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Chapter 1

Introduction

1.1 Motivations

The two dimensional Ising model is an oversimplified description of a planar magnet
with interactions restricted to neighboring spins. It was the first model to indicate that
a microscopic short range interaction produces a phase transition at a critical point,
becoming one of the most widely studied classical spin systems [52}53,|62}/63,76]. On-
sager first provided the exact solution of this model in the absence of an external field,
which was then reproduced in many different independent ways [43.47},53,(67,/69]. The
integrability, i.e. the exact solvability, of the Ising model implies that this spin system
can be exactly mapped into a system of free fermions [43,/57,/67]. As a consequence
there are explicit computations of the thermodynamic properties of the model, exact
results for spin-spin and energy-energy correlation functions [6,47,60./61,72] and some
multi spin correlations [50], as well as for their asymptotic behaviour for large distances.
The critical exponents of the model, which characterize the asymptotic behaviour at the
critical point, are different from those predicted by the Curie-Weiss theory, hence the
Ising model belongs to a different universality class. A universality class is a collection
of models which display the same critical behaviour at a second order phase transition
even if they are defined in terms of different microscopic Hamiltonians, and possibly
describe different physical systems. The concept of universality class and the analy-
sis of the critical behaviour were understood on the basis of Renormalization Group
(RG) methods [17,23/49,71,[73H75]. In particular, at the critical point the scaling limit
is independent of microscopic details, such as the underlying lattice, and it is invari-
ant under uniform changes of length scale. Conformal Field Theory (CFT) generalizes
this scale invariance to an invariance under a larger group of conformal transforma-
tions |7,,251126,26}27,,29,31,/46./48//65]. The conformal invariance allows one to investigate
the nature of the critical regime of many models, including the Ising model, and to ex-
plicitly evaluate the finite size effects for the scaling limit of correlations at the critical
point [1},7,/12,/18/|31]. Further progress has been made by reformulating the conformal
invariance of the scaling limit in terms of a suitable convergence for conformal invariant
interfaces [19,55,/68]. In this perspective, using techniques based on combinatorics, prob-
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6 CHAPTER 1. INTRODUCTION

ability and discrete analysis, several CF'T predictions have been rigorously proved for
different two dimensional lattice model, including critical site percolation on triangular
lattice |70, dimer models [54], and Ising models [11,[20-22,28,|56}66]. Unfortunately,
most of the results obtained from these recent developments concern exactly solvable
models, most notably Ising and dimers. Technically these results are based on discrete
holomorphicity, which is an instance of the integrability of the lattice models. Such a
restriction is a severe limitation of the method, conceptually quite unsatisfactory: the
scaling limit, on the basis of the RG philosophy, should be robust under “irrelevant”
perturbations of the microscopic integrable models.

From a physical point of view, there is no special reason to consider only interactions
among neighbouring spins. It is natural to consider a perturbed, non-integrable, Ising
model

H), = Ho+ \W, (1.1)

where W is an even finite range interaction among spins and Hj is the nearest neighbour
(n.n.) Hamiltonian.

A method to study a wide class of two dimensional classical spin systems, obtained as
perturbations of the Ising model, was first introduced by [64] and [58]. The method is
based on the exact mapping of the A # 0 spin model into a model of interacting fermions
in 1+ 1 dimensions [44}/69] and on the implementation of the constructive fermionic RG
method due to Benfatto, Gallavotti, Mastropietro and collaborators [8-10,|13,35]. It
seems natural to derive the relation between the microscopic non exactly solvable mod-
els and the CFT description via RG techniques, as a first step towards the development
of rigorous methods which are completely independent of any exact solution of the micro-
scopic model. In this framework, Giuliani, Greenblatt and Mastropietro [37,39] verified
some of the CFT predictions via constructive RG methods for a non integrable Ising
model on a torus, which is a translational invariant system. However, in order to prove
the full conformal invariance of the scaling limit, a control of the boundary terms is
also required: it is then necessary to adapt the RG methods to a model on finite do-
mains, which are no longer translational invariant systems. A first attempt was made
by Antinucci [3] for interacting fermions on the half line, and later Antinucci, Giuliani
and Greenblatt [4] derived the methods for the study of a non integrable Ising model on
a cylinder, where the translational invariance is lost in the vertical direction. In their
work, they construct the scaling limit of the bulk energy multipoint correlations. In
a different framework, via random current representation and critical percolation tech-
niques, the authors of [2] proved the asymptotic emergence of the Pfaffian structure in
the multipoint correlations for spins located at the boundary, which is consistent with
the expected picture of universality in critical phenomena, for all ferromagnetic pair spin
interactions, beyond the weak coupling regime.

In order to state our result more precisely let us recall a few basic properties of the
integrable Ising model. If A = 0, Onsager’s exact solution shows that the free energy
is analytic for 8 # (., where 8, = J~! tanh_l(ﬁ — 1) is the inverse critical temper-
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ature. For 8 < [, the “high temperature state”, the spontaneous magnetization is
vanishing and the multipoint spin correlations are exponentially decaying as the sep-
aration between spins is sent to infinity. For 8 > (., the “low temperature states”,
the spontaneous magnetization is non zero and the multipoint truncated spin correla-
tions are exponentially decaying as the separation between spins is sent to infinity. As
B — B, the rate of the exponential decay goes to zero proportionally to |3 — .| and
at 8 = f. the correlation functions decay polynomially to zero, with specific critical ex-
ponents. We can derive the critical exponents in terms of the local operator dimension
values. Far away from the boundary the dimension is 1/8 for the spin field operator
o and is 1 for the energy field operator e, while at the boundary the dimension is 1/2
for the spin field operator & and is 2 for the energy field operator €. These dimen-
sion values are in correspondence with the power law decay of the critical correlations.
For instance the m-point truncated spin correlation, if the spins are far away from the

boundary, decays as (oy,;--- ;0x,,) ~ (const.) - d~™/® asymptotically as the distance d
between the spins increases to infinity, while, if the spin are at the boundary, decays
as (Gx,;- -+ ;0x,,) ~ (const.) -d~"/2. In the same way we can obtain the critical expo-

nents for the energy correlation functions, as well as for the mixed correlation functions.
Moreover the free fermions representation allows us to derive also the explicit exact
expression for the multipoint energy correlations in a closed form, which we can imme-
diately use to control the asymptotic behaviour [24]. On the contrary the determination
of an explicit expression of the spin correlation is very involved if far away from the
boundary: it is expressed as a determinant of a large matrix, of size increasing with
the distance between spins, whose asymptotic behavior along special directions can be
obtained via the use of Szego’s lemma [60] or via the use of the analyticity structure of
a set of exact quadratic difference equations that the correlation satisfies exactly at the
lattice level [59]. Instead, if we consider spins at the boundary the explicit expression
of the spin correlation is drastically simplified: actually it is possible to evaluate it at
any temperature by Pfaffians of the corresponding two point function as first pointed
out by [41] and derived in several works thereafter (e.g. see [42]).

It is natural to ask whether these features survive the presence of the perturbation
A # 0. Since a universality property was conjectured for the Ising model, the critical
indices should remain unchanged by adding the finite range interaction. In fact, in this
thesis we prove that, if X\ £ 0, the scaling limit of the two-point correlation for spins at
the boundary has the same critical indices than the unperturbed scaling limit. Moreover,
we prove that the perturbed scaling limit can be identified with the unperturbed scaling
limit, up to finite renormalizations: the wave functions and the critical temperature are
renormalized by the finite range interaction, while the critical exponents are protected
against renormalization.
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1.2 The model and the main results

The interacting Ising model on a cylinder

We consider perturbations of the n.n. Ising model where the spins interact via a finite
range interaction of the form:

H)\(Qu']) = HO(Q’J) + )\W(g) = - Z Z Jx7x+aéi0'x0-x+aéi - A Z V(X) H Ox
x€A i=1,2 XCA x€X

(1.2)
where A := alApy with Ary = Z/(LZ) X (Zﬂ [1,M]), L € 2N, M € N, is a cylin-
drical lattice, a is the lattice spacing, ox € {£1} is a spin variable associated to each
X = (x(l), 93(2)) €A, O (1) aM+a) = U for the open boundary condition in the vertical di-
rection, J = { Jx x+as; };:6118 is the set of the couplings between nearest neighbour spins
and é; = (1,0), é2 = (0,1) are the two unit coordinate vectors of the lattice; V(X) is a
finite range, translationally invariant, even interaction, such that V({x,x + aé; }) = 0;
the sum in the second term of Eq. is over all unordered pairs of sites in A and
A is the strength of the interaction, which can be of either signs and, for most of the
discussion below, the reader can think of as being small, compared to Jx xiqe,, but
independent of the system size.

Observables

Note that in the infinite volume limit L, M — oo the cylindrical lattice A tends to the
discrete upper half-plane H, = {x = (M, 2®) € aZ?: 2® > a}. If we think of H,
as the lattice covering the continuum half-plane H = {x = (z(,2®) e R? : (2 > 0},
each point of H is at distance at most a/v/2 from a lattice site of H,. For convenience
we choose the convention of associating the continuous coordinate x € H to the nearest
lattice site at the top right, namely [x] := [x]% = ([z(V]2, [2®)]%) and [zD]* =
mingeqz {n:n > z@ bi=1,2.

We can express the observables on the lattice sites of H in terms of the continuous
coordinates of H. Since we are interested in obtaining the scaling limit of the multipoint
correlation functions, we must appositely rescale the field operators based on their di-
mension values. For an interior point x € H° := {x € R? : (?) > 0}, we define the bulk
spin as 0@ (x) = (f%am and the bulk energy density as Eg-a) (x) :== a_la[x]a[xHaéj,
j = 1,2. For a point at the boundary x € 9H := {x:z) ¢ R,z® =01}, we de-
fine the edge spin as (9 (x) := @ (V) = a_%a[x] and the edge energy density as

é§-a) (x) := éga) (M) := CL_QO"'X“O'[X“_;’_aéj, j=1,2. As we will see, these are the suitable

definitions for having the finite scaling limit of the correlation functions.

Correlation functions

The thermodynamical properties of the system described by (1.2)) can be obtained by
averaging with respect to the Gibbs measure at inverse temperature §: given m > 1
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observables Fi(g),--- , Fin(a), the m—point expectation is defined as

Yoeayy Fi(@) - Fu(g) e /D
(Fi(a) Fn(a))ga = =% - : (1.3)
B’A ZQEQLM e 6H)\ (27‘])

where o = {0y }xen is a spin configuration and Q75 = { £1 }M is the spin configuration
space. By introducing m auxiliary sources Q = { Q1,- - , Q@ }, the expectation in (|1.3))
can be expressed as

(Fi(@)-- Fn(a)) g = E/\EQ) ot ?éanE/\(Q) Q=0 (14)

where E,(Q) is the generating function, defined as

(Q) := Z e~ BHN(@I)+Q1F1(0)+++QmFm(2) (1.5)

a€Qrm

—
=
=

Moreover we let

(Fi(0): - Fn@))pn = == logEr(Q)

A= 30, 00, o’ (1.6)

be the truncated expectation. Note that we can always write the truncated expectations
in terms of simple expectations, for instance if m = 2 we get

(Fi(a); Fa(a)) g a = (Fi(@)Fa(@)) g a — (F1(@)) g a (F2(@))ga - (1.7)

In absence of the perturbation (-) 5 5 [x=0 = <->%?A denotes the unperturbed expectation.
Finally, in the infinite volume limit, we let limy, a7 00 <'>5,A = <>5 and lim7, p/—o0 <'>%,A =
()% be the perturbed and the unperturbed expectations on the upper half-plane, pro-
vided these limits exist. The expectations we are interested in are the expectations of

observables at m distinct points on the upper half-plane, which we call the m—point
correlation functions.

Results

Our main result is summarized in the following theorem.

Theorem 1.1 (The two-point edge spin correlation). There exists A\g > 0 such that, if
IA| < Ao, the critical temperature B.(\) of the Ising model in Eq. and the renormal-
ization Zy(\) € R are analytic functions of \; furthermore Z,(\) is analytically close to
1 and independent of a. Then, for x1,x2 € OH distinct boundary points, for all 6 € (0,1)
and a suitable constant Cy > 0, the two-point edge spin correlation on the discrete upper
half-plane is given by

~(a ~(a ~(a ~(a 0 a
<U( )(Xl)U( )(X2)>5C(,\) = Z7(\) <U( )(Xl)QU( )(X2)>56(o) +R((7 )(X17X2)7 (1.8)
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where (5@ (x1)5(@ (X2)>g (0) i the unperturbed two-point edge spin correlation function

c

and R((,a) s the correction term, which can be bounded as

1 a o
(a) < : 1.
R et < Gt () (1.9)

As a consequence of Thm. we can explicitly compute the scaling limit of the
two-point edge spin correlations, obtaining the correlations on the continuous upper
half-plane. In particular we have a constructive procedure to compute the amplitude
of the correlations and the subdominant corrections, that vanish in the scaling limit in
which the lattice spacing «a is sent to zero. We can immediately verify that in the scaling
limit the finite range interaction changes only the critical temperature and the amplitude
of the correlations: the critical exponents and the explicit form of the correlation function
are the same as in the integrable case, as stated in the following corollary.

Corollary 1.1 (Correlation in the scaling limit). Given X, B.(\), Z5(A) and x1,x3 € OH
as in the statement of Theorem [I.1], there exists a truncated correlation function

(6(x1);5(x2))%.0) € R,
such that in the scaling limit we get

lim <Er(“) (x1); 5@ (X2)>Bc(>\) = ZZ(N) (6(x1); &(X2)>%c(0) :

a—0

Note that the explicit form of the limit function (&(x1); &(x2)>gc(0) is a well known
expression (see e.g. [42]):

NN 2 S |
<0(x1),0(x2)>50(0) = <7r(ﬂ— 1)) =] (1.10)

1.3 Outline of the proof

To derive the two-point edge spin correlations we use the expectations in and the
generating function in with Q proper spin sources. We start by expressing the
generating function Z,(Q) as a Grassmann functional integral. The resulting structure
is very similar to the one in , but expressed in Grassmann variables: =) (Q) will be a
Grassmann integral of an exponential function such as exp (V) (X, Q)), where V) (X, Q),
which called effective potential, is a polynomial in the Grassmann variables X and in
the source variables Q whose coefficients are called effective kernels.

We start from the well know representation of the Ising model partition function as a
Pfaffian [60], which can be written as a Grassmann functional integral [45,/67]. If A = 0,
Z0(0) is a Gaussian Grassmann functional integral, i.e. Vy(X) contains only quadratic
monomials of Grassmann variables. If A # 0, Z)(Q) is a non-Gaussian Grassmann
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functional integral, i.e. in addition to the quadratic monomials, in V) (X, Q) there are
monomials of arbitrary order in the Grassmann variables X and monomials involving
the sources Q, with effective kernels analytic in A. If we expand the exponential of
V) in Taylor series in A and then naively integrate the Grassmann monomials using
the Wick rule, we get non convergent perturbative series at the critical point. A mul-
tiscale analysis provide the non trivial resummations required to get the convergence.
By introducing a multiscale decomposition, we illustrate an iterative procedure for the
integration of the Grassmann variables such that, after each integration step we get an
effective potential, which exhibits the same structure as the starting one up to modify
some coupling constants. In particular, the effective kernels satisfy proper dimensional
bounds at each iteration and the critical temperature and the renormalizations will be
modified through the iterative scheme.

The presence of the lower boundary in the half-plane breaks the translation invari-

ance of the model in the vertical direction: this causes several difficulties in using the
constructive Renormalization Group methods, which are highly dependent on transla-
tion invariance. The authors of [4] provided the first rigorous treatment of the finite
volume effects in a critical theory, studying how the boundaries affect the structure of
correlation functions in the scaling limit. In particular, they showed that in the presence
of a boundary, any contribution to the generating function of correlations of observables
located at points in the interior of the domain, can be decomposed into a bulk part
(which is defined in a straightforward way based on its infinite plane counterpart), plus
a remainder, which it is called the edge part. The bulk contributions are translation
invariant, so they can be treated as already discussed in |37]: by iterating the above
mentioned procedure, we get a flow of running coupling constants which is controlled
by proper dimensional bounds, so that we get the explicitly convergent series. The edge
contributions, which are translationally invariant only in one direction, must be treated
in a distinguished way, in order to reduce them to local edge terms (depending on
boundary running coupling constants rather than running coupling functions, as a naive
definition would produce) plus irrelevant terms. The right procedure for the edge contri-
butions was already discussed in [4]: a key ingredient to get the explicit convergence is
a cancellation property of the fermionic fields exactly at the boundary, which imply the
necessary dimensional improvements. In this manner, the apparent divergences can be
resummed by rigorous Renormalization Group methods: the outcome is a renormalized
expansion for V) that is convergent for A small enough, and then an explicit derivation
of the correlation functions.
Here we adapt the procedure in presence of spin source variables at the boundary: we
derive the generating function describing a perturbed Ising model which also includes the
edge spins, we obtain the renormalized expansion of the effective potential as a function
of the edge spin sources and the necessary bounds on the effective kernels, treating an
effective theory with apparent divergences different from those derived in [4]. As a result
we get the 2—point edge spin correlation functions with valid estimates at the boundary
and we derive the explicit exact expressions in the scaling limit.
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1.4 Perspectives

The result in this thesis paves the way to derive more general edge observables correla-
tion functions, such as the multipoint edge spin correlations, the multipoint edge energy
correlations and the mixed multipoint spin and energy correlations.

In particular, the derivation of the 2n—point edge spin correlations is an immediate
extension of our result: in fact, in the following chapters we introduce the Grassmann
representation and we prove the convergence of the expansion for the effective potential
taking into account an arbitrary number of edge spin sources. However, in chapter [6] we
state our main result for the two-point edge spin correlation, in order to provide a more
readable discussion.

In [2], the authors proved that, for ferromagnetic pair interactions, the scaling limit of
the 2n—point edge spin correlations at the critical point is a Pfaffian: therefore, combin-
ing their result with ours we find that, in their setting (FM pair interactions, i.e. in r.h.s.
of the only non vanishing interactions are AV (X) > 0 for | X| = 2) the scaling limit
of the 2n—point edge spin correlation is the Pfaffian of the 2—point function in .
For more general interactions, the scaling limit of the 2n—point edge spin correlation
could be obtained by combining the localization procedure and the bounds for the effec-
tive kernels here introduced, with the techniques discussed in [4,[37] for the multipoint
bulk energy correlations. Moreover, the same can be done for the generalized multipoint
correlations involving both edge spins and bulk energies, it just requires more involved
expressions with no significant differences.

Instead, deriving the edge energies correlation functions requires some significant modi-
fications. In presence of the edge energies, the localization procedure seems to introduce
a significant number of additional running coupling constants. However, we can expect
that exploiting the symmetries of propagators will reduce this number: a starting point
should be the study of the horizontal edge energies, which are defined in terms of nearest
neighbor edge spins.

In this perspective we organize the thesis as follows.

1.5 Summary

e In Chapter [2] we introduce the Grassmann representation for the non integrable
Ising model on a cylindrical lattice. Then we express the perturbed generating
function as a functional integral of Grassmann variables and we obtain the unper-
turbed correlations in terms of Grassmann fields. Here we consider the generating
function depending on the edge spin sources and the energy sources: so that, on
the one hand, we can exploit the procedures already derived for the energy cor-
relations to obtain the spin correlations, on the other hand, we can introduce the
more general setting that will be useful to future extensions of the result.

e In Chapter [3| we perform a suitable change of Grassmann variables, so we get
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the representation in massive and massless variables of the generating function
on the upper half-plane and we study the critical propagators. In particular, we
derive the explicit expression of the critical propagators, we introduce the bulk-edge
decomposition and the multiscale decomposition and derive the decay bounds.

e In Chapter [4] we illustrate how to derive a convergent expansion of the effective
potential. We introduce a multiscale analysis and a localization procedure that
allows to identify the possibly divergent contributions in the effective potential.
From here on, we focus only on the edge spin sources and we describe how to get
convergent expansions for effective kernels associated in presence of the edge spin
sources.

e In Chapter[5] we derive the estimates for the kernels of the expansion of the effective
potential in presence of the edge spin sources and we obtain an explicit solution
for the flow equation of the running coupling constants associated with the spins.

e In Chapter [6] we prove the main result for the two-point edge spin correlations: we
illustrate how to adapt the convergent expansion derived for the effective potentials
to expand the correlation functions and, moreover, we prove that the explicit ex-
pression of the two-point edge spin correlation can be given in terms of a dominant
term, which is exactly one of the massless critical propagator, and a subdominant
term that vanishes in the scaling limit.



14

CHAPTER 1. INTRODUCTION



Chapter 2

The Grassmann representation on
a cylinder

In this chapter we derive the Grassmann representation of the truncated correlations on
a cylindrical lattice. Despite in our main result we are interested only in the two-point
edge spin correlations, we derive the representation of the more general correlations
which include an arbitrary number of edge spins, bulk energies and edge energies.

As mentioned above, we are interested in a scaling limit in the infinite volume limit, in
which the cylindrical lattice tends to the continuous upper half-plane. When we perform
the limit, we want to distinguish the edge observables from the bulk observables: we
introduce § > 0, independent of the lattice spacing a, and we let A° ;= {x € A : @ > J}
be the set of the lattice sites that will end up away from the the edge and we let
OA = {x € A:2? = a} be the set of those that will end up exactly on the edge of the
half-plane. For x € A, we define the edge spin operator as 6x = a~ /204 and the edge
energy operator as €x; := a_20x0x+aéi, 1 =1,2; for x € A°, we define the bulk energy
operator as ex; = a_loxaeraéi, 1 = 1,2. Moreover, we introduce the sets of auxiliary
sources: W := { W, } 5, for the edge spin correlations, A= {flxyl, Axg }XGBA for the
edge energy correlations and A := { Ax1, Ax2 },po for the bulk energy correlations.
By using Eq.([L.6]), we obtain the unperturbed truncated correlation functions as

(Ox13* " 3 Oxng s Eyigis " " 5 Eymuim’ Eaag}5 """ ;ézm,,j;n)m =
on om o <
= ~ = IOgE,)\(‘I’,A,A) )
OWx =+ OWx,,, OAyy g+ Oy jom DAy, -+ 04, Tyt T=A=A=0
(2.1)
where {x; € OA}!7,, {y; € A°}", and {z; € OA}Z, are sets of distinct points, and

=,(P,A,A) = Z o BHA(@D)+375 (Zxeno AxoxitLxeon Axifni) +Exeon Yxox 7

g€QL M
(2.2)
is the generating function of interest. In the rest of this chapter we illustrate how to
derive the Grassmann representation of the generating function (2.2)). As a consequence

15
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of the Grassmann representation of =y (¥, A, A), we will be able to derive the expressions
of the truncated expectations in in terms of truncated expectations of Grassmann
fields, which will be explicitly evaluated in the next chapter

Here we proceed as follows:

e in Sec. we derive the Grassmann representation of Z(0,0,0), which is the
partition function of the unperturbed Ising model: despite being a well know result,
we briefly review each necessary step, such as the multipolygon representation and
the dimer representation;

e in Sec. we derive the Grassmann representation of Zo(W¥, A, A), which is the
unperturbed generating function, by adapting the previously reviewed steps: in
particular, the edge spin correlators will initially be defined on a modified cylin-
drical lattice, which has some additional bonds below the lower edge so we have to
reproduce the multipolygon representation and the dimer representation on this
modified lattice; moreover we derive the expression of the unperturbed correlations
in terms of the Grassmann correlations;

e in Sec.[2.3]we introduce the perturbation A # 0 and derive the Grassmann represen-
tation of Z) (¥, A, A), which is the desired partition functions of the correlations
in .
The derivation of the unperturbed partition function is mainly based on [60] while the
derivation of the perturbed energy correlation functions on the cylindrical lattice is
mainly based on [4,37]): the original contribution of this chapter is to provide the
Grassmann representation of generating function with the edge spin sources and derive
the corresponding perturbed edge spin correlation functions.

2.1 The unperturbed partition function

In this section we illustrate how to derive the Grassmann representation of Zy(0,0,0) =
Zy(J), which is the partition function of the exactly solvable Ising model on a cylindrical
lattice. Such model is described by the Hamiltonian in (1.2]) with A = 0, so that the
partition function at inverse temperature (5 is given by

2
ZO(J) = Z e_BHO(QyJ) — Z 66 erA Zizl Jx,io'xo'x-}—aéi , <23)
o€ o€
where Jx ; := Jx x+tqe,,% = 1,2 denote the interaction energies between nearest neighbor

spins. The boundary conditions are free in the vertical direction, Oz aM+a) = 0 for
all z1) € [—aL,aL], and periodic in the horizontal direction O(altae®) = O(—aLz®)
for all () € [a,aM]. First of all, in Subsec. we illustrate how to represent Zy(J)
as a sum over the multipolygons and in Subsec. [2.1.2] we illustrate how to relate this
representation as a Pfaffian of the Kasteleyn matrix. In Subsec. [2.1.3] we introduce the
Grassmann variables, in terms of which we can represent the Pfaffian of the Kasteleyn
matrix as a Grassmann functional integral, as derived in Subsec. [2.1.4
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2.1.1 The multipolygon representation

For each site of A we let bx; = (x,x+ aé;), ¢ = 1,2, be the horizontal and vertical
bond, and we let 0y, ; = 0x - 0xyqe; be the bond spin associated with by ;. Then, the
partition function (2.3)) can be rewritten as

Zo(@) = 3 & Ereenn i (2.4)

a€Qrm

where By = {bx, };:61/\2 is the set of nearest neighbor bonds in A. By expanding the

exponential in power series (op, ; = +1) we get

Zo(J) = Z H (cosh BJx,i + Op,.; sinh Bx;i) =

a€Qrnr by, i €BA

= H cosh £Jx i Z H (1+ oy, , tanh BJx ;) . (25)
bx,i€EBA g€Q 0 bx,i€EBA
Developing the last product in , we are led to a sum of terms of the type
op, tanh 5J; - - - o, tanh BJ; (2.6)
and we can conveniently describe them through the geometric set of lines by, --- ,bs € Ba.

If we perform the summation over the spin configurations g, many terms of the form
give vanishing contributions: the only terms which survive are those in which the
vertices of the geometric figure by U bg U - -+ U bs belong to an even number (0,2 or 4)
of bonds. These terms are such that oy, --- 03, = 1. So we are considering only s sides
figures, called multipolygons, as in Fig. The multipolygons are closed figures, which

S s e i Ml el e i Mttt el e e M i Bl et e Wi Bl Bt Bl s
| | | | | | | | | | | | | | | | | | | | | |
- ———— | T | [——— -
| | | | | | | | | | | |
e - == - - L -

Figure 2.1: The multipolygons allowed on a cylindrical lattice. The lattice is periodic in the horizontal
direction.

are allowed to wind up the lattice in the horizontal direction but not in the vertical
direction; moreover, these figures can intersect, with the restrictions that no two sides
may overlap. Let Ps(A) C By be the set of such multipolygons with s sides on the lattice
A. Then the problem of evaluating can be reduced to that of finding the partition
function for the multipolygons on the lattice, namely

Zo(d) =2"" ] coshBleid D It (2.7)

by, i €BA 520 Py(A)CBy by i€Ps(A)
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where tx; := tanh 8Jx;, ¢ = 1,2. It is well know that the sum over the multipolygons in
(2.7) can be expressed in terms of an appropriate Pfaffian, but before we have to relate
the Ising model on A to a combinatorial problem involving dimers.

2.1.2 The dimer representation

To relate the Ising model to a problem of closest-packed dimers, by following the con-
struction originally derived in [30], we replace each Ising vertex x € A by a cluster of
six new vertices {Hyx, Hx, Vx, Vx, Tx,Tx}, as in Fig. By this site replacement, in

L 2

Figure 2.2: Original vertex x (on the left) corresponds to six new vertices { Hx, Hx, Vx, Vx, Tx, Tx } (on the
right).

addition to horizontal and vertical bonds between nearest neighbor clusters there are
now also bonds within a cluster, as shown in Fig. A dimer is a figure that may
be drawn on the lattice and that covers a bond and its endpoint sites. By filling the
lattice with dimers, with the constraint that each lattice site is covered by one and only
one dimer, we obtain a closest-packed configuration. The sum over the multipolygons in
corresponds to the partition function for the closest-packed dimer configurations on
A, which can be evaluated by the Pfaffian of the Kasteleyn matriz [51]. The Kasteleyn
matrix on A is an antisymmetric 6 LM x 6 LM matrix whose entries, properly labelled by
the lattice sites, are in correspondence with specific bond weights. Up to proper signs,

X + €9, X+ e+ e

X X+ & X X+ &
' |

Figure 2.3: Bonds between nearest neighbour sites (on the left) correspond to bonds between nearest
neighbour clusters (on the right). In addition there are seven bonds within a cluster (blue) for each lattice
vertex.
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the bonds between clusters have a weight of ¢4 1 or tx 2, if horizontal or vertical, and the
bonds within a cluster have a weight of 1. The signs are assigned by a clock-wise odd
orientation of the lattice (see Appendix [A]for details).

Then the partition function can be rewritten as

Zo(J) = 2" T] coshBJy; PFA, (2.8)
bx, €Ba

where the definition of the Pfaffian of an 2N x 2N antisymmetric matrix is

N
1
PAA = i D DT [T Ario 1y e - (2.9)
™ =1
where 7 is a permutation of {1,...,2N} and (—1)" is its signature. One of the properties

of the Pfaffian is that (PfA’)? = det A’. The Pfaffian can be immediately expressed as
a suitable Grassmann integral, which we are now going to introduce.

