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ABSTRACT

In this Thesis we present some results obtained recently about the in-
tegrability properties of the multi-affine partial difference equations
Consistent Around the Cube classified by R. Boll. We review some
known result and we present for the first time the non-autonomous
form on the lattice of some of these equations. Using the so-called Al-
gebraic Entropy test we conjecture that two sub-families of the equa-
tions found by Boll, namely the trapezoidal H* equations and the H®
equations are linearizable. By computing the Generalized Symmetries
of the trapezoidal H* equations and the H® equations we propose a
non-autonomous generalization of the Qv equation. Finally we prove
the linearizability of these equation by showing that they are Darboux
integrable equations and we show how to use this property in order
to obtain general solutions.

SOMMARIO

In questa Tesi presentiamo alcuni risultati recentemente ottenuti sul-
le proprieta di ingregrabilita delle equazioni alle differenze parziali
multiaffini Consistenti sul Cubo classificate da R. Boll. Passiamo in
rassegna alcuni risultati nuovi e presentiamo la forma nonautonoma
sul reticolo di alcune di queste equazioni per la prima volta. Usan-
do il cosiddetto metodo dell’Entropia Algebrica congetturiamo che le
due sottofamiglie delle equazioni trovate da Boll, ossia le equazioni
H* trapezoidali e le equazioni H®, siano linearizzabili. Calcolando le
Simmetrie Generalizzate delle equazioni H* trapezoidali e delle equa-
zioni H® proponiamo una generalizzazione nonautonoma dell’equa-
zione Qy. Per ultima cosa dimostriamo come queste equazioni siano
linearizzabili mostrando che sono Darboux integrabili e che tramite
questa proprieta e possibile scrivere le soluzioni generali.
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INTRODUCTION

The main object of this Thesis are the multi-affine partial difference equa-
tions defined on a quad graph, i.e. equations for an unknown function
Un,m of the two discrete variables (n, m) € 72, which are multi-affine
polynomial in the unknown function and its shifts in a way that the
corresponding points on the Z? plane lie on the vertices of a quadri-
lateral figure. The most known example of this kind of equations is
the discrete wave equation:

Un+1,m+1 —Un+tl,m — Unm+1 +Unm = 0,

i.e. the lattice analogue of the wave equation in the light-cone coordi-
nates uxt = 0. Indeed the partial difference equations defined on a
quad graph are the lattice analogue of the hyperbolic partial differential
equations.

The property of the multi-affine partial difference equations de-
fined on a quad graph we are interested in is their integrability. The
most accepted definition of integrability for nonlinear equations (of
any kind) is that of the existence of a Lax pair [97]. A Lax pair is
a linear representation of a nonlinear problem which yield, through
the method of the Inverse Scattering Transform the solution of the
original nonlinear equation.

Finding a Lax pair for a nonlinear equation is a non-trivial and
non-algorithmic task so a preeminent role in the theory of Integrable
Systems is given to the so-called integrability criteria [100, 172]. In-
tegrability criteria are algorithmic procedure that permit to say if a
given equation is integrable or not. Integrability criteria are therefore
particularly useful in applications.

In the case of the nonlinear multi-affine partial difference equa-
tions defined on a quad graph a particularly useful integrability crite-
rion has been discovered: the so-called Consistency Around the Cube.
Roughly speaking a multi-affine partial difference equations defined
on a quad graph is said to possess the Consistency Around the Cube
if it can be extended in an agreeing way on a three dimensional lattice.
This means that a single equation is replaced by a sextuple of equa-
tions assigned on the faces of a cube, which explains the name, see
Chapter 1 for a more formal definition. The usefulness of the Con-
sistency Around the Cube relays in the fact that it provides for an
equation possessing it Backlund transforms and as a consequence a
Lax pair [120, 122].

Beyond its role as integrability criterion, i.e. as a method to estab-
lish if a given equation is or not integrable, the Consistency Around
the Cube has been also used for classification purposes in a program
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aimed to find all the equations possessing it up to some chosen group
of transformations. Indeed, since if an equation possess the Consis-
tency Around the Cube we can find its Lax pair, to classify all the
equations with this property means to classify a subset of the in-
tegrable multi-affine partial difference equations defined on a quad
graph. The classification using the Consistency Around the Cube was
done in [2]. In [2] were used two technical assumptions: that the given
equation possesses the discrete symmetries of the square and the tetrahe-
dron property. An equation possesses the discrete symmetries of the
square if the multi-affine polynomial defining it is symmetric under
a particular exchange of its entries, while it possess the tetrahedron
property if the equation on the top of the cube does not contains
the field un,m. In the following years many authors dealt with the
problem of weakening the hypothesis in [2] and extending the classi-
fication therein made, e.g. [81, 82]. Most notably the paper [3] opened
the way for a complete classification, using as only technical hypoth-
esis the tetrahedron property. A complete classification of the quad
graph equations possessing the Consistency Around the Cube and
the tetrahedron property was then accomplished by R. Boll in a se-
ries of papers culminating in his PhD thesis [20—22]. The result of the
classification made by Boll was that there exist three families of equa-
tions possessing the Consistency Around the Cube: the Q equations,
the H* equations, divided in rhombic and trapezoidal, and the H® equa-
tions. Let us notice that the Q family was introduced in [2] and their
integrability properties are well established. A detailed study of all
the lattice equations derived from the rhombic H* family, including
the construction of their three-leg forms, Lax pairs, Backlund trans-
formations and infinite hierarchies of generalized symmetries, was
presented in [166].

In this Thesis we deal with two families of equations of the Boll’s
classification possessing the Consistency Around the Cube which
were still unstudied, namely the trapezoidal H* equations and the
H® equations. The main result is that these two classes of equations
consist of linearizable equations. We will go through the various steps
which were made to understand their deep structure in a series of pa-
pers. The plan of the Thesis is the following:

CHAPTER 1: We introduce the concept of integrability for finite and
infinite dimensional systems with particular attention to the par-
tial difference equations case. In particular we introduce the con-
cept of integrability indicators and we present in a rigorous way
the concept of Consistency Around the Cube and its historical
development. We present then the explicit construction of the
lattice equations from the single-cell equations in the case when
the equations on the side of the cube are different. We discuss
then how the classification at the single-cell level is preserved
when passing to the lattice by introducing explicitly the group
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Moby .. The original part of this Chapter is mainly based on
[67]-

CHAPTER 2: We introduce the Algebraic Entropy to study the trape-
zoidal H* and the H® equation. The fact that the trapezoidal H*
and the H® equations are non-autonomous requires a modifica-
tion of the usual definition of Algebraic Entropy for lattice equa-
tion [155]. We then present the results of the calculation of the
Algebraic Entropy for the trapezoidal H* and the H® equations.
To support this evidence we present two examples of direct lin-
earization and an example of the fact that Lax pairs obtained
from Consistency Around the Cube for linearizable equations
can be fake [27, 77]. The original part of this Chapter is mainly
based on [67, 68].

CHAPTER 3: We introduce the Generalized Symmetry method for
partial difference equations on the quad graph. We then present
the three-point Generalized Symmetries of the trapezoidal H*
and the H® equations and put them in relation with particular
cases of the Yamilov discretization of the Kriechever-Novikov
equation [168]. Stimulated by the results of these computations
we introduce a new partial difference equation which we con-
jecture to be integrable due to Algebraic Entropy test. We show
that this new partial difference equation is a non-autonomous
generalization of the so-called Qv equation [156]. The original
part of this Chapter is mainly based on [65, 66].

CHAPTER 4: We present a rigorous proof of the fact that the H* and
the H® equations are linearizable based on the concept of Dar-
boux integrability for partial difference equations [5]. This en-
ables us also to construct the general solutions of these equa-
tion by solving some linear non-autonomous ordinary differ-
ence equations or some non-autonomous discrete Riccati equa-
tions. This fact can be taken to be a confirmation of the Alge-
braic Entropy conjecture [84]. The original part of this Chapter
is mainly based on [70, 71].

In the ConcLusiONs we make some comments on the results ob-
tained in the various Chapters of this Thesis and we discuss some
open problems and further developments.






INTEGRABILITY AND THE CONSISTENCY
AROUND THE CUBE

Here we introduce the main concepts we will deal with. In particular
we will introduce the main ingredients in order to construct the lattice
representation of the trapezoidal H* and H® equations, object of this
Thesis.

We begin in Section 1.1 by introducing the concept of integrability.
The in Section 1.2 we introduce the basis of one of the most pro-
lific integrability indicators of the last years: the Consistency Around the
Cube. In Section 1.3 we will give an account of how the Consistency
Around the Cube has been used in order to find and classify inte-
grable systems. In particular in Subsection 1.3.2 we will introduce the
Boll’s classification [20-22] and present and discuss in the following
Subsection 1.3.3 the equations yet not studied. In Section 1.4 we will
discuss the problem of the embedding in the 2D and 3D lattices. In
Section 1.5 we give the proof of how the classification at the level of
single cell is preserved once embedded in the full lattice, given origi-
nally in [67]. Finally in Section 1.6 we will present the explicit lattice
form of the trapezoidal H* and H® equations as given in [67] which
will used everywhere throughout the Thesis.

1.1 THE MEANING OF INTEGRABILITY

In this Thesis we will focus mainly on two-dimensional partial difference
equations defined on a square lattice for an unknown function u, m
with (n, m) € Z?, i.e. relations of the form:

2
Q (un,mr Un+1,m/ un,m+1/un+1,m+1) =0, (nr m) eZ. (1'1)

If the function Q is a multi-affine irreducible polynomial of its argu-
ments we say that (1.1) is a quad-equation. This will be the kind of
two-dimensional partial difference equation we will consider mostly.

We wish to study the integrability of these equations. The notion
of integrability comes from Classical Mechanics and roughly means
the existence of a “sufficiently” high number of first integrals. Indeed
given an Hamiltonian system with Hamiltonian H = H (p, q) with
N degrees of freedom we say that this system is integrable if there
exists N integrals of motions, i.e. N functions Hi i =1,..., N, well de-
fined on the phase space, i.e. analytic and single-valued, which Poisson-
commutes with the Hamiltonian:

{Hi, H} = 0. (1.2)
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The Hamiltonian, which commutes with itself, is included in the list
as Hy = H. These first integrals must be well defined functions on the
phase space and in involution:

{Hi,H)’}:O, i;éj:],...,N (13)
and finally they should be functionally independent:

o(Hy, ..., Hn)
a(P]r---/Pn/qh---/qn)

rank =N. (1.4)
Indeed the knowledge of these integrals provides the remaining N — 1
integrals and this is the content of the famous Liouville theorem [112,
161]. When more than N independent integrals exists, we say that the
system is superintegrable [44, 140]. Note that in this case the additional
integrals will not be in involution with the previous ones. Integrabil-
ity in Classical Mechanics means that the motion is constrained on
subspace of the full phase space. With some additional assumptions
on the geometric structure of the first integral it is possible to prove
that the motion is quasi-periodic on some tori in the phase space [12,
13]. Note that in the classical case is possible to have some regularity
on the behaviour of the system even when there exists M < N first
integrals. This situation is called partial integrability [49, 50, 119].

In the infinite dimensional case, i.e. for partial differential equa-
tions, the notion of integrability have been studied and developed in
the second half of the XXth Century. In this case one should be able
to find infinitely many conservation laws. These infinitely many conser-
vations laws can be obtained, for example, from the so-called Lax pair
[97], that is an overdetermined linear problem whose compatibility
is ensured if and only if the nonlinear equation is satisfied. A bona
fide Lax pair can be used to produce the required conservations laws,
with the associated generalized symmetries. The form of the Lax pair
will be different depending on the kind of equation we are consider-
ing. It is worth to note that Lax pairs can be used also in Classical
Mechanics [40] and that there exist examples of Lax pairs which are
not bona fide [27, 77, 104, 109, 114, 115, 143, 144], the so-called fake
Lax pairs. These fake Lax pairs cannot provide the infinite sequence
of first integrals, so they are useless in proving integrability.

In the case of the partial difference equation (1.1) a Lax Pair is
the overdetermined system of linear equations for a field vector function
O, m € RK:

(Dn+1,m = Ln,m (un,m/ un—l—],m) q)n,m/ (1-53)

(Dn,m+1 = Mn,m (un,m/ Un,m+1 ) (Dn,m/ (15b)
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where L, and M,, r, are K x K matrices, depending possibly on
some spectral parameter A\*. The compatibility of the two equations in

(1.5) is:
I—n,m+1 Mn,m = Mn+1,an,m/ (1-6)

which must be satisfied if and only if we are on the solution of our

nonlinear partial difference equation (1.1) for any value of A. Remark

that in (1.6) we have to consider the shifts also in the dependent

variable upon which the matrices L, m and My, m depend. That is if

Lnm = Lom (Wn,m, Unpr,m) then Ly 1 = Ly 1 (Wnymer 1, Unk 1,mee 1)

and if My, ;m = Mp,m (un,m/ Un,my1) then My 1 m = Muyim (un+1,mr Un1,m+1)-
This notation will be employed everywhere.

The vector function @, ., is usually called, for historical reasons,
the wave function. This is because in the case of the Korteweg-deVries
equation [92], which is the first example of Lax pair ever produced,
the spatial part of the Lax pair is a one-dimensional Schrodinger equa-
tion [97].

Example 1.1.1. Let us consider the following couple of equations from
[76]:

Xn+1,m+1 Xn+1,m+1

TYnm = ’ (1.7a)
Xn/m+1 xn+1 ,$m
Xn+1,m Xn,m+1
+ Yn+1,m = . (17b)
Xn,m Xn,m

This is a couple of equations for the unknown functions xn,m and
Yn,m defined on a Z? lattice. This is not a quad equation in the form
(1.1), but written as a single equation it is defined on a rectangle.
However we can see that the following 2 x 2 matrices:

Lym = Xn+1,m/Xnm A ) (1.8a)
A 0

Mpm = (X“'m“/ Xnmo A > (1.8b)
A Yn,m

yield the system (1.7) as compatibility condition (1.6). Indeed by com-
puting (1.6) we obtain:

Xn+1,m+1 Xn+1,m+1
0 At )
( Xn,m+1 Ynm Xn+4+1,m _ (O O) )
Y <Xn+1,m+yn+1,m_xmm+1) 0 00
Xn,m Xn,m
(1.9)

That is the couple of matrices (1.8) is a Lax pair for the system (1.7).
O

In the case of 2 x 2 matrices it was proved that any Lax pair where a non-trivial
spectral parameter cannot be inserted [104] is fake [75, 76].
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If by integrability we mean the existence of a Lax pair (1.5) then the
prove of the integrability of an equation is a highly non-trivial task.
Indeed there is no general algorithm to produce a Lax pair. For this
reason in the years many Integrability detectors have been developed.
Integrability detectors are algorithmic procedures which are sufficient
conditions for integrability, or in some cases alternative definition of
integrability. In the next Section we will introduce one of the most
fruitful integrability detector developed in the past years: the Consis-
tency Around the Cube. Its primary importance comes from the fact
that it can produces algorithmically a Lax pair. In Chapter 2 we will
introduce another integrability detector the Algebraic Entropy which
can also discriminate between integrable and linearizable equations.
Also Generalized Symmetries which we will introduce in Chapter 3 can
be used as a definition of integrability. The key importance of Alge-
braic Entropy and Generalized Symmetries is that they avoid the need
of prove (or disprove) the existence of a Lax pair, at difference from
the Consistency Around the Cube technique.

As a final important remark we want to stress that integrability is a
property affecting the regularity of the solutions. In the case of discrete
equations given an initial condition we can compute the whole set of
solutions with machine precision. The question of regularity can seem
futile, but in fact what we want is to understand the behavior of the
given equation without having to compute a full sequence of iterates!

It is worth to note that the concept of integrability and the concept
of solvability are very different. This can be easily explained on the
example of the famous logistic map:

Uni1 =4un (1—un). (1.10)

Given the initial condition through uy = sin? (co/2) the solution of
this equation is given by [145]:

un =sin? (co2™ ). (1.11)

Equation (1.11) is sensitive to the initial condition. Indeed computing
the derivative with respect to the initial condition we have:

dun

deo 2™sin (co2™ ') cos (co2™ 1) . (1.12)

Thus we see that the error grows exponentially with n, one of the

indicators of “chaos”. So the system (1.11) is solvable, but not inte-
grable.

1.2 THE CONSISTENCY AROUND THE CUBE

Here we discuss the basic properties of the so-called Consistency
Around the Cube technique, following mainly the exposition in [83].



1.2 THE CONSISTENCY AROUND THE CUBE
Let us now to have a quad equation defined on the quad graph de-
pending also on some parameters p and q:

Q (un,mz Un+1,m/ Unm+1, Un+1,m+1,P, Cl) =0 (1-13)

as it is shown in Figure 1.1.

Un+1,m p Un+1,m+1
q q
Un,m P WUn,m+1

Figure 1.1: A quad-graph.

We say that this equation is Consistent Around the Cube if it can
be extended to an equation defined on a three dimensional lattice in
a coherent way. To do so first add a third direction un,m — Un,m,p
and the new three dimensional lattice is depicted in Figure 1.2.

Un,m+1,p+1 Un+1,m+1,p+1
A

P+

un+1,m+1,p

Un,m,p Un+1,m,p

Figure 1.2: The extension of the 2D lattice to a 3D lattice when the equation
on the edges are the same.

Then on this new lattice we consider the following equations:

A= Q (un,m,p/un+1,m,p/un,m+1,p/ Un+1,m+1,p, P/ q) =0,

(1.14a)
A= Q (un/mzp+1’un+1,m,p+1/un,m+1,p+1/un+1,m+1,p+1/p/ q) =0,
(1.14b)
B = Q (un,m,p/un,m+1,p/ Un,m,p+1,Un,m+1,p+1,9, T) =0,
(1.140)

B=Q (un+1,m,p/un+1,m+1,p/un+1,m,p+1/un+1,m+1,p+1/ q/T) =0,
(1.14d)
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C=Q (un,m,p/un+1,m,p/un,m,p+1/un+1,m,p+1,T/P) =0,
(1.14€)

C= Q (un,m+1,p/un+l,m+1,p/un,m+l,p+1/un—o—],m—i—l,p—o—]/rrp) =0,
(1.14f)

There is a natural consistency problem: Given the values un m,p,
Un41,m,p, Yn,m+1,p, Un,mp+1 as in Figure 1.2 we can compute val-
ues at Un 4 1,m+1,p, Un+1,mp+1, Un,m+1,p+1 uniquely using the equa-
tions on the bottom, front and left sides (1.14a,1.14€,1.14C), respec-
tively. Then un 1 1,m41,p+1 can be computed from the equations on
the top, right and back side equations (1.14b,1.14f,1.14d), and they
should all agree. This is the consistency condition.

The Consistency Around the Cube technique represents a rather
high level of integrability. Indeed it can be thought as three dimen-
sional version of the multi-dimensional consistency introduced in
[35]. In fact it is a kind of Bianchi identity, and was observed to hold
for a sequence of Moutard transforms [124]. In its form it was pro-
posed as a property of maps in [122].

The main consequence of the Consistency Around the Cube is that
it allows the immediate construction of Lax pair [123] via Backlund
transformations. We will now give this construction in the way as pre-
sented in [120]. The idea is to take the third direction as a spectral di-
rection and generate the field @, ., in (1.5) from the shifts in the third
direction. To do so we first solve (1.14e) with respect to Un1,mp+1
and (1.14c) with respect to un m1,p4+1 and relabel the third direc-
tion parameter r = A. We can rewrite Un1,m,p+1, Un,m+1,p+1 and
Un,m,p+1 introducing the inhomogeneous projective variables:

. fn,m o 1:n+1,m
Unm,p+1 = — Untimp+l = —
n,m In+1,m

frm+1 (1.15)
Unm+1,p+1 = S—
Ign,m+1
Then, due to the multi-linearity assumption, we can write down (1.14e)
and (1.14c¢) as:

Liiun,mpr1 + 1,2

4
L iunmpr1 + 12,2
M1, 1Un,mp+1 + 112

7
M2,1Un,m,p+1 +M22

Un+1,m,p+1 = (1.16&)

Un,m+1,p+1 = (1-16b)
where 1i; = 1ij (Un,m, Un+1,m) and my; = myj (Un,m, Un,m+1) With
i,j = 1,2 are the coefficients with respect to un m,p+1. Introducing
(1.15) into (1.16) we then obtain the following couple of equations:

fn+1,m o 11,1fn,m + l-1,2911,m
In+1,m - 12,1fn,m + l-2,2911,m’
fm+1  mMifnm + M 29nm
Inmi1  M2ifnm+M220nm’

(1.172)

(1.17b)
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Then if we introduce the vector function:

<Dn,m - <fn,m> ’ (1.18)
In,m

we can write interpret (1.17) as matrix relation of the form (1.5) with
the matrix L and M given by:

Ly Ly / mi My
Ln,m =Yn,m ’ ’ ’ Mn,m - Yn,m ’ ’ s (1-19)
L1 by my1 M2

where Ynm =VYnm (u-n,m/ un+1,m) and Y;L,m = Y;L,m (un,mr Un,m+1 )
are the so-called separation constants. These separation constants arise
from the fact that the coefficients in (1.17) are defined in projective
sense, i.e. up a common multiple. The determination of the separation
constants is crucial in the application of the method [23]. To deter-
mine the separation constants it is always possible to impose some
restrictions on Ly, and My m, e.g. they can be taken as matrices
with unit determinant (members of the special linear group). How-
ever this kind of restrictions usually introduces square roots which
can make the expressions unmanageable. Therefore usually it is eas-
ier to consider a single separation constant Ty, m. From (1.19) writing
Lom = Ynm&nm and My m = vy, wMn,m and taking into account
the compatibility condition (1.6), we can write:

Tn,an,nhLI Mn,m = Mn+1,m£‘n,m (1-20)
where we now have a unique separation constant:

/
YT‘L,m+1Yn,m

Tnm = (1.21)

YrmYnitm
Note that a priori Tn,m = Tn,m (Un,m, Un+1,m, Wn,m+1,Un+1,m+1)- This
kind of reasoning is sufficient if we want to prove that (1.19) gives a
Lax pair for the quad equation (1.1) consistent on the cube. On the
other hand, if we want to use the obtained Lax pair for constructing
soliton solutions or for the usual Inverse Scattering machinery, we
need to have the precise form of the separation constants. Separation
constants are needed also if we want to prove that a Lax pair is fake,
as showed in [68] and will be discussed in Subsection 2.4.1.

At the end we can state the following result given a quad equation
(1.1) compatible around the cube, given the matrices Ln,m and My m con-
structed according to (1.19) we can find a Lax pair together with the sep-
aration constant Tn,m such that the compatibility condition (1.20) holds
identically on the solutions of (1.1).

1.3 THE CONSISTENCY AROUND THE CUBE AS A SEARCH METHOD

The Consistency Around the Cube is an algorithmic tool: given a
quad equation (1.1) by a few calculations it is possible to tell if it is or

11



12

INTEGRABILITY AND THE CONSISTENCY AROUND THE CUBE

it is not consistent around the cube. In the affirmative case it is possi-
ble to construct its Lax pair using (1.19). However it is also possible
to reverse the reasoning and assume to be given a generic quad equa-
tion (1.1) which possesses the Consistency Around the Cube property
and the derive the form the equation must have. This means to use
the Consistency Around the Cube as a search method, and, in principle,
obtain equations with the desired properties. From the Consistency
Around the Cube have been obtained two kinds of results. In a first in-
stance by the papers [2, 81, 82], were produced autonomous equations.
In a second instance by the papers [3, 20, 22] and in R. Boll Ph.D.
Thesis [21], a more general situation was studied and non-autonomous
equations were produced. We will now list the main findings of these
researches, especially we will discuss the generalization introduced
in the second phase and, following [67] we will give the explicit for-
mulze for the construction of the lattice equations in Section 1.4.

1.3.1  Original attempts

The first attempt of using the Consistency Around the Cube as a
classifying tool for quad equations was made in [2]. The authors used
the following hypothesis:

1. The quad equation (1.13) possess the tetrahedron property: Un 1 1,m+1,p+1

is independent of U m p.

2. The quad equation (1.13) possess the discrete symmetries of the
square, i.e. it has the following invariance property:

Q (un,m/ Un+1,m, Unm+1,Un+1,m+1,P,(q )
= HQ (un,m/ Un, m+1, Un+1,m/ Un+1,m+1, q,P) (1~22)

= FL/Q (un—H,m/ Un,m, Un+1,m+1,Un,m+1,P~ q) ’
where pu, n’ € {£1}.

The outcome of this classification, up to Mobius transformations,
are the celebrated ABS equations, namely two families of autonomous
quad equations. The first one is the H family with three members:

Hi: (un,m —Un4+1,m+1 )(un,m—H _un+1,m) —o+ B =0,

(1.23a)
Hy: (un,m —Un+1,m+1 )(un,m+1 _un+1,m) - 0(2 + BZ
+(B—«) (un,m FUnm+1 +Unt1,m +Unt1,m+1 ) =0,
(1.23b)

Hs: “(un,mun,m+1 + Un 1, mUn+1,m+1 )

_B(un,mun+],m + Un,m+1Unt1,m+1 ) + 6(0(2 - Bz) =0,

(1.23¢)
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while the second one is the Q family consisting of four members:

Qr: a(Unm —Unt1,m)(Unm+1 — Un+1,m+1) (1.24a)
—B(Wn,m —Un,m+1) (Unr1,m —Unt1,me1)
+8%aB(o—B) =0,
Q2:  o(Un,m = Unt1,m)(Unm+1 —Unt1,me1)
—B (un,m —Un,m+1 )(un—H,m —Un4+1,m+1 )
o (o= B)(Un,m + Un,m+1 +Unt1,m + Unt1,m+1)
—oB(o—B)(o® —ap + ) =0,
(1.24b)
Qs: (B*— “2)(Un,mun+1,m+1 +UnmeiUnii,m)  (1.240)
+B(0® = 1) (Un,mUn,m+1 + Unt 1, mUni1,ms1)
—a(B% — 1) (Un,mUn+1,m + Unt1,me1Unt1,m+1)
52(a2 =) —1)(R2—1)
4o

Q4 : kOun,mun+1,mun,m+1 Un+1,m+1

-0,

—kq (un,mun+l,mun,m+1 FUn+1,mUn,m+1Un+1,m+1
FUn,mUn,m+1Un+T,m+1 F Un,mUn+1,mUn1,m+1 )
+k2 (un,mun+1,m+1 + Unt1,mUn,m+1 )
- k3 (un,mun+1,m + Un, m+TUn+1,m+1 )
— k4 (un,mun,m+1 + Un+1,mUn+1,m+1 )
(

+ ks Un,m T Unrl,m T Un,ma1 +Unil,mt1 ) +ke=0

(1.24d)
with
ko=a+pB, ki =oav+Bp k=oav:+pu?
oo+ B) 2 2 92
. O(B(O(+ [3) 2 2 g2 (1'25)
2
_ 93 92 _9
k5—2k0+4k1, ke 16k0+93k1,
where
of =1(w), BZ=r(v), v(z)=4z"—grz—gs. (1.26)

Here o and {3 are the parameters associated to the edges of the cell
presented in Figure 1.1.

The Q4 equation given by (1.24d) is in the so-called Adler’s form,
first found in [1]. This equation possesses two other reparametrizations,
one in terms of points on a Weierstrafs elliptic curve [120] called the
Nijhoff’s form, and one in terms of Jacobi elliptic functions [82], called
the Hietarinta’s form.

13
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In [2] a third family of equations consisting of two members is pre-
sented, namely the A family. However it was proved in the same paper
that such family is included in a sub-family of the Q one through a
non-autonomous Mobius transformation. From the discussion in Sec-
tion 1.4 and in Section 1.5 it will be clear why we can safely omit such
family.

After the introduction of the ABS equations J. Hietarinta tried to
weaken its hypotheses. First in [81] he made a new classification with
no assumption about the symmetry and the tetrahedron property.
Therein he found the following new equation:

Un,m t€2Unri1,m+1 +02 Un+1,m + €2 Un,ms1 +02

Jq: = , (1.27)
Un,m +€1 Un41,m+1+ 01 Un4+1,m T 01 Up,m+1 + €7

where e; and o; are constants.
Later in [82] he released just the tetrahedron property, maintaining
the symmetries of the square and he found the following equations:

J2: Unm +FUnil,m +Un,m+1 FUnp1,m+1 =0, (1.28a)
J3: Un,mUWUn+l,m+1 T Unt1,mUn,m+1 = 0, (1-28b)
Ja: Un,mUn+1,mUn,m+1 +UnmUn+1,mUn+1,m+1 (1.28¢)

+ Un,mUn,m+1Un+1,m+1 + Un41 mUnm+TWUn+1,m+1

+Un,m +Unt1,m +Unme1 +Ung1,me1 = 0.

It is worth to note that all these ] equations, namely (1.27) and (1.28),
are linear or linearizable [138]. Furthermore it was proved in [69] that
the | equations (1.28) are also Darboux integrable, shedding light on
the origin of integrability. This property will be discussed in Chapter
4, and its discovery was a crucial step which led to a better under-
standing of the relations between Consistency Around the Cube and
linearizability.

1.3.2  Boll’s classification: non-autonomous lattices

New classes of equations where introduced by a generalization of the
Consistency Around the Cube technique given in [3]. Let us astray
from the quad equation as equation embedded on a lattice, and just
think it as multi-affine relation between some a priori independent
fields x, x1, x2, x12 with edge parameters ¢y and «;:

Q (X/ X1,X2,X12,%1, O('Z) =0. (1'29)

The situation is that pictured in Figure 1.3, where the cell is single
and yet not embedded in any lattice.

In [3] the authors considered then a more general perspective in the
classification problem. They assumed that on faces of the consistency
cube, A, B, C and A, B and C are different quad equations of the form
(1.29). Furthermore they made no assumption either of the symmetry
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X1 1 X12
(05) X2
X X1 X2

Figure 1.3: The purely geometric quad graph not embedded in any lattice.

of the square (1.22) nor of the tetrahedron property. They considered
six-tuples of (a priori different) quad equations assigned to the faces
of a 3D cube:

A (x,x1,%2,X12; 01, 62) =0, (1.30a)
A (x3,X13,X23,X123; %1, %2) = 0, (1.30b)
B (x,%x2,%x3,%23; 3, 002) =0, (1.30¢)
B (x1,x12,%13,%123; &3, 002) =0, (1.30d)
C(x,x1,%x3,%13; %1, 03) =0, (1.30€)
C (x2,x12,%23,%X123; 1, 3) = 0, (1.30f)

see Figure 1.4. Such a six-tuple is then defined to be 3D consistent
if, for arbitrary initial data x, x1, x2 and x3, the three values for x123
(calculated by using A = 0, B = 0 and C = 0) coincide. As a result
in [3] the authors obtained the same Q family equations of [2]. In
addition some new quad equations of type H. These new equations
turned out to be deformations of those present up above (1.23).

X123

X12

Figure 1.4: Equations on a Cube

The new equations were the rhombic H* equations which possess the
symmetries of the rhombus:

Qx,x1,%x2,%x12, 01, 2 ) = nQ(x,x2,%1,%X12, X2, x71)

(1.31)
= HIQ(X] 2,X1,X2,%X, %2, X1 )/
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with p, u” € {£1} and are given by:

PHY s (x—x12) (61 —x2) — (1 — &2) (1 + exyx2), (1.32a)
PHS s (x—x12) (%1 —%x2) + (g — 1) (x +x7 +%x2 +x712)  (1.32b)
+e(or —o1) (2% + o1 + 0)(2x2 + 0 + x2)

3

+ el — o) —oc%—i—oc%

rHS oo (xx7 +x2x712) — &2 (xx2 +Xx1%712) (1.320)

£X1X
+(oc%—oc§) (6+ ! 2)
X712

Note that as ¢ — 0 these equations reduce to the H family (1.23)
discussed before.

As these equations do not possess anymore the symmetry of the
square (1.22) they cannot be embedded in a lattice with a fundamen-
tal cell of size one, but the size of the elementary cell should be bigger,
equal to two. This implies that the corresponding equation on the lat-
tice will be a non-autonomous equation [3]. The explicit form of the
non-autonomous equation was displayed in [166]. We will postpone
to Section 1.4 the discussion on how this reasoning is carried out since
we will present a more general case.

In [20—22], Boll, starting from [3], classified all the consistent equa-
tions on the quad graph possessing the tetrahedron property only
The results were summarized by Boll in [21] in a set of theorem:s,
from Theorem 3.9 to Theorem 3.14, listing all the consistent six-tuples
configurations (1.30) up to M6b®, the group of independent Mébius
transformations of the eight fields on the vertexes of the consistency
three dimensional cube, see Figure 1.4. The essential tool used in the
classification where the bi-quadratics, i.e. the expression:

_0Q0aQ 0°Q

- an 6x1 axk aXI,

(1.33)

1

where the pair {k, 1} is the complement of the pair {i,j} in {0,1,2,12}>.
A bi-quadratic is called degenerate if it contains linear factors of the
form x; — ¢, with ¢ € C a constant, otherwise a bi-quadratic is called
non-degenerate. The three families are classified depending on how
many bi-quadratics are are degenerate:

¢ Q family: all the bi-quadratics are non-degenerate,
e H* family: four bi-quadratics are degenerate,
e H® family: all of the six bi-quadratics are degenerate.

Let us notice that the Q family is the same as presented in [2, 3]. The
H* equations are divided into two subclasses: the rhombic one, which

2 Here xp = x.
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we discussed above, and the trapezoidal one The rhombic symmetry is
given by (1.31), whereas the trapezoidal one is given by [3]:

Qx,x1,%2,%x12, &1, %2) = Q(x1,%, %12, X2, X1, X2). (1.34)

The trapezoidal symmetry is an invariance with respect to the axis
parallel to (x1, x12). There might be a trapezoidal symmetry also with
respect to the reflection around an axis parallel to (x, x12), but this
can be reduced to the previous one by a rotation. So there is no need
to treat such symmetry but it is sufficient to consider (1.34).

We remark that a simplest trapezoidal equation appeared, without
purpose of classification already in [3].

1.3.3 The equations on the single cell

In Theorems 3.9 — 3.14 [21], Boll classified up to the action of the
group Mb® every consistent six-tuples of equations with the tetra-
hedron property. Here we consider all independent quad equations
defined on a single cell not of type Q (Qj, Q5, Q5 and Q4) or thom-
bic H* (; 7, +H5 and Hj) as these two families have been already
studied extensively [2, 3, 102, 139, 166]. By independent we mean that
the equations are defined up to the action of the group Mob? on the
fields, rotations, translations and inversions of the reference system.
By reference system we mean those two vectors applied on the point
x which define the two oriented directions i and j upon which the
elementary square is constructed. The vertex of the square lying on
direction i (j) is then indicated by x; (xj). The remaining vertex is then
called xij. In Fig. 1.3 one can see an elementary square where i = 1
and j = 2 or viceversa.

The list we present in the following expands the analogous one
given by Theorems 2.8-2.9 in [21], where the author does not distin-
guish between different arrangements of the fields x;, over the four
corners of the elementary square. Different choices reflects in differ-
ent bi-quadratics patterns and, for any system presented in Theorems
2.8-2.9 in [21], it is easy to see that a maximum of three different
choices may arise up to rotations, translations and inversions.

The list obtain consists of nine different representatives, three of
H*-type and six of H-type. We list them with their quadruples of
discriminants, as defined by equation (1.33) and we identify the six-
tuple where the equation appears by the theorem number indicated
in [21] in the form 3.a.b, where b is the order of the six-tuple into the
Theorem 3.a.

The independent trapezoidal equations of type H* are:

¢H$, (e2,¢2,0,0): Eq. B of 3.10.1.

(x —x2) (x3 —%23) — 02 (1 + e?x3%x23) = 0. (1.352)

17
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tHS, (1 +4ex,1+4ex,,1,1): Eq. B of 3.10.2.

(x —x2) (x3 —%23) + x2(x + X2 + X3 +Xx23)

EXD
+5 (2x3 + 203 + x2) (2x23 + 203 + &2) (1.35b)
3
+(ocz+0¢3)2—°¢§+% =0.

tHS, (x? —458%¢2,x3 —45%¢2,x3,x3;): Eq. B of 3.10.3.
2% (xx23 +x2x3) — (X3 + X2%23)

2 (1.35¢)
2 4 2, €7Xx3x23 \ _ 35
— e~%3 (e 062_]) (6 +e4°‘3+2°‘2>_0'

The independent equations of type H® are:
D4, (0,0,0,0): Eq. A of 3.12.1 and 3.13.1.
X+x1+%x2+x%x72 =0. (1.36a)

This equation is linear and invariant under any exchange of the
fields.

1D, (6%,(6162—1—61 —1)2,1,0): Eq. A of 3.12.2.
dox+x1+(1—5871)x2 +x12 (x+67x2) =0. (1.36b)

D3, (4x,1,1,1): Eq. A of 3.12.3.
X+X1%X2 +X1X12 +%x2%x712 = 0. (1.36¢)
This equation is invariant under the exchange x1 < x».
1Dy, (x? +4818283,%x%,x3,,x3): Eq. A of 3.12.4.
XX12 +X1%X2 +81x1%712 + d2%x2%12 + 83 = 0. (1.36d)

This equation is invariant under the simultaneous exchanges
X1 < X2 and 5] — 7.

,D5, (5%,0,1 (6162 + 6 —1)2): Eq. C of 3.13.2.
Sox+(1T—=01)x3+x13+x7 (x+81x3—81A) —8162A =0. (1.36€)
D3, (5%,0,(5152+51 4)2,1): Eq. C of 3.13.3.

dox+x3+(1—=01)x13+%x7 (x+861%x13 —01A) — 81622 = 0.
(1.36f)
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2Dy4, (X2 +46818283,x%,%x3,x3,): Eq. A of 3.13.5.
xXX1 + 02X1%x2 +01Xx1%X12 +xX2X12 + 03 = 0. (1.36g)

This equation is invariant under the simultaneous exchanges
X2 < X712 and 5] <~ 52

Let us note that at difference from the rhombic H* equations (1.32),
which as stated above are e-deformations of the H equations in the
ABS classification [2] the trapezoidal H* equations in the limit ¢ — 0
keep their discrete symmetry. Such class is then completely new with
respect the ABS classification and the “deformed” and the “unde-
formed” equations share the same discrete symmetry.

Up to now we have written the result of the classification on a
single cell and no dynamical system over the entire lattice yet exists.
Therefore we pass now to the discussion of the embedding in the 2D
and 3D lattices.

1.4 CONSTRUCTION OF THE 2D/3D LATTICE IN THE GENERAL
CASE

Let us assume to have a geometric quad equation in the form (1.29).
We need to embed it into into a Z? lattice with an elementary cell of
size greater than one. To do so we have to impose a lattice structure
which preserves the properties of the quad equation (1.29). Following
[20], one reflects the square with respect to the normal to its right and
to the top and then complete a 2 x 2 cell by reflecting again one of
the obtained equation with respect to the other direction. Let us note
that, whatsoever side we reflect, the result of the last reflection is the
same. Such a procedure is graphically described in Figure 1.5, and at
the level of the quad equation this corresponds to constructing the
three equations obtained from (1.29) by flipping its arguments:

Q =Qx,x1,%2,%12, 01, %2) =0, (1.37a)
1Q = Q(x1,x,%x12,%2, 1, 2) =0, (1.37b)
Q =Qlx2,x12,%, %1, 001, 002) =0, (1.37¢)
1Q = Q(x12,x2,%1,%, &1, 02) =0 (1.37d)

By paving the whole Z? with such equations we get a partial dif-
ference equation, which we can in principle study with the known
methods. Since a priori Q # |Q # Q # |Q the obtained lattice will be
a four stripe lattice, i.e. an extension of the Black and White lattice
considered for example in [3, 85, 166].

Let us notice that if the quad-equation Q possess the symmetries
of the square given by (1.22), one has:

Q=1Q=Q=1Q (1.38)

19
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%
=
x

X2

@ @ ®
X X1 X

Figure 1.5: The “four colors” lattice

implying that the elementary cell is actually of size one, and one falls
into the case of the ABS classification.

On the other hand in the case of the rhombic symmetry as given by
(1.31), we can see from the explicit form of the rhombic equations
themselves (1.32) that holds the relation:

Q=10  Q=IQ (1.39)

This means that in the case of the equations with rhombic symmetries
this construction yields the Black and White lattice considered in [3,
85, 166]. The geometric picture of this case is given in Figure 1.6.

X X1 X

X2 X2

X X1 X

Figure 1.6: Rhombic Black and White lattice

Lastly in the case of quad equations invariant under trapezoidal sym-
metry as given by (1.34) we have the following equality:

Q=1Q, Q=1Q. (1.40)

This means that in the case of the equations with trapezoidal symme-
tries this construction yields the Black and White lattice considered
as stated in [21]. The geometric picture of this case is given in Figure
1.7.
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X X1 X

Fe)
Fe)

X X1 X

Figure 1.7: Trapezoidal Black and White lattice

Now by paving the whole Z? with the elementary cell defined in
Figure 1.5 and choosing the origin on the Z? lattice in the point x we
obtain a lattice equation of the following form:

Q(un,m/ Un+1,m, Un,m+1 /un+1,m+1) n=2km=2k,keZ,
~ |Q(un,m/un+1,m/un,m+1run+1,m+1) n=2k+1I,m=2k keZ,

g(un,m/un+1,m/un,m+1/u—n+1,m+1) n=2km=2k+1,keZ,

Q(un,m/un+1,m/un,m+1/un+1,m+1) n= 2k+ 1/m = 2k+ ]/ k S Z/

(1.41)

We could have constructed Q [u] starting from any other point in Fig-
ure 1.5 as the origin, but such equations would differ from each other
only by a translation, a rotation or a reflection. So in the sense of the
discussion made in Subsection 1.3.3 they will be equivalent to (1.41)
and we will not discuss them.

Example 1.4.1. In the case of Hj (1.32a) we have:

(un,m —Un+4+1,m+1 )(unJr],m —Un,m+1 )

2
]“_’l% _(Oq - O(Z)(] + € Un 1, mUn,m+1 )/
T

In|+|m|=2k, keZ,

(un,m —Un4+1,m+1 )(un—H,m —Un,m+1 )

5 n|+m|=2k+1, keZ,
—(ot1 —x2)(1+¢ un,mun+1,m+1)/

(1.42)

where we have used the symmetry properties of the equation Hj.
This result coincide with that presented in [166]. O

We shall now consider quad equations which possess the Consis-
tency Around the Cube, since we are concerned about integrability.
So let us consider six-tuples of quad equations (1.30) assigned to the
faces of a 3D cube as displayed in Figure 1.4.

First let us notice that, without loss of generality, we can assume
that, if Q is the consistent quad equation we are interested in, then



22

INTEGRABILITY AND THE CONSISTENCY AROUND THE CUBE

we may assume that Q is the bottom equation i.e. Q = A. Indeed if
we are interested in an equation on the side of the cube of Figure 1.4
and these equations are different from A (once made the appropriate
substitutions) we may just rotate it and re-label the vertices in an
appropriate manner, so that our side equation will become the bottom
equation. In this way following again [20] and taking into account
the result stated above we may build an embedding in Z3, whose
points we shall label by triples (n, m,p), of the consistency cube. To
this end we reflect the consistency cube with respect to the normal
of the back and the right side and then complete again with another
reflection, just in the same way we did for the square. Using the same
notations as in the planar case we see which are the proper equations
which must be put on the sides of the “multi-cube”. Their form can
therefore be described as in (1.41). As a result we end up with Figure

X3

Figure 1.8: The extension of the consistency cube.

1.8, where the functions appearing on the top and on the bottom can
be defined as in (1.41)3 while on the sides we shall have:

B(x,x2,%3,%23) = B(x2,%,%23,%3), (1.43)
B(x1,x12,%13,%123) = B(x12,%1,%123,%13), (1.43b)
IC(x,x1,%3,%13) = C(x1,%,%13,%3), (1.43¢)
ICx2,%12,%23,%123) = C(x12,%2,%123,%23). (1.43d)

3 Obviously in the case of A one should traslate every point by one unit in the p
direction.
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From (1.43) we obtain the extension to Z3 of (1.41). We have a new
consistency cube, see Figure 1.8, with equations given by*:

A(un,m,p+1/un+1,m,p+1/Un,m+1,p+1/un+1,m+l,p+1 ),
I’i ] |A(un,m,p+1 s Un+1,mp+1, Unm+1,p+1, Un4-1,m+1,p+1 )/
A(un,m,p+l /un+1,m,p+1 /un,m+1,p+1 /un+1,m+1,p+1 )/

|A(un,m,p+1 s Un+1,mp+1, Unm+1,p+1, Un41,m+1,p+1 )/

(1.44a)
B (un,m,p/ Un,m+1,ps Unm,p+1,Un,m+1,p+1 )/
~ B(Un mp,u u u )
,mps Unm+1,ps Yn,m,p+1, Yn,m+1,p+1)/
Bul = (1.44b)
E(un,m,‘p/ Un,m+1,ps Wnm,p+1,Un,m+1,p+1 )/
B(un,m,p/ un,m—|—1,p/ un,m,p—!—] ’ un,m—H,p—H )/
B(un+1,m,p/un+1,m+1,p/un+],m,p+]/un+1,m+1,p+1 )z
ﬁ [u] . B(un+1,m,prun+1,m+1,p/un+1,m,p+1/un+1,m+1,p+1 )r
E(un+1,m,prun+1,m+1,p/un+1,m,p+1/un+1,m+1,p+1 ),
E(un—l—Lm,prun—i—l,m—l—],p/un+l,m,p+l/un+1,m+1,p+l )/
(1.440)
C(un,m,pr un—!—],m,p/ un,m,p—H ’ un+1,m,p+1 )/
~ |C(un,m,p/ un+1,m,p/ un,m,erl /un+l,m,p+l )/
Chu =
C(un,m,pr un+1,m,p/ un,m,p+1 yUn+1 ,m,p+1 )/
|C(un,m,p/ Un+41 ,m,ps un,m,p+1 s Un1 ,m,p+1 )/
(1.44d)
C(un,m+1,pr Un+1,m+1 P Un,m+1 p+1s Un+1,m+1 p+1 )/
E W = |C(un,m+1,plun+1,m+1,p/ Un,m+1,p+1, Un+1,m+1,p+1 )

C(un,m,pz Un+1,m+1,p, Un,m+1,p+1, Un4-1,m+1,p+1 )/

|C(un,m+1,‘p/un+1,m+1,p/ un,m+1,p+1 ’ un+1,m,+1p+1 )/

(1.44€)

Formula (1.44) means that the “multi-cube” of Figure 1.8 appears as
the usual consistency cube of Figure 1.2 with the following identifica-
tions:

A~A, A~A, B~ B, BWE, C~ C, CWE (1.45)

4 For the sake of the simplicity of the presentation we have left implied when n and
m are even or odd integers. They are recovered by comparing with (1.41).
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Example 1.4.2. Let us consider again the equation Hj (1.32a). This
equation comes from the six-tuple [3]:

A = (x—x12)(x1 —x2) + (ot1 — x2) (1 + ex1%x2), (1.46a)
A = (x3—x123)(x13 —x23) + (o1 — o2} (1 + €x3%x7123),  (1.46Db)
B = (x —x23)(x2 —x3) + (a2 — a3) (T + £x2%3), (1.46¢)
B = (x1 —x123)(x12 =x13) + (02 — &3) (1 + ex1%723),  (1.46d)
C = (x—x13)(x1 —%3) + (0t1 — a3) (T + ex1%3), (1.46¢)
C=(x2—x123)(x12 =x23) + (o1 —o2) (1 + €x2%x7123),  (1.46f)

therefore from (1.44, 1.45) we get the following consistent system on
the “multi-cube”:

(un,m,p —Untim+1,p ) (un+1 mp — Unm+1,p )

A — _(oﬂ - (XZ)” + Ezun+1,m,pun,m+1,p)/

(un,m,p —Un41,m+1,p ) (un+1 mp — Wnm+1,p )
—(ot1 —a2) (1T + Ezun,m,pun—i—Lm—o—],p)/

m[+[m| =2k, k € Z,

n|+m|=2k+1,keZ,

(1.47a)

(un,m,er] —Un+1,m+1,p+1 )(un+1,m,p+1 _un,m+1,p+1)

2 n|+[m| =2k, k €
—(o1 — ) (1 +¢ Un,m,p+TUn+1,m+1,p+1 ),

A =
u —Uu u — U
( n,m,p+1 n—!—l,m—H,g—H )( n+1,m,p+1 n,m—H,p—H) |TL| + |m| = 2k + ], 1
—(og —o2)(T+ e Unt1,mp+1Unm+1,p+1),
(1.47b)
u —Uu u —Uu
( n,m,p n,m—|—11,p+;)( n,m+1,p n,m,p—H) |T'L| + |m| _ Zk, k e Z,
B — —(og —a3)(T+¢ Un,m+1,pUn,m,p+1 ),
u —Uu u —Uu
( n,m,p n,m+1,p+;)( n,m+1,p n,m,p—H) |Tl| + |m| — 2k + ]’ k e Z,
—(ox —a3)(1+¢ Un,mpUn,m+1,p+1 ),
(1.470)
uw —u jue —u
( n+1,m,p n,mT],erJ )( n+1,m~+1,p n+1,m,p+1) |TL| + |m| _ Zk, k e
B— —(op —a3)(1+¢ Un+1,mpUn+1,m+1,p+1,

(un+1,m,p —Un+1,m+1,p+1 )(un+1,m+1,p —Un41,m,p+1 )
—(op —a3) (1 + €2un+1,m+1,pun+1,m,p+1 ),

(1.47d)

m+m|=2k+1,

(un,m,p —Un+1,mp+1 )(un+1,m,p —Un,m,p+1 )

C— _(‘Xl - “3)(] + Ezun+1,m,pun,m,p+1 )/

(un,m,p —Un4+1,m,p+1 )(un—l—],m,p —Un,m,p+1 )
_((xl - “3)(1 + 52un,m,pun+1,m,p+1 )/

n|+m| =2k, k€ Z,

nj+ml=2k+1,k e Z,

(1.47€)
(un,m—H,p —Un4+1,m+1,p+1 )(Un+1,m+1,p —Un,m+41,p+1 )
2
—(ot1 —a3)(1+¢ Unm+1,pUn+1,m+1,p+1 ),
(un,m+1,p - un+1,m+1,p+1 )(un+1,m+1,p - un,m+1,p+1 )
2
—(oer =) (T + e Un 1, me1,pUn,mt1,p+1),
(1.471)
The reader can easily check that the equations in (1.47) possess the
Consistency Around the Cube in the form presented in Section 1.2. [

n|+|m| =2k, k €

(@]
Il

n|+m|=2k+1,
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Up to now we showed how, given a quad equation of the form (1.29)
which possess the property of the Consistency Around the Cube, it
is possible to embed it into a quad equation in Z? given by (1.41).
Furthermore we showed that this procedure can be extended along
the third dimension in such a way that the consistency is preserved.
This have been done following [20] and filling the details (which are
going to be important).

