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INTRODUCTION

Variational problems and the solvability of certain nonlinear equations have
a long and rich history beginning with calculus and extending through the
calculus of variations. We study "well-connected" pairs of such problems
which are related by critical point considerations. We consider elliptic
degenerate problems of type

~Auly, ) = w2y, 2) (1)

lyl*
where z = (y,2) € RF xR"* n >3 k>2 2*—22125),O<5<2.This

equation is critical because is 1nvar1ant with respect to the scalings and z-
translations ug(z) = ﬁnT_Q u(By, B(z—20)), VB > 0. The lack of compactness
of problem (1) is also given by the fact that we are looking for entire solutions,
that is solutions for all space. Moreover (1) is the Euler equation associated

to a weighted Sobolev inequality, proved in [3]: There exists S > 0 such that
for u € C°(R* x R"—F)

n—2
2(” s) n—s

————dydz <S5 / |Vu|? dy dz. (2)

Rn— Rk Rn—k

forn>3,0<s<2and2<k<n.

Always in [3|,using the method of concentration compactness of P.L.Lions,
the authors prove that for 0 < s < 2, the best constant in (2) is achieved, that
is there exists a function u, called extremal, such that verifies the equality.
If s =0, (2) corresponds to the classical Sobolev inequality which has been
exhaustively studied by Aubin [1] and Talenti [51] who computed exactly
the best constant and proved existence of extremal functions, exhibiting
them explicitly. If s = 2 and 2 < k < n, (2) still holds true (see [3]) thus
providing an extension of the classical Hardy, which is known not to possess
extremal functions. While for the case £ = n, an extensive literature was
produced concerning more general weighted Sobolev inequalities, only few
existence results for variational problems with cylindrical symmetry, (k < n),
are known (see [3],[2] and [42]). We recall, for k = n, the Caffarelli-Kohn-
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Nirenberg inequality ([13]) which establishes: For all v € C§°(R"),

2/p

/yumx\—bpdx < Cuy /|x]_2a\Vu]2d:): (3)
n Rn

Wheren23,—oo<a<"Td,agbga—i—l,andp:( 1 . Catrina

T
F. and Z.Q.Wang in ([17]) have obtained several results concerning best
constants and corresponding extremal functions for (3) in the case a < 0,
while the case @ = 0,0 < b < 1, was thoroughly investigated by [28] and
extremal functions have been computed by Lieb (|34]). Moreover, for a =
0,bp = s, we get (2) with k& = n. For any a € R, positive solutions of the
Euler equation associated to (3), on a properly weighted Sobolev space, turn
out to be radially symmetric (see [18] for the case a > 0 and [17] for a < 0)
and they can be explicitly computed just solving an ODE.

The main purpose of this thesis is to characterize the extremals in (2) for the
case 0 < s < 2 and 2 < k < n, or equivalently, to look for all solutions to
(1), but when k < n, we note that the extremals cannot be anymore radially
symmetric and then they cannot be searched among solutions of an ODE,
but of a PDE.

This thesis consists of four chapter which are organized as follows. In
chapter 1, we will recall several problems with lack of compactness and some
useful tools for these problems, which are employed in the rest of thesis, as the
method of Concentration-Compactness of P.L.Lions and the moving plane
method of Alexandrov and Serrin. In the second chapter, we give existence
and nonexistence results obtained by [3],|2] and [45] for the problem

—Auly, z) = ¢(ly|) u* "y, 2). (4)
where = = (y,2) € REXR™  n >3k >2 2, = 2(::25), 0 < s < 2.
This equation, for n = 3 and ¢(r) = r2e a > 0 has been proposed by

14r2)ots
G.Bertin and L.Ciotti as a model desc(rﬁairig the dynamics of elliptic galaxies
(see the book [7] and lecture notes [19]) . Here u satisfies the usual Poisson
equation Au = 4wGp relating the gravitational potential u to the density of
matter p and satisfies the condition fR3 #(r)uP~tdr < +oo which guarantees
that the given solution carries a finite total mass. The cylindrical symme-
try of the problem is derived from the assumptions that the elliptic galaxies
are axially symmetric. Several elliptic equations similar to (4) arising from
models of globular cluster of stars have been investigated, but we know most
of these models are radial. In our case, we suppose that ¢(r) is asymptotic,
at 0 or at oo (or both) to the function 1/r°. Then, (4) admits (1) as limit
problem. In third chapter we prove, using moving planes techniques, that
all the solutions of (1) are cylindrically symmetric. Thanks to these sym-
metries, (1) reduces to an elliptic equation in the positive cone in R? and in



Contents 3

a particular case, when s = 1, leads to a complete identification of all the
solutions of the equation

n

un—2

(5)

In fact, we prove

Theorem 1. Let ug be the function given by

_n—=2
uo(x) = uo(y, 2) = cnp (L+ |y)? +127) 2
where ¢, ) = {(n —2)(k — 1)}%2 Then u is a solution of (5) if and only if
u(y,z) = )\nTﬂuo()\y, Az + 20)) for some A > 0 and zg € R*F,
As a consequence of the above Theorem, we have

Theorem 2. The best constant S in the weighted Sobolev inequality (2), with
s =1, is given by

B niko2y) AT
S=(n-2)(k-1) {2“)3 <n(i ; %1 F(m:?m | } |

The identification of the solutions to (5) is based on a mysterious identity
which goes back to the work of Jerison and Lee (|31]) on the CR-Yamabe
problem. More precisely, it is related to the identification of the extremals
for the Sobolev inequality on the Heisenberg group (|32]). Actually, we
follow closely the approach by Garofalo-Vassilev ([25]) in the search of entire
solutions of Yamabe-type equations on more general groups of Heisenberg
type. We also remark that, while symmetry properties hold true for (2),
we didn’t succeeded in getting an efficient Jerison-Lee type identity in the
general case, and this is why a classification of solutions is missing if, in
(1), s # 1 . Similar difficulties are encountered in dealing with Grushin
type operators —A, — (a + 1)%[z|?*A,, (z,y) € R™ x RF  with critical
nonlinearity (see [6] for a related sharp Sobolev inequality and identification
of extremals in case &« = 1). As noticed in [41], the Heisenberg sublaplacian
is in fact a Grushin operator with o = 1, m an even integer and £k = 1
(the work of Garofalo-Vassiliev actually deals with more general values of m
and k) and identification of solutions is available only in case o = 1. While
it is relatively easy to see that weak solutions to (1) are bounded, further
regularity on the subspace C' = {(y,z) € RF x R*™* : y = 0} is based on
more intricate estimates given by following lemma:

Lemma 3. Let u be a solution of (1). Assume

s<1+ % if n>4

s < % if n=3

Then u is C™ in the z variable and C%%, for some o < 1, in the y variable.



Contents 4

In fourth chapter, we consider a perturbation problem of type

2,1
—Au =

+ A\u (6)
lyl*
with u > 0, u € H(Q) where Q C R" is a bounded domain containing
the origin. With the help of a Pohozaev type identity, we prove that the
equation (6) does not have non-trivial non-negative solutions on starlike
bounded domains and the following result holds:

Theorem 4. Assume n > 4. Then for every A € (0,\1) there exists a
solution of the problem

—Au = “2*|(y1‘)_1 + XM in Q
u >0 in O (7)
u =0 on 0.

where Q is a bounded domain in R™ containing the origin and 2,(1) =




1. ISOPERIMETRIC INEQUALITIES

In this chapter, we shall give an historical background on isoperimetric
inequalities that are examples of scale invariance and hence of lack of
compactness.

Definition 1.0.1. We will say an "isoperimetric inequality" to be any
inequality which relates two or more geometric or physical quantities asso-
ciated with the same domain. The inequality must be optimal in the sense
that the equality sign holds for the same domain or in the limit as the domain
degenerates.

Definition 1.0.2. An extremal function or maximizing f, is a function that
gives equality.

Having a precise geometric meaning, these inequalities are often
invariant under the action of the conformal group, i.e. translations, rotations,
reflections, scaling symmetries, inversions on the unit sphere.

Since ancient times it has been known that among all plane domains of
a given area, the circle has the shortest boundary. The extremal property is
expressed in the classical isoperimetric inequality

L*> 41 A (1.1)

where A is the area enclosed by a curve C' of length L, and where equality
holds if and only if C is a circle. Analogously, in R", with n > 3, we get
isoperimetric inequality for currents

[M(8T)]|71 > 47 M(T) (1.2)

The problem in R" is to maximize the volume among all domains whose
boundary surfaces has a fixed (n — 1)-dimensional area. The solution is that
the unique extremal is the domain bounded by a sphere. Other examples
are analytic inequalities such as Sobolev inequality, Rayleigh quotient, eigen-
values of the Laplacian, Poincaré inequality. Extensive discussions of such
inequalities can be found in the book of Poélya and Szegd and in the review
by Payne. The most famous inequalities are the following.

Theorem 1.0.1. (Hardy-Littlewood-Sobolev)

[ r@le =i awdsdl < Nl ol (03
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t 1,1, X _
for all f € LP(R™),g € L*(R™),1 <p,t<o0, s+ +5=2and0 <A <n,
where Ny, » p, is the best constant. The sharp constant satisfies

M= i () () () )

where wy,—1 = surface area of the (n — 1)-dimensional unit sphere.

Remark 1.0.1. We notice that the constraint % + % + % = 2 implies the
scale invariance of (1.3).

Remark 1.0.2. Inequality (1.3) was proved by Hardy-Littlewood-Sobolev in
the 1930’s. The sharp version with the constant, was proved by Lieb in 1983
in [34], where he shows that a maximizing pair f, g exists for (1.3). However,
neither this constant nor the optimizers are known when p # ¢. This requires
the use of two rearrangement inequalities and a new compactness technique
for maximizing sequence. For the case of t = p and, as corollary, for the case
t=2or p=2, fand g are explicitly computed. As an application of Lieb’ s
method, the existence of a maximizing function f on R", can be proved for
the sharp constant in the Sobolev inequality.

1.1 Sobolev inequality

The following estimates, valid for all functions in certain classes, have become
a standard tool in existence and regularity theories for solutions of partial
differential equations, in the calculus of variations, in geometric measure
theory and in many other branches of analysis.

Definition 1.1.1. A "Sobolev inequality” has come to mean an estimation of
lower order derivatives of a function in terms of its higher order derivatives.

Theorem 1.1.1. (Gagliardo-Nirenberg-Sobolev). Assume 1 < p < n. There
exists a constant C' depending only on p,n, such that

lull 22, g < C1Vullrge) (1.4

for all u € C°(R™).

The sharp constant C' = (), , and the extremal functions were derived
by Talenti [51].

1.2 Hardy inequality

This classical result, has been proved by Garcia and Peral in [24], using the
following one dimensional Hardy inequality which holds for all u € C§°(0, co)

and for p > 1:
[e%s) -1 p [e e}
| wora = (22) [
0 p 0

“(tt) "t (1.5)
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Theorem 1.2.1. Assume 1 < p < n. Then the following inequality

p
/ Juf® dx < Cnp/ |Vul? dz (1.6)
R

n |z|P
hods for all w € DYP(R™), where DYP(R™) is the completion of C§°(R™) in
the norm ||ul| prp@ny = ||Vul|ppgn). Moreover, Cy, = (p/(n —p))P is the
optimal constant.
Remark 1.2.1. The (1.6) inequality is false for p = n > 2, that is, there does

not exist any constant C' > 0 such that [, [Vu(z)["dz > C [z, | |" dx.
This can be seen easily by taking a ball B(0,R) and a smooth functlon
0 < ¢ <1 such that ¢ =1 on B(0, R/2) and 0 outside the ball B(0, R), so

that [, IM\"dw = +o00.

Remark 1.2.2. The constant C,, , = ( pp)p is the optimal constant, i.e.

fR” ’ |p dx
Cnp=  sup (1.7)
T o Je VP dz Vs
u#0

Moreover, for any bounded domain 2 containing 0 with 1 < p < n, the
following inequality

[ul”

o [P

holds for any u € WO1 P(Q), which is the completion of C§°(£2) in the norm
[ull1p.0 == (Jo lw(@)|Pdz + [, |VulP dz) YP and Ch,p is the best constant.

dz < C’np/ |Vul|P dx (1.8)

Through these two results, we can say that the embedding of WO1 P(Q) in LP(Q),
where ) is a bounded domain containing 0, and 1 < p < n, with respect to
the weight |z|7P is continuous. Moreover, the constant C), , is not achieved,
unlike Sobolev inequality. In fact, we can give an explicit minimizing se-

_n—p
quence for the best constant. For € > 0, we define ue = |z| » * for any
r € R" u, is in DYP(R™) and verifies

p e—0 fRn |u€(z)‘p dﬂ:’

|z[?

But the limit function u(x) := \x!f% does not belong to DP(R") and
satisfies the equation

— div(|Vu[P2Vu) = CpplulP in R™

in the sense of distribution, i.e.

/R |Vu[P~? < Vu, V¢ > dr = CM)/}R wP~todr  for all ¢ € C3°(R™).
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Remark 1.2.3. Let us consider the nonlinear operator
Lyu=—Ay— —— [ulP"2u in W,
x

Then
1. If A < Cyp, Ly is a positive operator .
2. f A>Chp, £y is unbounded from below.

(1) it is obvious from (2.7) inequality. (2) By density argument and
optimality of the constant, there exists a function ¢ € C§°(€2) such that
(Lx ¢, ¢) < 0. We can assume that ||¢||,2 = 1 and then by defining u,(z) =
12 ¢(px) we have ||u,||2 = 1 and the homogeneity of the operator allows
us to conclude that ( Ly uy,,u,) = p? (Lr ¢, ¢) < 0.

1.3  Weighted Sobolev inequalities

There are many generalizations of (2.5) and (2.6). We can cite

Theorem 1.3.1. (Caffarelli-Kohn-Nirenberg) The inequality
b 2 2 2
(/ mrpmwm»pgchﬂ/yﬂ—ﬂvucm (1.9)
R® R»

holds for u € Cg°(R™), n >3, —oo<a<”7_2, a<b<a+1 and
2
p= n—2+;(b—a)'

Remark 1.3.1. The classical Sobolev inequality (¢ = 0,b = 0) and the
Hardy inequality (a = 0,b = 1) are special cases.

Note. In [34], Lieb considered the case a = 0,0 < b < 1. In [18], Chou
and Chu considered the case a > 0 and gave the best constants and explicit
minimizers. Moreover Lions in [38| (for @ = 0) and Wang and Willem in [55]
(for a > 0), have established the compactness of all minimizing sequences up
to dilations. The symmetry of the minimizers has been studied in [34] and
[18]. In fact, all the nonnegative solutions in Dg*(R™) for the corresponding
Euler equation are radial solutions and explicitly given (see Aubin, Talenti,
Lieb, Chou and Chu). This was established in [18|, using a generalization of
the moving plane method (e.g., Gidas-Ni-Nirenberg, Caffarelli-Gidas-Spruck,
Chen).

Taking in (1.9) a = 0 and —bp = v, we get
Theorem 1.3.2. (Egnell-Maz’ya) The inequality

(/ywﬂm%migc/wam (1.10)
Rn Rn

holds for uw € C§°(R™) if =2 <v <0 andp+1= 2(ntv)

n—2
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1.4 The Riemannian Yamabe problem

Let (M, g) be a compact Riemannian manifold, without boundary, of dimension
m > 3. If § = ¢9 29, with ¢ = %, is a new metric conformal to g, the
scalar curvature K of g is given by

K = ¢ " amAd + K@), ay=4(m—1)/(m —2),

in which A is the Laplace-Beltrami operator of g and K its scalar curvature
(see [1]). Thus the problem of finding a conformal metric with constant
scalar curvature K = u is equivalent to finding a positive, C*° solution ¢ to
the Yamabe equation:

amA¢ + Ko = pugp?d*. (1.11)

This problem has the following variational formulation. We consider the
constrained variational problem

(M) :inf{/M(amd¢|2+K¢2)dVg : /M\¢|de =1} (1.12)

We can compute readily that the Euler-Lagrange equations for (1.12) is the
Yamabe equation, provided ¢ > 0. Thus we want to search for the extremals
for (1.12). One of the major milestones in the solution of the Yamabe
problem was the following theorem, due to H.Yamabe [56], N. Trudinger
[52], and T. Aubin [1].

Theorem 1.4.1. Let (M, g) be a compact Riemannian manifold of dimen-
sion m > 3.

(a) p(M), depends only on the conformal class of g.
(b) (M) < u(S™), in which the sphere S™ has the standard metric.

(c) If w(M) < pu(S™), then the infimum in (1.12) is attained by a positive,
C™> solution to (1.11). Thus the metric § = ¢~ g has constant scalar
curvature p(M).

Aubin also proved that (M) < p(S™) in all cases in which M is not
locally conformally flat and m > 6. After a time, in 1984, R. Schoen [46]
has completed the solution of the Yamabe problem by proving that pu(M) <
1(S™) unless M is the sphere. The proof of part (a) consists of the fun-
damental observation that problem (1.12) is conformally invariant in the
following sense. Under the conformal change of metric § = t972g, if we let
A and K denote the Laplacian and scalar curvature of g, then we have

(amA + K)p =t""Yay, + A+ K)o, with ¢=1"1¢. (1.13)

It follows that the integral in (1.12) is unchanged if we replace g by g and ¢
by ¢, thus u(M) is conformal invariant. The analysis of (1.12) begins with
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a thorough understanding of the special case of the sphere S™ in R™*!. We
center S at the origin of R™ x R. By stereographic projection

2z 1—|xf?
1+ |z 1+ |z|?

Rmax»—>< )ESmCRerl,
coupled with the transformation law (1.13) converts the variational problem
on S™ to the problem on R™ :

u(S™) = inf{a,, /]Rm \df|? da /Rm |f|?dx = 1}. (1.14)

This is just the problem of finding the best constant and the extremal
functions for Sobolev’s inequality. Thus, the stereographic projection induces
4

ametricg =um-2g = m g of constant curvature yp = m(m—1) on R™,

m—2
conformal to the Euclidean metric g on R™, where u(z) = % is an
(1+[x?] 2
extremal for (2.12). In the last twenty years, several authors have generalized
the Yamabe problem to Cauchy-Riemann manifolds, to Heisenberg group

and Carnot groups, see Jerison and Lee [31],[32], and Garofalo-Vassilev [25].

1.5 Plateau’s Problem

The study of parametric two-dimensional surfaces with prescribed mean
curvature, satisfying different kinds of geometrical or topological side con-
ditions, has constituted a very challenging problem and has played a promi-
nent role in the history of the Calculus of Variations. Minimal surfaces
are defined as surfaces with zero mean curvature. Surfaces with prescribed
constant mean curvature are usually known as "soap films" (H = 0) or
"soap bubbles" (H = const.). Minimal surfaces may also be characterized
as surfaces of minimal surface area for given boundary conditions. Finding a
minimal surface spanning a given constraint is known at Plateau’s problem.
In general, there may be one, multiple, or no minimal surfaces spanning a
given closed curve in space. The existence of a solution to the general case
was independently proved by Douglas (|20]) and Rado6 ([44]) in the 1930’s,
although their analysis could not exclude the possibility of singularities. In
the 1970’s Osserman (]|43]) and Gulliver (|29]) showed that a minimizing
solution cannot have singularities. For the case of nonconstant prescribed
mean curvature, only few existence results of variational type are known,
see for example [47], [48]. In the last ten years many variational type re-
sults hold true in a perturbative setting, namely, for curvature of the forms
H(u) = Hy + Hi(u) where Hy € R\ {0} and H; € CY(R3) N L™, having
||H1||oo small. In particular, we can mention Struwe [49], Wang [54], Bethuel
and Rey [8], Caldiroli and Musina [15]. In analogy with soap bubbles, we
can give the following
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Definition 1.5.1. A H-bubble is a regular surface M < R? parametrized
by a conformal map u : S?> — R3, having mean curvature H(u) at every
regular point u € M.

Up to the composition with the stereographic projection S? — R2, every
conformal parametrization u of M is a solution to

{ Au = 2H (u) uzy Auy in R?

1.1
fR2 ’VU‘Q < +00. ( 5)

Here u, = (%,%,%), Uy = (%,%,%), Au = Ugy + Uyy, VU =
(g, uy), and A denotes the exterior product in R3. The invariance of problem
(1.15) with respect to the action of the conformal group of S? = R? U {co}
means that the true unknown in this problem is a parametric surface, rather
than its parametrization. We note that the problem (1.15) has a natural
variational structure, since solutions to (1.15) are the critical points of the

functional

2

where Vg (u) = 2 [po Q(u) - uz Auy and Q : R® — R3 is any vector field
such that div@ = H. When H is bounded, Fy turns out to be well defined
(by continuous extension) and sufficiently regular on some Sobolev space.
Roughly, the integral 2 fRQ Q(u) - uy A uy has the meaning of the algebraic
H-weighted volume of the region enclosed by range u and it is essentially
cubic in u. Therefore, the energy functional £, which is unbounded from
below and from above, actually admits a saddle type geometry. In case of
nonzero constant mean curvature H(u) = Hp, Brezis and Coron [9] proved
that the only nonconstant solutions to (1.15) are spheres of radius |Hp|™?
anywhere placed in R3. In order to make precise the geometrical structure
of £, we consider the restriction of £y to the space of smooth functions
C3(R2,R3) and we introduce the value

Enlu) = 3 [, IVuP +Va(u),

cg= inf sup&y(su)
ueCH(R2,R3) s>0
u#0

which represents the mountain pass level along radial paths. Caldiroli and
Musina, in [15], proved the following existence result.

Theorem 1.5.1. Let H : R3 — R be a function C1(R3), satisfying:
(h1) H(u) — Heo, for some Ho € R,
(h2) supyeps [VH(u + &) -uu| < 1, for some & € R,

(h3) crr < 377

Then there exists an H-bubble w such that Eg(w) = cgr. Moreover, called By
the set of H-bubbles, it holds that cy = inf,cp, En(w).
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1.6 Historical references: works by Talenti, Lieb, Lions

Theorem 1.6.1. (Talenti) Letn > 3 and f € C§°(R™). Then, for1l <p <mn,
the following inequality holds

flla@ny < Con IV fllLemn) (1.16)
(r—1)/p 1/n
n — — —1 I'(n)I'(n+2)/2
whereq = 3 and Gy = w120 71/0 (ﬁp TG )

The equality sign holds in equation (1.16) iff f is a multiple of the function
(a + blz|P/P=DYP=m)/P with a,b>0 and = € R".

