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Abstract

In recent decades, the large-scale distribution of galaxies has emerged as one of the most
informative sources for addressing open questions in cosmology, particularly regarding the
Universe’s dark components: dark matter and dark energy. The study of the statistical proper-
ties of this distribution, known as Galaxy Clustering, can also encompass the distribution of
underdense regions that dominate the Universe by volume: cosmic voids.

This doctoral Thesis investigates the void-galaxy cross-correlation function, which de-
scribes the density profile of galaxies within these voids, representing void shape. In an
isotropic universe, cosmic voids should, on average, appear spherical, reflecting the Uni-
verse’s large-scale isotropy. However, observed distortions—specifically Redshift Space
Distortions (RSD) and Alcock-Paczyński (AP) effects—disrupt this symmetry. The first,
RSD, is a dynamical distortion driven by the growth rate of structures, while the second,
AP, is a geometrical distortion arising from deviations of the assumed fiducial cosmological
model from the true one.

This Thesis applies models of these distortions to infer cosmological parameters and
includes a forecast analysis to estimate the constraints achievable with forthcoming data
from the Nancy Grace Roman Space Telescope. Furthermore, a novel method is introduced
to disentangle these two distortional effects, enhancing parameter constraints by employing
reconstruction techniques based on the Zel’dovich approximation. This approach effectively
mitigates RSD, which are degenerate with AP distortions, thereby significantly improving
statistical significance and accuracy by increasing the number of voids matched by the
modelling.

Keywords: cosmology: large-scale structure of Universe – theory – cosmic voids -
methods: statistical
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Introduction

In recent decades, cosmology has entered a groundbreaking era known as precision cos-

mology. Over the past 25 years, a series of extensive experiments probing the Cosmic

Microwave Background (CMB) and the large-scale structure (LSS) of the Universe, have

led to the establishment of the standard cosmological model,� CDM. This model provides

an exceptional �t to a wide array of cosmological observables, characterizing the Universe

as a �at, expanding space-time governed by General Relativity. According to� CDM, the

evolution of the Universe is driven by its primary constituents: ordinary baryonic matter,

comprising only about5%of the total mass-energy; cold dark matter (CDM), constituting

nearly27%; and the cosmological constant,� , which dominates at68%.

Remarkably, this standard model of cosmology depicts a Universe composed of95%

constituents that remain fundamentally unknown. This presents a profound mystery in

modern cosmology: understanding the so-called "dark sector" of the Universe. The major

challenge lies in the cosmological constant,� , introduced to explain the observed late-time

acceleration of the Universe (Perlmutter et al., 1999; Riess et al., 1998). Although this model

aligns well with current data, the nature and, notably, the magnitude of� lack a satisfying

theoretical explanation. The discovery of this accelerated expansion represents one of the

most groundbreaking revelations in cosmology. Today, the scienti�c community's greatest

endeavor is to uncover the physical origins of this accelerated expansion, develop methods to

measure and characterize it, and design experiments to investigate its effects.

The� CDM model attributes the accelerating expansion of the Universe to the presence

of a cosmological constant,� . However, alternative models have been proposed to explain

the dark energy component, some of which interpret it as a dynamic variable that slowly

evolves over cosmic time or as an exotic form of energy responsible for the observed late-time

acceleration. Additional approaches suggest that this acceleration might instead result from

modi�cations to General Relativity, offering a new pathway to achieve accelerating solutions.

In the upcoming decades, a huge amount of highly precise data from numerous obser-

vational campaigns is expected to deepen our understanding of the Universe, potentially
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uncovering the nature of dark components and new physics. Notably, these efforts will

include measurements of CMB temperature and polarization, observations from gravitational

wave detectors, and large-scale galaxy surveys. Prominent among these are four galaxy sur-

veys, the ongoing DESI (DESI Collaboration et al., 2022) and Euclid (Euclid Collaboration

et al., 2024) satellite mission, the upcoming survey of the Vera Rubin Observatory (Ivezić

et al., 2019) and the planned Nancy Grace Roman Space Telescope (Dore et al., 2019).

Given the precision now achievable in cosmological analyses, the standard probes for

cosmological constraints are nearing their limit in constraining power. Consequently, further

insights into the physics governing our Universe may lie in identifying new, independent

cosmological probes. Combining multiple probes not only reduces uncertainty on cosmo-

logical parameters but also allows diverse approaches that may open new observational

and theoretical pathways. Among these emerging probes, our attention turns to the darkest

regions of the Universe, those vast, nearly empty areas where luminous matter is scarce and

primarily concentrated along the edges: cosmic voids.

Cosmic voids are vast, under-dense regions that occupy a large portion of the Universe

(Gregory and Thompson, 1978; Szapudi et al., 2015; Tikhonov and Karachentsev, 2006),

de�ning the bulk of the large-scale structure and shaping the cosmic web, i.e., the pattern of

the Universe in which matter is organized, and dominating the Universe in terms of volume

(Platen et al., 2007). These regions, nearly empty of baryonic matter, contribute in shaping

a web-like structure across the cosmos, interlacing with sheets, �laments, and clusters of

galaxies (De Lapparent et al., 1986; Sheth and van de Weygaert, 2004; van de Weygaert and

Schaap, 2009; Zeldovich et al., 1982). Voids serve as unique laboratories in cosmology due to

their low-density interiors, which allow for simpli�ed modeling of their evolution compared

to more complex cosmic structures. This simplicity makes voids especially sensitive to the

Universe's initial conditions and provides a window into its fundamental properties, including

dark matter, dark energy, and modi�ed gravity (Achitouv, 2016; Biswas et al., 2010; Cai

et al., 2015; Clampitt et al., 2013; Falck et al., 2018; Lee and Park, 2009; Li and Efstathiou,

2012; Paillas et al., 2019; Perico et al., 2019; Pisani et al., 2015a; Pollina et al., 2016; Sahlén

and Silk, 2018; Sahlén et al., 2016; Spolyar et al., 2013; Verza et al., 2019; Zivick et al.,

2015), as well as massive neutrinos neutrino properties (Banerjee and Dalal, 2016; Kreisch

et al., 2019, 2022; Massara et al., 2015; Sahlén, 2019; Schuster et al., 2019), primordial

non-Gaussianity (Chan et al., 2019), and physics beyond the standard model (Baldi and

Villaescusa-Navarro, 2016; Peebles, 2001; Reed et al., 2015; Yang et al., 2015).

The analysis of cosmic voids involves exploring various statistical tools, with the most

signi�cant being the void-galaxy cross-correlation function (VGCF) and the void size function
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(VSF). The VGCF examines the density pro�le of matter both within voids and in their

surroundings, while the VSF investigates the abundance of voids across different scales.

In this Thesis, we focus primarily on the VGCF, a subject that has been at the center of my

research over recent years. We both showcase its potential in contributing to the resolution of

the dark energy problem, and propose a methodology addressing several unresolved aspects

of VGCF modeling. In addition, I will also investigate the possibility to combine VGCF and

VSF to further improve the precision and the constraining power of the void analyses.

Before embarking on this exploration, it is essential to equip ourselves with the necessary

theoretical background and computational tools to fully engage with the cosmological

framework under investigation. For this reason the Thesis is structured as follows,

• In Chapter 1, we brie�y introduce the fundamental theoretical concepts of the stan-

dard cosmological model. We discuss the key elements of the Friedmann-Lemaître-

Robertson-Walker (FLRW) metric, which characterizes the geometry of the Universe,

progressing through the derivation of the Friedmann Equations, and �nally presenting

the main features of the currently adopted standard model of cosmology, the� CDM

model.

• In Chapter 2 we brie�y outline an in-depth treatment of the theory governing the

growth of perturbations in cosmology. We begin discussing the linear theory of

cosmological perturbation, based on gravitational instability, and then move beyond

linear approximation by presenting two approaches that describe the nonlinear growth

of cosmic structures: the spherical collapse theory and the Zel'dovich approximation.

• In Chapter 3, we explore the statistical properties of the observed Universe by introduc-

ing concepts such as galaxy clustering, while clarifying the link between cosmological

perturbation theory and the statistical tools that serve to characterize the properties

of the cosmic structures that we observe. We examine the in�uence of observational

effects on the distribution of matter tracers, focusing on distortions that affect observa-

tions and, consequently, clustering analyses. Additionally, we present methodologies

for mitigating these systematics, speci�cally through the so-called reconstruction

techniques.

• In Chapter 4, we delve deeper into the nature of cosmic voids, discussing the primary

statistical tools used in their analysis—namely, the Void Size Function (VSF) and

the Void-Galaxy Cross-Correlation Function (VGCF)—along with their modeling.

The focus is primarily on the VGCF. We �rst present a simpler linear approach to

model VGCF, followed by an exploration of more sophisticated methods to include

nonlinear effects, to overcome the challenges introduced by nonlinearities. In particular,
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we introduce our novel methodology, which leverages reconstruction techniques to

improve the accuracy of VGCF analyses.

• In Chapter 5, we outline the numerical tools essential for conducting the VGCF

analyses in different types of datasets. Speci�cally, we discuss the algorithm used to

identify voids within the distribution of matter tracers, along with the data catalogs

employed in the analyses presented in subsequent chapters. This section covers the

void-�nding algorithms and their parameters, as well as the VGCF estimator adopted

in this Thesis and the simulated datasets we have used in the analyses.

• In Chapter 6, we present the main results of this Thesis, centered on testing a novel

methodology based on reconstruction techniques. This approach is designed to address

the challenges posed by distortions that impact the observed VGCF. By mitigating

these distortions, the methodology brings an improvement signi�cantly enhancing the

statistical power for future cosmic void analyses, providing more robust and precise

cosmological constraints.

• In Chapter 7, we outline a forecast study aimed at estimating cosmological parame-

ters by leveraging void statistics. In this collaborative effort, I contributed through

the analysis of the VGCF. This work provides predictions on future constraints for

cosmological parameters, with a particular focus on those probing the nature of dark

energy, using forthcoming data from the Roman Telescope.

• Finally, in Chapter 8, we present the conclusions of this Thesis, summarizing the main

results and discussing their implications for void cosmology. This work layout the path

for future applications, where the methodologies developed here will be applied to the

new data that will be obtained by the new galaxy surveys.
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In this chapter, I will present a comprehensive overview of the so-called background cos-

mology that constitutes the backbone of the Standard Cosmological Model. Its building

blocks are the Friedmann-Robertson-Walker-Lemaître (FRWL) metric, which describes a

homogeneous and isotropic universe, the Hubble law, offering insights into the expansion

of the universe, and the Friedmann equations, which govern the dynamics of cosmic ex-

pansion. I will also present the concept of redshift and the various types of distances used

in cosmology as they constitute the main observational tool to probe the structure of the

homogeneous isotropic Universe. Finally, I will introduce the Lambda Cold Dark Matter

(� CDM) model, the standard cosmological model, along with a discussion of alternative

theories that challenge or extend the standard paradigm allowing the possibility of a dark

energy component described by a different equation of state.

1.1 Describing the expanding universe

1.1.1 Einstein's Equations

At the core of our current understanding of the observable Universe is gravitational interaction,

an attractive force between massive objects that extends across in�nite distances, in�uencing

even the most remote regions of the cosmos. In Einstein's view of the Universe, gravitational

force is the manifestation of distortions in the four-dimensional structure of space-time, and

vice versa, space-time is curved by the gravitational interaction of massive bodies. This

intimate connection is described by the Einstein �eld equations:

G�� = R�� �
1
2

g�� R = 8�GT �� + � g�� ; (1.1)
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where the right side features Newton's gravitational constantG and the energy contents of the

Universe are described by the energy-momentum tensorT�� , and the left side describes the

distortions in the space time metric via the Ricci tensorR�� , the Ricci scalarR � R�
� , and

the metric componentsg�� . The cosmological constant,� , can be either added as a geometry-

related term (right-hand side) or included inT�� as an effective �uid that constributes to

the energy budget. Equation(1.1) illustrates the connection between the geometry and the

energy contents. A second consequence of Equation(1.1) is that it implies a dynamically

evolving Universe. The constant� was at �rst added by Einstein to the equation as a way

to counteract the gravitational pull and obtain a static, rather than evolving, Universe. The

� constant was then to be regarded as a fundamental constant. If positive, it acts as a

repulsive force, opposite to that of gravity. If negative, it becomes an additional contribution

to the gravitational interaction. If null, the evolution of the Universe is solely governed

by the energetic content carried by theT�� tensor. The cosmological constant was largely

abandoned after the discovery of the Hubble expansion and recently resurrected to explain

the accelerated expansion of the Universe. Its current interpretation, however, is that of an

additional effective �uid, characterized by a negative isotropic pressure, that contributes to

the stress-energy tensor.

This general formulation itself provides a theoretical framework to model the laws

governing the Universe. To solve Einstein's equations, it is necessary to de�ne a metricg�� .

This de�nition derives from general assumptions and justi�ed by the observed properties of

our Universe.

1.1.2 Cosmological principle

The cosmological principle (CP) states that, on suf�ciently large scales, the Universe is

homogeneous and isotropic. Homogeneity implies that the Universe appears to have the same

properties regardless of the location, while isotropy means it looks the same in all directions.

Together, these properties suggest a universe with no preferred positions or orientations.

Although the nearby Universe exhibits local (in an astronomical sense) inhomogeneities,

such as galaxies, clusters, and vast almost empty regions known as voids, the cosmological

principle holds true when observed on scales of hundreds of megaparsecs (1 Mpc = 106 pc '

3:09� 1013 km). These vast scales smooth out local �uctuations in density, allowing the

principle to govern the Universe's on scales larger than the cosmic structures.



1.1 Describing the expanding universe 9

1.1.3 The Friedmann-Lemaître-Robertson-Walker metric

Solving the Einstein equations,(1.1), requires specifying the metricsg�� , which de�nes the

line element:

ds2 = g�� dx � dx � : (1.2)

The Friedmann-Lemaître-Robertson-Walker metric (FLRW) is a particular de�nition of the

metricg�� that satis�es the cosmological principle and provides the mathematical description

of a universe that adheres to those assumptions. The associated line element governing the

evolution of the cosmic background is de�ned as,:

ds2 = � c2dt2 + a2(t)

"
dr 2

1� �r 2 + r 2d


#

; (1.3)

wherea(t) is the scale factor (or the expansion parameter), having the dimensions of a length,

d
 = d � 2 + sin2(� )d� 2 , c is the speed of light,� and� are the two angles in spherical

coordinates, and� is the curvature parameter. It is possible to rescale the coordinates in such

a way that the curvature� of a homogeneous isotropic space-time can assume one of three

possible values -positive, zero, or negative. This parameter determines the overall geometry

of the Universe:

• � = 1 positively curved Universe, closed geometry, analogous to the surface of a

sphere in two dimensions

• � = 0 �at, Euclidean geometry, extending in�nitely in all directions

• � = � 1 negatively curved Universe, hyperbolic geometry, resembling the shape of a

saddle in two dimensions, and is both open and in�nite.

As such, the curvature that de�nes the geometry of the Universe can be either Spherical,

Flat, or Hyperbolic and therefore depict either a �nite (closed) universe or an in�nite (open)

universe.

1.1.4 Friedmann's equations

The scale factora(t) plays a crucial role in describing the evolution of the Universe, and it

is worth noting that the values ofg00 = 1 andg0i = 0 allow for a global de�nition of a time

coordinate. Einstein's equations(1.1), rewritten adopting the FLRW metric as presented

below, play a key role in determining the scale factor dynamics

G�� =
8�G
c4 T�� ; (1.4)
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with T�� being the stress-energy tensor for a cosmological perfect �uid, considered appropri-

ate to describe the properties of the species of types of matter and energies that populate the

Universe, with

T�� = ( � + p)u� u� � pg�� ; (1.5)

wherep and� are representing the pressure and energy density of the �uid. Choosing a

cosmic rest frame, i.e. the frame where the average velocity of energy forms in the Universe

is zero,u� = (1 ;0;0;0) andT�� takes the following form

T�� =

0

B
B
B
B
B
@

� 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

1

C
C
C
C
C
A

(1.6)

We de�ne now the Hubble function, describing the expansion rate of the Universe at timet as

H �
_a
a

; (1.7)

and considering the 00 component ofT�� , we can write the �rst Friedmann's equation as

follows:

H 2 �
� _a

a

� 2
=

8�Gc 2

3
� � �

c2

a2 : (1.8)

Focusing on the spatial component of Einstein's equation in an FLRW metric, it is

possible to derive the following expression

•a
a

+2
� _a

a

� 2
+2�

c2

a2 = � c24�G
c3 (� � p): (1.9)

By plugging Equation(1.8)into the latter we obtain the expression for the second Friedmann's

equation:
•a
a

= � c24�G
3

(� +3p): (1.10)

In the case of absence of cosmological constant� , it is possible to see how the curvature

term affects the scale factor evolution, in fact:

• if � = 0, then
�

_a
a

� 2
= 8�Gc 2

3 � � 0 and _a = 0 asymptotically corresponding to a static

universe,

• if � = � 1, then
�

_a
a

� 2
= 8�Gc 2

3 � + c2

a2 � 0 and _a 6= 0,

• if � = 1, then
�

_a
a

� 2
= 8�Gc 2

3 � � c2

a2 � 0 and this represents the turning point case.
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The last essential equation describing the evolution of the Universe is derived from the �rst

law of thermodynamics

dU = �Q � PdV; (1.11)

with �Q = TdS. By de�nition, the Universe is an adiabatic system, hence�Q = 0. Using

U = �V and FLRW metric presented in Equation(1.3) it is possible to derive the continuity

equation:

_� = � 3H (� + p): (1.12)

1.1.5 Cosmological Redshift

In the study of the evolution of the FLWR Universe, one of the most signi�cant phenomena

is the cosmological redshift. This effect arises naturally from the expansion of space and

provides crucial insights into the evolution of the Universe. Unlike the classical Doppler

effect, cosmological redshift results from the stretching of wavelengths of photons as they

traverse the expanding space-time, making it a fundamental observational tool in cosmology.

To illustrate this point, let us consider the geodesic equation for a photon, massless particle,

speci�cally, the photon in the FLRW metric:

d2x �

d� 2 + � �
��

dx �

d�
dx �

d�
= 0 ; (1.13)

where� is the conformal time, de�ned via:

� =
Z dt

a(t)
: (1.14)

The 00 component of a geodesic equation can be rewritten in the form

dE
d�

+
_a
a

E = 0 ; (1.15)

with E = hc=� . This equation gives us the energy-scale factor relation

E '
1
a

: (1.16)

Therefore, remindingE = hc
� , the redshift relation due to geometry at large scale can be

expressed as
� 0

� (t)
=

a0

a(t)
= 1+ z; (1.17)
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wherez is the redshift, de�ned as

z =
� obs � � em

� em
; (1.18)

and it can in principle be less than zero (blueshift), when the source is approaching the

observer, or greater than zero (redshift), when the source is receding. By measuring the

photon redshift, it is possible to acknowledge the scale factor evolution fromt0 to t.