The quad difference equation (1.41) is not very manageable since
we have to change equation according to the point of the lattice we
are in. It will be more efficient to have an expression which “knows”
by itself in which point we are. This can obtained by going over to
non-autonomous equations as was done in the BW lattice case [166].

We shall present here briefly how from (1.41) it is possible to con-
struct an equivalent non-autonomous system, and moreover how to
construct the non-autonomous version of CAC (1.44).

We take an equation Q constructed by a linear combination of the
equations (1.37) with n and m depending coefficients:

Q = le,TTl Q(un,m; Un+1,m/ Un,m+1,Un+1,m+1 )+
+ fr,m 1Q(Wn,my Unt1,m, Un,m41, Unt1,m41)+ (1.48)
+fnm Q(un,m/ Un+1,m, Un,m+1, Unt1,m4+1)+

+ |fn,m |Q(un,m/ Un+1,m/ Un,m+1,Un+1,m+1 )
We require that it satisfies the following conditions:

1. The coefficients are periodic of period 2 in both directions, since,
in the Z? embedding, the elementary cell is a 2 x 2 one.

2. The coefficients are such that they produce the right equation
in a given lattice point as specified in (1.41).

Condition 1 implies that any function fn,m in (1.48), i.e. either fy, m

or [fn,m or f, ;,, or [f,, ;.,, solves the two ordinary difference equations:

fn+2,111 - fn,m - 0/ fTL,m+2 - fTL,TTL - 0/ (149)
whose solution is:
fam=cot+ci (=) +ca (=)™ +c3 (-1 (1.50)

with c¢; constants to be determined.

The condition 2 depends on the choice of the equation in (1.41) and
will give some “boundary conditions” for the function f, allowing us
to fix the coefficients c;. For f,m, for example, we have, substituting
the appropriate lattice points, the following conditions:

fo ok =1, fake12k = fox2k+1 = fort1,2k01 =0, (1.51)

25
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which yield:

frm = 2 . (1.52a)

In an analogous manner we obtain the form of the other functions in
(1.48):
T o D o G D G D

[frm ; , (1.52b)

fn,m = 1 ks (_1 )n — (_Jl)m - (_1 )n+m, (1.52C)
n m n+m

o = LN = CDT DN (52d)

Then inserting (1.52) in (1.48) we obtain a non-autonomous equation
which corresponds to (1.41). Note that finally this quad equation is a
quad equation in the form (1.1) with non-autonomous coefficients. We
can say that these kind of equations are weakly non-autonomous, since
as we will see in Chapter 2 and in 4 this kind of non-autonomicity
can be easily removed by introducing more components.

If the quad-equation Q possess some discrete symmetries, the ex-
pression (1.48) greatly simplify. If an equation Q possess the sym-
metries of the square, we trivially have, using (1.38), Q = Q. This
result states that an equation with the symmetry (1.38) is defined on
a monochromatic lattice, as expected since we are in the case of the
ABS classification [2]. If the equation Q has the symmetries of the
rhombus, namely (1.39), we get:

Q — (fT‘L,TTL + |fn,m)Q + (|fn,m +fn,m)|Q (153)
Using (1.52):

(+) (=)

fom +fnm =Fim, fom+fm =Fam. (1.54)
where:

F]((i) = 1ﬂ:(2—1)k, keZ, (1.55)
we obtain:

Q=FimQ+FimlQ. (1.56)

This obviosly match with the results in [166].
In the case of trapezoidal symmetry (1.40) one obtains:

Q = (frm + Ifnm)Q + (frm + [frm) Q. (1.57)
Therefore using that:

fTL,TTL + |fn,m - F&T_l'_)/ fn,m + |fn,m = F(_)I (158)

we obtain:

Q=F.'Q+F.'Q. (1.59)
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Example 1.4.3. As an example of such construction let us consider
again rHj (1.32a). Since we are in the rhombic case [166] we use for-
mula (1.54) and get:

~

% = (un,m —Un4+1,m+1 )(U—n+1,m — Un,m+1 ) — (0(1 —x2)

+ (ot — 0(2)52 <F£i|—)m Un+1,mWn,m+1 + |F£:+)m un,mun+1,m+l> =0,

(1.60)

which corresponds to the case o = 1 of [166]. The discussion of the
absence of the parameter o introduced in [166] from our theory is
postponed to the end this Section. O

The consistency of a generic system of quad equations is obtained
by considering the consistency of the tilded equations as displayed in
(1.45). We now construct, starting from (1.45), the non autonomous
partial difference equations in the (n, m) variables using the weights
fr,m, as given in (1.48), applied to the relevant equations. Carrying
out such construction, we end with the following six-tuple of equa-
tions:

A(un,m,pz un+1,m,p; un,m+1,‘p/ Un+1 ,m+1,p ) = fn,mA + |fn,m|A
o mA + [ mlA =0,
(1.61a)

A(un,m,p—i-] sUn+1,mp+1, Unm+1,p+1, Un+1,m+1,p+1 ) = fn,mA + |fn,m|A+

+fomA+If A =0,

(1.61b)

B(un,m,p/ Un,m+1,pr Un,m,p+1, Unm+1,p+1 ) = fTL,mB + |fn,m|B+
+fumB+IfmlB=0,
(1.61C)

B(un+1,m,p/un+1,m+1,p/ Un+1,mp+1, Un+1,m+1,p+1 ) = fn,mB + |fn,m|B+

+fomB+I1fnmB=0,

(1.61d)

C(un,m,p/un+1,m,p/un,m,p+1 yUn+1,m,p+1 ) = fn,mC + |fn,m|C+
+ fomC+ 1 mlC =0,
(1.61€)

C(un,m+1,p/un+1,m,p/un,m+1,p+1 sUn4+1,m+1,p+1 ) - fn,mC + |fn,m|C+

+fn,mc + |fn,m|c = O/

(1.61f)

where all the functions on the right hand side of the equality sign
are evaluated on the point indicated on the left hand side.
We note that a Lax pair obtained by makmg use of equatlons (1.61)
will be effectively a pair, since the couples (B B) and (C C) are related
by translation so they are just two different solutions of the same
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equation. Indeed by using the properties of the functions f, . we
have:

B=T.B, C=TnC, (1.62)

where T,, is the operator of translation in the n direction, and Ty,
the operator of translation in the m direction. This allow us to con-
struct Backlund transformations and Lax pair in the way explained
in Section 1.2 [19, 123].

Example 1.4.4. As a final example we shall derive the non-autonomous
side equations for Hj and its Lax pair. We will then confront the result
with that obtained in [166]. Considering (1.46, 1.61, 1.62) and using
the fact that the equation is thombic (1.54) we get the following result:

A= (un,m,p - un+1,m+1,p)(un+l,m,p - un,m—H,p) - (0(1 - O(Z)'

2 (e(+) (—)
: [] +e (Fn+m Unt1mpUnm+ip +Frim un,m,pun+1,m+1,p>] =0,

(1.63a)
A= (un,m,p+1 —Un4+1,m+1,p+1 )(un+1,m,p+1 —UWUn,m+1,p+1 ) - (0‘1 - “2)'
2 (r(=) (+)
: [1 +e (Fn+m Un+1,mp+1Un,m+1,p+1 +Fnim un,m,p+1un+1,m+1,p+1)} = (
(1.63b)

B = (un,m,p —Un,m+1,p+1 )(un,m+1,p —Un,m,p+1 ) - (0(2 - 0(3)'

2 (g(+) (=)
. |:] +e (Fn+m Un,m+1,pUn,m,p+1 -+ Fn+m Un,m,pUn,m+1,p+1 )] = 0/

(1.63¢)
C= (Un,m,p —Un4+1,m,p+1 )(un+1,m,p —Un,m,p+1 ) — (o1 — x3)-
: |:] + e? (Fgﬁm Un+1,mpUn,mp+1 + Fi;r)m Un,m,pUn+1,m,p+1 )] =0,
(1.63d)
From the equations B and C we find, the following Lax pair:
Lnm = (u“'m X1 — &3 _un,mun+1,m> (1.642)
1 —Un+1,m
(+)
F 0
w0 )
0 —FimUn,m
Mnm = (u“fm X2 — &3 — un,mun,m+1>
1 —Un,m+1
(+)
F 0
0 —Frimin,m

(1.64b)
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L | = <un,m+l X1 — &3 _un,m+lun+1,m+1>
nm+1 —
1 “—Un4+1,m+1
(=)
+ (O(] . 063)62 (Fn+mun+1,m+l 0
(+)
O *Fnerun,m—b—]
(1.64¢)
M, i1 [ Un+1m X2 — &3 —Un 1 mUn41,m+1
n+I,m —
1 —Un+1,m+1
(—)
2 Fn+mun+1,m+1 0
X)) —(KX3) &
+( 2 3) ( 0 —F(+) u ’
n+mYn+I,m
(1.64d)

with the following separation constant (1.21):

1+¢2 (F; G TR Fﬁlﬁmunﬂ,m) o
T= — . 1.65
1+e2 (F;Jr)mun,m + ngi}mun,mH)

This is a Lax pair since L = T,yL and M = T, M. O

Remark 1.4.1. The Lax pair (1.64) is gauge equivalent to that obtained
in [166] with gauge:

G:(O 1). (1.66)
10

A calculation similar to that of Example 1.4.4 can be done for the
other two rhombic equations. Up to gauge transformations, this cal-
culation gives, as expected, the same Lax pairs as in [166]. Indeed the
gauge transformations (1.66) is needed for Hj and H5 whereas for H§
we need the gauge:

5 0 (_] )n+m
G= . 6
(—(—1)“‘“ 0 ) (1.67)

Now notice that at the level of the non-autonomous equations the
choice of origin of Z?ina point different from x in (1.41) would have
led to different initial conditions in (1.51), which ultimately lead to
the following form for the functions f:

T+o; (=" 402 (=)™ + 070, (=)™

fam’ = a1 , (1.68a)
191,02 — 1—01(=1)"+o02 (—i)m — 0702 (-1 )n+m/ (1.68b)
£91,02 1+o1(=1)"—o02 (—i)m — 0702 (-1 )n+m, (1.680)
fo1,02 _ T—o1 (-1)" =02 (=)™ + 010 (=)™ (1.68d)

In,m 4 ’
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where the two constants o; € {£1} depends on the point chosen.
Indeed if the point is x we have 01 = 0, = 1, whereas if we choose x1
we have 07 = 1, 0, = —1, if we choose x; then 07 = —1T and 05 =1
and finally if we choose x12 we shall put 07 = 0, = —1. It is easy to
see that in the rhombic and in the trapezoidal case the functions (1.68)

collapse to the o version of the functions F]((i) as given by (1.55):

F(ilg) _ 14+ G(—])k

¥ > (1.69)

The final equation will then depend on o7 or o3, only if rhombic or
trapezoidal.
It was proved in [166] that the transformations:

Vnm = Un+1,m, Wnm = Un,m+1, (1-70)

map a thombic equation with a certain o into the same rhombic equa-
tion with —o. In [166] this fact was used to construct a Lax Pair and
Béacklund transformations. An analogous result can be easily proven
for trapezoidal equations: using the transformation Wy m = Un,m+1
we can send a trapezoidal equation with a certain o into the same
equation with —o. A similar transformation in the n direction would
just trivally leave invariant the trapezoidal equation, since there is no
explicit dependence on n. However in general, if an equation does
not posses discrete symmetries, as it is the case for a H® equation,
no trasformation like (1.70) would take the equation into itself with
different coefficents. We can anyway construct a Lax pair with the
procedure explained above, which is then slightly more general than
the approach based on the transformations (1.70).

We end this Section by remarking that the choice of the embed-
ding is crucial to determine the integrability properties of the quad
equations. Indeed this was proved in [85] where it was shown that
is possible to produce many Black and White lattices of consistent
yet non-integrable equations. Here we shall give just a very simple
example to acquaint the reader about this fact. Let us consider again
the (1.32a) equation. Suppose one makes the trivial embedding of such
equation into a lattice given by the identification:

X =2 Unm, X1 =2 Untl,m, X2 2> Unm+1, X12 = Un41,m+1-
(1.71)

Then equation (1.32a) with the identification (1.71) becomes the fol-
lowing lattice equation:

2
(un,m —Un41,m+1 )(un+1,m_un,m+1 )— (o1 —oxp)(T+¢ Un4+1,mUn,m+1 ) =0.

(1.72)
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We apply the algebraic entropy test> to (1.72) and we find the follow-
ing growth in the Nord-East (—, +) direction of the degrees:
{d_+1=1{1,2,4,9,21,50,120,289...}. (1.73)

This sequence has generating function

. 1—s—5s? (1.74)
9=t T B2 3541 74

and therefore has a non-zero algebraic entropy given by:
N =log (1 + \5) , (1.75)

corresponding to the entropy of a non-integrable lattice equation. For
more complex examples the reader may refer to [85].

1.5 CLASSIFICATION TOOLS ON THE 2D LATTICE

We have addressed in the previous Section the problem of the con-
struction of the lattices out of single cells equations. In this Section
we present a proof of the fact that the classification carried out at the
level of single cell is preserved when passing to the lattice.

First of all recall that the classification of quad equations presented
in Section 1.3.2, has been carried out up to a Mobius transformations
in each vertex:

M: (x,%x1,%2,%X12) —
T cox+do  cixy+di caxa+dr  ciax12+di2

(1.76)

As in the usual Mobius transformation we have here (ai, bi,ci,di) €
CP*\ V(aid; —bici) ~ PGL(2,C) with i = 0,1,2,12, i.e. each set
of parameters is defined up to to a multiplication by a number [36].
Obviously as the usual Mobius transformations these transformations
will form a group under composition and we shall call such group
Mab* [14].

On the other hand when dealing with equations defined on the lat-
tice we have to follow the prescription of Section 1.4 and use the rep-
resentation given by (1.48), i.e. we will have non-autonomous lattice
equations. In this Section we prove a result which extends the group
Mob* to the level of the transformations of the non autonomous lat-
tice equations, and shows that the classification made at the level
of single cell equation is preserved up to the action of this group
for the equation on the 2D lattice. We will call such group the non-

autonomous lifting of M6b*, and denote it by Méb . The group Méb

For more details on degree of growth, algebraic entropy and related subjects see
Chapter 2 and references therein.

apx+bo aix;+by axxy+by a12x12+b12>
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Q A M(Q)
Q _— L\4 T\T@ = /N\l(Q)

——4
Figure 1.9: The commutative diagram defining M&b .

is the non-autonomous counterpart of the group Mob* on the four-
color lattice and its existence shows that the classification at the level
of single cell is preserved passing to the full lattice. Our proof is con-
structive: we will first construct a candidate transformation and then we
will prove that this is object we are looking for. What we will do is to
fill the entries in the commutative diagram given by Figure (1.9): we
prove that the result that we get by acting with a group of transfor-

mations 1\//16%4 is the same of that we obtain if we first transform a
single cell equation using M € Méb? and then we construct the non-
autonomous quad equation with the prescription of Section 1.4 or
viceversa if we first construct the non-autonomous equation and then
we transform it using the “non-autonomous lifting” of M, M.

Let us first construct, a transformation which will be the candidate
of the non-autonomous lifting of M € Méb?. Given M € Mob* using
the same ideas of Section 1.4 we can construct the following transfor-
mation:

4

Mnm € M6b :upm —

+f

fn

7

m
CoUn,m *+ do

m Co2Un,m + d2

aoUn,m + bo

aA2Un m + bZ

A1Un,m + b
CiUn,m + d4
aj2Un,m +bi2
+fp——————.
M e oUn,m + di2
(1.77)

+ |fn,m

where the functions f,, ., are defined by (1.52).

Equation (1.77) gives us a mapping ® between the group Mob* and
a set of non-autonomous transformations of the field un,m. Moreover
there is a one to one correspondence between an element M € Mob*
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4
(1.76) and one My, ,m € Mob  (1.77). This correspondence is given by:

ax+b T
d
a]c;(c]—:_ b AQUp,m +b a1Un,m + by
_— fn,mi + |fn,m—
D: c1x1 + dq — Cun,m+d C]Un,m—l-d]

: azxz + bz Lp @2Unm + b | Q12Unm +b12’
a]czzi?zt%z] , T Unm +d2 T e Un,m +di2
cizxiz2 +di2

(1.78a)
and its inverse is given by:
a@x g T
(0) (0)
vOlx +6
P T i oDy + LY oDy + p1)
o - n,my(o)un,m+6(o) Tl’my(”un,m‘F(S“) . vMxq + 81
T Dy + 82 T Ty By, o 4 60) v2)xy +6(2)
al3)xq15 + B!
Y(S)XIZ +6(3)
(1.78b)

——4
We have now to prove that Mob is a group and that the mapping
(1.78) is actually a group homomorphism.
Using the computational rules given in Table 1.1 we obtain a new

/\4
representation of the generic element of the group Mob :

{ (aofnm + a1lfnm + az2fy ;m + aizlfnm) un,m}
+bofrm + b1lfrm + D2ty + D12l

(cofnm +C1lfnm +c2fp m +c12fm) un,m} '
+ dofrm + d1lfrm + dofn o+ d12[fnm

Mn,m (un,m) = {

(1.79)

4 4
This form of the elements of M6b shows immediately that Mob is
a subset of the general non-autonomous Mobius transformation:

an mu +b
Wn,m: Un,m — T m L (1.80)

CnmUn,m + dn,m '
From the general rule of composition of two Mdébius transformations

(1.80) we get:

0 1 1 0 1 0 1 0
W] Wo _ (an,man,m + bn,mcn,m)un,m + an,mbn,m + bn,mdn,m
n,m ( n,m (un,m)) -

(agr)L,mClL,m + C?L,mdlL,m)uTl,m + bgr)t,mclt,m + d(r)t,mdlt,m
(1.81)
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Its inverse is given by

d —b
W;,ln(un,m) — “nminm ~T, (1.82)

—Cn,mUn,m + Qn,m

Using the computational rules given in Table 1.1, the formula for
the composition (1.81) and the representation (1.79) we find that the

4
composition of two elements an, Mg 1)11 € Mob with parameters

Vbt e, a1 =0,1,2,12and i = 1,2, gives:

(Cl] ) )

2 2 2 2

(a(() )fn,m‘i’ag ]|fnm+a£ )fnm‘FagZ)E )un,m
2

+bé)fn,m+b |fnm+b2 nm+b12|fnm

2
(c(() )fn,erc] Ifnm+cé )fnm+cgz)|f )un,m

M2

nm(

My]l m (un,m)) =

4

2 2)
+ A frm + AP fm + AP o + A3
(1.83)

where the new coefficients (aj(z),b)@,c)gz), d).(z)) withj=0,1,2,12 are
given by:

o ol e

(2) (0) ( ) (2) (0) ( (0)

a;  =a; z +bz €2, G =0ya +b12 127

by = vy +b Vi, ng):ag”b +bial,

(2) (M (0) (0) (2) (1)4,(0) (0)

by =a; b, d by, = a3, b5 +b12 diy, (1.84)

cg):ag%guco a), D g | o

(1

C
(2) _ _(0) (1) (0) 4(1) (2) (0 ) (nm (nm
Cz —az Cz +c 2 dz / C1z —a1z ¢y +c¢ 1zd1z

dl® = b 0 Fralalt),  al® —pl9cMpal®q(V,
( (0) () (1) (1)
dz =b; Cz +dz dz ;o dyy =byycy; +d1z dy;.

The inverse of (1.79) is given by:

(fn,md + |fn,md1 + fn,mdz + |fn,md12)un,m
4 — (fn,mbo + [frn,mb1 + £ b2 + [ 1 b12)
Mn,m(un,m) = .
- (fn,mCO + |fn,mc1 + fn,mcz + |fn,mc12)un,m
+ (fr,mao + [fnmar +f a2 +If, naiz)
(1.85)

Thus one has proved that 1\7(%4 is a group and in fact it is a subgroup
of the general autonomous Mobius transformations (1.80).

Let us show that the maps ® and ®~' given in (1.78) represent
a group homomorphism. They preserve the identity, and from the
formula of composition of Mobius transformations in Mob? (1.83) we
derive the required result.
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fn,m |fn,m fn,m |fn,m

fn,m fn,m O O O
fom 0 [fam O 0
f

in,m

fom O 0 0 [frm

Table 1.1: Multiplication rules for the functions fn m as given by (1.52).

Let us now check if the diagram of Figure 1.9 is satisfied. Let us
consider (1.76) and (1.77) and a general multi-linear quad equation:

Qgen (%, %1,%2,%12) = A0,1,2,12XX1X2X12
+Bo,1,2xx1%2 + Bo,1,12Xx71%12
+ Bo,2,12xx2x12 + B1 2,12x1%X2%12 (1.86)
+ C0,1 xx1 + Co/zXXz + Co,12XX12
+ Cq2x1x2 + Cq12x1%72 + C212%2%12

+Dox+Dix1 +Dyx2+Di2x12 +K

where A0,1,2,]2, Bi,j,k/ Ci,j/ D; and K with i,j,k € {0,1,2,12} are
arbitrary complex constants. The proof that Q(M(x,x1,%2,%12)) =

O(Mom(tnm)) where M € Méb* and Mpm = ®(M) € Mob. is
a computationally very heavy calculation due to the high number of
parameters involved (twelve in the transformation® and fifteen in the
equation (1.86), twenty-seven paramerters in total) and to the fact that
rational functions are involved. To simplify the problem it is sufficient
to recall that every Mobius

az+Db

m(z) = cz+d’

zeC (1.87)

transformation can be obtained as a superposition of a translation:

Ta(z) =z+aq, (1.88a)
dilatation:
Dq(z) = az (1.88b)

and inversion:

I(z) = -, (1.88¢)

Using that Mobius transformations are projectively defined one can lower the num-
ber of parameters from sixteen to twelve, but this implies to impose that some pa-
rameters are non-zero and thus all various different possibilities must be taken into
account.
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ie.
m(Z) = (Ta/c o D(bC7ad)/C2 olo Td/C) (Z) (189)

As the group Mob” is obtained by four copies of the Mbius group
each acting on a different variable we can decompose each entry
M € Méb* as in (1.89). Therefore we need to check 3* = 81 transfor-
mations, depending at most on four parameters.We can automatize
such proof by making a specific computer program to generate all
the possible fundamental transformations in Mob* and then check
them one by one reducing the computational effort. To this end we
used the Computer Algebra System (CAS) sympy [150]. This ends the
proof of the preservation of the classification when we pass from the
cell equation to the lattice equation. The details of this calculation are
contained in Appendix A.

1.6 INDEPENDENT EQUATIONS ON THE 2D-LATTICE

In this last Section of this Chapter we present the explict form on
the 2D-lattice of the all the independent systems listed in Subsection
1.3.3. The construction of these systems is carried out according to
the prescription given in Section 1.4. In light of the preceding Sec-
tion independence is now understood to be up to the action of the

group @4 and rotations, translations and inversions of the refer-
ence system. The transformations of the reference system are acting
on the discrete indices rather than on the reference frame. For sake
of compactness and as the equations are on the lattice we shall omit
the hats on the Mobius transformations when clear. Obviously, as in
the single lattice case we have nine non-autonomous representatives,
three of trapezoidal H*-type and six of H®-type. These equations are
non-autonomous with two-periodic coefficients which can be given
in terms of the functions:

o _ 1"
F](Q ) = 5 . (1.90)

The H* type equations are:

tHi: (un,m *un—o—],m) : (un,m+1 —Un+1,m+1 ) -

2 (£(+) (—)
—X2¢& <Fm Un,m+TUn+1,m+1 +Fm UnmUn+1,m | — X2 =0,

(1.91a)
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tHa: (un,m - un+1,m) (un,m+1 —Un+1,m+1 )

+ o2 (un m T Unt1,m T Wn,mit1 +un+1,m+1)

X

+ 22 <2Fm Un,m1 +203 + 062) (ZF%T)unJh]/er] + 203 + O(z)
04 _

+ TZ (ZFm Un,m + 203 + oc2> (2]:1(11 )un+1,m + 203 + ocz)

+ (a3 + ocz)2 — oc3 —2e0003 (3 +02) =0

(1.91b)
tH3: o (un,mun+1,m+1 +Un+1,mUn,m+1 )
2
- (un,mun,m+1 +Unt1,mUng1,m+1 ) — X3 ( - ]) %+
22
e(ag = 1) re(+) (-)
- <Fm Un, m+TUn+1,m+1 + Fm un,mun+1,m> = O/
K302

(1.91¢)

These equations arise from the B equation of the cases 3.10.1, 3.10.2
and 3.10.3 in [21] respectively. We remark that we have passed to the
rational form of the {H§ (1.91c) by making the identification:

e?%2 5 «;, e2% 5 3. (1.92)
The H® type equations are:

D;y: Unm +Un+1,m T Unmt1 T Unpi,mel = 0. (1-933)

D20 (P = 0 R 4 80P R )
+ (P - &FPFE{ D 8P ) et
S (RN )+62F£L+)FE{)) TR
 (Fdm = S FFR 8P R ) s+
+ 97 ( m)unmun—o—l m+F un,m+1un+1,m+l)

+ —_
+ Fn+mun,mun+1,m+1 + Fn+mun+1,mun,m+1 =0,

(1.93b)
D2 (Fi! =0 PR+ o R — AR R )
() = o PR 80P TR = s AR R )
(P = s PR 4 80P F — s ) e
(Pl = o PR 8o TR = AR R )

+61 (F;Jr)mun,mun+1,m+1 +F£:r)mun+1,mun,m+l>
+)

m UnmUnitim + F%:)Un,m+lun+l,m+1 —8102A =0,
(1.930)
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D20 (Fl) =P R+ o TR — 80 AR R )
(P! =8RG +52F$L‘)F£:) —61?\F£1+)F1(§L)) Unt1m
(Pl = o PR PR = 80 R )
+(F,&T)—51F$ﬁ N T M sl RTSTR

01 (F Un,mUn,m+1 +Fn un+1 ,mUn41 m+1>

+ Fm )un m+1Un41,m+1 + F( Un,mUn+1,m — 01022 =0,

(1.93d)
Da: FoUR i m 4 P S i m + FOFS i me

—|—F )F )un+1 m+1 —|—Fm )un mUn+1,m

+ an Un,mUn,m+1 + Fn+mun,mun+1,m+1 +

+ F;er)muﬂ+1,mun,m+1 + F%Jr)unﬂ,munﬂ,mﬂ

+ Fg)un,mﬂ Un+1,m+1 =0,
(1.93¢)

1D4: &4 (F'E:)un,mun M1 +F$L+)un+1 mUn41 m+1) +

+6; ( m )un mUn+1, m+Fm Un,m+T1Un+1 m+1> +

+ U, mUnt+1,m+1 T Unt1,mUnm+1 + 83 =0,
(1.93f)

2D4: Oy (Fn )un mUn,m+1 +Fn un+1 mUn+1 m+1) +

—)
+02 ( ntemUnmUnt1,m+1 + Fn+mun+1 mUn,m+1 )+

+ Un mUn+1,m + Un, m+TUn+1,m+1 + 63 =0.
(1.938)

The equations 1D;, 1Dg4, ;D4 and D3 arise from the A equation in
the cases 3.12.2, 3.12.3, 3.12.4 and 3.13.5 respectively. The equations
2D; and 3D; arise from the C equation in the cases 3.13.2 and 3.13.3
respectively.

To write down the explicit form of the equations in (1.93) we used
(1.54, 1.58) and the following identities:
— pUH ) =g+

fn,m = m s |fn,m :Fn m s

_ L (1.94)
fom =Fu FS), 1fm = FLF

As mentioned in Section 1.4 if we apply this procedure to an equation
of thombic type we get a result consistent with [166].

We note that the explicit lattice form of these equations was first
given in [67], being absent in the works of Boll [20—22].

For the rest of the thesis we will study the integrability properties
of the trapezoidal H* and H® equations in their lattice avatars given
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by (1.91) and (1.93). The main result, i.e. the proof of the fact that
they are linearizable equation, will be first stated by considering the
heuristic test of the Algebraic Entropy in the Chapter 2, whereas in
Chapter 4 we will give a formal proof of the linearizability based on
the concept of Darboux integrability.
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ALGEBRAIC ENTROPY AND DIRECT
LINEARIZATION

In this Chapter we will focus on the integrability detector called Al-
gebraic Entropy. The first part of this Chapter, consisting of Section
2.1 and of Section 2.2, is mainly a review of known concepts and
it is essentially based on the exposition given in [63]. In Section 2.1
we will expand the intuitive idea given in the example of the logis-
tic map (1.10) we presented in 1.1 in order to explain the difference
between solvability and integrability. Motivated by the discussion of
this example we will introduce the precise definition of Algebraic En-
tropy for difference equation, differential equations and quad equa-
tions. We note that the definition of Algebraic Entropy for quad equa-
tions is taken from [677] which is a generalization of that given in [155].
We will address the problem from the theoretical point of view dis-
cussing mainly the setting. Then we will derive the main properties of
Algebraic Entropy and discuss briefly the geometric meaning of the
Algebraic Entropy. In Section 2.2 we will discuss the computational
tools that allow us to extract the value of the Algebraic Entropy from
finite sequences. The implementation of such algorithm in python, in-
troduced in [64], is discussed in Appendix B. The second part of the
Chapter, consisting of Section 2.3 and of Section 2.4, is instead an orig-
inal part based on [67, 68]. In Section 2.3 is presented and discussed
the Algebraic Entropy test applied to the trapezoidal H* equations
(1.91) and to the H® equations (1.93). This result shows that the trape-
zoidal H* equations (1.91) and to the H® equations (1.93) should be
linearizable equations. To support the statement made in Section 2.3 in
Section 2.4 we present some examples of explicit linearization. In par-
ticular we will treat the {Hj equation (1.91a) and the 1D, equation.
In the case of the {Hj equation (1.91a) we also present a proof of the
fact that its Lax pair obtained with procedure presented in Chapter 1
is fake, according to the definition of [77, 78]. Hence the Lax obtained
from the Consistency Around the Cube is useless in discussing the
integrability of the {Hj equation (1.91a). This proof was first given in
[68].

2.1 DEFINITION AND BASIC PROPERTIES
As we saw in the example of the logistic equation (1.10) the notion
of chaos is related with the exponential growth of the solution with

respect to the initial condition. Equation (1.10) possess an explicit so-
lution therefore it is easy to understand a posteriori its properties. Let
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us now consider the general logistic map with an arbitrary parameter
reR:

Un41 = TUn (1 _un)~ (2'1)

We wish to understand how this equation evolves, therefore we fix an
initial condition up and we compute the iterates:

uy = —rué +TUp, (2.2a)
uy = —r3ud +2r3ud — (r° + %) ug +rlu, (2.2b)
uz = —r’ud +4r’uf — (67 —2r°) u§ + lLo.t,, (2.2¢)
ug = —rul® +8r1ul® — (28110 44 ul? + Lo, (2.2d)

where by lLo.t. we mean terms with lower powers in ug. Then it is

clear that there is a regularity in how the degree of the polynomial
Un in up, dn, grows. Indeed one can guess that d,, = 2™ and check
this guess for successive iterations. This is a clear indication that our
system is chaotic as it was in the solvable case r = 4. This should be
no surprise since the generic r case is even more general!

This simple example shows how examining the iterates of a recur-
rence relation can be a good way to extract information about integra-
bility even if we cannot solve the equation explicitly. However in more
complicated examples it is usually impossible to calculate explicitly
these iterates by hand or even with any state-of-the-art formal calcu-
lus software, simply because the expressions one should manipulate
are rational fractions of increasing degree of the various initial condi-
tions. The complexity and size of the calculation make it impossible
to calculate the iterates.

It was nevertheless observed that “integrable” maps are not as com-
plex as generic ones. This was done primarily experimentally, by an
accumulation of examples, and later by the elaboration of the con-
cept of Algebraic Entropy for difference equations [18, 33, 39, 141, 153].
In [152, 155] the method was developed in the case of quad equa-
tions and then used as a classifying tool [84]. Finally in [32] the same
concept was introduced for differential-difference equation and later
[157] to the very similar case of differential-delay equations. In our
review we will mainly follow [60].

The basic idea, given a rational map, which can be an ordinary dif-
ference equation, a differential difference equation or even a partial
difference equation, is to examine the growth of the degree of its iter-
ates as we did for (2.1), and extract a canonical quantity, which is an
index of complexity of the map. This will be the algebraic entropy (or
its avatar the dynamical degree). We will now introduce formally this
subject by considering before the case of the ordinary difference equa-
tions and of the differential-difference equations. The case of the ordinary
difference equations here is mainly intended to be preparatory for the
case of the partial difference equations, but in Chapter 3 we will also see



2.1 DEFINITION AND BASIC PROPERTIES

the application of the Algebraic Entropy to the differential-difference
case.

2.1.1  Algebraic entropy for ordinary difference equations and differential-
difference equations

In this Section we will consider ordinary difference equations i.e. expres-
sions of the form:

Unyl = fn (unJrlf]/ oo 1un—|—1’) ’ 1// l,Tl € Zl l, <l (23)

where the unknown function u, is a function of the discrete integer

variable n € Z. The difference equation (2.3) is said to be of order
1— 1 if 0fn/Oupn v # 0 identically. We will also discuss differential-
difference equations, i.e. equations where the unknown is a function
un (t) of two variables, one continuous t € IR and one discrete n € Z.
A differential-difference equations is then given by an expression of
the form:

—1
W) = o (e it e w7, @9

where we used the prime notation for derivatives, uELp) = dPu/dtP.
Furthermore U, 1, n € Z, with the conditions 1’ < 1 and finally p € N,
p > 1 otherwise we fall back into the case of ordinary difference
equations. A differential-differential equation of the form (2.4) is said
to have differential order p and difference order 1 — 1’ provided that

ofn ofn
OUn 41 OUp 1

(2.5)

Typical example of such equations are the so called Volterra-like equa-
tions:

u; = le (un+]/un/ Un+1 ) , ME Z/ (26)

or Toda-like equations:

u1/1/ =fn (uy/vunJrhunr un+1) . neZz, (2-7)
Volterra-like equations are first order differential-difference equations
in the differential order, while Toda-like equations are second order
differential-difference equations in the differential order. Both these
classes are second order in the difference order provided that the
functions in the right hand side of (2.6) and (2.7) satisfy the condition
(2.5).

For theoretical purposes it is usual to consider maps in a projective
space rather than in the affine one. One then transforms its recurrence
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relation into a polynomial map in the homogeneous coordinates of
the proper projective space over some closed field*:

Xi = @i (xx), (2.8)

with xi,xx € JN where JIN is the space of the initial conditions. The
recurrence is then obtained by iterating the polynomial map ¢;. It is
usual to ask that the map ¢; be bi-rational, i.e. it possesses an inverse
which is again a rational map. In the affine setting the bi-rationality of
the map means that we can solve the relation also for the lower-index
variable, e.g. U1/ in (2.3) and (2.4). This fact is of crucial theoretical
importance, as it will be explained at the end of this Subsection.

Example 2.1.1. To clarify the concept of how we can translate a recur-
rence relation into a projective map we present a very simple example
which, however gives the flavor of the method. Let us a consider the
most general bilinear first order recurrence relation of the form (2.3):

aun, +b

ot d (2.9)

Un+1 =

where we are assuming a,b,c,d constants such that ad —bc # 0.
Since (2.9) is a first order difference equations we must convert it into
a bi-rational map of P! into itself. To this end we can introduce the
projective coordinates:

X X
Un ==, Upg1 = —. (2.10)

From (2.9) we obtain then:

ax+by
X=y—. .
ycx+dy (211)

Since the recurrence relation in the projective plane is given by:
@: (x,y) €P' = (X,y) € P! (2.12)

using (2.11) we obtain:

b
(X, y) = (y%,y) ~ (ax + by, cx + dy) . (2.13)
Therefore we have converted the recurrence relation (2.9) into the
following map of P! into itself:

@: (x,y) = (ax+by,cx+ dy). (2.14)

This is a linear map. The inverse is the clearly given by:

¢ ' (x,y) — (dx—by,—cx+ay), (2.15)

and can also be obtained directly from (2.9) using the substitution
(2.10) and then solving with respect to x. O

The reader can think this field to be the complex one C, but we will see in Subsection
2.2 that in practice finite fields can be useful.
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Now to proceed further we need to specify the space of the initial
conditions IN. The space of the initial condition depends on which
type of recurrence relation we are considering. Let us enumerate the
various cases.

1. If we are dealing with a 1 — 1’ order difference equation in the
form (2.3) the initial conditions will be just the starting 1 —1'-
tuple:

IN ={up, w1, .0, w2, W1} (2.16)

To obtain the map we just need to pass to homogeneous coor-
dinates in (2.3) and in (2.16). Note that the logistic map we con-
sidered above (2.1) is a polynomial map, but it is not bi-rational,
since its inverse is algebraic.

2. If we are dealing with a differential-difference equation of the
discrete 1 — 1’-th order and of the p-th continuous order, the
space of initial conditions is infinite dimensional. Indeed, in the
case the order of the equation is l — 1, we need the initial value
of 1 —U'-tuple as a function of the parameter t, but also the value
of all its derivatives:

N = {ul O w0, w0 o) @)

where by ui(j ) (t) we mean the j—derivative of u;(t) with respect
to t. We need all the derivatives of u; (t) and not just the first
p because at every iteration the order of the equation is raised
by p. To obtain the map one just need to pass to homogeneous
coordinates in the equation and in (2.17).

For both kind of equations we are in the position to define the
concept of Algebraic Entropy. Indeed if we factors out any common
polynomial factors we can say that the degree with respect to the
initial conditions is well defined, in a given system of coordinates,
although it is not invariant with respect to changes of coordinates.
We can therefore form the sequence of degrees of the iterates of the
map ¢ and call it dx = deg @*:

],...],d],dz,d3,d4,d5,...,dk,.... (2.18)
1-v

The degree of the bi-rational projective map ¢ have to be understood
as the maximum of the total polynomial degree in the initial conditions
IN of the entries of @. The same definition in the affine case just
translates to the maximum between the degree of the numerator and of the
denominator of the kth iterate in terms of the affine initial conditions.
Degrees in the projective and in the affine setting can be different, but
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the global behavior will be the same due to the properties of homog-
enization and de-homogenization which is an invertible procedure.
Then the entropy of such sequence is defined to be:

o
n= k11_r>r01<> X log dx. (2.19)

Such limit exists since from the elementary property of any pair of
bi-rational maps ¢ and :

deg (P o @) < deg deg . (2.20)

Furthermore the inequality (2.20) proves that there is an upper bound
for the Algebraic Entropy:

n < deg o. (2.21)

An equation whose Algebraic Entropy is equal to deg ¢ is said to satu-
rate the bound. Indeed from (2.20) applied to ¢* we obtain deg (¢*) <
kdeg ¢ from which (2.21) follows using the definition (2.19). We see
then that if n = 0 we must have

dix ~ kY, withv &Ny, as k — oco. (2.22)

We will then have the following classification of equations according
to their Algebraic Entropy [84]:

LINEAR GROWTH: The equation is linearizable.
POLYNOMIAL GROWTH: The equation is integrable.
EXPONENTIAL GROWTH: The equation is chaotic.

Furthermore it is easy to see that the Algebraic Entropy is a bi-
rational invariant of such kind of maps. Indeed if we suppose that we
have two bi-rationally equivalent maps @ and 1\ then there exists a bi-
rational map X such that:

Pp=x"ogpox (2.23)
implying:
deg* < M deg ¢, (2.24)

where M = degx deg (x ') € IN. Since we can obtain an analogous
equation as ¢ =x oo x ! we conclude that Ny =Ne-

To clarify the theory we presented we now give three very simple
examples of calculation of the Algebraic Entropy of difference equa-
tions?.

2 We will consider the degrees always computed in the affine setting.
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Example 2.1.2 (Hénon map [79]). In this example we consider the so
called Hénon map of the plane [79]. It relates the iterates of a two
component vector (xn,Yn) via the recurrence3:

Xnt1 =1— oocTz1 +Yn, (2.25a)

Yn+1 = PXn. (2.25b)
It can be written as a second order difference equation:
Unp1 =1— ocuf1 + Bun_1 (2.26)

Computing the degrees of the iterates for any non-zero value of the
coefficients « and 3 we get:

1,1,2,4,8,16,32,64,128,256,512... (2.27)

The Hénon map is of degree 2. The sequence it is not only bounded
by 2k, but it saturates its bound. The sequence is exactly fitted by 2
and its entropy will be log 2.

I
04 B
S
\\.‘
.
0.2 |
= 0r B
—0.2| .
— -
-
—04 | - .
| | | | | | |
—-1.5 —1 —-0.5 0 0.5 1 1.5

Figure 2.1: The Hénon map in the plane (x,y) with a =14 and b = 0.3 and
the initial conditions (xg,yo) = (0.6,0.2).

The trajectory of the map (2.25) in the plane are displayed in Figure
2.1, which clearly shows the “chaoticity” of the system. O]

3 In the original work Hénon used the particular choice of parameters « = 1.4 and

=03
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Example 2.1.3 (Non saturating exponential difference equation). Con-
sider the second order nonlinear difference equation:

Unil = QUplUn 1+ Pun +yuUn_1, (2.28)

where «, 3 and vy are real constants. Computing the degrees of the
iterates for any non-zero choice of the parameters «, 3 and y we get:

1,1,2,3,5,8,13,21,34,55,89,144,233,377 . .. (2.29)

Also this map is of degree 2, but now its growth is different. We
see that from the second iterate there is a drop in the degree, so
dix < 2% asymptotically. The reader may recognize in this sequence
the Fibonacci sequence. The Fibonacci sequence is known to solve the
second order linear difference equation:

dir1 = dx + di—1- (2.30)

This means that we have asymptotically:

k
dy ~ (] +2\/§> (2.31)

and the algebraic entropy of the recurrence relation (2.28) will be:

n = log (1 +2\£> , (2.32)

i.e. the logarithm of the Golden Ratio. O

Example 2.1.4 (Hirota-Kimura-Yahagi equation [86]). Consider the non-
linear second order difference equation:

Unpitn 1 =uZ + B2 (2.33)

This equation possess the first integral [86]:

2UnUn_q
K ,Un_1) = , 2.
ie.
K (un—i—l run) —K (unr Un—1 ) =0, (235)

along the solutions of (2.33). First integrals are a constraint to the
motion of a system, so in this case we expect a great drop in the
degrees. Indeed we have for every value of the parameter f3:

1,1,2,4,6,8,10,12,14,16,18,20,22,24,26,28 . .. (2.36)

The degrees appear to grow linearly: di, = 2k and the discrepancy
from the saturation start from the third iterate. O
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Figure 2.2: Regular and non-regular staircases.

2.1.2 Algebraic entropy for quad equations

Now we introduce the concept of Algebraic Entropy for quad equa-
tions which was introduced in [152]. We will follow mainly the ex-
position presented in [155] with some generalizations which were
given in [67]. These generalization where introduced explicitly with
the scope of calculating the Algebraic Entropy of the trapezoidal H*
(1.91) and H® equations (1.93), due to the peculiar behavior of these
equations.

In the case of quad equations the situation is more complicated
than in the case of one-dimensional equations. First of all in the one-
dimensional case we have to worry only about the evolution in two
opposite directions. This was the meaning of the bi-rationality con-
dition as explained in the preceding Subsection. In the two dimen-
sional case we have to worry about four possible directions of evolu-
tion corresponding to the four ways we can solve the quad equation.
In general, initial conditions can be given along straight lines in the
four direction. However usually is preferred to give initial conditions
on staircase configurations. Examples of staircase-like arrangements
of initial values are displayed in Figure 2.2. The evolution from any
staircase-like arrangement of initial values is possible in the quadri-
lateral lattice. This in principle does not rules out configurations in
which are present hook-like configurations (see (4) in Figure 2.2).
These kind of configurations will require compatibility conditions on
the initial data, since they give more than one way to calculate the
same value for the dependent variable which is not ensured to be
the equal. The staircases need to go from (n = —co,m = —o0) to
(N = 0o, m = o), or from (n = —co, m = +00) to (N = co, M = —00)
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because the space of initial conditions is infinite. We will restrict our-
selves to regular diagonals which are staircases with steps of constant
horizontal length, and constant vertical height. Figure 2.2 shows four
staircase-like configurations. The ones labeled (1) and (2) are regular
diagonals. The one labeled (3) would be acceptable, but we will not
consider such configurations. Line (4) is excluded since it may lead
to incompatibilities.

Given a line of initial conditions, it is possible to calculate the val-
ues Un m all over the two-dimensional lattice. We have a well defined
evolution, since we restrict ourselves to regular diagonals. Moreover,
and this is a crucial point, if we want to evaluate the transformation for-
mula for a finite number of iterations, we only need a reqular diagonal of
initial conditions with finite extent.

For any positive integer N, and each pair of relative integers [A1, A2],
we denote by Ag\\i ?}\Z}, a regular diagonal consisting of N steps, each
having horizontal size 11 = |A¢], height 1, = |A;|, and going in the
direction of positive (resp. negative) ny, if Ay > 0 (resp. A, < 0), for
k =1, 2. For examples see Figure 2.3.

Figure 2.3: Varius kinds of restricted initial conditions.

Suppose we fix the initial conditions on AEE }M]. We may calculate
u over a rectangle of size (N1j 4+ 1) x (N1, 4 1). The diagonal cuts the
rectangle in two halves. One of them uses all initial values, and we
will calculate the evolution only on that part. See Figure 2.4.

[**'*'°
I \'777*777+7777:’7777.‘

¢ ---

Figure 2.4: The range covered by the initial conditions Af

)
-2,11°
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We are now in position to calculate “iterates” of the evolution.
Choose some restricted diagonal AEE })\2]. The total number of ini-
tial points is g = N(1; +12) + 1. For such restricted initial data, the
natural space where the evolution acts is the projective space IP9 of
dimension q. We may calculate the iterates and fill Figure 2.4, consid-
ering the q initial values as inhomogeneous coordinates of IP9. Eval-
uating the degrees of the successive iterates, we will produce double
sequences of degrees d]g). The simplest possible choice is to apply

this construction to the restricted diagonals AE:]) 417, Which we will
denote AELNJr), ASLN_), A(_N+) and A™). We will call them fundamental di-

agonals (the upper index (N) is omitted for infinite lines). The four
principal diagonals are shown in Figure 2.5.

Figure 2.5: The four principal diagonals.

Assuming for example that we are given the A _ principal diago-
nal the pattern of degrees is of the form:

1oa™t a2 e, al
11 a2 a®» o al,
1 1 a a? (237)
1 1oa? 7
1 1 al
1 1

Therefore to each choice of indices [£1, 1] we associate a double se-
quence of degrees dgl_L 4

We shall call the sequence

(1) (m (m (m
Ldypo,dypa,dyyg,dy gy, (2.38)
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the principal sequence of growth. A sequence as

(1) (1) (1) (1)
Ly, dy iy, dyyy,dyay,. (2.39)

with i =2 will be a secondary sequence of growth, for i = 3 a third, and
so on. The fundamental entropies of the lattice equation are given by:

nfl = lim -+ logal, .. (2.40)
The existence of this limit can be proved in an analogous ways as for
one dimensional systems [18]. We note that a priori the degrees along
the diagonals of a quad equation do not need to be equal, however
in most cases they are. In the cases in which the degrees along the
diagonals are not equal it is important to isolate repeating patterns in
(2.37), i.e. if there exists a positive integer k € IN such that:

dl(:ilj_g - dl(;,;:,i/ i=1,..., k=1 (2.41)

If we can find such k we can describe the rate of growth of the quad
equation through a finite number of sequences and define its Alge-
braic Entropy of the quad equation as:

N1l = max ﬂ(ﬁ[ (2.42)

i=1,...,k—1

The definition given in [155] corresponds to (2.42) with k =1, i.e. the
degrees are assumed a priori equal. For the moment the only known
examples of equations with k > 1 are the trapezoidal H4 equations
(1.91) and the Hg equations (1.93). The discussion of the Algebraic
Entropy of these equation is postponed to Section 2.3.

2.1.3 Geometric meaning of the Algebraic Entropy

One may wonder about the origin of the drop of the degrees which
is observed in integrable and linearizable equations. It is actually geo-
metrically very simple, and comes from the singularity structure. We
will discuss this problem in the case of difference equations, since the
other cases are essentially the same, but they are less intuitive. We
recall that to a difference equation (2.3) of order n =1—1’ we can as-
sociate a map projective map ¢: P™ — P™. A point of homogeneous
coordinates [x] = [xo,X1,...,%xn] is singular if all the homogeneous
coordinates of the image by ¢ vanish. The set of these points is thus
given by n + 1 homogeneous equations This set has co-dimension
at least 2: it will be points in IP?, complex curves and points in IP3,
and so on. One important point is that, as soon as the map is non-
linear, and this is the case we will be mainly interested in, there are
always singular points. Without singular points the drop of degrees
just cannot happen! The vanishing of all homogeneous coordinates
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means that there is no image point in IP™". The mere vanishing of a
few, but not all coordinates, means that the image “goes to infinity”,
but this is harmless, contrary to what happens in affine space. This
is what projective space has been invented for: to cope with points
at infinity, which are not to be forgotten when one consider algebraic
varieties and rational maps. Moreover, using projective space over
closed fields simplifies a lot the counting of intersection points by
Bezout theorem. The maps we consider are almost invertible. They
are diffeomorphisms on a Zariski open set, i.e. they are invertible ev-
erywhere except on an algebraic variety. Suppose the map ¢ and its
inverse { = @~ are written in terms of homogeneous coordinates.
The composed maps ¢ o1 and respectively 1 o ¢ are then just multi-
plication of all coordinates by some polynomial k, and respectively

Ky -
9o ([x]) = ke (K)Id([x]), Woe(lx]) =ky (x)1d ([x]), (2.43)

The map ¢ is clearly not invertible on the image of the variety of
equation k¢ ([x]). What may happen is that further action of ¢ on
these points leads to images in the singular set of ¢. This means
that k¢ ([x]) (or a piece of it if it is decomposable) has to factorize
from all the components of the iterated map. This is the origin of
the drop of the degree! This is the link between singularity (in the
projective sense) and the degree sequence. A graphical explanation
of this procedure is illustrated schematically in Figure 2.6. Figure 2.6
can be explained as follows: the equation of the surface Z is k = 0
and the factor k appears anew in ¢ o @), The fifth iterate @) is
then regular of k = 0.

\\ /\

s ——— e

54 /A4

r r’

Figure 2.6: A possible blow-down blow-up scheme in P3.

This is a link to the method of singularity confinement [61, 89, 137].
If for all components of the variety k, ([x]) = 0 one encounters sin-
gular points of ¢ in such a way that some finite order iterate of ¢
define non ambiguously a proper image in IP™, we have “singularity
confinement”.
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The relation of the notion of Algebraic Entropy with the structure
of the singularities of maps and lattice equations have been used also
as a computational tool. Examples of such approach are given in [34,
142, 151] and more recently in [158].

