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Introduction

The aim of this thesis is to investigate some hydrodynamical models arising in biology, from both
the analytical and the numerical point of view.

Nowadays, mathematical analysis of biological phenomena ha s become an important tool to ex-
plore complex processes, and to detect mechanisms that mightno tbe evident to the experimenters.
In the present work we are interested in the movement of populati  ons of cells, which can be in u-
enced by changes in the environment.

The reaction to an external stimulus is generally called taxis ; typically the word taxis is preceded
by a pre X, that is determined by the type of stimulus that organi  sms in a given system respond to.
Several types of taxis are well know, like the aerotaxis, the res ponse of an organism to variation in
oxygen concentration, or the phototaxis, the response to variat ion in light intensity and direction.
In this thesis we focus on chemotaxis, i.e. the in uence of che mical substances present in the
environment on the movement of mobile species.

For example, a large number of insects and animals rely on an acu te sense of smell for transmitting
information between members of their species. Since pheromon e release is an important mean
for communication, predation and attraction mating partners , it in uences the direction of the
population movements [114, 115].

Chemotaxis can lead to strictly oriented or partially oriente  d and partially tumbling movements.
The movement towards a higher/lower concentration of the che  mical substance is termed posi-
tive/negative chemotaxis. The substances that lead to positiv e chemotaxis are chemoattractants
and those leading to negative chemotaxis are repellents.

As shown in [114, 115], chemotaxis is decisive in biological processe s. For example, the formation
of cells aggregations (amoebae, bacteria, etc) occurs duri ng the response of the species popula-
tions to the change of the chemical concentrations inthe envi  ronment. In multicellular organisms,
chemotaxis of cell populations plays a crucial role throughoutt he life cycle: during embryonic de-
velopment it plays a role in organizing cell positioning, for exa mple during gastrulation [52] and
patterning of the nervous system [132]; in the adult life, it direc  ts immune cell migration to sites
of in ammation [178], [47] and broblasts into wounded regions to i nitiate healing. These same
mechanisms are used during cancer growth, allowing tumor ce llIs to invade the surrounding en-
vironment [41] or stimulating new blood vessel growth [101]. Thus co mmunication by chemical
signals determines how cells arrange and organize themselv es.

The movement of bacteria under the effect of a chemical subst ance has been a widely studied topic
in Mathematics in the last decades, and numerous models have been proposed. Moreover it is
possible to describe this biological phenomenon at different  scales. For example, by considering
the population density as a whole, it is possible to obtain macro  scopic models of partial differential

equations. One of the most celebrated model of this class is th e one proposed by Patlak in 1953
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[133] and subsequently by Keller and Segel in 1970 [89].
Itis given by a coupled reaction-advection-diffusion syste m for the space and time evolution of the
density u £u(x,t) of cells, and the chemical concentration A /EA(x,t) attime t and position x 2 R",

2 @u A r¢(j Dir AADor u),
. (1)
@A £ re(Dar A)Auf (A)i Aka,
where r¢ denotes the divergence respect to the spatial variable. In the Patlak-Keller-Segel (PKS)
system, the evolution of density of bacteria is described by a parabolic equation, and the density
of chemoattractant is generally driven by a parabolic or an el liptic equation. The behavior of this
system is now quite well-known: in the one-dimensional case, the solution is always global in time.
In several space dimensions, if initial data are small enough in some norms, the solution will be
global in time and rapidly decaying in time; while on the opposit e, it will explode in nite time at
least for some large initial data.
The simplicity, the analytical tractability, and the capacit y to replicate some of the key behaviors
of chemotactic populations are the main reasons of the success of this model of chemotaxis. In
particular, the ability to display auto-aggregation, has led to its prominence as a mechanism for
self-organization of biological systems.
Moreover, there exists a lot of variations of system (1) to desc ribe biological processes in which
chemotaxis is involved. They differ in the functional forms o f the three main mechanisms involved
in the chemotactical movement. They are: the sensing of the ¢ hemoattactant, which has an ef-
fect on the oriented movement of the species, the production of  the chemoattractant by a mobile
species or an external source, and the degradation of the chemo attractant by a mobile species or
an external effect.
For instance in Chapter 3, we propose a model of PKS type to describe the in ammatory process
which occurs during ischemic stroke [47], where the chemotacti ¢ sensitivity has a saturation term.
Since the biological process involves different type of cells and chemical substances, and some of
them are able to move, while others do not have any mobility, w e adopt both ordinary and partial
differential equations.
However, the approach of PKS model is not always suf ciently pre cise to describe the biological
phenomena [59]. As a matter of fact, the diffusion leads to fast di  ssipation or explosive behaviors
and prevents us to observe intermediate organized structure s, like aggregation. Moreover it is not
able to reproduce the “run and tumble” behavior.
The main reason is that this approach describe processes on alon g time scale, while for short time
range one gets better a description from models with nite cha  racteristic speed.
The “run and tumble” (the movement along straight lines, the ~ sudden stop and the change of direc-
tion) is described quite well by a stochastic process, called v elocity-jump process [76, 155]. It can
be studied by a kinetic transport equation introduced in [123], wh  ich reads

@f Averyf T (S, 1), 2

where f (t,x,Vv) denotes the density of cells, depending on time t, position x and velocity v2sS'i 1
with s E 0. It is interesting to note that parabolic chemotaxis equation s, such as the PKS model
(1) can be obtained as the diffusion limit of the transport equa  tion (2), after the rescaling t! 2°t,
x ! 2x. This shows that the PKS system (1) corresponds to a long time as ymptotic of the transport
model.
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At an intermediate scale between diffusion and kinetic mode  Is we can nd hyperbolic models. This
class of models can be derived as a uid limit of the transporte  quation (2), but with a different scal-
ing, namely the hydrodynamic scaling t! 2t,x! 2x[31], which gives hydrodynamical systems.
Starting from a transport equation for the chemosensitive mov  ements, in [74] Hillen shows a ki-
netic derivation of hyperbolic models by the moment closure m  ethod, thus obtaining the Cattaneo
model for chemosensitive moveg1ent. Using the rsttwo momen ts he obtains the model:

% @u Ar¢ v /O,
@vA°?ruZ&ivAh(Ar Ag(u), (3)

@A E¢AAauj bA.
It is a hyperbolic-parabolic systemwhere x2R",t , 0, u is the population density, v are the uxes,
A is the concentration of chemical species, and the source term s g, h are smooth functions.
Hyperbolic models can also be obtained by phenomenological de rivations and continuum me-
chanics, as done by Gamba et al. to describe the vasculogenes is process. In [66, 150] they proposed

the model: )
% @YvAr¢ (Ya) 4O,

@@ Are (va- u)Ar P £ i@ Asr A, (4)

@AADCARav; %,
where ¥is the density of endothelial cells, u theirvelocityand A is the concentration of the chemoat-
tractant.
In this hydrodynamical framework, in Chapter 6 we propose amode | for the growth of phototrophic
bio Ims. Starting from the ideas of the mixture theory [138, 14, 137],  we write some balance equa-
tions which contain the main assumptions coming from biophysi  cal considerations (mass and mo-
mentum conservation, in uence of nutrients and light, ...) . In the bio Im we consider four phases:
Bacteria, Dead Cyanobacteria, Extracellular matrix of polym eric substances and Liquid, a common
velocity for thg solid phases, and a velocity for the liquid. Th  en the model reads

@BAr¢ (Bvs) A& g,

@D Ar¢ (Dvs) A p,

@EAr¢ (Evs) A& g,

@LATCE (Lv)) A&\, (5)
@((1i L)vs)Are ((1i L)vs- ve)A(Li Lr PAETSAM i i)vii Mvs,

@(Lvp)Are (Lvp- vOALrPAE{(M | j VLAMuvs,

ré (1i L)vsAlLvy) A0,

where P is the hydrostatic pressure. We will give more details on the b iological phenomenon and
the model formulation in what follows.
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Let us focus our attention now on models (3), (4), and (5), froman  analytical point of view.

We can observe that system (3) is a semilinear hyperbolic-parab olic system, where the damped
wave equation is coupled to a parabolic one.

On the other hand, system (4) is a quasilinear hyperbolic-parabo lic system, where the last equation
does not change with respect to the previous system, while the hy perbolic part is essentially given
by the isentropic Euler equations. Bio Im system (5) seems to be of intermediate kind between an
incompressible system, since the average velocity, unlike t he phase velocities, is divergence free,
and a compressible system, on behalf on the presence of the press ure term thatwe nd in the com-
pressible gas equations.

These three systems are strictly related and they could be se en almost as encapsulated. As a matter
of fact, the differential part of Cattaneo Hillen model can be  also seen as the linearization of the
Gamba-Preziosi model (4) and the bio Im one (5), like asortof“  building block” for the others.
Moreover, system (4) can be useful for a rigorous study of the b io Im model since the hyperbolic
part is essentially the same. Then the investigation of toy-m odels like (3) is an important tool for
a deeper understanding of the solutions dynamics to more compl ete ones, from an analytical, a
numerical, and also modeling perspective.

In this thesis we investigate two different aspects of the mat hematical description of cells move-
ments. The rst part is devoted to the analytical and numerica | study of hyperbolic models of
chemotaxis (3), (4).

The second one is devoted to the modeling and the numerical appr oximation of two biological
processes: in ammation during ischemic stroke and the growt  h of phototrophic bio Ims.

Part I: Analysis and Numerical Approximations

First we investigate the analytical behavior of some hyperbol ic-parabolic systems.

The results we obtain, i.e. the global existence in time of smo oth solution to the Cauchy problem
for small initial data and their asymptotic behavior,area rs  t step towards the study of the behavior
of solutions in general, including also more realistic situ  ations.

It could be extremely interesting to individuate a threshold f  or pattern formation or blow up, as in

the parabolic case. We showed numerically that with “large” i  nitial data blow up may occur, but we
did not nd a precise threshold nor proved it analytically.

Analysis

We start our analytical study by considering the semilinear  hyperbolic-parabolic system (3). The
coupling of this type of equations has been widely studied by Kaw ashima and Shizuta [86, 87, 153].
Under the smallness assumption on the initial data and the dis  sipation condition on the linearized
system, they were able to prove global (in time) existence and a symptotic stability of smooth solu-
tions to the initial value problem for a general class of symme tric hyperbolic-parabolic systems.
System (3) does not enter in this framework. As a matter of fact , due to the presence of the source
term au, the dissipative condition fails.

In order to obtain our global existence result, we follow a dif ~ ferent approach, i.e. the one proposed
by Guarguaglini et al. [70] for the one-dimensional case. The b asic idea is to consider the hyper-
bolic and parabolic equation “separately”, and to take advanta ge of their respective properties. Let
us explain this approach with more details.
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Thanks to the Green function of the heat equation i P, and the Duhamel's formula, we know that,
the solution to the parabolic equation is:
z t
A(x,t) /(e * P(t)m Ag)(x) A . el Pt P(t s)m(au(s))ds.

On the other hand for the damped wave equation,

8
> @uArc¢ v Ao,

S (6)
@vA°2ru&iv,

we have, by the theory of dissipative systems [154], that the presen ce of the dissipative term | v
enforces a faster decay of the solution. This implies thatwe ¢ an write the solution of the hyperbolic
part of system (3), as
Z t
woGD A ewo))A (T 9eH(AT Aw)s)ds,

where w /&(u,v), H(A,r A,w) Z[0,h(A,r A)g(u)]*.

Our strategy has been to use the decomposition of the Green fun ction of dissipative hyperbolic
systems done by Bianchini at al. [17] and its precise decay rates .

Indeed in [17] the authors proposed a detailed description ofthe m  ultidimensional Green function
for a class of partially dissipative systems. They analyzed th e behavior of the Green function for
the linearized problem, decomposing it into two main terms. Th e rst term is the diffusive one,
and consists of heat kernels, while the slower term consists of the hyperbolic part. Moreover they
gave a more precise description of the behavior of the diffusive  part, which is decomposed into
four blocks, which decay with different decay rates. They sh owed that solutions have canonical
projections on two different components: the conservative par t and the dissipative part. The rst
one, which formally corresponds to the conservative part of th e equations, decays in time like the
heat kernel, since it corresponds to the diffusive part of the G reen function. On the other side, the
dissipative part is strongly in uenced by the dissipation and d  ecays at a rate t! 2 faster than the
conservative one.

By these re ned estimates we were able to prove global existenc e of smooth solutions for small
initial data, and to determine at the same time their asymptot  ic behavior.

Moreover, unlike in [70], we are able to prove the global existence of solution not only of the per-
turbations of the zero state, but also of small constant stat es. To obtain this result, we proceed
along the lines of the zero state case. In order to get the deca y of solutions, we need to adapt our
technique to treat the linear term which does not present enoug  h polynomial decay.

Besides, we are able to show decay rates of the L* norm of solution of order O(t! %), faster than the
one obtained in [70] whichwas O(t! %).

The parabolic and hyperbolic models of chemotaxis are expected to  have the same behavior for
long time. We investigate this aspect analytically and prove t hat solutions to the PKS model have
the same decay rates as solutions to (3). Moreover we show that the difference between the solution
of PKS model and the hyperbolic one decays with arate of O(t| %) in L2, soti 7 faster than the decay
of solutions themselves.

The following step in our study is the investigation of the be  havior of the quasilinear hyperbolic-
parabolic system (4).
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We analyze the one-dimensional case only. Unfortunately, i tis not possible to adopt the same
technique of the semilinear case. In order to understand why, let us write the solutions to (4) as
Zy h I A

VDA "(H=UoA @it 9= FIUUEI fUE) A i"(ti 92hUAU,@A)ds
where U E(%%1), h(U AU, @A) A0, (A A@A)]' and j " is the Green function of the linearized
hyperbolic system. h i
The main problem is the presence of the term @i "(tj s)= f_O(U)U (9)i f_(U (s)) ,because due to
this term, it is not possible to achieve a global existence resu It. As a matter of fact starting from
U2HS(R),wegetU 2H S'Al(R) and we cannot close the estimates.
Then to obtain a global existence result we use a different appro ach. As done before we look at the
hyperbolic part of (4) without the source term  XA@A, i.e. we consider isentropic Euler equations
with damping. This system enters in a particular framework propo  sed by Hanouzet and Natalini. In
[73], they determined suf cient conditions which guarantee th e global existence in time of smooth
solutions; these are the entropy dissipation condition andt he Shizuta-Kawashima condition (SK).
The rst one is a condition for systems which are endowed with  a strictly convex entropy. Even if
the strict convexity guarantees that the entropy estimates a re equivalentto the L2 estimate, and the
dissipation the invariance in the same norm, this conditioni s too weak to prevent the formation of
singularities. Indeed there exist systems that satisfy this condition and do not admit the global ex-
istence of smooth solutions. The condition (SK) is a general ization of the Kawashima condition for
hyperbolic-parabolic problem. In terms of stability it guaran  tees the necessary coupling between
conserved and non conserved quantities in order to have dissi  pation effects, in both the state vari-
ables. Following the work by Hanouzet and Natalini in [73], our a  pproach is based on energy esti-
mates for the parabolic and hyperbolic equations. As a matter o f fact, thanks to the estimates for
the parabolic equation, we are able to treat also the source ter m * (A @A.
Once that the global existence for smooth solutions has been o btained, both for perturbation of
zero state and perturbation of small constant states, we are a ble to determine the asymptotic be-
havior for large times of solutions, by using the decay rates o f the Green functions as done in the
previous case.

Numerical Approximations

We proved theorems of global existence of smooth solutions for  these systems, and our results hold
only for small regular initial data, so we are motivated to us e numerical simulations as a tool to
investigate the evolution of solutions also for large data.

One goal would be to know whether the hyperbolic system (3) hast he same behavior as the par-
abolic system (1), that is to say global existence for small ini tial data in some norms, and blow up
of solutions for some large initial data. It has also to be not iced that the previous analytical results
about global existence of solutions were obtained on the whol e space, whereas numerical simula-
tions are performed on a bounded domain.

Hyperbolic equations have been the subject of intensive resea rch in the last decades because they
can be applied to a lot of different elds, e.g. gas dynamic, opti cs, geophysics, biology. Regard-
ing conservation laws, it is well known that, for example for qua  silinear system, solutions naturally
develop discontinuities (shock waves). Then the construct ion of stable and consistent numerical
schemes is not an easy task, since the presence of these discon tinuities generates oscillations in the
schemes. Moreover it is often dif cult to nd an effective nu merical approximation to hyperbolic
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equations with a source term due to problems like stiffness of t he source term, instability of the
solutions, incorrect approximation of stationary solutions,  and loss of mass conservation.

We use an adaptation of the relaxation method proposed by Aregba- Driollet and Natalini [13]. The
main advantages of the relaxation approximation are the simplefo  rmulation, even for general mul-
tidimensional systems of conservation laws, and the easy nu merical implementation.

Moreover this framework presents some special properties: the s calar and the system cases are
treated in the same way at the numerical level; all the approxima ting problems are in diagonal
form, which is very convenient for numerical and theoretica | purposes; we could easily change the
number and the geometry of the velocities involved in our con  struction to improve the accuracy of
the method. Even if these algorithms are not optimal, they ill  ustrate how to construct an ef cient
and simple approximation even for very complicated systems.

For this reason we applied this method to different systems, st  arting from wave equation, up to the
bio Im model (5).

Part II: Modeling and Numerical Approximations

In the second part of the thesis, we are interested in biologic al problems with the aim to create
models able to reproduce the main mechanisms involved. Thenw e focus on the modeling and the
numerical simulations of the processes. We derive these mode Is starting from phenomenological
observations “making everything as simple as possible, but no tsimpler”.

We propose different models of partial differential equationt o describe respectively the in amma-
tion during ischemic stroke and the growth of phototrophic bio Ims.

In ammation during ischemic stroke

Strokes consist in the rapidly developing loss of brain functi  ons due to a disturbance in the cerebral
blood ow. During a stroke, the affected area of the brainisu  nable to function, leading to troubles
in moving, walking, seeing, speaking or understanding. Itisa medical emergency and can cause
permanent neurological damage, complications, and death.

We focus our study on one of the pathophysiological mechanisms involved in ischemic stroke, the
in ammatory process [45, 83]. In a general setting, in ammationi s a complex biological response
of vascular tissues to harmful stimuli such as pathogens, dam aged cells or irritants.

During ischemic stroke, in ammation is triggered to elimin ate the dead cells but can also lead to
the death of some other cells. Then in ammation in uences th e survival of neurons and glial cells
both in a positive and a negative way.

We are interested in understanding which in uence dominate s, depending on the situation. Our
nal aim is to understand if and how it is possible to control th e positive and negative aspects of
this biological process, and this could be helpful for the deve lopment of new therapeutic strategies
in ischemic stroke.

We have considered as a starting point in our study the cellmod el proposed recently by T. Lekelov-
Boissard et al. [33]. This ODEs model took into account the two pha  ses of in ammation: activation
of microglia and in Itration of blood leukocytes, but did no t consider the space dimension. Then
we introduce it in the model, more precisely we introduce the d iffusion and the chemotaxis of
proteins and leukocytes.

The model includes many parameters and one of the main problems is to determine the values of
these parameters. We x these values with different methods. = Some parameters are determined
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by tting the results of the model to real data coming from exper  iments, other parameters thanks
to biological knowledge and the remaining parameters so that the system is not disturbed. We
have found a set of parameter values that allows to obtain real istic simulations of the biological

phenomenon.

Growth of phototrophic bio Ims

A bio Im is a complex gel-like aggregation of microorganisms  like bacteria, cyanobacteria, algae,
protozoa and fungi, embedded in an extracellular matrix of poly ~ meric substances (EPS). EPS devel-
ops resistance to antibiotics, to our immune system, to disin  fectants or cleaning uids.

Even if a bio Im contains water, it is mainly a solid phase. Bio  Ims can develop on surfaces which
are in permanent contact with water, i.e. solid/liquid interf ~ aces, but the growth of microorganisms
also occurs in different types of interfaces such as air/solid , liquid/liquid or air/liquid.

Bio Ims are found everywhere: in industrial process, onmedi  cal devices, but also on the surface of
monuments. In this thesis, we are interested on the formatio n and evolution of bio Ims on foun-
tains walls, i.e.: on stone substrates and under a water laye r. These bio Ims cause much damage,
such as unaesthetic biological patinas, decoesion and loss o f substrate material from the surface of
monuments or degradation of the internal structure.

Our rst goal is to introduce a model which keeps the physical n ite speed of propagation of the
fronts. Then we propose the hydrodynamical model (5), where the inertial terms in the momentum
equations in turn guarantees the hyperbolicity of the system a nd the nite speed of propagation.
Actually, in most of the models coming from the mixture theory  approach, as for instance [137, 58],
these terms are neglected, in order to simplify the analysis a nd the numerical approximation. In
fact, diffusive terms stabilize the uid and prevent possible  breakdowns or other instabilities. On
the other hand, this simpli cation introduces a non-physical in nite speed of propagation in the
problem, and makes it dif cult to study effectively the evolu  tion of interfaces between the solid
(bio Im) and the liquid (water) phases. We prefer to keep theine  rtial terms and to solve the full hy-
perbolic problem using some robust and Riemann Solver-free sc  heme like the relaxation schemes

[13].
However, there are two important differences withrespecttoa  usual hyperbolic system. First, since
we are dealing with a multiphase uid, it is dif cult to deal wi th regions where one of the phases

may vanish. This is usually solved by neglecting these regio ns, for instance by selecting special ini-
tial conditions. In a bio Im this choice is not possible, sinc e itis important to model also the region
where there is only the bio Im or the liquid. It turns out that t his problem of vanishing phases can
be solved by approximating source terms just by using an Implicit  -Explicit scheme.

The other problem arises from the fact that our model is suppleme  nted with a constraint term due
to the mass conservation, which implies that the average hydr odynamic velocity of the mixture
is divergence free. This constraint is needed to compute the h ydrostatic pressure. To enforce the
divergence free constraint, we used a fractional step approac h, similar to the Chorin-Temam pro-
jection scheme [36, 161] for the Navier-Stokes equations, with av ery accurate reconstruction of the
pressure term.

Plan of the Thesis

This thesis is organized as follows:
in Chapter 1 we present the derivation of parabolic and hyperboli ¢ model of chemotaxis.
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At the beginning we introduce the standard Patlak-Keller-S egel model and some variations. Then
we present hyperbolic models of chemotaxis showing two differe  nt possible derivations: the kinetic
derivation with the moment closure method by Hillen [74] and th e phenomenological derivation
of a vasculogenesis model based on continuum mechanics.

In Chapter 2 we investigate the existence and the behavior for la rge times of global smooth so-
lutions to the Cauchy problem on R", for the semilinear hyperbolic-parabolic system (3).

Initially we introduce some properties of partially dissipativ e hyperbolic systems, and we present
some of the results obtained by Bianchini et al. in [17] on the de composition of the Green Kernel.
Thanks to the sharp decay estimates of the Green kernel of the parabolic and hyperbolic equations,
we are able to prove the results. Moreover, in Section 2.5 we prov e an analogous result for pertur-
bation of constant (non-null) stationary state.

Finally, by the same technique, we compare the large time behavi or of the solution with the behav-
ior of solution to the parabolic Keller-Segel model.

Part of these results are contained in [46].

In Chapter 3 we investigate the existence and the behavior for la rge times of global smooth so-
lution to the Cauchy problem on R for the quasilinear hyperbolic-parabolic system (4).

Firstly we introduce hyperbolic partially dissipative system s. The global existence of solutions is
proved by energy estimate, while the study of the large times b ehavior is based on the decay es-
timates of the Green Kernel of the linearized operators. We sh ow that these results hold also for
perturbation of small constant (non null) state.

Part of the results obtained are also present in [49].

Chapter 4 is devoted to the numerical approximation of the hyperbo  lic-parabolic models stud-
ied analytically in the previous chapters.
At the beginning we give an introduction to nite difference schemes, de ning fundamental con-
cepts like consistency, convergence, stability and monoton icity. Then we present 3-point nite
difference schemes for hyperbolic conservation laws and we b riey present also some classical
schemes for parabolic equations.
A section is dedicated to the relaxation method, scheme used i n our simulations.
The second and the third section of this chapter are devotedto  several numerical simulations in the
two dimensional case of the hyperbolic-parabolic models (3), (  4). With reference to the chemotaxis
model we show results of pattern formation and also simulatio  ns in agreement with our analyti-
cal result. Regarding the vasculogenesis problem, we show si mulations of development of vascular
network with different initial data and also simulations in agreement with the analytical results.
Some of the simulations obtained are reported also in [48].

In Chapter 5, we propose a model to describe the in ammatory proces s which occurs during
ischemic stroke [47]. Firstly, an introduction to some basic co ncepts about the biological phe-
nomenon is given. Then, a detailed derivation of the model an d the numerical scheme used are
presented. Finally, the studies of the model robustness and s ensitivity are showed and some nu-
merical results on the time and space evolution of the process a re presented and discussed.

Part of these results are contained in [47].
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Inthe nal chapter, a system of nonlinear hyperbolic partialdi  fferential equations is introduced
to model the formation of bio Ims. Atthe beginning, anintro duction to some basic concepts about
bio Ims is given. Then a detailed derivation of the model, wh ich is mainly based on the theory of
mixtures, is presented, also in comparison with previous models.  In the last sections we present an
adapted numerical scheme and we discuss numerical simulatio ns.

These results are also reported in [39, 38].

Research Perspective

In this thesis we present some global existence results onthe C auchy problem for some hyperbolic-
parabolic models arising in biology assuming small initiald  ata. However nothing is known for the
moment, beyond our numerical simulations, for large initia | data, bounded domains and blow-up
phenomena and in particular the ability of these models to captu  re aggregation phenomena is un-
known. Therefore, a rsttarget could be to answer these quest ions: what is the asymptotic behavior
of the solutions of the Cattaneo model? Do they exist globally in time or explode in nite time or
may both of these situations occur with a critical threshold  as for the parabolic model? We would
also have to establish under which conditions on the initial ~ data the solution remains non negative,
which is an essential condition for modeling density of bact eria. To nd an answer to all these an-
alytic points, we could need also a careful and accurate schem e to simulate the multidimensional
equations. These two tasks are closely related: indeed, the n umerical simulations give some ideas
for the behaviors of the solution we try to understand, while t he analysis of the system gives us
some clues on the properties the scheme has to possess. The idea ¢ ould be to generalize what was
proposed by [120] in the one-dimensional case, where a high order s cheme on asymptotic solu-
tions was designed and where the preservation of mass using su itable boundary conditions was
enforced.

It would be also the natural rst step in the analysis of the ot  her non-linear hyperbolic models
developed to describe cell movements, since the Cattaneo mod el is a linearized version of the non-
linear Preziosi's models we will lean on. A careful compariso n with the results yet proved for par-
abolic Patlak-Keller-Segel system would also be a signi ca nt break through. However, the analysis
would be much more delicate than the one of the parabolic syste m and new mathematical strate-
gies should be considered. We could get inspired from the compl ete study in the one-dimensional
case [70], where the explicit time decay of the solutions of the lin  earized system was used, which for
the Cauchy problem was essentially proved in [17], but then adapted  to a different context, and for
the Neumann case was directly analyzed in that work. We expectt he system to possess equilibrium
states which will make the study easier; for now on, classica |techniques do not seem to work, but
new perspectives may be opened thanks to pointwise estimates and combination of appropriate
Lyapounov functions, like those used in chemotaxis or in populat  ion dynamics.

Concerning the biological damage of monuments, the only mod els that can be found until now in
literature are based on the so-called kinetic theory of acti ve particles [23] in the eld of works of
art conservation, or cellular automata models or ODE individ  ual-based models [53] which lead to
a huge amount of coupled ordinary differential equations. Th  ese systems are simple to be imple-
mented and give a good description of what happens at a microscopi ¢ level. However, they have
some major drawbacks: need for large computational time, dif ~ culty to consider the effective spa-
tial behavior of particles, dif culty to predict the possible fo ~ rmation of structural patterns and high
sensitivity to initial data. For all these reasons, we thinkt hat a model based on PDEs, like the one
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proposed in this thesis, although a bit more complicated to stud vy, would give more reliable macro-
scopic results with an easier calibration, and would therefo re have an impressing and immediate
descriptive power. It should also enable us to work on larger spa ce scale since PDEs simulations
require less computational resources than large systems of OD Es.

Other features, as signaling mechanism, should be added and results should be compared with
some experiments done on purpose. The ultimate goal of this resea rch could be the construction
of a more general model including both chemical and biologic  al deterioration phenomena, in or-
der to understand how they interact with each another. The na tural application of this coupling
could be the study of bioremediation, for which no mathemati  cal modeling is actually known.






Chapter 1

Modeling of Chemotaxis

Chemotaxis is the in uence of chemical substances present int he environment on the move-
ment of mobile species. This in uence can lead to strictly ori  ented movement or to partially ori-
ented and partially tumbling movement. We have a positive/nega  tive chemotaxis when the chem-
ical substance attracts an organism and, in this case, the ch emical factor is called chemoattrac-
tant/chemorepellent.

Chemotaxis is an important mean of cellular communication and determinates how cells arrange
and organize themselves.

As shown in [114, 115], chemotaxis is important not only in animal and i  nsect ecology, but it can
also be crucial in biological processes, e.g. when a bacteria | infection invades a body. The move-
ment of cells toward the source is the result of chemotaxis. Mo reover convincing evidence sug-
gests that leukocyte cells in the blood move towards a region  of bacterial in ammation, in order to
counter it, by moving up a chemical gradient caused by the infe  ction [103, 166, 165, 6].

An interesting aspect of positive oriented chemotactical mov  ementis the formation of cells (amoe-
bae, bacteria, etc) amounts during the responds of species popul ation to the change of the chemical
concentrations in the environment, but such aggregation patt  erns often require a certain threshold
number of individuals [79].

