



32

2. BALANCED PICARD STACKS OVER M,



Chapter 3

Compactifying the
universal Picard stack
over M, ,

The stacks P, , defined in Chapter 2 give an answer to our initial problem
for n = 0 and ¢ > 2. In fact, they are algebraic stacks with a geome-
trically meaningful modular description and endowed with a universally
closed map V¥, , onto M,, such that \IJ;;(Mg) = Picg,g,0. We will now try to
generalize this construction to curves with marked points.

Our strategy is inspired in Knudsen’s construction of M, , in [K83],
which is done by induction in the number of marked points n. The crucial
technical point of this construction is the precise definition and construc-
tion of the contraction morphism from M, 1 onto M, ,,. In fact, the exis-
tence of such a morphism is intuitively very reasonable, but technically
nontrivial to prove. Then, using exactly the contraction morphism, Knud-
sen shows that, for n > 0 and 2g — 2 +n > 0, ﬂgWH is isomorphic to the
universal family over ﬂgﬂn. As a consequence, it follows that the contrac-
tion morphism is representable, which implies that M, ,,1 is algebraic if
M. is.

We will start by introducing the definitions of quasistable curve with
marked points and of balanced line bundle over it. Then, for all g,n > 0

33
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such that 2g —2+n > 0, we will define fdygyn to be the stack whose sections
over a scheme S are families of n-pointed quasistable curves endowed with
balanced line bundles of relative degree d over these families (see Defini-
tion 3.2.1 below). Also in our case, the crucial point will be to generalize the
notion of contraction in this more general context of n-pointed quasistable
curves endowed with balanced line bundles and prove that this yields an
isomorphism between P, ;41 and the universal family over Py g ..

3.1 Pointed quasistable curves and balanced
line bundles

In the present section we will introduce the notions of quasistable curve
and of balanced line bundle for curves with marked points. Our definitions
are generalizations of the notions of quasistable and balanced for n = 0
and g > 2 introduced by Gieseker and Caporaso and that we dealt with in
the previous chapter (see Definition 2.1.1 and 1.2.2).

As a consequence, we also get the notions of quasistable curves and ba-
lanced line bundles for ¢ = 0 and n > 3 and for ¢ = 1 and n > 1. Then, for
n > 0 and 2g — 2+ n > 1, n-pointed quasistable curves turn out to be the
ones we get by applying the stabilization morphism defined by Knudsen in
[K83] (see 3.4.3 below) to (n — 1)-pointed quasistable curves endowed with
an extra section without stability conditions. Balanced line bundles on
n-pointed quasistable curves correspond to balanced line bundles on the
quasistable curves obtained by forgetting the points and by contracting
the rational components that get quasidestabilized without the points (see
Lemma 3.1.10).

Recall that, according to Paragraph 1.2.3, n-pointed (semi)stable curves
admit chains of smooth rational curves meeting the rest of the curve in one
or two points. Since these will be very important in the whole discussion,
we shall introduce the following notation for them.

Definition 3.1.1. Let g,n > 0 with 2g — 2+ n > 0 and let (X;p1,...,pn) be
an n-pointed semistable curve of genus g.

e Let T be a proper subcurve of X with gr = 0and kr = 1. Then T is a
rational tail of X eitherif g > 0orif g = 0and if T contains at most
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one point among {p1,p2,p3};

e Let B be a proper subcurve of X with gg = 0 and kg = 2. Then B
is a rational bridge of X either if g > 1 orif g = 0 and B does not
contain any point among {p1,p2, ps} orif g = 1 and B does not contain
Dp1-

e A nonsingular rational component E such that the number of points
where E meets the rest of X plus the number of marked points p; on
E is exactly 2 is called a destabilizing component. An exceptional
component is a destabilizing component without marked points.

We will also say that a rational bridge (resp. a rational tail) of an n-
pointed semistable curve X is maximal if it is not contained in any other
rational bridge (resp. rational tail) of X.

Remark 3.1.2. Note that the condition that 29 — 2 + n > 0 implies that
curves of genus ¢ = 0 must have at least 3 marked points and that curves
of genus g = 1 curves must have at least 1 marked point, so the previous
definition makes sense.

Definition 3.1.3. An n-pointed quasistable curve is an n-pointed semi-
stable curve X such that

1. all destabilizing components are exceptional;
2. exceptional components can not be contained in rational tails;
3. each rational bridge contains at most one exceptional component.

A family of n-pointed quasistable curves is a proper and flat morphism
with n distinct sections whose geometric fibers are n-pointed quasistable
curves.

See Figure 3.1 for examples of pointed semistable curves which are not
quasistable.

Note that, in virtue of the previous definition, if X has genus g = 0,
then X is quasistable if and only if X is stable. In fact, since X is rational,
either it is irreducible or all proper subcurves of X that do not contain at
least two points of {p1,p2,p3} are contained in a rational tail of X, so no
exceptional components are allowed.
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Figure 3.1: Examples of 3-pointed semistable curves which are NOT qua-
sistable

Suppose now that X is a 1-pointed quasistable curve of genus 1. Then
X can be of 3 distinguished topological types, as we can see in Figure 3.2,
where the numbers near the curves indicate the geometric genus of the
respective components.

For n > 1, all n-pointed genus 1 curves can be obtained from these
by attaching rational tails and rational bridges. So, all n-pointed genus
1 curves will have at most one maximal rational bridge which is not con-
tained in any rational tail (recall that a rational component F intersecting
the rest of the curve in two points and with p; € F is not considered to be
a rational bridge) and, in particular, at most one exceptional component.
The definition of balanced line bundles on n-pointed quasistable curves of
genus 1 that we propose below is inspired by these facts.

To each proper subcurve Z of X, denote by ¢z the number of rational
tails meeting Z.

Let us now define balanced line bundles on pointed quasistable curves.

Definition 3.1.4. Let X be an n-pointed quasistable curve of genus g with
29 —2+n > 0and L a line bundle on X of degree d. We say that L (or its
multidegree) is balanced if the following conditions hold.:

e degpL = 1 for every exceptional component E of X ;
e the degree of L on rational bridges can be either 0 or 1;
e if T is a rational tail of X, then degrL = —1;

e if g # 1 and Z is a proper subcurve of X which is not contained in any
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Figure 3.2: 1-pointed quasistable curves of genus 1.

rational tail and in any rational bridge of X, then the degree of L on
7 must satisfy the following inequality

d(’wz — tz)
29 —2

kz —tz — 2b%

deg,L —
|deg ; B

—ty| < (3.1
where bl denotes the number of rational bridges where the degree of

L is zero meeting Z in two points.

e if g =1and Z is a proper subcurve of X which is not contained in any
rational tail and in any rational bridge of X, then deg, L must satisfy
the following inequality

ky —t
\deg, L —d—ty] < 22

(3.2)

Note that, if g > 2 and n = 0, tz and b% are equal to 0 for all proper
subcurves Z of X, and inequality (3.1) reduces to the “Basic Inequality”in-
troduced by Gieseker in [G82]. In fact, for n = 0, Definition 3.1.4 coincides
with the definition 2.1.1 of balanced multidegree for quasistable.

Notice also that if ¢ = 0 and Z is an irreducible component of X which
is not contained in any tail of X, we have that k; = tz. So, for rational
curves, Definition 3.1.4 can be rewritten as follows.
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Definition 3.1.5. Let L be a line bundle of degree d on an n-pointed (quasi)-
stable curve X of genus 0. We say that L is balanced if the following two
conditions hold.

1. degp L=-1ifTisatail of X,

2. if Z is a proper subcurve of X which is not contained in any tail of X,
deg, L=d+kz.

Remark 3.1.6. From Lemma 3.1.9 below and the previous definition it
follows that if X is an n-pointed (quasi)stable curve of genus 0 then, for
each degree d € Z, there is exactly one balanced multidegree summing up
to d.

It follows also that the multidegree of a balanced line bundle on an
n-pointed quasistable curve of genus 1 is uniquely determined except if
it has rational bridges which are not contained in rational tails and no
exceptional component.

Remark 3.1.7. In [C1] there is a general notion of balanced line bundles
for binary curves, i. e., curves consisting of two nonsingular rational curves
meeting in an arbitrary number of points. In particular, if the curves meet
in two points, then the genus of the curve is equal to 1. We point out that
our definition of balanced line bundles for n-pointed quasistable curves of
genus 1 is different from that one since ours takes into account the marked
points of the curve and works just for curves with at least one marking.

Using the notation of 3.1.4, denote by

dwz + (39 —3 —d)t k
mz(d, L) = —= (25_2 )Z+b§——2z
and by
dwz +(g—1—4d)t k
Mz(d, L) == =2 ;@_2 >Z—bg+_;.

Then, inequality (3.1) can be rewritten in the following way
mZ(dv L) S degZL S MZ(da L)

Example 3.1.8. In figure 3.3 we can see an example of a 12-pointed qua-
sistable curve X consisting of two components of genus bigger than 0, C
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Figure 3.3: 12-pointed quasistable curve with assigned balanced multide-
gree in rational tails and rational bridges.

and D, intersecting each other in 1 point and other rational components
belonging to rational tails or rational bridges. The numbers on the figure
indicate the multidegrees of a balanced line bundle on rational tails and
on rational bridges. They are uniquely determined with the exception of
the rational bridge where there is no exceptional component. In this case,
other possibilities would be either (1,0) or (0,1).

Consider d = 0. Then, from Inequality (3.1), we see that the only pos-
sibility for a balanced line bundle of degree 0 on X completing the multi-
degree of the figure is to assign to C' degree 0 and to D degree 1. In fact,
inequality (3.1) states that the degree of L on C can be either 0, 1 or 2,
while on D it must be 0 or 1, so (0, 1) is the only possible choice in order to
the total degree sum up to 0. If, instead, we had chosen the degree in the
rational bridge with no exceptional component to be 1, then L should have
degree —1 on C. However, in this case inequality (3.1) would change to C:
it would give —1,0, 1,2, 3 as possible degrees.