Definition 1.6.1. We will denote by
S = inf{ [, |VulPdz |u € DYP(R™), [o. |ul%dz = 1}.

We recall some useful notions for one-dimensional variational problems.

Let © be an open, simply connected region in R™* (t,2q,--- ,2,) =
(t,z) a point of Q and F = F(t,z,p) € C*(Q x R") a Lagrangian and let
(t1,a) and (t2,b) two points in 2. The space

Di={y:t—xzlt)cQ: xcClt,t], z(t1) = a,2(t2) = b}

consists of all continuously differentiable curves which start at (¢1,a) and
end at (t2,b). On T is defined the functional

I(y) = / R 2 (1), #(8) dt.

t1

Definition 1.6.2. We say that v* € I is minimal in I' if
I(y) =2 I(v"), Vvyel.

Proposition 1.6.2. Ifv* is is a reqular minimal in T, that is det(Fp,p,;) # 0

for x = x*,p = &*, then x* € C?[t1,ts] and we have for j=1,--- ,n
d * .k * .k
%ij(t,:c %) = Fy,(t, 2%, 3%) (1.17)

These equations are called Fuler equations.

Definition 1.6.3. An element v* € I' satisfying the Euler equations (1.17)
is called an extremal in I'.

Definition 1.6.4. An extremal field in Q is a vector field & = ¥(t,z),¢ €
C1 () which is defined in a wide neighborhood U of an extremal solution and
which has the property that every solution x(¢) of the differential equation
& = (t,x) is also a solution of the Euler equations.
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Definition 1.6.5. A vector field & = (¢, x) is called a Mayer field if there
is a function g(¢,z) which satisfies the fundamental equations

gt = t xﬂﬁ Zwﬂ PJ t x?¢)

7j=1
9z :ij(tvwi)' (1'18)

Remark 1.6.1. A vector field is a Mayer field if and only if it is an extremal
field which satisfies the compatibility condition

where Dy, := 0y + ¥0; + (¢ + www)(?p
Definition 1.6.6. A Hilbert invariant integral is a functional defined for
every curve 7y : t — x(t) as

I(y) :/th:/th_Fp;th F,da.
v v

Remark 1.6.2. Especially for the path v* of the extremal field & = (¢, z),
we have

I(v%) :/ (F — Fy) dt + F,dz.
i’

Then, the difference with another curve - is

I() — I() = / F(t,2,8) — F(t,2,) — (& — ) Fy(t, 2, 0)dt
Y

= /E(t,:n,j:, W)dt
v

where E(t,z,%,p,q) = F(t,z,p) — F(t,z,q) — (p — ) F,(t, x, q) is called the
Weierstrass excess function.

Note. The proof of Talenti’s paper consists of two steps. In the first step the
||“||LQ(R”)
[[VullLp mn)
value, then, by rearrangement technique, he can take spherically symmetric

extremals. Moreover, he shows that the critical radial points of J(u) are

author proves that if the quotient J(u) = attains its supremum

functions of the form ¢(r) = (a + brppj)l_”/p with a, b positive constants.
In the second part, he shows that the found extremals actually give the
maximum, using techniques of one dimensional calculus of variations. The
original idea is to consider a Lagrange constrained problem, i.e.

Joroe g () %dr = max
where
(1) ua(r) ="y (r) P
and
u2(0) = 0,u1(+00) = 0,uz(+00) =1
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and to find the solution of this. It is easy to see that if u satisfies J(u) = max,
getting
{ ur(r) = a(r) (fy > ¢ uy (1) Pde) =P
up(r) = [ £ fuy (£) Pdt

the couple (uq,us) is a solution of (x). Conversely, if (u1,u2) is a solution of
(%), then u = w; is such that J(u) = max . He proves that the two-parameters
family of extremals

() { ¢1(r) = a(l + br)}*n/p
bo(r) = [T 71|} (1) Pt

is a Mayer field (see Definition 1.6.5) in the first octant of the three-dimensional
space. Then, by Remark 1.6.1, there exists an exact differential dW such
that, along any path ]0,00[> 7 — (r,ui(r),u2(r)) which satisfies the con-
straint uy(r) = " uy(r)[P, the integral [dW > [ 7" !|ui(r)|%dr and
equality holds when the path is an extremal belonging to the Mayer field

As seen in the Remark 2.0.2., Lieb in [34], proved the following theorem.

Theorem 1.6.3. Assume the hypotheses as in theorem 2.0.1. If p =1t =

2n
CENE then

_ 7T,\/2F(”/2 —A/2) {F(n/Q) YA/,

Npdn = N =050 3 9) U () (1.20)

In this case there is equality in (1.3) if and only if h = ( const.) f and
fl@) =+ (x—-a))~ N2 0£y€eR and a € R™.

The technique used by Lieb to prove this theorem is called "Competing
Symmetries".

Note. The name "Competing Symmetries" alludes to the fact that the sym-
metrization due to the rearrangement and the conformal symmetry strive
together to produce the limiting function L.

Lieb studied all the symmetries of (1.3) inequality. Some of them are
obvious. Certainly (1.3) is invariant by translations, by the orthogonal group
of rotations and reflections of R™. Another important symmetry is the
scaling symmetry. If we replace f(x),h(z) by AP f(Azx), \9/"h(\z) for
A > 0, then the integral (1.3) is again invariant. It remains to check that the
(1.3) inequality in invariant under the conformal group, that is the group of
deformations that preserve angles. We can consider the inversion of the unit
sphere, Z : R™ \ {0} — R", such that = — ﬁ

By stereographic projection, there exists a map & : R®™ — S™ such that

211 2%n 1—|:C|2

T+]a[? > T T+[z?’ T+]z]?

T s = and the inverse, S~! is given by x; =
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for i = 1,--- ,n. By calculation, writing s = S(x) and ¢t = S(y), we

1+S +1
have that
n+1 4
(si—t:)” =[s —t]* = |z —y|? (1.21)
2 (ot L+ P) L+ [yP)

that is S is conformal. Moreover, the Euclidean group, together with scaling
and inversion generates all conformal transformations. We recall that the
conformal group on R”, which we denote by C, is isomorphic to the Lorentz
group, O(n+1,1) which has dimension WFZ)QM We can define the action
of S on a function f € LP(R"™) as

S*f(x) = F(s) = |Ts-1(s)[ '/ f(S(s)) (1.22)
and we have that ||F|[zpsn) = [|f||zp(rn). Computing the Jacobian of the
stereographic projection Js(x) and its inverse, we have

2

Js(r) = (W

)" and Js-1(x) = (1 + sp+1)". (1.23)

With these remarks, we can state the following.

Theorem 1.6.4. (Conformal invariance of the Hardy-Littlewood-Sobolev
inequality) Assume that p =r in (1.8) and that F € LP(S™) and f € LP(R™)
are related by (1.22). Let H and h another pair related in the same way.
Then

/n Rnf(x)|ar—y|—k d:rdy—/ /n s — t[ N H(E) dsdt (1.24)

and ||F||p = ||f|lp- Here |s—t|*> = Z"H(sl —t;)? is the euclidean distance of
R Manifestly, this shows the invariance under all isometries of S, i.e.
invariance under the group O(n + 1).

Proof. We can write
fR" fRn z)|lz —yl~ /\h( ) dz dy
z|?\n
= Jrn fR”(%) " f() <1+2w|"”x B y’21+?y|2>

x (L yn/p h(y) (1p)" do (535m)"dy (1.25)

using that 2/p + A/n = 2. Then, (1.24) can be rewritten as

—)/2

/ F(s)|s — |~ H(t) dsdt. (1.26)
n S’ﬂ

As we have seen in the remark, the HLS inequality is invariant under all
isometries of S, the translations and the scaling, that generates all conformal
group C. 0
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Consider now the rotation by 90°, that is D : S — S,
Ds = (s1,-++ , Sp+1, —Sn) which maps the north pole n = (0,---,1) in the
vector e = (0,---,1,0). The function F(D~!s) is now rotationally symmetric
about the e-axis and about n-axis. Thus, oh one hand, F(s) = ¢(sp+1) for
some ¢ : S” — R and, on the other hand, F(D~'s) = 1(s,.1) for some
¥ : S" — R. Then, ¢(spt1) = F(s) = ((DS)nt1) = ¢¥(—sy) for all s € S™,
which is only possible if F' is a constant on S™ and hence

f(x) = C @+ |z?)7"P.

It is easy to see that the function on R" corresponding to F(D~!s) is given
by

_ 211 2x, 1 1—|z|?

D* = /e p 2L n 1.27
where a = (0,---,1) € R™. If F is the function on S" corresponding to f via
D, we set

(DF)(s) = F(D™'s) (1.28)

and we denote the symmetric-decreasing rearrangement of f by (Rf)(z) =
f*(x). Recall that R is norm-preserving, i.e., ||Rf||, = || f||p and that if we
apply a general conformal transformation (as D*), to a radial function, (as
Rf), the result will generally no longer be radial. So, we shall consider the
map

RD* : LP(R") — LP(R"™).
The following theorem, proved by Carlen and Loss in [16], utilizing the map

RD* repeatedly, produce a specific optimizing sequence which strongly con-
verges.

Theorem 1.6.5. Let 1 < p < oo and let f € LP(R™) be any nonnegative
function. Then the sequence f™ = (RD*)™f converges strongly in LP(R™),
as m — 00, to the function Ly := || f||,l(x) where

n/p
I(z) = (wn) VP (1 +2|x|2> , (1.29)

Proof of the Theorem 1.6.3
We want to find the sharp constant in HLS inequality when p = r =
= /\ 0 < A < n. We can restrict our attention to the case h = f and
f > 0. We consider

Naw = sup{H(f) : [ € LP(R"), f >0, f # 0} (1.30)

where

= [ s@le =y s ay / T (131)
.
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The Theorem 1.6.3 can be shown as a corollary of Theorem 1.6.5. Re-
place f by f/(z) = min(f(z),jLs(x)) so that f/ converges monotically
to f(z) pointwise as j — oo. If we can show that H(f’) — H(f) then,
by monotone convergence, H(f?) — H(f) and thus H(f) < N,. Since
H(D*f) = H(f) and H(Rf) > H(f) by Riesz’s rearrangement inequality,
we have that H(f™) is a nondecreasing sequence where f™ = (RD*)™f.
Since, by the previous theorem, f™ — Ly in LP(R™) as m — 00, we can pass
to a subsequence (again denoted by m) and assume that f™ — Ly pointwise.
Since
™ < C 1+ |z[)™P forallm,

we know, by dominated convergence, that as m — oo, H(f™) — H(f) from
below. By calculations, we get (1.20). It remains to determine the case
of equality. Let f a nonnegative function. The equality in (1.3) can occur
only if | = (const.) f and if H(f) = Ny,. Then, by the strict rearrangement
inequality, we know that f must be a translate of a symmetric-decreasing
function. Moreover, the same is true for D* f since it is also an optimizer
by the conformal invariance of H(f). Thus, the operation RD* acting on f
does nothing but translate D*f to the origin, and hence RD* f is nothing
but a conformal translation of f. The same is true for the whole sequence
f™ = (RD*)™f is a conformal image of f and we can write f™ = Cp,f,
where C, is a sequence of conformal transformations. Since f™ 2 L 7, and
since the conformal transformations act as isometries on LP(R™), we have
that

lim ||f — C, L], = 0. (1.32)

m—0o0

Moreover, the following lemma holds.

Lemma 1.6.6. Let C' € C be a conformal transformation and let | be given
by (1.29). If C acts on I, there exists X\ # 0 and a € R™ (depending on C)
such that
1 / 2 n/p

Cl = THPNYP

(©0@) = (w0 (2
Proof. We know that every element in C is a product of elements of the
Euclidean group, scaling and inversions. It is easy to see it for scaling and
for Euclidean transformations. It remains to check that the inversion Z maps

the function u(z) = (wn)_l/p,u"/p(my/p into a function of the same

type. In fact,

1 2 2 /e
Tufi) = ()Pl 200 5)

RN

n/p n/p
— () [ 2
B CE N (e e e e
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By Lemma 1.6.6, we have

n/p
L@ =™ (o oyt (1.33)

for sequences A, # 0 and a,, € R™. Since, by (1.32), C;.} Ly 2, f, it is plain
that A, = A # 0 and a,,, — a € R™. Hence

n/p
fz) = AP (w,)"L/P 1 f]lp <M>

and the Theorem 1.6.3 is proved. O

In 1985 P.L.Lions, in [38]-[39], developed his concentration-compactness
principle to analyze necessary and sufficient condition for the convergence of
minimizing sequence satisfying the given constraint. The (CC) principle is
based on these lemmas.

Lemma 1.6.7. Let {un}n a sequence of probability measures on R™ such
that pp > 0, [on dpn = 1. Along a subsequence, still denoted by {pn}n, one
of the following three alternatives holds:

i) (Compactness) There exists a sequence {&p '}y, C R™ such that, for alle > 0
there exists R > 0 with the property that

/ dup >1—¢€ Vh.
Br(&n)

ii) (Vanishing) For all R > 0 lim ( sup / d#h) = 0.
h—00\¢,eRm J Br(gp)

iii) (Dichotomy) There exists a number A €]0, 1] such that for all € > 0 there
erist R > 0, and a sequence {&,}y, C R™ with the following property:
Given R’ > R there are non-negative measures ,u,ll, ,u% such that

0 < puj, + pj, < o
supp {u},} C Br(&n), supp{uj,} € R™\ Bri(&n),

limsup<|)\ —/ duj) + (1= N) —/ du%|) <e
h—o0 R Rn

Note. For any positive measure u € L*(R"), we define concentration function
introduced by P. Lévi as

Q(r) = Sup(/B()du)

reR”
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Let @Qp be the concentration functions associated with up. Then, {Qp} is

a sequence of non-decreasing, positive bounded functions on [0,00] with

Rlim Qn(R) = 1. Hence, {Qp} is locally bounded in BV on [0, c0] and there
— 00

exist a subsequence {u;,} and a bounded, positive, non-decreasing function @
such that Qp(R) — Q(R) for h — oo, for almost every R > 0. Normalizing
Q@ to be continuous from the left, we have:

Q(R) < liminf@Qy(R).

h—o00

Getting
A= lim Q(R)
R—o0
we have 0 < A < 1. If A = 0, we have "vanishing" case, while if A = 1, we
can achieve "compactness" case and if 0 < A < 1, we get "dichotomy " case.

The second is

Lemma 1.6.8. Let 1 < p < n,% =
measures on R".

L1 Let p,v bounded non-negative
p n

i) Uy — u weakly in DYP(R™).
ii) Uy = |up|dz — v, weakly in the sense of measures in R™.
iii) fi = |Vum|Pdz — p, weakly in the sense of measures in R™.

Then,there exist an at most countable set of indices J, a corresponding set of
distinct points {x; € R"|j € J}, and two sets {u;};,{v;}; of non negative
numbers such that

v =|ulldz + Zuj5j, p > |VulPdx + Z,uj&j and pj > Suf/qu € J,
jed jed

where §; = 6, is the Dirac measure with pole at {x;} € R".
In particular, Z(uj)p/q < 0.
jed
Then, the following result holds

Theorem 1.6.9. Let 1 <p < n,% = % — % Suppose {um} is a minimizing

sequence for S in DYP(R™) with ||um||ra = 1. Then {uy,} up to translations
and dilatations is relatively compact in DVP(R™).

Proof. Choose z,, € R", ]A-Em > (0 such that for the rescaled sequence

Um(ﬂf) — Er—nn/qum(l‘ — ITm

)

m
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there holds

Qm (1) = sup / | |Tda = / |V |Tda = 1 (1.34)
Bi() B1(0) 2

reR™

Since p > 1, we can assume that v, — v weakly in LY(R"™) and weakly in
D'P(R™). Consider the families of measures

tm = |V, |Pdx
U = |op|9dx
and apply Lemma (1.6.7) to the sequence {v,,}. Vanishing cannot occur. If

we have dichotomy, let A €]0, 1[ be as in Lemma, and for ¢ > 0 determine

R > 0, a sequence {z,,} and measures v}, 2, such that

0< v, +1v2 <vm

supp (vp,) C Br(wm), supp (V%) C R™\ Bag(zm),

limsup<|)\ —/ dvp| +1(1 =N —/ dufn) <e
m—00 Rn R™

Choosing a sequence ¢,, — 0, corresponding R,, > 0 and passing to a
subsequence (vy,) if necessary, we can achieve that

supp (vp,) € Br(wm), supp (v2) C R™\ Bag(zm),

limsup(])\ — / dvl |+ (1= \) — / dV72n|> = 0.
m—o00 R™ R™

Moreover, we can suppose R,, — oo. Choose ¢ € C§°(B2(0)) such that ¢ =
1 in B1(0) and let ¢, (z) = ¢(%). Decompose vy, = U@+ Ui (1 — dm).
Then fi (V0P = Jou [V (0 Pda + o [V (01 — b)) P + b,
where the error terms d,, can be estimated from below

and

O > —C |0 PV Pz

Bapy, (@m)\BRy, (Tm)

using the fact that 0 < ¢ < 1 andp > 1. Let A,, denote the annulus
A = Bar,, () \ Br,, (zm). Estimating |V¢,,| < CR;.!, we can bound

1 oml [V6ml llze ) < CRL vmlLo(a,0)- (1.35)

Moreover, by Holder’s inequality

1_1
R lvmlliran) < B lAml? ™ 4 |[vmllLa(a,)

CllvmllLacam)

C[/ndum—</ndu;+/ndy;)r

IN
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Hence this term tends to 0 as m — oo, while ||va]|12p(A ) < ||Um||%17p(Rn)
remains uniformly bounded and for (1.35), we obtain that é,, > o(1), where
o(1) = 0 asm — oco. Now by Sobolev’s inequality

omlBaggny = ombmlsngny + [[0m(1 = Gl [ i) + 3
S (v gzny + 101 = ) gy ) + 6

p/q p/q
) 5
BRyy, (xm) R\ BaRr,, (xm)
p/q p/q
() o) T

> S (Ap/q +(1- /\)P/Q) +0(1)

v

Y

But for 0 < A < 1 andp < ¢q we have \P/9 + (1-— )\)p/q > 1, contradicting
the initial assumption that ||va%1,p(Rn) = HumH%l,p(Rn) — 5. It remains
the case A = 1. Let z,, be as in the previous lemma and for ¢ > 0 choose
R = R(e) such that fBR(xm) dvy, > 1—e. If € < 1, our condition (1.34) implies
By (2,m) N B1(0) # 0. Hence the conclusion of Lemma (1.6.7) also holds with
T = 0, replacing R(e) by 2R(€) 41 if necessary. Thus, if v,,, — v, it follows
that [z, dv =1. By Lemma (1.6.8), we can assume that

o, — p > |VolPdx + Zujémj
jedJ
U~ v > |v|%dz + Zyjfsxj
jeJ
for certain points z; € R™, j € J and positive numbers p/, 7 satisfying
S (v)P/4 <vi,  forall j €.J. By Sobolev’s inequality then

S+ 0(0) = llonllpraany = [ it = ollpuagany + S +o(D)
jeJ

(HU ’i/qu Z,/J p/q> +o(1

jeJ

v

where o(1) — 0 for m — o00.By strict concavity of the map A — NP/4 now
the latter will be

\P/a
28 (lllyy + () +ol)

el (1.36)

s (/ndy>p/q+o(1) = S+o0(1)
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and equality holds if and only if at most one of the terms ||v||zqa, 27,5 € J,
is different from 0. We note that our normalization (1.34) assures that 1/ <
% for all j € J. Hence all ¥ must vanish, ||v||r« = 1, andv,, — v strongly
in L9(R™). But by Sobolev’s inequality ||v| ’le»P(R")

[[v]|prp@ny asm — oo. It follows that vy, — v in DYP(R™), as desired. [

> S and ||[vm|| pre@ny —

As a consequence we obtain

Corollary 1.6.10. For 1 < p < n there exists a functionu € DYP(R") with
l[ullLany = 1 and ||u||prp@ny = S, where % = %—% and where S =

S(k,p,n) is the Sobolev constant.

Over the past quarter century, one field of intense research activity has
been the study of what symmetry properties the solution of a nonlinear
elliptic boundary value problem can inherit from the domain on which it is
being solved. A classic paper is that of Gidas-Ni-Nirenberg. In [26], they
prove symmetry without symmetrization and related properties of positive
solutions of second order elliptic equations vanishing on the boundary, using
just the maximum principle and moving plane method.

Theorem 1.6.11. (Gidas-Ni-Nirenberg) In the ball Q : |z| < R in R", let
u > 0 be a positive solution in C*(2) of

Au—+ f(u) =0 withu=0 on|z|=R. (1.37)
Here fis of class C*. Then u is radially symmetric and
@<0, for 0 <r < R.
or

Theorem 1.6.12. (Gidas-Ni-Nirenberg) Let u > 0 be a C? solution of (1.37)
in a ring-shaped domain R’ < |z| < R. Then

/
8—u<0, for 0<R+R
or

The following is a generalization of Theorem 1.6.11 in R™.

Theorem 1.6.13. (Gidas-Ni-Nirenberg) Let v > 0 be a C? solution of an
elliptic equation

<x < R.

F(v,|Vv]?, Zvjvkvjk, trA,trA%,... trA") =0 inR" (1.38)

where A = the Hessian matriz {v;;}, here F is C', forv >0, and all values
of the other arguments. Assume that near infinity, v and its first derivatives
admit the asymptotic expansion (using summation convention):

1 a;Tij  QjETiTL 1
S — 1.39
VS T o T ap) 39
om0 ai 22 !
Vg, = _le(ao + |Qj"2 ) + |,’,L"m+2 — |x’m+4CLJ$] + O(W)



1. Isoperimetric Inequalities 23

for some m,aq > 0. Then v is rotationally symmetric about some point and
v < 0 for r > 0 where r is the radial coordinate about that point.