Extensive research has been conducted on the mechanisticand signaling processes regulating chemo-
taxis in bacteria, particularly in E. coli [15], and in the life cyc le of cell slime molds such as Dic-
tyostelium discoideum [52].

In multicellular organisms, chemotaxis of cell populations pla  ys a crucial role throughout the life
cycle: during embryonic development it plays a role in organiz  ing cell positioning, for example
during gastrulation [52] and patterning of the nervous system [132 ]; in the adult, it directs immune
cell migration to sites of in ammation [178], [47] and broblasts i nto wounded regions to initiate
healing. The same mechanisms occur in cancer growth, allowi ng tumour cells to invade the sur-
rounding environment [41] or stimulate the growth of new bloodv  essel [101].

In this chapter we present the derivation of parabolic and hyperb  olic partial differential models of
chemotaxis.

At the beginning we introduce the standard Patlak-Keller-S egel model, while the subsequent sec-
tion is dedicated to hyperbolic models of chemotaxis. We will f  ocus our attentions on two possible
derivations: the moment closure method and the continuum me  chanics approach based on phe-
nomenological assumptions.
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1.1 The Patlak-Keller-Segel Model

Chemotaxis can be described, at macroscopic level, by conside ring the population of the motile
living species as a whole. The most famous model of partial diffe rential equations was proposed
in 1953 by Patlak [133] and subsequently in 1970 by Keller and Segel [88, 89]. K eller and Segel were
interested in describing the aggregation behavior of cellul  ar slime mold which, they interpreted as
the result of an instability. The interest in slime mold morph  ogenesis was driven by the identi ca-
tion of the chemical which acts as acrasin in Dictyostelium d iscodeum. Then they tried to deduce
the co-operative behavior of amoebae from their individual prope  rties.

In its original form this model consists of four coupled react  ion-advection-diffusion equations; we
show its derivation following [141, 88]. They identi ed four speci  es relevant to the process:

* u(x,t) is the density of amoebae at the point x (in R, R? or R®) and at the time t.
« A(x,t) is the concentration of the chemical attractant acrasin.
« " (x,t)isthe concentration of acrasinase, an enzyme that degrade sthe chemoattractantacrasin.
* c(x,t) is the concentration of a complex that forms when acrasinand  acrasinase react.
The assumptions made by Keller and Segel on the model are the fo llowing:
1. Acrasin is produced by the amoeba at a rate of f (A) per amoebae.
2. Acrasinase is produced by the amoeba at a rate of g(A,” ) per amoebae.

3. Acrasin (A) and acrasinase (") react to form a complex ( c) which dissociates into a free en-
zyme (acrasinase) and a degraded product, that is

k1 ko
“AA ¢ ! ~ Adegraded product

4. Acrasin (A), acrasinase (") and the complex ( c) diffuse according to Fick's Law.

5. The amoebae move in the direction of increasing gradient of  acrasin (A) and follow a random
motion analogous to diffusion.

The total number of amoebae remains xed. In order to deriveth e equations of motion we consider
an arbitrary xed region and balance the mass of each species. L etV be an arbitrarily xed region
with boundary @/. Balance of mass requires that the amoebae density satis es

changeof assi?V uxoutozftigrlﬂr of V birthzi(ﬁaﬂf \Y;

— u(x,t)dx Aj J' ¢nds A QYdx (1.2)
dt v @ v

where J is the ux vector of amoeba mass, n is an outward unit normal to V, and QY is the net
mass of amoeba created (birth - death) per unit time per unitvol  ume.

It is possible to write equations for the other species giving ris e to the analogous terms JA, QA, J,
Q', J° and Q°. However, before we determine the forms based on the modelin g assumptions of

these terms, let us note that by the divergence theorem,
A Z

JUendS A r¢ Mdx,
@ v
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and equation (1.1) can be written as
z
@uAr¢ 3! QYdx Q.
v

Since this equation has to hold for arbitrary  V, then the integrand must vanish, yielding the differ-
ential equations
@u(x,t) Eijr¢ *AQY.

It is possible to obtain similar equations for the other specie s, but it remains to specify the terms
J® and QS for s &£u,A,” and c. To characterize the ux and growth terms they followed the m  odel
assumptions. The ux terms A, ", and c are determined by assumption 4 as a classical Fickian
diffusion

B/ Dsrs for sAA, ,c.

The parameter Dyg is the diffusion coef cient that they assumed to be constant . By assumption 5,
the form for JY can be determinated:

M AEiDor uADyr A.

This de nition of ux characterizes the model. As a matter of fact these terms describe two impor-
tant aspects of the movement of the species. The term j Dor a with D5 E 0 says that the organisms
avoid increasing concentrations of their own kind species. | tis a sort of spreading out to avoid over-
crowding. The second term D1r A is a “Fourier” type term and illustrates the chemotaxis phenom-
enon of the species in the response to the chemical A. When D4 E 0, this term can be interpreted
as the movement of amoebae from low concentrations of A towards higher concentrations. It is
a positive chemotaxis indicating that A is a chemoattractant. If Dy C 0, then we have a negative
chemotaxis and A is a chemoinhibitor. Keller and Segel assumed for their mode | D1 E 0.

The last assumption implies that the total population numberisc  onstant, Q" AQ.

For the other species, we assume that the chemical reactions a re linear. This leads to the following
forms for the growth terms:

WAE) Q@ & uf(A)i kA Ak;1c,
2A@B)) Q & ug(A’)i kiA” Ak, 1cAksc,
3)) Q% A& kiA j k;1ci kac.

Then the system can be written as:

8 )
@u A& r¢(j Dir AADor u),

@A £ re¢(Dar A)Auf (A)i kiA” Ak, qc,
(1.2)
% @ A& r¢Dr )Aug(A)i kiA” Ak; 1cAkac,

@c A& r¢(Dcr c)AkiA i ki 1ci kac.

In [90] they focused their attention on the aggregation process , by considering aggregation as a
manifestation of instability in a uniform distribution of a moebae and acrasin.

They assume a homogeneous population of cells. As a matter of fa ct, early in the life cycle of the
amoebae the properties of the cells are supposed to be such that a u niform distribution is stable
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and the random non-uniformities, which occur in areal syste  m, decay. At some point in the life cy-
cle of all cells, however, the characteristics of the individ ual cell change in such a way that makes a
uniform distribution unstable. Any spontaneous perturbatio  n can then trigger aggregation. Keller
and Segel did not attempt to offer an explanation of the mechanis ms for changes in the individual
cell, but rather analyzed the effects on a population of cellsw hich result from such changes.
In this preliminary investigation Keller and Segel consider ed the simplest reasonable model. So
they made further simpli cations which allowed the problem to be reduced to two equations for A
and u. These simpli cations were made to avoid obscuring essentia | features with heavy calcula-
tions.
They made the assumption that the complex is in a steady state wi th regard to the chemical reac-
tion:

kiA” i Kk 1Ci koc AO.

They also assumed that the total concentration of enzyme (bo th free and bound) is a constant ~ :
cA” & 0
Substituting these into the system, we get a model of two equa tions

8 i
> @u A& r¢(j Dir AADor u),
N (1.3)
@A &£ re(Dar A)Auf (A)j Aka,
where

ki A okoK/(1 AKA) and K Aky/(k; 1 Aky).

Let us observe that the evolution of density of bacteriaandt he density of chemoattractant are de-
scribed by parabolic equations. The behavior of this system is qu ite well known now: in the one-
dimensional case, the solution is always global in time. Inh igher-dimensional cases, if the norm of
the initial datum is small enough in some norms, the solution  will be global in time; on the oppo-
site, it will explode in nite time for an initial datum which is large enough, at least for some speci c
initial data.

In literature there exists a lot of variations of (1.3) which dif ~ fer in the choice of the chemotactic sen-
sitivity function and the reaction terms in the mobile species  equation or the chemical ones. We
can write the general form of PKS model as:

8

> @u Are(D)ruj Au)BA)C( A)AT(u),
S (1.4)
" @AAECAAug(u)i A.

The simplicity, the analytical tractability and the capacity  to replicate key behavior of chemotactic
populations are the main reasons of the success of this class of models of chemotaxis compared to
discrete individual based approach. The ability to display auto -aggregation has led to its promi-
nence as a mechanism for self-organization of biological sy stems. The directed movement of cells
and organisms in response to chemical gradients, chemotaxis, has raised signi cant interest due to
its critical role in a wide range of biological phenomena.

All the effects depend on the functional forms of the three mai  n processes during chemotactical
movement: the sensing of the chemoattactant which has an eff ect on the oriented movement of
the species, the production of the chemoattractant by a mobile  species or an external source and
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the degradation of the chemoattractant by a mobile species or  an external effect.
Patlak-Keller-Segel type equations have become widely utili zed in models for chemotaxis, thanks
to their ability to capture key phenomena, intuitive nature an  d relative tractability (analytically and
numerically) as compared to discrete/ individual based approac  hes.

Different phenomena are described by this class of equations . Models based on the Patlak-Keller-
Segel equations have also been developed to understand whethe r chemotaxis may underpin em-
bryonic pattern formation processes, such as the formation an d dynamics of the primitive streak
[129], pigmentation patterning in snakes [116] and sh [133]and cell colo  nisation and neural crest
migration [99]. Modeling the role of chemotaxis in pathological pr  ocesses is a large eld: Luca et
al. [106] considered whether the chemotactic aggregation of mi  croglia may provide a mechanistic
basis for senile plaques during progression of Alzheimer's dis ease. Moreover, chemotaxis has been
incorporated into the modeling of a number of distinct stages  of tumour growth, including the
migration of invasive cancer cells [136], tumour-induced angio genesis [32, 108] and macrophage
invasion into tumours [127].

In Chapter 5 we propose a model to describe the in ammatory proces s which occurs during is-
chemic stroke [47].

Further approaches, like stochastic and discrete methods, ha ve been developed to derive these
models. Horstmann's review [82] considers ve different metho  ds to describe in detail this class
of system. Briey, these are (a) arguments based on Fourier' s law and Fick's law [89], (b) biased
random walk approaches [126], (c) interacting particle systems [155], ( d) transport equations [5] or
[76], and (e) stochastic processes [133]. Recently, Byrne and Owen [25], proposed a derivation from
multi-phase ow modeling.

In addition to their utilization within models for biologic al systems, a large body of work has emerged
on the mathematical properties of the Keller-Segel equations  (1.3) [82, 79] and, in particular, on the
conditions under which specialisation or variations of (1.3) e ither form nite-time blow-up or have
globally existing solutions. The majority of these papers hasb een devoted to a special case of (1.3),
in which the function kga is assumed to have linear form [see model (M1) below]. This “mini mal
model” has rich and interesting properties including globall  y existing solutions, nite time blow-
up and spatial pattern formation. Detailed reviews can be found  in the survey of Horstmann [82],
and in the textbooks of Suzuki [159] and Perthame [135].

A number of variations have been described based on addition al biological realism; here we report
some of these variations following [79]. These variations are i ntroduced in a form that includes a
single additional parameter which, under an appropriate limit, reduces the system to the minimal
form. In many cases this modi cation regularizes the problem  such that solutions exist globally in
time, then the corresponding parameter for each of the extended models is called regularization
parameter. This parameter allows to study in detail bifurcati  on conditions, pattern formation and
properties of the nonuniform solutions. Below we listthetenm  odels studied in [79].

e The minimal model (M1)

8
> @uArce (Druj Aur A) £0,

>

T @AECAAuU; A.
We shall refer to this system as the minimal model followingt he nomenclature of Childress
and Percus [35].
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 Signal-dependent sensitivity models (M2a)-(M2b)

There are two versions of signal-dependent sensitivity, the “ receptor” model [100, 104, 148,
149, 167], 38 3 i .
Al pe
3 @QuAre Druj E@WrA A0,

3 i . .
@AECAAuU; A,
where for ®! 0 the minimal model is obtained, and the “logistic” model [123,90 ]
8 3 _ 7
3 @QuAre Druj Au/-i%r A /0,

2 . i .
@AECAAuU; A,
wherefor ~ 11 the minimal model, follows and for ~ ! 0 the classical form of A(A) £1/Ais
obtained.

» Density-dependent sensitivity models (M3a)-(M3b)

There are two models with density-dependent sensitivity, the  “volume- lling” model [77,
128], 8 3 3 .
3 QuAr¢ Druj Au 1; ¥ r A A0,

2 i . i
@A AECAAuU| A,
where the limitof °!1 leads to the minimal model, and
8 i . ¢
> @uAre Druj Agi—r A AQ,

>
@AECAAuU; A,

where 2! 0 leads to (M1).

* The non local model (M4)
8 i . ¢
> @uAr¢ Druj Aur A /O,

>
" @AECAAU; A,

with the non-local gradient de ned as
z

. n ;

rAE— %AXAY%Y)AY
”/2 gni 1

where | £ B"i 1j and S"i ! denotes the (n j 1) dimensional unit spherein R" [125, 78]. The

non-local gradient is chosen such that the minimal model fol  lows for 2! 0.

e The nonlinear-diffusion model (M5)

8 I
> @uArc¢ (Duruj Aur A) ZQ,

>
@AE¢CAAuU; A.

where the minimal model corresponds to the limitas n! 0[25, 89, 142, 151, 152].
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e The nonlinear signal kinetics model (M6)
8 I
> @QuArc¢ (Druj Aur A) A0,
> i 4 g
where the minimal model corresponds to the limitof ~ A! 0[81, 117].

» The nonlinear gradient model (M7)
8 - o
> @QuAre (Druj AuFg(r A)) 4O,

> . . .
T @AACAA Figi A
where the function F¢(r A):R"! R" is assumed

Mg T TR |

Fc(r A) £= tanh XL ¢¢ganh CPx
¢ c 1Ac ’ 1Ac

and it is chosen such that the minimal model follows for ¢! 0[142].

 The cells kinetics model (M8)
8 - o
> @uAre (Druj Aur A)Aru(1j u) AQ,

>
" @AAECAAU; A,
which in the limit of zero growth, r! 0, leads to the minimal model [128].

The models described can be summarized in the following form

8

> @u Are(Du)ruj Au)BA)C(r A)AT(u),

N (1.5)
" @AAECAAug(u)i A.

The speci ¢ functional choices for D (u), A(u),B(A), C(r A), f (u) and g(u) are given in Table 1.1.
Then a natural question that arises is whether solutions blow -up or exist globally in time. As men-
tioned earlier, the minimal model (M1) has globally existings olutions in one space dimension [122]
and a threshold phenomenon with blow-up solutions in higherd  imensions [82, 135, 159]. For most
of the modi ed models (M2)-(M8), global existence of solutions is known, since they have been
studied theoretically or are special cases of more general mo dels.

The relevant results and the related references are summari zed in Table 1.2.

Exploration of the literature reveals two principal methods for ~ demonstrating the global existence
of solutions; (i) ndingan L' a-priori estimate for the chemotaxis term in the population ux, i €.
the term A(u)B(A)C(r A)in (1.4), and (i) to nd a Lyapunov function.

1.2 Hyperbolic Models

The approach of Patlak-Keller-Segel model is not always suf ¢ iently precise to describe the bacte-
ria movements. Since this class of model describes phenomena in some large time regimes, it does
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Model D(u) A(u) B(A) C(r A f(u) g(u)
(M) D u A rA 0 1
yiy p

(M2a) D u m r A 0 1
(M2b) D u, L A 0 1
(M3a) D uljid A rA 0 1
(M3b) D ST A rA 0 1
(M4) D u A r A 0 1
(M5)  Du" u A r vA 0 1

A A 1
(MG) D u A rA 3 0 XAu

A 1 crA
(M8) D u A rA ru(lj u) 1

Table 1.1: Summary of the models and their functional forms.

not take into account the ne structure of the cell density fo  r short times. In order to describe phe-
nomena at an intermediate temporal and spatial scale hyperboli ¢ models have been introduced.
They have been widely used in recent years, because they allo w for analytical study and yield a re-
alistic description of some relevant phenomena. These method s are applied to a range of different
elds like population dynamics, forest re models, bistables  ystems and combustion wavefronts.
They are able to describe some biological mechanisms, as for instance the “run and tumble” move-
ment of some bacteria.

Also for this class of model different derivations are possib le. In [65] Fort and Mendez summarize
the different approaches as follows: (a) isentropic random wal k with reaction, (b) anisotropic ran-
dom walks with reaction, (c) phenomenological derivation, (  d) thermodynamical derivation, (e)
derivation from waiting time distribution and (f) kinetic d erivation. As a matter of fact, hyperbolic
models can be obtained as uid limit of transport kinetic equa  tion with the hydrodynamic scaling
t! 2t,x! 2x,asshown by Perthame etal. [59].

Another technique to reduce a kinetic transport model isthe mo  ment closure method, which leads
into hyperbolic models as proved by Hillen [74]. In the next section  we will show that the two-
moment case reduces into models depending on Cattaneo's law o f heat conduction; we will report
the results of [74, 75] from which most of the contents are taken.  The models obtained by this
technique respect nite propagation speeds and are based onthein  dividual movement patterns of
the species.

1.2.1 The Cattaneo-Hillen Model
Velocity Jump Process and Transport Equations

As observed in experiments [1, 16], some bacteria have a character istic movement called “run and
tumble”. They move in a certain direction at an almost consta  nt speed (run), suddenly they stop
and choose a new direction (tumble) to continue movement. Th e tumbling intervals are short com-
pared to the mean run times. This type of individual movement patt  ern can be modeled by a sto-
chastic process which is called velocity jump process [158]. The ch aracteristic parameters are mean
runtime, turning distribution and mean speed.
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Model Global existence Reference

(M1) Global existence in 1 D Osaki and Yagi [122]
(M1) Global existence in 2 D below threshold Calvez and Corrias [26]
(M1) Global existence in nD below threshold Horstmann [82]

(M2a) Global existence in nD Winkler [175]

(M2b) “EO Global existence in 2D Biler [18]

(M2b) ~ /A0 Global existence below threshold Horstmann [82]

(M3a) Global existence in nD Hillen and Painter [79]; Wrzosek [177]
(M3b) Global existence in nD Velazquez [168]

(M4) Global existence in nD Hillen et al. [78]

(M5) Global existence in nD Kowalczyk [92]

(M6) Global existence in nD Horstmann [81]

(M7) Global existence in nD Biler [18]

(mM8) Global existence in nD Wrzosek [176]

Table 1.2: Summary of global existence results for the model (M1) -(M8).

Let p(x,t,v) denote the population density at spatial position
v 2 R". Although the most meaningful space dimensions are
n 2 N. Let us assume that individuals choose any direction with bou
set of possible velocities as V, where V %R" is bounded and symmetric (i.e v2V)j

x 2 R" at time t , 0 with velocity
n /A1,2,3, the theory works for all
nded velocity. We denote the
v2V).

Then the linear transport model, which bases on a velocity jum  p process [158, 124] reads

where 1 is the turning rate or turning frequency, hence
probability kernel for the new velocity

@p(x,t,v)Averp(x,t,v) £i! p(x,t,v)AL

z

T(v,v%dv FAEL,

ensures particle conservation.

If motion is modeled by a diffusion process and birth and death
diffusion models, results [114, 115]. Similarly to the diffusion m
death bring to reaction-diffusion models. Depending on conc
depend on particle velocity, hence a nonlinear reaction-tran

4

@p(x,t,v)Averp(x,v,t) £it p(x,t,v)AL

where the total population density is denoted as

Z

mo(x,t) £ p(x,t,v)dv.
\Y

T(v,v9p(x,t,v9dvOA f (v,p,m9),

z

T(v,v(ﬁp(x,t,v(ﬁdvo, (1.6)

¢ EListhemeanruntimeand T(v,vYisthe
v given the previous velocity was v° Moreover the identity

are included, then a reaction-

odel the inclusions of birth and

rete experiments the reaction may
sport equation reads:

(1.7)

(1.8)

Transport equations appear also in physics as models for gases e.g . Bolzmann equations [30]. In

this physical application some quantities are conserved, among
mass. In biological applications in case of no birth or death re

is the total particle number.

these are energy, momentum and
actions, the only conserved quantity
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The Cattaneo Law

The Cattaneo law was introduced by Cattaneo in 1949 [28] as amodi ¢  ation of Fourier's law of heat

conduction. Itis used to describe heat propagation with nite speed.

Let p(x,t) 2 R be the temperature of a homogeneous medium - \ R" and let q(x,t) 2 R" be the

heat ux. Then the Cattaneo law, together with an equation for ~ conservation of energy, leads to the

following system: 8

2 @uAr¢ q A,

S (1.9)
¢@qAqAEiDr

The constant ¢ E 0 describes the adaptation time of the heat ux g to the negative gradient of the
temperature , and the parameter D E 0 is the diffusion constant. This system is closely relatedt o
damped wave equation. Let us observe that for ¢ A0 we have Fouriers law g &£ jDr g and system
(1.9) translates into the classical heat equation @u 4D ¢ .

The Cattaneo Approximation

One common feature in understanding the dynamic properties of  reaction-transport equations
and Boltzmann equations are moment methods. By multiplicatio  n of (1.6) with powers of v and
integration, it is possible to derive an in nite sequence ofe  quations for the moments of p.

As a matter of fact in the equation for the n-th moment the ( n A 1); st moment appears. To close
the equations for the rst n moments we need an approximation of the ( n A 1)j moment. This
closure problem is well know and widely discussed in transport  theory. For Boltzmann equations
the closure problem has been dealt with the theory of extended t hermodynamics [111]. An en-
tropy functional is maximized under the constraint of xed rs t n moments. One assumes that the
(n A 1)j stmoment of the minimizer approximates the (  n A 1); st moment of the true solution, get-
ting the desired closure.

Here we report a theory for closing the moment equations based  on minimization principle pro-
posed by Hillen [74].

In this biological context the negative L?(V)j norm can be seen as an entropy as de ned in ther-
modynamics, so it is possible to close the moment system by min  imizing the L?j norm under the
constraint of xed rst nj moments.

We report the moment closure approach for the rsttwo momentsus  ed by Hillen [74]; this closure
leads to semilinear Cattaneo systems.

Letus consider a transport equation which correspondsto avel ocity jump process with xed speed,
but variable direction (Pearson walk [134]). In this case V &£sS" ! with sE 0 and we denote | /&
jVjEs"i o, where ! o £ B"i 1j. The turn angle distribution is assumed to be constant T (v,v% &
jVji L. Then the initial value problem for the linear transport equat  ion reads:
H o 1
m
@pAverp £ 12 —ip. (1.10)

p(x,0,v) A 'o(>.<,v). (1.11)

Let us observe that the shift operator ©:/ jv ¢r on L2(R" £ V) with domain

a

© )
D©) & A2L%R"E£V):AGV)2HYR") ,
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is skew-adjoint. It generates a strongly continuous unitar y groupon L?(R" £ V) [44]. The right-hand
side of (1.10) is bounded, therefore the linear transport equati on de nes a strongly continuous
solution groupon L2(R" £ V). For' 92 D(©) solutions p(x,t,V) existin

cl([0,1 ),L3(R" £ V))\ C([0,1 ),D(©)).

Let us consider the equations of the rst two moments ( m%m'), i 2 {1,¢¢m} of p, where m® is
de ned (1.8) and the higher moments of p are denoted by:

z

m'(x,t) &  Vvpxt,v)dv iA&L...n, (1.12)
72V

m”(x,t) FE vivjp(x,t,v)dv i,j AL...n. (1.13)
%

Let us note that m?is scalar, m' is a vectorand m'l is a 2-tensor.
For constant turn angle distribution T (v,v9 in [74] is proved that the negative of the L?(V)j norm
is an entropy for (1.10). The method proposed minimize the ~ L?(V)j norm under the constraint of
xed moments m®and m' and then it assumes that the second moment m'l (Umin ) of minimizer
Umin approximates the second moment m'] (p). This leads to a closed hyperbolic system for an
approximate density M° and an approximate ow M b
Since the resulting system is known from heat transport theor y as the Cattaneo system it is called
Cattaneo approximation to ( m%m'). It is possible to estimate ( m%m'); (M°,M')in L?(R") as
shown in [74], motivating the use of Cattaneo system as models fo rthe movement of microorgan-
isms like bacteria or amoeba.
The Cattaneo approximation can be used to approximate the transport  model for all times whereas
the parabolic approximations are valid for large times only.
In order to derive the equations for the rst two moments m®and m' we integrate (1.10) over V
obtaining the conservation law

@mOAX] @m’ Q. (1.14)

jA

Multiplication of (1.10) with  v; and integration along V leads to

zZ x £ mot zZ
v' @pdv £ v'v’@pdv/:\ll— vidvi t  v'pdv.
A :

_ R .
For the symmetry of V A£sS'i 1, itfollowsthat v'dv A0. Hence

X N .
@m'A  @m' £itm'. (1.15)
jim

To close this system of n A 1 moment equations (1.14) and (1.15) we have to replace m'/ (p).
The main step is to derive a function umin (X,t,v) which minimizes the L?(V) norm ku (x,t,d)kfz,
under the constraint that umin has the same rst moments m©%and m' as p has. Once we have
obtained such a function umin We have to replace m'l (p) by m'! (Umin ).
Let us introduce Lagrangian multipliers ©g2Rand & 2 Rfor i A1,...,n and de ne
Z Pz 1 w3 _
H(u):E= u?dvjoy, wudvim®j o vudvm'
2 v v i E
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p .
The Euler-Lagrange equation of H(u)readsuj ogj o;v' /0, which gives
i

X .
urghA oV,
i /A

Then we have to use the constrains to determine ©gand o;:

Z Z X VA
m° &£ udvAE ©dvA ajv dv.
v v im Vv
R .
We have ,v'dva; A0, hence
MmO
Bo T,
z z g Z
m' £ viudv £ Vv'ogdvA v (mjv!)dv.
v v | v

The rstintegral vanishes. To evaluate the second integral let us note that
Z
T 'o
Yo¥a d¥alE— 1y,
Snil n
where I, is the n £ n identity matrix. Hence

Z Z
vv'dv £
S

ni

(s¥)(s¥%) " s" Ld 3! S—2|n.
v 1 n
It follows that = is given by
of /E!n?mi.
Then we have got an explicit form of the minimizer:

A !

1 o X n [
Umin (X, t,V) £— m°(x,t)A  —vim'(x,t) .
! im S

To derive the moment closure we consider the second moment of  the minimizer umin :

Z
m" (Umin) & Vvivjumin(x,t,v)dv
jm
Z Z
1 X . o
£ = vivimO%vA  vivivgdvmK
! jm Vv Y
s
A/ —ml, (1.16)

PR ..
because the tensor v V'Vl vidv vanishes.

j AL
We have chosen umin such that m%u) £m°(p) and m'(u) £m' (p). Let us now close the system
of the rsttwo moments by assuming that m' (u) %m'l (p). Then replacing m'l in (1.15) together

with (1.14) gives alinear Cattaneo system

X
@vA@ M!' £ 0 (1.17)
j e
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2
@MiA%@MO £ itMi, (1.18)

with initial conditions
MO(¢0) Am°(¢0), M'(¢0)&Em'(40).

We introduce capital letters to distinguish between the mome nts (m? m') of p and the solutions
(M% M) of the Cattaneo system. The error which appears during this appr oximation can be con-
trolled, as proved in [74].

A Cattaneo Model for Chemosensitive Movement

In [74] Hillen derives also models for chemosensitive movemen t based on Cattaneo's law of heat
propagation with nite speed. Moreover, in a work in collaborat  ion with Dolak, he applied the
model to pattern formation as observed in experiments with Dict  yostelium discoideum, Salmonella
typhimurium and Escherichia coli.
In case of bacterial chemotaxis it has been observed in experime nts that bacteria signi cantly
change their turning rate in response to external stimuli, but  they do not change their turn an-
gle distribution. So the turning rate should depend on the vel ocity v, on the concentration of the
external signal A and onits gradient r A, then * A (v,A,r A).
Since bacteria are too small to measure concentration gradi ents along their body axis, they mea-
sure gradients while moving through them. Then the turning ra  te depends not directly on r A but
on the directional derivative:

+ A E@AAVCErA.

Let us assume * /&1 (A,+,A). The kernel K(v,v9 is chosen in such a way that the total particle
number is preserved. R
This can be achieved by K(v,v9 &t (A,+,A)T (v,v%) where |, T(v,v9dv £1. Then the transport
equation for chemosensitive movement reads:
Z
@pAverp £t (A AA y (A, £,A)T (v,v9p(v9dvC (1.19)

Let us observe that if we restrict to 1-D with two speeds §s, the model considered by Hillen and
Stevens in [80] follows

@urAe@u? £t AA @AUAALT (A @A,

@ui i °@ui £ AA@AUR 1T (A @A, (1.20)

VW AW 00

@A D@AE A A®UAAUI).

Functions u® denote the densities of the right/left moving part of the total po  pulationand A is the
external chemotactic stimulus biasing the movement of the popu lation itself. Parameters °,+,D,
which are assumed to be strictly positive constants, represen t characteristic speed of propagation
of u$, time-scale for the dynamics and diffusion coef cient fort  he chemoattractant respectively.
The terms 1 8 are called turning rates and they control the probability of t  ransition from ul to ui
and vice versa, i.e. the change of direction in the movement of  a single individual.

In[80], a rstresult of local and global existence for weak solut  ions under the assumption of turning
rate's boundness is proved. Recently Guarguaglinietal. in [70 ] have proved more general results for
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this model under weaker hypotheses, by showing a general resu It of global stability of some con-
stant states for both the Cauchy problem on the whole real line  and the Neumann problem on a
bounded interval for small initial data. These results have been obtained by using the linearized
operators and the accurate analysis of their nonlinear pertur  bations.