Consider now the case d = g — 1. Then, since g = g¢ + gp + 2, we can
write g — 1 as gc + gp + 1. However, since the multidegrees assigned in the
figure to rational tails and rational bridges sum up to —1, the sum of the
degree of L on C with the degree of L on D must be gc + gp + 2. Inequa-
lity (3.1) asserts that the degree of L on C must be in between g¢c + 1 and
gc + 4 while on D it must be gp or gp + 1. So, we have two possibilities:
(9c + 2,9p) and (gp + 1,9p + 1). If, instead, we had chosen the degree on
the rational bridge to be 1, then the sum of the degree of L on C with the
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degree of L on D should be gc + gp + 1. However, inequality (3.1) would
change to C, giving g¢,...,gc + 5 as the possible degrees on C. So, also in
this case we would have two possibilities for the degrees of a balanced line
bundle of total degree g — 1 on C' and D: (9¢,gp + 1) and (gc + 1, 9p)-

3.1.1 First properties

Lemma 3.1.9. Let X be an n-pointed quasistable curve and suppose X
admits a balanced line bundle L on X of degree d, for some d € 7. Then,
if Z is a proper subcurve of X that is contained in a rational tail, we have
that deg, L = kz — 2. If Z is contained in a rational bridge, then deg, L is
either equal to ky —2or ky — 1.

In particular, the multidegree of L on rational tails is unique and is
independent of d.

Proof. Let us begin by showing that the multidegree of L on rational tails
is uniquely determined. So, suppose 7T is a rational tail of X. If T is irre-
ducible, then the multidegree of L on T is just the degree of L on T, which
is necessarily —1.

Now, suppose T is reducible. Then there is exactly one irreducible com-
ponent E of T'meeting the rest of the curve (in exactly one point). We will
call FE the foot of the rational tail. F is a smooth rational curve meeting
the rest of 7' in kg — 1 points: denote by Fi, ..., E;,_1 the irreducible com-
ponents of T' meeting E. Then, each E;, 7 = 1,...,kg — 1 is the foot of a
rational tail contained in 7. In fact, each one of these, if not irreducible,
is attached to another rational chain that cannot intersect the rest of the
curve since in that case 7" would contain cycles (which would force p,(T") to
be bigger than 0). So, T is the union of F with kg — 1 rational tails meeting
E, and

—1 =degy L = degp L + deggmp L = deg gL — (kg — 1)

which implies that
degp L = kg — 2.

Note that we don’t have to check if inequality (3.1) is satisfied since it does
not apply for subcurves of X contained in rational tails.
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Now, iterating the same procedure, it is clear that the degree of each
irreducible component of T will be determined since T is the union of F
with other kg — 1 rational tails with foots F1, ..., Ex,_1.

Now, consider a rational bridge B. Then, B meets the rest of the curve
in two points, p; and p2, and these are linked by a chain of (rational) irre-
ducible components of B, Ei,..., E;,, each one meeting the previous and
the next one, for : = 2,...,lp — 1. Moreover, each F; can have rational
tails attached. Denote by B, ..., B;, respectively the proper subcurves of
B consisting of F; and the rational tails attached to it, fori =1,...,i5. So,
B = By U---U By, is the union of /5 rational bridges of length 1.

By definition, the degree of L in B can be either 0 or 1, and the same
holds for each B;, i = 1,...,lp. If degp, L = 0, then, in order to the mul-
tidegree of L on B; sum up to 0, degy, L must be equal to the number of
rational tails attached to it: tg, = kg, — 2. If, instead, the degree of L on B;
is equal to one, then degp, L must be equal to ¢g, + 1 = kg, — 1. Note that
inequality (3.1) gives that

tEi—lgdegEiLgtEi—l-l

fori =1,...,1z, so either tg, or tg, + 1 are allowed. The multidegree of
L on the rest of B; is fixed since m consists of rational tails (that, of
course, cannot intersect each other).

Now, if B contains one exceptional component £ among the E;’s, say
E;, the degree of B must be necessarily 1 (note that on each rational tail
we can have at most one exceptional component by definition of pointed
quasistable curve). In this case, we must have that kg, = 2, which implies
that E; has no rational tails attached, and the degree of L on it must be
1. Moreover, the degree of L on the other rational subcurves B;, for i # j,
must be 0.

If, instead, B does not contain any exceptional component, then we can
choose the degree of L in B to be either 1 or 0. If we choose it to be 0, then
the degree of L on each B; must be 0, fori = 1,...,lp. If we choose it to be
1, we can freely choose one of the B;’s where the degree of L is 1 and in all
the others the degree of L must be 0. O

Lemma 3.1.10. Let X be an n-pointed quasistable curve with assigned
maultidegree on rational bridges. Let X' be the quasistable curve obtained
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by contracting all rational tails and rational bridges with assigned degree
0 and by forgetting the points. Then, for each degree d, the set of balanced
maultidegrees on X' summing up to d and the set of balanced multidegrees
on X summing up to d with the given assigned multidegree on rational
bridges are in bijective correspondence.

Proof. Let L' be a balanced line bundle on X’ with degree d. This means
that, given a proper subcurve Z’ of X', inequality 2.1 holds for Z’, that is,

de/ +kZ’
20—2 2

_k2Z' + 2c;w_z/2 <deg, L' < 3.3)
and that the degree of L’ on exceptional components is equal to 1.

Let C; be an irreducible component of X = C; U --- U C, such that C;
is not contained in any rational tail and in any rational bridge. Define
the multidegree d = (ds,...,d,) on X by declaring that d; = degc L' +t¢,
where C/ is the image of C; on X’. Then we easily see that this defines
a balanced multidegree on X (note that the multidegree of L on rational
bridges is fixed by hypothesis). In fact, since k¢, = kc: + tco, + 27’& and
go, = gor — bg,, we have that

di = deggp +lc,
dwer ke
< d L1 tg,
= 959 + 5 +tc;
d(2gc{ -2 + kc{) kc, — tc.
_ i i i i bL te
29— 2 L ¢ Tt
_ d(2901 + 2bél -2+ kCi - tCi - 2bél) + kCi + tCi . bL
29 — 2 2 G
dwc. kcv d th L
— K2 7 _ t ) 7 _ b
2g—2 2 g2t T
dwc. kc, g — 1—-d L
= - d 7t . — b
2g—2 2 T gg_p TV
and also that
dwC{ kc{
d; LT e,
= 32 2 e
dwe, kc. 3g—3—d
= G2 + g le, + bél

2g —2 2 29 —2
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so inequality (3.1) holds for C; if and only if inequality (2.1) holds for C!. It
is easy to see that this is true more generally for any proper subcurve Z of
X not contained in any rational tail and in any rational bridge. O

3.2 Balanced Picard stacks over quasistable
curves with marked points

We will now generalize Definition 2.3.1 of balanced Picard stacks to curves
with marked points.

Definition 3.2.1. For any integer d and g,n > 0 with 2g — 2 +n > 0, denote
by Pag.n the following category fibered in groupoids over the category of
schemes over k. Objects over a k-scheme S are families (7 : X — S,s;: S —
X, L) of n-pointed quasistable curves over S and a balanced line bundle L
on X of relative degree d.

Morphisms between two such objects are given by cartesian diagrams

Xﬁz
5 b1

such that t;o 81 = B2 085, 1 < i < n, together with an isomorphism

I

!

X
S

Bs: L — B3(L).

We will refer to Py, as the degree d balanced Picard stack for n-
pointed quasistable curves of genus g. The terminology stack will be clear
immediately from the following theorem.

Note that P, contains Picg g, for all n > 0.

In what follows we will prove the following statement.

Theorem 3.2.2. The degree d Balanced Picard stack P, .., is a smooth and
irreducible algebraic (Artin) stack of dimension 4g — 3 + n endowed with a
universally closed map onto M, .

Recall that, for n = 0 and g > 2, Py 40 coincides with the stack Py,
defined in Chapter 2, so Theorem 3.2.2 holds in this case.
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The cases ¢ = 0 and ¢ = 1 must be treated separately: we will show
that Py o3 = Mo s x BG,, and Py 11 = M 5 x BG,, (see Propositions 3.2.7
and 3.2.10, respectively), so Theorem 3.2.2 clearly holds in this case.

Then, following Knudsen’s construction of M, , (see [K83]), we will
show that Theorem 3.2.2 holds for all d € Z and g,n > 0 such that 2g —
2 + n > 0 using the following induction argument. We will prove that, for
n > 0with 2g —2+n > 1, Py 4,11 is isomorphic to the universal family
over Py g n.

By universal family over P, ,,, we mean an algebraic stack Z; , ,, with
a map onto P, , admitting n-sections o) |, : Pagn — Zagn,i = 1,...,n
and endowed with an (universal) invertible sheaf £ such that, given a fa-
mily f : C — S,s;: S — C,i=1,...,n of n-pointed quasistable curves and
a balanced line bundle L over C of relative degree d, the following diagram,
commuting both in the upward and downward directions,

C —772> Zd,g,'n, (3.4)

is cartesian and induces an isomorphism between 75(£) and L.

Let Z; 4., be the category whose sections over a scheme Y are families
of n-pointed quasistable curves X — Y,t; : Y — X,i = 1,...,n endowed
with a balanced line bundle M of relative degree d and with an extra sec-
tion A : Y — X. Morphisms in Z,,, are like morphisms in P, , com-
patible with the extra section. 2, ,,, is an algebraic stack endowed with a
forgetful morphism onto P, ,, admitting n sections given by the diagonals
O nt1s---s Onnti-

It is easy to see that, given a family of n-pointed quasistable curves
f:C — Ss :8 — C,i=1,...,n and a balanced line bundle L over
C of relative degree d, diagram (3.4) is cartesian, where 75 is defined by
associating to the identity morphism 1¢ : C — C the fiber product of f :
C — S with itself
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OCxsCZ s (3.5)
S
C S

endowed with an extra section A : C — C xg C given by the diagonal
and with the relative degree d line bundle p5(L). Given another object
h:Y — C of C, ma(h) is defined to be the fiber product of 4 and p; defined
in (3.5), naturally endowed with the n + 1 pullback sections and with the
pullback of p3(L).

The universal sheaf over Z;,,, £, is defined by associating to each
section (X — Y. t;, M, A) of Z; 4., over Y, the line bundle A*(A) over Y. It
is easy to see that this defines an invertible sheafon Z; , ..

Now we easily check that £ is the universal sheaf over Z; ,,. Indeed,
given an object h : Y — C on C, ©3(L)(h) = L(ma(h)) = h*(L), so it is
isomorphic to the sheaf defined by L on C, considered as a stack.