1.7 Extremals for the Sobolev inequality

Corollary 1.7.1. Let u be an extremal of the Sobolev inequality, that is a
nonnegative solution of corresponding Euler equations

—div(|Vul[P2Vu) = ui™! (1.40)
such that

u(z) — 0 for |z| — +oo and / |VulPde < +oo. (1.41)

Then, u is of the form u(zx) = (A + |z[P/®P=D)I="/P with X positive constant.

Proof. By (GNN) theorem, we know that the solution of (1.40), are radial
functions. So, we can write the equation (1.40), as

(r" Y/ [Pt signa) + 7 Hul 7 signu = 0 (1.42)
Moreover, we can suppose u radial, decreasing function and, we get
(=" P 4 i = 0 (1.43)

with the condition (1.41). It is possible to represent in closed form a set of
solutions, satisfying the condition (1.41), of the differential equation (1.43).

In fact, if p = 2, (1.43) is a particular case of Emden-Fowler equations and
all its solution can be obtained for quadratures. Let p = 2,n > 3,9 = %

and we consider only positive decreasing solutions. Then (1.40) rewrites as

(n— 1 + ru’ + rur-2 =0 (1.44)
Setting t = — log r and u(t) = r("=2/2y(r), we find for the new unknown

of the equation

-2
o =" 5 r_"/2u(t) — 2y,
"_ (n—2)n r—"T“

4

n+2

u(t) + (n—=1)r 2y + 17T uy
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Then, for any t € R we have

0=(n— 1)[_%_2 2ty — e ] 4 [(71—42)71 P u(t) + (n—1)r /21y
T uy) + r [7“7("72)/2u(t)}?%rg
-9 -2
=—(n— 1)n P2 u(t) — (n—1)r 2, + (n4)n P2 u(t) 4 (n— 1) r 2,
+ 7“_% Ut + T_n/g ’LL(?f)Zi1Lg
n — 2 n+2

=—[-(h-1+ %]T‘”/Q u(t) + 772wy + v )

_ (=27 _42>2 P ut) T2y + 2 u(t)%g
= g — (”f)zu(t) +out)iz. (1.45)
The simplest singular solution of (1.45) corresponds to u = ¢ = (%4)(”_2)/2.
Equation (1.45) can be integrated to give

W= (P22 T2 D (1.46)

2
It follows from (1.46) that the behavior of u is determined by the roots of
n—2)2u2 n—2

( 5 un=2 + D =0.

By the maximum principle, © cannot vanish for any finite ¢ unless u = 0, and
this forces D to lie in the interval 0 > D > —(2) (2=2)" The case D = 0
corresponds to the regular family of solutions

(n-2)/2
v= (AV”(”_Z)> A>0, (1.47)

A2 42

while for all other D there is a periodic translation invariant positive family
of solutions up(t) of (1.45). The other extreme case, D = —(2)(Z=2)n
corresponds to the solution u = ¢ or u = W Hence, the only positive
solution to (1.44) that are in H!(Ry) are of type (1.47). In the general case

(1 <p<mn,q=;2), itis easy to check that the solutions are ()H—rp%l)l_“/p

n—

with A > 0. O

1.8 Extremals for the Caffarelli-Kohn-Nirenberg inequalities

An other important result has been obtained by Catrina and Wang in [17] in
which they also compute explicitly all radial solution of (1.9) for a < 0. Let
D&*(R™) be the completion of C§°(R™) with respect to the inner product

(u,v) = / 2|72 Vu - Vu d. (1.48)
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We define

. —2a v 2 d

 (Jgo |2 7P lulp da)?/
We want to find S(a,b) = inf Eqp(u). We recall that the extremal

ueDy*(R™)\{0}
functions of CKN inequalities satisfy the Euler equation

—div(|z|72"Vu) = |z|PuP~? (1.50)
forn > 3,a < "T_Q,a <b<a+1,and p = #&bia). Moreover (1.50)

is invariant under dilation, i.e. if w is a solution on (1.50), also uy(z) =
n—=2—2a

A =2 u(Az) is a solution. Then, Catrina and Wang have proved the fol-

lowing

Theorem 1.8.1. Up to dilations, all radial solution of (1.50) are explicitly
given, 1.e.

n—2(14a—b)
(@) ( n(n — 2 — 2a)? >4<1+a—b> 1
u\xr) =
n— 2(1 +a-— b) 2(n—2—2a)(1+a—b) %
<1 + |l‘| n—2(1+a—b) >

The proof is based on a standard thecnique. By GNN theorem, we know
that the solution of (1.50), are radial functions. So, we can write the equation
(1.50), as

(T”_l_zau/)/ + pr e p—l — (1.51)

that is

_2nb
(n—1- 2a)rn_2_2a w420 T N B o N

ie.
2nb
(n—1—2a)r 2% +r172%/ + PTG Pl = (1.52)
Setting t = — logr and u(t) = r(*=2724)/2y(r), we have

o= _(n—2—2a) —
2
U’ = (n —2- 2:)(77’ — 20’) T—W u(t) + (Tl — 220’ — 2) T—(n—2a+2)/

Mr—(n—2a+2)/2 wp + r—(n—2a+2)/2
2

n—2a)/2 ’U,(t) - Tf(n72a)/2 up .

2Ut

Utt
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Then
0=(n—1-2a) F2a [_(71—22—261) poa—n/2 u(t) — pa—n/2 w]
N [(n —2- 2;)(71 —2a) 2 u(t)
(”_22“_2) p(n—2042)/2, | (7’&—22a) oot e

+ rl—ﬁz&w) [T*(n*2*2a)/2 u(t)]#g(bfa) -1

_(n —1—-2a)(n—2—2a) —n/2—a
2
+ (’I’L —2- 2a)(n — 20’) r172a7n/2+a71 u(t) + (n — 9 — 1) r172a7n/2+a*1 U

4
2nb (n—2—a)n n—2—2a n+2—2(b—a)
+ pl—2a—n/2+a—1 g + Tl n=t2(b—a) p n-2+20-a) T 2 u(t) n2r2(0-a)

_(n=2-2) (—(n 120y 2220 _22a)> rmenl 1)

u(t) — (n— 1 —2a)r ™2 %y,

2
+n—2a—1—n+1+42a] r 2y + r~o "2y, 4 V20 u(t)%m
= (1@—22—2(1) (—n/2 +14a) = M2u(t) 4 r~0 2y 4 o2 u(t)%m
_ (n — 24— 2a)? p—a-n/2 ult) + pan/2, 4 pman/2 u(t)%
- —(”_2_2‘”2 u(t) + g + u(t) I (1.53)
Again, u(t) satisfies
Uy — (11—%4—2@)2u + u% =0

that is a nonlinear autonomous ordinary differential equation of the second
order and it has as first integral
—_9_ 2 — — n
(ut)zz (n—2—2a) S (n—2+2(b—a)) um e
4 n
Remark 1.8.1. Let p,+ be real numbers with p > 2. If v satisfies the
equation

2
(v)? = 42 v? — ZoP (1.54)
p

o) = ()7 (o5 200) (155

Proof. If v satisfies (1.54), then v; = £, /72 v? — vp = dv,/v?

Setting w = 4 /72 — 2111’ 2, we have

then
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—2 - -2
=57 or v = o5 (577) (w? = 2%). Thus,
+dt = vﬁd—# = ([%) (dewaQ). Integrating, we have
p
2 dw 2"}/ 1,W
F= )/ _— (tanh) =1 ()
p—2"J (w*—9?) (r—2) gl
2 _2,p-2
2 v Y
=+ 7 (tanh)™!
(p—2) gl
This implies
. 72 _ 2 vP—2
tanh(——1t) = +
2 Y
that is 5 9 5
2 v =P
tanhQ(p t) = 1;
2y gl
i.e.
2 AN 2(p—2) p=2,
e —e l14+e " —2en 2
=, =2, | — 2-2) 2, | T T v
e +e 1+e 7 "+ 2e7 P
Then
15 2
=
1 = =(1- 0
p )t L‘2t p,-YQ
(I4+e v " +2e7 )
and
pP=24 p=2y
4e v de 2 p—2
— = — = ——F
2(p—2) —2 (r—2)
(I4+e 7 "4+2e50)  (14+en 2 PV
Finally,
=2y _ 2
P2 = ]ﬁ de A Wcosh<(p_2)t) "
= =
2 1+ eth)Q 2 2y
and we get the thesis. O

As in the previous paragraph, we get that the only positive solution in
H!(R) for the equation (1.53) verify the equation (1.54) and it is of the type
(1.55) where v = @ and p = #;‘(bfa). Then, the radial solution in
R™ for (1.50) corresponding to this u is

n—2(14+a—"b)

n(n — 2 —2a)? \ #+a-b 1
u(a?) = —9(1 b n—2(1+a—b) °
n (1+a ) 2(n—2-2a)(1+a—b) \ ~2(1+a—b)
(1 + |z| )

n—2(1+a—>b)



2. A WEIGHTED SOBOLEV INEQUALITY

In this chapter we study existence and non-existence of cylindrical solutions
for a nonlinear elliptic equation in R3. The problem is the following:

—Au = ¢(r)|ulP~%u in R3
u(z) >0 (2.1)
Jgs o(r)uP~ e < +o00

with p > 1,2 = (1,29, 23) € R3,r = \/2? + 22 and u = u(r, z). The model

function for ¢ is

T2a

T) T Tg)a+% , (2.2)
where a > 0. This equation has been proposed by G.Bertin and L.Ciotti as
a model describing the dynamics of elliptic galaxies (see the book [7| and
lecture notes [19]) . Here u satisfies the usual Poisson equation Au = 47Gp
relating the gravitational potential u to the density of matter p. The deriva-
tion of such a model is the following. A galaxy can be conceived as a "gas
of stars" with a distribution function f(x,v,t) so that p = [ps f(z,v,t)dv,
where v is the velocity of the stars. The integration over the velocity space
is restricted to a domain defined by the requirement that the distribution
function is positive. This condition is formulated in terms of the integrals
of motion for the chosen potential. As a consequence of this approach, we
are led to an implicit relation between the galaxy density and galaxy poten-
tial. In general this relation is nonlinear, moreover it is not known if the
Poisson equation admits physically acceptable solutions. Thus, any system
for which solutions can be established is of great interest in the applications.
The cylindrical symmetry of the problem is derived from the assumptions
that the elliptic galaxies are axially symmetric. Moreover, the condition
Jgs ¢(r)uP~'dr < +oo guarantees that the given solution carries a finite
total mass. Several elliptic equations similar to (2.1) arising from models
of globular cluster of stars have been investigated, but we know most of
these models are radial. Motivated by the Bertin and Ciotti choice (2.2),
M.Badiale and G.Tarantello in [3], have considered the following hypothesis:

€ CRT), ¢>0,0(r)=0if and only ifr =0, r¢(r) € L(R™T),
(2.3)
where we set RT = [0,400[. We note that the functions in (2.2) satisfy
(2.3) for @ > 0. They proved that the problem (2.1), for p € [4,6], can
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be handled by a variational approach in the Sobolev space D'2(R3) which
also guarantees the finite-total-mass condition. This fact rests upon a new
Sobolev inequality, which has been derived for any dimension n > 3 and
extends the Caffarelli-Kohn-Nirenberg inequality (see [13]). This inequality
can be seen as the "cylindrical" version of the CKN inequality, the most
natural formulation of CKN inequality for cylindrical functions.

Theorem 2.0.2. (Badiale-Tarantello) Let n > 3,2 < k < n,z = (y,z) €
R =RFxR" % 1<qg<n0<s<gq, and s < k. There exists a positive
constant C' = C(n,q,k, s) such that for all uw € DM (R") we have

n—gq
g(n—s) n—s

lu| n=d
e <C |Vul (2.4)
n |y| Rn

More general inequalities of (2.4), in the case of k = n, have been con-
sidered by Caffarelli-Cohn-Nirenberg (|13|), while Catrina F. and Z.Q.Wang
in ([17]) have obtained several results concerning best constants and corre-
sponding extremal functions. When k = n, (2.4) was thoroughly investigated
in [28] and extremal functions in this case have been computed by Lieb (|34]).

2.1 The case ¢ =2

From now on, we will always consider the inequality (2.4) with ¢ = 2, i.e.

/M“ <C [ |Vu]? (2.5)
Rn

holds for any u € D2(R"), n > 3 and 0 < s < 2. Moreover, setting op, = s,
we can write the equation (2.5), as

2
upo' Do
(i)™ =€ [t 20

where n > 3,0 <o <1 and p, = #’i% We note that the case o0 = 0
corresponds to the classical Sobolev inequality, while, if o = 1, (2.6) is the
classical Hardy inequality which is known not to have extremal functions.
So, our interest, is for the case 0 <o <1 and 2 <k < n.

In the next section we will introduce fundamental definitions and some

relevant results which will be needed in the sequel. We collect below a list
of the main notations.

e DY?(R") is the closure of C{°(R"™) with respect to the norm |[u|| =
(Jn [Vul?da) /2.
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e LY(R™),L] (R™) are the usual Lebesgue spaces.

° 2, = % defines the critical exponent for (2.5) inequality.
e We set RT = [0, +00[ and Ry =]0, +o0].

Remark 2.1.1. For s > 0, 2, = 2,(s) = 2(:7__28) < 2% where 2* = % is the
critical Sobolev exponent.

In analogy to the Sobolev’s best constant, we introduce the best constant in
(2.6) by setting

2*
S = inf{/ \Vul|?dz |u € DVY2(R™), / ™ g = 1} (2.7)
R" re |Y[°

Clearly, S depends on k, s,2 and n.

2.2 Existence of extremal functions

Through the Concentration-Compactness principle of P.L.Lions, in [3] it is
proved

Theorem 2.2.1. (¢=2) Assume 2 < k < n,z = (y,2) € RF x R"* 0 <
s < 2. Then, the extremal problem (2.7) attains its infimum: 3 a function u

which satisfies
2 Ju[*
/ |Vu|*dz = S, / dr = 1.
Rn re [Y[°

Corollary 2.2.2. As a consequence, we get that the problem

1
— div(Vov) = 751)2*—1
|yl
v(xz) >0 inR"

v € DM?(R™)

(2.8)

1
admits the non trivial solution v =5 2=Tu where u is an extremal function
for (2.7) as given by the last theorem.

One of the crucial aspects is the following

Remark 2.2.1. For every A > 0 and ¢ € R" %, the problem (2.8) is invariant
under the transformation v — uy ¢ with

une(y,2) = AT u(Ay, A(z - €) (2.9)

In particular, if u minimizes (2.7), so does uy ¢ for every A and £ € Rk,
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Definition 2.2.1. A minimizing sequence {uy}, € DV2(R™) for (2.7), is
characterized by the properties

|up |

dr = 1. (2.10)

/Vuhpdxﬂs, —dz =
R® re Yl

For R > 0 and ¢ € RF, we set
Qr(6) = {(y,2) eRFx e R" | Jy|+ |z — € < R},

The first lemma of Concentration-Compactness principle is the following

Lemma 2.2.3. Let {up}y satisfying (2.10). Along a subsequence, still de-
noted by {up}n, one of the following three alternatives holds:

i) There exists a sequence {&,}, C R such that, for all € > 0 there exist
he € N and R, > 0 such that

24
/ W Gy o1 e, k> VR > R
() 1Yl

2*
ii) For all R > 0 lim| sup [unl dx| =0.
h - [yl°
ceRn—F JQp(€) 1Y

iii) There exists @ €)0,1] such that for all € > 0 there exist R > 0, a
sequence of positive numbers Ry, — oo and a sequence {&,}y C R¥F
such that

24
/ ’Uh’s dr — a
Q. (&) Y

<,

P
/ |“h|s de — (1 —@)| > €(2.11)
R™\Qp, (§r) [yl

/ |up |
Qn, (€)\n. (&) [YI°

dr < €(2.12)

The proof of theorem (2.2.1) can be divided in to two more steps.
Step 1. Under the condition (2.10), only alternative i) can occur.
Proof. In fact, by Remark (2.2.1), given a minimizing sequence @y, also
2

up = )\f&()\hy, An(z —&p)) is a minimizing sequence. Then, for a suitable
choice of A\p, > 0 and &, € R" % we can assume

2. 2«
sup / / |uh|s dydz :/ / |Uhs
ceRn—k J|z—¢|<1 Jy|<1 Yl |lz[<1 Jyl<1 9]

So, the case ii) in the above lemma, cannot occur. The third case is more
delicate and it is proved by contradiction. To show this, the following is
necessary

1
dydz = 3 (2.13)
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Remark 2.2.2. Let p > 1. Then 3C = C}, > 0 such that Va,b € R",

[la + b — laf” — [b[” | < Cp(lalP~* [l + [a][p["~). (2.14)
1—2?>(1—-2z)’Vrel0,1], Vp>1. (2.15)

Proposition 2.2.4. Let {up}n be a sequence satisfying (2.10),(2.11),(2.12).
Let ¢ € C§°([0,+00o[,R) be such that ¢(t) =1 for 0 <t <1, (t) =

0 for t>2, 0<4¢({t)<1 and —C <9Y'(t) <0,Vt > 0. For fized e > 0
small enough, we define

Ry, — 2R,
Iyl + 1 — &l) + h)

onely2) = o

_
Ry, — R,
Under the hypothesis of theorem (2.2.1), we get

/ YV 2z 2/ \vgbh,euhy?dﬂ/ V(1= éno)un2de — oe,  (2.16)
Rn Rn Rn

where o¢ is a constant depending on € only and such that o, — 0 as € — 0.

Proof. To prove (2.16), we will first prove the following claim:

/ \vuh\dez/ |Vuh|2¢%,edac+/ (1 — ¢n.0)?|Vup|*dz. (2.17)
R R” NG

We denote by K}, the support of ¢p and Qg ¢,y = 2. We notice that
Q C K. Then

/ Vun|2dz :/ Vun2dz +/ Vup|2dz =
R~ Qp Kp\Qp
/ b7 | Vup|*dx +/ (1 — én.0)?|Vuy|*dx +/ |Vup|?de.
Qp R\ Ky Kp\Qn
But, by Remark (2.2.2),
[ wwPae= [ vuPdes [ 0= 6T
Kp\Qp Kp\Qp Kp\Qn

> / &2 |VupPdx + / (1~ dn.0)?|Vuy [Pda
Kp\Qp, Kp\Qy,
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and (2.17) holds. Always by Remark (2.2.2),
[ dhvuPiz+ [ 0= onwulda
R™ R"

= / |V (dncun) — unVone|*dr + / V(1 — ¢pn.e)un + upVon |*dx

n

2/ |V(¢h,EUh)!2dx+/ ’v(1_¢h,e)uh’2dx+2/ |V G| |un|*da

n n Rn

- C(/ V(1= ne)un* " up| [V op,e|de + /R V(1 — énc)unl|un* | Vén.c
- c( [ 9 @n ) (9on i+ [

—/ |V(¢h,6uh)y2dx+/ ]V(1—¢h76)uhl2dx+2/ IV n | up|?dz

_ 2C</n V(1 = dne)un| [un| [Vn.e| do + /R IV (dn,cun)| [un] |Vl dg:),

Now, we will prove that the last term vanishes as € — 0, uniformly in A. In
fact, we note that

/ IV (6n.ctun)| [un] |V | dx
Rn

2_1(11?)

|v<¢h,6uh>||uh|2—1|v¢h,e|2—1dx>

</ ‘uh2|v¢h7€|2dl‘+/ ’Vuh‘|uh|¢h7€‘v¢h7€‘dx. (2.18)
R™ R™

Estimating each term of (2.18) separately, we get:

1 2
2 LPde <O ——— / 2d
/Rn [un|* |V ¢n.el“dz < i) i up|?dx

where Ay = Qg, (&) \ Qr. (). By the Holder inequality, we obtain

1
unlde = [ o da
/Ah,e Ane |y| /2«

2x—2

1 2/2* 26 5
< |up|* —da ly|2-—2dx
S
Ane |y Ane

2x—2

s 2
¢2/2 </ \y|zfzdx> (2.19)
Ah,e

We remember that in Lemma (2.2.3), case (iii), we can always choose R}, >

2R.. Setting v = 2*2f2, we have

/ ly|" dz
Ah,e

Ry,
< / dZ/ ly|"dy < CRh”"“/ p'pFtdp < R,
|z|<Rp, ly|<Rp, 0
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Thus, from (2.19), we get

]. 2 2d < 1 2C 2/2 R "F'Y 2x—2
* n 2% .
(Rh_Re> /Ah’6 mh, v (Rh_Re> ‘ ( " )

Since
(n+7) 2*2:2 =2 and Rf_hRE =14 g5 < 2, we conclude
/ IV || 2dz < Ce?/?, (2.20)
R

with the constant C' > 0 independent of € and h. The next estimate follows
from (2.19) and the fact that, by (2.10), [, |[Vus|*d is uniformly bounded.

/R one|Vbnel lun| [Vun| de = /A Sne|Vonel lun| [Vun] da
n he

1/2 1/2
(/ IV ne[2unl® dm) (/ 82 |Vuh|2d:n> < C(E/2)2 = O/,
Ah75 Ah,e 7
(2.21)
Besides

| A V(1 = ¢ne)un lunl [Von.e

dal = | [ Voncunl ] (V61| da]
Rn
=1 [ 1wl (V6 del < o

where g, — 0 as € — 0, uniformly with respect to h. Putting these estimates
in (2.2.2), for (2.17), we have proved the proposition. O

Now we can proceed by contradiction. For any € > 0, we may extract a
subsequence and assume that

as h — oo. We note that such a sequence {uy}, depends also on e. By the
assumption (2.11), we have |a. — @| < €, so that . — @ as € — 0. Set
Ohe = Jgn |Vul?dz — S. By (2.10), o, — 0 as h — co. But by proposition
(3.2.4) and (2.11), we have:

S+ ope= / \Vu|>dz > / ]quh’euh\zdm —|—/ V(1-— ¢h,e)“h|2d$ — O¢
Rn Rn Rn

() g

2, 2/2+ 2, 2/2.
> S[/ 7|¢h’€u:| dac) + (1 _ / “z’h“f; —dz + Ue) ] — 0¢
YNP (1] e, Y
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Then, for a fixed € > 0, if we pass to the limit foe h — oo, we get
S >8> + (1 —ac+0)**) — o,
Letting € — 0, we have:
S > §(@* + (1—-a@)*?*)

which gives the contradiction, as @ €]0, 1[. In conclusion, we can always find
a minimizing sequence for (2.7) such that

24
Ve > 0,3h, € N,3R, > 0 such that Vh > he, VR > R, : g o,
ar0) 1Yl
(2.22)
0

Step 2. To prove the second form of Concentration-Compactness prin-
ciple, i.e.

