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Notations:

e Given a differentiable function F' : R” — R, we shall denote by 6}” = 6;’; the m-th derivative of
F with respect to the j-th argument i.e. for m > 1
OmF

m7
ij

({“)TF = BE_F =

while m = 0 has to be interpreted as 8ng = F. If n =1 we shall write also F'(z) = 0, F(x).
e Given a finite set S we denote with |S| its cardinality.
e We set Z, :=INU{0} and Z¢ := 7%\ {0}.
e We denote by - the standard scalar product in R%, ie. -y = x1y1 + ... + zqyq for x,y € R%.
e Given a vector & € R? we set |z| := ||z||y = 21| + ... + |24].
e Given a complex number z € C we shall denote by z* its complex conjugate.
e We denote by 1 the 2 x 2 identity matrix.
e The sums and the products over empty sets have to be considered as 0 and 1, respectively.

e Given zp € R and an interval (a,b) C R such that zp € (a,b), we call half-neighbourhood of zg

each of the two intervals (a,zo) and (zo,b).

e Further notations will be introduced when needed.






Introduction

Melnikov theory studies the fate of homoclinic and periodic orbits of two-dimensional dynamical
systems when they are periodically perturbed; see for instance [I9, 46] for an introduction to the
subject. The problem can be stated as follows. Consider in R? a dynamical system of the form

& = fi(x,y) +egi(x,y, 1), )

y = fa(z,y) +eg2(z, 9, 1),
with f1, fo, 91,92 ‘sufficiently smooth’, g; and go periodic in ¢ and ¢ a small parameter, called the
perturbation parameter. If fi = Oyh and fo = —0,h, for a suitable function h, the unperturbed system
is Hamiltonian. Assume that for ¢ = 0 the system (l) admits a homoclinic orbit u(t) to a hyperbolic
saddle point p, and that the bounded region of the phase space delimited by v := {u1(¢) : t € R} U {p},
is filled with a continuous family of periodic orbits us(t), 6 € (0, 1), whose periods tend monotonically
to oo as 0 — 1; see Figure [l Because of the assumptions, it is easy to see (as an application of the
implicit function theorem) that for £ # 0 small enough, the system (Il) admits a hyperbolic periodic
orbit u(t,e) = p+ O(e); then one can ask whether the stable and unstable manifolds of (¢, €) intersect
transversely (in turn if this happens it can be used to prove that chaotic motions occur). Another natural
question is what happens to the periodic orbits us(t) when £ # 0. In particular one can investigate
under which conditions ‘periodic orbits persist’, that is there are periodic orbits which are close to the
unperturbed ones and reduce to them when the perturbation parameter is set equal to zero. If such

orbits exist, they are called subharmonic or resonant orbits.
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Figure 1: The phase portrait of the unperturbed system: one has sup,cp infqey |us(t)—g| — 0 as § — 1 and sup, g |us(t)—
po| — 0 as 6 — 0. If T; is the period of us(t) one has dTs/dé > 0.

Both the existence of transverse intersections of the stable and unstable manifolds of u(¢,¢) and the
persistence of periodic orbits are related to the zeroes of suitable functions. More precisely if one define

the Melnikov function as

M(to) := / "t (ol (t — t0))ga(un ( — t0),£) — Faluus (£ — t0))gi (ua(t — to). 1)), (2)

—00

then if M(ty) has simple zeroes, then the stable and unstable manifolds of u(¢, ) intersect transversely,
while if M (ty) # 0 for all ¢y € R, no intersection occurs; essentially M (t() measures the distance between
the two manifolds along the normal to the homoclinic orbit at wui(tg).

Concerning the periodic orbits, if the period Ty of us(t) is not commensurable with the period T of
the functions g, g2, such an orbit will not persist under perturbations. Otherwise, set Ts = mT'/n and

define the (subharmonic) Melnikov function as

mT
Mo,/ (to) = /0 dt (fa(us(t —to))ga(us(t — to), t) — f1(us(t — to))g1(us(t — to), t)). (3)

If My, /n(to) has a simple zero then ([l admits a subharmonic orbit (¢, ¢) with period mT'; in particular,
if the functions fi, f2, g1, g2 are analytic, then w(¢,¢) is analytic in both € and ¢. If there are no zeroes
at all, no periodic solution persists.

The proof of the two claims above is rather standard, and it is essentially based on the application
of the implicit function theorem. A possible approach for the case of subharmonic orbits consists in
splitting the equations of motion into two separate set of equations, the so-called range equations and
bifurcation equations: one can solve the range equations in terms of the free parameter tg and then fix

the latter by solving the bifurcation equations, which represent an implicit function problem.
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Introduction

Note that the assumption that the zeroes of the Melnikov functions are simple corresponds to a
(generic) non-degeneracy condition on the perturbation. When the zeroes are not simple, the situation
is slightly more complicated. In the case of subharmonic orbits, the same result of persistence extends
to the more general cases of “topological non-degeneracy”, i.e. the existence of an isolated minimum
or maximum of the primitive of the Melnikov function [2], which in turn imply the existence of a zero
of odd order for the Melnikov function, and interesting new analytical features of the solutions appear
[8, @4}, 21]; indeed the subharmonic solutions turn out to be analytics in a suitable fractional power of
€ rather than ¢ itself. On the other hand if the zeroes are of even order one cannot predict a priori the
persistence of periodic orbits. Finally, if the Melnikov function is identically zero, one has to consider
higher order generalisations of it and study the existence and multiplicity of their zeroes to deal with
the problem.

If one considers a quasi-periodic perturbation instead of a periodic one, i.e. gx(x,y,t) = Gg(zx,y,wt),
with Gj, : R?2 x T? — R? and w € R%, d > 2, one can still ask whether there exist hyperbolic sets run
by quasi-periodic solutions with stable and unstable manifolds which intersect transversely and one can

7

still study the existence of quasi-periodic solutions which are “resonant” with the frequency vector w of
the perturbation; see below — after (Hl) — for a formal definition of resonant solution for quasi-periodic
forcing.

Also in the quasi-periodic case, non-degeneracy assumptions are essential to prove transversality of
homoclinic intersections. Existence of a quasi-periodic hyperbolic orbit close to the unperturbed saddle
point and of its stable and unstable manifolds follows from general arguments, such as the invariant
manifold theorem [29, A7), without even assuming any condition on the frequency vector w. Palmer
generalises Melnikov’s method to the case of bounded perturbations 58] using the theory of exponential
dichotomies [20]. A suitable generalisation of the Melnikov function for quasi-periodic forcing is also
introduced by Wiggins [68]. He shows that if such a function has a simple zero then the stable and
unstable manifolds intersect transversely. Then, generalising the Smale-Birkhoff homoclinic theorem
to the case of orbits homoclinic to normally hyperbolic tori, he finds that there is an invariant set on
which the dynamics of a suitable Poincaré map is conjugate to a subshift of finite type; in turn this
yields the existence of chaos. Similar results hold also for more general almost periodic perturbations
(which include the quasi-periodic ones as a special case): Meyer and Sell show that also in that case
the dynamics near transverse homoclinic orbits behaves as a subshift of finite type [54] and Scheurle,
relying on Palmer’s results, finds particular solutions which have a random structure [62]; again, to
obtain transversality the Melnikov function is assumed to have simple zeroes. Such assumption can be
weakened to an assumption of “topological non-degeneracy” (i.e. the existence of an isolated maximum

or minimum of the primitive of the Melnikov function) as in the case of subharmonic orbits, and one
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can deal with the problem by use of a variational approach; see for instance [241 [63], [TI, [T0].

A natural application for the study of homoclinic intersections, widely studied in the literature, is the
quasi-periodically forced Duffing equation [67), B4, [[0]. Often, especially in applications, the frequency
vector is taken to be two-dimensional, with the two components which are nearly resonant with the
proper frequency of the unperturbed system (see for instance [70, [7] and references therein). Then a
different approach with respect to [68] is proposed by Yagasaki [70]: first, through a suitable change
of coordinates, one arrives at a system with two frequencies, one fast and one slow, and then one uses
averaging to reduce the analysis of the original system to that of a perturbation of a periodically forced
system for which the standard Melnikov’s method applies: the persistence of hyperbolic periodic orbits
and their stable and unstable manifolds for the original system is then obtained as a consequence of
the invariant manifold theorem. Transversality of homoclic intersections plays also a crucial role in the
phenomenon of Arnold diffusion [, [62]: non-degeneracy assumptions on the perturbation are heavily
used in the proofs existing in the literature (see e.g. [27, 36l 26]) in order to find lower bounds on the
transversality, which in turn are fundamental to compute the diffusion times along the heteroclinic chains
(see e.g. [I3, B2, M2, O 66]). A physically relevant case, studied within the context of Arnold diffusion,
is that with frequency vectors with two fast components [27), 36} 65] or with one component much faster
and one component much slower than the proper frequency (‘three scale system’) [37, B8, [[1, 60]. In
such cases the homoclinic splitting is exponentially small in the perturbation parameter and this makes
the analysis rather delicate, as one has to check that the first order contribution to the splitting (the
Melnikov function) really dominates; in particular non-degeneracy conditions on the perturbation are
needed once more.

The problem of existence of quasi-periodic orbits close to the center of the unperturbed system is
harder and does not follow from the invariant manifold theorem. Second-order approximations for the
quasi-periodic solutions close to the centers of a forced oscillator are studied in [7], using the multiple
scale technique for asymptotic expansions [57, 48]. But if one wants to really prove the existence of
the solution, one must require additional assumption on w to deal with the presence of small divisors.
In [55], Moser considers Duffing’s equation with a quasi-periodic driving term and assumes that (i) the
system is reversible, i.e. it can be written in the form & = f(z), with f: R™ — R", and there exists
an involution I: R™ — R™ such that f(Ix) = —If(z) (so that with z(t) also Iz(—t) is a solution), and
(ii) the frequency vector of the driving satisfies some Diophantine condition involving also the proper
frequency of the unperturbed system linearised around its center. Then he shows that there exists a
quasi-periodic solution, with the same frequency vector as the driving, to a slightly modified equation,
in which the coefficient of the linear term is suitably corrected. If one tried to remove the correction

then one should deal with an implicit function problem (see [6] for a similar situation), which, without
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assuming any non-degeneracy condition on the perturbation, would have the same kind of problems as in
the present thesis. Quasi-periodically forced Hamiltonian oscillators are also considered in [16], where
the persistence of quasi-periodic solutions close to the centers of the unperturbed system is studied,
including the case of resonance between the frequency vector of the forcing and the proper frequency.
However, again, non-degeneracy conditions are assumed.

On the contrary the problem of persistence of quasi-periodic solutions far from the stationary points,
corresponding to the subharmonic solutions of the periodic case, does not seem to have been studied
a great deal (we can mention a paper by Xu and Jing [69], who consider Duffing’s equation with a
two-frequency quasi-periodic perturbation and follow the approach in [70] to reduce the analysis to
a one-dimensional backbone system; however the argument used to show the persistence of the two-
dimensional tori is incomplete and requires further hypotheses). Again the existence of resonant solutions
is related to the zeroes of a suitable function, still called Melnikov function by analogy with the periodic
case. If the zeroes are simple, assuming some Diophantine condition on w, the analysis can be carried
out so as to reach conclusions similar to the periodic case, that is the persistence of resonant solutions.

In this thesis we study the problem of the persitence of resonant solutions in the case of zeroes of
odd order and additionally investigate what can still be said when the Melnikov function is identically
zero. As remarked before, considering non-simple zeroes means removing non-degeneracy — and hence
genericity — conditions on the perturbation. This introduces nontrivial technical complications, because
one is no longer allowed to separate the small divisor problem plaguing the range equations from the
implicit function problem represented by the bifurcation equations.

This thesis continues and extends the analysis started in [22], where more special systems were con-
sidered. The method we use is based on the analysis and resummation of the perturbation series through
renormalisation group techniques [33, B9 45l B4, [0, AT]; for other renormalisation group approaches
to small divisors problems in dynamical systems see for instance [15, B0, B3, 49, BI]. As in [22], the
frequency vector of the perturbation will be assumed to satisfy the Bryuno condition; such a condition,
originally introduced by Bryuno [I7], has been studied recently in several small divisor problems arising
in dynamical systems [0, B3, B9 AT, 42, BT] and its relevance is related to the possibility of describing
properties of the analyticity domain, such as the radius of convergence, of the solutions in terms of
the Bryuno function (LI3)); this has been explicitly showed in some simple cases, such as the Siegel
problem [71]], the semistandard map [25] and the standard map [g].

With respect to [22], we consider here also non-Hamiltonian systems: what is required on the
unperturbed system is a non-degeneracy condition on the frequency map of the periodic solutions
(anisochrony condition). In the Hamiltonian case, such a condition becomes a convexity condition on

the unperturbed Hamiltonian function, analogously to Cheng’s paper [I8], where the fate of resonant
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tori is studied without imposing any non-degeneracy condition on the perturbation. In the Hamiltonian
case, the main difference with respect to [I8] — and what prevents us from simply relying on that result —
is that we consider isochronous perturbations (while in [I8] the unperturbed Hamiltonian is convex in all
action variables) and assume a weaker Diophantine condition on the frequency vector of the perturbation
(the Bryuno condition instead of the standard one). Furthermore, as we said, our method covers also
the non-Hamiltonian case, where Cheng’s approach, based on a sequence of canonical transformations a
la KAM, does not apply. Finally, in the Hamiltonian “completely degenerate” case (see Hypothesis B
we are able to prove the existence of a continuum of resonant solutions, which turn out to be analytic in
the perturbation parameter. In the Hamiltonian case, we do not require any further assumption on the
perturbation (besides analyticity), as in [I§]. In the non-Hamiltonian case we shall make some further
assumptions. More precisely we shall require that some zeroes of odd order appear at some level of
perturbation theory and a suitable positiveness condition holds; see § [LTl — in particular Hypothesis Hl
— for a more formal statement.

Of course, one could also investigate what happens if the non-degeneracy condition on the unper-
turbed system is completely removed too. However, this would be a somewhat different problem and
very likely a non-degeneracy condition could become necessary for the perturbation. Not even in the
KAM theory for maximal tori, the fully degenerate case (no assumption on the unperturbed integrable
system and no assumption on the perturbation, besides analyticity) has ever been treated in the litera-
ture — as far as we know.

The thesis is organised as follows. We consider systems of the form ([I) and assume that for ¢ = 0
there is a family of periodic solutions satisfying the same hypotheses as in the case of periodic forcing.
In particular we assume that, in suitable coordinates (3, B) € T x 9B, with B an open subset of R, the

unperturbed system reads

7Tl (4)

B =0,
with wp analytic and Opwy(B) # 0 (anisochrony condition) As a particular case we can consider that
(B, ) are canonical coordinates (action-angle coordinates), but the formulation we are giving here is
more general and applies also to non-Hamiltonian unperturbed systems; see also [Bl, 44]. Then we add to
the vector field a small analytic quasi-periodic forcing term with frequency vector w = (w1, . .. ,wg) which
satisfy some weak Diophantine condition (Bryuno condition) and concentrate on a periodic solution of
the unperturbed system which is resonant with w, that is a solution with B = By such that w(Bg)vy =
w11 +. . . +wgry for suitable integers vy, 11, . . ., vg. In §[ILIwe state formally our two main results on the

persistence of such solution: Theorem [LTTl deals with the case in which the Melnikov function vanishes
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identically and the system is Hamiltonian, while Theorem takes into account the case in which the
perturbation is not Hamiltonian but a zero of odd order appear at some order of perturbation theory.
In § we shall sketch our strategy for the proof of the two Theorems above and we shall see that a
result in the same spirit of [I8] (that is the existence of a quasi-periodic solution in the Hamiltonian
case, without assumptions on the perturbation besides smallness and analyticity; see Theorem [ZT])
follows as a corollary of Theorems [LT.Il and [CT2 In § we shall introduce some notions from graph
theory which will be used in order to prove both Theorems [CTTl and

In Chapter 2l we shall prove Theorem [LT1l In particular we shall see how the Hamiltonian structure
of the equations of motion is fundamental in order to prove that suitable “cancellations” occur in the
perturbative series formally defining the solution. In turn this will imply the convergence of such a
series and hence the existence of the solution and its analyticity in the perturbation parameter. The
“cancellation mechanism” turns out to be quite similar to the one performed in [23], where Moser’s
modifying terms theorem [56] (see [6] for a review with our formalism) is proved in Cartesian coordinates
instead of action-angle coordinates. It would be interesting to understand the deep reason of such a
similarity:.

In Chapter Bl we shall prove Theorem As we shall see, the quasi-periodic solution will be only
continuous in the perturbation parameter. In fact, in contrast to the case of periodic perturbations, the
quasi-periodic solution is not expected to be analytic in € nor in some fractional power of ¢; already in
the non-degenerate (Hamiltonian) case the solution has been proved only to be C'*° smooth in ¢ [33],
and analyticity is very unlikely. However under the only Hypotheses of Theorem [CT2l no more than
continuity in € can be proved.

A crucial role in both the proofs of Theorems [LT1l and will be played by remarkable identities
between classes of diagrams; see Lemmas and By exploiting the analogy of the method with
the techniques of quantum field theory, one can see the solution as the one-point Schwinger function of
a suitable Euclidean field theory — this has been explicitly shown in the case of classical KAM theorem
[35]. Then the identities between diagrams, that we prove and use, can be conjectured to reflect suitable
Ward identities of the field theory symmetries also in the present case, as it has been pointed out in the
case of classical KAM theorem [15]. It would be interesting to confirm the expectation and to determine

the Ward identity explicitly.
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1. Main results

In this Chapter we shall state precisely our results and give a sketch of their proofs. Moreover we

shall introduce the basic notions from graph theory, which will be used throughout the thesis.

1.1 Statement of the results

Let us consider the ordinary differential equation

B = WO(B) +€F(WtaﬂaB)a

: (1.1.1)
B =eG(wt, 3, B),

where (3,B) € T x B, with B an open subset of R, F,G: T x B — R and wyp: B — R are
real-analytic functions, w € R? with d > 2 and ¢ is a (small) real parameter called the perturbation
parameter; hence the perturbation (F,G) is quasi-periodic in t with frequency vector w. Without loss
of generality we can assume that w has rationally independent components. Take the solution for the
unperturbed system given by (3(t), B(t)) = (8o + wo(Bo)t, Bo), with By such that wo(By) is resonant
with w, i.e. such that there exists (7o, ) € Z*! for which wy(Bo) ¥ +w - ¥ = 0. We want to study
whether for some value of 3y, that is for a suitable choice of the initial phase, such a solution can be
continued under perturbation.
The resonance condition between wq(Bg) and w yields a “simple resonance” (or resonance of order
1) for the vector (wo(Bg),w). The main assumptions on (CII) are a Diophantine condition on the
frequency vector of the perturbation and a non-degeneracy condition on the unperturbed system. More
precisely we shall require that the vector (wg(By),w) satisfies the condition
Z L log ( inf  Jwo(Bo)v + w - 1/]>_1 < 00 (1.1.2)

(vo,v)€Z4+1
(vo, ) (T0,0),0<|(vo,v)| <27

and that wj(Byg) # 0.
Up to a linear change of coordinates, we can (and shall) assume wo(Bg) = 0, so that the vector 7,

such that wq (Eo) Vo +w v = 0, must be the null vector. Therefore it is not restrictive to formulate the

1
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assumptions on By and w as follows.

Hypothesis 1. wy(Bg) = 0 and w satisfies the Bryuno condition B(w) < oo, where

1 1 ,
SOl gy = (113
n=20 0<|pj<2n

Hypothesis 2. For By as in Hypothesis [ one has w)(Bo) # 0.

Note that if w satisfies the standard Diophantine condition |w - v| > y|v|~7 for all v € ZZ, then it
also satisfies the Bryuno condition, since a,,(w) > v27™7 in that case.

Let us write
F(,8,B)= > e“¥YF,(8,B), G(,5,B)= Y e"¥G,(3,B), (1.1.4)
vezd veZzd

and note that, since F' and G are real-valued functions, one has
Ffu(ﬁ,B) :FIJ(B,B)*a Gfu(ﬁ,B) :Gu(ﬂaB)*- (1-1-5)

By analogy with the periodic case, the function I’gl)(ﬁ) := Go(B,Bg) will be called the first order
Melnikov function.