2.1.3 The Grassmann integration rules

A finite dimensional Grassmann algebra, is a set of Grassmann variables 1, with o an
index belonging to some finite set {1,...,2n }, which are anticommuting variables, that
is

{waa@/)a’}:wawa"{'@ba’wa:oa VO{,O/E{L...,Q’I%} ) (2'10)

and in particular
(Wa)? =0, VYac{l,...,2n}. (2.11)

Let us introduce another set of Grassmann variables di),,, anticommuting with .. The
Grassmann integration is a linear operation defined by

/dwazo, /dwazpa:L ae{l,....2n}. (2.12)

If F(v) is any analytic function in the Grassmann variables 1, the Grassmann integral

/[ﬁ dzpa}F(w) (2.13)

is simply defined by iteratively applying (2.12)) and taking into account the anticommu-
tation rules (2.10). For instance

/dwae% = /dwau + 1) =1, (2.14)

analogously for all ay, 2 € {1,...,2n} and c€ C

/ dipe, A, € Vo1 Vo2 = ¢ | (2.15)
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When more than one pair of Grassmann variables is involved, if A = 2 x 2 matrix, i.e.
Aqp = Az =0 and A = — Aoy,

/ Dy Aoy € Zii=1 VeiAisVeg = 4o (2.16)

and by noticing that PfA = Ajy (see (2.9))), we can easily generalize the above expression
for any 2n x 2n antisymmetric matrix A,

2n
[ [T1 dwa]etEismrvdenss —pra. (2.17)

a=1

A list of useful algebraic properties of the Grassmann integration can be found in several
works, e.g. [34, Chap. 4] or [40, Prop. 1]. However, when necessary, we will recall other
properties in the following sections.

2.1.4 The Grassmann representation

The Pfaffian of the Kasteleyn matrix in (2.8)), using the equality in (2.17]), can be ex-
pressed as a Grassmann functional integral, so we obtain the Grassmann representation
of the partition function

Zo(3) =2 ] cosh By, / dHydHydVydVydTydTy e5tHVT) (2.18)
bxiEBA

where t = t(5) := {tx, }1261/\2, txi:=tanh fJx;, 1 =1,2, and

2

Se(HV,T)=> {Z txiFxi— Hy Vi — Hy Vi + Hy Ty + Hy Ty — Vi T — Vi T +TXTX} ,
xeA Ui=1

(2.19)

with Fy 1 = HxHx+aé1,Ex72 = VxVx+aé2. The boundary conditions are H<aL+a7w(2>) =
(—I)L“H(_GL@@)), for all (?) € [a,aM], and Vie® a4y = 0, for all M ¢ [—aL,all.
The T—fields appear only in the diagonal elements of and they can be easily
integrated out (see [38, Appendix A]), and we obtain the partition function as

Zo(J) = Coa / DX (X)) (2.20)
where
Con = Cop(J) = (—=2)"V H cosh BJxi (2.21)
bx,;€BA

X = {(Hx, Hx, Vx, Vx) }xen is a collection of 4LM x 4LM Grassmann variables,

/ DX = / H dHydHydVydVy

xEA
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is a shorthand for the Grassmann integration and

St(X) = Z {tx,lEx,l + tx,QEx,Z - -E[x‘?x - HxVx + -HxHx + vax + Vx-ﬁx + Hx‘_/x} )
x€eA
(2.22)

is the “quadratic action” of the unperturbed Ising model.

2.2 The unperturbed generating function

In this section we derive the Grassmann representation of Zo(¥, A, A) and we explicitly
derive the multipoint unperturbed correlations for the edge spins and the bulk and edge
energies in terms of Grassmann variables unperturbed correlations.

First of all we define the unperturbed expectation of Grassmann variables. By com-
paring the initial definition in with the resulting representation in , we can
easily extend the definition in with A = 0: given m monomials of Grassmann
variables F1(X), -, F,(X), their unperturbed expectation is given by

0 DX F(X) - Fp(X) e
(F1(X) -+ Fn(X))g(gy 0 = [DX 5% ;

(2.23)

where <~>S( 3),A 18 an average with respect to the “Gaussian Grassmann measure” DX %t (X).
we use the term “Gaussian” since S¢(X) is quadratic. To each monomial F;(X) of even
(resp. odd) degree in the Grassmann variables we can associate a commuting (resp.
anticommuting) variable @; as auxiliary source. Then, the unperturbed simple and
truncated expectations can be expressed as in and with A = 0, where now
Z0(Q) is the unperturbed generating function in Grassmann variables defined as

=0(Q) = /DX St (X)+Q1F1(X)++Qm Fn (X) (2.24)

As a first step, in we derive the Grassmann representation only of the energies
sources, and then in we derive the Grassmann representation of the edge spin
sources.

2.2.1 The unperturbed bulk and edge energy correlations

Lemma 2.1. If {y; € A°}" | and {z; € OA }zil are sets of distinct points, the multi-
point energy correlation functions are given by

. . . . .z 0 _
<5y1,j17'” 7€y7ﬂ7-7"”7€y17j17”' 7Ey’m”j;n/>ﬁA =
om o’ (2.25)

- = = log E’O(A7 A) ’
aAY17j1 e aAy"uj'm aAyl,ml T aAym/ Jm! X
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where Zo(A, A) is the unperturbed Grassmann generating functional
Z0(A,A) == Coa / DX St )+(BA+HEA) (2.26)

with Cp 5 in (2.21), S¢(X) in (2.22) and

(E,A) —a_lzz (1— 12 ) Ax i Ex, (E,A) —a_QZZ (1—t2 ) AxiFx,,

i=1 xeA° i=1 x€O0A
(2.27)

are the source terms for the bulk and edge energies.

Proof of Lemma[2.. By recalling the definitions ey; = 2% and &,; = % feé

a a?

of the bulk and edge energy observables, we can express the Hamiltonian in ([1.2)) with
A =0 in terms of energy variables

2

Hy (O’ J Z Z Jx 15x7,+a2 Z Jx zfxz ) (228)

i=1 xEAN° xEIN

so the generating function given in (2.2) with ¥ = 0, can be rewritten as

:O(A A) = 6222:1 (a’B Yxeno Ixitx,ita? B con Jxifxitxeno Axiexitxcon Ax’igx’i)
= , = E .

a€Qrm

(2.29)
By expanding the exponential in power series (aex,; = *1, azéyvi =+1) we get

= H Hcoshﬂsz-i-a x,i) H Hcoshﬁsz—i—a ~X2)]'

xEA° i=1,2 x€OA i=1,2

Z [ H H (1+ a_lsx,i tanh(5Jx; + alAm))]-

a€Qry x€EA° =12

| H H (1 + a?éx,; tanh(BJx; + a_2flx7i))] ,
x€OA i=1,2
(2.30)
and we can proceed as illustrated after , obtaining the partition function for the
multipolygons

Z0(A,A) = 2LM[ H H cosh(BJx ;i + a_le,i)] - H H cosh(BJx i —1—(1_2121,(72-)]

x€EA° i=1,2 x€ON i=1,2
DORD SRR | VIR | A
20 Ps(A)CBA  bePs(A°) be Ps(0A)

(2.31)



2.2. THE UNPERTURBED GENERATING FUNCTION 23

where ty ;(A) := tanh(BJx; + a " Ax,), txi(A) := tanh(BJx; + a 2Ax;). The sum in
the r.h.s. can be written (2.1.212.1.4)) as a Grassmann functional integral:

Ho(A,A) = (=2)"M - [ T] [T cosh(BJxi +a " Axs)]-

xEA° i=1,2

5 _ (2.32)
T T coshi +a 2] [ DxeSCAD),
x€O0A j=1,2
where
2 2 )
Se(X;AA) =D N b i(A)Exj+ D Y (A Bt
j=1x€A° 7j=1x€OA (233)
+ > (= HyVx — HyVy + HyHy + ViVx + ViHy + Hy V) .
xEA
We conclude the proof by noticing that when we take the following derivatives
o o ~
logZp(A, A) (2.34)

8Ay1,j1 T 8AYm7jm 8Ay17m1 to 8"4ym/,jm/ A=A—0

with Zg(A, A) expressed as in (2.32) or as in (2.26)) in the statement of Lemma we
get the same result. O
2.2.2 The unperturbed edge spin correlations

Lemma 2.2. If(xq,...,Xy), X; € 0N, i =1,...,m, is an ordered sequence of m distinct
boundary points, the edge spin correlation functions are given by

am

(Fxas 3 Oxm) hp = I log Zo () o (2.35)
where Zo(¥) is the Grassmann generating functional
Zo(®) := Coa /DX eSO+ V) (2.36)
with Coa in (2.21), Se(X) in and
(V@) =a™ 12 )" W04, (2.37)

x€0A
is the source term for the edge spins.

Proof of Lemma 2.3 To obtain the 2n—point edge spin correlations, we consider a lat-
tice A, = AU{b1,...,by, }, consisting of the cylindrical lattice A with n additional fixed
bonds below the lower edge of A, as in Fig. We consider 2n distinct ordered sites
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X1 X2 X3 X4 Xok—1| X2k Xon—1 Xon

_ — _
by by b, bn

Figure 2.4: The lattice A, obtained by fixing l~)1, ..., by additional bonds on the lower edge of the cylindrical
lattice A.

on the lower edge of A, i.e. the set

~ 2n
oA = {x; = (a:(.l)ja) t—al < xg-l) < 1:521 <alL }j=1 C OA,

gnd we connect each pair of sites Xop_1, Xop € 8]\, k=1,...,n, with an additional bond
by, = (X2x—1,X2k), so that the n additional bonds ‘are disjoint and non overlapping.
The pair of edge spins located at the endpoints of by interacts with energy Ji for all
k=1,...,nand J := {jk }Z;l. The partition function of the n.n. Ising model on A,, is
Z0(3,3) = Z o BHO(@I)+B 5y Tkoxg),_ 1 0xyy ’ (2.38)

o€Qrm

where Hy(c,J) is the Hamiltonian of the n.n. Ising model on A. It should be noted
that if we let 8J = {le, e ,Bjn} be a set of the auxiliary sources, so that we are
dealing with the additional bond interactions as if they were auxiliary source terms, and
let Z(BJ) := Zy(J,J) be the unperturbed generating function, we obtain the 2n—point
pairwise edge spins correlation function on the original lattice A

1 o -
(Ox10x5 " * Oxon_10xon) g A0 = ———= - — Zo(BJ) . (2.39)
19x2 2n—1"X2n/ 3 A\;0 :0(5J) BBJI...(‘)ﬁJn BFym =BT =0

Then deriving the Grassmann representation for the partition function of the n.n. Ising
model on A,, we get the Grassmann representation for the unperturbed generating func-
tion for correlations of pairs of edge spins on A.

Let By, = By U {51, e ,I;n} be the set of bond variables of A, Ba, = Ba. Let byy
denote a generic bond of By, . We introduce the bond spin variables oy, , given by the
product over the spin variables over the two extremes of byy, so that the unperturbed
partition function can be rewritten as

= Jxy by
23,3y = Y Froemn T (2.40)

a€Qrm
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where Jxy := J,, . By expanding the exponential in power series we get

> ]I (coshBlyy + oy, sinh BJyy) =

QEQL]W bxyeBAn

= H cosh fJxy Z H (1 + by, tanh BJxy) .

beGBAn o€Qrm beGBAn

(2.41)

As in u the problem to evaluate the last sum in can be reduced to that of
finding the partition function for the multipolygons on A The sides of such multlpoly—
gons now may also include the additional bonds bi,...,bn, as shown in Fig. |2 Let

Figure 2.5: The multipolygons allowed on a cylindrical lattice with b1, ..., b, additional bonds on the
lower edge.

Ps(A,,) C By, be the set of multipolygons with s sides in A,,, then we get

Zo(3,3) =2 [ coshBluy > Z I t. (2.42)

bxyGBAn 5>0 Ps( )CA bxyEPs (An)

where iy, := tanh3Jyy,. Again, the sum over the multipolygons in may be
rewritten as a Pfaffian. We can proceed analogously to [2 To define the Kasteleyn
matrix on A,, we perform the same site replacement as in Flg. with respect to
the resulting the bonds depicted in Fig. now we allow an additional class of bonds
between different clusters: the additional bonds l~)1, e l;n, which have a weight of ¢}, :=
tanh ﬁjk,j = 1---,n. As in Fig. an additional bond l;k connects a Grassmann
variable Vi,, , to a Grassmann variable Vi,,, with xo,_1,%or € dA. The Kasteleyn
matrix is then the 6LM x 6LM antisymmetric matrix A’, whose non vanishing entries
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Figure 2.6: The resulting bonds on the lattice A, after the site replacement in Fig. bonds beyond
adjacent site clusters are now allowed.

are the same as in (A.1))-(A.4) plus the additional entries given by

H HV V T T
H{o 0 0 0 0 0
Hlo 0o 0 0 0 0
A on = — Aoy = (1) “; 8 8 8 g 8 8 | (2.43)
T10o o o o 0 o
T\0o 0 0 0 0 0

if Xop_1,Xor, € OA, and where dj, 1= |(xox_1)1 — (w2x)1] is such that the factor (—1)%+1
provides the clockwise odd orientation of the lattice A,, (see the discussion about the
analogous sign in (A.3))). The partition function can be rewritten as

Zo(3,3) =2"" [ coshBlyy - PFA, (2.44)

bxy EBAn

and, proceeding as in [2.1.4] we can express the Pfaffian as a Grassmann functional
integral so we get

n
Zo(3,3) = Cop [ ] cosh BT / d Hyd Hy dVydVsed Ty dTy et VT H Vo Vag ot Vacgy -y Vo,
k=1
(2.45)
with S¢(H,V,T) as in (2.19) and Cpp as in (2.21). We perform the T and T fields
integration finally obtaining

Zo(3,3) = Con - [[ cosh By / DX S(X) (2.46)
k=1

where

Se(X, BI) = S¢(X) 4 11 Vi, Ve + - - - + 10 Vi1 Vo, (2.47)
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with Sy (X) as in (2.22). Then, by using (2.39) with Zo(3J) = Zo(J,J) in (2.46), we get

the following expression of the 2n—point edge spin correlation function on A:
0 0
<UX1 Oxg """ O-X2n710-x2n>ﬁ’/\ = <VX1 VX2 e Vx2n71Vx2n>t(ﬂ)’A ) (2'48)

where the expectation in the r.h.s. is defined in . The sum over the spin con-
figuration in definition implies that the expectation value of an odd number of
spin variables is vanishing. Similarly the expectations of an odd number of Grassmann
variables are vanishing, since they are anti-commuting variables. Then the Grassmann
representation in can be extended to the m—point edge spin correlations:

(Ox;, * Uxm>g,/\ = (Vi me>2(,3),/\ ) (2.49)

where m can be both even and odd. Recall that the Grassmann variables in the r.h.s. of
are anti-commuting variables so that the equality holds for (xi,...,x;,,) ordered
sequence of m distinct points. By recalling the very definition of the edge spin observable
Ox = %, we obtain

(G, - .5xm)%1A — /2 (Vi, - VXW>2(B)7A ] (2.50)

The equality in ([2.50)) allows us to introduce the following sets of anticommuting variables
{ Ux txeon and { 552 }xe os nd to derive unperturbed m—point edge spin correlation
as

) ) . 1 8m _
% . e p'e = : ’ '
(01 Oxm ) g A Eo(P) Oy, - - 0¥y, oY) =0 o

with the definitions in (2.36)) and (2.37)). Finally, the reconstruction of the truncated
expectation values from the simple expectation values concludes the proof. O

2.2.3 The expression in terms of unperturbed Grassmann correlations
The generating function Zo (¥, A, A), which is given in (2.2]) with A = 0, by the results of
lemma and lemma[2.2] can be rewritten with the following Grassmann representation:

=y(W, A, A) = CoA/DXeSt(X)+(E,A)+(E,A)+(V,\Il)’ (2.52)

where Cp A is defined in (2.21), the quadratic action S¢(X) is defined in (2.22), the
energy source terms (E, A), (E, A) are defined in (2.27)) and the edge spin source term

(V, W) is defined in ([2.37).

As a consequence of definition (2.52)), the Grassmann representation is particularly
convenient for computing the multipoint edge spin and energy correlation functions. By
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using (2.1)), we can easily verify the following:

m
<Ux1; T 30X, 3 €y1,013 T 3 €y mudm Cza gl §5zm/,j;n,>g A =a“ H(l - tzri,ji)'
’ i=1
m/
’ H(l - ti,,ji/) <VX1; e ;Vxng;E)’le; U ;Eym,jm; EZ1,j{; e ;Ezm/,j;n,>2(,8) A’
i'=1 ’
(2.53)

where a := a(ng,m,m’) = & +m 4 2m’ and <'>8(6),A is the unperturbed average with
respect to the Gaussiann Grassmann measure [ DX eSt(X) (see after (2.23)). Therefore,
the r.h.s. of Eq. can be computed via the fermionic Wick rule of the Grassmann
variables in , leading to a sum over all the Feynman graphs obtained by pairing
(“contracting”) the Grassmann fields involved; truncation means that only connected
Feynman diagrams should be considered. In the infinite volume limit, these multipoint
correlation functions are

: ~ . L= . . . .z . .= 0 _ —« 2
I }\}gm <0X17 0%, €y, ’8)’mvjm7621,ji7 T agzm/,j;n,>BA =a H(l - tyi,ji)'
' ’ i=1
m/
2 . . . . . oo . . 0

IO, 50 Vaseoe Vo Byriis e 3 Byt By gy Bt
i'=1

(2.54)

where <->S(ﬁ) denotes the A — oo limit of <->S(5)’A.
In the next section we illustrate how to extend the results obtained so far to the presence
of a perturbation A # 0.

2.3 The perturbed generating function

As reviewed in the previous sections, in the unperturbed Ising model, the generating
function for the correlation functions can be represented in terms of a Gaussian Grass-
mann integral. A similar representation in terms of a non-Gaussian Grassmann integral
is valid also in the perturbed A % 0 model, as stated in the following Lemma In
the proof we review the results derived in [4,37] introducing also the edge observables,
and then, by proving that the setting is not modified by the presence of the edge ob-
servables, we derive the Grassmann generating functional with edge spin sources, bulk
energy sources and edge energy sources.

Lemma 2.3. There exists \g > 0 such that, if |\| < Ao, then for any ordered sequence of
distinct boundary points (Xi,...,Xn,), X; € OA, i =1,...,n, and for any sets of distinct
pairs { (yi,7i) 1 yi € A°,5i = 1,2} and { (2z;,7]) : z; € O\, j. = 1,2 }ZZI, the multipoint
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generating function is

- - - - A
<UX1; T 0% 3 €y 1,1 T 3 €y madms Car,g1y T ;Ezm/,jm/>A =
one om o™ x
— = = logZ\ (P, A A) ,
OWx, - OUx,, OAy, g - OAy, j Oz, gy 04, - T=A=A=0
) (2.55)
where Zx(¥, A, A) is the Grassmann generating functional
=00, A A) = Oy e / DX SCHVGARHBAEBAVY) (9 5)
where
[ ]
BA
O i=Cop - J] cosh? <2V({x,y}) : (2.57)

{xy}
with Co p in (2.21);

o VA()\) is an analytic function of A, independent of lattice spacing a and satisfying
the bound |[Vpx(X)| < C|A\|LM, for a suitable C' > 0;

o S¢(X) is the unperturbed quadratic action in (2.22]) and (E,A), (E,A), (V,w)

are the source terms in (2.27)),(2.37);

o V(X,A,A) is the interaction term, which is given by the following polynomial

exTpression
VIX,AA) =D ) /dxdxdydy
p,g>0 k,k',j,5"
prazl (2.58)

n’ m m/

- Wpq (x5 X's ¥y HEXw HEXM{ HAYHJZ HAyz Ji

where p=n+n',qg=m+m', k= (ki,.... k), K = (ky,....kw), j = (41, -, Jm)>
3 =00 dh), andx = (x1,...,%), Yy = (¥1,-- -, ¥ym) € A°, X' = (x},...,x],)
and y' = (y1,...,¥y,,) € OA. Note that in the expression are involved
only the Grassmann variables in Eyx1 = HyHy qe,,Fx2 = VxVxiqe, and the
source variables Ax and Ax: they are combined in polynomial whose coefficients

Whq(x:x'5y3y') satisfy the following bound

Wy (x5 y:y')| < Cp+q(m)\‘)maX{l,C(pﬂ)}a*(n+m+2n’+2m/)e*ﬂ S(xx"yy')/a
- (2.59)
for suitable constants C,c,k > 0; here §(x,x',y,y’) is the length of the short-
est tree graph composed of bonds on A which connects all the elements of the set

{x.xy.y'}
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Note that the factor (B|A|)™mex{Lc(P+0)} measures the smallness in A of the coefficient
W, while the factor a~(+tm+2n/+2m) Wil he associated with the scaling dimension;
moreover we will refer to a coefficient W as a kernel of the interaction. Since in the
interaction defined by the polynomial expression in do not appear the edge spin
source variables, the edge spin source are not dressed by the interaction, unlike the energy
sources; moreover in the following proof we can simply adapt the proof of [37, Prop.1]:
allowing the presence of the spin sources doesn’t affect their result, so we obtain an
interaction independent of .

Proof of lemmal2.3. We start by considering the set By, = B U B of bond variables of
A,, where B, is the set of n.n. bonds in A and B := {by,...,by, } denotes the set of the
additional bonds (the ones below the lower edge in Fig. . In Ba we want to distinguish

in the bulk bonds and the edge bonds: By = Bao U Baa, Bao := { bxx+tas; };elA% and
1,2

Boa = { bxx+ae; };:ea - For notational convenience, given any bulk bond b € By, &,
Ey, Ab denote the corresponding bond operators, given any edge bond b’ € BaA, &y
Ey, Ay denote the corresponding operators, and given any additional bond b € B, o
denotes the bond spin operator, i.e. is the product of the edge spins at the endpoint of
the additional bond b, and J~ its energy interaction.

Now we combine the unperturbed generating function in with the one in ,
so that we are considering all the source variables expressed in terms of bonds variables
and we introduce the perturbation as the A—dependent term of : then we get

(A A BJ Z eZbEBAo (5Jb+a 1Ab)a€b+zb’€(‘?BA (/ij,_i_a Ab/)a eb’
S (2.60)
- e2beB Tz P2 xca V(X) Ixex ox )

where in ef*2xca V(X Ilxex ox the product is over sites in A since to get A,, we added
only new bonds and no new sites. The key to the first step in the proof is the remark
is that if by,..., by, are m distinct bulk bonds, b},...,b , are m’ distinct edge bonds
and 51, . ,I;n are n distinct additional bonds, then the Grassmann representation for
Zo(®, A, A) induces the following correspondence:

Z eZbEBf\ (BJb+a_1Ab)asb+ZbeBaA(6Jb/+a_2/ib/)a2€b/+2565~ jBUE€b1 o €bm§b/1 o

a€Qrm
!

om o
n0Ay - OA,, 0Ay - OAy OBy - OB,

o
‘:‘0(A7A75J):

'.Eb;n/UEI ...O'B

( 2)LM )
= W{ H cosh(BJy +a™ " Ay ] [ H cosh(BJy + Ay ] [Hcosh ,BJ }
beBpo b eBaa i) B
- / DX (14, (A) + (1= & (A)Ep,) - (ts,, (A) + 1 = (A)E,,,)-

b + (1 — t2 )Eb1) (ti)n + (1 — t%n)Egn)est(X;A’A;ﬁ‘]) ,
(2.61)
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x2k—lvx2k and
St (X :ALA, BT ) is obtained by combining and (2.47). This correspondence is
invalid for repeated bond variables: note that [t, + (1 — t2)Ep)? = 2 + 2ty(1 — 2) Ep,
while e’:‘% = a2, ég = a % and 052 = 1. This last observation can be used to remove
repeated bond operators from any expression; therefore, in order to derive a Grass-
mann representation for EA(A,A,ﬁj ), it is enough to express the interaction term
(i.e. the A-dependent term) in as sum of products of distinct bond operators.
Since we are interested in the representation on the lattice A and not on A,, we con-
sider only bond operators on A, i.e. only &, and &,. Next we can replace every bulk
bond operator &, by a~1(t,(4) + (1 — t2(A))E,) and every edge bond operator &y
by a=2(ty(A) + (1 — t2(A))Ey), in the sense explained above, and finally we can re-
exponentiate the big sum of products of Grassmann variables, so obtaining the desired
Grassmann representation of = (A, A, B3 ).

where #,(A) = tanh(8.J, + a™'Ap), ty(A) = tanh(BJ, + Ay), E; = V;

This can be implemented as follows. Any even interaction of the form V (X) [, cx ox
can always be rewritten in terms of products of oxoy, with x,y € X C A. The pair of
sites (x,y) can be connected via an “up” path Cy(x,y) and a “down” path Cp(x,y) on
A, as described in Fig. Then oxoy can be rewritten in terms of a product of energy

| | | | | | | | | | | | | | | | |
| | | | | | \y\ | | | | | | | | |
I e T T T B e e e st
| | | | | | | | | | | | | | |
-_——- 4 -4 -t -4 -4 -l —d - ===+ - = = = =
| | | | | | | | | | | | | | |
S L L L I
C X
TS T I TIT T T AT T ST T T A e e s A
| | | | | | | \CU()E’Y)\ | | 'y |
e o [ - - - - R B
| | | | | | | | | | | | | | |
L L L
| | | | i | | | | | i | | | i
| | | | | | | | | | | | | | |
I e e B e e e T A | Amini I i B
| | | | | | | | \CU(X,yr)\ | |
v I . I I I - L
S R x /

Figure 2.7: An example. The blue paths correspond to Cy, the purple paths corresponds to Cp. The two
bulk points x and y are connected by two paths which will be both formed by 6 bulk bonds. The boundary
point x’ and the bulk point y’ are connected by a path Cy(x’,y’) (blue) formed by 1 edge bond and 8 bulk
bonds, and by a path Cp(x’,y’) (purple) formed by 7 edge bonds and 2 bulk bonds. Note that we can
always avoid involving the additional bonds.

density operators associated with the bonds along blue and red paths: we will consider
an operator ¢, for each bulk bond traveled by the path and an operator &, for each edge
bond traveled by the path. Then we get oxoy = %Ux,y + %Dx,y, where

Uy = | H agy) [ H a’sy)

beCy (x,y)NBpo beCy (x,y)NBaa

Dy y = [ H az—:b] [ H a25b] .

beCp (x,y)NBpo beCp (x,y)NBaa

and
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Note that we choose paths in this way in order to be sure that we have an expression
which manifestly retains the rotation and reflection symmetries of the original interac-
tion. Since we are able to avoid the additional bonds we can consider Bj = 0 and we
can proceed exactly as in [37], taking into account also the presence of the edge energies:
they must be treated like the bulk energy operator but entail a different scaling dimen-
sion. Combining the proof in [37], which allows to write Z\(A,A) as in (2.56) with
¥ = 0, with the proof of lemma [2.2] which allows to write as a Grassmann functional
integral the ¥ # 0 contribution, we conclude the proof of [2.3] O

Finally, we note that the polynomial representation of V (X, A, A) in , which
contains monomials not only quadratic but of arbitrary order in the Grassmann variables,
implies that if A # 0 the expectation values will be averages with respect to a “non
Gaussian” Grassmann measure (see ) However in the following chapters we will
derive a procedure which allows to express these perturbed expectations in terms of the
unperturbed ones, up to proper renormalizations of the critical temperature and of the
Grassmann fields, which will include the entire effect of the perturbation.



Chapter 3

Massive and massless variables

In this chapter we want to rewrite the perturbed generating function EA(\II,A,A) in
what will be the most convenient form for deriving the correlation functions. Moreover
we want to introduce the critical propagators in terms of which will be derived the
Grassmann correlations.

What we are really interested in discussing are the correlations on the upper half-
plane. So, from now on, we will consider only the theory obtained by systematically
replacing each finite volume quantity with corresponding formal thermodynamical limit.
A rigorous approach would require studying the estimates at finite L, M first and then
taking the infinite volume limit. However, here a less rigorous approach is preferred,
which guarantees a clearer and more readable presentation of the results. On the other
hand, the exchange of limits does not involve substantial modifications of the theory: the
reader can find in [4] all the technical details needed for a rigorous justification of this
choice. In particular, this simplification will allow us to obtain less elaborate expressions
for the critical propagators (in this chapter) and for the localization procedures (in the
next chapter).

In conclusion, we simplify the exposition by directly considering the discrete upper
half plane H;, which is the infinite volume limit of the cylindrical lattice with ¢ = 1, and
by considering the interaction energies between nearest neighbour spins as independent
of the lattice positions J := { Jy, Jo } and t = {¢1,t2 }, with t; = tanh 8.J;,i =1, 2.

As a first step we will perform a change of Grassmann variables, obtaining the per-
turbed generating function in terms of the so-called massive and massless variables.
To choose which new variables to use we go back to the Grassmann representation of
£0(0,0,0), which is the unperturbed partition function in , with the quadratic
action in the upper half plane that can be expressed as S¢(X) := % Ex,yeHa XTI Axy Xy
where XI' .= (AL, HI' VI V.I') and A is an infinite antisymmetric matrix. We can

33
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evaluate the unperturbed partition function as the Pfaffian of this matrix, namely

/ DXe2 Lwyena X5 Ay Xy = pra (3.1)
and the averages of m Grassmann monomials Xxl, cee X'Xm with respect to the Grass-
mann Gaussian measure can be computed in terms of the fermionic Wick rule:

~ -~ 0 1 ~ ~ 1 T
(X, - - 'Xxm>5 - PfA/DX Xy, -+ Xy, €2 Y onyehy X Axy Xy _ PG, (3.2)

where G is m x m matrix (if m is even) with entries given by
ij = <Xijxk>g = _[Ail]xgyxk : (3'3)

Then, we choose as new Grassmann variables the ones in terms of which A is diagonal;
moreover the entries in Eq. (3.3]) will associated to the massless and massive propagators,
which are also diagonal. In the rest of the chapter we proceed as follows:

e in Sec. we derive the change of the Grassmann variables; to invert the an-
tisymmetric matrix A associated to the quadratic action St(X), we exploit the
translation invariance in the horizontal direction to get a ‘block diagonalization’
procedure, which naturally leads to a separation in massive and massless degrees
of freedom:;

e in Sec. we derive the explicit expression for the propagators by using the ana-
logue of Eq. , the main properties, the limit in the continuous upper plane,
as well the multiscale and the bulk-edge decomposition; moreover we derive the
correspondent bounds and, as we will see, the massive propagators will exhibit
an exponential decay with the distance, while the massless propagators have a
singularity for a critical value of the temperatures, which will be changed by the
perturbation;

e in Sec. @ we finally derive the expression Z(®, A, A) in terms of the massless
and the massive variables: we will perform some suitable rearrangement in order
to obtain the best expression to derive with respect the source fields to get the
correlations.