1.1.6 Cosmic species of the Universe and background evolution

The density term present in Equation(1.8), is the result of the sum of different components

of the Universe:

• Non relativistic matter, comprising two contributions: standard massive particles, and

non-relativistic (late-time) neutrinos and dark matter particles, whose nature remains

unknown.

• Relativistic particles like photons and relativistic (early-time) neutrinos.

• Dark energy, eventually in the form of a cosmological constant� , which can effectively

be treated as a non-classical �uid with a well-de�ned energy density.

• Curvature, encoded in the term dependent on� , which describes the curvature of

space-time in cases where the Universe is not �at. It is important to note that curvature

itself can be formally equated to a contribution to the Universe's energy budget. In this

sense, the effects of spatial curvature in�uence the overall dynamics of the Universe,

just as different forms of energy density (such as matter, radiation, or dark energy) do.

All �uids relevant to cosmology are assumed to be perfect, which implies that they

possess an equation of state (EoS) that relates their density and pressure:

p = w�; (1.19)

which connects the density and pressure of different types of matter and energy. Combining

this general equation of state with the continuity equation(2.1) reveals the scaling of density

with respect to the scale factor:

� (t) = � 0a� 3(w+1) ; (1.20)

where� 0 = � (t0) is the density at present time. Isolating each species to an associated density,

pressure, and therefore EoS, allow to identify the evolution of their energy in terms of the
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expansion. Radiation and relativistic particles havewr = 1=3 , while non-relativistic matter is

treated as dust with zero pressure, i.e.wm = 0, and the cosmological constant hasw� = � 1.

In this spirit, one can formally consider the curvature as an effective �uid with equation of

state:

� �; 0 =
� 3�

a28�G
; (1.21)

which yields a parametric EoS withw = � 1=3. Hence, the energy densities of the different

components evolve as:

• � r / a� 4 for radiation

• � m / a� 3 for matter

• � � / a� 2 for curvature

• � � = constant for cosmological constant.

Therefore, the Friedmann equation(1.8)can be expressed in terms of the different content of

the Universe:

H 2 =
8�G

3

�
� r; 0a� 4 + � m;0a� 3 + � �; 0a� 2 + � � ;0

�
: (1.22)

It is useful to parametrize the latter equation as a function of adimensional quantities which

are invariant with respect to change in the coordinate system. To this end, we de�ne

the density parameters, speci�cally
 r , 
 m, 
 � , 
 � , for radiation, matter, curvature and

cosmological constant� , respectively. These are de�ned as following:


 n =
� n

� c
; (1.23)

with � c being the critical density parameter

� c =
3H 2

8�G
= 1:8788� 10� 26h2 kg m� 3; (1.24)

which by de�nition represents the density requested to obtain a universe with �at geometry

(� = 0).

Using the de�nition of
 , the second Friedmann equation can be rewritten as:

1� 
( t) = �
�c 2

a2(t)H 2(t)
; (1.25)

where the right-hand side can not change the sign during the expansion of the Universe, so

neither can the left side, having as a consequence that a universe governed by the Friedmann

equations can not change its geometry during its evolution.
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Now it is useful to rewrite Equation(1.22)and express the Hubble parameter in terms of

the dimensionless densities
 andH0:

H 2 = H 2
0

�

 m;0a� 3 + 
 r;0a� 4 + 
 �; 0a� 2 + 
 � ;0

�
(1.26)

whereH0 is the present-day value of the expansion rate parameterH , and we refer to it as the

Hubble constant. This constant is usually parametrized in terms of a dimensionless quantity

h in the following way:

H0 = 100 h km s� 1Mpc� 1: (1.27)

Expressing the scale factor in terms of redshift, using Equation(1.17), we obtain the following

expression of the expansion rate:

H (z) = H0

q

 m;0(1+ z)3 + 
 r;0(1+ z)4 + 
 �; 0(1+ z)2 + 
 � ;0: (1.28)

the behavior of our Universe can thus be described by an ensemble of cosmological parame-

tersH0; 
 m;0, 
 r;0, 
 � , and
 � which we will call through the name ofcosmology.

Moreover, at small redshift,z, we can neglect the contribution of radiation to the energy

budget, i.e.
 r = 0. This allows us to further simplify Equation (1.28) to:

H (z) = H0

q

 m(1+ z)3 +1 � 
 m: (1.29)

1.1.7 Hubble's Law

In 1929, Edwin Hubble made a groundbreaking observation that distant galaxies exhibit

a recessional motion, which he quanti�ed through what is now known asHubble's Law.

This discovery was revolutionary because, until that time, the prevailing belief was that

the Universe was static and unchanging. Hubble's work provided the �rst observational

evidence for an expanding Universe, reshaping our understanding of cosmology. Hubble's

law provides a direct relationship between the distance of a galaxy from the observer,d, and

its recessional velocity away from us,v, expressed as:

v = H0d (1.30)

Hubble's discovery was a pivotal moment in cosmology, providing the �rst observational

evidence for the expansion of the Universe and laying the foundation for modern cosmological

models, including the FLRW metric. This recessional motion is fundamentally linked to the

phenomenon of the cosmological redshift.



1.1 Describing the expanding universe 15

1.1.8 Distances in cosmology

Let's start by de�ning thecomoving distanceas the distance traveled by a photon emitted at

time t i , which moves along a null geodesic, i.e.,ds = 0, and is observed at timet, as:

dP(t) =
Z t

t i

c
dt0

a(t0)
: (1.31)

By expressing the latter as a function of redshift, we obtain the relation between the comoving

distance and redshift as a function of the expansion rate historyH (z), i.e., ultimately in the

matter-energy content and curvature of the Universe:

dP(z) = c
Z z

0

dz0

H (z0)
: (1.32)

wherea0 � a(t0) = 1 , and assuming that the distance is calculated by an observer located at

z(t0) = 0 . The upper limit of integration corresponds to the redshift at the time of emission.

Considering a source located at the proper comoving distance because of the expansion of

the universe, it is possible to de�ne the proper distance in physical units:

Dc = (1+ z)dP(z) =
dP(t)
a(t)

: (1.33)

In the comoving distance de�ned in Equation(1.31)the dependence of the curvature is

implicit througha(t). The explicit dependence is seen in the transverse comoving distance

DM , de�ned as the distance between two events measured at the same time coordinate

(dt = 0):

DM =

8
>>>><

>>>>:

DH

q
j
 � j sin

hq
j
 � jdP=DH

i

 � < 0

dP 
 k = 0

DH

q
j
 � j sinhc

hq
j
 � jdP=DH

i

 k > 0

(1.34)

whereDH = c=H0, de�ned as the Hubble distance. In the case of a �at Universe, we recover

the Euclidean distance.

The existence of a well-de�ned relation betweendP and the redshiftz, Equation(1.31)

justi�es the use of the observed redshift as a proxy to object distances and has triggered the

completion of large observational campaigns, the spectroscopic galaxy redshift surveys, to

map the 3D distribution of mass in the Universe.

Ideally, one may want to exploit this relation to determine the cosmological parameters

that enter the relation, i.e.,H0 and the
 parameters. To do so, one needs to measure redshifts

and proper distances separately. The latter, however, cannot be directly estimated from



16 Background cosmology

the data since it would imply instantaneous measurements from two different observers.

Nevertheless, one can operatively de�ne other kinds of distances corresponding to observable

quantities (luminosity distance, angular diameter), all related to the proper distancedP.

Luminosity distance The distance measured by Hubble, and used to derive Equation

(1.30), is the luminosity distancedL , whose de�nition is based on the preservation of the

Euclidean inverse-square law for the diminution of light with distance from a source. Being

L the luminosity emitted by a source at a pointP, with coordinater at timet, andF the �ux

received from the observer at timet0 placed atP0, we de�ne

dL =
� L

4�F

� 1=2

: (1.35)

The area of a spherical surface centered onP and passing throughP0 at timet0 is 4�a 2
0r 2. The

photons arriving atP0 are redshifted by the Hubble expansion by a factora=a0. Also, photons

emitted by the source at a small time interval�t arrive atP0 in an interval�t 0 = ( a0=a)�t

since there is a time-dilation effect. We �nd that

F =
L

4�a 2
0r 2

� a
a0

� 2
; (1.36)

from which

dL = a2
0
r
a

= (1+ z)DM : (1.37)

Angular diameter distance The primary information we obtain about a distant astronomi-

cal object comes from the light it emits and the photon �ux that reaches us. This light allows

us to observe the object and infer its general shape, provided that the object is extended

and the angular resolution of the instrument is high enough. One of the key observational

quantities in astronomy is the object's angular diameter,� � . The concept of the angular

diameter distance is constructed to preserve a geometric property of Euclidean space: the

way an object's angular size varies with its distance from the observer. De�ningDP (t) as

the proper diameter of a source located at a coordinate distancer at timet, i.e.,DP = ar� � ,

we can write the angular diameter distance as:

DA =
DP

� �
= ar; (1.38)

which is also equal to

DA = (1+ z)� 2dL =
DM

1+ z
: (1.39)
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For a �at universe,DM = dP, which corresponds to the comoving distance.

1.2 The standard cosmological model

As we have seen, the expansion history of the UniverseH (z) is determined by a set of

parameters, each contributing to a comprehensive description of a speci�c cosmological

model. Observational data from various sources increasingly converge toward a single favored

model known as the� CDM model. In this model,� represents the cosmological constant,

corresponding to dark energy, while CDM stands for Cold Dark Matter, a mysterious form of

invisible matter that, despite being undetectable directly, by its gravitational interactions, has

signi�cant mass and plays a crucial role in shaping the large-scale structure of the observable

Universe. Recent constraints on cosmological parameters, particularly those that describe the

mass-energy budget determining, together withH0, the expansion history of the Universe,

have been provided by the 2018 results from the Planck Collaboration (Planck Collaboration

et al., 2020), investigating the temperature and polarization anisotropies in the CMB, offering

the most precise measurements to date:


 m = 0:3111� 0:0056;


 � = 0:6889� 0:0056;


 � = 0:001� 0:002:

(1.40)

As a result, the Universe is considered to be �at, with its curvature consistent with� = 0, and

primarily dominated by what is known as the dark sector, as illustrated in Figure 1.1. This

dark sector encompasses the unseen components of the Universe, speci�cally dark matter

and the cosmological constant� . The presence of the cosmological constant accounts for the

ongoing late-time acceleration of the Universe's expansion.

The existence of a dark sector, which dominates the energy budget, poses a signi�cant

challenge for cosmology: while we can measure the density parameters,
 � and
 m, they

provide little insight into the true nature of the fundamental processes underlying dark matter

and dark energy.

The� CDM model is widely accepted as the standard model of cosmology. However,

despite its re�nements and notable successes, several theoretical aspects remain poorly

understood. For instance, we haven't detected the dark matter yet and we ignore its nature.

Furthermore, the very existence ofdark energy (DE)is even more enigmatic. As discussed

in Section 1.1.1, dark energy was introduced to explain the accelerated expansion of the

Universe, yet it cannot be attributed to any known form of energy.



18 Background cosmology

Figure 1.1The content of the universe in various forms of energy in the� CDM model, as measured by
CMB observations and large-scale structure surveys. Source: Max-Planck-Institute for Astrophysics
Garching and Pixabay.

Dark matter (DM) was �rst introduced by Zwicky (Zwicky, 1937) to explain gravitational

effects that could not be accounted for, without invoking an excess of non-visible mass. DM

can be interpreted as particles or compact objects that signi�cantly interact only with matter

(including self-interactions) through gravity whereas the cross-section for non-gravitational

interaction must be very small. The existence of DM is now widely con�rmed through

several lines of evidence. Some of the most reliable probes to quantify its effects include

gravitational lensing by galaxy clusters, galaxy rotational curves, redshift-space distortions

in the large-scale mass distribution, and �uctuations in the density spectrum due to baryon

acoustic oscillations (BAO); see Bertone and Hooper (2018) for an extensive review on DM.

1.2.1 Dark matter

DM is typically classi�ed into two main types:

• Hot dark matter (HDM), consists of low-mass relativistic particles, with massive

neutrinos being the leading candidates.

• Cold dark matter (CDM), composed of massive, non-relativistic particles, for which

weakly interacting massive particles (WIMPs) are the most prominent candidates.
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Dark matter represents the major contribution of matter in the
 m energy density term,

amounting to� 80%. The remaining20% is attributed to ordinary matter, also called

baryonicmatter.

Over the past few decades, numerous particle candidates for DM have been proposed

and tested. Although none of the proposed candidates has been detected yet, the study of the

large-scale structure allows us to infer some of its properties, the most important of which is

the fact that these are non-relativistic, i.e., "cold", massive particles.

1.2.2 Dark energy

While the contribution of dark matter to the Universe has been a long-standing assumption,

the discovery of a dark energy component is relatively recent. At the beginning of the 1990s,

the prevailing view of a matter-dominated Universe was no longer favored by observations,

such as the age estimates of the oldest globular clusters Ostriker and Steinhardt (1995)

and the excess of angular auto-correlation of galaxies on very large scales, observed in

early photometric surveys. In this context, the study of Type Ia supernovae (SNIa)—a type

of thermonuclear supernova explosions— that were found to be dimmer than expected,

suggested what appeared to be a late-time cosmic acceleration in the expansion of the

Universe. SNIa events occur in a binary system consisting of a white dwarf and a giant star.

Through gravitational interactions, the white dwarf accretes gas from the giant star until its

mass exceeds1:4M � , the Chandrasekhar limit. At this point, a thermonuclear explosion

occurs, resulting in a Type Ia supernova. These objects have very similar light curves with

a peak of almost universal luminosity, making them the most precise standard candle, for

measuring astronomical distances, at our disposal. One signi�cant consequence of Type Ia

Supernova (SNIa) observations was that their �ux appeared dimmer than expected, implying

they were farther away than predicted based on their observed redshift. This deviation in the

distance-redshift relationship could only be explained by introducing a non-negligible
 �

term, indicating the presence of dark energy and suggesting a late-time accelerated expansion

of the Universe. To investigate this, both the Supernovae Search Team (Filippenko and

Riess, 1998) and the Supernova Cosmology Project (Perlmutter et al., 1999) measured the

apparent luminosity of SNIa across different redshifts to reconstruct the luminosity-redshift

relation, which is sensitive to cosmological parameters. Their analyses revealed a signi�cant

contribution from a non-zero cosmological constant� , indicating a late-time acceleration in

the Universe's expansion (Perlmutter et al., 1999; Riess et al., 1998). More recent results

on both SNIa and other probes (see next section) have established the� constant as a

contribution to the overall expansion of the Universe.
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Explaining the cosmological constant� as the source of the Universe's acceleration

leads to the well-known cosmological constant problem. When� is interpreted as the

vacuum energy density, its measured contribution in cosmology is 120 orders of magnitude

smaller than the naive theoretical predictions. This signi�cant discrepancy leaves the physical

process associated with the non-zero� unexplained, commonly referred to as the dark-energy

problem. Attempts to model this dark energy can be categorized into two main approaches.

The �rst involves dynamical dark energy models and similar theories, which attempt to

retain the idea of a non-classical contribution to the stress-energy tensor, that drives the

late-time cosmic acceleration. The second approach involves modi�cations of the law of

gravity on large scales, which lead to alterations of theG�� tensor. Here I will focus on the

�rst possibility and, in the next section, I will give a broad overview of the �rst category of

theories.

Dynamical dark energy A popular model of dynamical dark energy involves the use

of a time-evolving scalar �eld� and its potentialV(� ) to describe dark energy as a time-

dependent �eld that acts in opposition to the gravitational �eld. In its simplest form, these

models assume a spatially homogeneous �eld that evolves according to the framework of GR

and the FLRW metric, as described by the following equation.

•� +3H _� +
dV(� )

d�
= 0

Such models typically yield an observable that can be expressed in terms of a time-

evolving equation of state:

w� =

1
2

_� 2 � V (� )
1
2

•� 2 � V (� )
: (1.41)

To account for the evolution of the dark energy equation of state during cosmic expansion,

the Chevallier-Polarski-Linder (CPL) parametrization is often employed (Chevallier and

Polarski, 2001; Linder, 2003). This parametrization is given by:

w(a) = w0 + (1 � a) wa ) w(z) = w0 +
z

1+ z
wa ; (1.42)

which is the Taylor expansion of any possible equation of state truncated at the linear order.

Here,w0 represents the value of the equation of state today, andwa describes its variation

over time. As such, it is possible to place bounds on the value of the equation of state

today, denotedw0, within the range� 1 < w 0 < � 1=3, where the upper boundary is derived

directly from Equation(1.20), representing the maximum value that ensures a late-time
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acceleration of the expansion. Such models of dynamical dark energy are often referred to as

quintessencemodels. The resulting new de�nition of the dark energy equation of state leads

to the following expression for the dark energy density:

� DE = � DE;0a� 3(1+ w0+ wa ) e� 3wa (1� a) : (1.43)

This class of models, by allowing various parameterizations of� andV(� ), and the resulting

equation of state, remains consistent with general relativity theories.

There exist various models of dark energy, and thew0wa parametrization, Equation

(1.42), effectively describes their impact on the evolution of the Universe. From a theoretical

standpoint, these models represent the �rst and most straightforward generalization of the

� CDM model, wherewa = 0 andw0 = � 1. For this reason, they are often considered

as reference models in cosmological analyses. Additionally, interest in these models has

recently increased following the analysis of DESI data (DESI Collaboration et al., 2024),

which I will discuss in a subsequent paragraph, as they indicate some level of departure

from the standard� CDM model, deviating fromw = � 1 andwa = 0. Two examples of

these generalizations of the� CMD are the so-calledwCDM model, which assumesw to

be a constant, potentially different from� 1, allowing for scenarios involving dynamic dark

energy; and its extension, thew0waCDM model, wherew is no longer constant but evolves

over time. In this case, the parametrization of Equation(1.42)is used, wherew0 is the current

value of the equation of state andwa describes its time evolution. These models provide

greater �exibility in exploring the nature of dark energy compared to the� CDM model.

1.2.3 Testing the standard cosmological model

Cosmic microwave background The expanding Universe implies that, in its early stages,

it underwent a period characterized by extremely high density and temperature, where matter

and radiation were tightly coupled in a plasma. During this phase, the Universe was highly

homogeneous and isotropic, with very small deviations from the mean density in all its

components. Although small in amplitude, �uctuations in the coupled baryon and density

underwent oscillations due to the competing pull of self-gravity and radiation pressure. The

resulting propagating sound waves are the so-called Baryonic Acoustic Oscillations (BAO)

(Hu and Sugiyama, 1996).