We look for a quasi-periodic solution to (CITl) with frequency vector w, that is a solution of the
form (8(t), B(t)) = (Bo + b(t), Bo + B(t)), with
b(t)= > ¥,  Bt)= ) e¥“B,. (1.1.6)
vezg veZg
Of course the existence of a quasi-periodic solution with frequency w in the variables in which
wo(Bp) = 0 implies the existence of a quasi-periodic solution with frequency resonant with w in terms

of the original variables (that is, before performing the change of variables leading to wo(Bg) = 0).
If we set ®(t) := wo(B(t)) + eF(wt, 5(t), B(t)) and T'(t) = eG(wt, 5(t), B(t)), and write
o)=Y U,  T(t)= ) T, (1.1.7)
vezd vezd

in Fourier space ([LII) becomes

(iw-v)b, =P, v #0, ( )
(iw-v)B, =Ty, v #0, ( )
Py =0, (1.1.8¢)
To = 0. ( )



1.1 Statement of the results

According to the usual terminology, we shall call (LTSal) and (LI8H) the range equations, while
(CTXd) and ([CI&d) will be referred to as the bifurcation equations.
We start by looking for a formal solution (5(t), B(t)), with

Blt) = Bltse, Bo) = fo+ D bW (t: 6o) = Bo+ Y _eF Y el (g

k>1 k>1 vezd

B(t) = B(t,z’f,ﬁo) = EO + ngB(k)(t’ ﬁo) — EO + ng Z eiu-th’(jk)(/BO)

k>1 k>1  vezd

(1.1.9)

and set U(t) := wo(B(t)) — wh(Bo)(B(t) — By) and ¢(t) = U(t) + eF(wt,B(t), B(t)). Then define

recursively for k > 1

b (Bo) = ﬁ 9 (60) + %Fgﬂ (Bo), v#0
(B0) (iwl. V)F,(f) (Bo), v#0 (1.1.10)
'(B0) = - (1?0) ¥ (6y),
0

where we denoted It () = [G(wt, 3(t), BE)Y ™ and ¢l (50) = [U®)]S + [F(wt, 5(t), BE) ™,
with UL (ﬂo) = 0, so that T (Bo) = G (o, Bo) and qS,, (Bo) = Fu(Bo, Bo), while, for k > 2,

:Zg%wo(ﬁo) > S IIBS (6o), (1.1.11)

s>2 vi+..FUs=v kit +ks=k,i=1
v;eZs i=1,...s ki>1

and

[P(wt, (1), BL =3 % 3 ﬁapaQP (B0, Bo) x

s>1 p+q=s vo+...+vs=v
U(),I/jEZd j:p+17"'75

V€2, i=1,....p (1.1.12)
p s
xS T 0 TT BY(50), P=FG.
ki+..+ks=k—1,i=1 i=p+1

ki>1

As we shall prove in Chapter B — see Lemma T3 —, the series (L), with the coefficients defined
as above and arbitrary fp, turn out to be a formal solution of ([LIRal)-(LT8d): the coefficients p¥) (Bo),
B((,k) (6o) and BY (Bo) are well defined for all k¥ > 1 and all v € Z¢, and solve ([CLSal)-([CTSd) order
by order; moreover the functions b (t; 5y) and B®)(t;5y) are analytic and quasi-periodic in ¢ with

frequency vector w.
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Note that if there exists kg > 1 such that Fék) (Bo) = 0 for all k& < kg, then the series (LTY) with
the coefficients bg,k),B,(,k) defined as in (CIIM) solve the equations of motion up to order ky — 1 and
)

moreover I’gko is a well-defined function of Gy.

Assume first that the system (LIl is Hamiltonian, i.e. there exists a function
H(a,5,A,B) =w-A+h(B)+ef(a,,B), (1.1.13)

where (a, 3) € T and (A, B) € R? x B, with B an open subset of R, are canonically conjugate

(action-angle) variables and the functions f: T9*! x B — R and h: B — R are real-analytic and
such that wo(B) = 01h(B), dpf(a,,B) = F(a, 3,B) and —0sf(a, 5, B) = G(a, 3, B), so that the

corresponding Hamilton equations for the variables (3, B) are given by

B = wO(B) +€8Bf(UJt,B,B),

: (1.1.14)
B = —edsf(wt, 8, B),

which are exactly of the form ([CITI).
Hypothesis 3. One has ng) (Bo) :== [—0sf (B, B)]ggfl) =0 for all k > 1.
Then we shall prove the following result.

Theorem 1.1.1. Consider the system ({I.1.14) and assume Hypotheses [, @ and [. Then the series
(CT3) are convergent for e small enough.

Next we consider the more general system ([LITI]) and we assume that there exists kg € IN such that
all functions ng) (Bo) are identically zero for 0 < k < kg — 1, while I’ggo)(ﬁo) is not identically vanishing.
Again, by analogy with the periodic case, we shall call the function Fgm)(ﬁo) the ko-th order Melnikov

function.

Hypothesis 4. There exist kg € N and 3, such that ng) (Bo) vamish identically for k < ko and B, is a
zero of order n for ngo)(ﬁo), with 0 odd. Moreover one has a’%wg(ﬁo)agorg’“”)(ﬁo) > 0.

Then we shall prove the following result.

Theorem 1.1.2. Consider the system (LI11) and assume Hypotheses [, [@ and [ to be satisfied. Then
for € small enough there exists at least one quasi-periodic solution (((t), B(t)) with frequency vector w

such that (B(t), B(t)) — (By, Bo) for e — 0.



1.2 Remarks about the results and sketch of their proofs

1.2 Remarks about the results and sketch of their proofs

Quasi-periodic solutions to (LII4) with frequency vector w describe lower-dimensional tori (d-
dimensional tori for a system with d 4+ 1 degrees of freedom). Such tori are parabolic in the sense that

the “normal frequency” vanishes for e = 0. Theorems [LT.1] and imply the following result.

Theorem 1.2.1. Consider the system and assume Hypotheses [ and [@ to be satisfied. Then

for e small enough there exists at least one quasi-periodic solution (5(t), B(t)) with frequency vector w.

Proof. 1f all the coefficients I’E,k) = —[0g f]ggfl) vanish identically for all £ > 1 we simply apply Theorem
[CTT Otherwise there exists ky > 1 such that all the coefficients ng) (Bo) vanish identically for all
k < ko while Fgm) (Bo) is not identically zero and hence we can solve the equations of motion up to order

ko without fixing the parameter 8y. Moreover one has I‘gko)(ﬁo) = 95,9"0) (Boy) with

0" (o) = [BHE) — [h(Bo + B + BR)E) — [f(wt, B + 5, Bo + B,

because, if we denote

ko—1 ko—1
b=> v»,  B=> BW
k=1 k=1

one has

Ol (wt, 5o + 5, Bo + B = 03 (wt, 5o + 5, Bo + BY(1 + 515" "
+ [0 f (wt, Bo + b, By + E)aﬁog]gkoﬂ)
—10 — [Bog,Bl§™ + b, BIy™
~ leo(Bo + B + BH)93(B + B
= 18 4 9, [BHE) — 94, [h(Bo + B + BE) ko),

Since ¢(%0) is analytic and periodic, and then it has at least a maximum B, and a minimum . Then
Hypothesis Al holds. Indeed, if e*w}(By) > 0 one can choose 3, = 3, while if e*w)(By) < 0 one
can choose 3, = B and hence in both cases Hypothesis Hl is satisfied. Therefore the existence of a

quasi-periodic solution with frequency vector w follows from Theorem [LT.2 [ |

Theorem [LZT] can be seen as the counterpart of Cheng’s result [I8] in the case in which all “proper
frequencies” are fixed (isochronous case) and the perturbation does not depend on the actions conjugated
to the “fast angles” (otherwise one should add a correction like in [56]); moreover, with respect to [I8],
a weaker Diophantine condition is assumed on the proper frequencies.

The proofs of Theorems [CTl and are organised as follows.
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We first introduce a convenient graphical representation for the coefficents pF) (Bo),B:(/k) (Bo) in
(CTI) and we shall use it in order to prove that they are well defined.

Then we shall see that, under Hypothesis Bl and if the system is Hamiltonian, there are some suitable

“cancellations” which will yield the convergence of the series (LTH), so that Theorem [Tl will follow.

On the other hand we are not able to prove the same “cancellations” for the system ([CI) without
Hypothesis B and the assumption that the system is Hamiltonian. Hence, in order to prove Theorem

[CT2 besides the system (L) we shall consider first the system described by the range equations

(iw-v)by =P, v#0, (1.2.1a)
(w-v)B, =T,, v#0, (1.2.1b)

i.e. with no condition for ¥ = 0, and we shall prove that, if some further conditions (to be specified
later on) are found to be satisfied, it is possible to find, for £ small enough and arbitrary [y, By, a

solution

(BO + b(t)’ BO + E(t))’ (122)

to the system (X)), with b(t) and B(t) as in (CLH) depending on the free parameters ¢, 3, By; such
a solution is obtained via a ‘resummation procedure’, starting from the formal solution of the range
equations ([CZI)). The conditions mentioned above can be illustrated as follows. The resummation
procedure turns out to be well-defined if the small divisors of the resummed series can be bounded
proportionally to the square of the small divisors of the formal series. However, it is not obvious at all
that this is possible, since the latter are of the form (iw - v)~! with v € 72, while the small divisors of
the resummed series are of the form (det((iw-v)1 — MM (w-v;e, By, By)))~?, for suitable 2 x 2 matrices
M (see § BF). The bound on the small divisors of the resummed series is difficult to check without
assuming any non-degeneracy condition on the perturbation. Therefore we replace M™ (x;¢€, Bo, Bo)
with M (2 e, By, Bo)én(det(MI™(0; ¢, By, By))), for suitable ‘cut-off functions’ &,, in such a way that
the bound automatically holds. The introduction of the cut-offs changes the series in such a way that if
on the one hand the modified series are well-defined, on the other hand in principle they no longer solve
the range equations: this turns out to be the case only if one can prove that the cut-offs can be removed.
So, the last part of the proof consists in showing that, by suitably choosing the parameters Gy, By as
continuous functions of e, this occurs and moreover, for the same choice of Gy, By, the bifurcation

equations (CILRd) and (CI8d]) hold; hence for such 3y, By, the function ([CZ2) is a solution of the whole
system ([CIT)).



1.3 Graph and trees: a short introduction

1.3 Graph and trees: a short introduction

For the proof of both Theorems [LT1] and we shall use a graphical representation for the coef-
ficients of the solutions. The use of a graphical representation for the coefficients of perturbative series
is quite common in quantum field theory. In the context of KAM theory it was originally introduced by
Gallavotti in [31], inspired by a pioneering paper by Eliasson [28] and thereafter has been used in many
other related papers; see [43] for a review. We now introduce some basic facts from the graph theory;
see for instance [I4]. Then we shall see how to use them for our purpose.

A graph G is an ordered pair G = (V, L), where V = V(G) is a non-empty set whose elements are
called vertices and L = L(G) a family of unordered couples of elements of V(G), whose elements are
called lines (or edges). Given two vertices v,w € V(G), the couple ¢ = (v,w) can appear more then
once in this family. We shall say that a graph G is simple if any couple appears only once in L(G).
A graph G is finite if |V(G)|,|L(G)| < co. We can represent a (finite) graph G as a set of points (the

vertices) and lines connecting them; see Figure [11

U1
V2

U3

V4

Figure 1.1: A representation for the simple graph G = (V, L) with V = V(G) = {v1,v2,vs,v4,v5} and L = L(G) =

{(v1,v2), (v1,v4), (v1,v5), (v2,v4), (V2,05), (vs,v3), (v3,v5)}.
A planar graph is a (finite) graph G which can be drawn on a plane without lines crossing.

Remark 1.3.1. Note that the graph G represented in Figure [Tl is planar: indeed also the drawning
in Figure is a representation of the same G.

Given a graph G and two vertices v, w € V(G) we shall say that v, w are connected if either (v, w) €
L(G), or there exist vg = v,v1,...,Up—1,0, = w € V(G) such that P := {(vo,v1),...,(Un—1,0n)} C
L(G); we shall say that P is a path connecting v to w. A graph G is connected if for any v, w € V(Q)

either (v,w) € L(G) or there exists a path connecting them, i.e. if all couples of vertices are connected.

7
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U1

V4

Figure 1.2: Another representation for the graph G in Figure [l

A graph G has a loop if there exists v € V(G) such that either (v,v) € L(G) or there exists a path P
connecting v to itself.

A subgraph S of a graph G is an ordered pair S = (V| L) such that V =V (S) C V(G), L = L(S) C
L(G) and S is itself a graph.

An oriented graph G is an ordered pair (V, L), where V = V(G) is a non-empty set (of vertices) and
L = L(G) a family of ordered couples (oriented lines) of V(G); clearly, all the definitions above can be
suitably adapted also for oriented graphs: in particular a path should be consistent with the orientation.

If G is an oriented graph, we shall say that the line £ = (v,w) € L(G) exits the vertex v and enters
w. We can represent an oriented line £ as a line with an arrow superimposed; see Figure Given an
oriented graph G, any subgraph S inherit the orientation of G. We shall say that a line £ = (v, w) € L(Q)
enters a subgraph S of G if v € V(G)\ V(S) while w € V(S); analogously we shall say that ¢ = (v/,w’)
exits S if v/ € V(S) while w’ € V(G) \ V(S). Note that if £ enters or exits S then £ ¢ L(S5).

A tree-graph ¥ is a finite planar connected graph with no loops. A rooted tree-graph is a tree-graph
with a (unique) special vertex called oot which induces a natural orientation on the lines, towards or
away from the root.

From now on we shall consider only rooted tree-graphs ¥ in which the lines are oriented toward the
root and the root has only one entering line (the root line ¢<): we shall call them “tree-graphs” for

simplicity. Given a tree-graph <, we shall call nodes all the vertices of T except the root r and denote
N(%) =V (%) \ {r}; see Figure [[4

Remark 1.3.2. Given a tree-graph ¥, a line £ is uniquely determined by the vertex v which it exits,

so we may write £ = £,,.



1.3 Graph and trees: a short introduction

U1

Figure 1.3: A representation of an oriented graph G. Note that, because of the orientation, the line £ = (vs,vs) is the
only loop.

V4

(%) Vs

V6

U3

Figure 1.4: A representation 6 of a tree-graph ¥; we do not drawn the root r of T (i.e. the end-point of the line exiting
v1) to stress that r ¢ N(%).

The orientation on a tree-graph ¥ provides a partial ordering relation on the vertices: given v, w €
V(%), we shall write v < w if there is a path connecting v to w; for instance in Figure [ one has
vy < vy < V1, U5 < Uy < VU1, Vg < Vg < vy, and v3 < v1. If £ = ¢, and ¢ = {,; we may write w < £ if
w=v,l<wifv<wand < if v <v. Give a tree-graph T and two distinct lines £ < ¢’ € L(T) we
shall denote by P(¢',£) the unique path connecting ¢ to ¢'.

Given a tree-graph ¥, for all v € N(%) denote by s, the number of lines entering the node v. Note

that any subgraph S of any tree-graph ¥ has at most one exiting line: we may denote such a line by £g.

Remark 1.3.3. One has Z sy = |N(T)| — 1.
vEN(Z)

A labelled tree-graph is a tree-graph together with a label function defined on N(¥) and L(%). In

the following we shall call tree-graphs tout court the tree-graphs with labels, and we shall use the term
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unlabelled tree-graphs for the tree-graphs without labels.

We shall say that two representations 61, 05 of a tree-graph ¥ are equivalent if they can be obtained
from each other by continuously deforming the lines without lines crossing. We shall call tree any
equivalence class of representations of a tree-graph. Of course all the definitions and notations above
can be suitably adapted also for trees; in particular, with some abuse of notation, we shall call subgraph
of a tree 6 (representing a tree-graph %) the portion of 6 representing a subgraph of €. Our aim is to
represent the solutions as “sum over trees” (in a sense that will be clear later on) hence their labels
shall depend on the model under study. In what follows we shall see how to use trees in order to prove

both Theorems [[LIT.1] and

10



2. Proof of Theorem [T.1.1]

In this Chapter we shall use the trees introduced in §[[3 to represent the formal solutions (CIT). As
we shall see, this will allow us to prove the convergence of the formal power series under the assumption

that the system is Hamiltonian and that Hypothesis Bl holds, and hence Theorem [LTT] will follow.

2.1 Labels and tree values

We want to associate labels with the nodes and the lines of a tree in such a way that each tree
represents a contribution to the coefficients b,(,k), B,(,k) appearing in (CT9).

Given a tree 6, we associate with each node v a mode label v, € Z%, a component label h, € {B,B}
and an order label k, € {0,1} with the constraint that k, = 1 if v, # 0. With each line £ = ¢, { # {y,
we associate a component label hy € {3, B} with the constraint that hy, = h,, and a momentum label
vy € Z% with the constraint that v, # 0 if hy = 3. We associate with the root-line £y a component label
he, € {6,B,I',®} and a momentum label v,, € Z¢ with the following constraints. Call vy the node
which ¢y exists: then (i) hy, = B,T" if hy, = B while hy, = 3, ® if h,, = (3, and (ii) vy, # 0 for hy, = 3
while vy, = 0 for hy, = I', ®. Moreover we require k,, = 1 if £ = £, is such that either ¢ = {4 and
he =T, or hy = B and v; # 0.

We shall call total component and total momentum of 6 the component and the momentum of /g
respectively. For any node v € N(#) we denote by p, and ¢, the numbers of lines with component (3
and B, respectively, entering the node v, of course s, = p, + ¢y.

If k, = 0 for some v € N(6) we force also p, = 0 and ¢, > 1 if h, = 3, while we force p, = 0 and
qu > 2 if hy, = B.

We impose the following conservation law
v=> v (2.1.1)

and we call order of 6 the number

KO)= > k. (2.1.2)



Proof of Theorem L1l

More generally given any subgraph T of a tree 8 we call order of T' the number

ET)= > k. (2.1.3)

veEN(T)

Lemma 2.1.1. Let T be a subgraph of any tree 0. Then one has |N(T)| < 4k(T) — 2.
Proof. We shall prove the result by induction on k = k(7). For k = 1 the bound is trivially satisfied as
a direct check shows. Assume then the bound to hold for all ¥’ < k. Call v the node which ¢ (possibly

lp) exits, (1,...,Ls, the lines entering v and 717, ..., T, the subgraphs of T" with exiting lines ¢1, ..., 45, .
If £, = 1 then by the inductive hypothesis one has

IN(T)| =14 > IN(T)| < 1+4(k —1) — 25, < 4k — 3.
=1
If k£, =0 and h, = B then one has s, = ¢, > 2 and hence
Qv
IN(T)| =1+ Y [N(T)| <1+ 4k — 2q, < 4k — 3.
=1

If k£, =0 and h, = (3, then if g, > 2 one can reason as in the previous case. Otherwise, since the line
¢ = {,, entering v is such that hy = B, either k, = 1 or k, = 0 and g, > 2. call £],...,¢, the lines

entering w and T7,..., T} the subgraphs of T" with exiting lines ¢},..., ¢, . In the first case one has
Sw
IN(T)| =2+ IN(T))| <2+ 4(k — 1) — 254 < 4k — 3,
i=1

while in the second case one has

qw
IN(T)| =2+ ) |N(T))| <2+ 4k — 2g, < 4k — 2.
=1

Therefore the bound follows. ]

Remark 2.1.2. If T is a subgraph of any tree 6, one has ZveN(T) Sy < 4Kk(T). In particular one has
also > e n(g) Sv < 4k(0).
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2.1 Labels and tree values

Given a tree 6 we associate with each node v a node factor

1 _
—'8(111)(4)0(30), kv = 0,
Quv:
1 _
— 0505 £, (8o, Bo), ko =1, hy =5,
pv-Qv-
Fo=3 " o L0 £, (B0, Bo), ky=1, h,=B, v, #0, (2.1.4)
1
08 0% £, (o, Bo), ko=1, hy=B, v, =0, hy, =B,
pv-Qv-
apv'f‘la(hfuv (ﬁ()aBO) kv - 17 hv - Ba Ve, = 07 hfv = Fa
- 'q !
and with each line ¢ a propagator
1
. v # 0,
iw -y
= 1
Gri=4 _ — v, =0, hy=Bh, (2.1.5)
Wo(BO)
1, vg=0, hy=

and define the value of any subgraph S of any tree 6 as

7S)=| [[ & II ¢ |- (2.1.6)

veN(S) LeL(S)
All the labels (and the constraints) above and the definitions of both the node factors and the
propagators reflect the form of the coefficients ([CIIM), taking into account the expressions (LTI
and (CLTZ). Indeed if we denote by 7 . 5 the set of trees with order k, total momentum v and total

component h, one has (at least formally)

= Y v, wvezd

Géyk,u’g
S v, wvez
96-%,”,3
" ® (2.1.7)
o = [wo(BM))S + [05f(wt, 5(2), B = Y e
0€ T 0,0
1y = [~0sf(wt, A1), B = > 7

0€ T 0,r

as a direct check shows, where the notation (LITI2)) have been used. Here and henceforth in this Chapter
we shall not write explicitely the dependence on the parameter By; note however that ¥ () depends on

B only through the node factors.
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Lemma 2.1.3. The coefficients b,(,k), B,(,k)7 @ék) and Fék) are well defined for all k > 1.

Proof. Set

1 1
en = en(w) = 2—nlog m,
n

and note that by Hypothesis B, ¢, — 0 as n — oo. Moreover the analyticity of f and h implies that

(2.1.8)

there exist positive constants Fy, Fy, { such that for all v € N(6) one has
|Fy| < FyFyetle vl

Hence, using Lemma ZTTl and Remark ZT2, for all § € 9}, ., one has

1 1
| 7(0) < C(])€ H eIVl H . _ Cécefﬁ Sveno) vl H .
\w I/g’ ’w I/g‘
veEN(0) LeL(0) CeL(6)
_ ket Tuenio /2 (€ oeno Iwel/2LO) ) O 1 1
0 cezo) @V (2.1.9)
1
k 76 v|/2 76 ) Ski
< Che€ll/2 T oél/ —
(e L()
7 1 _
< Cgefﬁlu\ﬂ H €2 16k © Cgefﬁlu\ﬂ H o(—€/16k+em, )2 47
(eL(0) omy () (eL(0)

where Cj is a suitable positive constant and we have set Ty = n(vy) := inf{n > 0 : |vy| <2"}. The sum
over all the shapes and all the labels except the mode labels is bounded by a constant to the power k,
and hence one has

4k

ST (O)] < e HRCR [Nk e | < oI OR D (1) (2.1.10)
96@1@,1} n>0

where C' > 0 is a suitable constant and D(k) is a constant depending on k. Therefore the assertion

follows. []

Remark 2.1.4. The constant D(k) grows with k& (for instance if w is Diophantine one has D(k) ~ k)

and hence the bound (ZII0) is not enough to obtain the convergence of the power series.