We have just proved the following.

Proposition 3.2.3. The algebraic stack Z4, 4 ,, defined above endowed with
the invertible sheaf L is the universal family over P, ,, for the moduli pro-
blem of n-pointed quasistable curves with a balanced degree d line bundle.

Remark 3.2.4. From propositions 3.2.7 and 3.2.10 we have that for n > 3,
Zq.0n = Mo,n_ﬂ x BG,, and that forn > 1, Zain = M17n+2 x BG,,.

Now, suppose we can show that, for all n > 0, there is a forgetful mor-
phism ¥, , , from P, ,, onto M, , such that the image under ¥, ,, of
an n-pointed quasistable curve X over S endowed with a balanced degree
d line bundle is the stable model of X over S forgetting the line bundle.
These morphisms would yield commutative diagrams as follows, for all
n > 0 such that 29 — 2 +n > 1.
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Pagn (3.6)

,Pd-,g-,nfl

Mg n
‘I’dk A
M

gn—1

Since I, , and ®,,, are the morphisms from the universal families
over P, -1 and M, ,_1, respectively, it follows that ¥, , ,, is universally
closed (or proper) if and only if ¢4 4 »—1 is. For g > 2 and n = 0, it follows
from Chapter 2 (see Remark 2.4.4), that 14 4 ¢ is universally closed, so we
have that v, 4, is universally closed for all n > 0 for all » > 0 and g > 2.
For g = 0 and g = 1 the result follows immediately in virtue of Propositions
3.2.7 and 3.2.10 and Remark 3.2.4.

So, Theorem 3.2.2 will follow from the following statement, that we will
prove in 3.4.3 bellow.

Theorem 3.2.5. Forall d € Z and n > 0 with 29 —2+n > 1, Py g1 1S
isomorphic to the algebraic stack Z4 4 ».

Recall that, for ¢ > 2 and n = 0, our proof of Theorem 3.2.2 consisted on
showing that P, 4o = Pa,, is isomorphic to the quotient stack [Hy/GL(r +
1)] (see Theorem 2.3.2 above). The action of GL(r + 1) in H, naturally lifts
to an action in Z;, where Z; is the restriction to H; of the universal family
over the Hilbert scheme. Using a similar proof we can show that 2, is
isomorphic to the quotient stack [Z,/GL(r + 1)]. Nevertheless, we will now
give a proof of this fact that, in one direction, is slightly different of the
proof of Theorem 2.3.2 and that could be an alternative proof of it.

Proposition 3.2.6. Let d > 0. Then the stack P, 1 is isomorphic to the
quotient stack [Z4/GL(r + 1)].

Proof. We must show that, For every scheme S € SCHj, the groupoids
Z4,4.1(5) and [Z4/GL(r 4+ 1)](S) are equivalent. Let (f : C — S,s : § —
C, L) be a section of Z;,, over S, i.e., a triple consisting of a family f of
quasistable curves with a section s and a balanced line bundle L of relative
degree d on C. Denote by G the group GL(r + 1). We must produce a
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principal GL(r 4+ 1)-bundle E on S and a G-equivariant morphism ¢ : £ —
Z4. We will proceed as in the proof of Theorem 2.3.2. Since we are conside-
ring d to be very large, we may assume that f.(L) is locally free of rank
r4+1=d— g+ 1. Then, the frame bundle of f.(L) is a principal GL(r + 1)-
bundle: call it E. Now, to find the G-equivariant morphism to Z,, consider
the family Cr := C xg FE polarized by Lg, the pullback of L to Cg. Cg
is a family of quasistable curves of genus g, endowed with a section sg
and Lg is balanced and relatively very ample. Moreover, the pullback of a
morphism endowed with a section is naturally endowed with a section, call
it sg. By definition of frame bundle, fg.(Lg) is isomorphic to cr+t)) x B,
so that Ly gives an embedding over E of Cr in P” x E. By the universal
property of the Hilbert scheme H, this family determines a map ¢ : £ —
Hy, which is clearly G-equivariant. Furthermore, the following diagram is
cartesian

Cp —Ls z, (3.7)

e

C—¢>Hd

Since g is naturally G-equivariant and sg is G-equivariant by construction,
gsg is a G-equivariant morphism from F to Z;. This way, we get a section
(E,qsg) of [24/G](S). It is easy to check that isomorphisms in Z; ,1(S)
lead canonically to isomorphisms in [Z;/G](S).

Conversely, given a section (¢ : E — S,q: E — Z,) of [Z4/G] over S, let
us construct a family of quasistable curves of genus g over S with a section
and a balanced line bundle of relative degree d on it. This part of the proof
is different from the proof of Theorem 2.3.2.

The pullback of the identity morphism of Z; by ¢ gives a family Cg on
E of quasistable curves of genus ¢ and a balanced line bundle Lg on Cg
which embeds Cg as a family of curves in P". In fact, C is obtained pulling
back Z; — H, via 1, where v is the composition of ¢ with Z; — Hy, which
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is naturally G-equivariant.

Moreover, by the universal property of the pullback, ¢ induces a section
SE - E — CE

As 9 is G-invariant and ¢ is a G-bundle, the family Cr descends to a
family Cs over S, where Cs = Cg/G. We must check that both the section
sg and the balanced line bundle Lz also descend to C's and that Cy is flat
over S.

Let us see that Cg is a flat family by showing that Cg is locally G-
equivariantly a product Cy x G for some W-flat family Cy for an open
W cCS.

Since G = GL(r+1) is a special group (in the sense that every principal
G-bundle is locally trivial in the Zariski topology), the principal bundle F
is trivial locally in the Zariski topology. So, let V' C S be an open subset of
S such that E|y =V x G.

Let ¢g : V — Hy be defined as follows:

1/}0(17) = 1/}(:67 1G>

foreach z € V. As v is G-invariant, (v xq) (7, 9) = Yo(z).g, forevery x € V
and every g € G and, similarly, ¢,y (7, 9) = g.9(z, 1c).

Let fiy : Cyy — V be the family of quasistable curves of genus g over
V induced by the morphism g and Ly the balanced line bundle of rela-
tive degree d embedding Cy as a family of curves in V x P". Since Ly
is relatively very ample, fy.(Ly) is locally free of rank r + 1. Up to res-
tricting to an open subset of V, we can assume fy.(Ly) is trivial. Let
fvxa : Cv x G — V x G be the pullback family and 7*(Ly) = Ly x G the
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pullback of Ly to Cy x G.

LV vaG

S -

Cy~—T"——Cy xG

fv fvxa

\%4 P VxG

The frame bundle of fy.(Ly) is isomorphic to V' x G, which is isomor-
phic to E}y,. Furthermore, fy .. (7*(Ly)) is isomorphic to gbI*VXG(fV*(LV))
which is isomorphic to V x G x C"*1. So, fyxg«(7*(Ly)) gives an embed-
ding of Cvy «¢ as a family of d-general quasistable curves in V x G x P,
By the universal property of the Hilbert scheme, such a family induces a
G-equivariant morphism to H,. By construction, this morphism must be
equal to v xq).

We conclude that, locally, C is a G-equivariant product of a flat family
Cyv by G. In particular, we can apply Kempf’s descent lemma which states
that L descends to a line bundle over Cs if and only if, for every closed
point £ € FE its stabilizer acts trivially on the fiber of Lg in £ (see, for
example, Theorem 2.3 of [DN]). From the local description of the family, we
conclude that Lg descends to a line bundle Lg on Cs. Moreover, since ¢ =
psg and by the local description of ¢, we get that also sg is G-equivariant,
so it descends to a section s : S — Cg. So, (Cs — S,s: S — Cs,Lg) € Z441.

It is straightforward to check that an isomorphism on [Z;/G](S) leads
to a unique isomorphism in Z; ¢ 1(5). O

3.2.1 Balanced Picard stacks over genus 0 curves

Recall that the notions of n-pointed stable and quasistable curve coincide
for curves of genus 0 (and n > 3) (see Remark 3.1.6 above).

In the present section we describe Balanced Picard stacks over (families
of) n-pointed stable curves of genus 0. We will start by considering the case
n = 3.



50 3. COMPACTIFYING THE UNIVERSAL PICARD STACK OVER Mg,

Let (7: X — S,s,: 9 — X) € Mos,i=1,...,3. Then X is necessarily a
trivial family: a stable rational curve with 3 distinguished marked points
is necessarily smooth and has trivial automorphism group. Then, for any
d € Z, Ox/s(d) is a line bundle of relative degree d over X and it is clearly
balanced (since all fibers of the family are irreducible). Moreover, any other
line bundle of relative degree d over X is isomorphic to it, the isomorphism
being given by an element of G,,.

So, we have proved the following result.

Proposition 8.2.7. For any d € Z, Pyo3 = Moz x BG,,,(22 BG,,).

Let now n > 3. In view of theorem 3.2.5, consider the universal family
over f,m,n_l, Z4,0,n—1- By applying an inductive argument based on the
previous Proposition we have that Z;0,,-1 = Mo, X BG,,. So, Theorem
3.2.2 will give the following result.

Proposition 3.2.8. Let d € Z and n > 3. Then Pao., is isomorphic to
mO,n X BGm

3.2.2 Balanced Picard stacks over genus 1 curves

In order to describe Balanced Picard stacks over genus 1 curves, analo-
gously to the case g = 0, we will start by considering n = 1. The general
result will then follow from the induction process in the number of marked
points that will be developed in section 3.4, yielding a proof of Theorem
3.2.2.

It is convenient to do a further assumption in this case: let us suppose
that d = 1. In fact, in virtue of the next Lemma, this assumption is not a
restriction at all.

Lemma 3.2.9. Let d,d’' be any integers. Then, Py11 =~ Pa 11

Proof. Tt is enough to show that, for any d € Z, Py11 2 Pai1.1.1-

Let (7 : X — S,s: S — X, L) be an 1-pointed quasistable curve over S
of genus 1 endowed with a balanced line bundle L of relative degree d over
X, i. e., an element of P4 11(5). Then, (7 : X — S,s: S — X,L(s)) is an
object of Pyi1.1.1(5). In fact, since n = 1, the geometric fibers of 7 must
be either irreducible genus 1 curves or curves consisting in two smooth
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rational curves meeting in two points (see Figure 3.2 above). To check that
L(s) is a balanced line bundle (of degree d + 1) over (7 : X — S,s: 5 — X),
it is enough to see that, given a geometric fiber X, of 7, L, x_ is balanced, so
only the later case when X is reducible matters. In this case, Definition
2.1.1 implies that the multidegree of L restricted to X is (d — 1,1), where
1 is the degree on the exceptional component and d — 1 is the degree on the
rational component containing the marking. It follows immediately now
that L is balanced (of degree d) if and only if L(s) is balanced (of degree
d+1).