2.2 COMPUTATIONAL TOOLS

Now that we have introduced the definition of Algebraic Entropy and
discussed the origin of the dropping of the degrees, it is time to turn
to the computational tools which help us to calculate it.

First of all it is clear from our first example with the logistic map
that the complexity of the calculations grow more and more iterates
we compute. A good way to reduce the computational complexity of
the problem is to consider a particular set of initial condition given by
straight lines in the appropriate projective space IP9. This correspond
to the following choice of inhomogeneous coordinates:

i ot + Bi

C= TP €N, )
Ui %ot T Po ui € (2.44)

where o; and (3; are the constant parameters describing the straight
line and t is the “time” parameter i.e. the curve parametrization. In
the case differential-difference equation we will assume that the pa-
rameter t is the same as the evolution parameter of the problem.

A useful simplification consists in using only integer numbers in
the computations. Moreover we want to avoid, accidental cancellations
i.e. factorizations due numerical substitution. Using generic integers
to this end is not recommended, since due to prime number factoriza-
tion they can introduce such kinds of cancellations. E.g. let us assume
that we are given the rational function:

oot + By P(t)

R= ot +Bo Q) (245

where P and Q are polynomials in t of degree p and q respectively
and with no common factors and «;, f; with i = 0,1 are real or
complex numbers. Therefore the degree of the numerator of Ris p + 1
and the degree of its denominator is q + 1. For generic values of the
constants «; and ; with i = 0, 1 obviously there is no factorization. If
however to evaluate the polynomial R numerically we choose, maybe
randomly, the «; and the 3; with i = 0,1 as integer it may happen
that:

o = Axp, B1 =APo, or xo =Axq, Bo=AB1, AEZ, (2.46)
due to integer number factorization. Then in this situation we have in
(2.45):

P(t) 1 P(t)

R:)\ﬁl Orszm, (247)
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so in both cases the degrees of numerator and denominator drop by
one. This is the mechanism of an accidental cancellation. So since we
want to avoid accidental cancellation as in equation (2.47), the best
way is to consider only prime numbers. If we had chosen the «; and
the 31 with 1 =0, 1 as prime numbers the situation displayed in equa-
tion (2.46) couldn’t have happened. This means that we must choose
the o, 31 in (2.44) and the eventual parameters appearing in the equa-
tion as prime numbers. A final simplification which can speed up the
calculations is to consider the factorization of the iterates on a finite
field K, with p prime. This is particularly useful since otherwise we
need to perform factorization over the integer domain and the most
common algorithms for factorization over integer domain actually at
first compute factorization over finite fields [159]. Therefore using the
factorization over finite fields we can speed up the evaluation of the
iterates.

With these choices we should be able to avoid eventual accidental
cancellations and therefore to have a bona fide sequence of degrees.
Since the result is experimental it is still better to do it more than
once, with different initial data, to be sure of the result. In Appendix
B a python implementation of these ideas is given, including also
other useful tools for the post evolution analysis. Let us just mention
the fact that the prime number p is chosen adaptively as the first
prime after the square plus one of the biggest prime in «;, 3; and the
equation parameters. This program is also presented in [64].

Now let us assume that we have computed our iterations and we
are given the finite sequence:

do,d],...,dN. (2.48)

To get the information on the asymptotic behavior of the sequence
(2.48) we calculate its generating function [95], i.e. a function g =
g (s) such that its Taylor series coincides with the elements of the
series. To look for such functions it is important to use the minimum
number of dy possible. It is reasonable to suppose that such generating
function is rational even if it is known that it is not alway the case
[15]. Such generating function can therefore be calculated by using
Padé approximants [17, 135].

In the Padé approximant we represent a function as the ratio of two
polynomials, i.e. as a rational function, an idea which dates back to
the work of Frobenius [45]. Let us assume that we are given a function
f = f (s) analytic in some domain D C C containing s = 04. Therefore
the function f can be represented as power series centered at s = 0:

f(s)= Z dies®. (2.49)
k=0

4 This is always possible to be done up to a translation.
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To find the Padé approximant of order [L : M] for the function f
means to find a rational function:

plL:MI () B ap+ajs+...arst
Q[L:M} (S) N 1 +b1$+...bMSM,

[L:Ml(s) = (2.50)
such that its Taylor series centered at s = 0 coincides with (2.49) as
much as possible. Notice that the choice of by = 1 into the denomina-
tor (i.e. in the polynomial Q!-M! (s)) is purely conventional, since the
ratio of the two polynomial PIEMI (5) and QEMI (s) is defined up to
a common factor. A Padé approximant of order [L : M] has a priori
L 4 1 independent coefficients in the numerator and M independent
coefficients in denominator, i.e. L + M + 1 independent coefficients.
This means that given a full Taylor series (2.49) and a Padé approx-
imant of order [L : M] we will have a precision of order s-*™M+T:

f(s) =[L:M](s)+O (s=MF1). (2.51)

In the same way as a polynomial is its own Taylor series, a ratio-
nal function is its own Padé approximant for the correct choice of L
and M. This is why the best approach in the search for rational gen-
erating functions is the use of Padé approximants. By computing a
sufficiently high number of terms if the generating function is ratio-
nal we will eventually find it.

Without going into the details of such beautiful theory we note that
the simplest way to compute the Padé approximant of order [L : M]
(2.50) is from Linear Algebra by computing two determinants:

di-m+1 dr-m42 ... dr drys
di-m+2 d-m+3 ... drgd dry2
Q[L:M] (s) ,
dr dp voo digm—2 digm
dr diyr ..o dirm—1 diem
sM sM-—T S 1
(2.52a)
dr-m+1 dr—m+2 e drg
dr-—m+2 dr—m+3 cee o dpy2
(L:M] _
P (z) = dr—1 dr N N VIR
dr dr oo drem
L-M L-M+1 L
Z dkSM+k Z dkSNH_k_1 ‘o Z dkSk
k=0 k=0 k=0

7(2. 52b)
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The Padé approximant of order [L : M] is then given by [88]:

P[L:M} (S)

The interested reader can consult the reference [17] for a complete
exposition.

Let us suppose now we have obtained a generating function using
a subset of the elements in (2.48). Such generating function is a pre-
dictive tool, since we can confront the next terms in (2.48) with the
successive terms of the Taylor expansion of the generating function.
If they agree we are almost surely on the right way. This is the reason
why it is important to find the generating function with the minimum
number of dy possible. If we used all the terms in the sequence (2.48)
then we need to compute more iterates in order to have a predictive
result. Notice that since the sequence (2.48) is a series of degrees, i.e.
of positive integers, if the Taylor series of the generating functions
give raise to rational numbers it can be immediately discarded as
non bona fide generated function. A reasonable strategy for finding
rational generating functions with Padé approximants is to use Padé
approximants of equal order [j : j] which, as stated above, need 2j + 1
point to be determined. This kinds of computational issues are dis-
cussed practically in Appendix B following [64]. Let us remark, that
the Taylor coefficients of a rational generating function satisfy a finite
order linear recurrence relation [37].

Once we have a generating function we need to calculate the asymp-
totic behavior of the coefficients of its Taylor series. To do this we will
use the inverse Z-transform [31, 37, 90]. Indeed let f(T) be a function
expressible as Laurent series of negative powers of its argument:

L:M](s) = (2.53)

f(t) = Z dit " (2.54)
k=0

The inverse Z-transform of f, which we denote by 21, is then defined
to be [90]:

1

—1 _
27 [f(0) = =

J f(t)t* 'dr, keN (2.55)
C

where C is a simple closed path outside of which f(t) is analytic. If
f is a rational function, C can be taken as a circle of radius R in the
complex T plane enclosing all the singularities of f(t). By the residue
theorem [28, 162], this implies, as the rational functions have only a
finite numbers of poles 1; € C,j € {1,...,P}:

P
27V [f(1)] = ) Resq—r, { f(T)T ' }. (2.56)
j=1
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Given the generating function g which is expressed as the Taylor
series

gls) =) dis* (2:57)
k=0

i.e. a series of positive powers of s, we have by the definition (2.55):

di =27 [g(t7] )] - (2.58)

Since we suppose our generating function to be rational, g (t7') is
again a rational function and we can easily compute it using the
residue approach (2.56).

Formula (2.56) will be valid asymptotically, and for rational f (7)
we can estimate for which k it will be valid. Assume that f(t) =
ﬁ(’t)/@(’t) with ﬁ, Q € C[1], i.e. polynomials in 1. Indeed if T =01is a
root of Q of order ko we must distinguish the cases when k > kg + 1
and k < ko + 1. For k < ko + 1 we will have a pole in T = 0 of order
ko +1—k. So the general formula (2.56) will be valid only for n >
ko + 1. In the case of rational generating functions g(s) = P(s)/Q(s),
with P,Q € C[s] we will introduce a spurious T = 0 singularity in
g (t7") if we will have deg P > deg Q.

From the generating function we can get the Algebraic Entropy, de-
fined by formula (2.19). Recalling the notion of radius of convergence
R of a power series [162]:

R™T = lim |dy|* (2.59)
k—o0

and the continuity of the logarithm function we have from (2.19) that
the Algebraic Entropy can be always given by the logarithm of the
inverse of the smallest root of the denominator of g:

- —1

n= min log|s|™ . 2.60

{seClQ(s)=0} & (260)

To conclude this Subsection we examine the growths of Examples

2.1.2, 2.1.3 and 2.1.4 using the generating functions in order to have a
more rigorous proof of their growth.

Example 2.2.1 (Growth of the Hénon map). The first and very triv-
ial example is to consider the growth of the Hénon map (2.25) (or
equation (2.26)) as given by (2.27). We see that computing the Padé
approximant with the first three points, i.e. [1 : 1](s) we obtain:

B 1—s
C1=2s"

(1:1](s) (2.61)

This first Padé approximant is already predictive since

[1:1](s) =1+ s +2s* +4s> +8s* +165° +325° + O (s°) . (2.62)
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So we can conclude g (s) = [1 : 1](s). This obviously gives the growth
as dy = 25~ for every k > 15. The only pole of g(s) is then sy = 1/2
which according to (2.60) yields 1 = log 2. g

Example 2.2.2 (Growth of the map (2.28)). We see that in this case the
Padé approximant [1 : 1](s) gives exactly the same result as (2.61),
therefore it does not describes the series. The next one [2 : 2](s) in-
stead gives:

1

— 2 (2.63)

[2:2](5)21_s

which is predictive. We conclude that in this case g (s) = [2 : 2](s).
This gives the growth:

5435 <1+\/5>k+5—3\/5 (1—\/5>k

de = =95 2 10 2 (2.64)

which, as we said before, has the asymptotic behavior (2.31). The
poles of (2.63) are then:

—14++5
Sy =5 (2.65)

and as [s| > [s_| the algebraic entropy is given by (2.32). O

Example 2.2.3 (Growth of the Hirota-Kimura-Yahagi equation). We

now consider the very slow growth of equation (2.33) given by (2.36).

Again the [1 : 1](s) is the same as in (2.61) and therefore does not

describes (2.36) as well as [2;2](s). On the other hand [3 : 3](s) gives:
st —s+1

and again this approximant is predictive. So we conclude that g (s) =

[3 : 3](s) and that dx = 2k — 2. Since the only pole lays on the unit
circle we have that the entropy is zero. O

2.3 ALGEBRAIC ENTROPY TEST FOR (1.91, 1.93)

Before considering the Algebraic Entropy of the equations presented
in Section 1.6 we discuss briefly the Algebraic Entropy for the rhom-
bic H* equations 1.32, which are well known to be integrable [166].
Running the program ae2d.py from [64], which is contained in Ap-
pendix B, on these equations one finds that they possess only a prin-
cipal sequence with the following isotropic sequence of degrees:

1,2,4,7,11,16,22,29,37, .. .. (2.67)

We note that in terms of the iterations the first 1 in (2.27) have to be interpreted as
d_1, but this is just matter of notation.
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Equation Growth direction
e

tHY L, L2 LI L3k L3014
tH5 Ls,Leé Ls,Le Ly Lg Ly Ls
tH3 Ls,Le Ls,Le L7, Lg L7 Lsg
Dy Lo,Lo Lo,Lo  Lo,Lo Lo, Lo
1D2 Lo,Lio  Lo,Lio Lo,Lio Lo, Lio
2D2 Lia,Lis Lia,Lis Lis,Lia Lis, Lia
3Dz Lie,Liz Lie,Liz Liz,Lie Liz, Lie
D3 Li1,Liz Ly, Loz Log, Lz Lig, Lz
1Dy Li3,Ls  Li3,Ls  Lis,Ls Lz Ls
2D4 Lig,Ls Lis,Ls Lio,L20 Lio,L2o

Table 2.1: Sequences of growth for the trapezoidal H* and H® equations. The
first one is the principal sequence, while the second the secondary.
All sequences L, j =0,---,20 are presented in Table 2.3.

To this sequence corresponds the generating function:

s —s+1
_ , 2.68
9= e (2.68)
which gives, through the application of the Z-transform (2.55), the
asymptotic fit of the degrees:

k(k+1)
2

Since the growth is quadratic n = 0 or it can be seen directly from
(2.67) using (2.60). This result is a confirmation by the Algebraic En-
tropy approach of the integrability of the rhombic H* equations. Let
us note that the growth sequences (2.67) are the same in the Rhom-
bic H* equations also when ¢ = 0, i.e. if we are in the case of the H
equations of the ABS classification (1.23).

For the trapezoidal H* and H® equations the situation is more com-
plicated. Indeed those equations have in every direction two different
sequence of growth, the principal and the secondary one, as the co-
efficients of the evolution matrix (2.37) are two-periodic. The most
surprising feature is however that all the sequences of growth are lin-
ear. This means that all such equations are not only integrable due to
the fact that they possess the Consistency Around the Cube property,
but also linearizable.

Instead of presenting here the full evolution matrices (2.37), which
would be very lengthily and obscure, we present two tables with the

dy = +1. (2.69)
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relevant properties. The interested reader will find the full matrices
in Appendix C. In Table 2.1 we present a summary of the sequences
of growth of both trapezoidal H*and H® equations. The explicit se-
quence of the degrees of growth with generating functions, asymp-
totic fit of the degrees of growth and entropy is given in Table 2.3.
Following the convention in [84] we labeled the different sequences
by Lj, with j € {1,2,...,20}.

Observing Table 2.1 and Table 2.3 we may notice the following
facts:

e The trapezoidal H* equations are not isotropic: the sequences in
the (—, +) and (+,+) directions are different from those in the
(+,—) and (—, —) directions. These results reflect the symmetry
of the equations.

e The H° equations, except from ;D4 which has the same be-
haviour as the trapezoidal H?, are isotropic. Equations ;D and
3D exchange the principal and the secondary sequences from
the (—, +), (+, +) directions and the (+, —), (—, —) directions.

o All growths, except Lo, L3, L4, L7, Lg, L12 and L;7, exhibit a
highly oscillatory behaviour. They have generating functions of
the form:

_ P(s)
g(s) = G126+ 12 (2.70)

with the polynomial P(s) € Z[s]. We may write

P1(s)
(s—1)2(s+1)2 (2.71)

g(s) = Pols) +

with Py(s) € Z[s] of degree less than P and Py (s) = as3 + Bs? +
vs + 8. Expanding the second term in (2.71) in partial fractions

we obtain:
1T|B+d—a—y a+v+pB+5
s)=P —
g( ) o(s) 4 (S+1)2 (S—])Z
(2.72)
200+ B —0 20— P+
+ - :
s—1 s+1

Expanding the term in square parentheses in Taylor series we
find that:

g(s) =Po(s)+ Y [Ao+A1(=1)"+Axk+ Az(—1)*K] s*,
k=0
(2.73)

with A; = Ai(«, B,7v,8) constants. This means the dy, = Ay +
Aq(=1)% + Aok + A3(—1)%k for k > degPy(s), and therefore
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it asymptotically solves a fourth order difference equation. As
far as we know, even if some example of behaviour containing
terms like (—1)% are known [84], this is the first time that we
observe patterns with oscillations given by k (—1 )k,

We remark that the usage of the Algebraic Entropy as integrability
indicator is actually justified by the existence of of finite order recur-
rence relations between the degrees di. Indeed the existence of such
recurrence relations means that from a local property (the sequence
of degrees) we may infer a global one (chaoticity/integrability /lin-
earizaribilty) [158].

We finally note that at the moment no other quad equation is
known to possess an analogous growth property as the trapezoidal
H?* and H® equations. Furthermore is also unknown if more compli-
cated behavior, with higher order periodicities are possible. We note
that the existence of two sequence of growth is coherent with the fact
that the trapezoidal H* and H® equations have two-periodic coeffi-
cients. So we can conjecture that the existence of multiples growth
patterns is linked with the periodicity of the coefficients. In literature
equations with higher periodicity have been introduced e.g. in [53],
but are still unstudied from the point of view of Algebraic Entropy.



Table 2.2: Sequences of growth, generating functions, analytic expression of the degrees and entropy for the trapezoidal H*and H®equations

Name Degrees Generating function Degree fit Entropy
{di} g(s) di n
Lo 1,1,1,1,1,1,1,1,1,1,1,1,1... ]1 1 0
—s
3 k
s> +2s+1 (—=1) 3
L 1,2,2,5,3,8,4,11,5,14,6,17,7 ... —2k+1)+k+-
‘ 3 5s—1)2(s +1)2 (F2kt D4kt g 0
3 2 k
—s° 4+ 2s“4+2s+1 (—=1) 5
L 1,2,4,3,7,4,10,5,13,6,16,7,19... 2k—1)+k+- 0
2 ; 3 (s—1)2(s+1)2 g (ko ltkdy
2 k
—s“+s+1 (—1) k 5
L —_— — -+ -
3 1,2,2,3,3,4,4,5,5,6,6,7,7 Foss+ Y +5+3 0
s +s+1 (=% 3k 3
L 1,2,4,5,7,8,10,11,13,14,16,17,19.... _—— — + -
4 0 3 6 ) 23_25§_34§]2 ] y +2+4 0
s° +4s” +25° + 25+ 2s + K 5 5
L 1,2,4,6,11,10,19,14,27,18,35,22,43... k—= 3k— =
5 0 8,35 3 5 (45_1)32(5;_1)22 | < 2>+ 2 0
387 + 8% 4+ 35 +2s° 4+ 25+ 5 5
L 1,2,4,7,8,15,12,23,16,31,20,39,24 ... =
¢ s—1)2(s £ 172 <k+ Py o
43,2
L, 1,2,4,7,11,15,19,23,27,31,35,39,43 .. SrsTas ] 4—5 0

(s—1)2

Continued on next page
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Table 2.2 — Continued from previous page

Name Degrees Generating function Degree fit Entropy
{di} g(s) di n
241
Ls  1,2,4,68,10,12,14,16,18,20,22,24.... (2+1)2 2K 0
342541 —nk
Lo 1,2,2,5,3,8,4,11,5,14,6,17,7,... SESsEl Slb b SRS 0
(s—1)(s+1) 4k 4
34s2 42541 1 5k 3
Lo 1,2,3,5587,11,9,14,11,17,13,... SEsrest O AT A
(5—12(s+1) 4 T
4483425242541 —1)k
Lt 1,2,4,510,8,16,11,22,14,28,17,34, ... & (“ 1;(8 +”Z+ s 2 o
s — s+
2 1 1% 3k
Lz 1,2,4,57,810,11,13,14,16,17,19,... _srstl Sl ML 0
(s—1)"(s+1) k4 2 4
4 23 22 2 _
Lis  1,2,4,611,10,18,14,25,18,32,22,39, ... e i i S Y L
(s— 12 (s+1) i 42
4346242541 1
Lyg 1,2,3,3,6,4,9,5,12,6,15,7,1, ... S osrs st EDZ k—3) 4143 0
4(8—31) (s+1) 4 4
1 3
Lis  1,1,336597,1259,1511,15,... A i 2 (=0*+5) 0
(s—1)2(s+1) 4

Continued on next page
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Table 2.2 — Continued from previous page

Name Degrees Generating function Degree fit Entropy
{di} g(s) dy n
—2s3 +52 425 +1 —1)* k 3
L1e 1,2,3,2,5,2,7,2,9,2,11,2,13,... SEeASst Sl P L 0
(s—1)"(s+1) 2 . 22
241 = 1
Lis 1,1,3,3,5,5,7,7,9,9,11,11,13,... S Sl 0
. (5—41) 3(5—1—1% 2 2
4 257 4+ 25 + 1
Lis  1,2,4,511,9,19,13,27,17,35,21,43,,.. S 1S T8 TSR HETT gy 2y 4303 0
] (5—1)3 (S+;)
45t +25% +252 + 25 + 1 5 5
Lio  1,2,4,611,10,19,14,27,18,35,22,43,... S 128 £°5 £L5 4257 (—1)k <k—)+3k— 0
(s—1)"(s+1) . 2 2
41245t 1 ]
Lao 1,1,3,2,6,3,9,4,12,5,15,6,18, .. S A st Sl S P L 0
(s—1)2(s+1) 1 1

(€6°1 “16°1) ¥O4 1SAL AJOYINT DIVIIADTV £'T
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2.4 EXAMPLES OF DIRECT LINEARIZATION

In this Section we considers in detail the {H{ (1.91a) and 1D, (1.93b)
equations and shows the explicit form of the quadruple of matrices
coming from the Consistency Around the Cube, the non-autonomous
equations which give the consistency on Z3 and the effective Lax pair.
Finally we confirm the predictions of the algebraic entropy analysis
showing how they can be explicitly linearized looking directly at the
equation.

2.4.1  The (Hy equation

To construct the Lax Pair for (1.91a) we have to deal with Case 3.10.1
in [21]. The sextuple of equations we consider is:

A =0 (x—x1) (x2 —x12) — 1 (x —%2) (X1 —x72) (2.74a)
+efo o (o — oz),

B = (x—x2) (x3 —x23) — o2 (1 +e?x3x23) =0, (2.74b)

C=(x—x%1)(x3—%13) — 1 (1 + €2X3X13) =0, (2.74¢)

A =z (x13 —x3) (X123 —%23) — &1 (x13 —x123) (X3 —X123),
(2.74d)

B =(x1—x12) (x13—x123) — o2 (1 +e*x13x123) =0,  (2.74€)

C=(xa—x12) (x23 —x123) — o1 (1 +e*x23x123) =0,  (2.740)

In this sextuple (1.91a) originates from the B equation.
We now make the following identifications

Al X—=Upn X1 Upiin X2 = Upntl X712 = Uppintd

B: X—=Unm X2 =2 Uniyim X3 = Unm+l  X23 = Unt1,m+1

C: Xx=Upm X1 2 Uppi,m X3 > Upmil X713 = Upilmol
(2.75)

so that in any equation we can suppress the dependence on the ap-
propriate parametric variables. On Z3 we get the following triplet of
equations:

A =0 (up,n _up+1,n) (up,n+1 _up+1,n+1) (2.76&)

(+)

— X1 (up,n _up,n—H) (up—i—l,n _u'p—H,n—H)
Fm 7,

+ 2o (o] — o)
B = (un,m - un+1,m) (un,m+1 —Un+1,m+1 ) — a2 (2-76b)
— X2 e? (Fw(wir)un,m+1 Un+1,m+1+ F%:)un,munnq,m) ’
C = (Up,m —Up+1,m) (Upm+1 —Up+1,m+1) — 1 (2.76¢)

2 (¢(+) (—)
—X1€ (Fm Up m4+-1Up+1,m+1 +Fm Up,mUp+1,m ) -
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Then with the method in Section 1.4 we find the following Lax Pair®:

o u —u u +
Ln,m _ ( n,m+1 nmbUn,m+1 1 ) (2.77&)
1 _un,m
5 —F U m 0
e (+) ’
0 Fmn Un,m+1
- 1 0
Mn,m = X (un,m*un+1,m) 01 (2-77b)
t o Un+1,m —UnmUn+i,m
1 —Un m
0 1
— 2oy (1 — o) Fit)
00
and the separation constant (1.21) is given by:
1+ ¢2 (F]({)ufl,m + Fﬁ]uimH)
Th,m = &2 (278)

2 (+)
(U«n,m —Un,m+1 ) + EZOC%Fm

With a highly non-trivial computation it is however possible to show
that the separation constant (2.78) arise from the following rational
separation constants:

1

1+ie (FE; Mpmm — F;ﬁummﬂ)

1
’Y1/1,m = : =" (279b)
Un,m —Un+1,m + 10(2Fm

, (2.79a)

Ynm =

Therefore the Lax pair for the (Hj equation (1.91a) is completely
characterized from the Consistency Around the Cube.
Let us now turn to the linearization procedure. In (1.91a) we must
have «; # 0, otherwise the equation becomes

(un,m - un+1,m) (un,m+1 —Un+1,m+1 ) = 0, (2-80)

which is factorizable and therefore degenerate. Let us define two new
fields for the even and odd values of m in order to write the {Hj
equation (1.91a) as an autonomous system:

Un2k = Wnk, UWUn2k+1 = Zn,k- (2.81)

Then the {Hj equation (1.91a) becomes the following system of cou-
pled autonomous difference equations

(Wn,k - Wn+1,k) (Zn,k - Zn+1,k) = EZOCZZn,anﬂ,k + o2,
(2.82a)

6 In this case for simplicity of calculations the role of the L and M matrices are in-
verted.
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2
(Wi k1 = Wni1,k41) (Znk —Znt1x) = €°X2Zn kZn41,k + X2.
(2.82b)

Subtracting (2.82b) to (2.82a), we obtain

(Wnk = Wni1k = Wrkk1 FWnit k1) (Znx — Zns1x) =0. (2.83)

At this point the solution of the system bifurcates depending on
which factor in (2.83) we choose to annihilate.

CASE 1: zn,x = fx  Let us assume that z,, . = fx where fy is an
arbitrary function of its argument. Then the second factor in (2.83) is
satisfied and from (2.82a) or (2.82b) we have that ¢ # 0 and, solving
for fy, one gets

This is essentially a degenerate case, since this solution holds for ev-
ery value of wy x.

CASE 2: W x = gn + hx Let us assume that w1 = gn + hy
where g, and hy are arbitrary functions of their argument and that
zZnk 7 fi. Hence (2.82) reduces to the equation:

€zzn,kZTLJrl,k + Kn (Zn,k - Zn+1,k) +1=0, , (285)

where kn = (gn+1 — gn)/x2. Depending on the value of ¢ we can
distinguish two different cases:

cAskE 2.1: ¢ =0 If e =0, (2.85) implies that k,, # 0, so that we have:

1
Intlk ~Znk = (2.86)
n

Solving this equation we get:

n—1 1
.k + —)y n P no + ]/
] l_Zno Kl
Znx = ng—1 : (287)

jk_lanl/ ngno_]/

where ji. =z« is an arbitrary function of its argument.

CASE 2.2: ¢ #0 If ¢ # 0, then (2.85) is a discrete Riccati equation
which can be linearized through the Mobius transformation

Zng = —omk o (2.88)
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to

(ikn — &) Yn+1,x = (ikn + €) Yn k- (2.89)

Note that (2.89) implies that k,, # Fie because otherwise y,, x =
0 and z, x = —i/e. Therefore equation (2.89) implies that we
have the following solution:

n—1 .
. 1Ky + ¢
- , n>=ng+1,
]kll__n[ ik —¢ =0
Ynk = n;—% . (2.90)
) iKy—¢€
- , n<ny—1,
Jk H 1Ky + € S0

where ji = yn, k is another arbitrary function of its argument.
In conclusion we have always completely integrated the original
system.

Remark 2.4.1. Let us note that in the case ¢ = 0 the (1.91a) can be
linearized also without the need to introduce the transformation sep-
arating the even and the odd part in m (2.81). Indeed by putting ¢ in
(1.91a) we obtain:

(un,m - un+1,m) (un,m+1 —Un+1,m+1 )—a2 =0, (2-91)

and it is easy to see that the Mobius-like transformation depending
on the field and on its first order shift

1 —wWnm

Un+l,m —Unm = V& ’ (2-92)

2 T+wWnm
brings (1.91a) into the following first order linear equation:
Wnm+1 +Wnm =0,. (2.93)

Therefore we can write the solution to (2.91) as:

1—(—])mW1
k 3 . / 4\ m . 7/ 2 ]I
m Ve lZn TH e o
Un,m = el 2.94
o T () wy
km—\/(XZ Z ]+( 1)mW1’ n<n0—1.

Here ki = un,,m and wy, are two arbitrary integration functions.

Now we prove that the Lax pair of the {Hj equation (1.91a) given
by equation (2.77) is fake. This was presented for the first time in
[68]. Indeed we recall that according to the definition in [77, 78] a
Lax pair is called G-fake if, on solutions of the equation appearing in
its compatibility condition, one can remove all dependent variables
in the associated nonlinear system from the Lax pair by applying
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a gauge transformations. A gauge transformation for a Lax pair in the
form (1.5) is a K x K invertible matrix Gn m, possibly dependent on the
unknown u, m and its shifts, acting at the level of the wave function
®,,,m in the following way:

(Dn,m = 9n,m\yn,m- (295)

The transformation (2.95) yields a new Lax pair of the form (1.5) for
the new wave function ¥,, ,, with new matrices:

Lrm = Gk mbnmSnm, (2.96a)
M“/m = 9r_x,1m+l Mn,mGn,m. (2-96b)
We note that a Gauge transformation in the sense of equation (2.95)
is a particular kind of symmetry of the Lax pair.
Now that we have stated the required definition, let us return to
the Lax pair for the {Hj equation (1.91a) as given by equation (2.77).
First we separate the even and odd part in m in (2.77) defining:

En,k = 11jn,Zkr @n,k = ‘yn,Zk—H . (297)

Substituting m odd into the spectral problem defined from (2.77) we
obtain the following constraint:

1 Znk X1 — W kZnk
@)Tl,k = ’ 2' ! Zn k- (298)
1—&Znx 1 Wik — €501 Zn k

Then using (2.98) and its difference consequences we can write down
a Lax pair involving only the field wy, i and the wave function =, x:

(M=

- (1) = -
Enkt1 =L Enk Ent1x =M Enk, (2.99)
where:
1 T Wi kt1 —Wnk
]_n])( S—— ket el (2.100a)
’ 0 1
M) — % (Wi —wnyri) (10
k i .
B Wnk —Wnk+1 +i€x2 \0 1
i X2 Wn4+1k ~—WnkWn+1,k
Wnk — Wn k41 Hiexo 1 —Wnk

- 2o (o — aa) 0 1
Wnk —Wnik+1 +ieaz \o 0/

The compatibility conditions of (2.99) yields the linear equation:

(2.100Db)

Wit 1k+1 —Wn k41 —Wnilk +Wnix =0. (2.101)
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Therefore we have incidentally given another proof of the lineariza-
tion using the Lax pair.
Finally we see that applying the following gauge transformation:

Gk = (—a) o (:) w;‘*) (2.102)

yields the new matrices obtained from (2.96):

(:) ?) , (2.103a)

A1) - Wnk—Wnilk 1 Wnk — Wnilk
kT ;
n Wn k — Wn1,k T1€X2 o /0 1

N o 0 —&? (o —ag)
Wik — Wni1x HiEx2 1/ 0 '

(2.103b)

1

)
L n,k

Since (2.103a) is independent on the field w;, . we conclude that the
Lax pair (2.100) is a G-fake Lax pair according to the above definition.
We recall that a fake Lax pair do not provide the infinite number of
conservation laws needed by the definition of integrability [27, 77, 78].
Since we proved that the ¢Hj is linearizable this have to be expected.
Indeed linear equations possess a finite number of conservation laws
[169] and therefore any Lax pair for a linear equation must be fake.
Ultimately this example shows that a Lax pair produced from the
Consistency Around the Cube property is not bona fide in advance,
but its properties must be thoroughly checked.

2.4.2 The 1D, equation

Now we consider the equation 1D (1.93b). The 1D, equation (1.93b)
is given by the sextuple of equations given by Case 3.12.2 in [21]:

A =0x+x1+(1=01)%x2 +x12 (x +81%2), (2.104a)

B = (x —x3) (x2 —x23) (2.104b)
FAX+x3— 07 (x2 +%x23)] + 617,

C=(x—x3)(x1—x13)+87 (6162 +81 —1)A? (2.104¢)
—A(8102 4+ 061 = 1) (x +x3) + 871 (x1 +x13)],

A =082x3 +x13 + (1 —=81) %23 +x123 (x +81%23), (2.104d)

5= (x1 —x13) (x12 —%123)
+A282 (01— 1)+ (87 —1—5182) —281x12%123],

C=(x1—x23) (x12 —x123) —=A (282 +x12 +x123) . (2.104f)

(2.104€)
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The triplet of consistent dynamical systems on the 3D-lattice is:

A= ( S = S 5,7 )) Upn (2.105)
+<Fp+n—6F P4 8oF R ) wpian
+( G =8 SR 5, FURS ))up,nH
+ (F](Hn 1SR 4 5,F L F;)) Up s 1t

-)
+ 07 ( n UpnUp+1, n+Fn up n+1Up+1n+1

+ Fp+nup,nup+1,n+1 + Fp:-nup+1,nup,n+1 ’
B=A{[0r =D =8| B+ (81 -1 81820 Fy R (i + n 1)

MO =D =8 [ R (81 =1 8180 Fy B | (e tm + 1)

— 28, AFI(J_) (th_)un,mun,m+1 + F%+)un+1,mun+1,m+1)

+ (unm _un m+1) (un+1 m _un+1,m+1)
+OINFST) 4 2(81 — 1) 520F,
(2.106)
C =L =8182) F5) =59 | FL) +FL RS
(1—58152) 1P+ n ¢ (Upm+Upmi1)
{00182 By =8 [ R FTR L (Wt ptm)

+ (up,m - up,m—H) (up+1,m - up—H,m—H)
+28,AFy ) 487 (81— 14 8182) A2
(2.107)
We leave out the Lax pair for 1D, as it is too complicate to write

down and not worth while the effort for the reader. If necessary one
can always write it down using the standard procedure outlined in

Section 1.4.

Let us now turn to the linearization procedure. Notice that there
is no combination of the parameters 67 and &, such that (1.93b) be-
comes non-autonomous. So we are naturally induced to introduce the
following four fields:

Ws,t = U2s,2t,  Ys,t = U2s+71,2¢, (2.108)
Vst = U2s,2t+1  Zs,t = WU2541,2t+1-
which transform (1.93b) into the following system of four coupled
autonomous difference equations:
(] — 87 ) Vst + 6ZV\’s,t +Ys,t + (61Vs,t + Ws,t) Zst = 0, (2.109&)
(T—=281)Vst1,t +82Ws 1t +Yst
(2.109b)
+ (81Vs1t +Wsi1,t) 25t =0,
(T—381) Vst +02Ws t41 + Us,t+1

(2.109¢)
+ (01Vs,t +Wst41) 25,8 =0,
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(1—=01)Vst1t+02Wsi1 641 +Yst+1

(2.1009d)
+ (81Vst1,t + Ws1,641) 25t = 0.
Let us solve (2.109a) with respect to ys +:
Ys,t = — (1 - 61 ) Vs, t — 6ZVVS,‘L - (61Vs,t +Ws,t) Zs,t (2~110)

and let us insert y, ¢ into (2.109b) in order to get an equation solvable
for zs¢. This is possible iff d1vst + wst # ft, with fy an arbitrary
function of t, since in this case the coefficient of z « is zero. Then the
solution of the system (2.109) bifurcates.

CASE 1: 81Vst + Wt # ft  Assume that 01vst +Wwst # fyt, then
we can solve with respect to zs the expression obtained inserting
(2.110) into (2.109b). We get:

(1=01) (Vs14 —Vst) +82 (W11 —Ws 1)

Zst = — . (2.111)
s d1 (Vs+1,t _Vs,t) +Wsi1,t —Wsit

Now we can substitute (2.110) and (2.111) together with their differ-
ence consequences into (2.109c) and (2.109d) and we get two equa-
tions for ws ¢ and v ¢:

(0102481 —1) [Ws+1,t+1vs,t+lws,t F Vs 1, t+1Ws,t+1Ws+1,t
—Vs41,t+1Ws,t+1Ws,t + Ws t+1Vs tWs+1,t+1
F Vs tWs 11,4 -1 Ws 11t — Wt +1Vs+1,tWs1,t+1
- Wg,t+1 Vs,t + Wg,t+1 Vs4+1,t
—Ws4+1,t+1Vs,t+1Ws+1,t — Vs, tWs+1,t+1Ws,t
— Vs, tWs, t+1Ws+1,t + Vs,tWs,t+1Ws,t
— 81 (Vs tVs t+1Ws 1,6 + Ws,t41Vs,tVs t 41
—Ws1,t+1Vs,t+1Vs,t T Ws1,t+1Vs,t+1Vs+1,t
T Vs, tVs+1,t+1Ws,t — Vs tVs+1,t+1Ws+1,t
—Vs,tVs,t+1Ws,t — Ws,t+1Vs41,t Vs, t+1 )]
(2.1122a)
(6182 +81—1) [W§+1,t+]vs+1,t T Ws1,t+1Vs,t+1Ws+1,t
—Ws41,t+1Vs,t+1Ws,t — Wg+],t+]vs,t
—Wst 1 Vs+1,tWs+1,t+1 T Ws t 11V t Ws11,t+1
— Vs 41 t+1Ws,t+1Ws+1,t T Vs+1,tWs,t+1Ws+1,t
F Vs 1,t+1Ws,t+1Ws,t — Vs+1,tWs+1,t+1Ws+1,t
FVs+1,tWs+1,t+1Ws,t — Vs+1,tWs,t+1Ws t+
01 (Vs 14Vs+1,t+1Wst1,t T Vs 114 Vs 41,141 Ws,t
—Ws+1,t+1Vs,tVs+1,t+1 — Vs+1,tVs,t+1Ws,t
Vs 1,t+1Ws t+1Vs+1,t T Ws1,t+1Vs+1,tVs+1,t+1

FVs11,tVs,t+1Wsa1,t T Vsi1,t41 Ws,t+1vs,t)]

(2.112b)

73



74

ALGEBRAIC ENTROPY AND DIRECT LINEARIZATION

If
51(1+82) =1, (2.113)

then (2.112) are identically satisfied. If 61 (1 +8;) # 1, adding (2.112a)
and (2.112b), we obtain:

(We,t =Wsi1,t —Wse41 +Wsi1,441) - (Vo416 —Vs,t) (01 +0182, —1) =0.

(2.114)

Therefore we are in front of a new factorization. Since 61 + 616, # 1
we can divide by 87 + 0102 — 1 and annihilate alternatively the first
or the second factor.

If set equal to zero the second factor in (2.114), we get vs ¢ = g¢ with
g¢ arbitrary function of t alone. Substituting this result into(2.112a)
or (2.112b), we obtain g = go, with go constant. Since we do not
have any other condition we have that w is an arbitrary function
satisfying ws ¢ # fi — go while from (2.111) we obtain z; ; = —5, and
finally from (2.115) we have:

Ys,t = — (1 =381 —8102) go- (2.115)

Therefore the only non-trivial case is when &7 + 016, # 1, and
Vst # gt. In this case we have that w solves the discrete wave
equation, i.e. Wy = hg + l;. Substituting w; ¢ into (2.112) we get a
single equation for v ¢:

(hs —hg41) [(Vs+1,t+1 —Vs41,¢) (hs +Leg1)
— (s,t+1 = Vst) (hs1 +leg1) (2.116)

+ 01 (Ve tVst1,t41 _\)S—H,tvs,t—H)] =0.

which is identically satisfied if hg = ho, with hy a constant. Therefore
we have a non-trivial cases only if hg # hy.

CASE 1.1: 07 = 0 We have a great simplification if in addition to
hs # hp we have 07 = 0. In this case (2.116) is linear:

(Vs+1,641 —Vsg1,t) (hs +Lig1)

(2.117)
— (V41 —Vst) (hgyp1 +1gpq) =0.
Eq. (2.117) can be easily integrated twice to give:
. t—1 .
=
ver =14 ) + Z]E:_t1o (hs +l1) ik, t=2to+1, (2.118)
js_ kO:t (hs +1k+])ik/ t<to—1T,

with iy and js = v, 1, arbitrary integration functions.



2.4 EXAMPLES OF DIRECT LINEARIZATION

CASE 1.2: 071 #0, BUT 1y = lp Now let us suppose hgs # hg, 81 # 0
but let us choose 1y = 1y, with 1y a constant. Performing the
translation 05 = vs,¢ + (hs +1) /81, from (2.116) we get:

0s,t0s+1,t41 —0541,t05,t41 = 0. (2.119)

Eq. (2.119) is linearizable via a Cole-Hopf transformation O =
0s41,t/0s,¢ as v ¢ cannot be identically zero. This linearization
yields the general solution 05+ = SsT¢ with Sg and T, arbitrary
functions of their argument.

CASE 1.3: 01 #0, ly # lp Finally if hg # h, 87 # 0 and 1¢ # 1o, we
perform the transformation

1
es,’c = a [(Lt —lgg1 ) Vs,t — hs — 1t+1] . (2-120)
Then from (2.116) we get:

Os,t (T+0541,641) =051 (1+05¢41) =0, (2.121)

which, as vs+ cannot be identically zero, is easily linearized
via the Cole-Hopf transformation @s+ = (14 65,¢41)/0s¢ to
Os41,s — Os,¢ = 0 which yields for 05 ¢ the linear equation:

Os,t+1 —PtOst +1=0, (2.122)

where p; is an arbitrary integration function. Then the general
solution is given by:

t—1 1 t—1
uS—ZH‘pj_1 Hpk, t>to+1,

J— l:toj:to k:to
eS,t - t071 t071 1 (2'123)
—1 —1
wlle'+ X IIo <t
k=t 1=t j=t

where ug = 05 ¢, is an arbitrary integration function.

CASE 2: d1vs,t + ws ¢ =y Let us suppose:
Wet =Tt —81Vsrt, (2.124)

where fy is an arbitrary function of its argument. Inserting (2.110) and
(2.124) and their difference consequences into (2.109), we get:

(Vs1,6 = Vs,t) (87 +0182 —1) =0, (2.125)
and the two relations:

fer1Zse41 + 101 Vst — Vs t41) — fep1] zst

(2.126a)
+ (61 - 1) (Vs,t _Vs,t—H) =0,
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fir1zs,041 + (67 (Vs+1,t —Vs+1,t+1 ) —fegl Zs,t
+ (01 —=1) (Vs41,t — Vs, t41) (2.126b)
+ 8102 (Vs41,141 —Vs,t41) = 0.

Hence in (2.125) we have a bifurcation depending on the factor we
choose to annihilate.

CASE 2.1: 071 (1 + 82) = 1 If we annihilate the second factor in (2.125)
we get 81 (1+02) =1, ie. 81 # 0. Then adding (2.126a) and
(2.126b) we obtain:

(Vs,t = Vs41,t — Vst+1 T Vsite41) (1 =81 +8125) =0. (2.127)

It seems that we are facing a new bifurcation. However anni-
hilating the second factor, i.e. setting zs+ = 1—1/8; is trivial,
since (2.126) are identically satisfied.

Therefore we may assume that zs ¢ # 1 —1/87. This implies that
Vst solves a discrete wave equation whose solution is given by:

Vst = hs + K¢, (2.128)

where hg and k¢ are generic integration functions of their ar-
gument. Inserting (2.128) in (2.126) we can obtain the following
linear equation for zg ¢:

fep1zs041 + (01jt — fea1) 25, + (01 —1)je =0, (2.129)

with j¢ = k¢41 — k¢. This equation can is solved by:

t—1 . t—1 . £
6 /—f / " —]
zop = (1) (6 —1) [T "1 3 o=l

t'=0 feres t/= O H 51)t'*ft'+1
feriq o
t—1
d1jr — frra
+ (=120 —_—
) tl:‘[o Terq1
(2.130)

CASE 2.2: Vg ¢ = ly Now we annihilate the first factor in (2.125) i.e.
81 (1+02) # 1 and v, ¢ = 1, where 1, is an arbitrary function of
its argument. From (2.126) we obtain (2.129) with j¢ = L1 — Lt

In conclusion we have always integrated the original system us-
ing an explicit linearization through a series of transformations and
bifurcations.

As a final remark we observe that every transformation used in the
linearization procedure both for the (Hj (1.91a) equation and for the
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1D2 (1.93b) equation is bi-rational in the fields and their shifts (like
Cole-Hopf-type transformations). This, in fact, has to be expected,
since the Algebraic Entropy test is valid only if we allow transfor-
mations which preserve the algebrogeometric structure underlying
the evolution procedure [158]. Indeed there are examples on one-
dimensional lattice of equations chaotic according to the Algebraic
Entropy, but linearizable using some transcendental transformations
[62]. So exhibiting the explicit linearization and showing that it can
be attained by bi-rational transformations is indeed a very strong con-
firmation of the Algebraic Entropy conjecture [84].

Indeed this does not prevent the fact that in some cases such equa-
tions can be linearized through some transcendental transformations.
In fact if ¢ = 0 the 1Hj equation (2.91) can be linearized through the
transcendental contact transformation:

Un,m — Un+1m = /x2e™m, (2.131)
i.e.
Un,m —Un+1,m
\/ X2 !

with log standing for the principal value of the complex logarithm
(the principal value is intended for the square root too). The transfor-
mation (2.131) brings (1.91a) into the following family of first order
linear equations:

zZn,m = log (2.132)

Znm+1+Znm =2ink, k=0,1. (2.133)

However this kind of transformation does not prove the result of the
Algebraic Entropy, as it involves exponential transformations. There-
fore the method explained in Subsection 2.4.1 should be considered
the correct one.
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GENERALIZED SYMMETRIES OF THE
TRAPEZOIDAL H* AND H® EQUATIONS AND THE
NON-AUTONOMOUS YDKN EQUATION

In this Chapter we introduce the concept of Generalized Symmetries
for quad equations. We present the main computational tools for find-
ing a specific class of Generalized Symmetries. Then we will use
the developed tools to compute the Generalized Symmetries of the
trapezoidal H* equations (1.91) and of the H® equations (1.93). The
main result will then be the fact that all the symmetries we computed
are related to a well-known differential-difference equation, the non-
autonomous Yamilov discretization of the Krichever-Novikov (YdKN)
equation. This identification led us to conjecture and prove, using the
Algebraic Entropy test, the existence of a new non-autonomous inte-
grable quad equation which is a generalization of the Qv equation
[156].

The material is structured as follows: In the first part of the Chap-
ter we will introduce the concept needed, in particular in Section 3.1
we will discuss the relationship of the Generalized Symmetries with
integrability properties, which is one of the reason for interest in the
Generalized Symmetries. To do so we will treat the well known exam-
ple of the Korteweg-deVries equation. In Section 3.2 we will construct
three-point generalized symmetries for quad equations. We will give
in particular a method for finding three-point generalized symme-
tries in the case of equation with two-periodic coefficients. In this
second part of the Chapter we present some original results bases on
[65, 66, 68]. In particular in Section 3.3 we will present the symme-
tries of the trapezoidal H* equations (1.91) and of the He equation
(1.93) constructed with the method explained in 3.2. This Section is
mainly based on the exposition in [66, 68]. Then in Section 3.4 we
identify the three-point generalized symmetries computed in Section
(3.3) with some particular sub-cases of the non-autonomous YdKN
equation. Since an analogous result, which for sake of completeness is
stated in Appendix E, was known for the rhombic H* equation [166],
we conclude that the three-point Generalized Symmetries of all the
equations belonging to the classification of Boll [3, 20—22], discussed
in Chapter 1, are all sub-cases of the YAKN equation. This result ex-
tends what was previously known for three-point Generalized Sym-
metries of the ABS equations [2] which were known to be particular
sub-cases of the autonomous YAKN equation [102]. In Section 3.5 we
discuss the integrability properties of the obtained three-point gener-
alized symmetries seen as differential-difference equations, both with
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the Master Symmetries approach and with the Algebraic Entropy test.
These two last Sections are is essentially based on the results given in
[66]. In the last Section 3.6 based on the considerations made in Sec-
tion 3.4 and on the results of [165] about the Qv equation [156] and
its relation to the autonomous YdKN equation we conjecture the ex-
istence of a non-autonomous generalization of this equation. We then
find the appropriate candidate for such an extension by providing
a non-autonomous extension of the Klein symmetries used in [156]
to find the Qv equation. We then prove the integrability using the
Algebraic Entropy test and finally we discuss the three-point general-
ized symmetries of the obtained equation and their relation with the
non-autonomous YdKN equation. This last Section is based on [65].

3.1 GENERALIZED SYMMETRIES AND INTEGRABILITY

At the time of the Franco-Prussian war in 1870 the Norwegian math-
ematician Sophus Lie considered the question of the invariance of
differential equations with respect to continuous infinitesimal trans-
formation, i.e. transformations which can be seen as continuous de-
formations of the identity. In the successive 30 years Lie developed
a theory which includes all the implications of such invariance. The
summa of the work of Sophus Lie on the subject is contained in [111].

Lie’s works on differential equation had a brief moment of success,
but soon they were forgotten due to the complexity of the calcula-
tions. They were subsequently rediscovered around the middle of
the XXth century by Russian mathematicians under the leadership
of Ovsiannikov [133, 134]. On the other hand Lie work on continu-
ous groups was a powerful tool in the development of Quantum Me-
chanics where they were used to show unexpected results about the
atomic spectra [160]. However the “physicists” theory of Lie groups
turns out to be completely separated from the application of continu-
ous groups to differential equations in such a way that it was possible
that somebody knew much of one and completely ignore the other.

The original idea of Sophus Lie was to unify the various methods of
solution for differential equations uncovering the underlying geomet-
rical structure in the same spirit as it was done by Evariste Galois for
algebraic equations. Lie’s theory of infinitesimal point transformation
is linear, and one is able to reconstruct the full group of transforma-
tion by solving some differential equations.

In his work Lie [110] considered infinitesimal transformations de-
pending also on the first derivatives of the dependent variables, the
so-called contact transformations [11, 87]. Later Backlund considered
transformations depending on finitely many derivatives of the depen-
dent variables adding some closure relations in order to preserve the
geometrical structure of the transformations [16]. The first to recog-
nize the possibility of considering also transformations depending



3.1 GENERALIZED SYMMETRIES AND INTEGRABILITY

on higher order derivatives without additional conditions was Emmy
Noether in her fundamental paper [125]. The mathematical objects
Noether considered was what now we call Generalized Symmetries.

In modern times due to their algorithmic nature generalized sym-
metry have been used both as tools for the study of given systems
[11, 41, 48, 87, 91, 93, 94, 130, 132] and as a tool to classify integrable
equations. The symmetry approach to integrability has mainly been
developed by a group of researchers belonging to the scientific school
of A.B. Shabat in Russia. It has been developed in the continuum case
[4, 73, 116-118, 146, 147], in the differential-difference case [57, 105,
167, 168] and more recently also in the completely discrete case [106,
107].