2.2 Clusters, self-energy clusters and dimensional bounds

From the proof of Lemma T3 emerges that it may be (and in fact it is) convenient to associate

with each line ¢ a further label in order to control the “size” of the small divisor w - vp. Roughly we

14
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would like to associate with a line ¢ a “scale” label n if w - vy = a,(w); to be more precise, since the
sequence {ay,(w)}n>o is only non-increasing, for the scales to be uniquely defined one should take a
decreasing subsequence {ay,, (w)}n>0 and say that £ has scale n if w- vy is of order ay,, (w). It would be
tempting to use a sharp partition through step functions with supports [y, (w), am,,_, (w)), in order
to associate with a line ¢ a scale n if |w - vy| € [, (W), am, _, (w)). However, it turns out to be more
convenient using a smooth partition through compact support functions ¥,, (because we have to take
derivatives of quantities involving such functions). Therefore we shall proceed as follows.

With each line ¢ € L(0) we associate a scale label ny such that ny = —1 if v, = 0, while ny € Z if
vy # 0. So far there is no relation between non-zero momenta and scale labels: a constraint will appear
later on.

We denote by O, the set of trees with order k, total momentum v and total component h: we
used a different notation for the set of trees to stress that if § € Oy, 5, each £ € L(6) carries the further
label ny.

To take into account the scale labels we slightly change the definition of the value of a tree. More
precisely, for any 6 € ©y,,,, we define #/(0) as in (ZI8) but with new propagators which depend on the
scale labels as follows.

Let us introduce the sequences {my,pp}tn>0, with mg = 0 and, for all n > 0, my11 = m, +
pn + 1, where p, := max{q € Z; : am,(w) < 2a;,,+¢(w)}. Then the subsequence {ay,, (w)}n>0 of
{om(w)}m>0 is decreasing. Let x : R — R be a C° function, non-increasing for « > 0 and non-

decreasing for x < 0, such that

Lozl <1/2
x(x) = (2.2.1)
0, |z| > 1.

Set y_1(z) = 1 and X (2) = X(82/tm, (1)) for m > 0. Set akso () = 1—y(x), () = {8/, ()
and U, (z) = xp—1(x)n(z), for n > 0; see Figure 211

Lemma 2.2.1. For all x # 0 and for all p > 0 one has

@)+ 3 ola) = 1.

n>p+1
Proof. For fixed x # 0let N = N(z) := min{n : x,(x) = 0} and note that max{n : ¢, (z) =0} < N—1.
Thenif p< N -1
VYp(z) + Z U, (2) = n_1(z) + xv-1(z) = 1,

n>p+1
while if p > N one has

Up(@) + D U(x) = () = 1.

n>p+1
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Wa() Uy (z) Wo(x)
g mg‘ Oén;l am‘l (X_d a_; X
16 16 8 16 8

Figure 2.1: Graphs of some of the C*° functions ¥, (z) partitioning the unity in R\ {0}; here «;,, =
am(w). The function xo(z) = x(8x/ap) is given by the sum of all functions ¥, (z) for n > 1.

In both cases the assertion follows. [ ]

We associate with each line a propagator

LACRD) np> 0,
iw - vy
1
Gri=q9 ————, ng=—1, hy=B, (2.2.2)
wy(Bo)
1, ng:—l, hg:P,q).

Note that, although we have changed the propagators, the identities (ZI.1) still hold because of
Lemma ZZT1

Remark 2.2.2. Given a tree 6 such that #(6) # 0, for any line ¢ € L(6) with v; # 0 one has
U, (w-1vy) # 0, and hence
Oy, (w) amnr1(w)
16 8 ’
where oy, , (w) has to be interpreted as +o00. Note also that ¥, (w - 1) # 0 implies

<|w- vy < (2.2.3)

1 1

1
w - vy < gamn[—l (w) < Zamw_ﬁrpn[—l(w) = Zamnefl(w) < O‘mnefl(w),

and hence, by definition of a,,(w), one has |vy| > 2™ ~1. Moreover, by the definition of {c,, (w)}n>0,
the number of scales which can be associated with a line £ in such a way that the propagator does not

vanishes is at most 2. The same considerations apply to any subgraph of 6.

A cluster T on scale n is a maximal subgraph of a tree 6 such that all the lines have scales n’ < n

and there is at least one line with scale n. The lines entering the cluster 7" and the line coming out from
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it (unique if existing at all) are called the external lines of T. A self-energy cluster is a cluster T such
that (i) 7 has only one entering line ¢/, and one exiting line 7, (ii) either n = —1 and P(¢p, €}.) = 0 or

n > 0 and one has ny > 0 and vy # vy for all £ € P((r, £7), and (iii) one has vy, = vy and hence
> wv=o0 (2.2.4)

For any self-energy cluster T, set Pr = P({r,{}). More generally, if T is a subgraph of 6 with
only one entering line ¢ and one exiting line ¢, we set Pr = P({,¢'). We shall say that a subgraph T
constituted by only one node v with v, = 0 such that v has only one entering line, is also a self-energy
cluster on scale —1. If a self-energy cluster is on a scale n > 0 then |N(7T)| > 2 and k(T") > 2, as it is

easy to check.

Remark 2.2.3. Given a self-energy cluster T', the momenta of the lines in Pr depend on vy, because

of the conservation law ([ZI]). More precisely, for all £ € Pr one has v, = 1/? + vy with

while all the other momenta in T" do not depend on vy

We shall say that two self-energy clusters 77,75 have the same structure if setting vy, = vy, = 0
one has T7 = T5. This provides an equivalence relation on the set of all self-energy clusters. From now
on we shall call self-energy clusters tout court such equivalence classes. We denote by 6@7%6 the set of
self-energy clusters with order k, scale n and such that hg/T = e and hy, = u, with e,u € {3, B}.

We shall say that a line £ is resonant if there exist two self-energy clusters T', T”, such that {7 = £ =
., otherwise £ is non-resonant. Given any subgraph S of any tree §, we denote by 9 (S) the number

of non-resonant lines on scale > n in S. Define also, for any line ¢ € 0, the minimum scale of ¢ as
Co:=min{n € Zy : ¥, (w - vy) # 0}

and denote by 9% (S) as the number of non-resonant lines ¢ € L(S) such that {, > n. By definition, if
YV (S) # 0, for each line ¢ € L(S) either ny = {y or ny = (; + 1. For any subgraph S of any tree 6, define

also

K(S)= > vl (2.2.5)

veN(S)

Then one can prove the following results, which are based on the idea of Siegel [64].

Lemma 2.2.4. For all h € {3,B,®,T}, v € Z%, k > 1 and for any 0 € O ,,;, with ¥ () # 0 ,one has
e (9) < 2-(mn=3)K(0) for all n > 0.
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Proof. We want to prove by induction that
N (0) < max{2~ ™K (9) — 2,0}. (2.2.6)

First of all note that 9% (0) > 1 implies 917 (0) > 1 i.e. there is a line ¢ with ny > n and hence
K(0) > |vp| > 2mn— 1

Set (o = (g, o = nyg, and v := vy,, and note that either ng = (p or ng = o + 1. If (o < n the
bound (ZZT)) follows from the inductive hypothesis. If {y > n, call ¢1,...,¢, the lines with minimum
scale > n closest to ¢y and 04,...,0, the subtrees with root lines ¢y, ..., ¢., respectively. If r = 0 the
bound trivially holds. If > 2, by the inductive hypothesis one has M2 (0) = 14+M2(01) +...+N0(0,) <
14273 K(9) — 2r < 27 =3) K(#) — 3, so that the bound follows once more.

If r =1 call T the subgraph with exiting line ¢y and entering line ¢;. Then either T is a self-energy
cluster or K(T) > 2™»~!. This can be proved as follows. Set vy := vy,. If T is not a cluster, then it
must contain at least one line ¢’ on scale ny = n, so that if £ ¢ Pr and 6’ is the subtree with root line
¢" one has K(T) > K(§') > 2™ ~! while if £ € Pr then vy # vy (because ( = n — 1 and (, > n), so
that

1
jw - (e —v1)| < lw-ve| +lw-vi] < Jam, (W) < am,-1(w)

since both ¢, ¢, are on scale > n, and this implies K (T) > |vp — vq| > 2™~ If T is a cluster then
either (i) vy # v so that K(T) > |v—v| > 2™~ L or (ii) v; = v and there is a line £ € Py with ny = —1
so that K(T) > |vQ| = |v| > 2™~ 1, or (iii) v; = v and T is a self-energy cluster, otherwise there would
be a line ¢’ € Pr with vy = vy, which is incompatible with { <n — 1 and {p, > n.

Therefore, if K(T) > 2™»~1 the inductive hypothesis yields the bound ZZ®). If K(T) < 2m»~!
then T is a self-energy cluster (and hence v; = v). In such a case call #; the tree with root line /1;
by construction 9 (0) = 1+ 9°(#1). We can repeat the argument above: call £;,...,¢, the lines with
minimum scale > n closest to £; and 67, ..., 6/, the subtrees with root lines £}, ..., ¢, respectively. Again
the case ' = 0 is trivial. If 7/ > 2 then M2 (0) = 2+ M (0)) + ... + MA(0,) < 2+ 2= (M= () — 21 <
9~ (mn=3) i () — 2, so yielding the bound. Therefore the only case which does not imply immediately the
bound ([ZZH]) through the inductive hypothesis is when ¢; exits a subgraph 7" with only one entering
line £} on minimum scale > n. Set v} := vy and call 0] the tree with root line ¢j. As before we have
that either K(T') > 2m»~1 or T' is a self-energy cluster. If K(T") > 2™»~! then M2 (0) = 2 + N%(6})
and one can reason as before to obtain the bound by relying on the inductive hypothesis. If 7" is a
self-energy cluster then ¢; is a resonant line and 99 (6) = 1 4+ N2, (0]).

One can iterate again the argument until either one reaches a case which can be dealt with through
the inductive hypothesis or one obtains M2 (6) = 1 + N2 (0”), for some tree §” which has no line ¢ with
C¢ > n. Thus M2 (") = 0 and the bound [ZZH) follows. |
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2.2 Clusters, self-energy clusters and dimensional bounds

Lemma 2.2.5. For all e,u € {3,B}, n >0, k > 1 and for any T € S,
K(T) > 2™ 1 and M3(T) < 2= =3) K(T)) for all 0 < p < n.

with ¥ (T') # 0, one has

,€

Proof. Consider a self-energy cluster T € thu,e. First of all we prove that K (T) > 2™»~!. Indeed T
contains at least one line £ on scale n. If £ € L(T)\ Pr then K(T) > |v,| > 2m»~! while if £ € Pr then
vy # vy, (otherwise T" would not be a self-energy cluster). But then K(T') > [vy—vy | > 2mn—1 a5 both
0,0, are on scale > n. Define C(n,p) as the set of subgraphs T of 6 with only one entering line ¢, and
one exiting line ¢z both on minimum scale > p, such that L(T') # () and ny < n for any line ¢ € L(T).

We prove by induction on the order the bound
Me(T) < 27" K(T) (2.2.7)

for all T' € C(n,p) and all 0 < p < n. Consider T' € C(n,p), p < n: call 41, ..., ¢, the lines with minimum
scale > p closest to £7. The case r = 0 is trivial. If » > 1 and none of such lines is along the path
Pr then the bound follows from ([ZZH). If one of such lines, say ¢, is along the path Pr, then denote
by 6o, ..., 0, the subtrees with root lines /o, ..., ¥4, respectively, and by 77 the subgraph with exiting
line /1 and entering line £7,. One has M3 (T) < 14 MNp(T1) + Np(02) + ... + N5 (6,). By construction
Ty € C(n,p), so that the bound ([ZZT) follows by the inductive hypothesis for r» > 2.

If » = 1 then call Ty the subgraph with exiting line /7 and entering line ¢;. By reasoning as
in the proof of Lemma EZZ4] we find that either K (Tp) > 2"~ ! or Tp is a self-energy cluster. Since
NS(T) < 1+93(T1), if K (Tp) > 2™~ the bound follows once more. If on the contrary Ty is a self-energy
cluster we can iterate the construction: call £, ..., ¢, the lines with minimum scale > p closest to ¢;. If
either 7" = 0 or no line among ¢/, ..., ¢
line, say ¢} is along the path Pr, and r’ > 2 one has M3 (T) < 2495 (T7) +N3(05) +. .. +913(6,,), where
T7 is the subgraph with exiting line £ and entering line £/, and hence M3 (T") < 2 + 2= =3) K (T') — 2,
by the inductive hypothesis, so that ZZ7) follows.

If v’ = 1 let T} be the subgraph with exiting line ¢, and entering line ¢;. If K(T3) > 2™ ~! then
the inductive hypothesis implies once more the bound [ZZT), while if K(T}) < 2™ ~! then, by the

, is along the path Pr,, the bound follows easily. Otherwise if a

same argument as above, T{) must be a self-energy cluster, so that ¢; does not contribute to 9 (T), ie.
M (T) < 1+My(T7') where T{' is the subgraph with exiting line ) and entering line £7.. Again we can
iterate the argument until either one finds a subgraph T” with K(T”) > 2™ ~! so that the inductive
hypothesis compels the bound ZT) for T', or one obtains 5(7T) < 1+ N,(T") for some subgraph 7"

which has no line on minimum scale > p, so that 95(7T") < 1. ]

Remark 2.2.6. Inequality (ZZ3]) has been repeatedly used in the proof of both Lemmas EZZ7] and
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Proof of Theorem L1l

Actually the proof works — as one can easily check — under the weaker condition that

amne (w)
32

amn[—l ((.4))

<l|w- v <
|w - vy 1

(2.2.8)

as long as ¥y, (w - vy) # 0. This observation will be used later on.

The key point in the proof of the two lemmas above is that in order to have a non-resonant line
¢ € L(#) with large scale (hence with large propagator) the subtree 6, ‘preceding’ ¢ (i.e. the subtree
whose nodes and lines are the nodes and lines of 6 preceding ¢) must be such that K (6,) is large: this
suggest us to control the product of the propagators of the non-resonant lines with the product of the

node factors of the nodes preceding such lines. More precisely we have the following result.

Lemma 2.2.7. For any tree 0 € Oy, ., and any self-energy cluster T' € &k . denote by Lyg(h) and

n,u,e

Lng(T) the sets of non-resonant lines in 6 and T respectively, and set

Y Nr(0 < H F, )( H gz>,
vEN(6 teLyr(0)

Y Nr(T < I1 = >< 11 gz>,
veN(T) LeLyr(T)

Then

4 0)| < che8IvI/2 2.2.9a
| V' nr(O)] < cf ,
| Nr(T)| < che SR T/2) (2.2.9D)

for some positive constants c1,c.

Proof. We first prove (22Z9al). One has

I e 0() ™ = () I ()™

LeLnr(9) n>0 n>no+1

4k—2 2—(mn73)K(9)
< 16 H ( 16 )
amno (w) n2n0+1 amq (w)

< D(no)*~?exp(&(no) K (9)),

with

D(no) = —— (no) =8 > o 108



2.8 Cancellations and convergence

Then, by Hypothesis B one can choose ng such that {(ng) < £/2, so that, since

[T 17 < Cle <,

veN(0)
(see the proof of Lemma T3] the bound (ZZ3al) follows. To obtain ([Z29H) one can reason in the
same way, simply with T playing the role of 6. [ |

What emerges from Lemma 227 is that, if we could ignore the resonant lines, the convergence of
the series ([CIY) would immediately follows. On the contrary, the presence of resonant lines may be
a real obstruction for the convergence: indeed if ¢ is a resonant line, both the self-energy cluster T
which ¢ enters and the self-energy cluster 7" which ¢ exits may be on scale n < n, and hence the factor

—2" coming from the product of the node factors of the nodes in T, 7" is not enough to control the

~e
propagator G, for which we only have the bound 16/ U, (w). Moreover in principle a tree can contain
a “chain” of self-energy clusters (see Section for a formal definition) and hence of resonant lines
which implies accumulation of small divisors. Therefore one needs a ‘gain factor’ proportional to w - vy

for each resonant line ¢, in order to prove the convergence of the power series ([LIJI).

2.3 Cancellations and convergence

Here we shall see that, for the system ([LI.I4]) and under Hypothesis B, there are suitable “cancel-
lations” which allow us to prove the convergence of the series (LTH) and hence Theorem [CTI1

First of all we note that if T is a self-energy cluster, we can (and shall) write ¥(T)) = ¥ r(w - vy )
to stress the dependence on vy, — see Remark

Remark 2.3.1. Write ¥ r np(w - vy ) == V' Nr(T ) By using Remark one can show that also
&V 1 nr(rz) admits the same bound as ¥ yg(x) in @ZAH) for j = 0,1,2 and 7 € [0,1], possibly
with a different constant cp. This will be used later on (1n Appendix [A]).

For all £ > 0, define

Mu{ge)xn Z”f/T :ZM(k

TeSE . p=—1 (2.3.1)
MF)(z) := lim M(Ifg(x,n)

Remark 2.3.2. One has
0 0 0
M)y (,n) = M (w,n) = MYy(x,n) =0,

O o 0 (2.3.2)
5.8(%,n) = wy(Bo), Mﬁﬁ(.%' n) = 0g0p fo = —Mp g(z,n),



Proof of Theorem L1l

for all n > —1 and all z € R.

Lemma 2.3.3. For all k > 1 one has

M)+ Y M%(O)%@Bé’”):& (2.3.3a)
k1+ko=k

MpO) + > MER(0)95,B5™ =0, (2.3.3b)
k1+k2 k
k k

Mizh(0) = =Mz (0). (2.3.3¢)

Proof. Both (Z33al) and (2.330)) follow from the fact that

95, T = + > ME(0)95,B8, (2.3.4a)
k‘l-i-k‘g k

05, B = + > MED(0)9s,BS, (2.3.4b)
k1+ko=k

which can be obtained as follows. First of all let us write

O | D 7O = D D s H For [IRAR (2.3.5)
€Ok 0,1 0€Ok 0,1 vgN(G) v EN LeL()

v= o' #v
where we have used the fact that #/(0) depends on 3y only through the node factors of the nodes with
k, = 1. Each summand in the r.h.s. of Z33) differs from 7/(#) because we applied a further derivative
(with respect to ) to the node factor of a node v € N(#). This can be graphically represented as the
same tree 6, but with a further line ¢ (carrying a 0-momentum) entering the node v, and hence can
be seen as a subgraph S of some tree. If there is no line with 0-momentum on the path P(fy,¢’), then
¥ (S) is a contribution to ./\/lg;)ﬁ(O) Otherwise let ¢ be the line on P({y, ') with vy, = 0 which is closest
to £y i.e. such that vy £ 0 for all " € P(ly,¢). Call T the subgraph between ¢y and ¢ and note that,
by the constraints on the labels, hy = B. Call also S’ the subgraph between ¢ and ¢'. Then ¥(T) is a
contribution to Mgig))( ) while #/(S’) is a contribution to dg, B, B¥9) On the other hand it is easy to

realise that each contribution to
Z M(k‘l 6 B(k‘z)
k:l-i-k‘g k

is of the form described above and hence (344l is proved. To obtain ([Z3.40)) we can reason analogously.
Therefore ([233al) and [233D) follow from the fact that @gk) = 0 by construction while ng) =0 by
Hypothesis B
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2.8 Cancellations and convergence

To obtain (2233d) one can reason as follows. For any self-energy cluster T', denote by N(T) the set
of nodes v € N(T') such that ¢, € Pr U {lr} and the line ¢, € Pr U {¢/-} entering v has component
he = hy,. Let T € 6275,6 and consider the self-energy cluster 7" € GZ,B,B obtained from T" by changing
all the component labels of the lines in PrU{lr}U{¢.} and reversing their orientation; in particular the
entering line ¢/ of T becomes the exiting line ¢7v of T and, vice versa, the exiting line ¢7 of T' becomes
the entering line ¢, of T". Since the external lines ¢/, {7, ¢/, and {7 carry the same momentum v, any
line ¢ € Py has momentum v” = v — v/ if v/ is the momentum of the corresponding line in Pr so that,
when computing at v = 0, the corresponding propagator changes sign (see ([ZZ2) and recall that n, > 0
for all £ € Pr). Moreover, for any v € N(T') the node factor F, changes sign when regarded as a node
in N(T"), see (ZI4). All the other factors remains the same i.e. we can write ¥ 7(0) = A(T) ¥ (Pr)
and ¥ (0) = A(T") ¥ (Pr), where

¥V (Pr) = < H .7-'v> ( H Gy (w - Vz))
veN(T) LePr
and analogous for ¥ (Pr), while 2(T) = A(T"). Now, one has
II »=c1] #»
vEN(T) vEN(T")

with ¢ = £1. If 0 = 1, then |N(T)| = |[N(T")| is even and hence there is an odd number of lines in
Pr. If on the contrary o = —1, then there is an even number of lines in Pr. In both cases the assertion

follows. .

Lemma 2.3.4. For all k > 1 one has

3:1:/‘/‘%,)5(0) = @:Mgﬁg(o) =0, (2.3.6a)
9 MY (0) = M5 (0). (2.3.6D)

Proof. One reason along the same lines as the proof of ([Z33d) in Lemma Let T' € Gﬁﬁ, g and
consider the self-energy cluster 7" € 65%/1 p obtained from T by changing all the component labels of
the lines in Pr U {¢7} U {¢/-} and reversing their orientation. The derivative 9, acts on the propagator
on some line ¢ € Pr. After differentiation, when computing the propagators at z = 0, any line ¢’ € Py
turns out to have momentum v/ = —v, if v is the momentum of the corresponding line in Pr and
the corresponding propagator changes sign, except the differentiated propagator 9,Gy, (w - 1/2 + x){xzo,

which is even in its argument. Moreover, for any v € N(T') (we use the same notations as in the proof
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Proof of Theorem L1l

of Lemma 2233 the node factor F, changes sign when regarded as a node in N (7”), while all the other
factors remains the same. If [N(T)| = |N(T")| is even (resp. odd) then there is an even (resp. odd)
number of lines in Pr, but, as we said, the differentiated propagator does not change sign. Therefore
the two contributions have the same modulus but different signs, so that, once summed together, they
gives zero. Therefore (ZZ36al) is proved.