As the Universe expanded and cooled, the mean density of all its components decreased,

allowing photons to decouple from matter, marking the era of decoupling. This event left

an imprint of the initial density �uctuations in the form of free-streaming radiation, while

the free electrons re-combined to protons forming neutral hydrogen atoms (marking the
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recombination era). The existence of this relic radiation, known as the cosmic microwave

background (CMB), was �rst theorized by Gamow, Alpher, and Bethe (Alpher et al., 1948;

Gamow, 1948), but it was only con�rmed years later by Dicke et al. (1965), who predicted

that such radiation would be redshifted to microwave wavelengths. In the same year, Penzias

and Wilson (1965) serendipitously detected the CMB as a white noise signal in the microwave

regime.

The discovery of the CMB provided a crucial observational tool to study the early

Universe. Due to atmospheric interference, space missions were launched to measure the

black-body spectrum of this radiation with higher precision. The COBE satellite (Mather

et al., 1994) measured a near-perfect black-body spectrum at a temperature of2:73K , but

detected small temperature anisotropies on the order of�T=T � 10� 5 (Smoot et al., 1992).

These temperature �uctuations corresponded to the primordial density perturbations, and

their statistical analysis offered insights into the early Universe as well as constraints on

modern cosmological parameters (Hu and White, 1997). One of the �rst, indirect, hints for

a non-zero� component came from the BOOMERANG experiment (de Bernardis et al.,

1999), which used high-altitude balloons to map density �uctuations. The resulting power

spectrum strongly supported an
 � = 0 Universe (de Bernardis et al., 2000). Following

BOOMERANG, the WMAP satellite (Bennett et al., 2013; Hinshaw et al., 2013; Komatsu

et al., 2011) provided further evidence favoring the� CDM model, and the subsequent Planck

mission released its �nal cosmological data in 2018 (Planck Collaboration et al., 2020).

The analysis of temperature �uctuations in the CMB, through the angular power spectrum,

has provided precise constraints on cosmological parameters. As shown in Figure 1.2, the

oscillations in the power spectrum are directly linked to the initial baryon acoustic oscillations

in the primordial plasma. The location of the �rst peak is sensitive to the total energy density


 m, while the shape of the spectrum depends on the baryon density
 b.

The existence of the CMB con�rmed several important aspects of cosmology. It validated

the presence of primordial density �uctuations, which are believed to be the seeds of the

large-scale structure of matter observed today. Additionally, it con�rmed the cosmological

principle on large scales and provided strong evidence that the geometry of the Universe is

�at.

Baryonic acoustic oscillations in the distribution of galaxies The expansion of the

Universe, combined with gravitational interactions, caused the initial density �uctuations to

evolve into the large-scale structure of matter we observe today. These �uctuations in the

tracers of the mass distributions, such as the galaxies, exhibit features in their 3-dimensional

power spectrum that are similar to those seen in the CMB radiation. As the Universe cooled,
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Figure 1.2Upper panel: In red, the estimated angular power spectrum of the temperature �uctuations
of the CMB of the Planck 2018 data release. In blue, best �t theoretical prediction from a� CDM
model. Lower panel: Residuals in regards to the model prediction. Errors displayed are the1� interval
which include the cosmic variance. Credits: (Planck Collaboration et al., 2020)

the primordial plasma, through which these perturbations propagated, began to decouple

from radiation, leading to the end of baryon-photon interactions. Unlike the CMB photons,

which are subject to various foreground contamination, the BAO feature is imprinted in the

spatial distribution of the matter, preserving its information. Its characteristic signature is an

excess of mass correlation at separations of' 100h� 1Mpc which roughly corresponds to

the scale of the cosmological horizon at the epoch of decoupling. This characteristic scale

can be used as a standard ruler. Comparing its apparent angular size to its observed redshift

allows us to constrain the distance-to-redshift relation,(1.32), and, therefore the expansion

historyH (z) of the Universe.

The comoving distance, which depends on cosmological parameters, can be constrained

by comparing this standard BAO scale to predictions. Additionally, the study of the galaxy

density �eld, a late-time probe, offers valuable insight into the expansion rate of the Universe

and helps identify any potential discrepancies between early- and late-time measurements.

The investigation of the BAO feature is a relatively recent development in cosmology. It

was �rst noticed as an unusual pattern in the large-scale matter distribution by Broadhurst

et al. (1990), with a theoretical explanation provided later by Eisenstein and Hu (1999). The

�rst major detection of BAO came from the sample of Luminous Red Galaxies (LRG), i.e.

galaxies particularly luminous and nearby that are observed when the sky is not fully dark,
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from the SDSS-I program (Eisenstein et al., 2005). Since then, BAO has become a powerful

and robust probe of cosmology, contributing to highly accurate measurements at different

epochs, enabling the extraction of cosmological parameters consistent with a �at� CDM

cosmology (Alam et al., 2017, 2021).

The most recent galaxy clustering analysis involving the BAO feature has been recently

performed using the �rst data release of the DESI survey (DESI Collaboration et al., 2024),

where BAO analyses were conducted using data from bright galaxies, LRGs, ELGs (emission

line galaxies, i.e., galaxies with strong emission lines in their spectra, which allow precise

redshift measurements), quasars (extremely luminous active galactic nuclei powered by

supermassive black holes, whose light can be observed across vast cosmological distances),

and Ly� forest tracers (a series of absorption lines in the spectra of distant quasars, caused

by intervening clouds of neutral hydrogen, which help map the large-scale structure of the

Universe) in the redshift range0:1 < z < 4:2. To �t the cosmological model, a dynamical

dark energy model was used, incorporating the parametersw0 andwa according to equation

(1.42). The results of this analysis, combined with those from other probes and summarized

in Figure 1.3, show some level of departure from the� CDM model combinations of DESI

with CMB, in particular CMB anisotropies from Planck and CMB lensing data from Planck

and Atacama Cosmology Telescope (ACT), or with SN Ia, PantheonPlus, Union3, and

DESY 5 samples, individually preferw0 > � 1 andwa < 0. For more details see (DESI

Collaboration et al., 2024).

Figure 1.3 the 68% and 95% marginalized posterior constraints from DESI BAO combined with
CMB and each of the PantheonPlus, Union3 and DESY5 SN Ia datasets. The signi�cance of the
tension with� CDM (w0 = � 1, wa = 0 ) estimated from the� � 2 MAP values is 2.5� , 3.5� , and 3.9�
for these three cases respectively. Credits: (DESI Collaboration et al., 2024).



1.2 The standard cosmological model 25

Although the signi�cance of the departure from a� CDM model is still modest, this result

highlights the importance of investigating alternative to the standard cosmological model and

illustrates the fundamental role that the study of the large scale structure will have in this

effort.

1.2.4 Challenges to the� CDM model

While cosmological constraints have reached unprecedented precision over the past decade,

several unresolved issues remain within the� CDM framework:

• Flatness problem: The notion of a �at Universe, dominated by
 m and
 � , implies

that during its early evolution, these parameters needed to be extremely �nely tuned to

result in the Universe we observe today. Any deviation from this �ne balance would

have led to a drastically different cosmological scenario. This issue is addressed by the

theory of cosmic in�ation, which suggests that a rapid expansion of the Universe in

its early moments naturally drives it towards �atness. However, despite its success in

resolving the �atness problem, the exact nature of in�ation remains unknown and is

still a topic of active research. The �atness problem highlights that we are part of a

unique, non-reproducible experiment, which poses challenges for thorough empirical

testing (Dicke, 1972).

• The nature of late-time cosmic acceleration: Although often described by the presence

of a non-zero cosmological constant, no compelling explanation for this acceleration

has been settled on. Precise measurements of the dark energy equation of state have

become crucial, as they may allow us to distinguish between different dark energy

models or modi�ed gravity scenarios (Motta et al., 2021).

• The mass of neutrinos: Massive neutrinos can have a signi�cant impact on the large-

scale clustering of galaxies. Therefore, accurately measuring their mass is essential

to understanding their contribution to the overall energy content of the Universe. A

key question is whether neutrinos can be considered as a component of dark matter

(Abdalla et al., 2022).

• Tension between local and large-scaleH0 estimates: The wealth of observational

data has produced a variety of estimates for the present-day expansion rate,H0.

However, there is a persistent tension between measurements derived from local

Universe observations, such as supernovae and Cepheids, that report a valueH0 =

73:04� 1:04km/s/Mpc(Riess et al., 2022), and those based on large-scale structure

and the CMB, with a valueH0 = 67:36� 0:54km/s/Mpc(Planck Collaboration et al.,

2020).



26 Background cosmology

Despite being favored by multiple observations, the� CDM model remains incomplete, as

no de�nitive explanation has been provided for the aforementioned challenges. To properly

distinguish between the different available scenarios, large datasets and a diverse range of

cosmological probes are needed. In this context, the next generation of large-scale surveys,

such as Euclid (Euclid Collaboration et al., 2024), DESI (DESI Collaboration et al., 2022),

and the Nancy Grace Roman Space Telescope (Dore et al., 2019; Spergel et al., 2015; Wang

et al., 2022), aim to deliver vast amounts of data, including supernovae, galaxy, and quasar

positions, measured through both photometry and spectroscopy.
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On megaparsec (Mpc) scales, the matter distribution of the Universe appears to be highly

inhomogeneous, re�ecting the characteristics of a strongly nonlinear evolution of an initially

highly uniform density �eld. Indeed, the temperature �uctuations in the CMB maps, as

described in Section 1.2.3 are on the order of�T=T ' 10� 5, whereT represents the mean

blackbody temperature of the CMB and the corresponding �uctuations in the matter density

�eld are expected to be of the same order. This implies that the mechanism that ampli�ed

these original �uctuations to form the cosmic structures that we observe today must have

been very ef�cient.

As early as 1902, Sir James Jeans developed a theory that would later provide an analytical

description of this gravitational ampli�cation process. As will be discussed in this chapter

Jeans' theory predicts that small inhomogeneities in a self gravitating �uid are ampli�ed

over time, ultimately leading to the formation of the collapsed structures we observe today.

An analytic solutions to the equations that describe the process, however, exists only in

the limit of small density �uctuations where linear perturbation theory can be applied. Or

for highly symmetric systems like spherical �uctuations. Linear solutions breaks down

for gravitationally bound objects, in which �uctuations in the dark matter component that

dominates the gravity �eld have entered the nonlinear regime and the dissipative baryonic

component becomes gravitationally important in correspondence of the density peaks. An

analytical description of matter evolution in the nonlinear regime can only be achieved for

a few, highly idealized models, such as the spherical collapse model and the Zel'dovich

approximation. In this chapter, I will describe the evolution of structure according to linear

theory, along with velocity perturbations and their effects on the observed redshift, i.e.,

redshift-space distortions. Additionally, I will cover the spherical collapse model and the

Zel'dovich approximation. The latter, in particular, forms the foundation of the Zel'dovich
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reconstruction technique, which I employed in this Thesis and will describe in detail in

Section 3.4.

2.1 Linear perturbation theory

The existence of initial density perturbations implies variations in the mass distribution,

leading to corresponding perturbations in the gravitational potential. Over-dense regions

exert a stronger gravitational pull compared to under-dense ones, and this uneven distribution

of the gravitational potential is referred to as gravitational instabilities. In this framework,

the formation of large-scale structures (LSS) is driven by the evolution of gravitational

instabilities within an expanding background Universe. For a self-gravitating, non-relativistic

�uid such as collisional matter, its dynamics can be described by the following set of

equations:

@�
@t

+ r � (� v) = 0 ; Continuity equation (2.1)

@v
@t

+ ( v � r )v = �
1
�

r P � r � ; Euler equation (2.2)

r 2� = 4 �G�; Poisson equation (2.3)

where� denotes the density of the �uid,v its velocity,P the pressure and� the gravitational

potential. The continuity equation for non-relativistic �uid,(2.1), governs the transport of

density in time. The Euler equation,(2.2), depicts the variation of the �uid velocity through

the interaction of opposite forces at play, in this case, pressure and gravity. Finally, the

Poisson equation,(2.3)relates the gravitational potential to its surrounding density �eld. The

understanding of the growth of structures, is based on initial perturbations in the medium.

The quantities of interest are described as the sum of their background values and small

perturbations, assuming that the perturbations are adiabatic:

� = � 0 + ~� (2.4)

P = P0 + ~P (2.5)

v = v0 + ~v (2.6)

� = � 0 + ~� : (2.7)

The equations of motion of the �uid, (2.1), (2.2), (2.3), can be rewritten as:

@~�
@t

+ r � (� 0~v)+ ~� (r � v0) + v0 � r ~� = 0 (2.8)
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@~v
@t

+ ( v0 � r )~v + ( ~v � r )v0 = �
1
� 0

r ~P � r ~� (2.9)

r 2~� = 4 �G ~�; (2.10)

where we have neglected the products of perturbations since these are second-order terms

and we are considering linear perturbations only. This system of equations represents the

Eulerian description of the �uid, which describes the evolution of quantities at a speci�c

coordinate. However, to express the displacement of perturbations under both gravitational

interactions and the expansion of the background, we switch to a Lagrangian description:

@~�
@t

=
d~�
dt

� (v0 � r )~� (2.11)

@~v
@t

=
d~v
dt

� (v0 � r )~v (2.12)

and substitute them in the continuity and Euler equations,(2.8) and(2.9), obtaining the

following:

d~�
dt

+ r � (� 0~v)+ v0 � r ~� = 0 (2.13)

d~v
dt

+ ( ~v � r )v0 = �
1
� 0

r ~P � r ~� : (2.14)

Let's consider the density �uctuation� , evaluated in the proper coordinatex at timet, de�ned

as the value of the density �eld in regard to a background density� 0:

� (x ; t) =
� (x; t) � � 0

� 0
: (2.15)

The continuity equation can then be rewritten in terms of� :

d�
dt

+ ( r � ~v) = 0 : (2.16)

Finally, to proper account for the expanding background in�uence on the spatial reference

frame suggested byr , we use the comoving distance:

r =
x

a(t)
(2.17)

obtaining the following expression for the derivative:

r r =
1
a

r : (2.18)
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The velocity can be rewritten as:

v =
dx
dt

= r
da
dt

+
dr
dt

a; (2.19)

where the �rst term corresponds to the expansion of the Universe and the second is linked to

the perturbations. The perturbed velocity vector rewrites as follow:

~v = au; (2.20)

with u = d r=dt being the comoving peculiar velocity. By applying these new de�nitions, the

linearized continuity equation can be written as:

d�
dt

+ ( r r � u) = 0 ; (2.21)

and the Euler equation:
du
dt

+2H u = �
r ~P
a2� 0

�
r ~�
a2 : (2.22)

Applying the divergence operator and using Equation (2.22) we obtain:

d2�
dt2 +2H

d�
dt

=
r 2 ~P
a2� 0

+
r 2~�
a2 : (2.23)

Furthermore, the latter equation can be rewritten by using Equation(2.3), and considering

the density �uctuation to be adiabatic, i.e., relating pressure and by considering the sound

speed de�nition for adiabatic perturbationscs = ~P=~� =
q

@p=@�, obtaining:

d2�
dt2 +2H

d�
dt

= �

 

4�G� 0 �
k2cs

a2

!

: (2.24)

Expanding the overdensity �eld delta in Fourier modes� k , Equation(2.24)can be expressed

as adispersion relation:

•� k +2H _� k + ( k2c2
s � 4�G� 0)� k = 0; (2.25)

wherek = jk j is the absolute value of the wavenumber,� k = � k(t) is the amplitude of the

Fourier transform of� (x; t). In the equation above, the term2H _� k is related to the Hubble

friction and the termk2c2
s� k describes the characteristic velocity �eld of the �uid. These two

terms tend to dissipate the �uctuations, hampering their growth. The solutions of Equation

(2.25), which is a second order differential equation for� k , can be separated depending on
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the value of the wavelenght� = 2�=k , in relation to the characteristics scale calledJeans

length, de�ned as:

� J =
2�
kj

=
2�c s

a
p

4�G� 0
; (2.26)

which is expressed in physical units. Let's consider two limiting cases: When� � � J, the

perturbation propagates as sound wave with constant amplitude and with a phase velocity

cph = !=k , where! (k) =
q

k2c2
s � 4�G� 0, with this velocity becoming equal tocs in the

limit � � � J. Thus, in this case, the perturbation oscillates due to the interaction between

pressure and density in the medium. On the other hand, when� � � J, the dispersion relation

has growing and decaying mode solutions, which in con�guration space are expressed as:

� (x; t) = A(x)� + (t) + B� � (t); (2.27)

where A and B are two functions of the comoving coordinates, while� + and� � are the

time-dependent growing and decaying mode, respectively. For a matter-dominated EdS

universe, wherea(t) / t2=3, we obtain the following trends:

� + / t2=3 / a(t) (2.28)

� � / t � 1 / a(t)� 3=2: (2.29)

The decaying mode does not give rise to gravitational instability, i.e., collapsed structures,

thus, we are interested only in the growing solution. For a generic universe, the growing

solution has an integral form given by:

� + (z) = H (z)
Z 1

z

dz0(1+ z0)
H 3(z0)

; (2.30)

which has no analytical solution. However, it is possible to provide a parametric solution, in

the case of a� Universe, to approximate its trend:

f �
d log� +

dloga
' 
 


m +

 �

70

�

1+
1
2


 m

�

; (2.31)

where the factorf is referred to as the linear growth rate of structures. The exponent
 is

predicted by GR to have an approximate value of 0.545 (Coles & Lucchin, 2002). This

relation indicates that, while the matter-energy density
 m plays a dominant role in the

growth of cosmic �uctuations, the cosmological constant� has a relatively minor in�uence.

Observational estimates of the linear growth rate are valuable for probing potential deviations

from GR on cosmological scales. The exponent
 is of premier importance as it explicitly
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depends on the expansion history of the Universe. For example, if its accelerated expansion

were driven by a dark energy rather than a cosmological constant then (Linder, 2003):


 =
3(wDE � 1)
6wDE � 5

: (2.32)

2.1.1 Peculiar velocities

In linear perturbation theory, divergence of the peculiar velocity �eld is linked to the density

�eld through the continuity equation(2.16)(Peebles, 1980). By using the conformal time� ,

introduced by Equation (1.14), that we rewrite here for simplicity as

dt = a(� )d�; (2.33)

it is possible to write the continuity equation as:

d� (x; � )
d�

= �r � v(x; � ); (2.34)

that in Fourier space reads
d� (k; � )

d�
= � ik � v(k; � ): (2.35)

In a matter-dominated era the density perturbations evolve as� + , therefore, the left-hand side

of Equation (2.35) becomes:

d�
d�

= a
d�
dt

= = a�
_� +

� +
= �

d� +

da
da
dt

a
� +

=

=

 
a

� +

d� +

da

!
da
dt

� = afH�;
(2.36)

where we used the de�nition of the growth rate of structures(2.31). Therefore, the continuity

equation can be rewritten as:

� ik � v(k; � ) = afH� (k; � ); (2.37)

leading to

v =
ik
k2afH� (k; � ); (2.38)

that in con�guration space has the following form:

r � v = afH� (x; � ): (2.39)
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2.2 Beyond linear theory

Figure 2.1The Large Scale Structure of the Universe traced by galaxies in the early data from the
Sloan Digital Sky Survey in which can be seen the different cosmic structures from which the Universe
is formed: voids, �laments, and clusters. Credits: (Blanton et al., 2003)

The cosmic structures we observe in the present-day Universe, organized in a coherent

network of nodes and �laments punctuated by clusters and galaxies (see Figure 2.1), are the

end product of the gravitational instability process that we have described in the previous

sections.