Let us start discussing the relation between integrability and gener-
alized symmetries in the case of partial differential equations in two
independent variables and one dependent variable. Let us assume we
are given a partial differential equation (PDE) of order k in evolution-
ary form for an unknown function u = u (x, t):

uy = flu,ug,...,ux), (3.1)

where u; = 0u/0t and u; = dlu/9x for any j > 0.
A generalized symmetry of order m for (3.1) is an equation of the
form:

Ut = g(u/u]/uZI-'-um) (32)

compatible with (3.1). Here T plays the role of the group parameter and
of course we are assuming u = u (x, t, T). The compatibility condition
between (3.1) and (3.2) implies the following PDE for the functions f
and g:

9%u  9%u

ataT—ﬁ:Dtg_DTf:O, (3-3)

where Dy, D are the operators of total differentiation corresponding
to (3.1, 3.2), defined, together with the operator of total x-derivative
D, by

d d
D= o + Zuiﬂ FI (3-42)
i>0
D= 24 > DL (3.4b)
t T o oy’ 3-4
>0
d .9
De=— D! . .
e= oot go 93u (3-4¢)

When (3.3) is satisfied we say that (3.2) is a generalized symmetry of
order m for (3.1).
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We will now see in a concrete example how from the integrabil-
ity properties is possible to obtain an infinite sequence of general-
ized symmetries of the form (3.2). Let us consider the well known
Korteweg-de Vries equation (KdV equation) [92]:

uy = 6uny + usz. (3-5)

It is known [97] that the KdV equation (3.5) possess the following
linear representation:

Ly =[L,M], (3.6)
where L and M are differential operators given by:

L= _axx +u, (3'7a)
M = 495 — 6Udx — 305 (1). (3.7b)

and by [,] we mean the commutator of two differential operators.
We look for a chain of differential operators M; which correspond to
different equations associated with the same L:

Ly = [L M), (38)

Since Ly = uy is a scalar operator one must have [L, M] = V with V
scalar operator. If there exists another equation associated to L then
there must exists another M such that

[LM] =V (3.9)

where V is another scalar operator.

Now one can relate M and M. Noting that the equation u; = uy
can be written in the form (3.8) with M; = 0 we see that the opera-
tors M; are characterized from the power of the operator 9, and that
the relation between one and the other is of order two, as the order
of the operator L. We can therefore make the general assumption:

M =LM+Fd, +G, (3.10)

where F and G are scalar operators. Using the ansatz (3.10) and im-
posing to the coefficients of the various differential operators in (3.9)
we find that:

V=LV+uy, (3.11)
where:
1 1 o0
LV = —V, +uV — —uy J V(y)dy. (3.12)
4 2 X

This yields an infinite family of equations for any entire function F(z),

ug="F (L) Uyx. (313)
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The equations (3.13) are associated to the same L operator and, by
solving the Spectral Problem associated to it [26], they are shown to
be commuting with the original KdV equation (3.5). The operator £
is called recursion operator or Lénard operator [51, 98, 129]. In particular
for F(£) = L™ we find a whole hierarchy of generalized symmetries
for the KdV equation (3.5). The operator (3.12) is called the recursion
operator for the KdV equation (3.5).

In general any evolution equation possessing a recursion operator
has an infinite hierarchy of equations and if they commute they with
the evolution equation are generalized symmetries for the evolution
equation, and, then, in an appropriate sense, an evolution equation
is integrable. We therefore have a symmetry-based definition of in-
tegrability: An evolution equation is called integrable if it possesses non-
constant generalized symmetries of any order m [131]. Note that this
definition a priori does not distinguish between C-integrable and S-
integrable equations. Indeed both C-integrable and S-integrable equa-
tions possess the property of having recursion operators like (3.12),
but C-integrable equations are linearizable [25]. The most famous C-
integrable equation, the Burgers equation, also possesses a recursion
operator. The difference between C-integrable and S-integrable equa-
tions is in the fact that the S-integrable equations possess infinitely
many conservation laws of any order whereas the C-integrable ones
only up to the order of the equation itself. Finally we note that since
integrable equations in this sense comes in hierarchies and the ele-
ments of a hierarchy commute between themselves also the general-
ized symmetries of an integrable equation are integrable.

3.2 THREE-POINT GENERALIZED SYMMETRIES FOR QUAD EQUA-

TION
Un—1,m+1 Un,m+1 Un4+1,m+1
| | |
| | |
unfl,m‘ ******** ‘G ******* "un+1,m
| un’m | |
l l l
| | |
,,,,,,,,,,,,,,, 4.
Un—1,m—1 Un,m—1 Un4+1,m—1

Figure 3.1: The extended square lattice with 9 points.
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In this Section we discuss the construction of the most simple gener-
alized symmetries for quad equations (1.1)'. Symmetries of this kind
were first considered in [139]. The exposition here is mainly based on
the original papers [52, 106, 107] and on the review in [63], where
a different approach to that used in [139] was developed. The most
simple Generalized Symmetries for a quad equation in the form (1.1)
are those depending on nine points defined on a square of vertices
Un—T,m—1, Un—1,m+1, Un+1,m+1 and un1,m—1 as depicted in Fig-
ure 3.1. A priori the symmetry generator can depend on all these
points, however by taking into account the difference equation (1.1),
we can express the extremal points Un—1,m—1, Un—1,m+1, Un+1,m+1
and Un1,m—1 in terms of the remaining five points un_—1,m, Un+1,m,
Un,m, Un,m—1 and Un m41. In general this means that we are tak-
ing as independent variables those laying on the coordinate axes, i.e.
Un4j,m and un mix with j, k € Z. This choice of independent vari-
able is acceptable, since these points do not lie on squares. In this
way the most general nine points generalized symmetry generator is
represented by the infinitesimal symmetry generator

A

X = g (un—Lm/ Un+1,m/ Un,m, Un,m—1,Un,m+1 ) aun,m . (314)

As in the case of the differential difference equation the function g is
called the characteristic of the symmetry. We note that this is not the only
possible choice for the independent variables. Another viable choice
of independent variables is given by an appropriate restriction of an
infinite staircase, e.g. to consider the points Wn 1 1,m—1, Un,m—1, Un,m,
Un—1,m and un_1 m+1. This was the choice we made in the case of the
Algebraic Entropy, but for the calculation of symmetries the choice of
the independent variables on the axes is more convenient.

Now we need to prolong the operator (3.14) in order to apply it
on the quad equation (1.1) and construct the determining equations.
This prolongation is naturally given by:

er =g (unf 1,ms Un+1,m, Un,m, Un,m—1,Un,m+1 ) aun/m
+9 (un,m/ Un+2,m/ Un+1,m, Un+1,m—1,Un+1,m+1 )aunH,m
+4g (Un—1 m+T Untlm+1, Unm+1, Unm—1+1,Un,m+2 ) aun,mﬂ

+9 (un,m+1 sUn+2 m4+1, Un4+1,m+1, Un4+1,m, Un41,m+2 ) aun+]’m+‘[ .

(3.15)
Applying the prolonged vector field to equation (1.1), we get:
0 0
LT L
aun,m aun+1,m
20 [ ] 20 (3.16)
+[Timg] + T Tigl 2 =0,
mJ aun,er] nimd aun+1,m+1

1 This kind of reasoning in fact can hold for every kind of partial difference equations
on the square which are solvable with respect to all its variables.
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where Tnfnm = fni1m and Tmfnm = fnmy1. A priori (3.16) con-
tains upyim+j withi=-1,0,1,2,j =-1,0,1,2.

The invariance condition requires that (3.16) be satisfied on the so-
lutions of (1.1). To be consistent with our choice of independent vari-
ables, which now include also i m2 and un42,m, we must use (1.1)
and its shifted consequences to express:

® Un42m+1 = Un42m+1 (un—l—Z,m/ Un4+1,m+1 /un+1,m);
® Up+t+1,m+1 = Un41,m+1 (un—l—],m/ Un,m+1 /un,m)r

® Up—1,m+1 = Un—1,m+1 (un—1,m/ un,m+1/un,m)/

Doing so we reduce the determining equation (3.16) to an equation,
written just in terms of independent variables, which thus must be
identically satisfied. Differentiating (3.16) with respect to un m-2 and
to Uny2,m, we get

?T,T 22
n md =ThTm J =0. (31y)
aun+2,m—0—1 aun+1,m+2 aun+1,maun,m+1
Consequently the symmetry coefficient g is the sum of two simpler
functions,
g= QO(un—Lm/ Un+1,m, Un,m, un,m—1)
(3.18)

+ g1 (U-nfl,mz Un,m,Un,m—1,Un,m+1 )

Introducing this result into the determining equation (3.16) and dif-
ferentiating it with respect to U, m 42 and to u, 1 m, we have that g;
reduces to

g1 = 4gio (unf1,m/ Un,m, Un,m—1 ) + 911 (un,mr Un,m—1,Un,m+1 )
(3.19)

In a similar way, if we differentiate the resulting determining equation
with respect to un 42 m and to u, m—1, we have that go reduces to

go = gOO(unfLmr Un,m,Un,m—1 ) + go1 (unf1,m/ Un+1,m, un,m)-
(3.20)

Combining these results and taking into account the property sym-
metrical to (3.17), i.e. azg/(aun,1,maun,m,1) = 0, we obtain the fol-
lowing form for g:

g = go(Un,m—1, Un,m, Un,m+1) + g1 (Un—1,m, Un,m, Un+1,m). (3.21)

So, the infinitesimal symmetry coefficient is the sum of functions that either
involve shifts only in n with m fixed or only in m with n fixed [106, 139].
Let us consider the subcase when the symmetry generator is given

by

dun,m
de =01 (unfl,m; Un,m,Un+1 ,m)- (3.22)
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This is a differential-difference equation depending parametrically on
m. Setting un m = un and un m41 = Gn, the compatible partial dif-
ference equation (1.1) turns out to be an ordinary difference equation
relating u, and {in:

Q(un/ un+1zﬂn/ﬂn+1 ) = O/ (323)

i.e. a Backlund transformation [102] for (3.22). A similar result is ob-
tained in the case of go. This result was first presented in [139].

We note that higher order symmetries, i.e. symmetries depending
on more lattice points, have the same splitting in simpler symmetries
in the two directions [52]. However such higher order symmetries
will no longer yield Backlund transformations.

To find the specific form of g; we have to differentiate the deter-
mining equation (3.16) with respect to the independent variables and
get from these some further necessary conditions on its shape. Let us
discuss the case in which the symmetry is given in terms of shifts in
the n direction, since the m direction shift case can be treated analo-
gously?:

X = g (un+1,m; Un,m, unfl,m) aunlm- (324)

We don’t impose restrictions on the explicit dependence of g on the
lattice variables, so in principle g = gn,m.
To obtain g we have to solve the equation (3.16) which is a functional

equation since it must be evaluated on the four-tuples (Wn,m, Un+1,m, Un,m+1, Un+1,m+1)

such that the quad equation (1.1) holds. The best way to so is to get
some consequences of (3.16) and convert them into a system of lin-
ear partial differential equation, which we can solve. This will impose
restrictions on the form of g and will allow us to solve the functional
equation (3.16). Using the assumption that Q is multi-linear we can
express Un41,m+1 as:

Un+1,m+1 = f (un+1,m/ Un,m, Un,m+1 ) ’ (325)

therefore the determining equation takes the form:

of of

TL T =T +
nimd n,m+1 gaun,m

nd aun—H,m

T .

+ lmg o (3-26)
Let us start to differentiate (3.26) with g given by (3.24) with respect
to un 2 m which is the higher order shift appearing in (3.26):

0 of of 0
9 T 9

n .
aun+1 ,m

ThT

nlim n =
aun+1,m aun+1,m aunJr] ,m

(3-27)

In fact the most convenient way for treating the symmetries in the m direction is
to consider the transformation n <+ m and make the computations in the new n
direction. Performing again the same transformation in the obtained symmetry will
yield the result.
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Define:
99
z=log ———— .28
& aun—!—],m (3 )
then we can rewrite (3.27) in the form of a conservation law:
. of
Tmz=2z+ (T, ' —1d) log (3.29)
aun+1,m

We also have another representation for (3.26) which will be useful
in deriving another relation similar to (3.29). Let us apply T, to
(3.26) then solving the resulting equation for T, 'Tng we obtain a
equivalent representation for (3.26):

of of
T ' Tg=—T7"! !
n mg n (aun,m/aun,m+]) n g
_ of
+ T, <1/6u +1>ng (3.30)
n,m

_T_1< of / of >g
" aun+1,m aun,m+1

Differentiating (3.30) with respect to u,,_ >, wWe obtain:

m OUn_1 ,m aunfz,m aun,m aun,m+1 OUn_1 ,m '
(3.31)
From the implicit function theorem we get:
OUn—2,m+1 10Un—1,m+1 2 < of / of >
= T - = —T . 32
aun—z,m " aun—l,m " aun,m aun,m—H (3 3 )
So introducing
dg
v=Ilog ———— .
g FIT—- (3-33)

we obtain from (3.31) a new equation written in conservation law
form:

va=v+(Tn—Id)1og( of / of ) (3.34)

OUn,m/ OUn,m+1

The equations (3.29) and (3.34) are still functional equations, but
we can derive from them a system of first order PDEs. Indeed let s be
a function such that s = s (Un41,m, Un,m, Un—1,m). Then the function
Tms = s (Wnt1,m+1, Un,m+1,Un—1,m+1) can be annihilated applying
the differential operator:

d of/dUn m d

- aun,m B af/aun,m+1 aun+1,m ( )
1 (/im0 7%
n af/aun’m aun_] ,m '

Y 4
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On the other hand the function Tn_l‘ s$=5Un+1m—1,Unm—1,Un—1m—1)
is annihilated by the operator:

0o ., of d

= m
aun,m aun,m—l—] aun+l,m

of T
— 7T .
"o (aun,m—i—l ) OUn—1 m

Therefore we can apply the operator Y_; as given by (3.35) to (3.29)
and this will give us the linear PDE:

Yi
(3-36)

of

Y qz==Y_ (T, —1d)1 : :
1z 1 (T, —1d) log T (3:37)
Analogously by applying T;,! to (3.29) we can write
1 1 T of
Thz=z-T, (T,' —1d) log (3-38)
aun—H,m
which applying Y gives us the linear PDE:
Yiz=YT,' (T, ' —1d)log 5 . (3-39)
Un+1,m

Since z is independent from u,, ;m+1, whereas the coefficients in (3.37,3.39)
may depend on it, we may write down a system for the function z:

Yiz=YT,! (T, —1d) log IR (3.40a)
n+1,m
— of
Y_1z=-Y_; (T, —1d) log IR (3.40b)
n+1,m
0z 0z
= =0. .40C
aun,m—H aun,m—] (3 4 )

The system (3.40) may not be closed in the general case. If the system
(3.40) happens to be not closed it is possible to add an extra equation
using Lie brackets:

Y1,Y_1lz=— [Y] Y,]Tnz1 —Y,1Y1] (T.{:1 —Id) . (341)

1
8 aun+1 ,m

Applying the same line of reasoning we deduce a system of equa-
tions also for v:

Yiv=Y; Tnﬂ (Th —1d) log ( of / of > ,  (3.42a)

aun,m aun,m+1
of of
Y_1v=—Y_;1(T,—1d)1 , .42b
1V 1(Th ) 0g<aun,m/aun,m+1> (3-42b)
ov ov
=0. (3-42¢)

aun,m+1 aun,mf1
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As before if the system is not closed we may add the equation ob-
tained using the Lie bracket:

[Y],Y_]]Z: — [Y]Y_1T;L] —Y_]Y]] (TTT] —Id) 10g< of / of >,

aun,m aun,m—H
(3-43)

Once we have solved the systems (3.40) and (3.42) (eventually with
the aid of the auxiliary equations (3.41) and (3.43)) we insert the ob-
tained values of z and v into (3.29) and (3.34). In this way we can fix
the dependency on the explicit functions of the lattice variables n, m.
We can then solve the potential-like equation:

09 _ 99 v

—ef, 2 =gV (3-44)

au*n+1,m aun—],m

Therefore if the compatibility condition

0e* eV

aun71,m - aun+1,m‘ (345)
is satisfied we can write:
g= Jezdun+1,m +9"" (wnm)- (3-46)

It only remains to determine the function gM (Un,m). This can be eas-

ily done by plugging g as defined by (3.46) into the determining equa-

tions (3.26). This determining equation will still be a functional equa-

tion, but the only implicit dependence will be in g (f (Wpr s Un,m, Un,m+1))
and can be annihilated by applying the operator

d of/Qunm D

S = — .
Oun,m Of/0Uny1m OUnt1m

(3-47)

Differentiating in an appropriate way the resulting equation we can
determine g'") (un,;m) and check its functional form by plugging it
back into (3.26).

To conclude this discussion we present two examples of calcula-
tions of three-point generalized symmetries using the procedure pre-
sented above.

Example 3.2.1 (The H;y equation (1.23a)). In this example we will con-
sider the H; equation as given by (1.23a). We will compute its au-
tonomous three-point symmetries in the n direction using the method
we outlined above. These symmetries were first derived with a differ-
ent technique in [163, 164]. These symmetries appeared also in many
other papers, see [139] and references therein for a complete list.

We first have to find the function z = log9g/0un41,m. Using the
definition we can write down (3.40a) with f given by solving (1.23a):

2 0z 0z
(Un,m—1 —Un+1,m)” s— + (o1 — x2)
aun+1,m aun,m
2 0z
+ (un—Lm —Un,m—1 ) =2 (zun,m—1 —Un4+1,m — un—],m) .

aun—l,m
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(3-48)
(3.40c) implies that we can take the coefficients with respect to 1, m—1
in (3.48):
u _ 0z + (o0 — x2) 0z
n+im aun+1,m 1 2 aun,m
3z (3-492)
2 _
+ un_1,m7 =-2 (un+1,m + 2un—1,m) 7
aun—l,m
0z 0z
me— =2 .49b
R +Un—1,m T , (3-49D)
0z 0z
=0 .49C
aunfLm aunJr],m (3 49 )
This equations can be easily solved to give the form of z:
z =log [C1 (Un+1,m — un_1,m)_2] , (3.50)

being C' a constant.
We do the same computations for v we obtain that v have to solve
exactly the same equations as z, therefore we conclude that:

v =log [CZ (Un+1,m _un—l,m)_z] : (3-51)

being C? a new constant of integration. Using the compatibility con-
dition (3.45) we obtain that C?> = —C' and integrating (3.44) we have:

C!
(1
= + Unm])- .52
I Un—1T,m —Un+1,m J ( ™ ) (35)

Inserting this form of g into the determining equations (3.26) and
applying the operator S (3.47) we obtain the following equation:
dgm dgM

(un+1,m) —Un,m+1 di (un,m)
n,m

Unm+1 73—
dun,m+1

dg(")

duny1,m

(M

429" (Wnas1m) — Unstm (Un+1,m) (3-53)

da™M
+un+1,md97 (
n,m

Un,m) —29" " (Wn,m+1) =0.
Differentiating it with respect to u,,m we obtain d?gt! (Un,m) / duﬁ,m
0 which implies g = C3upm + C*. Substituting this result in (3.53)
we obtain the restriction C3 = 0.
In conclusion we have found:
C]
g= +CY, (3.54)

Un—1,m — Un+1,m

which satisfy identically the determining equations (3.26). This shows
that (3.54) is the most general three-point symmetry in the n direction.
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Note that whereas the coefficient of C! is a genuine generalized sym-
metry, the coefficient of C* is in fact a point symmetry. Since the H;
equation (1.23a) is invariant under the exchange of variables n <+ m
we have the symmetry in the m direction:

C1

Un,m—1 — Un,m+1

g = (3-55)
Therefore equations (3.54, 3.55) represent the most general autonomous
five point symmetries of the H; equation (1.23a) [139].
It is worth to note that the differential difference equation defined
by the equations (3.54) and (3.55) i.e:
duk 1

= , keZ, 56
dt  uwrgpr —uk (3-56)

is a spatial discretization of the KdV equation [101, 121].
We will return to the symmetry (3.54) in Example 3.2.3 concerning
symmetry reduction. O

Example 3.2.2 (Autonomous equation with non-autonomous general-
ized symmetries). Let us consider the quad equation:

Un+1,m+1Un,m (un+l,m - ”(un,er] + ])

(3:57)
+(un+1,m + ])(un,m—H - ]) =0

It was proved in [107] that (3.57) does not admit any autonomous
three point generalized symmetry, but it was conjectured there that it
might have a non-autonomous symmetry. This conjecture was proved
in [52] and we will shall give here such a proof.

We first have to construct the function z = log 9g/0un 4 1,m. Using
its definition we can write down (3.40) with f obtained from (3.57) as:

ui_],m —1 0z 0z
4
zun,m OUpn—1 ,m aun,m
) (3.58a)

+ 2un+1,m 0z . Un,m — zu'n,m —1

u121,m —1 aun+1,m un,m(u%,m - ]) ’
2Un_1m 0z B 0z ui_._],m —1 0z
u2 L —10Un_1m Oupm 2unm  OUpiim (3.58b)

2 2
_ UpmUnt+i,m + zun,m —Un4+1,m

Un,m (] - u121,m)

Since in (3.58) there is no dependence on 1, m+1 We can omit the
equations concerning these variables. The system (3.58) is not closed.
To close this system one has to add the equation for the Lie bracket
(3.41). Solving the obtained system of three equations with respect to
the partial derivatives of z we have:

0z

— = =0, .59a
T (3-59a)
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% nmdtD) (3.590)
aun+1,m Un+1,m (un,m + 1) +1— u-n,m/ 2
0z 1 1 1
= + + ,
aun,m Un,m Unm T 1 Un,m — 1
(3.59¢)

. 2(un+1,m* 1)
un+1,m(un,m + ]) +1 *un,m'

These three equations form an overdetermined system of equations
for z which is consistent because is closed. Hence its general solution
z is easily found. It contains arbitrary function C], , depending on
both discrete variables:

Clm,mun,m(uﬁ,m —1)

z=1lo . .60
S (un,mun+1,m +Unt1,m — Unm + 1 )2 (3 )
Substituting (3.60) into the conservation law (3.29) we get:
—C!
log %ﬂ =0. (3.61)
Cn,m

The last equation is solved by C] .. = (—1)™C% where C%, is an
arbitrary function of one discrete variable.
Therefore by solving equation z = log 0g/0un 4 1,m we find:

_ _(_])nciun,m(un,m_ 1)
UnmUn+1,m + Un+1,m — Unm + 1

+g2(Un—1,m, Un,m). (3.62)

with g, possibly dependent on the lattice variables n, m. For the
further specification consider v(un—1,m,Un,m) = logdg/oun_1,m =
log 0g2/0un_1,m Which putted into (3.42) for v gives:

U’i—],m —1 ov N ov _ Zuflrm —2Un,mUn—1m +Un—1m
zun,m aunfl,m aun,m Un,m (utzl,m —1) ’
(3-632)
Zun_1 m ov ov 1 _uim_zunm
: — =— ’ ‘. .63b
u2 L —10un_1m  Ounm Unm(ud  —1) (5.63b)
The solution of the system (3.63) is given by:
C3 u uz . —1
v = log nmtnm (Ui, m — 1) (3.64)

(un,munfLm —Un—1,m + Un,m + 1 )2

Substituting (3.64) in the conservation law (3.34) we obtain the rela-
tion

C3

T vn, 1
log —z3= =0, (3.65)

whose solution is C3, | = (—1)™Cj,, where C, is an arbitrary func-
tion of n.



3.2 THREE-POINT GENERALIZED SYMMETRIES: THEORY 93

As a result function g takes the form;

_(_] )mciun,m(un,m —1 )
B Un,mUnrl,m T Unt1,m — Unm + 1
_(_] )mciun,m(un,m + ] )
UnmUn—1,m —Un—1,m + Un,m +1

(3.66)

+9(1)(un,m)-

Substituting (3.66) into (3.26), applying the operator S defined by
(3.47) then dividing by the factor
2un,m (ui—H,m - ]) (ui,m-H - ]) (un+1,m +1+ UnmUn+1,m — un,m)

(3.67)

and finally differentiating with respect to un,,m we obtain:

d?g! 1 dgV gl (=™ <ui+1,m+1) (C3—Chiv)
dd i At W - Ok
Ui m UnmdUnm Uy i,y Un,mUn+1,m — Unm T+ Unti,m +
(3-68)

This equation implies:

dzg(l) 1 dg(1) 9(1) ,

— =0, C2 = C4 ) 6
du%’m Un,m dUn,m + u%’m n n+1 (3.69)
Therefore gl = Cfl,mun,m + Cg,mun,m logun, m, where the coeffi-

cients do not depend on un,m but might depend on the lattice vari-
ables n,m. Substituting this result again into the determining equa-
tions, applying the operator S and taking the coefficients with respect
to the independent functions Wy m+1, Wn,m, l0gUn 1 m, Unt1,m We
obtain the three equations:

Cotm =0 2C% 1 m + (Chiz = Cryy) (F1)™ =0,
5 4 4 m (3-70)
2C0 1 m — (3Cn+1 + Cn+2) (=)™ =0,
which, when solved, give us:
Ci,m =C(-1", Ci,m =C (-, Cg,m =0. (3.71)
By plugging these results into (3.66) we obtain:

(—1 )m+ncun,m(u121,m —1 )(un+1,munf1,m +1)
Un,mUn4+1,m + Un+1,m — Unm + 1 ) (un,munfLm —Un—1,m + Un,m + 1 ) ’
(3.72)

971

From the direct substitution into (3.26) we obtain that (3.72) is a sym-
metry. ]
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Generalized symmetries can be used to provide symmetry reductions.
Suppose we have a three-point generalized symmetry in the form
(3.24). We can consider its flux which we recall is the solution of the
differential difference equation

dun,m
dE =4 (un+1,m/ Un,m,Un—1 ,m) (373)

and we can consider its stationary solutions, i.e. the solutions such that
dun,m/de =0:

g (Un+1,m, Un,m, Un—1,m) = 0. (3.74)

In this equation m plays the role of a parameter and we can consider
contemporaneous solutions of the stationary equation (3.74) and of
the original quad equation (3.25). This will give raise to families of
particular solutions which are known as symmetry solutions.

We conclude this Subsection presenting an example of symmetry
reduction.

Example 3.2.3 (Reduction of the H; equation (1.23a)). Consider the Hj
equation as given by formula (1.23a). In Example 3.2.3 we derived its
three point generalized symmetries in both directions. Here we will
use the symmetry (3.54) to derive a family of symmetry solutions [24,
136]. First we start by observing that if we assume C* = 0 we cannot
have any stationary solution to the equation

C]

+C* =0, .
Un—1,m —Un+1,m (3 75)

so we must assume C* # 0 and then we can take without loss of gen-
erality C* = 1. This means that the we will have the linear stationary
equation:

Un+l,m —Un—1,m = C1 . (376)

This equation has solution:

1
Unm = U (=)™ 4 U+ 2CH (=)™ =1+ 2n), (3.77)
which substituted into (1.23a) gives us two equations for the coeffi-
cients of (—1)™:

Cl

Uy + U’ + 5 =0, (3.78a)
(0) (0))? (1) (1)?
(U'm+1 +Um ) o <Um+1 —Un )
1 (3.78b)
(C ) C]u(o) C]u(o) _
+ 5+ U +CTU Ly = o — 0o,
The solution of (3.78a) is given by:
1
U =Ki (=)™ =5 (14 (=1)™) C, (379)

4
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which substituted in (3.78b) gives to the equation:

ul!

m

1
L= U = 0 e a4+ (C1)2 (3.80)

whose solution is given by:

So inserting (3.79) and (3.81) into (3.77) we obtain:

C1
Un,m = (_])ner (Kl + 4> +K2

(3.82)

cl (!
2 _ _ ]
i\/(C )4 —4a +4om 1 + i

This is our symmetry solution. O

To end this Section we present a convenient way to compute the
three-point generalized symmetries in the case of quad equations
with two-periodic coefficients:

CFOED QU 4 FE o) g, (3:83)
where Q(i’i) = Q(i'i) (un,m/ Un+1,m/ un,m+1/un+1,m+1) and F](j:)
is given by (1.90). Whereas the method outlined above in principle
apply to quad equations with two-periodic coefficients (3.83) the com-
putations readily become very cumbersome. So we will give a brief
account on how these difficulties can be avoided following the expo-
sition in [63]. The necessity of treating equations like (3.83) as simply
as possible comes from the fact that we wish to study the trapezoidal
H?* and H® equations which have two-periodic coefficients as shown
by their explicit form given in Section 1.6. The three-point generalized
symmetries of these equations were first presented in [66] and were
computed with the ideas presented above. We recall that the three-
point generalized symmetries of the rhombic H* equations, which
again have two-periodic coefficients, were studied in [166].

Now let us consider a quad equation with two-periodic coefficients
of the form (3.83). Since any point (n, m) on the lattice have coordi-
nates which can be even or odd we can derive the equations (3.40,3.42)
for the functions z and v and then use the decomposition:

7 = FE:F)FETT)Z(ﬁL,‘F) + FE:f)F;:)Z(‘h*)
R N
v = FE R () R ()

(3-84D)
+ FOVE ) L pO R (=),

(3.84a)
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The decomposition (3.84) reduces the problem to the solution of four
decoupled systems for the functions 2(FE) = 2 (%) (Un1,m Wn,m, Un—1,m)
and v(FF) = y(EE) (1, 4 m, Un,m,Un—1,m) by considering the even/odd
combinations of discrete variables.

The same decomposition can be used for the function g:

g= F;HFE,T)QH’H +F$L+)F1({)g(+")

- N (3-85)

+ Fgl JFETJLF)Q(‘F,JFJ + FEI )F1(‘n )g(*/*),
with g(i'i) = g(i'i) (Un+1,m, Wn,m, Un—1,m), and the relative com-
patibility conditions (3.45). This will yield the following form for g:

g= Qn,m (un+1,mz Un,m, un71,m)
+FHES o) L EEES) o (1) (3.86)
+F R o 1 ETRR e,

where Q,, 1 is a known function derived from z and v and e+ =
@ F %) (W m). These functions can be found rewriting the determin-

ing equations with the same decomposition.

3.3 THREE-POINT GENERALIZED SYMMETRIES OF THE TRAPE-
zoIDAL H* AND H® EQUATIONS

In this Section we apply the method discussed in Section 3.2, espe-
cially in its final part, to compute the three-point generalized sym-
metries of the trapezoidal H* equations as given by (1.91) and H®
equations as given by (1.93). These three-point generalized symme-
tries were first computed in [66] except for the {H| equation whose
symmetries were first presented in [68]. Since the computations are
very long and tedious we omit them and we present only the final re-
sult. The interested reader may refer to Appendix D where we present
two examples carried out in the details: the {Hj in the m direction and
the D3 equation. The three-point generalized symmetries of the other
trapezoidal H* and H® equation can be computed in an analogous
way.

3.3.1 Trapezoidal H* equations

We now consider the trapezoidal H* equations as given by equation
(1.91).
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We present first the three-point generalized symmetries of the equa-
tions ¢H$ (1.91b) and of equations ¢{Hj (1.91c) are found to be:

)/(\tHi . (Un,m + 30(%F£rrir))(un+l,m + unfl,m) " Un4imUn—1m
" Un+1,m — Un—-1,m
u - ZSF-ETT)OC%un,m — o5+ 45F£11L)oc§ 1 8eFL ) o503 + stgﬁL)oc‘z‘ 5
Un+1,m —Un—1,m tnm?
(3.87a)
! (+) (+)
e E - 5(“2 + “3)Fm (un,m+1 + Un,m—1 ) —eFm Un,m+1Un,m—1
Xn? = _
Un,m+1 — Un,m—1
(=),2 _|1_ (—) 2
eFm Un, m 1 25(“2+o‘3)Fm un,m+°‘3+£(°‘2+°‘3)
_ d ,
Un,m+1 — Un,m—1 tnm
(3-87b)
1
SiHS 70(2(1 + O‘%)un,m(un—o—],m + un—l,m) - o‘%un+1,mun—1,m
X = _
" Un+1,m — Un—1,m
_oc%u%l,m +€e26%(1 — oc%)zﬁ({r) 5
Un+1,m —Un—1m tnm
(3.87¢)
1
SuHS Ea3un,m(un,m+1 + Un,m—1 ) — EZFETT)un,m+1 Un,m—1
Xob = _

Unm+1 — Un,m—1

ezF(_)uTzllm + oc%éz
Unm+1 — Un,m—1 tnm
(3-87d)

The symmetries in the n and m directions and the linearization of
the {H{ equation (1.91a) were first presented in [68]. Their peculiarity
is that they are written in term of two arbitrary functions of one con-
tinuous variable and one discrete index and by arbitrary functions of
the lattice variables. This fact is related to the property of the {Hj of
being Darboux integrable with integrals of the first and second order
[5] as it was first found in [69] and we will discuss in Chapter 4.
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In the direction n we have that the {Hj possess the following three-
point generalized symmetries:

Fi
1 (un+1,m - Zun,m + un—],m) (un—i—],m - un—1,m)

. !((un,m —Un_qm)? szcx%) B, ( x2 >

Uni1,m —Unm

08
- ((un+1,m _U—n,m)2 + 520(%) Bn_1 < 2 >]

Unm —Un—1,m

2 2
+F(—) (un+1,m_un,m) (un,m_unfLm)
m
(2 - 2un+1,m52unf1,m) Un,m

+52 (un—l,m + un—H,m) U-i,m (unf1,m - un+1,m) (1 + un,mzez)

—Un4+1,m —Un—1,m

1B Un+1,m — Unm _B Un,m —Un—1,m d
n n u
14+ szun“,mun,m 1+ Ezun,mun—l,m o

(3.88a)

XtH% — F("‘) _ ((un+1/m_un,m)2 +€2(x2)(un,m_unf1,m)
2 m o (un+1,m —2Un,m + unf1,m) (unJr],m - unfl,m)

2
F(—) Un,mUn—1m + Un+1,mUnm —Unm™ —Un+T,mUn—-1,m
—I'm
(un,mzsz + ]) (_zun+1,m + zunf1,m)

(un+1,m - un,m) (un,m - unf1,m)
+ 2 2 aun,m’
2e (un—1,m + un—H,m) un,m
+ (4 - 4un+l,m52un—1,m) Un,m — 2Un1,m — 2Un—1,m
(3.88b)

where B,, = By, (&) is an arbitrary function of its argument. There-
fore the most general symmetry in the n direction is given by the
combination:

PGRIED QY G (3-89)

n,2

where « is an arbitrary constant.
The general symmetry in the m direction is:

5(\%]11% — [F%T)Bm < Unm+1 — Un,m—1 )
1

+ Ezun,m—H Un,m—1
(3.90)

+ F&rt] (] + Ezui,m) Cm (un,m+1 —Un,m—1 )] aun,m'

where By, = By (&) and Cy = Cyyy (&) are arbitrary functions of the
lattice variable m and of their arguments.

Furthermore the {Hj equation (1.91a) possesses the following point
symmetry:

V= [F k4 Pl A (14 €203, )| Outs (3:91)
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where k., and Ay, are arbitrary functions of the lattice variable m.
On the contrary both the {H§ equation (1.91b) and the {H§ equation
(1.91¢) do not possess point symmetries.

3.3.2  H® equations
In this Subsection we consider the H® equations as given by formula
(1.93).

The three forms of the equation D, (1.93b,1.93¢,1.93d), which we
will collectively call D, assuming i in {1,2,3}, possess the follow-
ing three points generalized symmetries in the n direction and three-
points generalized symmetries in the m direction:

N (PP =0 PR ) Wt + e 1m)

X1Pz = n
Un+1,m —Un—1,m
(PP = o PR = 0080 ) PR
- +
Un+1,m —Un—1m
(= 81 = 8182Fn B Dt + 82Fw |
Un4+1,m —Un—1,m tnm
(3.922)
5 FL ) Fe)
>’<\1D2 _ 1M m Unm+T1Un,m—1 + n+m(un,m+l +un,m—1)+
m Un,m+1 — Un,m—1
N 81Fim Unmes1 +8182Fn ' Fid nmo1 +81Fn P U2
Un,m+1 — Un,m—1
[P+ 81 (FROF = FORR) + 8160F0 P i m
+ —
Unm+1 — Un,m—1
52(81 — 1)Fi |
- aunmr
Unm+1 —Un,m—1
(3-92b)
A (FLF 80+ PR 818, — FLOF ) o m
XzP2 = +
Un+1,m — Un—1,m
(PP = FF ) wn 1w
_l’_
Un+1,m —Un—1,m
(817 — P+ 8182F P ) nm — (87 = PR
+ aun,m/

Un+1,m — Un—1,m

(3.92¢)
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F;i)F;:)élun,m+]un,m—1 + (6162]:&:)}:1(’;) +F£l+)F£;)> tnm1

)/(\2132 +
m Un,m+1 — Un,m—1
+ (PR PR 8 PR )
+ +
Un,m+1 — Un,m—1
. PR W2 [Fﬁj)ﬁ(;) + (85, — FTF) L) b

Un,m+1 — Un,m—1
(—) (+)
52(1—02)Fn " —81AF
+ 2( 2) n 1 n ]aun,mr

Un,m+1 — Un,m—1

(3.92d)

- (8PP + 818 F R — PR v
3 = +
" Un+1,m —Un—1m

(PP = FOF ) wn 1w

+ +

Un+1,m — Un—1,m
(8P P 82 + P01 = Fi ) v+ (1= 81

+ aun,mz
Un+1,m —Un—1m
(3.92€)
(+) (=)
= 1—67—0102)F4 'F
XDz _ [( 1—8182)Fn Fm Unmtl (3.92f)
Un,m+1 — Un,m—1

(PP = PR 80 ) et + 82F
+

+
Un m+1 — Un,m—1
(FR =8P =018 F R )
+ —
Un,m+1 — Wn,m—1

AS1(1— 5 _5]52)32“1
- aLLT‘LTTL'
Un,m+1 — Un,m—1

Furthermore the equations ;D; possess also the following point
symmetries:

7102 = (F;“FEJ I N e ]) UnmOu,,m  (3:939)

V302 =[5y PSR 4 11— 811+ 82 P R+ FER ] 0,

(3-93b)

V02 = [(FRRSD 4 FRRD) 4 FRRD) (3-930)

AR A =814 62)]F$C)F${)} Ot ms

ViP2 = [61F1(1+)F1(1T) + SR =501+ 52)]F1(17)F1(1:)] Oy s

(3-93d)
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Vi = [(FR  FOR 4 R ) (3.93¢)

n,
SRR AT =80 (14 8)IF T FR | 0

Un,m”

m n Un,m/

V3P =[5 PR 4 0= 00 (4 8P R — PR [0

(3.93f)

The D3 equation (1.93e) admits the following three-point general-
ized symmetries:

1 _ _
~ F$L+)F1(1J1r)un+1,munf1,m + = <F£n) - F1(’L )F1(1J1r)> Un,m (Un+1,m + Un—1,m)
XD3 _ 2 +
n
Un+1,m —Un—-1,m

PR+ (P = FF Y

+ aun m/
Un+1,m —Un—1,m ’
(3.94a)
1 _ _
oD F$L+)F£:)un,m+1un,mf1 + 2 <F£1 ) - F'E’L+)F1(Tl )) un,m(un,m+1 + Un,m—1 )
X3 = +
m Un,m+1 — Un,m—1
PP W+ (B = FRD ) wnm
+ aun m
Unm+1 —Un,m-—1 ’
(3.94b)
and the point symmetry:
YDs — [FL“ (ZFEJ i F%:]) + FE:)} TR (3.95)

Remark 3.3.1. The equation D3 (1.93e) is invariant under the exchange
n <> m so the symmetry XRs (3.94b) can be obtained from the sym-
metry XRs (3.94b) performing such exchange.

Finally the two forms of D4 possess the following three-point gen-
eralized symmetries:

1

(+)
_61 Fn Un+1,mUn—1,m — Eun,m(un—o—l,m + un—l,m)

Y1Ds _
X174 =

+
Un+1,m — Un—-1m

+—61F£f)u$1,m+6263}:,(§)

Un+1,m —Un—1,m

un,m/

(3-96a)
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(-) 1
Fm Un,m+1Un,m—1 + Eun,m(un,er] +un,m71)

X1D+ = -
m Un,m+1 — Un,m—1
52F1(1J1r)u$1,m — 51 53F£1+)
Un,m+1 — Un,m—1 tnm?
(3.96b)
1
- _61 62F£1+)F1(1_1._)un+1,mun71,m + *un,m(un+1,m + un71,m)
XzDs — 2 +
" Un+1,m — Un—1,m
(—)g(+)
+—5]52Fn Fm ui,m + 53 aunm’
Un+1,m — Un—1,m ’
(3.96¢)

(+) 1
R 62Fn-|-7nu'r1,n1+1u-n,rnf1 + *un,m(un,m+1 + Un,m—1 )
XzDa — 2 +
m
Un,m+1 — Un,m—1

52F£;r)mu121,m — 51 53F£1+)
+ Un,m’
Un,m+1 — Un,m—1 ’

(3-96d)

and no point symmetries.

3.4 THE NON-AUTONOMOUS YDKN EQUATION

In 1983 Ravil I. Yamilov [167] classified all differential-difference equa-
tions of the Volterra class (2.6) using the generalized symmetry method.
From the generalized symmetry method one obtains integrability con-
ditions which allow to check whether a given equation is integrable.
Moreover in many cases these conditions enable us to classify equa-
tions, i.e. to obtain complete lists of integrable equations belonging
to a certain class. As integrability conditions are only necessary con-
ditions for the existence of generalized symmetries and/or conserva-
tion laws, one then has to prove that the equations of the resulting
list really possess generalized symmetries and conservation laws of
sufficiently high order. One mainly construct them using Miura-type
transformations, finding Master Symmetries (see Section 3.5, or prov-
ing the existence of a Lax pair [167-169]. The result of Yamilov clas-
sification, up to Miura transformation, is the Toda equation and the
so called Yamilov discretization of the Krichever-Novikov equation
(YdKN), a differential-difference equation for the unknown function
qx = qk (1), with k € Z and t € R, depending on six arbitrary coeffi-
cients:

dqi _ A(di)qit19K—1+Bldi)(qr+1 + dk—1) + Clgx)

dt k41— qk—1 » (397)
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where:
Alqy) = aqﬁ +2bqk +c, (3.98a)
B(qi) =bqi +dqx+e, (3.98b)
C(qk) = cqf +2eqy +f. (3.98¢)

The integrability of (3.97) is proven by the existence of point symme-
tries [108] and of a Master Symmetries [169] from which one is able to
explicitly write down an infinite hierarchy of generalized symmetries.
The problem of finding the Backlund transformation and Lax pair in
the general case, where all the six parameters are different from zero,
seems to be still open. Some partial results are contained in [6].

In [105] the authors constructed a set of five conditions necessary
for the existence of generalized symmetries for a class of differential-
difference equations depending only on nearest neighbouring inter-
action. They used the conditions to propose the integrability of the
following non-autonomous generalization of the YAKN:

dqx  Awxl(dqr)qr+19x—1 + Br(qi)(qrs1 + qx—1) + Ci(qx)

dt k41— qi—1 » (399)

where the now k-dependent coefficients are given by:

Ax(qk) = aqi + 2byqx + cx, (3.100a)
B (qr) = brr1qi + dqi + exs1, (3.100b)
Cr(qi) = cr+19% + 2exqi +f, (3.100¢)

with by, cx and ex 2-periodic functions. The equation (3.99) was
shown to possess non-trivial conservation laws of second and third
order and two generalized local symmetries of order i and i+ 1, with
i<4
As it was discussed in Section 3.2 the symmetry generator associ-
ated to a three-point symmetry of a quad equation is a differential-
difference equation depending parametrically on the other lattice vari-
able, see equation (3.22). Therefore once the generalized symmetries
of an equation, or of a class of equations are computed, it is nat-
ural to ask if the associated differential-difference equations are of
a known type [105, 167-169]. For example let us consider the equa-
tions belonging to the ABS classification [2], i.e. the H equations (1.23)
and the Q equations (1.24), whose three-point generalized symme-
tries where computed systematically in [139]. In [102] it was proved
that these symmetries are all particular cases of the YAKN equation
(3.97). Moreover it was showed in [166] that the three-point gener-
alized symmetries of the rhombic H* equations (1.32) are particular
instances of the non-autonomous YAKN equation (3.99).
In the previous Section we presented following [66] the three-point
generalized symmetries of the trapezoidal H* (1.91) and of the H®
equations, which were previously unknown. It is then natural to ask
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if there is any relation between these three-point generalized symme-
tries and the non-autonomous YdKN equation (3.99). The answer is
that all the three-point generalized symmetries are somehow related
to the non-autonomous YdKN (3.99). For the rest of this Section we
will discuss the kind of identification needed for the various equa-
tions.

In the case of the {H{ equation we have symmetries depending on
arbitrary functions given by (3.89) and by (3.90). However it can be
readily showed that in (3.89) if and only if

Bn (&) = T ax=0, (3.101)
we get a symmetry of YAKN type (3.99):
X%H% _ (un+1,m - LL'rL,'m) (un,m - un71,m) - F'(ri)sz(x% aun,m- (3.102)

Un+1,m — Un—-1m
In the same way we can notice that the symmetry in the direction m
(3.90) if and only if

Bm(a) = Cm(a) = Er (3~103)

EI
becomes a symmetry of the non-autonomous YdKN type (3.99):

o _ B (14 U mintnm1) + P (14622 )
i _

Un,m*

(3.104)

Un,m+1 — Un,m—1

On the other hand we have that the symmetries of the {H5 equation
(1.91b) and of the {H§ equation (1.91c) as given by equations (3.87)
are naturally identified as particular cases of the non-autonomous
YdKN equations (3.99). It is worth to note that, since the only non-
autonomous coefficients in the trapezoidal H* equations are depend-
ing on the lattice variable m, the symmetries in the n direction of
these equations actually are sub-cases of the autonomous YdKN equa-
tion (3.97).

Turning to the H® equations it is easy to check that the symmetries
of the ;D equations (1.93b,1.93¢,1.93d) as given by equation (3.92)
are not in the form of the YAKN equation (3.99). However a linear
combination with point symmetries (3.93):

ZiP2 = XiP2 4 KiDViP2 £ KD2VEP2 j=m,m; 1=1,2,3 (3.105)

for prescribed values of Kﬁz and Kizl?jz is in the non-autonomous
YdKN form (3.99), i.e.

1D2 _ yw2D2 3D2_1
Ko =K =-K;7 =
2 (3.106)
1D2 _ y2D2 _ y3D2
Kyt =Ky7 =Ky% =0.
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We notice that we are allowed to consider (3.105) as bona fide three-
point generalized symmetries since choosing them as new generators
just corresponds to choose a new basis for the linear space of the
three-point generalized symmetries. On the other hand the symme-
tries of the D3 equation (1.93e) as given by equation (3.94) are already
sub-cases of the non-autonomous YdKN equation (3.99). Finally we
have that also the symmetries of the ;D4 equations (1.93f,1.93g) are
sub-cases of the non-autonomous YdKN equation (3.99).

Taking into account the result presented in [166], reproduced for
sake of completeness in Appendix E, we can then state that all the
three-point generalized symmetries of the equations belonging to the clas-
sification made by R. Boll [20—22] are sub-cases of the non-autonomous
YdKN equation (3.99). This result extend what was obtained in [102]
for the ABS class of equations. We can then build Table 3.1 where we
can show the explicit form of the coefficients of the non-autonomous
YdKN equation corresponding to the aforementioned three-point gen-
eralized symmetries.
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Table 3.1: Identification of the coefficients in the symmetries of the thombic H* equations, trapezoidal H* equations and H® equations with those of
the non autonomous YdKN equation. Here the symmetries of {Hj in the m direction are the subcase (3.104) of (3.90) while those in the
n direction are the subcase (3.102) of (3.89). The symmetries of the ;D equations (3.92) are combined with the point symmetries (3.93)
according to the prescriptions (3.105) and the coefficients given by (3.106).
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3.5 INTEGRABILITY PROPERTIES OF THE NON AUTONOMOUS YDKN
EQUATION AND ITS SUB-CASES.

In the previous Section we saw that the fluxes of all the generalized
three point symmetries of the H* and H® equations are eventually
related either to the YAKN (3.97) or to the non autonomous YdKN
equation (3.99). In this Section we extend those results by considering
the ideas in [102] We will use the Master Symmetries approach. Mas-
ter Symmetries are particular kind of symmetries which can generate
the whole hierarchy of symmetries of a given equation starting from
the given symmetry. The notion of master symmetry has been intro-
duced in [43], see also [42, 46, 47, 126]. In the continuous case master
symmetries usually are non-local, i.e. they contain terms involving
integrations. In the semi-discrete and discrete case this would corre-
spond to the presence of operators like (T —1d)~!, where T is a lattice
translation operator, which give raise to infinite summations. Fortu-
nately enough in the semi-discrete and discrete case there are many
local master symmetries [4, 7, 102, 127, 128, 139, 166, 170, 171, 173], i.e.
master symmetries with no such dependence.

Here we will not discuss the general method to find Master Sym-
metries for differential-difference or quad equation, but we will just
present the method we can use to construct the Master Symmetries of
the non-autonomous YdKN equation and its sub-cases following [4,
54, 102, 169]. Let us consider differential-difference equations of the
form

/
Un,t = (Pn(T/ Un4+k, Un4+k—T1/--- /un+k/+1/un+k’)/ k' < k. (3-107)

Now let us suppose we have two such equations (3.107), namely two
functions (pﬂ) and (p%z) depending on different “times” 7 and T2,
and depending on uy forn+k > a>n+k’andn+1>a>n+1

respectively. We can then require that the two equations commute:

1 2
uTL,T],Tz _uTL,Tz,T1 - DTZ ¢£\. ) - DT] (pgl )/ (3108)

where Dr, is the total derivative with respect to T; and it is defined as:

DTA = — 4 © . . . ()9
i aTi J n+) a ] (3 1 )

Let us define a Lie algebra structure on the set of functions ¢, of the

form (3.107). For any functions (pT(ll ) and (p%1 )

tions un,r, = (pg ) and Unr, = (p;2 ) and the corresponding total
derivatives D+, as in (3.109). Then we can define the following opera-

tion on the functions <pg ) and (pﬁlz ).

, we introduce the equa-

) (2)

1 2
() ( )] :DTZ(pTL _DT1(pTL . (3~110)

[on ', on



110

GENERALIZED SYMMETRIES AND THE NA YDKN EQUATION

The result of this operation is a new function o) depending on a
finite number of shifts of u,. We prove that the operation [,] is a
Lie bracket, i.e. that is bilinear, skew-symmetric and satisfies the Jacobi
identity:

(M (ZJ] (3) (1)
n

1 1 2
[l 02, 021 = oY, 121, o 8

3 1 2
/(Pn)]r(Pn I+ [on )

(

o, 0. (3.111)

Bilinearity follows from the fact that the total derivative operators
(3.109) are linear. It is obviously skew-symmetric:

) (2 2 1 2) (1
o, 011 = = (D0 ~ Dyl ) = —lol, ol). (G112)

Finally Jacobi identity (3.111) can be checked by direct computation.
A differential-difference equation of the form

/
Un,t = In(Untks Untk—T,-- o, Unik/41, Untkr), K < K. (3.113)

is called a generalized symmetry for a Volterra-like equation (2.6) if its
right hand side commutes with the right hand side of the Volterra-
like equation, i.e. [gn, fn] = 0. This generalized symmetry is called
non-trivial if k > 1 and k' < —1.