To prove (236D reason as in proving ([Z33d): the only difference is that, as in the previous case,
the differentiated propagator does not change sign, so that the two contributions are equal to (and not

the opposite of) each other. [ |

Remark 2.3.5. Note that the Hamiltonian structure is fundamental in order to prove both the identity

(Z33d) and the identities [Z3.0).

Given p > 2 self-energy clusters T1,...,T), of any tree 6, with ﬂfi ={r,, fori=1,...,p—1and
Oy, Eﬁ[p being non-resonant, we say that C' = {T1,...,T,} is a chain. Define {o(C) := {r, and (;(C) = {7,
for i =1,...,p and set n;(C) = ng,(c) for i = 0,...,p; we also call k(C) := k(T1) + ...+ k(T}) the total
order of the chain C' and p(C) = p the length of C. Given a chain C' = {T7,...,T,} we define the value
of C' as

Vo) =[] 7). (2.3.7)
=1

We denote by €(k;h,h';ng,...,ny) the set of all chains C' = {T1,...,T,} with total order k and with
fixed labels hy oy = h, b,y = I’ and n;(C) = n; for i = 0,...,p.

Remark 2.3.6. Let ¢ be a resonant line. Then there exists a chain C' such that ¢ = ¢;(C) for some
i =1,...,p(C) — 1. If there exists a minimal self-energy cluster T' containing ¢, then 7' contains the
whole chain C and all lines ¢,(C), ..., ¢,(C) (this follows from the fact that, by definition of self-energy
cluster, v # 0 for all ¢ € Pr). In particular L(T') contains the two non-resonant lines £5(C) and £,(C),
with g ) = C,(c) = Ce-
Lemma 2.3.7. Forallp > 2, allk > 1, all h, i € {3, B} and all g, ..., 7, € Zy such that Vg, (x) # 0,
1=20,...,p, one has

> ¥ o(z)| < BF|xP, (2.3.8)

Ce&(k;h,h';ng,....,np)

for some constant B > 0.

The proof is rather long and technical, so that we prefer to perform it in Appendix [Al
The bound (Z3]]) provides exactly the gain factor which is needed in order to prove the convergence

of the power series. Indeed given a tree €, sum together the values of the trees obtained from 6 by
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2.8 Cancellations and convergence

replacing each maximal chain C' (i.e. each chain which is not contained inside any other chain) with any
other chain which has the same total order, the same length, the same scale labels associated with the
lines ¢ (C), ..., ¢,(C) and the same component labels associated with the lines £o(C') and £,(C'); in other
words, if C' € €(k;h,h'; 7, ..., 7p) for some values of the labels, sum over all possible chain belonging
to the set €(k; h, h'; T, . .., M,). Then we can bound the product of the propagators of the non-resonant
lines outside the maximal chains thanks to Lemma 225 while the product of the propagators of the
lines ¢1(C),...,¢,—1(C) of any chain C' times the sum of the corresponding chain values is bounded
through Lemma [Z37 Therefore Theorem [LT] follows.

Remark 2.3.8. We obtained the convergence of the power series (LTH) for any Gy and any e small
enough. Thus the solution turns out to be analytic in both ¢,3;. Moreover, since the solution is
parameterised by By € T, in that case the full resonant torus survives. Of course, such a situation is

highly non-generic and hence very unlikely.

25






3. Proof of Theorem

In this Chapter we shall prove Theorem [LT2l The main problem is that if the system is not
Hamiltonian, then there is no reason for the symmetries (Z33d) and (Z30) to hold. Moreover in
order to obtain (Z33al) one needs Hypothesis Bl while in Theorem we assume Hypothesis Bl so
that Hypothesis Bl is obvioulsy not satisfied. Unfortunately the symmetries (33d) and (230]) and the
identity (Z33al) are fundamental in order to obtain the ‘gain factor’ proportional to the propagator
of the resonant lines: indeed we are not able to provide any gain factor for the case considered here.

Therefore we shall use a different approach.

3.1 Preliminary (heuristics) considerations

Let us come back to the range equations (LZJ]) and start by looking for a quasi-periodic solution

which can be formally written as

B(t;e, B0, Bo) = Bo + bltie, fo, Bo) = fo + " > i (6o, Bo),

k>1  vezd

B(t;e, o, Bo) = Bo + B(t;, 80, Bo) = Bo+ »_&* Y B By, Bo),
k>1 vezd

(3.1.1)

where a different notation for the Taylor coefficients has been used with respect to (L) to stress that

now we are considering By = By as a parameter. If we define recurively for k > 1 and v € Z¢

b (B, Bo) := &5 (8o, Bo),

3.1.2
Bl{/k}(ﬁ07BO) = FI{Jk}(/307BO)7 ( )
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Proof of Theorem [L T2

where we have set

o (8o, Bo) =Y iano(Bo) > > HB{k} (B0, Bo)

s>1 vi+.. +Vs vk +..Fks=ki=1
V,'EZ ki>1

+ Z Z Z pliq!gga%FVo (60, BO)

s>1 p+q=s vo+...+vs=v
VoEZd V¢€Zd

x> Hb{k} H B (6o, Bo). (3.1.3)

k1+..+ks=k—11=1 i=p+1
ki>1

(30, Bo) : Z Z Z ]ﬁ%@%GVO(ﬁo,Bo)

s>1 p+q=s vo+...+Vs=v
VoEZd V¢€Zd

Y TTE GBo) T B (e B,

k1t +ks=k—1i=1 i=p+1
ki>1
for all £ > 1 and all v € Z%, then ([BII]) turns out to be a formal solution to the range equations ([CZI)
(this can be proved essentially as in Lemma once one has written such coefficients as a “sum over
trees” — see below). Note that we can see the formal expansion (CIU) as obtained from BIII) by
solving the bifurcation equation (CI.8d) and further expanding By = Bg(¢, bo)-

We can represent the coefficients b,{,k} (6o, Bo), B,{,k}(ﬂo, By) as a “sum over trees” similar to the one
in Chapter % of course there are some differences between the two representations: for instance there
should be no line £ with 0-momentum since the subtree with root-line £ represent a contribution to Byg.
More precisely, given a tree § we associate with each node v a mode label v, € Z%, a component label

» = 3, B and an order label k, = 0,1 with the constraint that k, = 1 if h, = B. With each line ¢ = ¢,
we associate a component label hy = h,, a momentum label v, € Z? with the conservation law &1
and a scale label ny € Z,. We still call order of any subgraph 7' the number [ZI2)) and still denote
by ©p...5 the set of trees with order k, total momentum v and total component h although they have
different constraints on the labels.

If we associate with each node v a node factor

(

z 'q 05O Fu, (B0, Bo),  hy =B,k =1,

Fy = ]:v(ﬁO,BO) = q—aqvwo(Bo), h, = ﬁ, k, = 0, (314)

Dy 'q '81%8% uv(ﬁmBO)y hv = Bakv = 1.
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3.1 Preliminary (heuristics) considerations

and a propagator
Tl ) -y,
G, = w - Yy (3.1.5)

L t=ly,

with the functions ¥,,(z) defined as in § Z2and define the value of 6 as in [ZT8), then it strightforward

to see that
(iw - )0 (6o, Bo) = Z 7 (0

06@]@ v,

(iw - 1) B (B, By) = z (0

geek v,B

(3.1.6)

We define clusters as in § while we slight change the definition of self-energy clusters to take into
account that now there is no line with 0-momentum. Namely a self-energy cluster is a cluster 1" with

the

only one entering line ¢/, and one exiting line ¢7 such that vy = Vop. Again we denote by &k e

set of self-energy clusters 1" with order k, scale n and such that hy, = u, hng = e (with some abuse of
notation). Call “resonant line” any line exiting a self-energy cluster; then one can adapt all the results
in § T and to the present case. Unfortunately, as we said, we are not able to provide any gain
factor for the resonant lines (which in turn would imply the convergence of the series). Therefore we
try a resummation procedure which can be roughly described as follows.

If we take the “tree expansion” in the r.h.s of ([BI6), we can distinguish between contribution in

which the root-line is resonant, that we can write as

Dres,  VTW V) Ypegy  Vrlw-v)

n,o, n,B, {k}
wor” ok <buk (Bo, Bo) ) 7 (3.1.7)
ZTGG’“/ 7/T(‘*’ V) ZTG@ZIB . Vo(w-v) | \ B (6o, Bo)

k’<k k' <k

from the others. If we shift (BI7) to the L.h.s. of BIH), sum over k and set

Yreet VW V) Yreer , Vr(w V)

Mw-v,e):=) & , (3.1.8)
;21 ZTee’;B’ﬁ Vr(w-v) ZTGG'E,B,B Vr(w-v)
we obtain formally
. bu(Bo, Bo) % Zee@* 7/(9)
((iw-v—Mw-v,e))) = : (3.1.9)
o o <Bv(ﬁ0’ BO)) 1;6 >ocor V(0)

k,v,B

where we denoted by ©7 ,,; the set of trees with order k, total momentum v and total component h,

whose root-line is non-resonant.
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Proof of Theorem [L T2

This suggests us that if we replace the “propagators” G,1 with the matrix ((iw-v)1—M (w-v,¢))~! we
obtain a “tree expansion” in which the self-energy clusters (and hence the resonant lines) are not allowed.
The problem in proceeding this way is that M (w - v,¢) is itself a sum over self-energy clusters which
in principle contain other self-energy clusters, and hence we cannot find ‘good bounds’ for M (w - v, ¢).
To deal with such a difficulty we should start with the momenta v such that ¥o(w - v) # 0, then pass
to those such that ¥y (w-v) # 0 and so on. To simplify the exposition let us write ug +u = (5o, Bo) +
(b(t;e, o), B(t;e, By, Bo)) and say that a vector v € Z2 is on scale n if [w - V| € [am, (@), ., (@))
with oy, (w) defined as in § Let us write

u = Z u[n}’ u[n} — Z eiu~wtu’[:l] (3110)

n>0 vezd
v on scale n

and assume that w2+l = sznH ul™ is small with respect to ul=" := u — w21, If we denote
P(u) = (eF(up + u),eG(up + u)) we can write for v on scale 0
(iw - w)ug) = P(uo) + 37 P (o), +O(ul)
' c7d
v . - (3.1.11)
= Py(uo) + Foluo)uy’ + Y Pl (uo)uy +O(ull?),
v eZi\{v}

for some norm | - |. Note that M_; o(ug) := P}(up) is the 2 x 2 matrix whose components are the

self-energy clusters on scale —1. Since P, ~ e "=V we can shift M,LO(uo)u,[?] in the Lh.s. of

BIII) and write
((iw-v)1 — M71,0(u0))u,[9] = P,(ug) + Qo(ulZY) + corrections, (3.1.12)

for suitable Qq. If the operator with kernel (iw - v)1 — M_ o(ug) were invertible with ‘good bounds’
on its inverse we could apply some implicit function theorem in order to obtain u[% = [0 (u[zl}): since
det(M_10) — 0 as ¢ — 0 we can assume that € is so small that this can be done. Then we pass to the

equations for ul!l which can be written in the form

(iw - vyub = P, (ug + ul(0)) + 3 Mo (up +ul(0)ul>" + O(ul2V)?)

v'ezd
= P, (up + ul%(0)) + Mo . (uo + ul®(0)ubl+ (3.1.13)
+ Y Moww(uo+ u )l + O(ul=V ),

v'ezZd\{v}
where Mo (ug + u%(0)) := P’ (up + ul?(0))(1 4+ dul’(0)); if instead of the “propagators” 1/(iw - v)1 we

use ((iw- )1 —M_q(ug))~", we can regard Mo, (up+ul%(0)) as the 2 x 2 matrix whose components
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3.1 Preliminary (heuristics) considerations

are the sums of the values of all self-energy clusters on scale 0 which do not contain any self-energy
|

cluster. Under the assumption that u[% is well defined, Lemma P27 suggests that Moy ~ e lv—v

so that we write
(lw-v)L — Mopp(uo + u[o}(O)))uB} = P, (up +u0)) + Q1 (u=?) + corrections, (3.1.14)

for suitable Q1. Again if the operator with kernel (iw - )1 — Mo, (ug + ul%(0)) were invertible with
‘good bounds’ on its inverse, we could reason as done for ul% and obtain ul!! = ul!(u[=?); moreover we
would like to iterate the procedure.

The problem is that, as the scale increases |w - v| gets smaller and smaller while, defining M,, (ug +
ul="(0)) == P'(up + ul="(0))(1 + 9ul=")(0)), we only know that det(M,, ) — 0 as e — 0, so that
for certain n it can happen that | det((iw - )1 — My, 4 (uo + ul=7(0)))] is “too small”. However if we
assume that the iteration can be performed, and this turns out to be the case if we assume a bound like
(w-v)?

2

| det((iw - )1 — My, 00 (uo + ul="(0)))] > (3.1.15)

for all n > 0 and all v on scale n, then one can prove
M (ug +ul="(0))) = My,0,0(uo + ul="(0))) + Dy (ug + ul="(0)))(w - v) + Ofelw - v[?) (3.1.16)

where the matrix D, (ug + u[™(0))) has purely imaginary entries, so that assuming B-LIH) is tanta-

mount to require
(w-v)?

|(w - v)? — det(My,0,0(uo + ul="(0)))] > 5 (3.1.17)
for all n > 0 and all v on scale n; moreover we can prove the remarkable identity
M, 0.0(uo + ul=(0)) = [0P(ug 4 u) (1 + dyyu)]o + O(e™2"). (3.1.18)

On the other hand, the matrix [0P(ug + u)(1 + Jy,u)]o has the form (assume ky = 1 in Hypothesis H
for simplicity)

< O(e) wy(Bo) + O(€)> (3.1.19)

05TV (B0) +0()  0(e)
so that Hypothesis Bl ensures det([0P(ug +u)(1 + yyu)]o) < 0 for ug close enough to (3,, Bo). In other
words (BLIF)), (B119) and Hypothesis @l would imply the bound (BZLT7) and hence BITIH). Of course

we cannot proceed in this way, so that the idea is to add a cut-off

0, if (iw - v)1 is “too close” to My, ¢.0,
£, = (3.1.20)
1, if (iw-v)1 is “far enough” from M,, ¢,
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Proof of Theorem [L T2

in order to recursively define for all n > 0
ﬁkﬂ = ((iw : V)]l - Mvn—l,u,ufn—l)il |:Pu(u0 + u[gnil} (O)) + én(u[szrl])] ’ (3'1'21)
for suitable Q,,, where M,, := P’ (ug + al="(0)) (1 + 9al="(0)). Of course the well defined function

a=Ya, = S everg, (3.1.22)

n>0 vezd
v on scale n

may no longer solve the range equation: it happens only if one can prove &, = 1 for all n > 0. As we
shall see, this can be made possible by suitably choosing the parameter ug. In what follows we shall

make this procedure more precise.

3.2 Resummed series

To take into account the considerations in § Bl we perform a “tree expansion” different from both
the one in Chapter Pl and the one at the beginning of § Bl

More precisely, given a tree 6 we associate the labels with the nodes and the lines of 6 as follows.

With each node v € N () we associate a mode label, a component label and an order label as in §
1, while with each line ¢ = ¢, we associate a pair of component labels (es,uy) € {3, B}?, with the
constraint that uy = h,, and a momentum v, € Z<, except for the root line which can have either zero
momentum or not, i.e. vy, € 7. For any line ¢, we call e; and uy the e-component and the u-component
of ¢, respectively.

We denote by p, and g, the numbers of lines with e-component 3 and B, respectively, entering the
node v, and set s, = p, + ¢. If ky, = 0 for some v € N(0) we force also h, = 3, p, =0 and ¢, > 1.

We still impose the conservation law

v=> v (3.2.1)

v=<£l

and still call order of any subgraph T of a tree # the number
ET)= > k. (3.2.2)
veEN(T)

Finally, we associate with each line ¢ also a scale label n; as in § 22k note that now one can have
ngy = —1 only if £ is the root line of 6.
We do not change the definition of cluster given in § Z2 while, from now on, a self-energy cluster is

a cluster T'such that (i) 7" has only one entering line £7. and one exiting line 7, (ii) one has vy, = vy,
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3.2 Resummed series

and hence

> w=o (3.2.3)

We shall say that a subgraph T constituted by only one node v with v, = 0 such that v has only one
entering line is a self-energy cluster on scale —1. Note that if a self-energy cluster is on a scale n > 0

then |[N(T')| > 2 and k(T') > 1, as is easy to check.

A left-fake cluster T on scale n is a connected subgraph of a tree 6 with only one entering line ¢/,
and one exiting line ¢z such that (i) all the lines in T" have scale < n and there is in T at least one line
on scale n, (i) ¢ is on scale n + 1 and {7 is on scale n, and (iii) one has vy, = 7 Analogously a
right-fake cluster T on scale n is a connected subgraph of a tree 6 with only one entering line ¢/, and
one exiting line ¢7 such that (i) all the lines in T have scale < n and there is in T at least one line on
scale n, (ii) ¢/, is on scale n and {7 is on scale n + 1, and (iii) one has vy, = vy . Roughly speaking,
a left-fake (respectively right-fake) cluster T' fails to be a self-energy cluster (or even a cluster) only

because the exiting (respectively the entering) line is on scale equal to the scale of T'.

A renormalised tree is a tree in which no self-energy clusters appear; analogously a renormalised
subgraph is a subgraph of a tree # which does not contains any self-energy cluster. Note that if T is
a renormalised self-energy cluster and N(T') > 2 then k(T') = 2; moreover the bound }_,cn(p) sv <
4k(T) — 2 < 4k(T) provided by Lemma ZTT holds also for any renormalised subgraph T' of any tree 6

with the new constraints on the labels.

Given a tree 6 we call total momentum of # the momentum associated with £y and total component
of 0 the e-component of £y. We denote by @Z}Mh the set of renormalised trees with order k, total
momentum v and total component h; the sets of renormalised self-energy clusters, renormalised left-
fake clusters and renormalised right-fake clusters 7" on scale n such that u,, = v and ep, = e will be

denoted by Ry, u.e, L8n,u,e and RFy e, respectively.

For any § € ©OF , we associate with each node v € N(6) a node factor

(1
ol 'agvangyv(ﬁo,BO), hy = B, ky =1,
1
Fo = FulBo, Bo) := 0" wo(Bo). ho = B, ks =0, (3.2.4)
1
D 'q lagvag)GVv(/BoaBO)7 hv = B, kU = 1.
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Proof of Theorem [L T2

With each line ¢ = ¢, we associate a propagator gé%z (w - vy; €, By, By) formally defined recursively as

gg?]ﬁ(x;87ﬁ0730) gg,L]B(x;EwBO7BO)
g[n} (1’7 g, /807 BO) -

ng,}ﬁ(QU;EaﬁoaBO) ggb,}B(%a?ﬁO?BO) (3:25)
= U, (x) <(ix)]l — M (256, B, Bo)) o
where 1
M (52, 8o, Bo) i= 3 xgl@) M (w32, o, Bo), (3.2.6)
g=—1

where, for n > —1, M (x;€, Bo, Bo) is the 2 x 2 matrix

MY (w52, B0, Bo) M (x:e, Bo, Bo)
MP (e, By, Bo) := : (3.2.7)
Mgi}g(ﬂ?;&ﬁo,Bo) ML (w:e, Bo, Bo)

with (formally)

Ml (xie, 0, Bo) = Y, DV p(wie, B, Bo), (3.2.8)
Temn,u,e

the functions V¥, x,, defined as in § 22 and ¥ p(z;e, By, By) is the renormalised value of T, defined as

7/ (.%' £ ﬁQ,BO ( H f)( H Qg”w w-Vg;E,ﬁo,B0)>. (3.2.9)

vEN(T) e L(T)

Note that, differently from Chapter B here ¥ depends on ¢ — because the propagators do —; on
the other hand it depends on r = w - v, only through the propagators associated with the lines ¢ € Pp

(see Remark ZZ23)).
Set M := { M (z; g, 00, Bo) }n>—1. We call self-energies the matrices MM (z; ¢, By, By).

Remark 3.2.1. One has

-1
0eGLh ;€. o, Bo) = <g["](ﬂ?;&ﬁo,Bo)acM["_l](x;&ﬁo,Bo) ()1 = MI = (as2, Bo. Bo) )

)

for both ¢ = [y, By.

Setting also G[~U (0;¢, 8o, Bg) = 1, for any subgraph S of any 6 € @ij,h define the renormalised

value of S as

¥ (S;¢, B0, Bo) : ( 11 f)( IT gl w'Vz;e?,ﬂo,Bo)). (3.2.10)

vEN(S) LeL(S)
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3.2 Resummed series

Note that, differently from Chapter Bl here the value of a tree depends on both By, Fy; moreover it

depends on such parameters also through the propagators.