To describe the evolution of these objects, which are characterized by large overdensities

(� � 1), linear perturbation theory is not suf�cient. Once the linear regime breaks down,

which typically occurs for� comparable to unity, the Fourier modes� k couple with each other,

and the distribution of the mass overdensity does not follow anymore a Gaussian statistics.

Additionally, it is important to consider that the evolution of the baryonic component differs

from that of DM. Baryons are a collisional and dissipative �uid whose physical status

and chemical composition are affected by stellar feedback processes like Active Galactic

Nuclei (AGN) physics and SN explosions, making it very dif�cult to elaborate a model to

describe their cosmological evolution. Although one typically relies on numerical methods

like N-body to simulate the evolution of matter perturbations in the non-linear regime, it

is important to elaborate simpli�ed analytical models to capture the nonlinear evolution of

cosmic structures under simplifying hypotheses (about geometry or dynamics). If properly
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applied these models can be very useful to describe the properties of speci�c types of cosmic

structures, such as voids, and their cosmic evolution. In this section, we discuss two of these

methods that are relevant for this Thesis: the spherical collapse model and the Zel'dovich

approximation.

2.2.1 Spherical collapse model

The simplest dynamical model that approximately describes the formation of self-gravitating

structures is the evolution of a spherical �uctuation in a homogeneous background, com-

monly referred to as thetop-hat model. This toy model provides valuable insight into the

gravitational evolution of a density perturbation, from the linear regime to the strongly

nonlinear regime. To analytically study the fully nonlinear gravitational evolution, spherical

symmetry is assumed, which simpli�es the differential equations by reducing the degrees of

freedom. Furthermore, this model serves as a bridge between the linear statistical properties

of the matter density �eld and the formation of large-scale structures (LSS).

The evolution of a spherically symmetric perturbation can be analytically described well

into the nonlinear regime, all the way to the gravitational collapse of the formation of the

structure. This so-calledspherical collapse modelwas originally introduced by Gunn and

Gott III (1972), applied to describe the formation and evolution of dark matter halos (Cooray

and Sheth, 2002) and of cosmic voids (Sheth and van de Weygaert, 2004).

Considering an initially spherical perturbation, which may be either positive or negative, it

can be modeled as a closed or open universe, respectively, evolving within an EdS background.

We focus on an initial timet i > t eq, whereteq represents the matter-radiation equivalence

time. Therefore, we examine the evolution of a spherical perturbation with a top-hat density

pro�le during the matter-dominated cosmic epoch, at suf�ciently high redshifts to assume an

EdS model for the background. Assuming the validity of the CP each perturbation can be

treated as an independent Friedmann universe as long as it evolves adiabatically. The only

interaction that needs to be considered in this model is gravitational. We model the spherical

top-hat perturbation as a series of concentric shells. As noted by Sheth and van de Weygaert

(2004), the evolution of the perturbation depends solely on the total energy within the shell

and its peculiar velocity, but not on the radial distribution of the density �eld inside the shell.

Let's consider spherically symmetric perturbation as a set of concentric shells with

respective radiiRi . The massM contained within the perturbation radiusR determines the

acceleration experienced by each shell, and in the Newtonian regime (_R � c andR � c=H)

it is expressed as:
d2R
dt2 = �

GM
R2 = �

4�G
3

� (1+ �) R: (2.40)
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At the initial time:

M =
4�
3

� 0R3
i (1+ � i ); (2.41)

� i =
3

R3
i

Z R i

0
� i (r )r 2dr; (2.42)

with � i being the average value of� i within r i . In the following, we will study the evolution

of a top-hat perturbation in a EdS universe, i.e., �at matter dominated universe. The average

density contrast, detached from the background, can be parametrized as follows (Sheth and

van de Weygaert, 2004), distinguishing between the case of initial overdensities� i > 0 and

initial underdensities� i < 0:

1+ �( � ) =

8
><

>:

9
2

(� � sin� )2

(1� cos� )3 � i > 0
9
2

(sinh � � � )2

(cosh� � 1)3 � i < 0
(2.43)

where� is the adimensional conformal time:

d� =
Ri

R

s �
�
�
�
5
3

� i

�
�
�
�H (t i )dt: (2.44)

In a matter-dominated Universe, the linear growth of perturbations is proportional to the

scale factor� L (a) = � i a=a(t i ). Therefore, by substituting this into Equation(2.43)we �nd

the following relation

� L (� ) =

8
><

>:

3
20

h
6(sinh� � � )2=3

i
� i < 0

3
20

h
6(� � sin� )2=3

i
� i > 0

(2.45)

In this way, by comparing the evolution of the linear and nonlinear density contrast at the

same conformal time� , it becomes possible to recover the linear density contrast value

corresponding to a given nonlinear one, and vice versa. This allows us to map the formation

of halos (overdensities) and voids (underdensities) in the nonlinear regime back to their

counterparts in linear theory.

Overdense perturbations Let us rewrite the nonlinear dynamics of overdensities,� i > 0,

to express it in a form that emphasizes the crucial events occurring in spherical halo formation.

For an overdensity Equation (2.43) has the form:

�( � ) =
9
2

(� � sin� )2

(1 � cos� )3 � 1 (2.46)
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It is possible to distinguish three phases in the evolution of a spherical overdensity:

• Expanding phase: the overdensity starts expanding following the background dynam-

ics, but it stops growing when it reaches the maximus radiusRmax at the so-called

turnaround timetmax reached at� = � .

• Collapsing phase: the overdensity evolves independently of the background and starts

collapsing toward a singularity of vanishing sizeR ! 0. The spherical collapse model

remains predictive during this phase, as long as the shells do not cross each other. The

collapse is reached at� = 2� .

• Virialization: at� = 2� the collapse is predicted. In practice, however, even a small

deviation from sphericity is suf�cient to break the symmetry, leading the perturbation

to undergo a non-collisional collapse followed by virialization (Lynden-Bell, 1967).

The size and density contrast of the virialized object can be calculated using the virial

theorem,2T = W leading toE = T + W = W=2, whereT is the kinetic energy and

W is the potential energy. From this, it follows that the virial radius is approximately

Rvir ' Rmax=2. Assuming that the virialization occurs attvir = t(� = 2� ), this implies

thattvir = 2tmax. It follow that the density at virialization is

�( tvir ) ' 178: (2.47)

As an object begins to virialize, the �uid elements are no longer con�ned to a single stream

regime; instead, multiple streams cross each other, leading to the so-calledshell crossing

condition. The equations above have signi�cant implications for the spherical halo formation

model. The result from Equation(2.47)explains why the virialized region of a cluster is

typically modeled as a sphere with an average density approximately 200 times the critical

density of the universe. This is also the reason why a density contrast of� � 200is commonly

used in spherical halo �nders to identify virialized regions. Another important point, is that

it is possible to match the non-linear evolution and virialization in linear theory. In particular,

using Equation(2.45) we �nd the linear density contrast corresponding to full collapse

evaluated at� = 2� , indicated with� c to recover the notation commonly used in literature:

� c ' 1:69 (2.48)

The quantities in Equation(2.47)are highly sensitive to the cosmological model assumed

for the background universe, particularly with respect to its curvature. Conversely, the

dependence of their linearly extrapolated counterparts is signi�cantly weaker (Jenkins et al.,

2001; Kitayama and Suto, 1996). The quantity� c is the critical threshold for spherical
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collapse, and it is almost cosmology independent. This threshold plays a central role in

models that use the statistics of the initial density �uctuation �eld to describe the clustering

of virialized objects. The power of this simple model is that the linear theory can state when

spherical collapse will eventually occur. The spherical collapse model provides a critical

framework for understanding the nonlinear evolution of overdensities, forming the basis

for the study of virialized structures such as galaxies and clusters, and now extends to the

analysis of the main characters of this Thesis, i.e., voids.

Underdense perturbations Let's see the evolution of underdense regions� i < 0, which

signi�cantly differs from those of its overdense counterparts. The evolution of an underden-

sity never reaches turnaround and continues to expand forever, unless� i > 0 on some larger

scale, as in the void-in-cloud scenario (Sheth and van de Weygaert, 2004). These underdensi-

ties, typically referred to asvoids, exhibit a net radial acceleration directed outward from

the sphere's center. This acceleration is directly proportional to the mean density contrast

�( r; t ) of the void. Notably, the inner shells, being more underdense, experience a greater

outward acceleration compared to the outer shells. In the case of underdensities, Equation

(2.43) becomes

�( � ) =
9
2

(sinh� � � )2

(cosh� � 1)3
� 1: (2.49)

Nevertheless, Sheth and van de Weygaert (2004) showed that under particular conditions of

the initial density pro�le, shell crossing can also occur also for spherical underdensities. In

particular, they �nd that the density contrast corresponding to shell crossing is

� sc ' � 0:7953 (2.50)

to which corresponds a liner density contrast of� L
sc ' � 2:717.

In the literature (Jennings et al., 2013; Sheth and van de Weygaert, 2004), shell crossing

has often been considered the de�ning event for void formation, similar to halo formation.

However, this parallelism is unnecessary, as shell crossing in voids is dependent on the initial

density pro�le and is unlikely to occur for realistic pro�les (Verza, 2022). While halos form

through collapse and virialization, which can be mapped to linear theory using the collapse

threshold� c, voids are extended regions that evolve by reaching a �xed density contrast.

The linear threshold for void formation� v does not correspond to any speci�c event, but

since shell crossing typically does not occur for observable voids , a map between linear and

nonlinear theory always exists. Thus, void formation can be understood through linear theory

without requiring shell crossing, and this constitute a key point for the modeling that will be

presented in Section 4.2.
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In conclusion, the evolution of spherical voids is characterized by expansion, in contrast

to the collapse observed in overdense regions. As this expansion progresses, the boundaries

of the voids become denser, while the central regions experience a further reduction in

density contrast. Icke (1984) demonstrated that voids tend to evolve into spherical shapes,

unlike collapsing structures, which typically develop into �lamentary or sheet-like forms.

Additionally, the expansion of a void can be viewed as a time-reversed version of overdensity

collapse, leading to the suppression of any initial asphericity in the underdense regions.

2.2.2 Zel'dovich approximation

Another analytical solution to the cosmological density perturbation evolution can be obtained

by making a simplifying hypothesis on the kinematic of the system rather than on its geometry.

This approximation was �rst proposed by Zel'dovich (Zel'dovich, 1970) and later recognized

as a 1st order perturbative solution to the growth of density �uctuations in a lagrangian

framework. Despite its simplicity the so-called Zel'dovich approximation (ZA) is able to

describe the evolution of the cosmological overdensity well into the nonlinear regime and to

predict the occurrence of the different types of cosmic structures (clusters, voids, �laments);

see Shandarin and Zeldovich (1989) for an extensive review of the ZA and its applications.

Here we brie�y outline the theory behind the ZA focusing on its use in the context of the

back in time cosmological reconstruction.

The cosmological perturbation theory presented above, is formulated within the Eulerian

framework, which examines the evolution of perturbations in terms of the density �eld

� (x) and the velocity �eldv(x) at a speci�c spatial positionx within the �uid element.

An alternative approach can formulated within the Lagrangian framework, the so-called

Lagrangian Perturbation Theory (LPT), where the evolution of individual �uid elements

is tracked through both space and time. Each element within the �uid is de�ned via its

Lagrangian coordinateq, and the dynamics of the cosmological �uid is fully characterized by

the displacement �eld			( q; t), such that at a generic timet, the Eulerian position of the �uid

element labeled by its initial positionq. The relation between these quantities is expressed

by the Zel'dovich approximation:

x(q; t) = q+			( q; t): (2.51)

The ZA constitutes a linear approximation with respect to the particle displacements rather

than the density. It is also clear that Equation(2.51)involves the assumption that the position

and time dependence of the displacement between initial and �nal positions can be separated.

Notice that particles in the ZA execute a kind of inertial motion on straight line trajectories.
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An important consequence of the ZA comes from the fact that it is conventional to describe

the ZA as a �rst-order Lagrangian perturbation theory, and the aim of LPT is to obtain a

perturbative solution for the displacement �eld			 .

The displacement can be linked to the matter overdensity via the following relation:

� (x; t) �
� (x; t) � ��

��
=

Z
d3q� (3)

D (x(t) � q � 			( q; t)) � 1 (2.52)

where� (3)
D is the three-dimensional Dirac function. The latter equation in Fourier space

becomes

� (k; t) =
Z

d3qe� i k�q
�
e� i k�			( q;t ) � 1

�
(2.53)

Let's expand			 as in (Padmanabhan et al., 2009)			 = 	 		 (1) +			 (2) + :::, obtaining the following

relation for Equation (2.53):

� (k; t) =
Z

d3qe� i k�q
�

e� i k�(			 (1) +			 (2) + :::) � 1
�

=

=
Z

d3qe� i k�q
�
� i k � 			 (1)

�
+

Z
d3qe� i k�q

"

� i k � 			 (2) �
(k � 			 (1) )2

2
+ :::

# (2.54)

Truncating the perturbative expansion to ordern in the displacement �eld			 yields the

recursive equations for the overdensity �eld� in term of the displacement �eld. Considering

only the �rst order in the expansion, we obtain the following relation :

� L (k) =
Z

d3qe� i k�q
�
� i k � 			 (1)

�
: (2.55)

Considering that the right hand side of the latter equation corresponds to the Fourier transform

of the divergence of the displacement �eld, it can be rewritten in the following form:

r � 			 (1) (q; t) = � � L (x; t): (2.56)

which in Fourier space becomes:

			 (1) (k) =
ik
k2 � L (k); (2.57)

The solution to these differential equations, speci�cally the ability to derive the displace-

ment �eld from the knowledge of the matter density �eld, forms the core of the Zel'dovich



40 Structure evolution

reconstruction technique, which will be presented in detail in Section 3.4 and extensively

employed in our analysis of cosmic voids.



3 Statistical properties of the observed
Universe

In the previous chapter, we examined the evolution of dark matter structures in both the linear

and nonlinear regimes. However, in observational cosmology, we do not have direct access

to the distribution of matter itself but rather to its luminous counterpart, namely galaxies,

whose distance must be estimated. This process inevitably introduces errors of random

and systematic type. The latter being usually referred to asdistortions. In this chapter,

I focus on the connection between the theory of structure evolution and the observable

galaxy �eld, by studying the statistical properties of the density �uctuation �eld,� (x ; t),

as traced by galaxies. This connection can be done by implying a speci�c observational

probe:Galaxy clustering, which refers to the clustering patterns exhibited by galaxies in

their spatial distribution. In order for galaxy clustering to be a probe for precision cosmology

very large datasets containing millions of objects distributed over very large volumes are

required. These datasets are acquired through extensive observational programs known

as galaxy surveys, which map the three-dimensional positions of galaxies. Their analysis

requires ef�cient statistical tools to compress information and sophisticated techniques to

account for the systematic uncertainties derived from the observational techniques adopted to

map the distribution of the galaxies. In the following sections, I will introduce the statistical

tools used in the study of Galaxy Clustering (Sections 3.1.1 and 3.1.2), together with the

connection between the observed galaxy �elds and the underlying matter distribution 3.2,

which is the important for bridging the theory of structure formation with the observations.

In Section 3.3, I will discuss the challenges posed by observational effects and the associated

distortions. Finally, I will describe a key technique used to mitigate the effect of one of the

sources of distortions (Section 3.4).
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3.1 Two-point statistics for galaxy clustering

An ef�cient way to compress the information contained in a cosmological matter density �eld

is through its two-point statistics. This is because the initial cosmological density �uctuation

�eld, as con�rmed by observations of the CMB, is highly Gaussian. The statistical properties

of a Gaussian �eld are fully determined by its two-point statistics. These statistics can be

expressed either in Fourier space, through thepower spectrum, or in con�guration space,

via thetwo-point correlation function. Both will be described in detail in the following two

sections.

3.1.1 The matter power spectrum

The evolution equation,(2.25), obtained in the linear approximation is solved independently

for each Fourier mode� k in which the mass density �eld can be expanded giving:

� (x) =
1

(2� )3

Z
d3k e� i k �x � (k): (3.1)

In other words, linear evolution does not mix different Fourier modes and, for this reason, all

relevant information is contained in the Power spectrum,P(k), de�ned as the expectation

value of the product

h� (k)� � (k0)i = (2 � )3P(k)� (3)
D (k � k0); (3.2)

i.e. the �rst non trivial moment of the� (k) �eld, where � (3)
D is the 3-dimensional Dirac

delta function, and� � (k) = � (� k) due to the reality condition of� , with the superscript "*"

indicating the complex conjugate. The CP guarantees the statistical isotropy, thereforeP(k)

should depend only onk = jkj.

According to in�ationary theory, primordial density perturbations arise from stochastic

quantum �uctuations in a scalar �eld (i.e., the in�aton) (see Guth and Pi (1982)). The 1-point

probability of their amplitude is well approximated by a Gaussian distribution whose width

is fully characterized by theP(k). The shape of this primordialP(k) is expected to exhibit a

power law behavior, expressed as

P(k) = Akn ; (3.3)

whereA is the amplitude of the primordial power spectrum, and the spectral indexn is

typically assumed to be close to unity (Zeldovich, 1972). The amplitudeA grows linearly

when �uctuations are small, and it can be directly inferred from observations of temperature

�uctuations in the CMB (Planck Collaboration et al., 2020).
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However, when the evolution of structures becomes nonlinear, the relationship with the

primordial amplitude becomes more complex to determine. For this reason, the amplitude of

the power spectrum at later times (closer to the present epoch) is speci�ed after �ltering the

density �eld on large enough scales to eliminate nonlinear effects. Conventionally, this is

done by �ltering the observed overdensity �eld with a spherical top-hat function of radius

8 h� 1 Mpc which de�nes the commonly used parameter� 8:

� 2
8 =

1
2� 2

Z
P(k)k2W2(R = 8 h� 1Mpc)dk; (3.4)

whereW represents the window function employed for the �ltering process.