A differential-difference of the first differential-order of the form

Un,t = (Pn(T/un+1/un/ Un—1 )/ (3-114)

where the dependence on T and on the lattice variable n may be
explicit, is called a Master Symmetry for a Volterra-like equation (2.6)
if the function

gn = [(pn/ fn] (3~115)

is the right hand side of a generalized symmetry. This generalized
symmetry must be nontrivial, i.e. in (3.113) k > 1 and k’ < —1. The
function ¢, satisfies then the following equation:

[[on, fnl, fnl =0. (3.116)

Any generalized symmetry (3.113) has a trivial solution: ¢, = gn.
The Master Symmetry corresponds to a nontrivial solution of (3.116).

A practical way of computing Master Symmetries is as follows: Sup-
pose that we are given a Volterra-like equation (2.6). Suppose that
there exists a Master Symmetry of the form:

Unt = nfn (un+1 JUn, Un—1) (3-117)

where f;, is the right hand side of (2.6). Then assume that f,, depends
on some constants, say ki, i = 1,...,K, let us replace such constants
by functions of the master symmetry “time” T

ki—=ki=«ki(tr), i=1,...,M. (3.118)
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We can impose the conditions (3.115) and (3.116) so that (3.117) is
actually a Master Symmetry. When imposing (3.115) due to the def-
inition of the total derivative D, (3.109) we get a set of first order
differential equations for the k; functions with the initial conditions
given by the original constants:

K (1) =Gi (k1 (T),...,km (7)), i=1,...,M, (3.119a)
Ki (0) = k;. (3.119b)

Then we can derive the symmetries for the original equation (2.6) at
any order from the master symmetry (3.117) by putting T = 0 in the
resulting symmetry.

Let us construct the Master Symmetries of the non-autonomous
YdKN equation (3.99). Then we can proceed with the method we
discussed above. Using the fact that by, ci and ey are two periodic:

b=b+(—D*B, cx=c+ (=Y, ex=e+ (-1 e (3.120)

and substituting the coefficients a, b, ¢, v, d, e, € and f with function
of T we obtain the following expression for (3.100):

Ak(qi, 1) = a(t)qi +2 [b(1) + (=1)*B(1)] qx (3.121a)
+c(t) + (=D *y(1),

B (qr, ) = [b(t) — (=1)*B(7)] g + d(T)qx (3.121b)
+e(t) — (=1 *e(v),

Cr(qi,7) = [c() = (=1)*y(1)] q% (3.121¢)

+2 [e(t) + (=1 e(1)] qi + (7).

From (3.121) we build up the t-dependent version of (3.99):

dgr  Axl(qr, T)qrs19k—1 + Bi(qi, T (g1 + qr—1) + Ci(qx, T)

dt Qk4+1 — qi—1

(3.122)

We make the ansatz (3.117) for the Master Symmetry:

dqx :nAk(Qk,T)qk+1 qk—1 + Bx(qi, T)(qr4+1 + qr—1) + Cx(qx, T)
dt qi+1 — gdk—1 '

(3-123)

Commuting the flows of D¢ and D, we must obtain a five point sym-
metry, gg ) according to (3.115). This obtained function has a purely
three point part which is of the same form as (3.122), but with differ-
ent coefficients. Annihilating this part we obtain some equations for
the coefficients a, b, 3, ¢, v, d, e, ¢, f:

da

3 (U =altd()+ 2p% (1) —2b7 (1), (3.124a)
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db

P (1) = b (et + b (1)y (1) +altelr), (3-124b)
P =cnpm by —ale), (31240
& (1 =2 (e lr) —dlr)e(t -2 (e (), (3.124d)
Y () = 28 (x) e (1)~ d (1) (1) — 2¢ (1) b (), (3.1240)
W) = e () +a @ t1) 472 (1), (51240
%)= —c@el® -y el b0, (3.1248)
& =y em BT (0)+elteln), (3.124h)
) = flr)d ()~ 267 (1) + 262 (1), (3.124)

If the coefficients satisfy the system (3.124) then it is easy to show
that the obtained gg Visa generalized symmetry depending on five-
points. We remark that the system (3.124) in its generality it is impos-
sible to solve, but since the right hand is polynomial we are ensured
by Cauchy’s theorem [162] that such solution always exists in a neigh-
bourhood of T = 0.

The solutions with the initial conditions given by Table 3.1 will
then yield explicit form of the Master Symmetries in all the relevant
sub-cases. By using the master symmetry constructed above we can
construct infinite hierarchies of generalized symmetries of the H* and
H® equations in both directions. Furthermore since for every H* and
H® equation we have a = b = B = 0 we can in fact use the simpler
system where a (t) =b (1) =p (1) =0:

& = —amen), (5.1250)
(0 =—a 0y, (3.125b)
L=y (), (31250
X )= —c@e@ -y (e, (3.1250)
E =y Wel teltel), (s.1250)
2 (1) = £ () d (1) — 26 (1) + 262 (1), (51250

As an example in Table 3.2 we list the form of the T-dependent
coefficients in the case of the trapezoidal H* equations (1.91). The
remaining cases can be computed analogously.
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1 1 1 1 1
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6252]:5:) (O(% _ ]) (ef'cocz(ocﬁfﬂ _ 0(22)
e N 0 0 >
tH3 671/2Toc2(oc271)
m 0 0 —oc%éze%"‘ST

Table 3.2: The value of the coefficients of the Master Symmetry (3.123) obtained by solving the system (3.125) in the case of the trapezoidal H* equations (1.91).
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Now it is a known fact that Master Symmetries can exists also for
linearizable (C-integrable) equations, e.g. the Burgers equation [103],
as infinite hierarchies of generalized symmetries exists both for C and
S integrable equations. So to end this Section we apply the Algebraic
Entropy test, as discussed in Chapter 2, which shows heuristically
that the relevant sub-cases of the non-autonomous YdKN equation
(3.99) have quadratic growth and therefore are genuine integrable
equations.

We look for the sequence of degrees of the iterate map for the non-
autonomous YdKN equation (3.99) and in its particular cases found
in the previous section. We find for all the cases, except for +Hj, i.e.
for the symmetries (3.102, 3.104) of {Hj and for {D; equations, the
following values:

1,1,3,7,13,21,31,43,57,73,91,111,133,157 ... (3.126)
This sequence has the following generating function:

1-2 2
g(z) = “_Zj)fz (3.127)

which gives the quadratic fit for the sequence (3.126):
di=11-1)+1. (3.128)

Therefore the Algebraic Entropy is zero.

For the three-point generalized symmetry in the n direction (E.1a)
of the equation Hj we have the somehow different situation that the
sequence growth is different depending if we consider the even or
odd values of the m variable:

m=2k 1,1,3,7,10,17,23,33,42,55,67,83,98,117 ...
(3.1292)
m=2k+1 1,1,3,4,9,13,21,28,39,49,63,76,93,109....
(3.129b)
These sequences have the following generating functions and asymp-
totic fits:

B 225 —324 4323+ 22—z +1

z s
m =2k o) (1-2)*(z+1) (3.130a)
d _§Lz_l_w
1_4 8 7
(22 +2z4+1)(222 —2z+1)
9lz) = 0—23z+1)
m=2k+1, (3.130b)
4 32 3, 5C=Dt-19
T4 2 8§

The symmetry in the m direction (E.2b) of the equation Hj has the
same behavior, obtained by exchanging m with n in formule (3.129-

3.130).
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The three-point generalized symmetry of the equation ¢Hj in the
n direction has almost the same growth as that obtained for m odd
(3.129b, 3.130b) with fit given by:

1
dlzilz—il—i-(—])ll—i-(])g—i_]; (3.131)
Notice the presence of a highly oscillatory term 1(—1)!, which, at our
knowledge it is observed for the first time. For m even we have the
same growth as (3.126). The three-point generalized symmetry of the
equation {Hj in the m direction has the same growth as the even one
of {Hf (3.129a, 3.130a).

For the three-point generalized symmetries (3.92) of the ;D equa-
tion we have different growth according to the even or odd values of
the m and n variables. These sequences are slightly lower than in the
case of equations Hj, however always corresponding to a quadratic
asymptotic fit.

This shows that the whole family of the non autonomous YdKN is
integrable (S-integrable) according to the Algebraic Entropy test and
they should not be linearizable (C-integrable) even if the equations of
which they are symmetries are linearizable.

We conclude this Section by giving an example on how the gen-
eralized symmetries criterion of integrability [169] and the Algebraic
Entropy give the same result on a non-integrable equation, i.e. an
example of how two definitions of integrability coincide. As the sym-
metries of the {Hj equation depend on arbitrary functions, not all of
them will produce an integrable flux. Let us consider the case of the
flux (3.89) when € =0, B (&) = —1/& and « = 1. This corresponds to
the following symmetry:

2
~ u Up—1m—Uu
Xfl: ntlmonolm nm Oty (3.132)
Un4+1,m — Zun,m +Un—1,m
Following [169], necessary condition for the flux of (3.132) dlclﬁ'“‘ =

)/Zflun,m to be integrable is that, given

p1 =1lo oM 16 < Srum o lm ) (3-133)
! & aun—H & Un4+1,m — zun,m + Un—1,m )

we must have

2 2
dp1 _ —Zun,m + 4un,mun+l,m - 2un+1,m
dt (un+2,m - 2un+1,m + un,m) (_un+1,m + Zun,m - un,1,m)

N 2 (unfLm - un+1,m) (_un+1,m + un,m)
2
)

(un+1,m - Zun,m +Un—1,m
Zui,m - Zun,mun+1,m - zun71 ,mUn,m + zunfl,munJH,m
(un,m - zunf1,m + unfz,m) (_un+1,m + zun,m - u-nfl,m)

= (T —1 )gn
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(3-134)

for any function g,, defined on a finite portion of the lattice, for ex-
ample such that gn = gn(Un+1,m, Un,m, Un—1,m, Un—2,m ). We search
the function gr, using the partial sum method [169] and we find an ob-
struction at the third passage. Then the function g,, does not exists
and therefore we conclude that the flux of (3.132) is a non integrable
differential-difference equation.

Using the algebraic entropy test on the flux of (3.132) we find the
following values for the degrees of the iterates:

1,1,3,9,27,81,273,729 ... (3.135)

which gives us the following generating function:

_1—25

=1 3¢ (3-136)

9(s)
and the entropy is clearly non-vanishing 1 = log 3. So the non-integrability
result obtained by the Algebraic Entropy test agrees with those ob-
tained by applying the formal generalized symmetry method.

36 A NON-AUTONOMOUS GENERALIZATION OF THE QV EQUA-
TION

Up to now we constructed the three-point generalized symmetries
of the trapezoidal H* equations (1.91) and of the H® equation (1.93).
We then showed that these three-point generalized symmetries are
related to some sub-cases of the non-autonomous YdKN equation
[105]. Taking into account the results about the rhombic H* equa-
tions in [166], we were able to produce Table 3.1 where it shown
that the three-point generalized symmetries of any quad equation
coming from the Boll’s classification [20—22] is in the form of the
non-autonomous YdKN equation [105]. We then showed how, using
known methods, we can construct the Master Symmetries of these
equations, generating a hierarchy of equations and that according
to the Algebraic Entropy test these are genuine integrable equations
since their growth is quadratic.

We finally note that, as was proven in [102] for the YdKN (3.97), no
equation belonging to the Boll classification has a generalized symme-
try which corresponds to the general non-autonomous YdKN equa-
tion (3.99). In all the cases of the Boll classification one has a = by =0
as is displayed by Table 3.1.
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In [166] it was shown that the Qv equation, introduced in [156]:

QV =AM UnmUn4+1,mUn,m+1Un+1,m+1

+ao (Un,mun,m+1un+l,m+1 + Unr1,mUn,m+TUn+1,m+1

FUn,mUn+1,mUn+1,m+1 + UnmUn+1,mUn,m+1 )

+a3,0 (Un,mUn+1,m + Un,m+1Unt1,m+1)
+as,0 (un,mun+1,m+1 + Un1,mUn,m+1 )
+as,0 (un+1,mun+1,m+1 + Un,mUn,m+1 )
+a6,0 (Wn,m + Unt+1,m + Unm+1 + Unt1,m+1)
4+a7 =0

admits a symmetry in the direction n

dunm R R
dt Un+1,m —Un—-1,m 2 tnetm

hn.

where:

hn(un,m/ un+1,m) = QVaun,m_H aun+1,m+1 QV
- (aun,mﬂ QV) (aun+1/m+1 QV)
and a symmetry in the direction m

dun,m _ hm B 1 3 h

u m-
dt Unm+1 — Un,m—1 2 e

where:

hm (un,m/ Un, m+1 ) = QVaunﬁ,maunH/mH QV
- (aun+1,m QV) (aun+1,m+1 QV)
which are of the same form as the YdAKN (3.97).

(3-137)

(3-138)

(3-139)

(3.140)

(3-141)

The connection formulae i.e. the relations between the coefficient
of Qv and the coefficients of its YAKN generalized symmetry (3.97)

in the n direction YdAKN are:
_ 2
a= (13,0 ay — (12,0,
1
b= i[az,o(as,o —as,0 — as0) + agoail,

C =0a2,006,0 —0a4,0a50,

1
2 2 2
d= 2[03,0 —aizo—a50+arazl,

1

e= i[ae,o(as,o —a4,0 — as,0) + azoeazl,

2
f=azoa7 —ago.

(3.142a)
(3.142b)
(3.1420)

(3.142d)

(3.142e)
(3.142f)

The connection formulee between the coefficient of Qv and the m

direction YdKN (3.97) are:

2
a = a5,0 ay — (12,0,

(3.143a)
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:

b= i[az,o(as,o — a3 —a40) +agoail, (3.143b)

C = a2,006,0 — 04,003,0, (3-143¢)
]

d= i[aéo - azzl,o - aé,o +araz], (3-143d)
]

e= i[as,o(as,o —a4,0 —az,0) +azoazl, (3.143€)

f=aspa7; — aé’o. (3.143f)

The connection formulee (3.142,3.143) can be seen as a set of cou-
pled nonlinear algebraic equations between the seven parameters aj,
az,o, 43,0, 4,0, a5,0, ago and ay of the Qv (3.137) and the six ones
a, b, ¢, d, e and f of the YAKN equation (3.104). This tells us that
the YAKN equation (3.104) with coefficients given by (3.142,3.143) is
a three-point generalized symmetry of the Qv equation (3.137). If a
solution of (3.142,3.143) exists, i.e. one is able to express the aj, az,,
aso, 44,0, 05,0, Ago and ay in term of a, b, ¢, d and f, then the Qv
equation (3.137), maybe after a reparametrization, turns out to be a
Backlund transformation of the YAKN [6, 99] as explained in Section
3.2. We furthermore remark that in general a and b will be non-zero,
so that the three-point generalized symmetries of the Qv equation
(3.137) belong to the class of the general YAKN equation (3.97).

From the results obtained in Section 3.4 and the above remarks we
are lead to conjecture the existence a non autonomous generalization
of the Qv equation. To obtain such generalizations we first have to
recall how the Qv equation (3.137) was obtained in [156]. In [156] was
showed that the Qv equation (3.137) is the most general multi-linear
equation on a quad graph possessing Klein discrete symmetries, i.e.
such that:

Q (un+1,m/ Un,m,Un+1,m+1,Un,m+1 ) =

TQ (un,m/ Un+1,m/ Un,m+1, Un+1,m+1 ) ’
(3-144)
Q (un,m—H s Un+1,m+1,Un,m, Un,m+1 ) =

T/Q (un,m/ Un+1,m, Un,m+1,Un+1,m+1 ) ’

where T,7 = +1.

We have many possible ways of searching for a generalization of
the Qv equation (3.137). Since we want to generalize the Qv equation
(3.137) to a non-autonomous equation let us consider the most gen-
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eral multi-linear equation in the lattice variables with two-periodic
coefficients:

PiunmUn4+1,mUn,m+1WUn+1,m+1
TP2Un,mUn,m+1Un+1,m+1 T P3Unt1,mUnm+1Un+1,m+1
FPaUn, mUn+1,mUn+1,m+1 T P5Un, mUn+1,mUn,m+1
FP6UnmUn+1,m T P7Un,m+1Un+1,m+1 T P8UnmUn+1,m+1
FPoUn+1,mUn,m+1 TP1OWn+1,mUn+1,m+1 T P11 WUn, mUn,m+1
+P12Un,m + P13Un+1,m + P14Un,m+1 + P15Un+1,m+1 + P16 =0
(3-145)

i.e. such that the coefficients p; have the following expression:

nrm =1, 16.

(3-146)

Pi=Pio +Pi1 (=" +pi2(=1)" +pi3z(—

119

We will denote the left hand side of (3.145) by Q (Wn,m, Un+1,m, Wn,m+1, Un+1,m+1, (—1)™, (=1)™).
A possibility is to require that the function Q (Un,m, Un+1,m, Un,m+1, Un+1,m+1, (=)™, (=1)™)

to respect a strict discrete Klein symmetry (3.144) and to require that
the connection forumule provide a non-autonomous YdKN equation
(3.99). The requirement of the Klein symmetries gives us:

P1=ai1, P2=P3=Pp4=7p5=ay,
Pe=P7=4a3, PpPs=Po=as, Pio=7Ppi1 =0as, (3-147)
P12 = P13 = P14 = P15 =06, Ple — a7y

where the a; are still two-periodic functions of the lattice variables.
Choosing the coefficients for example as

ar=1+(=1"% a=(=1"%
a3 =—T+ (=" as=(=1" as=T1+2(-1)",  (3.148)
ag=1+(—-1", a7=4+2(—-1)"1,

the we have such properties, but this is not the only possible choice.
In this case, performing the Algebraic Entropy test the equation turns
out to be integrable. Its generalized symmetries, however, are not nec-
essarily in the form of a non-autonomous YdKN equation (3.99). A
different non-autonomous choice of the coefficients of (3.145), such
that (3.142) is satisfied for the coefficients of the non-autonomous
YdKN (3.99), gives, by the algebraic entropy test, a non integrable
equation.

A further possibility is to generalize the original Klein symmetry
by considering the discrete symmetries possessed by all the equa-
tions belonging to the Boll’s classification. It is easy to see that all the
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equations belonging to the Boll’s classification possess the following
discrete symmetry:

Y
—
—

Q (un+1,m/ Un,m, Un+1,m+1,Un,m+1- (_1 )n, -

(
TQ (un,mr Un+1,m/ Unm+1, Un+1,m+1/ _(_1 ’ ), (3 149)
Q (un,m+1 s Un+1,m+1,Un,m, Un+1,m- (—T )n, (—1 )m)

T/Q (un,m/ Un+1,m/ Un,m+1, Un+1,m+1, (—1 )n’_(_] )m) .

when T = v = 1. Furthermore it is possible to show that if the quad
equation Q is autonomous then the condition (3.149) reduces to the
usual Klein discrete symmetry (3.144). Therefore we will say that if
a non-autonomous quad equation Q of the form (3.145) satisfies the
discrete symmetries (3.149) that Q admits a non-autonomous discrete
Klein symmetry.

If we impose the non autonomous Klein symmetry condition (3.149)
with T = 1/ = 1 the 64 coefficients of (3.145) turn out to be related
among themselves and we can choose among them 16 independent
coefficients. In term of the 16 independent coefficients (3.145) reads:

A Un, mUn+1,mUn,m+1TUn+1,m+1

+ [azo— (=D az; — (=)™ az2 + (—1) a2,3] Un,mUn,m41Un1,m1
+[azo+ (=" az1 — (=)™ az2 — (=)™ ™ az3] Unt1,mlnms1Unt1,m+1
+[azo+ (=" az1 + (=1 az2 + (=" ™ 23] UnmUn1,mUni1,m+1
+azo— (=" az1 + (=)™ az2 — (=)™ a2,3] Un,mUn+1,mUnmt1
+laz,o— (=)™ az 2l unmUns1,m
+laz,o + (=)™ a3 2] Un me 1 Ung 1, m1
+ [a4,0 — (=1 )n+m (14,3} Un,mUn4+1,m+1
+[ag0+ (=" ™ ag 3] Unt1,mUnmt1
+las,0 — (=1)" a5, 1] Unt1,mUnt1,m+1
+las,o + (—=1)" as,1] un,mln,m+1
+[ago+ (1" ag1 — (=)™ ag2 — ()" ™ ag 3] unm
+[ago— (1" ag1 — (=)™ ag2 + (=)™ ag 3] unt1,m
+[ago+ (=1 " ag1 + (=)™ ag2 + (=)™ ag 3] Un,m+1
+[ago— (=1 ag1 + (=)™ ag2 — (=) ™ ag 3] Unt1,m1
+a7 =0
(3-150)

Upon the substitution a7 = az2 = a3 = az2 = a43 = as;1 =
a1 = ag2 = ag3 = 0 (3.150) reduces to the Qv equation (3.137).
Therefore we will call (3.150) the non autonomous Qy equation.

If we impose the non-autonomous Klein symmetry condition (3.149)
with the choice T = 1 and 1’ = —1 we get an expression which re-
duces to (3.150) by multiplying it by (—1)™ and redefining the coef-
ficients. In an analogous manner the two remaining cases T = —1,
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" =1and T = v/ = —1 can be identified with the case T = 7’ =1
multiplying by (—1)™ and (—1)™*™ respectively and redefining the
coefficients. Therefore the only equation belonging to the class of the
lattice equation possessing the non autonomous Klein symmetries is
just the non-autonomous Qv equation (3.150).

We note that the non-autonomous Qv equation contains as partic-
ular cases the rhombic H* equations, the trapezoidal H* equations
and the H® equations. The explicit identification of the coefficients of
such equations is given in Table 3.3.

In order to establish if (3.150) is integrable we use the Algebraic En-
tropy integrability test as explained in Chapter 2, using the program
ae2d.py, see Appendix B. Applying it to the non autonomous Qv
equation we find in all directions the following sequence of degrees:

1,3,7,13,21,31,43,57,73,91,111,133 ..., (3.151)

which is the same as for the autonomous Qv equation [156]. The
generating function for the sequence (3.151) is:

1 2
alz) = o3 (3152)

which implies that we have the following quadratic fit for the growth:

dp =k(k+1)+1, (3.153)

and thus the Algebraic Entropy is zero. This is a strong indication of
the integrability of the non autonomous Qy equation (3.150).

Using (3.138, 3.139) or (3.140, 3.141) with Qy substituted by its non-
autonomous version we get a version of the non-autonomous YdKN
(3.99) however the proof that this is effectively a generalized sym-
metry of the non-autonomous Qy encounters serious computational
difficulties.

We can prove by a direct computation its validity for the following
sub-cases:

¢ When Qv equation is non autonomous with respect to one di-
rection only, either n or m. All the trapezoidal {H* equations
belong to these two sub-classes;

e For all the H° equations, which are non autonomous in both
directions.

Its validity for the autonomous Qv and for all the rhombic ,H* equa-
tions was already showed respectively in [165] and [166]. However
we cannot prove its validity for the general case (3.150).

Here in the following we compute the connection formulee for the
general non autonomous case (3.150). For the n directional symmetry
we have:

2 2 2 2
a=aazop—azp+taz;—az,+az3 (3-154a)

— (=1)™(2az,0a2,2 —2az,1a23+ajaz ),
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b

B

v

d

(<

£

f

= saz0(az0—aso—as,0) (3-154b)

+ s (ajag0+az203, —a3a4,3 —az,1as,1)

(=1 ™az.2(as0 +azo+ aso)

+ > (=1)™(az3a51 +ajag2 +azpaz  +az,10a4,3),

az,1(aso—as,0+ aso) (3-154¢)
+ s (az3a32 —az,a43+az0a571 —ajae,)
+ > (=1)™aja63 —az3(az o+ aso —as,)

(=1)™(az 1032 + az0a43 —az,205,1),

=0a2,006,0 —Q4,0050 — 02,1061 — 023063 + 02,2062

— (=1)™[az,2a6,0 —a4,3a5,1 — a2,306,1 +a2,0062 — 02,1063,
(3.154d)

= a4,005,1 + 02,1060 — 02,0061 + 023062 — 022063

+ (=1)™[az,2a6,1 —as3a50 — a2,306,0 — A2,106,2 + A2,006,3],

(3-154e)
T 5 2 2 2 2 2
= i(as,o —ajp—asp+tajaz—a3z,tajz+as;)  (3.154f)
—2(—=1)"™(az,2a6,0+ az23a6,1 + a2,006,2 + a2,106,3),
1
= Eae,o(as,o — Q4,0 — 0s5,0) (3-1548)
1
+ E(az,o ay +as,106,1 — 032062 + 04,306,3)
1
+ 5(4 )™ (a3 06,0 + 04,3061 + 05,1063 —a2207)
1
- 5(4 )M ag2(az,0 + aso+asp),
1
= 506,1 (az,0 — a0 +asp) (3.154h)
1
— 5(05,1 Q6,0 — 04,3062 + 032063 + a2,1a7)
1
+ 5(4 )M las 3060 +a3,206,1 —as5,1062 + 02307
1
+ 5(4 )M ae,3(as,0 —azo —aso),
= 03,007 — gy —ag, +ag 3+ ag; (3-154i)

— (=1)™(2a6,0a6,2 —2a6,106,3 — a3 20a7).

The non-autonomous Qv is not symmetric in the exchange of n and
m so its symmetries in the m direction are different from those in the
n direction and so are the connection formulse. However, for the sake
of simplicity, as they are not essentially different from those presented
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in equation (3.154), we do not write them here but present them in
Appendix F.



Table 3.3: Identification of the coefficients of the non autonomous Qv equation with those of the Boll’s equations. Since a7 = a;; = 0 for all equations
considered in this Table these coefficients absent.

EQ' as,o as,z ag,o ag,3 as,o as,q ag,0 ae,1 ae,2 ag,3 az

P HS 1 0 Te(a—p) Te(a—p) —1 0 0 0 0 0 B—«

+HS 1 0 2e (B—o) 2e (B—o) -1 0 —(x—B) (et 1+eB) 0 0 e(p?—a?) —(a—B) (260 + o+ 2¢p2 + B)
M « 0 %e(ﬁigaz) %g(ﬁig#) -B 0 0 0 0 0 5 (a2 —p2)

(H —Jaye? —Joaye? -1 0 1 0 0 0 0 0 —xy

tH5 exy £x) —1 0 1 0 %Dcz [24 &2y + 3)] 0 eoczoc3+%soczz 0 o [Dcz + 23 +£(zx2+oc3)2}
(HE ;EZ(;;;ZZZ) %EZS;‘;Z) s 0 -1 0 0 0 0 0 82as (1-a3)

1D 381 381 3 -3 0 0 I—3(81-52) F(52-571) — (81 +52) T2 (81 +52) 0

5D, ¥ -3 1687 187 0 L1 —82+812) TEIA=87+83) T —1(87-81A+82)  —L(87+81A+5,) —5182A

3D, + -+ 0 0 151 15, T L1 —82+81N) T8 +81A+682) T —F(61—81A+52) T(87 —81A—57) —87182A

D 3 ) 3 3 SR 3 3 -4 = 0

1Dy 1682 1685 1 0 For —18, 0 0 0 0 53

5Dy 1 0 135, 135, 151 —1s, 0 0 0 0 53




DARBOUX INTEGRABILITY AND GENERAL
SOLUTIONS

In this Chapter we will discuss the concept of Darboux integrability
and its relation with the Consisency Around the Cube. In particu-
lar in Section 4.1 we will introduce a definition of Darboux integra-
bility based on the existence of the first integrals. We will state the
definition using the analogy with the continuous case. Then we will
discuss a practical method for finding first integrals in the case of non-
autonomous equations with two periodic coefficients proposed in the
original work [71] as a generalization of the method proposed in [55,
56, 72]. In Section 4.2 we prove that the three equations found by J.
Hietarinta in [82], which are linearizable [138], solving the problem
of the Consistency Around the Cube are actually Darboux integrable
equations. This was observed in [69] and it was the starting point
of the research on the relation between the Consistency Around the
Cube and the Darboux integrability. Then in Section 4.3 we show the
main result obtained in [71], i.e. that the trapezoidal H* equations
(1.91) and the H® equations (1.93) are Darboux integrable, by report-
ing their first integrals. We underline that this result can be thought as
a formal proof of the heuristic result obtained in Chapter 2 using the
Algebraic Entropy, since as it will be discussed in Section 4.1 Darboux
integrable equations are naturally linearizable. Finally in Section 4.4
we show how to use the first integrals obtained in Section 4.1 in order
to obtain the general solution of the trapezoidal H* (1.91) and of the
H® equations (1.93). This material is based on the discussion made in

[70].
4.1 DARBOUX INTEGRABILITY

A nonlinear hyperbolic partial differential equation (PDE) in two vari-
ables

Uxt = T (X, t, 1, U, uy) (4.1)

is said to be Darboux integrable if it possesses two independent first
integrals depending only on derivatives with respect to one variable:

dT

T=T(xtuuy...,unt) st — =0,
dX Uyt =T

X=X(xtuuy,...,Umyx) St — =0,
dt |, .-
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where 1w = 0%u/0t* and wuy, = 9%u/9x* for every k € IN. The
method is based on the linear theory developed by Euler and Laplace
[38, 96] extended to the nonlinear case in the 19th and early 2o0th
century [29, 30, 58, 59, 154]. The method was then used at the end
of the 20th century mainly by Russian mathematicians as a source of
new exactly solvable PDEs in two variable [148, 174-179].

We note that there exists an alternative definition of Darboux in-
tegrability. This definition is based on the stabilization to zero of the
Laplace chain of the linearized equation. However it can be proved
that the two definitions are equivalent [8-10, 179].

The most famous Darboux integrable equation is the Liouville equa-
tion [113]:

Uyxt = e (43)
which possesses the first integrals:

1
X = Uyyx — Eui, T=uy — Eu%. (4-4)
We remark that the first integrals (4.4) defines two Riccati equations.
In the discrete setting Darboux integrability was introduced in [5]
and used to obtain a discrete analogue of the Liouville equation (4.3),

namely the Adler-Startsev discretization of the Liouville equation:

1 1
Un,mUn+1,m+1 (1 + > (1 + ) =1. (4.5)

Un+1,m Un, m+1

Similarly as in the continuous case we shall say that an equation on
the quad graph, possibly non-autonomous, i.e.:

Qn,m (un,mr Un+1,m/ Unm+1,Un+1,m+1 ) - 0/ (46)

is Darboux integrable if there exist two independent first integrals, one
containing only shifts in the first direction and the other containing
only shift in the second direction such that:

(Th —Id)W2 =0, (4.72)

(T —Id)Wq =0, (4.7b)
where

W1 = Wl ,n,m (un—i—l],m/ Un4+1+T,ms--- /un+k1,m)/ (48a)

W, = WZ,n,m (un,m+12/un,m+lz+1 s /un,m—l—kz)/ (48b)

holds true on the solution of (4.6). Here 14, 15, k1, k; are integers, such
that 11 < k1, 1 < k2, and Ty, Ty are the shifts operators in the
first and second direction, respectively: Tohn,m = hnt1,m, Tmhnm =
hyn,m+1. Finally Id denotes the identity operator Idh,, m = hyn m.



4.1 DARBOUX INTEGRABILITY

We notice that the existence of first integrals implies that the fol-
lowing two transformations:

Un,m — 11n,m. - Wl M,y (49a)

Unm — ﬁ-n,m = WZ,n,m (4-9b)

bring the quad-equation (4.6) into trivial linear equations given by (4.7)
[5], namely:

ﬁn,er] - 11Tl.,111 - 0/ (4-10a)

Unt1,m —Unm =0. (4.10b)

Therefore any Darboux integrable equation is linearizable in two
different ways. This is the relationship between the Darboux integra-
bility and linearization.

The transformations (4.9) along with the relations (4.10) imply the
following relations:

Wi =&, W2=Ay, (4.11)

where &, and A, are arbitrary functions of the lattice variables n
and m respectively. The relations (4.11) can be seen as ordinary differ-
ence equations which must be satisfied by any solution u, m of (4.6).
The transformations (4.9) and the ordinary difference equations (4.11)
may be quite complicated. For this reason we define the order of the
first integral to be the difference equation obtained from it using

(4.171).
Example 4.1.1 (Discrete Liouville equation (4.5)). In the case of the
discrete Liouville equation (4.5) the first integrals presented in [5] are:

W, = [] I Un,m (] +Un1,m):| [] + Un,m ] ’
Un—1,m Un41,m (] +un,m)
(4.12a)
Wi = [] n Un,m (1 +Un,m—1 ):| [] n Un,m :|
Un,m—1 Un,m+1 (1 +un,m)
(4.12b)

These two first integrals are both two-points, second order first inte-
grals.

From its introduction in [5], various papers were devoted to the
study of Darboux integrability for quad-equations [55, 56, 72, 74, 149].
In particular in [55, 56, 72] were developed computational methods
to compute the first integrals. In [72] was presented a method to
compute the first integrals with fixed l;, k; of a given autonomous
equation. Then in [55] this method was slightly modified and ap-
plied to autonomous equations with non-autonomous first integrals.
Finally in [56] it was applied to equations with two-periodic coeffi-
cients. For the rest of this Section we present a further modification of
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this method which allows to treat in a simpler way non-autonomous
equations with two periodic coefficients. This new modification was
first presented in [71].

If we consider the operator

d
Yo =TT :
1 maun,m—l m (4 13)

and apply it to the first integral in the n direction (4.7b) we obtain:
Y_ W; =0. (4.14)

The application of the operator Y_; is to be understood in the fol-
lowing sense: first we must apply T;,,! and then we should express,
using equation (4.6), Uni,m—1 in terms of the variables u, 4 and
Un,m—1 Which for this problem are independent variables. Then we
can differentiate with respect to u,, m_—1 and safely apply Trn [55].

Taking in (4.14) the coefficients at powers of U, m1, We obtain a
system of PDEs for Wj. If this is sufficient to determine W7 up to
arbitrary functions of a single variable, then we are done, otherwise
we can add similar equations by considering the “higher-order” op-
erators

0

aun,mfl

Y_, =TK

m

1.5 keN, (4.15)
which annihilate the difference consequence of (4.7b) given by TX W; =
Wi

Y_ W7 =0, ke, (4.16)

with the same computational prescriptions as above. We can add
equations until we find a non-constant function® Wy which depends
on a single combination of the variables un m+j,, --., Un,m+k;-

If we find a non-constant solution of the equations generated by
(4.13) and possibly (4.15) we can insert such solution into (4.7b). In
fact given a non-constant W7 which satisfies (4.16), but does not sat-
isfy (4.7b), we can always construct a first integral out of it. In order
to construct a bona fide first integral in [55] it was proposed to look if
the first integral and its shifted version can be related through some
Mobius transformation:

aWi; +b
cWi +d’

This ansatz was applied with success on all the examples therein con-
tained.

In the same way the m-integral W, can be found by considering
the operators

TmW; = (4.17)

d
Z_ =Tk

T-¥ keN 18
naun—1,m n € (41 )

1 Obviously constant functions are trivial first integrals.
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which are such that:
ZxW;=0, kelN. (4.19)

In the case of non-autonomous equations with two-periodic coeffi-
cients we can assume the decomposition:

e
=
+

Wi = FLUR W L CE

(4.20)
FECTES W) R E w )
with:
4 TE(=DF

and derive from (4.16,4.19) a set of equations for the function Wi(i’i)

by considering the even/odd points on the lattice. The final form of
the function W; will be then fixed explicitly by substituting in (4.7)
and separating again.

We note that, when successful, the above procedure gives first inte-
grals depending on arbitrary functions. However this fact has to be
understood as a restatement of the trivial property that any function
of a first integral is again a first integral. So, in general, one does
not need first integrals depending on arbitrary functions. Therefore
we can take as the first integral simply a linear function of the argu-
ments of the functions we obtain from a successful application of the
above procedure. If there is more than one arbitrary function in the
same direction then it sufficient for our purposes to consider linear
combination of the arguments of such functions. The reader can find
in Appendix G an example carried out in the details.

4.2 DARBOUX INTEGRABILITY AND CONSISTENCY AROUND THE
CUBE

Before discussing the Darboux integrability of the trapezoidal H*

equations (1.91) and of the H® equations (1.93) in this Section we

would like to underline that previously known linearizable quad equa-
tions possessing the Consistency Around the Cube are Darboux inte-
grable by showing their first integrals. In this Section we will con-
sider the three quad equations found by J. Hietarinta in [82] given

in formula (1.28). We recall that these equations were found to be

linearizable in [138] and were found to be Darboux integrable in [69].

Indeed let us consider the ], equation as given by (1.28a) (which is

indeed the same as the D7 equation) is linear and Darboux integrable,
being its first integrals given by:

Wi = (=D (Uns1,m +Unm), (4.22a)

Wy = (=1)" (Unmt1 + Un,m) - (4.22b)

129



130

DARBOUX INTEGRABILITY AND GENERAL SOLUTIONS

These two first integrals are first-order, two-point, meaning that the
equation itself a first integral.

In the same way the J3 equation (1.28b) is linearizable and Darboux
integrable being its first integrals given by:

Wi = (1" 7uz+]’m, (4.23a)
n,m

Wy = (-1 ufZ'mH : (4.23b)
n,m

These two first integrals are first-order, two-point, meaning that the
equation itself a first integral.

Finally the J4 equation (1.28b) is linearizable and Darboux inte-
grable being its first integrals given by:

Un+1,m T Un,m
W = _1 m ntl . 7 -24a
1=(-1) (R TRRTR. (4.24a)
W, = (1) Smt F tnm (4.24D)

4
1+ Un,mUn,m+1

These two first integrals are first-order, two-point, meaning that the
equation itself a first integral.

The idea that these equations should have been Darboux integrable
comes from the fact that they admit Generalized Symmetries depend-
ing on arbitrary functions [69], like the {H] equation (1.91a). Indeed
it was shown in [5] that Darboux integrable equations always possess
Generalized Symmetries depending on arbitrary functions of order
at least equal to the first integrals. Therefore following [69] we tried
to reverse the reasoning and prove that these equations were Dar-
boux integrable, knowing their Generalized Symmetries. In this way
in [69] it was proved that also the {Hj equation is Darboux integrable
by showing its first integrals.

This observations together with the result of Algebraic Entropy, as
reported in Chapter 2, led us to conjecture that every quad equation
possessing the Consistency Around the Cube and linear growth is Darboux
integrable, This encouraged us to check the Darboux integrability of
the remaining trapezoidal H* and H® equations. In Section 4.3 we
show how this intuition has been proved by showing all the first
integrals of the H* equations (1.91) and of the H® equations.

We conclude this Section noting that no result about the Darboux
integrability of the J; equation (1.27) is known. Indeed it is possible
to prove using the procedure outlined in Section 4.1 that a candidate
two-point first integral in the n direction for the J; equation is given

by:

(4.25)

Wi = Fp, <(un,m+62)(un+1,m+o1)> ‘

(Un,m +e1)(Unt1,m +e€2)
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However plugging (4.25) into the definition of first integral (4.7b) we
obtain that the function F,, becomes a trivial constant. Defining
I — (Un,m +€2)(Uny1,m +01) (4.26)
(un,m +eq )(un+1,m +ez)

we note that the candidate three-point first integral is given by:

W1 = Fm (In/ In—] ) . (4‘27)

However also in this case it is possible to show that plugging (4.27)
into (4.7b) the function F,,, becomes a trivial constant.

Due to computational issues we were not able to prove or disprove
the existence of a first integral in the n direction for the J; equation
(1.27). In fact we conjecture that the solution of hierarchy of equations
(4.16) for the J; equation (1.27) is given by:

W1 :Fm ("'IInﬁL]IIn/IT\.*.II"') (428)

and that there exists an order N at which this relation defines a first
integral for the J; equation (1.27), but this kind of computations are
too demanding and we were not able to conclude it for technical
reasons. The only estimate we know is that N > 1. However we note
that the dynamical system given constructed for the J; equation (1.27)
do not respect the prescription of Chapter 1.

4.3 FIRST INTEGRALS FOR THE TRAPEZOIDAL h4 AND h6 EQUA-
TIONS

In this Section we show the explicit form of the first integrals for the
trapezoidal H* equations (1.91) and the H® equations (1.93). This inte-
grals are computed with the method presented in Section 4.1. We will
not present the details of the calculations since they are algorithmic
and they can be implemented in any Computer Algebra System avail-
able (we have implemented these conditions in Maple). The interested
reader can find a worked out example in Appendix G.
We have the following general result:

» The H* equations (1.91) possess one first integral in the n direc-
tion and two first integrals in the m direction.

» The H® equations (1.93) possess two first integrals in the n di-
rection and two first integrals in the m direction.

We believe that these general properties reflect the fact that the H*
equations (1.91) are two-periodic only in the m direction whereas the
H® equations (1.93) are two-periodic in both directions.

4.3.1  Trapezoidal H* equations

We now present the first integrals of the trapezoidal H* equations
(1.91) in both directions.
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4.3.1.1  (Hy equation

Consider the {Hj equation as given by (1.91a). It has a two-point, first
order integral in the n direction:

%) ) ou —u
_’_an) n+1,m n,m

Un+1,m —Unm T+ Ezun,mun+1,m

, (4.292)

and a three-point, second order integral in the m-direction:

14 ¢? _
W, = F‘ET_‘L'_)(X T € Unm4+1Un,m-1 (4.29b)

Un,m+1 — Un,m—1

+ FET:) B (un,m—H —Un,m—1 ) ’

The integrals (G.8) were first found in [69] from direct computation
and later re-derived in [71] using the method explained in Section
4.1. The interested reader will find all the details of its derivation in
Appendix G.

4.3.1.2  H5 equation

Consider the {H5 equation as given by (1.91b). It has a four-point,
third order integral in the n direction:

(+) (_un+1,m + unf1,m) (un,m - un+2,m)

Wy =F
m g2 +4e0 + [(8oz — 2Un,m — 2Unt1,m) € — 1] o3 + (Un,m — Unttm)?

(_un+1,m + un—l,m) (un,m - un+2,m)

(=)
—F
"™ (e m A Unm + 02) (Wt m 62— Un g2 m)
(4-30a)
and a five-point, fourth order integral in the m-direction:
2
(un,m—l —Un,m+1 ) (un,m+2 - un,m) (U«n,m - un,m—Z)

W, =Fila :
[(062 + 03+ Unm—1)" € —Unm—1+ &3 _un,m} :

2
[(ocs + 02+ Unm41)7 € —Un,ms1 + 3 _un,m:|

(Un,m—1 = Un,m+2 —Unm+1 +Unm—2)Unm
—& (Un,m—2 —Un m+2) uﬁ,m
— (03 + 02)% (Unym—2 — Un,mi2) €
=2 (Un,m-—2 —Un,my2) (3 + &2) eUn,m
|+ (—a3 + Un,m+1 ) Un,m—2+Unm+2 (x3 — Un,m—1 )_

(un,m+2 - un,m) (un,m+1 —Un,m—1 ) (un,m - un,mfz)
(4.30b)

+FB
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Remark 4.3.1. We note that {H5 equation possesses an autonomous
sub-case when ¢ = 0. We denote this sub-case by tHEZO. In this sub-
case the equations defining the first integrals become singular and so
the first integrals become simpler:
— 200 —Un_1,m +2Upm —u
W1g_0 _ (_])m 2 n—1,m n, m n+1,m’ (4.31&)

Un—1,m — Un+1,m

_ u —Uu _ u — U
Wﬁ;,o _ ( n,m+1 n,m 1) ( n,m-+2 n,m) ) (431]9)
Un,m +Un,m+1 — X3

The first integral in the n-direction (4.31a) is still non-autonomous,
although the equation is autonomous, but now it is a three-point,
second order first integral. On the contrary, the first integral in the
m-direction (4.31b) is a four-point, third order first integral.

Finally we note that the {H5~C equation is related to the equation
(1) from List 3 in [55]:

(ﬂn+1,m+1 - ﬁ'TL-l—],'m.) (ﬁn,m - 1’:Ln,m—o—l ) +ﬂn,m +ﬂn+1,m +ﬁn,m+1 +ﬁn+1,m+1 =0
(432)

through the transformation:

1 1

Un,m = _(Xzﬁm,n + Z(XZ + E(X?)- (433)

Note that in this formula (4.33) the two lattice variables are exchanged.
So it was already known in the literature that the (H 5:0 equation was
Darboux integrable.

4.3.1.3 H§ equation

Consider the {H§ equation as given by (1.91c). It has a four-point,
third order integral in the n direction:

W, = FE;:) (un—l,m _;162—0—1,111) (_un+2,m + u'r1,n1)

4 3
X2 € — 2" Un4+1,mUnm

2.2 262y 2

+ (Unm” +Uf g m —26767) &2
252
—0QUn,mUny1,m + €78

+ F(—) (un+1,m - unf1,m) (Un+2,m — LLn,m)
m X2 (un+2,m - OCZunJer) (“Zun,m - unf1,m)

(4-342)
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and a five-point, fourth order integral in the m-direction:

2
() (un,m+2 - un,m) (un,m+1 —Un,m—1 ) (U—n,m - U—n,m—z)
W2 = Fin o 2.2, .2 2
(6 o3+ Unm—18 — OC3un,Tn—1un,m) :
(8203 +uf i1 — A3Un,mUn,m+1)
0‘3u$1,m (Un,m+1 —Un,m—1)
_Ezui,m (un,m+2 - un,mfZ)
‘HXSun,m (un,m+2un,mf1 —Un,m+1 un,mfz)

. F(_) B _62“32un,m+2 + 62(X3zun,rr172
m

(un,m+2 - u'r1,111) (un,m+1 —Un,m—1 ) (un,m - un,m72)

(4.34b)

Remark 4.3.2. With the same notation as in Remark 4.3.1, we note
that also the {H§ equation has an autonomous sub-case of the equa-
tion ¢Hj if ¢ = 0, namely, the tngo equation. In this sub-case the
equations defining the first integrals become singular and so the first
integrals become simpler:

e=0 m | QUnm —Un_1,m , |
Wi—" = (-1) + Ak (4-35a)
Un+1,m —Un—1,m
( — Un,m) - +azd?
WeE=0 — Unm+2 —Unm)Unm—1 —Unm+T1Un,m+2 T &3
Z - .

x3 52 —Un,mUn,m+1

(435b)
The first integral in the n-direction (4.35a) is still non-autonomous,
although the equation is autonomous, but now it is a three-point,
second order first integral. On the contrary, the first integral in the
m-direction (4.35b) is a four-point, third order first integral.
Finally we note that the {H5=° equation is related to equation (2)
from List 3 in [55]:

ﬂn+1,m+1 (ﬂn,m + bzﬂn,m+1 ) +ﬁn+1,m (bzﬁn,m + ﬁn,er] ) +cq = 0

(4.36)

through the inversion of two lattice parameters u, m = {im,n and the
choice of parameters:

1 5%as (1—af)

b = _, = - .
2 o Cq o (4.37)

So it was already known in the literature that the {H§=° equation was
Darboux integrable.

Remark 4.3.3. As a final remark we can say that the (H5 equation
(1.91b) and {H§ equation (1.91c) possess first integrals of the same or-
der in each direction. Furthermore the first integrals of all the trape-
zoidal H* equations share the important property that in the direction
m, which is the direction of the non-autonomous factors Fgf ), the W,
integrals are built up from two different “sub”-integrals.
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432 HE equations

In this Subsection we present the first integrals of the H® equations
(1.93) in both direction.

4.3.2.1 1D; equation

In the case of the 1D equation (1.93b) we have the following second
order three-point integrals:

(H)=(+) [(1 + ZSZ)un,m +un+1,m] o1 —Un,m
wy =FR o
1 " m 51 {[(] +62)un,m +un71,m] 61 _un,m}
T+ (Wni1,m—1) 8
(T+ (un—1,m—1)61) &

+ R R

+ Fgli)FErrJlr) B (un+1,m _unfl,m)

() g Unpt,m —Un—1,m) [1 = (1 —upn,m) 1]
—Fn Fm B 5 ,
2+un,m

(4.38a)

(H)p(+)  Unm+1 — Un,m—1
W, = | R .38b
2 " m Un,m + 61 Un,m—1 (4 3 )

+ F1(1+)F'Er:) [5 (un,er] _un,m71)

_F(—)FH-) Unm+1 — Un,m—1
. (01 — ])un,m+1
(=) g Ynm+1 — Un,m-—1

~FF :
n Fm B 57 1 W

Remark 4.3.4. We remark that, when 6; — 0, the first integral (4.38a)
is singular, since the coefficient at « approaches a constant. In this
particular case, it can be shown that the first integrals are given by:

W1(o,52) _ F%Jr)FETJIr)(Xun—H,m —Un—1,m (4.392)
Un,m

- FE:F)F%T)(X (un+1,m _unf1,m)

+ F1(17)F£1J1r) E’ (un+1,m _un—l,m)

= B“n—],m —Un4+1,m

(=) (=)
+F :
nom d2 + Un,m
un,m

+ F‘(r1+)F£1:) B (un,m—i—l —Un,m—1 )

— F%_)F'E:) X (un,m+1 —Un,m—1 )
(=) (=) p Un,m+1 —Un,m—1

~FF .
n Fm B 57 1 W

Note that, as the limit in (4.38b) is not singular, then (4.39b) can be
obtained directly from (4.38b).
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If 51 — (14 82) ", then the limit of the first integral (4.38b) is not
singular. However, it can be seen from equations defining the first
integral in the m-direction that, in this case, there might exist a two-
point, first order first integral. Carrying out the computations, we
obtain that if §; = (1+85) ', the first integrals are given by:

-1
w{(1+82)782) — FHEH) g tntlm (4-40a)
Un—1,m

8
PR 02 Untim

m 62 +unf1,m
+ F’E:)ng)ﬁ (un+1,m - unf1,m)

(=) (=) (un+1,m_unf1,m)
—FF
n m B 52 1

7

-1
(1452)7",82) = PR [+ 82) Unm + Unmat]  (4.40D)

Un,m + (] +62)un,m+1
02 +1
_ 1) 1
CEL )ng)o(( 2+ unm
52 + Un,m+1

W,

+ PR

(—)(—) Un,m+1
—FLR p et
n Fm 662+un,m

So, unlike the case &7 # (1 +62)_], the first integral in the m-
direction (4.40b) is a two-point, first order first integral. On the con-
trary, the first integral in the n-direction (4.40a) is still a three-point,
second order first integral, which can be obtained from the complete

form (4.38a) by substituting 6; = (1 + 55)7 "

4.3.2.2 2D; equation

In the case of the D, equation (1.93¢c) we have the following second
order three-point integrals:

1)
W, = F%Jr)ng)(x 2+ Unti,m
52 +Un_1,m

(1—(1+062) 61)un,m+un+1,m

(] - (] +62) 61)un,m+un71,m

(un+1,m - unf1,m) (un,m + 62)
1 + (_1 +u-n,m) 61

(4.41a)

+ R F

FRORB

- F‘I(’L_)FLT) B (un—H,m _un—l,m)

Wy = F R o (U1 — tnm 1) (4-41b)
Un,m+1 — Un,m—1
(}\_un,m) 6] —Un,m—1
(=)e(+) . Wnm+1 —Un,m—1
—Fn 'F @

—FSE

— PR

B Un,m+1 — WUn,m—1
Un,m+1+02
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Remark 4.3.5. We remark that if 87 — 0, the first integral (4.41a) is
not singular. However it can be seen from equations defining the first
integral in the n-direction that in this case there might exist a two-
point, first order first integral. Carrying out the computations, we
obtain that if 7 = 0, the first integrals are given by:

0,5
W1( 2) :F%JF)FE;:)O(((sz +Unt1,m) Un,m (4-422)
— FLHF(_)oc(unjq,m +Un,m)
+ F1(1_)F'E1_1'_) &} (62 + un,m) Un+1,m
—FL PR B (Unstm + unm),
(0,62) (+H)e(+)
w, =Fn Fmn o (Un,mt1 —Unm—1) (4-42b)

+ F1(1+)F£1:) Bun,m—H
Un,m—1

- F‘E’L_)F‘E':_) x (un,m+1 —Un,m—1 )

_ F%_)FEE) Bun,m+1 — Un,m—1 .
Un, m+1 + 62
So, differently from the case &1 # O, the first integral in the n-
direction (4.42a) is a two-point, first order first integral. On the con-
trary, the first integral in the m-direction (4.42b) is still a three-point,
second order first integral, which can be obtained from the complete
form (4.41b) by substituting 67 = 0.