With this new structure of the Grassmann representation of 2y (¥, A, A) we will be able,
in the next chapter [4] to introduce the iterative procedures needed to obtain convergent
expansion of correlations.

The results we will talk about in this chapter, such as diagonalization and explicit
form of quadratic action and decompositions and the bounds of propagators, were already
introduced in [4] for the model on the cylindrical lattice. Keeping in mind that in the
next chapters we will be interested in correlations for the observables at the lower edge
of the half-plane, we will briefly review how to derive these results for the model on the
upper half plane: compared to the finite volume expressions we will deal with simplified
expressions that are on the one hand more readable and on the other less rigorous (but
we will always provide references to [4] to follow the technical details we are neglecting).
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3.1 Diagonalization of the free action

We start by recalling that, on H;y, the quadratic action (2.22) can be rewritten as
St(X) = %Zx,yGHl XL Axy Xy where X! = (HL,HL VI VL) and Axy = Axy(J)

is the antisymmetric infinite matrix given by

0 Zyg -1 -1
-7 0 1 -1
Axy - 1 -1 0 ZV ) (34)
T
where 1 = 11 ® 1o, Zg = 71 ® 1o, Zy = 11 ® Zs, and, for j = 1,2 the matrices 1; and
Z.j have entries given by

1 if yU) =200,

1 if yl) =20, _ , 4
(L)) g = {0 otherwise (Zj) yryr = S 5 if W) =2l 41, (3.5)
’ 0  otherwise,

where t; := tanh 8J; and ¢ := tanh 8J;. We perform the Fourier transform in the

horizontal direction, which is translation invariant: we let k := k; and for each z(?) we
define

= M
A k 1
H ) (k > U H 0 40

z(l)*—oo
= (1)
<k 1
D T V),
2D oo
= (1)
.k 1 —_
> T G g,

Jj(l):—oo

%\

Ve (k) =

T

G-

(3.6)

A

H, (k) =

T

Sl

“+o00

ik (D)
D @ Vg

M =—00

Let X = { (ﬁw@)(k), H @ (k), H @ (k), f[x@)(k)) c2® e [1,00),k € [—m, 7]}, the quadratic

T X
action can be rewritten as

Voo (k) =

T

Sl

1 .
Sp(X) = 5 Z / dkX o) (—k) Aoy (k) X o) (k) (3.7)
D=1

where XZ(Q) (k) (Hg(g) (k‘), -FI;F(Q) (k)7 ‘7;7(12) (k)v V;{;) (k)) and

0 z1 ]12 —]12 —]12

A —Zz1 - 1o 0 1, =1

T
1y Lo 75 0/ @,
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where z1 := 21(k) = (1 + t1e~%) and z; denotes the complex conjugate. If we consider
the blocks

. 0 21']12 . 0 ZQ o —112 —]12
o (L0, ) = (G ) me () e

we can perform a Schur reduction (A; is invertible), so we obtain

Ay (k) = LT (k)M (k)L (k) , (3.10)
where
(1, A'B N (A, O
v = (¢ 5P vw-ren, mm= (Y J) e
with
-—1 -—1 >
1 _ [ —*1 ]12 21 ]12 L Tra—1m Ozljlg ZQ
AIB = (_21112 _21112>, A=A, +B'A'B= (—Z’{ oty , (3.12)

where the matrix Zs has the entries given by

B if 2® =y@
7 = if (2 = (2
(Zg)m%@) ty ify® =2® 11, (3.13)
0 otherwise |,

and
_ 2 -1
|1+t1€ik|2 '

—2it1sink

=) = e

B = Bi(k) (3.14)

By substituting the Schur reduction in Eq. (3.10) in the action in (3.7, if we let
P, 2 (k) := L(k) X2 (k) be the new Grassmann variables given by

Ly (k) = Hyoy (k) — 7 (Vy@)(’f) - Vy@)(’f)) ,
£y (k) = Hyo (k) — 2! (‘i/y@)(k) + Vym(k)) ; (3.15)
Py (B) = Vo (k) |
$_yo (k) =V, (k),
we get
A 1 >0 m - . N
S =5 > [ L, CHMBEe® =S@).  (310)

x(2) 7y(2) =1
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where & := { (¢, , (z)( ) £y (k)¢ o (k), @y (k) : y® € [1,00) & € [~m,7] } and
M(k) is defined in . We define

LT ke
E4x 1:%/ dke™ ™ §+,a:<2)(k)a

1 —ika( 2
- x = o | dk k £ k),

1
prn = [ dke it
2m

—T

(3.17)
w Py (k)

1 i —ikzD 4
P—x = Gy dke 90_73;(2)(]?)7
—T

so in the real space we get the original Grassmann variables in terms of the new ones as

Hy =& x + Z s+ (z y W)« <<P+,(y<1>,$<2>) - <P_,(y<1>,x<2))) 5
y(VeaZ
x —5 X + Z 1)) (‘p+,(y(1>,x(2)) + @,’(yu)’x(z))) ) (3.18)
yVeaZ
vx =P+ x,
Vi = P—x,
where N
T dk e~ tk(@V—y')
1 _ My = - 3.19
Sj:(ﬂf Yy ) /71 o 1+t16ilk ( )

By a Paley-Wiener argument s (z(1) — (1)) decays exponentially in the |z(!) —y(M| dis-
tance, with a rate arbitrarily close to log~! ¢;. Note that the fields H and H undergo a
transformation which is local only in the z(?) direction, while the V and V fields undergo
a local transformation in both directions.

Now we can separate the massive and massless degrees of freedom of the theory,
meaning that we can rewrite the quadratic action in (3.16]) as

S(@) = % Z / k) (—k) Al (k) + é Z / dk@ 2 (—k)Acpy@ (k) ,
2(2) 42 =1 2(2) (=1
(3.20)
which is a sum of two terms, one describing massive fields £; and £_ and the other de-
scribing massless fields ¢ and ¢_. We introduce the following definitions of Grassmann
Gaussian “measures”

P(d H H H dE. o 222?2)’?}(2):1 . dkéz(2>(—k)Améy(2) (k)
w,Tr )
(2) keZ +
vt R _ o A (3.21)
P(dy ] [ ] [ ] [ dg, o (k)]e? Zﬁ(z)’y@):lfﬂr dkp (2) (k) Acp (2) (k)
w,T )

2(2) eH, k€Z w==%
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where Ng, N, are two normalization constants fixed in such a way that [ P(d§) =
f P(dp) = 1. Then, we can express the unperturbed expectation of m monomials
of massive and massless Grassmann variables Fi (&, ) - - Fi,(§, ) as

<F1(€,¢)---Fm(€,<ﬁ)>%,:=/P(dﬁ)P(dw)Fl(f,sO)--'Fm(f,w), (3.22)

where <>g is an average with respect the Gaussian Grassmann measures P(d¢) and
P(dp): it is simply the rewriting of the unperturbed expectation in , where we
dropped the subscript A meaning that we are considering the infinite limit (the upper
half-plane) and we replaced the subscript t(3) by 3.

3.2 Critical propagators

In this section we derive the main results on the massive and massless critical prop-
agator, which will be used to explicitly evaluate the correlation functions in terms of
the Grassmann fields, such as the right sides of , . Moreover we derive the
decompositions and the bounds which will be the main ingredients of the multiscale
analysis discussed in chapter

We proceed as follows:

e in sub. we derive the explicit expression of the massive and massless propa-
gators on the discrete upper half-plane;

e in sub. we derive the correspondent expression on the continuous upper half-
plane: this allows us to verify an important cancellation at (@) = 0, that will play
an important role in the following chapters;

e insub. we introduce the multiscale decomposition of the massless propagators;

e in sub. we introduce the bulk edge decomposition of the propagators, which
arises from the natural requirement that the propagators be translational invariant
away from the boundary;

e in sub. we state the decay bounds for the propagators.

3.2.1 The massive and massless propagators

We define the massive and massless propagators as

gg’w, — ggw,(k‘l; x(2),y(2)) = <£w,x(2) (_kl)gw/,y@) (kl»g ’

ot (3.23)
G5 = 02 (ks 2?5 P) = (g, 000 (k1)@ o (k1)

with w,w’ € { £} and with the unperturbed expectations ()% defined as in (3.22]). Note
that, from now on, we write k; where we previously wrote k (see after (3.5))).
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By exploiting the properties of Grassmann variables in — with the structure of
the quadratic action in , the massive and the massless propagators in can
be explicitly evaluated in terms of elements of A, ! and A_! respectively. Moreover, the
propagators will be the covariances of the Gaussian Grassmann measures in .

By inverting the antisymmetric matrix A, in (3.9)), we get the massive propagators:
(T g 0 —(1+ tye~ )=,
Ay =10 ) = ik1)—1 . (3.24)
9e 9e (1 +tie 1) -1 0
In the real space we get
g8 % y) = (—w)s (@ = yV)d,0 4o, (3.25)
where s_(z(Y) — y(1)) was defined in (3.19): the exponential decay in the distance

|z — 4| justifies the name massive.

Similarly, by inverting the matrix A., we get the massless propagators. However,
first we need to diagonalize A, by using a transformation which can be thought of as a
Fourier sine transformation with modified frequencies in the vertical direction. Starting
from the definition of the matrix A, in , we consider the following eigenvalue

problem B
041]12 ZQ wy ]12 0 u
(2 o) ()G ) () (320

which leads to

A—a1) Zw =1
(~T )" Zov = Tou (3.27)
(2379 — a312)v = —N?19v.
We start by solving 3
Ck1)v = -\, (3.28)

where C(k1) := (ZL 75 — a31,) is a tridiagonal matrix whose entries are given by

d—t% if y@ =23 =1,
7 e (2) _ (2
(é(kl))xmy(z) - g ii z;; ;z; i 12: (3.29)
0 otherwise,
with
d:=d(ki) = B (k1) + 15— ai(kr),  bi=b(ki) = t251 (k1) = m . (330)

a1 (k1) and (k1) were defined in (3.14]) and t; = tanh fJo. Then (3.28) leads to the

following equations
(d—t3)v(1) + bv(2) = —\%(1)
bz —1) + dv(2?) + bo(® +1) = =220(z®@), 2? > 2,

(3.31)
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which recall a discrete Laplacian with peculiar open boundary conditions: it suggests
the following ansatz for the eigenvectors

v(2?) = esin (kez® + 6y,), (3.32)
where ¢ is a constant. The (3.32]) is solution of (3.28)) if 0y, = — arctan ﬂlsjrnik? and if
T, Tcosks
the eigenvalues are Ay = +iy/e(k1, k2), with

6<k1, k?g) = 225251(]{!1) cos ko + 5%(/€1) + t% + Oé%(kl) . (3.33)
By plugging (3.32)) in the first equation of (3.27)) we get
uE(2?)) = Fic(\/e(kr, ko) F al(k:l))_l\/e(k:l, ko) — a2 (k1) sin (P ko) . (3.34)

Then, we let
= +
E = \/e(k1, k2) - 12, U:= <Z_ z_) ) (3.35)

where €(k1, k2) is defined in (3.33) and

() ol —
ui::/\/l'i< ( | 1)>7 Ui::/\/l'i<( | 1))) (3.36)

with normalization constants given by

NE = 2yelk k) (3.37)
E(k‘l, k‘g) + Oél(k'l)

Then we can rewrite A, as

o (B0
A, =T < 0 _Z.]E)U, (3.38)

and we can finally evaluate its inverse, obtaining

A+ At Ly -
1 (947 (R ke) g (R ko)) L futat —u
Ac - (g;"'(k‘l,k@) g;_(k1’k2) —('L E(klakQ)) Q+@+—Q_

utot — U‘v‘>

T vttt —vTe

|1 \§|\

After lengthy but elementary calculations (reported in Appendix , we get the explicit
expression of the massless propagators in the real space for the critical case, i.e. with t;

and to such that t9 = %12

++ +— P o

9o (X’ y) 9o (X7 y)) _ 1 / dk+dk 6—ik5(x,y) (gl(_kl, k?) _QQ(kl, k2)>
z - =5 M A +

<gap+(X,y) g(p (X,Y) 1 92(]{51, _k;Z) gl(kla k?)

2

[—m,m]?

i g1(—k1,k2)  —Ggo(k1, —k2)
dkdky e~ H0E(Y) <€“( b L it |
/ 12 € Ga(ky, —ka) g1k, ka)e 2%

(3.40)

N | —

[_7'(771—]2
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where 0(x,y) = [¢) =y | + 2@ —y@)|, 6p(x,y) = [z —yD| + 2@ + 43,

G1(ky, ky) = m okt ky) i — 1= +22(‘131;Sem1‘26m2 . (341)
d(ky, ko) == 2(1 — t2)*(1 — cos k1) + 2(1 — t1)*(1 — cos ka) , (3.42)

and A
s — () — AL D0 I+ 20 conky)e (3.43)

(2 — 1) + to(1 4 2 + 2t1 cos ky )e~th2 |

We notice two important things:

1. the massless propagators in (3.40)) are singular at t; = t.(0) = /2 —1, ty = iiiggg
if (k1,k2) = (0,0), but the location of the singularity changes in the presence of

the interaction moving to t.(A\) = tanh (5.(\)J) as derived below;

2. the propagators are expressed as the sum of two terms: the term in the first line of
(3.40) is translation invariant in both directions, while the term in the second line is
not invariant in the vertical direction: this will imply the bulk-edge decomposition
of the massless propagators discussed below (see Subsec. [3.2.4]).

If we let gww(kl, kz) = gl(—wkl, kg), gw_w(kil, kz) = —wgz(kl, wk'Q) (With the definitions
in (3.41))), it is easy to verify the following identities:

G+ (k1. ko) = gy (k1, —k2) = =944 (=K1, k2) = g——(—Fk1, k2)

R R R (3.44)
G+—(k1, ko) = g+ —(—k1,k2) = —g—4(k1, —k2) .
Furthermore, we introduce
1 t ik |2
sin (2kg + 0y,) = (2 cos (kg) — t2|—gletz|> sin (k2 + Ok, ) , (3.45)
-

which is an alternative form for the quantization of ko with respect to the one after
(13.32)): it is equivalent to the following identity involving the off-diagonal propagators

1 (k1 ko) = —€*%2g_y (ki ko) . (3.46)

The relationships in (3.44)-(3.46)) are the analogue of the ones in [4, Rmk.2.1], and are

closely related to the symmetries of the original Ising model.

We can extend the definition of the massless propagator in (3.40) to all x,y € R%:
in particular we have an important cancellation at the sites with 2(2) = ¢ = 0:

925 Y) =0 = 95T ()@= = 95 (% ¥)|a@—0 = 95 (X, ¥)|y—0 =0, (3.47)

for all x,y. This mean that any contraction of a massless ¢ x field at a site with 2 =0
vanishes identically, irrespective of which other field it is contracted with. Note that, the
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site with z(®) = 0 is “immediately below” the lower edge of the discrete upper half-plane

H; (or H,). The property in is a consequence of the symmetry properties in
(13.44), and . Notice, however, that these reflection symmetries do not imply
that the propagator in the half-plane can be written via the image method as a linear
combination of infinite-plane propagators. Such a property would significantly simplify
the proof of the bounds on the edge propagator discussed in Subsec. It would also
open the way to computing the scaling limit of the model in more general domains (e.g.,
rectangles with open boundary conditions). It remains to be seen whether there exists
a different definition of massless field whose propagator satisfies an exact image rule at
finite volume.

3.2.2 Asymptotic behaviour

The definitions in hold for x,y € Hj: if we consider a generic lattice spacing
a instead of 1, by properly rescaling the positions we can take the following scaling
of the propagators. Since the massive propagators are vanishing in the scaling limit,
lim, o égg‘”/ (x/a,y/a) =0, we let

/ 1 (XY
ww -— I - ww <7 7)
gsl (va) all}r%] aggo av a )

which describes the behaviour of the propagators on the continuous upper half plane H
and can be expressed as

- Rix—y) _ Rx—y) Skoy) | SE=9)
<g$+(X7Y) g%_(xay)> — 027 ( [x—yl|? [x—y]? |§—y\2 + x—y|? > ) (348)

9, (xy) 9, (xy) S(x~y)  S(x-y) (x~y)  R(x-y)

Ix—yl|* x=y> = xyP Ix—y|*

See Appendix |C| for a proof of (3.48). By letting gnglz (X —2) be the whole plan version
of g9, (%, ¥), defined by

p,H2\a’ a
GG =% %nG-0) _ / P (gl(—kl,kz) —gg(kl,—k2)>
z ) 97225 G2 (K1, k2) g1(k1,k2) )7

923
(3.49)
we let gﬁ‘{jgf (x—y):= gﬁg;‘/ (x,y) be the whole plane version of gs“’lw/ (x,y): it is given by

~—~
SRR
Q< <

[_W77r}2

a a’’

By the definitions in (3.41)) is easy to verify that the following relations hold:

/ 1 ;X y
ww BT - ww
gt (x —y) = lim —gC5a( )

gt (xy) = gga (x—y) —gps (x—¥),

gy (X Y) =g (X—y) — g2 (X—y), (3.50)
957 (%,Y) = gga (X —¥) — 9o (x—¥), '
9 (X,y) = ggs (X —¥) + g5 (x—¥),
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so that we can easily verify the important cancellation at the lower edge of the continuum
half plane:
95T Y leo—0 = 95T (5 Y)y@—0 = 95 (% Y) la@—o = 95 (X ¥)|y—0 =0, (3.51)

for all x,y € H. We state the following result for the decay of the critical propagator in
the scaling limit (see [4, Prop.2.9] for the proof).

Lemma 3.1. Let §(x —y) = |z — yD| 4 123 — y@)|, if a6~ (x,y) is sufficiently
small,
957 (x,y) = g (x,¥) + Ra(x,y) (3.52)

and
HR(Z(X7Y)” g Ca5_2(x,y) . (353)

3.2.3 Multiscale decomposition

Let fo(ky, ko) := e~ @dk1k2) L q(ky k), with d(ky, ko) in (3.42) and note that

/ Falls, ko)da = 1,
0

independently of k1, ko. Note also that, for large o, fq(k1, k2) is peaked in a region where
d(ky, k) is of the order a1, and so ki, ko are of order a2, We obtain the following
multiscale decomposition for the massless propagators in (3.40)):

0
g (e y) =g ey + Y gl(xy), (3.54)
h'=h+1
where ~
95,%,7) (x,y) := / da g (x,y), (3.55)
4—h—-1
’ 4_h/
gg;? (x,y) := / do &' (x,y) for b’ <0, (3.56)
4—h/—1
(0) ' /
G (X,Y) ::/0 da g3 (%,y) (3.57)
and

+ - N N
gt (xy) g4 (X7Y)> 1 —ikd(x.y) <91(—/€1,k2) —92(k1,k2))
= dk Y f (k) (2 A
(95+(XQ’) 9o (x,¥) ¢ fa(k) Ga(k1, —k2)  g1(k1, k2) +

[—m,m]?

1 i g1(—Fk1,k2)  —go(k1, —k2)
- dk tkdg(x,y) N k (.?1 1, h2 A ) 2 ’
2 / ¢ falk) Ga(kr, —ka)  Gu(ky, ka)e 2%k

[—7T,7T]2

(3.58)
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with the same definitions listed after (3.40). We will discuss below that such single
scale massless propagators exhibits an exponential decay in an appropriate distance.
Moreover, we let g¢ Y(x,y) = g(l)/(x,y), which is defined in (3.25)), where we already

ww
described that exhibits an exponential decay in the distance |z() — ()]

In analogy with the multiscale decomposition of the massless propagators in (3.54]),
we can introduce a multiscale decomposition of the massless field,

0= 3, (3.59)

h<0
such that each single scale propagator is given by ggzu), = (gp&%gp&@,}

3.2.4 Bulk-edge decomposition

We decompose the cutoff propagator ggjwl(x,y) into a ‘bulk’ part g:“g(x,y) which is
minimally sensitive to the presence of the lower boundary of the h’alf—plane7 plus a
remainder, gg% (x,y) Which we call the ‘edge’ part. The bulk part is simply chosen to
be the restriction of g ZQ, defined in , to the upper half plane H,; the edge part
is, by definition, the dlﬁerence between the full cutoff propagator and its bulk part

ga,E’(X7 Y) = ga (X, y) - ga,B(Xv Y) : (360)

If we replace the cutoff propagator ¢’ (x,y) respectively with gg% (x,y) and gg%(x, y)

in -, we obtain the bulk and edge single scale propagators: gL(U ,) B and go(m) i as a

consequence, for any h* < h < 0, we let

0
g2 (x,y) = g5 oy + > (9l +als) - (3.61)
h'=h+1
Analogous definitions can be adapted for the massive propagators, by letting go(}a)),, 5(xXy)

be the massive bulk propagator and 95;2/-}3()93’) = 95;43 (x,y) — gimz,B(x y) be the

massive edge propagator. See [4, Eqgs.(2.2.10)-(2.2.14)] for the details about the finite
volume analog.

3.2.5 Decay bounds and Gram decomposition

We introduce a compact notation to denote all the possible discrete derivatives acting
on a propagator: we let

d:=(dx,dy), dy:=(d",d?), dy:=(d},dP), (3.62)
pe)
) yma (- We define also d := [d| :=

(1) + dé ) + d(l) + d( ) and d! := Hi:l dg;) Hi:l dé). Moreover we let

i) gl <) @) _g(»

gww

196%™ (e, )| := max 992 (x, )] (3.63)
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be the norm for a propagator in (3.40)), and analogous definitions hold for the norm of
the single scale bulk and edge propagators. In analogy with [4, Prop.2.3], we state the
following results:

Proposition 3.1 (Single scale decay bounds). There exists constants ¢, C such that, for
any integer h < 1, any d defined in (3.62)) and any x,y € Hy,

6% (x, y)|| < C el Dhee2" ) (3.64)

where §(x,y) := |z — M| 4+ 22 — 43|, Moreover

Hadggl)H S Cl+dd!2(1+d)h6762h5E(X,y) (365)
where Sp(x —y) == |z —yD| 4+ |23 +y@)|. Finally, since ggg,,B = ggg/ - gg:;)/E also
the single scale propagator ggl) satisfies

||8dgg1)|’ < Cl+dd!2(l+d)h6702h5(x,y) ) (366)

Proposition 3.2 (Gram decompostition). There exists a Hilbert space with inner prod-
uct (-,-) including elements 7( ) 5 () (sh) N(Sh)x with dx and dy defined in

w,x,dx’ Tw,x,dx Vw,x,dx7 w,x,d

(3.62), such that whenever h <1
h h h <h _(<h <h
9 (x,y) = G 4 AU dy) 24 (xy) = GEN vfj,yfdy) , o (3.67)

and

2, ]y S0 12 < o1l g 19(1+2lda])h (3.68)

2 2
|’Yw,x,dl:c‘ |’ywxdx| |fywxdx ’wadx

where | - | is the norm generated by the inner product (-,-). Moreover, combining (3.67)

and (3.68]), we get

|099(=P) (%, y)|| < C1FddIt+dh (3.69)

Note that we can extend the deﬁmtlons in - ) to obtain the multiscale de-
,(x —y) and g( h)

ww' 72

composition of the propagator g=% Z2 in (x —y) will

satisfy the bounds in Prop. -Prop .

ww’ 2.2

Since d(kq,k2) is exactly the denominator of the massless propagator in , it
is easily seen that the functions integrated in is an entire function of ¢;. All of
the bounds in Prop. B.1}Prop. are obtained by writing the relevant quantities as
absolutely convergent integrals or sums in ki, k2, and «; since these bounds are locally
uniform in ¢; as long as it is bounded away from 0 and 1, we also see that all of the
propagators are analytic functions of ¢; with all other arguments held fixed.
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3.3 Effective potential of the generating function

In this section we rewrite the generating function resulting from the Grassmann repre-
sentation derived in Lemma with the new Grassmann variables £ and ¢ and we will
perform some necessary rearrangement to introduce the so called effective potential.

Before replacing the original Grassmann variables in (2.56) with the massive and
massless variables in (3.18)), we rewrite =) (¥, A, A) in a different expression suitable for
obtaining the correlation functions.

Back to the quadratic action S¢(X) in (2.22)), with t; := tx; for all x € H; and
i =1,2: it can be rewritten as S¢(X) := t1.51(X) + t252(X) + So(X) , where

= Z Ex,la SQ(X) = Z Ex,27

xeH; xeHy

= > {—Hy Vi — HyVy + HyHy + ViVi + VieHy + Hy Vi) .
x€H;

(3.70)

Then, we introduce Z, which will later play the role of massless wave function renormal-

ization, and we let Sy (X) := Zt.S1(X )—i—ZhiC S2(X)+Z5Sp(X) be the critical quadratic

action and St (X) := Sg(X) — S¢.(X) be the difference quadratic action. Note that

St.(X) is depending on the critical temperature t; = t., to = }jriz and on Z, obtained

by rescaling each Grassmann field by v/Z (each monomial in (3.70) is quadratic). For
any Z # 0, if we rescale by v/Z also all the other Grassmann fields in (2.56)), we get

=\(, A, A) /DX ¢5te (401 (X)4V (2712 XA R)+ 27 (B.A)+ 27 (BA)+ 272 (V.®)

(3. 71)
where C' is a generic constant in the Grassmann fields which contain all the contri-
butions independent of the source variables, so that do not affect the derivation of
correlations. Now we perform the change of Grassmann variables: we move from the
old Grassmann variables X = { (Hyx, Hx, Vx, Vx) }xem, to the new Grassrnann variables

<I> { (€4 x:6— 5, P x, P—x }er by using transformations in 8)) evaluated at ¢t = t,
(see - ) for the dependence on t1), then

DX (X))  P.(d¢)P.(dyp), (3.72)

where P.(d€¢) and P.(dyp) are the measures defined in (3.21): P.(d€) is the Gaussian
Grassmann integration with covariance g¢ defined in (3.25) with ¢; replaced by t. and
P.(dy) is the one with covariance g, in (3.40) with ¢; and ¢, replaced by t. and % +ic
respectively. Now, the perturbed generating function in (3.71)) can be rewritten as

Ex(P,A,A)=C / P (d®) eSete D)V () +Be(2:A.A)+5o (1) (3.73)

where
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1 t ta 1—1t.
St1.(®) 1= S(btei ®) = (55 = 1)S0(B)+( 5 1)1 (2)+(—

)S2(®), (3.74)

is the rewriting of the difference quadratic action St (X) in terms of the massive
and massless variables;

e if we express the V(Z 12X A, A) in in terms of the massive and massless
variables we obtain V (®)+V,(®; A, A), where V(®) is a polynomial in the massive
and massless fields only and V(®; A, A) is a polynomial involving the fields Ay
and Ay (possibly combined with the massive and massless fields): their kernels
will satisfy the same decay estimates as in (2.59) with m =m’ =0and m+m’ > 1
respectively;

e if we express the Z~1/2(X,A) and (X, A) in the new variables we obtain (®, A)
and (®, A), then we can define

B (®;A,A) = (®,A) + (®,A) + V.(D; A A); (3.75)

e B,(p; W) is the rewriting of Z~1/2(V, ®) defined in (2.37) in terms of the massless
variables: by the last line of (3.18]) we obtain

B,(p; W) := Z Uyp_ x. (3.76)
x€0H

Then, the quadratic action in (3.74]) can be rearranged as
Seto(P) = 115, (P) + (1Sc(P) + 1miSp(P) =: Sy, (D), (3.77)

where, given the following matrix of coefficients

a a t2—2t.—1 2t2
0,0 Qo 1\ _ 2 Bk
o < ) _ ( T (T ) , (3.78)

al,O al,l (1+tc)2 (1+tc)3
we let 1 ¢ ¢ 1—¢
1 2 — lec
= —_ 1 T~
141 a070(Z )+a/1,0(Z tC)+(Z 1+tc)7
1 3]
G = ao,l(g -1+ al,l(g —tc), (3.79)
ot 1t
mi=(z = 153.)
and - ai1 ~ ao,1
Sy (@) = — - ——51(2®),
(2) deta 0(®) deta 1(®)
~ alo = ap,0 &
@ — 5 @ 9 @ 3-80
5¢(®) detaSO( )+deta51( ) 350
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Finally we let vy := {v1,(1,m } and S, (®) := S[v;](®) (so we obtain the expression in
(3.77)) and we write the perturbed generating function as

(P, AA) = C/Pc(a@) V(@AAT) (3.81)

where V(®; A, A, ¥) := Sy, (@) +V(P)+ B(P; A, A)+ B, (p; ¥) is the so called effective
potential. A naive expansion in the perturbation parameter A leads to a not convergent
expansion for the effective potential, as a consequence of the divergent massless at the
critical point in (3.40). Then we have to introduce a multiscale analysis which leads to
a convergent expansion, as described in the next chapter.



Chapter 4

Multiscale analysis and tree
expansions

In this chapter we illustrate the iterative procedure needed to obtain a convergent ex-
pansion for the effective potential of the perturbed generating function. In particular,
we introduce a multiscale analysis which allows us to identify each contribution of the
effective potential, so that we can isolate the ones that may be source of divergences, and
we derive its expression in terms of a convergent tree expansion. The convergence will
be proved in the next chapter [5], here we introduce the necessary algebraic properties
and representation, by proceeding as follows:

e in Sec. [4.1] we illustrate the multiscale integration of the perturbed generating func-
tion: we introduce the notation suitable to identify on each scale the contributions
of the effective potential which may diverge and we derive a recursive relation
between the effective potentials on two subsequent scales;

e in Sec. [4.2] we introduce the localization procedures, which isolate the apparent
divergent terms to bound, in order to get a convergent expansion for the effective
potential: the presence or absence of spin source fields in a contribution to the
effective potential, requires defining different localizations, so that we will introduce
the source, the bulk and the edge localizations, as well as the the corresponding
norms;

e in Sec. we explain how to rewrite the resulting effective potential with a struc-
ture similar to the starting one, with new effective action, new effective interaction
and new effective source terms and how to represent it as convergent tree expan-
sion.