We define
b, B0, Bo) = Y V(6:e, Bo, Bo),
USCH
(3.2.11)
(8 ﬁ07BO Z 7/ 0 € ﬁ07BO)
eeegju B
for any v # 0, and
o (. o, Bo) - = Y Y8500, Bo),
0eOF
e (3.2.12)
0 (<, Bo, Bo) = Y Vl(b;e, 50, Bo).
06@]}’0’3
Set (again formally)
bR (tie, B0, Bo) i= ) e Y (e, Bo, Bo),
k>1 yeZd
(3.2.13)
BR(t;¢, o, By) : ZE Z e”’“’tB[ (e, Bo, Bo),
k>1  vezd
and
O (<3 o, Bo) - Zek‘@[k (¢, Bo, Bo), T (e; Bo, Bo) : Zﬁkf[ (¢, Bo, Bo), (3.2.14)
k>0 k>0

and define BR(t;e, Bo, Bo) = o + bR(t;e, Bo, Bo) and BR(t;e, Bo, Bo) = Bo + B (t;¢, By, Bo). Set also
@E;jh ={0 e G)Ewh :ng < n forall £ € L(f)}, and define

e’:‘ ﬁQ,BQ ZE Z “f/(e;E,ﬁo,Bo),

k>0 eeggo’ﬂﬁ

FRn E ﬁo,Bo Ze’:‘ Z “f/((g;a,ﬁo,Bo).

k20 gcory

(3.2.15)

The series (B2ZI3) and BZT) will be called the resummed series.

Remark 3.2.2. One has

€05, Fo (o, Bo) wy(Bo) + €0, Fo(fo, Bo)
M (e, By, Bo) = M (3¢, By, Bo) = ;
€05,Go (5o, Bo) e0p,Go (o, Bo)
where w)(By) # 0 for By close enough to By by Hypothesis Pl In particular M= (x;e, Bo, By) does not

depend on z and is a real-valued matrix.
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Proof of Theorem [L T2

Remark 3.2.3. If T is a renormalised left-fake (respectively right-fake) cluster, we can (and shall)
write ¥ (T'; e, Bo, Bo) = ¥ r(w - vy i€, Bo, Bo) to stress that the propagators of the lines in Py depend

onw-vy . In particular one has

> N p(wie, fo.Bo) = Y, MV p(wie, o, Bo) = M (wse, Bo, Bo).
Teggn,u,e Temgn,u,e
For any renormalised subgraph S of any tree § we denote by 9, (.S) the number of lines on scale > n

in S, and set

K(S)= Y |l
Then we have the following results.

Lemma 3.2.4. For any h € {3,B}, v € Z%, k > 1 and for any 0 € @EMh such that ¥ (0;e, By, Bo)
0, one has N, (0) < 2=~ K () for all n > 0.

Proof. First of all we note that if 9¢,,(#) > 1, then there is at least one line ¢ with n, = n and hence
K(0) > |vp] > 2™~ (see Remark EZZZ)). Now we prove the bound 91,,(6) < max{?f(m"”)f((é?) —1,0}
by induction on the order.

If the root line of 6 has scale ny, < n then the bound follows by the inductive hypothesis. If ny, > n,
call £1,...,£, the lines with scale > n closest to £y (that is such that ny < n for all lines ¢/ € P(ly,¥;),
i=1,...,7). If r =0 then M,(#) = 1 and |v| > 2™ 1 so that the bound follows. If » > 2 the bound
follows once more by the inductive hypothesis. If » = 1, then #; is the only entering line of a cluster T’
which is not a renormalised self-energy cluster as 6 € 6;5,14 n» and hence vy, # v. But then

1
jw- (v —ve)| < lw- v +w-ve| < Jom, (W) < am,_pam (W) = am,-1(w),

as both £y and /1 are on scale > n, so that one has K(T) > |v — vy, | > 2™ ~1. Now, call §; the subtree
of # with root line £;. Then one has M, (0) = 1 + N, (#1) < 1 + max{2- "= K () — 1,0}, so that
N, (0) < 27 =2(K(9) — K(T)) <2~ (m=2K(9) — 1, again by induction. [

Lemma 3.2.5. For any e,u € {3,B}, n > 0 and for any T € R,y such that Vr(z;e, fo, Bo) # 0,
one has K(T) > 2™~ and M,(T) < 2" K(T) for 0 < p < n.

Proof. We first prove that for all n > 0 and all T' € R,, ,, ¢, one has K(T') > 2mn=l Tp fact if T € R ue
then T contains at least a line on scale n. If there is £ € L(T)\Pr with ny, = n, then K(T) > |y, > 27 ~!
(see Remark Z2Z7). Otherwise, let £ € Pr be the line on scale n which is closest to ¢.. Call T the

subgraph (actually the cluster) consisting of all lines and nodes of T preceding ¢. Then v, # Ve
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3.3 A suitable Ansatz

otherwise 7' would be a renormalised self-energy cluster. Therefore K (T) > |vp — vy | > 2mn =1 as both
0,0, are on scale > n.

Given a tree 6, call C(n,p) the set of renormalised subgraphs T' of § with only one entering line ¢/,
and one exiting line 7 both on scale > p, such that L(T) # 0 and ny < n for any ¢ € L(T'). Note that
Rpue CC(n,p) for all n,p > 0 and u,e € {By, By}. We prove that M, (T) < max{K (T)2~m»~2) —1,0}
for 0 <p <nandall T € C(n,p). The proof is by induction on the order. Call N(Pr) the set of nodes
in T connected by lines in Pr. If all lines in Py are on scale < p, then M,(T) = N,(61) + ... +9,(6,) if
01,...,0, are the subtrees with root line entering a node in N(Pr), and hence the bound follows from
(the proof of) Lemma BZ4l If there exists a line £ € Pp on scale > p, call T} and T3 the subgraphs of
T such that L(T) = {¢} U L(Ty) U L(T). Note that if L(Ty), L(Ty) # 0, then T},T> € C(n,p). Hence,
by the inductive hypothesis one has

N,(T) =1+ Ny (T1) + N, (To) < 1+ max{2- " DK (T}) — 1,0} + max{2~ "™~ K(Ty) — 1,0}.

If both M, (T1), N, (Ts) are zero the bound follows as K (T) > 2™»~1 while if both are non-zero one has
N,(T) < 27 =2 (K (T1) + K (Ty)) — 1 = 2" ~2 K(T) — 1. Finally if only one is zero, say M,(T}) # 0
and M, (Tz) = 0, then N,(T) < 2~ M=K (Ty) = 2=~ K(T) — 2= (m~2) K(T}). On the other hand,
in such a case 75 is a cluster and hence vy # vy, which implies K (Ty) > 2™»~1. The same argument

can be used in the case M, (T1) = 0 and N,(T3) # 0. |

Remark 3.2.6. Lemmas B2 and BZ20] are the counterpart of Lemmas P24 and adapted to the
present case and their proofs contain essentially the same ingredients. In particular, as in the proofs
of Lemmas ZZ7 and ZZ7 inequality (ZZ3)) is repeatedly used in the proof of both Lemmas above;

however, also in this case one can use instead (ZZH]).

3.3 A suitable Ansatz

Here we shall prove that, under the assumption that the propagators Qéni (w-v;e, By, By) are bounded
proportionally to 1/(w - )2, the series (B2ZI3)) converge and solve the range equations ([CZI): the key
point is that now self-energy clusters (and hence resonant lines) are not allowed and hence a result of
that kind is expected. Then, in the next section, we shall see that the assumption is justified at least
along a curve (f3y(g), By(¢)) satisfying also the bifurcation equations (CI8d) and ([LI.8d). We shall not

write the dependence on ¢, 3y, By unless needed.

Definition 3.3.1. We shall say that M satisfies property 1 if one has

\I’nJrl(x)

det <(i:c)]l — MM (x))‘ > Uy (2)22)2,
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Proof of Theorem [L T2

for allmn > —1.

Definition 3.3.2. We shall say that M satisfies property 1-p if one has

\I’nJrl(x)

det <(i:c)]l — MM (x))‘ > Uy (2)22)2.
for =1 <n <p.

Lemma 3.3.3. Assume M to satisfy property 1-p. Then, for 0 < n < p and € small enough, the

self-energies are well defined and one has

(2)] < Je| Kye K", (3.3.1a)
0 MIM(2)] < |e| Cre @™ j=1,2, (3.3.1b)

il

|2

for some constants K1, Ko, C1,C5,Cy and Cs.

Proof. We shall prove first (B3Tal) by induction on n. Let n < p and T € R;, 4, .. The analyticity of
F,G and wg implies that there exist positive constants Fy, F, £ such that for all v € N(T') one has

|Fy| < FFyve Sl

Note that

H o~ x€lwl — exp ( — %§K(T)) < exp < _ éé’an)7

veEN(T)

by Lemma B:Z0 Moreover by property 1-p and the inductive hypothesis, one has (for instance)

IN

n/ 2 7. n —
@) < = (Jiel + MG 5" @)])

n'—1

2 _Ko2™ _
5 (2l + P+ KLY 592 ) < o, ()72
q=0

IN

for all 0 < n’ < n and for a suitable constant 7y, where we used that any renormalised self-energy
cluster T' on scale > 0 has at least two nodes and hence k(T") > 2, and that there exists P; > 0 such
that ]./\/lq[;e”] < P; (see Remark BZZ2)). Of course one can reason analogously for ngg (x), Q][g%(x) and
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3.3 A suitable Ansatz

gglg(x) Hence by Lemmas and ZTT] (see the comments after (B223])) one can bound

(T 4k(T)—2 N(T)
(. o Y% __
IT gk, (w-vol <1 ( mq(w)2> = <amn0 (w)2> 11 (amq(W)2>

LeL(T) q>0 q>no+1

< 4k(T < 1/2 )2(mq3)K(T)
7o
QU (W Smot \ @ (w)

4k(T 1 1/2
<am ) eXP< K(T) Y go-log a:f(w)>
—2

<
q>no+1
<D exp(§(no) K (T)),
with
7o 1/2
D(ng) = —22— ¢(ng) =8 .
G T 3 e

Then, by Hypothesis [, one can choose ng such that {(ng) < /2. Furthermore, Lemma Tl ensures
also that the sum over the other labels is bounded by a constant to the power k(7T'), and hence one can

bound, for some positive constants C' and K,
M @) < D P rp@) < Y] efDCHDe KR < Y Tgfbohe KM (3.3.2)
TERN,u,e TERN u,e k>2

with Ky = Kj/2, then (B3Tal) is proved for € small enough. Now we prove ([B.3.1Dl), again by induction
on n. For n = 0 the bound is obvious. Assume then B3IH) to hold for all n’ < n. For any T' € R, 4,
such that #r(z) # 0 one has

0. Vr@@) =Y | TI #||0:60d, ) T] 6ot (w-ve)], (3.3.3)

LePr \veN(T) eL(T)\{¢}

Wherexg:w-ug:x+w-u?and

-1

9,61 () = %QW] (w-v) +x) = 0,7, (mg)<(ixg)]l — Mlre1] (.%'g))
— W, (w0) <(ix)]l — Mlre=1] (mg)> - (m — gy M1l (xg)) .

One has
By

0001, @) < o= (@0)| + Ot ()] < =,
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Proof of Theorem [L T2

for some positive constant By and, by [B3Jal), the inductive hypothesis and Hypothesis [I]

ny—1 ng—1
[0 ML (o) <Y 1 @exa () ML (0)| + Z |0 MU (2
q=0

< le[Bik1 Y |~ TR g0 Y e < e By,
q>0 O ( q>0

for some positive constant Bs. Hence the differentiated propagator 0, Qee W(xg) can be bounded by
Y1, (w)~* for some constant ;. Possibly redefining the constant 1, also the propagators of the lines
¢ # ¢ in B33) can be bounded by v, m,, (w)™*, and hence, at the cost of replacing the previous
bound Yoo, (w)~2 for the propagators Gl (x) with v, (w)™*

B3Tal) to obtain (B3JDH) for j = 1. For j = 2 one can reason analogously. |

, one can reason as in the proof of

Remark 3.3.4. From the proof of Lemma B33 it follows that if M satisfies property 1-p the matrices
Ml(z) and GIY)(z) are well defined for all —=1 < n < p. In particular there exists 9 > 0 such that
|g£f‘i(x)| < 40 O, (w) 72 for all 0 < n < p. Moreover if M satisfies property 1, the same considerations
apply for all n > 0.

Lemma 3.3.5. Assume M to satisfy property 1-p. Then one has
M (—z) = MM (z)* (3.3.4)
for all =1 < n <p.

Proof. We shall prove the result by induction on n. For n = —1 the result is obvious; see Remark
Assume ([B34) to hold up to scale n — 1. Then, by definition, one has also Gl7(—z) = Gld(z)*
for all 0 < ¢ < n. For any renormalised self-energy cluster T' contributing to M ™ (x), consider the
renormalised self-energy cluster 7" obtained from T by replacing the mode labels v, with —v, and
changing the sign of the momentum of the entering line. Then the node factors are changed into their
complex conjugated, and this holds also for the propagators because of the conservation law (BZTI).

Then ¥ 7(—x) = ¥ r(x)*. This is enough to prove the assertion. ]

Lemma 3.3.6. Assume M to satisfy property 1-p. Then, for 0 < n < p and € small enough, one has

M () — MEY0) — 2 0, ML(0)] < |e] Ky o2 22 (3.3.5)

u,e u,e
for some constants K3 and K.
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3.3 A suitable Ansatz

Proof. For 22 > |¢| the bound follows trivially from Lemma B33t thus, we may assume in the following
2?2 < |e|. Consider a self-energy cluster T' whose value ¥ 7(x) contributes to Mq%(x) through BZF)
and set Ar(z) = ¥ r(z) — ¥ 1(0) — 0, ¥ 1(0). Define also

n=min{n € Z; : K(T) <2™"}.

Let us distinguish between the two cases: (a) 2™"~! < K(T) < 2™7 and (b) 2™mn-1 < K(T) < 2mn—1,
In case (a), if . (w) < 4]x| then one can bound |Ar(z)| < | ¥ r(z)| + | ¥ 7(0)| + |x 0z ¥ 17(0)]. As
soon as ¥y, (w-vy) # 0 for all ¢ € L(T), by (the proof of) Lemma B33 - see in particular (B32) — each
contribution can be bounded as
(e[ F(T) g KoK (T) < || R(T) (kg (Ko /DK (T) g ~(o /2277

< \a]k(T)Cke_(KO/Q)K(T)amﬁ(w)Q <16 1’2’€‘k(T)Cke_(KO/4)2mn ’

possibly redefining the constants C, Ky. If on the contrary o, (w) > 4|z|, one can reason as follows.
For any line £ € L(T) one has |[v)| < K(T) < 2™ and hence |w - ¥9| > - (w). Then for all 7 € [0,1]

) 3
Z‘w-u?{ > {w-u2{+|x| > {w-u?%—m;‘ > ‘w-ug{—|x| 21‘(.‘)-1/2{.
In particular (5/4)|w - | > |w - vy > (3/4)|w - VY| and therefore
1
2w vyl > |w v + 72| > 3 |w - vy (3.3.6)

This implies that the sizes of the propagators in ¥ p(7x) ‘do not change too much’ with respect to
¥ r(x): in particular [ZZ3)) yields the bound [ZZR) and hence, by Remark B2Z6, Lemmas B2 and
still hold, so as to obtain |02 ¥ 7(tz)| < C'(C")FMe=K22"" where ) denotes the derivative with

respect to the (only) argument, for some constants C’ and C”. Then

1
|Ar(z)| < $2/ dr (1 —7)0? ¥ p(rx)| < 220" (C")ke K22™ (3.3.7)
0

By summing over all possible self-energy values contributing to Mi”i(x) the bound (B3] follows.
In case (b), if oy, (w) < 8|z| then one can bound |Ar(z)| < | ¥ 7 (z)|+| ¥ 7(0)|+ |x 0z ¥ 7(0)| and
use that K (T') > 2™7-! to obtain

e*(Ko/Q)K(T) < e*(K0/2)2mW—1 < amﬁ,l(w)2 < 641‘2.
If iy, (w) > 8|z], for any line ¢ € L(T) one has [v?| < K(T) < 2™#~! and hence

|w ' V?| > amﬁfl(w) > S0my (w)

2
Then one can reason as done in case (a) and obtain (B30 for all 7 € [0,1]: in turn this yields the
bound B37) and hence the bound (B30 follows once more. |
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Proof of Theorem [L T2

Remark 3.3.7. From [B31]) and Lemmas and it follows that if property 1-p (respectively
property 1) is satisfied then for all n < p (respectively for all n > —1) one has MM (z) = MM(0) +
Dz MM(0)z + O(ex?), where M[(0) is a real-valued matrix, while 9, M[(0) is a purely imaginary
one. In particular this implies that if U, (z)|z? — det(M(0))] > ¥, 41 (2)2?/2 for all =1 < n < p
(respectively for all n > —1) then property 1-p (respectively property 1) holds.

The following result will be crucial to check, in the forthcoming § B, that property 1 is satisfied by
M. The proof follows the lines of that for Lemma 4.8 in [22] and it is deferred to Appendix [Bl

Lemma 3.3.8. Assume M to satisfy property 1-p. Then

05, 26" + eppp OB, Po" + €pp.B
MPL(0) = : (3.3.8)

R, R7
9, Lo +eps OLo”" +€pn.B
with |ep .| < |6|A1€_A22mp+1, u,e = (3, B for suitable positive constantes A1 and As.

Lemma 3.3.9. Assume M to satisfy property 1. Then the series (ZZ13) and [3-2-14) with the coeffi-
cients given by (ZZI1) and ([ZZI3) respectively, converge for e small enough.

Proof. Let 6 € ©F ;. By Remark B34 one can bound |QL7Q]L(3:)| < 70 Qm,, (w) "2 for all n > 0, and hence
by Lemma B:Z7 one can reason as in the proof of the bound [B3Ial) so as to obtain

3" 17 (0)] < CoTre <172,

R
0cOF,,

for some constants Cy and C, which is enough to prove the assertion. [ |

Lemma 3.3.10. Assume M to satisfy property 1. Then for ¢ small enough the function ($Z13), with
the coefficients given by [ZZI1), solve the equations (LZ1).

Proof. We shall prove that, the functions b%, B® satisfy the range equation ([ZZTI), i.e. we shall
check that f® := (b%, BR) = gZ(wt, f), where g is the pseudo-differential operator with kernel
g(w-v) =1/(iw-v)1, and E(wt, ) := (w(B®) +eF(wt, %, BR),eG(wt, 8%, B®)). We can write the

Fourier coefficients of b® and B® as

=" =" S v,

n>0 k>1 geef, ,(n)
BE=S"BL,  BM=%" Y v,
n>0 K21 geoR, )
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3.3 A suitable Ansatz

where @ij,h(n) is the subset of @Lz,v,h such that ny, = n. Set also @Zsu(n) = @ij,ﬁ(n) X @EMB(n)
and, for (0,6') € Op,,(n), define ¥(0,0) := (¥(0), ¥(¢')).
Using Lemmas ZZ.T] and B39l in Fourier space one can write

g(w - v)[E(wt, fR glw- v Z\I’ w-V)[E wt,fR)],,
n>0
= g(w )Y Tp(w - v) (G (w )G (w - ) [E(wt, fR)],
n>0

M

(uu V)l — M= 1}(w I/)) g[”](w-u)[E(wt,fR)],,

(1w )1 — M. 1/)) Z&tk Z 7(0,0"),

= Rl (0,0)€05, (n)

n>0

ZM'

where @ij(n) differs from ©F (n) as it also includes couples where the root line of one or both of is
the exiting line of a renormalised self-energy cluster. If we separate such couples from the others, we

obtain

g(w - v)[Ewt, fR)], = g(w - v) [Z ((w- )1 = MY w)) £

n>0

n—1 n—1 p—1
—i—Z\I/n(w-l/)Z Z M[q](w-l/)f,[,p}—l—z\ﬂn(w-l/)z Z M9 (w - v) ,[,p]]

n>0 p>nqg=—1 n>1 p=0qg=-1

_ o1

=g(w-v) Z <(iw )1 — M u)) oy Z ( Z M9(w - v) Z U, (w - 1/)) ,[,p}]
Ln>0 p=>0 q=71 n>q+1

=gw-v)| > <(iw )1 = M (e ) + Z( Y ME(w - v)x(w- V)) ,L"]]
Ln>0 n>0 \g=—1

=g(w-v) Z <(iw vl — ./\/l["_l](w . 1/)> ,[,n} + ZM["_l](w . u)f,[,n}]
Ln>0 n>0

=> =1

n>0
so that the proof is complete. [ |

Remark 3.3.11. If M satisfies property 1, one can define

M) = lim M(z),

n—oo
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Proof of Theorem [L T2

and, form Lemma B38 one has
aﬁo (1)2)2 9B, (1)2)2
M= (0) = . (3.3.9)
aﬁorg 8Borz)2
Note that (B33 is pretty much the same equality provided by Lemma 4.8 in [22], adapted to the
present case.
Remark 3.3.12. If we take the formal expansion of the functions ®¥ (e, 30, Bo), I'& (e, fo, Bo) and
1[32}(0; g, B0, Bo), u,e € {8, B}, we obtain tree expansions where the self-energy clusters are allowed,
as in Chapter @l Then it is easy to prove the identity (B:3]) to any perturbation order: the proof would
follow the lines of the proof of the identities (2334]). In particular, if one expands

ko—1 ko—1 (k) ko—1
det(Z ek [M[OO} <O;€,ﬁo,§o + > "B + O(Eko))] ) =Y M 1 o),
k=0 h=1 k=0

one has 6 = §*)(8y) = 0 for all k = 0,... ko — 1, if the coefficients Béh) = B((,h)(ﬁo) are defined as in

(CTIO). Moreover, for such an expansion, if one writes

ko—1 ko—1 (k) ko—1
det(Z ek [M["l(o, o, Bo+ > "B + O(ak°)>] ) =Y "+ o)
k=0

h=1 k=0
one has
ko—1
S ko) < e
k=0

for some positive constants A, Ao. However, under Hypotheses [l Bl and Hl, we are not able to prove the
convergence of the series and we need to introduce some resummation procedure to give a meaning to

the series.