Moreover we note that if 67 — (1+ 62)71, the limit of the first
integral (4.41b) is not singular. However, it can be seen from equations
defining the first integral in the m-direction that in this case there
might exist a two-point, first order first integral. Carrying out the
computations, we obtain that if 57 = (140 2)71 , the first integrals are
given by:

W1((1+52)71/52) _ F%HFE{L)océz tUnyim
62 +Un—1,m
n FH)F%:J q 1 m

(4-43a)

Un—1,m
—Fn Pt B (unt,m — Unsim)

()p() g UntT,m —Un_1,m
—FL'F
S s

7

1+5,)7",8
wATF82782) _ EEORC 5101 4 85) wm + U ]

+ P P B i m (14 82) W 1]
06527\— (T+82) unm+1 +AUnm
un,m—i—éz
OO — (1 +87) Un,m +?\un,m+1

Un m+1 + 82 ’

SRR

SRR

(4.43b)

So, differently from the case 01 # (1+ 62)_1, the first integral in
the m-direction (4.43b) is a two-point, first order first integral. On
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the contrary, the first integral in the n-direction (4.43a) is still a three-
point, second order first integral, which can be obtained from the
complete form (4.41a) by substituting &; = (1+6,) .

4.3.2.3 3D3 equation

In the case of the 3D, equation (1.93d) we have the following second
order three-point integrals:

(+)e(+)  (Un—1m+82) [T+ (Uny1,m —1)81]
Wi =Fy 'Fil
! " m (un+1,m+62)[1 +(un71,m_”61]
(F)e(=) Unm+(1—=071=08102)Uun_1,m
+Fn F o
T U + (181 —8182) Ung1m

(4-44)

+ F%_)F'E:) B (un+1,m _unf1,m) (62 +un,m)
— ng)Fng) B (un+1,m _unfl,m) ’

W, = F’ElJr)FgTT)(X (un,m—H —Un,m—1 )

Un,m+1 — Un,m—1

LN
A (] + 62) 612 - [(] + 62) Un,m—1+Un,m + Al o1 + Un,m—1

+ F;_)FE:)CX (un,m—1 —Un,m+1 ) 1+ (un,m —1) 61]

Un,m+1 — Wn,m—1

(—=)p(=)
+FLF :
" m B (62 Jru‘rL,m—H) “ + (1 - 61)un,m—1]

(4.44b)

Remark 4.3.6. We remark that if 57 — 0, the first integral (4.44a) is
not singular. However, it can be seen from equations defining the
first integral in the n-direction that in this case there might exist a
two-point, first order first integral. Carrying out the computations,
we obtain that if 67 = 0, the first integrals are given by:

Wi = FP R att i (82 + nt 1,m) (4-452)
- ng)Fng) (04 (un+1,m + un,m)
+Fn P Bun1,m (82 + Un,m)
- F'(rL_)FE;) B (un+1,m + LL'rL,m) s
W(o,az) i F(+)F(+) _ b
2 =Fn m & (un,er] un,mfl) (445 )

+F$1+)F£;)ﬁun,m+1

Un,m—1
- F1(’L_)F1(1_1'_) X (un,m—i—l —Un,m—1 )
62 +U~n,m—1

(=) (=)
+F, 'F .
moom [352 + Un,m+1

So, differently from the case 87 # 0, the first integral in the n-
direction (4.45a) is a two-point, first order first integral. On the con-
trary, the first integral in the m-direction (4.45b) is still a three-point,
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second order first integral, which can be obtained from the complete
form (4.44b) by substituting 67 = 0.

Moreover we remark that if 57 — (1+ 62)71, the first integral
(4.44a) is singular, since the coefficient at « approaches a constant.
In this particular case the first integrals are given by:

((1+82)71,5) (+)p(+) Un41m —Un—1,m
%% =F Fm o : .
! " m (62 +un+1,m) (62+un71,m)
(H)e(—) WUn+1,m —Un—1,m
+Fn Fn
" m (62 +1)u-n,m
n Fm B (un—Lm u«n+1,m) ( 2 +un,m)
- FE’L_)F%:) B (un+1,m _un71,m) ’
(4.46a)
(14+82)7",8
Wg ’ 2) = F$L+)F£r_1'_)(x(un,m+1 _un,m—1)
+ F.Ej)]:gg) [3 Unm+1 — Un,m—1
Un,m
_ F_Et—)]:gr‘f] oc(un,m+1 —Un,m—1 ) (62 + un,m)
Sy +1
(=) (=) Un,m+1 — Un,m—1
+FOF .
" m B (62 + Un,m+1 ) (un,mfl + 62)
(4.46b)

We point out that the first integral in the m-direction (4.46b) can be
obtained from the complete form (4.44b) in the limit &; — (1490 )

4.3.2.4 D3 equation

In the case of the D3 equation as given by (1.93e) we have the follow-
ing third order four-point integrals:

W, = F»Ej)FE':) o (un—H,m - u;—Lm) (un+2,m - un,m) (447&)

un+1,m - unrm

_ u —Un— uw _
+F1(1+)F1(n)oc( n+1,m n 1,m)( n+2,m un/m)

Un,m + Un—1,m

(=) () (un+1,m - un—],m) (un+2,m - un,m)
A "
uTl-'-] ,mT un,m

+ F;_)F'(r;) [?’ (un+1,m - unfl,m) (un+2,m - un,m)

Un+1,m + Un+2,m
W, = FQ_)F%T) x (un,m+1 - u;,m71 ) (un,m+2 - un,m) (4.47b)

un,m—H —Unm

_ F1(1+)F£;) B (un,m+1 —Un,m—1 ) (un,erZ — u'rL,'m)

2
un,m+1 - un/m

+ F1(1—)F£T—1|-) (X(un,m+1 —Un,m—1 ) (un,m+2 - un,m)
Un,m + Un, m—1

+ FE:)F%:) B (un,m—H —Un,m—1 ) (un,m—i—z - un,m)
Un,m+1 + Un,m+2
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Remark 4.3.7. The equation D3 is invariant under the exchange of
lattice variables n <> m. Therefore its W, integral (4.47b) can be ob-
tained from the W; one (4.47a) simply by exchanging the index n and
m.

4.3.2.5 1Dy equation

In the case of the 1 D4 equation as given by (1.93f) we have the follow-
ing third order four-point integrals:

2
F(+) (+) un+1,m51 + Unt1,mUn2,m + Un—1,m (Wn,m —Uni2,m) — 0283

W1 = F [0
mom Un41,m (01 +Un,m) — 0203

(un,m —Uny2,m + 1 U~T1.+1,m) Un—1,m +Un+1,mUn+2,m

(+) (=)
+Fn Fm
o (un,m + 51un—1,m) Un41,m

(=) p(+) (un+1,m — unf1,m) (un+2,m - un,'m)
+FOFB
o u2 181+ Un 1, mln,m — 0203

(un+1,m - un71,m) (un+2,m - un,m)
Un,m (un+2,m61 + un+1,m)

RORB

(4.48a)

2
(+)F(+) (un,m—i—z - un,m) Un,m—1*+ 0163 — 62un,m+1 —Un,m+1Un,m+2

WZ:n m &

2
0103 —UnmUnm+1 —d2uy g

. F;Jr)F»E;) B (un,m+1 —Un,m—1 ) (un,m+2 - un,rn)

5103 — 6Zun,rnz — UnmUn,m+1
i F%_)FETT) « (un,m —Up,m+2 + 6Zun,mJH ) Un,m—1+ Un,m+1Un,m+2
(un,m + 6Zun,mf] ) Un,m+1

_ _ u — U _ u — U
+ Ffi )an ) B ( n,m+1 n,m—1 ) ( n,m+2 n,m)
Un,m (un,m+262 + Un, m+1 )

(4.48b)

Remark 4.3.8. The equation D4 possesses an autonomous sub-case
when 81 = 8, = 0. In this case the equations defining the first inte-
grals become singular and the first integrals become simpler. If 63 # 0
we have:

wi008s) _(_qym Unilm = Un-lm (4-492)
Un,m
W£0’0'63) — (1 )n Unm+1 — Un,m—1 ) (449b)

Un,m

They are both non-autonomous, three-point, second order first inte-
grals. Notice that, since this sub-case is such that the equation has the

83) can be obtained

discrete symmetry n <+ m, the first integral Wgo,o,
from W1( 0.035) by using such transformation.
Moreover we notice that the case 67 = 8, = 0 83 # 0 is linked to

the equation (4) with b3 =1 of List 3 in [55]:

Unp1,me1nm +0np1,mlnme +1=0 (4.50)
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through the transformation un m = v/030n,m.

We finally notice that the sub-case where 67 = 6, = 63 = 0 pos-
sesses two two-point, first order, non-autonomous first integrals:

0,0,0 Uni1, 0,0,0 Un,m41
w000 = (qym il (000 — (qyn TRl - )
Un,m Un,m

The resulting equation is linked to one of the linearizable and Dar-
boux integrable cases presented in [69, 82].

4.3.2.6  2Dg4 equation

In the case of the ;D4 equation as given by (1.93g) we have the fol-
lowing four-point integrals:

2
(un,m —Un4+2,m — 61 62unf1,1n) un+],m]

Wy = FUIE o L Tinttmbne2mbn1,m d3Un_1,m

2
(62un+],m51 —03— un,mun+1,m) Un—1,m

F(Jr)F(f)o(un—l—Z,mun—],m + (_un+2,m + un,m) Un+1,m + 63
— I m
Un—1,mUWUn,m + d3

(=) (+) (un+1,m - uTL—Lm) (un+2,m - un,m) Un,m
—FORDB L
Un+4+2,m (6261 Un,m* —UnmUn+1,m — 63)
_ _ u — U u —u
+ F1(1 )F'En)ﬁ( n+1,m n 1,m) ( n+2,m n,m)
Un+1,mWni2,m T 83

(4.52a)
2
W (+)F(+] oc(un,m+2 - un,m) Un,m—1+ 0103 — 62un,m+1 —Unm+1Un,m+2
2 =M 'm
8163 — 62uim+1 — Un,mUn,m+1

(+)(—) (un,m+1 —Un,m—1 ) (un,erZ - un,m)
—FE B "
61 63 - 52un,m — Un,mUn,m+1

+ F(—)F(+) o‘un,m+252un,m +Un,m—1Un,m +Unm+TUn,m+2 — UnmUn,m+1
n m
Un,m+2 (62un,m + Un,m—1 )
(un,m—H —Un,m—1 ) (un,m+2 - un,m)

(=)e(=)
+Fn Fia ' P
moom (62un,m+1 + un,m+2) Un,m—1

(4.52b)

Remark 4.3.9. The equation ;D4 possesses an autonomous sub-case
when ;1 = 8, = 0. In this case the equations defining the first inte-
grals become singular and the first integrals become simpler:

(="
S
W1(O,O,63) =(-n" (un,mun+1,m+ 3) ’ W§O,O,53) = <un,m+1 ) .

2 Un,m—1

(4-53)

Therefore this particular sub-case possesses a two-point, first order
integral W7 and a three-point, second order integral W,. Both inte-
grals are non-autonomous despite the equation is autonomous. The
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limit 63 — O is in this case regular both in the first integrals and in
the equations defining them.

Finally we have that the case 67 = 6, = 0 corresponds to the equa-
tion (9) of List 4 in [55]:

11n,mﬂn+1,'m + 1tL'rL,'rrLJH 11n+1,TrL+1 +c4 =0, (454)

with the identification U, = {ln,m and c4 = 83.

Remark 4.3.10. Besides the general remarks on the structure of the first
integrals for the H® equations which were given at the beginning of
the this Section we would like to note that the first integrals of the H®
equations are of the same order in both directions at difference of the
trapezoidal H* equations (except that in the degenerate cases). Fur-
thermore we note that the three forms of the D, equations possess
first integrals of the second order. In the same way we have that the
D3 and the ;D4 equations possess first integrals of the fourth order.
This different properties will be important when looking for general
solution in Section 4.4.

We conclude this Section noting that together with the results ob-
tained in Section 4.2 we can state that any quad equation possessing
the Consistency Around the Cube with linear growth constructed according
to the prescriptions of Chapter 1 is Darboux integrable. As pointed out in
Section 4.2 the J; equation (1.27) is not constructed using the prescrip-
tions of Chapter 1, therefore it is different from all the other equations
considered. Since no definitive result about the Darboux integrability
of the J; equation (1.27) is known we cannot say if this result can
expand to a wider class of equations including the J; equation (1.27).

4.4 GENERAL SOLUTIONS THROUGH THE FIRST INTEGRALS

In Section 4.3 we showed that the trapezoidal H* equations (1.91)
and the H® equations (1.93) are Darboux integrable in the sense of lat-
tice equations, see Section 4.1. In this Section we show that from the
knowledge of the first integrals and from the properties of the equa-
tions it is possible to construct, maybe after some complicate algebra,
the general solutions of the trapezoidal H* equations (1.91) and of the
H® equations (1.93). By general solution we mean a representation of
the solution of any of the equations in (1.91) and (1.93) in terms of
the right number of arbitrary functions of one lattice variable n or m.
Since the trapezoidal H* equations (1.91) and the He equations (1.93)
are quad equations, i.e. the discrete analogue of second order hyper-
bolic partial differential equations, the general solution must contain
an arbitrary function in the n direction and another one in the m
direction.

To obtain the desired solution we will need only the W; integrals
we presented in Section 4.3 and the relation (4.11), i.e. W7 = &, with
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&n an arbitrary function of n. The equation W7 = &, can be inter-
preted as an ordinary difference equation in the n direction depend-
ing parametrically on m. Then from every Wj integral we can derive
two different ordinary difference equations, one corresponding to m
even and one corresponding to m odd. In both the resulting equation
we can get rid of the two-periodic terms by considering the cases n
even and n odd and using the general transformation:

U2k21 = Vi1, W2ki1,21 = WkL, (4.55a)

U2k 2141 = Yk, U2k+1.2141 = Zk,1- (4.55b)

This transformation brings both equations to a system of coupled differ-

ence equations. This reduction to a system is the key ingredient in the
construction of the general solutions for the trapezoidal H* equations
(1.91) and for the H® equations (1.93).

We note that the transformation (4.55) can be applied to the trape-
zoidal H* equations® and H® equations themselves. This casts these
non-autonomous equations with two-periodic coefficients into autonomous
systems of four equations. We recall that in this way some examples of
direct linearization (i.e. without the knowledge of the first integrals)
were produced in [67]. Finally we note that if we apply the even/odd
splitting of the lattice variables given by equation (4.55) to describe a
general solution we will need two arbitrary functions in both direc-
tions, i.e. we will need a total of four arbitrary functions.

In practice to construct these general solutions, we need to solve
Riccati equations and non-autonomous linear equations which, in
general, cannot be solved in closed form. Using the fact that these
equations contain arbitrary functions we introduce new arbitrary func-
tions so that we can solve these equations. This is usually done reduc-
ing to total difference, i.e. to ordinary difference equations which can
be trivially solved. Let us assume we are given the difference equation:

Un+1,m — Unm = Vn, (4.56)

depending parametrically on another discrete index m. Then if I can
express the function v, as a discrete derivative:

Vn = Wni1 = Wn, (4.57)
then the solution of equation (4.56) is simply:
Un,m = Wn +VUm, (4-58)

where v, is an arbitrary function of the discrete variable m. This is
the simplest possible example of reduction to total difference. The

In fact, in the case of the trapezoidal H* equations (1.91), we use a simpler transfor-
mation instead of (4.55), see Section 4.4.3.
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general solutions will then be expressed in terms of these new arbi-
trary functions obtained reducing to total differences and in terms of
a finite number of discrete integrations, i.e. the solutions of the simple
ordinary difference equation:

Un4+1 —Un = Vn, (4-59)

where u,, is the unknown and v, is an assigned function. We note
that the discrete integration (4.59) is the discrete analogue of the dif-
ferential equation u’ (x) =v (x).

To summarize, in this Section we prove the following result:

The trapezoidal H* equations (1.91) and H® equations (1.93)
are exactly solvable and we can represent the solution in terms
of a finite number of discrete integration (4.59).

The Section is structured in Subsections. In Subsection 4.4.1 we
treat the 1D, ;D> and 3D, equations. In this case the construction
of the general solution is carried out from the sole knowledge of the
first integral. The equation acts only as a compatibility condition for
the arbitrary functions obtained in the procedure. The solution ob-
tained is explicit. In Subsection 4.4.2 we treat the D3, 1D4 and ;D4
equations. In this case the construction of the general solution is car-
ried out through a series of manipulations in the equation itself and
from the knowledge of the first integral. The key point will be that the
equations of the first integrals can be reduced to a single linear equa-
tion. The solution is obtained up to two discrete integrations, one in
every direction. In Subsection 4.4.3 we treat the trapezoidal H* equa-
tions (1.91). The (Hj equation (1.91a) is trivial since in the direction
n it possess the first integral (4.29a) which is two-point, second order.
This is trivial, since possessing a first integral of order one means that
the equation itself is a first integral. For the {H5 equation (1.91b) and
the {H5 equation (1.91c) the construction of the general solution is
carried out reducing the equation to a partial difference equation de-
fined on six points and then using the equations defined by the first
integrals. The equations defined by the first integrals are reduced to
discrete Riccati equations. The solution will be be given in terms of
four discrete integrations.

4.4.1 The ;D equationsi=1,2,3

In this Subsection we construct the general solution of the three forms
of the D, equation, which we denote collectively as ;D; with i =
1,2,3 and are given by equations (1.93b), (1.93c) and (1.93d).

4.4.1.1 1Dy equation

From Section 4.3 we know that the 1D, equation (1.93b) possesses
a three-point, second order first integral Wy (4.38a). As stated at the
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beginning of this Section from the relation W7 = &, this integral de-
fines a three-point, second order ordinary difference equation in the
n direction which depends parametrically on m. From the parametric
dependence we find two different three-point non-autonomous ordi-
nary difference equations corresponding to m even and m odd. We
treat them separately.

CASE m = 21: If m = 21 we have the following non-autonomous or-
dinary difference equation:

FH) [(T+82) un2t +uni1,2U 81 —upn 21
"I+ 82) un2tFun—1,20 81 —Un,21 (4.60)

+F) (Un+t1,21 —Un—1,21) = &n,

where without loss of generality « = 67 and = 1. We can
easily see, that once solved for uy, 12 the equation is linear:

For) (81 4+ 8182 — 1 — End1 — End182 + End1) Un ot
81

- <F£1J1r)‘(—yn +F£;)) un—],Zl_FET?)E»n =0.

Un+41,21 1

(4.61)

Tackling this equation directly is very difficult, but we can sepa-
rate again the cases when n is even and odd and convert (4.61)
into a system using the standard transformation (4.55a):

Wil — E2kWk—11 = 5 (1 — &) vi 1, (4.62a)
VK+11— Vi1 = &E2k+1) (4.62b)

where:
0=1—-06102—97. (4.63)

Now we have two first order ordinary difference equations. Equa-
tion (4.62b) is uncoupled from equation (4.62a). Furthermore,
since &,k and &1 are independent functions we can write
&2k+1 = ax41 — ak. So the second equation possesses the triv-
ial solution3:

Vi1 = & + ag. (4.64)

Now introduce (4.64) into (4.62a) and solve the equation for
Wk,]_Z

)
Wil — E2kWk—1,1 = 5 (1T—&x) (o +ax) . (4.65)

3 From now on we use the convention of naming the arbitrary functions depending
on k with Latin letters and the functions depending on 1 by Greek ones.
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We define &,y = by /bx_1 and perform the change of dependent
variable: wy 1 = bWy 1. Then Wy 1 solves the equation:

1 1

) (wtad).  (466)

The solution of this difference equation is given by:

0 «
Wi =B+ — ey, (4.67)
&1 by

where cy is such that:

) 1 1
—Ck 1 =— [ —— . .68
Ck — Cx—1 51 <bk bk1> ag (4.68)

Equation (4.68) is not a total difference, but it can be used to
define ay in terms of the arbitrary functions by and cy:

o1 bybyg

ax = — R m (cx —cx—1). (4-69)
This means that we have the following solution for the system
(4.62):
Vi1 = o — LI (ck —cx—1)- (4.70a)
’ d by —bx_
)
Wil = by (Br+cx) + —oay, (4.70b)

o1

CASE m = 21+ 1: If m = 21+ 1 we have the following non-autonomous
ordinary difference equation:

F(+)1 + (Unp12141— 1) 01
m
T4+ (un—1,2141—1) 81
(Un—12141 —Ung1,2141) [T =01 (T —un,2141)]

(=)
+F
m 02 +Un 2141

— E,nr
(4.71)

We can easily see that the equation is genuinely nonlinear. How-
ever we can separate the cases when n is even and odd and
convert (4.71) into a system using the standard transformation

(4.55b):
1
ZiL — E2kZk—1,1 = <1 — 61> (1—&x), (4.72a)

" 11—yk1=£2k+16_]+6] (1T—z,1)
A ' &1 T—=861(1—2z1) 7

(4.72b)

where we used the definition (4.63). This is a system of two
first order difference equation, and equation (4.72a) is linear and
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uncoupled from (4.72b). As &, = by /bx_1 we have that (4.72a)
is a total difference:

Z“"—Zk“":<1—]> (]— L ) (4.73)
br by o1 by bx_1/’ '

Hence the solution of (4.73) is given by:

1
z1=1— 5 + byt (4.74)

Inserting (4.74) into (4.72b) and using the definition of &,y1 in
terms of ay, i.e. 3141 = axs1 — ax we obtain:

1 o

61+612bky1> (ax41 —ax). (4.75)

Yk+1,1 — Ykl = — (

We can then represent the solution of (4.73) as:

5dk ax

kK 76
v o (4.76)

Yxl =01+

where dy satisfies the first order linear difference equation:

Ar+1 — Ak
by '

Inserting the value of ay given by (4.69) inside (4.77) we obtain
that this equation is a total difference. Then dy is given by:

diy1 —dg = (4.77)

 (ex—ck—1)br—181  dick
e = (bx —br—1)0 5 4.78)

This means that finally we have the following solutions for the
fields Zi,1 and Yk, 1-

1
Zk1=1— 5 + by, (4.79a)
B (ck —ck—1)br1 ¢k | Tbebr g (ck—ck 1)
Yl = 01— — -
(bx —br—1)d1y1 d1y1 O bx —bx_1
(4.79b)

Equations (4.70,4.79) provide the value of the four fields, but we
have too many arbitrary functions in the m direction, namely «y,
B1, v1 and 8;. Introducing (4.70,4.79) into (1.93b) and separating the
terms even and odd in n and m we obtain two independent equations:

(1 +810)v1+B1 =0, (o141 +8181)v1+ Brr1 =0, (4.80)

which allow us to reduce by two the number of independent func-
tions in the m direction. Solving equations (4.80) with respect to vy
and 6; we obtain:

B =B

v = 5, — T Brosr — Py
o1 — oy’ 1 Brr1 — Bt

(4.81)
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Therefore the general solution for the 1D equation (1.93b) is given

by:
01 birby_
Vg1 = &1 — %ﬁ (ck —Cck—1), (4.82a)
y
w1 = by (Br+cx) + 5 v (4.82b)
1 Brr1 — B
=1———by—m—, 8
Fet 8 Foqir—o (4.820)
T Brogst —Pryroq . Tbgbr—q (ck —ck—1)
= — - .82d
Ykt 01 Brr1— B d byx —br_1 (4-82d)

(cx —ck—1)bk—1 | o] a1 — o
(b —br—1)81 81 Bip1 — Bt

_l’_

Remark 4.4.1. 1t is easy to see that the solution (4.82) is ill-defined if
81 =0 or & = 0. We will treat these two particular cases separately.
CcASE d = 0: If 6 = 0 we can solve (4.63) with respect to 51:

o
N 1—1—52'

1 (4.83)

The first integral (4.38a) is not singular for 87 given by (4.83). The
procedure of solution will become different only when we arrive to
the systems of ordinary difference equations (4.62) and (4.72). So we
will present the solution of the systems in this case.

case m = 2k: If 87 is given by equation (4.83) the system (4.62) be-
comes:

wi1 — Exwik—11 =0, (4.84a)

V41,1 — Vil = E2k41- (4.84b)

The system (4.84) is uncoupled and imposing &z = ax/ax—1
and &k 41 = bxy1 — by it is readily solved to give:

Wi, = axo, (4.85a)
Vi1 = bk + B1. (4.85b)

cAsE m = 2k + 1: If 87 is given by equation (4.83) the system (4.72)
becomes:
r+zikt b2+ zZk—1m

= , .86a
a e (4.86a)

Yk+1,1 — Ykl
_gkt Jkl — by, .86b
145, k+1 7 Ok (4.86b)
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where we used the fact that &, = ax/ax_1 and &1 =

bix+1 — bi. The solution to this system is immediate and it is
given by:

Zi1 = akyr — 92, (4.87a)

Ykt = (14062) (81 —by). (4.87b)

As in the general case we obtained the expressions of the four fields,
but we have too many arbitrary functions in the 1 direction, namely
x1, B1, Y1 and 8;. Substituting the obtained expressions (4.85,4.87) in
the equation 1D, (1.93b) with 87 given by equation (4.83) separating
the even and odd terms we obtain two compatibility conditions:

xt+YiPr+vidr =0, o1 +virpr +vid =0. (4.88)
We can solve this equation with respect to y; and §; and we obtain:

X1 =0 o Broa1 —Pryioa
Rt I I _

Brr1 —P1’ X1 — o

Y= (4-89)

Therefore the general solution for the 1D, equation (1.93b) if 87 is
given by (4.83) is:

Wil = Ay, (4.90a)
Vil = b + B (4.90b)
Zy,l = R (4.90¢)

Brr1 — B
Y1 =—(1+02) <ﬁloCqu ~Prei +bk> : (4.90d)
Xl41 — X1

CASE 07 = 0: If &7 = 0 the first integral (4.38a) is singular. Then
following Remark 4.3.4 the 1D, equation (1.93b) possesses in the di-
rection n three-point, second order integral W1(0’52) (4.392). In order
to solve the 1D in this case equation (1.93b) we use the first integral
(4-39a). We start separating the cases even and odd in m.

casE m = 2k: If m = 2k we obtain from the first integral (4.39a):

Un4+1,21 —Un—1,21 —
FL) 2ot L +F (Un+1,21 —Un—1,.21) = &n, (4.91)
Un, 21

where we have chosen without loss of generality @« = 3 = 1.
This equation is non-linear. Applying the transformation (4.55a)
we transform equation (4.91) into the system:

Wil — Wk—11 = E2kVi 1, (4.92a)

V1,1 — Vil = E2k+1- (4.92b)
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The system (4.92) is linear and equation (4.92b) is uncoupled
from equation (4.92a). If we put &7141 = ax41 — ax then equa-
tion (4.92b) has the solution:

Vi1 = ax + Xq. (4.93)
Substituting into (4.92a) we obtain:
W1 —Wi—11 = Eax(ak + o). (4.94)

Equation (4.94) becomes a total difference if we set:

Ck — Ck—

Ek=bi—br_1, =T (4.95)
b — by 1

and then the solution of the system (4.84) is given by:
Ck — Ck—1
== = , .96
Vil o o +o (4.96a)
Wil = Ck + xibi + B (4.96Db)

CASEm = 2k + 1: If m = 2k + 1 we obtain from the first integral
(4.392):

(Uns 12141 —Un—12141) £
- mn/s

FLH (Un—1,2141 — Un41,2141) —F)
02 +Un 2141

(4.97)

where we have chosen without loss of generality « = 3 = 1.
This equation is non-linear. Applying the transformation (4.55b)
we transform equation (4.97) into the system:

Zk—11—Zk1 = b —byx_1, (4.98a)

Ykl — Yk+1,0 = (@1 — ax) (82 +zi 1), (4.98b)

where we used the values of &, and &3y 1. The system is now
linear and equation (4.98a) can be already solved to give:

Zk,1 = Y1 — bk (4-99)
Substituting into (4.98b) we obtain:

Ykt — Yk 1,0 = (ax1 — ax) (82 +v1 —bi). (4.100)
Then we have that yy is given by:

Y1 = 01— (y1+82) ax + dx, (4.101)
where dy solves the ordinary difference equation:

Ck — Ck—1
—Ck41 — by + k.
bx —bx 1

Ck+1—Ck

dgp1—de=Db
A I L —"
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(4.102)

In (4.102) we inserted the value of ay according to (4.95). Equa-
tion (4.102) is a total difference and then dy is given by:

Ck — Ck—1
dy =bx——"F— —ck. .
L Cx (4.103)

Then the solution of the system (4.98) is:

Zk,1 = Y1 — by, (4.104a)
Ck — Ck—1 Ck — Ck—1
=06, — ) b — Ck.
Yt =8 — (y1 +82) T L e wa
(4.104b)

As in the general case we obtained the expressions of the four fields,
but we have too many arbitrary functions in the | direction, namely
oy, B, Y1 and &1. Substituting the obtained expressions (4.96,4.104) in
the equation 1D, (1.93b) with 87 = 0 separating the even and odd
terms we obtain two compatibility conditions:

(vi+02)xi+81+PB1=0, (vi+0d2)x111+Bry1+0=0. (4.105)

We can solve equation (4.105) with respect to y; and 8; and to obtain:

B =B 5, = Brrron — 1B

(4.106)
oy — o X1 — 0

Y1 =02

Therefore the general solution for the 1D, equation (1.93b) if 57 =0
is:

Vi1 = % + o, (4.107a)

Wi 1 = Cx + x1by + B (4.107b)

zy,1 = —b2 — m — by, (4.107¢)

e L=t
+ bkigt - ;‘]‘;‘1 —cr.

This discussion exhausts the possible cases. For any value of the
parameters we have the general solution of the 1D, equation (1.93b).

4.4.1.2 2D; equation

From Section 4.3 we know that the ;D, equation (1.93c) possesses a
three-point, second order first integral Wy (4.41a). As stated at the
beginning of this Section from the relation W7 = &, this integral de-
fines a three-point, second order ordinary difference equation in the n
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direction which depends parametrically on m. From this parametric
dependence we find two different three-point non-autonomous ordi-
nary difference equations corresponding to m even and m odd. We
treat them separately.

casE m = 21: If m = 21 we have the following non-autonomous
nonlinear ordinary difference equation:

F(+)(x5z +Uni1,21
d2 +un_121
(=) 5 (Un—121 —Unt1,21) (Un,21 +82)
—Fn B
T+ (un21—1) 8

(4.108)
= an-

Without loss of generality we set « = 1 and 3 = 67. Then mak-
ing the transformation

Un,21 = Up 21— 82 (4.109)

and putting

1—087—0810
§=— 17192 (4.110)
01
equation (4.108) is mapped to:
F%+)Un+1,21 ) (Un—120=Uns120) Unot £ (4111)

Un—1,21 U 21+ 0

From the definition (4.55a) applied to Uy 2 instead of un 21*
we can separate again the even and the odd part in (4.111). We
obtain the following system of two coupled first-order ordinary
difference equations:

Wi1 — ExWk—11 =0, (4.112a)
)
Vicpi1— Vigr = &k (1 + W) . (4.112b)
k1
Putting &, = ax/ax—1 the solution to (4.112a) is immediately
given by:
Wil = axoq. (4.113)

Inserting the value of Wy 1 from (4.113) into (4.112b) we obtain:

>
Vier 11— Vgl = &2k <1 + ) . (4.114)
ax Xy
If we define
b —b
E.2k+1 = bk-H —bk, ax = M, (4.115)
Ck+1 —Cx

4 We will denote the corresponding fields with capital letters.
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then (4.114) becomes a total difference. So we obtain the follow-
ing solutions for the W) 1 and the Vy  fields:

b —b
Wit = oq—1 %, (4.116a)
Ck+1 —Cxk
c
Vi1 = by + ﬁl—i—éa—k. (4.116Db)
1

Inverting the transformation (4.109) we obtain for the fields
wy 1 and vy 1

b —b 1
Wil = ok, (4.1170)
Ckr1—Ck O
Cx 1
Vil =bx+Pr+0—+ ——1-03. (4.117b)
X1 5]

casE m = 21+ 1: If m = 214 1 we have the following non-autonomous
ordinary difference equation:

(4+) 001 Un 2141 + Un41,2141

(=)
n +Fn 81 (Un—12141 —Unt12141) = &n,
01 Un 2141 + Un—1,2141

(4.118)

where we already substituted § as defined in (4.110). Using the
standard transformation to get rid of the two-periodic factors
(4.55b) we obtain:

01y + 2z 1
3d1yx1 +zk—1,

81 (Yt —Yk+1,1) = E2xc41- (4.119b)

= &2k) (4.119a)

Both equations in (4.119) are linear in zy 1 yx,1 and their shifts.
As &141 = bxy1 — byx we have that the solution of equation
(4.119b) is given by:

by
Yt =15 (4.120)

As &y = ax/ax—1 and yy 1 given by (4.120) we obtain:

Zkl  Zk—11 <1 1

> (b —801v1) - (4.121)
ax ax—1 ax  ax—1

Recalling the definition of ay in (4.115) we represent zy; as:

bri1 —bx (

Zk,l = Sbk +
Ck+1 —Cx

Oy —b6ck) — 851y (4.122)

Equations (4.117,4.120,4.122) provide the value of the four fields,
but we have too many arbitrary functions in the m direction, namely
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a1, B1, 1 and 8y. Inserting (4.117,4.120,4.122) into (1.93c) and separat-
ing the terms even and odd in n and m we obtain two independent
equations:

01861+ 0(15%\’1 — 5127\0(1 4+ Brody + 00167 — oy + 1067 =0,
(4.123a)
8181+ o187y — SFA 1 + Brp1 o181 + 80181 — o1 + o187 =0,
(4.123b)
which allow us to reduce by two the number of independent func-
tions in the m direction. Solving (4.123) with respect to y{ and &; we

find:
Bure181 —1—87A+ 881 +81 o (Bt —Bu)
= - , .124a
n 54 (o1 — o) 89 (4.1240)
of (Bt —Bu)
&1 = o (Bry1 —Bu) + & (P — Bl (4.124b)
X141 — X1

Therefore the general solution of the ;D equation (1.93¢) is given

by:
N Cx 1
Vil _bk+ﬁl+6071+a_1 — 6. (4.125a)
b —b 1
Wi = CXLM 4+ ——1-04. (4.125b)

Bri181 —1—083A+ 881 + 84

zZx1 =O0bx + 9o
81
bri1—b o? —
LIS Rk PO P S (Bis1—B1) e
Ck+1 —Cxk X1 — o1
6 _
N o (Bry Bl)’
Ki+1 — 1
(4.125¢)
51 —1—03A 40861 +6
Yt __Bit1ds i 1+ 067 (4.125d)

52

2
(B =B bk
(41 —a)d1 &7

Remark 4.4.2. It is easy to see that the solution of the ;D, equation
(1.93¢) given by (4.125) is ill-defined if 67 = 0. Therefore we have to
threat this case separately. Following Remark 4.3.5 we have the ;D
equation (1.93c) with 87 = 0 possesses the following two-point, first
order first integral in the direction n W1( 0:52) (4.42a) To solve the ;D
equation (1.93c) with 87 = 0 we use the first integral (4.42a). Again
we start separating the cases m even and odd in (4.42a).

cAsE m = 2k: If m = 2k we obtain from the first integral (4.42a):

FL (5, +Un1,21) Un,21 + FLo) (6, +Un21) Ung1,21 = En,
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(4.126)

where we have chosen without loss of generality &« = 3 = 1.
Applying the transformation (4.55a) equation (4.126) becomes

the system:
Vi1 (82 +wi 1) = &2k, (4.127a)
Vier 1,102 +wit) = Eaxqre (4.127b)

In this case the system (4.127) do not consist of purely differ-
ence equations. Indeed from (4.127a) we can derive immediately
the value of the field wy ::

&2k

Wil =—02+ —. (4.128)
Vi1

Inserting (4.128) into (4.127b) we obtain that vy 1 solves the equa-

tion:
E2k+1 -
Vi1,1— o vi1 = 0. (4.129)
Defining:
a
&kl = k_: &2k, (4.130)

we have that (4.129) becomes a total difference. So we have that
the system (4.127) is solved by:

Vi1 = Ak X, (4.1312)
&2k

Wi,1 = —07 + .
ax Xy

(4.131b)

cAase m =2k + 1: If m = 2k + 1 we obtain from the first integral
(4-42a):

FE‘LJF) (Un1,2141 +Un,2141) +F£f) (Un41,2141 +Un,2141) = —&n.
(4.132)

Applying the transformation (4.55b) equation (4.132) becomes
the system:

Yl + 2zl = —E2k, (4.1332)

a
o (4.133b)
ax

Zx,1 T Yk+1,1 = —

where &1 1 is given by (4.130). Equation (4.133a) is not a dif-
ference equation and can be solved to give:

zZk1 = =&k — Yk L (4-134)
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which inserted in (4.133b) gives:

a
Yk+11 — Ykl = <1 - Zzl ) &2k (4.135)
Defining:
b1 — bk
oy = —ap———— 136
2k L —— (4.136)

equation (4.135) becomes a total difference. Therefore we can
write the solution of the system (4.133) as:

Y1 = bx + B, (4.137a)
b —b

Zx1 = ag— K b — By (4.137b)
0k+1 — Qg

In this case we have the right number of arbitrary functions in both

directions. So the solution of the ;D; equation with 6; = 0 is given
by:
Vi1 = kX, (4.138a)
1Db —b
Wit = —8) — — LK, (4.138b)
X1 Ak+1 — Ak
Yx,1 = b+ B, (4.138¢)
b —b
Zir = ag— % by — By (4.138d)
Qk+1 — Ak

Inserting (4.138) into the D, equation (1.93c) and separating the
even and odd terms we verify that it is a solution.

4.4.1.3 3D; equation

From Section 4.3 we know that the ;D; equation (1.93c) possesses a
three-point, second order first integral Wy (4.41a). As stated at the
beginning of this Section from the relation W7 = &,, this integral de-
fines a three-point, second order ordinary difference equation in the n
direction which depends parametrically on m. From this parametric
dependence we find two different three-point non-autonomous ordi-
nary difference equations corresponding to m even and m odd. We
treat them separately.

case m = 21: If m = 21 we have the following non-autonomous
nonlinear ordinary difference equation:

) (Un—121+82) [T+ (Uns1,21—1) 1]
" (wng1,21+82) [T+ (Un—1,21—1) 81 (4.139)

+F) (Unt1,21 —Un—1,21) (02 +un21) = &n
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where we have chosen without loss of generality o« = 3 = 1. We
can apply the usual transformation (4.55a) in order to separate
the even and odd part in (4.139):

T+ (w1 —1) 8 _ £2k1 + (Wk—1,1—1) &7
Wi, 1+ 02 Wi_1,1+ 02

&
Vk+1,1 — V1 = m

, (4.140a)
(4.140b)

This system of equations is still non-linear, but the equation
(4.140a) is uncoupled from (4.140b). Moreover equation (4.140a)
is a discrete Riccati equation which can be linearized through
the Mobius transformation:

1

Wi =—02+ Wil (4.141)

into:
Wi — E2kWk—11 = %] (E2k— 1), (4.142a)
Vb 1,1 — Vil = 21 Wi L (4.142b)

where 0 is given by equation (4.63).Putting &1 = ax/ax—1 we
have the following solution for (4.142a):

81

Wi 1 = axoq — 5 (4.143)

Plugging (4.143) into equation (4.142b) and defining

Ck+1 —Cxk
&2kl =bygr1—by, ax=——-—+

= , a1
p— (4.144)

we have that equation (4.142b) becomes a total difference. Then
the solution of (4.142b) can be written as:

5
Vi1 = —%bk +cro + B (4.145)

So using (4.141) we obtain the following solution for the original
system (4.140):

W _51—1+5+ 8(bx41 —by)
ot 51 80tm (i1 — i) — (br1 — bi)d1”
(4.146a)
5
Vi = —%bk +croun + B (4.146b)

CASE m = 21+ 1: If m = 21+ 1 we have the following non-autonomous
ordinary difference equation:

F) Un, 2141 +O0Un 12141
Un, 2141 + OUn 41,2141

(=)
—Fn (Wng1,2141 —Un—12141) = &n.
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(4.147)

where without loss of generality « = 3 = 1 and 9 is given by
(4.63). Solving with respect to un1214+1 it is immediate to see
that the resulting equation is linear. Then separating the even
and the odd part using the transformation (4.55b) we obtain
the following system of linear, first-order ordinary difference
equations:

1 1 1
Zkl— —Zk—11==|1—— , .148a
KL= g Fk 5( £2k>yk,l (4.148a)

Yk+1 — Yk = —Ee1- (4.148Db)

As &7k 4+1 = byy1 — bx we obtain immediately the solution of
equation (4.148b) as:

Ykl = —bk + V1. (4.149)

Substituting yi1 given by (4.149) into equation (4.148a) being
&2k = ax/akx—1, we obtain:

Ak — Akx—1
(ieZk,l = Qk—1Zk-1L = — 5 — (bx —v1)- (4-150)

Then, in the usual way, we can represent the solution as:

by — b —b
k Y1+ k+1 k<6 Ck)’

1= el —Cx s (4.151)

where we have used the explicit definition of ay given in (4.144).
So we have the explicit expression for both fields yy 1 and zy ;.

Equations (4.146,4.149,4.151) provide the value of the four fields,
but we have too many arbitrary functions in the m direction, namely
a1, Br, v1 and 9. Inserting (4.146,4.149,4.151) into (1.93d) and sepa-
rating the terms even and odd in n and m we obtain we obtain two
equations:

516%0 4 (B1 — 81A) 8 — 8171 =0, (4.152a)
518%a1 + (Bra1 —81A) 8 —81y1 =0, (4.152b)

which allow us to reduce by two the number of independent func-
tions in the m direction. Indeed solving (4.152) with respect to y; and
51 we find:

5 Bry1 — Bl) (4.153)

V=5 <(31—7\51 -
1 o1 — X

5y = —1 P =B (4.153b)
Sy — o



4.4 GENERAL SOLUTIONS THROUGH THE FIRST INTEGRALS

Therefore the general solution of the 3D, equation (1.93d) is given

by:

)
Vi1 = —%bk + Cro, (4.154a)
51 —1+5 5(byy1 —by)
W 1 = + , .154b
kol 51 da(cr1 —cx) — (brg1 —bi)dy (4-154b)
- bk 1 Bl+1 Bl
L= T ([31 Ady — e — (4.154¢)
1b —b —
e k1 — b <f31+1 Br +Ck> ’
Ck+1 —Ck \ X141 — &1
5 —
Yl = b+ o (BL — A& BH] Bl) (4-154d)
0<1+1 -

Remark 4.4.3. 1t is easy to see that the solution (4.82) is ill-defined if
01 = 0 and if 6 = 0. We will treat these two particular cases separately.

cAsE & = 0: If 8 = 0 we have that 87 is given by equation (4.83).
In this case the first integral (4.44a) is singular since the coefficient of
o goes to a constant. Following Remark 4.3.6 we have that the 3D,
equation with &7 given by (4.83) the first integral in the direction n is

—1
given by W]((1 +62)7082) (4-46a). This first integral is a three-point, sec-

ond order first integral. As in the general case we consider separately
the m even and odd cases.

case m = 2k: If m = 2k then the first integral (4.46a) becomes the
following non-linear three-point, second order difference equa-
tion:

FH) Un+1,21 —Un—1,21
(62 +un+1,21) (82 +Un—1,21) (4.155)

—Fh ) (U120~ wns,20) (82 F Un2t) = En,

where without loss of generality o« = 3 = 1. If we separate the
even and the odd part using the general transformation given
by (4.55a) we obtain the system:

Wil — W11
(Wit +82)(wk—1,1+ 2

(Viet1,0 = Vi) (Wi L +82) = &k (4.156b)

) - EZk/ (41568)

This is a system of first order non-linear difference equations.
However (4.156a) is uncoupled from (4.140b), and it is a discrete
Riccati equation which can be linearized through the Mobius
transformation (4.141). This linearize the system (4.156) to:

Wi — W11 = &, (4.157a)
Vi41,1 — Vil = E2k+1 Wi 1 (4.157b)
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Defining &,x = ax — ax—1 equation (4.157a) is solved by:

W1 = ax + B (4.158)
Introducing (4.158) into equation (4.157b) we have:

Vi1l — Vil = £kt (ak +oa) (4.159)

Equation (4.159) becomes a total difference if:

Ck+1—C
Eaei1 = b —by, ap = K (4.160)
biy1 —bx
This yields the following solution of the system (4.156):
Vi1 = Ck + bro + f)l, (4.161a)
by —b
Wi =—02+ k1™ “k (4.161b)

Ck41 —Ck + &p (bry1 —by)

casE m =2k + 1: If m = 2k + 1 the first integral (4.46a) becomes
the following nonlinear, three-point, second order difference
equation:

F(+)un+1,21+1 —Un—1,2141 —Fﬁf)
(62 + 1) un 2111

(Un4+1,2141 — Un—1,214+1) = &n,
(4.162)

where without loss of generality o« = 3 = 1. As usual we can
separate the even and odd part in n using the transformation
(4.55b). This transformation brings equation (4.162) into the fol-
lowing linear system:

Ck —Ck—1  Ck1 _Ck)
7
by —br_1  brg1—by

Zit — zk—1,1 = (02 + 1)yt <

(4.163a)

Yk+1,0 — Ykt = —brq1 + by, (4.163b)

where we used (4.160) and the definition &, 1 = ayxi1 — ak.
Equation (4.163b) is readily be solved and gives:

Ykl = Y1 — bk. (4.164)

Inserting (4.164) into (4.163a) we obtain:

Ck —Ck—1  Ck+1 _Ck)
b —bx—1  bry1—bx

(4.165)

Zik1 —Zk—1,1 = (82 + 1) (v1 — bx) (

We can then write for zy 1 the following expression:

zi1 =—(02+1) <ylm + dk> + &1, (4.166)
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where dy solves the equation:

Ck — Ck—1 Ck+1 —Ck
dy —dk—1=-b — . .16
Kk — dx—1 13 <bk_bk—] i _bk> (4.167)

Equation (4.167) is a total difference with dy given by:

Ck+1 —Ck

— . .168
brs1 — by Ck+1 (4.168)

di = byt

Therefore we have the following solution to the system (4.163):

Ykl =Y1— by, (4-169a)
Cril—C
Zir=—(82+1) |(Yi+ i) X e | + 80
b1 —bx
(4.169b)

Equations (4.161,4.169) provide the value of the four fields, but we
have too many arbitrary functions in the m direction, namely «, (31,
v1 and 8;. Inserting (4.161,4.169) into (1.93d) with &7 given by (4.83)
and separating the terms even and odd in n and m we obtain we
obtain two equations:

Yi(d2+ 1oy —A+ 8+ P(62+1) =0, (4.170a)
Yi(d2+ o1 —A+ 81+ Bry1(d2+1) =0. (4.170b)

Solving this compatibility condition with respect to y; and &; we

obtain:
Prr1 — B
=, .171a
LA —— (4.171a)
o — o
5= (5, +1) Prrron —oui1Pr
X1 — X1

+ A (4.171b)

Inserting then (4.171) into (4.161,4.169) we obtain the following ex-
pression for the solution of the 3D, when 67 is given by (4.83):

Vi1 = Ck + braq + By, (4.172a)

Wil =02 Ckt1— CET:XL_(’:EH —by)’ (4-172b)
Ykl = —H — by, (4.172¢)
zikl =—(82+1) [(karl - ECE: :it) :}:: :;i — Ck41

) Brei1or — 4181
X141 — &1

+(02+1 + A
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CASE &1 = 0:  The first integral (4.44a) is not singular when insert-
ing &1 = 0. Therefore the procedure of solution will become different
only when we arrive to the systems of ordinary difference equations
(4.140) and (4.148). So we will present the solution of the systems in
this case.

casE m = 2k: If &7 = 0 the system (4.140) becomes:

Wr—1.1+ 02
&2k

&
Vk+1,1 — V1 = m

wi 1+ 8, = , (4.173a)

(4.173b)

The system (4.173) is nonlinear, but equation (4.173a) is uncou-
pled from equation (4.173a). Defining &, = ax—1/ax equation
(4.173a) is solved by

Wi 1 = —02 + axoxq. (4.174)
Substituting wy 1 given by (4.174) into equation (4.173b):

&k

Vk4+1,1 — Vk,1 = aeoq (4.175)
Defining:
Eaxp1 = —ax (bxy1—b, ), (4.176)

we have that equation (4.175) is a total difference. Therefore we
have the following solution of the system (4.173):

b

Vil = B+ -, (4.1772)
X1

Wi,1 = —d2 + aro. (4.177b)

casE m = 2k + 1: If 81 = 0 the system (4.72) becomes:

a a
Zi)— ——2zy 11 = < k —1>Uk,1, (4.178a)
ax—1 akx—1
Yk+1,1 — Ykt = —ax (bry1 —by), (4.178b)

where we used (4.176) and &, = ax_1/ax. The system is linear
and equation (4.178b) is uncoupled from (4.178a). If we put

G411 —Cx

’ 1
p—— (4.179)

ax =

then equation (4.178a) becomes a total difference whose solu-
tion is:

Ykl = Ck T V1. (4.180)
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Substituting yyx 1 given by (4.180) into equation (4.178a) we ob-

tain:
b —b b — b1 by—bx1 b —b
Mlk,l_uzkal = ( e k) (cx +v1).
Cle+1 — Cx Ck — Ck—1 Ck — Ck—1 Cl+1 — Cx
(4.181)
We can therefore represent the solution as
Ck+1 —Cx
Zl = ——— (dx +8) —v1 (4.182)
b1 — b
where dy solves the equation:
b1 —b by — b1
A —dix—1 =bir — — Ko by ey
Ck+1 —Ck Ck — Ck—1
(4.183)
Equation (4.183) is a total difference and dy is given by:
br1 — bk
dk = bk — +7Ck. (4184)

Ck+1—Ck

Therefore we have that the solution of the system (4.178) is given

by:
Ykl =kt Y1, (4.185a)
Ck+1—Ck brcCr41 —cxbria
Zkl=— 01—V + . .185b
KL T T —"— (4.185b)

Equations (4.177,4.185) we have the value of the four fields, but we
have too many arbitrary functions in the m direction, namely «, (31,
Y1 and &;. Inserting (4.177,4.185) into (1.93d) with §; = 0 and sepa-
rating the terms even and odd in n and m we obtain we obtain two
equations:

Broy =81 =0, Pryiogr —d =0. (4.186a)

We can solve this compatibility conditions with respect to 3; and 9;
we obtain:
o
pr=—, 06y=0, (4.187a)
X1
where 8¢ is a constant. Inserting then (4.187) into (4.177,4.185) we
obtain the following expression for the solution of the 3D, when 6; =
0:

b )
v = %0 (4.1882)
X1
Wit = —8; — oLk (4.188Db)

brs1 — by’
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Ykl =Ck T Y1, (4.188¢)
Ck+1—Cx brcr41 — b

Zg = T TGk . 188d

b —be 0! b1 —bi “ )

This discussion exhausts the possible cases. So for any value of the
parameters we have the general solution of the 3D, equation (1.93d).