One checks immediately that this defines an equivalence of (fibered)
categories and the result follows. O

Proposition 3.2.10. For any integer d, we have that Py11 = M s x BG,,.

Proof. From Lemma 3.2.2 it is enough to consider the case d = 1.

Moreover, instead of showing directly that M; » x BG,, is isomorphic
to P1.1.1, let us prove that Z; ; x BG,, is isomorphic to P; 11, where Z; ; is
the universal family over ﬂl,l.

Let (m: X — S,s: 8 = X,A: S5 — X) € Z1(5) (A is the extra section
of ). Then, if A lies in the smooth locus of X, it is easy to see that (7 : X —
S,s: S — X,0x/5(A)) is an element of Py 11(S). In fact, all geometric
fibers of m must be irreducible curves, so Ox,s(A) is certainly balanced.
Otherwise, using an analogous procedure to the proof of Theorem 3.2.5 in
3.4.3, we will construct an element of P; ; ; out of this datum. Let 7 be the
Ox/g-ideal defining A and K the cokernel of the natural injective map

OX/S — 77t

Define
X?:=PK)

and consider the natural S-morphism p : X* — X. Then, X* is a family
of curves over S and it is not isomorphic to X — S if and only if A meets
singular points of some geometric fibers of X over S. In this case, locally,
X ¢ is the total transform of the blow up of X at that point with the reduced
structure. Moreover, from Theorem 2.4 of [K83], the sections s and A have
unique liftings to sections s’ and A’ of X* — S compatible with the mor-
phism p. So, in the geometric fibers where the curve has been blown up,
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A’ must lie in a smooth point of the exceptional components of the blow
up. So, it is easy to see that (X* — S,s' : § — X* Ox:/5(A")) € P1,1,1(5).
In fact, in the geometric fibers were the curve is reducible, A’ must lie in
the exceptional component of the blow up, so Ox,5(A’) restricted to those
fibers has degree 1 on the exceptional components and degree 0 in the com-
ponent containing the image of s/, so it satisfies the conditions of Definition
2.1.1.

Let now 3 be an automorphismof (7 : X — S;s: 5 - X,;A: 5§ — X)
and « € BG,,(5). 8 is an S-automorphism of 7 : X — S leaving the two
sections fixed and « is just an element of G,,. It is easy to see that 3
corresponds biunivocally to an automorphism 3’ of (7* : X* — S,s' : § —
X5, A" : S — X°®) leaving s’ and A’ fixed. In fact, this follows from the
fact that any automorphism of P! fixing 3 distinct points is necessarily the
identity.

X34>XS

N A

So, #’ induces an automorphism of (X* — S,s" : S — X* Oxs/5(A")),
that is, an automorphism of X* — S fixing s’ and inducing an automor-
phism of Ox:,4(A’). So, we associate to (3,a) the automorphism /' of
X?® — S and the isomorphism o : Oxs/g(A") — 3" (Oxs/5(A")) = Oxs/g(A)
given by fiberwise scalar multiplication by a.

Moreover, any other automorphism of (X* — S,s" : § — X* Ox.,g(A’))
must fix A’ because the isomorphism class of Ox:,5(A’) corresponds to
the linear equivalence class of A’, which is given just by A’ since the
geometric fibers of X* — S are genus 1 curves. So, automorphisms of
(X* — 8,8 : § = X* Oxs/g(A")) correspond to automorphisms of (X* —
S,s": S — X* A" : S — X%) fixing the two sections and to an automor-
phism of Ox:/5(A’) on itself, which is given by an element of G,,

So, we constructed a functor from 2, ; x BG,, to 5171,1 which is full
and faithful. In order to conclude that Z;; x BG,, = P, it is enough
to check that this functor is essentially surjective. Let (7 : ¥ — S)s :
S — Y,L) € P111(S). Since L is a line bundle of degree 1 in a genus 1
curve, it is associated to an unique efective divisor (of degree 1): call it A.
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Of course, A can also be seen as a section of w. So, if all fibers of 7 are
1-pointed stable curves, it follows immediately that (7 : ¥ — S;s : S —
YA : S = Y) e 2Z,:1(S). Instead, if some of the geometric fibers of =
have exceptional components, the idea is to blow down these components
and endow this new curve with the extra section given by the image of
A. The way to do it rigorously is standard: it is enough to define X :=
Proj(®i=1m:((wy/s(s))*)) — S. In fact, the fibers of wy,s(s) over S have
degree 0 exactly in the exceptional components and positive degree in all
the others, so the result is that X — S is isomorphic to Y — S everywhere
except in the exceptional components, that get contracted to points in X
(see section 3.5 for a rigorous proof). Moreover, there is an S-morphism
~:Y — X making the following diagram commute.

Y ! X

N

So, X — S endowed with the sections s and vA is an object of 2 1(5). It
is easy to check that the above functor applied to (X — S,vs,vA) yields an
object offu,l(S) which is isomorphicto (7 : Y — S,s: S — Y, L). O

Let now n > 1. In view of theorem 3.2.5, consider the universal family
over Py 1, 240, By applying an inductive argument based on the previ-
ous Proposition we have that Z,0.,, = M; 11 X BG,,. So, Theorem 3.2.2
will give the following result.

Proposition 3.2.11. Let d € Z and n > 1. Then Py, is isomorphic to
m1,n+1 X BGm

3.3 Properties of line bundles on reducible
nodal curves
In this section we prove some technical properties of line bundles over

(reducible) nodal curves that will be used later in the proof of Theorem
3.2.5.
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3.3.1 Nonspecialty and global generation

Lemma 3.3.1. Let X be a rational curve and L a line bundle on X such
that, for each irreducible component Z of X, the degree of L on Z is smaller
or equal to kz — 2, except possibly for one component Z,, where the degree
of L can be equal to kz, — 1. Then, H°(X,L) = 0.

Proof. We will argue by induction on the number of irreducible compo-
nents v of X.

If X = Z is irreducible, then kx = 0 and degy L < —1, which clearly
implies that H(X, L) = 0.

Now, suppose that X has v > 1 irreducible components. Let 7, be an
irreducible component of X such that deg, L —(kz, —2) is maximal among
the irreducible components of X. In particular, if there is an irreducible
component Z of X with deg, L = kz — 1, then necessarily Z, = Z. Then,
m = X; U---U X is a disjoint union of (rational) subcurves of X
and (X;, L|x,) satisfies the hypothesis, for i = 1,...,0. So, since each X;
has a number of irreducible components smaller than ~, we can apply the
induction hypothesis on each one of them and conclude that H°(X;, L x,) =
Ofori=1,...,4. So, a global section of L on X must be trivial along X \ Z,

and in particular it must be equal to zero in each one of the kz, points
where Z, meets the rest of X. Since deg,, L < kz — 1, we conclude that all
sections of L must be trivial also on Z. It follows that H°(X, L) = 0. O

Corollary 3.3.2. Let X be an n-pointed rational curve, with n > 3. Then,
X is semistable if and only if wx (p1 + - - - + pn) is globally generated, where
P1,-..,Ppn are the marked points of X.

Proof. Let w denote wx(p1 + ...,p,). We will start by showing that if X is
semistable then w is globally generated. So, for all z € X, we must see that
there are sections of w that do not annulate in z.

Start by assuming that = is a nonsingular point of X. We must show
that h%(X,w(—2)) < h%(X,w).

By Riemann-Roch, we have that

WO(w) = ' (W) =24 n+1=0(Ox(=p1— -+ —pa)) = L +n

and, since (X;pi,...,pn) is semistable, (X,Ox(—p1 — -+ — p,,)) satisfies
the hypothesis of Lemma 3.3.1, so h°(X,Ox(—p1 — -+ — pn)) = 0. In fact,
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given an irreducible component Z of X, we have that deg, Ox(—p; —--- —
pn) <0 < kz —2if Z is not a rational tail of X and for rational tails that

degp Ox(=p1 =+ —pn) < —L=kz — 2.
So, again by Riemann-Roch, to show that h%(X,w(—z)) < h%(X,w), we
must show that h'(X,w(—z)) = K°(X,0(-p1 — -+ — pp + 7)) = 0. But it

is easy to see that, if (X;p1,...,p,) is semistable, then also (X, O(—p; —
-+ — pn + x)) satisfies the hypothesis of Lemma 3.3.1, which implies that
(X, 0(=p1 — -+ —pn+ 1)) =0.

Now, suppose that x is a singular point of X. To show that x is not a
base point of X we must show that h°(X,w®Z,) < h’(X,w). By contradic-
tion, suppose these are equal. Let v : Y — X be the partial normalization
of X at x. Then, if p and ¢ denote the preimages of = under v, we have that
hO(Y,v*w(—p — q)) = h°(X,w). Since x is necessarily a disconnecting node
of X, Y =Y; UY5 is the union of two rational curves. Arguing in the same
way as before in Y7 and Y; we easily see that h°(Y,v*w(—p — q)) = n — 2,
which is a contradiction, and we conclude.

Now, suppose that X is not semistable and let us see that w is not glo-
bally generated. X being semistable means that there is a tail 7" of X
without marked points; we will show that all z € T are base points for w.
From what we have said so far it is enough to see that h°(X, Ox (—p; —---—

Pn)) < hO(X,0(=p1—---—py+z)). Since h’(X, Ox(~p1—---—ps)) = 0, again
by Lemma 3.3.1, it is enough to see that Ox (—p1—- - -—p,,+x) has nontrivial
sections. But this follows by observing that Ox(—p1 — - —pn, + 2)|7 is a

line bundle of degree one in a rational curve, so its space of sections has
dimension 2. So, even if the node connecting 7" with the rest of X imposes
one condition, there is a section of Ox (—p1 — - - - — p,, + x) that is nontrivial
on T and we conclude.