Lemma 3.3.13. Assume M to satisfy property 1. Then there exists By = By(g, o), C* in both e, f,
such that By(e, Bo) — Bo for e — 0, and ®¥ (e, 0, Bo(e, 80)) = 0 for any By and € small enough.

Proof. One has ®}(¢; B0, Bo) = wo(Bo) + O(¢) and it is C* in its arguments because of the assumption
that M satisfies property 1. Then, by Hypothesis ] one can apply the implicit function theorem to

obtain the result. In particular one has

ko
Bo(e.fio) = Bo+ Y e"By” (o) + O(e+h),
h=1

where the coefficients B((,h)(ﬁo) coincide with those defined in ([CTI0). ]
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3.4 Fizing the initial phase

Lemma 3.3.14. Assume M to satisfy property 1 and set g(e, Bo) := T (e; Bo, Bo(e, Bo)), where By (e, (o)
is the C* function referred to in Lemma [ZZ13 Then there exists a continuous curve By = [o(e)

such that g(e,Bo(e)) = 0 and moreover, at least in a suitable half-neighbourhood of ¢ = 0, one has

det (M)(0; e, By (), Bo(e, Bo(e)))) < 0.

Proof. Using the same argument in the proof of Lemma 4.11 in [22], as property 1 and Hypothesis@limply
g(e, Bo) = eMg(e, Bo) = ko (ngo)(ﬁo) + O(E)) and w)(Bo(e, B)) has the same sign of wj(By) for & small
enough, one can find a continuous curve 3y = (3y(e) defined at least in a suitable half-neighbourhood of
e = 0 such that g(e, Bo(¢)) = 0 and 9s,9(e, Bo(€))wy(Bo(e, Bo(e))) > 0. Indeed Hypothesis Hlimplies that
there exist two half-neighbourhood V., V_ of 3, such that §(0, 3y) > 0 for By € V while g(0, 3y) < 0 for
Bo € V_. Hence, by continuity, for all 5y € V, there exists a neighbourhood Uy (fy) of € = 0 such that
g(e, Bo) > 0 for e € Uy (fp) and, for the same reason for all §y € V_ there exists a neighbourhood U_ ()
of € = 0 such that g(e, By) < 0 for all ¢ € U_((y). Therefore, again by continuity, there is a continuous
curve By = fo(e), defined in a suitable neighbourhood U = (£,) such that (5,(0) = 3, and g(e, Bo(c)) =
0. Moreover, again by continuity and Hypothesis Bl we have d3,9(e, Bo(€))w)(Bo(e, Bo(€))) > 0, at least
in a half-neighbourhood of € = 0. On the other hand one has

95,9(2, Bo) = 9T (5 Bo, Bo(e, o)) + 93T (3 Bo, Bo(e, Bo)) s, Bo(e, Bo),
so that
det (MP(0;2, 6o (&), Bole. fo(€))) ) = ~09(=. 5o(€)) (wh(Boe, ofe)) + Oe))

and then the assertion follows. In particular if kg is even, the curve (y(g) above can be defined in a

whole neighbourhood of € = 0. [ |

By the results above it follows that, if property 1 is satisfied, choosing Gy = fy(¢) and By =
By(g,Bo(e)) as above, the series (BZZI3)) solve the equation of motion ([CI).

However we still have to prove that property 1 is satisfied; in the forthcoming § B4l we shall see that
it is possible to fix fy = Bo(e) and By = By(e, fo(g)) in such a way that both property 1 is satisfied and

the bifurcation equations are solved.

3.4 Fixing the initial phase

In this section, we shall complete the proof of Theorem by showing that, under Hypotheses [,
and Hl and by suitably choosing 3y, By, M turns out to satisfy property 1.
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Proof of Theorem [L T2

Define the C* non-increasing “cut-off” function £ such that

1, z<1/2,
{(x) = (3.4.1)
0, =>1,

and set £_1(z) = 1 and &,(z) = £(2%z /g, . (w)) for all n > 0. Set also

ko—1
Bo(e, fo, By) == Bo+ Y _ €"B§" (Bo) + ™ B} (3.4.2)
h=1
where the coefficients B (ﬁo) are defined as in (LII0) and ko is as in Hypothesis Bl For all n > 0 we

define recursively the regularised propagators as

—=\n —\n n— -1
G" =G (wie, 80, By) i= Wa(w) ()1 = M wse, o, B)n1 (A1) (3.4.3)
where .
M (z;¢, By, By) = Z Xq(ac)ﬁ[q](x;a,ﬁo,Bé), (3.4.4)
q=-—1
with the 2 x 2 matrix M (x;€, Bo, Bfy) defined so as
M[Q] (x;¢, B, BY) := Z Ek(T)7T(x;€,BO,B6), (3.4.5)
TeENRq u,e

where

Vr(w;e, fo, By) - < 11 f)( 11 gem> (3.4.6)

veN(T) LeL(T)
with F, = F, (6o, Bo(e, fo, B})) and
ko—1 .
An-1 = An_1(e, Bo, BY) = Dy_1(e,fo, BY) — 3 € [Du-1(e, o, By,
k=0

with
anl(e’ BO’ Bé) = det (M[nil} (0’ &, BO’ Bé)) :
For any 0 € @Eu,h’ define also, for all k >0, v € Z% h=3,B

T (05¢, o, BY) : ( I1 f)( 11 ?L’;ﬁlz)
vEN(T) e L(T)

Finally, set M := {M[n](x;s,ﬁo,B())}nZ_l, and Mﬁ = {ﬂ[n}(aﬂ;a,ﬁo,B()){n(An)}nZ_l.
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3.4 Fizing the initial phase

Lemma 3.4.1. For e small enough, ﬂg satisfies property 1.

Proof. We shall prove that ﬂg satisfies property 1-p for all p > 0, by induction on p. For p = 0 it is
obvious if € is small enough. Assume then that ﬂg satisfies property 1-p. Then we can repeat almost

word by word the proofs of Lemmas B33 and B33 so as to obtain

1
M[p] (z;¢, Bo, B)) = M[p} (0;¢, Bo, BY) + x@xﬂ[p]((); g, Bo, BY) + z? / dr(1—-1) agﬂ["} (tx;€, Bo, BY),
0

with M[p]((); e, Bo, B})) a real-valued matrix, (%M[p]((); e, o, Bj)) a purely imaginary one and

1
:c2/ dr (1 —71) Qiﬂ[n} (tz;€, Bo, By)| < C |e|z?

0

for some constant C', by Lemma B:3.8l Then we only have to prove that — see Remark B3 -
22

Upi1(2) 27 = Dy(e, Bo, Byp(Dp)*| = Upia(2) 7

Note that, by the definition of A, one has

with the coefficients 51(,k) as in Remark B3T2 and hence Mﬁ satisfies property 1-(p+1) by the definition

of the function §,. [ |
Set
ﬂ[oo} (x;a,ﬁo,Bé) = nlirroloﬂ[n} (x;a,ﬁo,B()), (3.4.7)
and define

(e, fo, BY) : Z Z V0,60, By),  T(e,80,By):=> > 7(6,6,60,By). (34.8)
k20 9€0f 5

R
k>0 6eo’ 0.8

Lemma 3.4.2. One has
[ (8 ﬁo?BO)](k) [PO (8 ﬁ()7B()(8 ﬁ07BO))]( )7 P = ®7P7
forallk=0,... ko.

Proof. Set @zj,(/n,{ ={0 ¢ @Z;Zh : 3¢ € L(0) such that ny = n} and write

Ple,fo,B) =Y "> > T(0,e,60.Bp),

k>0 n>0 96958”,)1
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Proof of Theorem [L T2

with h = 3, B for P = ®, 1" respectively, and note that if 6 € @k 1(11)1 one has

T 171 < 0l s
vEN(0)

for some constants Fy, F5. Moreover one can write formally

EW = \I]ne( )gne 1( (]l + Z (gne 1 ng 1]($ € ﬁO’BO)gnz 1(Anz*1)>m)a

m>1
with )
g 1(1’) = L 1,17 wé(BO)gngfl(AnZ,I)
ng— (ix)Q 0 -
and

—~ —[ny— 0 0 E
M[nzil}(ﬁﬂ;&,ﬂo,B()) = M[ 0 1]($;€,ﬁ0,B6) _ <0 WO(O 0)) = 0(6)’

and we can write &,,—1(Ap,—1) =1+ £ne 1(AM)A,,—1 for some A*, where A, 1 = O(g*) and

E; E;
é—l B A* S S ,
| ng 1( )| amnl(w)g amn(w)g
for some positive constant F3 independent of n. Hence the assertion follows. [ |

Introduce the C* functions (5 Bo, Bo), (5 Bo, Bo), A(E Bo, Bo) and f(a Bo, Bo) such that
(1) the first kg coefficients of the Taylor expansion in € of both the functions (8 Bo, Bo(e, Bo, Bj))) and
&)(e, Bo, Bo(e, Bo, Bj))) coincide with those of ®(e, 5, Bf),
(2) the first ko coefficients of the Taylor expansion in € of both the functions f(a, Bo, Bo(e, Bo, BY)) and
I'(e, Bo, Bo (e, Bo, B})) coincide with those of T'(e, B0, BY),
(3) one has

aQ(i)(€,BO,BO(€’BO?B(,])) 63&)(8’505B0(65ﬂ05B(/)))
M0, 2, By, B) = . (3.4.9)
oL (e, Bo, Bo(e, Bo, BY)) 95T (e, Bo, Bole, Bo, BY))

Define also, for all n > —1 the C* functions ®,,(e, o, Bo), n(s,ﬁo,Bo), fn(e,ﬁo, By), fn(e,ﬁo, By)
such that

aQén(Ev /807 BO(Ev /807 B(I))) 83;5”(5, /807 B0(€7 ﬁ07 B(/]))
*M"0;e, 8o, BY) = , (3.4.10)

ann(Ev /807 BO(€7 ﬁ07 B(/))) a3fn(€7 ﬁ07 BO(€7 ﬁ07 Bé))
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3.4 Fizing the initial phase

and
|Pn(€,B07BO(6’ﬂOaB(I))) - P(€7BO)BO(6,BO,B(/]))| S AP|€| eiBP2mna P = qA)a ?{;af,fa (3411)

for some constants Ap, Bp. Then, by reasoning as in the proofs of Lemmas and B34l we can
find By = Eo(e, Bo) and 50 = 50(6) such that

(i) @(5,60, By(e, Bo, go(z’:‘,ﬁo))) = 0 for all Gy and ¢ small enough,

(i) T'(e, Bo(e), Bo(e, Bo(e), Bo(e, Bo(€)))) = 0 for all € small enough, and

(iii)

835(57 /807 BO(Ea /807 EO(Ea /80)))3,30f(€7 /807 BO(Ea /807 EO(Ea /60))) 502,50(6) > 07

at least in a suitable half-neighbourhood of ¢ = 0.
Lemma 3.4.3. Set C(c) = (Bo(€), Bo(e, Bo(e))) with Bo(e, 8y) and Bo(e) as above. Then, along C(e)
one has &,(Ay) =1 for alln > —1.
Proof. We shall prove the result by induction on n. For n = —1 it is obvious. Assume then §,(A,) =1
for all p = —1,...,n — 1 along C(¢) and set C(¢) = (By(e), Bo(e,C(¢))). Hence E[p}(m;s,é(g)) =
GlPl(z;e,C(e)) for all p = 0,...,n and thence M[n](x;e,é(e)) = MU(z;¢,C(¢)). In particular M
satisfies property 1-n so that, using Lemma one has

025" (2,0(2)) +enpp 038" (,C(e)) + enp,p

M"(0;¢,C(e)) = ,
00" (,C(0) +enpp 575" (e,C(e) +enpn

with |e,.u.e| < |e]A1e=422""* u e = 8, B. On the other hand one has

0a®(e,C(e)) = —039(e, C(e)) Ip,Bole, Bo, Bo(e, Bo))

Bo=Bo(e)

_— 031(e,C(e)) 95, By, ,E g, SO
o (6,C(e)) O0s,Bo(e, Bo, Bo(e, Bo)) Bomiio(e)

so that, without writing explicitly the dependence on (e, C(g)), one has

&l'(e,C(e)) = 350f(6,50,30(6,50aEO(eaﬁo)))

~05%4"" 95, Bo + 0s@0"" + en 5.
M (05e,Cle)) = ,
0,00 " — 95T "5, Bo + 7, 9Tg ™" + enp.
with |y, |74 ] < |e|Cre=2"" " for some C1, Cy. Hence

Ay = =05, TR 08™ + ¢, = =5, 0nO3®y, + ¢, = =03, TO® + ¢ < ¢!,

with |ea], |, || < |e|D1e=P22""*" for some constants D; and Dy, so that the assertion follows by the

definition of &,,. [ |
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Proof of Theorem [L T2

Lemma 3.4.4. Let C(e) be as in Lemma[37.3 and set C(e) = (Bo(e), Bo(e,C(€))). One can choose the
functions ®,®, 1, T such that ®(e,C()) = ®(e,C(e)) = ®F(e,C(e)) =0 and I'(e,C(e)) = (e, C(e)) =
I'X(e,C(e)) = 0. In particular (B(t,e), B(t,e)) = C(e) + (bR (t;e,C(e)), BR(t;e,C(e))) defined in
(ZZ13) solves the equation of motion (L1l

Proof. For any ®, I there is a curve C(¢) along which M = M = M (hence M satisfies property 1)
and ®(e,C(e)) = T'(e, C(¢)) = 0. By Remark B3 IT also ¥ and T} are among the primitives of M[ﬁo%}

and ME;O[]; respectively, and then the assertion follows. [ |

Lemma B4 completes the proof of Theorem indeed the function (5(t,¢), B(t,¢)) is a quasi-
periodic solution to (L) with frequency vector w and, by construction, it reduces to (3,, Bo) as €
tends to 0.

20



A. Proof of Lemma 2.3.7

We say that a self-energy cluster 7' is isolated if both its external lines are non-resonant and that is
relevant if it is not isolated. As will emerge from the proof, it is convenient to introduce a further label
o7 € {0,1} to be associated with each relevant self-energy cluster 7. We shall see later how to fix such
a label: for the time being we consider it as an abstract label and we define the subchains as follows.
Given p > 2 relevant self-energy clusters T1,...,T), of a tree 0, with E’Ti =Ar,, foralli=1,...,p, we
say that C = {T1,...,T,} is a subchain if 07, = 1 for ¢ = 1,...,p, the line ¢y, either is non-resonant
or enters a relevant self-energy cluster 7 with 07, = 0 and the line E’Tp either is non-resonant or exits
a relevant self-energy cluster Tj, 1 with 97, , = 0. We say that a relevant self-energy cluster T'is a link
ifor = 1.

Given a subchain C = {T1,...,T,}, the relevant self-energy clusters T; are called the links of C.
Define £o(C) = 1, and ¢;(C) := &}, for i = 1,...,p and set n;(C) = ny ) for i = 0,...,p. The
lines 4o(C),...,¢y(C) are the chain-lines of C: we call £,(C),...,¢,_1(C) the internal chain-lines of
C and ¢y(C), £,(C) the external chain-lines of C. For future convenience we also set {c = £o(C) and

= £p(C). We also call k(C) := k(T1) + ...+ k(T}) the total order of the subchain C and p(C) = p
the length of C'. Note that for all i =1,...,p — 1 one has (,(c) = G = Gz, if v (0) # 0.

We denote by € (k; h, h';ng, ..., np) the set of all subchains C' = {T1,...,T,} with total order k and
with fixed labels hy, ) = h, hy, () = h' and n;(C) =n; for i =0,...,p.

If all relevant self-energy clusters T of 6 carried a label 07 = 1 the definition of subchain would
reduce to that of chain in § We want to prove the bound (Z3H). The sum is over all chains
C ={T,...,T,} in €(k;h,h';ng,...,ny); then we set 97, =1 for i = 1,...,p, so that we can replace
C(k; h,W;ng, ..., np) with € (k; h, b';ng, ..., np). Thus in [ZZF) we can write

3 Vola) = 3 Volx) = 3 [TME @), (A1)

Cee(k:h,h!Tig, ... Tip) Ceey (kih,h'iTo,....Tip) hi,...hy_1€{B,B} i=1
k;l—l—...-f—k;p:k‘
where hg = h, h, = b/ and n; = min{m;_1,7;} — 1 for i = 1,...,p; of course |n; — n;| < 1 for all

i,j=1,...,pand k; > 0 for i =1,...,p; see Figure [A1l

51



Proof of Lemma[2.5.7

Mo, ho

Figure A.1: A subchain C of length p with links 77,...,7, and chain-lines /y,...,/,; summing over
all possible C with hg = h, h, = I/, ky + ...+ k, = k and ny,...,7n, fixed, one obtains a graphical
representation of ([(AJ]).

For all K > 1, all n > —1 and all h,h’' € {3, B} let us write

M (@) =3 M, (@, 6) (A-2)
SEA

where A := {£,0,0?, R} is a set of labels and

M (@ n, L) = M, 0) M) (2,n,0) = 20M;),(0),

1
M®) (2,n,0%) = 2 / ar(1 - NPME), (ra), (A.3)
’ 0

k k k
ME) (2,1, R) = ME), (2,n) = M), (2),

so that we can decompose the sum in (A as

p
) > 11 Ml(lk,)lh (z,m4,0;). (A.4)

81y OpEA By .. hp_1€{B,B} i=1
kit +hp=k

There are several contributions to (Al) which sum up to zero. This holds for all contributions with

0j = 0j41 = L for some j =1,...,p — 1. Indeed one can write such contributions as

p
Z Z HMEzl:i_)l,hi(x,”iﬁi) X

51 i 105410 §pEA hl,...,hj_l7hj-|_»17---hp716{678} =1
kit thy R otk =k 7
(k) (kji1) (k;) ( )
(X Momior T oM ouo) e
kjthkjp= % kjt+kjpr1= k
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Proof of LemmalZ.3.7

and by Lemma one has (for instance)

X MFOMET0+ 3D MiEoM0)

k}j+k}j+1:E kj+kfj+1:E
k; k kj K K"
= X MEOMEYO+ Y MR >< > Mip(0)0s5; ’)
kj+kjr1=Fk kj+kj1=k K+ =kj+1
kj) k k) k
= X MGJOMEGTO+ 3 MMy o) =0
kjtkjr1=k kjthjpi=k
one can reason in the same way also for the cases (hj_1,h;j41) # (6,0). By [38al) of Lemma 34
also the contributions with ¢; = @ and h;_; # h; for some j = 1,...,p sum up zero. Finally we obtain
zero also when we sum together all contributions with 6; = ... =014 =0, hj_1 = ... = hj4q = h for

some h € {3,B} and §;_1 = §j1q41 = L for some j =2,...,p—1and ¢ =0,...,p — 1 — j. Indeed we
can write the sum of such contributions as
j—2
> (H M (s, »)M(’jf w1, £)%
i=1

hi,..hj—2,hhjpqq1,hp—1=5,B
k1+...+k2p:k‘

J+q
(Tt a0 TT M 0en0)
1=j+q+2
+
-> v (HMtewo)-

k//gk kj++kj+q:k//

X Z (1—1_/\/1(Z L (z,m, Z))X

ki+..+kj1+kipqr1+.+Hhp=k—k
hi,..hj—2,hjrqy1,hp—1=06,B

p
(k (ja1) ki
x Y M (s 1,E)/\/lh7g:i2(x,nj+q+1,ﬁ)( I1 /\/l,(“)l,hi(x,ni,él-))
h=0,B i=j+q+2

and the last sum is zero by the same argument used for ((AH); note that we used (2-3.6D)) to extract a
common factor M 5.6 (w n;,0) in the third line.

We say that a cluster T is a fake cluster on scale n if it is a connected subgraph of a tree with only
one entering line ¢/, and one exiting line ¢7 such that (i) all lines in 7" have scale < n and there is at
least one line on T with scale n and (ii) the lines ¢ and ¢/, carry the same momentum; note that a
fake cluster can fail to be a self-energy cluster only because there the scales of the external lines have

no relation with n (and hence it can even fail to be a cluster). Denote by &** _ the set of fake cluster

m,u,e

with order k, scale m and such that hg/T = e and hy, = u.
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In ([(A4) we can expand

Mglljl_)hhl ('1"’ ni’ 5@) = Z /VTZ (l‘, 61)’ Z = 1’ . ’p’
*k

TiEGhiilyhi (n4,05)

where we have set

*k _ 2
U & §=1L,0,0%
&k (n,8) == M=t (A.6)
U &k §=TR,
m>n

for all k >0, n >0 and u,e € {8, B}, and defined

¥ 1(0), d=L,
x 0¥ 1(0), d =0,
Vr(x,0) = Vo) s_m (A7)
- /T 9 = )
1
x2/ dr(1 = 1)0% ¥ p(rz), §=09%
0

with #7(x) defined as for self-energy clusters in § 23l Denote by €*(k; h, h'; T, ..., 7,) the set of fake
clusters {T1,...,T,} with T; € 62’:11 4. (n;,8;) for any choice of the labels {k;, n;, 6; }2_; and {h;}?_, with

i

the following constraints (see Figure [A22):
i) ki+...+kpy=k,
(i) n; < min{m;_q,m;} fori=1,...,p,
(iii) ho = h, hy, =1/,

(iv)if 6, =L fori=2,...,p—1, then 6;—1,d;41 # L,
(v)if§; =0 fori=1,...,p, then h;_1 = h;,

(vi) if 6; = 0j41 = ... = 0j4q = O for some j € {2,...,p — 1} and some ¢ € {0,...,p —1 —j} and
(5]‘_1 = ﬁ, then (5j+q+1 7é L.