After discussing about the amplitude, it is important to note thatP(k) is also characterized

by its shape, which re�ects the relative importance of �uctuations on different scales. At

the present epoch, the shape of the power spectrum is no longer the primordial power-law

form, as various processes throughout cosmic history have affected the dynamics of structure

formation differently across different scales. Finally, as will be discussed in Section 3.3,

systematic effects associated with the quantities observed to determine the power spectrum

experimentally can break the assumption of statistical isotropy, causingP(k) to depend not

only on the magnitude ofk but also on its direction.

3.1.2 The two-point correlation function

Alternatively, when clustering analyses are carried out in con�guration, rather than Fourier

space, the tool for accessing 2-point statistics is the 2-point correlation function (2PCF). In

analogy with theP(k), it is de�ned as the expectation value of two overdensities measured

at any two spatial locationsx1 andx2:

� (x1;x2) = h� (x1)� x2)i ; (3.5)

or, by implying the CP, leveraging on the statistical homogeneity, the previous relation

becomes:

� (r ) = h� (x)� (r )i ; (3.6)

wherer = x2 � x1 is the separation vector. Because of statistical isotropy, this statistics in

only sensitive to the modulus of the separation vectorr = jr j:

� (r ) = � (r ): (3.7)
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By combining(3.1)and(3.5)one can show that the 2PCF and theP(k) form a Fourier pair

� (r ) =
1

(2� )3

Z
d3kP(k)ei k �x : (3.8)

Assuming that the mass density �eld� (x) is traced by a discrete set of point-like masses

� (x) =
P

i mi � D (x � x i ), where the sum is taken over all the mass points labelled byi and

found at positionx i . If we identify galaxies as mass tracers then the 2PCF can be interpreted

as the excess probability of an object at a distancer from another, randomly selected in the

sample. To see this let us assume that all galaxies have the same mass, i.e.,mi = m, then the

mean density ish� i = nV m, wherenV is the mean number density of tracers in the sampled

volumeV. The probability of �nding a point in a small volumedV centered at the position

x is dP = m� 1� (x)dV. The joint probability �nding a point indV1 anddV2 separated by a

distancer is then:

d2P =
h� (x)� (x + r )i

m2 dV1dV2 =

= n2
V

h� (x)� (x + r )i
h� i 2 dV1dV2 =

= n2
V [1+ � (r )]dV1dV2;

(3.9)

where isotropy is assumed in the last equation. The probability1 + � (r ) can also be

interpreted as the mean mass density pro�le surrounding a generic galaxy in the Universe. If

there were no clustering, the galaxies would be Poisson distributed and the 2PCF would

result null � (r ) = 0 . Alternatively, overdense regions will be charecterized by� (r ) > 0,

while underdense regions by� (r ) < 0. As a result, integratingnV � (r ) over a spherical shell

provides the excess of objects in the shell with respect to the Poisson case, i.e., allows to trace

the over or under density pro�le of mass tracers around a generic object in the sample. If one

considers two sets of tracers, i.e., galaxies and voids in our case, the 2PCF will naturally

become thecross-correlation functionof void-galaxy pairs, described in details in Section

4.3, and will then provide the mass density pro�le of the generic void as traced by galaxies.

It is worth mentioning that all these de�nitions are given considering the true positions

of objects, the so-calledreal space, assuming that distances of all galaxies and, conse-

quently, their relative separations, were correctly measured. Distortions effects deriving from

systematic errors in assigning distances will be discussed in Section 3.3.
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3.2 Galaxy-matter connection

Since we cannot directly observe dark matter, but only luminous mass tracers of the

underlying matter distribution, a fundamental challenge in cosmology is to quantify the

mapping between a set of discrete mass tracers such as galaxies and the continuous density

�eld of the matter, a large fraction of which is, according to the� CDM mode, dark.

One simple observations reveals the complexity of the problems: different types of mass

tracers, e.g., galaxies vs. clusters or early vs. late type galaxies, do not have the same

clustering properties. This means that that the galaxy-to-mass mapping is non trivial. We

call this mapping thegalaxy bias(Desjacques et al., 2018). To get more quantitative, we

need to establish a relation between the overdensity in the number counts of the mass tracers,

expressed via

� tr �
Ntr (V) � �Ntr (V)

�Ntr (V)
; (3.10)

whereNtr and �Ntr are the number of tracers and the mean number of tracers, respectively,

and the overdensity of the underlying matter� M as a function of space and time.

Ideally, the biasing relation could be obtained from �rst principles if we had a self

consistent theory for the formation and evolution of the galaxies. Unfortunately, such a

theory does not exists yet. However, the most advanced galaxy formation models show

that the biasing relation is a very complicated one, being scale-dependent, nonlinear, non-

local and, possibly, non deterministic. However, these models also suggests that on scales

signi�cantly larger than those interested by galaxy formation processes, that is to above a

few tens of Mpcs, the biasing relation is expected to be a simple linear one (Kaiser, 1984):

� m = b�tr ; (3.11)

with the so-called linear biasing parameterbcapturing the essentials of the galaxy populations

included in the sample used to under the clustering properties of the matter. In other words,

the linear bias parameter is expected to depend on the galaxy type (or the galaxy mix) and

to evolve with the time, but to be spatially constant (Sheth and Tormen, 1999). Because of

this, the 2PCF of the tracers is expected to be simply proportional to that of the matter on

suf�ciently large scales

� tr = b2� m: (3.12)
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In this Thesis we will be interested in tracing the void density pro�le using halos and galaxies

by measuring their spatial cross-correlation function. And, more speci�cally, to include

small voids that are typically discarded in this type of analysis. Therefore, it may seems

questionable to adopt the linear bias hypothesis when considering structures whose size is of

the order of a few tens of Mpc. It should be kept in mind, however, that galaxies in voids

have separations that are, on average, signi�cantly larger that that in the rest of the Universe.

As a result, galaxy formation processes are less likely to affect their clustering properties and

the linear biasing assumption more likely to remain valid.

3.3 Sources in anisotropy and their impact on the clustering

analyses

So far, the discussion on clustering statistics has assumed that all tracers are located at their

real-spacepositions. However, actual positions can only be determined for speci�c types of

objects, known as distance indicators, for which distances can be measured directly—though

typically with signi�cant uncertainties. For this reason, catalogs of distance indicators

contain a limited number of objects that trace the underlying mass distribution sparsely and

non-uniformly, making them quite ineffective for clustering analyses.

For this reason, spectroscopic redshift surveys are generally preferred. These are large

observational campaigns where both the angular position (expressed as Right Ascension,

RA, and Declination, DEC, when using Equatorial coordinates) and the redshift of each

detected object are measured with good precision. To map the three-dimensional distribution

of these objects, redshifts must be converted into distances, and the clustering analysis is then

conducted in what is known asredshift space. This transformation is not straightforward

for two main reasons: �rst, the challenge of measuring galaxies' peculiar velocities often

leads to the assumption that the total measured redshift is solely due to the Hubble expansion;

second, the conversion depends on an assumed cosmological model, which may differ from

the true one. These effects, referred to as Redshift Space Distortions (RSDs) and the Alcock-

Paczýnski (AP) effect, respectively, must be carefully addressed when analyzing data in

redshift space, as will be discussed in the following sections.

The two types of distortions are illustrated in a simpli�ed way in Figure 3.1, where the

real position of a galaxy is shifted due to the combination of having ignored the peculiar

velocity along the line of sight (LOS), denoted asv r (i.e., RSD), and the incorrect distance

estimate resulting from the use of an inaccurate �ducial cosmological model. Both effects

displace objects along one preferential directions, the radial one, and therefore the resulting
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�! vr

�d

Observer

Line-of-sight

Figure 3.1Simpli�ed illustration of the effect of distortions for a galaxy in redshift space. The real
position of a galaxy, (the closer to the observer) is shifted due to the combination of the contribution
from the peculiar velocity along the line of sight (LOS), denoted asv r (i.e., RSD), and the incorrect
distance estimate�d resulting from the use of an inaccurate �ducial cosmological model, AP effect.

3-dimensional distribution of the objects violate statistical isotropy. Also, the two effects are

partly degenerate and induce similar distortions in the clustering statistics, as described in

details in the following sections.

3.3.1 Redshift space distortions

The observed redshiftzobs results from the combination of two contributions: the cosmologi-

cal redshift,zh of a galaxy, and a Doppler effect due to the LOS component of its peculiar

velocity,zd = vk=c. The observed redshift can be expressed as:

1+ zobs = (1+ zh)(1+ zd): (3.13)

The true position of the galaxy is computed by estimating its distance corresponding to the

cosmological redshiftzh via the distance-redshift relation, Equation (1.31),

d(zh) =
Z zh

0

cdz0

H (z0)
: (3.14)
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However, in redshift surveys, distances of galaxies are estimated from the observed redshift

that includes both contributions. Since peculiar velocities are related to the underlying density

�eld and highly correlated, ignoring their contribution in(3.14)results in systematic errors

in the estimated distance of the galaxies and, consequently, in systematic distortions in their

3-dimensional map.

Figure 3.2 shows a schematic representation of the effect of RSD. In the upper panel, three

different types of circularly symmetric structures as seen in real space along with their

respective peculiar velocity �eld (yellow arrow). The case on the right represents the case of

a moderate overdensity. Since in the linear regime the negative divergence of the velocity

�eld is proportional to the mass overdensity, all arrows are directed towards the center of the

structure, representing matter accretion. In the center it is shown the case of an underdense

region. The divergence of the peculiar velocity �eld is now positive and the matter is

out�owing. On the right is shown the case of a large overdensity, for which linear theory does

not apply anymore and the peculiar velocity �eld is spatially incoherent, as in a virialized

galaxy cluster. The middle row, labeled as "Redshift space", shows the same structures as

seen by an observer that has used the observed redshift (rather than the cosmological redshift)

as a distance proxy. The corresponding distortion along the radial direction is described in

the �gure caption.

These distortions need either to be corrected for or modeled before comparing observa-

tions to theory prediction. In this thesis we shall follow the �rst route and use reconstruction

techniques to correct for RSD before performing a clustering analysis. However, for a better

understanding of the impact of the RSD and the whatever residual RSD-related effect could

still be present after an imperfect reconstruction it is useful to explicitly model the effect of

the RSD on the 2-point clustering statistics. Let us then write explicitly the relation between

the estimated position of the objectxobs, the true onex and its peculiar velocity vectorv:

xobs = x +
1+ z
H (z)

v � n̂ ; (3.15)

wheren̂ = xobs=jxobsj is the LOS direction. The latter equation is expressed in the limit

zd � zh.

The galaxy overdensity measured in redshift space can be expressed as the sum of the

galaxy overdensity in real space plus a term depending on the �rst derivative of the peculiar

velocity �eld:

� g;RSD(xobs) = b�m(x(xobs)) �
@

@x

"
v � n̂

a(z)H (z)

#

: (3.16)
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Figure 3.2Left-hand and central panels.Schematic representation of the effect of redshift- space
distortions on large and linear scales for overdensity (left) and underdensity (center). As galaxies
move away from underdense regions, and are directed towards overdense regions, these regions appear
elongated and �attened along the line of sight when seen in redshift space, respectively.Right-hand
panel.Representation of the RSD effect in a smaller and virialised region like a cluster. Here, the
galaxies are spread out in redshift space due to the large velocity dispersion, yielding large radial
patterns in the wedge diagrams, the so-called �ngers-of-God effect.

This expression holds under the following assumptions: linear galaxy bias, mass conservation

(also valid for tracers), peculiar velocities are small compared to the expansion velocity, and

overdensities are suf�ciently small to apply linear theory (Hamilton, 1998).

Applying the distant observer approximation (�at sky), allows us to approximate the

direction vector of each galaxy in the sample with the direction pointing in the center of

the volume containing the sample. It is convenient to place this direction along the z-axis.

Therefore, replacinĝn with ẑ in the previous equation, and performing the Fourier transform

we obtain:

� g;RSD(k) = b�m + f
Z d3k0

(2� )3 � m(k0)(k0� ẑ)2
Z

d3xei (k0� k) : (3.17)

The integral overx yields(2� )3� (3)
D (k0� k). Therefore, de�ning� k = k̂ � ẑ as the cosine of

the angle between the LOS and the wavevector we obtain theKaiser formula(Kaiser, 1987)

that relates the observed density �eld in redshift space with the underlying matter density

�eld in real space at linear order:

� g:RSD(k) = [ b+ f � 2
k ]� m(k): (3.18)
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It is possible to notice that, since the factorf � 2
k is positive de�nite, the overdensity mea-

sured in redshift space is enhanced with respect to the real space counterpart. While, for

underdensity is the opposite, being more deployed of matter in redshift space with respect of

real space, with the constraint that� < � 1. It is often useful to work with the adimensional

distortion parameter:

� =
f
b

(3.19)

By putting� in Equation (3.18) we obtain:

� g;RSD(k) = b[1+ �� 2
k ]� m(k): (3.20)

The corresponding 2-point clustering statistics evaluated in redshift space can be ex-

pressed as follows

Pg;RSD(k) = P(k)
h
b+ f � 2

k

i 2
Power spectrum

� g;RSD(r ) = � (r )
h
b+ f � 2

i 2
2-point correlation function

(3.21)

3.3.2 Alcock-Paczýnski distortions

In cosmology, distances are estimated from the measured redshift using Equation(1.31).

This relationship depends on the expansion history parameterH (z), which itself depends

on cosmological parameters such asH0, 
 m , and
 � , as described in Section 1.1.6. To

compute the distance to galaxies, which is crucial for performing clustering analyses, one

must assume a�ducial cosmology, i.e., speci�c values for the parameters that de�neH 0(z),

where the primed superscript stands for �ducial quantities.

If the �ducial cosmology differs from the true cosmology of the Universe, represented by

H , the parameterH 0would be incorrect, and thus the derived distances, denoted byd0, would

also be inaccurate and different from the true onesd. However, this discrepancy presents an

opportunity to test the cosmological model and determine how much the �ducial cosmology

deviates from the true one. Although we do not have direct measurements of distances for

comparison, we can rely on the methodology introduced by Alcock and Paczynski (1979).

This method is known as the Alcock-Paczyński (AP) test, and the distortions arising from an

incorrect cosmological model are referred to as AP distortions. The AP test uses objects that,

on average, are spherically symmetric in real space, according to the CP, and are known as

standard spheres. For these objects, the extent along the line of sight,dk, is expected to be

equal to the extent perpendicular to the line of sight,d? . In the presence of AP distortions,

this equality no longer holds.
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The transverse position assigned to a pair of galaxies are

(x0
? ;1;x0

? ;2) = D0
A � (� 1; � 2); (3.22)

whereDA is the angular-diameter distance de�ned in Equation(1.38)and(� 1; � 2) is the

angular separation from the center of the pair. The true transverse position can be evaluated

via

(x? ;1;x? ;2) = DA � (� 1; � 2): (3.23)

Taking the ratio of Equation(3.22)and(3.23), and indicating withx? the perpendicular

component of the pair separation, we obtain:

x0
? =

D0
A (z)

DA (z)
x? ; (3.24)

where the redshiftz is that of the pair center which, for the galaxy pairs that are typically

used for clustering analyses, is similar to that of the galaxy members. Similarly, clustering

analyses over large volumes are typically subdivided into independent redshift shells, with

each shell having a mean redshiftz = �z . One can thus de�ne the radial component of the

pair separation as follows:

x0
k = d0(z) � d0(�z) =

Z z

�z

dẑ
H 0(ẑ)

=
z � �z
H 0(�z)

+ O(z � �z); (3.25)

where it was usedd(d)=dz = 1=H, and it was assumed that the width of the redshift shell

encompassing the pair is small compared to its distance from the observer,�d � d. The

same relation of Equation (3.25) holds for the true cosmology:

xk = d(z) � d(�z) =
Z z

�z

dẑ
H (ẑ)

=
z � �z
H (�z)

+ O(z � �z): (3.26)

Combining the two equations it is possible to obtain a relation that quanti�es the radial

stretch in terms of the Hubble functions in the �ducial and true cosmology:

xk =
H 0(�z)
H (�z)

x0
k: (3.27)

Furthermore, we can quantify the magnitude of the AP effect along and across the LOS to

the pair with the twoanisotropic dilation parametersde�ned as:

qk =
H 0(�z)
H (�z)

q? =
DA (�z)
D0

A (�z)
: (3.28)
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It is also convenient to introduce the parameter� de�ned as the ratio of the two parameters

de�ned above:

� �
q?

qk
=

DA (�z)H (�z)
D0

A (�z)H 0(�z)
: (3.29)

The AP distortion affects the clustering statistics. It is possible to include the AP distortion

term into the expression for the observed density �eld� g;obs by including the distortion term

�d in the derivation of Equations(3.15)and(3.16), where�d is the difference between the

distances in the true and in the �ducial cosmology

d0(z) = d(z)+ �d: (3.30)

By plugging this term in Equation(3.15), we get the mapping between real and redshift

space including both geometric (AP) and dynamic (RSD) distortions (Dodelson and Schmidt,

2020):

xobs = x+

 

�d (z)+
vk(x)

aH(z)

!

n̂: (3.31)

With the same assumptions of Equation(3.16)we obtain the following relation that links the

galaxy density �eld in redshift space (including both AP and RSD) with the matter density

�eld in real space:

1+ � g;obs(xobs) =

 

1�
2�d
x

+
H

H 0� H

! (

1+ b�m[x(xobs)] �
@

@x

"
v � n̂

a(z)H (z)

#)

: (3.32)

The corresponding 2-point clustering statistics evaluated in redshift space including both

AP and RSD can be expressed using Equations(3.21)and evaluating the coordinates from

true to �ducial ones vector transforming from the as follows

Pg;obs(kobs; �z) = P(k)
h
b+ f � 2

k

i 2
�
�
�
�
�
�
k=( k1

obs=q? ;k2
obs=q? ;k3

obs=qk )

Power spectrum

� g;obs(robs; �z) = � (r )
h
b+ f � 2

i 2
�
�
�
�
�
�
r=( r kqk ;r ? q? )

2-point correlation function

(3.33)

The AP test has been successfully applied or proposed for various cosmic structures ex-

pected to exhibit statistical isotropy. Examples include measurements of the auto-correlation

function of brightness temperature in 21-cm maps of the epoch of reionization (Nusser,

2005), the BAO peak in the anisotropic galaxy 2PCF (Percival et al., 2010), the full-shape

analyses of the same statistics (Marulli et al., 2012), and the density pro�le of cosmic voids

(Lavaux and Wandelt, 2012; Ryden, 1995), a key aspect of this Thesis.
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3.4 Reconstruction techniques

In the previous section, we introduced the distortions encountered when measuring galaxy

distances. From Equation(3.32), it is clear that these distortions, though caused by different

sources—one geometric (AP) and the other dynamical (RSD)—are degenerate. Consequently,

it is not possible to analyze the two distortions independently to extract cosmological

information. It is therefore necessary to develop models that �rst takes into account for RSD,

and consequently performs the AP test. However, modeling RSD requires understanding the

peculiar velocity �eld of galaxies, which is a complex task. Fortunately, there are powerful

techniques that, instead of modeling the RSD analytically, allow for a numerical treatment.