4.1 Multiscale analysis

Here we want to perform the integration of the Grassmann fields in the perturbed gen-

erating function ((3.81).

49
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By performing the massless field decomposition in (3.59), Yux = D<o gpgfg(, and by
(GO

considering the massive fields as fields on the first scale, {, x = @ x, we will use the
properties of the Grassmann variables to proceed with a step by step integration. In
particular we will use the following Grassmann integral properties:

e the addition principle, so that given any two integrations P(diy) and P(dig), with
covariance g,, and gy,, respectively, then, for any function V' which can be written
as a sum over monomials of Grassmann variables, i.e. V- = V(¢), with ¢ = 91 +1)a,
one has

/ P(d0)V () = / P(din) / P(dipa)V (61 + 10n) ; (4.1)

e the invariance of exponentials, so that integrating an exponential expression one
still gets an exponential expression, whose argument is expressed by the sum of
truncated expectations, namely

/P(dw1>ev(w1+w2) =V (¥2) V! (1hg) == Z % (V(4a); V(- +1h)) .

n>0

n times

(4.2)

For a detailed review of the Grassmann properties see the references mentioned in Sub-

sec2Z.1.3

As a first step, in Subsec. we illustrate how to perform the massive integration,
then, in Subsec. we illustrate how to perform, on each scale, the massless integra-
tions. In Subsec. we express the resulting effective potential as a sum of truncated
expectations: it will be a polynomial expression with coefficients that we will call ‘ker-
nels’ of the effective potential and in Subsec. we illustrate how to recursively derive
the kernels.

4.1.1 The massive integration

To highlight the dependence on the massive fields, we associate a superscript label (1)
to each £ —dependent function in the generating partition function (3.81f), namely

E\(A A, T) = C/Pc(dw) eBo (9 ) /Pc(df) S ER+V V(B (EpiAR) (4.3)

We define the effective potential on scale 1,
V(&0 A, A) =S (E,0) + V(& 0) + BU(E A A), (4.4)

where each term in the r.h.s. consists of the sum of the monomials involving the &
fields (also combined with the massless fields and/or the source fields). We can refer

to Sél)(f,gp) as effective quadratic action, to V(€. ) as effective interaction and to

Bé”({,(p;A,A) as effective energy source term on scale 1. By using the Grassmann
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property in (4.2]), which allows us to rewrite the integral of an exponential expression as
an exponential expression, we can integrate out the massive fields and get

C / P.(dg) V@A) — VO (piAA) (4.5)

where )7(0)(@; A A) will be an expression only dependent on the massless and source
fields that can be decompose into the following sum

where
° f)(o)(go; A, A) consists of the sum of the monomials involving at least one ¢ field ;

e F collects the contributions that are constant both in the Grassmann and source
fields;

e Fo(A,A) collects the contributions that depend on the source fields and are inde-
pendent of the Grassmann fields.

The above contributions are normalized in such a way that F5(0,0) = V(©(0;0,0) = 0.
Then we can define the effective potential on scale 0 as V(O)(cp; A A) = 1}(0)(% A A) +
B, (p; ¥), so it is the sum of all monomials with at least one field ¢. In fact, B, (¢; ¥),
which is the spin source term defined in , does not depend on the massive field
but is sum of monomials which are linear in ¢: we have to introduce it in the effective
potential on scale 0. Next, we can rewrite as

EA(W, A R) = B AAR) [ (g eaR e, (47

where Ey := Ey—1log C. Moreover, V(©(¢; A, A) can be expressed by the following sum
of truncated expectations:

_ ~ 1 ~ ~ £

= (4.8)

s times

where we used for VO (p; A, A) —log C = logfPc(dé)ev(l)(g’%A’A). In each
truncated expectation (-;-)° is with respect the Gaussian Grassmann integration P.(d¢)
(see (B.72)) and each VD (€, p; A, A) is a sum of different monomials (as mentioned after
(4.4). So far, we have referred to the Grassmann fields just with the £ and ¢ symbols:
we recall that each Grassmann field has a position x and a w index, i.e. { = , x and
© = @, x. To properly identify the Grassmann fields that are integrated on scale (1) in
the truncated expectation, and to distinguish between them and the external fields (i.e.

the fields that are not integrated on that scale), we introduce some additional notations.
Let
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° Mél) be the set of the tuples

f=(wx) = ((w1,x1), (w2, X2),...),

which are tuples of pairs of Grassmann field variables, w; € {+, £i} and x; € H,
i=1,...,|f|, where the tuple length is |f| € 2N;

e Mg be the set of the tuples

€= (X?l) = ((y1,j1)7 (YZ7j2)7 .- ')7

which are tuples of pairs of energy source field variables, y, € H, ji € {1,2},
k=1,...,|e|, where the tuple length is |e|] € Np.

Each effective potential V(! in (4.8) can then be expanded as

VO eAA) = > ) WO eeF).

Jemg) eeMe 49

where W(l)(i, e) are the kernels of the effective potential on scale 1 and o(f)F(e) are
the monomials in the Grassmann and source fields, which are defined as follows:

e ©(f) is the products of | f| Grassmann fields, namely

|f]
Sp(i) = SO(Q7 5) = H (Pwk,xk 9 (410)
k=1
with
§+x if wy, = £,
Pugxs, = { S (4.11)
Pt,xp if wp, =+
Note that the total number of Grassmann fields | i | is given by the sum | i | =
n(l)(i)—kn(i), where n(l)(i) =[{f:rwpexi,k=1,...,| f| } |, which is the num-
ber of the massive fields in the tuple f and n(f) := |[{f:wr € £,k =1,..., | f|}],

which is the number of the massless fields in the tuple.

e F'(e) is the products of |e| source fields, namely

F(e) = F(y.j) = [ [ Fyi » (4.12)
i=1
with
Ay i ify; € HC,
Fy, 5, = A 1 yi € (4.13)
AYi,ji if y; € OH.

Note that, if e = (), we have F()) = 1.
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Moreover, the kernels of the effective potential on scale 1 can be decomposed as

W (f,e) =W (f.e) + W (f.e). (4.14)

where

o W;\IZ)O(L e) are the ‘free’, i.e. non interacting, kernels, which are non-zero only if
|f| =2 and |e] = 1, in which case

1 .
Z Z Z W)(\:)0<(w17w27xl7x2)7(YIa]1))90w1,x1§0w2,xQFy1,j1

wi,woe{ i, £} j1e{1,2} x1,x2,y1€H

is the rewriting in terms of the massive and massless variables of (E, A) + (E, A),
which are the energy source terms defined in (2.27));

° W/&)O( f,e) are the interacting kernels, which satisfy the analogue bound of (2.59)),

namely

1
sup swp 3o 3T 3 TEIW (i) < Oy,
we{+,+i} XlEHwa”xneH‘je{ 172}N Vi, ynEH

(4.15)
where n := |f| and N := |e|.

4.1.2 The massless integration

To perform the massless integration, we can use the multiscale decomposition of the
massless fields in (3.59)), that is p = (£ = > h<o ©M | so we can rewrite (4.7) as

2,(P, A, A) = FotrFo(AA) / Po(dp(=0) V" (eEV:AA9) (4.16)

Next, noticing that (S0 = o0 4 H(E=D  with (== = Zhg—l o and by recalling
the addition principle for the Grassmann integral (4.1]), we get

/ P.(dp(S0) VO (#=AAE) _ / Po(dp'="Y) / Pu(dp®) Vel = AR D)

(4.17)
By proceeding as for the massive integration (4.5, we can perform the integration of
©© which is the first single scale massless field, as

/Pc(d<p(0)) VO PO+ AAE) _ VD (p(STDA AW (4.18)

Then, V(_l)(w(é_l); A A, W), which is a sum of monomials of any degree, including the
constant terms, can be decomposed as we did in (4.6)), so we get

VED(ED o A A) =V (S A A O) + By + F oy (®,AA),  (419)
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where V(_l)(cp;A,A, W) consists of the sum of monomials involving at least one field
o=V, E_; collects the constant contributions and F_; (¥, A, A) collects the contribu-
tions depending only on the source variables. As in , the contributions in the r.h.s.
of are normalized in such a way that F_1(0,0,0) = V(=1(0;0,0,0) = 0. Then,
we can rewrite the perturbed generating function in as

EA(‘I],A,A) — eElJr]:l(\I/,A,A)/PC(dsD(S1))6V(—1)(¢;A,A,‘P)7 (420)

and B_y := Eg+ E_1, F_1(®,A,A) := Fo(A,A) + F_1 (¥, A, A), are the effective
constant terms on scale —1. Note that V(-1 (p; A, A, W) is the effective potential on scale
—1, which is defined as the sum of all monomials involving at least one p(~1): after that
on scale 0 we included ‘by hand’ the spin source term, now we are automatically taking
into account all the monomials involving the spin source fields. Iterating the procedure,
for any scale label h < —2, we have the massless field decomposition p(Sh+1) = (h+1)
©(=M) 50 we can integrate out the fields on scale h + 1, obtaining

/ Puldp Dy PO S AR ) _ DM ARE) (g9

and we can decompose l_)(h)(cp(gh); U A, A) as
VO (M0, A A) = VI (0N W, AL A) + By + Fi(T, A, A), (4.22)

where the contributions are defined as after (4.19)) (of course by replacing —1 with h).
Then, on each scale we can rewrite the perturbed generating function with the same
structure of the one on previous scale, namely

Z,(W, A, A) = B tFu(TAA) /P(d(p(gh))evw)(@@h);q,,A,A)7 (4.23)

where, by replacing —1 with h the definitions are the same of the ones listed after (4.20]).
When we reach the last scale, h = h*, we get

E)\(A, A, ‘I’) — eEh* +Fp* (‘I’,A,A) /P(d@(<h*))€V<h*)((’p(<h*);ql’A’A) 7 (424)

where P(dgo(gh*)) is the Gaussian Grassmann measure with propagator ¢(=""). defined
in (3.55]), evaluated at the critical point.

4.1.3 Kernels expansion and recursive definitions

As we have seen in (4.8)) for the scale 0, for any scale h < —1 we can derive an expansion
of the effective potential on scale h as the following sum of truncated expectations:

]}(h) (@(Sh)7 W,A,A) — log/Pc(dso(h-i-l))eV(h+1)(w(h+1)+¢(<h);A,A,‘I’) —

1 - ~ (h+1)
=>4 VD (0D 4 SR g AL A YD (D) (S g A A
s>1 7

s times

(4.25)
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In each truncated expectation (-; ->”(h+1) is with respect the Gaussian Grassmann
integration P.(de"*t1) with propagator g*t1). To properly identify the massless fields
that are integrated on scale (h + 1) in the truncated expectations, each of the effective
potential V"1 in a truncated expectation in can be expanded as we did in ,

namely

VI (@, A A) = > D W (fe)p(f)F(e), (4.26)

iGMo e€EMg

where the definitions are the same as listed after (4.9) with the following differences:

o My C Mél) is the subset of Mél) where the w; indices are restricted to those of the
massless fields, i.e. w, € {£}, k = 1,...,|f], (because we already integrated out
the massive fields);

e Mg D Mp is the superset of Mg where the j; indices are extended to also include
the spin sources: if y; € H, j; € {0,1,2}, so that

AYivji if yi € Ho’ji = 1727

\I/yi ifyiE(?H,ji:O.

If we let ny(e) := |{e:jr=0,k= , | e| } | be the number of spin sources, in ad-
dition to the conditions |e|] € Ny and ]f| € 2N now we have also na( ) +n(f) € 2N
(see after (4.11])). Moreover we let Ng(e) :=|{e:jr =1,2,k=1,...,| ¢/} | denote the

number of energy sources, so that |e|] = Ng(e) + ny(e).

Recursive relations between the single scale kernels of the effective potential

By deriving the expression of the effective potential on scale h in terms of the effective
potentials on the previous scale as in (4.25)) and by expanding each effective potential as
in (4.26)), we get the following recursive definition for the kernels of the effective potential
on scale h < —1:

LTS SERD SRD S 0| LIS

FLod €My €y, €Ms \j=1 (4.28)
(h+1)
a(j;il,..-vis)‘<¢(fj);--.;90(i§)>“’ 7
where the field variables f j= , S, are associated with the fields on scale h+1, the

field variables f are assomated Wlth the fields on scale h, and we let fC = f \ f be the
variables associated with the fields that are contracted on scale h + 1. The superscrlpts
* in (4.28) denote that the sums are performed with the constraint that U;_; ﬁ‘

f*, where L“ is the unordered set underlying the tuple f, and f* is the unordered set
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underlying the set f, and the analogous constraint for the source field variables. Finally
a(f; froooif, ) is the sign of the permutation from fie@-ef tofd fC D fe.
Of course, also for h = 0 holds a recursive expression snnllar to the one in (4.28)),
namely

* S

1
O =N" = (1)
w @-ZS! Z Z HW (fj’gj) 499
U7 pf emP ene €Ms \j=1 (4.29)
alfif s nd ) (s 0(F))°
where the only difference with respect to (4.28)) is that the sums are over the Grassmann

field variables in the set Mél), including the massive fields, and over the source field
variables in the set My C Mg, which is Wit~hout the spin source fields (see the definitions
above (4.9)). For h < —1, also F3,(¥, A, A) admits an expansion similar to the one in

(4.26), namely
Fu(T,AA) =" wh(e (4.30)
eeMsg
where the kernels (which depends only on the source field variables) admits a recursive
representation similar to the one in (4.28]), namely

-5y (fwew).

s=1 e1yes€Mg \j=1

where we use the same notation introduced after (4.28]). Note that if h = 0, in the r.h.s.
we have to perform the sum only over the source field variables in Mgy C Mg.

4.1.4 The Pfaffian formula

We illustrate how to evaluate the truncated expectation of the Grassmann monomials
@(f])s---,e(f5) in the r.h.s. of (resp. ([£.29)) with respect to the Gaussian Grass-
mann integration with propagator g{+1) (resp. ge¢). In terms of the following Pfaffian
formula, originally due to Battle, Brydges and Federbush [14,|15], later improved and
simplified [5/16] and rederived in several review papers [34,36], see e.g. |40, Lemma 3]:
if LC #+ (), for all i = 1,...,s, we can write the explicit expression of the truncated
expectations as

WU ™ = 3 gL ), (4.32)

TES(f5f°)

GV 0 = ar(fs o ) (H gé“”) [ Priav) P60 o), @39)

LeT
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. 8(7‘1:, . ,i‘;) is the set of ‘spanning trees’ on i‘;,,iz we can construct T, a
spanning tree on f ‘1”, ot g, as a tree graph formed by s vertices connected by s —1

lines £ := ((w, x), (w',x')), with (w,x) € f7, (W',X) € i; and 7 < j;

e ar(f{,...,f9) is the sign of the permutation from f{ & - & fito T & f{\T @
éﬁ\Tfs L Ls A

e if L €T, géhﬂ) = ggzjl)(x,x’ ) which can be either the single scale massless

propagator in (3.56) if A < —1 or the massive propagator in (3.25) if h = 0
(95" = g5 (x,X));

o U:={u;y €[0,1],1 < i,7' < s} and Pr(dU) is a probability measure with support
on a set of U such that u; s = u; - uy for some family of vectors u; € R® of unit
norm;

o if 2¢ =357 | |ff] is the number of contracted fields and 2(s — 1) is the number of

fields that belong to the lines of T', then Ggrh}rcl) fc(U) is an antisymmetric (2q —
7717"'77‘9

2(s—1))x(2¢—2(s—1)) matrix, whose elements are given by the propagators formed

by the contracted fields that do not belong to the lines of T (Ggl}rcl) fc)m-/ = ;-
0 o

gih::,l)(x,x/), with 4,4 € {1,..., s} such that (w,x) € f7\ T and («',x') € f5\ T}

Note that, if s = 1, then T = 0 and {p(f$))*""" = PfGY' Y, where (Géhftl)) -
_— 771 771 1:7Z‘/
S’L:Jr,l)(x,x’), with (w, x), (w',x’) € ii

4.2 Localization and interpolation

In this section, we illustrate the procedure to follow to identify among all the contri-
butions of V") those that may diverge and to keep track of them during the iterative
construction. In particular, two operators are introduced, £ and R, such that Z = L+R,
which act on each W) dividing it into a local part, LW ") and a remainder RW "),
This division of the effective kernel W " will correspond to a division of the effective
potential VM) into £V and RV,

The goal will be to describe £V" using as few couplings as possible, and to rewrite
RV with an appropriate interpolation: to do this, we will have to group some Grass-
mann fields in discrete derivatives

aj(pwa = Puyte; — Puwy s (4.34)

with j = 1,2. Consequently, we will be interested in putting labels on each effective
kernel that specify how and when the fields were derived. Let’s take an example to
explain what we mean. Consider a simple contribution to the effective potential: the
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one associated with the monomial ¢y, , and its kernel W((w,y), (w',2)), where y =
(y",y®) and z = (21, y), namely

> S W(w, @My, @ PNy ) @) P 2 @) -
ww' €{ £}y 21y cH
(4.35)
Since the two fields have the same vertical coordinate, from now on we will only write
the dependence on their horizontal coordinates y(*) and z(). If we add and subtract

Proy(1) Pt (1), WE Can rewrite (4.35)) as
> > W((w,y™), (@ 2, ) 0 i+
ww'e{x}yM :DeH
+ Z Z W((w7 y(l))7 (w/7 z(l)>)¢w,y(1) (Q)Ow’yz(l) - Spw/,y(l)) 9

wyw'e{E£}yD) z(DeH

(4.36)

where the term in the first line is the local contribution and the term in the last line is
the remainder. Now let’s focus on the latter term: if we interpolate between the position
2 and the position y(l), we can rewrite the difference (Spw/7z(1) — cpw/’y(l)) as the sum of
the differences between adjacent fields, namely

> > Wwy™), (@ 2NNy 1) (P ) =Pt o)1 P 1) 41— Pty
ww' e{ £ }yM 2 eH

(4.37)
which, by using (4.34)), can be rewritten as
K—1
Yo D Wlwy™) W2 ,m Y e, m (4.38)
ww'e{ £}y :DeH k=0 i

where K := [y — (V| e Z, t(()l) =y and tl(;) =21,

This is a particularly simplified example but we will see that this same interpola-
tion mechanism will appear later in more general contribution to the effective potential.
However, comparing with shows why effective kernels must also be labeled
with derivative indices. This discussion is rigorously justified in [4, Sec.4.1], where is
provided a complete description of the kernel equivalence classes. Here, in order not
to complicate the presentation, we prefer to simply rely on the conceptual motivation
provided by the example above and introduce the following useful notation.

The derivative kernel indices

If h = 1, we rewrite the expansion of the effective potential in (4.9) as

V(€@ AN = > > WO(fe)e(f)F(e), (4.39)

fEM(1> QEME
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where Mg is defined after (4.9)) and M (1) is the set of the tuples

[ =y, d) = ((w1,y1,d1), (w2, y2,d2),...),

Where for each k = 1,...,|f], | f| € 2N, we have wy, € {£,%i}, yr € H, dy := (d,(cl),d,(f)),
,(CJ) € {0,1,2} for j = 1,2. With respect to M(l) defined after (4.9)), we are now

including the derivatives acting on the Grassmann fields (M, ( Ve M 1), so that ¢ f)is
now defined as the product of derivative Grassmann fields

|7
@(i) = SO(Q7 X? Q) = H 8dk90wk,yk ’ (440)
k=1

FICONTE)
with 9% := 9| i 0, % and Yupx; defined in (4.11). To evaluate the discrete derivative

we use the deﬁmtlon in (4.34) and, for j = 1,2, the following notation holds: 8?gowk’xi =

1 _ 2 _
Pwi,xis aj Puwp,ye = OjPuwr,yis 3j Copyr = 95Pupyite; — 0jPuw,y,- Analogously, for any

h < —1, we can rewrite (4.26]) as
VD (0w AL A) =Y Y W (Fre)o(f)F(e) (4.41)

iGM eceMg

where Mg is defined after and the M is the set that, with respect to the set My
defined after (4.26]), includes the derivatives of the massless Grassmann fields (Mo C M):
the definitions are the same as the ones after , with the only difference that now
wpe{x}forall k=1,...,|f|

By recalling the definitions after (4.11]), on scale 1 we can identify each kernel of the
effective potential in the r.h.s. of (4.39)) by defining

*

W((’izl—n(l) D+DM) N (f7 ) = (1) (i’ E)

, (4.42)
n(f)=n;nM (f)=nV);le|=Ng

where * denotes the constraint that >_;_; |[dix| = D and Z"( ) |dx| = DD, D, DM € N
which are the global order of the derivatives acting (respectlvely) on the massless and

on the massive fields. Analogously, if h < —1, we can identify each kernel of the effective
potential in the r.h.s. of (4.41)) by defining

W e (fi0) = WD (fie) , (4.43)

(i) =n;me(e)=me;no (e)=no

where * denotes the constraint that >, ||d;|[1 = D, D € N, which is the total order
of the derivatives acting on the massless fields.
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The scaling dimension

With the notations introduced so far for the kernels of the effective potential we are able
to introduce the localization and renormalization operators, £ and R, which act on the
kernels in (4.42]) and (4.43]). More precisely when h = 1, we get

(1) _ @ (1)
W(nJrn(l),DJrD(l)),NE = EW(nJrn(n,DJrD(I)),NE + RW(nJrn(l),DJrD(l))’NE , (4.44)
where the kernel W((iln(1)7D+D<l))7NE is defined in (4.42); when h < 0, we get
(h) _ r® (h)
W(n,D),NE—i-nU - 'CW(’n,,D),NE—i—nU + RW(TZ,D),NE+nU ) (445)

where the kernel W((:)D)  is defined in (4.43)). Note that in (4.44)) and in (4.45), as we

will do in the following, we use = to denote an equivalence among the kernels.

At this point, it is useful to introduce the scaling dimension:
ds=2—-"_p-"lo_ N (4.46)
2 2
where we recall that n is the number of the massless fields, D global number of derivatives
acting on them, n, is the number of the edge spin sources and Ng is the number of the
energy sources (see after (4.42)) and (4.43)). The scaling dimension in can be used
to identify the ‘nature’ of each contribution of the effective potential according to the
indices (n, D), Ng + n, of its kernels. We can distinguish between relevant, marginal
and irrelevant contributions, corresponding to kernels with indices (n, D), Ng + n, such
that dg is, respectively, positive, vanishing or negative. During the multiscale procedure,
the relevant and marginal contributions tend ‘to expand’ under iterations: these terms
will be selected and traced by the action of the £ operator. The irrelevant terms, which
are not the source of any divergence, will be bounded on each scale of the iteration by
the action of R (in next section we derive several estimates related to R). As in
does not appear the indices n!) and DM (the number of the massive fields and
the global derivatives acting on them), we will consider the contributions of the kernels
with (Y > 0 and D) > 0 as irrelevant terms of the effective potential on scale 1.
The values of the kernel indices (n, D), Ng + n, such that dg > 0, are the following:

e if there are no source fields, Ng = n, =0,
((n, D),0) € {((2,0),0);((2,1),0); ((4,0),0) } ; (4.47)
e if there are only edge spin source fields, Ng = 0,
((n, D), ng) € {((1,0),1); ((1,1),1); ((3,0),1); ((2,0),2) } ; (4.48)
e if there are only energy source fields, n, = 0,
((n, D), Ng) = ((2,0),1), (4.49)

where Ng = 1 can be associated either to one bulk energy source field or to one
edge energy source field.
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If the kernel indices (n, D), Ng + n, are different from those in (4.47))-(4.49)), the scaling
dimension in (4.46|) is negative and we let

=0, wo =RrRw "

(h)
EW (n,D),NE—‘,—nG (nvD)vNE"Fna ’

) Nt (4.50)

so that the local part of the irrelevant terms vanishes. If h = 1 (so that n, = 0) and
1 1

n) = 0 (so that also DM = 0), we let W((n’)D),NE = W((nzro,D+0),NE+0’ so that (4.50))

holds for any h < 1. If h =1 and n() > 0 (and DM > 0) we let

(1) ._ (1) _ (1)
LW pipoyn, =0 Wi pipmyng = RWimw pipmyn, o (451)

so that the kernels with any positive number of massive fields behave as irrelevant terms.

In order to derive the two-point edge spin correlations, we are especially interested in
defining the action of £ and R on the kernels with n, > 0 and Ng = 0. Then, from now
on, we will present only results for the effective potential with the spin source (¥ # 0) but
not the energy sources (A = A= 0), so that we can focus on the kernels depending only
on spin source index n, > 0, Ng = 0. In fact, even if ¥ £ 0, in the effective potential
there will be both kernels with n, = 0 and n, > 0. Then, as a first step it is convenient
to illustrate the action of £ and R on the kernels without any source fields (n, = 0
and Ng = 0), which we will see in Subsec. Then, in Subsec. we will derive
the action of the operators on the kernels with only spin source fields, i.e. with n, > 0
and Ng = 0. The definitions of the operators acting on kernels with n, = N = 0,
as well of the ones acting on kernels with only bulk energies (Ng = 1 associated with
a bulk source), were already derived in [37, Subsec.3.3] and in [4, Subsec.4.1.1] for the
infinite lattice, and in [4, Subsec.4.2.1] for the cylindrical lattice. The definitions for
the operators acting on kernels with only edge energies (Np = 1 associated with an
edge source) have not yet been derived: they are not studied here, but the procedures
introduced so far should be extended in the perspective of a generalization of our result
for the edge spin sources. Moreover, in Subsec.[4.2.3] we will introduce the norms adapted
to each type of kernels.

4.2.1 Localization for the sourceless kernels

If n, = 0, the bulk-edge decomposition of the propagators in[3.2.4) induces the bulk-edge
decomposition of the kernels, namely

_ i) (h)
(n,D),0 — WB;(n,D),O + WE;(n,D),O ) (4.52)

because W((:,)D),O
from the expressions in Subsec. We let W]gh) be the kernel involving only bulk
propagators and Wgh) = W](S,h) — W™ be the edge kernel. The bulk-edge decomposition

involves convolutions of propagators, as is evident from (4.28]) and
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in (4.521 holds for each h < 1 (by this we mean that if h = 1, n) = 0);if h=1, n® >0
and DM > 0, we get

+w (4.53)

(1) (
w Bi(ntn®,D+DM),0°

1)
W Bj(n+n(),D+DM),0

(n+n(), D+DW)Y,0 —
where n() and DM are referred to as the massive fields (see after (&.39)).

Next, to obtain the decomposition in (4.45) when N = n, = 0, we need to define the
bulk operators Lp and Rp, acting on the bulk kernels, and the edge operators Lr and
RE, acting on the edge kernels.