O

Note that the statement of 3.3.2 does not hold in the case of curves with
higher genus. In fact, if X is a nonsingular curve of genus greater or equal
than one with one marked point p, wx(p) is not globally generated since p
itself is a base point for H°(X,wx (p)).

Instead, for curves without marked points, the global generation of the
dualizing sheaf is indeed related to the connectivity of the curve. In fact,
from [BE91], Proposition 2.5, we know that if X is a graph curve, i.e, a
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stable curve such that all irreducible components are rational curves, then
H°(X,wy) has no base points if and only if X has no disconnecting nodes
(and analogously that wx is very ample if and only if X is 3-connected).

Lemma 3.3.3. Let X be a nodal curve of genus g and L € Pic® X. If
deg, L > 2g7 — 1 for every connected subcurve Z C X, then H'(X,L) = 0.
Moreover, if strict inequality holds above for all Z C X, then L has no base
points.

To prove Lemma 3.3.3 we will use the following Lemma, which is Lem-
ma 2.2.2 in [C2].

Lemma 3.3.4 (Caporaso,[C2]). Let X be a nodal curve of genus g and L €
Pic? X. If for every connected subcurve Z of X, deg, L > 297 — 1, then
(X, L)=d—g+1.

Proof (of Lemma 3.3.3). The first assertion follows immediately by Serre
duality and by Lemma 3.3.4.

Now, assume that, for every Z C X, deg, L > 2gz. We must show that
L has no base points. Consider a closed k-rational point z in X. Suppose
that x is a nonsingular point of X. We must show that

h(X, L(—x)) < h°(X, L).

By our assumption on L, we can apply again Lemma 3.3.4 to L(—z) to get
that (X, L(—2))=d—-1—-g+1=h°X,L) - 1.
Suppose now that z is a node of X. We must show that

HY(X,L®1I,)C H'(X,L).

By contradiction, suppose these are equal. Then, if v : Y — X is the partial
normalization of X at x, we get that

HO(Xa L) = HO(Y’ V*L(—p - Q))a

where p and ¢ are the preimages of x by v.

Suppose that = is not a disconnecting node for X. Then, it is easy to
see that we can apply Lemma 3.3.4 to (Y,v*L(—p —q)). Let Z/ C Y and
Z C X the subcurve of X such that Z’ = v=1(Z). In fact, since = is not
a disconnecting node for X, if Z’ contains p and ¢, then gz =gz — 1, so
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deg, v*L(—p—q) = degyz L — 2 > 297 — 2 = 29z — 1. If Z contains only
one of the points {p, ¢}, then gz = gz but deg, v*L(—p—¢q) =deg, L —1 >
297z — 1 = 29z — 1. Finally, if Z does not contain none of the points p
and ¢, gz = gz and deg, v*L(—p — q) = deg, L > 2gz. So, we get that
(Y, v*L(—p—q)) = (d—2)—(g—1)+1 = d— g, leading us to a contradiction.

Suppose now that z is a disconnecting node for X. Then, Y is the union
of two connected curves, Y; and Y5, of genus ¢g; and ¢, respectively, with
g1+ g2 = g. Suppose that p € Y; and ¢ € Y5. Then,

WO (Y, v"L(=p = q)) = h°(Y1,v" (L) v, (=p)) + h° (Y2, v* (L) v, (=)

Also in this case, we can apply Lemma 3.3.4 to (Y;, h%(Y1,v*(L)y, (—p)))
and to (Y2, h(Y1,v*(L)|y,(—q))). We get that

ROV, L(—p — q)) = (degy, (v L) — g1) + (degy, (v L) — g2) = d — g,
a contradiction. O

Corollary 3.3.5. Let X be an n-pointed semistable curve of genus g with
2g—2+4+n>0and let M := wx(p1 + -+ + pn), where p1,...,p, are the n
marked points of X. Then, for all m > 2, we have that

1. HY(X, M™) = 0;
2. M™ is globally generated.

Proof. According to Lemma 3.3.3, it is enough to show that, given a sub-
curve Z of X, deg, M™ > 2gz, for all m > 2. It is sufficient to prove the
result for m = 2.

Let Z be a subcurve of X. Then,

deg, wx =29z —2+kz

and
deg,(M?) > 497 — 4+ 2kz = (292) + (297 — 4 + 2kz).

So, if both gz and k7 are bigger than zero or if one of them is bigger than
two, we are done. We must threat the remaining cases separately.

Start by supposing that g = 0 and kz < 1. Then either k7 = 0 and
Z = X has at least three marked points since 2g —2+n > Oor kz = 1
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and Z has at least one marked point of X. In both cases we have that
deg, (M?) > 2(-2+2) =0 =2gz.

It remains to control the case when gz = 1 and kz = 0. Then X = Z
has genus one and since 2g — 2 + n > 0, we have that n > 0 which implies
that it has at least one marked point. So, deg, (M)? > 2(0+ 1) =2 = 2g.

O

Corollary 3.3.6. Let d > 0, n > 0 and X an n-pointed quasistable curve
of genus g with 2g — 2+ n > 0 endowed with a balanced line bundle L of
degree d. Denote by p1,...,p, the n marked points of X and let M be the
linebundle L(py+- - +pn_1) @ (wx(p1+---+pn_1))"F, forany k < 1. Then,
we have that, for all m > 1,

1. HY(X,M™) = 0;
2. M™ is globally generated.

Proof. Again, accordingly to Lemma 3.3.3, the result follows if we prove
that, for every subcurve Z of X, deg, M™ > 2gz. It is enough to prove the
result for m = 1.

Let Z be a subcurve of X which is not contained in any rational tail or
in any rational bridge of X. Since deg, wz(p1 + -+ + pn—1) > 0, we have
that deg, M > deg, L®w,'. Then, if g =0, deg, M > d+tz — (kz —2) and
ifg=1,degy; M > d+1tz — 2252 — k5 (see Definitions 2.1.1 and 3.1.5). In
both cases, since we are considering d >> 0, clearly deg, M > 2g.

Now, suppose g > 2. By definition of balanced (see 2.1.1 above), we have
that

. d )
5 (wz —tz)+ixz==——29z—2+kz —tz) +ix,z,

d
deg, L >
2g — 2g—2

where ix 7z is independent of d. If Z is rational, kz —tz > 3, sodeg, L > 0if
d > 0. In fact, if kz = tz, X would be rational; by the other hand, if kz — i
is 1 or 2 and g > 2, Z should be contained in a rational tail or in a rational
bridge of X, respectively, which cannot be the case by our assumption on
Z. Suppose now that gz = 1. Then, kz — itz > 1, since otherwise X would
have genus 1. So, also in this case, deg, L > 0. Finally, if g, > 2, it
follows immediately that deg, L > 0. The same holds for deg, M, which is
asymptotically equal to deg, L since d > 0.
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Suppose now that Z is contained in a rational tail or in a rational bridge
of X. Then, from Lemma 3.1.9, we have that deg, L > k7 — 2, so deg, M >
(kz —2) — (kz —2) = 0 = 29z and we conclude. O

3.3.2 Normal generation
Recall the following definition.

Definition 3.3.7. A coherent sheaf F on a scheme X is said to be normally
generated if, for all m > 1, the canonical map

HY(X, F)™ — HY (X, F™)
Ls surjective.

Note that if we take F to be an ample line bundle L on X, then if L
is normally generated it is, indeed, very ample (see [M70], section 1). In
this case, saying that L is normally generated is equivalent to say that the
embedding of X via L on PV, for N = h°(X, L) — 1, is projectively normal.

Normal generation of line bundles on curves has been widely studied.
For instance, we have the following theorem of Mumford:

Theorem 3.3.8 (Mumford, [M70], Theorem 6). Let X be a nonsingular
irreducible curve of genus g. Then, any line bundle of degree d > 2g + 1 is
normally generated.

Mumford’s proof of Theorem 3.3.8 is based on the following Lemma.

Lemma 3.3.9 (Generalized Lemma of Castelnuovo, [M70], Theorem 2).
Let N be a globally generated invertible sheaf on a complete scheme X of
finite type over k and F a coherent sheaf on X such that

H (X, F®N ") =0fori>1.
Then,
1. H(X,FoNI)=0fori+j>0,i>1.
2. the natural map
HY(X,Fe® N)® H(X,N) - H(X,F @ N“*1)

is surjective for i > 0.
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The proof of the following statement uses mainly the arguments of
Knudsen’s proof of Theorem 1.8 in [K83].

Proposition 3.3.10. Let X be an n-pointed semistable curve of genus g
with 29 — 2 +n > 0 and L € Pic X. If, for every subcurve Z of X, deg, L >
29z, then L @ wx(p1 + - -+ + pn) is normally generated, where p; ... ,p, are
the marked points of X.

Proof. Let D denote the divisor p;+- - -+p,,. Let Z be a subcurve of X. Since
the multidegree of w(D) is non-negative, deg, L ® w(D) > deg, L > 2gz,
so both statements of Lemma 3.3.3 hold also for L ® w(D). So, we can
apply the generalized Lemma of Castelnuovo with F' = (L ® wx(D))™ and
N = L®wx (D), for any m > 1, and get that the natural map

H(X,(L®wx(D)™) ® H*(X,L @ wx (D)) — H*(X, (L ® wx(D))™")

is surjective. So, to prove that L ® wx (D) is normally generated, it remains
to show that the map

HY(X,L®wx(D))® H'(X,L @ wx(D)) = H(X, (L ® wx(D))?)

is surjective.

Start by assuming that X has no disconnecting nodes. Then, if ¢ = 0,
X is necessarily nonsingular and n > 3, so deg L ® wx (D) > 2¢g + 1 and the
result follows from Theorem 3.3.8.

Now, assume ¢ > 1 and consider the following commutative diagram

'L ®wx (D)) ®T(wx) @ T(L(D)) —=T(L ® wx(D)) @ I'(L ® wx (D))

0| l

'L ®w% (D)) ® T(L(D)) I'((L @ wx(D))?)

where I'(—) indicates H"(X, —).

If g = 1, then X is either nonsingular or it is a ring of P"s. In both
cases wy is isomorphic to Ox, so it is globally generated. Instead, if g > 2,
from the proof of Theorem 1.8 in Knudsen we have that, since X has no
disconnecting nodes, wy is globally generated too.