These methods reconstruct the tracer �eld in the absence of RSD and are referred to as

velocity reconstruction techniques(here referred to as reconstruction techniques) .

By employing reconstruction, it is possible to reconstruct the real-space positions of

galaxies, which allows to correct for the distortions introduced by peculiar velocities along

the LOS. Reconstruction techniques like these are widely applied in cosmological surveys,

allowing researchers to improve the accuracy of cosmological parameter estimation by

making the density �eld more interpretable. They help isolate the effects of cosmic expansion

from those caused by local dynamics (i.e., peculiar velocities), leading to a more precise

measurement of the underlying matter distribution. Reconstructions are not only used for

removing RSD, but also for "undoing" the displacement of galaxies caused by the growth

of structures, effectively tracing this displacement back in time. This process is crucial

for mitigating the non-linear effects that arise during the late stages of structure evolution,

when gravitational collapse becomes dominant. Nonlinearities in the density �eld make it

more dif�cult to analyze large-scale structure, as they blur the features that are valuable for

cosmological analysis, such as the BAO peak. By applying the reconstruction technique, we

attempt to recover a more linear version of the density �eld, enhancing the signal-to-noise

ratio for features like the BAO peak, (see e.g. Eisenstein et al., 2005; Padmanabhan et al.,

2012; Ross et al., 2017). There are several types of reconstruction algorithms, each based on

different principles. Among them, we can mention reconstructions based on the cosmological

least action principle, such as FAM and eFAM (Nusser and Branchini, 2000; Sarpa et al.,

2021), or Deep Learning-based reconstructions (Veena et al., 2022).

In this Thesis, I used a reconstruction method based on the Zel'dovich approximation,

previously introduced in Section 2.2.2, with the purpose of removing RSD without moving

tracers back in time. Recently, the method of Zel'dovich reconstruction for eliminating RSD

has also been applied to cosmic voids, with a focus on estimating the linear growth rate,f

(Nadathur et al., 2019; Radinović et al., 2023).
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3.4.1 Zel'dovich reconstruction

The core of the Zel'dovich reconstruction is based on Equation(2.56)and its Fourier space

analog (2.57), that we rewrite here for sake of clarity:

r � 			 (1) (q; t) = � � L (x; t) Con�guration space

			 (1) (k) =
ik
k2 � L (k) Fourier space

(3.34)

The solution of this differential equations allows one to estimate a displacement �eld			 (1)

from a linearly evolved mass overdensity �eld. The initial step in addressing Equation(3.34)

involves �ltering out nonlinear modes to obtain a linear overdensity �eld, indicated by the

subscriptL in Equation(3.34). This is achieved by smoothing the galaxy number density

�eld using an appropriate �lter. The linear biasing hypothesis can then be applied to this

smoothed �lter, implying that the linear mass overdensity �eld is simply proportional to the

smoothed galaxy density one. In Fourier space this operation corresponds to (Padmanabhan

et al., 2009)

S(k)� obs / S (k)� L ; (3.35)

whereS(k) represents the smoothing kernel that acts like a low-pass spatial �lter, damping

high k modes (lower scales inx), which are more affected by nonlinearities. The choice

of the smoothing is crucial, as it depends on the characteristics of the sample. A �lter

that is too large would overdamp density �uctuations, systematically underestimating the

displacement �eld's amplitude. In contrast, a �lter that is too narrow would not adequately

reduce nonlinear effects, introducing biases into the reconstruction. Thus, the appropriateness

of the smoothing kernel must be evaluated through numerical simulations on a case-by-case

basis. By combining Equations (3.35) and (3.34) one obtains:

			 ZA (k) = i
k
k2S(k)� obs = S(k)			 (1) (k); (3.36)

which links the smoothed version of the observed density �eld with the displacement �eld.

As described in Section 3.3.1, matter density perturbations are observed at the redshift space

positions for which the radial coordinates was inferred from the measured redshift. The

ZA reconstruction can account for this distortion as long as perturbation theory applies.

In this case, the linearized continuity equation that links the peculiar velocity to the linear

mass density contrast, Equation(2.35)also repeated below, can be expressed in terms of the

displacement �eld

v(k) = aHf
ik
k2 � L (k) = aHf 			 ZA (k): (3.37)
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The latter equation is exploited for writing the expression for the displacement �eld in redshift

space (Nusser, 1994), which reads as:

			 s = 			 ZA +			 RSD = 			 ZA + f (			 ZA � ẑ)ẑ; (3.38)

where			 RSD = v=aHf is the apparent displacement in the radial direction which we identify

with that of thêz axis having assumed the distant observer approximation. The analogous

expression reads

			 s(k) = (1+ f � 2
k)			 ZA (k); (3.39)

where the second term in parenthesis is the Kaiser linear factor that accounts for RSD(3.18),

and� k is the cosine angle between the displacement vector and the LOS. Therefore, assuming

a linear bias approximationb, the equation to solve for ZA, Equation (3.34), becomes:

r � 			 ZA (k)+ � r � [(			 ZA (k) � ẑ)ẑ] = �
� sm

b
; (3.40)

where� sm is the galaxy density �eld convolved with the smoothing �lter� sm = � gS(k). The

solution of this differential equation is the displacement vector �eld which, combined with

Equation(3.39), allows one to estimate the apparent displacement and applying it to move

the objects from their redshift to their real space positions. We notice that to solve(3.40)

one needs to assume a value for both the bias parameterband the distortion parameter� (or,

alternatively, for the growth ratef ). Hence, the so-calledreconstructed spaceis obtained

shifting galaxy positions by� 			 RSD to approximately remove RSD from the galaxy observed

�eld.

Implementation

In this Thesis to perform the Zel'dovich reconstruction we use the publicly available

LinearVelocity package (Sarpa et al. in prep)1. The code takes in input the galaxies

positions in redshift space and returns their positions in real space. The reconstruction code

employs theMultiGridReconstruction method, proposed by White (2021) and

integrated in the Python packagePYRECON2.

In addition to galaxy positions one needs to specify a �ducial value forRs the radius of the

smoothing �lterS(k) set to be Gaussian, the number of the cellsNcell in the cubic grid on

which the various �elds are interpolated and the selection function of the catalog. This

quantity, de�ned as the probability to observe a galaxy at any point in space, is provided in

1https://gitlab.com/esarpa1/linear_velocityavailable upon request at esarpa@sissa.it
2https://github.com/cosmodesi/pyrecon/tree/main
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the form of a catalog of unclustered objects whose number density �uctuations match those

induced by selection effects in the real catalog.

The reconstruction is performed in multiple steps. In the �rst step, the mass of the

galaxies is interpolated from their position to the points of a cubic grid that encompasses the

volume of the survey. The same procedure is repeated to estimate the number density of the

objects in the random catalog� r . The galaxy number overdensity is then estimated at the

gridpoints as

� obs =
� obs

� r
� 1; (3.41)

and the mass overdensity is simply obtained by dividing this value by that of the linear

galaxy bias provided by the user.

Because the mean number density of "random" objects is smaller than the grid-size,

this should reduce the occurrence of empty cells. Despite of this, and to avoid possible

divergence, we explicitly set the mass overdensity equal to zero if� r = 0 at the gridpoint.

In the second step, a Gaussian smoothing �lter is applied to the overdensity �eld. Since

this operation corresponds to a simple multiplication in Fourier space, we �rst Fourier

transform the overdensity �eld. The Gaussian smoothing �lter in Fourier space has the form

S(k) = e� k2R2
s=2 (3.42)

whereRs is the smoothing scale. Finally, we inverse Fourier transform the smoothed �eld

back to con�guration space. By performing these steps we obtain:� sm = � obsS(k).

In the third, and central step, we evaluate the displacement �eld			 RSD by solving

Equation(3.40), where the estimated overdensity �eld� sm is used to derive the Zel'dovich

displacement �eld,	 ZA , which describes the straight orbits back to the initial positions. This

system of equations is solved using a multigrid technique with a full V-cycle and damped

Jacobi iterations. This displacement �eld is then used to derive	 RSD via Equation(3.38)

evaluated at the observed positions of the galaxies.

In the fourth and �nal step, the displacement �eld	 RSD is used to shift galaxies from

their redshift-space positions to their real-space positions, completing the reconstruction

process.



4 Cosmic voids in cosmology

In previous chapters, cosmic voids have already been mentioned several times. Now, we

delve deeper into this topic and focus speci�cally on these key structures, which are the

main subject of this Thesis. Voids are large underdense regions in the galaxy distribution.

Since their discovery (De Lapparent et al., 1986; Gregory and Thompson, 1978; Kirshner

et al., 1981), voids have been recognized as powerful cosmological laboratories (Pisani

et al., 2019; van de Weygaert et al., 2016). Their sizes range from tens to hundreds of

Mpcs, and they occupy most of the cosmic volume (Ceccarelli et al., 2013), making them

the largest observable structures in the Universe. Their unique combination of geometrical

and dynamical properties can be exploited to extract key information on the geometry of the

Universe and its energy budget.

Traditionally, large-scale studies of the galaxy distribution rely on 2-point statistics

and have exploited the BAO feature to trace the expansion history of the Universe (DESI

Collaboration et al., 2024). However, since the mass overdensity �eld becomes non-Gaussian

at late times, additional information is contained in higher-order statistics. In the early

Universe, where initial conditions were nearly Gaussian, the cosmic volume is split between

high- and low-density regions, each containing a portion of the cosmological information.

Standard galaxy clustering analyses, even those considering higher-order statistics such as the

three-point correlation function, are primarily sensitive to collapsed regions corresponding

to positive density �uctuations. In dense regions, virialization erases much of the memory

of the initial conditions. Conversely, in low-density regions departures from primordial

Gaussianity are mild and much of the initial information is preserved (Pisani et al., 2019).

Thus, voids provide access to both higher-order information (Fry, 1985; Hamilton, 1985;

White, 1979) and the initial conditions, therefore, are ideal laboratories for gaining insights

into the Universe. Void science, however, requires both large volumes to build a statistical

sample of these structures, and detailed 3-dimensional maps to unambiguously detect them.
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From this point of view, the voids samples extracted from the currently available galaxy

surveys have not yet reached their full potential (Pisani et al., 2019). This situation is about

to change as ongoing and upcoming surveys like Euclid (Euclid Collaboration et al., 2024)

and Roman (Spergel et al., 2015) are expected to meet these requirements, making future

analyses promising for addressing open cosmological questions, such as the nature of dark

energy.

As described in Section 2.2.1, for an expanding Universe, voids are structures that do

not collapse but instead expand inde�nitely. However, because of statistical isotropy, they

do not have a preferred direction of expansion. Individual voids are not expected to be

spherically symmetric, as the surrounding large scale structures generate tidal �elds that

guide the expansion along preferential direction. However, the CP guarantees that these

directions are random when averaged over a large sample of objects and therefore stacking a

large number of voids is expected to produce a meta structure which is, to a high degree of

approximation, spherically symmetric. This spherical symmetry is key for cosmological tests

because it is broken when voids are observed, due to the RSD and AP distortions described in

Section 3.3, and illustrated for the void framework in Section 4.1. These distortions, however,

offer an opportunity to extract cosmological parameters, as they are linked to the underlying

cosmology. Departures from sphericity can either be modeled or corrected for, providing an

effective way to infer key cosmological parameters.

Despite the growing usage of cosmic void statistics in the recent literature, a universal

de�nition of cosmic voids has yet to be established. This lack of consensus presents one of

the main challenges in their cosmological application. For example, there is no common

set of values, or even a range of values, to classify voids based on their internal density,

size, and shape. Various algorithms, the so-called void �nders, exist to identify voids in

the distribution of matter tracers, but they differ signi�cantly from one another. In fact, the

statistical properties of voids depend heavily on the method used to identify them. Different

classes of void �nders exist, and one of these will be described in detail in Section 5.1.

Despite their differences, all void �nders aim to �nd the minima of the mass overdensity

�eld to identify the void centers and to de�ne a void radius as a proxy to its physical size.

Cosmological inference using voids relies on a number of statistical estimators. These

include the void abundance, studied through thevoid size function, the density pro�le of

tracers in the void region (and in the surroundings), analyzed using thevoid-galaxy cross-

correlation function, and the clustering of voids themselves, examined via thevoid-void

auto-correlation function. Emerging studies will also cross-correlating voids with other

probes, such as the CMB. In the following sections, I will focus on the two most commonly
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used statistics, which are also the ones applied in this thesis: thevoid size function(Section

4.2) and thevoid-galaxy cross-correlation function(Section 4.3).

4.1 Distortions in voids

As mentioned previously, cosmic voids extracted from the observed distribution of galaxies

exhibit two types of shape distortions: the geometrical one, which we dubbed AP, and the

dynamical ones, which we labeled RSD. Both effects have been described in Section 3.3.

Here we focus on their impact on voids and their statistics.

We have already discussed the impact of redshift space distortions (RSD) and Alcock-

Paczýnski (AP) effects on clustering of galaxies in Section 3.3. Here, we will use those

concepts and apply them to our case, where the separation vector is consider to be the one

connecting a galaxy to the void center.

Redshift space distortions In Section 3.3.1, Equation(3.15)provides the relation between

the estimated position of the objectxobs, the true onex and its peculiar velocity vectorv, that

we rewrite here for reference:

xobs = x +
1+ z
H (z)

v � n̂ : (4.1)

In the framework of voids, we have two sets of observables, which we will denote as follows:

uppercase letters will indicate quantities related to voids, while lowercase letters will refer to

quantities related to galaxies. Speci�cally, we denote the position of the void center inferred

from the redshitZ asX , and the position of the galaxy at redshiftz asx. The observer is

located at the origin of the coordinate system. The redshift of the void center,Z , is not a

direct observable but is instead obtained from the redshifts of the surrounding galaxies that

de�ne the void (see Section 5.1). We assume the direction to the void center as our LOS,

expressed aŝn = X =jX j, and under the distant observer approximation, we can assume thatx

andX are parallel. In real space, in the absence of Doppler shifts,zd = 0 in Equation(3.13),

x(z) = x(zh). The separation vector between the void center and the galaxy isr = x � X.

The relative velocity between the void center of velocityV and the galaxyv is de�ned as

u � v � V. In redshift spacezd 6= 0 the mapping between the separation vectors in real to

redshift space can be obtained by combining Equations (3.15) and (3.13):

r = x(z) � X(Z ) ' x(zh) � X +
1+ zh

H (zh)
(vk � Vk) = r +

1+ zh

H (zh)
uk � s ; (4.2)
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where the subscriptk indicates quantities parallel to the LOS. In the latter equation we

assumedzobs � zh � Zh. This is a valid approximation since for any far away object,

including void,zobs � zh, and for a void of sizer � O (101) h� 1Mpc and a typical peculiar

velocityuk � O (102) km/s/Mpcthe ratiozh=Zh is � O (10� 3). Moreover since CP ensures

no preferential direction for the void expansion the averaging operation implied in the void

staking guarantees thathVi = hVki , i.e. the stacked void follows the Hubble expansion

(Hamaus et al., 2020). The separation vectors, which links void centers to galaxies in

redshift space, is determined not by the individual motions of either the galaxies or the void

centers, but rather by their relative velocity,uk, along the line of sight. This consideration

is valid only for galaxies that reside within the same void, and does not account for the

relative velocities of galaxies belonging to distinct voids at greater separations (for more on

large-scale void-galaxy cross-correlations, see Chan et al. (2014); Hamaus et al. (2014a,b);

Liang et al. (2016), and for details on the motions and pairwise velocity statistics of voids,

refer to Ceccarelli et al. (2016); Lambas et al. (2015); Sutter et al. (2014); Wojtak et al.

(2016)).

Figure 4.1Separation vector between the comoving void center locationX and the galaxy locationx
in real space (r , left) and in redshift space (s, right). The peculiar LOS velocityvk of every galaxy that
de�nes the void can be decomposed into the peculiar velocity of the void centerVk and the galaxy's
relative velocityuk with respect to this center. Velocity displacement is in units of(1 + zh)=H(zh)
and� is the cosine of the angle between the separation vector and the LOS. This yields the relation
for the mapping of the separation vector between real and redshift spaces= r + uk. Credits: Hamaus
et al. (2020).

An example of this behavior is depicted in Figure 4.1: voids undergo both translation

and deformation when transitioning from real space to redshift space, but for galaxies that
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belong to the same void, the translational component does not in�uence the separation vector

s. As long as voids are considered as coherent, extended structures, their centers move

consistently with the galaxies that de�ne them, as they transition from real to redshift space.

This distinguishes voids from galaxies, which are typically treated as point-like objects in

studies of large-scale structure.

Alcock-Packyński distortions We already dealt with AP distortions in Section 3.3.2.

Beingr =
q

r 2
k + r 2

? the separation vector between the void center and the galaxy, we rewrite

Equation (3.28) as:

r 0
k =

H (z)
H 0(z)

rk = q� 1
k rk r 0

? =
D0

A (z)
DA (z)

r? = q� 1
? r? ; (4.3)

where the primed quantities refer to the distances evaluated within the �ducial cosmology

framework. Let's introduce the quantity� , de�ned as the cosine of the angle betweenr and

the LOS direction:

� =
rk

r
: (4.4)

According to the Equations(4.3), one can obtain the transformation of the true coordinatesr

and� , from true to �ducialr 0and� 0via

r =
r

q2
kr 2

k + q2
? r 2

? = r 0� 0qk

q
1+ "2(� 0� 2 � 1) (4.5)

� =
sgn(� 0)

q
1+ "2(� 0� 2 � 1)

(4.6)

where" is de�ned as

" =
q?

qk
=

DA (z)H (z)
D0

A (z)H 0(z)
: (4.7)

If the �ducial cosmology matches the true one, then" = 1, and consequently,r 0
k = rk and

r 0
? = r? . In Equation(4.5), the absolute distancer depends on bothqk andq? , thus, these

parameters remain degenerate (unless the scaler can be calibrated using a known reference

such as the BAO scale). However void-centric distances are generally expressed in terms of

the effective void radiusR calculated as the cubic root of the void volume in redshift space.