Let us consider now a more speci ¢ form of the turning rate
LA 2V A) B o(Li ®A)A),

for some costant ! o E 0 and an appropriate function ®(A).
Let us assume moreover that T (v,v9 /E!l, then a prototype model for chemosensitive movements
reads Z
- 1 0 - - 0
@pAverp £ito(li ®ApWVIA—= (1] ®(A)+,)AT (v,vIp (vIdv® (1.21)
Y

Using the notation of the moments m Oand m' we can write (1.21) as
3

@pAverp £ito(li ®(@A/3\v¢rA))p(v)A1|—0 m% em°@A; em' @A . (1.22)

To derive the equations for the rsttwo moments we integrate ( 1.22) obtaining

T j
@m”A  @m! Ao.
j A

Multiplication of (1.22) with  v; and integration gives

X y o x
miA @m' Eito(li ®@A)M'Ary® @Am'.
j A j AL

Again with (1.16) the corresponding Cattaneo system for chemose ntive movement reads

0 X .
MPA @Ml &£ o

j A

oo 82 &2 )
M{AF@MO £ ito(li ®@A)M'AF10®@AM°. (1.23)

A model for slime molds

In [51], Dolak and Hillen proposed a model of this class to describe the behavior of the slime
mold Dictyostelium discoideum. This amoeba develops an extra ordinary mechanism controlled
by chemotaxis: upon starvation, the amoebae form tissue-like aggregates. The cells move upward
gradients of the messenger molecule cAMP produced by the cell sthemselves. Eventually, they form
a fruiting body, where spores can survive until conditions for ~ germination are favorable. The for-
mation of aggregates has been documented by many authors. Gu ided by observations of Firtel et
al.[60], the aim of Dolak and Hillen simulations was not to reprod  uce the experimental results as
precisely as possible, but to describe them qualitatively. The non-dimensionalize model is

8
% @u Ar¢ v AQ,

_%

¢@AVEDrulAu(@i urA, (1.24)

@A EtAA®uU; A,
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Here u,v and A are the particle density, the particle ux, and the signal conce  ntration, respectively.
In their study, the Cattaneo model for chemosensitive movem  ent is well suited to describe the ex-
perimentally observed patterns. On a long time scale the same b ehavior for the PKS model and the
Cattaneo model is expected. For short time ranges, however, on e expects a better description from
a Cattaneo type model, due to nite characteristic speed.

In their simulations Hillen and Dolak use realistic paramete r values as given in Ford et al.[64], ob-
serving that both models, parabolic and hyperbolic, tthe data . But differences can be seen in the
time range up to about 40 s. Following Ford's experiments both mo  del types are appropriate and
the model should be chosen in accordance to the available dat a. If spread is measured for the pop-
ulation as a whole (motility D or chemotactic sensitivity, A), then a diffusion based model should be

used. If individual paths are followed and turning rates and tu  rn-angle distributions are measured,

then a hyperbolic model is more appropriate. There is certainly a n overlap region, where both
model types can be used with equal reasons. From a more theoret ical point of view, the transport

and Cattaneo-models provide a convenient platform to study and  understand how the behavior of
a population as a whole emerges from the behavior of its individua | members.

1.2.2 The Gamba-Preziosi Model

As seen for the Patlak-Keller-Segel model, it is possible get models by phenomenological deriva-
tions and continuum mechanics. In what follows we presenta hy  perbolic model of vasculogenesis
proposed by Preziosi et al. in [150, 66].

Filbet et al. in [59] derived the model as a hydrodynamic limito  fa kinetic velocity-jump process by
a Chapman-Eskog expansion.

Let us start with a short biological background of this phenom  enon. Vasculogenesis is the process
of blood vessel formation by cells, endothelial cells and an gioblasts. An analogous phenomenon
is the angiogenesis, the physiological process involving the g rowth of new blood vessels from pre-
existing vessels. Itis a normal and vital process in growth and d evelopment, as well as in wound
healing and in granulation tissue. However, itis also afund amental step in the transition of tumors
from a dormant state to a malignant one. Folkman in [61] hypothes ized that, if it were possible to
inhibit neovascularization, it might stop the growth of the ~ tumour or at least contain its growth to a
dormant mass of around 2 to 3 mm in diameter. Moreover, he sugg ested that such antiangiogenesis
could be the basis for a new form of cancer therapy. A particula rly important aspect, from a cancer
therapy point of view, is that antiangiogenic therapy does not  induce acquired drug resistance in
experimental cancer [20] unlike chemotherapy. The eld of anti-  angiogenesis is now fast growing
with an increasing number of areas where modeling could be of  some considerable value.

In vasculogenesis, the ability to form networking capillary  tubes is a cell autonomous property of
the endothelial cells (ECs), which need permissive but notin  structive signals from the extracellu-
lar environment. In recent years many experimental investigat ions have been performed on the
mechanism of blood vessel formation [40].

Since in vivo studies, are prone to a variety of sensitivity probl ems, much of the experimental work
in this area has been on in vitro (biological) model systems wh ich avoid many of the experimental
dif culties with in vivo systems. The development of invitroan  giogenesis (biological) models pro-
vides a controlled means for studying blood vessel formation [62]. The reasonable assumption is
that, if the in vitro studies replicate the type of patterns obser  ved in vivo, then these models provide
information on the pattern formation mechanism which operate s invivo.

Cells are cultured on a gel matrix and their migrationand agg regation are observed through videomi-
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croscopy. This way, the process of formation of a vascular net work starting from randomly seeded
cells can be accurately tracked. Tracking of individual traj ectories in some experiments [42] shows
marked persistence in the direction, with a small random compo  nent superimposed. The motion
is directed towards a zone of higher concentration of cells, suggesting that chemotactic factors play
arole. Cells migrate over distances which are an order of mag nitude larger than their radius and ag-
gregate when they get in touch with one of their neighbors. In  a time of the order of 10 h they form
a continuous multicellular network which can be described a s a collection of nodes connected by
chords.

In the biological system the percolating property is of physiolo  gical relevance, since it is directly
linked with the functionality of blood vessels.

Here we represent the theoretical model proposed by Serinietal . [150, 66] which turns out to be in
good agreement with these experimental observations. Inwhat  follows we shall refer to this system
as the Gamba-Preziosi model. It is able to reproduce well both  the observed percolative transition
and the typical scale of observed vascular networks. These st ructures cannot be explained by the
above parabolic models, which generically lead to a fast deca y or to pointwise blow-up, but are re-
covered by numerical experiments on hyperbolic models.

The Gamba-Preziosi model for vasculogenesis [150, 66] focuses o n the early development of vas-
cular network formation. They assume, as reported in [7], that pe  rsistence and chemotaxis are the
key features to determinate the size of the structure. In the ir view, mechanical interaction of the
cells with the matrigel can be neglected to describe the beha vior of the system along the rst 3-6
hours.

As shown in [7], the mathematical model is based on the followin g assumptions:

1. endothelial cells show persistence in their motion;

2. endothelial cells communicate via the release and absorptio n of a soluble growth factor. This
chemical factor can reasonably identi ed with VEGF-A (Serin i etal. [150]);

3. the chemical factors released by cells diffuse and degrade intime;
4. endothelial cells neither duplicate nor die during the proce  ss;
5. cells are slowed down by friction due to the interaction wit  h the xed substratum;
6. closely packed cells mechanically respond to avoid overcrow ding.
Then the state variables involved in the process are:
* The density %20f endothelial cells;
« The velocity u of the endothelial cells;
» The density A of chemoattractant.

The equations are derived from the conservation laws of mass a nd momentum. Let us recall how
get these equation in general. Proceeding in a standard way, a s shown in [37], let assume that for
each time t, the density “%of endothelial cells has a well de ned mass density *4x,t) for x 2 D,
a region in the three dimensional space. Let u(x,t) denote the velocity of cells that are moving
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through x attime t.

Let V is an arbitrary subregion of D, then the mass of cellsin V attime t is given by
z
m(V,t) £ Yx,t)dx,
%

In what follows we shall assume that the function  “2and u are smooth enough so that the standard
operations of calculus may be performed on them. The derivatio n of the equations is based on two
basic principles:

i) mass is neither created nor destroyed;

ii) the rate of change of momentum of a portion of the uid equals th e force applied to it (Newton's
second law);

Let V be a xed subregion of D; the rate of change of massin V is
z z

d d
—m(V,t) E— YAx,t)dx £ @¥4x,t)dx.
dt dt v %

Let @ denote the boundary of V, assumed to be smooth; let n denote the unit outward normal
de ned at points of @/; and let dS denote the area elementon @ . The volume ow rate across @
per unitareais u ¢n and the mass ow rate per unitareais % ¢n.

The principle of conservation of mass can be stated as follows: the rate of increase of mass in V

equals the rate at which mass is crossing @/ in the inward direction; i.e.,
z z

d
—  Yx £ 4 ¢dS.
dt v @

This is the integral form of the law of conservation of mass. B y the divergence theorem, this state-
ment is equivalent to 7

£ o]
@vAre (vu) dx AO.
%
Since this has to hold for all V, itis equivalent to
@vAr¢ (var) AO. (1.25)

Let us observe that if %2and u are not smooth enough to justify the steps that lead to the diff  erential
form of the law of conservation of mass, then the integral for m is the one to use.
Let us call

+, F@Aucr,

the directional derivative; it takes into account the factt  hat the cells are moving and that the posi-
tions of particles change with time.

For any continuum, forces acting on a piece of material are oft  wo types.

First, there are forces of stress, whereby the piece of materi al is acted on by forces across its surface
by the rest of the continuum. Second, there are external, or bo dy, forces such as gravity or a mag-
netic eld, which exert a force per unit volume on the continuum . Let us recall that, for any ideal
uid and any motion of the uid, there is a function p(x,t) called pressure such thatif Sis a surface
in the uid with a chosen unit normal n, the force of stress exerted across the surface S per unit
areaatx 2 Sattime tis p(x,t)n.

Note that the force is in the direction n and that the force acts orthogonally to the surface S, then
there are no tangential forces.
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If V is aregion in the uid at a particular instant of time t, then the total force exerted on the uid

inside V by means of stress on its boundary is
z

fsurf A{forceonV} A j pndS.
o

If eis any xed vector in space, the divergence theorem gives
Z Y4 Z

etfsyr £ j petndS A div(pe)dx &£ r pcedx.
@ \ \Y

Thus
fsurf £i r pdx. (1.26)
Y%

If b(x,t) denotes the given body force per unit mass, then the total bod vy force is
z
BA| Ybdx. (1.27)

Y%
Thus, on any piece of material,

force per unitvolume /E jr p A¥b.

By Newton's second law we are led to the differential form oft  he law of balance of momentum:

f
z—}| —{
Yok, /Eir pAYD. (1.28)
Regarding the chemoattractant we proceed as done in the Kelle rand Segel model, thus obtaining a
linear parabolic equation.
The mathematical model then writes as

8
% @YAre (val) A0,
% @Fa)Are (vai - u) &£f, (1.29)

@A ADCAAay; 2A.
<

The rstequationin (1.29) is a mass conservation equationand co rresponds to the assumption that
cells do not undergo mitosis or apoptosis during the experimenta | phenomenon. The last equation
is a diffusion equation for the chemical factor which is produc  ed at a rate ® and degrades with a
half life ¢.

The second equation assumes that cell motion can be obtained o n the basis of a suitable force
balance. Although the second term at the |.h.s. of the moment um equation reminds the convective
ux of cellular matter, it should be understood as a term mode  ling cell persistence, their “inertia”
in changing cell direction. The “force” f then models the reasons which may cause a change in cell
persistence. They include

1. A chemotactic body force
fchem lcElj/Zr A, (1.30)

where 1 measures the intensity of cell response per unit mass. The line ar dependence on
Y4corresponds to the assumption that each cell experiences a simil ar chemotactic action. A
saturation effect on the amount of chemoattractant could be  included. The generalization

of the model to the case of multiple species of chemical factors , characterized by different
physical properties and biological actions (e.g. attractiona nd repulsion), is also of interest to

understand how to govern the formation of the network.
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2. Adissipative interaction with the substrate
faiss ZE i ®WA. (1.31)

The linear dependence of fgjss 0N Y2corresponds to the assumption that each cell is subject
to the same dissipative forces.

3. As seen before a force across the surfacer p that in this case is incompenetrability of cellular
matter, to model the fact that closely packed cells resistto ¢ ompression

fsurt ZEir [Y2%44], (1.32)

where ¥{%) is a non negative function depending on the cellular density
After some standard algebra, it is possible to rewrite system (1.29) as

8
% @YVAr¢ () A0,

:

@uAuctruErAj ®uir P®), (1.33)

@AZEDCAAAY; 2,

where P(¥) is de ned by

dP _d

Yo— FE— (YY)

d¥ d¥%
or

19

0 E7)

and D,®, and ¢, are, respectively, the diffusion coef cient, the rate ofre  lease, and the characteristic

degradation time of soluble mediators.
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Chapter 2

A Semilinear Hyperbolic-Parabolic Model
of Chemotaxis

In this chapter we present some analytical results on a semilin ear PDEs model of chemosensitive
movement, which generalize the one proposed by Dolak and Hille  nin [51],

8
% @u Ar¢ v AQ,

_%

where x 2R, t . 0,u:R"£RA! RA s the population density, Vv A(V1,Va,...,vn) :RTERM I R"
are the uxesand A:R"£RA1 RA the concentration of the chemical species. The parameter ° is
the characteristic speed of propagation of the cells and the sou rce terms b,h,g, and f are smooth
functions.

It is a model with nite speed of propagation, based on the so-cal led Cattaneo system where, the
typical parabolic equation for bacteria, usually used in Patla  k-Keller-Segel models, is replaced by a
system of hyperbolic equations. As seen in the previous chapterth is model (2.1) is obtained, start-
ing from a velocity jump process by minimizingthe  L2-norm through a moment closure method.

@vA°?ruEib(ArAVvAhAr Agu), (2.1)

@A ECAAT (u,A),

Our aim is to study this semilinear hyperbolic-parabolic syst em from an analytical point of view, in
order to give arigorous analytical assessment to prototype mo dels like (2.1), as a rst step ininves-
tigation of more complex one, e.g. the quasilinear hyperbolic m  odel for vasculogenesis studied in
Chapter 3, or the model for phototrophic bio Im proposed in Chapter 6.

This chapter is focused on the study of solutions to system (2.1) with the aim to investigate their
possible behavior.

With reference to the one dimensional case, a rstresult of| ocal and global existence for weak solu-
tions, under the assumption of turning rate's boundness, was  proved in [80]. Recently Guarguaglini
etal. in [70] have proved more general results for this model und  er weaker hypotheses, by showing
a general result of global stability of zero constant states for the Cauchy problem and of general
constant state for the Neumann problem. These results have be en obtained using the linearized
operators, and the accurate analysis of their nonlinear pertu rbations.

Proceeding along this line, in [48] we presented a global existen ce theorem and the asymptotic
behavior for smooth solutions with smallinitial datatothe C ~ auchy problem, for a simpli ed version
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of system (2.1) in the two dimensional spatial case.

In this chapter, we will consider the multidimensional model (2.1) with generic source terms, and
we will show the global existence of smooth solutions with sma Il initial data to the Cauchy problem.
Moreover we will determinate their asymptotic behavior.

The chapter is organized as follows: in the rst section, were view some properties of partially dissi-
pative hyperbolic systems, and we summarize the results obtai ned by Bianchini et al. in [17] about
the asymptotic behavior of their smooth solutions.

In[17], the authors proposed a detailed description of the multidi  mensional Green function to par-
tially dissipative system, assuming the existence of a strict ly entropy and the Shizuta-Kawashima
condition. The authors analyzed the behavior of the Green fun  ction for the linearized problem, de-
composing it into two main terms. The rst term is the diffusiv e one, and consists of heat kernels,
while the slower term which contains the hyperbolic part.

Then in Section 2.2, we prove the local existence in time for smoot h solutions to system (2.1) to the
Cauchy problem, by a classical xed point theorem, and subsequen tly in Section 2.4, we are able
to prove the global existence result thanks to the re ned decay estimates of the Green Kernel of
hyperbolic equations.

We show the global existence, and we determinate the asymptoti ¢ behavior of this solutions, also
for perturbation of small constant states in the case of simple r source terms. In order to prove this
result, we need to slightly modi ed our technique to compensat e the lack of polynomial decay of
linear term in the hyperbolic equations.

As observed in the previous chapter, for large time hyperbolic an d parabolic model are expected
to have the same behavior. Then, in the last section, we rstde terminate the asymptotic behavior
of the solutions to the parabolic Patlak-Keller-Segel model related to system (2.1), obtaining the
same decay rate of the hyperbolic one. Finally, we examine the d ifference between solutions to
the hyperbolic-parabolic system (2.1) and to the related PKS mod el, showing that this difference
decays with a faster rate.

2.1 Partially Dissipative Hyperbolic Systems

In this rst section we recall some properties of hyperbolic dis  sipative systems.
Let us focus our attention on the following multidimensiona | system of balance laws

8

> @uAr¢ v Ao,

} 2.2)
@vA°%ru&LEiy,

where u :R"ERA1 RA v A(V1,Vo,...,Vn):R"E RA 1 R", with initial conditions
u(x,0) Euo(x), v(x,0)Avo(x).

We can observe that since (2.2) is equivalent to damped wave equa tion, the behavior of the solu-
tions to the Cauchy problem for this system is quite well known [86  ]. Moreover system (2.2) belongs
to the class of dissipative hyperbolic systems.

It is possible to rewrite system (2.2) in a compact form as

X
@wA  A@w AEg(w), (2.3)
7!
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where w A(u,v)2- uRER", and A !

A A 0
| o Zejt 0 ’
with (Aj)11 2 R¥2, (A))12 2 R"E1, (Aj)21 2 RE", and (Aj)22 2 R and g is the canonical jj th
vector of R". Here we denote the source term by
A A !
0 0 . n
g(w) &£ A _ , with g(w)2R".
a(w) iV
The initial condition reads
w (X, 0) AAwg(X). (2.4)

By the introduction of new variables W A(W1,W>), with

\Y

W, Au, W2/£E°2;

and a symmetric positive de nite matrix ~ Ag, de ned as

I 0

0 o2 (2.5)

it is possible to symmetrize system (2.3). Selecting W as new variable, our system reads

X _
Ac(W)@W A A;@ W AG(O(W)),
im

where A I

AEAAWIE oy o
]

and G(W) £g(©(W)) £(0,Q(W))!. Let us notice that, for every j /1,...,n, the matrix K,— is sym-
metric.

In order to continue the analysis of smooth solutions for dis  sipative hyperbolic system let us intro-
duce the condition of Shizuta and Kawashima [153] for hyperbolic  systems.

P
De nition2.1.1.  System(2.3) veri es condition (SK), if every eigenvector of Aj»j isnotinthe null
ja

space of Dg(0) for every » 2 RM1\{0} .

We can observe that system (2.3) veri es the Kawashima conditi on since, given an equilibrium state

A
2 RnAl

then the generic vector A 1
X

2 RnAl
0 ’

p
is eigenvectorof ~ A;j»;, ifand only if X AQ.

jma
With reference to the existence of smooth solutions to system (2.3), we recall the following result,
which is a special case of the results in [17].
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Theorem 2.1.2. Let us consider the Cauchy problem (2.3)-(2.4). Lets, 0. For every wy 2 H3(R"),
there is a unique global solution w to  (2.3)-(2.4) which veri es

w 2CO([0,1 );H3(R")\ C([0,1 );HS L(R")),

and such that, Z 51

sup  kw(t)k3. A kv(e)kZsd ¢, - CkwokZs,
0- tCA1 0

where C is a positive constant.

The re ned estimates of the Green Kernel of system (2.3) proposed by Bianchini et al. [17], holds for
linearized dissipative system in the Conservative-Dissipat ive form. Then, we rewrite system (2.3)
in this particular form, which will be useful in our study.

Let us consider a linear system with constant coef cients

X
wiA  Ajwy, ABw, (2.6)
jm

where w A(u,v) 2 RER".

De nition 2.1.3.  System(2.6) is in Conservative-Dissipative form (C-D form) if it is symmetr ic, i.e.
A} AEA forall j AE1,...,n, and there exists a negative de nite matrix D 2 R"", such that
A !
B/ 0 0
0 D

In this case w1 is called the conservative variable, while w5 is the dissipative one.
Under suitable assumptions every symmetrizable dissipative system can be rewritten in the C-D
form. Let us observe that system (2.3) can be easily writtenint he Conservative-Dissipative form by
a change of variable.

Set A I
M /E | 0
0 ° il !
and de ne the matrices of the C-D form
A ! A !
Ag 0 © B A 0
) °gl 0 0 I

Wl u

~ AM £

Wo B

and reporting in (2.2), we obtain the conservative-dissipative  form for system (2.2)
8
> @W,A°r¢ w, A0,

>
) @W2A°r Wl/Ei_Wz.

We will consider by now the conservative-dissipative form of  system (2.2) written as:

8
> @uAc°r¢v Ao,

>
" @VA°ruEi v
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2.1.1 The Multidimensional Green Function

We present now the results on the study of the Green Kernel i "(x,t) of multidimensional dissipative

hyperbolic systems done by Bianchini etal. in[17]. Intheirwork  the authors analyzed the behavior
of the Green function for linearized problems, which has been  decomposed into two main terms.

The rst term, the diffusive one, consists of heat kernel, wh ile the slower term consists of the hy-
perbolic part.

In general, the form of the Green function is not explicit, buti  tis possible to deal with its Fourier
transform. The separation of the Green kernel into various par ts is done at the level of a solution
operator j (t)actingon L1\ L2(R",R"AL).

They considered the Cauchy problem for the linear system inth e conservative-dissipative form

P
@wA ' A@wABW, w2 RMAL
J

(2.7)
w (0,9 Awo,
where Aj, j ZL1,...,n are symmetric matrices and
A !
0 O
B A ,
0 D

where D 2 R"£" is a negative de nite matrix .
Set, for »2 R",

X
A):AE  »Aj, E(i»)AEBj iA(»).
j AL

They introduced the polar coordinatesin = R"

» Y23 VofEpj, 3281
and set E(i %33) £E(i ¥29. More generally, in C- S"i 1,

E(z,3) AAE(z3) ABj zA(3).

Since S"i ! is compact, then when E(z,3)is consideredin C- S"i 1, the points z /&0, z £ 1 are uni-
formly isolated exceptional point for all 3, while in general there are a nite number of exceptional
curves for 0 CjzjC 1 . Exceptional points are the solutionsto det(Bj zAj , I), which is a polyno-
mial equation with holomorphic coef cients. Thus it is possibl e to expand E(z,3) near z A0 and
z/E1L.

Since the support of " is contained in the wave cone of (2.7), thenfor t . 0, "(¢t) has compact
support. The solution of the Cauchy problem (2.7) is given by

w(Gt) & "(Gt) 8 wo,
and using the Fourier transform, we have
W (>, t) D" (>, t)Wo(») £ o ().

In this framework, when the condition (SK) is veri ed, there exists a ¢ E 0 such that, if | (i»)is an
eigenvalue of E(i »), with » 2 R"A1\{0}, then

R(, (i»)-i Ci (2.8)
’ 1Aj»j2 '
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Then using the previous inequaliy it is possible to obtain some de  cay estimates. For a E 0, we have

H . az
kA(j» E a)eF(Mtk. cel ‘et

KA(j» - a)eE(Mtk. cel mai’t,
Let us introduce the following decomposition
W(Gt) AMa(t)woAM 4(t)wo,
with

M . (t)wo AA(j» E a)eE(i >>)tVTIO(»),

Ma(t)wo AAG»j - a)eBM Mo ().
For the high frequencies it is possible to obtain
. a2
kM a(t) 8 wok 2 AECKA(j»j E a)eEMN\ig(»)k 2 - Ce' Staaz kwik, 2,
and for any derivative D in the space variables:
_ T
kD M a(t)awgk 2. Ce ‘7' kD wok2.

For the low frequencies it is possible to get,

z z,
© Maewokis - C el Bl o)™ tdipid?
n LN, 1710
C(a,j jymin 1,t' 2! 2 kwgk;1
. ez, o 1
kD Ma(t)ewok - C el %P Uini? jWo(»)i%i»" tdj»jd3
shil 0o
-0

Clajmin 1,t1 317 kwoky,
More generally, for — 2N" and p 2[2,A1 ], the decay estimates obtained are:
1 3,

1)

KD Ma(t)awokis - Cla,j min 1,t1 2 i 2 jwokys.

In order to get more re ned estimate, Bianchini etal. [17]used the Conservative-Dissipative form
by expanding E(i ») for the low frequencies.

As a matter of fact, they gave a more precise description of the b ehavior of the diffusive part, which
is decomposed in four blocks, which decay with different deca vy rates. They showed that solutions
have canonical projections on two different components: the ¢ onservative part and the dissipative
part. The rstone, which formally corresponds tothe conserva tive part of equationsin (2.7), decays
in time like the heat kernel, since it corresponds to the diffu  sive part of the Green function. On the
other side, the dissipative part is strongly in uenced by the d issipation and decays at a rate ti 2
faster of the conservative one.

They studied the expansion of E(z,%) £Bj zA(®) near z A0 introducing the total projector P(z,3)
corresponding to all the eigenvalues near 0, and P; (z,3) &l i P(z,3) the projector corresponding to
the whole family of the eigenvalues with strictly negative r  eal part. The principal part of P(z,3)is
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the projector Qg ARoLo, the principal partof P; (z,3)isQ; AR; L; , where the projectors Rg, Lo, R; ,
L, are given by

Lo ARy A110], L; AR A0l,].
Then they proved the following theorem, [17]:

Theorem 2.1.4. Consider the linear PDE in the conservative-dissipative fo rm

X
@wA  A@w ABw,
jA
where Aj, B satisfy the assumption (SK), and let Qo ZRgLo, Q; Al | Qo Z£R; L; be the eigenprojectors
on the null space and the negative de nite part of B.
Then, for any function w o 2 L1\ LZ(R”,R”M) the solution of the linear dissipative system can be

decomposed as

w(t) & "(t)owo AK(t)awoAK (t)awo,
where for any multiindex ~ and for every p 2 [2,A1 ], the following estimates hold:
K(t) estimates:

KLoD K(t)awokee - C(Gjymin{L, t' 20 )i 2 JkLow ks
A c(jyming, t1E D E Tha L wOks,
kL, D K(t)awokp - C(jymin{L, t' 2 )1 31 2kl ow ks
A cqiyminge, t2E DI Z i wOk,

K (t) estimates:
kD K (t)ewgk.2- Cel °'kD wok,z.

2.2 Local Existence of Smooth Solutions

Since our aim is to prove the global existence of smooth solutio  ns with small initial data to the com-
plete hyperbolic-parabolic system (2.1), a sharp results of loca | existence of solutions in essential
for our proof. We prove this local existence of solutions to the C auchy problem with a standard
xed point method for a more general semilinear hyperbolic-para  bolic system

8
% @uAcrev AFi(u,v,Ar A),

@vA°ru &EFy(u,v,Ar A), (2.9)
:
@A ECAAF(u,v,Ar A),
where u,A:R"ERM I RA, v AE(v1,Va,...,vn) iRTERM T R, Fy,F3:R"ERM Rand Fy: (FL,...,F]):
RTERAI RN , with F;j (0) Z£0. We complement the system with the initial conditions
u(x,0) Eug(x), Vv(x,0)AEvo(x), A(x,0)AFA(X), (2.10)
and with the regularity assumptions
Ug,Vo 2 HS(RM), Ag2 HSLRM). (2.11)
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Theorem 2.2.1. There exists t* E 0, only depending on initial data, such that, under the assump-
tions that, fori A1,2,3, F; are locally Lipschitz maps, problem (2.9)-(2.10)-(2.11), has a unique local
solution

w A(u,v)2C([0,t7),H5(R™), A2cC([0,t"),H SAl(R” ).

Proof. Thanks to the semigroup theory and the Duhamel principle itis po  ssible to write the solu-
tions to the hyperbolic part of (2.9) as

Z
w (X, t) ZES(t)wo(x) A tS(ti S)F(w,A,r A)(s)ds, (2.12)
0

where w A(u, V), is the solution to the hyperbolic system

X
@wA A @w AF,
jm

with F(w,A,r A) £(F1(u,v,A,r A),Fo(u,v,Ar A), and {S(t)};_o is the semigroup generated by the
linear hyperbolic PDEs given by Theorem 2.1.2.
By the same way, the solution of the parabolic equation can be w ritten as
z t
A(x,t) T (t)Ao(x) A . T(tj s)Fs(w,A,r A)(s)ds,

where {T (t)}¢ o is the semigroup generated by the linear heat equation.
Since the parabolic and hyperbolic problem have bounded soluti  onsin R" [56], we have the follow-
ing estimates:

KS(t)KL (Hs sy 9a(t), KT (D)KL st psaay - g2(t),

where g; (t) are constants depending on time.

We are going to prove the local existence of solution to system ( 2.9) by a step procedure. At the
beginning we consider smooth source terms which verify the g lobal Lipschitz condition. In what
follows we shall relax this assumption to include local Lipsch itz continuity.

e Let us assume that F;, for i /A1,2,3, is a smooth map which satis es the global Lipschitz
condition. Since we want to prove the existence of solutions by a xed point method, we
have to de ne a set where solutions will be well-de ned, topro  ve that this is an invariant set
and to built on it a contraction map.