Lemma 2.2.5. Let {up}, € DY2(R™) be a sequence with the property that
there exist two Radon measures ji,v and a function u € DY?(R™) such that
for some s > 0,

i) up — u weakly in DV2(R™).

2, 1
lyl*

i) vy = |up dx — v, weakly in the sense of measures.

iii) pn = |Vup|2de — p, weakly in the sense of measures.

Then, there exist an at most countable set of indices J, a corresponding set
of points {z; € R"%|j € J}, and two sets {u;};,{v;}; of non negative
numbers such that

1

lyl*

v = |ul*

dr + Zl/jéj, > |Vu]2dx+2uj5j and p; > SV?/Q* Vj e J,
Jj€J jeJ

where §; = d(q,-;) is the Dirac measure with pole at (0, z;) € R™.

Proof. By the Remark (2.1.1) and by Sobolev’s embedding, we can assume
that

S .
Up — U N L3

1 (R™) and pointwise almost everywhere.

In particular,
Up,

e — ﬁ pointwise a.e.
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Let ¢ € C§°(R™). Then we have

Lot e < g (190 w)w* (2.23)
u T —_— u T .
R~ h lyl* " = S2/2« \ Jgn h
/ IV 2de < / 6Pdu + / rv¢\2\u\2dx+2c</ 6P du)/2( / V6P ul2dz) 2 + of1)
R7 R” R» R7 R»
(2.24)

where o(1) — 0 for h — oo.
The first follows easily, so we prove (2.24).

/\vqsuh\?da;:/ |pVuy, + upV|* de
Rn RTZ
< / 162 Va2 do + / Vo2 fup |? dx
R™ R™
+20 [ 101196/ |V o] da

< / 162 [Vun|? do + / V6|2 [up|? do
R™ R”

o0 ([ 1ok wumPar) ([ 19oR P a)
2 2 2 2

< ([ 1okan) "+ [ 196R 1 as
2 2 2 2 %

20 ([ toPan) ([ 19oPuPan) 4o

/ |¢]2|Vuh|2dx—>/ |p|? du and up — u in L}, (R™)
R7 R"

as h — 00, since

as 1 < 2 < 2,. Thus the estimate (2.24) holds.
First case. If u =0, from (2.23),(2.24) we have

) 1 ) 2/2.
* <
[ 1odv < ( IRz du) (2.25)
By an approximation procedure, we get
1
V(E) < (B (2.26)

for all bounded borelian sets E. Thus, we can write

v=1y+ Zyj(sx].

jed
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where v; = v({z;}),{x;]j € J} is the set of atoms of v and vy is free of
atoms. As v(R") < +o0, J is a countable set. Moreover 1q is absolutely
continuous with respect to u, hence vy = fdu with f € L'(R", du) and

v (Br(x))

r;Om Uw— a.e. (2.27)

As vy < v, we obtain that, if x is not atom of p, then f(z) =0 and vy = 0.
In fact, since u(R™) < 400, also the set G of atoms for y is almost countable.
Since vy is free of atoms, v9(G) = 0. Then, for any borelian set B, we have

I/()(B) = l/o(B N G) + I/()(B \ G) = V()(B \ G) = 5o (.T})du =0

as f(x) =01in B\ G. Hence,

V= ZVj5xj

jeJ

and by setting, u; = p({z;}), we derive

' 2/2.
Vi S ot
that is )
2./2
Hj > Sl/j .
Clearly,
= Z“ﬂsﬂfj
J

and hence the lemma is proved in the case u = 0.
Second case: u # 0.
By result of Brezis and Lieb in [10], we know

2, 1

’y|sdac -0

dx — |uj, — u|*>* —dz — |u

|up|**

|ly|* |ly®

Applying the same result to the sequence {up — u}, we have

1
2. N ,
|y|8d:l; U= E Vil
jeJ

lup, — u

We are going to apply (2.23) and (2.24), for an appropriate choice of test
functions. Let ¢ € C§°(B2),0 < ¢ <1 and ¢ = 1 inBy. For € > 0, we
define:

x—mj

¢e(r) = ¢ )

€
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for a given j € J. Then, we obtain

1 1/272/24
qﬁ;dugw[/ ¢fdu+/ yu\21v¢42dx+20</ |u]2|V¢E]2dx> ]
R" S * R" Rn Rn
(2.28)

Also

2/2. 2/n
/ \u|2\V¢>€|2daz = / |u|2\V¢)€|2daz < </ |u\2*> (/ |V(;5€|"d:1c> )
Rn Bae(z) Bae(z;) Bae(z;)

But with a change of variables, we get

1 xr— T
[ werar= [ Liws) =i = [ Vo
Bae () Bae(z;) € € Bs

Moreover, fBQe(a:]-) |u|>*dz — 0 for € — 0. Passing to the limit in (2.28), for
€ — 0, we have

v({a)) < 52% I

that is

j > 5’1/2/2*

since z; is also an atom for the measure p. By weak convergence, u >
|Vu|?dx. Clearly, i > 1j0,,. As the measures |Vu|? and ,; are orthogonal
to each other, we derive

p > |Vulde + Zujéxj
J
At this point, we will prove that z; = (0, z;) for some 2z; € R"~*. We notice
that, since uj;, — u in L?;C(R”), then for all € > 0, we have

/ / ]uh—u|2*— / / lup, — u|**dx — 0.
|z|<R Je<|y|<R |z|<R Je<|y|<R

(2.29)
Let A = {(0,2)|]z € R**} and let B € R"* be any ball such that
dist(A,B) > 0. Then, (2.18) implies v(B) = [, ‘Eli* dzx and necessarily
all atoms of v must lie in A, that is z; € A for all j € J. Finally, the proof
of lemma is supplemented. O

Step 3. Proof of Theorem 2.2.1.
We only consider the case s > 0. We are going to apply Lemma 2.2.5 to
a minimizing sequence for (2.7), with the properties (i),(ii),(iii) of Lemma
2.2.5. We can also assume to satisfy (2.13) and (2.22). For the limiting
measure v notice that, (2.22) implies that, for any ¢ > 0,

2
12/ duZ/ dv zlimsup/ |Un|s dr>1—¢€
n QR (0) n o Jaro) Yl




2. A weighted Sobolev inequality 39

provided R > R.. Then [p,dv =1 and [, % dr < 1. By Lemma 2.2.5,
we have that any possible atom for v must lie on the subspace y = 0, and by
(2.13), we find that v; € [0,1/2], for all j € J. Since 1 < 2 < 2,, we derive

the inequalities

Sz/ duz/ Vuldz + Y
R™ R

jeJ

‘U 2* 2/2* Z 2/2
S[([ )™ 5]

rn Y] ied
‘u 24

> S p dx—i—ZVj

re Y] jed
=5 dv = S.

R’n

Thus all inequalities above must reduce to equalities. In particular

[(/ [ul™ dx) i + Zlﬁ/z*} —/ [uf* dx + ZI/'
re |Yl° Iy, / re |Yl° !

jeJ

which for 2/2, < 1 implies that all terms above are forced to be equal to
either 1 or 0. As their sum equals 1, only one of these terms is equal to 1 and
the others must be 0. But since 0 < v; < 1/2, we only have the possibility

that v; = 0 for all j and [, % dz = 1. Consequently S = [, |Vul?*dz, so
u is the desired minimizer.

2.3 A variational approach for the problem (2.1)

Through the Sobolev inequality (2.5), M.Badiale and G.Tarantello in [3]
derive a variational principle for the problem (2.1) in the Sobolev space
DY2(R3), provided ¢ satisfies (2.2), and p € [4,6]. Indeed, they prove:

Lemma 2.3.1. For each p € [4,6] there exists a constant C), such that, for
u € DV2(R3),

/R3 o(r) [ulP (z)dz < C, (/]1@3 Ivu‘2dx>p/2. (2.30)

Proof. In view of (2.2), since r¢(r) is bounded, we can use (2.5), with n = 3,
with £ =2, and s = 1, (so 2, = 4) to conclude

/]R3 o(r)|u|*(z)de = /R3 TCZ)(T)’ufdx <C (/R3 IVqux>2‘
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Moreover, since ¢ € L°(R™"), by the Sobolev embedding, we obtain

/R3 o(r)|u|®(z)dz < C </RB |Vu|2dx>3_

For 4 < p < 6, we have

/ o(r)uppde = / o(r) 7 u* P §(r) 2" Ju 6P de

6—p

<(/. ¢<r>ru\6) N ([ otat)
co () e om)
_¢, </Rs|vu|2>2.

Moreover, always in [3], the authors got the asymptotic behavior of so-
lutions for the problem (2.32) by a result of Egnell [21].

O]

Lemma 2.3.2. Assume p € [4,6], ¢ verifying (2.2), and let u € DY?(R3),
u > 0 be a weak solution of the equation —Au = ¢uP~'. There exists a
constant positive C' such that

u(z) < — (2.31)

as |xz| — oo.

By Lemma 2.3.1 and Lemma 2.3.2, it follows that, for p € [4,6] the
functional

1 1
1) =5 [ IVuldr—— /RS () ul? do

is well defined, Fréchet differentiable in D!?(IR?), and its critical points
satisfy
~Au(z) = ¢(r)|uP~2u in R3,
u(r) >0 in R3 (2.32)
u € DV2(R3)
Thus, every solution of (2.32), satisfies the finite-mass condition and it is
solution of (2.1). In fact, by (2.3) and (2.31), it holds

P(ryuPtde < C’// ! ! —— rdrdz
R3 RJO T (14124227

> 1
:C// - drdz < +o00.
RJO (14724 22)7
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for p € [4,6]. So, for p € [4,6], the problem reduces to search non-negative
critical points for I in DY?(IR3). Also, the problem (2.32) has the following
variational formulation. Any extremal function for the minimization problem

inf {|Vul?de | u € DLQ(]R{?’),/ () ufPdz = 1} (2.33)
R3

yields a solution for (2.32). Moreover, to obtain solutions with cylindri-
cal symmetry, it needs to consider the restriction of I over the subspace
D% (R?) = {u € DY2(R3) with cylindrical symmetry}. Let M and M,
be the Nehari manifold

M= {ue DR : u#0, /R |vup = / Bl

M= {ue D®) w0, [ VuP = [ o)

It is easy to verify that the functional I is coercive and bounded from below
on M, (respectively I. on M), and

1 1
I(u) = (5 - ];) - \Vu|>dz Yue M

11 o
I(u) = (2_19)/R/0 \Vul|?rdrdz  Yu € M,.

For any u € M, u # 0,there exists a unique scalar A given by

\ (ng |Vu|2> =
Jga Slul?

such that Au € M. Therefore if we define the best constant in (2.30)
Sy = mf{/ |Vu|?dz : u € Dl’z(R3),/ o(r)|ulPdr = 1} (2.34)
R3 R3

Sep = inf{/ |Vu|?dz : u € Di’Z(RS),/ o(r)|ulPdx = 1} (2.35)
R3 R3

as an immediate consequence, we have

Lemma 2.3.3. S is achieved if and only if Sy is achieved (respectively Sy .
is achieved if and only if Sy, is achieved) and

_ _ (L 1)
SM_J&\%I(U)_<2 p>8¢ (2.36)

— _ (L 1)
SMCuléljf/[I(u)<2 p>5¢,c (2.37)
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Remark 2.3.1. The particular case is when p = 4. In this situation, we
obtain the nonexistence for the minimization problems (2.32) and (2.33)
also for the function ¢(r) of type (2.2). We note that Bertin and Ciotti
model, ¢(r) is asymptotic to 1/r when r — oo, so the problem (2.1) admits
the limit problem

—Au(z) =21u4® in R?,
u(z) >0 in R3 (2.38)
u € DY2(R3)

which has a solution, given by the extremals of (2.5) inequality when
n=3k=2s=1.

2.4 Existence and nonexistence results

In [3], it is proved the following theorem:

Theorem 2.4.1. Let ¢ satisfy (2.3).

i)If 4 < p < 6 then I (or I.) attains its infimum over M (respectively on
M.) at a solution u (respectively, a cylindrically symmetric solution u.) for
(2.1). These solutions are also extremals for the best constant in (2.30) over
DY2(R3) (respectively Do (R3))). Furthermore, there exists py € (4,6) such
that, if po < p < 6, then Sy < Sg.c; therefore u and u. define two different
solution for (2.1) in this case, and the best constant in (2.30) is attained at
a function which is not cylindrically symmetric.

it) If p =6, then I cannot attain its infimum over M. On the contrary, I.
attains its infimum over M. at a cylindrically solution for (2.1) which cor-
responds to an extremal for the best constant in (2.80) over D&*(R3).

iit) If p = 4 and the function r — r¢(r) is assumed increasing and not
constant then neither I or I. can attain their infimum over M and M. re-
spectively.

M.Badiale and E.Serra in [2] continue the work begun in [3] and obtained
several results for a more general problem in R"™, with n > 3, given by:

—Au(z) =o(|yl)u>! in R",
u(z) >0 in R” (2.39)
u € DV2(R™)

where 2 = (y,2) € RF xR"™* k£ >20< s <2, 2 = 27—5. We denote
ly| by r and suppose that the function ¢(r) is asymptotic, at 0 or at oo (or
both) to 1/r®. Then, the problem (2.39) admits the problem (2.8) as limit
problem, invariant under transformation (2.9). The hypotheses on ¢ are the
following. For some n € (0,1) and s € (0, 2)

¢ € CO7H(R+7R+)7 ¢(7,)7,s € LOO(R+)7

loc

and at last one between lirr[l) o(r)r* =1 and lim ¢(r)r® =1 holds.

(2.40)
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limsupg(r)r® < 1. (2.41)
r—0,+00
The Theorem 2.0.2 implies that in the space D*2(R") the integral
Jzn ﬁ\u 2 dz is finite, so, for u € DV2(R™) \ {0}, we can define

Jgn [Vul*da
o -z

Jgn [Vul*da
(Jan Syl da)2/2+

J(u) = and  Jy(u) =

We can see that J and J, are C! functionals over D1?(R™). We also define
= inf{J(u) : u € DY*(R")\{0}} and Sy = inf{Jy(u) : u € DM*(R™)\{0}}

and we consider the minimization problem
find w € DY*(R™)\ {0}, u >0, such that Jy(u) = S,. (2.42)

Badiale and Serra in [2] investigate the regularity and positivity of solution
for (2.39) in some particular cases and get the following results.

Lemma 2.4.2. Assume (2.40) and let u € DY?(R"),u > 0, be a weak
solution of the equation

—Au(z) = ¢(|yl)u

If sn < 4, then u € COW(R") for some n € (0,1). If sn < 2, then u €

loc

CEY(RM) for some n € (0,1).

loc

Proof. We first claim that u € L] (R™) for all ¢ < +00. We write
2*—1

d(|yu—t = o(|y|) TTu (1 +u), and we set

2*—1

a(x) = (!y\)

U

so that u satisfies

—Au(z) = a(x)(1 4+ u).
For Lemma B.3 in the book of Struwe [50], it is enough to prove that a €
L™?(R™). We rewrite
2.-2
lyl* 1+u

a(z) = o(ly])yl*~

Of course, the quantity 17 is bounded (as u > 0), while ¢(|y|)|y|® is bounded
by (2.40). Hence we have o prove that

u2e—2 (2.—2)n/2
€ L% that is, N e L'

lyl° [y
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To show this, we notice that since sn < 4, so that ns/2 < 2 < k. We can
use the Theorem 2.0.2, with n s/2. Indeed, we have

n_ 2(n—ns/2)'

2, —2
( )2 n—2

In this way, we have proved the claim. Moreover, if sn < 4 we can take
n

some p > 5 such that sp < 2; since k& > 2, we see that (ﬁ) is locally

integrable. This implies that % is locally in LI(R"™) for some p > ¢ > 3.
By the usual elliptic regularity theory and the Sobolev embedding, it follows
that u € C'ZOO’S(R”) for some 6 € (0,1). Finally, if sn < 2 we can repeat the
same argument using some p > n such that again sp < 2, to obtain that
u € Cllgf(R”) for some 6 € (0,1). O

Lemma 2.4.3. Assume (2.40) and let w € DY2(R"),u > 0, be a weak
solution of the equation

—Au(z) = ¢(ly)u !
If smn < 4, then u > 0 in R™.

Proof of Lemma 2.4.3. We define A = {x = (y,2z) € R" : y # 0}.
By standard elliptic regularity, u € CZQOZ(A) for some n € (0,1); hence we
can apply the classical strong maximum principle to obtain that v > 0 in A.
Moreover, by Lemma 2.4.2, u € Cﬁgf, for some 0 € (0,1). Let zp € R™be such
that o = 0 and consider the ball B = Bj(z¢). We define ¢(r) = min{1, ¢(r)}
and we remark that q?) is Holder continuous, because so is ¢. Let v be the
classical solution of the problem

{ ~2k) — Bl in B o

We notice that gg(\y|) u?~1 is Holder continuous and now —Au > —Av in
the weak sense in B, and u > v on 0B, so that, using the maximum principle
for weak solutions, we have v > v in all B. But v is a classical solution of
(2.43), —Av > 0 and v is not a constant, so by the strong maximum principle
we have v > 0 in all of B and hence u(zg) > 0. O

The first nonexistence result is a consequence of the following identity of
Pohozaev type (see Proposition 2.5 in [2]).

Proposition 2.4.4. Let a : R™ — R be a function such that
a(z)|y|® € L= (R"), with a € C(A), (2.44)
and let u € DY2(R™) be a weak solution of

—Au(z) = a(x)ulP?u in R™ (2.45)
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Assume that u € C}O’CB(R”) N LP(R™) N C2(A) for some 6 € (0,1) and also
that
alulP € LY(R™) and Va(z) - z|ulP € L'(R™). (2.46)

Then the following identity holds

/n [(n ; = Z)a(ﬂf) - ;Va(x) -z ||uPdr =0 (2.47)

Applying (2.47) to problem (2.39), with the suitable limitations on the
values of s,n, we get

Corollary 2.4.5. Assume that sn < 2, that ¢ satisfies (2.40) and also that
¢ € C(Ry) and ¢ (r)r*tt € L®¥(R,). (2.48)

Define ¢(r) = ¢(r)r® and assume that ¢ is monotone (increasing or decreas-
ing) and not constant. Then the problem (2.39) has no solutions.

Proof. We apply Proposition 2.4.4 with p = 2, and a(z) = ¢(|y|). We note
that Va(z) -z = ¢ (Jy|)|y|, so that (2.40), (2.48) and Theorem 2.0.2 imply
that the hypotheses of Proposition 2.4.4 are satisfied. So, if we assume that u
is a solution of (2.39), by Lemma 2.4.2 we have u € Cllo’f (R™) and by Lemma
2.4.3 we obtain that u > 0 everywhere. Moreover, computing

<“ -2 n)a(x) — 21*Va(x) cx = —2%@(3«") - 21*Va(x) "t

= —-(sala) + Va(e) - 2) = ~o-(s0(lu) + 6 (D ly)

11 " : . 1
AT (slyl*"o(lyl) + ¢ (JyDlyl®) = —Wﬂ) (lvl),
we see that (2.47) gives
1 ’
0= [ i ¥l uf* da. (2.49)
rn Y]

Under the hypothesis that ¥ is monotone and not constant we obtain that
1 is not zero and has constant sign. Therefore (2.47) gives a contradiction
and this implies that (2.39) has no solutions. O

A natural question is the following: there does a ¢ # %S exist for which
the infimum in (2.33), when p = ¢.(s) = ¢, is achieved? The answer was
given by K. Sandeep in [45], who discussed the existence and nonexistence
of minimizer for the constraint minimization problem

S¢ = inf {/R" |Vul? : /]R" o(r)|ul?dx =1}, (2.50)

ueD1a(R")
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where 7 = |y|, z = (y,2) ERF xR * 2 <k <n0<s5<gqs<kl<

q<n, g.= %. For the sake of simplicity, we will consider only the case

g = 2. We will denote I(u) the functional given by

1

1
rw) =5 [ 1Vl =5 [ ol

Notice that its critical points satisfy the problem (2.39). In [45] the following
theorem is proved.

Theorem 2.4.6. Let ¢ : RT — RT be continuous and satisfies imr®¢p(r) =

r—0

Co and lim r°¢(r) = C, where 0 < Cy < 00 and 0 < Cop < 00, then

i

S¢ < min{ Sl , Sl } (2.51)
cr CZ
ii) and Sy is achieved if Sy satisfies
s S
Sy < min{—5, —5} (2.52)
Cy Cx

iii) If ¢ satisfies in addition r*¢(r) < max{Cy, Cso} for all v, then
.. 8 8
Sy = mln{—l, 7}
Cy Cx
and Sy is achieved only when ¢(r)r® = max{Cp, Cuo}.

Proof. (i) By Theorem 2.0.2, we know that S is achieved at some w €
DY2(R™). We define, for A > 0,wy(z) = AT w(Az). Then, by a change
of variables, J(wy) = J(w) = S, while

fRn |Vu|? dx

= s |w 2% °
U (5 B I day2/2:

Jp(wy)

Since |1|’;||2: € L'(R"), it is easy to check that J,(wy) — ﬁ as A — 0.
On the other hand, by definition, we have that Sy < J¢(wA§ofor all A > 0,

therefore for A — 0, we have Sy < % Analogously, letting A — 400, we

have Sy < ﬁ Thus we get
0

S S

Sy < min{—, —=1}
¢ 002/2* o2/
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To prove (ii), we need some preliminaries. We denote the sets {(y, z) €
R+ ro < fyl < mib {(y2) € R" ¢ Jy|l < ro(= 1)} by {ro < r < m}
and {r < ro} (> r) respectively. We recall a well-known application of
Ekeland’s principle to select the best minimizing sequence for a functional
over the corresponding Nehari” manifold.