1 b

Figure A.2: A x-chain C' € €*(k;h,h/; T, ...,7,): the labels satisfy the constraints listed in the text.

We call #-chain any set C € €*(k;h,h/;7ig, ..., 7p) and *-links the sets 11, ..., T,. By the discussion
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Proof of LemmalZ.3.7

between (A4 and ([A6), we can write (A4]) — and hence the sum in [Z3J)) — as
>, Vel(@), (A-8)

Cee* (k;h,hTo,....ip)

where
P

Vo) =[]7n @ 6). (A.9)

i=1
With each *-chain C' summed over in ([Af) we associate a depth label D(C) = 0; if C = {T1,...,T,}
we associate with each T; the same depth label as C, i.e. D(T;) = D(C) = 0 for i = 1,...,p; the
introduction of such a label is due to the fact that we are performing an iterative construction and we
want to keep track of the iteration step by means of the depth label.

Given a *-chain C = {T1,...,T,}, for all i = 1,...,p and all £ € L(T;) there exist ¢ > 1 relevant
self-energy clusters T; = Ti(o) D Ti(l) D...D Tl-(q_l), with Ti(j ) a maximal relevant self-energy cluster
inside Ti(j U for all j=0,...,9—1 and Ti(qfl) is the minimal relevant self-energy cluster containing
¢. Note that both ¢ and the relevant self-energy clusters T, ..., T(@ depend on ¢, even though we
are not making explicit such a dependence. We call {T(J _o the cloud of £ and {T(J _, the internal
cloud of £. Of course if ¢ = 0 the internal cloud of ¢ is the empty set.

In (A9) consider first a factor ¥'r(x,0;) with ¢; = L£,R. Assign a label 0y = 1 with each

maximal relevant self-energy cluster 7' contained inside 7;. Denote by €y(7;) the set of maximal

subchains C” contained inside T;. For each C; € €y(T;) there are labels k:]( ),hgl),hy)/,_%,...,_%J
such that C; € Cl(k:j(, ); h§i)7h§. )’;ﬁ%, .. ,ﬁ%)) Call 7; the set of nodes and lines obtained from T}

by removing all nodes and lines of the subchains in €y(7;) and §(7;) the family of all possible sets
T! € G*ki L (n;, 0;) obtained from T; by replacing, for all j =1,...,|€(T;)|, each subchain C; with any
subchain C" SN (k:j( ), hgi), h§ )/;ﬁg%, ey § 9 ). Note that 1! = T; for all T/ € F(T;). If we sum together
all contributions in §(7;) we obtain

€0 (T3)]
Z 7/T, (2,0;) = a(5;) > Vi) T Yoz s). (A.10)
T/ e§(T, Crees (P B ) ,—YI)?J) j=1
ISJSIQ(T)\
where
Vo (@,0;) == ( 11 .7-7,) ( 11 gne(mg,gi)) (A.11)
veN(T}) e L(Ty)
and
1, §=L, w-vp, d=L,
a(0) = Tps = (A.12)
-1, 6 =TR, w - vy, 0 =R,
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Proof of Lemma[2.5.7

for all ¢ € L(T") with T" € §(T;).
Now consider a set T} in ((A0) with §; = 9,9%. Write

Vr(@,0) =2 Y 0:Go(a}) < 11 ]—“)( 11 gg/(xg,)>, (A.13)

LeL(Ty) vEN(T}) e L(T;)
04

with 20 := w - V0, and ¥ 1,(x,0?) as in the last line of (A1), with

92 Yoo (tz) = Z <8$le (g, (T))> (39397% (WQ(T))) < H gnz(“(ﬂ)) ( H fv)
teL( v

017026 L(T) TO\{t1,62}

+ Y (82, (v (r ))>< L1 GGt )( Hf)

£1eL(T) LeL(T)\{¢1} veN(T)

where x4(7) = 29 + 72 if £ € Pr and 2, = 2 otherwise. To simplify the notations we associate with
each line ¢ a label dy = 0,1,2, which denotes the number of derivatives acting on the corresponding
propagator, and set

Gi(x) = 0% G, (2); (A.15)

then we rewrite

Vo (@,0) =2 ) ( IT e xz>< 11 ]—") (A.16a)

LeL(T;) \LeL(T;) vEN(T;)
0; Vr(ra) =) ( 11 ?Aw(ﬂ))( 11 J—Z,), (A.16b)
£1,62€ L(T;) \LeL(T;) vEN(T})

with the constraint ), L(T) dy = 1,2 for §; = 0, 0? respectively.
Each summand in (AZJ6al) can be regarded as the value of a fake cluster T; in which the propagator
of a line /; has been differentiated. Given a relevant self-energy cluster T' contained inside T;, we set
o7 = 0 if either (1) T belongs to the cloud of ¢; or (2) T is a relevant self-energy cluster with either (2a)
{7 non-resonant and ¢/, = {7/ for some T” belonging to the cloud of ¢; or (2b) ¢ is non-resonant and
by = ET,, for some T” belonging to the cloud of ¢1. Moreover we set 97 = 1 if T' is any other maximal
relevant self-energy cluster in 7; or in 7" with ;v = 0. If &y(T;) = {C4,Cs, ...}, each C; belongs
to Qﬁl(k:j( ), hgz), hgz) ,_52()), . ’ﬁgf;j) for suitable values of the labels. Call T the set of nodes and lines
obtained from T; by removing all nodes and lines of the subchains in €y(7;) and §(7;) the family of all

possible sets T € GZI:il’hi (nj, d;) obtained from T; by replacing, for all j = 1,...,|&(T})|, each subchain
Cj with any subchain C} € Cl(k:]( )7 hy), hy)/,_%, .. 7_.§Z1)7 ). Note that ZO’Z-’ = T} for all T! € F(T;). Note

also that both F(7;) and T depend on the choice of the line ¢1, although we are not writing explicitly
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Proof of LemmalZ.3.7

such a dependence. By summing together all contributions obtained by choosing first the line #; and

hence the fake clusters belonging to the corresponding family §(7;), we obtain for é; = 9

£ 3 ( Taen)( 1 )

L eL(Ty) T €§(T;) \LeL(T)] vEN(TY)
(1) (A.17)
0
Z € ' Z 7/0 (x?a) H ﬂj/c/j(xfcj)’
gleL(Ti)C}e&(ky);h(l) h(l)’ ('2)7 ’7;%]) Jj=1
1§]§\¢0( i)l

with
9) :< 11 @@2)) ( 11 ﬁ,). (A.18)
te L(T) vEN(T;)

We deal in a similar way with (AJ6H). Indeed, each summand can be regarded as the value of a fake
cluster T; in which the propagators of two lines 1, o (possibly coinciding) have been differentiated. As
in the previous case we associate a label 07 = 0 with (1) the relevant self-energy clusters T of the clouds
of both ¢1,¢s and (2) the relevant self-energy clusters T' such that either (2a) ¢7 is non-resonant and
Ul = Lp+ for some T” belonging to the cloud of ¢; or ¢ or (2b) ¢/, is non-resonant and {7 = ¢/, for some

T’ belonging to the cloud of ¢ or ¢5 or (2¢) both ¢p, €' are resonant and {7 = ng7 K/T = {7 for some
T’,T" belonging to the clouds of ¢1, /5. Moreover we associate a label 97 = 1 with the maximal relevant
self-energy clusters 7" in T} or in any 7" with 97+ = 0. Then we reason as in the previous case, by defining
T; as the set of nodes and lines obtained from 7T} by removing all nodes and lines of the subchains in
@o(T;) and §(T;) the family of all possible sets T} € 6 * . (ni, ;) obtained from T; by replacing, for
all j =1,...,|€(T;)|, each subchain C; with any subcham C’ e ¢ (k:]( ), hg ), hy)/,_%, .. ,_gll)) ). Then
for 6; = 0% we obtain

foon s (Taeo)( 1)

L1l L(T;) T/ €F(T;) \LeL(T}) veN(T))
| € (7)) (A.19)
_ Z /dTl_T S @) I Yol (),
0102 L(T, Creey (ki 7m0 5%]) j=1
1§JS|¢0(T)|

with

V(2,07 < [T Gelwe(r) >< va>, (A.20)

CeL(Ty)

where z4(7) = 2) + 72 if £ € Pr, and z,(7) = 2 otherwise.
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Proof of Lemma[2.5.7

By summarising we obtained

/4

3 Velx) = > I[[77(6)

Cee* (k;h,h/To,....p) {T1,.. Ty} (k;h,h'io,.../p) i=1

-y (nx (s )

{Ty,.... T} (k;h, W iR, Tip) ézi—zlazl,leL(Tz) 6::(1?2&,1,&,26L(T2

4 LA (A.21)
X <H a(ngi,(Sl-)> ( H / dr (1 — Tl)> X
. b
P
=1 Ciear (k) ih ) nm Al )

with xy,, = x by construction and

Vi, (,0) =< I1 Ez(w(T(@))))( H fv>, (A.22)

e L(Ty)

where we have defined z,(7) := 29 + 7z and

(
0, d=L, 1, 0=L,
1, J =R, —1, 0 =R,
7:(9) := a(x,0) = (A.23)
0, 6 =0, T, 6=20,
Tis 62825 xQ, 6:(92

The factors 1/|§(T;)| have been introduced in [A2]]) to avoid overcountings. The last sums in ([A2]])

have the same form as the sum ([Al), so that we can iterate the procedure, by writing

S Ve, (1(6) = S Vo lw (@) (A24)

. (D). (1) p (@) =(1)  =(i) o (kD). @) p (@) =) (1)
Cjeﬁl(kj 7hj 7hj ,njyo,...,nj’Pj) CJEQ (k] ,hj 7h]' 7nj707"'7nj7pj)

fori=1,...,pand j = 1,...,|€(T;)|, with ¥ 1(x) defined as in [(A). Now we associate with each
*-chain Cj a depth label D(C;) =1, and if C; = {Tl(j), e angj)} we associate with each Ti(j) the same
depth label as C}, i.e. D(Ti(j )) = D(C};). More generally, by pursuing the construction, in order to keep
track of the iteration step, we associate a depth label D(C') = d with each *-chain C' which appears at
the d-th step and the same depth label D(T') = d with each *-link 7" of C. Since at each step the order

of the chains is decreased, sooner or later the procedure stops.
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Proof of LemmalZ.3.7

To make the notation more uniform, for any %-link 7" such that €(T) = 0 we write 7' = T. Given
any s-link T with 7' # T, if two lines ¢, ¢’ € L(T') are such that there exists a maximal link 7" in T with
{pr = ¢ and 0, = {', we say that the two lines are consecutive and we write ¢ < (.

At the end of the procedure described above we obtain a sum of terms of the form

1
< II /0 dri(1 —Tz‘)> [ a(@er, (2),6) 7 4, (@er, (), 60), (A.25)
iel iel

p—

where the following notations have been used:

(i) I ={1,2,...,N} for some N € IN;

(ii) {T;}ier are #-links such that (1) for all 7; with D(T;) = d, d > 1, there exists a x-link T}, j € I, with
D(T;) = d — 1 and two consecutive lines ¢/ < ¢ € L(TJ) with the same labels as E’Ti,ETi, respectively,
and conversely (2) for all T; with D(T};) = d, d > 0, and all pairs of consecutive lines ¢’ < ¢ € L(i}),
there is a *-link T;, i € I, with D(7T;) = d+ 1, such that E’Ti,ETi have the same labels as ¢/, £, respectively
(roughly we can imagine to “fill the holes’ of all T such that D(T') = 0 with all 7" with D(T") = 1, then
‘fill the remaining holes’ with all 7" with D(T”) = 2 and so on up to the #-links of maximal depth
which have no ‘holes’);

(iii) 7 = (11(61),- .., 78 (6n)), with 7(8;) defined as in (B23), and for all £ € L(Ty) U... U L(Ty) we

have set
(1) 1= .%'? + Tid((STid) (xgd + Tig_y (5Tid,1 ) <1‘2d71 + Tigs (5Tid,2 )+ Tig (5Ti0 )x)>> ) (A.26)

where T;, is the minimal *-link (with depth d) containing ¢ and ¢; is the line in the x-link Ti; with
depth j — 1 corresponding to the entering line of T, for j =1,...,d.

Recall that each propagator is differentiated at most twice and note that, for T' such that ép = 0,
there is a line £ € L(T) with dy = 1. Then, when bounding the product of propagators, instead of

Y _
anmw (w)! (A.27)
e L(T)

for some positive constant 7y, we have ([A27) times an extra factor
c10m,,, (@) "z, (A.28)

for suitable constant ¢;. Analogously, for T such that d7 = 02, either there are two lines ¢, fy with

dg, = dg, = 1 or one line ¢; with dy, = 2; in both cases we obtain ([AZ27) times an extra factor
-1 -1 2
10, (w) U, (W) Mo, |* (A.29)
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Proof of Lemma[2.5.7

On the other hand we have no gain factor coming from the x-links with label § = £, R, or from the
relevant self-energy clusters T” with 97+ = 0. In order to deal with such lines we need some preliminary
results.
Given a -link 7', define 7' as before and denote by L r(T ) the set of resonant lines in 7. Set
i) LNR(T) = I(T) \LR( ),
ii) Lp(T) :={¢ € Lg(T) : dy > 0},
i) L(T ) := {0 € Lr(T) : £ =L for some relevant self-energy cluster 7/ C T with 97 = 0},
iv) Lg(T) —{teLr(T):t= ¢!, for some relevant self-energy cluster 77 C T with 7+ = 0};
v) Lo(T) = LY(T) U L3(D):
vi) L(T) = Lp(T) U LO(T)
Of course Lp(T) = Lo(T) = 0 if 67 = £, R. Given a -link T we say that ¢ € L(T) is mazimal in T" if
T is the minimal relevant self-energy cluster contained in 7' (with 977 = 0) such that ¢ € L(T"). If there

~ —~ = = =

is no such relevant self-energy cluster we say that £ is mazimal in T. Given a *-link T with o7 = 9, 02,
we denote by Ljs(T) the set of lines which are maximal in T; for any relevant self-energy cluster 7’

with 977 = 0 we denote by Ly (T") the set of lines which are maximal in 7".

Lemma A.1. Let T be any *-link with o7 = 0,0°. For all relevant self-energy clusters T' contained in
T one has qo(T") := |Las(T") N Lo(T)| < 4. Moreover

a(T):= > dy<min{d—q(T"),2}.

CeLy (T")
The same hold if we replace T' with the x-link T .

Proof. If 67 = @ there is at most one line ¢ € L(T) such that dy = 1. Let {T;}7L, be the cloud of ¢,
where we denoted Ty = 7', so that Lo(f) - {ETl,ﬂ[l, -1, b7, }. Then T, is the minimal relevant
self-energy cluster containing ¢ and Lys(T5) N Lo(T ) - {ETJH,E’T +1} Jj= ,m—1. Hence qo(Tj) <2
and ¢;(73) = 0 for j =0,. — 1, while ¢o(T},) = 0 and q1(T),) = 1. If 5T = 0% and there is one line
¢ € L(T) with dy = 2 one can reason as in the previous case, denoting by {T;}]-, the cloud of £ and
hence obtaining ¢o(7;) < 2 and ¢;(7}) = 0 for j = 0,. — 1, while qo(T,,) = 0 and q(Tn) =2. If
there are two lines ¢, ¢, € L(T") with dy, = dg, =1 one proceeds as follows. Call {T } " the cloud of
0, i=1,2, with To(l) = 0(2) =Ty =T, and set

r:=max{j >0 : Tj(l) = Tj(Q) =:Tj}.

If 7 = mp = my then again ¢o(7;) < 2 and ¢;(7j) = 0 for j = 0,...,r — 1, while ¢o(7,) = 0 and
q(Ty) = 2. If r = my < mg then ¢o(Tj) < 2 and ¢;1(7j) = 0 for j = 0,...,r — 1, qo(T;) < 2 and
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Proof of LemmalZ.3.7

a(T) =1, qO(Tj(z)) < 2 and ql(Tj(Q)) =0for j=r+1,...,me, and qo(T)n,) = 0 and q1(T)n,) = 1.
Finally if » < min{mq, mo} then L/ (T,) N Lo(T) C {KTT(PJE/T,E&’gTr(i)l’E/T,ﬁ)l}’ so that ¢o(Tj) < 2 and
q(T;) =0for j =0,...,7 =1, qo(T) < 4 and ¢1(T5) = 0, while qo(Tj(i)) < 2 and ql(Tj(i)) = 0 for
j=r+1,...,my, and qo(T,) =0 and ¢:(T),,) =1, i =1,2. [

Define the multiplicity (function) of a non-injective map as the cardinality of its pre-image sets

130, 611.

Lemma A.2. Let T be a *-link with 57 = 0,0%. There exists an application A : L}‘%(T) — Lygr(T) with
multiplicity at most 2 such that Cp = Cpp)-

Proof. By Lemma [A]] there are at most four lines £, 4s, 03,04 € L}‘%(T) such that, if 7/ denote the
minimal relevant self-energy cluster containing ¢;, then 7] = ... = T;. Moreover by Remark if £ is
a resonant line, then the minimal relevant self-energy cluster containing ¢ contains also two non-resonant

lines ¢1, ¢, with the same minimum scale as £. Therefore the assertion follows. ]

Now consider a x-link 7" contributing to ([A2H) with largest depth, say D. Since T does not contain
any resonant line, by (Z2.90) and Remark EZ31] we have

|V 1, (26, (), R)| < &5V EKTN2 < 3Ty, (1)), (A.30)

n, —1
for some positive constants ¢, and c3; we have also used that K(T;) > 2m br; for 67, = R and

e, (T)] = W, (w) if \I’ani (¢r, (1)) # 0. Therefore we can bound

K@), 5=r,
|a(x£T (I)’ 6T)|| HI/T('IKT (I)a 5T)| S CIZ(T)II'gT (Z)‘, 5T = a’ (A31)
Gz (P, 5=0%R,

for some constant ¢4. Now consider a *-link 7' contributing to (A2H) with depth D — 1. For each
resonant line £ € L R(T) denote by T” the minimal relevant self-energy cluster containing ¢ (set 7" = T if
there is no minimal relevant self-energy cluster containing ¢). For all resonant lines ¢ € Ly (T")\ Lo(T),
there is a subchain C' € €y(T) for which ¢ is an internal chain-line, such that C' is uniquely associated
(see the comments after ([A23))) with a *-chain C* = {T},,...,T; ., } with depth D contributing to
([A228)), whose value can be bounded by

p(C)

—1 k(C
[T aleer, (.60 Y, (@er, (2).83)] < leeg, @PO~ G, (A.32)
j=1
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Proof of Lemma[2.5.7

for some ¢5 > 0, and this can be obtained as follows. If 5T¢j # L for all j = 1,...,p(C) or there is
only one j = 1,...,p(C) such that 5Tij = L, then ([(A32) trivially follows from ([AZ3I]). Otherwise if
1 <j<j <p(C) are such that 6Ti]~ = 5T¢j, = L then there is at least one j” = j +1,...,5 — 1 such
that 67, = 0% R; recall the constraints (i)—(vi) after (A7). Then [A32) follows.

Morjeover by Lemma [A] if there are Ry (7”) resonant lines in L/ (7”) with minimum scale n, we
have an overall gain ~ a,,, (w)R:L(T,)_qO(T/) and on the other hand the product of the propagators of
such resonant lines can be bounded proportionally to oy, (w)~FrT+a () with go(T") + ¢ (T") < 4.
Therefore, by Lemma [AZ2] if we replace the bound for the propagators of each non-resonant line ¢ €
Ly(T"), ¢ = n, with cgaun,, (w)™3 for some positive constant cg, we have exactly a gain factor which
is enough to compensate each propagator of the resonant lines with minimum scale n in Ly (T"). But
since we can reason in the same way for all n and all resonant lines in T, if we replace the bound for

3

the propagators of each ¢ € Ly R(f) with ceam,, (w)™* we obtain a gain proportional to O, (w)ltder

for any ¢/ € L R(T), and hence we can use again Lemma in order to obtain the bound (A3 also
for the *x-links with depth D — 1.

Then we pass to the *-links with depth D — 2 and reason in the same way as above and so on. When
we arrive to the x-links with depth 0 we only have to recall that they are associated with the maximal

relevant self-energy clusters T' of 6, which all have label 97 = 1. Hence we can bound ([(AZ2H)) as

N

[T atwe, (2).6) 7, (@er, (0. 8| < =t = jap,

i=1
for some positive constant c¢;. We have still to sum over all the possible contributions of the form
([(A2H). To take into account the scale labels ng, ¢ € L(Ty) U ... U L(Ty) simply recall that for each
momentum vy only 2 scale labels are allowed; see Remark To sum over the mode labels v,,
v e N(Ty)U...UN(Ty) we can neglect the constraints and use a factor e~ /91| for each v. Moreover
the component labels hy are 2. Finally the sum over all possible unlabelled chains with order k is

bounded by a constant to the power k. Therefore the assertion follows.
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B. Proof of Lemma

Throughout this appendix, for the sake of simplicity, we shall omit the adjective “renormalised”
referred to trees, self-energy clusters, left-fake clusters and right-fake clusters.

We shall prove explicitly only the bound
MPBL(0: 2, B, Bo) — 95,287 (e, o, Bo)| < [e] Ae™422™""" (B.1)

as the others relations in (B38) can be proved exactly in the same way.
We want to compute dg, P R’p(e Bo, Bo), with <I>702’p(6, Bo, Bo) given by the first line of (B2ZIH]). We
start by considering trees 6 € or A 0 g such that

max {n € Z4 : ¥, (w- vy #0} <p, (B.2)

R,p
Ee@koﬁ

and shall see later how to deal with trees in ®k 0,5 for which the condition ([B2) is not satisfied (see
case 7 at the end).