We will nd a xed pointon( w,A). Then x REDO, letus de ne

(w,A) 2 C([0, to]; HS) £ C([0, to]; HAL) 1 kwi (t) i wokps AKA(t)i Aokysh: - 2R,
s.t. u(x,0) AEug(x), v(x,0) Avo(x), A(x,0) AAg(X)

Since we want that sglugons be also in L! space, by the Sobolev embedding theorem we
consider HSwith s, 5 A1
By assumption we know that, the source terms  F;, for i £1,2,3, areC* functions which satisfy

the global Lipschitz condition. This means,

KFi (w1,A1,r A Fi(wa, Az, r Ao)kys - L(kwij wokpysAkA1j AskysAkr Arir Askys), 8wi, A;.
(2.13)
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We can observe that the set K 640} because (wg,Ag) 2 K. Let us now prove that K is an
invariant set for a suitable choice of the time  to. Taking (w,A) 2 K and de ning an iterative
map §(w,A) £W,A) as:
z t
W(x,t) ES(t)wo(x) A . S(ti s)F(w,A,r A)(s)ds,

. (2.14)

A(x,t) AT (1)Ag(x) A tT(t i s)Fa(w,A,r A)(s)ds,
0

then we have to prove that § :K! K.
Let us consider the rst equality, thus
57, 2
KW (t)i Wokys -k S(t)woi WokysAs . S(ti s)F(w,A,r A)(s)dngS
We can notice that, being S(t) a strongly continuous semigroup, there exists atime t1, small
enough such that

R
kS(t)woi wokys - E, for t 2[0,t4].

By the global Lipschitz assumption follows

OZ o

R,o ! o o
kw(t)i wokys - EAO S(tj s)F(w,A,r A)(s)dse
0 Hs

R Agi(t)tL sup (kw(s)kys AkA(S)kysar).
2 s2(0,t)

Since w,A 2 K, we deduce that

kW(t)kHs -k W(t)| WokHsAkW(JkHs- ZRAkW()kHs,
KAkt - K A(t) Agkysht AkAgkysas - 2RAKAQK, shi.

Therefore R
kwi(t)i wokys - EAgl(t)tL(4RAkWokHsAkAokHsAl). (2.15)

Let us now estimate the parabolic equation. Since the solutio n can be written as
Z t
A, t) ET()A(X)A  T(ti s)Fs(w,A,r A)(s)ds,
0

we can estimate
27, :
KA(t)i Agkysts -k T(t)Agi AgkysiAs  T(ti s)Fs(w,A,r A)(s)dse
0 HsAl

Let us observe that, being T (t) a strongly continuous semigroup, there exists atime t,, small
enough, such that

p p R
KT (t)Aoi Aokysar - > fort 2[0,t2].
Moreover, since for the heat kernel we have an explicit decay we get

KT (tj s)Fa(w,A,r A)(s)kysar - ck)'{(t i S)Fa(w,A,r A)(s)k2

A KDALT (t s)Fa(w,A,r A)(s)kz
j®jAsAl
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/E ck)'{(t i S)Fa(w,A,r A)(s)k2

A KDLT(t | S)DSFs(w,A,r A)(s)k 2
i®jAsA1
ot i SLA(ti 9 2)kFa(w,A,r A)(S)kps.

Then, thanks to the global Lipschitz condition we deduce

KA(t) Agkysar - ;Agz(t)(tApt_)L sup (kw (s)kys AKA(S)kysa1)
s2(0,t)

R - :
EAgz(t)(tAp t)L(2RAkwokys AkAgkysar). (2.16)
If we sum the inequalities (2.15) and (2.16), we get

kw(t)i wokys AKA(t) Agkysar - RAg(t)tL(ARAKwokys AkAgkysar)
A g(t)(tA P L2RAKkwokys AkAgky sii).

Then, there will be atime t, such that for t 2 (0,t],
kwi(t)i wokns AKA(t)i Agkysis - 2R,

which proves that K is an invariant set. We obtain our result, if we prove thatthem apisa
contraction i.e., we need to show that:

k§(W1,A1)i 8(waAnk- kk(wi,A1)i (Wa,Az)k  with k C1.

Letusde ne §(wy, A7) EW3,A;)and §(wy,Ay) W, A,). Then proceeding as before

°Z, .
kwa(t)j Wa(t)kns A o . S(ti S)(F(wi,Arr Aj)(S)i F(wz,Agr Ay)(s))dse
z H?

t
. cau(ti S)L(kwi(s)i wa(s)kps AkA1(s)| Ax(s)kysai)ds.

Thus we obtain

kwi(t)i Wa(t)kns - gu(t)tL %F:)(kwl(s)i Wa(S)kps AkA1(S) | Ax(S)kpysha). (2.17)

Let us consider now the function A. It is possible to estimate the difference between A; and
A, inthe HSA! norms as follows

2z, :
KAy (1)i Ag(Dknss A = T(ti S)(Fa(waAvr Ad(S)i FaWa, Azl A(s)dse
H
z

t 1 B s
. Ga(t i S)YLA(ti s)" 2L(kwi(s)i Wa(s)kns AkAL(s)i Ax(s)kysai)ds

P_ . i
gt)(t A" t)L g(b(l)p)(kwl(s)i Wa(s)kps AkA1(s)i Ax(S)kysi). (2.18)
s2(0,t
Summing inequalities (2.17) and (2.18), we get

kW(t)i Wa(t)knsAkA (1) Kz(t)kHsAlp
cc(gut)Aga(t))(t AT t)L 2(%[2)(|<W1(S)i Wa(S)kns AkA1(S)i Aa(S)kpsar).
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Then there exists a time t°, such that for t 2 (0,t%), L(t A P t)(g2(t)Aga(t)) - k C 1 obtaining
that:

KWi(t)i Wa(t)kns AKAL (1) A (t)kysas - K s(up)(kwl(s) i Wa(S)kns AkA1(s)i Ax(S)kysar).

s2(0,t

Hence for small t, the contraction property of § holds.
Thanks to the contraction theorem, there is a xed pointofthem  ap §, §(w,A) A(w,A). This
means that, for t 2 (0,t"), system (2.9) has a smooth solution.
We can notice that, thanks to the global Lipschitz condition, it is possible to iterate this pro-
cedure obtaining a global, in time, solution to system (2.9).

* Now we will relax the condition on the source terms  F;, assuming the local Lipschitz condi-
tion, i.e.

KFi (w1,A1,r A i Fi(wa,Asr Ao)kys - L(kwqj Wokys AkAri AskpsAkr Arir Askys)

if kwikys,kAjKkysa1 2 Br, fora xed R, where B :/E{U &A(W,A): kwkys AkAkysa - R}
We will consider ( wo,Ao) 2 Br,, where Bg, :A{U A(w,A) : kwkys AkAkysai - Ro} and the func-

tion A2C?! ([0,A1 1),0- A. 1with AZ&1in[0,1)and supp Ap [0,2].
Let' r(U)AA(£jUj) and set

8

2 F onBg,
A (U)RU) A,

" 0 onBg.

We consider now the system:

@eA°r¢ e £R (e e A r R),

@eA°r e AR (e, e A r R), (2.19)

VWY AR ©0

QR AECRAR; (e, e A r R).

Let us observe that on Bg, system (2.19) veri es a global Lipschitz condition, then fromt he
previous proof there exists a solution & A(e,e, &) of (2.19) and it is unique for all t.

Now we want to prove that there will exists atime tg such that &(t) 2 Bg.

Let us observe that

2z, :

ke(t)kys - k S(t)woknsAs  S(ti s)B(we, A r B)(s)dse

0 Hs

g1(t)kwokys A ga(t)tL sup(kwe(s)kns AKA(s)kyysa1).

S

On the other hand, for the variable A holds
27, :
kB(t)kysat - k T(t)AgknsAe  T(ti s)Fs(e, A r R)dso
0 Hs
g2(t )kAgknys A go(t)(t Ap t)L sup (kve(s)ks AKA(S)kysar).
s2(0,t)

Summing these two inequalities we obtain:

kwe (t)kys A kﬂ(t)kH a1 - g1(t)kwokns A go(t)kAgkys
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A (g1(t) A go(t))(t Ap t)L g(UOF:)(kW(S)kHSAkR(S)kHsAl)

then
1 B
k kSAkE k 1 . P— tk ksA tkAks
Sg(%ﬁ)( & (S)kH (S)kpsar) 1 (tAPt)L(gl(t)Agz(t))(gl( Ykwokpys A go(t)kAgkps)

This implies that there will be atime t“, such that for t 2 (0,t"],

sup k&(t)kys ZE sup (ke (t)kps AKA(t)kysa) - R.
$2(0.t%) $2(0,t7)

Since B /F for kUk - R, by uniqueness of solution, we obtain & £U in R" £ (0,t7), then we
have the local solution to system (2.9).

O
2.3 Continuation Principle
In this section we prove some results which can be useful to est ablish the existence of global solu-
tions to the more speci ¢ problem
8
% @uA°r¢v /O,
g @vA°ruZib(ArAvAnAr Ag(u), (2.20)
 @AECAAT (u,A),
with the initial conditions
u(x,0) £ug(x), Vv(x,0)AEvo(x), A(x,0)FA(x), (2.21)
and the regularity assumptions
Uo,Vo 2 HSRM\ LY(R"), Ag2 HALRM). (2.22)

In order to prove our results we make some assumptions on the fun ctions b, f,g,h on the right
hand side in system (2.20).

(Hp): b2CAYR"AL) ang
b(z,w) £ Ab(z,w),

where ~ E 0, andforall xed KEO
jE(z,W)j- Bk(jzjAjwj) forall z,w 2[j K,K],
where By is a suitable constant dependingon K.
(Hp): h 2CSAL(RM"AL) and h(0,0) AO. In particular for all xed K E 0 with
jh(z,w)j- Hx(zjAjwj) forall z,w 2[j K,K],

where Hy is a suitable constant depending on K.
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h(A,r A)g(u)

Ar Au

A p
) ®A)r Au
ACAL) <
&R r Au

Ar Au(di %)

A1l crA
AEtanh (m)u

Table 2.1: Sensitivity Functions h(A,r A)g(u) from literature [79]. ¢,”,A,° are constants.

(Hg): g2C*!(R)and g(0) &0. For all xed K E 0 with
j9(2)j- Gkjzj forall z2[j K,K],

where Gy is a suitable constant depending on K.

Let us notice that this general sensitivity function, h(A,r A)g(u), covers different possible
relations between species and chemical substance presentin ¢ hemotaxis models as reported
in Table 2.1.

(H¢): f 2C*Y(R?) and
f(z,w)Eazi bwAf(z,w),

where a,b E 0, and for all xed K EO,
if (z,w)j- Fe(zj?Ajwj?) forall z,w 2[j K,K],
where Fy is a suitable constant depending on K.

By these assumptions, we are led to consider the system

8
% @uAc°rev Ao,

:

It is possible to rewrite the above system as

@vA°ru&Zi vi b(ArAVvAhA,r Ag(u), (2.23)

@A ECAAaui bAAT(u,A).

8
3 @WA_ZLAJ- @,w ABWAB(Ar AwAH(Ar A w),
. (2.24)
@A A¢ARau i bAAT(u,A),

where A I A I
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and A ! A !

— 0
B(A,r A) £

, HArAw)E o
h(A,r A)g(w)

i b(Ar A)
Thanks to the regularity of source terms, the local Lipschitz  condition yields. Then we can apply
Theorem 2.2.1 and deduce the local existence of solution to (2.23).

Before proceeding in our study of global existence of solution s we recall some well-known inequal-
ities in the Sobolev spaces [160].

Proposition 2.3.1. Letu,v2HS(R")\ L' (R"), sSEO, jj- s,then
kD (uv)kz- c(kuki: kD vk zAkvk. kD uk,2).

ifu,v2HSA IR,
KD (uv)kys- c(kukir KD vkys Akvk s KD ukys),

if — A0, then
kUVkLZ -k UkszVkLl .

Proposition 2.3.2. Let F be smooth and assume F0) £0. Then, for u 2 HS(R")\ L (R")
KF (u)kns - Cs(kukpt )(1AKukys).

Proposition 2.3.3. Letu 2 HS(R™)\ L' (R") (s, 1) such that there exists ° o E 0 that for (x,t)2 R" £
[0,A1),

jux,t)i- “o.

Then for every smooth function h
KD h(u)kiz - C-kh%eriisgyj. - pkukls kD ukyz,
with ~ 64, ) j- s.

Now we are going to prove the existence of global solutions of per turbation to problem (2.23)-
(2.21)-(2.22) using the following Continuation Principle.

Proposition 2.3.4. LetT CAl be the maximal time of existence for a local solution (w,A) to system
(2.23)-(2.21)-(2.22). Then
limsup kw (t)kps AKA(t)kysaa AL .
! Ti
Proof. Let(w,A) be a given local smooth solution on a maximal time interval (0,  Tmax)-
Let T E Tmax and assume there exists an a priori bound
© | a
R:Asup max kAKysai, kwkys .
(o,T)

Let tr E O be the maximal time of existence of solutions to the Cauchy prob lem, with kwgkys,
kKAgkysi - R.
Then, there exists t 2 (T j t7R,T) such that, we can consider the functions w(x,t) 2 H3(R") and
A(x,t) 2 H SAl(R“) as initial data for a new Cauchy problem, with maximal time of e  xistence T A
t Atgr E Tmax, and we nd a contradiction. O
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From the previous result, it is enough to estabilish an a priori  HS, HSAL pound to give the global
existence. Beside we can notice that to prove the global existen ce result, it is enough to prove the
boundness of L -norm of functions ( w,A), as proved by the following Lemma.

Lemma 2.3.5. Let (w,A) 2 C([0,t),(HS(R")) £ C([O,t),HSAl(R”)) a solution of (2.23)for 0- t - T,
where kw (t)kt ,kA(t)ky11 - K, then there will exist a constant C | such that,

kW(t)kHsAkA(t)kHsAl- C(kWQkHsAkAokHsAl)eth, 0-t-T.

Proof. Let kw (t)k.z ,kA(t)ky11 - K, then we want to prove that HS norms of these functions are
bounded.
Thanks to the Duhamel's formula we can write the solution oft  he hyperbolic part as
Z t
Wi DA Oswo)A (i 9EBAr AW (SAH AT Aw)(S)ds,

where j " is the Green function of system (2.2). Then
z t
kw(t)kps - kiMt)owokysA ki "(ti s)a(BA,r A)\w(s)AH(A,r A,w)(s)kysds
0
z t
Ckwokys A CKB(A,r A)(s)w(s)kps AKH (A, r A, w)(s)knsds,
0

by Proposition 2.3.1 we deduce
Zy _ _
kw (t)kys - CkwokpsAC  (kb(A,r A)(s)kp 1 kw (s)kps Akw (s)kiz kb(A,r A)(s)kysds
0
Zy
AC  kh(A,r A)(s)kr kg(w)kps Akh(A,r A)(s)kyskg(w)ke: ds.
0

Let us observe that, by assumptions ( Hy),(H¢ ),(Hg),(Hn) and Proposition 2.3.3, we have

kg(W)kys - Ckg(w)k 2 ACgokw ki kD Swk 2 - CGckw k2 A Cgokw ki thw kyys.

kh(A,r A)kys - Hy(kAk 2 Akr Ak 2) ACik(A,r A)kfit — KDS(Ar Ak
i®jfEs
C[Hk (KAk 2 Akr Ak 2) ACoK S tkAkysaa].

Ko(A,r A)kps - C[By(kAk2 Akr Ak 2) ACrK S tkAkysu].

_ _ X _
kf(u,A)kps - ckf(u,A)k2A kD2 (u,A)k.z
@ik
C[Fk(kuk2kuki: AkAk 2kAkir ) ACKS (kAkys Akukys)].

By previous inequalities we get
Z
kw (t)kHs . C(kWokHsA (Bk AHka)(kA(S)kLl Akr A(S)kLl )kW(S)kHst
0
Zy
A Bk AHKGK)kw(s)ki: (KA(s)k 2 Akr A(s)k 2)ds

t
A kw(s)kp (CpoACroK S H(kAkys Akr Akys)ds.
0
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The last relation can be written as:

u Z, 1
kW(t)kHs - C kWokHsA Mk(kAkHsAlAkW(S)kHS)dS , (225)
0

where the constant My depends on K and Cyo, Cpo.
Let us consider now the solution of the parabolic equation, th  at thanks to Duhamel's formula we
can write as
z t —
A(x,t) A(el Pt P(t)o Ag)(x) A . el P9 Pt s)a(au(s)A f (u,A)(s))ds.

Then, we can estimate the H AL horm of A as follows

Zt
KA(t)kysar - k el P P(t)aAgkysu A kel PET9 Pt s)mau(s)Af (u,A)(s)dskysi
z, 0 o
CkAokyssi A akw(s)kysA (LA (ti s)' 2)kf (u,A)(s)kysds
0
Zt

CkAogkysst AD (LA (L ) %)kW(S)kHSAkA(S)kHsAldS,
0
where the constant Dy depends on K and Cyo. If we sum the last inequality and (2.25) we obtain

kw (ks AKA( Kyt < C(KAoky st Akwokie)
t 1 .
A @A 9) 2)(Dk AM)(kw(S)kys AKA(S)kysa1)ds.
0

Applying Gronwall's Lemma we easily deduce
) ) P
kw (t ks AKA( kst - E(kwokys AkAgkysa)eCAMINEATTD) (2.26)
0

Moreover it is also possible to verify that the boundness of  kAky11 , implies the boundness of
kwk: . Indeed we have
: z, 2
kw(t)ke &£ o "(t)aweA Mt s)a(BAr A)(s)wW(s)AH(A,r A,w)(s)e ds
z, 0 L
Ckwokp: A . C(kB(A,r A)w(s)kpz AkH(A,r A,w)(s)k.: )ds,

and by assumptions ( Hp), (Hp), and kAky1: - K we get
z t
kw(t)kir - Ckwokir A C(Bx AHKGK)(kr A(s)kir AkA(S)kr Jkw (S)kit ds.
0

Applying as before the Gronwall's Lemma we get

kw (t)kpr - Ckwokit ot C(BAHGK)

In the proof of global existence we are not going to use this rema rk, but it could be useful for more
general results.
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2.4 Global Existence and Asymptotic Behavior of Smooth Solu  tions

In this section our aim is to prove the boundness of solutionst o system (2.23) for every time t.
Once that this result will be obtained, we could easily prove t he global existence of solutions by
Lemma 2.3.5 and Continuation Principle 2.3.4. The estimates are bu ilt up on sharp decay estimates,
obtained by Theorem 2.1.4 for the Green function of the hyperbol ic operator and the known decay
of the heat kernel.

Let us observe that by this approach, we get simultaneously the boundness of L' -norm of solutions
and also their decay rates. Given *E 0, let us de ne for a given function g the functionals

Mg (t) /E?Outp;(max{l, s*Ikg(s)k, 2)

Ng (t) Asup(max{1,s"}kg(s)ki1 ).
©1)

Moreover let us denote by Dj any space derivative Df?, such that j®j Zs.
Before starting our proof, let us recall an useful lemma [17]:

LemmaZ2.4.1. Forany°®,x, 0,t, 2

© a
°:/FEmin °,+°Ax; 1,

it holds
8 © ,° .
2t o a n o 2 min Lti°, . °.T6A
min 1,(tj s)) min 1,s'* ds- C¢_ min @L,ti (1AInt) , °- 1,+/AFlor° AL+ 1,
0 min 1,ti1, °E1,+/AFlor° Fl+E1,
8 R
Zt n [0} 2 11 iEl,
min 1,s'* ds- Ce Int, A&l
0 T tlit, 0. +C1,
Z, n 0 n 0

e “ti9min 1,5* ds- Cmin 1,s* , ° 0.
0

2.4.1 Decay Estimates for the Chemoattractant

We can collect the estimate referred to the function A in the following proposition.

Proposition 2.4.2.  Let (u,v,A) be the solution of system (2.23)-(2.21)-(2.22), under the assumptions
(Hp),(Hs), (Hg), (Hn). LetK, T EOsuchthatfort 2 (0,T), ku(t)kut , KA(t)kw - K. Thenfort 2
(0,1), 3 .
ND%xlA(t) . C kDyAokis A(LAFKING ()AFKNZ (L) |

3 .
MgiAlA(tl + C kD§MAok2A(LACOME, (HACME. (1)

where + £min %A %A % % , and the constant C ¢ depends on K and C?. Moreover, if K is suf ciently

small, then we have 3

NZ(t) - C khoku AQARKINS (L)
n 3 n ’
MZ(t) - C KAgk2A(LAFRK)M{(t) ,

3

Masad) - C kDSAckizA(TACOME,, (1) -
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Proof. FixK E Olarge enoughandlet T E 1. Take a solution to system (2.23) such that kuk: (RVE(0,T))
KAk 11 (R'EQ.T)) " % this is possible provided that the initial data are suitably sm  all. Thanks to the
Duhamel's formula it is possible to write the function A as
Z t
A(x,t) A(el P4 P(t)a Ag)(x) A ) el P9 Pt s)m(®u(s)A f (u,A)(s))ds. (2.27)

Now we proceed in estimating the function in the differentnor ~ ms. Let us start with the L' -norm

L! -estimate for A

By the previous equations, we have
z, B
KAtk - e PlkjP(t)mAgk A e Uik P(t s)m(@u(s)A f (u,A)(s))k. ds
0
z t
e P'kAokis A el PU Ik Pt )k ak(@u(s)A f (u,A)(s))ke: ds

t
Cel P'kAokir A Cel P 9(@®AKF)ku(s)k: AKFckA(s)ke: )ds.
0

Let us multiply by min{1, s z}max{1,s?} 41, which yields,
M oz,
KA(ker - C el P'kAgkir A(LAKFONZ(t) e P9 min{1, s Z}ds
. L |
A KFNNZ(L) . ei 0t 9 ming1, si 31ds .

Thanks to Lemma 2.4.1, we easily deduce
3

KAk - C el PlkAgk: A(LAFRL)min{L, t' 5N (1) AR Lmin{L, t' 5INZ (t) . (2.28)

L! -estimate for DA

Proceeding in a similar way, we get

Z t
kDiA(t)k: - k Di(efP'iP(t)mAg)kir A kDL(ei PCi9iP(t; s)m(®u(s)A f (u,A)(s)k.: ds

el kDR (i P(t) = Ag)kp: A el bt KDL (i P(ti s)a (@u(s)Af (u,A)(s)ker ds

t —
el Ptk P(t)k ikDLAgk s A el PEiSkDLi P(t s)k k®u(s)A f (u,A)(s)kp: ds
0
z

t
Cel P'kDFAok: A Cel M9t 5)l Z(@®AKFku(Skir AKFkA(s)kir )ds
0
. . Z,
C e P'kD Aok A(LAKFONG () e PU 9t )i 2min{d, s' 2)ds
0

n Zt 5
A KRNZE) e PCi9t; s)i ZminfL, s 2}ds .
0

In order to complete our estimate, we need to estimate the inte  gral
VA t
. . .1 . n
el Pt st )i 2min{l, s' z2}ds.
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It can be splitted in two parts as
Zt . . .1 . n Z ti 1 . . .1 . n
el P St g)i 2min{l, st 2}ds A& el P St )i 2min{l, s' z}ds

t n
A el DU St )i 2min{L, s' 2}ds.
ti1
Let us start from the rstintegral. Sincel - tj s- t,byLemma2.4.1we get
Z tl l . . .1 . n Z tl 1 . . . n . n
el Pt st )i 2min{l, s 2}ds- el P 9 min{1, s’ 2}ds- Cmin{l, jti 1ji 2}.
0 0
While for the second integral, we consider the change of vari able p /&t j s, then
Zy Z,
. . .1 . n . .1 . n . n
el PEi 9t g)i 2minfl, s’ 2}ds& e PHui Imin{l,(t| )i z}dp- Cmin{l, jti 1ji z}.
ti 1 0
Therefore, we obtain
Zt
. . .1 . n . n
el Uit s)i 2min{l, s’ 2}ds- Cmin{l, jti 1ji 2}
0

Thus the estimates of the L' -norm of the rst derivative is given by
3

KDIA(tku - C e PkDAckis A(LAKFONG ()min{l, jti 1) S}AKFNZ (tymin{L, jti 1j 5} |
(2.29)

From the last inequality and (2.28) follows that the functionals NE and NglA, can be estimated as
n 3 n n ’
NZ(t)- C kAokr A(LAFRK)NGZ ()AFRKNZ(t) .
3 .
NglA(t)- C kDxAokit A(LAFRKING (D)AFKNZ(L) . (2.30)
Moreover, if K is suf ciently small, then we have:
3 ,
NZ(t) C kAoku A(LAFKINZ(L) . (2.31)

L2-estimate for A

We estimate now the function A and its derivatives inthe L2-norm. Letus startfromthe L2 estimate
for A. By the Duhamel's formula (2.27), follows
z t
kKA(t)kiz - k e PiP(t)aAgkzA kel PEi9 Pt s)o(®u(s)A f (u,A)(s)k 2ds
0
z t
el Pk P(t)k ikAgk 2 A e PEI (ki P(t i s)k1k®u(S)A f (u,A)(S)k 2dS
0
z t
C(el PkAgk 2 A el PU S (ku(s)k 2 A FK (ku (s)k 2 AKA(S)k 2))d's
0
z t
C(el PtkAok 2 A (LAF KM (1) el P9 min{1, s 3}ds
0
n Zt . . . n
A FKKMJ(t) . el Pti 9 min{1, s' 7}ds).

Proceeding as done before, by Lemma 2.4.1 we obtain
3

KA(tkez - C e PkAokz A (LA F KM ()min{L, ti §}AFKM # (t)ymin{l, ti §} . (2.32)
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Then, for the related functional, the following estimateyi  elds
3 .
MZ(t)- C KAok 2 AQARKIM{ ()AFRKME() .
Also in this case, if K is suf ciently small, then
3

ME(t) - C khokzALARKME(L) - (2.33)

L2-estimate for DSA

Let us proceed estimating the L?j norm of the s-derivative the function A. By the Duhamels for-

mula, we obtain in a similar way
z

t —
kDSA(t)k2 - e P'kDSjP(t)mAgkz A e P OKDS; P(t s)m (®u(s)A f (u,A)(s))k 2ds
0
Zt
Ce P'kDSAok 2 A Cel Pt (kD Su(s)k 2 AKDS T (u, A)(s)k 2)ds

t
Cel P'kDSAok 2 A . Cel Pt (kDS u(s)k 2 ACoK S L(kDSA(s)k 2 AKDSu(S)k2)).

Using Lemma 2.4.1 we deduce: \
kDSA(kiz - C el P'kDSAok 2 A (LA2C K™ HYME, , (t)min{, ti ¥}
A 2C1KS M., (t)mingl, t1 %)
AZAS, %a. Then, for the related functional we have
3

Mng(t)- C kDonkLzA(1ACk)M|§§u(t)ACkMI§§A(t)

where + /Emin %

and, if K is suf ciently small, then
3

MZe4(t) - C kDSAokiz A (LACOME., (t) . (2.34)

L2-estimate for DSALA

Finally we estimate the L?-norm ofthe sA 1-derivative of A. As done before
Z

t _
kDMA(k: - e PkDAL P(t)n Aok A el P OKDIAL Pt s)a (®u(s)A T (u,A)(s)k 2ds
0
Zt
Ce PlkDMAgk A Cel PE kDL Pt )k 1kDE(@u(s)A f (u,A)(s))k 2ds

t
Cel PkDAMAgk A Cel Pt 5)i ZkDSu(s)k, 2
0
Zt
A 2CCroK S Lei DU 9t g)i 2 (kDSA(s)k » AKDSu(s)k ) ds.
0

Thanks to Lemma 2.4.1 we deduce,
3

kDAlA(tk: - C e btkDfAlekLzA(lAK,)Méfu(t)min{l,jti 1ji 1) (2.35)

A KM O)minfL, jti 1ji %},
) 9 a '
where + £min 2 AZA 5,23 . Then, for the functional we get
3

Mias(t) - C kDS Aokiz A (LACKME,, (1 ACME4(L) - (2.36)
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2.4.2 Decay Estimates for the Conservative and Dissipative Varia  bles
Now we can prove the existence of global solutions to system (2.23) for suitably small initial data.
Theorem 2.4.3.  Under the assumptions (Hyp), (H),(Hg), and (Hp) there exists an2g E 0 such that, if
Kuokys, Kugky 1, kvokps, kvok, 1, kKAgky s, kAgky11 - 20,
then there exists a unigue global solution to the Cauchy prob lem (2.23)-(2.21): _
u2C([0,1),H3R")), v2C(0,1 ),H3(R™), A2C([0,1), HSAl(R”)), fors, %I Al
Moreover for the solution (u,v,A) the following decay rates are satis ed

ku(t)ker » ti 2, Kku(t)kz» tia, kDXu(t)kz» ti*, fork AQ,....s;

N

N

kv(t)kis » ti 2, Kkv(t)kz»ti°o, kDXv(t)k2» ti°x, fork AO,...,s;
KA(t)kpr » ti 2, KDIA(t)ky: » tiz,,

KA(t)kiz» ti 7, KDKALA(t)ki2» ti®, fork AO,....s;

n h i 0 hi © a
where £, Amin %'?‘]%AI% ot 'O%Air  with t £ oomin 3 2A3  and
o Emin TAIAL KAL m A4 withr £ K

Remark 2.4.4. We have de ned the decay rates of the s-order derivative as

% : Ya
n.1.1 sA1> n
+sAmin —AZAZ == —Ax |, fors, 1, (2.37)
c 4 2 2 2 4
a
wherer /£ % . Here we write the explicit form for the lower orders.

Settg /E%. Let be s/El©then, by the relation (2.37), we have £ ﬁEm&
If s A2, then +, £min 3 A1,% A+, . When s A3, we get+3 Amin 2 A3, %A+, andsoon.
In Figure 2.1 are illustrated the decay rates for s A1,...,4.