Localization and interpolation for the bulk kernels

For the bulk kernels in the r.h.s. of (4.52), we introduce the L and Rp operators, so
that

)

— (h) (h)
B;(n,D),0 — ‘CBWB; 0 + RBWB;(H,D),O . (454)

(n,D)

As previously mentioned (see ), for each h < 1 we let £BW](3};Lgn7D)70 = 0, if
nY = 0 and the massless indices (n,D) are such that dg < 0; for h = 1 we let
‘CBWI(B};lgnJrn(l),DJrD(U),O = 0, if n > 1. To define the action of the bulk localiza-
tion operator Lp on the kernels with the Grassmann indices (n, D) : dg > 0, we need
to define other basic operators: let O be the operator that antisymmetrizes with re-
spect to permutations of the Grassmann field variables and symmetrizes with respect to
reflections in the horizontal direction, and £z be the operator which ‘localizes’ all the
Grassmann field positions at the same site:

P h
EBWé;gn,D),O((wl’ Y1, d1)7 (w2a Y2, 0)7 ) (wna Yn, dn))

n , (4.55)
= H6Yj7y1 Z Wé;sz)p((UJl,}q,dl),(CUQ,ZQ,dQ),...,(wn,Zn,dn)),

j=2 Zz9,...,Zn €H

where we (arbitrary) chose the Grassmann field position y; as localization site. The

action of Lp preserves the kernel indices, i.e. ZB(W(B}?gn,D),O) = (ZBW,(Bh))(mD),O =
EBW](S,},Zgn D).0" With these two operators we are able to localize the marginal terms:

if (n, D) = (2,1), (4,0), we let
LaWil1 ) =OLsWE ) LB(WE g o) = OLsWE, o) (4.56)

Now we consider the n =4 term in (4.56) and we look at

> EBW,(B}?QO),O(@@(J”), (4.57)

feMm B
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which is a contribution to the marginal part of the effective potential up to the action
of O. By using the definition of the Lp given in (4.55)), one can easily check that (4.57))
can be rewritten as

h
Z Z W(z 0),0 ((w1’Y1) (w4aY4))90w17}’1900-72,}’1900037)’190w47)’1a (4'58)
wi,ewa€{ £} y1,..,ya€H

which vanishes because w; can assume only two values (see (2.11))) so that in (4.56) we

can consider ‘CB(Wg;ngl,O),O)
following. To localize the relevant terms (ds > 0), we introduce one more operator: let

Rp be the operator which ‘interpolates’ between the localization site and the original

position of the Grassmann field, so that kB(WJ(;L()n D)0 2n D)0~

Lz i 2n D).0" The action of Rz does not preserve the kernel indices: it acts by increasing

the value D by one, so that 7~€B(W](3},L2n ) 0) = (ﬁBWéh))(mDH)’O. Then, if (n,D) =

(2,0), we can start by considering

= 0, a cancellation that will play an important role in the

) is equivalent to w

S W 00ld) — EWey 0D o) =

feMm

= Z Z WB wlv}’l’ ) (wZayQ’ 0)) Puwi,y1 {QOOJQ,YQ - ()OWQQ’I}’
wi,w2e{* }y1,y2€H

(4.59)

and we rewrite {Qu,.ys — Pus.y:} @s a sum of differences of fields located at adjacent
positions (as seen in the easy example after ) Let v(y1,y2) be the shortest path
obtained by going first horizontally and then vertically from y; to y2, so that, by recalling
the definition of derivative in (4.34), we can rewrite {¢uw, .y, — Puny: | 88

{000j0Punyy + 010) Pun yy + -+ + 0k0j, 9%2,%} '

with yg,...,y, € Y(y1,y2) such that y{ = y1, y1 = y1 + &, Y11 = ¥, + €j,, for
r=1,....,k—1and y» =y} + &;,, with jo,j1,...,jk € {1,2}. Bach 0, i=1,...,k, is
a sign such that o; = + if y} precedes y; + &;,, 0; = — otherwise. Then we can rewrite

the r.h.s. of (4.59)) as
Z Z W Wl,}’l, ) (w27y270)) Z U‘Pwl,yladlgpwz,y/a

wi,w2€{* }y1,y2€H 0,(y1,0),(y’,d")el(y1,y2)
(4.60)

where I(yi1,y2) is the set of (o, (y1,0),(y’,d")), with 0 € {£}, y1,y’ € Hand d’' =
(d,,db) € {0,1}* with |d’| = |d}| + |d| = 1, such that

1 f / / A
d,_{( ,0) ity y' + e €q(yiy2), (4.61)

(0,1) ify,y' +é& e~(y1,y2),
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and I(y1,y2) = 0 either if y; = yo or if y',y' + &; ¢ v(x1,x2). By exchanging the sums
in (4.60) we finally get

Z Z Z (ﬁBWéh))(Q,l) ((wla Y1, 0)) (WQ, y,) d/)) 90w1,y1 8d/90wz,y’ )

wi,woe{* }y1,y’'€Hd’:|d'|=1

(4.62)
where
(ReWS) ) (@1, ¥1,0), (w2,y', d)) =
= Z JW(B??Q,O) ((wh Y1, 0)? (w27 Y2, O)) . (463)

0,¥1,y2:
0',(y1 70)7(y/7d/)61(y1 7y2)

Then we can finally localize the relevant term: if £p acts on a kernel with (n, D) = (2,0),
we let

EB(W( 22 0), o) = O<£BW( 22 0,0 T EB(ﬁBWJ(Bh))(Zl),O) : (4.64)

Note that in (4.64)) the local part is defined in terms of the R p operator, which does not
preserve the kernel indices, while in (4.56]) the kernel indices are preserved: then we let

h .
O(LW 1y 0)0) if (n, D) = (2,0),
~ 5 h .
LoW o= OLsWI, | o+ LaReWi) o) i (D)= (2,1), (465)
0 otherwise.
Now we want to define RBWJ(B}'LG D),0° which is the remainder term of the bulk kernels,

directly in terms of the its indices (not of the kernel indices on which Rp acts). For
any h < 1, if n{) = 0 and the massless indices (n, D) are such that dg > 0, we let

RBWg;Lgn,D),o :=0; if n)) > 0 (regardless of the massless indices (n, D)) we let
(h) (h) )

REWE (40 prp0) 0 = W (nin® prpWy o (4.66)
if n = 0 and the massless indices are such that dg < 0 with the constraint that
((n,D),0) ¢ {((2,2),0),((4,1),0) }, we let

(h) (h) .
ReWpg B;(n,D),0 — = Wp, :(n,D),0° (4.67)

if nY) =0 and ((n,D),0) € {((2,2),0),((4,1),0) } (so that dg < 0) we let

S = (h
RpWy: 22 2),0 O(W(hzm) o+ ReWi) @20+ (ReReWy))@2.0) (468
. .
RBWJ(g ()4 1,0 O(W(Bz 1),0 (RBWé ))(4,1),0) )

where the Rp are defined similarly to ([#.63). More precisely, if (n,D) = (2,2) the R
operator in (4.68) acts on a kernel with (n, D) = (2,1), so that
(ﬁBW](gh))(ZQ)((WMYMdl)a (w2,y',d2 +d)) =

- 2 , Wiy (wi,y1,d1), (wa,y2,da)),  (4.69)
(@,(1 ’d1)’(y,:}él;‘{il))ef(yhyz)
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where d’ is defined after (4.63), so that ||d[|; = 1 and ||d1[1 + ||d2[[1 + [|d'||s = 2. To
define the action of the Rp operator in (4.68) if (n, D) = (4,0), we start by considering
the following contribution:

Z{ B(40 £‘/V](3h()4()( Die(f) =

fem

h
S W (@5 0) Py { Py P ysPunys — Puorys Py Py }

we{+}yeH
(4.70)
where we rewrite Pwi,y1 {‘:Ow2,}’2 Puws,ysPwa,ys — Pwa,y1 Pws,y1 ‘Pw4,y1} as
Puwi,y1 {‘Pw%}’l Puws,y1 (906047)’4 - (Pw4,y1) + Pwa,y1 (‘Pwsam — Pws,y1 )ng4,y4—|- (4 71)

+ (‘PwQ,W - (pw2,y1)90w3,}’3 (Pw4,y4} )

or as a similar expression. Next, the first term in (4.71)) vanishes (see (2.11])); the other
terms, with the differences (¢us,ys — Qus,yr) a0d (Pun,ys — Pun,yi ), can be rewritten as

described after (4.59), so that (4.71]) equals

d’
> 00N D, 31 0% 00, 3, 0%, 0N Py, (4.72)
a,(y1,d))(y4,dy)EL(Y1,--,y4)

where I(y1, . ..,y4) is the set of (o, (y’l,d’) ,(yh,d})), witho € {£}, yl,...,y4 ceH
and d,...,d}, € {0,1}? with |d}| + .. ]d | = 1 such that: either y| = y2 =y,

yQL = Y4, dll - d/ = d - O and ( (yl: )7 (y3ad/ )) € ](Y1a}’3)' or yl - }’17 Y3 y35
vy =y, d] = dg =d) =0 and (o, (yl,O), (v5,d5)) € I(y1,y2), so that in (4.70) we get

-~ h
Z Z Z (RBWé ))(4,1)(Q7 Z/adl)a Lo y’a Puwa,yh ad 3Puws yga Puwa,yly
we{x}yeH dj,.dj:

|d} [+ |dj =1
(4.73)
where
5 h 5 h
ReWE )@ y,d) = ReWg ) (@1 ¥5 i) (01,¥h,d))) =
= Z UW( 240)((“117}’170)7---a(w47}’4,0))7 (474)
Y1 Ya:
oY) Y ET (1)
and more in general we can define
5 h h

ReWS ) mpinolwy d) = > Wl o wyd), (475

o,(y'.d)el(y)

where |w| = [y =[y'| =n, 33 |d| =D and 3 7, [d| = D + 1.
Finally, we observe that the infinite plane kernel is basically the same as the bulk kernel,
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(h) (h) (1) —_w® :
ie. W, i(n,D),0 Woo {(n,D),0 A nd WB i(n4+n) D4+DM) 0 WOO J(n+nM , D+DM)0° The defini-
tions used so far for the half plane kernels are analogues to the ones on the infinite plane,
except the field positions are supported on the infinite plane: x; € Z? in the set M and

MO introduced before (see after ([@.41) and (&.39), respectively). Also the definitions

for the infinite plane operators Lo, and R, acting on the kernels of ng ), are almost

identical, except for the sums over Z? in (4.55)), in definition of I(y1,y2) after (4.60]) and
so on. To use the results already obtained for the relevant and marginal contributions

in the infinite plane ( [37, Subsec.3.3], [4, Subsec.4.1.1]), if h < 1, nY) = 0 and (n, D)
are such that EBWé 2n D).0 # 0 we can rewrite the local part in (4.54) as

Lpwll 2n D)o = LOOW(EZ)(WD)’O +LIWVEN o (4.76)
so that, by using and ( in we get
W((:,)D)p = Eochfff(mD),O + RBW( 2 D)0 + wi gn D)0 (4.77)
with
Wéh()n D)0 "= g?()n,D),O + ﬁ*Wg?gn,D),o , (4.78)
where we added the term L, W( 2 D)o to the edge kernels, as it is glven by the difference

between the infinite plane local part and the bulk local part. In (4.77)), the infinite plane
local part is given by the analogues of (4.65| - as explained above, prov1ded that the sums
are over the infinite plane instead over the half plane, we can use the same expressions)
and the bulk remainder part is given by —. Finally, we notice that also
holds for h =1, n(Y) = 0 and n = 2. Moreover, we use the same notation for any h <1
and any kernel indices, namely

W ot LW i< Ln® =0 andn =2,

Bin,
140 — @ - _
Wein.Dy0 = WEl;(n,DLo ifh<1,nM=0andn>2, (4.79)
w) if h=1and n® >0.

E;(n—i—n(l) 7D-l—D(l)),O

(P

Now we introduce the operators Lr and Rg acting on the kernels B:(n.D),0"

Localization and interpolation for the edge kernels

For the edge kernels ¥ (},l)m D)0 in (4.78)), we introduce the L and R g operators, so that

Ey(
77(h) _ = (h) (h)
WE;(WD):O - EEWE;(n,D),O + REWE :(n,D),0 (4.80)

With respect to the bulk contributions, the edge contributions will have a slightly dif-
ferent behavior, due to the cancellations in (3.47): the relevant terms are the only
possible source of divergences. Consequently, for any h < 1, if the Grassmann indices

(n, D) are such that dg < 0, we let EEW( ()n Y 0. For h = 1, if n(® > 0, we
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let EEW( z +n,D)0 = = 0. Then Lg acts not trivially only on the edge kernels with

n) =0 and (n, D) = (27 0): by proceeding as discussed for the bulk operators, we let

EEW}(E 220 (w1, ¥1,0), (w2, ¥2,0)) :=
2
= (h 1 (4.81)
- H y§1)7 Z Wé;()&o)’o wla (:’A )7 (2 )),0), (CUQ,ZQ,O)),

252),z2 €H

where with respect to , now we arbitrarily choose to localize the Grassmann field
positions at (ygl), 0), where yil) is the first site horizontal coordinate and 0 is the ver-
tical coordinate immediately below the lower edge JH;. Next, by using and the
operator O introduced after , we let

LWy 0) = OLEW L ) o) - (4.82)

An important remark is that ZfeM EEW( 22 0), o(f)¢(f), which is the contribution to
the effective potential associated to up to the action of O, is given by

h)
Z Z W( (wr,y1), (w2, yg))@wu(yil),o)(‘owm(yil)70) ' (4.83)
wiw2€{+}y1,y2€H
which is vanishing either because w; = wa, (by using (2 > P (40,0 Pon (5D 0) =0), or

because, if wi # wo, there has to be a contraction with ¢ Mo Wthh gives a vanishing

7 1 )
contribution (see the cancellation in (3.47))). Then we can conclude that, for any h <1,

the local part of the edge kernels vanishes for any value of the kernel indices, namely

LW, pyo) =0 (4.84)
Next, by recalling the definition of gl() D)0 in , we define the edge remainder
parts as
0 if (n, D) = (2,0),
REW g o= OWiily 10+ ReWiily 1) if (D) = (2,1), (4.85)
nggn D)0 otherwise,

where (ﬁEWéh))(m) is defined as in (4.63) with y; = (yil),O). Moreover, the defi-
nitions in (4.85) are valid for any h < 1, where if h = 1 we are considering n(!) =

0. If h = 1 and n® > 0, for any values of the massless indices (n,D), we let
(1 — & : : _ _
RE W (n+n<1> D+DMYO T WE;(n+n(1>,D+D(1>),0' In conclusion, if N = n, = 0, the

kernel in can be rewritten as
Win0)0 = LooWeoi(n,0),0 T RBWE,(n,0),0 + REWE:(n,0),0 » (4.86)

where we used the edge local part cancellation in (4.84) and the edge remainder part is

defined in (4.85)).
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4.2.2 Localization in presence of spin sources

For h <0, if N = n, # 0, we do not use the bulk-edge decomposition of the kernels,
because we are dealing with spin sources located at the boundary. In presence of the
edge spin sources the scaling dimension in is non negative for the values in :
here we localize only the kernels with the Grassmann indices in (4.48) and n, = 1. We
will not localize the kernels with indices n = n, = 2 and D = 0, so that we allow some
terms with dg = 0, which will be treated differently in the last chapter. Then, for the
kernels with n, edge spin sources, for any A < 0, we introduce the £, and R, operators,
so that

+ RW

_ (h)
= LW (n.D) o *

(h)
W (n,D),ne

(n.D) s (4.87)

If n, > 2, the scaling dimension dg in (4.46)) is always negative except that for the choice
of indices n, = 2 and (n,D) = (2,0): for these irrelevant and marginal terms we let

(h) — (h) _ () : :
ﬁUW(n,D),ngzz := 0, so that RUWn,D a2 = W(n,D),nng Then, the action of L, is
not trivial only for the values in (4.48) with n, = 1.

If n, = 1, we let L, be the operator which localizes the Grassmann field positions at

the edge source site:
EO'W((:j)D)’l((wlﬁ Y1, d1)7 (w2a Y2, 0)7 sy (wna Yn, dn)7 Xl) =

n
= de]-,xl Z W((TIZ’)D)J((Wl,Zl,dl),(WQ,ZQ,dQ),...,(wn,Zn,dn);Xl),
7j=1 Z1,...,Zn€H

(4.88)
where the edge source position is x; € OH (recall that in we localized at the
position of an arbitrary Grassmann field and in (4.81)) we localized at the position of
edge Grassmann field).
To localize the marginal terms with n, = 1, if ((n,D),1) € {((1,1),1),((3,0),1) } (so
that dg = 0), we let

Lo(W(y 1) = OLW Y D)y LWy

o ~ (h)
1, (3,0),1) T O(EUW(370)71); (489)

where we used the operator O introduced after ([#.54) and the fact that £, does not
change the kernel indices.

An important remark is that > o ps > ocnsg ENUW((;ZJ) ((fie)o(f)F(e) equals

h
Z Z W((372))71((w17 yl)a ceey (w37 Y3)§ Xl)@w17x1¢w2,x1@w3,x1 Uy, ,
wi,w2,w3€{ £} y1,y2,y3,x1€H
(4.90)
which vanishes because w; can assume only two values (see (2.11))). So, as we did for
(4.57)), we can consider EU(W((; 2)) 1) = 0in (4.89), a cancellation similar to the one for
the kernels associated to 4 Grassmann fields in (4.56]).

To localize the relevant terms (dg > 1), let R, be the operator such that ﬁU(W((:)D) )=
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7~€gW(h) is equivalent to ((:) D)1 —C W(( ) D)1 With the same procedure described

in (4. 5n§, if (n,D),1=(1,0),1, we get
S S Wi (Fre) — LWy (0} ()F ()

feM eEMg

Z Z WlO Wl Y1, ) Xl){‘pwl,w _90w17X1}‘11X1 (4_91)
wie{x}y1,x1€H

Z Z Z 1,1),1 ((wlaylyd,);xl)adlsowl,y’\yxl 5

wle{:l:}y X1€Hd’ d/‘ 1
with
S h
(RUW(h))(l,l),l(<w17y/a d,)7X1) = Z UW((LZ])J((WLYb 0>7X1) ) (492>
o,y1:

0—7 (y,7d/)61(x1 7y1)

where I(x1,y1) is the set of (o, (y’,d’)) such that (y’,d’) € v(x1,y1), with the same

definitions after (4.60]).

Then we let

(h) (h)

and summarizing the results in terms of the source local part indices we get

s Ea(ﬁ'aw(h))(l,l),l) ; (4.93)

O(LW 1) if (n, D),1 = (1,0),1
h 5 5 0 .
EUW((n’)D),l = O(EOW((E)DJ + Lo(ReW W) 1) if (n, D), 1=(1,1),1, (4.94)
0 otherwise.

Finally we define the R, operator if n, = 1: if the Grassmann indices are such that

ds >0, ie. ((n,D),ny) € {((1,0),1),((1,1),1),((3,0),1)}, we let RoW ("), | = 0; if
((n,D),1) ¢ {((1,2),1),((3,1),1) } are such that dg < 0 we let
(h) (h) .
R W( D)1 W(n,D),l’ (4.95)
if ((n,D),1) € {((1,2),1),((3,1),1) } (so that ds < 0) we let
h h 5 5 (B
R W(( )) = (9(1/1/((17)2)’1 + (RUW(h))(Lz)J + (Ra(RaW(h)))(1,2,1)) ) (4.96)
() _ (h) 5 h '
RoeWisnyy = OWishy, + (ReW™)(51y1).

The operator R, does not preserve the kernel indices: ﬁU(W((:)D) )= (7~20W(h))(n, D+1),1
and (QUW(h))(n, D+1),1 1s defined with a similar expression to the one in (4.75]), namely

ad h
(ReW ™) piya(w,y', d) = > W((n,)D),1(% y,d), (4.97)

o,y:
o,(y’ . d)el(x1,y)
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where if n = 1, I(y1,x1) is defines as in (or better the analogue of (4.69))), while,
if n =3, I(y1,y2,y3,%x1) is the set of (o, (y1,d}), (¥5,d5), (y5,ds)), with o € {£},
Y, .,y € Handd,,...,d; € {0,1}* with |d}| 4 ... + |[dj| = 1 such that: ei-
ther y| = y5 = x1, d] = dy = 0 and (0, (y3,d3)) € I(x1,y3); or y; = X1, ¥5 = ¥3,
d} = dj = 0 and (0,(y3,d3)) € I(x1,y2); or y3 = y2, y3 = y3, dy = dj = 0 and
(0, (y,hd,l)) € I(x1,y1)-

In conclusion, in (4.45) if N =n, =0 we get (4.86)), if N =n, > 1 we get

w® _rw®

(h) (h)
(n,D)ne>1 (n,D),1 + /R’W(n,D)J + W(n,D),nU

, (4.98)
ne>1
where the local part of the kernel with n, = 1 is given by (4.94), the remainder by
(4.95)-(4.96]) and the last term is given by the trivial action of the source localization

when n, > 2, see after (4.87)). Finally, by substituting (4.86)) and (4.98]) in (4.45)), for

any h <0 we get

(h) _ (h) (h) (h) 7-(h) h
Wiy, =LooWoo o T LeWi/py1 T RBWE. (1 pyo + REWE. (. py o T Re WM,
(4.99)
where
RW = RW W W (4.100)

ne>1

which is vanishing if A = 0, as it is the first scale for the spin source fields. For h =1
we get

1) _ 1) (1) 7(1)
W(n+n(1>,D+D(1>),o _‘COOWOO;(n,D),O + RBWB;(n,D),o + REWE;(n,D),O+
& 1
t WB7(TL+7L(1)7D+D(1)),O n(l)zl . WE7(7L+7L(1)7D+D<1))70 n(l)zl ’

(4.101)
where we recall that when n(!) > 1 we are considering D) > 0.

4.2.3 Norms for the kernels of the effective potential

Depending on the kernel indices we introduce three different types of norms: the bulk
and edge norms for the kernels of the effective potential with n, = 0 and the spin source
norm or simply source norm for the kernels of the effective potential with n, > 0: note
that we are no longer considering any energy sources but only the spin sources so there
is no ambiguity about the source fields.

Definition of bulk, edge and source norms
If n, = 0 for the bulk kernels we define the bulk norm as

c h
Wit ool = > e ®sup sup (Wi o (wy,d)l,  (4102)

y27"'7ynEH g g:|g|:D
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where cg > 0, d(y) := 6(y1,...,¥n) is the tree distance between the n Grassmann field
positions; for the edge kernels we define the edge norm as

(h h h
HW )n D)OH ep2h) = Z ocB2"0E(y) Supd‘s;'pD ‘Wé;()n,z)),o(%lv d)|, (4.103)
w (d|=
y§ ) y2peyn€H o

where cg > 0 and with respect to now we are fixing the coordinate yg) and we
introduce the edge distance dg(y) := 0(y) + 6(y, OH), where §(y,0H) is the distance
between the x and the edge of the half plane. From now on, we drop the label subscript
“B” and “E” from the kernels W) when these labels coincide with those appearing on
the norms and on the operators.

If ny, =1 for the kernels with one edge spin source we define the source norm as
h - ahsty, |
HW(("v)D)v”aH(Ca?h) =Yy @ qup sup W, (nD ((w,y,d);x1)], (4.104)
Y15 yn€H w d:d|=D

where ¢, > 0 and with respect to (4.102) and (4.103)) we are now summing over all the
Grassmann field positions because we are fixing the spin source position.

Bounds on the remainder terms

If n, = 0, the bulk norms of the kernels in (4.68) are bounded by
h —
I(REW ™) @2)0ll{ay < Wi ol oy + 27 W) 0H<2h+1 e 27 Wi oll ey

II(RBW(h))(4,1),0||gh) < HW(Z%,QH(%h) +d 27w, (40 ollG (2h+1) 5
(4.105)
where ¢ and ¢ are positive constants and the bulk norm is the one introduced in .
Analogously, the edge norm of the kernel in the second line of m is bounded by

H(REW( )) 2,1) OH (2M) < HWQ 1)0”(2h +c-27 h|| (2[) ()H (2h+1) (4-106)

where ¢ is a positive constant and the edge norm is the one defined in (4.103)). If n, = 1,
the source norms of the kernels in (4.96|) are bounded by

h o - h o
(R W) 12yl Ty < HW“ 1Ty 27 1Ty + 42722 WY o)

||(RUW( )) 31)1” (2h) < H 31) 1||(2h +3-2" hHW30 1|| 2h+1)

(4.107)
where the source norm is defined as in (4.104)). See [4, Eqs.(4.1.41)-(4.1.43)] for the proof
of these bounds.

In conclusion, for the purpose of an upper bound we can summarize the results in

(4.105)),(4.106) and (4.107) as follows: if h < A/,

HReW ™) Dy g I, gy < 27 P20 M)

#
Cﬁ 2h — n D/) Ne ‘ |Cﬁ 2h/ (4-108)

where f = B, E,o0 and D > D'.
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4.3 Trees and tree expansions

Here we derive a convergent expansion of the resulting effective potential on each scale,
the so called tree expansion, based on the tree representation of its kernels. The bounds
to prove the convergence will be derived in the next chapter, where depending on the
kernel indices will be used one of the norms introduced in Subsec. To explain how
to derive the representation of the tree kernels, first of all in Subsec. we rewrite the
resulting effective potential with a structure similar to the starting one in : there
will be new effective parameters, a new effective action, a new effective interaction and a
new effective source term. Next, in Subsec. we derive the graphical representation
of each kernel in terms of the trees and we obtain the entire effective potential polynomial
as a sum over all the trees compatible with the construction.

4.3.1 The contributions of the effective potential

With the kernel indices introduced in (4.42)) and (4.43) we are able to identify the
different contributions to the effective potential and, in particular, to rewrite the effective
potential with a structure similar to the starting one, taking into account the marginal
and relevant contributions as well of the source, bulk and edge contributions. More
precisely, we will rewrite, on each scale h, the local part of the effective potential as in
(4.134)): it is an explicit expression in terms of a finite number of coupling constants,
which exhibits the a structure similar to the one on the first scale. Moreover, we will
rewrite, on each scale h, the reminder term as in (4.135)): it will be not source of any
divergences in the perturbative expansion.

The effective potential on scale 1

Going back to the effective potential on scale 1 given in (4.4)), if we expand the Lh.s. as
(.39) we get
> W) =506 @) +VI(E ), (4.109)

ieM(l)

where we considered A = A = 0 (recall that on scale 1 ¥ = 0) so that BY =0 in
(4.4). Now we want to use the kernel indices to identify the different contributions to
the effective action and to the effective interaction, which were introduced after (4.4)).
1 .
In the L.h.s. of (4.109) the kernels W((nin(l),D-s—D(l)),O with:
e n+nl) =2 contribute to the effective action S’S)(f, ©) = SW[v](€, ), which
is quadratic in the Grassmann fields and is a function of the constants v, :=

{v1,¢1,m } defined in (3.79));

o n+nM > 2 with n+n) € 2N, contribute to the effective interaction V1 (£, ),
which is monomial with degree n +n) in the Grassmann fields.
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Then, we can decompose the kernels with n +nY) = 2 as in (4.101)), obtaining the

following decomposition of the effective action in (4.109)):

SI(E,0) = 5% 0) + STh(E0)

where the bulk effective action is defined as

SUL(e 0) = SUh(0) + ST ),

with
1
SEB@) = D0 LaWiy pyo(De(f),
feMy:
771(1):0
and
SS9 = > RWLyp Do)+ Y. W) (He(f)
i55(& @) BYWBi(2,0),0 s By(2,0+DW),0\ )P
femM@; femM@:;
n(M—g n(Ms0

and the edge effective action is defined as

S 0) = SUh) + 5(E ),

Yy 3

with .
S Re(LWE, b )e(f)
feM@:
7n(1>:O
and
SIHER) = D0 ReWEl, py o))+ 2 Wiy bpun o D)
fem™: femM®:
n(M=0 n(W>0

(4.110)

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

where to define (4.115)) and (4.116)) we used (4.79)) in the edge remainder term of (4.101]).
The only non vanishing local contribution is Sél é(go) in (4.112) and it is given by a

sum over the derivative indices of the following terms:

ZEW :(2,0), o(f) 7—2’/1290);903”

iEMoo y622
Yoo LW oo Deh) =G Y (erdiey — wydiy),
ieMooz yEZQ

1at" | +1dS |=1

1 p—
oo LW (D) =m Y idagy
fEMoo: yEezZ?
1 |+ |=1

(4.117)
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where v, (1 and n; are the constants in (3.79) and d;, j = 1,2, is the symmetric discrete
derivative, related to the discrete derivative in (4.34) by d;¢wy = 2(0j¢uwy +0jPuy—s;)-

Also E*W( 22 D)0 in (4.115) is given by a sum of terms similar to the one in (4.117)): the
main dlfference is that, instead of depending on the constants v, (1 and 7y, it depends

on 1 (y®), ¢1(y@) and 71 (y@), which are functions of the vertical coordinates of the
Grassmann fields (see [4, Eqgs.(4.2.7)-(4.2.9)]).

We can decompose also the kernels with n 4+ n) > 2 as in (#.101)), obtaining the
decomposition of the effective interaction in (4.109) as

Wi, 0) = V(€ 0) + V(€ 0) (4.118)

where the bulk effective interaction is given by

V&) = 3 ReWii, oo+ D0 Wi o bpan Do)

femM®: fem™:
T n>2 n(>1

(4.119)
and the edge effective interaction by

= > ReWhlpy oD+ D Wil pypmy o D(F) - (4.120)

£€M<1> FeM@):
n>2 nM>1

The effective potential on scale h <0

The effective potential on scale h = 0, defined in (4.6), expanded as in (4.41), when
A = A =0 and ¥ # 0, can be expressed with a similar structure to the one in (4.4)),
namely

S WOfe)e(f)F(e) = SO (p) + VO (p) + BY (5 ®), (4.121)

iGM eEMg

where, with respect to (4.109)), we add the edge spin source contribution B((,O)(go; ).
Analogously to the procedure illustrated above, in the Lh.s. of (4.121) the kernels
(0) .
W(n,D),nU with:
e n = 2 and n, = 0, contribute to SS))(@) = SO[y,](p), which is the effective
action on scale 0, it is quadratic in the massless fields and it is a function of the
constants v, := { vy, (o, 1o } defined below;

e with n > 2 and n, = 0, contribute to V(O)(go; W), which is the effective interaction
on scale 0;

e with n = n, = 1, contribute to B(E-O)(cp; W) := BO)[Zy)(; ¥), which is the source
term defined in (3.76), where we add the superscript (0) for convenience and we
think of it as function of Zy, which is a constant that will be introduced below.
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Then, we can use the decomposition in , obtaining the expressions of local part
and remainder term of the effective potential on scale 0. By the kernels with n = 2 and
ne = 0in we get the expression of the effective action in similar the one in
, and in particular its local part has the same form as the one in , namely

Z EooWo(g;)@D)’o(i)go(i) ) (4.122)
fEMoo:
" D<1

which is given by a sum of terms similar to the ones in (4.117)) provided that 211, (; and
11 are replaced by vg, (g and 7 respectively. By the kernels with n, > 1 in (and
by recalling that the remainder term in vanishes if h = 0), we get that the only
non vanishing contribution with n, # 0 is given by

BO (o) =3 3 LW (fie)e(HF(e), (4.123)

iEM eEMg

which is exactly the spin source in (3.76)), as we introduced it as already ‘local’: the
constant Zj is then equal to 1. Then we let

LVO(p) := 59 () + BO (p; @) , (4.124)

)

be the local part of the effective potential on scale 0, and

RVO () 1= STh(0) + VL (0) + VL (9) | (4.125)
be the remainder term. In m S(O) () is defined as in (4.115)), and
Vi) = 3 ReWE poDelh) . V) = 3 ReW, b o(H)e(h).

feM feMm
(4.126)
where now we do not distinguish the irrelevant contributions to the effective action or
to the effective interaction, i.e. we sum the contribution that on scale 1 was in
with the one in (now n!) = 0) and, analogously, the contribution in (£.116]) with
the one in . With this procedure, on a generic scale h, we get

S ST WL e)e(f)F(e) = S() + BY (0 @) + V(0 @), (4127)

iEM e€EMg

where the kernels with n, = 0 contribute to the effective action and the effective interac-
tion as the ones on scale 0, while the kernels on scale h with n, # 0 contribute differently
with respect the ones on scale 0. The local term in the massless fields (n, = 0) is the

same as in , namely
h
S Z LWL (2D o(H)e(f), (4.128)

fEMoo:
D<1
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where Sé,}g(np) = gg [v5,](¢), which is a function some constants v;, = { vy, (, np } such
that (4.128)) is given by the sum of the following relevant and marginal contributions,

which are a similar for the ones in (4.117)):

Z L W(h)@ O)O(f 2" vy, Z @y Py
fe€Ms yEez?
S LW D) = G S (et — ey digy)
| dglfizﬁ{‘zl yer (4.129)
S LW Do) =m Y o dey
: 2
|d§2>i|iﬂ|§§5\=1 "

The local part with n, =1 is given by

B (g3 @) = 3" >~ LW, (Fe)e())F(e), (4.130)

iEM eEMg
D<1

where B )( ;@) .= B [sp)(»; ¥), which is a function of the spin running coupling
constants s;, = {Zh7 A :h» Z2;p} such that m is given by the sum of the following
relevant and marginal contributions:

e if D=0 in (£.130) we get

n) _
SN LW (Fiee(HF(e) =Zn Y W x, (4.131)
ieM e€EMg xc0H

with EJW((lh 2)) 1(f;e) given in the first line of (4.94));

o if D=11in (4.130) we get
Z Z LW, (1 1 fie)e(f)F(e) = Zm Z Uydip— x,

feM: - eeMs x€OH (4.132)
it +lag =1
and
(h ~
Z Z L W(l)l se)p(f)F(e) = Zon Z Uydoyp— x,
JEM:  eeMs *EOH (4.133)
14 | +1d57 |=1
with EJW((lh )1) (S5 e) given in the second line of (4.94)).
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Note that the expression in (4.131)) is the same as the one with h = 0 given in (4.123]).
Moreover, the spin running coupling constants s;,, here introduced for the first time, will
be studied in Subsec/5.3l
Summarizing, the local part of the effective potential on scale h is given by
h
LV (01 W) = Si50(0) + B (1°0), (4.134)

and the remainder term is now given by

RV (0 @) := 51 (o) + VI (0) + VI () + VW (03 @) (4.135)

¢ 32 32

with Sgl_)c, V(h) nd VE( ) which are the same remainder terms in (4.125)), namely

Z RE B(QD) )(f)‘ﬁ(i)7

feM:
n(H=0
Vi e)=>" Rp W(h noyolHelf), (4.136)
feM
Vil (9) = 3 ReWi o) o(De(f).
feMm

and Vg(h) which is the remainder depending on the spin source fields, given by

=2 Y ReW i alf 9+ S W (feef)F(e),

fEM eeMg feEM eeMp:
- ne>1

(4.137)
which are the non local terms with n, > 1 in (4.99). Note that, as mentioned after

(4.117]), ﬁ*Wg?gzD),O in the first line of (4.137)) is given by a sum of terms as (4.129)),

with functions 7, (y®), ¢, (y@) and 7, (y?), which depend on the vertical coordinate
of the Grassmann fields.