The observed volume scales withr
02
? r 0

k, implying the following relation to relate the true to

�ducial void radius (Correa et al., 2021; Hamaus et al., 2020):

R = q1=3
k q2=3

? R0 (4.8)
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Then, the separationr rescaled byR is only dependent from" as:

r
R

=
r 0

R0�
0" � 2=3

q
1+ "2(� 0� 2� 1) : (4.9)

As mentioned earlier, distortions in voids are crucial for extracting constraints on cos-

mological parameters. The AP test was �rst proposed for voids by Ryden (1995) and then

performed by Lavaux and Wandelt (2012). It provides access to the combination of parame-

tersDA (z)H (z). The productDA (z)H (z) offers information on cosmological parameters

such as the matter density
 m , the cosmological constant
 � , curvature
 k , the dark energy

equation of statew(z), and the Hubble parameterH0. This combination is essential for

constraining the expansion history and geometry of the Universe. In this Thesis, the AP test

plays a fundamental role to extract cosmological information. It will be used to determine

the constraining power in two different scenarios: one involves an analysis in redshift space

combining both RSD and AP, see Chapter 7, and the second one leverages on the AP opti-

mization to propose a new method for disentangling the two distortions (i.e., RSD and AP),

see Chapter 6.

4.2 Void size function

Thevoid size function(VSF) is de�ned as the comoving number density of cosmic voids

as a function of their size. The theoretical foundation of this function is theexcursion set

formalism(ESF) (Jennings et al., 2013; Sheth and van de Weygaert, 2004). This theory is

widely used in cosmology to describe the formation of dark matter halos and voids within

the hierarchical structure growth model.

The excursion-set formalism The ESF is an analytical framework to study the LSS of

the Universe. This approach allows to predict the number density of structures by relating

the linear perturbation theory to its nonlinear counterpart at late time. The ESF is based on

the spherical collapse theory, see Section 2.2.1, which assumes that all structures forming in

the Universe exhibit spherical symmetry. This assumption allows for a direct relationship

between the density contrast of the forming structure and the density contrast that the same

region would have had if the evolution were linear and the �eld had remained Gaussian, thus

being fully characterized by the power spectrumP(k). Initially, the ESF was introduced to

track the formation and evolution of positive density perturbations that collapse into halos.

Subsequently, this framework has been extended to model the evolution of cosmic voids,

making it versatile for studying both overdense and underdense regions in the Universe.
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For the case of halos, we discussed in Section 2.2.1 that a collapse occur when the linear

density �uctuation reaches a critical value or barrier� L
c , whose value is computed in linear

theory� L
c ' 1:69. In this formalism, the evolution of the density contrast� (R) is treated as a

stochastic process as a function of the smoothing scaleR, which corresponds to the physical

size of the structure that is formed. As we examine smaller scales, the random walks of the

density �eld are followed, and the probability of reaching the collapse barrier is interpreted

as the number of halos forming at the corresponding mass scale. The method smooths or

averages the density �eld over various scales, from large regions to smaller ones. On large

scales, the overdensity may be too low to collapse, but on smaller scales, the overdensity can

exceed the threshold� L
c , leading to the formation of a halo. The mass of the halo depends on

the scale at which the random walk crosses the collapse barrier.

For modeling the collapse of perturbations, the spherical evolution model combined with

the excursion set formalism provides a robust description of the statistics of dark matter halos.

The ESF can be used to determine the fraction of trajectories that cross this barrier for the

�rst time, solving the so-calledone-barrier problem, and also addressing thecloud-in-cloud

problem, which ensures that only objects not embedded in larger structures are counted as

halos.

The ESF has been extended to the underdense regions, becoming a two-barrier problem

because the density perturbation can either exceed the upper threshold� L
c leading to halo

formation, or fall below the lower threshold� L
v , resulting in the formation of a void. These

two barriers represent the conditions for collapse into halos or expansion into voids. Hence,

we must de�ne a threshold related to void formation. One possibility is to use the value

associated with the shell-crossing phenomenon, but, as discussed in Section 2.2.1, this value

is not well-suited for indicating void formation, and shell crossing in voids may never actually

occur. Thus, a more general negative density contrast value,� L
v , is preferred to keep the

treatment more �exible (see e.g., Contarini et al. (2019); Ronconi et al. (2019); Verza et al.

(2024)).

Considering the formation of voids, there are three possible processes that contribute to

the number of voids that are formed, in a negative or positive way. The �rst one is thevoid-

in-void process, related to void merging, that has to be taken into account to avoid double

counting voids. The second one is to account for the possibility for a void to be embedded in

a larger overdense region, thevoid-in-cloudprocess. Finally, the opposite situation can occur,

thecloud-in-void, where a large underdensity embeds a small overdense region. However,

this process is irrelevant for the formation of high-density collapsed structures, as dark matter

halos, which are unlikely to be torn apart by the expansion of the surrounding void.
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The asymmetry between the void-in-cloud and cloud-in-void processes leads to a symme-

try breaking between the emerging halo and void populations: although they evolve from

the same initial conditions, overdensities and underdensities are expected to evolve toward

distributions with different characteristics. In Figure 4.2 we present a summary of the four

processes of halo and void formation as described by the excursion set formalism. This

approach provides the theoretical foundation for modeling the void size function.
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Figure 4.2Four scenarios of the excursion set formalism. Each row illustrates one of the four basic
modes of hierarchical clustering: the cloud-in-cloud process, cloud-in-void process, void-in-void
process and void-in-cloud process (from top to bottom). Each mode is illustrated using three frames.
Leftmost panels show `random walks': the local density perturbation� 0(x) as a function of (mass)
resolution scaleSm at an early time in an N-body simulation of cosmic structure formation. In each
graph, the dashed horizontal lines indicate the collapse barrier� c and the void barrier� v . The two
frames on the right show how the associated particle distribution evolves. Whereas halos within voids
may be observable (second row depicts a halo within a larger void), voids within collapsed halos
are not (last row depicts a small void which will be squeezed to small size as the surrounding halo
collapses). It is this fact which makes the calculation of void sizes qualitatively different from that
usually used to estimate the mass function of collapsed halos. Credits: Sheth and van de Weygaert
(2004)
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Modeling the void size function The modeling of the VSF relies on the ESF illustrated

above. The distribution of �uctuations that become voids, the so-called multiplicity function,

is obtained as the conditional �rst crossing distribution of the matter density contrast �ltered

at decreasing Lagrangian radius, i.e., the radius of the �uctuation in Lagrangian spacerL , in

a double barrier problem. The multiplicity function of (Sheth and van de Weygaert, 2004) is

derived for spherical �uctuations in Lagrangian space while the observed voids live in the

Eulerian space. We recall that the Lagrangian space is the initial density �eld linearly evolved

up to the epoch of interest. In this context, “initial” means at redshift hight enough to be fully

described by linear theory, and “linearly evolved” means that the global amplitude of the

density contrast �eld is rescaled with the linear growth factor. The Eulerian space is the fully

non-linear evolution of the density �eld at the epoch of interest. The map from Lagrangian

to Eulerian space is performed by considering how voids (or halos) evolve. Nevertheless, the

spherical approximation allows us to easily go back and forth from Lagrangian to Eulerian

space in all the computations. Practically, a �uctuation become a void at radiusrL if the

�ltered density contrast �rst crosses the void formation threshold� L
v at rL , without having

crossed the threshold for collapse� L
c at any larger scale.

The multiplicity function, as given by Sheth and van de Weygaert (2004) is:

F ln � (� ) = 2
1X

j =1
exp

 

�
(j�x )2

2

!

j�x 2sin(j� D); (4.10)

with

D =
j� L

v j
� L

c + j� L
v j

; x =
D

j� L
v j

�; (4.11)

and� being the square root of the variance of linear matter perturbations on the Lagrangian

scalerL . All these quantities are computed in linear regime, on which the ESF relies. The

void size function in Lagrangian space can be expressed as (Jennings et al., 2013; Sheth and

van de Weygaert, 2004):
dnL

dln rL
=

F ln � (� )
V(rL )

d ln � � 1

dln rL
; (4.12)

whereV(rL ) = 4 �r 3
L=3 is the volume of the spherical �uctuation of radiusrL . However,

the VSF in Eulerian space differs from its Lagrangian counterpart. This is due to the necessity

of incorporating the expansion of voids when transitioning from linear to nonlinear theory.

The evolution of perturbations in the nonlinear regime allows for the conversion from linear

to nonlinear shell radius, as given by:

r
rL

=

 
��

� v

! 1=3

; (4.13)
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where�� is the mean density of the Universe and� v is the density within the void. Furthermore,

to ensure that the fraction of volume occupied by voids does not exceed unity during the

transition from linear to nonlinear regimes, Contarini et al. (2022) imposed a constraint that

equates the void volume fraction in both regimes (Jennings et al., 2013):

V(r )dn = V(rL )dnL jr L = r L (r ) (4.14)

With this requirement the model ensures void volume conservation and from Equa-

tion (4.12), it is possible to derive the �nal de�nition of the theoretical void size function

(Contarini et al., 2022):

dnL

dln rL
=

F ln � (� )
V(rL )

d ln � � 1

dln rL

�
�
�
�
�
�
r L = r L (r )

: (4.15)

together with Equation(4.13). The model for the VSF described above has been further

improved by Verza et al. (2024). Their new approach combines the excursion-set framework

(Bond et al., 1991; Peacock and Heavens, 1990) with the Lagrangian density peaks theory

(Bardeen et al., 1986), through an effective, scale-dependent void formation barrier. The

framework leverages both excursion-set theory, which models the formation of cosmic

structures based on random walks of the density �eld, and the peak theory, which focuses on

the properties of maxima in the density �eld to predict the location of structure formation.

This hybrid model provides a more accurate description of the distribution of dark matter

halos and voids in Lagrangian space and enables a proper mapping of these statistics to

Eulerian space. The improvements introduced in the VSF modeling are threefold:

• in the standard excursion-set approach, the Lagrangian position at which the structure

formed is random, while in this model it corresponds to a minimum in the density

contrast �eld �ltered at scaleR

• the model includes both void-in-void exclusion and cloud-in-cloud exclusion, unlike

the original framework

• the model properly accounts for the smoothing of the density contrast �eld, including

correlations across different smoothing lengths and the exact relation between the

smoothing length and the Lagrangian void size, resolving normalization issues of

the Sheth and van de Weygaert (2004) multiplicity function in Eulerian space, as

highlighted by Jennings et al. (2013).
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The key quantity in modeling the size distribution of halos and voids is the formation

threshold. The multiplicity function adopted by Verza et al. (2024) is:
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e� B 2

S =2S
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(4.16)

where

S = � 2(R) = h� 2
Si =

Z dk k2

2� 2 P(k)jW(kR)j2 : (4.17)

with � S the linear density contrast �eld �ltered at the scaleS = S(R), P(k) the linear

power spectrum,W(kR) the top-hat �lter function in Fourier space,� �� = SDS � 1=4, and

DS = h(d� S=dS)2i . The moving barrierBS = B(S; � L
v ), is a function of the physical void

formation barrier� L
v , while B 0

S = d B(S)=dS.

Like any other cosmic structures, voids identi�ed in redshift space are prone to both type

of distortions, AP and RSD. Their impact on the VSF can be absorbed by rescaling the voids

size by a factor proportional to the distortion parameter� for RSD (Correa et al., 2021), and

by a combination of the AP dilation parameters from Equation(4.3). As noted by Contarini

et al. (2022), when modeling RSD in the VSF, the most effective approach is to calibrate the

void formation threshold� L
v , or formation barrier, directly in redshift space. This method not

only accounts for RSD but also helps to mitigate other potential systematics that may affect

the analysis. By calibrating the barrier in redshift-space, the model becomes more robust to

a wider range of observational effects, improving the accuracy of void-based cosmological

measurements. For modeling AP, the size of the voids rescales according to Equation (4.8):

R = q1=3
k q2=3

? R0: (4.18)

However, in Section 7.2 it is demonstrated that the threshold value is not affected by geomet-

rical distortions.

With the VSF is possible to put constraints on various cosmological parameters. For

instance, in Contarini et al. (2019), the VSF was employed to measure parameters such

as� 8 (the amplitude of matter �uctuations) and
 m (the total matter density parameter).

Similarly, Verza et al. (2022) demonstrated how the VSF is sensitive to the in�uence of dark

energy and the presence of massive neutrinos, showing that voids are valuable probes of

these fundamental components of the Universe. In addition, Contarini et al. (2024) showed

that the VSF can be use to measure the Hubble constantH0, contributing in the resolution
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of the so-called Hubble tension, which refers to the discrepancy between the value ofH0

inferred from the early Universe, using the CMB, and the value measured in the local

Universe using supernovae. These examples underscore the VSF's relevance in advancing

our understanding of cosmological models and the nature of the Universe. Furthermore, the

ongoing development of more sophisticated models of the VSF continues to improve its

precision and utility of this probe in testing the cosmological model.

4.3 Void-galaxy cross-correlation function

Let us now focus on the other main cosmological probe based on cosmic voids: the void-

galaxy 2-point cross-correlation function (VGCF),� vg(r ). Its de�nition builds upon that of

the auto-correlation function de�ned in Section 3.1.2 except that now the number density

of two types of objects are correlated: the galaxy number density� g and the void number

density� v, the latter estimated at the void center position.

Following Equation(3.6), the VGCF is de�ned as the expectation value of these two

quantities at any two locations separated by a vectorr

� vg(r ) = h� v(x)� g(x+ r)i (4.19)

In the Poisson model, in which the galaxies and voids are described as discrete tracers of

the density �eld, the VGCF is implicitely de�ned by the probability of a void galaxy pair:

dPvdPg = �nv �ng[1+ � vg(r )]dVvdVg (4.20)

For simplicity, from now on we will drop the subscript vg and indicate the VGCF as� (r ),

whereas the galaxy two-point correlation function will be referred to as� gg(r ).
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Figure 4.3Illustration of the system of coordinates used for the VGCF. In blue the separation vectorr
between the void center v and the galaxy g. In orange the component parallelr k and perpendicularr?

respect to the LOS (represented with the dashed line).

As for the auto-correlation case, the CP guarantees that, in absence of distortions, the

VGCF is isotropic and depends on the modulus of the galaxy-void separation vector only,

� (r ). However, in redshift space, this isotropy is violated by distortions (see Section 4.1). In

this case,� (r ) will depend not only onr , but also on� = cos� , i.e., the cosine of the angle

between the separation vectorr and the LOS, that, assuming distant observer approximation,

is taken to be the vector pointing to the center of the void. Figure 4.3 illustrates the separation

vector, the cosine and its parallel and perpendicular components,rk andr? , to the LOS. The

relation between the two sets of coordinates is:

r =
r

r 2
k + r 2

? � =
rk

r
(4.21)

In presence of distortions it is convenient to expand the VGCF� (r; � ) in Legendre

polynomialsP` of order`, and de�ne the corresponding multipoles:

� ` (r ) =
2` +1

2

Z 1

� 1
� (r; � ) P` (� )d�: (4.22)

that can be conveniently estimated. The monopole component� 0 is obtained by averaging

over all � angular separations and correspond to the usual� (r ) in absence of distortions.

RSD and AP distortions only generate non-zero even multipoles of order up to 4. Therefore

we shall only consider the monopole (` = 0), the quadrupole (` = 2) and the hexadecapole

(` = 4) moments in this Thesis.
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The VGCF has been the subject of numerous studies in the literature, with the primary

goal of estimating cosmological parameters such asf � 8, 
 m, w0, andwa, as well as their

evolution with redshiftz. These estimates are typically obtained by performing a complete

analysis that involves comparing the measured multipoles of the VGCF with theoretical

predictions, that will be introduced in the following section. This comparison allows for the

extraction of constraints on the aforementioned parameters, providing valuable insights into

the dynamics of the Universe and the nature of dark energy, see e.g., Aubert et al. (2022);

Correa et al. (2022); Hamaus et al. (2022, 2020); Nadathur et al. (2020b); Radinović et al.

(2023). Not all the analyses have been performed fully in redshift space. Nadathur et al.

(2019) explored a different route by performing a cosmological reconstruction similar to

that described in Section 3.4.1 and cross-correlating the void positions in the reconstructed

space with those for the galaxies in redshift space. A recent overview of the RSD effect on

VGCF-based analysis has been presented by Correa et al. (2022) along with a discussion on

the limitation and possible improvements of this technique.

4.3.1 Modelling the void-galaxy cross-correlation function

The difference between the modeling of the VGCF and that of the galaxy 2PCF lies in the

fact that, within the void framework, we consider the relative peculiar velocities with respect

to a single central point, the void center. The bulk motion of voids does not affect the VGCF

on scales where the bulk velocity �eld can be considered coherent (Cai et al., 2016).

Distortions in the VGCF are modeled in two ways:

• The AP effect is accounted for by applying a coordinate transformation from the true

to the �ducial coordinates, employing Equations (4.9) and (4.6).

• The RSD modeling is more challenging. RSD have been modeled using linear pertur-

bation theory and distant observer approximation, i.e. using the Kaiser model(3.18),

as for example in Cai et al. (2016). However, the accuracy of this model is limited in

describing mildly nonlinear structures like voids. For this reason, phenomenological

extension of the linear model have been proposed by (Hamaus et al., 2020; Nadathur

and Percival, 2018).

In this section, I will focus on modeling the VGCF in redshift space, ignoring AP. I will start

by presenting the linear model then move to more sophisticated approaches.

Linear model Since RSD causes displacement along the LOS only, one can eliminate

their impact by projecting the correlation function onto the plane of the sky. In this way, the
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projected correlation function� p is in principle free of dynamic distortions

1+ � p(r? ) =

R
[1+ � (r )]drk

R
drk

=

R
[1+ � sp(s)]dsk

R
dsk

= 1+ � s
p(s? ) (4.23)

where� s(s) is the redshift space VGCF. The equation above yield the following relation

between the VGCFs in real and redshift space:

1+ � s(s) = [1+ � (r )]
drk

dsk
: (4.24)

Equation (4.2) yields the relation betweenr ands, in particular:

sk = rk +
1+ zh

H (zh)
uk (4.25)

and hence
drk

dsk
=

 

1+
1+ zh

H (zh)
uk

! � 1

: (4.26)

The relation between peculiar velocities and the mass overdensity can be obtained assuming

linear theory from Equation (2.35) which, assuming spherical symmetry, becomes

u(r ) = �
f (zh)

3
H (zh)
1+ zh

�( r )r ; (4.27)

wheref is the linear growth rate of structures and�( r ) is the average matter-density contrast

inside a spherical region of comoving radiusr

�( r ) =
3
r 3

Z r

0
� (r 0)r

02dr 0 : (4.28)

By plugging Equation(4.27) into Equation(4.26), and using the identify
d�( r )

dr
=

3
r

[� (r ) � �( r )], we obtain the following relation:

drk

dsk
=

 

1�
f (zh)

3
�( r ) � f (zh)� 2[� (r ) � �( r )]

! � 1

(4.29)
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Hence, Equation (4.24) becomes:

1+ � s(s) =
1+ � (r )

1�
f
3

�( r ) � f � 2[� (r ) � �( r )]
; (4.30)

and Equation(4.2)describing the mapping between real and redshift space can be rewritten

as:

rk =
sk

1�
f
3

�( r )
(4.31)

that combined withr =
q

r 2
k + r 2

? andr? = s? , gives the possibility to estimate the

separationr for a given measured separations.