Proof. In order to prove our global existence result, we need to estima te the HS and L* -norm of
the solution ( u,Vv) to system (2.23).
By the Duhamel's formula that solution ~ w to system (2.23) can be written as
z t
w(x,t) A " awe)x)A it s)r BA,r A)(s)w(s)AH(A,r A,w)(s))ds. (2.38)
0

where the function j (¢ is the Green function of the dissipative hyperbolic system (2.  2).
Thus for the rstcomponentof w, the conservative variable u, we have:
VA t
u(x,t) A£G T ewo)()A i (ti s)a(BA,r A\w(s)AH(A,r A,w)(s))ds, (2.39)
0

where j ! isthe rstrow ofthe ( nA1)£ (n A1) Kernel j ".
Regarding the generic dissipative component vj, for j A1,...,n, we have
z t
Vi (X, 1) A aq () B wo)(x) A N Naa(ti 9o (BA®S).r AW AH(A,r Aw)(s)ds,  (2.40)

where ?Al isthe (j A1)-throwof M.

We take into account the expression of j " and its decay rates, presented in Section 2.1.1, in order

to obtain decay estimates of the conservative and dissipativ e variables.
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—2=N/4+1
b=n/2
— dl=mm(a,b)

12

10+
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101

— a=n/4+1
b=n/a+d,

—— d,=min(a,b)
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Figure 2.1: Decay Rates of function A,u s-derivatives for s/1,...,4

L2-estimate for u

We will start our analysis by the L2 estimate for the function u. By equation (2.39) follows

z

ku(t)kez -k i 1 (t) o wok 2 A tki N(ti s)m (BA(S).r A(S)wAH(A,r A w))k zds.
0

In Subsection 2.1.1 we observed that, it is possible to decompose the Green Kernel, then

X
ki 7 (t) e wok 2 -k Ky 1(t) e uoke A
i AL

By Theorem 2.1.4 we deduce

kK 11(t) 2 ugkiz - Cel “'kugk, 2

KK 1a1(t)avikez - Cel C'kvikyz,

Moreover we can decompose the integral termin (2.41) as

Z,

. X
kK]_’i Al(t) ] V(I)|(|_2 AkK 1'1(t) a UokLz A

KK 1jA1(t) @ Vikee.
i /Al

kK1.1(t) = ugkpz - Cmin{l, ti 7}kugkys,

KK1jA2(t) e vikee - Cminl, ti 31 2}kvik 1.

ki f(ti s)m(B(A,r A)(s)w(s)AH(A,r A,w)(s))kds
0

Z,

kK 1(t i s)a (B(A,r A)(s)w(s)AH(A,r A, w)(s))k_2ds

A tkKl(t i s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds.
0

(2.41)
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Let us start estimating the rst integral.
Z, B
KK 1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k_2
0
Z t . . e Ve re Ve
Cel i (KB(A,r A)(s)w(s)k.z AKH (A, r A,w)k 2)ds

t
Cel i (B, (kr A(s)kr AKA(S)ku1 )kv(S)k 2 A Hy Gy (kr A(s)kur AKA(S)kLt ku (S)k 2ds.
0

Proceeding as done for the estimates of the function A, we arrive at
VA t
KK 1(tj s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k.2
0
n n z t
CCBNZ OM AN OM(1) e T Iminfa, s EA0)ds
x 0
z t
ACHG (M § (1N (t) A Mj(t)NgiA(t)) i el St 9 min{1, s I"}ds,

where ° g A£min % . Then thanks to Lemma 2.4.1 we deduce

KK 1(ti s)a (B(A,r A)(s)w(s)AH(A,r A, w)(s))kyz -
0

ACBmin{1, 1 GAUNE L OMIO AN OMI(0)

ACHGmingL, t1 3 )M (N (DAM (ONZ,  (1)):

To complete our estimate we need to study the contribution oft  he hyperbolic Green function dif-
fusive part.
Z, 3
kK1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds
0
VA t
cmin{l,(tj s) 4 %}(kb(A,r A)(s)v(s)k 1 Akh(A,r A)g(u)(s)k,1)ds
t n. - - - - -
Cmin{l,(t s)i 4 %}(kb(A,r A)(s)k 2kv(s)k 2 AKh(A,r A)(s)k zku (s)k,2)ds
vl
t n. - e
Cmin{1,(tj s)i 4 %}(BkkA(s)kszv(s)kLzABkkr A(s)k 2kv(s)k 2ds
v
t n. - -
A Cmin{l,(tj s)' %}(HkakA(s)kszu (s)k 2 AHKGykr A(s)k zku (s)k, 2)ds.
0

Introducing the functionals M *, we arrive at

Z
t kK1(ti s)a (B(A,r A)(s)w(s)AH(A,r A, w)(s))k zds
0
Y4
B A OMPOAME (M) minfL (17 ' ¥ Hmin(t, s GA°9)as
X 0
Zt

AHka(MA%(t)MU%(t)AMD%XlA(t)Mu%(t)) min{L (¢ ) i Hymin1, s %)ds,

and by Lemma 2.4.1 we deduce
Z, B
KK1(ti s)a (B(A,r A)\w(s)AH(Ar A,w)(s))k.2
0
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. ming, t Y BM £ (M () ABM £, (MI°(1)) (2.42)
Aming1, t H(HGeM (M £ () AHKGM (DM £, (1)).

where p A7 if n /1 otherwise u &S A 3.
Then we obtain the L2-norm of the function u summing the previous inequalities.

#
x o n a1 X
ku(hke - C e S(kuokA~ kvikez)Amin{, ti Fkuoku: Amin{L, ti %13} kvkes
h i AL i AL
C min{L, ti (%AOO)}(N% LOMIOANS (OM(1)
min{L, t' SMM ¢ (ONZ () AME (t)NzlA(t)) (2.43)

min{L, t' “°}(M 2 FM? °(t)AM41A(t)M °(t))

o o o Do

min{L, tiH}(M 3 (M (1AM (DM 41A(t))

where the constant Cy depends on K.

L2-estimate for DSu

The next step is the estimate of s-order derivative of function u. From the Duhamel's formula, it
follows that
Z t
kDZu(t)k 2 -k D$j 1(t)rJWokLzA kDS N(ti s)a (B(A,r A)(s)w(S)AH(A,r A,w)(s))k.ds.
(2.44)
Decomposing the Green Kernel, the rstterm in the previous inequ  ality can be estimated as

X )
sz| 1(t) awpok2 - Kk DiKl,l(t) o Ugk| 2 A szKl,iAl(t) o] V(I)kLz AkDiK 1,1(t) 2 ugk, 2
i /A

X )
A kDSK 1iA1(t) = V(I)kLz.
i AL

Therefore, by Theorem 2.1.4, we have

kDSK 11(t)m ugki2 - Cel CtkDSugk 2, KDSKy 1(t) = uokiz - Cmin{l, ti &1 }kuokyz,

KDSK 1ia1(t)mviko - Cel C'kDSVik 2,  KDSK1ia1(t)avike - Cminfl, ti 2 3kviky.

Moreover we can decompose the integral termin (2.44) as
Z, B
kDSi N(ti s)a (B(A,r A)w(s)AH(A,r A,w)(s))k.2ds
0
vA t
KDSK 1(t s)a (B(A,r A)w(s)AH(A,r A,w)(s))kds

t _
A kDZKy(ti s)a(B(A,r A)w(s)AH(A,r A,w))k 2ds.
0
Let us start estimating the rst integral.

Z
t KDSK 1(t | s)a (B(A,r A)w(s)AH(A,r A,w)(s))k.z
0
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z t
Cel Ui 9kDSB(A,r A)w(s)k 2 AKDSH (A, r A, w)(s)k 2ds

—

Cel i I(kDSh(A,r A)k 2kv(s)ki: Akb(A,r A)k 2kDSv(s)kp: )ds

NN

—

A ce tidUDSh(A,r Ak zkg(u)(s)ke: Akb(A,r Ak )kDSg(u)(s)k.: )ds

—

ei i 920K St LD ALA(s)k 2 AKDSA(S)k, 2)kv(S)kit ds

—

A el StisIB, (kr A(s)ki: AkA(S)kus )kDSv(s)k 2ds

—

A el ot 920, kS 16, (KD ALA(S)k 2 AKDSA(S)k 2)ku (s)kpr ds

NN NN

—

A el U9, G (kr A(s)kpr AKA(S)kr )KDSu(S)k,2ds.
0
Then, by Lemma 2.4.1 we get
z t
kDK 1(t i s)a (B(A,r A)w(s)AH(A,r A,w)(s))k.2
0

- 2CpK S Tmin{L, t1 EADYME L (ONG () AME ., (ONG (1)
ABiming1, t1 GAOYNZ,  (OMps, (DANZ (Mg, (1)
AGChok 2min{L, t EADYME, (NG () AME.4 (DN (1)

AHGy min{L, t1 EADYME, (ONZ (1) AMES:, (N2, (1),

where * /£min{ ZALAS 9rand o Amin{ FA1A S, D).
In order to complete our estimate, we need to study the contrib  ution of the hyperbolic Green func-
tion diffusive part
Zy
. kD;K1(ti s)e (B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds.

Proceeding as before,

Zot KDgKa(t i s)= (B(A,r A)(s)w(s)AH(A,r A,w)(s)k.zds
Zot k_)fELDiKl,iAl(t i )a(B(A,r A)(s)vi(s)Ahi(A,r A,u)(9))keeds
‘ tCmin{l,(t i S) 4121 2)KB(A,r A)(s)v()k.: Akh(A,r A)g(u)(s)k.:ds
Cmin{L,(t| )i 41 21 2)By (kA(S)k_2kv(S)k 2 Akr A(s)k zkv(s)k 2)ds

Z,
ra

t 1. s - -
A Cmin{l,(ti s) 7 21 2)G, H (KA(S)k zku (S)k 2 Akr A(s)k 2ku (S)k,2)dss.
0

Moreover
Z, B
kD;K1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds
0
n n Zt n. 1. s n
- CBe(MA (MY (OAM S (OMUS()  min{L(ti s)' ¥ 2 Zjmingd, s GA%ds
x 0



46 A Semilinear Hyperbolic-Parabolic Model of Chemotaxis

n n n n Z t
ACHG(M (M (1AM, ME (1) min{L,(t; )i 2 5}min{L, s' 2}ds.
x 0

Then, by Lemma 2.4.1 we get
Z, B
KDLK1(t i s)= (B(A(S),r A(s))w AH(A,r A,w)(s))k.2
0 3

L Ceming, t1¥} MZOMPOAM S, (OMIOAM S, (OMEOAM ML) |

~ © a © a
where £ Emin $AZAS 3 and Amin TA1AS S .

Finally the L? norm of the s-derivative of function u, can be estimated as follows:

. X i .n. 1. s X ;
kDyu(t)kz - C el ®(kDjuok2 A kDyvikz) Amin{g, ti 4 2 2} kvgkps
a i

min{L, t 41 $kuokys ACK mingl, ti FADYME, (N () AM Zaus, (ON (1)
min(t, 6 CADUNE, (M, (DANF (M5, (1) (2.45)

min{L, t' EADYIME, (ONE () AME4ONE O)AME, (N (1) A Méiu(t)l\![%%(t)

Do o T Io

v n o o o n o n n I
min{1, t' *}(M £ ()M, °(t) A MS%A(t)MVO(t)AMS%A(t)MJ‘(t)A MM () .

L1 estimate for u

Let us focus now onthe LY norm of the function u.
Z t
ku(t)ki -k i D(t)awokis A ki f(ti s)a(B(A,r A)(s)w(s)AH (A r A w)(9)k: ds. (2.46)
0

By the decomposition of the Green Kernel, we can estimate the  rstterm in the previous inequality
as

X ) X .
ki T (t)ewokir -k Kpi(t)muokis A KKgjan(t)avikis AKK 11(t)muokis A KK 1a1(t) = vikes .
i /L i /B

Thanks to Theorem 2.1.4, we have

kKK 11(t) 2 uokir -k Kyp1(t) 2 ugkys Cel CtkakHS, kK1 1(t) 2 ugkr - Cmin{1, ti %}kl.lokLl,

KK 1ja1(t) 8 vikez - Cel Ctkvikys, KK1ia1(t)mvikez - Cmin{l, ti 21 Z}kvik,s.

Let us decompose the integral term.
z t
ki M(ti s)a(B(A,r A)(s)W(s)AH(A,r A,w)(s)k.: ds
0
z t
KK 1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k: ds

t —, s re Ve -
A KKyt s)a(B(A,r A)(s)w(s)AH(A,r A,w)(s))k.: ds.
0
We can estimate the rstintegral as

z
tkK 1(ti s)a(B(A,r A)(s)wW(s)AH(A,r A,w)(s)k.
0
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z t
. C KK 1(tj s)a(B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds
t X _ o
Ac kDK 1(ti s)= (B(A,r A)(s)w(s)AH(A,r A,w)(s))k.2ds.
0 @ik
Then, thanks to the L2-estimate calculated previously, we easily obtain
Z, B
KK 1(tj s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))kp1
0

- CBemin{L, 11 GRS, (OMI AN (M)
ACH G min{1, t1 MM ,{ (ONZ (DAM (ONZ, 4 (1))
A2C,KS T min{, ti (EA%)}(MgiA(t)NV%(t)AMéEMA(t)NV%(t))
ABcmin, 11 BAON,  (OME:, (AN (DM, (1)
AGKCrek ™ 2ming1, t1 CADYME (ONZ () AME. 4 (DN (1)

AHi G ming1, t CADYME, (N2 (DAME, (N, (1),

In order to complete our study onthe L' norm of function u, we estimate the contribution of the
hyperbolic Green function diffusive part.
z t
. KK1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s)(s))k.: ds
Z

tmin{l,(t i 9)i zi %}kB_(A,r A)(s)v(s)k.1 Akh(A,r A)g(u)(s)k 1ds

CminfL (t1 9)' 21 HBL(KAS)KLkv (ks Akr AS)kLkv(9k2)ds
A Ot MIinL, (ti 8)' 1 2JH Gy (KA(S)k 2ku (S)kpz AKr A(S)k,zku(S)k2)ds
. BK(ME(t)MSO(t)AME%A(t)MCO(t))ZOthin{l,(t i 9) 21 2}min{1, s (37°9}ds
AHL G (M F (DM () A MD%%A('[)Mu%(t)) Ot min{L,(t; s)' 31 3}min{1, s }ds,

Thanks to Lemma 2.4.1 we deduce
Z, B
KK1(ti s)a (B(A,r A)\w(s)AH(Ar A,w)(s))ky:
0 3

. Cemin{L, ti 3} MA%(t)MSO(t)AMD%%A(t)MCO(t)AME(t)Mu%(t)AMD%xlA(t)Mu%(t) .

We can collect the previous estimates in the following inequali  ty
#

. X i . n . n. X :
ku(t)kir - C el *'(kugkysA  kvpkps)Amin{1, ti 2 }ku®k . Amin{1, ti 2! %} kv 1
i/ i/

h n n
A~ Cic min{1, t ERON S, (MU ANZ (M ()
A mingt, tEMEONZ (OAM (ONZ, (1))

A mingd, t FADYME, ONG (D AMZ s, (DN (1)) (2.47)
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A minft, 6 GAUNE OME (AN (OM,, (1)

A min{L, t (EA%)}(MgiA(t)Nu%(t)AMést(t)Nu%(t))AMéfu(t)NE(t)AMggu(t)NéA(t))
n 0 n 0 n n n oo |
A ming, t M OMPOAME OMEO)AMT OMEOAME, M ©) |

where the constant Cy depends on K.
In order to complete our proof we need to estimate, by the same te  chnique, the dissipative variable
V.

L2-estimate for v

Let us start with the L2 norm of a generic component vj,with j A&L,...,n.
By the Duhamel's formula (2.40) we get
Z
kv (t)kz K j ?Al(t)n wok 2 A . Ki JhAl(t i s)a(B(A,r A)(s)w(s)AH(A,r A,w)(s))k_2ds. (2.48)

Then by the decomposition of the Green kernel we have

X .
Kj ?Al(t)ﬁW()kLz -k KjAl,l(t)c UokLzA kKjAl,iAl(t)DV(')kLzAkK jAl,l(t)D Uok, 2
i AL

X )
A KK jaziA1(t) = vokiz,
i /L

and by Theorem 2.1.4 we get the following estimates

kK jAl,l(t)n Uok 2 - Cel CtkakLz, kKjAl,l(t)U upk 2 - Cmin{1, ti ai %}kU()kLl,

KK jALiA1(t)evikez - CelCtkvikz,  KKjaziAL(t)mvikiz - Cmin{l, ti a1 Ykvik 1.

We pass now to estimate the second term in (2.48). Decomposing the i ntegral term, we get
Z, B
. Ki ?Al(t i s)a(B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds
Z t
kK jaa(ti s)o (B(A,r A)(s)w(s)AH(A,r A,s)(s)k ds

A t kKja1(ti s)a (B(A(S),r As)w(s)AH(A,r A,u)(s)k.ds.
0

Let us focus on the rstintegral on the right-hand side. We ca  n notice that, since the singular part
of the Green Kernel has the same decay rate for both conservat ive and dissipative variable, we can
estimate this term, as done previously in the estimate of funct ion u. Then,
Zy
. KK ija1(t i s)a (B(A,r A)\w AH(A,r A,w)(s))k 2ds

3 .
- CBemin{l, t BRI} NS (MY ANS (M)
ACH G, min{L, ti (zA2)) My (ONZ (OAM (N, (1) |
© a

where ©o £min T A % 5 . Onthe other hand, when estimating the dissipative term of Gr  een Kernel
diffusive part, we get a faster decay, with respectto the conse rvative variable u. The dissipative part,
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being strongly in uenced by the dissipation, decays atthera teti 3 faster of the conservative one.
Proceeding as done before,
Z, B
kKja1(ti s)a (B(A,r A)(s)w(s)AH(A,r A,w)(s))k 2ds
0
z t
cmin{l,(ti s) %1 Yk(B(A,r A)s)w(s)AH (A, r A w)(s)kads
t n. Ve -
Cmin{l,(t s)i 4 l}Bk(kA(s)kszv(s)kLzAkr A(s)k 2kv(s)k 2)ds
t n. - r
A Ccmin{l,(ti ) #T H G (KA(S)k zku (s)k 2 Akr A(s)k 2ku (s)k 2)ds
0
n n z t
- Be(M4 (DM OAME, (OM@)  Cmin{L(ti s 4 *pmin{l, s' GA7)ds
X 0
n n n n Z t
AHka(Mg(t)Mj(t)AMglA(t)Mj(t)) cmin{l,(ti s)' «1 ymin{1, s' z}ds.
x 0
Thanks to Lemma 2.4.1 we deduce
VA t
KKjax(ti s)m (B(A,r A)(s)W(S)AH(A,r A,w)(s)k.2
0

- mingL, t I, (M (MO AM L (DM AME OMS O AM S (M (1),

© a
where °© o Z££min %,%Al . Then, summing the previous inequalities we obtain the  L2-norm of the
function v.
#
ot X _ h1 g _ a X
kvj(t)kz - C e “(kugkizA  kvgki2) Amin{1, t' 27 2}ku ks Amin{l, t' 21 %} kvikp
[ i
h n n .
A C minfd, t GATOUNG,  OMIPOANZ (ML) (2.49)

A mingd, t 3T (ONS OAMG ONS, £ (0)
n o o Xg n n n n I
A min{l,ti°°}(MAE(t)MV°(t)AMS%A(t)MVO(t)AMﬁ(t)Mu“(t)AMS%A(t)MJ‘(t)).

In order to complete our study we need to estimate the L2 norm of the s-derivative of function v
andits L' norm.

L2-estimate for D$v

Regarding the s-order estimate for vj, we have

. )Q H . n. . S
kDgvj(t)kz - C e ®'(kDguokizA  kDgvgkz Amin{t, ti i 2 2}kugky 1
i AL
y #
A min{1, t1 313} kvik) AC min{l,ti(iA%)}(Mng(t)NVE(t)AM;iAlA(t)NVE(t))
i AL
A minf1, t' GAOYN ElA(t)Mgs (t)AN?(t)M,‘;SV(t)) (2.50)

A min{L, ti GA% )}(M SsA(ONG S()AME sA(t)N (t)AMDs (N (t)AMDs (t)NzlA(t)

A min{1, t! }(M (t)M °(t)A|v|4 ROLK °(t)AM (M, °(t)/—\M41A(t)M 0(t)

Let us recall that © Emin %Al,&%,% :
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L! -estimate for v

On the other hand, forthe L' norm of function vj, we get the following estimates

#
kvi(t)k: - C e Ct(kuokHsA>° kvikps) Amin{l, ti 3 %}ku0|<L1Amin{1,ti%il})Q kv ks
h i AL ) ) i AL
Cx min{l, ti (%AOO)}(NS%A(t)MSO(t)ANAE(t)M\O,‘)(t))
min{L, t 3T} (ONZ (O AM ON,, (1)
mingL, tF FADIMZ. (N (DAME s, (ONY (1) (2.51)

min{L, £ GAUNE, OME, (OANZ (M4, (1)

mingL, t' FADYME (ONS (O AME, (DN (1) A Méiu(t)NE(t)AMggu(t)NéA(t))

Do o B o o Do

min{L, t 3£ (OMy (O AM L (OMUO) AM (M (DAM L (OM (D)].

Once that, decay rates of variable have been determinated by inequalities (2.43), (2.45), (2.47),
(2.49), (2.50), (2.51), we apply Proposition 2.4.2 to get the following esti mates for the functionals
related to the solution ( u,v). Fort E2E O,

n h 3 n n n ’ n
Mg (t) - Ci EgADoADg MZ(1)ANZ(t)AM()ANZ(t) A(NZ(1))?

n n n n n n I
A MEONZOANZOMEOAMER)ZAME M) |

© a
nn
27 A

NI

where ° o Emin

~ h 3 n n ~ n !
Mgiu(t) - Cp, EgADoADg Muz(t)ANE(t)AME—;Qu(t)AMCO(t)ANf(t)AMgfv(t)

n n ~ n n ~ n ~ I
A NG OMDe, (OAMG (E)ZAME, (N (OANZ (OME,, (OAMIOMCAME, (1),

Dju

where + £min{ 2A1A $, 2} and ¢ £min{ 2A1A §,1}.

n h 3 n n ~ n ’
NZ(t) - Cz EgADoADg Muz(t)ANE(t)AMsfu(t)AM;"(t)ANf(t)AMgiv(t)

A MG ONS OANG OMOANG OM A M ©)2AME, (N ()

n ~ n ° o n o n n [
A NFOME:, (OAMFOMCO)AM: (ONF (A My, (0)?AME (ONF () -
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h n n n ’ n
M.°(t) - Ca EoADoADo(MJ(H)ANZ()AMC()ANZ(t) (N2 (t))?

n n n n n n I
A M{ONZOAN OMFOAM O)ZAMS (M, (1) .

h s n n ~ n ’
Mgiv(t) . Cs EgADoADg Mf(t)ANf(t)AMgiu(t)AMso(t)AN\?(t)AMgiv(t)

n n ~ n n ~ n ~ I
A NEOMYe, OAMIE)2AME, (NG OANZ(OME, (OAMIOMAME,, (1)? .

n h 3 n n ~ n !
NZ(t) - Cs EgADoADg Mf(t)ANE(t)AMgEU(t)AM§°(t)ANV5(t)AM,§§V(t)

A MEONS (OANG OMOANG OME A M ) AME, (N (1)

n ~ n o o n o n n n [
A NG OME: (OAMFOM OAMp. (ONFOAMS: (1)2AMS. (ONFOANF () .
where Dg £ |AokHsA1, Eo /Emax{kuokHs, kUOkLl, kvokHs,kvokLl}and the constant C; AC; (Fk,K,CbO,ChO).

Letus de ne

P(t) M (AN (DAME, (DAMI(OANS (€ AME,, (1),

We can notice that all the previous estimates are linear combin  ations of sums of type: AgF3 (t)A
F (t)FWl(t) where FW,F are terms of P(t). Then it is possible to estimate each of them with
AgP(t) AP(t)?. It follows that if initial data are small, we have

CkP(t)?i (1i Cko)P(t)ACy. O, (2.52)

where Cy is a positive constant depending on K, Cyq is a positive constant depending on K and
on data, and Cp also is a posmve constant dependlng on data For suitably sma Il initial data, this
inequality implies that M/ (t), N/2 (t) Mz bsu (t), M 0(t) NZ (1), M s, (t) remain bounded, as far as
ku,vk: - K and kAky11 - K. When't E 1 th|s implies that kW(t)kLl does not increase. Thanks to
the Proposition 2.4.2 the same is true for N/.% and NE%%A.

Since we have also obtained that kA(t)ky 11 is bounded, from Lemma 2.3.5 and the continuation
principle we have the global existence of smooth solutionsto sy stem (2.1).

Optimal Decay Rates

In order to complete our proof, we need to improve the decay rates  of D$u, DSv, DSA in the L2
norm.

By the previous estimates, we got that, &51dependentgy fromthed erivative order s éhe decays rates
of these function are equal to + £min “ALZAS$ 3 foru,Aandequalto © £min FA1AS, g for
v. This implies that, for small n, evenif the derlvatlve order is high, we get always the decay ti2 ,as

illustrated by the blue line in Figure 2.2 for n A2.
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m— d=min(1+s/2,1)
3.5 d

s

251

15

0.5

- - ~ . © O 1% . £m
Figure 2.2: Comparison between + £min 1A 3,1 and s £min 1A 35 552 SA+  with r £ 3

for n AE2.

Looking at inequality (2.45) we notice that these decays come fro m the estimates related to Green
Kernel diffusive part.

Then, we need to adopt a different strategy to estimate theset erms and overcome the dif culty, i.e.
split the derivatives on both terms.

We show this procedure by induction on a simple source term  Au.

» Let s/1. Since in this case we cannot split the order of derivative, we proceed as done before
keeping the derivative on the Green Kernel. Then,
z t z t
KDiK1o(t i s)m (u(s)A(s))kds-  Cmin{l,(t ) 21 LAY (s)u(s)k 1 ds
0
t n. -
Cmin{1,(tj s)i 4 1}kA(s)kszu (s)k 2ds
° n n Zt
CCMA(OME(t)  min{L,(ti s)' 41 Y}min{L, s' 2}ds

0

- min{L, tECMAOME (1),

© a

where +; £min 7 A1,

[N [=

» Letus consider the second order derivative, i.e. s/Z2. Now we split the derivative both on the
Green Kernel and the source term, proceeding as follows,
Z t Z t
KD2K1o(t | s)a(A(s)u(s)k2ds £  kDIKio(t | s)a DL(A(s)u(s))k 2ds
0 0
z

tCmin{l,(t i ) 41 KDLA(S)U(S)k 2 dS

t n. - s
Cmin{1,(ti s)| 41 T}kD LAk zku(s)k 2 AkA(s)k 2kDLu(s)k 2)
0

n n Zt
Ac(Mm ;gAME(t)AMAZM;lu(t)) min{1,(ti s)' 2 }min{1, s' 7' *1}ds
X X 0

. min{t, t iZ}C(MA%(t)M;EU(t)A M;EA('{)MU%(t)),

© a
where +5 £min 2A1,0A+; .
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. Einalrly, we iterate the procedure for a generic s, splitting the deEvgtives as follows. We left
% derivatives on the Green Kernel, and the remaining ones % , on the source terms. By
this way we get
V4 t Z t £s}&1n Es':J
. kDgK1a(t i s)= (A(S)u(s))k.2 - . kDy 7 Kia(ti s)mD,? (A(s)u(s))k.2ds

- mingL, tCM A (OME; (DAME L (OM (0),

© £ .. @ a £ o
where +¢ £min %A%A% % A Ax with r £ 5 .

Thus, through this simple procedure, we are able to obtain fast er decays rates for the s deriv-

ative of the functions u,v and A. More precisely for the % derivative of function, v, since the

a
Green Kernel has a faster decay, we get the rate © s Emin 3 A1A 2 % A

2.5 Global Existence and Asymptotic Behavior of Perturbati ons of Con-
stant Stationary States

The aim of this section is to investigate the behavior of small  constant states. For the sake of sim-
plicity we will consider the system with a simpler source term,

8
% @ Arc¢ ¥ AO,

:

where (G,V,A) A Au,v,AAA), (T,0,A) is a stationary solution with A_/E% u, and (u,v,A)is a per-
turbation. Therefore we can rewrite the previous system as fol lows

@VAr d&EjVAar A,

@A E¢AAald bA,

@u Arc¢ v A0,

@vAruZEivVAUADrA, (2.53)

* WY/ N ©O

@A E¢AAauj bA.
This system is supplemented by the initial conditions
Uo,Vo 2 HSRM\ LYR™), Ag2 HALRM\ LYRM). (2.54)

In order to prove the global existence result and the decay of so lutions to (2.53) we will proceed
along the lines of the previous sections. Then starting fromal ocal solution to (2.53), which is guar-
anteed by Theorem 2.2.1, we will get estimates and decay rates of the HSand L' norm. Then by the
continuation principle 2.3.4 we will obtain our existence result

To get the decay of solutions we need to adapt the technique used in the above proof of stability for
the zero constant state, to treat the linear term  ur A, which does not present enough polynomial
decay.