4.3.2 Tree expansion of the effective potential

If we consider the recursive definition of W(® as given in , we can graphical repre-
sent the contributions associated to each W) in the r.h.s. of as the tree graphs
in Fig. . All such tree graphs are rooted in vg, which is the leftmost vertex on scale
is 1. The degree of vg corresponds to s, which is the number of branches extending from
vg. The rightmost vertices, whose scale is 2, are the endpoints: each one corresponds
to a kernel W(l)(ij), j =1,...,s. Depending on the kernel indices, as we illustrated

in (4.109)) and the following formula, we identify each contribution and represent it as
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symbol on scale 2

(4.138)
e if it is associated to KC

o if it is associated to (V. ,

where K(Ssj)g) denotes the kernel of S;% in (4.111)), K(SS}E) denotes the kernel of SS)E

in (4.114), K(Vlgl)) denotes the kernel of Vf(;l) in (4.119) and K(Vg)) denotes the kernel

of Vg) in (4.120)). Note that, in (4.138)), we used the same symbol with a different color,
black or white, to identify the bulk and the edge contributions. The presence of a dot

U0 Vo V0 Vo Vo Vo
wol = — 4 — 4 ——e 4 ——o L e—e | o——0 |
1 2 1 2 1 2 1 2 1 2 1 2
: Vo : Vo : Vo :
| : —"_ | : —"_ | : + | : —"_ o
1 2 1 2 1 2 1 2
Figure 4.1: The graphical representation of some terms appearing in Eq. .
on vy suggests that ﬁ, cee iz # (), i.e. that there are contracted Grassmann fields on

scale 1. Recall that on scale 1 all and only the massive fields are contracted, so that
if s = 1 and there is only one endpoint on scale 2, vg may or may not be dotted: it is
dotted if the endpoint is associated to a kernel with n) > 2, otherwise it is not dotted.
In particular, since 4 and ¢ are associated with the local part with n(!) = 0, respectively,

n (4.112)) and in (4.115)), vg is not dotted. If s > 1 and there is more than one endpoint
on scale 2, vg is always dotted.

In order to iterate the scheme, we decompose the kernels of V() as in ([(#.121)) and

then as a local part plus a remainder obtaining (4.124)) and (4.125f). Next, to graphical
represent the different contributions on scale 0 we introduce the following symbols on
scale 1:

¢ if it is associated to IC(S(O;)C) ,
¢ if it is associated to IC(S(O.)C) ,
: (4.139)
A ifit is associated to K(B)),
® if it is associated to IC(V(O) + Vﬁgol)) ,
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where K(S)) is the kernel of Sy, in , K(SY)) is the kernel of Sy, in ({-123),
lC(BgO)) is the kernel of BY” in (4.123) and K(Vé?g + Véoz)) is the kernel of the sum of

V]é?i) and Vﬁgol) given in (4.126)). Note that in we used the black color for the
bulk contributions, the white color for the edge contribution and the gray color for the
kernels K(Bgo)) and IC(Vg_]i) +Vg_)i) ), which are contributions irrespective of the bulk-edge
decomposition. Moreover; . 0 and 4 in are the endpoints on scale 1, while @
can be expanded as shown in Fig. where the kernel IC(Vlg(.)i) + Vé(.)i) ) is expanded as
described in Fig. ’ 7

Now we can graphically represent WD, the kernel of , expanded in terms

Figure 4.2: The graphical representation of the operator RW (O defined in Eq. , with the operator
R acting on W) as in Fig. Note that we are representing RW (O as a total contribution, i.e. without

the bulk-edge decomposition.

of W as in ([@.28): by using the conventions of ([£.139)), we get the representation
illustrated in Fig[4.3]

Figure 4.3: The graphical representation of W(=1) in terms of W (9, i.e. in terms of the contributions in
(4.139). Note that now on scale 0 can be contracted also the Grassmann field in the spin source term.

Next, by using Fig. we expand the big dots @ in Fig. [4.3]and we get the graphical
representation of W1 in terms of W) in Fig. |4.4

To iterate the scheme, we decompose the kernels of V(=1 as in ([#.127)) and the into
the local parts plus a remainder obtainig (4.134) and (4.135) (with h = —1) and we

represent each contribution on scale 0 as
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Figure 4.4: The graphical representation of W1 in terms of W) i.e. in terms of the endpoints in

([#138) and in ([£139), obtained by using Fig[i-2)in Fig[i.3]

¢ if it is associated to IC(SJ(B’ ),

¢ if it is associated to IC(SSE
(B&Y )

® if it is associated to K(V]éﬂl Pg Y4 vy,

(4.140)
A if it is associated to KC

where K(S; ") in the kernel of S} in [@128), K(S%.”) in the kernel of 5§ ! in
(4.135), IC(Bg_l)) is the kernel of BS™" in and IC(VE(,;D + Vfg;l) + Vg(_l)) is the
kernel of VE(;;D + Vé;l) + Va(_l) in . The ® can be expanded until the endpoints
are reached: on scale 1 the endpoints are ¢ , ¢ and a (the endpoints in ({£.139)) and on
scale 2 the endpoints are ¢ , ¢ , @ and o (the ones in ) With this procedure on
a generic scale h < —1, by iterating the graphical equations analogues to the one in
Fig. and by expanding the @ vertices until the endpoints are reached, we find that
W) can be graphically expanded in terms of trees of the kind depicted in Fig.

For each tree with root on scale h + 1, as the example in Fig. we have endpoints
on scale 2 of type ¢ , ¢ , @ and o and endpoints on scale h < 1 of type ¢ , ¢ and a .
Note that now the gray color is associated only to the presence of the edge spin sources,
which effectively are not decomposed in bulk and edge part. In order to not overwhelm
the figures, we prefer not to indicate explicitly the labels R at the intersections of the
branches with the dashed vertical lines.

For h <0, let 7;(};’1)0 be the set of these trees, which are called ‘GN trees’ [32-34],
where the superscript h indicates that the root vy is on scale h + 1, and the subscripts
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Figure 4.5: Example of a tree 7 € 7—5(2) with root on scale h + 1 that appears in the tree expansion of the
kernels of the effective potential on scale h.

n and n, indicate the number of endpoints of type (4.138) and of type spin source
respectively. A couple of important features of the GN trees:

e the root vg is on scale h 4 1: it is the unique leftmost vertex of the tree, its degree
is s > 1, i.e. vg cannot be an endpoint, and, as we already mentioned, it may or
may not be dotted;

e 7 is the number of endpoints of Grassmann fields, i.e. the endpoints ¢ , ¢ , @, o:
the endpoints @ and o are necessarily on scale h = 2, the endpoints ¢ and ¢ can be
on all scales h < 2;

® n, is the number of endpoints of spin sources, i.e. the endpoints a , which can be
on all scales h < 0;

e vertices, other than the root, with exactly one immediate successor, are called
‘trivial vertices’, otherwise they are called ‘branching vertices’;

e when either an endpoint ¢ or ¢ is on a scale h < 2, or an endpoint a is on scale
h < 0, it must be connected to a branching vertex on scale h — 1.
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Tree expansion of the effective potential

In terms of these trees, we will write the expansion for W) thought of as a function
of v := {(vh; Chy i) Yn<1 and Z := {(Zn, Z1;n, Zo;n) Yr<os as

W, Z1= 3 Wi, (4.141)
e,
where W] := W/v, Z; 7] is the ‘“tree kernel’, for which we will soon give an explicit

inductive definition. For this purpose, we first need to specify some additional notations
and conventions about the GN trees:

o let 7y p, i= Uhgoﬂf& and 7 € Ty, denotes an element;

e let Vp(7) the set of the dotted vertices and V.(7) be the set of the endpoints of 7,
so that V(1) := Ve(7) U Vo(7) U{wo } is the set of all the vertices of the tree 7;

e given v € V(7) we let h, be its scale;

)

e w > v or 'w is a successor of v’ means that the (unique) path in the tree from w
to vg passes through v;

e wi>w or 'w is an immediate successor of v’ means that w > v and w and v are
directly connected;

o let S, := {weV(r):wp>v} be the set of the vertices w that are immediate
successors of v and |S,| := s, denotes its cardinality;

e for any v > vg, u denotes the unique vertex such that v u;

e for each v € Vy(7), let 7, € 7;(,}1;,_ Y be the subtree consisting of root v and w > v
vertices (n’ < n,nl < ng).

Next, we need to attach labels to the tree vertices, in order to distinguish the various
contributions in the kernels, because we can chose different sets ij, €j, in and in
. In particular, with each v € V(7) is associated the number n, of Grassmann
fields and the number nJ of spin sources. Let P, be the set of Grassmann field labels: it
consists of the field positions and the w indices of the Grassmann fields that are external
to the v vertex, i = 1,...,n,. Moreover, for each v € V*(7) we let I} =€ {0,1} be an
index such that if I; = 0, v is black and it is associated to a bulk contribution, if I} =1,
v is white and it is associated to an edge contribution. The family P :={ P, },cy () is
characterized by the following properties:

o if we consider an endpoint, vy € Ve(7), then Py, == { (py )1, - -, (Puy)ny, } (Pu)i =
(wi, (k, 7)), with (k,4) which is the position of the Grassmann field (i is the field
position and k is the position of v within an ordered list which they belong to),
and with w; € {£i, £ }if hy, =2, wie {L}if hy, <2,0i=1,...,n;
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e if we consider a vertex which is not an endpoint, v € V(7) \ Ve(7), we let P, C
Uwes, Pw-

Let P(7) be the set of allowed P. We can introduce the set of the spanning trees, formed
by the contracted Grassmann fields. First of all, if v € V(1) \ V(1) we define P :=
Uwes, Puw \ Py as the set of the contracted Grassmann fields, such that PS¢ = () only if v =
vo and vp is not dotted. If hy = 1, PS = Uyes, { (Ppw)i = (wi, (J,1)) € Py rw; € {£i}},
i.e. all and only the massive fields are contracted on scale 1. Finally, given v and w, two
different vertices in V(1) such that P, N P, = 0, we note that P¢N PS = (). Next, given
P e P(r), for all v € V(1) \ Ve(1), we let s := |S,| and we define the set T},

Tv = { (phpZ)? RS (p23733p2372) } C (Pff)Q ) (4142)

which is called the spanning tree associated with v. If p € PS, and w(p) denotes the
unique w € S, such that p € P, if (p,p) € Ty, w(p) and w(p’) are two distinct ver-
tices whose positions are ‘ordered’, i.e. (i,7) < (¢, j") ((i,7) € p, (i, 5") € p'). The set
{(w(p1),w(p2)), ..., (w(p2s—3), w(pas)) } is the edge set of a tree whose vertex set is .S,,.
Finally, we let S(7; P) be the set of allowed T = { T}, },cy (v, (r)-

Each v € V(7) can be associated to a bulk or an edge contribution, i.e. it can
be black or white, when it is without edge spin source fields. Then, we let V*(7) :=
{v e V(r):nJ =0}, which is the set of vertices with only Grassmann fields, and V (1) :=
V(r)\ V*(7). Next, we introduce the set of the black vertices, which are associated to
the bulk contributions, V3(7) := {v € V*(7) : I; = 0}, and the set of the white vertices,
which are associated to the edge contributions, Vi (7) := {v e V*(7) : I; = 1}, so that
V*(r) = Vi(r) UVE(T). Consequently, we can consider V() as the set of the gray
vertices.

Finally we give the notation such that the tree kernels can be expressed with the
kernel indices introduced in and (4.43). For each v € V(7), dy denotes the map
d, : P, — {0,1,2}2. If (py)i € P, we let (dy); := dy((py)i), and the reader should
think that a derivative operator (d)i acts on the Grassmann field labelled by (p,);.
We define the families of maps D := {d, }UGV(T) and let d,, be the tuple of components
(dy)i,i=1,...,n, and D, :=||d,||1. Given any subset of Grassmann indices P, C P,,
we define d, |p; as the tuple whose non vanishing components are given by (d,); € d,, if
(pv)i € P,, and zero otherwise. We let d,, p, be the map such that d,, p, := @ ,cs, dulp,
and

Dyp, = ldyp,lli =Y [l dulp, I (4.143)

wESy

so that D, and D, p, will play the role of the derivative indices for the tree kernels. We
let D(P, ) be the set of ‘allowed’ D, i.e. such that Wr; P,T, D] # 0. If D is allowed,
then it must satisfy a number of constraints. In particular, if v € Vp(7), w € Ve(7) and
p € P,NP,, then D, (p) > D,,(p). Moreover, letting for any v € Vy(7), Ry := Dy — Dy p,
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(see (4.143])), one has

2, ny+n)=21I,=0and D, p, =0,
1, ny+n)=21I,=0and D, p, =1,
Ry,=41, ny,+nf=4,I,=0and D, p, =0, (4.144)
1, ny,=2,n] =0,I,=1and D, p, =0,
0 otherwise,

where, in order to derive a more compact notation, we assign a label I, also to the
vertices v € V(1) (also if there is not a bulk-edge decomposition for such vertices) and
then we let I, = 0 for any v € V(7) such that nJ = 0. Note that, for the root vy, as well
Dyy.p,y = Dy Ruy = 0.

Finally, we assign a map y : P, — H, y denotes the tuple of components yv((pv)i)
and w, the tuple of components w((pv)i), (Pv)i € Po, i =1,...,n, and we define f :=
(W y,,d,)- Ifve V(1) we also define e, := (X, J,), where x,, and j are the tuple of
the edge spin source variables.

Inductive definition of the tree kernels

In terms of the definitions introduced so far, we write W{r] in the right side of (4.141)

" = > Z Z W [r;P,T,D], (4.145)

PeP(1)TeS(m;P) DeD(r

where W{r; P, T, D] is the kernel inductively defined as follows: if s,, := |S,,|, for all
t=1,...,5, we let if} = L}' \ L}O be Grassmann fields contracted on scale h,, and

o= ﬁ]l,...,izsv , we get
0

(6 hv
Wr; P, T, D)(f,. e0) = XZO ©oN gTUOO ) I Ko/, e0) (4.146)
0" x:Pg, —H: VESy,
X=Xy,

0
where Pg, = Uyes,  Pv, Xvp 1= X( wy = wy,)x(dy = d,,, = dyy)x(y,
hvo)( f¢) are defined as listed after (4.32)), and

= X'L}O)’ Oy, and

1. if hy, = 1, v is necessarily an endpoint and the kernel is non vanishing only if
ny, =0,d,, =d,, =0 and

cr® S e . T (4.147)
(Ve )(f )VKWVE )(f ) ifvisanendpointeVo,

U

(7)= {;qsgg)(f) VE(SUL)(f)  if v is an endpoint # V o
[ ) - (

where (S 2@) is the kernel of SSJ)B in (4.111), IC(SSJ)E) is the kernel of SS})E in in
1) IC(VE(; )) is the kernel of V]él) in (4.119) and K(Vél)) is the kernel of Vél)
n (4.120);
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2. if hy, <1 and v is an endpoint

KUY (F ) VST (f ) ifvis 8V o and By = Ry, + 1,
/C(sle)@vzc( (”)@@ if vis ¢V oand hy =2,
K(f, )= /C(vg”)(i v VY N(t,) if vis eV oand hy =2,
IC(BC(,hUO))(L},gU) if visaand hy, = hy, +1,
K(B)(f . e,) ifvisaand hy = 1,

(4.148)
where IC(S( “O)) is one of the kernels in (4.128]) (see (4. 129|)) K(S (7E“°)) is one of

the kernels of S( *0) in the first line of (4.137)) (see after (4.137)), IC(Bt(,h)) is one

of the ernels o B in (LT (s (ETIT-(72), /C(BS,% is the kernel of B in
(4.123)) and the other kernels were introduced after (4.147)).

3. if hy, < 1 and v is not an endpoint we introduce P,, T, and D, as the restrictions
to the subtree 7, of P, T and D respectively; then we introduce

Q’U = {d'l),Pv } U {dw }’U)GV(T)Z'LU>U() i (4149)
and )
RBWB[TvafmImDv](LJ) | ifvise ,
Ko(f,,e,) = { ReEWE[T; Py, Ty, D)(f) 4 ifviso, (4.150)
RoWs[r0; Py, T, D]( ”)d ifvise ,

where the remainder terms where defined in (4.68)),(4.85]) and (4.100) and RWq, denotes
the restriction of RW to the specific choice of d,, = ((dy)1, - .., (dy)n) with ||d,|[1 =
Note that in (4.145) if s = 1, then T, = 0: if L}l #* L}O vg is dotted while ifi f

<v0
there are no contracted fields and vy is not dotted, moreover Lc)l = () and Qél)(@) has to
be interpreted as 1
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Chapter 5

Bounds on the kernels of the
effective potential

In this chapter we state and prove the bounds on kernels W{r; P, T, D], which are in-
ductively defined after . These bounds will be the key ingredients to obtain
a convergent tree expansion of the effective potential and then of the two-point spin
correlations, as we will prove in the next chapter [6l In order to measure the size of
W{r; P,T, D], we use one of the norms introduced in depending on the presence
20y’ with f = B, E/, 0 be the norm
introduced, respectively, in (4.102),(4.103),(4.104) with cg = §, cg = ¢, = g and ¢ > 0,
and we state the following result:

or absence of spin source terms. Then we let || - H%

Proposition 5.1 (Bounds on the kernels of the effective potential). Let W{r; P, T, D] be

inductively defined as in (4.145)). There exist C,k, A\g > 0 such that, for any T € 771%)0,
PeP(r), T €S(r,P), DeD(r,P) and |A| < Ao,

Wlr BT, DY, < Cotns L ghuds(o)y b,
(cg2™v0) Sug!
H %Q(hu—hu)(ds(v)—&,,l) H 22(Sv—1)h1}€_i2hv5(§’u)
veV (T)\{vo} Sv? veV (7):
Sp=58y>1

H ’A|max{1,f§nv}20hv H 27hvd5(v) ’
veVF(T) veVe(T)

(5.1)
where ng =3 ey, () M, ds(v) =2 =1 — Dy — % is the scaling dimension in
associated with a vertex v € V(7), 6,1 = 1 if v € V(1) is such that I, = 1 and is 0
otherwise, 5, :=|{v € S, NV (r)}| and 6 € (0,1).

Note that the product in the second factor in the second line is over v € V(1) such

87
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that s, = 5, > 1, i.e. over the gray branching points that are followed only by vy, ..., vs

gray vertices and that x,, € OH so that §(x,) = \3:1()11) — :rz(é)| + - ]:1;1()153)_1 — :vq(il |.

v

The rest of the chapter will be devoted to the proof of Prop. We will start
by deriving the bounds for the kernels without spin sources in Lemma|[5.2] which where
already derived in |4, Prop. 4.20], and then in Lemma we derive the estimates for
the kernels in presence of the spin sources. The main differences due to the presence of
the spin sources are:

1. the dimensional gains associated with the gray branching points (the last factor in
the second line of (5.1))), which are related to the fact that we are not integrating
over the source positions;

2. the different factors associated with the gray endpoints (the last factor in the last
line of (5.1])), which are related to the fact that the endpoints with two Grassmann
fields are different if the two fields are both massless or one massless and one spin
source.

By recalling the tree expansion derived in , we see that the kernels W[r; P, T, D]
actually depend on sequences of h—dependent parameters, v = {vp,(h,Mp }p<q and
s = {Zh, Zl;h, Zg;h }h<o- First of all, we will derive the bounds in terms of the explicit
expression of their endpoints (and then depending on v and s) and next, by using the

bounds on the flow of v and s and the short memory property, we will derive the bounds
as stated in Prop. We will proceed as follows:

e in Sec. we consider the trees without spin source endpoints and derive the
bounds on the kernels depending on v;

e in Sec. we consider the trees with spin sources endpoints and derive the bounds
on the kernels depending on v and of s;

e in Sec. we show that, by appropriately choosing the parameters on the first
scale, the whole sequences v and s remain bounded, uniformly in h*.

Under these conditions, in the next chapter, we will be able to show that the resulting
expansions for two-point spin correlations are convergent, uniformly in in A*.

5.1 Bounds on the bulk and edge kernels

In this section we derive the bounds on ||W[r; P, T, D]||? and on ||W([r; P, T, D]||¥

(ep2™0) (cp2™v0)
In Lemma we state the bound on the bulk norms, which act on kernels associated

with trees without source endpoints and with all the vertices associated with bulk con-
tributions, i.e. trees of only black vertices. In Lemma [5.29] we derive the bound on the
edge norms, which act on kernels associated with trees with at least one vertex asso-
ciated with edge contributions, i.e. trees with white vertices. We start by deriving the
bounds on the kernels of trees without edge spin sources endpoints.
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Lemma 5.1 (Bound on the bulk kernels). For any 7 € Ty o with I,, = 0, the bound in

(5.1) is given by

ne L ohodg(o L (hy—hu)ds (v
W {r: .. DI, ooy <02 ods (vo) I1 37!2( )ds (v)
0 veV(m)\{vo} (5.2)
H v%_l ifvise,
A ey s

where ’U%_l = max{|vn, -1, |Chy—1l, M0y -1} -

Note that the presence of v% _; in the bound encode the dependence on v.

Proof of Lemmal[51] If ng, = 0, V(r) = 0 and V(7) = V*(7), i.e. there are not gray
Vertices in the tree. Moreover, if I,,, = 0 all the vertices v € V(7) are black. We let
TB € T o be the tree with only black vertices, such that

h
> Whsl =Wy pyo- (5.3)
7'367;5,%)
where W g D)o 18 the bulk kernel in (4.52)), and, as already mentioned, Wéhgn D)o =
CE:,)(n D)0 5° that we can define

Wlrp; P, T, D](f,0) := Weo[r; P, T, D]({), (5.4)

where

. _ Xvg@y (hv
Weolrs B, T, DI(fo) = = Yoo Gn () I B (5.5)
0 y: UvESUOP —72: ”ESUO
yO ZUO

with the same definitions listed after (4.146)) (without the source coordinates). By using

([3.67)-(3.69), Ir,,,,0c can be bounded as

1/2
h'U()) ~ (hv()) (hvo) (h'uo)
197, Tug,00 ( fl= H |7w(p),y(p),dy(p)| ’ ww’(p)y(p),dy(p)’ H |g€ |
pEUleLc)i \TUO (p’p,)eTvo
< (CQh%) % 2im |if,i| 2hvo Zpeuleigi Hd(P)Hle_cghvo (Twg)

(5.6)
where 0(Ty,) == eTv Hy P)||1. In (5.5)) the K, (f ) are associated with the
bulk contrlbutlons in and ,ie.visa black vertex. The bulk-norm,
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as defined in (4.102)), is bounded by

1 72 0 §(y hv)
[Woolr 2T, DY(Fo) ey < 5 20 G (£ TT 1Ku(f
v y:Psy, —72: VESy,
y(po) fixed

(5.7)
where we perform the sum over the coordinates keeping fixed a first coordinate y(po),
with po € P,,. By using (5.6 and

8(y,) <6(Tw)+ [T oy, (5.8)
UGSUO
in (5.7), we get the bound
B 1 by I£5, ] hug Do, fe
[[Woolr; P, T, D](f, )H 2’“’0)§sv0 (C2M0) 22 L.
Z e_%QhUO‘S(TUO) H e%thé(zv0)|Kv(f )|
y5PSu0 —72: 'UGSUO B
y(po) fixed

(5.9)
The sum over the coordinates in the last line, by recalling that |T;,,| = sy, — 1, can be
bounded as

_cohu 526
S 52 [T €500 |K (1) | <
y;PSvO—>Z25 ’UESUO
y(po) fixed

(5.10)

svo—l

_ cohy 2hvg
(o) Y S|
YEZ? vESy, ¥:Pgy, —7Z2:
y(po) fixed

where we can recognize that the last factor is

Cohy g
o€ (Zvo)’K,U(LJ)\:HK( )|\( - ) (5.11)

y:PSUO —72:
y(po) fixed

see the definition of bulk norm in (4.102)). In (5.9) we finally get

1£S |
e 1 hoy, (7’0 +DU C _2 S’U
Weclrs P T, DIf B, < O 202 Potiy =0 TT e

2hv0) )
vo

vESy

(5.12)
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where n¢ =3 ny. To obtain ([5.12)) we used that

vEV,

z e=2"0llylln < ¢ 9—2hwg 7 (5.13)
yEZ?

151 151

v Lo 1£5
and that CTOJ"S“O_l < CTO+SUO < CEUEVO(T+SU) < O Xveve v |
The bounds on || K, (L})HB are the following;:

(52"0)

o if h,, =1, K, is given by kernels of the black endpoints in (4.147): if v is ¢ we get

oy (SSIE) < Cult, (5.14)
where v} := max{|v1|, [C1], |m|}; if v is @ we get
IVENE N, < omv|amaxtisn} (5.15)

e if hy, < 1 and v is an endpoint, K, is given by the kernels of the black endpoints
in (4.148): if v is ¢ and h, = hy, + 1 we get

K S(hvo) f Bc . S C 2hv0 ’tho‘ lf Dv =0
;B 2"vg
: Sl (52700) max{|Ch,, |; [7h,, |} 1 Dy =1 (5.16)
< ¢ DEEEEDIGN

where v%_l := max{|vn, -1, |Chy—1ls |71, —1]}, and we used that n, = 2 and h,, =
hy —1; if v is ¢ and h, = 2 we get

IRCSER oy ISR

(5.17)
<Cuy < O DR Doy,
if v is @ (and h, = 2) we get
EVENE gy < IKWVEDE I < O APt (5.8)

e if h,, < 1 and v is not an endpoint, K, is given by the kernel of the vertex e in

(4.150]), so we get

H RBWB[TU;EmImDv](f )

—v

B S 27hUR”HRM[TU;EU7Q7IU7QU](iU)||(B%2hU) )

d, lG52000)
(5.19)
where we used the bounds in (4.105)) and the R, defined in (4.144]).
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By iterating (5.19)), until the endpoints are reached, we can use the bounds (5.14)-(/5.18)
in (5.12)), so we get

ne 1 hy I, ! D, tc—2(sy—1)—Ry
Wl B2 DG gy £ € | T LB a0t
vEVO(T)U{vo}
I 2(“’1)(2*”7“%%2{,1 ifoise
Ak Lt e,

(5.20)
where, we used that by definition R,, = 0 (see (4.144])). Next, we rewrite the product
in the first line of (5.20) as

IH )
H 2h'v( 72” +Dv,i’i _2(SU_1)_RU) — 2hv0 E’UEVO(T)U{’U()}( +D, fc 2(81;—1) Rv)
veVo(T)U{vo}
151
QZUEV()(T)U{UO}(}LU hvo)(a +D, fC 2(81;—1) RU)

(5.21)
where, for all v € Vo(7) U {vo}, we recall the number of contracted fields, |f| =

ZwESU Ny — Ny, and the definition of R, in (4.144), R, = D, — D, p,, with D, p,
defined in (4.143)). We can use the equalities

Do (X memm) = Y e,

veVp(T)U{vo} wESy veVe(T)
Z (D”’iZ+D07PU+D”): Z (ZDW+D”): Z D”_Dvoa
veVp(r)U{vo} veVo(T)U{ve} wWES, vEV,(T)
> o,
veVh (T)U{vo} vEVe(T)
(5.22)
to rewrite the first factor in the r.h.s. of (5.21) as
9fwo Suevoirutogy (G D gs ~2(s0—1)—Ro) — ohuy (2= 152 —Dyy) [ 2750,
vEVe(T)
(5.23)

Next, let 7, be the subtree rooted in v" and v’ is the vertex immediately preceding v/,
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we get

> (hv—hvo)(‘fc‘ + Dy ge = 2sy — 1) = Ry) =

2
veVo (T)U{vo}

= Z ( Z (hy — hu’))(|f2@| v, e~ 2(sy — 1) — Ry) =

veVo(r)U{vo} v'eVp(r):

o' <o (5.24)
/3]
= Z (hyr — har) ( 9 v,i$_2(5v_1)_Rv):
v'eVh(T) veVy (T, )U{v'}
Ny
S I Sy}

v’ eVh(T) vEVe(T,)

which can be used to rewrite the last factor in the r.h.s. of (5.21)) as

o T vevpryfug) (o hvo)(‘£1"+D1,,£272(sv71)7Rv) _
H o(hu—hu) (2= =D, H o Zz,é‘v/o(ﬂh/—hu/)(Z—%—Du)). (5.25)
vEVH(T) veVe(T)
£

With the results of (5.23) and of (5.25)), the factor [ [, cv; (r)u{v0} gho (T3 4Dy 1 =2(s0=1)=R0)
in (5.21)) can be rewritten as

_ v ny _ _ _nu
9hug (2— "3~ Dyy) H o(hu—hu)( Dy) [T 2™me=2)), (5.26)
’UGVO UGVe(T)

where we used that hy, + . g’/ ) (Ao = hy) = hy. Finally (5.20) can be rewritten as

1
IWeclrs B.TDI(SIE, < O7F Loy 3Pl | T ottt

|
Svo® veVo(T) Sv:
H 9—hu (2= —Dy) H 2(h“_1)(2_n7v_D”)v,]l‘f_1 ifvise,
vEVe(T) vEVe(T) ‘)\‘maX{l,nnu} ifvise,
(5.27)
and the last line can be bounded as
H 9—hu(2="%=Dy) | . Q(h“fl)(zf%fD”)v%_l if vise
vEVe(T) ’)"max{l’m”} ifvise
) (5.28)
< H o(hv—hu)(2="4=Dy) | U%_l ifvise
= o 9N |)\‘max{1,mnv} fvise
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where we used 2*2=3~Pv) > 97 to bound the o endpoints. Finally, by recalling that

ds(v) :=2— " — Dy if n =0 for all v € V(7), we find (5.2). O

Lemma 5.2 (Bound on the edge kernels). For any 7 € T 0 with I, = 1, the bound in

(5.1) is given by

PO —
g2™o) =C Son! 5!

eV(m)\{vo}
U%q ifvise,

H v%_l(y@)) ifvis 9,

veVe(r) | |A[max{bened f g ise oro,

2hu0ds(vo)2*hv0 i Q(hv*hu)ds(v)2*(hv*hu)5v,1

|W[r: 2,7, DI

(5.29)
where 07,1 = 1 if I, = 1, vanishes if I, = 0, ”%—1 was introduced after (5.2)) and

vy (@) = max{|vn, -1 ()], [Gr, -1 (¥, i, -1 ()}

Note that, with respect the result in (5.2)), now there is a factor 27", which is related
to the white vg (i.e. I, = 1) and there is a factor 2~ (") for each white v € V(1) (i.e.
the vertices with I, = 1).