4.4.2 The D3 and the ;D4 equations, i =1,2

In this Subsection construct the general solution of the D3 equation
and of the two forms of the D4 equation, which we denote collectively
as {D4 with 1 = 1,2. These equations are given by (1.93e), (1.93f) and
(1.93g). The procedure we will follow will make use of the first inte-
grals, but in a different way with respect to that used in Subsection
4.4.1 for the D, equations since, as explained in the beginning of this
Section, we will need to extract some information from the equations.

4.4.2.1 D3 equation

From Section 4.3 we know that the first integrals of the D3 equa-
tion (1.93e) in the n direction is a four-point, third order first integral
(4.47a). Therefore as stated at the beginning of Section this integral
defines a three-point, third order ordinary difference equation from
the relation W7 = &,,. However to tackle the problem of finding the
general solution in this case we do not start directly from the first
integral W7 (4.47a), but instead we start by looking to the equation it-
self (1.93e) written as a system. Applying the general transformation
(4.55) we obtain the following system:

Vil + Wi Ykl + Wizl + Yk1zkl = 0, (4.1809a)
Vi1 T Yk WK L+1 T+ Zk Wk LT+ Yk1Zk1 = 0, (4.189b)
Vi 1,0 T WYk 1,1+ W1zl + 2k Yk 1,0 = 0, (4.189¢)
Vi 1,141 T Yk 1,IWk 141+ ZgiWi 11 + 2Kk 1,0 = 0. (4.189d)

From the system (4.189) we have four different way for calculating
zy,1- This means that we have some compatibility conditions. Indeed
from (4.189a) and (4.189c) we obtain the following equation for vy 41 1:

2
Wit +Yre1 0Vl . (Yl —Yes1,UWi
Vik+1,1 = LLa + , (4.190)
W1+ Ykl W1+ Ykl

while from (4.189b) and (4.189d) we obtain the following equation for
Vi+1,1+1¢
(Wigti1 + Y 1,0V, (Yl — Y, UW

Vk+1,141 = + . (3.191)
Wi 1+1 + Ykl Wi 1+1 T Ykl
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Equations (4.190) and (4.191) give rise to a compatibility condition
between vy 1,1 and its shift in the 1 direction vy 1,141 which is given
by:

Yk, WK 1+1 T Yk 1,1+ 1Wi 141 T Yk+1,14+1Yk 1
Ykl TWIGIH+T — Yk+1,IWK 141 — Yk+1,1Yk, 1+1 (4-192)
2
(Vig1+1 — Wi 141) =0.

Discarding the trivial solution yy; = Wi,l we obtain the following
value for the field wy 1:

k+1Yk1-1 —Yk+1,1-1Yk1
Wil = — J J ) J , (4.193)
Yk+1,1 TYk1-1 —Yk+1,1-1 —Yk,1

which makes (4.190) and (4.191) compatible. Then we have to solve
the equation with respect to vy 11

Yk+1,1 —Yk+1,1-1
Vil
Ykl —Yk,1-1

Vk+1,1 =

1
(Yk+1,1-1Yk1 — Ykt 1,19k 1-1)2 (4-194)

(Uk+1,1-1 F Ykl — Yk+1,1 — Yk 1—1) (Ut —Yi1—1)

Making the transformation
Vit = (Yt —Yk1-1) Vit + yﬁ,tq (4.195)
we can reduce (4.194) to the equation:

(Y11 — Yrs1,0-1)2

Vi1 = Vi + .
Yk4+1,1-1 T Ykl —Yk+1,1 — Yk,1-1

(4.196)

To go further we need to specify the form of the field yy ;. This
can be extracted from the first integrals. Consider the equation W7 =
&n with Wi given as in (4.47a). This relation defines a third order,
four-point ordinary difference equation in the n direction depending
parametrically on m. In particular if we choose the case when m =
21+ 1 we have the equation:

F) (Un41,2141 —Un—12141) (Wn42,2141 —Un,2141)

n
Un 2141 + Un—1,21+1
(4.197)
(Un 12141 = Un—12141) (Wni2,2141 —Un2141) £
- n

+Fy
Un41,2141 F Un2,2141

where we have chosen without loss of generality « = 3 = 1. Using the
transformation (4.55b) equation (4.197) is converted into the system:

(Yk+11 =Y (Zir — zk—11) = &2k (Yt +2k—11), (4.198a)

(Yk+11 —Yk) Zk+11 — 2i01) = E2ket1 (Y10 + 2k+1,1)- (4.198b)

This system is nonlinear, but if we solve (4.198b) with respect to
zk+1,1 and we substitute it together with its shift in the k direction
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into (4.198a) we obtain a linear second order, ordinary difference equation
involving only the field yi 1:

Eok—1Yk+1,m — (£ + E2k—1) Ukm

(4.199)
+ &2kYk—1,m + E2k&2k—1 = 0.

First we can lower the order of this equation by one with the potential
transformation:

Yil = Yk+1,1 — Yk 1. (4.200)
Indeed we have that Y solves the equation:

&2k

Y — Ye—11+ & =0. (4.201)
E2k—1
Defining:
&k = —ak (bx —br1), &x-1=—ar 1 (bx—br_1) (4.202)

we obtain that Yy | can be expressed as:

Y1 = ak (bx + o). (4.203)

From (4.200) we have that:

Yr+1,1 — Ykl = ax (b + o). (4.204)
Setting:
d —d
ak =Cr1—C, b= — Lk (4.205)
Ck+1 —Cx
we have:
Yx,L = x1ck + di + P (4.206)

Inserting now the obtained value of yi | from (4.206) into the equa-
tion (4.196) we obtain:

2
(di +o—1ck —dxy1 — X—1Ck41)

V] = Vi1 — .20
et T (o —oa—1)(CK41 —cx) (4:207)
So we get the following solution for Vi
—1cx+2d e
Vier =1 — o ok kg X (4.208)
o — X1 X1 — &1
up to a quadrature for the function ey:
dip1 — di)?
€k+1 = €k — M (4.209)

Cx+1 —Ck
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Plugging the obtained value of vy ; we can compute wy 1 from (4.193)
and finally zy ; from the original system (4.189). In this case we obtain
a single compatibility condition given by:

(X141 — 1) Yigr — (g —o—1) vt
(4.210)
—o—1Br—1 +ouPr+oqPr—1 —x—1B1 =0,

which can be expressed as

x1—1PB1-1+ 81
T 211
it o — o] (4-211)
with & given by the following first order difference equation:
41 =+ xPr—1 — ox1—1PB1. (4.212)

We underline that this first order difference equation is the discrete
analogue of a quadrature A’(x) = f(x).

So, the function Vi is given by (4.208-4.212), where ey and & are
defined implicitly and can be found by discrete integration. Then the
general solution of (1.93e) is constructed explicitly by successive sub-
stitution in (4.206), (4.195), (4.193) and (4.189a).

4.4.2.2 1Dy equation

From Section 4.3 we know that the first integrals of the 1D4 equa-
tion (1.93f) in the n direction is a four-point, third order first integral
(4.48a). Therefore this integral defines a three-point, third order or-
dinary difference equation from the relation Wy = &,. However to
find the general solution in this case again we do not start directly
from the first integral Wy (4.48a), but instead we start by looking to
the equation itself (1.93f) written as a system. Applying the general
transformation (4.55) to (1.93f) we obtain the following system:

Vi1Zk,1 Wi 1Yk + 01 Wi 1zl + 02k izkt +03 =0, (4.213a)

Yk, WK, 14+1 + ZKk, 1VK, 141

+ 8121, 1wk 141 + 82Yx1zk 1 + 03 =0, (4.213b)
Wi 1Yk+1,1 + Vk41,1ZKk,1 (4.2130)
+d1wi 1z + 02z, 1Yk+11 + 03 =0,
Zi WVk+1,141 T Yk+1,1Wi 141 (4.213d)

+ 0121, 1 Wi 141 + 0221, 1Yk+1,1 + 03 = 0.

From the equations (4.213) we have four different way for calcu-
lating zy 1. This means that we have some compatibility conditions.
Indeed from (4.213a) and (4.213c) we obtain the following equation
for vy 1

83 + Wi 1Yk+1.1 N (Uk+1,1—yk,l)(51wﬁ,1—5253

)
21
o3 +wrykt 03 + Wi 1YL (4-214)

Vk+1,1 =

167
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while from (4.213b) and (4.213d) we obtain the following equation for
Vk+1,14+1°¢

03 + Yk+1,1Wk 141
03 + Yk Wk 1+1
(Y11 — Y1) (1w 1y — 8283
(Y, Wi, 141 + 63 '

Vk+1,141 = Vi, 1+1

(4.215)

Equations (4.214) and (4.215) give rise to a compatibility condition
between vy 1, and its shift in the 1 direction vy 1,141, given by:

(Yk1,141Yk,L — Ykb1,1Yk 141) Wi 141 .
+ 83 (Yk+1,141 + Ukl — Yk 1+1 — Yk+1,1) (4.216)

(Vi1 1 Wi 11 — 8283 +81Wg 1) = 0.
Discarding the trivial solution

072083
Vil = 01wy 1+ ——
Wil

we obtain for wy i:

Yk+1,1-1 —Yk+1,1 —Yk1-1 T Ykl
Wil = 03

(4.217)
Yk+1,1Y%,1—-1 — Yk+1,1-1Yxk,1 4217

which makes (4.214) and (4.215) compatible. Then we have to solve
the following equation for vy i:

yk+1,1_yk+1,171v
Ykl —Yk,1-1
8103(Yk+1,1-1 — Yk 1—-1 —Yk+1,1 + Yk,1)

Vk+1,1 =

2

218
(Yk+1,1-1Yk1 — Ykt 1,1k 1-1) (Yk 1 — Yk, 1-1) (4.218)
~ 2(Yr1,1-1YKL — Ykt 11K 1 1)
Yr,l —Yk,1-1
Making the transformation:
518
Vit = (Yot — Uit 1) Viel + ——— — 82yic11- (4.219)
Y, 1-1

we obtain that Vy | satisfied the difference equation:

518 11— _1)?
Vieer 1 = Vit 183 (Y 1—1 —Ykt1,1-1) (4.220)

Yk1-1Yk+11-1(Yk+1,1-1Yk1 — Yk+1,1Yk1-1)

At this point without any knowledge of the field yy,1 we cannot go
further. However as in the D3 case we can recover the missing infor-
mation using the first integral Wy as given in (4.48a). This integral
provide us the relation W; = &,, which is a third order, four-point
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ordinary difference equation in the n direction depending parametri-
cally on m. In particular if we choose the case when m = 21+ 1 we
have the equation:

F+) (Un, 2141 = Un42,2141 F 01 Un1,2141) Un—1,214+1 + Un 41,2141 Un+2,2141

n
(Un, 2141 + 01 Un—1,2141) Unt1,2141
) (Ung 12101 —Un—1,21401) (Wni22101 —Un2141) £
— .
Un, 2141 (Wn2,214101 +Ung12147)

+FL

(4.221)

where we set without loss of generality « = # = 1. Using the trans-
formation (4.55b) then (4.221) is converted into the system:

(Yt = Yr+ 11+ 012102k —1,1 + Ykt 11211
(Y1 + 812Kk —1,1)ZK 1
(Yt — Yrt1,0 (21 — Zie41,1)
2 U (241,101 + Yi41,1)

= &k (4.222a)

= E2k 41 (4.222b)

It is quite easy to see that if we solve (4.222b) with respect to zi11,1
and then substitute the result into (4.222a) we obtain a linear, second
order ordinary difference equation for yy i:

Ek—1Ykt11+ (1= &2 — Eaxéor—1 )Yt — (1 — &) yx—1,1 = 0. (4.223)

We can solve this equation as in the case of the D3 equation. First of
all let us introduce Yy 1 = axyi,1 + bxyk—1,1 such that Yy 11— Y1 is
equal to the left hand side of (4.223). Then we define:

by —br—ax

&2k = p (4.224a)
Ak+1
—bx+a +b —a
a1 = —= kku et K, (4.224b)

Therefore yy,1 must solve the first order equation:

akYk,1 + byk—1,1 = &1 (4.225)
The equation (4.225) can be solved if we choose:
1 1 1 1

ag=———"—, br=-— . .226
T o di — di « Cr—1dx —dk—1 (4-226)
Then the solution of (4.225) is:
Y1 = ck (cqdi + Bu) - (4.227)
Inserting (4.227) into (4.220) we obtain:
5183 (ck —cip1)?
Vier11 = Vier —

T TR T g o — Broa cfeg g (disr — di)
8163001 1 ; (4.228)

Broro —Pro—1 | (ca—1diy1 +Bro1)ciyg

1
(xi—1di + Br1)eg |
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This means that we can represent the solution of Vi1 as:

6103 o1
Vi1 =V + +e 22
T o — B cZ(o—1di 4+ Br11) k] (4229)

where ey is defined from the quadrature:

B (cx —cx41)?
€x+1 =€k — 3

: (4.230)
cte?(digr — dy)

Using the obtained value of vi; we can compute wy,; from (4.217)
and finally zy ; from the original system (4.213). In this case we obtain

a single compatibility condition for the arbitrary functions given by:

(Broret — Bryroa) Yier —(Broror — Brai—1) v = (Br—1o1t — Proxr—1) 02.

(4.231)
This condition can be expressed also as
0102
T B Broat (4:232)
with 8, given by solving the following quadrature:
dip1 =01+ ouPro1 —ou—1P1. (4.233)

Let us note that 8 is the same as in (4.212).

So, the auxiliary function Vi is given by (4.229-4.233), where ey
and &, are defined implicitly and can be found by discrete integra-
tion. Then the general solution of (1.93f) is constructed explicitly by
successive substitution in (4.227), (4.219), (4.217) and (4.213a).

4.4.2.3 2Dy equation

From Section 4.3 we know that the first integrals of the ;D4 equa-
tion (1.93g) in the n direction is a four-point, third order first integral
(4.52a). Therefore this integral defines a three-point, third order ordi-
nary difference equation from the relation W7 = &,,. However to find
the general solution in this case we do not start directly from the first
integral W7 (4.52a), but we start instead by looking to the equation it-
self (1.93g) written as a system. Applying the general transformation
(4.55) to (1.93g) we obtain the following system:

VieiWi L + oW 1Ykt + 01w izt + Yzl +03 =0, (4.234a)

VI L+ 1 Wi 141 + 02k IWK 141

(4-234b)
+01ZKk, WK 141 T Y12kl + 083 =0,
Wi VK411 + 02Wi 1Yk411
(4.234¢)
+ 01w 1Zk 1 + 2k 1Yk 11 +03 =0,
WIGLHTVRHT,141 T 02Uk 1,1Wik 141
(4.234d)

+01ZK Wi 141 + Zk 1Yk +1,1 + 063 = 0.
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From the equations (4.234) we have, in principle, four different way
for calculating zy 1. This means that we have some compatibility con-
ditions. Indeed from (4.234a) and (4.234c) we obtain the following
equation for vy 1 1:

Sy Wi 1 FYkriLy
1 Wi+ Yk
(Y11 —Yi,1) (B2W5 187 — 83)
(81 Wi + Y, U)W

Vk+1,1 = k1l

(4.235)

while from (4.234b) and (4.234d) we obtain the following equation for
Vk+1,1+1¢
S1Wi L1 FYkr1t
S1Wi, 141 + Yk,
(Yt 1,0 — i) (82w 1181 — 83)
(O1Wi L1 Y UWrLe1

Vk+1,141 = k141

(4.236)

Equations (4.235) and (4.236) give rise to a compatibility condition
between vy 1,1 and vi1,141 is given by:

Yk+1,141Yk1 + 01 (Y itWic 141 + Ykr 1 1401 Wi 14+1)
—Yk+1,1Yk 141 — 01 (Yk+1, Wi 141 — Yk 141 Wi 141) | (4-237)

(Vitr1 Wi 41 + 83 — 818,51 1) =0.
Discarding the trivial solution

03
Vil = 010wy 1 — ——
Wi 1

we obtain:

T Yk+1,1-1Yk1 — Yk+1,1Yk 11
Wil = 5 : ’ — 238
o 81 Yk, 1-1 T Yk+1,0 — Ykl — Yk+1,1-1 (4-238)

which makes (4.235) and (4.236) compatible. Then we have to solve
the following equation for vy i:

2
 Yk+1,l — Ykt11-1 0183 (Yr1—1 —Yr+11-1) (Y1 —Yr1-1)
Vi1l = Vil — 2
Ykl — Yk l-1 (Yk+1,1Yk,1-1 — Yk+1,1-1Yk,UYi 1
2 2
N Y1 1Yk+1,102 = 03Yk+1,101 +0103Yk+1,1-1 —Yk+1,1-182Y% 14

(Y1 — Yk 1—1)Yi 11
B Uk+1,1—1529i171 +8103Yk+1,1-1 — 2Yk,1-10301)

2
Y11

(4-239)

Making the transformation:

510
Vil = (Y1 — Y1) Vit + ﬁ —d2Yxk,1- (4.240)

171
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we obtain that Vy | satisfied the first order difference equation:

8183(Yr1 — Yk+1,0)?
Yk Uk+1,1(Uk+1,1-1Yk1 — Yk+1,1Uk 1—1

Vieri1 = Vi — 7 (4-241)

At this point without any knowledge of the field yy,1 we cannot
go further. However as in the previous two cases we can recover the
missing information using the first integral W4 as given in (4.52a).
This integral defines the relation W7 = &, a third order, four-point
ordinary difference equation in the n direction depending parametri-
cally on m. In particular if we choose the case when m = 21+ 1 we
have the equation:

() Unt2,2L01Un—1,2141 + (—Un+42,2141 FUn,2041) Unt1,2141 + 03
—In
Un—1,2141Un,2141 + 83
(Wnt1,2141 —Un—12141) (Wni22101 —Un211) £
— &

+Fy
n
Un1,2141Wn42,2141 + 83

(4.242)

where we choose without loss of generality « = 3 = 1. Using the
transformation (4.55b) the equation (4.242) is converted into the sys-
tem:

(Uk+1,1 =Yk, )Zk 1 — Yk 1,12k41,1 — 83
(zk+1,1Yx,1 + 03)
(Yr+11 — Yk ) (211 — 211)
(Yk+1,12K41,0 +03)

= &k (4.243a)

= &2kt (4-243b)

Now if we solve (4.243b) with respect to zi 1,1 and then substitute
into (4.243a) we obtain a linear, second order ordinary difference equa-
tion for yy 1:

Ev—1Yk+11— (T + & — E&ok—1) Yyt + (T+ExxJyk—11 = 0. (4.244)

We solve this equation using the freedom provided by the functions
&2k and &px 1 similarly as we did in the case of the 1D4 equation.
Indeed let us introduce the field Yy 1 = axyk,1 + bxyx—1,1 and assume
that Y411 — Yk,1 equals the left hand side of (4.244). Then we choose:

b —bx+—a
Eox = K k, (4-2452)
k41

bry1 —br+axi1 —ax
by !

o1 =— (4.245b)

so that yy 1 solves the first order equation

akYik,1 + brYk—1,1 = 1. (4.246)

If we define

1 1 1 1

axk=——"—-+, bx=
Ck dx — di—1

— , .2
oy A —de (4-247)
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(4.246) is solved by:
Y1 = ok (oadik + B1)- (4.248)
Inserting (4.248) into (4.241) we obtain:

8381 (Ckq1 —ck)?
(A1 — di) (Brou—1 — Brotoq)eges 4

[ ] (4.249)

Vicgi1 = Vi +

0(15153
Brog—1 —PBro1q

(xydi41 + Bu)ed

1
(oqdi + Bl)ci} ’

whose solution is:

Vv v 10103
Kl =Y1—
(odi + Br)cz (Broa—1 — Broto) (4.250)
535] €x 425
Broi—1 —Pror1axr’
where ey satisfies the quadrature:
2
c —c
et = ex + (Ck+1—cx) (4.251)

(A1 —didefeg

Using the obtained value of vy we can compute wy; from (4.217)
and finally zy ; from the original system (4.234). In this case we obtain
a single compatibility condition for the arbitrary functions given by:

(Broa1 —Brgro)yier — (Br—r1or —Bror—1)yr = (Broa1 — Prg1000)02.

(4-252)
ie.
5162
T B i By (4:253)
with &, satisfying the following quadrature:
St =01+ 1B — i (4.254)

So, the auxiliary function Vi is given by (4.250-4.254), where ey
and 9y are defined implicitly by (4.251) and (4.254) and can be found
by discrete integration. Then the general solution of (1.93g) is then
constructed explicitly by successive substitution in (4.248), (4.240),

(4.238) and (4.234a).
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4.4.3 The trapezoidal H* equations

In this Subsection we construct the general solution of the trapezoidal
H* equations (1.91). The procedure we will follow will make use of
the first integrals, as in the cases presented in Section 4.4.2. The main
difference is that since the H* are non-autonomous only in the di-
rection m with the two-periodic non-autonomous factors FS ) given
by (1.90) instead of the general transformation (4.55) we can use the
simplified transformation:

Un 21 =Pnl, Un2l+1 = qni- (4-255)

Then to describe the general solution of a H* we only need three
arbitrary functions: one in the n direction and two in the m direction.

4.4.3.1  The {H§ equation

Let us start from the first integral W7 (4.29a), which is a two-point,
first order first integral. This implies that the { H} equation (1.91a) can
be written as a conservation law. Indeed we can carefully rearrange
the terms in (1.91a) and use the properties of the functions FiE) to
rewrite (1.91a) as:

(T — 1) (F%T L I A L ) =0,
Un+1,m — Un,m T+¢ UnmUn+1,m

(4.256)

i.e. as a conservation law in the form (4.7b). From (4.256) we can
derive the general solution of (1.91a) itself. In fact (4.256) implies:
F(-O—) x2 (=) Un4+1,m —Unm — A,

m +Fm ] >
Un4+1,m — Unm + e Un mUni1,m

(4-257)

where A,, is an arbitrary function of n. This is a first order difference
equation in the n direction in which m plays the role of a parameter.
For this reason we can safely separate the two cases m even and m
odd.

cASE m = 2k In this case (4.257) reduces to the first order linear

equation:
104
Un41,2k —Un2k = =2 (4.258)
An
which has solution:
Un 2k = eZk + Wwn (4259)

where 0,y is an arbitrary function and wr, is the solution of the
simple ordinary difference equation

x2

Wni1 —Wp = X wo = 0. (4.260)
n
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caseE m = 2k + 1 In this case (4.257) reduces to the discrete Riccati
equation:
2
AnE Un 2k 1Un+1,2k+1 — Unt1,2k+1 + Un 2k+1 +An. (4.261)
Using the Mobius transformation:

i1—vn K11

Un 2k+1 = 27 Fvn okt (4.262)
this equation reduce to the linear equation

(i+eAn) vni1,2k41 — (L= €An) Vi 2k = 0. (4.263)
If we define:

Ay = LKn = Knat (4.264)

€ Kn + Knt1

then we have that the general solution of (4.263) is expressed as:

Vn,2k+1 = KnB2k 1. (4.265)
Using (4.262) we then obtain:

i1 —knO2k41

n == . .266
T2 T T KnB2k+1 (4-266)
So we have the general solution to (1.91a) in the form:
Unm = Fin) (B + w )+F{_)17] — knOm (4.267)
n, m m m n m € -I + Knem/ .

where wy, is defined by (4.260) and A, is defined by (4.264). This is
another proof, different from that given in Subsection 2.4.1, following
[67, 69], of the linearization of the equation (1.91a).

It is worth to note that in the case of the {Hj equation (1.91a) is
possible to give simple proof of the linearization also using the first
integral in the m direction (4.29b). This kind of linearization was pre-
sented in [71] and it is important since it was the first example of
linearization obtained using a higher-order fist integral. We leave this
discussion to Appendix H.

4.4.3.2 The (H5 equation

From Section 4.3 we know that the first integrals of the {H5 equation
(1.91b) in the n direction is four-point, third order first integral (4.30a).
Therefore this integral defines a three-point, third order ordinary dif-
ference equation W7 = &,,. However this integral is particularly com-
plex, so we start first by inspecting the {H5 equation (1.91b) itself.
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If we apply the transformation (4.255) we can write down the {H5
equation (1.91b) as the following system of two coupled equations:

(Pt —Pns1,0) (At — gn1,1)
— X2 (pn,l +Pntittqdn1+ qn+l,1)

EX2

+ —=(2qn1 + 203 + 22)(2qn+1,1 + 203 + ox2) (4.268a)

2
EX2

+ —=(2a3 + 0(2)2 + (ot + 0(3)2

2

— o3 —2e003(0 +a3) =0,

(qn,l - qn—H,I)(pn,H—l _pn+1,1+1)
—o2(qnt + qn+1,1 F P11 +Prgii41)

EXQ

+ - (2an1+ 205 + 02)(2qn 10+ 205 + o2) (4.268b)
+ %(2063 + (Xz)z + (o + 063)2 — 0(%

2

—2e0xpz(o2 +a3) =0.

We have that equation (4.268a) depends on py,1 and pn1,1 and that
equation (4.268b) depends on pn,14+1 and pny1,141. So we apply the
translation operator Ty to (4.268a) to obtain two equations in terms of
Pri+1 and pryi e

(Prte1 = Prt1,1+1)(An 141 — Qnt1,141)

— 2 (P11 +FPrt114+1 F An i1 + qni1,141)

EXD

+ 5 (2dn11 203 + 62)(2qn 41,000 + 203 +x2) (4.260a)

2
EXD
+ 2

(203 + 02)? + (02 + 3)

2

— oc% —2e0003(02 +a3) =0,

(dnt = dn+1,U0Pn1r1 —Prsite)
— 2 (qn 1 + qn+ 11+ Pri+1 + Prt1,141)

EXD

+ 5 20n1 + 205 + 02) (2qn41,0 + 205 + az) (4.269b)

EX
+ 72(2063 + 0(2)2 + (o + 063)2 — CX%

2

—2e003(00 +x3) = 0.

The system (4.269) is equivalent to the original system (4.268). We
can solve (4.269) with respect to pn,14+1 and pny1,141:

Pnl+l =

(dnir1 —a3) g1t — (qnt — &3) qni1,141
— (&2 + &3) (qn, 101 — qn,t) — €03 (dr 141 — G )
+e [a3® + 203 (qni + &2) = (qnie1 — qnt) Anstt) Gnatist
+e (2 + qni1) (02 + qn,t) Gn1,141

—eqni1 [032 =2 (qnie1 +02) o3 + (02 + qri1) (02 + qn)]

n+1,1+1 —dn1+1 + qn1 — gdn+1,1
(4.270a)
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(dn+11—03) qni+1 + (@3 — qni1,141) Gnpt
— (o2 + &3) (nr11 — Gns1,141) + €63 (Ans1,141 — Gnsit)
eqn i1 [(Gna1,101 — Gna1,0) gnt — oF — 203 (g1, + 02)]
—&qn1+1 (02 + dnt1,141) (02 + qny11)

+eqn [0F +2 (2 + qnitie1) 03 + (02 + Gnp1,141) (062 + qng11)]

1141 =
Pt e dn+1,141 — dn,1+1 T dn,1 — dn+1,1
(4.270b)

We see that the right hand sides of (4.270) are functions only of qq 1,
qn+1,1 qn,1+1 and qn41,141. Moreover (4.270a) and (4.270b) must be
compatible. Therefore applying T,"' to (4.270b) and imposing to the
obtained expression to be equal to (4.270a) we find that q,; must

solve the following equation:

o2 (qn—1,141 = qn-11—qn+1,141 + dns1,1)
+ (qn,t — dn+1,10) gn—1,141
—(dn1 = dn-1,1) n+1,141
+qn1+1 (qn+1,0—qn-1,1)
+e03 (Gn1,161 — An1,t + dn11 — Gn1,14+1)
+e02 (qni 1,141 = qne11+dn-11—qn-1,1+1) (dn,1+1 + 263 + qn,1)
+e(dnr11=qn—1,1) Gnt1,1419n 1,141
e (qn1+1 = dnt + dn+1,0) Gn—1,10n—1,1+1
+e203qn 1,1 = (qn,1+1 +203) gnal dn—1,147
e (qni+1 +203) g 1qn4 1,141
—€(203 + qn+1,1) n-1,1qn 41,141
—& (qn,1+1 — dn,1) Gn+1,09n+1,141

—& (203 4+ qn,1) (Gn4+11— 9n—1,1) gni+1 = 0.
(4.271)

This partial difference equation for g1 is not defined on a quad
graph, but it is defined on the six-point lattice shown in Figure 4.1.

m—1,1+1) (n,1+1) (n+1,14+1)
® @ ®
® @ ®
mn—1,1 (n,1) (n+1,1

Figure 4.1: The six-point lattice.
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Remark 4.4.4. Let us note that if the field q,,; satisfies the following
equation, known as the discrete wave equation:

n+1,141 + dnt — qnt+1,0 + qni1 =0 (4.272)

we cannot define pn 141 and pn41,141 as given in (4.270). In this case
we have first to solve equation (4.272) with respect to qn,1 and then
use the system (4.268) to specify pn 1. The discrete wave equation
(4.272) is a trivial linear Darboux integrable equation, since it pos-
sesses the following two-point, first order first integrals:

Wi =dni11—dnu (4.2732)
W2 =dn1+1 —qnt- (4.273b)

As remarked in the Introduction the existence of a two-point, first or-
der first integral means that the equation is itself a first integral. There-
fore the discrete wave equation (4.272) can be alternatively written as
(Ty —Id) Wj or (T, —Id) W, with W7 and W, given by (4.273). The so-
lution is readily obtained from (4.273a) which implies qn 41,1 — qn1 =
&n. This equation becomes a total difference setting &, = an41 — an,
and we get the general solution of equation (4.272):

qn,l = an + &y, (4-274)

where both a,, and « are arbitrary functions of their argument. This
is the discrete analogue of d’Alembert method of solution of the con-
tinuous wave equation. Substituting (4.274) into (4.269) we obtain the
compatibility condition:

X1 — o =0, (4.275)

ie. ay = o = constant and the system (4.268) is now consistent.
Therefore we are left with one equation for pn 1, e.g. (4.268a). There-
fore inserting (4.274) with oq = g in (4.268a) and solving with re-
spect to pn1,1 we obtain:

_ Qny1—Qnt+ o) o2 (0 —an + 203 — 200 — An 1 1)
Pn+1,1 = pn,l+
ant] —an — &2 X2+ 0n — Gn41
o3 + (200 + a1 + 203 + an) a2
+2(ane1 + o+ a3) (a3 + an + o)

X2+ an — Any1

(4.276)
Defining through discrete integration a new function by, such that:

An+1—an+ &2 bpgg
= (4-277)

Un41 —Qn — &2
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we have that p,,1 solves the equation:

Prnitt _ Pnt (an+ 00— x3)bni1 +bn (X2 + a3 — oo —an)

+
bn+1 bn bnbn+1
{(062 + 00+ an + 03)2 byt — b (63 + an + x0)’
—€
bnbn+1
(4.278)
Equation (4.278) is solved by:
Pn1 = bn ([51 + Cn) s (4279)
where c,, is given by the discrete integration:
_ ((ln+060—063)bn+1+bn (“2+“3_“0_an)
Cn+1 =Cn+
bnbn+1
2] (4-280)

(&2 + 0o + an + ®3)2 b1 — b (a3 + an + xo)
— &

bnbn+1

This yields the solution of the {H§ equation (1.91b) when qy; satisfy
the discrete wave equation (4.272).

In the general case we have proved that the {H5 equation (1.91b)
is equivalent to the system (4.268) which in turn is equivalent to the
solution of equations (4.270a) and (4.271). However (4.270a) merely
defines py 1+1 in terms of gy 1 and its shifts. Therefore if we find the
general solution of equation (4.271) the value of p,,1 will follow. To
find such solution we turn to the first integrals. Like in the case of the
H® equations (1.93) we will find an expression for gy, 1 using the first
integrals, and then we will insert it into (4.271) to reduce the number
of arbitrary functions to the right one.

We consider the equation W7 = &,,, where W is given by (4.30a),
with k =21+ 1:

(Un—12141 = Un41,2141) (Wn42,2141 — Un,2141)

= E,n~
(Wn, 2141 = Un—1,2141 + &2) (Wn4 12147 = Uns2,21471 + 2)
(4.281)
Using the substitutions (4.255) we have:
(dn-11—9n+1,0) (dni2,0 — qn,1) _¢, (4.282)

(dnt—qn-11+2) (qn+1,1 — qni2,1 + x2)

This equation contains only ¢, 1 and its shifts. From equation (4.282)
it is very simple to obtain a discrete Riccati equation. Indeed the trans-
formation:

_gn1—qn-1, + a2
dqn+11—qdn—1,1

Qn,l

(4.283)
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brings (4.282) into:
] j—
an Qn,l

which is a discrete Riccati equation. Let us assume a,, to be a partic-
ular solution of (4.284), then we express &;, as:

1
" = ann) (4:285)

Qniip+ 1 (4.284)

Using the standard linearization of the discrete Riccati equation:

1

Qni=an+ Z1 (4.286)
n,

from (4.285) we obtain the following equation for Z,, i:

anZn1+1
L= %- (4.287)
n
Introducing;:
bn—l
== .288
an br + br (4 )
we obtain:

bn71 bn+l + bnflbnz L= bn71bn+l + bn71bn + bnbn+l + bi
bnbnit +bn1bnir bubni1 +bn_1bnyg
(4.289)

Zn—H,l -

If we assume that (4.289) can be written as a total difference, i.e.:
(Th —Id) (dnZn1—cn) =0, (4.290)

we obtain:

Cc —C Cn—Cn—
bn = Cnit —Cn, dn _ ( n+1 n)( n n 1). (4.291)
Cn+1 —Cn—1

So by, must be a total difference and therefore we can represent Z,, 1

as:
(Cnt1—cn_1)lcn + o)
a1 = . .202
"= e —cn)(en —en 1) (4202
From (4.286) and (4.288) we obtain the form of Qn 1:
Cn—Cn—1)lC +
Qn,l _ ( n n 1)( n+1 1) (4293)

(en+oa)(cngr —cn_1)’

Introducing the value of Q1 from (4.293) into (4.283) we obtain the
following equation for qn 1:

Anitt—dn-11 _ (entou)(Cni1 —Cn1)
qni—qn-11+ %2  (cn—cn—1)(Cny1 + o)

(4-294)
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Performing the transformation:

R = (cn + o) qn (4.295)

we obtain the following second order ordinary difference equation
for the field Ry, 1:

Cn+1 —Cn—1 R

Rnpi1— = R
n _
Cn41 —Zn Cn4+1 —Cn—1 (4296)
+ ———R11—xlcn + o)) — =0.
Cn—Cn—1 Cn —Cn—1
Then we can represent the solutions of the equation (4.296) as:
Rn,l = Pn,l + xren + fn/ (4297)
where e, and f,, are particular solutions of:
c —Cn—
€nt1 — Tcl+] C nl €n
n = tn-1
(4.298a)
c —c c Cn—
+ n+1 nenfl -« n-+1 n—I1
Cn —Cn—1 Cn —Cn—1
c —Cn_
fn+1 - TCH_LC n1 ! fn
Cn11 —ZT_L Cn+l—Cn—1 (4-298b)
+ fno1 = x2Cn
Cn —Cn—1 Cn—Cn—1
P,,1 will be then solve the following equation:
Cn+1 —Cn—1 Cn+1—C
Pn+1,l - = - Pn,l + = L Pnf1,l =0. (4299)

The equations (4.298a) and (4.298b) are not independent. Indeed
defining;:
enCn-1—€n-1Cn—Tfn+Th
Cn —Cn—1 ’

An:

(4-300)

and using (4.298) it is possible to show that the function A, lies in the
kernel of the operator T,, —Id. This implies that A,, = Ay = constant.
We can without loss of generality assume the constant A to be zero,
since if we perform the transformation:

en =@en— Ay, (4.301)
the equation (4.300) is mapped into:

€nCn—1—€n_1Cn — fn + fnf1

=0. .302
P (4.302)

Furthermore since (4.298a) is invariant under the transformation (4.301)
we can safely drop the tilde in (4.302) and assume that the functions
en and f,, are solutions of the equations:

Cn4+1—Cn—1 Cn4+1—Cn Cn4+1 —Cn—1 -0

€n+1 — en + €n—-1— &2
Cn —Cn—1 Cn —Cn—1 Cn—Cn—1




182

DARBOUX INTEGRABILITY AND GENERAL SOLUTIONS

fn—Th—1=€nCn_1—Cn€n_1- (4.303b)

Finally we note that the function e, can be obtained from (4.303a) by
two discrete integrations. Indeed defining;:

Cn+1 €n
E. = _, .304
n Craq—c (43 )

and substituting in (4.303a) we obtain that E,, must solve the equation:

1 1
En—En 1= <Cn+1 —en + Cn—Cn ) . (4-305)
Note that the right hand side of (4.305) is not a total difference. So the
function e, can be obtained by integrating (4.305) and subsequently
integrating (4.304). This provides the value of e,. The obtained value
can be plugged in (4.303b) to give f,, after discrete integration. This
reasoning shows that we can obtain the non-arbitrary functions ey
and fy, as result of a finite number of discrete integrations.

Now we turn to the solution of the homogeneous equation (4.299).
We can reduce (4.299) to a total difference using the potential substi-
tution Tn,l = Pn,l — Pn—1,1:

Thrip Tnt
~ . =0. .306
Cn4+1—Cn Cn —Cn—1 (43 )
This clearly implies:
Po1— P
—mbone Ll gy, (4-307)

Cn —Cn—1

where 31 is an arbitrary function. The solution to this equation is
given by>:

Poi=(cn+ o) Br+vu, (4.308)

where 7y is an arbitrary function. Using (4.295,4.297,4.308) we obtain
then the following expression for qq :

qn1 = Pr+ et (4.309)
where e, and f,, are solutions of (4.303).

Now since the solution we obtained in (4.309) depends on three ar-
bitrary functions in the 1 direction, namely o, 31 and vy, there must
be a constraint between these functions. This constraint is readily ob-
tained by plugging (4.309) into (4.271). Factorizing the n dependent
part away we are left with:

1
Y141 — Y1 = — (041 — 1) (062 +Bre1 + P+ 203 — E) . (4.310)

5 The arbitrary functions are taken in a convenient way.
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This equation tells us that the function y; can be expressed after a
discrete integration in terms of the two arbitrary functions «; and
B1. So the function qn, is defined by (4.303,4.309,4.310) where the
functions e, f, and y; are defined implicitly and can be found by
discrete integration. The value of p,,1 now can be recovered by substi-
tuting (4.303,4.309,4.310) into (4.270a) and applying T, 1. This yields
the general solution of the {H5 equation (1.91b).

Remark 4.4.5. Let us notice that in the case ¢ = 0 formula (4.310)
is singular. However in this case we just express the compatibility
condition as o1 — o =0, i.e. x; = xp = constant. It is easy to check
that the obtained value of qn 1 through formula (4.309) is consistent
with the substitution of ¢ = 0 in (4.268). This means that in the case
¢ = 0 the value of g1 is given by

qn1 =P+ ot (4.311)
n

where the functions e,, and f,, are defined implicitly and can be
found by discrete integration from (4.303). As in the general case the
value of py,1 now can be recovered by substituting (4.303,4.309) into
(4.270a) and applying T, '. This yields the general solution of the {H§
equation (1.91b) if ¢ = 0.

4.4.3.3 The {H§ equation

From Section 4.3 we know that the first integrals of the {H§ equa-
tion (1.91c) in the n direction is a four-point, third order first integral
(4.34a). Therefore this integral defines a four-point, third order ordi-
nary difference equation from W; = &,,. This integral is particularly
complex, so we start first by inspecting the {H§ equation (1.91c) itself.
If we apply the transformation (4.255) we can write the {H§ equation
(1.91¢) as the following system of two coupled equations:

o (Prnidn+1,1+Pnt1,19n,1)

“Pridnl — Pn+1,19n+1,1

(4.312a)
_ “3(0(% —1 (52 + EZq“'l(z:In"']'l> =0,
X302
02 (qn 1P+ 1,141 + dnt11Pn141)
— g 1P 1+1 — dn+1,1Pn+1,1+1 (4.312b)

—a(ed—1) (52 4 g2 qn,lgn+1,l> _o.
X302
As in the case of the {H§ equation (1.91b) we have that equation
(4.312a) depends on pn,1 and pn41,1 and that equation (4.312b) de-

pends on pn,1+1 and pny1,14+1. So we can apply the translation op-
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erator Ty to (4.312a) to obtain two equations in terms of pn 1471 and
Pr+1,14+18

0 (Pr+19n+1,1+1 + Prt1,1+19n,14+1)

TPl 19141 T P11 g nH 1,141

(4.313a)
_ (x3((x% —1) (62 42 qn, 141 gn+1,l+1 ) —0,
02 (qn1Pn+1,141 + dnt+11Pn1+1)
—qn1Pn1+1 — qn+1,1Pn+1,14+1 (4.313b)

. 063(06% 1) (52 e Qn,1§n+1,1> _o.
(X3O(2

The system (4.313) is equivalent to the original system (4.312). Then
since we can assume o, a3 # 0° we can solve (4.313) with respect to

Pri+1 and pryie1:

02 (qn+1,141 — Gn+1,0) (E2qnign i1 + 82as?)
+6206%(X§ (qn,l —(qn,1+1 )
+e2qna 111911 (Gt — Gniet)

Pnl+1 = ’
(gn+1,1419n,0 — Gn+1,19n,14+1) X3X2

(4.314a)
02 (e2qnr11+1Gn11 +8%03%) (Qnt — Gnir1)

222
+8%0503 (qn 1,141 — qn1,1)

2
+€ dn,19n,1+1 (qn+1,1+1 - qn—H,I)

Pn+114+1 =
(dn+11+19n,0 — Gni11qn1+1) X302

(4.314b)

We see that the right hand sides of (4.314) are functions only of qq, 1,
dn+1,1, n1+1 and qn1,141. Moreover (4.314a) and (4.314b) must be
compatible. Therefore applying T, ! to (4.314b) and imposing to the
obtained expression to be equal to (4.314a) we find that q,,; must
solve the following equation:

520305 [qn+1,1419n,1 — GniGn—11+1 + Gttt (Gn-1,1 — qnr1,0)]
—02 (e2qn1qn1+1 +8%03) (Gn+1,1419n—11 — Gn—1,1+19n+1,1)
+e2 [qn1qnr1,141 (Gn-110 = Gn+11) — Gnis1Gn—110n+1,0 Gno1,1+1
+52qn+1,1+1 dn+1,19n,1+19n—-1,1 = 0.

(4.315)

As in the case of the {H§ equation (1.91b) the partial difference equa-
tion for qn,1 is not defined on a quad graph, but it is defined on the
six-point lattice shown in Figure 4.1.

6 If ay =0 or a3 = 0 in (4.312) we have that the system becomes trivially equivalent
to qn,1 = 0 and py 1 is left unspecified. Therefore we can discard this trivial case.
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Remark 4.4.6. Let us note that if

An+11+19n1 — qn+1,19n,141 =0 (4.316)

we cannot define pn,141 and pni1,141 as in (4.314). In this case we
first solve equation (4.316) with respect to g1 and then use the sys-
tem (4.312) to specify pn,1. Indeed equation (4.316) is a trivial Dar-
boux integrable equation, since it possesses the following two-point,
first order first integrals:

wy = dntll (4-317a)
qn,l

W, = dntel (4.317b)
dn,1

As remarked in the Introduction the existence of a two-point, first or-
der first integral means that the equation is itself a first integral. There-
fore the equation (4.316) can be alternatively written as (T, —Id) W,
or (T, —Id) W, with Wy and W, given by (4.317). From (4.317a) we
obtain qn4+1,1/qn,1 = &n. This equation is immediately solved by
defining &, = any1/an, and we get the general solution of equation
(4.316):

gn,1 = anxy, (4.318)

where both a, and o are arbitrary functions of their argument. Let
us note that equation (4.316) is the logarithmic discrete wave equation,
since it can be mapped into the discrete wave equation (4.272) expo-
nentiating (4.272) and then taking q,; — e9n!, and it is a discretiza-
tion of the hyperbolic partial differential equation:

Ullye — UxUg =0, (4.319)

which is obtained from the wave equation vyt = 0 using the trans-
formation v = log u. Since the transformation connecting (4.272) and
(4.316) is not bi-rational, it does not preserves a priori its properties
[62] (in this case linearization and Darboux integrability). Substitut-
ing (4.318) into (4.313) we obtain the compatibility condition:

41— =0, (4.320)

ie. ®y = ap = constant and the system (4.312) is now consistent.
Therefore we are left with one equation for p, 1, e.g. (4.312a). There-
fore inserting (4.318) with oy = oo in (4.312a) and solving with re-
spect to pn1,1 we obtain:

2 2 2 2
. X2Qpy] —an 24 S50 + efanagan 41
Pntil=—————Pn1t(ag—1) - (4.321)
Qn41— X20n 0300200 (02An — An 1)
Defining
®20n4+1 —an  bpgg
= (4.322)

7
An+1 — X201 bn
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we have that p,,1 solves the equation:

Pritl _ Pt S2adadbn — b (8%ad + e2aZaf) an + e2ad afbn
bn—H bn bnancxoocz(x?abn—l—] .
(4-323)

Note that by, in (4.322) is given in terms of an and a,4; through
discrete integration. Equation (4.323) is solved by:

Pn1 = bn (Bl + Cn) ’ (4324)

where c,, is given by the discrete integration:

S2adadbn — b (820 + e2adaf) an + e2ad afbn
bnanxooa3bn g

(4.325)

This yields the solution of the {H§ equation (1.91c) when qn satisfy
equation (4.316).

In the general case we have proved that the {Hj equation (1.91¢)
is equivalent to the system (4.312) which in turn is equivalent to the
solution of equations (4.314a) and (4.315). However equation (4.314a)
merely defines py,1+1 in terms of g1 and its shifts. Therefore if we
find the general solution of (4.315) the value of pr,; will follow. To
find such solution we turn to the first integrals. Like in the case of the
tH$ equation (1.91b) we will find an expression for q; using the first
integrals, and then we will insert it into (4.315) to reduce the number
of arbitrary functions to the right one.

We consider the equation Wy = &;,/x,7, where Wj is given by
(4.34a), with k =21+ 1:

(Un41,2141 —Un—1,2141) (Un42,2141 — Un,2141)

=&n. (4.326

(C2ln 2101 —Un12101) (Uny22141 — Unt12141) (4:326)
Using the substitutions (4.255) we have:

(qn+1,1 - qn—],l) (qn+2,l. - qn,l) _ ((—.n- (4.327)

(2qn1—qn-1,1) (dns2,1— x2qn41,1)

This equation contains only g1 and its shifts. By the transformation:

Quy = 2dmt = Ansit (4-328)
dn+11—dn-1,1
equation (4.327) becomes:
1
—+ = 1/ 32
Qn—H,l EnQn,l (4 3 9)

7 The extra ; is due to the arbitrariness of &, and is inserted in order to simplify the

forumulee.
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which is the same discrete Riccati equation as in (4.284). This means
that the solution of (4.329) is given by (4.293) with the appropriate def-
initions (4.285,4.288,4.291). We can substitute into (4.328) the solution

(4-293):

An+1l—qn-11 _ (cn+a)(Cny1 —cn-1)

= .330
x2qnt —qn-11  (Cng1+a)(cn —cn_1) (4330)

and we obtain an equation for gy . Introducing;:
Pri=(cn+ o) dny (4.331)

we obtain that Py, ; solves the equation:

Cn+1 —Cn—1 P Cn+t1 _CnP

n,l +

n— Cn—1 Cn —Cn—1

Pri11— o n-11.=0.  (4.332)

Using the transformation:

Rn,l
7
Rn—] A

Pni = (4-333)

we can cast equation (4.332) in discrete Riccati equation form:

Cn4+1—Cn 1 — o Cn4+1 —Cn—1 ' (4334)

Rni11+ ——
’ Cn—Cn—1 Rn,l Cn—Cn—1

Let d,, be a particular solution of equation (4.334):

Cnyl—Cn 1 o, Sl — Cni

dngt + (4-335)

Cn—Cn—1dn B Cn —Cn—1
Assuming d, as the new arbitrary function we can express c,, as the
result of two discrete integrations. Indeed introducing z, = cn —cn_1
in (4.335) we have:

Zn+1 (dn+1 —oz)dn

= . 336
- odn ] (4.336)

Equation (4.336) represents the first discrete integration, whereas the
second one is given by the definition:

Ch —Cn—1 = Zn. (4.337)

Now we can linearize the discrete Riccati equation (4.334) by the trans-
formation:

1
Rn1=dn+ S (4-338)
n,l

and we get the following linear equation for S, ;:

2 _ —
dii(en C““)snﬂzz dnfen —cen1) (4339)

Sn+1 1—
’ Cn4+1—Cn Cn4+1—Cn
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Defining:
e
dn = ——, (4-340a)
€n—1
Cn—Cn—
frn—fp = ——"—, (4.340b)
€nén—1
the solution of (4.339) is:
(fn1+Br)es
Sni=— n-l, (4.341)
Cn —Cn—1
Inserting (4.341) and (4.340) into (4.338) we obtain:
en(fn +B1)
Rn1 = . 342
ot €n—1 (fn—1 + ‘31) (4 4 )
Inserting the definition of R, 1 (4.333) into (4.342) we obtain:
Pl Tnold (4343)
en(fn +B1) en—1(fn_1 +Bl)’
ie.
Prt=vY1en(fn + B1). (4-344)
Introducing (4.344) into (4.331) we obtain:
vien(fn + B1)
ny =Bl (4-345)

where f;, is defined by (4.340b), and c,, is given by (4.336) and (4.337),
i.e. cpy is the solution of the equation:
Cn+1 —Cn €nt+1 — X2€n

= , .346
Cn —Cn—1 X2€n —€n—1 (4 34 )

and ey is an arbitrary function.