Moreover, from Lemma 3.3.3 applied to L(D), we get that H!((L ®
wx (D)) @ wy') = HY(L(D)) = 0. So, we can apply the Generalized Lemma
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of Castelnuovo with ' = L ® wx(D) and N = wyx to conclude that g is
surjective.

Now, since X has no disconnecting nodes, it cannot have rational tails.
So, we can see X as a semistable curve without marked points and apply
Corollary 3.3.5 to X and wy and get that H'((L ® w% (D)) ® (L(D))™!) =
H'(w%) = 0. Since L(D) is globally generated, again by Lemma 3.3.3, we
can apply the Generalized Lemma of Castelnuovo with ' = L®w% (D) and
N = L(D) to conclude that also ~ is surjective.

Since the above diagram is commutative, it follows that also « is sur-
jective and we conclude.

Now, to show that « is surjective in general, let us argue by induction
in the number of disconnecting nodes of X.

Let x be a disconnecting node of X and X; and X, the subcurves of X
such that {z} = X; N X5.

The surjectivity of « follows if we can prove the following two state-
ments.

(1) The image of a contains a section s € H°(X, (L ® wx(D)?)) such that
s(x) # 0;

(2) The image of a contains H°(X, (L ® wx(D))? ® 7).

The first statement follows immediately from the fact that L ® wx (D)
is globally generated (once more by 3.3.3).

Let M denote L ® wx (D). To prove (2) let us consider 0 € H°(X, M? ®
7). Then, 0 = 01 + 09, with

o1 € H'(X,M* ®Ix,) =2 H(Xa, (M* ® Ix,)|x,) = H* (X2, (M?)|x, ® L),

o2 € H(X,M* ®Ix,) = H*(X1,(M* ®Ix,)|x,) = H(X1,(M?)x, ® T,).

By induction hypothesis, o; is in the image of

H®(X5, M|x,) ® H* (X3, M|x,) — H°(Xy, (M?)x,)
and o, in the image of

HO(Xy,Mx,) ® H* (X1, Mx,) — H*(X1,(M?)x,)

with both ¢, and o5 vanishing on z.



62 3. COMPACTIFYING THE UNIVERSAL PICARD STACK OVER Mg,

Write 01 as ), w ® vy, with u; and vy in H°(X,, M|x, ), for i =1,...,r
Let v : Y — X be the partial normalization of X in x and p and ¢ be the
preimages of z on X; and X», respectively, via v. Since M|x, is globally ge-
nerated, there is s € H°(X1, M|y, ) with s(p) # 0. Then there are constants
ajand by for i =1,...,rand i =1,...,k such that

a;s(p) = wi(q) and b;s(p) = vi(q). (3.8)

Define the sections u; and #; as u; (resp. v;) on X5 and as a;s (resp. b;s) on
Xy, fori=1,...,r. By (3.8), these are global sections of M and

T
g u; ® U
I=1

maps to o1. In fact,

T

Zul ) @ vi(g Z(als( ® bis(p Zalbl )
=1
and, by hypothesis, o1(z) = 0 and s(p) # 0. This implies that Y, a;b; = 0,
so (3_;_, i ® 07)|x, = 0. We conclude that o, is in the image of .
In the same way, we also get that o is in the image of a, so (2) holds
and we are done. O

The next result follows from the proof of Theorem 1.8 in [K83], but we
include it here since we shall use it in the following slightly more general
form.

Corollary 3.3.11. Let X be an n-pointed semistable curve of genus g such
that 29 —2 +n > 0 and let py ..., p, be the marked points of X. Then, for
m = 3, (wx(p1+ -+ pn))™ is normally generated.

Proof. Is an immediate consequence of Proposition 3.3.10 and the proof of
Corollary 3.3.5. O

Corollary 3.3.12. Let X be an n-pointed quasistable curve of genus g such
that 2g — 2 +n > 0 and L a balanced line bundle on X of degree d > 0.
Then, if n > 0, L(p1 + - - - + pn—1) is normally generated.
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Proof. Since X is an n-pointed quasistable curve, it is easy to see that X,
endowed with the first n — 1 marked points (p1,...,pn_1), is an (n — 1)-
pointed semistable curve. Moreover, by the proof of Corollary 3.3.6, we can
apply Proposition 3.8.10 to L(p; + -+ + pn—1) @ wx'(p1 + -+ + pn_1). The
result follows immediately now.

O

Corollary 3.3.13. Let d > 0, n > 0 and X an n-pointed quasistable curve
of genus g, with 2g — 2 +n > 0, endowed with a balanced line bundle L. Let
M denote the line bundle L(py + - - - + pp), where p1,...,p, are the marked
points of X. We have:

1. M is normally generated,;
2. M is very ample.

Proof. Statement (1) follows from the proof of the previous Corollary, which
obviously works for M = L(py +--- + p»,) as well.

To show (2) it is enough to observe that A is ample since its degree
on each irreducible component of X is positive. Since M is also normally
generated, it follows that M is indeed very ample (see [M70], section 1). [

3.4 The contraction functor

The following definition generalizes the notion of contraction introduced by
Knudsen in [K83] to the more general case of pointed quasistable curves
endowed with balanced line bundles.

Definition 3.4.1. Let 29 —2+n > 0and (v : X — S,s;, : S — X,L) be
an (n + 1)-pointed curve of genus g endowed with a line bundle of relative
degree d. A contraction of X is an S-morphism from X into an n-pointed
curve (' : X' — S;t; : S — X', L") endowed with a line bundle of relative
degree d, L', and with an extra section A : S — X' such that

1. fori= ... ,n, the diagram
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commutes both in the upward and downward directions,
2. A= fSn+1,

3. f induces an isomorphism between the line bundles L(s1 + -+ + sp)
and f*L'(t; + - -+ tn),

4. the morphism induced by f in the geometric fibers X, is either an
isomorphism or there is an irreducible rational component E C X,
such that s,11(s) € E which is contracted by f into a closed point
x € X, and

fs : X\ B — X[\ {z}

is an isomorphism.

3.4.1 Properties of contractions

Proposition 3.4.2. Let S = Speck and f : X — X’ a contraction from an
(n 4+ 1)-pointed curve (X;p1,...,pn+1) endowed with a degree d line bun-
dle L into an n-pointed curve (X';q1,...,qn), endowed with a degree d line
bundle L' and with an extra point r. If (X;p, ..., pnt1) is quasistable, then
(X";q1,--.,qn) is quasistable and, in this case, L is balanced if and only if
L' is balanced.

Proof. Clearly, the assertion follows trivially if no irreducible component
of X gets contracted by f. So, assume that there is an irreducible compo-
nent E of X that gets contracted by f. Then, necessarily, p,11 € E, so no
exceptional component of X gets contracted. Moreover, the condition that
f*L'(gg+-+qn) 2 L(p1 + -+ - + pr) implies that L(py + --- + p,) is trivial
on the fibers of f, so it must have degree 0 on E. Now, we have only two
possibilities: either f(E) = {r} is a smooth point of X’ or it is nodal.

Start by considering the case when r is smooth. Since f(E) = {r},
we must have that kg = 1, i. e., E is a rational tail of X. So, if X is
quasistable, £ must contain exactly another special point p;, for some i =
1,...,n and r = ¢;. Let F’ be the irreducible component of X’ containing
r and F the corresponding irreducible component of X (recall that f is an
isomorphism between F and F’' away from r). If g > 0, then it is clear
that also X’ is quasistable. Instead, if F' is rational, evenif kpr = kp —1, F’



3.4. THE CONTRACTION FUNCTOR 65

d d
0 C
d-1
d-1
. 1
1
d+1 d
-1
_c o

Figure 3.4: Contractions of quasistable pointed curves over k and balanced
degree d line bundles.

has one more marked point than F. So, X’ has the same destabilizing and
exceptional components as X. In fact, if X is quasistable, it cannot be an
exceptional component of X because F' is would be contained in a rational
tail of X. It follows that, if (X;p1,...,pnt+1) is quasistable, (X';q1,...,¢n)
is a quasistable too.

Let us now check that, if we are contracting a rational tail of a qua-
sistable curve, L is balanced if and only if L’ is balanced. From the defini-
tion of contraction, we get that the multidegree of L(p; + --- + p,) in the
irreducible components of X that are not contracted must agree with the
multidegree of L'(¢1 + - - +¢y,) in their images by f. In our case, this implies
that the multidegree of L’ on the irreducible components of X’ coincides
with the multidegree of L on the corresponding irreducible components of
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X, except on F’, where we must have that
degp L' = degp L — 1.

So, given a proper subcurve Z’ of X', if Z’ does not contain r, the balanced
condition will be satisfied by L on Z if and only if it is satisfied by L’ on
Z' since myz/ (d,L') = mz(d,L), Mz (d,L") = Mz(d,L) and deg, (d, L") =
deg,(d,L). Now, suppose r € Z’ and let Z be the preimage of Z’' by f.
Then, ky = kz — 1, wy = wy — 1, b% = b%, and tz = t; — 1, which implies
that

my (d,L) =mz(d,L) — 1

and
My/(d,L') = Mz(d,L) — 1.

Since also degp, L’ = degp L — 1, we conclude that, if L is balanced, then
L’ is balanced too. Now, to conclude that if L’ is balanced then also L is
balanced, we must check what happens with £ and X \ E. In fact, X \ E
does not correspond to any proper subcurve of X’. It is enough to observe
that the degree of L on FE is forced to be equal to —1 since E contains
2 special points and that the inequality (2.1) is verified on X—\E since
mzrp(d, L) = Mg(d, L) = d + 1 = degzr L.

Now, suppose r is a nodal point of X. Then, p,,1 is the only marked
point of X in E (otherwise, the condition that f(p;) = ¢; fori =1,...,n
would imply that one of these ¢;’s should coincide with r, which is nodal,
and (X’,q1,...,q,) would not be a pointed curve). So, if (X;p1,...,pns1) is
quasistable, we must have that kg = 2, i. e., F is a rational bridge of X
(note that if ¢ = 1 then necessarily n > 0, so p; ¢ E). We must make a fur-
ther distinction here. Suppose first that E intersects just one irreducible
component of X: call it F' and F’ its associated irreducible component on
X'. Now, if X = FUF, and if F is rational, X’ is an irreducible genus
1 curve, which is clearly quasistable. If, instead, gr > 0 or if kr > 3, we
see that all destabilizing and exceptional components of X’ correspond to
destabilizing and exceptional components of X and are contained in the
same type of rational chains.