Proof of Lemmal[5.3. If n = 0, V(1) = V*(7), i.e. there are not gray vertices in the
tree, and if I, = 1 there is at least one white vertices in V(7). We start by considering
the case when the root vo is the only white vertex of 7: I,, = 1 and I, = 0 for all
veV(r)\ {vo}. Welet 0 € 'T o be the tree with the root only white vertex, and we
let

Wl P.L D) 0) o= X250 37 (G (1) = G (1)) TT Klf,00),
Y yiPg,, —H: vESy,

Yo=Y,

(5.30)

be the difference between the kernel in and the kernel in evaluated for the

tree obtained by changing from white to black the color of vy in 7. Since I, = 0 for

each v € V(1) \ {vo} each Ky(f ) in is associated with a bulk contribution in
(|4 147|) (T148) and ([I150). Let yg(h”o ,fphoo | = 1G5 (£) = Gy (1)1, by using
and the analogous bound for Q( ”0) , the bound for the difference is given by

)% i |ff,i|2hvo Zpeuleigi ||d(P)H1€7c2hv0 (8(Tup)+6(y (£, ).0H))

9

(hvg) _ (hog) hy
|gT’U0 g 1)0,00| S (02 0
(5.31)

where y( LC)O) is the tuple with elements y(p), p € fC 0(Ty,) was defined after and
5(X(LC;0)’ OH) := dist(z(izo), OH) (see [4, Lemma 4. 16] for the details). The edge norm,
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as defined in (4.103]), of the kernel in ([5.30]) is bounded by

1 *2 U06 h'u) h’U)
W BT DY gy S o D2 e 0l =gkl T 15y
vor y: PSUO —H: VESy

yl(l()) fixed

(5.32)
where in the sum over the coordinates we fix only :L'](J%,), which is the horizontal component

of y(po), with po € cho such that dist(z(if]o),a]}]l) = dist(y(po), OH) = y]gg). By using
(£:31) and
5p(y,,) < 8(Toy) + 0y (£ ). 0H) + > d(y,). (5.33)

V0
VE Sy

in (5.32)), we get the bound

1 20! _hugDyg, g
IWlrg’; P, T, DI(f, )||( < ohug) < (CQ"UO) oMo 0.5,
SUO
7102’7‘110 (5(’1"” )+6(y(fc ),8H)) £2hv 5
Z e 8 0/ OV, H es520 (Z”)’KU(L))‘
Y:PSUO —H: =
yz(,z))ﬁxed

(5.34)
To bound the sum over the coordinates in the last line, and proceed as in we have to
introduce some special field labels. We let p,, := po with wg € Sy, such that pg € Py,.
By recalling the definition of the set spanning tree in , we start by considering
all the pairs of field indices (p,p’) € T,, with p € P,: each field label p’ will belong to
a set Py, w; € V(1) \{wo}, i =1,...,n0, no := |Sw, N Ty, | and we can define p,,, := p'.
Then we consider all the pairs of field indices (p,p’) € T,, with p € P,,: this time each
field label p" will belong to a set Py, wj € V(1) \ ({wo} U{w; };2), j =no+1,...,n1,
= |U2, Sw; NTy, |, and we define p,,, := p'. Tterating these definition until all the field
labels of the spanning tree are covered, we obtain the field labels Py, Pw,, - - - Jawmow
which will be the coordinates to fix in order to exchange the summation in . Then,
we get the bound

_ 7 .9hy, < cohy
3o b (1 i)
y:Pgy, —H: vESyg

yz()i)) fixed

Svg -1

)
7 oh 7 oh 2
< Z e~ 5C2 20 lyll Z e~ 52 voy(2) H Z 672 UO‘S ‘K ’
yeH y@=1 VESy, y:PSvO —H:

y(ﬁv ) fixed

(5.35)
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where we used that |T3,| = sy, — 1. Finally we recognize that the last factor is

72"0 05(y
> DK (f,.0)] = ||K(f,, )] [P (5.36)
y:ngO—HHI:
y(ﬁv) fixed

which is similar to the one in (5.11]), with the only difference that now the sum is over
the coordinates on the half plane: however, it can be bounded exactly as in ([5.14)-(5.18)).

With these results in (5.34) we get

ne o— 1 _h, 'i5‘+DU ¢ —2(sy—1)—Ry
Wrg; P, T, D|(f )HEQMO) < "2 o H = ( ge—2(sv=1)=Ry)
veVo(r)U{vo} "

{2(hv—1)(2— Dv)vhrl ifvise,
’UEVS(

| A[max{Lrny} ifvise,
(5.37)
where we used (5.13]), namely
s 7 oh
Z 6_562 v0 4y(2) < C2—hvo ’ (538)
y(2):1

to get the factor 270 in : this is the main difference with respect to , and it
is due to the withe color of vyg.

Now we consider the case when the root vy is not the only white vertex of 7: I,, =1
and I, = 1 for some v € V(1) \ {vo}. Welet 75 € 7;(%) be the tree with more than one
white vertex, and we let 7

vo Qv hvg) [ re
Wlrs:; P, T, D)(f,) = XSO ooy g( ey I Kolf,). (5.39)
Vo * y:PSUO —H: vESy,
Yo=Y,

with the same definitions listed after . Now, each v € Svo can be either black or
white: we let SZ = {ve S, I, = 0} and SE = {v €Sy : I, =1}, be the subsets
of black and white vertices of Sy,, so that Sy, = SZ U SE and SZ N SE = 0. By the
definition in , the edge-norm of the kernel in is bounded by

. 1 2”05E (hv
IWlrs: P2 D gy < 5y 30 e 0 igl (g [T 1t
y: PSvo —H: VESy,

yl(’O) fixed

(5.40)
where in the sum over the coordinates we fix yz(,(l)), which is the horizontal component of

v(po), with py € Py, and wy € S{%.By using (3.67] -, G, h”° can be bounded
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as in (5.6)), with the difference that the coordinates are in the half-plane: with this result
and the following inequality

0p(y, ) <8(Tw)+ Y 0y)+ Y dul(y,) (5.41)

fueSEO vesgﬁo

in (5.40)), we get the the bound

15 ol g Dl’OvLc;O

W re: 2, T, DI(f) ooy < (CQh“O)
§2770) 7 5y,!
S e oomo) [T e 0wk, (f )| [ T €520 1K, (1, )
y:Ps,, —H: veSE veSE
yl(,?ﬁxed
(5.42)
To bound the sum in the last line we proceed as after (5.34]), but now py € P, wo € SE)
and each field label in ﬁwl, . ,ﬁwmol can be associated with a black or white vertex,
ie w; € S or w; € SUO, =1,...,|Ty|- Then, we get the bound

S el | T s @Ik, (f )l | | T e8P IK )] <
y:Psy,, —H: UESB vESE
yéo)ﬁxed
< (Z(%C?hl’o\lym)ls”o‘( Z e—5e2" oIyl )'S ol
yeH y€eH:
y(2) fixed
(‘2 1)06 22}11;05
I > e AED T TT DD e "R (£ ]
veSE yiPs,  —H: VeSS ¥iPsy, 7 H:
y(pu)ﬁxed ( )ﬁxed
(5.43)

where we used that |T,,| = |SE |+ |SE|— 1. Then, by recalling the definitions in (£.102)
and (4.103) and by using the bounds (5.13]) and (5.38]), in ((5.43) we get the bound

_ Tk coh cohv
Z o 5e2"06(Ty,) H 52 ”05(Xv)\Ku(iv)\ H 52 msE(zv)‘Kv(L)”
y:P(?))OHH: veSE) vesE
Ypo fixed

B E|_
< (G220l (02 o) ISEID (T 1K, ||B2,WO) IT 1%, ||Ezhv0
veSB vGSE
(5.44)
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The bound on || K, HB
[l

are the same as the ones in (5.14)-(5.18]) and the bounds on

cohvo)

(c2t0) are the followmg:

o if h,, =1, K, is given by the kernels of the white endpoints in (4.147)): if v is ¢ we
get

[ (SR (f Iy < Col'(y?), (5.45)

where v} (y®)) := max{lvl(y@))h Gy )!, [m(y)|}; if v is o we get
VAN I, < O fapmectiomd (5.46)

e if h,, < 1 and v is an endpoint, K, is given by the kernels of the white endpoints
n (4.148)): if v is ¢ and hy, = hy, + 1 we get

hy _ _nu _ -
01y KOSV T g < C2BDCE IR (0) - (5.a7)
where 5, (y®) = max{|vn, 1), ¢, 1 (4], I, 1 (¥@)}: if v s o and
hy, = 2 we get

hay hay -
oS ) EE g,y < NSNS < oM @), (5.48)

cohvo)
where 7} <y<2>> = max{ v ()], 11 (4], [n, -1 (y®)]}; if v is o (and hy = 2) we
get

CVENE N Gogrogy < IEVENE I < Creamestbend s (5.49)

e if h,, < 1 and v is not an endpoint, K, is given by the kernel of the vertex o in

[I50), so we get
I REWslr; B, T Dl(1) < 3R [Wisalris Py, T, D) B
(5.50)

By iterating (/5.50]), until the endpoints are reached, we can use the bounds in (5.45])-
(5.49) in (5.44) for the edge norms. Moreover if we rewrite (C'272"vo )|S§0 | (C27 o )(IS% =1
in (5.44) as C¥v02~2hvo(5u0=1)9= g 2h“0|5“E0|, we get the bound

IWr32s 2. L. DI(f [y oy < €72 025000,

d, H( Qhuo) —

H izhv(lf |+Dv fc 2(311 1) Rv)
|

Sv
veVo(T)U{vo}

o(hy —1)(2—"—”—Dv)fué\{_1 ifvise,
[T 270t Qo= C=5 DG (42 if v is o,
veVu(r) |>\|max{1,f€nv} if viseor o,
(5.51)

which can be rewritten by using the results in (5.21))-(5.26|) and in (5.28) and the defi-
nition of scaling dimension dg(v) after (5.1)), thus obtaining (5.29)). O
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5.2 Bounds on the spin source kernels

We are now able to derive the bounds on ||W{r; P,T D]||" oty which are the bounds

on the source norms that acts on kernels associated w1th trees with edge spin source
endpoints, i.e. trees with gray vertices.

Lemma 5.3 (Bounds on the source kernels). For any T € 771(,};20, with ng > 0, the bound

in (5.1) is given by

[IW[rs P.T, D[ oy anoms% ohugds (v0) % (o —hu)(ds (v)=50.1)
" veV(H\{eo} "
U%,l ifvise,
[ 26 Ve s | ] o (y®) ifviso,
max{1,kny } . .
veV (1): vevu(r) Al ifviseoro,
2D i s
(5.52)

where s == max { | Zn, 1], |Zu,1}s | Zoy—1 }-

Note that in the second line of there is a factor 22(5v=Dhve=312"0(x.) for each
gray vertex v which is a branching vertex followed by s, gray vertices: it is related
to the fact that there are not integrations over the spin source coordinates xi, ..., X3, .
Moreover, by recalling that the spin sources are located at the edge of the half-plane we
get that the distance dist(xy,...,Xs,) simply equals dist(xgl), . ,:cg))).
The bound in differs form the similar bounds derived in [9] and in [34, Cap.12],
for the two-point correlation in infinite domains: in fact here we take into account the
presence of the edge of the domain, which allows us to derive an extra gain factor for

each white vertex (when 4,1 = 1).

Proof of Lemmal[5.3 If ng, #0, V(r) = V(r)UV*(r) and vy € V(7), i.e. if there is any
gray vertex in the tree, the root has to be gray. The tree 7 € 7;(};)0 is than a tree with

gray, white and black vertices, as the one in Fig. whose kernel is defined in (4.146]),
namely

« hv
Wr; P, T,D](f,. e0) = XZO ©ooN QT,,OO ) T Ko . (5.53)
v y:Pg, o, —H: VESy,
Yo=Y,

The source-norm of the kernel in ([5.53]) can be bounded by

1 Chogd(y. Xy) | ()
W[ BT Dl F e ey < — 30 25 @ i) (o)) TT IKu(7 ve)
vo* y:PSv0 —H VESy

(5.54)
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where, by recalling the definition of the source norm in (4.104]), the sum over the
Grassmann positions is without any fixed coordinate. By using in (5.54) the bound

for \Q;}:go)( f€)| similar to the one in (5.6 and the following inequality

0(Y 0 Xup) < —éé(zvo) + 3 dy,x,)+ > dy)+ D dely,)), (5.55)

vESvO vESfJBO ’UESE

we get the bound

15 !
0 2hUODv0 fe 6(xv0)‘

'U()e 24

1
(C2M0)

Vo

||W[7_7£7 Iv Q] (ioag())H?gg%) S

c hl
Z =220 6(Ty) H 52 106(11,75@)’[(”@1}7@1})\

¥:Ps,, —H VESu,
c coh
H 062 "o (y )’K”(L;)‘ H c62 ”OéE(XU)‘Kv(iU”
UESB UGSI{%

(5.56)
To bound the sum over the Grassmann positions in the curly brackets, we proceed to
chose the field labels p as illustrated after and after . Now py € Py,
wo € Sy, and each field label in py,,, ... ,ﬁw‘Tvol can be associated either to a black, or a
white or a gray vertex, i.e. w; € SE) or w; € SE) or w; € Sy, i =1,...,|T,,|. Note that
Svy =SB USEUS,, and that S N SE NS, =0, so that [T, = [SB| + [SE| +5, -1
(5, was introduced after (5.52)). Then we get the following bound for the expression in
the curly brackets of :

B E =
h S h S h 3
(e vonym)' vo'( S e vonym)' wl (e}

yeH yeH: yeH
y<2> fixed

-1

[ S Wru) || [T 3 e @)K,

veSB y:Ps,, —H: veSE y:Ps,, —H:
y (Pv)fixed < )ﬁxed

[I Y =)k, (f, e,

UESUO yiPSUO —H
(5.57)
The first line can be bounded as (02*2}’”0)'5“%'(CZ*hUO)qS“OD because, for the purpose

h Sy—
—2c2"0|ly[]x

of an upper bound, we replace (ZyeH e by the factor 1, i.e. we separate

the spanning tree Ty, into Ty, , ..., Ty, , and each T,, contains exactly one vertex v with
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ng > 0. Moreover (C2*2h”0)‘Sﬁ‘(C’Q*hUO)US”OD can be rewritten as
502 2o (sv9—5u)ghuo 1955 (5.58)

In the second line of (5.57) we recognize the bulk and edge norms, namely || Ky H

2hv0)
and || K,||Z (s2hv0)’ which can be bounded respectively as in and in
(5. 50 Flnally, in the last line of -, we recognize in the deﬁmtlon of source norm

in (L.I04):

> I ) = Ko f e gy (5:59)

X:U’UGSUO P,—H
which can be bounded as follows:

o if hy, =0, hy, =1 and v is an endpoint a , K, is given by the kernel in the last
line of (4.148), and we get

|!’C(Bﬁo))(fv&v)!\‘(’%ghm)SHI’C(B((;O))LU,QU)II‘(’ < Clsp'], (5.60)

where s} = |Zy|;
o if h,, < 0 and v is an endpoint, K, is given by one of the kernels of a on h, = h,,+1
in (4.148) and we get
(her) Z7 | if Dy =0
IE(Bs ™) (S, e0)ll{e ey < C O 51 1 15a .
max{|Z, |,|Z,, [} if Dy =1 (5.61)

_ nu+n _ nu+n
SC’/Q(hv 1)( Dv)2 (hv 1)( DU)Sth_l,

with 3%—1 := max{|Zp,_1|, \Z}Lv_ly, ]Z,%U_l\}, and note that in the last inequality
we used the fact that n, +nJ =2 and hy,, = hy, — 1

e finally if h, < 0 and v is not an endpoint, K, is given by the kernel of the vertex

e in (4.150) and we get

| RWo[7o; Py, T, DI(f s €4)

ENGRE 47}

d, H? 2ghun) <

- ) (5.62)
< 2R [ RW, 105 Py Ty D(F €)1 -

By iterating , until the endpoints are reached, we can use the bounds in —
, as well as the results mentioned after , so that we can proceed as in proves
of Lemma, and of Lemma (in particular by using the results in - and
in and the definition of scaling dimension after ), so we get . O
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5.3 The Beta functions

To prove Prop. we are left with derive the bounds on U}]:/[, f}%(y@)) and shM in the
r.h.s. of (5.52)). The proof of the bounds on v,]l\/[ and @,y(y@)), which are related respec-
tively to the endpoints ¢ and ¢ , was already derived in [4], so here we illustrate only

how to derive the bounds on shM .

We start by recalling the definition of s, which is such that the local part of the
effective spin source in @ is given by the sum of the relevant term in and
the marginal term in @D the GN tree expansion for the kernels of imply the
following equations:

Z LW [s,v;7] le ZE (10 fie), (5.63)

rer(=D feM eeMs

n,l

and, for all h < —2,

ZEWSUT ZZEW@}% fie)+

TGT(hl) iGM eEMg
. h) o p. ) (h)
+ Zin Z Z LoWinyafie) + Zon Z Z LoWinyalfie)
iEM: eEMg iEM: eEMg
a1+l 1=1 07 +1d5” =1

(5.64)
where in the left sides of and of the sums are only over the trees with
exactly one spin source endpoint and n > 0 Grassmann field endpoints. Note that in
we have only the kernel associated with the relevant contribution while in ([5.64)) we
have also the marginal contributions. The left sides of these equations can be naturally
thought of as functions of s or, better, of the restriction of s to the scales larger than h.
Therefore, these are recursive equations for the components of s: given 2o, Zh. 1, Zo. 1,
one can in principle construct the whole sequence s. The same discussion can be done
for the sequence v, defined by and : the beta function equations and
the bounds were derived in |4, Prop.(4.11-4.12], here we just present the bound we are
interested in: for a particular choice of the counterterms vy, (1,71 introduced in ,
for 6 € (0,1) and Cp > 0 holds

op!] < ColA|2", (5.65)

and an analogous bound holds for 6%71(3/(2)) (see |4, Eq.(4.1.9)]).

To derive the same bound on s;‘L/f , we will use the fact that, by the definitions of the
tree expansion (in particular the definition of ‘allowed’ derivatives before Eq. m
the sum over the GN trees in l-) is absolutely convergent for all ~ < 0. Moreover,
the constants on the first scale Zj, 21 _1 and Zg _1 are real analytic in A and bounded
as |Zo| < Co, |Zji—1| < Cp, with §j = 1,2, for all || < g and some Cy > 0. Then,
we distinguish the trees involved in the sums in the left sides of and of : if

(h)

h < —1 the contribution from the trees in 7, )" equals
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° Zh+1a Zl;h+1, Zg;h+1, if r e 76(}{), i.e. if 7 is the tree with exactly one endpoint a on
scale h, = h + 2;

° 5/‘;“[& ], Bf,h+1[§, ], ,Bg_h+1[§, v],if 7 € 7;(2)1 1, i.e. if 7 is the tree with one endpoint
4 and at least one Grassmann endpoint of type ¢ ,¢ ,@o0ro.

Therefore, for all h < —2, we can write the recursive equations

i1 + B als,v) = Zn, Zjhv1 + Bipsals, vl = Zin, (5.66)
for j = 1,2. Then, by using (5.65)), we get that, for § € (0,1) and for all h < —1

o 6h ~ o 6h 7
87 s, v]| < Co|A[2 I,{}g}}f{lzhfl}, 185415, 2]| < Cp|A[2 gggﬁ{lzj;hfl}, (5.67)

with j = 1,2. If h =0, we get Zo = 1, |8§[s,v]| < C|A| and Zj = 0 for j = 1,2 (as we
can easily check by (4.123)). Egs. (5.66) and (5.67) immediately imply that { Zj, } h<—1

and {Zj;h }he_o with j = 1,2, are Cauchy sequences, whose elements are real analytic
in A for |A] < Ag. Then we let

Z-oo=12-o(N) = lim Z,, Zjmoo = Zjimoo(N) i= lim Zjy,j=1,2, (5.68)
h——o0 h——o0

which are real analytic in A, and we get
Zh = 2ol SO, |Zjp = Zjimoo SO, j=1,2,  (5.69)
with (say) 6 = 3/4. Note that if h = 0 in (5.69) we get |Z_o| < 1+ C|A and |Z;._o| <
C|Al; moreover combining the bounds obtained above and recalling the definition shM =

max { Zy, Z1.n, Zo,n } we get that

s < C. (5.70)

To conclude the proof of (5.1)), in the product over the endpoints of (5.52)) we can use
the bound ([5.70]) for each s%_l and the bound (/5.65) for each ”%—1 and ﬁ%_l(y@)).
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Chapter 6

The two-point edge spin
correlation

In this chapter we derive the explicit expression of the two-point edge spin correlation,
proving the main result in Thm. In particular, we will see that the explicit expres-
sion of the dominant contribution of (Gx,dx,) 5.(x) can be derived by the propagator of
the massless fields ¢, and ¢, , which are exactly the massless fields that do not vanish
at the boundary of the half-plane (see ([3.47))). We will derive also the correction term of
(0x10x2)5,(n) Py the tree expansion for the kernels of the correlation function: it will be
very similar to the tree expansion of the effective potential introduced in Chap. (4] and

will admit bound analogous to the ones for the tree kernels of the effective potential of

Chap.

Given any ordered pair (x1,x2) of distinct points at the edge of the half-plane, the
two-point edge spin correlation is given by the following derivatives
82
log Z)\ () , (6.1)

(0x10x2) 8, (n) = OV, 0V, T=0

as derived in Lemma Moreover, by recalling the definition of the perturbed gener-
ating function in (3.81)) with A = A = 0, namely

Ex(¥) =C / Po(dp) Pu(dg) ePe(®HV I pmo totng ¢oag (6.2)

we can easily check that (6.1)) implies the following identity

<5X15XQ>5C(>\) = <907,X1307,X2>5c()\) ’ (6.3)
where the (-)5 () is with respect the Grassmann measure in (3.72).
Note that in (6.2]) we wrote the spin source B,(p; ¥), defined in (3.76)), as Uy, p_ x, +
s Wy, 0o x,, s With x1,..., X, € OH and n, € 2N, since in (6.1) we are interested

105
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in some specific derivatives at ¥ = 0.

In the following Prop. we will derive the explicit expression of (p_ x, ‘P—7X2>Bc(>\)
and decompose it into a dominant and subdominant contributions. These contributions,
by using , will be related to the two-points edge spin correlation of Thm.

For the correlations in the r.h.s. of we can state the following result:

Proposition 6.1 (Correlations of the Grassmann fields at the boundary). Given any
ordered pair (x1,X2) of distinct points x1,x2 € OH, we can write the perturbed correlation

<‘P—,X1@—,X2>gc()\) as
(‘P—,X1¢—,X2>BC(A) = (Z—OO)Q (‘P—,X1¢—,X2>%C(0) + RU(le X2) ) (6'4)

where Z_u (gp,,xlcp,’xﬁgc(o) is the dominant contribution and R,(x1,X2) is the sub-

dominant contribution. Moreover, Z_o, is defined in (5.68), the two-point unperturbed

. . ho he
correlation is given by (go,,xlcp,’xggc 0) = Zzgzh*_l 9- 7" (x1,x2), where g(,,)(xl,XQ)
is the single scale propagator in (3.56)), and the subdominant contribution is given by
Ry(x1,%2) = chf:h*fl R (x1,%9), where the single scale correction |[RU"<) (x1,%3)|

can be bounded as

|R() (x1, %) < C|A[2he (140 g=e2"706x1x2) (6.5)
where 6(x1,X2) = |X] — Xa|.
Note that, since g(_h_")(xl,XQ) admits the following bound

19" (x1,32)| < OO0 xa) (6.6)

and a similar matching lower bound could be obtained along the lines of Subsections|3.2.2
and (and Appendix . Note that in the bound there is a factor 2/<(119) and
in the bound there is a factor 2" in the following, by comparing the asymptotic
behavior of the sum over the scales, it will be clear why R, (x1,X2) is called “subdomi-
nant contribution”.

The result in Prop. for the two points Grassmann correlations at the boundary
is similar to the one obtained for the two points Grassmann correlations on the infinite
plane in [9] e reviewed in [34, Chap.12], where is also studied the emergence of new
critical indices in the Schwinger functions. The original contribution of this chapter is
to include the edge contributions, which are originated from the presence of a boundary
and require to be treated with the methods introduced in [4] for the energy correlations.

Moreover, with the results in Prop. [6.1] we are able to prove the main result in
Thm. first of all, by using the correspondence in (6.3)), we can rewrite (6.4]) as

(0x, &X2>BC(A) = (2—00)2 (0%, &X2>gc(0) + Ro(x1,x2) . (6.7)



6.1. THE TREE EXPANSION 107

Then, we can bound R,(x1,X2) as

. (146)
< _ .
|Ro(x1,%2)| < Cy (|X1 — X2|) ; (6.8)

where to bound the sum over h, of the single scale correction in (6.5)), we used the fact
that, for any «,d > 0,

Y gohee2'0 < 9o / g 20t e-20 — 2T(@) <<1$> : (6.9)

ho€Z > log2

Finally, in order to obtain the same result of Eq. (T.8) we chose Z,(\) = w (Z_oo(N)
was defined in ([5.68) and Z was introduced after (3.71))) and we write out the dependence
from the lattice spacing a: we properly rescale the distances by a and the edge spin

observables by a~1/? (see ([2.50)).
To prove Prop. [6.1] we do the following:

e in Sec. we introduce the tree expansion for log Z5(¥) in (6.1]), which is similar
to the one of the effective potential illustrated in[4.3.2] and by using the derivatives
with respect the spin sources Wy, and Wy, we identify in the expansion the tree
kernels we are interested in;

e in Sec. we focus on the contributions associated with the trees with exactly

two spin source endpoints: we extract the dominant term and we use the estimates
in Prop. for the propagators and in ([5.69)) for the coupling constants to bound

the subdominant terms;

e in Sec. we consider the contributions associated with the trees with also the
Grassmann endpoints: they will be related to the subdominant terms and will be
bounded by using the results derived in Prop. [5.1] for the effective potential.

6.1 The tree expansion

By using the multiscale procedure introduced in Sec. for the effective potential, we
can write log Z)(¥) in the r.h.s. of (6.1) as

0 Ne
logZx(®) = > > SPI(xp, . xn,) [] ¥ s (6.10)
=1

ho=h*—1ns>1

with x1,...,x%,, € OH. By deriving (6.10|) with respect to the spin source fields ¥y, and
Wy, we get

0* - : ho
<807,X1907,XQ>50(,\):mlogﬂ)\(q’) = Z S§ )(X17X2)a (6.11)

Usey =Wy =0 po=p*—1




108 CHAPTER 6. THE TWO-POINT EDGE SPIN CORRELATION

where Séhg)(X]_,XQ) is the single scale kernel of the two point correlations (and it is
similar to the one of the effective potential as in(4.31])).Now we can use for the kernels

Séh")(xl, x2) a tree expansion analogue to the one in (4.141f), so we get

ho—1

P xnx) = Y S S S alrl(xi,x2), (6.12)

h=h*—1n>0_ 7—(’12 i(he)

)

where the sum is over 7 € T 1), (ho , which are the trees with

e n + 2 endpoints:

— 2 spin source endpoints: v on scale h1 and v9 on scale ho, with hy, ho < 2;

— n Grassmann endpoints: vy, ..., v, on scales h,, < 2;

e the root vy on scale h + 1, which has nJ = 2 and n,, = 0, i.e. in the root there
are not external Grassmann fields;

e the vertex v, on scale h,, which is the only gray branching vertex, i.e. it is the
only gray vertex followed by 2 gray vertices (55, = n, = 2).