Existence of global solutions to system (2.53) is given by the fol lowing theorem.
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Theorem 2.5.1. There exists an2g E 0 such that, if
kakHS,kUOKLl,kVOKHS,kVokLl,kAokHsAl,kAokLl,u_- 2y,

then there exists a unique global solution to the Cauchy prob lem (2.53)-(2.54)
hoi
o n
u2C(0,1 );HR™M), v2C([0,1 );HSR™), A2C([0,1 );H*L(R")), fors, > A1, (2.55)

Moreover, for the solution (u,v,A) the following decay rates are satis ed

ku(t)ker » ti 7, ku(t)kz»ti, kDXu(t)kz» ti *,  fork AO,....s;

kv(t)kie » ti 7, kv(t)ke» ti 7, kDXv(t)kz2 » ti®, fork AO,...,s;
(2.56)
kA(t)kir » ti 7, KDIA(t)ki » ti 7,

KA(t)kiz» ti 7, KDKALA(t)ki2» ti®, fork AO,...,s;
a

©
H n 1 s n
where £, £min ZAZAS. 5 .

Proof. Letus consider a local solution to system (2.53). Taking into ac count the expressions for the
Green function, we are going to estimates the norm of solutio ns.

Let us notice that for the solution to the linear parabolicequ  ation the estimates of the previous case
still hold. Moreover it is possible to get the following estim  ate for the function A inthe L norm,

KA(t)k 1 - e P'kAgk 1 Ac sup ku(s)k 1 Ael P kAgk 1 A ckugky 1, (2.57)
s2(0,t)

where thanks to the conservation of the mass sup ku(s)kj: A& kigk:.
s2(0,t)

2.5.1 Decay Estimates for the Conservative and Dissipative Varia  bles

As before we proceed by estimating the norm of the is conservat ive and dissipative variables of the
hyperbolic part, starting from the function  u.

L2-estimate for u

By the Duhamel's formula we can write this solution as
Z t
u(x,t) A § ) awo))A i1t s)a[0,(uAd)r A(s)ds, (2.58)
0

where j " isthe rstrow ofthe ( nA1)£ (n A1) matrix i ".
Th
en Z ;

ku(t)kez -k i D(t)awok2 A ki fi(ti s)=[0,(uAu)r A(s)k.ds, (2.59)
0

From the decomposition of the Green Kernel we know that

X . X .
ki Q(t) owokpz -k Ky1(t)augk2 A kKyjaa(t)avgk e AKK 11(t)augkz A KK 1ia1(t) @ vgk 2,
i A i /A
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and by Theorem 2.1.4 we get

KK 11(t) = ugk 2 - Cel C'kugk,z, kK1 1(t) 2 ugkr2 - Cmin{l, ti 33kugk, 1,

KK 1ia1(t)avike - Cel Ctkvikiz,  KKyjaa(t)evikez- Cmin{l, ti & %}kv(i)kLl, fori /E1,...,n.
(2.60)
The integral term can be decomposed as
Zt Zt
. ki f(ti s)m[0,(u(s)Aa)r A(s)lkeds - . KK 1(tj s)=[0,(u(s)Au)r A(s)k 2ds

A tkKl(t i 9)a[0,(u(s)Au)r A(s)lk zds.
0

Let us start with the rstintegral of the previous inequality.

z z
tkK 1(ti s)a ([0, (u(s)AW)r Ak - tcei cti D(u(s) A )r A(s)Jk 2ds
0

t
cel St 9 kr A(s)k zku (s)k: A akr A(s)k,zds,
0

then
Zt n n Zt
KK 1(tj s)a([0,(uAWr Ak - CM4 (ONZ () e ti9min{1, sl 2}ds
0 DA 7 0
n t o
A cum DZlA(t) el €t 9 min{1, s 7}ds.
X 0

By Lemma 2.4.1 we deduce that
2 h n n n n n i
KK 1(ti )= ([0,(u(s)Au)r A(s)])dsk,z- C min{1, ti 2}M S;A(t)NUA (t)Amin{1, t' #}aMm SgA(t) .

° (2.61)

To complete our estimate we need to study the dissipative part. D ue to the presence of the linear

term u_DiA, we do not have enough polynomial decay. In order to overcomet his dif culty we apply

the derivative of the linear term to the Green function, gett  ing a faster decay.

Thanks to this modi cation, we are able to estimate this term as follows

Z Z

t B tX |
. kK1(t i s)= ([0, (u(s)A u)r A(s)])k 2ds - - kKqiaa(ti s)lm([O,(u(s)AJ)@i A(sS))k 2ds
Z\ s 7%
kKyiax(ti s)2([0,u@ A(s)])k2dsA kDx Ky,iAx(ti s)2 ([0, GUA(s)])k 2ds
OZi/EL Oz'/EI.
t
.C tmin{l,(ti 8)l &1 2)(ku(s)r A(s)kidsAC  min{L,(t )i #1 YKkTA(s)k:ds

0
z
t n. Ve t .n. i . -
- C min{l,(tj s) 4 %}kr A(s)k zku(s)k 2dsAC min{l,(tj s)' i 1}u(e' btkAOkLlAckuokLl)ds.
0 0

Then we obtain the estimate
Zt Zt
P’ o o .n. 1 . n
KK1(t i s)a([0,(uAu)r A(s)])k 2ds - CMSlA(t)MLj‘(t) min{1,(t s)' 4' 2}min{l, s' 2}ds
0 x 0
A Camin{1, t! &1 JkAoky: Acdt’ Fkuokys
C min{1, t' "M oA (OME (OATmin{d, ¢! 71 IkAgk 1
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A Gti Tkugkys .

where ° ,CE%1 if n /1, otherwise © AE%A % Summing the last inequality and (2.60), (2.61) we obtain
A

, R n o1 X
ku(t)kiz - C e “(kugkz A kvikz Amin{l, t' 7}kugk s Aminl, ti 4! %} kvgki 1
im i L

A mingt, t 5} N (O AmingL, t5)aM 4, (1)

A ming1, t°IM 5, (OMS (O ATmingl, t1 51 iAok AGt! Fkuokys - (2.62)

L? estimate for DSu

In a similar way it is possible obtain the s-order estimate for the conservative variable. From the

Duhamel's formula we know that
V4 t
kDSu(t)ke2 -k DSi f(t)mwok2 A kDSi (ti s)= ([0,(u(s)Au)r A(s)])k 2ds. (2.63)
0

Let us start considering the rst term that we can decompose as

X .
kDii r:E('[) awpk 2 - K DiKl,l(t) o Ugk| 2 A kDiKlyiAl(t) o] V(I)kLz AkDiK 1.1(t) 2 ugk, 2
i /A

X .
A kDK 1ia1(t)avgkez, fori A1,...,n,
i /e

then by Theorem 2.1.4 we have

kDSK 11(t)m ugki2 - Cel StkDSugk 2, KDSKy 1(t) = uokiz - Cmin{l, ti & }kuokyz,

KDSK 1ia1(t) B Vik2 - Cel C'kDSVik 2,  KDSK1ia1(t)avike - Cminfl, ti 12 3kviky.

Let us focus now on the integral term that we can decompose as
VA t VA t
kDSi (ti s)m ([0,(uAT)r A(s))k2ds - kDK 1(t i s)a ([0, (u(s)A u)r A(s)]) k. 2ds
0

A t kDK1(t i s)= ([0, (u(s)A u)r A(s)])k 2ds.
0

We estimate the rstintegral as
Z t z t
KD3K 1(ti s)a ([0,(u(s) A0 A(s)Dkz-  Cel M IkDF[(u(s) A d)r A(s)Ik.
0 0
z t
Cel Ui DkaD $(r A(s))k 2z AKDS(ur A(s))k,2)

yay
t
Cel i (kD ATA(s)k 2 Aku(s)kir KDIATA(S)k 2 Akr A(s)k: kDSu(S)K, 2.

0

Thanks to Lemma 2.4.1 we deduce that:

z t
KDSK 1(tj s)a([0,(uAm)r A(s))k.2 - Cumin{l,ti is}|\/|;§,W\(t)
0 X

*s

A Cminfl, t! FAEYNS (M Y. ND%%A(t)M SHO))
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To complete our estimate, we need to study the dissipative part,
Z, ) Z, X 3
kKDK1(t i s)a ([0, (uAu)r A(s)])k 2ds - kDgKyia(ti s)= ([0, (uA )@ A(s)])k 2ds
0 0
Z, X ; A% tX ;
: kDK 1ia1(ti s)au(s)@ A(s)k 2dsA kDfAlKl,iAl(t i s)o uA(s)k 2ds.
0im 0im

We proceed as done before and by Lemma 2.4.1 we obtain

Zt h n n n n
. kKa(ti s)a([0,(u(s)Au)r A(s))kiz - C min{l, t! is}(MgiA(t)Mu“(t)AMu“(t)MS%A(t))
|

At % Skuokr ATmin{L, ti 71 1 2lkAgk: .

© a
where s /Emin %A % A 3.5 - Thenwe can write the estimate in the L2 norm of the sj derivative of

the conservative variable u as

h
kDSu(t)kie - C el '(kDSuok 2 AkDSvok 2 Amin{1, ti #1 2}ku%k 1 Amin{1, ti 4i 2 2}kvoki 1))
A Umin{1, ti iS}(M;}MA(t)Amin{l, ti isA%}(Nf(t)M;}MA(t)A NDZ%A(t)M;'%u(t))
A min{1, t' *}M DZlA(t)MuZ(t)AMf(t)MglA(t)) (2.64)
X X I

A Gt 7 Zkukr Aamin{l, ti &1 Y 2jkAgks .

L! -estimate for u

Finally with the same approach, we estimate the L! norm of the function u. By the Duhamels

formula we know that
Z

t
ku(t)ke ki f(O)mwoke A ki I(ti s)= (0, (u(s)Ad)r A(9)Dkw: ds, (2.65)
0
and by the decomposition of the Green Kernel, we get

X ) X .
ki §(t)ewokir -k Kyi(t)muokis A KKgjan(t)avikis AKK 11(t)muokis A KK 1ja1(t) = vikes .
i /L i /L

By Theorem 2.1.4, we deduce that

KK 11(t) o ugk: - Cel tkugkys, kK1 1(t)eugkir - Cmin{, ti %}kuokLl,

KK 1ia1(t)vike - Cel Ctkvikps,  KKgjai(t)evike - Cmin{l, ti 2 %}kvékLl.

We can decompose the integral term as,

Z, Zixw
. ki f(ti )= (0, (u(s)Au)r A(s)ku: ds - . kK 1a1(ti )= ([0,(uA0)@ A(s))ku: ds
i/
A
A . kK1iax(ti 8)= ([0, (u(s)AU)@ A(s)])kp: ds.
=1

Let us estimate the rstterm in the previous inequality,
z Zixw

t X ; 3
. kK 1ia1(ti )=([0, (u(s)A 1)@ A(s)])ke: ds- . CKK 1a1(ti s)a([0,(uA 1)@ A(s)])k.2ds
i /AL i /A
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Zix X
AC kDy K yiau(ti )= (0, (uAm)@ A(9))k.ds
0 j®jfks i /L

Then, by the estimates of the function u and its derivatives in the L2norm, we have
Z, X )
kK 1iA1(ti s)= ([0, (uA D)@ A(s)])ku: ds
0 i/‘él.
- C min{d, ti 5}(M§§A(t)N5(t)Amin{1, ti 4}aM DZ;LA(I)

*s

A dmin{1, ti *=}Mm D1

*s

() Amin{l, ti iSA%}(Nu%(t)MDiMA(t)A NE%A(t)M;i;u(t)) .

A

As the nal step we need to estimate the dissipative part:
Z, z,
- .n. 1 P
KK1(ti s)a([0,(uAu)r A(s)Dkizds-  Cmin{l,(t; s)' zi 2}k(u Ad)r A(s)])k.:ds
0

t n. -
Cmin{l,(tj s)i 2! %}kr A(s)k 2ku (s)k 2ds

A min{1,(ti s)' 21 JUkA(s)kds
%

£ C minfL, t' 2, (DM (AT Zkuokys
A
Admin{1, t 21 BkAgk s .

Thus we can estimate the L1 norm of the function u as follows.

. X f . n . n. X f
ku(t)kir - C el *'(kugkysA  kvpkps)Amin{1, ti 2}ku®k . Amin{1, ti 2! %} kvokis
ia i L

A mingd, t!5)M 2 ONS (O AmingL, t3yam 4, (1)

A amin{1, ti M ;EMA(t)Amin{l, ti isA%}(Nf(t)M;-}MA(t)ANDleA('F)MS}u(t))
n n . n _ . n. . !
A min{g, ti E}nglA(t)Mu“(t)Au_t' 2kugk 1t Aamin{1, ti 21 TkAgk s . (2.66)

Next subsection is devoted to the estimates ofthe L2 and L1 norms of the function v.

L2-estimate for v

By the Duhamel's formula we can write the generic component  vj, with j &1,...,n, as
Z t
Vi(x,t) (i Mgy (1) 2 wo)(x) A . "aa(ti 92 ([0, (u(9) Ar A(s))ds,

then Z
t
kvj (t)kz K j JhAl(t)mwok,_zA . Ki ;‘Al(t i s)a([0,(uAu)r A(s)])k2ds. (2.67)

By the decomposition of the Green kernel we have that
h X i
Ki jar(t)@wokiz - Kk Kjag(t)e uokizA  KkKjA1iA1(t) = voki2 AKK jA11(t) = ugk 2
ia

X )
A kK jAlyiAl(t)DV(')kLz.
i AL
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Thus, thanks to Theorem 2.1.4 we deduce

kK jAl,l(t)n Uok, 2 - Ce Ct|(U()|(|_2, kKjAl,l(t)ﬁ upk 2 - Cmin{1, ti ai %}kU()kLl,

KK jaLiA1(t) o vikez - CelCtkvikz,  KKjaziAL(t)mvikz - Cmin{l, ti 41 Ykvik for i Z&L,...,n.

(2.68)
As done before we can decompose the integral termin (2.67) as
Z t Z t
CKiJa(ti 98 (O, (u@ADr AgDkizds - KK jax(ti 92 (0,(uADr Alg)Dkizds

A t kKjax(ti s)a ([0, (uAd)r A(s)])kzds.
0

Let us start estimating the rst integral
VA t VA t

KK ja1(ti s)=([0,(u(s)Aa)r A(s))kds - Cel Ui dk(u(s)A i)r A(s)k,2ds
0 val

t
ce i 9 kr A(s)k zku(s)ker A akr A(s)k,2ds
° n n Zt
A CMS L (ONG () e Ui min{1, s' z}ds
Xn Zt 0
A caM? (t) e ‘i 9min{1, s “}ds.
DAY/
Thanks to Lemma 2.4.1 we obtain:
Zt n n n
KK jaa(ti 9)m ([0, (uAd)r A9k - Cminl, t1 2}(M 2, (NG (A Tmin{L, t1 53M %, (1),
O X X
(2.69)
In order to complete our estimate we need to study the dissipati  ve part, then
Zt Zt
KKjax(ti s)a ([0, (u(s)Au)r A(s)Dkeds:  Cmin{L,(tj s) 71 Iy A(s)k,zku (S)k 2d's
0
t n. -
A Cmin{l,(ti s) ¢ 2}0kA(s)k_:ds
0
- C(min{1, t °}MDZX1A(t)Mj(t)A amin{l, t' &1 2}kAgkps

Adt ¥

(NI

Kugky1).

© a
where © £min 3 A 1,5 . Finally if we sum the last inequality and (2.68), (2.69) we get the L2-norm

of the function v

. m H . n. .n. N H
kv(tkz - C e “"(kuokiz A kvike2) Amin{g, ti 41 %}kuokLlAmin{l, tiail kvike

i AEL i AEL
A min{1, ti 2}M gxlA(t)NuZ(t)Amin{l, th 4}am DZ%A(t)Amin{l, ti° MDleA(t)MUZ(t)
— . n. 3 P — . n. 1 !
A Umin{1, t" a7 2}kAgk 1 AUt 4T 2kugk s . (2.70)

L2-estimate for DSv

Proceeding along the lines of the conservative variable est imates, we get the estimate ofthe s;j derivative
of vin L2,

. m H . n. . S
kDgvj(t)kiz - C el *'(kDguokzA  kDgvgkiz Amin{1, ti ai 2l 2 ku %k, 2
im
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A minf1, ti 73 z} kvokLl)Aumln{lt‘+5}(MDSMA(t)
|/EL

A min{1,ti*sA‘}(N (M= (t)AN4 (t)M 4 () (2.71)

DALA
A min{L, ti*s}(m %(t)Mu(t)AME(t)MﬁA(t»

A ati @ Zkugk s Aamin{l, t 411 2jkAgk,: |

© a

where ° s £min T A1A

)

Nln
N>

L! estimatesfor v
In a similar way we obtain the estimate of the L' norm of v,
i ot )(] H . .n. 1 0 . DL )(] n
kvj(t)kee - C el “Y(kugkpsA  kvikns) Amin{l, tT 27 2}ku ks Amin{l, t1 217} kv{ky
i/ i
A min{1, t! %}MZ AONE (DA TmIn{L, t1 a3m %, i A OAmIn{L, t! '}M 41A(t)|v| ‘(1)

A Umin{l, ti zi 2}kA0kL1Aut' zi 2kuok|_1Au m|n{1 t iS}MDS‘MA(t) (2.72)

Decay rates of variables
Thanks to Proposition (2.4.2) and inequalities in (2.62), (2.64), (2.66), ( 2.70), (2.71), (2.72), we obtain,

for t E 2 E 0 the following estimates for functionals:

n h 3 n n ! n n n n I
Mg(t) - Cua(EoADo)ACy UDo M (t)ANG (t) ANG (t)2ANS (M ()AM ()2

MEL @) - Cu_(EoADO)ACZhu_DOBMU%(t)ANU%(t)AMD%SU(I)IA(Mu%(t))z
A NG (OME, (OAME (t))2

Nu%(t) : 0u(EOADo)AC3huDO M (t)AN (t)AM . () AN Mg (t)A(M (t))2
A NG (OME, OAME, 0)2AMEL ONGOAN e

My () - Cu‘(EoADo)Ac4hJD<)3M5(t>AN§(t),A(Nf(t»zANf(t)ME(t)A(Mf(t»zi.

h 3
M55, () - CU(EoADG)ACs UDg My JOANS (t)A'\/I tu(® A('V' 0%

AN (t)M S (OAME: (t))2
h 3

Nv%(t) - CUu(EpADg)ACs UDy M/ (t)AN (t)AM 2, () AN M/ (t)A(M (t))2

n n n I
A NuZ(t)M s  OAMEE AD?AMEL (ONGOAN (1)?
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© a : .
where 5 Z£min %A%A%,% . Moreover Do Z£max{kAokysa1,kAgk 1} Eg Z£max{kwokys, kwok, 1},
while the constant C; AC; (Fk,K,Cpo,Cho) for i A1,...,6.
Let us proceed as in the previous section setting

P():AM (DANZ (DAME (DAMS (DANZ (OAMES, (1),

It follows that, if initial data and the constant state are sm  all, we have
CP(t)?i (Li Cko)P(t)ACo, O, (2.73)

where Cp and Cy are positive constants depending on initial data and constant  state and C is a
positive constant depending on estimates of Green function. F  or suitably small data, this inequality
implies that Mu%(t), Nu%(t), Mé}u(t), M\,%(t), Nv%(t), Mégv(t) remain bounded. On the other hand,
when t E 1, this implies that L! -norm of solution ( u,v) do not increase with t. Thanks to the
Proposition 2.4.2 the same holds for NA% and NE&A' Then by Lemma 2.3.5 and the continuation
principle we get the global existence of solution. O

2.6 Comparison with the Patlak-Keller-Segel Model

As observed in Chapter 1, hyperbolic and parabolic model are expect ed to have the same behavior
for large times. In this section we investigate this aspect by studying the decay estimates for the
analogous Patlak-Keller-Segel (PKS) model, and comparing t hese results with the ones obtained
in the previous section for the Cattaneo-Hillen model. For the  sake of simplicity we consider a
simpli ed version of system (2.1), namely

8
% @u Ar¢ v AQ,
g @vAru/ZEi vAh(Ar Ag(u), (2.74)

@A ECAAT (u,A).

Thus, assuming b(A,r A) ~ ~ and formally disregarding the term @v in the second equation of
(2.74), we getv £L(h(A,r A)g(u)ir u), then the system reduces to the PKS parabolic system:

8 _ -

2 @Uj ¢aAre (h(Ar A),g(00)) AO,

> Ld > Ld

T @AECAAT(G,A),
where the functions f,g,h satisfy the assumptions ( Hg), (H¢), (Hn). Then we are led to consider

the system

8
> @i ¢dAre (h(A r A)g(d)) A0,
. (2.75)
" @AECAAad bAAT(d,A),
with initial condition
G(x,0) AElg(x), A(x,0) FAg(X). (2.76)
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It is known that, for small initial data the solution of the ab  ove problem decay in time in  L?-norm
in the same way as the solutions to problem (2.74) [94].
Our aim is to prove that under the assumption of small initial da  ta, if

uo(x) AEdo(x), Ao(x) EAq(x), (2.77)
then ku(t)j G(t)k.2 and KA(t) A(t)kLz for large t, approach zero faster than the decay of ku (t)kz,
Ka (t)k 2, kA(t )k 2 and KA(t)k, 2
2.6.1 Asymptotic Behavior of the Patlak-Keller-Segel Model So  lutions

First of all we prove the following theorem on the asymptotic be  havior of global smooth solutions
to system (2.75).

Theorem 2.6.1. Let ({i,A) a global solution to the Cauchy problem (2.75)-(2.76), with regularity as-
sumptions
kaokHS, kaokLl , kAokH sAl, kAOkwl,l . 20

Then the following decay estimate holds,

N|S

Ka(t)kee » ti 2, Kii(t)ke»tis,

kA(t)kLl » ti ﬂ, kD%A(t)kLl » ti %,

N

KA(t)kiz» ti 5, KDIA(t)kiz»tis.

To prove the theorem we use the same approach of the previous sectio n. Let us observe that we
can easily obtain the local existence of solution to system (2. 75) by the semigroup theory and xed
point method [160]. While for a global existence result for small in  itial data see [26] and reference
therein.

Proof. FixK E Olarge enoughandlet T E 1. Take asolution to system (2.75) suchthat kiiki: (rog (0,1)) -
5 KA, DAk g7y - . this s possible provided that the initial data are suitably sm ~ all.
By the Duhamel's formula we can write solution to (2.75) as
1 Z t 1
a(x,t) A& i (t)edo(x)A . i (ti s)a(re (h(Ar A)g(a)(s)ds,
Z
Ax,t) £ (e P Pt)aAy)(x)A Ot el P9 Pt s)u(®i(s)A f (G,A))ds.

Let us focus on the function @, then we can estimate the L2-norm as
1 z t 1 — . -
kG(t)kz - ki (t)euokizA ki “(tj s)a(re¢ (h(A,r A)g(l)(s)))k zds,
0
z t
Ctl Tkuoks AGKHK  (ti 9) 2(KG(S)kir (KA(S)k 2 Akr A(s)k,2)ds,
0

.no ) L (DRANYRL n n n n
Cti “kuoku: ACmin{1, t! GADAZYM £ (1)NZ (1) A LNOLHO)
Then for the functional the following estimates yields,

3

M (1) C kioks AME(ONZ (DAM (NG (1) - (2.78)
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Proceeding in a similar way, we get the estimate of the functi oninthe L -norm
1 z t 1 — -
ka(tkee - ki (t)audoks A ki “(ti s)a(re (h(A,r A)g(d)(s))ke ds,
0
z t
cti Zkiok: AGcHK  (ti s)' zkd(S)ku (KA(S)kir Akr A(s)kur )ds,
0

et kuoky: Amingd, t MAEINE (N (1) ANZ, (1)),
This implies 3 .
NZ(t)- C kLIok,_lANE(t)(NE(t)AN;lA(t)) : (2.79)

Now we consider the solution to the second parabolic equation  of (2.75), A. Thanks to Proposition

2.4.2 we have
3

Mi) - C KhokpAQARLME()

3

M;}A(t) . C kDiAokLzA(lAFkK)MﬁZ,(t)AFkKMAZ(t),

3

NZ(t) - C KAoku AQARLNZ (1)

3

NDE;lA(t) . C kDyAok.: ALARKING ()AFRKNZ(t)
Then substituting these inequalities in (2.78), (2.79) we get

MI(t) - CoABoM(t)ANZ(®)ACM NS (t), (2.80)

NZ(t) - CoABoNZ(t)ACL(NZ (1) (2.81)

where Cy is a positive constant depending on K, By is a positive constant dependingon K and data
and Cy is also a positive constant depending on data. Let us sum these | ast relations, and de ne
P(t) /M & () AN (1),

Then we obtain the following inequality

2CP(t)?i (1j 2Bg)P(t)A2Cq, 0.

This formula, implies that for suitably small data, Maz(t),NﬁE(t) remain bounded. Moreover when
t E 1 this implies that the norm of u do not increase. Thanks to Proposition 2.4.2 the same holds
forthe L* -normof Aandr A. O

2.6.2 Decay Estimate of the Difference of Solutions

In this section we compare the large times behavior of solution  u to system (2.74) with the solution
to the parabolic PKS model (2.75). We have proved, in the previous sec tion that for small initial
data, the solutions to the problem (2.75) decay in time, in L' and L?-norms, as the solutions to the
hyperbolic system (2.74).
Let us recall that it is possible to give a more precise expansion o f the diffusive part K(x,t) of the
Green Kernel of the dissipative hyperbolic system. As a matter of fact, in [17] it is shown that in the
linearized isentropic Euler equations with damping for agene ric n, K(x,t) can be decomposed as:
" #

. . T
Koo o TN A e o) (2.82)

ri i
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where j P is the heat kernel for u; /¢ u, and the restterm Ry(x,t) satis es the bound

. #
ei cjxj2/t O(1) O(l)(lAt)i :
DR AN oAy} omuA !

Our aim is to show that, under the assumption of small initiald  ata, if
uo(x) AElo(x), Ag(x) EAo(x), (2.83)

then ku(t)j G(t)k. 2, and KA(t) A(t)kLz, for large t, approach zero faster than ku(t)k; 2, ki (t)kz,
KA(t)k 2 and kA(t)k,z.

Theorem 2.6.2. Let(u,v,A)and (0,A) be the global solutions respectively to system(2.74) and (2.75)
under the assumptions (H¢), (Hg), (Hn) and (2.83). Then there exist2q,L E 0 such that, if

kuokys, kugky 1, kvokys, kvok, 1, kAokHsAl, kAokwl,l - 2p

then, forallt EO,
n 0 n ] ) 0
sup max{l,s*}ku(s)j U(s)kiz - L, sup max{l,s*}kA(s)i A(s)k - L,
(0;t) (0.)

where + £min{ 3 A 2,2},

Proof. Let K E O such that ku,v,A,r A,G,V,A,r Ak (R£01)) - K. The difference between u and G
can be expressed as follows

. . . h 1 . EX] h iE
jui aj - G i @)eugAZ s t) e ve—

i /e
t i (ti s)m (B(A,r A)V(S)AH(A,r A,u)(s))ds
10Zt 1 E
= rj(tis)eHArAIG)Is-
0

FH!

A
i

By equation (2.82), for t E 1, we have

jui i - K a®ARat) R Ul AZ ] a (08 vem
70 - -
A = ri (tiseHGArAu)i HAr A G)ds
_ 0 _
2 -
A — (Kq(tj s)ARqy(tj s))eH(A,r Aju)ds—
2, -
A — iMti s)eB(Ar Av(s)ds~
0

Proceeding as in the proof of Theorem 2.4.3, we are able to estimat eku j Uk, 2 forlarge t:

X )
ku(t)i G(t)kz - k(K 11(t)AR11(t))°UOkL2Ak_ i1 a(t) B vike

. z - 1 i AL
A = kri (ti s)a(H(A,r Au)s)i H(Ar A 0)(s)k ds
z
A tk(K 1(ti S)ARy(ti s)=H(A,r Au)(s)k 2ds (2.84)

0



2.6 Comparison with the Patlak-Keller-Segel Model 65

z
A tki Nt s)aB(A,r A)v(s)k »ds
0
Z
A L t kri (ti 9)m(H(Ar Au)s)i HA,r &, 0)(s)k.ds.

ti 1l
For the rsttwo terms on the right hand side we have,

k(K 12(1) ARp1(t)) @ ugk 2 - e S'kugkz At FADkugk s

)(] h : ot )(] : . . nAl )(] H
kil a)ovike - e kvikz Amin{l, tT A2} kvlkga.
im i A i A

Let us now estimate the rstintegral as

1Zt11

kr i *l(t i s)a(H(A,r Au)(s)i H(Ar A,0)(s)k 2ds
Zti 1

1

ki~ (ti Skiekh(Ar AXS)gU)(S)i h(Ar A)(s)g(d)()k.ds

Zo )
1 t' 1 . nAl . ~ o~ r'g
- cmin{l, ti s “A2kn(A,r A)(s)g(u)(s)i h(A,r A)(s)g(b)(s)k. 1ds
° z.
g g + 1 til o P (BALy, i 14
ACHka(MDxlA(t)AMA(t))MJiG: , min{1, ti s’ 22 min{1, s' «1 Pds
z til

ACHKGM{ (M ;= min{L, ti s GADymin{1, s 31 P)ds
0
z ti 1l

ACHIGM (OMpy o= - min{L t o (GAD}min{1, s 31 }ds,

where + £min{ 3A 1,5},
Then, thanks to Lemma 2.4.1 we deduce
1 Z ti 1l

ki~ (ti 9)a(HAT Au)s)i H(A T A D)(9)kds

. Cy(min{1, t “1}(Hka(MA%(t)AMD%%A(t))Mji u~Alx/lﬁ%(t)wl;i A Ma%(t)M;XlAi oi)

a

©
AL %A+ 2A+; 2 . The second part of the integral can be estimated as follows

where py Amin 7

z
i t kri (ti 9)aHArAu)S)i H(A,r A, 0)(s)k 2ds

ti 1l
Zt
: i (ti s)i 2kh(A,r A)g(u)(s)i h(A,r A)g(d)(s)k 2ds

ti 1
AHGCmin{L, t! EADyME dONZOAME, G(t)NDEXlA(t))

AHGC min{L, t! ADy M2 SONEDA M2 i ONE ().