If, instead, F intersects two distinct irreducible components of X, it is
easy to see that, also in this case, all destabilizing and exceptional compo-
nents of X’ correspond to destabilizing and exceptional components of X
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and are contained in the same type of rational chains. So, (X’;¢1,...,qx)
will be quasistable if (X;p1,...,pnt1) is.

Now, since p,+1 is the only marked point in F, all irreducible compo-
nents of X’ have the same marked points as the corresponding irreducible
components of X, so f*L'(q1 + -+ + gn) = L(p1 + - - - + pn) implies that the
multidegree of L on the irreducible components of X’ coincides with the
multidegree of L on the corresponding irreducible components of X and
that the degree of L on E is zero. Let Z’ be a proper subcurve of X’ and Z
the corresponding proper subcurve of X. If Z does not intersect E or if it
intersects F in a single point, then it is immediate to see that inequality
(2.1) holds for L and Z if and only if it holds for L’ and Z’'. If, instead, Z
intersects E in two points, then g(Z') = g(Z) + 1, tz =tz, b%, = bk — 1 and
kz = kz — 2, so, we get that

mz (d, L) = mz(d, L)

and
Mgz (d,L') = Mz(d, L).

Since also deg,, L' = deg, L, we conclude that if we are contracting a ra-
tional bridge, if L is balanced, L’ will be balanced too. Now, to conclude
that the fact that L’ is balanced implies that also L is balanced we have
to further observe that, by definition of contraction, the degree of L on E
is forced to be 0 and that the inequality (2.1) is verified on X \ E since
mm(d, L) = Mm(d, Ly=d= degsrg L.

O

The following lemma is Corollary 1.5 of [K83].

Lemma 3.4.3. Let X and Y be S-schemes and f : X — Y a proper S-
morphism, whose fibers are at most one-dimensional. Let F be a coherent
sheaf on X, flat over S such that H'(f~(y),F ®o, k(y)) = (0) for each
closed point y € Y. Then f.F is S-flat, R' f.F = 0 and, given any morphism
T — S, there is a canonical isomorphism

f*]: Rog OT = (f X 1)*(}— Rog OT)

If, moreover, F ®0, k(y) is globally generated we have also that the canoni-
cal map f*f.F — F is surjective.
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Corollary 3.44. Let (r : X — S,s; : S — X,L) be an (n + 1)-pointed
quasistable curve endowed with a balanced line bundle of degree d > 0.
Let M be either the line bundle L(s1 + -+ + s,) or (wx(s1 + -+ + sp41))>.
Then, for all m > 1, we have that

(1) m (M™) is S-flat;
2) RY(m.(M™)) =0;
(3) Forall i > 1, the natural map
oy M @ m M — 7, ML
is surjective;
(4) 7M™ — M™ is surjective.

Proof. (1) (2) and (4) follow immediately from Corollaries 3.3.6 with £ = 0
and 3.3.5, which assert that we can apply Lemma 3.4.3 to 7 and M, in both
cases.

Let us now show that (3) holds. From Propositions 3.3.12 and 3.3.11,
the statement holds if S = Speck. Since M satisfies the hypothesis of
Lemma 3.4.3, the formation of 7, commutes with base change. So, «; is
surjective at every geometric point of S and we use Nakayama’s Lemma to
conclude that «; is surjective. O

We now show that Knudsen’s main lemma also holds for quasistable
pointed curves and balanced line bundles of high degree.

Lemma 3.4.5. Let d > 0 and consider a contraction f : X — X' as in
Definition 3.4.1. Denote by M and M’, respectively, the line bundles L(s1 +
<-4 sp)and L'(ty + - - - + t,). Then, for all m > 1, we have that

(D fH(M)"™ =M™ and (M')™ = f(M™);
@) R'f.(M™) = 0;
(3) Rirm, (M™) = Rirx! (M"™) for i > 0.

Proof. That f*(M’)™ is isomorphic to M™ comes from our definition of
contraction morphism. So, also f.f*(M’™) is isomorphic to f.(M™). So,
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composing this with the canonical map from M'™ into f.f*(M'™), we get
a map
M'™ — fo(M™).

Since the fibers of f are at most smooth rational curves and M is trivial on
them, also M is trivial on the fibers of f, so we can apply Lemma 3.4.3 to
it. Since the previous morphism is an isomorphism on the geometric fibers
of f and f.(M™) is flat over S, we conclude that it is an isomorphism over
S.

That R!f.(M™) = 0 follows directly from Lemma 3.4.3 while (3) follows
from (1) and the Leray spectral sequence, which is degenerate by (2). O

3.4.2 Construction of the contraction functor

From now on, consider d > 0. Using the contraction morphism defined
above, we will define a natural transformation from Py g ,, 11 to Z4,4.,. Let
(m: X — 8,8, : 8 — X,L) be an (n + 1)-pointed quasistable curve with a
balanced line bundle L of relative degree d. For i > 0, define

Si = (L(s1+ -+ 8,)%)

Since we are considering d >> 0, then, by Corollary 3.4.4, R'(S;) = 0, s0 S;
is locally free of rank h%(L(s; + -+ + $,)®") = i(d+n) — g+ 1, for i > 1.
Consider

P(S1) — S.

Again by Corollary 3.4.4, the natural map
W*(?T*L(Sl 4.4+ Sn)) — L(Sl 4.+ Sn)

is surjective, so we get a natural S-morphism

X —5%P(S))

1/

S

Define Y := ¢(X), N := Op(s,)(1)|y, and, by abuse of notation, call ¢ the
(surjective) S-morphism from X to Y. N is an invertible sheaf over Y and
"N =L(sy+-+ sp)-
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Moreover, by Corollary 3.4.4 (3), we have that
Yy = Proj(@izosi).

So, since all S; are flat over S (again by Corollary 3.4.4), also Y is flat
over S, so it is a projective curve over S of genus g (since the only possible
contractions are of rational components).

So, if we endow 7. : Y — S with the sections t; := gs;, for 1 < i < n, the
extra section A := ¢s,41 and L¢ := N(—t; —--- — t,,) as above, we easily
conclude that ¢ : X — Y is a contraction. Now, consider a morphism

x 2y (3.9)
!
S B1

of (n + 1)-pointed quasistable curves with balanced line bundles L and L’
of relative degree d in P, ,.,, and let us see that (51, 32, 33), where 3; is the
isomorphism between L and 5L’, induces in a canonical way a morphism
in Z4 4., between the contracted curves.

Define &’ := #n,L'(s} + --- + s/,). Recall that, giving an S’-morphism
from P(S;) to P(S’) is equivalent to giving a line bundle M on P(S;) and a
surjection

(Brr)" (e (L (s1 + -+ 5)) = M

where by 7¢ we denote the natural morphism P(S;) — S.

— —

BN

P(Sy) q X B2 , 4 P(S')

N

BSI

B1

Since we are considering d > 0, for s’ € S/, hO((z')~(s'), L'(s} + -+ +
$3,)|(x/)~1(s)) 18 constant and equal to d +n — g + 1. So, we can apply the
theorem of cohomology and base change to conclude that there is a natural
isomorphism

Bim L (s1+ - +8,) ZmBEL(s) + -+ 57,).
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Now, since diagram 3.9 is cartesian and commutes un the upward direction
two, the isomorphism 35 : L — 835 L’ induces

L(ss 4+ 4 sn) = G5 (L (51 + -+ + 57)),
yielding a natural isomorphism
TP (L (s + - 4 8,))) 2 (e (st + -+ + 50))).
Composing this with the natural surjection
T M L(ss + -+ 4 5n)) = Opcsy) (1),
we conclude that there is a canonical surjection
B (L L (51 4+ 53))) = Oresy (1)

defining a natural S’-morphism from P(S;) — P(S’). This morphism natu-
rally determines a morphism from X°¢ to X', where X’“ is the image of X’
in P(S’) via ¢/, inducing a natural isomorphism between L¢ and the pull-
back of L'“, which is defined analogously to L¢ by restricting Op(s/(1) to
X'¢ and tensorizing with minus the sections of 7’°. The fact that all these
morphisms are canonical implies that this construction is compatible with
the composition of morphisms, defining a natural transformation. We have
just proved the following proposition.

Proposition 3.4.6. There is a natural transformation c from Pg g n+1 to
Z4,4,n 8iVen on objects by the contraction morphism defined in 3.4.1.

3.4.3 Proof of the main Theorem

We can now prove our main Theorem.

Proof. (of Theorem 3.2.5) We must show that the contraction functor is an
equivalence of categories, i. e., it is fully faithful and essentially surjective
on objects. The fact that it is full is immediate. We can also conclude easily
that it is faithful from the fact that a morphism of P! fixing 3 distinct points
is necessarily the identity. In fact, contraction morphisms induce isomor-
phisms on the geometric fibers away from contracted components and the
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contracted components have at least 3 special points and it is enough to
use flatness to conclude.

In order to show that c is essentially surjective on objects we will use
Knudsen’s stabilization morphism (see [K83], Def. 2.3) and check that it
works also for pointed quasistable curves with balanced line bundles.

So, let 7 : X — S be an pointed quasistable curve, with n sections
$1,...,8n, an extra section A and a balanced line bundle L on X, of relative
degree d. Let Z be the Ox-ideal defining A. Define the sheaf K on X via
the exact sequence

O—>0Xi.’[il@OX(Sl-i--"—f—Sn)—?K—?O

where ¢ is the diagonal morphism, §(¢) = (¢, ).
Define
X :=P(K).

and let p : X% — X be the natural morphism from X% to X. Theorem
2.4 of [K83] asserts that, in the case that X is a pointed stable curve, the
sections s;...,s, and A have unique liftings s7,...,s;,,; to X9 making
X% — S an (n+1)-pointed stable curve and p : X%° — X a contraction. One
checks easily that the same construction holds also if X is a quasistable
pointed curve instead of a stable one. In fact, the assertion is local on 5,
the problem being the points where A meets non-smooth points of the fiber
or other sections since in the other points X% is isomorphic to X. In the
case where A meets a non-smooth point of a geometric fiber, locally X%*
is the total transform of the blow-up of X at that point with the reduced
structure and s;, | ; is a smooth point of the exceptional component. In the
case where A coincides with another section s; in a geometric fiber X, of
X, then, locally, on X9° is the total transform of the blow-up of X at s;(s),
again with the reduced structure, and s; and s;, |, are two distinct smooth
points of the exceptional component.