Now since the solution we obtained in (4.345) depends on three ar-
bitrary functions in the 1 direction, namely o, 31 and vy, there must
be a constraint between these functions. This constraint is readily ob-
tained by plugging (4.345) into (4.315). Factorizing the n dependent
part away we are left with:

2
X1 — o = —5 =V VuBrer — B (4347)
0 dc s

This equation tells us that the function ; can be expressed after a
discrete integration in terms of the two arbitrary functions 3; and
Y1- So the function g1 is defined by (4.340b,4.345-4.347) where the
functions ¢, fn, and oy are defined implicitly and can be found by
discrete integration. The value of p,,; now can be recovered by substi-
tuting (4.340b,4.345-4.347) into (4.314a) and applying T~ 1. This yields
the general solution of the {H§ equation (1.91c).
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Remark 4.4.7. Let us notice that when & = 0 equation (4.347) is singu-
lar. However in this case the compatibility condition is replaced by
Brr1 — P =0, ie. By = Po = constant. It is easy to check that the
obtained value of g, through formula (4.345) is consistent with the
substitution of 6 = 0 in (4.312). This means that in the case d = 0 the
value of qn 1 is given by

Yien(fn + Bo)

At ="~ (4-348)
where the functions ¢, and f,, are defined implicitly and can be
found by discrete integration from (4.340b) and (4.346) respectively.
As in the general case the value of p,,; now can be recovered by
substituting (4.340b,4.345,4.346) into (4.314a) and applying T, '. This
yields the general solution of the {H§ equation (1.91c) if 6 = 0.
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CONCLUSIONS

In this Thesis we gave a comprehensive account of recent findings
about the equations possessing the Consistency Around the Cube. In
particular our main objective was the study of the trapezoidal H*
equation (1.91) and of the H® equations (1.93). Apart from their in-
troduction and classification in [3, 20—22] before the studies of the
author and his collaborators little was known about the integrability
properties of these equation. These integrability properties were stud-
ied from different points of view, since as it was claimed in Section
(1.1) does not exists a universal definition of integrability. Therefore
in each Chapter of this thesis we gave a self-contained introduction
to the methods we used, namely the Consistency Around the Cube in
CHAPTER 1, the Algebraic Entropy in CHAPTER 2, Generalized Symmetries
in CHAPTER 3 and the Darboux integrability in CHAPTER 4. Therefore
we can say that the primary object of this Thesis is to consider the
trapezoidal H* equation (1.91) and of the H® equations (1.93) from
the standpoint of different forms of integrability, as each form sheds
a different light on the nature of the equations dealt with.

Our main result was stated in CHAPTER 2 and it is the heuristic
proof of the fact that, according to Algebraic Entropy, the trapezoidal
H* equation (1.91) and of the He equations (1.93) are actually lin-
earizable equations. This shows how different tests of integrability
can provide different outcomes, and they must be considered as com-
plementary to each other. To support this heuristic statement we gave
some examples of explicit linearization.

In CHAPTER 3 we showed that the three-point Generalized Sym-
metries of the trapezoidal H* equation (1.91) and of the H® equations
(1.93) are particular instances of the non-autonomous YdKN equation
(3.99). This result completed the identification of the three-point Gen-
eralized Symmetries belonging to the ABS and Boll’s classification
started in [102] and in [166] respectively. Furthermore based on the
observation that the most general case of the non-autonomous YdKN
(3.99) was not covered by such symmetries we conjectured the exis-
tence of a new integrable equations which encloses all the equations
coming from the Boll’s classification. We then found a candidate equa-
tion namely (3.150), which is a non-autonomous generalization of the
Qv equation (3.137) introduced in [156]. This new non-autonomous
Qv equation (3.150) passes the Algebraic Entropy test, but unfortu-
nately we were not able, due to the computational complexity, to
prove that its three-point symmetries are given by the general case
of the non-autonomous YdKN equation (3.99). The main significance
of this new equation is that that all the equations from Boll’s classifi-
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cation [20-22] can be seen as particular cases of a single equation. A
complete understanding of this equation will result in better compre-
hension of all its particular cases.

In CHAPTER 4 we started by showing the Darboux integrability of
the equations possessing the Consistency Around the Cube, but not
the tetrahedron property found by J. Hietarinta in [82]. These equa-
tions were known to be linearizable [138] and this observation, along
with the peculiar symmetry structure of the {Hj equation (1.91a) led
us to conjecture that the trapezoidal H* equations (1.91) and the H®
equations (1.93) are Darboux integrable equations. The Darboux inte-
grability of the trapezoidal H* equations (1.91) and the H® equations
(1.93) was then established using a modification of the method pro-
posed in [55]. In the final part of CHAPTER 4 we showed how from
Darboux integrability we can obtain linearization and the general so-
lutions of the trapezoidal H* equations (1.91) and of the H® equa-
tions (1.93). The construction of the general solutions for the trape-
zoidal H* equations and for the H® equations is a consequence of the
Darboux integrability property and it is something that cannot be in-
ferred from the method used in classify them. These general solutions
were obtained in three different ways, but the common feature is that
they can be found through some linear or linearizable (discrete Riccati)
equations. This is the great advantage of the first integral approach
with respect to the direct one which was pursued in [67]. The Dar-
boux integrability therefore yields extra information that it is useful
to get the final result, i.e. the general solutions. Moreover linearization
arises very naturally from first integrals also in the most complicated
cases, whereas in the direct approach can be quite tricky, see e.g. the
examples in [67]. The linearization of the first integrals is another
proof of the intimate linear nature of the H* and H® equations. This
result is even more stronger than Darboux integrability alone, since a
priori the first integrals do not need to define linearizable equations.
We also note that our procedure of construction of the general solu-
tion, based on the ideas from [56], is likely to be the discrete version
of the procedure of linearization and solutions for continuous Dar-
boux integrable equations presented in [178]. The preeminent role of
the discrete Riccati equation in the solutions is reminiscent of the im-
portance of the usual Riccati equation in the continuous case. Recall
e.g. that the first integrals of the Liouville equation (4.3) are Riccati
equations (4.4).

Now, although our knowledge of the trapezoidal H* equations
(1.91) and of the H® equations (1.93) is more deep than before, we
would like to end this Thesis mentioning some problems which are
still open.

* Prove (or disprove) that the J; equation, i.e. the first of the Hi-
etarinta’s (1.28) is Darboux integrable. Since it linearizable and
possess the Consistency Around the Cube in Chapter 4 we con-
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jectured that it should be Darboux integrable, but it is possible
to prove that its first integrals (4.7) must be of order higher than
two.

* Prove the validity of the connection formulee (3.154) and (F.4)
and directly compute the three-point Generalized Symmetries
of the non-autonomous Qv equation.

e Find and classify all the non-autonomous equations satisfying
the “strict” Klein symmetries (3.144) according to their integra-
bility properties. We believe that in studying such equations
both the Algebraic Entropy approach and the Generalized Sym-
metries approach can be very fruitful. However we remark that,
as showed with an example in Chapter 3 the Generalized Sym-
metries of these equations can depend on more than on three
points.

¢ As mentioned in Chapter 4, Darboux integrable equations ad-
mit Generalized Symmetries depending on arbitrary functions
[5]. However for the trapezoidal H* equations (1.91) and for the
H® equations (1.93) the explicit form of the symmetries depend-
ing on arbitrary functions is known only for the {Hj equation
(1.91a). This poses the challenging problem of finding the ex-
plicit form of such generalized symmetries. These symmetries
will be highly non-trivial, especially in the case of the {H5 equa-
tion (1.91b) and of the {H§ equation (1.91c) were the order of
the first integrals is particularly high.

As a final remark we note that the majority of the open problems orig-
inates directly from the original researches reported in this Thesis.
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FINAL PART OF THE PROOF OF THE
COMMUTATIVE DIAGRAM 1.9

In this Appendix we conclude the proof of fact that the diagram 1.9
is commutative, by checking all the fundamental Mobius transforma-
tions. To this end we have written a python module mobgen. py which
contains python functions in order to generate all possible Mob? and

/\4
Mob transformations and compare between the results:
generate_mob4 Generate an element of Méb* with prescribed trans-

formations type acting on the four vertices. Types are classified
as translations, T, dilation, D, and inversions I.

— 4
generate_mobnm Generate an element of M6b with prescribed trans-
formations type acting on the four vertices. As abobe types are
classified as translations, T, dilation, D, and inversions 1.

tilde_eq_der Generate the equation on the lattice (1.48) starting

from an abstract equation on the geometrical quad graph (1.29).

equality_check Checks if the result of the application of an ele-
——4

ment of Mob* and of an element of Mdb is the same. The

output is a boolean value.

generate_type Generate all possible combinations (with repetition)
of four Mobius transformations.

The content of mobgen. py is the following;:
from sympy import *
def generate_type():
"Generate all possible combinations (with repetition) of four

Moebius transformations."
1= ['T’, 'D’, 'I’]

TF = [1]
for t1 in TT:
for t2 in TT:
for t3 in TT:
for t4 in TT:

TE = [t1,t2,t3,t4]

TF = TF + [TE]
return TF

def generate_mob4(TT,u):
"Generate an element of Mob4 with prescribed transformations
type acting on the four vertices."
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FINAL PART OF THE PROOF OF THE COMMUTATIVE DIAGRAM 1.9

All the functions described above are used in following program
which generates the most general quad equation as shown in (1.86)
and checks if the action of all the possible elements of Mob* and

_——4
Mob yields the same equation.
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Running the above program has resulted in a complete verification
of the equivalence of the two actions.






PYTHON PROGRAMS FOR COMPUTING ALGEBRAIC
ENTROPY

In this Appendix we discuss some python programs which can com-
pute the iterates of various kind of discrete an semi-discrete equations.
In particular in Section B.1 we present the python module ae2d.py
which can be used to compute the degrees of iterates of systems of
quad equations, this was presented in [64]. In Section B.2 we present
the python module ae_differential_difference.py which can be
used to compute the degrees of the iterates of systems of difference
equations and/or differential-difference of arbitrary order. Finally in
Section B.3 we present some python utilities for the analysis of the
obtained sequences. All the proposed modules extensively uses the
classes defined by the pure python Computer Algebra System sympy
[150], so to be used they require a basic knowledge of it.

Following the development guidelines of sympy [150] all the mod-
ule are written using the python3 standards, but they maintain the
python2 compatibility. To this end is used the module __future__ to
redefine the division function and the printing system. All the mod-
ules were tested on both python versions.

B.1 ALGEBRAIC ENTROPY OF SYSTEMS OF QUAD EQUATIONS WITH
ae2d.py

In this Section we give a brief description of the functions contained
in the python module ae2d.py. The scope of the functions in ae2d.py
is to calculate the degree of the iterates of a system of quad equa-
tions. We underline that ae2d.py uses the multiprocessing module
which permit to take advantage of modern multi-core architectures
to evaluate simultaneously the degrees along the diagonals.

B.1.1 Description of the content of ae2d. py

The ae2d.py module contains the following functions':

up_or_anti_diagonal Creates a diagonal or anti-diagonal matrix. This
is an auxiliary function used in constructing the evolution matri-

ces (2.37).

evolution_matrix Construct an evolution matrix starting from the
degrees of the iterates. This representation relies on the matrix

The names of the functions follow the naming convention adopted by sympy devel-
opers.

201



202 python PROGRAMS FOR COMPUTING ALGEBRAIC ENTROPY

class defined by sympy. This is an auxiliary function automat-
ically used by the evol function in case there is the need of
displaying the results in the form of an evolution matrix (2.37).

analyze_evolution_matrix This function analyze an evolution ma-
trix (2.37) searching for repeating patterns. This is a user-level
function and it accepts a single argument M which must be a
sympy matrix. The user has no need to specify which is the direc-
tion of the evolution. The function detect the kind of evolution
matrix from the fact that an evolution matrix (or it transposed
matrix) is a Hessenberg matrix [80]. Then the matrix is trans-
formed into a list of lists eliminating the zero entries and or-
dering the list from the longest to the shortest. Then a pairwise
comparison of the lists is carried out by comparing appropriate
slice of the two lists. Equal (slice of) lists are then removed. The
result of this procedure are the unequal sequences of degrees.

gen_ics This function generates the set of the initial conditions for
a system of quad equations. The main advantage of ae2d.py
is that this function, can also handle arbitrary constants and
arbitrary functions of the lattice variables including shifts. Fol-
lowing the remarks given in Section 2.2 it generate a staircase
of initial values linearly parametrized (2.44). Assuming that we
have a system of M quad equations and that we have chosen
to perform N iterations we will have the following number of
initial conditions needed:

Nini =4M (N +1). (B.1)

We assign to those values prime numbers.

Next the function has a list F of the arbitrary functions, possibly
with their shifts. Then we operate in the following way:

1. Taken an element f € F check on how many variables it de-
pends. Then we proceed in isolating all the other elements
g € F which has the same symbol, i.e.:

fler =, 9141 > 9. (B.2)

2. Now consider the case when f € F depends only upon a
single variable. At the end of the preceding step we have
formed a list of the form:

Ff = {fq+j],...,fq+jkf }. (B'3)
Then we define:

O B
jm=, min jk, jm= min i (B.4)
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We then form a list Fs of all the triples

So finally we have that to evaluate the functions of a single
variable along the evolution we then need to evaluate them
on the following number of points:

[Fsl

Ne=D) (N+T+4jm —jm)- (B.6)
k=1

We choose as values for those functions N prime numbers.

3. Now we consider the case in which g € F depends on two
variables. Again from 1 we have a list of the form:

Fg - { 91+)'1,m+21 yeesy gl—l—jkg,m—i—zwg } . (B7)
Now we define:

i = min i, Z B.8a
m k:1,...,kf,w:1,...,wg{Jk’ w (B.8a)

L iz ) B.8b
™ k:1,...,lg,13vX:1,...,wg{]k ] (B.8b)

We then form a list Fgq of all the triples:

So finally we have that to evaluate the functions of a two
variables along the evolution we then need to evaluate
them on the following number of points:

F . . . .
N 3 N1+ 2y = g )] N+ 24+ 2 (i, — i, )]
a=> 5
k=1
[Fql
+ 3 IN+2 (i, —Jmy )]
k=1

(B.10)

We choose as values for those functions Ng prime num-
bers.
Remark B.1.1. The proposed procedure for the evaluation of the
functions of two variables may result in considering more points
than needed. However a more accurate procedure of evaluation
will be much more complicated, and above all this procedure is
quite cheap in term of resource usage.

We needed the following amount of prime numbers

NTOT = Nini + Nac + Ng +Ng. (B.11)
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evol

where N, is the number of arbitrary constants. The prime num-
bers are generated with the sympy function sieve and shuffled
before being assigned, so that running the program on the same
equation more than once will result in different initial condi-
tions and different values of the arbitrary functions and arbi-
trary constants.

We underline that the gen_ics function is not intended for a
user-level usage, but is used automatically by the evol function.

evol is the principal user-level function in ae2d.py. Its scope
is to output a degree sequence or an evolution matrix. Since
the whole program is supposed to work at the affine level it
returns the degree sequence of each dependent variable. Now
we describe carefully its input, its operations and the possible
form of its output.

The function evol needs two mandatory arguments:

EQ The system of quad equations under considerations. It can
be entered as a python list, or as a python dictionary. In the
case of a single scalar equation it can be entered plainly.

Y The dependent variables. They can be entered as a python list,
or as a python dictionary. In the case of a single dependent
variable it can be entered plainly. The entries of the list
must be sympy Functions of two lattice variables, e.g.:

Y = [u(n,m), v(n, m)]. (B.12)

Remark B.1.2. The function evol can handle only well-determined
systems of quad equations so it will check that the number of

equations is equal to the number of dependent variables. In neg-

ative case it will raise an error. To reduce a system of quad equa-
tion to a well-determined one is the up to the user.

Moreover the function evol support four optional parameters:

NI Defines the number of iterations. It must be a positive inte-
ger, and error is returned otherwise. The default value is
NI=8.

direction Direction defines the principal diagonal of evolution
as shown in Figure 2.5. The possible choices are:

direction="mp" perform the evolution from the A_ | prin-
cipal diagonal, this is the default argument,

direction="pm" perform the evolution from the A, _ prin-
cipal diagonal,

direction="mm" perform the evolution from the A_ _ prin-
cipal diagonal,

direction="pp" perform the evolution from the A,  prin-
cipal diagonal,
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direction="all" performs the evolution in all directions. If
the evolution in one of the four direction is not possi-
ble [64] then the direction is skipped.

If an argument different from the listed ones is used then
the program falls back to the default one.

matrix_form This is a boolean parameter. By default it is false,
and it is automatically activated by the program if it finds
different degrees along the diagonals. Setting it to true ab
initio will cause the result to be outputted in matrix form
regardless of the need of such representation.

verbosity level This parameter sets how much output will be
displayed on the stout by the program. It has three possi-
ble values:

verbosity level=0 The function displays nothing on the stout.

verbosity level=1 The function displays on the stout only
the progression of the iterates in the form i/NI, where
i is the i-th iterate, this is the default value.

verbosity level=2 The function displays nothing the stout.

If the value of verbosity_level is not an integer then it
falls back to the default value.

The function then accepts keyword arquments. Keyword argu-
ments in this context can be used to set some parameters to a
fixed (not arbitrary in the sense of the function gen_ics) value.
Keyword arguments are immediately substituted into EQ.

The function then starts by checking that the given equations are
rational quad equations and search for arbitrary constants and
functions. Anything not-appearing in the list Y is considered
here arbitrary. Then the system is solved in the chosen direction,
and the function gen_ics is recalled in order to generate the
initial conditions and the values of the arbitrary functions and
constants.

Remark B.1.3. A continuous variable t is defined as in (2.44).
This implies that it is not possible to call one of the two discrete
variable t.

Now the actual evolution begins. The function value_deg of
step evaluation is defined. This function encloses all the rele-
vant step-wise substitutions and degree calculations. The main
point is the fact that after the substition a factorization in the
finite field Kp is carried out. The prime number P is chosen to
be the first prime after pﬁ,[ axs Where pyax is the biggest prime
generated by gen_ics. The number of points on the diagonal
to be evaluated is then divided by the number of CPU at dis-
posal. The function evol then exectute the value_deg function
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in chuncks each one of lenght equal to the number of CPU. This
procedure is repeated until the NI-th iteration.

At this point the evolution is ended. It is checked if there is the
need of a matrix form. If not the result is returned as a list of
tuples whose first element is the name of the dependent variable
(e.g. u(1,m) is returned as u) and whose second member is the
list of the degrees or an evolution matrix. In the case of scalar
equation, since there is no ambiguity, just the list of degrees or
an evolution matrix is returned.

B.1.2 Code

The content of the file ae2d.py is the following:
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172
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DK. reverse()
if matrix_form == False:
for i in range(len(DK)):
for j in range(i+1,len(DK)):
if DK[i] !'= DKI[j]:
matrix_form = True
break
if matrix_form:
break
DS[k].append (DK)

if matrix_form:
if NEQ == 1:
return evolution_matrix(DS[O],[s1,s2])
return [(y[k],evolution_matrix(DS[k],[s1l,s2])) for k in
range(NEQ) ]

if NEQ == 1:
return [1]+[d[0] for d in DS[0]]

return [(y[k],[1]+[d[0@] for d in DS[k]]) for k in range(NEQ)]

B.2 ALGEBRAIC ENTROPY FOR SYSTEMS OF ORDINARY DIFFER-
ENCE EQUATIONS AND DIFFERENTIAL DIFFERENCE EQUA-

TIONS OF ARBITRARY ORDER WITH ae_differential_difference.

In this Section we give a brief description of the functions contained
in the python module ae_differential_difference.py. This module
contains only the function evol (not to be confused with the function
of the same name in ae2d.py) that can be used to compute the se-
quence of the degrees for systems of ordinary difference equations or
systems of differential-difference equations of arbitrary order.

Remark B.2.1. The function evol cannot automatically treat systems of
mixed ordinary difference equations and differential-difference equa-
tions. If this is the case under consideration we suggest to the user to
consider the purely difference variables as implicitly depending on
“time”: u, — un (t). For this reason from now on we will address to
the systems under study as one-dimensional discrete systems.

The function evol needs two mandatory arguments:

f: The system of one-dimensional discrete equations under consider-
ations. It can be entered as a python list, or as a python dictio-
nary. In the case of a single scalar equation it can be entered
plainly.

y: The dependent variables. They can be entered as a python list, or
as a python dictionary. In the case of a single dependent variable

Py
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it can be entered plainly. The entries of the list must be sympy
Functions of one lattice variables, e.g.:

y = lu(n),v(n)], (B.13)
or of one lattice variable and one continuous variable:

y = [u(n, t),v(n, t)]. (B.14)
The continuous variable is, by convention, the second one.

Remark B.2.2. The function evol can handle only well-determined sys-
tems of one-dimensional discrete equations so it will check that the
number of equations is equal to the number of dependent variables.
In negative case it will raise an error. To reduce a system of one-
dimensional discrete equations to a well-determined one is the up to
the user.

The function evol also accepts an optional argument NI. NI defines
the number of iteration to be performed. Its default value is NI=8.

The function then accepts keyword arguments. Keyword arguments
in this context can be used to set some parameters to a fixed value.
Keyword arguments are immediately substituted into f.

First of all the function evol analyze the equation f in order to
determine the order with respect to every variable. Furthermore any
symbol (not function) different from those of the dependent variables
contained in y is considered an arbitrary constant. Arbitrary functions
are not supported by evol.

At this point the system, if consistent, is solved with respect to the
highest shifts, otherwise an error is raised. Then the initial conditions
in the form (2.44) are generated. If we denote by 0. the discrete order,
as defined in Section (2.1), of an equation e in f we have that we need,
if M is the number of equations:

M
Nini =2 ) (e, +1) (B.15)
k=1

prime numbers to evaluate them. Then if N, is the number of arbi-
trary constants we need:

N1oT = Nini + Nac (B.16)

prime numbers. The prime numbers are generated with the sympy
function sieve and shuffled before being assigned, so that running
the program multiple times will yield different initial conditions.

Remark B.2.3. In principle evol cannot perform the evolution in the
direction of the smallest shifts. However this can be simply obtained
by the user performing the change n — —n into f.
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Now the actual evolution begins, and the iterates are computed.
The main point is the fact that after the substition a factorization
in the finite field Kp is carried out. The prime number P is chosen
to be the next prime after pg;,y, Where pyax is the biggest prime
number generated to evaluate the initial conditions and the arbitrary
constants.

The output of the function evol is then a dictionary whose key-
words are the elements of y and whose values are the sequences of
degrees.

The content of the file aedifferential_difference_systems.py is
the following:
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val = [factor((yN[k].subs(n,i).subs(CI)).doit(),modulus=P
) for k in range(NEQ)]
for k in range(NEQ):
CI[y[k].subs(n,i+N[Y[k]])] = val[k]
del CI[y[k].subs(n,i+M[Y[k]])]
vq = numer(val[k])

dl = degree(vqg, s)
vg = denom(val[k])
d2 = degree(vq,s)

d = max(dl,d2)
ds[y[k]] += [d]

return ds

B.3 ANALYSIS OF THE DEGREE SEQUENCES

Once obtained a finite sequence of degrees it must be analyzed us-
ing e.g. the methods presented in Section 2.2. To this end we com-
plement the programs for calculating the sequences of degrees with
some python functions which can compute Padé approximants and
the inverse Z-transform. This need comes from the fact that the an-
alytic evaluation of the Padé approximants and of the inverse Z-
transform is not yet implemented in sympy. We present then three
modules: the pade.py module which defines the calculation of the
Padé approximants, the pade_rat_gfunc.py module which computes
the generating function of a sequence using Padé approximants and
the z_transform.py which defines the Z-transform for rational func-
tions and functions to find the coefficients and the algebraic entropy
of a given generating function.

B.3.1 The pade.py module

The pade.py contains a single function: pade_expansion. This func-
tion computes the Padé approximant of order [L: M] using the for-
mula (2.52). It has four arguments, all of them mandatory:

vect This argument must be a list of numbers or a function. If the
argument is a function its Taylor expansion of order L +M+ 1
with respect to z is computed.

L This argument must be a positive integer and it is the degree of the
numerator of the Padé approximant (2.50).

M This argument must be a positive integer and it is the degree of
the denominator of the Padé approximant (2.50).

z This argument is the independent variable.

221



222

©O© 0o NOoO UL WN -

10
11

12
13
14
15
16
17
18
19
20
21
22
23

24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

python PROGRAMS FOR COMPUTING ALGEBRAIC ENTROPY

vect can be a list and not a polynomial since it is obvious that to any
list of numbers [ag, a1, ..., an] we can associate the polynomial

p(z) =ag+aiz+...anz" (B.17)

The content of the file pade.py is the following:
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B.3.2 The pade_rat_gfunc.py module
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The pade_rat_gfunc.py contains a single function: find_rat_gen_function.

This function has two arguments, both of them mandatory:
V A list of numbers.
s The independent variable of the generating function.

The algorithm runs as follows: it start with a slice V’ of the list V
with three elements, and compute the Padé approximant g = [1:1]
through the association (B.17). Then computes the Taylor expansion
of g up to the length of V. If its coefficients agrees with V then g is
returned. If not we take a slice with two more elements V/ and com-
pute the Padé approximant g = (2 : 2] through the association (B.17).
If its coefficients agrees with V then g is returned. This is repeated
until one of the two following condition is reached:

1. The coefficients of the Taylor expansion of the Padé approxi-
mant g agree with V.

2. We cannot form a slice with two elements more than the previ-
ous.

In the case 1 g is returned since it is the desired generating function.
In the case 2 it is not possible to find a generating function, so the
boolean value False is return.

The content of the file pade_rat_gfunc.py is the following:
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B.3.3 The z_transform.py module

The z_transform.py module contains the following functions:
inverse_z transform This function computes the inverse Z-transform
of a rational function. It needs three mandatory arguments:

f A sympy rational function. If another kind of function is given
the program raise an error.

z The independent variable of the function z.
n The discrete target variable.

The Z-transform of f is then computed using equation (2.56).
Remark B.3.1. Due to some limitations in sympy this program
may misbehave in case of high order polynomials in the de-
nominator.

find_coefficients This function compute the asymptotic form of the
coefficients of a given ration function. It needs three mandatory
arguments:

f A sympy rational function. If another kind of function is given
the program raise an error.

z The independent variable of the function z.
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n The discrete target variable.
Using formula (2.58) and the function z_transform the asymp-
totic form of the coefficients are reconstructed.

find_entropy This function compute the Algebraic Entropy defined
by a ration generating function. It needs two mandatory argu-
ments:

f A sympy rational function. If another kind of function is given
the program raise an error.

z The independent variable of the function z.

Using formula (2.60) the value of the Algebraic Entropy is com-
puted.

The content of the file z_transform.py is the following:
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EVOLUTION MATRICES

In this Appendix we give the explicit form of the evolution matrices
for the trapezoidal H* equations (1.91) and H® equations (1.93). Us-
ing the program ae2d.py contained in Appendix B we performed 32
iterations in each of the four possible direction of growth.
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c.2 H® EQUATIONS (1.93)

1D2 equation (1.93b)
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c.2.2 2D equation (1.93¢)
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c.2.4 D3 equation (1.93e)
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EXAMPLES OF CALCULATIONS OF GENERALIZED
SYMMETRIES FOR EQUATIONS WITH
TWO-PERIODIC COEFFICIENTS

In this Appendix we give two examples of explicit calculations of the
three-points generalized symmetries in the case of equation with two
periodic coefficients as explained in Section 3.2. The two examples
we will give are the D3 equation (1.93e), which is quite simple, and
the {Hj equation (1.91a) in the direction m, which is instead a more
difficult one. These detailed calculations were presented in [63].

D.1 THREE-POINTS GENERALIZED SYMMETRIES OF THE D3 EQUA-
TION

Consider the D3 equation as given by formula (1.93e). We wish to
compute its three-points generalized symmetries in the direction n.
To do so we can apply the method explained in Subsection 3.2. We
then first find the system for the function z from (3.40). Considering
the case in which n = 2k and m = 21 we find from (3.40) two equa-
tions for z(++):

Un41,m +Un,m—1 aZ(+'+) az(+'+)
2
Unm — UL g OUny41,m  OUn,m
2
Un—1,m +Un,m—1 9z (1) 2un,m—1 Un—1,m + W m—1 +Unm
+ 2 d - 2 2 ’
Unm — Uy o1 9Un-1m (Un,m — Wo m—1 )(Un,m — un_1,m)
(D.1a)
Unitm+Unmyir 0z 9zt )
U'%L,m+1 —Un,m OUnil,m OUn,m
2
+un71,m +Un,m+1 oz(++) Upmit T 2Un—1,mUn,m+1 +Unm
2 - 2 2 '
U m+1 — Unm OUn—1,m (Un,m — un—l,m) (Un,m — W m1 )

(D.1b)

Taking the coefficients with respect to U, m+1 and solving we obtain:

u —LLZ
2+ = log [Cg+’+) <( v 2)] : (D.2)

Un4+1,m *un—Lm)

In an analogous way we obtain the solutions for z(*—J, z(=*) and
(7/7)'
z :

2
Z(*,Jr) — IOg [Cg—,-i-) <( Uy m ~Un—-1m 2)] ) (D3a)

Un4+1,m — un71,m)
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266 EXAMPLES OF CALCULATIONS OF GENERALIZED SYMMETRIES

(+,—) _ (+,—) ( Un,m +Un—1,m >:|
z =log |C , D.3b
g|: ! (un+1,m_un71,m)z ( 3 )
(——) LL'rx,nm‘i‘unanl >:|
2= ) =1lo . D.3c
& |: <(un+1,m_un1,m)2 ( 3 )

Inserting the resulting value for z (3.84a) obtained from (D.3) into
the conservation law (3.29) we derive the following relation between
the constants:

i) =—ci™, i =it (D.4)

Proceeding in the same way we can derive the values of the func-
tions v(+%) from (3.42):

oo (e tem )] o
V=) = log :CE'H ((u:ii 1::1;:1 )] (D50)
T e
W s (e e )L 050

Inserting the resulting value for v (3.84b) obtained from (D.5) into
the conservation law (3.34) we derive the following relation between
the constants:

cyr =i, e =i (D.6)

We can now insert z and v into the compatibility conditions in order
to find g. From these compatibility conditions we obtain the following
relations between the remaining constants:

cyrt =i, ot =it (D.7)

Integrating the equation for g (3.44) we get:

(+)e(+) (+,4) u121—1 m — Un,m ( )
g = FT\. FTTL C] ! : + un—1,m + (D ot
Un+1,m —Un—-1,m

2

_ _ Un— —uw
+F£1 )FETT) C( +) n—lm n,m _i_(D(*Hr)
Un+lm —Un—1m

+F~(n+)F£1?) Cg+,+] un,m+un71,m +(D(+’_):|
Un+lm —Un—1m

Un,m +Un—1,m

+FL RS | +<D(_'_)].
L Un—1,m — Un+1,m

(D.8)



D.2 THREE-POINTS GENERALIZED SYMMETRIES OF THE tH% IN DIRECTION m

Inserting it in the determining equations (3.26) and applying the op-
erator (3.47) we obtain a system of four equations which have to be

identically satisfied. The result is C gf’ﬂ =—C g+’+) and:
1 1
(DH_,_H = K1un,mr (I)(_’+) = EK]Un,m - ECS+ +)/
1 1 1 1
o+ = §K1un,m+icﬁ*'“, o) = EKIUn,m+§C2+’+),

where Kj is another arbitrary constant. Note that the symmetry gen-
erated by K; is a point symmetry, so the equation (1.93e) in the di-
rection n possess only the genuine three-points symmetry given by:

1/ _
F£1+)F1(1J1r)un+1,mun—1,m +3 (an) —Fy )FE:{)) Un,m (Ung1,m +Un—1,m)

Un+1,m —Un—1,m
PP ud o+ (P = PR ) wnm

n,m
+ ,
Un4+1,m —Un—1,m

(D.10)

As a sub-product of these computation we obtain then also the
point symmetry given by the coefficients of Ky:

op = [F& (2P + P ) 4 P i (D.11)
Note that since (1.93e) is invariant under the exchange n < m

the symmetry in the m direction is given simply by performing such
exchange in (D.10), which then gives:

1 _ _
F$L+)F'Er_1'_)un,m+1 Un,m—1 + = (F'EL ) - F'(rL+JF1(n )) un,m(un,m+1 + Un,m—1 )

g = 2
Un,m+1 — Un,m—1
O (P = FRD ) wm
+ .
Un,m+1 — WUn,m—1

(D.12)

Clearly these results match with those presented without all the
details in Section 3.3.

D.2 THREE-POINTS GENERALIZED SYMMETRIES OF THE tH% IN
DIRECTION M

Now we consider another interesting example: the {Hj equation. We
will show how to compute the three-points generalized symmetries
of the {Hj equation as given by (1.91a) in the m direction. To safely
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apply the methods discussed in Section 3.2 we have to perform the
exchange of the discrete indices n <+ m and then compute the sym-
metries in the n direction. Applying such exchange to {Hj equation
(1.91a) we obtain:

(un,m — Un m+1 )(un+1,m —Un+1,m+1 ) — X2

2 (+) (—)
—e“ap(Fn Un+1,m+1Un+1,m +Fn un,mun,er])

(D.13)

Since there are only two two-periodic functions in (D.13) a function
w decompose as:

W= ) 4 to) (D.14)

instead of the most general decomposition (3.85). Applying the method
explained in Subsection 3.2 we can find the system for the function z
decomposed as in (D.14) from (3.40). Considering the case n = 2k we
find from (3.40) the system for z(*):

(08 (1 + szufw],m) dz(+) dz(+)
(un,m —Un,m—1 )2 + €2 (X% aun+l,m aun,m
2..2
N o (1 +e unq,m) 0z 26Ut
2 - 2
(un,m —Un,m—1 ) + g2 (X% aun71,m (un,m —Un,m—1 ) + €2 0(,%
(D.15a)
[v%) (1 + Ezui+1,m> dz(+) dz(+)
(Un,m — Un,m+1 )Z + €2 OC% OUni1,m  OUnm
2..2
N 2 (1 +e unq,m) z(+) - 21
2 - 2
(un,m —Un,m+1 ) + e2 (X% aun71,m (un,m —Un,m+1 ) + e2 0(,%

(D.15b)

Taking the coefficients with respect to 1, m+1 We can solve this sys-
tem. This time the system is not overdetermined, but it is underdeter-
mined:

2 = log(1+ A1 )
(+) €(un+1,m _un—l,m) (D.16)
+logZ )
08 fnm <1 + Ezun+1,mun—1,m )
The same holds true for z(7):

(=) — 2.2

z =log(1+¢eu
8( om) .

+ 10g Zglj&(_un—o—],m + un—l,m)-

Using (3.41) we just add equations which are identically satisfied,
so all the differential conditions on z are satisfied. Inserting into the
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conservation law (3.29) the only condition we get is Zfﬁg1 = Zﬁi) ie.
the two arbitrary functions can depend only on one lattice variable.
For v we can proceed in the same way and we obtain:

2 2
V) — 1o | TE unﬂ/*z““n*/m) (D.18a)
1+ £2u'r1+1,m
(+) E(un+1,m _unfl,m)
+10 V 7
& Vnm (1 + 52un+1,mun1,m)
V(i) = 10g |:(] + €2uﬁ,m)VT(1,7n)1(_un+1,m +unf1,m)} . (D.18b)

Using (3.43) we just add equations which are identically satisfied, so
we have satisfied all the differential conditions on v. Inserting v into
the conservation law (3.34) the only condition we get is VT(lin)1 = VT(li)
i.e. the two arbitrary functions depend only on one lattice variable.

Inserting z and v into the compatibility conditions (3.45) we can
reduce the number of independent functions from four to two, since
we find the following relations:

zZE =cl—a+e)viPe), (D.19a)

Vi) =clP -z ). (D.19b)
Then defining:

GiH(e) = JvT&”(a)da, 6\ = Jza)(a)da, (D.20)

we can write the solution for g from (3.44):

g= _F'I(’L_'_) G < E(un—i—],m_un—Lm) >
€ T+ Ezun—l—Lmun—],m}

(1)
C
+ i) Z arctan(eun  1,m) + @

(D.21)

—F 0+ etu? )GH (“tnstm + Uns1m)

+F {0+ e ) C g + d)(_)} ,

with d)1(1in)1 = d)%q)l(un,m) functions to be determined.
Inserting this form of g into the determining equations we find the
following restrictions:

cll=cl=0, o =ct, o) =c+e2d,,), (D22)

where CE') and Cgf ) are arbitrary functions of the lattice variable n.
This means that (D.13) the three-points generalized symmetries are
generated by the following function::

(+) —1 (+) E(un+1,m_un71,m) (3)
9 " I: £ " (1 + Ezun+]’mun],m> ton :|

— - 4
+FC) [—(1 +e2u )G (“uny 1 m A tn1m) + (T +e2u2 L )CkY
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(D.23)

which depends on arbitrary functions. Note that we can separate the
true generalized symmetry part from the point part noting that the
coefficients of C%3 ) and C1(14 ) only depend on u,,m and not from its
shifts. Therefore we have the three-points generalized symmetry part:

gcs :F(+) [_]G(+) ( E(un+1,m_un—1,m >]
" € " (] + 52un+1,mun71,m})

(D.24)
+ F'(rl_) [_(] + Ezuﬁ,m)Gﬁt_) (_un+1,m + un71,m):|
and in the purely point part:
gr=F P+ F 0+ azui,m)df”. (D.25)

Reversing the transformation n <> m we obtain the result displayed
in Section 3.3.

We underline that the property of possessing generalized symme-
tries depending on arbitrary functions is linked with the fact that
(1.91a) is Darboux integrable [5] as it was proved in [69] and is dis-
cussed in Chapter 4.



THREE-POINTS GENERALIZED SYMMETRIES OF
THE RHOMBIC H* EQUATIONS

E.1 THE RHOMBIC H* EQUATIONS

In Chapter 1 we presented the single-cell form of the rhombic H*
equations in formula (1.32). Applying the prescription of [3, 21, 67] we
have (with the identification 7 = o« and «; = ) that the equations

1.32) once written on the Z?2 lattice have the form:
(n,m)

rH%: (un,m_un—i—],m—H) (un+1,m_un,m+1) — (= B)

+e(ox—B) (Ffmtf)m Un+1,mWUn,m+1 + Fw(;r)m un,mun+1,m+1) =0,

(E.1a)
rHE: (un,m —Un4+1,m+1 )(un+1,m — Un,m+1 )+

+ (B - O‘)(un,m F+Unt1,m FUn,mtel T WUntl,mtl ) — (XZ + [?’2

—e(p— «)3—¢ (p— o) <2F$L_+)mun,m +2F£:r)mun+1,m + o+ [5) .

: (ZFgll)mun+1,m+1 +2F£$r)mun,m+1 + x4+ B) = 0/
(E.1b)
ng : (X(un,mun+1 m T UnmriUnrl,ma1 )
- B(un,mun,m+1 + un+1,mun+1,m+1) + (0(2 - 62)6
e(ar—p2) (F(“
of3
(E.10)

where F](f) is still given by formula (1.90). Obviously this formula

agrees with that presented in [166].

E.2 THREE-POINTS GENERALIZED SYMMETRIES OF THE RHOM-
BIC H* EQUATIONS

The three-points generalized symmetries of the rhombic H* equations
as given by (E.1) can be computed with the methods presented in
Chapter 3 and were first presented in [166]. Their expression is the
following:

S HS T—e (Fimtr)munJerunfLm + Fim?m“%,m) 5

Xh' = (E.2a)

Un,m’

Un+1,m —Un—-1,m
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~ e 1—e¢ (F;ﬁmun,m—ﬂun,m—] + Fi;r)mugt,m)
X

Un,m’

Un,m+1 — Un,m—1

(E.2b)

(=) (+)
S HS (1 - 4£“Fn+m (un+1,m + unfl,m) - 4€Fn+mun+1 mUn—1m
Xn 2 - +
Un+1,m — Un—-1,m

200 —dea? — 4€F1(1_+)mu'$1,m + (1 — 4£ocF£L_+)m) Un,m

+ aun m
Un+1,m — Un—1,m ’
(E.20)
1 —4£BF(_) (u +u )—45F(+) u u
)/eri B n+m n,m+1 n,m—1 n+m4Unm+14%Un,m—1 n
m Un,m+1 — Un,m—1
2B —4ep? —4eF, oty + (1= 4eBF ) ) Unm
+ aun m
Un,m+1 + Un,m—1 ’
(E.2d)
X%Hg — I:;un,m (un+1,m + unfl,m) + 260(_ (E.ze)
Un4+1,m —Un—1,m
€ (F'(rttt)munwtl,munfLm + F'(n;)muﬁ,m) 3
X Un+1,m — Un—-1m tm
o HE 1 _ 20
X:qll_l _ |:U-n,m (un,m—H + Un,m—1 ) + R . (Ezf)
2 Un,m+1 + Un,m—1
I3 (Fy(:r)mun,m—o—lun,m—l + Fy(;r)mui,m)
T a aun m
B Un,m+1 + Un,m—1 ’

As stated in [166] the fluxes of the symmetries (E.2) are readily iden-
tified with the corresponding cases of the non autonomous YdKN
equation (3.99). The explicit coefficients of the corresponding non-
autonomous YdKN equation (3.99) are displayed in Table 3.1.



CONNECTION FORMULZ BETWEEN THE
NON-AUTONOMOUS Qv AND THE
NON-AUTONOMOUS YDKN IN THE m DIRECTION.

For the sake of completeness let us write down the non autonomous
YdKN in the m direction:

dum, o Am(Um)Umeium—1 +Bm(Wm)(Wm 1 +um 1) + Ci(um)

dt Um+1 —Um—1
(E1)
Here the m-dependent coefficients are given by:
Am(um) = aufTL 4+ 2bmUm + Cm, (E.2a)
Bm(um) = bm+1U%1 +dum +emy1, (F.2b)
Cm(um) = cm41 u12n +2emum + 1, (F.20)
where b, ¢ and ey, are 2-periodic functions, i.e.
em =e+e(—1)™ 3
The correlation formulae read:
a =ajaso— a%,o — ‘1%,1 + a%,z + a%,s (F4a)
+ (=)™ (2az,0a2,1 —2az2a33+aras ),
1
b = zaz,o(as,o —az,0 —a4,0) (F.4b)
1
+ 2(01 Q60— 022032 — 023043+ a2,105,7)
1
+5(=N"az1(as0 +as0 +as0)
1
+ 5(4 )M (az3a32 +arae,1 +az,0as,1 +az,2043),
1
=saz2(as0—azo—asyp :
B=5a (a a aso) (F.40)
1
- 5(62,3 as,] —a2,104,3 + 02,0032 —A1062)
1
+ 2(4 )Maz,3(aze —aso —aso)
1
+ 2(4 )M (a1ae3 +az1a32 —az00a43 —a220s51),
C =a2,006,0— 04,0030+ 02,106,171 — 023063 — Q22062

— (—1)"az,2a63+ as3a32 + a2 3062 —a2,006,1 — A2,106,0),
(F.4d)
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Y =02,106,3 — 04,0032 + 02,0062 — 023061 — 02,2060

d

e

3

f =

— (=1 "[az,2a6,1 + as3a30 + az,306,0 — A2,1062 — A2,006,3],

1

2 2 2 2 2 2
=(agp—azp—a3o+tarast+a3,+az3;—as,)

2

+2(=1)"(az,1a6,0 + az00a6,1 + 23062 + a2,206,3),

= s ag,0(as,0—aso —aspo)

+ s (az0a7 —as,106,1 + a3206,2 + 04,306,3)

(=1)"™(az0a63 + a4,306,2 + a5,106,0 — a2,107)

(=1)"ag,1(azo + aso + asp),

{ae,2(as,0 —as,0 —az,)

+ 5 (a32a6,0 — 043061 + 05,1063 + az2a7)

+

(=1)"™(as3a60 —a3,206,1 + 05,1062 + az,3a7)

+

(=1 "ag3(az o —aso—aso),

2 2 2 2
5007 — Qg+ a5y + a3 —0ag
— (—1)™(2a¢,2a6,3 —2a6,0a6,1 + as,1a7).

(F4e)
(E4f)

(F4g)

(E.4h)

(F4i)



CALCULATION OF THE FIRST INTEGRALS OF THE
tH1 EQUATION

In this Appendix we present a full developed example of calculation
of the first integrals of an quad equation using the method discussed
in Section 4.1. We will discuss the example of the {Hj equation (1.91a).
We note that the first integrals were first presented in [69] where they
were found by direct inspection.

Before proceeding we note that since the H* equations in general,
and therefore the {Hj in particular, are non-autonomous only in the
direction m though the factors F\%) we can consider a simplified ver-
sion of (4.20), in the same spirit of what was done with the General-
ized Symmetries, see Appendix E:

w; = P wit L Ow), (G.1)
If we assume W1 = W] (Unt1,m, Un,m) Separating the even and

odd terms with respect to m in (4.14) we find the following equations:

=0, G.2a
aun+1,m aun,m ( )
(=) (=)
ow ow
1+ % —— 4+ (1+ &%} l—=0. (Ga2b
(T+eud 1 m) T +(1+e™us ) . (G.2b)

whose solution is:

(+) (—) Un+1,m Un,m
W; =Fn'F — +Fmn G G.
1 m (un+1,m un,m) m (1 2 N e, ) ( 3)

Inserting (G.3) into the functional equation (4.7b) we obtain that F
and G must satisfy the following identity:

X
G(§)=F <2) : (G.4)
&
This yields:
(+) X2 (—) Un+1,m — Unm
w,; =F T +FUF . (G.
T (un+1,m_un,m> m (1 +52un,mun+1,m) (G5)

For the m direction we may also suppose our first integral to be
two-point: W2 = W5 (Wn,m+1,Un,m). It easy to see from (4.19) with
k = 1 that this yields only the trivial solution W, = constant. There-
fore we consider the case where the integral is three-point: W, =
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W3 (Wn,m+1,Un,m, Un,m—1). From (4.19) with k = 1, separating the
even and odd terms, we obtain:

6W§+)

aun,m—H

(+)
ow.
- [(un,m _u'r1+l,m)2 + 520‘%} .

oz (14 ezui,mﬂ)

(G.6a)

(+)
oW
+oo (1+e*ud 1) PR 2 - = 0,
n,m—
(=)
o (1+ €% g ) TR
n,m

(=)
ow.
_(un,m_unJr],m)z d 2

(G.6b)

Un,m
ow! )

—2 -0
aun,m71

+oo (1+e*ud )

Taking the coefficients with respect to 1, 1,m and then solving we
have:

2

Un,m+1 —Un,m—1

+ FE;) G (un,m+1 —Un,m—1 ) .

Inserting (G.7) into (4.7a) we don’t have any further restriction on the
form of the first integral. So we conclude that we have two indepen-
dent first integrals in the m direction, as it was observed in [69].

As explained in Section 4.1 since the application of the method was
fruitful we obtained first integrals depending on arbitrary functions,
which is of course redundant. We can then apply the simplifying
assumptions discussed in Section 4.1 and consider the first integrals
for the {Hj as given by linear functions of their arguments:

o2

— u —u
Wy =Fi) +F)SdIm T Im (G ga)
Un+1,m — Un,m 1 +e Un,mUn+1,m

1+ ¢e2u Un m—
Wz —_ FE:{)(X + nm+1%n,m—1 (GSb)
Unm+1 — Un,m—1

+ F1(1:) B (un,m+1 — Un,m—1 ) .

Here o and (3 are two arbitrary constants coming from the fact that
in the m direction we found two independent arbitrary functions.

The first integrals for the {Hj equation (1.91a) were first presented
in the form (G.8) in [69]. In Section 4.3 we show these first integrals
again in this form.



LINEARIZATION OF THE {H7f EQUATION
THROUGH THE FIRST INTEGRAL IN THE
DIRECTION m

In this Appendix we consider the linearization of the (Hj equation
(1.91a) through the integral in the direction m, namely W, given by
formula (4.29b). Note that this case is more interesting since now we
are dealing with a three-point, second order integral. Let us assume,
without loss of generality that « = = 1. Our starting point is the
relation W, = p;,, from which we can derive two different equations,
one for the even and one for the odd m component of un,m. This will
give a priori a coupled system. However in this case it easy to see that
choosing m = 2k and m = 2k 4 1 we obtain the two equations:

2
T4 e Un2k4+1Un2k—1 = P2k (Un2k+1 — Un,2k—1), (H.1a)

Un 2k+2 — Un2k = P2k+1- (H.1b)

Therefore the system consists of two uncoupled equations.
The first one (H.1a) is a discrete Riccati equation which can be
linearized through the non-autonomous Mobius transformation:

1 T4+ €% 1o
Unk—1=_—+xk, Pk=—""_— (H.2)
Vi, k X1 — K

from which we obtain:
(T+ %0 1) vt +e2oar = (1+e%0f) v + 2ok (H.3)

This equation is a total difference and therefore its solution is given
by:

Gn — Ez (0,67
Vnk = ———. H.
T e2ad (H4)
Putting o = K21 we obtain the solution for uy 211 as:
1+ k10
Unk-1 = = (H.5)

On — €2K2K—1

The second equation is just a linear ordinary difference equation
which can be written as a total difference performing the substitution

P2k+1 = K2k+4+2 — K2k:
Un 2k = Wn + K2k. (H.6)

Therefore we obtain:

) T4+ kmBn

Unm = FETT) (wn +Km) +F£1? 0 3 . (H.7)
n— & Km
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(H.7) depends on three arbitrary function. This is because we started
from a second order integral, which is a consequence the discrete
equation. This means that there must be a relation between 0,, and
wn,. This relation can be retrieved by inserting (H.7) into (1.91a). So
we obtain the following relation:

EZ + enen+]

, H.8
en—H —0n ( )

Wn — Wny1 = &2
which gives us the final expression for the solution of (1.91a) up to
the integration given by (IH.8). The general solutions obtained from
different first integrals are the same in the sense that one of them can
easily be transformed into the other.
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