Lemma 2.4.7. There exists a sequence {up}p € M such that I(up) — S
and I' (up) — 0 where I denotes the Frechet derivative of I.

Proceeding in the same lines of Badiale and Tarantello, in [45] the com-
pactness properties of the minimizing sequence are discussed. The first step
is to show that the assumption (ii) prevents "vanishing" of the minimizing
sequence in the y-direction .

ﬁ} and {up}n be a minimizing

0
sequence as in above Lemma, then there exist ro,r1 with 0 < g < 00, 0 <
r1 < oo and a constant Ko > 0 such that

Lemma 2.4.8. Let Sy < min{ﬁa

n—oo

lim inf/ o(r)|up|* dz > K. (2.53)
ro<r<ry

Proof of Lemma 2.4.8.
Let C be such that C' = max{C
by Lemma 2.3.3, we have

2/2e. 2/2*} then we have Sy < & 5 and hence,

Sar < (1 _ 1) (2)7= (2.54)

2 2,

We will prove our lemma by contradiction. For absurd, we suppose that for
all rg,71 >0

n—oo

lim inf/ o(r)Jup|* dz = 0.
0<r<ri

We claim that this contradict (2.54). Let € > 0. Then, we can find rg,71 >0
such that

| /<T0 - f)luh|2* dx —I—/ (¢(r) — CTZO)|uh|2* dr| <e  (2.55)

r>r1

uniformly for all h. By our assumptions, passing to a subsequence if neces-
sary, we can assume that

lim o(r)|un|* dz = 0. (2.56)

h—00 Jro<r<r
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Now, by (2.55), (2.56), we get

/as(r)ruhr?*dx: () fun | diz + / o) un® de+ [ o) unl de
R™ r<ro

< ro<r<ry r>T1
2. 2.
< Co/ |uhl dw—l—o(l)—i—Coo/ ’uh’ dz + €
r<rg T >r
|’U«h|2*
< max{Cp, Co } —dr+e+o(l) (2.57)
Rn T

where o(1) denotes the terms which go to zero as h — oo. Since up, € M, we
have

- (e T ) s (vt )
— 24 u *
Jgn () [un[? dz C2 fR"l l? dxr + €+ o(1)

rs

Therefore

11
= i S 2
Sar hingo<2 2)/]1@ Vun|” do
gl
11 (fR"Wuthx)
> lim (= — — .
h—oo\ 2 24 2, a2+ 2,2
<C2 Jrn T dx+e+o(1)>
24 —2
1 1 W V|2 d 7.3 1 -3
= lim(—)< fR | u:J - ) <1+ 2*6+0|( |)2* )
hmeo 2 2 Ol nl gy CF fpu 224

—2
2* 2 24—2
(1oL (2 tim (14—, <ol (2.58)
2 2, C h—o0 > f]Rn |“hl * dx

Since r°¢(r) is bounded, we have

unl® e > K 2
¢( )up|™ de = K

rs

where K is a positive constant. Therefore by taking h — oo and € — 0 in

(2.58), we get
2x
1 1 S\ 22
>(= - — :
SM—<2 2*><C’>

This contradicts (2.55) and hence the lemma follows. O
Fix an rg and 7 satisfying (2.55) and let @) denotes

Q={(y,2) €ER" : 1o <7 < 1,2 €[0,1]"*}

and
Qi={(,2) €R" trg<r<r :2€&+[0,1]"7"}
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where ; € N"~*_ Now by translating the minimizing sequence {uz} in the
z direction, if necessary, we can assume that the minimizing sequence
guaranteed by Lemma 2.4.9 satisfies in addition

sup o(r)|up|* do = / o(r)|up|? dx (2.59)
Qj Q

J

The second step is to extend the last lemma in the z-direction.

Lemma 2.4.9. Let {up}y be a minimizing sequence as in Lemma 2.4.9, and
satisfying (2.59) and ro,r1 chosen as in Lemma 2.4.8, then

hmlnf/ o(r)|up|® dz > 0 (2.60)

Proof. Let s1 > 0 be such that s < s1 < 2. We define

!/

o = 9,(s1) = 205

n—2

Then 2 < 2, < 2, and by Theorem 2.0.2 there exists a constant C' > 0 such
that

nosy
/ bl <cC (/ \WPdaa) " (2.61)
Rn 71 Rn

holds for u € DY?(R"). Now by using (2.59) and the boundedness of uj, in
D'2(R™), we have

( / Rl dx> <K

’
*

7
]uhIZ* da:)

\*\
N

M

’

n(T +&5) \2* da:)

[
< Vup(z + &) d:c>1/2 (/ \uhx+§)y2)dx>
(,

l\’J

K

U,
(
“
(
U,
U,

NN

IN

.

/

2*
2 /
|Vuh \de> —i—/Q |uh(x)\2*d:c>

J

|V, () de + </ |uh(:n)|2; d:n>

J

2,
Vun(z |2dx—|—</ Wd:n>

J

IA
=

IA

K

<K

(2.62)
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where K stands for a positive constant independent of n, k. Now using (2.59),
(2.61) and (2.62), we get

/T0<T<T1 ¢<T)’uh’2* dx :; /Qj ¢(7’)]uh]2* d

’

%~

2

= i( [ ot i) ( / e dm)

i=1

2/* /
K 24 e 2 Jun|*
o(r)|up|* dx |Vup|* dx + —dx
Q R R" rel

<K ( /Q o) [un dm) (2.63)

IN

The conclusion follows immediately by Lemma 2.4.8. O

Now we are ready to prove the part (ii) of the Theorem 2.4.6.
Proof of (ii).
Let Sy satisfy (ii). Then from previous Lemmas, we can find a sequence
{up}n € M such that I(up) — Sar, I (us) — 0 and

lim / o(r)|up|? dz > 0.
Q

h—o0

Then {up}y is a bounded sequence in DY2(R™) and therefore by passing
to a subsequence if necessary we can assume that {uy}), converges weakly
to say ug € DY2(R™), up, — ug in L?SC(IR{") and uj, — ug pointwise almost
everywhere. Hence

/ () uol dz = lim / () un|2* dz > 0.
Q h=eo Jq
So, ug # 0, and since I/(uh) — 0, we know that wug satisfies the equation

—Augy = ¢(T)|u0|2*_2u0 inR"™

i.e.

/ Vol de = / o(r)uol® dz
Rn Rn

i.e. ug € M. Consequently, using the weak lower semicontinuity of the norm
in DM2(R™), we get

1 1 1 1
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Thus, limy, oo ||unl|> = |Juol|?, that is {u}n converges strongly to ug in
DY2(R™) and I(ug) = infp I(u) = Sy O
Proof of (iii).

From our assumptions we have that

() < max{Cy, coo}%. (2.64)

Thus from definition of Sy and S, we get

S

S
Sp > min{——, —~1}
’ c22" o2

(2.65)

and hence equality holds in (2.65). It is clear that when r*¢(r) = max{Cp, Co }
then Sy is achieved. So we assume that the inequality in (2.64) is strict at
least at one point. Let us suppose that Sy is achieved for such a ¢ say at
v € DY2(R™). Then we can take v > 0 and by strong maximum principle of
Vazquez [53|, v > 0. Then

g Jgn [Vv[? dz
P (Jgn O(r) 0] dz)?/2
2
Jzn IV de* >
(max{Cy, Coo } fign 5= dar)2/2+

s S
min{——,——} =8
oo~ ¢

which is a contradiction. Hence Sy is not achieved. This completes the proof
oh Theorem 2.4.6. O
The research of a condition for ¢ which guarantees a solution to the
problem (2.39) was studied also by Badiale and Serra in 2] by Concentration-
Compactness principle, having analogous results. Here there is a list.

Theorem 2.4.10. (i) Assume that ¢ satisfies (2.40) and also that
o(r)r® < 1Vr >0 and ¢(ro)rg < 1 for somery > 0. (2.66)

(11) Assume that ¢ satisfies (2.40) and (2.41) and Sy < S.
(iii) Assume that ¢ satisfies (2.40) and
lin[l)qﬁ(r)rs = liIJ]rn =1 with¢(r)r*>1 for allr > 0. (2.67)

(iv) Assume that sn < 4 and that in addition to (2.40) and (2.41), ¢
satisfies also liril o(r)r* =1 and

1
Jrg > 0,38 € (0,k — s) such thatp(r)r® > 1+ el for allr > rg.
r

Then, in the case (i), the problem (2.42) has no positive solutions, while
in the cases (i), (iii), (iv) the problem (2.42) has a solution.
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Proof. The proof of (i),(ii) is the same as in Theorem 2.4.6.
iii) Let ¢ € C2(R,,RT), ¢(r)r* € L(R,) and lin(l)gzﬁ(r)rs = lim ¢(r)r® =

loc
1, with ¢(r)r® > 1 for all » > 0. If ¢(r)r® = 1, then the problem reduces to
(2.8) and of course S = Sy. The existence of a solution has been proved in
[3]. Otherwise there exists a r; > 0 such that

¢(r)r] > L. (2.68)

Let w € DY2(R™),w > 0 be such that

1
/ \Vw|*dz =S, and / W\wﬁ*dm =1 (2.69)
R™ R~ Y

Hence, by (2.67) and (3.67) we see that

1
/ o(ly[)|w 2*drv>/ —Jw|*dr =1,
R™ Rn |y\

which implies that

g Jgn [Vw]? dz
= (Jgn Dyl w2+ dax)2/2:
The conclusion follows then from Theorem 2.4.6. O

(iv) In order to prove (iv), we need some estimates on the decay of w,
the solution of problem (2.8). We recall this following result, due to Egnell
(see [21]).

Theorem 2.4.11. Letu € DY2(R™),u > 0 be a weak solution of the equation
—Au = f(z,u),
where 0 < f(x,u) < b(z)u® and

n -+ 2 2n
l<o<——, b€ L"(R"), 7= .
7S 2 (RY), 7 n+2—(n—2)o

Then im supy,_, 4 o |2 u(z) < +00.

By an application of Theorem 2.4.11, Badiale and Serra in [2] prove this
result.

Lemma 2.4.12. Let w be a solution of problem (2.8) and assume that sn <
4. There exists C' > 0 such that

w(z) < ¢

- ‘x|n—2

as |z| — +o0.
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Proof. We want to show that the hypotheses of Theorem 2.4.11 are verified.
Fix some o € (1, Z—f%) very close to 1 and write the equation as —Aw =
b(x)w?, where b(z) = |yl|sw2*_1_". We want to prove that b € L7(R"™),
where

2n
n+2—o(n—2)

as in Theorem 2.4.11, that is

1
/ b(@)" da — / (™) do < +oc, (2.70)
n Rn

But

1 1
/ (sz*_l_")T dz :/ w(Q*_l_U)T‘y’ST dzx. (2.71)
R’n n

Applying the (2.5) with a = s7, to the second member of (2.71), we have:

1 1
/ wZ—=o)T pon dr = / aw2*(a) dr < +oo.
n Y| re Yl

We just have to check that sT < 2 and the exponents,

2,(s7) = Q(Z_ZT) = (2, —1—0). (2.72)

Now since s < 4/n and 7 is as close as we wish to n/2, by taking o sufficiently
close to 1, we see that sT < 2. By computations, we have (2.72). O

Proof of (iv). We want to prove that Sy < S and apply Theorem 2.4.6.

Let w verify (2.69) and define wy(x) = )\nT_Zw()\:E), where z = (y, z). We
compute, setting =’ = Az,

I\ e \y!
17 1 . *d —
et i = [ o i) st A
/ /|s
2 v\ Y Ly
= w?* da’ —|—/ qS( -~ > -1 * / <
/Rn|y|s L) T i o
Let us study the last integral. We write it as
ly'|® L oo
= -1 w**dx
Jolo(51) 5 - 57
ly'I° 9 11 v\ Lo
= ¢<||> -1 w™dzr' + ol 15| -1 w*dz
/|y’|<)\ro[ A A® ] y/‘s \y’|2)\ro[ A A® ]‘yl‘s

and we consider these two integrals separately. We have, by our assumptions,

/ /s 1 1 1 1
/ [¢<‘y’> ’yl —1]— sw2*dx' > / — Sw2*d1:/ _ )\ﬁ/ / s+gw2*dm/-
ly/|> o PNYAD) Y| iz [£18 19| a0 1]

)2* dx/

S
v —1] w? da.

)

Y|
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When A > 1/ry we obtain

! 1
I} 24 / B 2, , 5
’ /Iy’lzm A /|y/21 e A = ad’,

where a = f‘y 51Ty |s+5w 2dz’ is (positive) and finite since

1 24 / 1 24 / 1 24 /
W dz' < W dz' < SW dz' = 1.
ly'|>1 Y| ly'|>1 1Y/ re Y]

Therefore we have proved that

y’ ’y/’s 1 2
[¢(|> _g L
/ly’IZ/\m AN ly'|*

with a > 0. Concerning the other integral we obtain, writing 2’ = (y'2’),

s
‘/ (‘) ‘y’ ] /8w2*dx/
ly'|<Aro ’ ’
1

1
< / . wdx' +C . wdx’.
ly'|[<Aro, /| <y 1Y] <o)z >0 1Y

As w is continuous (by Lemma 2.4.3) we firs see that

1 1
/ w* da' < C / ——da’
wl<aro l21<cr [V]° "<aro,l2|<cn 1Y

Aro
< c/ —sp’ffldp:CA’H.
o P

Next, from Lemma 3.3.14 we obtain that for |z| — oo, w(z) < that

|x‘n72

. . 2(n=s) CQ*
implies w(x) »—2 < PEGDE Then

1 1
U}z*d.%', S C / ﬁﬁdlj
W <xrozzcn Y17 |22

/ ;
/
Iy |<Aro,2/|=Cy (Y17

1 1 1
S C/ dey,dZ/ S C)\k_s/ szl
<o =c [Y']7 |22 =) >0y |2/[20=9)

_ C)\k—s oo 1 n—k—1 do = C}\k—s oo 1 d
- o p2(n—s) P p= o pntk—2s+1 P

But since n+k—2s+1 > 1, because s < k < n, we have that f(jfloo W%QM dp <

400, thus

1
/ ——w?dr’ < ONFS
ly'|<Arg,|2|>C |y |
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Collecting all above all estimates we finally arrive at

/ Sy wd (x) de > 1+ aX’ — bR,
Rn

with a,b > 0. As § < k — s, when \ is small, (i.e. % < A< 1), we obtain

/R o(Jyl) wP do > 1,

which implies that

o |Vw|? dx
S¢ < J¢<w)\) = fR 2, 2/92
(Jn D(ly[wy” da)?/2

The conclusion follows easily. O

Summing up, we get existence of solutions for (2.42) when ¢(r)r® > 1
and nonexistence when ¢(r)r* < 1 and ¢(r)r® # 1. By iv), we require ¢(r)r®
to be above 1 just for large values of r.

Remark 2.4.1. We have just seen that the problem (2.32) has no solutions
for n = 3,p = 2, = 4. However, for the Theorem 2.4.6 shows that by a small
perturbation of Ciotti-Bertin function ¢, we can obtain a problem which

does have a solution. Indeed, we can fix v € (2o — 1,2a) and € > 0 and

define )
2 a 2
be(r) = (1) + € d - = rter -
(1 + r?)ﬁ-‘rg (1 + T2)Oé+5

By computations, we have, for large r’s

C

r2a—y"°

Ge(r)r—12>

As 0 < 2a—+v <1 < k—s, the hypotheses of the Theorem 2.4.6 are satisfied
and we obtain a solution for problem (2.32) with ¢, replacing ¢.



3. SYMMETRY PROPERTIES AND IDENTIFICATION OF THE
EXTREMALS OF A WEIGHTED SOBOLEV INEQUALITY

In this chapter, we study the symmetry properties of the minimizers of a
weighted Sobolev inequality which establishes:
Let n >3,2<k<nz=(y,z) €ERFxR"* 0<s<22, =225 There
exists a optimal constant S = S, ;. s such that

g / Jul*

| lyl®

If s =2, (3.1) still holds true (see [3], Remark 2.3) if 2 < k < n, thus
providing an extension of the classical Hardy inequality (which is known not
to possess extremal functions). The limiting case s = 0 corresponds to the

classical Sobolev inequality. It has been exhaustively studied by Aubin [1]
and Talenti [51] who computed exactly the best constant

2

2x
S/Vu|2 v u € DY(R") (3.1)
Rn

T(2)T(2 + w1 )

Son =n(n—2) ( T(n+1)

and proved existence of extremal functions, exhibiting them explicitly. In
the more general case 0 < s < 2 ( but k = n ) the best constant has been
computed in [28] and extremal functions have been identified by Lieb ([34]):
they are given, up to dilations and translations by

1
U(x) = n—2
(1 + lafr=) &
More general inequalities of type (3.1), still in case k = n, have been

considered by Caffarelli-Kohn-Nirenberg [13]. Also here, positive solutions
of the associated Euler equation (on a properly weighted Sobolev space) turn
out to be radially symmetric (see [7]) and they can be explicitly computed
just solving an ODE (see [17]). They turns out to be of the same form as
in the case a = 0. When k& < n, extremals cannot be anymore radially
symmetric and then they cannot be searched among solutions of an ODE.

In this chapter, at first, we will recall an important result proved by Mancini
and Sandeep in [40] where the cylindrical symmetry of minimizers of (3.1)
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has been proved, by symmetrization arguments applied to a related Hardy-
Littlewood-Sobolev inequality. In the second part of this chapter, we study
entire solutions for the following problem

n+2—2t
—Au = % in R®
w > 0 (3.2)

u € DY(R")

where R® = R¥ x R"% n > 3,2 <k < n,t € (0,2) and a point x € R" is
denoted by z = (y, 2). In [3] it was proved that (3.2) is the Euler equation
associated to (3.1) inequality. It is known that (3.1) admits extremals (see
[3]) and so, the problem (3.2), (with ¢ = s), has a solution. We will prove,
using moving planes techniques, that all the solutions of the Euler equation
associated to (3.1) are cylindrically symmetric. This result is from [22].

3.1 Rearrangement inequalities

In this section, we will give some preliminaries which will be useful later.

Definition 3.1.1. f : R" — R is said to be vanishing at oo if it satisfies
{|f| > t}| < oo for all t > 0, where | - | denotes the Lebesgue measures.

Definition 3.1.2. Let A C R” a Borel set of finite measure. Define A*,
the symmetric rearrangement of the set A, as the open ball centered in
the origin whose volume is that of A. In formula, A* = {z||z| < r} with

(IS~ /n)r™ = |A].
Definition 3.1.3. The symmetric-decreasing rearrangement of a characteristic

function of a set is, x% = xa~ .

Definition 3.1.4. The symmetric decreasing rearrangement of f is
[ (z) = fooo Xi{ﬁ|f\>t} (z)dt .

Lemma 3.1.1. (Riesz’s rearrangement inequality) Let f,g,h be three non
negative functions on R™, vanishing at oo, then

|| t@a -ty < [ [ 5@ @ =g e (33
Further, if g is strictly symmetric decreasing, then equality in (3.3) holds if
and only if f(x) = f*(x — z9) and h(x) = h*(x — zy) for some common
zg € R™.

Lemma 3.1.2. Let f, g, h be three non negative functions on R™, vanishing
at oo and a > 0. Then

hy) P L h)
L L rx\a ~ ¥y dady <L afe @Y e dvdy.
(3.4)

Moreover, if g = g* equality holds in (3.4) if and only if f = f* and h = h*.
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Proof. Forls > (0, we denote by B, the ball in R™ with center at zero and
radius (1)«. With this notation, we have

1 (0.)

Using this representation, Fubini’s theorem and Lemma 3.1.1, we get

/n - |:1;|a (=) T;Ti)dxdy = /OOO /OOO </n/n(fXBs)($)9($y)(hXBt)(y)dydl‘>dsdt
< /Ooo /OOO </n /n(fXBs)*(x)g*(gc—y)(hXBt)*(y)dydx> dsdt.

(3.5)

Further, we note that (fxp,)* < f*xB., Vs > 0. In fact, by the inclusion
between level sets, we have

{(Fxp.)" >t ={fxs, >t}" = ({(f >t} N Bs)* < {(f > }" N By)
={f" >0 Bs ={f"x5, >t}

and hence
o

(e @) = [ it o0 @it < [ g (@)t = (Fxe.)(a).

Then

/OOO /OOO </n /n(fXBs)*(fv)g*(x —y)(hXBt)*(y)dydx> dsdt
= /oo /Oo (/ n(f*XBs)(fE) 9" (x—y) (h*XBt)(y)dydx> dsdt
- [ L e s 9

This proves (3.4). Let g be strictly symmetric decreasing. Assume that
equality (3.4) holds for an f and h. We want to show that f = f* and
h = h*.

It follows from (3.3), that if equality (3.4) holds, then for almost s > 0,

/ (/n/n fxs,)"(z)g (x_y)(hXBt)*(y)dydx>dt
:/ (/n/n(f*XBs)("”) g (z~y) (h*XBt)(y)dydx>dt (3.7)

We fix an sg for which (3.4) holds. Then
/n/n Fxp.,) (@)g" (@ —y)(hxp,)" (y)dydz
- / . / (f7xB.,) @) g (@ = y) (W"x8.) (y)dyda (3.8)
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for almost all ¢ > 0. Therefore, by Lemma 3.1.1, we get:

There exists zp € R" such that (fxp, ) and (hxp,) are symmetrically

decreasing with respect to zg. We claim that xg = 0, unless f =0 or h = 0.
Suppose zg # 0. Let ¢ > 0 such that (3.4) holds for this ¢ and (%)% < |zo.
Then (hxp,) is symmetric decreasing with respect to o and (hxp,) is zero
near xg = hxp, = 0 = h =0 in B;. Now varying ¢, we get h = 0 in the
ball B(0, |xo|) := {x : |z| < |xo|}. Again, since (hxp,) is symmetrically

decreasing with respect to xg for almost ¢ > 0 and h = 0 in the ball center
at zero and radius |zg|, we get h =0 in R™.