However, Equation(4.31)already requires the knowledge ofr in the argument of�( r ), so it

can be only evaluated by iterations. Hamaus et al. (2020) propose the method to evaluate

this quantity: we start with using�( s) as initial guess for�( r ), and iteratively calculaterk

and�( r ) until convergence is reached. They �nd that 5 iterations are fully suf�cient for that

purpose.

Furthermore, in Equation(4.30), the quantities� (r ) and�( r ) appear, which are not

directly accessible through observations because they refer to the unobservable galaxy

counterpart, i.e., dark matter. Finding an analytical model for� (r ) is notoriously challenging,

primarily because there is no universally accepted de�nition of a void. As a result, it is

dif�cult to establish a model that can accurately describe their properties across different

studies. The sensitivity to the identi�cation method introduces variability in the derived

void pro�les, making it problematic to generalize results without a precise and consistent

de�nition of voids. This remains an open problem in the �eld of void cosmology.

To overcome this issue, we can measure� (r ) via its relation to� (r ). Speci�cally, it can be

shown that, for matter in real space, the equality� (r ) = � vm(r ) holds, where� vm(r ) is the

void-matter cross-correlation function. In particular the quantities� vm and� (r ) are related

via the following relation

� vm(r ) =
1

3r 2
d
dr

[r 3�( r )] ; (4.32)

and�( r ) is the average of� (r ) in spherical shells, see Equation (4.28).

It is important to recall that� (r ) in the void framework refers to the matter density

contrast function, averaged over all voids in the sample (i.e., we work with stacked voids)

and assuming spherical symmetry. Consequently, it corresponds to counting the void-matter

pairs found within a void at a given separationr , in the same way as for� vm(r ), see Equation

(11) in Pollina et al. (2017). Subsequently, we can link the quantity� vm , and hence� (r ), to
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the VGCF in real space� (r ). It was observed both by simulation-based studies (Contarini

et al., 2019; Pollina et al., 2017; Ronconi et al., 2019) and observational analyses (Fang et al.,

2019; Pollina et al., 2019) that the relationship between� (r ) and� (r ) is predominantly linear,

expressed as:

� (r ) = b�vm(r ) = b�(r ) ; (4.33)

wherebis the large-scale linear galaxy bias presented in Section 3.2. However, this linearity

does not necessarily hold near the center of the void or in its immediate surroundings. In

such regions, the linear bias approximation could still be valid, but the linear relation may

be veri�ed with a different slope. Nevertheless, as the size of voids increases, the two bias

factors begin to align, ultimately converging in the limit of large effective void radii,R

(Contarini et al., 2019; Pollina et al., 2019; Pollina et al., 2017). By adopting the relation

from Equation 4.33 for� (r ), we can readily substitute it for� (r ), with the replacements

f ! f=b and�( r ) ! �� (r ), with

�� (r ) =
3
r 3

Z r

0
� (r 0)r

02dr 0 : (4.34)

The challenge of modeling� (r ) remains, and the issue of not having an analytical model

persists, for the same reasons that hinder the modeling of� (r ). An analytically uni�ed

and universally accepted model does not yet exist, and various models have been proposed

in the literature (see, for example, Hamaus et al. (2014)). Two primary approaches have

been followed in the literature for modeling the void-galaxy correlation function. In this

Thesis, I have employed both approaches to explore their effectiveness and applicability

in the context of my analyses. The �rst approach, employed in Chapter 6 and also used

by Nadathur et al. (2020b) and Radinović et al. (2023), is a purely empirical model based

on the measurement of� (r ) from cosmological simulations. With access to several such

simulations, that will be described in Section 5.3.1, I measured this quantity and use it as

a model for� (r ). However, this technique has some limitations: (1) several independent

realizations are required to minimize cosmic variance and obtain a universal� model, (2) the

empirical VGCF depends on the cosmological model assumed to run the simulation and one

needs to assess the sensitivity of the VGCF model on the assumed cosmology.

The second method used in this Thesis, employed in Chapter 7 and also in several works,

e.g., Hamaus et al. (2022, 2020), is based on a phenomenological approach in which the

observed projected VGCF is used to infer the 3D VGCF. This technique, presented by Pisani

et al. (2014), is particularly effective for recovering the spherical pro�le of stacked voids in

real space. Its main drawback is the deprojection step required to model� from the projected
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Figure 4.4 Representation of the method to reconstruct the sphere in real space starting from the
distorted sphere in redshift space: the distorted void is projected along the LOS (velocities do not
affect the parallel direction, hence the projection). From the projection, we reconstruct the sphere in
real space. The red arrow representsr v , the radius of the void in real space; the yellow arrowrp, the
radius of the projection. Credits: Pisani et al. (2014).

VGCF, which is prone to Poisson errors and, for this reason, becomes very noisy when small

voids traced by a few galaxies are included in the sample.

The deprojection technique, schematically illustrated in Figure 4.4, is based on the idea

of using the expected spherical symmetry of stacked voids to reconstruct the shape of the

spherical density pro�le, without making any assumptions about the underlying cosmological

model. The core concept involves measuring the cross-correlation function in redshift space,

projected along the direction perpendicular to the LOS,� s
p(s? ) , as RSD affect only the LOS

direction. Once the projected cross-correlation,� s
p(s? ) , is measured, the spherical shape of

� (r ) can be recovered through the deprojection process, by solving the integral:

� (r ) = �
1
�

Z 1

r

d� s
p(s? )

ds?

ds?q
s2

? � r 2
; (4.35)

using the inverse Abel transform (N. H. Abel, 1842).
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Let's go back to the redshift space modelling. With the substitutions� (r ) ! � (r ),

�( r ) ! �� (r ), andf ! f=b, Equation (4.30) becomes:

1+ � s(s) =
1+ � (r )

1�
�
3

�� (r ) � �� 2[� (r ) � �� (r )]
; (4.36)

while Equation (4.31) is rewritten as:

rk =
sk

1�
�
3

�� (r )
: (4.37)

Finally, one can expand Equation(4.36)to linear order in� , or equivalently in� for consis-

tency with the perturbative level of the mass conservation equation(4.27), obtaining (Cai

et al., 2016; Hamaus et al., 2017):

� s(s) ' � (r ) +
f
3

�� (r ) + �� 2[� (r ) � �� (r )] : (4.38)

Up to this point, we have derived the expression for modeling the VGCF in the presence of

dynamic distortions. Geometric distortions are incorporated into the model by applying a

coordinate transformation from true to �ducial coordinates, as outlined in Equations(4.9)and

(4.6). We now rewrite the model, including both RSD and AP effects, using the following

notation:

� s(s) ' � (r ) +
�
3

�� (r ) + �� 2[� (r ) � �� (r )]

�
�
�
�
�
�
r = r 0(" );� = � 0(" )

(4.39)

wherer = r 0(" ); � = � 0(" ) refer to Equations(4.9)and(4.6). The mapping froms to r also

depends on this transformation in the following way

r? = q? s? rk = qksk

"

1�
�
3

�� (r )

#� 1

: (4.40)

In this Thesis, as in most of the VGCF studies in the literature (Hamaus et al., 2022, 2017,

2020), we express the void-galaxy separation vector in units of the void's radius,R, both in

real and in redshift space. In what follow, we shall use the same symbolsr (s) to indicate the

adimensional separationsr=R ands=Rs, respectively.

Beyond linear modeling In the previous section, we derived a linear model for VGCF that

features RSD and AP distortions. The core of the model is the linearized continuity equation

(4.27)that, as shown by numerical simulations, describes the dynamics around most cosmic
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voids with good accuracy (Schuster et al., 2023). This may seem surprising, since peculiar

velocities inside and around voids can be nonlinear. However, we are interested in describing

the dynamics around an average structure obtained by rescaling and stacking many voids,

an operation that effectively smooths out nonlinear effects, and guarantees the validity of

Equation (4.27).

Equation(4.27)may breaks down for either small or in the very underdense core of voids.

These structures are characterized by a more complex dynamics, especially near their center,

where deviations from a purely divergent �ow become signifcant and do not average out.

In some cases these voids can even collapse in a directionally dependent manner, driven by

the external gravitational forces of surrounding mass (van de Weygaert and van Kampen,

1993). Such anisotropic collapse highlights the limitations of linear theory in describing the

dynamics of voids at these smaller scales, requiring more sophisticated nonlinear models for

accurate predictions. Hence, in the application, the VGCF model for the RSD has shown

limited accuracy (Nadathur and Percival, 2018).

Limitations in the VGCF model are not the only factors that hinder void analyses. The

void identi�cation and characterization process, which will be described in Section 5.1, is also

prone to uncertainties that signi�cantly contribute to the error budget. The void identi�cation

algorithms used in most analyses are based on topological rather than dynamical criteria.

Voids are identi�ed solely by the spatial distribution of a discrete set of mass density tracers,

such as galaxies. These type of void �nders suffers from two main limitations. The �rst issue

is the selection of spurious voids—Poisson �uctuations mistaken for genuine voids—which

reduces the purity of the void catalog and lowers the amplitude of the VGCF's quadrupole

moment (Cousinou et al., 2019). Another source of issues is that these �nders identify

different sets of voids depending on whether the search is performed in redshift space or

real space. As a result, voids identi�ed in redshift space—along with their centers and

radii—do not necessarily correspond to those identi�ed in real space. One hint for this

possible effect can be found in Correa et al. (2022). Furthermore, an additional potential

source of disturbance in the model is the assumption of linear galaxy bias, which may not

hold in the inner regions of cosmic voids, or may have a value different from the one valid

on large-scales. This issue, in relation to the VGCF analysis, is thoroughly discussed by

Hamaus et al. (2020); Nadathur and Percival (2018).

To overcome and absorb these uncertainties, Hamaus et al. (2020) proposed a general-

ization of the model, which was further extended in Hamaus et al. (2022). They propose a

phenomenological approach and modify the linear VGCF model incorporating some empiri-

cal based modi�cations, in order to mitigate the nonlinearities. Thus, Equation(4.39)and

consequently(4.40), revisited by Hamaus et al. (2022) assumes the following expression,
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used for the analysis in Chapter 7:

� s(s; � ) = M

(

� (r ) + � �� (r ) +2 Q�� 2
h
� (r ) � �� (r )

i
) �

�
�
�
�
�
r = r 0(" );� = � 0(" )

; (4.41)

and the mapping becomes

r? = q? s? rk = qksk

"

1�M
�
3

�� (r )

#� 1

: (4.42)

This model features two additional nuisance parameters,M andQ, and modifying the

expression for the Jacobian of the transformation,drk=dsk.

The model coef�cients were further re�ned for the work presented in Chapter 6. This

modi�cation process was carried out after testing the model on simulations. The resulting

expression is:

� s(s; � ) = M

(

� (r ) +
2
3

� �� (r ) + Q�� 2
h
� (r ) � �� (r )

i
) �

�
�
�
�
�
r = r 0(" );� = � 0(" )

: (4.43)

The nuisance parametersM andQ are introduced to account for deviations from linear

theory, both in the dynamics and the bias parameter, as well as to address the potential

presence of spurious voids in the sample, which may reduce the amplitude of both the

monopole and quadrupole moments of the VGCF (Cousinou et al., 2019). The monopole-like

parameterM regulates the overall amplitude of the VGCF and is intended to account for

all factors that may in�uence the magnitude of void-galaxy clustering. The parameterQ

multiplies the� 2 term, thereby regulating the quadrupole moment. It accounts for nonlinear

effects contributing to the RSD and plays a crucial role when the analysis is performed with

voids identi�ed in redshift space rather than real space (Correa et al., 2021, 2022; Pisani

et al., 2015b). The 2/3 coef�cient in front of the second term speci�cally ampli�es the effect

of RSD distortions on the overall clustering amplitude, in addition to the one induced by

M . The monopole term nuisance parameter,M also account for possible uncertainties that

will mainly affect the amplitude of the VGCF real space model,� (r ), even if derived with

deprojection technique or from simulations.

However, even Hamaus et al. (2022) model, designed for the analysis of voids in redshift

space, has its limitations. On one hand, this has led to the development of alternative

models that attempt to incorporate at least the nonlinearities (e.g., Nadathur and Percival

(2018), Paz et al. (2013)). On the other hand, an alternative approach involves moving

away from analytical modeling in favor of numerical modeling of peculiar velocities. This
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approach requires the use of the reconstruction algorithms, described in Section 3.4, to

recover the positions of objects in the reconstructed space, where RSD effects are absent.

This methodology has previously been applied with the goal of locating void centers in

reconstructed space, and subsequently cross-correlating these centers with galaxies in redshift

space to model the RSD still using analytical models (Nadathur et al., 2019; Radinović et al.,

2023).

In my work, presented in Chapter 6, I propose a novel approach that directly analyzes

voids in reconstructed space and, for the �rst time, performs a cross-correlation analysis

between voids and galaxies entirely within the reconstructed framework, thereby eliminating

the need to account for RSD during both void identi�cation and VGCF modeling.

Speci�cally, we employ the following strategy: (1) we use the reconstruction method

outlined in Section 3.4.1 to minimize nonlinearities in the data; (2) both the void identi�cation

and the statistical analysis, including the void-galaxy cross-correlation, are conducted in

reconstructed space; and (3) we model the results using the VGCF model by Hamaus et al.

(2022), allowing for the absorption of any residual uncertainties, regardless of their nature.

In the following chapters, beyond discussing the tools used for these analyses, we will

focus on two main contributions:

• In Chapter 6, I present the main results of this Thesis, the �rst analysis of the VGCF

between voids and galaxies in reconstructed space, demonstrating that an AP test on

reconstructed voids yields more precise and accurate results compared to those in

redshift space. This analysis was conducted on simulated data and will be applied to

observational data for the �rst time in future studies.

• In Chapter 7, I participated in a forecast analysis of the parameters that will be

constrained by measurements of void statistics employing data from a future survey, the

Nancy Grace Roman Space Telescope. The chapter presents an analysis of both the VSF

and VGCF. My contribution focused on the latter, using the "standard" methodology,

where RSD are modeled analytically, rather than through the reconstruction approach,

which could be applied in future work, after re�ning the method for application to data.





5 Tools for void analyses

In this chapter, I will present the various tools used for the void analyses. In Section 5.1, I will

discuss the void identi�cation algorithm, which is employed to identify void regions within

the distribution of galaxies (or tracers more generally). This void �nder was mentioned in

Chapter 4, and here I will provide a detailed description of how the algorithm I adopted for

the analyses works.

Following that, in Section 5.2, I will describe the code I developed to estimate the

void-galaxy cross-correlation function and its multipoles.

Finally, I will illustrate the simulated datasets used in this Thesis and the techniques used

to generate them.

5.1 Void �nder

Since there is not yet a general consensus on the de�nition of voids, numerous void �nders

have been proposed and utilized over the past decades (see Colberg et al. (2008) for a cross-

comparison of various techniques available at that time). Following the strategy outlined

by Lavaux and Wandelt (2010), void-�nding algorithms can be broadly classi�ed into three

main categories, based on the criteria they apply:

Density criterion: These algorithms de�ne voids as regions empty of tracers in which

their local number density is below a prede�ned threshold (Elyiv et al., 2013; Micheletti

et al., 2014). In this case, tracers are divided into wall tracers and �eld tracers depending on

the density of the region in which they are located (“strongly overdense" regions and “mildly

underdense" regions, respectively).

Geometry criterion: This class includes void �nders that identify voids as underdense

regions within a well de�ned geometry like spherical cells (Paz et al., 2023) or polyhedra

(Neyrinck, 2008; Platen et al., 2007; Sutter et al., 2015). In particular, the strategy adopted
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by these algorithms is �rst to generate a continuous density �eld of tracers and to search for

local minima do de�ne/obtain the void distribution.

Dynamical criterion: These void �nders are based on dynamical criteria in which tracers

are not exploited to reconstruct the underlying mass distribution but are used as test particles

of the cosmic velocity �eld. Therefore, in these algorithms, a void is de�ned as a region

from which matter is evacuated (Elyiv et al., 2015; Forero-Romero et al., 2009; Lavaux and

Wandelt, 2010).

To generate our void catalogs we will use the Void IDenti�cation and Examination toolkit

(VIDE) 1 (Sutter et al., 2015). The algorithm is optimized to run both on cubic snapshots

(simulations) and light cones with arbitrary geometry (observations). VIDE belongs to the

category of algorithms that rely on geometrical criteria, implementing an improved version

of the ZOnes Bordering On Voidness (ZOBOV) algorithm (Neyrinck, 2008). ZOBOV is a

widely-used and publicly available code designed to identify density depressions in a 3D set

of points, without requiring free parameters or assumptions about the shape of voids. The

void-�nding process in VIDE involves three main stages:

1. Voronoi Tessellation: The algorithm �rst reads the positions of the tracers and assigns

to each tracer a Voronoi cell, a region of space closer to that tracer than to any other.

The volume of each Voronoi cell is inversely related to its density, assuming equal

weights for all particles. This step generates a continuous and well-de�ned density

�eld.

2. Identi�cation of Local Density Minima : The algorithm then locates local density

minima, de�ned as cells with a density lower than all adjacent cells (also known as

natural neighbors). From these minima, the surrounding Voronoi cells are merged

iteratively, with the condition that the density of the merged cells must be higher than

that of the previously merged cell. The merging process halts when a cell with lower

density is encountered, resulting in the formation of local density basins, referred to as

zones.
1https://bitbucket.org/cosmicvoids/vide_public/wiki/Home
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Figure 5.1Illustrations of the principle of the watershed transform. Starting from the local minima
the surrounding basins of the surface start to �ood as the water level continues to rise. Where two
basins meet up near a ridge of the density surface, a “dam” is erected (left frame). Ultimately, the
entire surface is �ooded, leaving a network of dams de�nes a segmented volume and delineates the
corresponding cosmic web (right frame). Credits: Platen et al. (2007).

3. Watershed Algorithm: Finally, zones are merged into larger structures, or voids, using

the watershed algorithm (Platen et al., 2007), illustrated in Figure 5.1. This method

involves incrementally raising a density threshold from the local density minimum of

each zone. Regions with densities below the threshold are progressively added to the

void until a deeper zone is encountered, at which point the process stops. The �nal

void consists of all the merged zones, with shallower zones recorded as sub-voids.

A visual representation of the whole process can be seen in Figure 5.2, and example of a

void as a VIDE output is represented in Figure 5.3.
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