First of all, for any tree 6 set

8y ¥ (0;¢, Bo, Bo) := aﬁofv< 11 &)( IT ok« w-w;e,ﬁo,Bo)>, (B.3)

weN (0)\{v} LeL(0)

and

Oy 7/(9;6,ﬂ0,30) = aﬁogéﬁ,{ig(mﬁeaﬂOaBO)< H fv) ( H ge>\ uA(xA;eaﬂOaB0)> ( )
B4

vEN(0) AEL(O)\{¢}
= Ag(0, 245, Bo, Bo) 95,60, (we: €, Bo, Bo) Be(0; ¢, Bo. Bo),

where z; 1= w - v, Og, Qg%e (x¢;€, Bo, Bp) is written according to Remark B2l and

./4 (9 Zy; €, ﬁQ,BQ < H f)( H geZ/Z/u[/ ﬂ?zl;ﬁ,ﬁo,Bo)), (B'5a)

vEN(0) reL(o
VAL E’ﬁﬁ
(0 € ﬁ()aBO < H F, ) ( H gejlz/uy .%'W;&’,ﬁ(),BO))- (B5b)
veEN(O 'eL(6)
v<é o=<e
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Let us define in the analogous way 0, ¥ r(z;e, 5o, Bo) and 0y ¥ p(z;¢e, foBp) for any self-energy

cluster T, and let us write

850 7/(67 €, /807 BO) = aN 7/(67 €, /807 BO) + aL 7/(07 €, ﬁ07 BO)7 (BG)
where
Oy ¥ (6;¢,60, Bo) := Y 0y ¥ (8¢, B0, Bo), (B.7)
veN(0)
and
8L7/(0 € /607B0 Z aﬂ 0 57/607B0)' (BS)
teL(0)
Let us also write
05, V'1(x5€, Bo, Bo) = On V1 (3¢, Bo, Bo) + 0L V' 1(x;€, Bo, Bo), (B.9)

for any T' € Ry, e, n > 0 and u,e € {§, B}, where the derivatives dy and 9y, are defined analogously
with the previous cases ([B) and (BS), with N(T') and L(T') replacing N () and L(#), respectively, so

that we can split

3,30 @57]7(1,7 g, /807 BO) - 8N¢,(7)2,p(x7 £, ﬁo; BO) + an)z)z,p(x; g, /807 B0)7
aﬁOM[N] (,I, g, ﬂOa BO) = aNM[n] ('Iv &, ﬂo, BO) + aLM[n] ('Iv &, ﬂOa BO)’ (BlO)
850/\/1[71] ('Ia g, ﬂOa BO) = aNM[n} ('Ia g, ﬂOa BO) + 8LM[n] ('Ia g, ﬂOa BO)a

again with obvious meaning of the symbols.

Remark B.1. We can interpret the derivative 9, as all the possible ways to attach an extra line £

(with vy = 0 and u; = 3) to the node v, so that

Z€k+1 Z 3]\7 (9 g ﬁQ,Bo)

k20 Geeffi 0

produces contributions to ./\/lg)}ﬁ(O; g, Bo, Bo).

In order to compute 3ﬁ0 (e, By, Bo), we have to study the derivative (B for any 0 € 935,80, 5

The terms (B2 produce immediately contributions to /\/lg)}ﬁ((); g, B0, Bo) by Remark Bl Thus, we

have to study the derivatives 0y ¥'(0;¢, By, Bo) appearing in the sum (BE]). From now on, we shall not

write any longer explicitly the dependence on ¢, Fy and By, in order not to overwhelm the notation.
For any 0 € O % 0 5 satisfying the condition (B.2) and for any line £ € L(f), either there is only one

scale n such that W, (z;) # 0 (and in that case ¥, (z;) = 1 and ¥,/ (x;) = 0 for all n’ # n) or there
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exists only one 0 < n < p— 1 such that ¥, (x¢)¥,11(x¢) # 0. To help following the argument below, we
divide the discussion into several steps (cases 1 to 7), marking the end of each step with a white box
(0).

1. If U,,(z¢) = 1 one has

8 ¥ (0) = Ay(0, z) (g[nl(w)aﬁown—”m) ((m)n —M["‘”(w))_1> Bu(6) -
TR, B.11

= Ay(b,0) (G (@) 0 MI" N (a0)Gl (@) BB,

€e,Ug

with Ag(0, z¢) and By(0) defined in (BH). O

Remark B.2. Note that if we split dg, = Oy + 9 in ([BII), the term with Iy MP~U(zy) is a
contribution to ./\/([p ]( 0) and hence to ME{}B(O).

If there is only one 0 < n < p — 1 such that U, (xp)V,,41(x¢) # 0, then ¥, (xp) + Uppq(x¢) = 1 and
Xq(xe) =1 for all ¢ = —1,...,n — 1, so that ¢,41(x¢) = 1 and hence ¥, 11(z;) = xpn(x¢). Moreover it
can happen only (see Remark BZZ2)) ny =n or ny =n + 1.

2. Consider first the case ny = n + 1. One has

00V (8) = A6, 20) (97 (@)0a MU ) (1)1 = MIV @) ™Y)  By(6), (B.12)

€r,Up
with

1

G (2095, M () (i) T — M ()
= G ()95, M) (W, (220) + W1 (20)) (i M ()
G )9, MU () () (1)L — MO o >>
(B.13)
— g+l <Z Dpo MM(W)) Gl (@) + G () <Z 95 MM@@)) Gl"l ()

q=-—1

-1

qg=—1

+ gl (g <Z g, M[q]@m)g[ (z) M (2)G" T (),

qg=—1
where we have used that x,(x¢) = ¥, 41(x¢) and
(o)1 = M (20) (14 M @)W () (i) 1 = MP @) ™) 7 = (G201 = MU () ™!

We represent graphically the three contributions in (BI3) as in Figure Bl we represent the derivative

0p, as an arrow pointing toward the graphical representation of the differentiated quantity. U
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n+1 n+1 n+1 n
. (£t )
n+1 n n+1
: (<ot o )

Figure B.1: Graphical representation of the derivative dp ¥ (6) according to (BI3).

Remark B.3. Note that the M[™(z,) appearing in the latter line of (B-I3) has to be interpreted (see
Remark BZ3)) as the matrix with components

> FD Y p(a).

TeELn,u,e

Note also that, again, if we split 95, = Iy -+, in (BI3), all the terms with Oy M9 (2,) are contributions
to M[g’]ﬁ(O)

Now consider the case ny = n. We distinguish among several cases (see Remark [B4] below for the
meaning of “removal” and “insertion” of left-fake clusters):
(a) £ does not exit any left-fake cluster and one can insert a left-fake cluster, together its entering line,
between ¢ and the node ¢ exists without creating any self-energy cluster (case 3 below);
(b) ¢ does not exit any left-fake cluster and one cannot insert any left-fake cluster between ¢ and the
node ¢ exists because this way a self-energy cluster would appear (case 4 below);
(c) ¢ does exit a left-fake cluster and one can remove the left-fake cluster, together its entering line,
without creating a self-energy cluster (case 3 below);
(d) ¢ does exit a left-fake cluster and one cannot remove the left-fake cluster because a self-energy cluster

would be produced (case 5 below).

Remark B.4. Here and henceforth, if S is a subgraph with only one entering line ¢y = ¢, and one
exiting line £g, by saying that we “remove” S together with ¢, we mean that we change uq into h,
and we also reattach the line g to the node v (so that g becomes the line exiting v). Analogously,
whenever we “insert” a subgraph S with only one entering line ¢ between a line ¢ and the node v which
¢ exits, we mean that we set uy = h, and change wu, into hy, if w € N(S) is the node to which we

reattach ¢ (and ¢ becomes the line ¢, exiting S).
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3. If 7 is not the exiting line of a left-fake cluster, set § = ; otherwise, if ¢ is the exiting line of a
left-fake cluster 7', define — if possible — § as the tree obtained from 6 by removing 7' and ¢4 In both
cases, define — if possible — 71(f,¢) as the set constituted by all the renormalised trees 6’ obtained from
0 by inserting a left-fake cluster, together with its entering line, between ¢ and the node v which ¢ exits;

see Figure

B n n n+1
14 14

Figure B.2: The renormalised tree f and the renormalised trees 6 of the set (6, ¢) associated with 6.

Remark B.5. The construction of the set 71(6,¢) could be impossible if the removal or the insertion
of a left-fake cluster T, together with its entering line ¢/, would produce a self-energy cluster. We shall

see later (see cases 4 and 5 below) how to deal with these cases.

Then one has
QVO)+0 Y V(O) = A, x0) (aﬁog["} h (11 + M () g+ (xg)) ) Bu(6),  (B.14)
0'cr(8,0) ot
with
03, G" () (1 4+ MY ()G ) )
= G ()9 MP ()G ()
-1
+ G () gy MU () W1 () (i) 1 = ME () )
+ G () 9, MU () G () M) ()G 1 ()
-1
+ G () gy M () W1 () ()1 = MU () ) M )G+ ()
— gl (xg)ﬁgo/\/t[”_” (20)G" () + GI" (xg)ﬁgo/\/t["_” (20)G" W (2y) (B.15)
— G ) g, M () () (Gt — MO ) M )G ()
+ G 0) gy MUY ()G (0) M () G ()
+ G ()3 M ) () ( (e L = M) M )G )
= G (20) 0, M ()G (20) + G () D MI" ()G 1) ()
+ G ()90 M ()G () M) () G ),
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where we have used that
(L — W () (i) L — M () T M (20)) ™ (i) L — MU () ™ = ((z0) L — M (a))

Also in this case, if we split 03, = On + 0, all the terms with AN M1 are contributions to M[p] ( ) —
see Remark [B:22l Again, we can represent graphically the three contributions obtained inserting (B.I5)

in (BJ4); see Figure O
n n n n+1
(=D : GO

n n n+1
. (s D

Figure B.3: Graphical representation of the three contributions in the last two lines of (BI3).

4. Assume now that ¢ is not the exiting line of a left-fake cluster and the insertion of a left-fake cluster,
together with its entering line, produces a self-energy cluster. Note that this can happen only if £ is the
entering line of a right-fake cluster 7. Let £ be the exiting line (on scale n 4 1) of the right-fake cluster
T, call @ the tree obtained from 6 by removing T and ¢ and call 75(6, ) the set of trees 6’ obtained from
0 by inserting a right-fake cluster, together with its entering line, before ¢; see Figure [B.41

n+1 n _ n+1
14 ¢ 14
Figure B.4: The trees 6’ of the set 73(6, £) obtained from 6 when £ € L(f) enters a right-fake cluster.

By construction one has
7 (0 ) Ag(0,x0) GL 3 (27) By (0)
> () = Ag0,w0) (67 ag) M () G () By(D),

e;,u;
0'e72(0,0) et

where u; denotes the u-component of ? as line in 0, and we have used that x, = x;.

Consider the contribution to 8; 7 (6) given by

A5(0,27) (9" @) oL M )G (wy))  By(D), (B.16)

EZ,UZ
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arising from (BI3). For u,e, e’ € {8, B} and T' € R, e call Ry, (T the subset of Ry, 4 such that if
T € Ryue(T) the exiting line £ exits also the renormalised right-fake cluster T'; note that the entering
line ¢ of T must be also the exiting line of some renormalised left-fake cluster 7" contained in T”; see

Figure

Figure B.5: A self-energy cluster 77 € R,,(T).

Define M (27) as the 2 x 2 matrix with components

ST SR SR SR P (B17)

e'’=43,B TERST,, y e/ T'€Rnu,e(T)

and consider the contribution 9" (27) to M (z7) in (BIG). Let us pick up the term with the derivative
acting on the line £: one has
0 Y YO+ AO, ) (G () 9N @) G wr))  By(0)
0/ e (6,0) o (B.18)
= Ag(@20) (6N ae) M ()95, o) (1 + M ()G (@) ) ByD),

ez,uz

where we have used again that zy = ;. Thus, one can reason as in (B.I3), so as to obtain the sum of

three contributions, as represented in Figure O

1 n n 1 n 1
. n+ 2% @ ‘ N n+ n+

n—l—lm n n n+1
< —

Figure B.6: Graphical representation of the three contributions arising from (BIS).
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5. Finally, consider the case in which ¢ is the exiting line of a left-fake cluster, Ty and the removal of
Ty and E’TD (see Remark [B4]) creates a self-energy cluster.

Set (for a reason that will become clear later) g = 6§ and ¢y = ¢. Then there is a maximal m > 1

such that there are 2m lines ¢1,...,4,, and ¢|,... ¢, = with the following properties:

(i) 4; € P(lgy, li—1), for i =1,...,m,

(ii) ng, =n+i<max{p: ¥,(x,) #0} =n+i+1,fori=0,...,m—1, while n,, :=ny,, =n+m+o,
with o € {0,1},

(iii) vy, # vy,_, and the lines preceding ¢; but not ¢;_; are on scale <n+1i—1, fori=1,...,m,

(iv) v vy =g, fori=1,....m,

(v) if m > 2, £/ is the exiting line of a left-fake cluster T;, for i =1,...,m — 1,

(vi) £; < £, and all the lines preceding ¢7.  but not ; are on scale <n+i—1, fori=1,...,m,
(vii) ny, :=mny =n+m+ o’ with o’ € {0, 1}

Note that one cannot have o = ¢’ = 1, otherwise the subgraph between ¢,, and ¢/, would be a
self-energy cluster. Note also that (ii), (iv) and (v) imply nyy =n+ifori=1,...,m—1if m > 2. Call
S; the subgraph between ¢;11 and ¢; and S] the cluster between (7. and ¢, ,, for all i = 0,...,m — 1.
For i = 1,...,m, call 6; the tree obtained from 6y by removing everything between ¢; and the part of
6o preceding ¢}, and note that, if m > 2, properties (i)—(vii) hold for #; but with m — i instead of m, for
ale=1,...,m—1.

Fori=1,...,m, call R; the self-energy cluster obtained from the subgraph of 6;_; between ¢; and ¢,
by removing the left-fake cluster 7j_; together with ¢7.. Note that L(R;) = L(S;—1) U {fi-1} U L(S;_,)
and N(R;) = N(S;—1) UN(S]_,); see Figure B

Fori=0,...,m—1, given ¢, ¢ € L(6;), with ¢’ < ¢, call P (¢,¢') the path of lines in 6; connecting
¢ to £ (hence PO (£, ) = P4, )N L(6;)). For any i = 0,...,m—1 and any £ € PO (¢;, £ ), let 73(0;, £)
be the set of all renormalised trees which can be obtained from 6; by replacing each left-fake cluster
preceding ¢ but not ¢, with all possible left-fake clusters. Set also 75(6p—1,2,,) = Om—1.

Note that, by construction,

Agy Oy 0,)GE ™, (0,) Y (Sm1) = Aty (O, 20, ),

/ (B.19)
fy(s, )gée/m}uzl ('Igm)Bem (am) = Bf/Tm71 (amfl)'

One among cases 1-4 holds for ¢, € L(,,), so that we can consider the contribution to 9y, * ()
(together with other contributions as in 3 and 4, if necessary) given by — see (BI1)), (BI3) and (BID)

Aty O w0,) () 00,000,101 (00,) G (20,))  Be,,(0m).

elm’ueén
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Figure B.7: The renormalised trees 6y and 6; and the self-energy cluster R; in case 5 with m = 1 and

o = o’ = 0. Note that the set S} is a cluster, but not a self-energy cluster.

Then one has

Ae,,, (O, ze,,) (g[nm] (70,,)00,_1 V Ry (wm)g[";”](xzm)) By, (0m) + Op,p_y Z V(6'5¢, Bo)

€lm Ug! 0'€73(Om—1,0m—1)
= Ao,y (B2, ) (9367 (e, ) (B.20)

% (1 + M[n+m_1] (wgm—l)g[n—’—m} (xgm—l)) )6 u! BZ/T (0§n_1)7

m—

where we have shortened e, v’ = ¢, ug  to simplify notation. By reasoning as in (BI3), this gives
m—1

m—1)

Aty O, ) (G (@, )0 MI e, )G V(ar,,))  Bey (Bua)

Al

+ Apyy (Om—1, 24,,_,) <g =ty )0g M (g, )G )) . By (1)

)

+ Ag,,  (Om—1,20,, ) <g[n+mfl] (x¢,, )05, M [n+m—2] (xe,, , )g["”Lm*l} (xe,, 1) (B.21)

)My, )Gy, ) By ().

)

where again e,u’ =€, ,up .
Tm—1

Then, for i =m — 1,...,1 we recursively reason as follows. Set

By (m3(6i, 6i41)) = > By (¢)

0 €73(0:,0], )
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and note that

AZ'L (017 x@)g[n—f—z} (xfz) 7/(52—1) = A5¢71 (01‘—17 Te; 4 )7 (B'22)

€, Ue;
VS (G e ) MU g )G ) By, (rs(0:: 41)) = Bey,  (7a(6i1,60).

€yl

Uyt
z—l7 o,

Consider the contribution

'Afi ((9,‘ y Le, ) (g[nﬂ] (xfi )8&‘71 AI/Ri (xfi )g ] (x&' )

<M )G ) By (05 0))
et ugl,

(3

(B.23)

obtained at the (i + 1)-th step of the recursion. By (B:22]) one has (see Figure [B.§))

A&' (0i7 L, ) <g ] (x& )8&'71 7/Ri (x& )g[nJri] (xfi )

« M[n+i}(x[)g[nwLiJrl}(xz_)) e BKIT' (7’3(9@',€§+1)) + 0, Z 7 (0")
€ i,uZ/T g

i 0'er3(0i—1,4i—1) (B 24)

- 'Afiﬂ (01‘—1, Te;_q ) (3ﬁ0g["+i—1} (wéiﬂ )

x (14 MY (g, )G, ) ) By, (rs(0i-1,40),

€y Uyt 11—
—1°7
! Ti—1

which produces, as in (B2]]), the contribution

Ao (Biroa, ) <g[n+i—1} (ze, V0o, » VR, (xgi_l)g[ml—i—l} (Te,_,)
MO )G ) By (w0, 6)

elifl’uZ/T, ) i—1
i—

(B.25)

Hence we can proceed recursively from 6,, up to 6y, until we obtain

Ay (00,06,) (97 0 ) 03 MI N )G 1)) Bry, (ma(00,61))

€pn Uyt
0’ eTO

+ Ady (00, 20) (972003 MU V(e 0)G V(ay)) By (7s(60,41)) (B.26)

T
€l el 0
0

+ Aty (00,60 (G 1) Do M )G ) M) (4, )G () ) By (60, 4):

€pn,Upr 10
0’ ZTO

/
To

Once again, if we split dg, = On + O, all the terms with On M1 are contributions to Mg)]ﬁ(O) O
6. We are left with the derivatives ;M4 (), ¢ < n, when the differentiated propagator is not one of

those used along the cases 4 or 5; see for instance (BIS), (B20) and (B24]). One can reason as in the
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Rl(
~ +i +i +‘+1.
ng 1 Eiil n-—-+1 n IZ +

yZ8

/
Ei )
i

Si-1 i1

Figure B.8: Graphical representation of the left hand side of (B24)).

case 01, ¥ (0), by studying the derivatives 9y ¥ r(x¢) and proceed iteratively along the lines of cases 1 to

5 above, until only lines on scales 0 are left. In that case the derivatives 0g,G [0] (z¢) produce derivatives

€03 Fo(Bo, Bo) €03, 5, Fo(B0, Bo)
850M[_1] (m) =

ed5,Go(Bo, Bo) €03, p,Go(So, Bo)

(see Remarks B2l and BZZ2)). Therefore, for n = —1, in the splitting (BI0), there are no terms with
the derivatives 9y, and the derivatives 0, can be interpreted as said in Remark [B1 ]
7. By construction, each contribution to ./\/lgigl} (0) appears as one term among those considered in
the discussion above, that is among the contributions to 85()‘1)5’7’ (¢, Bo, Bp) arising from the trees 6 €
@Egi 3 satisfying the condition (B2). Of course, when computing dg, #'(#) for such trees, also some
contributions to M gj ][3(0) have been produced. Call W the contributions to M /[31? }6(0) which are not
obtained in the previous steps. Define also R as the sum of the contributions to 03, @5’7’ such that

D5, @37+ RIP = I 0) + (MP(0) — W), (B.27)

) )

~1 o
where we have used that M[ﬁp’]ﬁ(O) = M[ﬁpﬂ ](0) + Mg?]ﬁ (0) — see definition (B2Z6]) and use that x,(0) =1
for all ¢ > —1. Hence Jg, (1)702,;) ~! + RIP) represents the sum of all contributions to 03, @5’7’ used in 1-6.
One can write
95, Py = D, ®P " + RIPI 4 SIPI, (B.28)

for a suitable SPPl: by construction SP! takes into account all contributions arising from the trees
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S @Z?g)ﬁ which do not satisfy the condition (B2, i.e. such that

max {n€Z; :V,(w-vy) #0} =p+1. (B.29)

teory

Such trees have been excluded in the discussion above, because on the one hand they would produce
the remaining contributions to M gj ][3(0), on the other hand they would equally produce contributions to
ng;u(O). Therefore, by combining (B27) and (B28), we obtain 0, <I>§’p = ME}B(O) + (Sl — W),
where both WP and S arise from trees containing at least one line ¢ on scale p and such that
U,i1(w - vy) # 0: for such a line ¢ one has |vy| > 2™»+1~! by Remark ZZZZ Therefore, one has

max{]S[pH, ]W[p}\} < le| Die P22 for some constants Dy, Dy, and this is enough to prove the

bound (BJ]). O
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