We estimate now the fourth term in (2.84) as,

Z
tk(K 1(ti S)ARy(ti s))aH(A,r A u)(s)k 2ds

Zt
Ce i kn(A,r Ayg(u)kz ACmin{l, (ti s)i TADIkh(A,r A)g(u)(s)k :ds.

0
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On the other hand the rst term can be estimated as
Z, Z

t
ce i dxn(A,r A)g(u)k 2ds - ce i 94, G, (KA(s)k zku (s)kpr Akr A(s)k z2ku(s)k.: )ds
0 0

Cmingl, t 3"} (GeHIM 5, (ONG () AM I (N (1).

While the second term is estimate by
z t
cmin{L,(ti ) GADkh(A,r A)(s)g(u)(s)k.ds
0
z t
Cmin{L, (ti s)i TAMIG, Hy (kA(s)k 2 Akr A(s)k 2)ku (s)k 2)ds
0

- Comin{L, t¥IHGME (OM O AM (M S, (1),

where p, £min{ %Al, %}. In order to complete our estimate, we need to study the fthi  ntegral term
in (2.84), then proceeding as done before,
Zy Zy _
ki f(ti s)aB(A,r A)w(s)kds - KK1(ti s)ab(A,r A)v(s)k 2ds
0 Zot )
A . KK 1(tj s)ab(A,r A)v(s)k 2ds
Biemin{L, t GADIM L (ONG (VAM ], (ON (1)

A Bemingl, t)B (M (OMY O AM S, (OML(1),

where pg Amin{ 3 A 2,21,

If we sum all the previous estimates, we get the following estim  ate for the difference of function u

and function U inthe L2-norm.
" #

. i ct i (3A3) i ct R ; i (3A3) e
ku(t)j G(t)kiz - C e “'kugk 2 Ati e 2)kugk 1 Ae kvgk 2 Amin{1, t' (472)}  kvgk s
h i i

G mingl, tiM)(M £ (1) A lvléxlA(t))lvlji J(OA lvla%(t)(lvlf\i AOAME (1)
min{L, ti GATME GONE, (DAME, 5(ONZ (1)
min{L, 11 GFADIME L(ONG (O AME, 002 (ONG (1)

min{L, ti 3M}(M £ (N (t) A MD%XlA(t)Nu%(t))

To o o Do Do

min{L, t'¥}MEMZ AMEM L) A min{l, tHME M) AM f MO (1),

where + £min{ $A 2,2}, p Amin{ §A 3,2 A+, 5§ ZA+}, pp Amin{ $A1,3}, and ps Amin{ A 3, 3},
Let us now focus on the function A. Arguing as in Proposition 2.4.2, it is easy to show that the
difference of the second variables is given by
Z t
KA(t)i A(t)ke - kel PCI 9 Pt sy (au(s)i al(s)Af (u,A)s)i f(T,A)(s)kds

tCei b $)(kau(s)i al(s)k.z AKF (u,A)S)i f(G,A)(s)k 2ds

t
el PEiSc, (ku(s)i G(s)k2 AKA(S)| A(s)k 2)ds
0



2.6 Comparison with the Patlak-Keller-Segel Model 67

Zt
CM; gAML z(1) e *t19min{1, s' *}ds
0

uj
Cy min{1, ti i}(Mji G(t)AMf\i A(t))'
Then, for small initial data we have
Mf\i i) CuMy; 4 (t). (2.85)

Proceeding in a similar way we get also

M;XlAi DIA" CakM{, - (2.86)

Then by using the known decays of the L2-normand LY -normof u,G,AA,r Ar A, from inequali-
tiesin (2.85) and (2.86) we obtain

A !
+ X i X i
M Ji l](t) . CQ kUOkLZ A kvokLZ AkuokLl A . kvokLl
h i AL i .

n n " i
Cik Muii G(t)(Mg(t)A MS&A(t)AMS(t))
Cok MI;Z%’Z\(t)ND%)}A(t))AMA%(t)NA%(t)AMﬁ%(t)NC:%(t)

M (ONG (OAM S ONG (AME, (ONG A (M (1)

o P Do Do Do

2 I 7 %0 i % !
M OMS (AMEOMAME,  OML() |

where Cy, and Cyi are positive constant dependingon K.
Now for small M { (t), MDZXIA(I) and M (t), or K, i.e. for small initial data, we have a global bound

for Mji 4(t), with + ZEmin{ 3 A 2,2}, and of course for the functional Mzi (1) O
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Chapter 3

A Quasilinear Hyperbolic-Parabolic
Model of Vasculogenesis

In this chapter we present some analytical results on the PDEs m odel of vasculogenesis proposed
by Gamba el al. [150, 66]

8
% @vAr¢ (Ya) 4O,
§ @@ Are (va- u)Ar P £ i@ Asr A, (3.1)

@AZDCAAAY; 4.

Here Yis the density of endothelial cells, u their velocity, and A the density of chemoattractant.
The parameters D,a, and ¢, are, respectively, the diffusion coef cient, the rate of rel ease, and the
characteristic degradation time of soluble mediators, whi le ® is a drift coef cientand * measures
the strength of cell response.

As seen in Chapter 1, this system is derived in a classical way by continuum mechanics and de-
scribes the early stages of vasculogenesis taking into acco unt migration and chemotaxis.

It is based on the following assumptions:

1. endothelial cells show persistence in their motion;

2. endothelial cells communicate via the release and absorptio n of a soluble growth factor. This
chemical factor can reasonably identi ed with VEGF-A (Serin i etal. [150]);

3. the chemical factors released by cells diffuse and degrade intime;

4. endothelial cells neither duplicate nor die during the proce  ss;

5. cells are slowed down by friction due to the interaction wit  h the xed substratum;
6. closely packed cells mechanically respond to avoid overcrow ding.

The model in (3.1) is able to reproduce several experimentally obs erved facts, e.g. the mean chord
length is approximately independent on the initial cell density ~ and connected networks are formed
only above a critical threshold for density, as shown in [150, 66].  Moreover, through biological ex-
periment, theoretical insights and numerical simulations,  the authors provided a strong evidence
that endothelial cell number and the range of activity of ache moattractant factor regulate vascular
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network formation.

Since we are interested in the behavior of system (3.1) from an an alytical point of view, we focus
our attention on the study of solutions to the hyperbolic-para  bolic systems, aiming at investigating
the different behaviors which can arise. Our purpose is to give a  rigorous analytical assessment of
a prototype model, like system (3.1), which can be used as a rstst ep in the understanding of more
complete systems.

A rst analytical study of this model was proposed by Kowalczyk et al. in [93]. In their work, the
authors introduced a viscous term  °r 2(Ya1) in the second equation, in order to reproduce an en-
ergy mechanism that models the slowing down of cells in the pro  ximity of network structure. They
performed a detailed linear stability analysis of the model i n the two dimensional case, aiming at
checking its potential for structure formation. They foundt hat, in the case of initial data represent-
ing a continuum cell monolayer, this is unstable at low celld  ensities, while pressure stabilizes it at
high densities.

In this chapter we study the model in (3.1) from the analytical poi  nt of view by considering the
one-dimensional case. In particular, we focus on solutionst hat can be written as perturbation of
a non null constant state [49]. We will prove a global existence the orem and then we will study the
asymptotic behavior of smooth solutions to the Cauchy problemi n HS,

Let us observe that system (3.1), as the semilinear Cattaneo-H illen model analyzed in the previous
chapter, does not enter in the framework of hyperbolic-parabol ic system studied by Shizuta and
Kawashima, [86, 153, 87]. Indeed, due to the presence of the source te rm a¥; the dissipative condi-
tion fails.

In orderto prove our results we use a different technique withr  espectto Chapter 2, where we proved
these analytical results for the linearization of the diffe  rential part of system (3.1). As a matter of
fact, the nonlinearity of the uxes precludes the direct use of  the decay estimate of the linearized
Green operator.

In the rst section we recall some basic results concerning qu asilinear hyperbolic systems with
entropy dissipation and the Shizuta-Kawashima (SK) conditi on. Indeed in [73], Hanouzet and Na-
talini determinated these as suf cient conditions which gu  arantee the global existence in time of
smooth solutions. The entropy dissipation is a condition for ~ system which are endowed with a
strictly convex entropy, but it is to weak to prevent the forma  tion of singularities. In fact there exist
systems, which even if satisfy this condition, do not admit a  global solution. The condition (SK)
guarantees the necessary coupling between conserved and non conserved quantities to have dissi-
pation in both the state variables. Moreover additional ener gy estimates, based on condition (SK),
permit one to close the analysis.

Since the hyperbolic part of system (3.1), i.e. isentropic Euler e quations, veri es these conditions,
we prove our result of global solution for system (3.1) by combin  ing in a suitable way energy esti-
mates for the parabolic and hyperbolic parts.

Finally we focus on the study of the decay property of the quasili near system. We prove some esti-
mates that describe the asymptotic behavior of solutionin L' and HSj norm.
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3.1 Partially Dissipative Hyperbolic Systems

Let us consider the Cauchy problem for the following hyperboli  c-parabolic system

% @A @ () /0,

@74 A @ (9412 A P(%) £ | @V A1 @A, (3.2)

: ,

@A ED @A A a %
where %;0,A :RE RA I RA, with initial conditions
74x,0) Evp(x), U(x,0)Lup(x), /&(X,O)FEAO(X). (3.3)

We made the assumption
PLAEDO,

with %E 0, to ensure the strictly hyperbolicity of system (3.2). De ning  V :/E%4i, we can rewrite the
system in the following form

8
% @%A @V A0,

@ A@(LAP™) £ i@TA @A, (3.4)

@AAD@,ARa%i =,
which is equivalent for smooth solutions.
Our aim is to prove that, under suitable assumptions, the Cauch vy problem associated to the hyper-
bolic-parabolic system admits a global smooth solution, for  small and smooth initial data. In par-
ticular we consider solutions of the form ( %V, A) A % v,AA A), where (%0,A) is a constant sta-
tionary solution to the problem and ( %;v,A) is a perturbation. We assume that A Aa¢% in order to
ensure that the constant state ( 1Z»,O,A_\) is a solution to system (3.4).
Therefore, we can rewrite system (3.4) as follows in terms of th e perturbations:

8

% @vA @Qv 4O,
3

% @VA@ 5, APAT EiGvAL (HAR@A, (3.5)

@A /D @, A A al; ’3

Since the complete system (3.5) does not verify the dissipation ¢ ondition in [86], to get our global
existence result we consider the hyperbolic and the parabolice quations separately, in order to take
advantage of their respective properties.

3.1.1 Strictly Entropy Dissipative Condition

In this section we focus our attention on the hyperbolic part of (3.5).
As we want to prove the global existence of solution by energy me thods, we rst prove some prop-
erties of the selected problem.
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Then, let us consider 8
3 @A Qv A,

5 3 g (3.6)
T @vA@ %&ZTZAP(%A%) /E | ®v.

In [73], Hanouzet and Natalini proposed a quite general framework o f suf cient conditions which
guarantees the global existence in time of smooth solutions t o quasilinear hyperbolic systems.
These are the entropy dissipative condition and the Shizuta K awashima condition. In this section
we are going to show that system (3.6) veri es both the conditio ns.

First of all, we want to prove that system (3.6) is endowed with an  entropy function, that is a convex
real function E such that there exists a related entropy- ux q satisfying the following condition

(fY' E°&EQ°

where f is the ux of system (3.6).

In order to ensure the existence of an entropy- ux function g, we need to prove that the previous
condition is veri ed, which means that the differential for m (f 0)t ECis exact. This condition can be
characterized by the property that the matrix  r ((f 9'EY is symmetric.

Let us notice that r ((f 3'EY £ (f 9'EOA f °EC therefore, in order to obtain the existence of an

entropy- ux function g, itis suf cient to prove that

(FY'E is symmetric,

or equivalently that E°% %is symmetric.

Once we have proved the existence of an entropy function for sys tem (3.6), an additional equation
for the entropy evolution can be written. Indeed, xinganequ ilibrium state U for system (3.6) (i.e.
g(U) A0), we perform the scalar product of system (3.6) by EYU); EYU), to get the entropy identity

@EU)i EW)w)A@(a)i EY0)¢f (U) AEW)i EX0) ®gU)i gWU)).

From this equation, we deduce that the integral of E(U)j EO(U) WU is decreasing if the term on the
right-hand side is negative.

Denoted by ° the set of equilibrium states to the system (3.6), this decay prope rty is encoded in the
following de nition (see [73]).

De nition3.1.1.  The system(3.6), endowed by the entropy E, is entropy dissipative if, for every U 2 °,
and for any U in a neighborhood of U, the inequality

(EYV)i EXU) HgW)i g))- o, 3.7)
is satis ed.

We know that property (3.7) is invariant under af ne transformat  ion. Then, by applying a simple
change of variables, we can choose the entropy E, such that, for a single equilibrium value Jgze,
itis a strictly convex quadratic function. In our case, setti ng U A(%0), we de ne a new function E
that is still a dissipative entropy for system (3.6)

E(U)&ZEU AU)i EU); EYU)w,

and moreover it is a quadratic functionin U AQO.
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Assuming that Eisa strictly convex function, we can introduce the entropy v ariable (see [73])
w:EEU) £EYU AU); EYV),
and the functions

E°(W) &£ WWOW)i E(©W)),
q°(W) £ W (OW))i qOW)),

where © /E(EYi 1. Setting Ag A(E°)RW), A1 £f Y{©(W))Ay and G(W) £g(©(W)). We can rewrite
system (3.6) in the entropy variable as

Ag@W A A QW AG(W). (3.8)

Let us observe that Ag is symmetric positive de nite and Az is symmetric.
Now, we take U an open subset of R? and set

n (0]
°/EU2U :gUAU)AO ,

~ © ~ a
i EEY°)EW2EqU): G(W) A0 .
Let us observe that, if W A£(W1,W>)2 i and W A(W1, W) is any given point such that the segment
(W1,sWoA (1 s\W>) 2 EQU ) forall s2[0,1], thenthe point W*® (W1, W) is againin j . Therefore,
we can write

W 4 T o
QW) £ . (@,Q)' (W1,sWo A (L] s)Wp)ds (Wi W),

where Q(W) Ag2(©(W)). In particular, from the dissipative condition, we deducet hat there exists
a real positive scalar function B /EB(W,W) such that, for every W in a suitable neighborhood of W,

QW) £ iB(W,W)(W2i W»).

De nition 3.1.2.  The system(3.6), endowed with a strictly convex entropy, is strictly entrop vy dissi-
pative if there exists a positive scalar function B (W, W) such that

QW) & iB(W,W)(W2i W2), (3.9)
forevery W 2 EU ) and W A£(W1,W5) 2| .

Now we want to prove that system (3.6) satis es the latter condit ion. To this end, we consider the
canonical entropy function

Z _
1 2 1/2&1/2P
EA-— _AMAD gds, (3.10)
0

21A 1%

and the relative ux A Z yam
1 1 P(AY "A%P(s
3 P 73vAv ) 4.

- v — —
9753 (¥A1H2 YR % 0 2
Let us observe that this entropy is a strictly convex functio n. System (3.6), endowed with the en-
tropy E, satis es the dissipative condition as

2
EY)i EYU) ®gU)i g(&)ace#%- 0
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Moreover, thanks to the strictly convexity of E, we can rewrite the system (3.6) in the form (3.8)
using the entropy variable W AEYU). Itis easy to show that in this case the scalar positive funct ion
B of condition (3.9) is given by B E®(YA 3 £®©,(W,W) E 0. Therefore the system (3.8) is strictly
entropy dissipative .

Let us nally observe that, in our case,
n _ 0 © a
*/EU2U :g(UAU)AED £ U2U :U AE®0) , (3.11)

therefore, thanks to the de nitionof  E, it can be easily veri ed that
a

© . 2 © .
i EW2EqU): G(W)&E0 £ W2EYU): W, A0 .

3.1.2 The Shizuta-Kawashima Condition

As observed before, the entropy dissipation condition istoo  weak to prevent the shock formation.
In order to obtain global existence of smooth solutions to quas ilinear hyperbolic system, Hanouzet
and Natalini in [73] determinated a supplementary condition, th e Shizuta-Kawashima condition,
which guarantees these results.

This section is devoted to proving that system (3.8) satis es the  Shizuta-Kawashima condition
[153], introduced in the previous chapter (De nition 2.1.1) for hyperbo lic systems.

Let us recall that, in our case, as we have

A ! A !
(UADVE oo lonp + OWE
. i
then . ~
A ! A !
FUADYE e APYAS L qweE 0 °
| oA B 204 0 i®

Consequently, to ensure that system (3.8) satis es the Shizuta -Kawashima condition, we need to
prove that every eigenvector of f U) is not in the null space of gqU), where U A(%0) as indicated
in (3.11).

Let us take X 2 R?; {0} an eigenvector of f {U) and denote with , 6AEthe corresponding eigenvalue.
This means that

A 1A 1A !
_ X 0 1 X
X EFOX ) ,xl £ . !
. X2 P2 0 X
. X1 AEXy,

. Xo APY2HX;.
Then, we have two possibilities:

@, & P2 and X /& PYZAX

© . &i" P% and X. /i PYEHXy.

Let us suppose for example that the case ( b) is satis ed. It is possible to proceed in the same way in

the other case. Now, we suppose that X is in the null space of gqU), which means that
A A !

_ 0 O X1
U)X A0 A0 i ®Xo AO.
g%U) 0 0i® X 0 i 2
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So, if X is an eigenvector of f {U), X is not in the null space of g%U). This proves that system (3.8)
satis es the Shizuta-Kawashima condition.
In the case of strictly entropy dissipative system, De nitio  n 2.1.1is equivalent to:

(H1) forevery , 2 Rand every X 2 R\{0} the vector ( X,0)! 2 R? is not in the null space of | Ag(0)A
A1(0).

Then, the following lemma holds (see [73]).

Lemma 3.1.3. Assume that system(3.8) is strictly entropy dissipative, then Condition (H1) is equi V-
alent to:
there exists a constant matrix K 2 R?2 such that

* KAp(0) is skew-symmetric;

« the matrix

A !
10 0

1 t
ZKAMOAKAMONIAZ 5o AB©O)

is positive de nite.

3.2 The Global Existence of Smooth Solutions

In this section, by means of energy estimates, we aim at proving the global existence of smooth
solutions to the complete hyperbolic-parabolic system

8
% @A @V /0,
% @VA@ 5, AP(AT EiGvAL (LAR@A, (3.12)

@AZD@xAAaYs .

Let us recall that Y;u,A:RERA 1 RA v Evu and PY%) E 0. Moreover, U A(%0,A) is a constant
stationary solution to the problem, with AEai

3.2.1 Local Existence of Smooth Solutions

In order to prove the global existence of smooth solution with s mall initial data, a result of local
existence is crucial for our proof. As we have shown in the previou s sections, the hyperbolic part
(3.6) of system (3.12) has a strictly convex entropy E and it satis es the strictly entropy dissipative
condition.

Now, let us write the rst two equations of system (3.12) inthefo  rm:

@UAUV)A@f (UAU)AgUAU)AhUAU, @A), (3.13)

where U Z(¥;v), g(U) &0, ®V), f (U) (v, 2 AP()) and h(U, @A) £(0,2@A). Moreover we can

%

introduce the entropy variable, W /EEO(U ), and rewrite the system (3.13) as

Ag@W A A;@QW AGW)AH(W,@A). (3.14)
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Here, setting ©(W) A(EY 1(W), we have

Ao(W) ZE©(W))°, AL(W) Ef YO(W)) Ao,
G(W) g (O(W)), H(W, @A) £h(©(W), @A).

Then we can rewrite the complete system (3.12) as:

8 .

2 Ac@W A A QW AGW)AH(W,QA),

S ) (3.15)
@A AD @ ARaoy(W);i .

We can observe that (3.15) is a symmetric hyperbolic-parabolic sy stem. This class of system has
been studied by Kawashima in [86]. As a matter of fact he consider ed the initial value problem for

systems of quasilinear partial differential equations inthe  form
8 o
% AW, A)W, A“ELAJH(W,A)WXJ. AEf (W, A, DyA),

(3.16)

_§ AJ(W, A)A¢ i kﬂBIZI (W, A)A x, AEf2(W,A,DyW,DyA),
Js

where t | 0and x £(X1,...,xn) 2R", (n, 1). Here W(x,t) and A(x,t) are vectors with m®and m®
components, respectively, and the pair ( W,A)(x,t) takes its values in an open convex set O in R™

(m £AmPAm® 1). A? and Ajll 2 RMEM® (j /£1,....n) (resp. A and B;k 2 RMEM® (i K E1,....n)).

Functions f, and f, take values respectively in R™ and Rmoo, and D, denotes the derivatives ( @@)®

with j®j 1.

The system (3.16) is complemented with the initial conditions

(W,A)(x, 0) A(Wo,Ao)(x). (3.17)
Kawashima assumed that system (3.16) is symmetric hyperbolic-pa rabolic in the following sense:

Condition 3.2.1.  The functions A%(W,A), AJ(W,A), AL (W,A) (j A£1,...,n) and BJ (W,A) (j .k £
1,...,n) are suf ciently smooth in (W,A) 2 O and such that:

i) AY(W,A)and AJ(W,A) are real symmetric and positive de nite for (W,A)2 0,
ii) Ajll(W,A) is real symmetric for (W,A) 2 O;

iii) Bék (W, A) is real symmetric and satis es B ;k (W, A) /EB'Z(j (W, A) for (W,A)2 0O, and

Bizj (W,A)! j! y is symmetric positive de nite forall (W,A)20,! A&(!|,...,! n)2S"i L.
j kAL
Under these conditions f1(W,A,DyA) and f,(W,A,DyW,DyA) can be regarded as lower order terms
of the system. Denoted by ~ 2 R"M° and @ 2 R"™ “the vectors corresponding to  DyW and DyA, the
author assumed that

Condition 3.2.2. The functions f1(W,A,3) and fo(W,A,” ,3) are suf ciently smooth in  (W,A,3) 2
O£ R"™"and (W,A,” ,3)2 O£ R"® respectively, and satisfy f;(W, A, 0) Z£f,(W,A,0,0) £0 for some
constant state (W,A) 2 O.

Fixed a constant d; sothat 0 C dy C do ~ dist(Oy, @), let us denoted by X?l the set of function
(W,A)(x,t) satisfying:
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Wi W 2C([0,T),H3R")), @W 2 C([0, T)HS L(R")),

Ai A2C([0, T)HS(RM)\ L2([0, T)HSAL(RM)), @A 2 CO([0, T)HS 2(RM)\ L2(0,T;HS L(R")),

(W,A)(x,t) 2 O forany (x,t)2R"£[0,T],
Zt
« sup k(Wi W,A; A)()K3A kA A)kz,de- M2,
0- ¢t 0
z

t
kK@(W,A) (&K% de- MYfort2[0,T].
0

Hsi

Existence and uniqueness of local in time solutions to the Cauc hy problem are proved by the fol-
lowing theorem (Theorem 2.9 [86]).

Theorem 3.2.3. Let Conditions 3.2.1 and 3.2.2 be assumed. Letn, lands, ssA1l(sy, [n/2] A1) be
integers. Suppose that the initial data satisfy (Woi W,Agi A)2H3(R") and (Wo,A)(x) 2 Op for any
x 2 R", where Oy is a bounded open convex setin R™ satisfying Og %20.

Then there exists a positive constant T (- Tg), depending only on Og, d1, and kWy j W,Agi Akys
such that the initial value problem (3.16), (3.17) has a unique solution (W,A) 2 X%(Ol, M,M1), where
O1,M and M ; are determinated as follows

Oy A&d1 | neighborhood of Oy, M A2C1(O1)kWoi W,Agj Aks, M1 A2C3(O1,M)M.
In particular, the solution satis es

W i W 2C([0, T1),HS(RM)\ C*([0, T1),HS 1(R")),

Ai A2C([0, T1), HS(RM)\ CH([0, T1), HS 2(RM)\ L%([0, T1), HSAL(RM)),

z t
Sup kKW i WAT Rk A k(W j W)k AK(AT A)(e)kaarde - CikWoi W, Agi Ak
fort 2[0,T4],

where C, E 1is a constant depending only on Op,d; and kWgi W,Agj Akys.

Coming back to our problem, we can observe that system (3.15) can b e regarded as a coupled sys-
tem of a symmetric hyperbolic system for W and a strongly parabolic equation for A. Hence, thanks
to this theorem, if the initial data ( W, Ag) are in HS(R), with s, 2, then there exists a local in time
solution (W, A) 2 C([0, T1), HS(R)) to the Cauchy problem.

Let us consider now the variable A £@A. Deriving the parabolic equation with respect to the
spatial variable we get the system

8
> Ag@W A A @QW AG(W)AH(W,A),

" @A AD @xAAa@O1(W)i ’%

We can observe that, as this system veri es the conditions of Theorem 3.2.3, the local existence
of its solutions follows. Considering system (3.15) and taking an initial datum Ay 2 H SAl, then the
parabolic equation admits the local existence in the space C([0,T1),H sAl(R)).

Now we are going to prove the existence of global solution to sys tem (3.15), by using the following
theorem.
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Theorem 3.2.4. We consider the Cauchy problem associated to system(3.15), with small initial data
Wo 2 H2(R) and Ag 2 H2(R). If kWokyz2(g), ~ Ao He(ry @Nd Taare suf ciently small, then there exists a
unique global solution (W, A) to system(3.15), such that

W 2C([0,1 ),H?(R)), A2C([0,1 ),H3(R)\ L%([0,1 ),H3(R))

and, foreach T EO,
Z, Z;
KW(T)KZG. A K@W(e)KkG deA  KWo(e)k?, - CKWok?,,
0 0

, (3.18)

o o TO o o o
AT) 52 A @A Zode C(KWok2, A Ag" 7o),

where C ZC(%kWokyz, Ag” |,2).

Energy Estimates for A

Our aim is to prove this result by suitable energy estimates. L et us consider the local (in time)
solution (W,A) 2 C([0, T),H?(R))£ C([0, T),H2(R))\ L%([0,T),H3(R)).

First we focus on the parabolic equation providing energy estim  ates for the function A.

We consider the parabolic equation

] ] A
@A AD@xARaYy —. (3.19)
¢
Deriving with respect to the spatial variable and multiplyingby ~ @A, we obtain

M T
@ (@AY AD@uAGAAAGHEAI

(@A)

. A2
M@ @AGA" | D(@A2A2@%@A | (@:\) .

Then, integrating with respectto x and t, we get for every 2 E 0
Z z.z Z z.z

1 ) ) 1 )
S (@A2dxAD  (@xA)Ydsdx- = (@AgPdxA>  (@w’dxds
2 0 277 20 75
a2zt i 1-t i
A= (@A)%dxds| = (@A)%dxds,
2 0 ¢ 0
that is
z z,2 , w122
(@A)2dx AD (@xA)2dsdxA = = (@A)%dxds
0 &G 2 0 z.z
1 ) at 5
3 (@Ao)zdxAZ—z ) (@¥°dxds.
Here, we take 2 such that 2 C a_2<,
In the same way, we can obtain
z ' z,z , IO %4 '
(@xA)2dx AD (@xxA)?dsdxA =i - (@xA)%dxds
° z ° z.2

1 .2 a A2
5 (@A) dxli\z—2 , (@dxds.
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Now, let us introduce the generic functional
VA t z t
N7(t) :E sup kW (s)k2, A . KWa(s)k?, dsA . K@QW (s)kZ,,,, for | 1,2,
0 st

We set also
Z

t
N§(t) & sup kW (s)k% A kWo(s)k?, ds.
0-st 0

Therefore we can rewrite the last two estimates for @A and @A, in the following way:

Zt Zt o o

k@A(t)k% Acy . k@xA(s)k?,dsAc, . k@A(s)k%,dxds - *Ag” 2 AcaNA(t), (3.20)
z, Z, o o

k@xA(t)k?, Ay . k@xxA(s)k,dsA & . k@xA(KZds - *Ag° 2, AGNA(L). (3.21)

Moreover, using these last estimates, we can control L' -norm of @A too. Indeed, we have

o o V74 ‘IT%
sgp°@A°L1 - sup (@A) A (@xA)?)dx
oo 0 e

o - O ¢
+ C Ao 1A Ao 2 ANy (1) AN(t)

. A 1 ANG(t) . (3.22)
Zero Order Energy Estimate for W

Now, we want to estimate the L?-norm of the function W. To this end, we multiply the system (3.13)
by EqU) £EQU AU) | EQU), so we have

@EWU)A@OWU) AEYU) eg(U AU)AEYU) ¢h(U AU, @A),

where Q(9 is the entropy- ux associated to the function E.
Let us observe that, thanks to de nitions of the entropy E and variable W /EEO(U), there exists a
constant ¢, such that

1. ., - .
0—21W12- E(U)- cjWj2,

Moreover, as proved in Section 3.1.1, the system (3.13) satis es the strictly entropy dissipative con-
dition, therefore there exists a constant c¢; such that,

i (WOS(W)), cajWaj?.