Let L% := p*(L(s1 4+ -+ - + s)) (=8} — - - - — s},). Then the multidegree of
L%(s} +--- + s,) on a geometric fiber X2° coincides with the multidegree
of L(s1 + -+ + s, ) in the irreducible components of X ?° that correspond to
irreducible components of X and, in the possibly new rational components,
the degree is 0. So, L% is balanced of relative degree d.

To conclude, we must check that ¢(X %) is isomorphic to X. By defi-
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d

Figure 3.5: Stabilization of pointed quasistable curves with balanced de-
gree d line bundles.

nition, ¢(X?) is given by the image of X% on P(nf(L%(s) + --- + s,))).
Consider the line bundle L(s; + - -- + s,) on X. By Corollary 3.4.4, there is
a natural surjection

e (L(s1+ -+ 5n)) = L(s1+ -+ spn)-

But, since 7, (L(s1+- - -+ ,)) is naturally isomorphic to 72p* L(s1+- - -+ s5),
we get a natural surjection

TEILE(s) 4 sy)) = Llsi 4o 4 sn)

so, equivalently, a morphism f from X to P(L%(s} + --- + s,)). Since
p*(L(s1 + -+ + sp)) = Ly + --- + s),) induces the natural morphism
q: X% — P(rs(s) + -+ s))), whose image is ¢(X?°), naturally the image
of fis ¢(X7). It is easy to check that f is an isomorphism on the geo-
metric fibers, so, by flatness, we conclude that f gives an S-isomorphism
between X and ¢(X?°) as pointed quasistable curves and determines an
isomorphism between the respective balanced degree d line bundles. O

3.5 The forgetful morphism from P, , onto

Mg?”

Now, for each n > 0, we will construct a morphism Uy 4, : Py gn — Mgn
fitting in diagram (3.6) above.

Let (m : X — S,s;: S — X),i=1,...,n be an n-pointed quasistable
curve over S. Denote by w the line bundle (wx/s(s1 + -+ + sn))*. Then,
by Corollary 3.4.4, R'(m.w) = 0, so it is locally free and there is an S-
morphism v : X — P(m,.w) making the following diagram commute.
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P(r, (w)) (3.10)

The restriction of v to any fiber X, of @ maps X, to its stable model
in P(w), which is naturally endowed with the sections vs;, fori =1,...,n.
This follows from the fact that w is very ample on the stable components of
each fiber, whereas it has degree 0 on the exceptional components. More-
over, v(X) is flat over S. In fact, from Corollary 3.4.4, for any i > 1, the
natural map

w*wi & Tew — w*w”l
is surjective. It follows that v(X) 2 Proj(®;>om.(w?)), which is flat over S
because each 7, (w') is S-flat, again by Corollary 3.4.4.

Let us check that this yields a surjective morphism ¥4, ,, from fd_,g_,n
onto M, ,, fitting in diagram (3.6) and making it commutative.

Let (7: X — S,s;: S — X,L) be an (n + 1)-pointed quasistable curve
of genus g endowed with a balanced line bundle L of relative degree d over
X. It is immediate to check that, restricting ourselves to the geometric
fibers of 7, the diagram is commutative since in both directions we get the
n-pointed curve which is the stable model of the initial one, after forgetting
the last point. Now, since all families are flat over .S, we conclude that the
diagram is commutative.

The surjectivity of ¥, ,, follows from the fact that ¥, is surjective
(see [CO5], Proposition 4.12) and from the commutativity of the diagram
because ®4,, and II,, are the universal morphisms onto P, , 1 and
M., respectively.

Moreover, the fibers of ¥, , ,, over a pointed curve X' € ﬂg,n are the
quasistable pointed curves X with stable model X’ endowed with balanced
degree d line bundles.

3.6 Further properties

Let X be an n-pointed quasistable curve over k. By applying the contrac-
tion morphism we get an (n — 1)-pointed quasistable curve with an extra
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section. If we forget about this extra section and we iterate the contraction
procedure n times, at the end we get a quasistable curve with no marked
points. Call it X,. Denote by f this morphism from X to X.

Let wx, be the dualizing sheaf of X,. For each proper subcurve Z; of
Xo, the degree of wx, in Z is wz, = 29z, — 2 + kz,. In particular, it has
degree 0 on exceptional components of X,. Consider now the pullback of
wx, via f, f*(wx,). This is a line bundle on X having degree 0 on rational
bridges and on rational tails; moreover, given a proper subcurve Z of X
whose image under f is a proper subcurve 7, of Xy, f*(wx,) has degree
Wz, = Wz — 1z on Z.

So, a line bundle L of degree d on X with given balanced multidegree
on rational tails and rational bridges of X is balanced on X if and only
if L ® f*(wx,) is balanced on X of degree d + (29 — 2) and with the same
multidegree on rational tails and rational bridges. In fact, for each proper
subcurve Z of X which is not contained in rational tails or rational bridges,
we have that

deg, (L ® ffwx,) degzL +wz —tz

d’wz g—l—d L kZ

< ty; —b = —t 3.11
> 29_2+ 29_2 7Z Z+2+’UJZ Z ( )

_ (d+29—2)wz+(g—1—d+29—2)tz_bL+k_Z
29 — 2 D)

and similarly that

dwyz 3g—3—d

kz
degz(L ® f* > ty — b — 22 —t 3.12
egz(L ® ffwx,) = 29_2+ a2 275 +wz —tz (3.12)
B (d+2g—2)wz+(3g—3—d—|—2g—2)tz_bL_k_Z
N 29 — 2 Z 2

so (L ® f*wx, )|z satisfies inequality (3.1) if and only if |, does.
In conclusion, we have the following result.

Proposition 3.6.1. Let d and d’ be integers such that there exists an m € Z
such that d' = d +m(2g — 2). Then, Py 4. and Py 4., are isomorphic.

Proof. We must show that there is an equivalence of categories between
Pagnand Py g.,. So,let (m: X — S,s;: S — X, L),i =1,...,nbe an object
of Py, g.n. Consider its image under @44 00®, 410 -0®4 4., and denote it by
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(mo : Xo — S, Lo). According to 3.4.2, there is an S-morphism ¢ : X — Xj.
Then, according (3.11) and (3.12), L’ := L ® qj(wY, ,5) is a balanced line
bundle of relative degree d’ over X,s0 (m: X — S,s;: S — X, L") € Py gn.

It is easy to check that this defines an equivalence between P, ,,, and
P gn- o

Proposition 3.6.2. For all n > 0, there are forgetful morphisms ®q 4., :
Pagnt1 — Pd,gn endowed with n sections Odgmr -1 T4 4 yielding Cartier
divisors Al ..\, i =1,...,nsuchthat o} ,, gives an isomorphism between
fdygyn and Aé7g7n+1.

Proof. The statement is true if we consider 2, ,,, instead of fd,g,nJrl (the
sections are given by the diagonals §; .41, for i = 1,...,n, as we observed
in section 3.2). In virtue of Theorem 3.2.5 the result follows if we define

1

Ué,g,n as ¢~ ' composed with §; ,,1 fori=1...,n. m

3.6.1 Rigidified balanced Picard stacks over quasistable
curves with marked points

Analogously to the case ¢ > 2 and n = 0, each object (7 : X — S,s;: S —
X,L),i=1,...,n, in Py, , has automorphisms given by scalar multipli-
cation by an element of I'(X, G,,,) along the fibers of L leaving the curves
fixed. In other words, there is an action of BG,,, on P, , , which is inva-
riant on the fibers of ¥, , ,,. So, Py 4. is not representable over M, ,, (see
[AV02], 4.4.3). Recall that the rigidification procedure, defined in [ACV01]
(see section 2.4 above), fits exactly on our set up and produces an algebraic
stack with those automorphisms removed.

Denote by Py 4, /Gy the rigidification of Py, along the action of
BG,,. Exactly because the action of BG,, on P, , leaves M, , invari-
ant, the morphism ¥, , ,, descends to a morphism from P, ,, /G,, onto
M,.,, which we will denote again by ¥, , ,, making the following diagram
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commutative.
Pagn [Gm (3.13)
fd,g,n—l iGm mg,n
lI}d,g,nfl A
ﬂg,n—l

So, the same argument we used to show that ¥ , ,, is universally closed
for all n > 0 with 2g — 2 +n > 1 if and only if ¥, ;¢ is universally closed
holds also in this case. Moreover, since, for ¢ > 2 and n = 0, we have that
V,40 ¢ [Hi/G] — M, is proper and strongly representable if and only if
(d —g+1,2g —2) = 1, we have that the same statement holds in general
for every n > 0.

Proposition 3.6.3. Let g > 2, n > 0 and d € Z. Then Pyyn [[Gum is a
Deligne-Mumford stack (of dimension 4g — 3+n) with a proper and strongly
representable morphism onto M, ,, if and only if (d — g+ 1,29 — 2) = 1.

For curves of genus 0 and 1, propositions 3.2.8 and 3.2.11 immediately
give the following result.

Proposition 8.6.4. If g = 0and n > 3, Pyon [[Gm = Mo, andif g =1and
n>1, Piin [Gm = Mini1. In particular, for any integer d and g = 0,1
with 29 —2+n > 0, Pagn [Gn is Deligne-Mumford and V., , is proper
and strongly representable.

Remark 3.6.5. Let d > 0, ¢ > 2 and n = 0. Then, there is a canonical
map from Py .0 /G to Py, (see 2.4.4 above). At least if the base field
has characteristic 0, we have that P, , is a good moduli space for P, 0
in the sense of Alper (see 2.4.4) (if (d — g + 1,29 — 2) = 1 it is indeed a
coarse moduli space). It would be certainly interesting to investigate if it
is possible to construct good moduli spaces for P, ,,, in the general case,
for example by investigating if our stacks are quotients stacks in general
and then applying Theorem 13.6 of [A08].
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