Moreover, each spin source endpoint v;, ¢ = 1, 2, is related to K(thi_l)), which is either

one of the kernels in ([@.131)-(@.133) if h; < 1, or it is the kernel of B in ([@123) if
h; = 1. By proceeding as in (4.145)), we can write the kernel in (6.12)) as

Sho‘, [ Xl,XQ Z Z Z Sho’ T3 P T D](Xl,Xg) (613)

PeP(1)TeS(r;P) DeD(;P)

with the tree kernel Sy, u[7; P, T, D](x1,%2) defined as in with f = 0. By
using (|6 and - in -, we can identify the domlnant and the subdommant
contributlons As already mentioned, the dominant contribution will be related to the
trees with only ©; and v3 endpoints (so that n = 0). In particular, to obtain the dominant
contribution 77 and vy have to be both associated with the kernel in or to the
kernel in . Then, there will be subdominant contributions related to trees with
n = 0 and at least one spin source endpoint associated with a kernel in ; other
subdominant contributions will be related to trees with 2 source endpoints and n > 1
Grassmann endpoints.

6.2 Contributions from the trees with n =0

We start by considering the sum over n in (6.12)): if n = 0 we get a sum over the trees 7o
in Ty (1), (h "), where we let 75 be a generic tree in ’T( )(he) " These trees can be represented
as in Flg as already mentioned, if h, = 1 both the a endpoints are associated
with the kernel in and there is a unique ™ € 76(7;1)’(0); if he < 1 each a can be
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Figure 6.1: A generic tree 75 € 75<}2L)’(h”>: the spin source endpoints are on scale h; = ha =: he.

associated with one of the three kernels in (4.131))-(4.133]), so there are 9 different trees
Ty € %ﬁg)’(h”), with h < —1. Then, we can rewrite (6.12]) as

ho—1

S( d)(Xl,XQ Z Sho‘, TQ](Xl,XQ) R;;O)(X17X2), (614)
h=h*—1

where
he—1

R xixe) = Y S 3 Spalr(xi,x2), (6.15)

h=h*— 1n>1 7-TEh2) (ko)

contains all the trees with n > 1 Grassmann endpoints, which will contribute to the
subdominant term in (6.5). Moreover, Sy, x[m2](x1,%2) in the r.h.s. of (6.14), depending
on the kernels a is associated with, can be decomposed as

Shy 2] (x1,%2) = (Zp,) 29%9) (%1, x3) + R(ah”)(xl,xz), (6.16)
where

. g(_hf)(xl,XQ) is the single scale propagator defined in (3.56[), and it is related to
the tree 7 with both endpoints a associated with the kernel (4.131)) if he < 1 or
to the kernel (4.123)) if h, = 1;

° R(ah")(xl, x2) is related to the trees 7o whose endpoints a are associated with one

of the kernels in (4.133)).
If he =1 (and then h, = 0), R(ao) (x1,%2) = 0; if he < 1, R(ahg)(X1,X2) is given by

2
ROV (x1,%2) =23 Zn Ziny S 0%ig") (1, x0)+

i=1 dy,d, |=1
) (6.17)
+ > Zino Zjn, > 0% 0% 9" (x1, %) |
ij=1 duc; i 2| de, |+ =2

which can be bounded as

FTp——) 619
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where we used the bound on the derivative of the propagator given in (3.64]).
Next, we rewrite the first term in the r.h.s. of (6.16) as

(Zn,)20") (x1,%2) = (Z_0)29" (x1,%2) + RS (x1,%2) , (6.19)
with , . . .
R (x1,%9) = {(Zn,)? = (Z-00)?39") (x1, %) . (6.20)

By using the bound in (5.69)), Rgl")(xl, x2) can be bounded bounded as

[RS™) (x1,x2)| < C|A[200+Dhe =eZhedlorixa) (6.21)
Plugging (6.19) in (6.16) we get
Sy 72 (X1,%2) = (Z-00)?g""7) (x1,x2) + R (%1, x2) (6.22)
where . i
Rﬁl )(Xl,XQ) R(d )(Xl,XQ) + R(Z")(xl,xQ) , (6.23)

with R(aha)(X1,X2) defined in and R( ")(xl,XQ) defined in
We can easily see that, Wlth respect to the bound for the propagator g( ")(xl, X2) given

in , the bounds in and in are subdominants, then we can say that
(

Rnhz"o (x1,%x2) is a subdominant contribution. Moreover, by using (6.22)) in (6.14)), we can
identify the dominant contribution as the one given by

0
(om-m)’ = > (Zoe)?g") (x1,x2), (6.24)

ho=h*—1
which is exactly the dominant contribution in (6.4). Next, we define
R")(x1,%x5) == Rff )(Xl, X2) + Rfﬁ;g (x1,%2), (6.25)

which is the subdominant contribution in (6.4)). To prove (6.5, as we already proved

that Rg:g (x1,%2) is a subdominant contribution, we need to bound Rq(zgg

6.3 The contribution from the trees with n > 0

We recall the definition in (6.15)), namely

ho—1

R xixa) = Y S 3 Spalrl(x1,x2), (6.26)

h=h*— 1n>1 7—75h2) ,(ho)

where the sum 7 € T (he) s over the trees with 2 endpoints a and n > 1 endpoints of
typee,0 ., 0,0, e.g. see the tree in Fig. with n = 5.
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Figure 6.2: An example of 7 € 7—752)0’(2}“’) with n = 5 Grassmann endpoints. The gray vertices in the red
circles have n§ = 2.

The kernel Sy, n[7](x1,%2) in (6.26) can be bounded as

‘Sha,h[T] (Xl,Xg)’ < e‘%?hé(xhxz) Z Z Z HShg,h[T;Bv I, Q] (Xl,XQ)H%zh s

PeP(r):TeS(r;P)DeD(T;P):
g =0 D=0

(6.27)
with the source norm ||Sy, ,[m; P, T, D] (Xl,Xg)H%zh that can be bounded as in ([5.1))
with: ng = 2, ny, = 0, Dy, = 0, ds(vo) = 1 and hy, = h + 1; moreover if v; € Ve(T),
ds(v;) = 1, hy, := h;, for i = 1,2 and there is only one vertex in the product over

v € V(r):5§, > 1, which is v, on scale h,, with §z, = 2, namely

1 ¢ oho
1Sk, 17 2, T, Dl 1,50 250 < O 75— Higtho o= 2 i)yt
8 Sup!

1 - v)— max{1,kny v
[ opattodstors [T pmesioen) g
veV(1T)\{vo} veVF(T)

(6.28)

Next, by using (6.28) and 271752 < 272he and e~ §2"00x1x2) o om552"70(x1,x2) i (6.27]),
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we get the following bound

‘7 X1,X Cni
N (R [y e e LD DD DD D =

PeP(r): T€S(r;P) DED(m;P): ~ 0
o0 Pro=0 (6.29)

H 2(hv hy)(ds(v)—6v,1) H ’/\|max{l,nnv}29hv
veV (r)\{vo} sl VeV (T)

where we use C' to denote a constant which may differs from the previous one. Now, we
look at the first product in the second line of (6.29)): by the definition of the allowed D, for
any v with ng < 1 the factor (dg(v) —d,1) is always negative, so that 2(hv—hu)(ds(®)=dv.1)
is exponentially small in h, — h,,. If v is such that nJ = 2 (and then 6, ; = 0) we have
that dg(v) can vanish if n, = 2 and D,, = 0. This is a consequence of the localization
procedure described in Subsec. where we introduced the £ operators only for the
kernels with n, € {0,1}, and we have not treated the kernels with (n, D),n, = (2,0), 2.
Note that to have n{ = 2, v has to be a gray vertex on scale h, such that h+1 < h, < h,:
in fact, by definition, 9,, which is on scale h,, is the rightmost vertex with ng = 2 and
vp, which is on scale A + 1, has n,, = 0. An example of such vertices are the ones in the
red circles in Fig. To associate an exponential decay with the vertices v such that

ny = 2 we multiply (HvEV(T)\{WO} 2(h1’_hu)(dsm_év’l)) in (6:29) by the factor 20'(h=ho)
with 6" € (0, 1), obtaining a factor

26’(ha—h—1)( H 2(hv—hu)(ds(v)—6v,1))< H g(hu—hu)(ds(v)—G’)) ., (6.30)
veV (r)\{vo}: veV(T)\{vo}

ng <2 ng=

so that if dg(v) = 0 in the last product we get 2~ (v=hw)? which is exponentially small
in h, — hy. We can compare the bound for Sy, 5[7](x1,%2) with the bound for the
effective potential with two external Grassmann fields. As an example, we can consider
the bound for the kernel ||W|r; P,T, D] (yl,y2)|]§2h, where 7 are the trees with two ¢

endpoints, which is given by (5.1)) with n,, =2, nJ = 0 and V() = (), namely

1 - v
|’W[T§£7272](y1>y2)”§2h < Cn 2h+1< H 7'2(111; hy)ds( ))
Suo! veV (1)\{vo}

Sy!
( H ‘)\’max{l,mzv}QGhv).

veVF(T)

(6.31)

With respect , in the bound in there are the following additional factors:
a factor 22" for the non integration over x; and xg, a factor 27" for each spin source
endpoints (see (5.61)) and the factor 20’ (ho=h=1) fo1 the presence of the gray vertices v
with h +1 < hy < h,.
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Coming back to the bound of (6.26):

ho—1
B (s 300)| < 2o 2000 3 g0y Yy
h=h*—1 n>1 TET(hQMhU) PeP(1): TeS(T;P)
, nv0=0

cne ,
(ho—hy)(ds(v)—8p.1) ) . (ho—hu)(ds(v)—0") Y,
> (I atemsm) ([ e halmn)

DeD(r;P): 07 weV(r)\{vo}: veV (T)\{vo}:

Dyy=0 ng<2 ng=2
< H ’A|max{l,mu,}20hv)7
veVE(T)

(6.32)
where we recall that 0 < § < 6’ < 1. Next, we can bound the sum over the trees as

Z Z Z Z 0”3' ( H 2(hv—hu)(ds(v)—5v,l)).
S

reT M) (he) PEP(1): TES(m3P) DED(T;P): ~°"  weV (r)\{vo}:
2 Ny =0 Dy, =0 ng <2
V0 v0 v

(6.33)
H 2(hv—hu)(ds(v)—0’)) < H |>\|max{1,nnv}26’hv> < CgL|)\‘n26'h ,
’UEV(’;’)_\;’U()}Z veVgF(r)

where, as discussed after (6.30), the factors in the Lh.s. associated with v with nf = 2
now behave like the ones with nJ < 2, so that we can use the proof in |4, Lemma 4.9]

to prove ([6.33)).
Finally, by using (6.33]) in (6.32)), we get

hoe—1
|R§f;3 (Xla XQ)’ < 20’hge—i2h‘76(x1,x2) Z 2(h+1)(1—0'+0) Z C£|)\|n ’ (634)
h=h*—1 n>1

whose sum over n > 1 and over h < h, — 1 can be bounded as
R (x1,%0)| < CIA[2le O+ D206 xe) (6.35)

which is a subdominant contribution with respect to the bound of (6.24). By recalling

the definition of R (x1,x5) in (6.25): we can use the bounds in (6.18), in (6.21)) and
in (6.35)) to obtain the bound in (6.5)) and than to conclude the proof of Prop. 6.1
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Appendix A

The Kasteleyn matrix

We recall here the Kasteleyn matrix entries, first introduced in [51]: it is a well known
result that we report here for convenience in order to easily compare the dimer represen-
tation on A with the one in A,,, the modified lattice in Proof of Lemma [2.2] First of all,
we provide a labeling of the lattice sites by the number of matrix column zW) and the
number of matrix row z(2). Then we provide an orientation to the lattice bonds in order
to obtain the clockwise odd orientation, i.e. each elementary lattice face, including the
“external face” A€, has a number of bonds oriented in the clock wise direction. Then,
the A’ = 6LM x 6LM antisymmetric matrix has the following entries:

Hy Hy Vi Vi Ty Ty

H (0 0 -1 0 0 1

H| 0 0 0 -1 1 0
AL~ V| 1. 0 0 0 0 -1 7 (A.1)

Vel O 1. 0 0 -1 0

v | 0o -1 0o 1 0 1

T, \-1 0 1 0 -1 0

with1<z®M <L, 1<2® < M:

HX+é1 HX+é1 Vx+é1 Vx+é1 Tx+é1 Tx+é1

Hy 0 tx1 0 0 0 0

Hy 0 0 0 0 0 0
/ W 0 0 0 0 0 0 (A.2)
e p o 0 0 0 0 o |

Ty 0 0 0 0 0 0

Ty 0 0 0 0 0 0
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with1<z®M <L—-1,1<z® <M;

S

~
»
—

./4,

L+1
(L@ a0y = (1)

NS < <9DD

o o o o o o I
o o o o o o <
o o o o o o <
o O o o o o N

o O O O O

/ _
XX+8y

o O O O o O
O O O O o O
o O O O o O
o O O O o O

with 1 < sy <L,1< 2 < M — 1; all the other elements of A’ are vanishing.

Note that in the factor (—1)%*! takes into account an an extra minus sign intro-

duced to orientate in the ‘extra bond’ between the last column and the first column if L is

even: in this way the face A®is clockwise odd. Finally, by using ) - Z*PS(A)cA be,iePS () txi =

PfA" in (2.7) we get

2
Zo(3) =2""T] ] coshBJi PrA". (A.5)

1=1 by, €Bp



Appendix B

The massless propagators in real
space

We derive the expression of the massless propagators in the real space, starting from
(3:39). From now on, we let g° , := g7 (x,y) for any w,w’ € {£} and € := e(ky, k2),
which is given in (3.33)).

If w =W = +, we consider

954 = /dkldkze_ikl(x(l)_ym) (i\@)_l (E+(az(2))

e—ikl(r(l)—y(l)) 1 2 ) ) 1 2 - ) o
= [aman = () v et e) - (=) w@@a6®)) .

(B.1)
where in the last line we used the definitions in (3.36)). By recalling the definitions of

u® in (3.34) and of N* in (3.37)), we rewrite the factor in braces as

€E— —1\ 2 €1+ « -1\ 2
02<<(\[N+1) ) _<(fo—1) ))<€—a%)sin<x<2>k2>sin<y<2>kz>:

e—aq) !t — e+aq) !
_ 02 ((\[ 1) 2\/E(\[+ 1) > (6 _ a%) sin (.%'(2)]-{72) sin (y(2)k2) — (B.Q)

) —u @ ?)) =

S]]

2@1

2
<2\@(6 —af)
where o and (3 are those defined in (3.14)). So we get

ikox(2) —ikoz(?) ikoy(® —ikoy(®
w 2 —ik (z(1>—y(1>) a1 (& — € € — € o
=C dkldkge 1 - - - =
I+ / 1€ 21 21

— 02/dk1dk2€ikl(gj(1)y(l))al( 1 ) (267ik2(x(2)+y(2)) . 2€7ik2(m(2)7y(2))>
ie (—4 ’

) (e — a2 sin (zPky) sin (yP k)

(B.3)
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where we used that e(k1, —k2) = e(k1, k2).
If w= —w =+, we consider

gﬁ_ _ /dkldkge_ikl(x(l>_y(1))(iﬁ)_l(ﬂ+($(2))v+(y(2)> o Q_(x(z))g_(x@))) _

e—ilﬁ(m(l)—y(l)) 2 2
- [ iy ——— ((Aﬁ) w @) - (=) u<x<z>)v(y<z>)> |
(B.4)

where we used the definition in ([3.36)). By recalling the definitions of u* in ([3.34)), of v
in (3.32) and of N'* in(3.37)), we rewrite the factor in braces as

. o -1 o -1
_e (“ﬁzﬁl) - et )msm@@)kz)sm(y%+0k2>

Ve—ai Vetal
- (2\15 - 2_\2> e — ot sin (2@ ky) sin (y ks + Oy,) =

—)
= —c%\ﬁeial sin (P k) sin (yP kg + 0, ,
€

so we get

o ‘ (B.6)
. (Qe—ik2(x(2>+y(2))_i9k2 . 26_ik2(x(2)_y<2))+i9k2)

where we used €(k1, —ko) = €(k1, k2) and 0_g, = —0y,.

If w= —w' = —, we consider

ngr _ / dk,le—ikl(x(l)_y(l))(Z-\/g)—l(y+($(2))y+(y(2)) - y_(x@))g_(y@))) _

—T

e,ikl(m(l),yﬂ)) 1 2 ) ) 1 2 ) )
= /dlﬁdkzi\ﬁ (N+> v(@®@)u(y®)* - <N—> v(@®)u () |,

(B.7)
where we used the definition in ([3.36)). By recalling the definitions of u* in ([3.34)), of v
in (3.32) and of N'* in(3.37)), we rewrite the factor in braces as

VOV B s B -1 /o2
CQ< e a) ez ilyetal) ‘ al)sin(g;@)krg—|—9k2)sin(y(2)k:2)

2,/c 2\/e
€—aq Vetal

e N D 2 sin (2@ (@)
= —c <2\ﬁ 2ﬁ> € — ajsin (x'¥ kg + Ok, ) sin (y'“k2) ,

(B.8)
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so we get
2 ) /e — a2
97, = _C/dkldkze—lkl(z(l)—y(”) €T a1,
4 € (B.9)
’ (26_ik2($(2)+y(2))e_i6k2 — 26_ik2($(2)_y(2>)6_i0k2) )
where we used €(k1, —k2) = €(k1, k2) and 0_j, = —0,.
If w=w = —, we consider
o = /dkldbeikl(xmy<1>)<iﬁ)1(v+(x(2))v+(y(2)) — o (2®@) (y®)) =
(B.10)

g 1 Ny o (L Yo @y @)
= [ iy (5 o)) = (5= ) 7o) |

where we used the definition in (3.36)). By recalling the definition of v in (3.32)) and of
N+ in(3.37), we rewrite the factor in braces as

—2
c? < 2\?3) sin (P ky 4 Oy,) sin (y P kg + 04,) =

€
Y~ oikox® by o —ikaw®) —if, oik2y® iy _ p—ikay® —iby,
Ve 2i 2i ’

(B.11)

so we get

¢f_ == 02/dk1dk2€ik1(r“)y(”)o‘1 1 (267%2(9:‘2’+y(2))672i9k2 _ 26*ik2($(2)*y(2))>

- —ie (—4) ’

(B.12)

where again we used €(k1, —k2) = €(k1, k2) and 0_j, = —0,.

To obtain the expressions in (3.41f), with (3.42) and (3.43)) we have to do some manip-
ulations. First of all, we prove that the diagonal coefficients, which are the coefficients

appearing in (B.3]) and in (B.12]), can be rewritten as
:|:’i0(1 (k‘l) :|:2it1 sin k‘l

= . B.13
e(k1,ka)  2(1 —t2)%2(1 — cosky) + 2(1 — ¢1)%(1 — cos k2) ( )

By recalling the definitions of «; in (3.14)) and of € in (3.33)), we can rewrite
:Eial(kl) :i:Qitl sin kl (B.14>

e(kr, ka) |1+ tie®2e(ky, ko) |

Now, we let D := |1 + t1e**1|%¢(ky, ko) and we proceed with the following manipulations

D—rutleﬂﬂy?(%(t?—”%skz (5 -1 <2tk>>_

R N A L T e
(17 — 1) + (2t1 sinky)?

ik
= TN + 1311+ t1e® 2 4 26513 — 1) cos ko ;

(B.15)
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the first term in the last line of (B.15) can be rewritten as

(t3 —1)? +4t3sin’ k1 (83 — 12+ 4t3sin’ky (3 —1)2 + 4t3(1 — cos® k1)

|1+ tyetk|2 - 1+ 13 + 2t cos ky 1 +t2 + 2t cos ky
_ 1+ 1 — 212 + 412 — 43 cos® ky _ (14 12)2 — 4t2 cos® ky _ (B.16)
1—|—t%+2t1 cos k1 1+t%+2t1 cos k1
14 t3) — 2ty cosky)((1 4 t§) + 2t1 cosk
_ (A +14) Lcos 1)((1 +£7) + 2t cos 1):1+tf—2t1cosk1,
1+t + 2ty cos ky
by substituting (B.16)) in (B.15)), we get
D= ((1+13) — 2ty cosky) + t5(1 4+ 5 + 2t1 cosky) + 2ta(t] — 1) cos kg = (B.17)
= (1+1)(A+13) +2t1(t3 — 1) cos ky + 2to(t3 — 1) cos ky . '
By taking to = ijrii in (B.17)) we get
D=(1+t)(1+1) +2ﬂ(t2— 1)cosk +21 _tl(t2 —1)cosky =
1 2 114,02 S gl 2
= (1+tH)(A+12) —2(1 —ta)*cosk; — 2(1 — ;)% cos kg =
1—12)2 = 2(1 — 1) — 2(1 — t2)2(cos k1 —1)+ (B.18)

—2(1 —t1)*(coskp—1) = —2(1 — t3)*(cos ky — 1) — 2(1 — t1)?*(cosky — 1) =

(

( (
= (L+])(1+13) —2(

) 1)
= 2(1 — t2)*(1 — cosky) + 2(1 — t1)*(1 — cos ka),

which is the denominator of (B.13]).
Now we prove that the off-diagonal coefficients, which are the coefficients appearing in

and in , can be rewritten as
Ve—af oEilky — _ (17 = 1) + to|1 + tre’Fr[PeFih2 (B.19)
2(1 — ty

€ )2(1 — cosky) +2(1 —t1)2(1 — cos kg)

We consider

<B1 +t26:tik2) — ﬁe:tzé — ( /6 _ Oé%) eii(*9k2+ﬁ)’ (BQO)

< - Og) it - By ) (B.21)

so that

€ € ’
and the r.h.s. of (B.21]), by recalling the definition of 31 in (3.14)), can be rewritten as

B rnemp The _ (1F = 1) + a1 + tyeihr 2Tk ‘ (B.22)

€ |1+ t1etkr|2e
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Finally, by recognizing |1 + t1e?1|%e = D, we can use (B.18)) to obtain the expression in
(B.19).
To conclude, we to prove that

(t2 — 1) + to(1 + t2 + 2ty cos ky ) etk

721.0192 = k k - }
¢ plks, ka) (82 — 1) + to(1 + 3 + 2t cos ky e k2’

(B.23)

which is the expression in (3.43) for the coefficient appearing in (B.12). We start by

rewriting

, —sink
y =e 20k — oxp | —2i arctan ,872 =
4y T cosks

(B.24)
sin k
=exp | arctan Qiﬂiz = exp (2iarctanz),
F- +cosks
2
so that arctanz = loi.y , and
218y
x:tanbgy:zmi_l:—iy_l (B.25)
2i 2 o205 | y+1’
and, by inverting the last expression, we get
j— psinke . . . (#2-1) : :
e—2i9k2 - e B %Jrcoskz B z% + i cos kg — sin k9 B Zm + ¢ cos kg — sin kg
T i4ax 4 _smk T B - CED) . ,
i+ %—i—COSkQ i +icosky +sinky 27t2|1+1tle““|2 + 1 cos kg + sin ko

CA(tE — 1) +ita|1 + tre™® P (cos kg +isinka)  i(t7 — 1) +ita|1 + tye'F1[eih2

i(t3 — 1) + itg|1 + tre?*1|2(cos kg — isinky) (12 — 1) +ita|1 + tleik1|2eéik2 )
B.26

which is the desired expression in (B.23]).
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Appendix C

The scaling limit of the massless
propagators

By recalling the definition in (3.40) we are interested in the following expression

LonE P G
gcp (E’E) ggp (Evg)

1 1 . (x(l)_y(l)) (1(2)_11(2)) - ok, k2)
dkydly e~ ik <q G2k, k)
a2 / o g k‘b g1(k1, k2)
[—7T,7T]2
11 i @), GO0y (g, —go(k1, —ks)
oo dkydky e A A —hka) ) _
a2 / Lz € (g kl, gl(kl, k2)€—229k2

[_7r77r]2

a ik (2D —y (D) ko (2 —y @ [ G1(—aky,aky) —g2(aky,aky)
_ dk1dk K ( yt) g—ika( y'?) <A K +
/ 1z € ¢ Go(aky, —aks)  g1(aky,aks)

[;7" 3}2

a ik (@D —y (D) ik (2@ 4y @)y [ G1(—aki,ake)  —go(aky, —aks)
_Z dk dk iky (@) —y D)) —iko (x(2) 4y (2)) ' _
2 / 142 ¢ € gg(akl, —akg) gl (akl, akg)e_ma’v
(228

(C.1)

When we consider the scaling limit at the critical point we take ak; ~ 0,aky ~ 0,t2 =
1;2 and we consider the following expressions for the propagators in (3.41))

j:itl sin ak1

g1 (+aky, aky) = =
g1(Faky, aks) 2(1 — t2)2(1 — cos aky) + 2(1 — t1)2(1 — cos aks)

- +itiaky 1 +itqky (C.2)
a?(1 = t2)2kf +a2(1 = 1)%k3  a (1 — o)k + (1 — t1)%k3
2= 1) +to(1+ 12+ 2t o1\ e Fiak
g2(aky, taks) = — (tf = 1) + to(1 4+ 7 + 2ty cos aky)e N
2(1 —t2)2(1 — cosaky) + 2(1 — t1)%(1 — cos aks) -
1 itQ( +t1) kQ .

a (1 — tg)Qk% (1 — t1)2/€% .
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When ¢ = }IE we rewrite (B.23]) as

(ti—1)(t1+1) — ﬁ_t} (142 + 2t; cos ky )eik2 B

(ti—1D(t1+1)— tlﬂr_ti(l + 12 + 2t cos ky )e k2
_ (-t 1)2 — (t1 — 1)(1 + 3 + 2t1 cos ky ) et _
(tl — 1)(t1 + 1)2 — (tl — 1)(1 + t% + 2t1 cos kl)e_ikz
(i +1)2 = (1483 + 2t cosky ek
C (t1 4+ 1)2 — (1 + 82 + 2ty coskp etz
14 (t1+1)% — (1 + 3 + 2ty cosky)e™ + (t + 1)% — (1 4+ 13 + 2ty cosky)e 2
B (t1 + 1)2 — (1 + 3 + 2t1 cos ky )e—h2 B

(t1 + 1) — (1413 + 2ty cosky) cosky
(tl —+ 1)2 — (1 =+ t% + 2t1 cos k:l)e*““? -
(2 +1)(1 — cos k2) + 2t1(1 — cos ki cos ka)

= —1 2 A — —1 N k- ’k
" (t2 +1)(1 — cos k) + 2t1(1 — cos kye~t2) + p(k1, k2)

—1+41=

= —1+2

(C.4)
so that
e 2Waky = 1 4 p(aky, aky) , (C.5)
which can be evaluated when ak; ~ 0,aks ~ 0 as
20ty ) (t2 + 1)(1 — cos aky) + 2t1(1 — cos ak; cos aks)
e Wakg) = — : ~
(t2 + 1)(1 — cos akz) + 2t1 (1 — cos akyeakz) (C.6)

148 (83 + 1)k3 + 2t1 k% + 2t1k3)

12t1 ko

Taking the limit we get the massless propagators in the scaling limit gs“’lw, (x,y) =
1 ww’(x y

2957 (%, %), namely

hma—>0 a’a

g;f(x,y) = lirr(l)g / dkldkggl(—akl,akg)e*ikl(x(l),y(l)).
a—
[ 5] (C.7)

a ’a

< —iky (D —y(2) —ikg(x(2>+y(2))>
-le —e ,

with §1(—aky, aks) as in (C.2) we get

44 _ (1 - tl)(m(l) - y(l))
9u (%) = ml(u—mﬂ@ﬂw—¢m2+u—¢ﬁ%ﬂ®—y@ﬁ !

(1= 1)(a — )
+ 7ty .
(T 1260 — D)2 4 (1~ 26 1 )2
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By defining

gu (x,y) = lin%% / dleydlge—iF1 @D =y D),
a—

: <—§2(ak1, aks)e w2 @0 =) L o (aky —akz)e_ikQ(x(2)+y(2>)) ,

(C.9)
with go(aki, £aks) as in we get
) : (1= 1) (e — )
9si (x,y) = —7mta(1 + t1) <(1 _ t1)2(x(1) _ y(1))2 +(1— t2)2(x(2) — y(2))2 + ( |
C.10
a1+ 1) (L= ) +y®) |
(1 — t1)2(x(1) — y(l))2 + (1 — t2)2<1‘(2) + y(2))2 ’
gQ"’(x, y) = lin%) g / dkldkggg(akl, —akg)efikl(z(l)*y(l)).
a—
[=F.2]2 (C.11)
(efzkg(m@)fy(z)) B e,ik2(x<2>+y<z>)> ’
with go(aki, —aks) as in (C.3)) we get
L _ 9 (1= to)(z® — y@))
9y (x,y) = mto(1 4+ t1) <(1 _ t1)2(:c(1) _ y(1))2 +(1— t2)2(x(2) _ y(2))2 + ( |
C.12
— 7ta(1 —|—t1)2 c _tQ)(x@) +y(2))
(1 — t1)2($(1) — y(l))2 + (1 — t2)2(q;(2) + y(2))2 ’

finally
__ .a . ik (2D —y(D)
g (Xa}’) = clnl—IRJ 5 / dlﬁdkzgl(akl, aks)e ik (@D —y D)
[==, ]2 (C.13)
(e—ikQ(x(2>—y<2>) _ e—mea@e—ikz(:c<2>+y<2>>>

)

with §1(aky, aks) as in (C.2) and e~ 2%z as in (C.5) we get

(1= 1) — y )
2

gu (xy) =mh ((1 —t1)2(x® —yM)2 + (1 — tz) (2@ — y(2))2> !
(C.14)

1
fh ((1 ~ )2 — @

A straightforward computation leads to (3.48]).
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