This proves that zo = 0, i.e. (hxp,) and (fxp,,) are radially decreasing
functions for a.e.t € (0,00) = h is radially decreasing in R and f is radially
decreasing in Bg,. Varying sg, we get f = f* and h = h*. This proves
lemma. O

We have seen that (3.1) inequality can be written as

2
|u Po Po
(L) =0 [ ot 39

where z = (y,2) ERF xR  k>2n>30<0 <1 and p, = n—?}r%'
Now, we will remember the important results obtained by Mancini and

Sandeep in [40]. We can define

fupPe \
ulre Po
S=5(0) = 3.10
2 o (/R” Iy\"”f’) o

ueDH2(R™)
JIVul?=1

and notice that S is achieved by u € DV2(R") which satisfies

po—2 i
/ Wl e _ g [ Guve e DR2RM). (3.11)
noylope R™
Let G = ﬁ denote the fundamental solutions of —A in R™. We

(n—2)wn |z
have

Theorem 3.1.3. Let o € [0,1),p = n_%ﬁ_%, % + % =1. Let x = (y,2),2' =

(v, 2') be two different points in R™ = R* x R"=*. Then

h h(a!

sup / / (z) G(x — ') (z') dx' dx = S. (3.12)
o /o

heLa,||hl|=1 Jr» Jr [Vl Y|

lu[P—2u

y[ePe 18 an

Furthermore, w is an extremal for (3.10) if and only if f :=
extremal for (3.12).
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Proof. By (3.1), we derive a doubly weighted Hardy-Littlewood-Sobolev
inequality:

h /
/ / Qﬁ) Gz — $/)J|cy(fn|a) de’ dz < S||hll¢IIfllg Vh,f €L  (3.13)
By density argument, it is enough to prove (3. 13) for positive C§° functions.
For f € C§°, let fo(x) == /@) Then fo € L#i2 and hence, by the classical

lyl”
Hardy-Littlewood-Sobolev inequality, G * f, € D2(R") and

/V(;SV(G*fU) = /qﬁfo Yo € DM2(R™). (3.14)

Thus, by the Holder inequality, we get

[ o <l | (G|y|f))/ <l (5 196+ fa)|2>1/2-

(3.15)
Analogously, we obtain from (3.14)
/|v Gt = [ 12(G 1)
G fo p 1
<6l ( [ CELEY < st 5% 196+ 2l
and hence )
IV(G = fo)ll2 < S2[[flq- (3.16)

This, jointly with (3.15) gives (3.13) for h, f € C§°(R™). A density argument
using Fatou’s lemma gives the result. Moreover, we note that (3.13) holds
true also if we replace ¢ with 2 and h, with any h € L2, Hence G * fo €

Lt for any f € L9, and in fact, applying (3.14) to f; — f in L9, we see
that G x f, € DV2(R™) and (3.15) holds for all f € Li. Now, if we set

)

S =

o) = sup / f(m)G(x—x)f( )d dr' < S (3.17)

Iflla=1 JRoxR [Y|7 ly'|7

We want to prove the reverse inequality. Since o < 1, (3.9) posses an
extremal function u. Since |u| is extremal as well, and hence solves (3.11), it
turns out to be positive away from {y = 0} by the maximum principle, i.e.
u does not change sign , and we can assume u > 0. After normalization, we
have

/n |‘:|Lp =1 / |u||y|ap(p =5 - VuVe e DY*(R™).  (3.18)
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If f:.= \ylip(i;’il)’ then fR" fi= fR" |y“‘—§p = 1. In particular, as noted above,

we have that G x f, € D2(R™), and hence, using (3.18),

JufP~!
S ufe=29 V(G * fs)Vu = G * f,.
R~ Rn rn Y|P

But f, = [el! o nd hence S = Jgn foG * fo < S because Jgn f7=1. This

T lylor

proves that S = S and that f = |y|1ffp(71_>i1) is an extremal function for (3.12).
Finally, let f be an extremal function for the weighted Hardy-Littlewood-
Sobolev quotient (3.12). Clearly, f cannot change sign, so we can assume

f > 0. We have:

/
l|fllg =1 and / 1 (@) G(x—2a') g(f ) drdx’ = S flg vge Ll
rrxrn [Y° Y| Rn

uP~ !l

Let u := f471|y|? so that e =

for f rewrites

p—1
/ g(x)G(m—x')u/ :S/ Lg Vg e L1,
re [yl7 ly'|7P re |yl

In particular, we find that Su = G * f, and hence, as remarked above,

u € D'A(R") and —SAu = fo = fiz. Thus S fp [Vul* = [ iz =

Jgn f7=1 ie. uis an extremal function for (HS). O

f € L9. The Euler-Lagrange equation

3.2 Cylindrical symmetry of extremals

In this section, we will show the following result, proved by G.Mancini and
K.Sandeep which evidences symmetry properties of the extremals of (3.1)
inequality.

Theorem 3.2.1. Extremals of the Sobolev inequality (3.1) are
cylindrically symmetric, i.e., if the supremum in (3.1) is attained at
u € DV2(R™), then

i) u(-,2) is radially symmetric decreasing function in R¥ for all z € R"7F,

ii) There exists 2o € R"™* such that u(y,- + z) is radially symmetric
decreasing function in R"* for all y € R*, y # 0.

Proof. In view of the last theorem, it is enough to prove that the extremals
of (3.13) have the required symmetry properties.Let f € LZ(R™) such that

/ fi=1 and (z) G(x — ') f(@') dx’ dx = S.

re Jre [Y|7 y'|7
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Let f* denote the obtained by taking the k-dim rearrangement of f (-, 2) for
all z € R"F e f¥(-,2) = f(-,2)*, where * denotes the rearrangement of
functions in R*. Then, from the properties of symmetrization, Lemma 3.1.2
and the fact that f is an extremal for (3.13), we get [p.(f*)? =1 and

f(x')
S = / Glr—=x dz’ dx
L )y
*! ’ */ ,,Z,
/ / / f yg G(y—yl,Z—Z/)f (Z{J ))
Rr—k JRn—k Rk RF \?J| |y|

(@)
= Ga: x dz' dx
/n Rr Iy!" ( ) Y|
< S.

Hence we get equality in all the steps and therefore from Lemma 3.1.2, we
obtain u(-, z) is symmetrically decreasing for almost all z € R"*. Now let
us prove the symmetry in the z variable. Let v be the function obtained
by taking the (n — k) dim symmetrization of f(y,-) for a.e. y € RF i.e.
v(y,-) = (f(y,-))*, where * denotes the rearrangement in R”~*. Then, from
Lemma 3.1.1, we have [, v? =1 and

1 1
S = - - Gy —1. 2 — 2 o
/Rk/Rk PG Iy’\“(/w k/Rn kf(y,Z) (y—vy',2—=2)f(y,2))
/ / / /
/W/Rumwy\v /R/R oy, )G — vz — (', 2)
x')
/R” /]R” \y!" \y’!"
Then, we have equality in the second step, i.e., for a.e. y € RF
1
Loomtf [ waee =y = )y
1
= Lo L G =y = el )
Fix a yo € R¥. Then, from the above equality, we have
Lo L fn )G o2 = r ) a
= / / v(Y0,2)G(yo — ', 2 — 2 )v(y, 2 )dz d2’
Rn—k JRn—k

holds for a.e. 3’ € RF. Since G(y,-) is strictly symmetric decreasing in
R we get from Lemma 3.1.1, that f(yo,-) and f(v/,-) are symmetrically
decreasing with respect to a common point in R” % for almost all ' € R¥,
i.e. there exists zg € R™ % such that z — f(y,z + 2) is symmetrically
decreasing in R”~*. This completes the proof of theorem. O
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3.3 Symmetry Properties of solutions

In this section we establish, using the moving planes method (see [26],[27]),
the symmetry properties of solutions of the Euler equation associated to
(3.1). The principal result in this section, is the following theorem.

Theorem 3.3.1. Ifu is a solution of (3.2), then u is cylindrically symmetric,
1.€.:

(i) for any choice of z € R"™F w(-,z) is symmetric decreasing in R¥ .

(i) there exists zg € R"™* such that, for any choice of y € R* y # 0,
u(y,-) is symmetric decreasing about zy in R"F.

Proof. Let us denote a point x € R™ as © = (y,2) = (Y1, ---Yk, 21---Zn—k)-
First we will show that u is symmetric decreasing in the y variable.
For A > 0 define

M ={(y,2) :y1 > A} (3.19)
and for € Qy denote by z* its reflection with respect to the hyper plane
Y1 = A ie, 2t = 2\ — y1, y2...98, 2) = (¥, 2). Now let us define

up(z) == u(z?), € Qy , Wy = Uy — U (3.20)

Notice that wy is smooth away from the subspace {(2),0...0,2) : z €
R™ )}, wy = 0 on 0Qy, wy € D2(Qy). We first claim that wy > 0 in Q)
for \ large enough. First, since A > 0= |[y*| < |y| in Q) , wy satisfies

—Awy > A(w)@% (3.21)
2:(0)-1 _  2,(t)—1
where 0 < A(zx) := A “
Uy —u
2—1t
< (2.(t) — 1) [max{uy (z), u(z)>O2 | 2,()—2=2 5 (322
n—
Multiplying (3.21) by w) and integrating by parts over Q,, we get
2-t _2
—\2 " —\2.(s) )
Yy Yy
Qx Q) QxN{wy <0} DN
where we have set s := n7n72t+t € (0,2), so that Q*T(s) = nf;‘H is the exponent
conjugate to 5. An application of (3.1) leads to
_2 2—t _2
9 (S) 24 (s) n 9 (s) 24 (s)
s /(“’A)s < / (A(z))=* /(wA )
[yl [yl
x an{wx <0} $0x

(3.23)
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Since uy < u on {wy < 0}, (3.22) gives

2n

(A(z))7 < C / s (3.24)

Qxﬂ{w)\<0} Qx

and the right hand side goes to zero as A\ goes to infinity. Hence it follows
from (3.23) that for A large enough wy = 0 and hence uy > u. Now, let

A={X>0:uy >uinQy forall N > \}, Ao ;= inf A

We will show that Ay = 0.

Assume that A\g > 0. Define wy, = uy, — u. Then wy, > 0 and satisfies
—Awy, > 0 in 2), and away from the (n-k) dimensional subspace y =
(2X0,0...0). Hence in this region wy, > 0. Let ¢ > 0. Choose R > 0 and

do > 0 such that
/ unr < < (3.25)

2
|z|>R
_2n_ 2n_ €
un-2 + un? < . (3.26)
Ao—60<y1<Ao+do 2A0—d0<y1<2X0+6o

Let us consider the set
K ={z=(y,2): Ao+do < y1 < 2\g—0dp or y1 > 2 o+0o}{z = (y,2) : |z| < R}.

Then K is compact and wy, > 0 in K. Choose 0 < d; < dp such that
Urg—s —u > 0in K for all 0 < § < d7. Let Ay = Ao — 6 with 0 < 0 < 4;.
We claim that when € is small enough uy, > w in ),, which contradicts the
definition of A\¢g and hence A\g = 0. Now to see this, we define wy, = uy, —u
and we proceed as in the case of (3.23), to get

(w )2*(5) %@
S / M
|yl -
QM

2—t _2

L) (wy, ) > .

<| [ e / e (3.27)
x; N{wx, <0} Qx

By the choice of A1, wy, > 0 in K . This together with (3.25) and (3.26)
gives

/ (A@)™ < C / W < e (3.28)

Q)\lﬁ{’LU)\l <0} Q,\lﬂ{wAI <0}
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(3.27) and (3.28) together implies that for € small enough w) =0 and this
completes the proof. Hence A\g = 0 and consequently

(=Y, --Yrs 2) = WY1, Yk, 2)

for all y; > 0. Doing the same arguments for v(y,z2) = u(—y1,y2-.., Y, 2)
leads to u(—y1,...yx, 2) < u(y1,...yg, z) for y1 > 0 and hence

u(=y1, Yk, 2) = u(y, ---Yg, z) in R™.

Now the symmetry in the y variable follows as one can do the moving plane
argument in any direction in the y plane instead of the y; direction.

Next we will prove the symmetry in the z direction. Let Qy,z* and uy
be as defined in (3.19),(3.20) with z; in place of y; and this time for all
A € R. Now exactly as in the previous case one gets the existence of a A > 0
such that uy > u in Q) for all A > A;. The same arguments applied to
(Y, 21, -Zn—k) = u(y, —21, ...2n—_k) yields the existence of A\ < 0 such that
uy <uin Q) forall A < Ag.. Nowlet A={A € R:uy > uin Qy forall \' >
A}. Then A is nonempty and bounded below, let A\g = inf A. We claim that
Uy, = w in Qy,.

Let wy, = uy, — u, then wy, is smooth in ), except on the subspace y = 0,
wy, > 0 and satisfies

= (uwf - u“22> — A(z) o0 (3.20)
[yt \ [yl*

where A satisfies the estimate (3.22). Since Qy, \ {(0,y) : y € R" %} is
connected, by strong maximum principle either wy, = 0 or wy, > 0. If the
second case happens we can argue as in the previous case (where we showed
Ao >0 = Ag is not the infimum), to get a contradiction. Hence wy, = 0
and therefore u is symmetric decreasing in the z; direction with respect to
2Y = X\o. Similarly once can show that u is symmetric decreasing in the z;
direction with respect to some z? fori=1,...,n— k. Now it is easy to show
that u(y, .) is symmetric decreasing with respect to zg = (29, ...,2%_,) for all
y # 0. This completes the proof of Theorem 3.3.1. O

—Awy, =

3.4 A priori Estimates and regularity of solutions

We want to know the properties of regularity and boundedness of solutions
for (3.2). Define the Mobius inversion Z : R™ \ {0} — R" by
L w
wl?
and the following Kelvin transform, v* : R™ \ {0} — R by
x

ut = [z Mu(Z(x)) = IwIQ_RU(W>

Z(w)

Then, the following result holds.
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Remark 3.4.1. If u satisfies the equation (3.2), then also u*(x) verifies

(3.2).
In fact,
* —n—2 L —n—-2, L n+2 2t |x‘2t
n+2—2t n _
. —n—2492t T w*;t 1 _[ (|7)|.'L'|2 TL} n-2 . [u*(x)]%
B L e N P

First we prove a lemma which is the key in obtaining estimates on u and
its z derivatives.

Lemma 3.4.1. Let u € H. (R") satisfies

oy J@ gl

(3.30)
lylt lylt
where t € (0,2), f and g are in L} (R™) for some p > 5%. Then u is

locally bounded in R™.

Proof. We prove the result using the well known Moser iteration scheme (see
[30]). To start with let us define the test function to be used.

Fix R > 0 and let R < r;31 <71; < 2R, and 1 be a smooth cut off

function satisfying 0 < n <1, n = 1 in B(0,7;4+1), n = 0 outside B(0,7;)
and |[Vn| < C(r; — r;41) ! for some constant C' independent of r;,1 and ;.
Let k = ||g|Lr(B(0,2R)). For m > 0 define @ = u™ + k and

m if u<m
um_{k+m if uw>m (3.31)

Now for 8 > 0 define the test function v = vg as

v=mn ( 207, — k25+1).

Then 0 < v € H¢(B(0,7;)) and hence from (3.30)

/w W—/f el / Sﬁ” (3.32)

Now by direct calculation

[ VuVv = f n>uz ﬁVu Vu—i—Qﬁ f 2 AV, . Vu
R

3.33
+2 f n(u k25+1)Vu Vn (3:33)
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Observe that in the support of the integrand of the first integral, Vu = Vu
and in the second integral u,, = u, Vu,, = Vu. Also u%,?ﬂ — k2L < u?n%
These facts together with Cauchy Schwartz give

/VU.VU > 25/ 2u2ﬁ1uVum.Vu+/ zufnﬂVu.Vu—2/n(uffu—k2ﬁ+1)\Vu|\V7]|

R
> 26/ 2020710V . Vu—i—/nZu%jVu.Vu—2/nu3,fu\VuHV77|
Rn R™
:2ﬁ/n2ug§_1uVum.Vu+/n2u?n’8Vu.Vu2/u25(\f77\Vu|)(\/§u|Vn\)
R™ R™ R™
226/772135 1uVum.Vu—|—/ Qu,z,?Vu.Vu—/ 25( 2|\ Vul? + 2% | V)
Rn R
—2ﬂ/ 2 ,2,? V. Vu+;/n2u3,?Vu.Vu—2/ 26 w2 |Vn|?
R™ R™
5 [ PRIV P 4w T )~ 2 [ (o
Rn R

(3.34)

Setting w = ug@ﬂ, we have

/va|2n< /|Vw\2 < (1+2B)/4ﬁ|um|25Vum\2+\um|2ﬁ|Vu]2 (3.35)
n Rn

Rn
Vwl?y® > [|V(77w)| = 2Jw[*|Vn’] (3.36)
and (3.34) rewrites as
/w Vo > /yv w) ¢ / w? (3.37)
= a1 +2B 7 (ri—rin)? '
R Rn B(0,r;)
The right hand side of (3.32) can be estimated as follows.

() s g () S

< Hﬁylt zallf + ¢llzos0.2m)

(3.38)

A

Where%—I—%:l, P> andhenceq<r::n%2+t. Let%z&—{—l%e. The
interpolation inequality gives

w2
2 o < = L+ T s, ve0 339
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The weighted Sobolev inequality (3.1) with s = n_”2t+t ) 2*2(8) =0 =T
gives
(nw)? [w|*() o, 2
c= (| T m e < O|V(qw
| B lzr = ( mE ) IV (nw)l|z
and hence, from (3.39), we have
(1w)” < Ce||V Ce™® (rw)” 4
| ol lLs < C¢| |V (nw)l[72 + I 22 (3.40)

!’

where C' and « are constants depending only on n, ¢ and t.
Note that by the choice of k , || f 4 1| z»(B(0,2r)) < C, where C' depends only
on R . Hence by choosing € suitably in (3.40) and from (3.32), (3.37) and

(3.38), we get )
/V )2 < (1+6) / 2 (3.41)

- TH—I)
B(0,r;)

where C' and « depends only on R, p and n.
Combining with the weighted Sobolev inequality (3.1) leads to

n—t
20= o(1 a 2
/ wrE) o carpr / w (3.42)
Y| (ri —7iv1) Y|
(0,rit1) B(0,r;)
Substituting w, using u,, < @ and setting v = 28 + 2 and x = —2 (3.42)
becomes,
1 1
X ™ C(1 ,8 fo L 7Y !
Y
/ Lmt < <(+)2> / Lt i (3.43)
[yl (ri — Tig1) |yl
(0,riy1) (0,r3)

Passing to the limit as m — oo we get

X

(0,7441) (0,73)

2=

provided the right hand side is finite.

We prove our lemma by iterating the above relation. For¢ = 0,1, 2, ..., define
v =2x"and 7, = R+ %. Then xv; = Yit1, i — Tit1 = 21-% and hence from
(3.44), with v = ~;, we have

1
Yit1 Vi

it i i )
/ W SCX / |y|t y 220,1,2.... (345)

B(0,ri+1) B(0,r;)

e
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where C' is a constant depending only on R and hence by iteration,

1

1
Yit+1 0

777Vi+1 L 2770
/ % < 73 /r\t L i=0,1,2,.... (3.46)
y y

(0,ri4+1) B(0,r0)

Taking the limit as ¢ — oo, we get

N|=

ﬂ2
sup u < C / — (3.47)
B(0,R)

Hence u* is bounded in B(0, R). Applying the same argument to —u instead
of u we get the boundedness of u~ and hence u is locally bounded. This
proves the lemma. ]

Lemma 3.4.2. Let u be a solution of (3.2). Then

C1
1+ |xn=2

C2

Jeg > 1 >0 <u(z) <

Proof. To show that wu is locally bounded it is enough to show, in view of

Lemma 3.4.1, that f(z) = u*~2 € L (R") for some p > 3™, that is
2

W=z € LP (R™) for some p > 5™, that is u € L} (R") for some p > 2%

To prove this additional integrability of u let us multiply the equation (3.2)

by v the test function used in the proof of Lemma 3.4.1, with £k = 0 and

3 = 2=L. Then from (3.37) we get

22-0) (pw)?
/yv |2 < ( 5) / w2+2(1+2g)/u2_2) (’|7y|2 (3.48)

- 7’1—1—1)
B(0,r;) R7
2t
Now choose M > 0 such that ( / un2n2> < ﬁ, where S is the
u>M
constant appearing in (3.1) with , instead of ¢, s := -~ 2 —- Then, from
Cauchy Schwartz and weighted Sobolev inequality (3.1)
= n—2+t
2(2—t) 2 2(2—t) 2 on 2\ =27
[u it e o (] ()
[yl vl il
R™ R" u>M n

wen [ (gw)’ 1 ,
= R/ o +8<1+25>R[ V)] (3.49)
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Substituting (3.49) in (3.48) and using w < wn? we get

Jrmiese( [ [

(0,73) B(0,r;)
n—t u2 ;7‘7:;
(0,r;) B(0,r;

where C' is a constant depending on 3,r; and 7;11. Now using the Sobolev
inequality and then passing to the limit as m — oo we get

2n
n—2

=
WD o Wk wrz (3.51)
ly[*

B(O,R) (0,7’2) B(O,T‘Z)

and the right hand side is finite thanks to (3.1). This shows the required
integrability and hence u is locally bounded. Also, since u is radially de-
creasing in y and z, we get 0 < ¢; < u(z) < ¢, V |z| < 1. Finally, the
bounds at infinity follow from the fact that if u is a solution of (3.2), by
Remark 3.4.1, also u*(x) = |z|> "u(|]z|~2z) solves (3.2). O

We already know that any solution of (3.2) is C%% if t < % (compare
with Lemma 2.2 in [2]). As a consequence of Lemma 3.4.1 and standard
elliptic regularity, we get a more precise result which extends Badiale and
Serra’ Lemma.

Lemma 3.4.3. Let u be a solution of (3.2). Assume

t<l+% if n>4

t<32 if n=3

Then u is C™ in the z variable and C%%, for some o < 1, in the y variable.

Proof. First we show the (local) boundedness of the z derivatives of u. Note
that from (3.2) and standard elliptic estimates u € I/Vlif(]R") for all p < %
Therefore u,, € VV;’?(R”) for all p < % and it satisfies
2(2—t)
(n+2—2t) un-2
Uz,
(n—2) [yl "

—Au,, =

(3.52)

In order to prove u,, is locally bounded, it is enough to prove, in view of
Lemma 3.4.1, that u,, € W (R™).

loc
This clearly happens if £ >4, ort < 1, since % > 2 in all these cases. So,
let k=2,3and t € [1,2).
2(2—t) 2(2-1)

: u n—2 u n—2 Uz
Ir1l . = -—F
Write Sr—us; = STy

. From Sobolev (see [3]) u., € WLP(R") =

loc
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. € LI (R™). Now, under the given assumptions, —%k_l <1,and n < %
Hence one can find ¢ € (n, %) and p1 < £, such that % = p% _|_% < 1.

2(2 t)

Thus, “ |n|t uy, € L)}
€ VVlo’fQ, p2 i= F¥ > pry where 7

(R™) . By elliptic regularity and Sobolev embedding,

loc

m > 1 by the choice of g.

A bootstrap argument gives eventually u,, € W (R”)

Similar arguments proves the local boundedness of Uzyy Uszyziy Uszizjzgs ooeee

To prove holder continuity in the y variable, let us define v(y) = u(y, 2)
for y € R*. Then from the local bounds on u and its z derivatives, We get

Av e L} (Rk) locally uniformly in z, for all p < %. Hence v € W, Lt ”(Rk)
for all p < ?. So, for t <1 v is in fact holder contlnuous of any exponent by
Morrey’s theorem. More in general, since t <1+ E o n?k > k and hence
np > k for suitable p < 2, we still obtain v € C’O‘ (R¥) for some o € (0, 1).

ThlS proves the lemma. O

3.5 Classification of solutions of a critical weighted operator

In this section we classify all the solutions of

—Au = “ry_f in R
u > 0 (3.53)
u € DY(R")

where R” = RF x R" %, k > 2,n > 3 and a point € R” is denoted as
z=(y,2) € RF x R"7F,

The problem (3.53) is a particular case, (in which ¢ = 1), of the problem
(3.2) studied in the previous section. Note that ¢ = 1 is the unique integer
belonging to the interval (0,2). We have already proved that all solution of
the Euler equations associated to (3.1) inequality (see [22]) have cylindrical
symmetry. Thanks to these symmetries, (3.53) reduces to an elliptic equation
in the positive cone in R? which eventually leads to a complete identification
of all the solutions of (3.53). The identification of the solutions to (3.53) is
based on a mysterious identity which goes back to the work of Jerison and
Lee (|31]) on the CR-Yamabe problem. More precisely, it is related to the
identification of the extremals for the Sobolev inequality on the Heisenberg
group ([32]). Actually, we follow closely the approach by Garofalo-Vassilev
(|25]) in the search of entire solutions of Yamabe-type equations on more
general groups of Heisenberg type. We also remark that, while symmetry
properties hold true for (3.2), we didn’t succeeded in getting an efficient
Jerison-Lee type identity in the general case, and this is why a classification
of solutions is missing if, in (1), s # 1 . Similar difficulties are encountered in
dealing with Grushin type operators —A, —(a+1)2|z[?**A,, (z,y) € R™xR*
with critical nonlinearity (see [6] for a related sharp Sobolev inequality and
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identification of extremals in case v = 1). As noticed in [41], the Heisenberg
sublaplacian is in fact a Grushin operator with o = 1, m an even integer
and k = 1 (the work of Garofalo-Vassiliev actually deals with more general
values of m and k) and identification of solutions is available only in case
a=1.

As a consequence we obtain the best constant and extremals of the related
weighted Sobolev inequality:

2

2:(W\ zz @
S(/ [u ) g/ IVul? Vu € DV2(R™) (3.54)

|y

where 2,(1) = 22—:;,8 =Snii1-
Let u be a solution of (3.53). By Theorem 3.3.1, we know that u can be
written, up to a translation in the z variable, as
u(y, z) = 0(lyl, |2])- (3.55)
where 6(r,s) : Rt x RT — RT. By Lemma 3.4.1 and 3.4.2, we have
0(r, s)| 4+ |0s(r, s)| + |0ss(r, 5)| < C forall |(r,s)] <R (3.56)

for some constant depending only on R. Define for » > 0, and s > 0

o(r,5) = (” 5 2>2 072 (r, ) (3.57)

Then from the equation 0 satisfies, we get

k-1 n—k—1 n|Vel? n—2
= +

Ad+ r o + s Ps = 2 ¢ 2r (3.58)
Let us also define
[Vg|? n—-2 |V¢* n-2
F=2V¢p.Vo, — - — - 3.59
O R T I TS A
[Vg|? n—2
G =2V Vo, — s — rs 3.60
Vo.V6, ~ =~ (3.60)
h(r,s) = rF=1gn=h=1gp=(n=1) (3.61)
and X be the vector field
X = (hF,hG). (3.62)

With these definitions we can state our Jerison-Lee identity as
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Lemma 3.5.1. Let ¢ and X be as above, then

n 2\ 2
@IV - (a07) + 5 (80 - 20) ]

o [2(k:—1)(n—k—1) <¢S_¢T+ n—2) )2]

n—2 s r o 2(k-—1

divX =h

Proof. For convenience we split X as X =Y + Z—:%Z , where

1|Vo|? n—2
Z = — — —ors | Y =X- Z
h<2 ¢ ¢7‘7"7 (b ]{3—1

Then by direct calculation

. 2 /12 2 n \V¢|2 ?
divy = h | (2|V?¢]* — (Ag) )+n2<A¢>— 5 > + 2V $. Vi)

r S

Vol
—h
¥

where ¢ = A¢ — g% Substituting 1 from (3.58) as ¢ = "2;2 —k=ly
"%’Hqﬁs, (3.63) becomes

2
divY—h{(zrv2¢|2—<A¢>2)+ " (a0 W"2) }+

2 1 k-1
¢*n_2w2+k Foy ok G] (3.63)

n—2 10}
2
+h{2(k:—1)(n—k:—1) <@_¢S> }_
n—2 r s
n—2|Vol? Or ¢s n—2
- PO @k —n) 2 p2n—k—1)2 — 64
h{ ST + (2k n)r2+ (n—k )TS 572 (3.64)
Again by direct calculation
n—-2., _  n—2 (n —2)? n—2|Vg|?
s T g T g (3.65)
Now (3.63) follows by adding (3.63) and (3.65). O

To put at work the Jerison-Lee identity, we need more estimates on our
solution written in cylindrical coordinates:

Lemma 3.5.2. Let u be a solution of (3.53) and 0 be as in (3.55). Then
there exists a constant C_2> 0 such that
(i) & < (14 02+ )5 ) 0(r5) < C

n—1

(n‘)(1 Ty 32)7) IV(r, s)| < C
(iii) (1 (4 32)%) IV20(r, s)| < C.
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Proof. Let as above v(y) = u(y, z) for y € R¥. We know that v € C{_(RF)

for all a € (0,1). Hence |y|?|Vu(y)| — 0 as |y| — 0 for all 3 > 0. Hence
176,.(r, )] — 0 forall 8> 0 (3.66)
Now from (3.53), 6 satisfies the equation

k—1 =
07‘7""’_707‘:
T

— f(r,s) (3.67)

where f(r,s) is the Laplacian in the z variable, which we know is locally
bounded. Multiplying (3.67) by r*~! and integrating using (3.66) leads to

0, (r, s) /tk29n2ts /tklfts (3.68)

and the later is bounded. This together with the (3.56) gives
|VO(r,s)| < C forall |(r,s)] <R (3.69)

An integration by parts in (3.68) gives

=R I 1 [
97« — _k,’—1+7“k_1/tk 10"’207*_ rk—l/tk 1f(ta5) (37())
0 0
and hence
k—1, 672 C [ ., 1 [
" 0, + " 7“’“ th 0w 20 74,{/75 f(t,s) (3.71)

0 0

and the later is locally bounded. Plugging back this information in (3.67)
gives the local boundedness of 6,... The local boundedness of 6, follows
similarly by integrating the o.d.e w,, satisfies in the variable r. Thus we
have

[16(r, s)||c2 < C forall |(r,s)] <R (3.72)

Now to prove the bounds at infinity, let us observe that if u is a solution of
(3.53) then u*(z) = |z|> ™u(|z|~2z) also solves (3.53). Therefore if we define
o(r,s) = (r? + 52)2%0((7‘2 + 5%2)7Y(r,s)) then o is locally bounded in C2.
This immediately proves (i) of Lemma 3.5.2 once we note that o and 6 are
bounded below by positive constants locally as they are decreasing in both
variables. Also by direct computation

VO(r,5)| < (2 + 52) 2 [Vo((r? + 52) 7L (r, )| + (n = 2)(r? + 52) 7 0(r, 5)
(3.73)
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This together with (i) of Lemma 3.5.2 proves (ii). Again by direct calculation

—(n+2)

IV20(r,s)| < (1P +s5) "2 |V2a((r? + s2) 71 (r, s))|+

(P +5%) 7 [VO(r, )| + C(r* + 5°)76(r, 5) (3.74)
This together with (i) and (ii) proves (iii) and hence the lemma. O

Theorem 3.5.3. Let ug be the function given by

wol) = oy, 2) = eng (1 + =) %
where ¢ = {(n—2)(k — 1)}%2 Then u is a solution of (3.53) if and only
if u(y, z) = /\nT_zuo()\y, Mz 4 20)) for some A > 0 and zy € R*7F,
Proof. Let 0 < € < R and define

Qep= {(r,s) s>0r>ert+si< RQ}

Integration by parts gives

/ divX = / X.vdH*

QG,R 8Q€,R

where v is the outward normal to 0€)c gr and dH 1 is the surface measure on
the boundary. Now the boundary integral can be split as

/ XwvdH' = — | hGdH' — / hFdH' + / X%(r, s)dH!

e, R |1 Iy I's

where 't = Q. g N {s =0}, T2 = Qe g N {r =€} and 'y = Q. g N {r? +
5?2 = R?}. Now note that since our original solution u is smooth away from
{ly| = 0}, 65, 0,5 and hence ¢5 and ¢,¢ vanishes on I';. Consequently G = 0
on I'7. Hence

F 1 F
/ divX — _Ek—l/sn—k—l ¢(§if)+R/{Tksn—k—1 ¢(::f> _|_Tk—18n—k(;(:if)}dHl
Qe R Iy I's

It follows from Lemma 3.4.2 that ¢ is locally bounded in C? and for
r?+ 52 > 1, %(r2 +8%) < ¢(r,8) < C(r2 + s%), |[Vo(r,s)| < C(r? + 82)%
and |V2¢(r,s)| < O, for some positive constant C. Hence F and G are
locally bounded and |F(r,s)| < C(r? + 32)% and |G(r,s)] < C(r? + 82)% for
r?2 + 52 > 1, and for some positive constant C. Using this estimates we get

| / divX| < C (ek_l + R_(”_2)> .
QE,R
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where C is independent of both R and e. Now passing to the limit as R — oo

and then e — 0 we get [ divX = 0. Note from the right hand side of
Rt xR+

(3.63) that divX > 0, and hence divX = 0 in R* x Rt and thus from (3.63),
we obtain

2|V — (A¢)* =0 (3.75)
and )
Ap — ‘vj’ =0 (3.76)

It follows from (3.75) that

(z)rr = ¢ss and (z)rs =0

This immediately tells us that all third order derivatives of ¢ vanishes and
hence ¢ can be written as

o(r,s) = ap + a1r + ags + azrs + asr? + ass?

Recall that ¢4(r,0) = 0 and this gives,
a2 = a3 = 0 (3.77)

Since ¢pr = ¢ss, a4 = as. Also from (3.76) and the fact that ¢ is not a
constant, we can write
ag =as =m, m > 0. (3.78)

Now from (3.63) and (3.76), ¢ satisfies

n—2 n—2 Or Ps
A =k-DZ 4t n-k-12 ,
5 o+ o (k )T—i-(n k )s (3.79)
and this gives
n—2
Finally from (3.76),
_ (A
ap = <2m) (3.81)
Now (3.77), (3.78), (3.80) and (3.81) together gives
(r,s) = PLE T R (3.82)
r,s)=m«(r = 1m s )
Writing m = t2=2-\, A > 0, we get

(k=1

o(r, 8) = 4&__21))\{<r+ i>2+s2}
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and thus
n—2
u(y,z) =\z UO()‘ya )\Z),

where ug is as in Theorem 5.1.1. Conversely by direct calculation one can
n—2

see that the function u(y,z) = A 2 up(Ay, A(2 + 20)), indeed solve (3.53) for

any A > 0 and zg € R»*. This completes the proof of Theorem 3.5.3. [

Theorem 3.5.4. The best constant S in the weighted Sobolev inequality
(5.54) is given by

Proof. Let ug be as in Theorem 3.5.3. We note that

2(n—1)

n—2
/]Vu0|2dx:/u0 dzx.
R™ R™ vl

Then

2%
f [Vuo|? da fnT&de W\ W2\
o7 = ([iwe) = () T
U‘O U‘O n n
(Rf o d"f) J T d ) : :

Therefore
2(n—1)
n—2 (n—1) 1
- :/|Vu0|2dm:/uoy | da:Z/[cnk(l-HyD 2?2/ ﬂdi’

2(n—1) 1 1 1
=c,i 7 [ (A+y)*+=?) "D = da = {(n—2)(k—1)}"! / e
ow / lyl (X +[y)? + [H)T Jyl

Rn R™
1 k: 2 s k—1
—{(n =Dk = 1)) wk// T s

where wy_1 and w,_;_1 are the surface measure of the k — 1 and n — k —1
dimensional sphere in R¥ and R"~* respectively. Now

rk—24dr < sn—k—1gs
(A4r)nFF=2 bf (1+s2)n—1

(o)
ankl
IWdeS
0
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Now consider, for j € N;a € R, a > % the integral

o ds

1] J
7:73 — —_ —
U120 allge73)

where B(x,y) is the Beta function. Recalling that B(x,y) = Fr(ézig/))v where
I" indicates the Euler’s Gamma function, we conclude that

L? ws__lr@ﬂxa_g) -
1+ p?) I'(a) '
0
Moreover, if p is an integer, I'(p) = (p — 1)!
/ s"hlds 1D T(n—1- ) 1T T () (3.84)
(1+4s2)n=1 2 I'(n—1) 2 (n—2) )
0
Analogously,
7 r*=2dr :279 34t T(h— D)t k—2—k+1) _ (k—2)ln—2)!
1+ r)nth—2 1+ ¢2)ntk—2 Fin+k—2) (n+k—3)!
0 0
(3.85)

Recalling the formula w, 1 = 211?;/)2 , we get
2

1 _ el k 2 gn— k—1
S ={(n-2)(k-1)} Wg—1Wn—k—1 drds
0 0

)2+ s2)"
| 20M2 2RI 1 T(E) (=2 (1~ 2)in 2
T(k/2) T(55E) 2 (n—2)! it k_3)

_ et o a2 DEE2) (k= 2)!
= {(n =2k =)} 22 r(ka) (n+k—3)!

={(n=2)(k=1)}""

3.6 Properties of solutions

Remark 3.6.1. We note that the function U = ((1 + |y|)? + |2|?)1~"/?
satisfies U = (U)*.
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In fact, for any A > 0, we get:

Ul AT )= U Ay Az )= U y z )_< 1 >(”_2)/2
[Az|? [Az|>” [ Az|? Alz[2 Alz|? (1+ >\(7~27:1-32))2 + ()\(T25+82))2
B 1
- r2452)4r s n—
(St ™)? + Gy 22
1

= (A0 + 82) + )2 4 52) (D2
A(r? + s2)]" 2
TG+ ) s
A(r? + s2)]" 2
(N2(r2 + s2)2 4+ 12 + 2Xr(r2 + s2) + s2)(n=2)/2
_ (A(r? + %))
(2 S2) (A2 + 82) 42X + 1))(n=2)/2
)\n—2(7.2 +82)(n—2)/2
(14 Mr)2 + (As)2)(n—2)/2
= A" 2|z |" 20U (\a)

Thus, the function w(y, z) = AT UMy, Az) = )\%(U)*(M?)
= M 2P U e dx]2) = A2 2277 U (x| M| ~2).

Remark 3.6.2. If we define

V(y,z) =yl U(ﬁ, ﬁ), (3.86)
then V = U.
In fact,
y oz 1 - 1
W T e T (R
ly["~?

= > =" 2 U(y, 2).
ey v

We want to compute A, .V (y, 2).
Let z = (y, 2) be a point in R", 2/ = (%, il) =(y,2).
’ ‘Z

|
Note that |y/| = ﬁ, y = ‘yy,lg, |2’ = 5 = I2l1y'], 2 = 7. Then

i) v,V =S U 4 oV, U - 2 VU -y — e

ly[™
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i) VoV = [y " Vo U = = Vo U

[ 1y

iii)ﬁvyv.y:MUJrﬁv,U.y_

ly[n=2

2 O 1 O]
e VoU -y = g VaU - 2

= 73 U = w VyU -y — a=r VU - 2
V) VoV gl = g VaU -2

We know that
ALV = A(JylP™) U+ > "ALU (Y, 2') + 2V (ly]*™) - VU . So, we must
compute three therms.

First therm: |y "A, U, 15)):

Now
y oz 0, vy 0 z
V,U(—2, 2 )=V, U —(-2)+ VU — (= 3.87
Y (I 2 Iyl) v 3y(lyl2) 3y(|y|) (3.87)
z
Vy@UﬁWHO
-3 g (o )
o 0%y \“=t Oxa Oq
U 82y U (I~ 92
+Zay'<z Oz ) Z Bz (Zﬁx())
=1 T Na=1 k+1 a=1
(3.88)
So,

k52
1 2(k—2 k—
AyU(L 5):5 8U——gvy/U-y—szlU~z
i=1

w2 lyl” = oy;? yl* ly[* ly[3
1 2(k — 2 k—3
i i TR e v e
=y AyU =2k =2y PV U -y — (k=3)y'|*V.U - 2 (3.89)
while
Yy oz 1
UL 2= — v (3.90)
12" [yl Iy\
AU 2y = AU = |y PALU (3.91)
Tyl |yl !yP '
Then

Yy oz
U(W ﬂ) ly/I" Ay Uty PALU=2(k=2)y'|* Vy Uy —(k=3)|y '’V U -2’
(3.92)
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and
_ y oz
> " Ay U (s, =)
P2 2
=y " [y'[* Ay'U + 1y PALU =2k = 2)|y' P VU -y — (k= 3)|y'|*V.U - 2]
1 2k — 2) (k — 3) P
= AU+ —AU- "y, u.- L - VU -2
T Jyrt? Jy|” I” ly|™ ly|? ly|™ |yl
(3.93)
Second therm: A, (|y|>* ™) U.
But
n n n n—2)(n—-=k
AuyP) = (Ay +Az)<|y|2 )= 8y () = =20
and ) L
Ad(yP v = C=De =Dy (3.04)
Third therm: 2 (V,|y|*™",V,U(y', 2')) . Now
-n -n 2—n
ValyP " = vyl = G
Y|
We can compute
y z
VyU(y/aZ/) = VyU(W, ﬂ)
1
= VUr - | o YU, Uy — |yy| V.U -2 (3.95)

Then

2 (Valy> ™", VU y’ Z)) =2 <v P VU, 2)) =2 (Valy> ", VU, 2))

(2-n)y >
(Y LGy 2V iy Y vy
< ™yl !y\‘* H?’
2(2—n) 42 —n)lyP 2(2-n)lyP
= ez v VU T v WU s a2 Vel
2(2—n 2-n
[2eon), gu- 22N gy (3.96)

| ‘n-i—? | | n+1
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Summing (3.93), (3.94), (3.96) we get

1 2(k —2) (k—3) 2z
Ay V = AyU+ +— AU - —=——=V,U- SRR v §
” [y[+2 ly !” ly[™ !l/l2 [yl [yl
(n—2)(n—k) 2(2— ) 2(2—n)
P G "
—2)(n— 1 1
_(n )(:LL Kooy LA+ A
[yl [yl lyl"
22 ntk-2) (4tn—k+3
B e e A I B
(n—2)(n—k) 1 1
= Wl U + ] Ay U + W AU
2(n—k) (n—k—1)
—I—Wy'vy/U—l—MTz-VZ/ (397)
But the function V satisfies the properties (1)—(4), and so (3.97) rewrites
2(n—k k-1 —2(n—k
Ay,zV—I-Lz)y‘vyV—( Q)Z'VZV"FWU
lyl |y |
1 1
= 1, nt2 Ay/U(y’, Z/) + Az’U(y/7 Z/) (3.98)
vl |l
that implies
1 2(n k) (k; 1) 1%
= 7|y‘n+2 Ay/(](y/7 z ) —+ W AZ’U(y , 2 ) = W Ay’,z’U(y/, Z/)
1 U(y/’zl)ﬁ —n—2 < n—2 )nT_LZ V(Q? Z)ﬁ
= — = — y y y V y,Z — __\P
PR V) i
(3.99)

Finally, we get the following theorem

Theorem 3.6.1. Let U a solution to the problem (3.53). Let V be defined
as (3.86). Then V satisfies the following semilinear equation:

1 2n — k) (k—1) v
AV AV gy T v (- 2)(n—k
AR wE vV T e (n=2)(n=k)
174 )
:—(y];). (3.100)

Thus, to any function U, solution to (3.53), we can associate a function

Vy,z) = |y|*~ ”U(M27 |;l) which solves the equation

\Va V(y, n/(n—2)
AV +(n=2)n—k) :_(Z“/Z')y' (3.101)



3. Symmetry properties and identification of the extremals of a weighted Sobolev inequality 83

where Ay = A, +‘y|2A 4 2 )y‘Vy—(k_l)ZHVZ

[y[?
is a Grushin operator.

Corollary 3.6.2. Let U a solution to the problem (3.53). Let W be defined
as

Wiy, 2) = |y[*~ ”U(‘ 77 (3.102)
Then W satisfies the following semilinear equation
k =)
A, W—&-’ E A W+(T|2) y-VyW+(n—2)(n—k) ‘Z; = —VVM (3.103)

Proof. As before, we must compute

Yy
A5,z
o
We have
Ayl o2) = Iy 1H AU =20 =2l P VU - (3.104)
AZ(%,z) = AU (3.105)
Yy
and we get
-2 —k 1 1 2(n — k
PN Ul [ ) § R S N N = L
|| || |yl ||
(3.106)
that is
1 2(n — k) w
AW+ — AW+ 2Ty v W+ (n—2)(n — k) —
| |yl ||
1 1 =
= T—i—QAy,U + T n_2a A U T n—2 Ay/’Z/U(y/,Z/) = —E (3107)
| ly ! |y |yl
equivalently,
1 2(n — k w
[yl AyW + —= A, W + My -V, W+ (n—-2)(n—k)—
| || ||
= W (3.108)
We can rewrite (3.107) as
174 Wwn/(n—2)
LW A4 (n—=2)n—k)rms=——7— (3.109)
|yl |yl
where £ = Ay + ‘y|4 A, + (|y|2 )y V, is a Grushin operator. O

The next work in progress is the study of hyperbolic symmetries for the
solutions to (3.2).



4. BREZIS NIRENBERG TYPE PROBLEMS

In this chapter we shall give some existence and nonexistence results for the
boundary value problem

—Au :‘“'2*_2"+)\u in Q

lyl°
u >0 in Q (4.1)
u =0 e 00.
where z = (y,2) € 2 C R¥ x R" ¥ is a bounded smooth domain containing
the origin in its interior and n > 3, 2 < k < n,s € (0,2) and 2, = % The

exponent 2, —1 is critical from the viewpoint of weighted Sobolev embedding,
that is Hg(Q) — L* (€, |y|~% dz) is continuous but not compact. We can
approach this problem by a direct method and attempt to obtain non-trivial
solutions of (4.1) as constrained minima of the functional

1 1 |u*
dyu= = 2 \Nul?)dez — —
AU 2/(\vu| Aul?) da 2*/ oF dz
Q Q

Equivalently, we may seek to minimize

2*
Qa(u, Q) = /(\Vu|2 — MuP)dz, u#0, / |‘u\|5 dx = 1.
Yy
Q Q

We will consider the second method.

4.1 Preliminaries

We recall the weighted Hardy-Sobolev inequality proved by [3].
For 1 < p < n, DVP(R") is embedded continuously in LP+(R", |y|~*) and

p/p+
DPx
C /@‘S dx < /]Vu|pdm Yu € DYP(R™) (4.2)
n Rn

— k —k , _ p(n=s) 1, —
where z = (y,z) € RF x R"” ,p*—pg_ps and DVP(R™). If s = p, s < k, we
get the partial Hardy inequality

p
C /’,Z“pdm < /\vuypdx Yu € DYP(R™) (4.3)
Rn R‘IL



4. Brezis Nirenberg type problems 85

If we take Q = Br = {(y,2) € RFE x R** . |y| + |2] < R}, a ball of
radius R > 0, then also (4.2), (4.3) are true for any u € Wol’p(BR). IfQis a
any general bounded domain, we can verify the validity of (4.2) for WO1 P(Q)
which is the completion of C5°(€2) in the norm

1/p

lullipi= ([ loo)Pde + [ [Fupas )
Q Q

We can define the best Hardy-Sobolev constant of a domain 2 C R"®, n > 3,

as
lu
|y

2*
Sskn(Q) =8 = inf{/ |Vul>de :u € Hi(Q) and / E dx = 1} (4.4)
Q Q

2(n—s)

where 0 < 5 < 2,2, = e

. Moreover, we set

=1 AER (45)

Sy = inf{||VuH% —MNu|3 :u € H}(Q)and /
Q

Another relevant parameter is the first eigenvalue of the Laplacian, de-
fined as

A = inf{/ \Vw|?dz = w e H&(Q),/!w\zd:r =1}
Q Q

Definition 4.1.1. Let V be a Banach space, E € C*(V),3 € R. We say
that E satisfies condition (P.S.)s, if any sequence {u,} in V such that
E(uy,) — B while DE(uy,) — 0 as m — oo is relatively compact. Such
sequences in the sequel for brevity will be referred to as (P.S.)g-sequences.

The following lemmas are an immediate consequence of (4.2), (4.3) and
Sobolev embeddings. We begin with an analogue of the Rellich-Kondrachov
compactness theorem for the space H{ ().

Lemma 4.1.1. For 1 < q < 2,,0 < s < 2, the embedding H}(Q)) —
LY, |y|~*dx) is compact.

Proof. Let {ug} be a bounded sequence in H}(2). Since ¢ < p < %, the
Kondrachov compactness theorem guarantees the existence of a convergent
subsequence of {uy} in LY(p < |y| < 1) for any p > 0. By taking diagonal
sequence one may assume without loss of generality that {u;} converges in
Li(p < |y| < 1) for any p > 0. On the other hand, by the Holder inequality
and the weighted Sobolev inequality,

1—q/p q/p
1wl o aya < ( Il \yrde) ( /Q ryrﬂumdydz)

[y|<é [y|<é
|z|<d |z|<é
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for some constant C. Therefore, for a given € > 0, we first fix a § such that

/ Iyl s dy dz <

|y|<é
|z|<8

| ™

Then

1
/\y!_s !uj—qudde<26+5_S/ luj — ug|?dy dz < e
Q

ly|<d
|z]<0

for sufficiently large j, k. Hence {u;} is also a Cauchy sequence in L4(, |y|~* dx).
L]

4.2 Nonexistence results
In this section we will establish some nonexistence results. The main tools
are different variants of the Pohozahev’s identity.
Proposition 4.2.1. There is no solution of (4.1) when A > Aj.

Indeed, let ¢ be the eigenfunction of —A, with ¢; > 0 on 2. Suppose u
is a solution of (4.1). We have

2,—1
—/Au ¢1dx:)\1/u¢1da::/u’|8¢1da:+)\/u¢1dx>)\/u¢1dx.
Q Q Q Y Q Q
and thus A < Aq.

Theorem 4.2.2. There is no solution of (4.1) when A < 0 and 2 is a smooth
starshaped domain.

Proof. The proof is based on the following "Pohozaev identity".

Proposition 4.2.3. Let a : R" — R be such that a(x)|y|® € L>®(R"), with
a € C(A), where A = {(y,z) € R" : y # 0}. Let g : R — R be continuous
u

with primitive G(u) = [ g(v) dv. Let u € H}(Q) be a weak solution of
0

{—Au = a@)lul*2u+g(u) in Q (4.6)

u =0 in 00

Assume that u € C19(Q) N LP(Q) N C2(A) for some 6 € (0,1). Then u
satisfies the identity

1 -2 1
/—2|Vu\2m~uda = / n 5 |Vul|? —nG(u)—Q—(na(az) +Va(z)-x)|ul> da.
o9 Q "

(4.7)

where v is the outer unit normal of OS).
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Proof. For any € > 0 we consider the sets
Vi=Vi(e)={z€Q:y>e}, Voa=Vo(e)={z€Q:y <—c}

fori =1, --,n. For simplicity we will take ¢ = 1. By our assumptions, u is
a classical solution to (4.6) in V4 U V3, so in each set, we can multiply (4.6)
by x - Vu(x) and we can integrate. We recall that

[Vul?

(Au+ g(w) (& - Vu)) = div(Vu(z - Va) - [Vuf =z -V (2> 2 VG()

‘ 2

= div (Vu(a: -Vu) — x|v; + a:G(u)) + nT_QWU\Q —nG(u)

and

1 1
x - Vua(z)|u|® %u = div <2a(m)|ul2*x> - ga(m)|u|2* - 2—|u|2*Va(:U) T

* *

The, setting V' = V1 U Vs, we have

1 —
/<—:B-Vug:j+2]Vu\2x-y—G(u)x-u> do — n2 2/\Vu]2d:r+n/G(u)dm
oV % 1%

1 1
:/a(:n)|u|2*:n-1/do’—n/a(m)|u|2* dw—/w-Va|u|2* dx

2, 24 2,
v v v
that is
ou 1 9 1 2,
/(—a:~Vu&/+2]Vu| x‘y—za(a:)]u\ x-v G(u)x-y> do
ov
n—2 9 n 9 1 9

= 5 |Vul|* —nG(u) — z—a(aﬁ)\ul “dx — 7% Val|u|* | dz (4.8)

v k *

We pass to the limit in (4.8) as € — 0. The limit of the right hand side in
(4.8) is

/ n ; 2|Vu|2 —nG(u) — 21*(71 a(z) + Va(z) - z)|u|* dz
Q

For the left hand side, we have

N={xecd:zy<etU{xed: z <—¢}
U{xEQ : x1:€}U{£CEQ : $12—8}251USQU53US4.

Then

. ou 1 9 1 9,
ilir(l) / <:c-Vual/+2|Vu\ xoyfia(:vﬂu\ xT-v G(u)a&u) do
S1USo
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B ou 1 9 1 2,
= / <—x Vuay + 2|Vu] Tv— o a(x)ul* z-v — G(u)x 1/) do
o0

We have now to see what happens in S3 U Sy, as ¢ — 0. Notice that in
S3,v=(-1,0,---,0), while in Sy, v = (1,0,---,0). Hence we can write

/ <—x . VU@ + %\Vu|2a; V- %a(z)\uﬁ* z-v —G(u)x - 1/> do

ov
S3USy
1 2 1 2

= x - VuDiu — §|Vu] m1+2—a(x)]u *x1+ G(u)zy | do

S3 i

1 2 1 2

+ —z - VuDju+ 5\Vu| T 5 a(x)|ul” 1 — G(u) z1 | do

Sa :

But the hypotheses, the function —z - VuDiu + §|Vu|? 21 — %a(aﬁ)\uP*wl —
G(u)z is continuous everywhere, so that we can conclude that

ou 1 1

li —z-Vu— + = 20— —

61&1%/ <w uay+2|Vu|:B -y
S1US>2

a(x)|u/*z-v — Gu)x - l/) do = 0.

Hence, passing to the limit as ¢ — 0, (4.8) implies

ou 1 9 1 2,
/(—x'Vuay+2]Vu\ m‘y—za(a:)]u\ x'V—G(u)x-V> do
o0

- / "2 VP —nGl) — o-(na(x) + Va(a) ) de. (49)

2 24
Q

But, on 99, u = 0 so that G(u) = 0, Vu = Vu - vv and this implies

/—;Vu|2x ‘vdo = / n ; 2 |Vu|> —nG(u) — %(na(:):) + Va(zx) - z)|u|> dz.
oN Q i

(4.10)
O

Proof of Theorem 4.2.2. Let u is a solution to (4.1) and suppose
u € C19(Q). Then, we can apply Proposition (4.2.3) with a(z) = |y|=*.
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Notice that Va(z) - # = (—s)|y|~*"!|y|. Then we have:

1
- 2/|Vu|2x-l/da
o0
n—2 n
- 2Lﬂwﬁm2/ﬁm /mswﬁm+ /MSML
Q Q

n—2 [ |ul* (n—=2) [ ,
- d A
2 / e " 2 /u
Q Q
n 2 2
_2/MM— /Msw%m+ /msW*

AZ"22;)J@am+(”22§$§§ ﬁn_i)/wwwﬂ*

= —)\/u2 dx (4.11)

Q

So,

{O

N)

;/\Vu]%-uda— /uzdac (4.12)
Q

If © is starshaped about the origin, we have (x - v) > 0 a.e. on 0. When
A < 0 we deduce from (4.12) that w = 0. When A = 0 we deduce from (4.12)
that % =0 on 2 and then, by (4.1) we have

2,1
—/Audx:/u p dz
lyl
Q Q

that is v = 0. OJ

Remark 4.2.1. We can note that
i) Sk.n,s is independent of 2 and depends only by n, k, s.
ii) The infimum S = S, 5, s is never achieved when € is a bounded domain.

HVUHL2(Q)
lullL2x 1y =5 da)

i) This follows from the fact that the ratio

under the scaling ug(x) = B2/2u(Bx) V3 > 0.
ii) Suppose that S were attained by some function u € H}(Q2). We may
assume that u > 0 on €2 (otherwise replace u by |u|). Fix a ball B containing

) and set
- Ju on Q
““10 on B\

is invariant
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Thus S is also achieved on B by @ and @ satisfies —At = p % for some
constant y > 0 (since [ %dw =1and [|Vu|?dz = p =S > 0) which is
B B

impossible by Pohozaev’s identity.

4.3 The special case s = 1

When © = R"™ and s = 1, we know that the infimum for S is achieved by
function )

U(z) =U(y,2) = Cop [(L+[y))? +[217] 2 (4.13)
where C), , = {(n —2)(k — 1)}%2 or after scaling, and translations in the z-
variable, by any of the functions

(n=2)

Up(a) =t 2 U(ty,t(z +20)) =t Coe [(1+ty)? + |tz + 20)2] 2

B (W) G D+ 12+ 2o

1 _ (n=2)
= ot [+ D) + 12+ 207 (4.14)

for t > 0. We want to show the following lemma
Lemma 4.3.1. We have

Sy < S for all X>0. (4.15)
Proof. Following Aubin’s method [1], also used by [11] we define
_ IVullz = Mull3

Qa(u) = (4.16)
Hqu*’ ly|—1
for u € HE(Q),u # 0. We assume that 0 € Q and we set

us(yvz) = ((€+ |y|)2 + |Z|2)(n72)/2

for some ¢ € (0,1] and ¥(y,z) € C3°(2) are test functions such that
0 < <1and® =1 in a neighborhood of 0. The idea is to estimate Q(u.)
where € = % — 0.

Step 1. We claim that

K
| Vue||3 = En—_lz +0(1) (4.18)
where K1 = Ki(n,k,2,1). From (4.17), we have
_ Vy(y, 2) ~ (n=2)(e+ 1y yi(y, 2)
Vel 2) = [ DR+ P02 Tl + ) + R )
Vzug(y, Z) — Vﬂﬂ(% Z) _ (n - 2)Z¢(y7 Z) (42())

[(£ + [y + [2P]=272 [(e + [yl)? + |22/
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Since 1 = 1 near (y, z) = (0,0), writing 1% = 1 + 2 — 1, it follows that
/|Vu€|2dydz:/|Vyu5|2—|—|vzu5]2dydz
Q Q

2
+0(1)

_ L (=2 e+ y)yd
= / dyd ’ 911 + W2 + 272

2
(n =22y
dyd
+Q/ v | e 1

Q
€ 2 z|?

e+ ly)? + |27
= (n—Q)Q/Qdydzl/JQ[ !

(e + [y + 221

+0(1)

= \n— 2 z L n — 2 wQ_l
= =2 [ e s + 02 | e + 00

1
= (=2 dyd o(1

dv e¥ dw en*
= (n—2)? 1
=2 | i o e O

R

“n dv dw
= (n—2)%¢ +2RZ ATToe T [T +0(1)

K K
= 3 +0W). (= iy T OW)

— gln—m)/(m—s)

VU||2
where Ky = (1= 2)? | ey do = {gr 2 -
Rn n,k

Step 2. We claim that

Ky

2
el .-+ = s

+0(1) (4.21)
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Proof. We have

,(/12*
/ / 5ot 4o
Iy! [yl [(e + [y])? + |2]?]
1 ¢2* _
da:+/ dx
/Iy! (e +1yD)?+ 1z lyl [(e + [y])? +|Z|2]”‘l
/ 1
lyl [(e + [y])? + [2]2]"~
Q

1
:! T +\§mn—1m+0<”

dv ek dw en*
= dv dw + O
R/ff“"—”[uﬂvr) o e 00

7 dz +0(1)

dv dw
= 5_”“/ dv dw + O(1)
J TP+ P T !

!/

2
r +0),

== Uyl do o) =

where K = [ |U|**

]Rn

) \UE\Z* 2/24 g—ntl ) . 2/24
[[uells, jy -1 = ( dff) = ( 3 /IU! |yl dx) +0(1)
[yl %
Q W Rn

K2 K2

y|~ldr = (25‘7@’1‘;1)2*.Then

2/2.
where Ky = m <an U |y|~t d:c) and % =5 O
Step 3. We claim that
K
lusll = =75 +0(1) if n>m®=4 (4.23)

Hus\lz > Clloge| if n=m?=4 (4.24)
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Proof. In the first case we have

9, P2
Q/ e dw‘ﬂ/ Er s e

= L a: -1 x
‘Q/ G+ Q/ D+ =

1
= d o1
/52(n2)[(1+|g‘)2+|§‘2]n2 r+ 0O(1)
Q

dv ek dwenF
= O(1
| Fw i e + OO
Rn
1 1 K3 K3
= 1) = -3
s | T e e O = 2% (= ey
RTL
(4.25)

where K3 = m f U? dz. In the second case we have

R

/ e dz = O(1) + 2(k — 1) / e |y\)12 e = O+ 2k~ D L)
Q Q

and there exist 0 < R1 < Ry such that

/] Ermrrmr e <10 < [ erprermee

ly| <Ry |ly|<Ro
\z|<R1 |Z‘<R2

and it is clear that for a fixed R > 0 we have

1 1
Q/ e+ T2+ TR Q/ G+ oD+ PR

rr rh=lgd=k=1 B k1 g3k
:wkw4_k//222drd$:wkw4—k// ’ Sz drds

) ) et )+ s )] e e

R/e R/e R/e RJe
= wpw / / (ve)*Hwe)Fedvedw _ / / Aleth
= WL Wa—k 4[(1+U)2—|—w2]2 — Wk Wa—k 1+v +w2)]

0 0 ,

where wy_1 and w,,_j_1 are the surface measure of the Kk —1andn—k —1
dimensional sphere in R*¥ and R*~*. Hence, if k = 2, we get

= e __ Rloge
_O/O/[(€+U)2+w2)]2 dvdw= —gp’e 5 +00) (420
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If k = 3, we have two sums, J; and Jo. But J; = O(1) and

Rarctan(7)(—3R? — 2Re — 2R?loge — 4Reloge — 2% loge)

Jo >

4((R+¢)?
Rarctan( -)(2R?1og(R + €) + 4Relog(R + ) + 22 log(R + ¢))
+ H(R+o? +0(1)
3 arctan o
. Rarctan(g)] 8 L 0(1) = Clloge| + O(1). (4.27)

2(R+¢)?

If k = n = 4, we have that our function U(y,2) = U(x) = C(1 + |z|)" 2
radial and

—r oy dr = wnf ”dr = O0(1) + C|loge]. O

J (EHyI) (e+r)?

|z|<R
Step 4. End of the proof.

Proof. Combining Steps 1-3, we obtain

K.
Qa(u) =S —A=2+0(E"?)  if n>5,

Ky

Qx(us) < S — )\K£ e loge| + O(e?) if n=4.
2

(4.28)

In all cases we deduce that Sy < @Qx(us) < S provided € > 0 is small
enough. O

Lemma 4.3.2. If 0 < Sy < S, then Sy, is achieved.

Proof. First we prove the existence of a minimizer of Sy. Choose a minimizing
sequence such that {uy,}, such that

U2*

e =1 (4.29)
|yl
HVunH%—/\Huan =S\+0(1) asn— . (4.30)

Since {u,}, is also bounded in H}(2) we can assume that the sequence
2n

converges weakly in H{ () and L»=2(Q) and that it converges in L?(£2) and

pointwise a.e. in £ with f T | “dxr < 1. Set v, = up — u, so that v, — 0

weakly in H} and v, — 0 a.e. on €. By definition of S and (4.29), we have
||[Vun|| > S. From (4.30) it follows that A|[u||2 > S — S\ > 0 and therefore
u # 0. Using (4.30) we obtain

IVall3 + [[Vonl[5 = Allull3 = Sx + o(1) (4.31)
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since v, — 0 weakly in H{(£). On the other hand, a lemma of Brezis and
Lieb [10] yields

1= W gy [ g o)
!yl Iy! |
|u|2* >2/2* < |Un|2* >2/2*
< dx + dx + o(1). 4.32
( Y| Y| o (4.52)
Q Q
which leads to
‘u|2* 2/2* 1
1< ( W] dx) +§Hwn\|§+o(1). (4.33)

We claim that

1Vl[3 = A3 < Sallull3, |, - (4.34)

to conclude the proof of lemma since u # 0. We consider the case Sy > 0
(i.e. 0 < A < A1). We deduce from (4.33) that

S
Sx < Sallull3, - + (5 )!\an\!z+0( )- (4.35)

Combining (4.31) and (4.35) we obtain (4.34).
O

Then, our main result is the following:

Theorem 4.3.3. Assume n > 4. Then for every A € (0,\1) there exists a
solution of the problem

—Au = 2*|(1‘) 4w in Q
u >0 in Q (4.36)
u =0 on Ofd.
where ) is a bounded domain in R™ containing the origin and 2,(1) = 2(:__21).

Proof of theorem 4.3.3
Let u € H} () be given by Lemma 5.2.2, that is

2yt =1 and ||Vl = AlJull3 = Sh.

[|u

We may assume that v > 0 on 2. Since u is a minimizer for Sy, we obtain
a Lagrange multiplier 4 € R such that

u2e—1
—Au—du=p—— onfl.
vl
In fact, p = Sy and S\ > 0 since A < Ap. It follows that cu satisfies (4.36) for

some appropriate constant ¢ > 0 (¢ = Sl/(Q* 2)) We note that v > 0 on 2 by
strong maximum principle of Vazquez [53] O
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