Let us integrate the previous system, with respect to space varia ble x, so we obtain:

Z Z Z
d = - ~ — ~ —
o E(U)dx £ EYU)¢tgU AU)dxA EQU)¢th(U AU, @A)dx,
which yields 7 7 7
1d- o Y =Q T oA A
ot WjcdxAcy  jWsj“dx - ETU)¢hU AU,@A)dx.
2
Then, integrating respect to the temporal variable, we get
z, z,2

1 1 - _ —
C—kW(t)kEZA cikW(s)kZ,ds - C—kWOkEZA EQU AU)¢h(U AU, @A)dxds.
2 0 2 0
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Now, let us observe that, thanks to the de nition of the funct  ion h(U AU, @A), the last integral can
be estimated as follows
z,2 z,2
EqU)¢th(U AU, @A)dxds & W, (YAH@Adxds
Zot y4 t
1 kW3 (s)k :k4S) @QA(S)k 2dsA 1 TKkW,(S)k 2K@A(s)k 2dS
ZOt OZ t
1 kW (S)k k¥4 S)k 1 KQA(S)k 2dSA 1 KW, (s)k :K@QA(S)k 2ds
i 21 O ¢
- C sup k¥s)kit kW (s)k%, ACK@A(s)K?, ds
sZﬁO,tt). 0

e
AC% 'kWa(s)k% AK@A(S)K, ds.
0

Then, thanks to the energy estimate (3.20) of A, we obtain
Z,Z ) h o o, i h ° o, i
Wyt (VA@Adxds - CNy(t) N()A Ao’ i ANZ(t) ACTE NS()A Ag’ L ANZ(L) .
In conclusion, the zero order estimate of function W is given by
z, o

KW(t)kz A kWa(s)k%ds- NZ(O)AC("Ao” L N1(t) AC(ANZ(t) ACNS(t) AC(% " Ao 20).
0

o o

Let us observe that the positive constant C(%° Ag” al) depends on the initial data and on the con-
stant state and, when these data go to zero, it vanishes.

First Order Energy Estimate for W

Now we estimate the L2-norm ofthe rst derivative of the local solution W. To this end, we consider
the system
Ac@W A A QW AG(W)AH(W,QA). (3.23)

Deriving with respect to the spatial variable, we obtain
@Q(A@GW)A @(A@W) £QG(W)A @H (W, @A).
Then, we take the inner product with  @W, which yields
@(A@W) QW A @(AIQW)@W E£QG(W) QW A@H (W, @A) t@W.

Thanks to the symmetry of matrices Agp and A;, we have

Q(AGW) @ A @((A@W)C@W) | ~(@A@W)0@W A(@AGW) S@W,
QALGW)6@W £, @((A@W) C@W)A (@A@W) @W.

Therefore, substituting these relations in the previous syst em and integrating over R, we get:
z 1 z z

Sgr J(Ae@W)@W dxi = (@AQW)e@Wdx A (@Ac@W)t@W dx
z z z

A% (@A1QW)@QW dx £ @QG(W)tQW dxA @H((W,QA)t@Wdx.
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Let us observe that, thanks to the strictly entropy dissipati  ve condition, there exists a positive scalar
function B such that

QG(W)t@W AQ(i BW2) t@W: £ i (@BW2) 6 QW2 (BQW2) tQW>.

Substituting this equality in the last system, we obtain:

1472 z 1z
Sgr (Pe@W)e@Wdx A (BQW2) 0@W2dx &7 (@AQW) @WdX
z z
1
i _(@QA@W)EQWAX| 5 (@AQW)MQ@Wdx  (3.24)
z z

[ (@BW,) t@W2dx A @H (W, @A) t@QWdx.

Now, to estimate the right hand side of the previous inequality, = we proceed along the lines of [73]
and we rewrite the rst equations of system (3.15) in the form
A !
. 0 . o
@W EiAQW | Al AATHW, @A),
BW,

where A ZEALAL A(f 9 (©(W)). Then

A A ! !
. 0 . )
@A EAJ@GW £ (A AQW A ALY aw, | ALHW, @A) .

We consider the following terms which will be useful inthe es  timate of (3.24).

1
1 A C[@A@WAQAQW]AW
g A A ! )]
£ EEA"@W~ AO(A@W)Q' 10 it i ALTHW, @A) @W t@W
P1e 0 0 0 o
S R@WAI AYAGW)A A(AQW)
A

0
BW,

A ! )

1 . . )

i 5A8 Ayt s, | AY'HW, @A) QW t@W
( > A A ! )

£ }EAO(AO@W)D' oo ait i ALTHW, @A) @W «@W

2 %0 70 gy, 70 ’ ‘
and
l, /E E@EAO@WA@Al@W](b@W A A ! )
A (AARWi (A@W)A @W i (AJ@W) Ay aw, | AY'HW,. @A)  @W
( A A ! )

£ AR@W)@W i (A@W) Ayt BSV | ATHW, @A) s@W.
2

Reporting 11 12 in(3.24) yields
Z Z VA

%j—t (Ae@W) C@W X A (B@W2)¢@W2dX/‘Ei% [A(A%@W)@W] 6@ Wl
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( A ! )

. 2R oair O 0
i EAO(AO BW, QW t@W A (BT @QW)W, t@QW, dx

z Z
A (AS@W)AblH(W,@A)G:@deA% (ASALTH (W, @) @W t@Wdx

z A z
A (Ad@w)A,! B\(/)V t@WdxA @H(W,QA)t@Wdx.

2

Let us observe thatthe rstterm ontherighthand sideiscubi cin @QW. It vanishes when the matrix
Ag(W)AYW) is skew-symmetric. The other terms are quadratic namely the y can be written in the
form Z

“(W)(@W, @W)Ws.

Then, integrating with respect to time variable, we obtain

z z7 z
a j@W(t)j2dxAc,  j@W-jldxds - j@Woj?dx AC(KAokZ N3 (1) AC(KAKZ ., AN ()
0
Z¢
A @QH(W,QA) ¢@Wdxds. (3.25)
0

Let us focus on the last integral. Thanks to the de nition oft  he function H, we have QH (W, @A) &
[0, 1@ AVA 1@ .@A At @ A]', therefore the last integrand is equal to

QH(W, @A) t@QW A@xAv-@W2A1@,2@A@QW2AL Z@AQW..

Using the energy estimates (3.20), (3.21) for the function A, yields
zZ.Z
L@ AV2@W5 A 1@ o@A@Q W, A L@ A@W,jdxds
z t
- C (K@xA(S)k 2k@QW3(s)k, 2k¥4S)k 1 AK@A(S)k 2 k@QYAS)k 1 K@QWo(S)k 2ds
0

AL 7K@, A(s)k 2k@Wo(S)k 2 ) ds
Z‘i o i ¢
. C sup k¥{s)k 1 K@W2(s)k% A” @xA s)k?, ds

s2(0,t) 0
z,.
I 2 A a2 ®
AC sup k@¥4s)k.t k@W2(s)k;: Ak@A(s)k}, ds
sZ(OZt) 0

t; ¢

ACt % 'k@Wa(s)k%, Ak@xA(s)K?, ds
03 o o ’ 3 ) o ’

CCNi(t) N2t)A A 2 ANZ(t) ACNy(t) N2(t)A A" 2 ANZ(t)
3 o e

ACt % N2(t)A° Ag° 2  ANZA(t) .

Substituting this calculation in (3.25), we obtain the rstord  er estimate:
Z t o o
k@WK A k@Wa(Ikt: + NIOAC(C A0 LN1(1) ACKAGKEINS (1)

o

A C( Ao ZNa(t) AC(TkAGKZ N1 (t)2AC(H " Ag” ),

thatis
Z

t o o
k@W (t)k2, A ) k@Wo(s)k2ds - NZO)AC( Ao Z)Na(t) AC(1AN?

A CN3M)ACE" Ao 2h). (3.26)
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Second Order Energy Estimate for W

Now, we are interested in proving the validity of a second order  estimate of W, in the L?-norm. As
done in the previous case, we perform the second space derivative of system (3.14) and take the
inner product with  @xW, which gives

@x(A0@W) t@xW A @y (A1@QW) 6@xW E£Q@xG(W) ¢@xW A @xH (W, @QA) t@xW.

Thanks to the symmetry of matrices Ag and Az, we deduce that

B (Ao@W) 0@ W £ @((A@:xW) 0@ W) i 5(@A@xW) 0@, W
A2(@Ao@: W) C@,W A (@ Ao@W) 6@, W,

@ (M@W) @AW 5@ (A1 (W)@ W) C@W)A > (@ A1 @, W) 0@, W
A(@xA@W) 6@xW.

Moreover, as seen before, there exists a positive de nite matr ix B such that G(W) ¢W /A jBW; ¢W5.
Then, substituting these relations in the previous system and integrate it over R, we obtain

1d Z Z
Ea (AO@XW)¢@XWdXA (B@QxW>) t@xW>dx
7 .
1 5
/£ E@AO@XWi 2QA0@Q:W i @QxAc@W ¢@QxWdx
Z - s
i g@Al@xWA@xAl@W t@QxWdx
Z

i [2@QB@W2A @xBW;] t@xW2dx A @xH(W, @A) t@xWdx. (3.27)

To estimate the rst terms on the right-hand side of the equat  ion, we proceed along the lines of
[73]. As previously, we are going to develop some terms which willb e useful for estimate (3.27). By
using again (3.23), we have

g E (@AA@A)@XW t@xW A 14

£ A@QWi AAAQW | AJAL! AW, @xW ¢@xW
" A ] #
£ AJ@QWA; AAAQW A AA’@QW i AJAL! B, AASALTH(W, @A) @xW ¢@xW.
By taking the x derivative of (3.23), we obtain also:
£ i (MAW) (Aaw)@wArawA@ Ay’ B, i @AYTH(W,A) - t@W
A (@A1@xW) t@xW A A 11#
. 0
£ i (A@W)ARW)@QW i Aj(A‘@W)@xW A @(AJaw) A’ 6@y W

BW>
i (AS@W)@(ALTH (W, A)) t@xW.

In a straightforward way we have also

k E (QxAGW A @y A1 QW) tQxW
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£ 208 0@W)(ATRW)@W A AANQW, @;W)@WAAO(AO@XW)@W 6@xW

] 0
i (A)law,@w)A AJaxw)ALt B, @y W

A [(AR@W@W)A AG@xW)A,H(W, @A)] t@x W
Reporting 2 2% Jin(3.27) gets

y4 y4

1d
Ea (AO@XV\/)‘]:@doXA (B@QxW>) t@xW2dx
Z

17 £, 0 a

/Eé A@WA; AAA@QW) @xW ¢@yWdx

: AoA°°(@w,@W)@wAAo(A"@XW)@WAng(AO@W)@Xw’ c@Wdx
z" A I

A Ad@w.aw AN WA ° @ wdx

BW,,
Z A ! A A 1#

. . 0
i 5A8A51 QWi 28@W@ Ay @xWdx
. BW;

Al 0ail Av. 50 i1 ;
é [A)AG HW, @A) | 2A0@QW QAL "H(W, @A)] tQWdx

BW,

A [AJ@xWA'HW,@A)i All@w, @W)] t@xWdx
Z Z

i 2@B@W A@xBW) t@xW2A  @xH(W, @A) t@xWdx.

The right hand side of the previous inequality, with the exceptio  n of the last term, can be estimate

following the technique used by Hanouzet and Natalini in [73].

Let us now focus our attention on the last integral of the previo  us inequality and we integrate with

respect to time, i.e.
Z.Z

@xH (W, @A) t@xWdxds,

t

where @y H (W) Z[0, * (@QxxAYA 2A,x QYA QA@, VA Zo@x A)]'.
Proceeding along the line of the rst order estimate, we get, using (3.20), (3.21),
Z¢ Z¢
@xH (W, QA) t@Wdxds /E . L (@ux AYA 2@ A@QYVA @QA@y YA %@XA)@ngxds
0 o Z t30
- Csup 1/(5) Lt @XXA(S) LZAk@xWZ(S)kLz ds
0 0 OZtso
ACsup” @%s)’ @AW b2 AK@xWa(s)kZ
0 o t 30
ACsup’ @A(s)’ K °@Xl/;(s)"ﬁz,&k@xwz(s)kf2 ds
Z 3o
All/ZO @xxA(S) LzAk@xWZ(S)kLz ds

30 o 30 o

CNl(t) Ao HzANZ(t) ACNz(t) Ao HlANZ(t)

o

ACNZ(t) Ao HzANz(t) ACl/z Ao HZANz(t)

- C( Ao N2 ACNS() AC(%” Ag” |2IN3 (t)AC(% Ao fe):
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Substituting this inequality in (3.27) and following the proof in [73], we obtain the second order

estimate:
Z

t o o o o
k@x W (t)kZ; A . k@xWa()k?ds - NZ(0)ACNS()AC( Ao fIN1(t) AC(T Ag” 2 )Na(t)

AC(" Ao’ INZ()AC(%" Ay ) AC(ANA(),

thatis
Z

t o o o o
K@W(DKE A k@xWa(Ikfzds NFOVAC( Ao’ jaNa(t) ACH:" Ao [aINZ(1)

ACoNJ(1)AC(Z" Ao’ 12).

Let us observe that, even if in the previous inequality there ist  he third derivative of function A, we
have been able to estimate all the terms by the second order fu nctional N, thanks to the energy
estimates (3.20), (3.21).

3.2.2 Proof of the Global Existence Result

Now, we are nally able to prove the existence of a global smooth  solution for system (3.12), that is
the above stated Theorem 3.2.4.

Proof. Let us recall the de nition of the functionals
Z, z,
N|2(t):/EOsup kW (s)kZ, A . KWa(s)k?, dsA . k@W (s)kZ,, . ds, for | 41,2,
St
Z t
N§(t) & sup kW (s)k% A kWo(s)k?, ds,
0- st 0

and the energy estimates, obtained in the previous sections:
Z
t

KW(t)kz A kWa(s)k%ds- NZ(O)AC(" Ao’ ZN1(t)ACNAE)ACNSt)AC(C A B, (3.28)
0

Zt o o o o
K@QW (t)k% A k@Wa(s)k%ds - N2O)AC( Ao” 5 )Na(t) ACANZACNS () AC( Ao” 5,
0
(3.29)
and
Zt o o o o
K@W (KA k@xWa(s)k%ds- N2(0)AC( Ao’ Z2)Na(t) AC(H° Ao 22INA(L) (3.30)
0

ACo(KAokn2)N3()AC(%" Ao’ 12).

Therefore, to obtain an estimate of the functional N|2(t), we need to study also the term
vA t

k@W (s)k?,,,ds, for | /1,2,
0

It is here that we have to use the condition (SK). To this end, w e rewrite system (3.14), as a linear
hyperbolic system with a source term which dependson W and A,

Ao(0)@W A A1(0)@W AL(W,@W)AH (W, @A), (3.31)
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where
£ . o
LW, QW) A (A1(0) i A1(W))iA(A0(0)|i Ao(W)) AL (W)AL(W) @W

. £ il 2 0
i Ao(0)Ay~ (W) BW,

. £ . o )
H(W, @A) /£ Ag(0)AL 1 (W) H(W,@A).

Let us recall that, in Section 3.1.2, we proved that system (3.14) (wi thout the sourceterm H(W, @A))
satis es the condition (SK). As shown by Shizuta and Kawashi ma [153], and reported in Lemma
3.1.3 this means that there exists a constant matrix K such that

» KAp(0) is skew-symmetric;

¢ the matrix

A !
10 0

1 t
SKAOAKAOIAS B(0)AB(0)!

is positive de nite.

Now, we apply the matrix K to our system and take the scalar product with  @W . Then, integrating
over (0,t) £ Ryields
z,z z,z
K [Ao(0)@W A AL (0)@QW] t@QWdxds /E KL(W,QW)tQWdxds
2’z
A ; KH (W, @A) t@Wdxds. (3.32)

First we have, by integrating by parts
z,2 z,2
K[Ac(O)@W]tQWdxds A (KA (0)@«W) ¢Wdxds
z Vi
i (KA©O)@W)twdx— A (KA(0)@QW) t@Wdxds
9 0
Z 5 Z,Z
i (KAO)@QW)eWdx— j (KA(0)@W) e@Wdxds,
o O

thanks to the skew-symmetry of K Ag(0). Then, there exists a positive constant C; such that
zZ.Z 1 Y4
K[Ao(O)@W]t@Wdxds A& j > (KA (0O)@QW) tWdx jg, (3.33)

i C1(kW (t)kg, AKW (0)k7 ).

Now we estimate the next term. We get

z,z 1212, ¢ o
(KAL(0)@QW) t@QWdxds £= KA1(0)A (KAL(0))! @W ¢t@Wdxds
° 7 7R 2R N #
£ E(KAl(O)A(KAl(O))‘)/‘-\ 00 QW ¢t@Wdxds
0 2 0 S
z.z

i (SWz) ¢@W2dXdS,
0
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where Sis the symmetric positive matrix %(B(O)A B(0)!), Then
z,2 z, z,
(KAL(0)@W) t@Wdxds ., C, . k@Wk?%dsj Cg . KW-kZ . ds,

for two positive constants C, and C3. To estimate the right-hand side of (3.32), we consider the
following relations

JKL(W,@W)e@Wj - C1(2) (Wi AjWjj@Wij)j@Wj, (3.34)

KH(W, @A) t@W - Cy(2) H(W, @A) j@W]. (3.35)

Let us observe that
z,z Z, 124
jWojj@Wjdxds - © . k@W(s)kfzdsA4—o ) kW (s)k?, ds,

where © is an arbitrary small constant, and
zZ.Z Z,
jWjj@Wj*dxds -k W(t)kpt  k@W (s)k?, ds.
0

Hence, using (3.34) we obtain
ZZ t Z E 1 Z t Z t
- KLW,@W)e@Wdxds— - >Cp k@W (s)k% ACs  kWy(s)k?, ds
0 0 0
Z

A CskW(t)kit  k@W(s)k ds.

Let us focus now on the last integral of the right-hand side of  (3.32). First of all we recall that
H(W, @A) £(0,2 A%@A), then starting from inequality (3.35) and taking into accountt  he energy
estimates for the function A (see Section 3.2.1), we obtain:
Z.Z Z,
LKH(W,@QA)t@QWdxds - 1 Ck@QW (s)k :k@QA(s)k 2k¥{s)k 1 dsdx

0
t

A 1 CT@QW (s)k k@A(s)k 2dsdx
0 Z,s .
C sup k¥4s)k . k@W (s)k Ak@A(s)k?, ds
széo,t) 0 - -
t3 ’
A c% k@W(s)kszk@A(s)kfz ds
0
P ¢ i ¢
CN;(t) 'KAok?, ANZ(t) AC(7 KAgK?, ANZ(t)
i 2 ¢ 2 3 [ 2 ¢
C kAoky,, N1(t)AC(ANI(t)ACN;(t)AC %kAks: .

Then, substituting these calculations in (3.32) and following  again the proof in [HN], we get
Z t
K@W (s)k?ds - CNZ(0)AC(kAgkZ N1 (t) AC(ANZ (1) ACNZ(t) AC(TKAKS,). (3.36)
0

Finally we need to estimate the term
vA t
KWy (S)k  2ds.
0
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First we take the xj derivative of equation (3.31), and the scalar product with  @xW
z.z z.z z.z
K [Ag(0)@W A A1(0)@xW] t@xWdxds A& K@QLt@,WdxdsA K@H ¢@,Wdxds.
0 0

By arguing as in the previous case, we easily obtain:
z t
k@xW (s)k?,ds - CNZ(0) AC(KAgkZ:)N2(t) AC(7ANZ(t) AC(KAGKZ NS (1) AC (7 KAOKS ).
0

(3.37)
Now, let us sum up the inequalities (3.28), (3.29), (3.30), (3.36) and (3.37) to get

NZ(t) - bNZ(0)AbiNa(t) AbaNZ(t) AbsN3(t)A by,

where the constants b; depend on %and kAgkyz, for i &1,...,4.
Choosing small initial data and small constant state, thati s C suf cient small, by using standard
arguments we can prove the inequality (3.18). O

Remark 3.2.5. Theorem 3.2.4 ensures that for Ag 2 H?(R) then there exists A 2 C([0, 1 ),H?(R)) solu-
tion to the parabolic equation of the system (3.15). Let us notice that it always possible to write this

solution by the Duhamel formula
Z

¢ s
A(x,t) A i P(t)aAg)(x)A e ¢ jP(t; s)rma4s)ds,
0

where

As observed before, if we consider an initial datum Ag2 H 3(R), we get alocal solution A(t) 2C([0, T],H 3(R))
fort 2 (0, T). Moreover we have

t i S,
KAkys /£ Kei tiP(t)aAgkysA kel ‘2 P(ti s)na¥s)kysds

t ] U ws
el ikj P(t)kikAokys A el T ki P(t s)mafs)kysds
0

Zt
el ‘ZCkAokHsA el Q"a_slki P(ti s)mal4s)k ds
0
ZUX s
A el "¢ kDY P(ti s)mal4s)k 2ds
0 jom
t Z 4 (tis)
el :CkApkysA  Cé "¢ ka¥{s)k 2ds
0
Zi s
A e ¢ k@iP(ti s)kka¥{s)ky2ds
0 Zoo Zo o
.ot p . (tis .1 . (tis
el :CkAgkysA el "¢ (ti s)i zkafs)ky2dsA  Cel ¢ kaY{s)k 2ds
0 0

Zy Zy
el tZCkAok,Jpll\Cl el U'Tsl(ti s)i 2AC, e 24,
0 0

where C; /£ sup k¥4s)kyz.
s2(0,t)
Which yields

KA(t)kys - C(ef ckAokys ACH). (3.38)
In conclusion, if the initial datum  Ag 2 H3(R), even the global solution A(t)2C([0,1 ),H3(R)).
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Remark 3.2.6. Let us observe that, considering initial data in H S(R) £ HSAl(R), Theorem 3.2.3 en-
sures the local existence of solution (W,A)(t) in C ([0, T),H3(R)) £ C([0,T),H SAl(R)).Thanks to Theo-
rem 3.2.4 we obtain the existence of global solution to this system in C ([0, T),H?(R))£ C([0, T),H3(R))
when the initial data  (Wo,A) are in H 2(R) £ H3(R).

Then, following the approach of Majda (Theorem 2.2 in [107]), itis possible to prove the global ex-
istence of solutions in C ([0,1 ),HS(R)) £ C([0,1 ),HAL(R)) taking initial data in  (Wo,Ag) 2 HS(R) £
H sAl(R)_

3.3 Asymptotic Behavior

In this section we study the time decay properties of the global smooth solution to system (3.12),
proceeding along the lines of [17].

By means of the decomposition of the Green function of the line  arized problem, we aim to obtain
the HSand L' decay estimates of solutions of the model.

To this end we rewrite system (3.12) in the Conservative-Dissipa tive form (De nition 2.1.3) as

@UAU)A@f (UAU)AgU)AhU AU, @A), (3.39)
where N N N
U/EA “ U;EAl_Z! f(uAJ)AzAp pp%v |
v , , 508 V2 A%y
=5 0 PO(%WA%)
A ! A 0 !
gU) £ eu h(UAU @A) &£ | ;1%@A
De ned f_(U)ﬁEf (UAU); f(U),and fﬁEpﬁ the system can be rewritten in the following way
5 o
@UATAU)QU AgU)A@ FYU)U; f(U) Ah(UAU, @A), (3.40)
and its solution is given by
Z, h_ _ [ Z _
UM A )eUoA  @i"(ti s)a FAUU()i f(U(S) dsA {"(ti suhUAU,QA)ds,
0 0

(3.41)

where j ' denotes the Green function of the linearized system
@U A fqU)@u AgU).

We will use the estimates due to Bianchini, Hanouzet and Nata lini[17], also reported in the previous
chapter (Theorem 2.1.4). Let us recall the main estimates that wi |l be useful to get our results.
For a linear dissipative system in the conservative-dissipat ive form

X
@wA Aj@w ABw, (3.42)
jm

it is possible to decompose the solution to the Cauchy problem as

w(t) A& "(t)owe AK (1) awoAK (t)awo,
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for any function w2 L1\ L2(R",R"AL),
Moreover for any multiindex ~ and for every p 2[1,A1 ]the following estimates hold.
K(t) estimates:

kLoD K(t)awokie - CGjymin{L, ti 2% )1 2 JkLow ks
A C(imin{1, tt 23 2wk,

-

kL, D K(t)ewoke - CGjmin{L, t' 231 8 21 2 e qw ks
A ciymingL, t 2 DN Eh wOkes,

K (t) estimates:
kD K (t)awok.z- Cél kD wok 2.

Remark 3.3.1. As shown in [17], if we focus on the one-dimensional case, we have the following
decomposition

n _ 0 n e
PG AEKXGHDA te x- [t 1 AK (GHD)ARMKGEHA [t x- [t

B

where oo " #
ey 2 ST o oAty
x.t) j 1At o)At 2  o@)@aAt)it

Moreover it is known that for the dissipative hyperbolic sys tem

8
> @A @v A0,

7 @vAQ@QuAE v,

that is the linearization of our quasilinear hyperbolic sys tem, the diffusive part of the Green Kernel
K(x,t) can be decomposed as follows,

1 1 1 1 1
Ku(x,t) A (x1),  Koa(x, 1) AKX, t) A=Qi  (X,t), Kao(X,t) = @xi (X,1),
1. . .
where j  is the Green Kernel of the heat equation. For more details see [17].

3.3.1 HS Estimates of the Solution

This section is devoted to study the decay rates of solutiont o the system (3.39) in the HS-norms.
We de ne

a o o o a

© @ re o o - o
Es:AEmax kUoki1,kUokys , Ds:Emax Ag 1, Ao ysar »

and the general functional

© © a a
Mo :Esup max 1,5° kw(s)kys .
0 st

Then, we shall prove the following theorem
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Theorem 3.3.2. Let (U,A)(t) a global solution to problem (3.12), with initial conditions
U (x,0) AJo(x), A(x,0) FAg(x),
and regularity assumptions
Uo(x) 2 HA R\ LY(R), Ag(x) 2 HLY(R)\ LY(R), fors, 1.
Then the following decay estimate holds:
KU (t)kys - Cmin{L, t 4}(Esa1 ADsa1), KA(L)Kkysts - Cmin{l, ti ¥}(Esa1 ADsar),
where the constant C depends on the constant state.

Proof. First we consider the parabolic equation
] ] A
@A AD@xAAaui —,
<

and using the Duhamel's formula, we can write the solution as

z
A(x,t) /(e ¢ P(t)a Ag)(x) A Lo 2, P(ti s)malfs)ds, (3.43)
0

where

Let us start with the HSA! estimate:
V4 t
o ot ] (s
KA(t)kysss ZE Kel ¢jP(t)eAg)kysa A kel "¢ Pt s)mal4s)kysamds

t s
el ok P(t)k 1kAgkysar A €l Q'lei P(ti s)malfs)kysads
0

Zt
el 'ZCkAokHsAlA el gt"c_slki P(ti s)mal4s)k ds
0
2o X
A e ¢ kDyi P(t| s)ma¥4s)k -ds
0 i®AsAL

t i S,
el iCKAgkysuA  Cel & ka¥{s)k -ds
0

Z'[
A e k@i P(ti sk kas)kysds
0
. Z, ", . Z, ",
el :CkAgkys A Cél ¢ (tf s) zka¥4s)kysdsA  Cel ¢ ka¥4s)k -ds
0 0
z
1 U wis ) .
el iCKAgkysu AM(t) e “C(ti )i 2min{1, s i}ds
0

z
1 Ut G .
A Mi) e P minft, i i)ds.
0

So we obtain the following H sAL estimate for A

1 . 1
KA()kpss - Cel ckAokysan Amingd, jti 1j1 IM (1) Amingl, t! SMJ (1)),
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which yields
1 . . 1
M2 (t)- C(e' < max{L,t}kAokysse AMS (1)). (3.44)

Let us notice that from the previous inequality the decay ratesi fthe function Ain H sAljs the same

rate of the function U in HS. Moreover, proceeding in a similar way, itis possible to getth e following
estimate for the function A in the space L?:

kA(t)k.: - e PkAgk 1 Ac sup k¥4s)k,1, (3.45)
s2(0,t)

where, thanks to the conservation of the mass, sup k¥{s)k 1 A Rk 1.
s2(0,t)
Now we focus on the estimate of function U. We can easily observe that

284

f(U)i fYU)U &f U)AU?r ),

where r : R! Ris a suitable smooth function. Therefore, using (3.41) and the d e nition of Eg, we

obtain
Z

KU (t)kps - Cmin{L, ti 4}kUok: ACe © kUgkys AC Ot min{1,(t; s)' %}guz(s)r(U)(s)leds
/ﬂ\czot el o S>g@(uz(s)r(U»(s)gHsdsAzot ki"(ti s)ah(UAU,@A)(s)kn=ds
. Cmin{l, t! %}ESAczot min{1,(t | s)i %}guz(s)r(U)(s)leds
Aczot el ctti S)g@(Uz(s)r(U))(s)gHsdsAZOt ki"(ti s e h(UAU,@A)(s)kysds. (3.46)

At this stage we want to estimate the right hand side of thisin  equality.
Let us start studying the rst integral in (3.46), as follows
Z e : Zt .
. min{l1,(tj s)' 4} Uz(s)r(U)(s) L1ds- min{1,(tj s)' 4}kU 2(s)k,_zkr (U)(s)k 2ds

t
min{1,(t i s)! %}kU (s)kfzkr (U)(S)KLt uj. +)ds

0

H 1 ﬂzzt 3 1

CM;(t) min{1,(t i s)' 2}min{1, s' 2}ds.
0

Then from Lemma 2.4.1, we deduce
Zt .3 g 2 Zt .3 o1 H 1 ﬂz
min{1,(tj s)' 4}C Uz(s)r(U) p2ds- € min{l,(tj )" 4}min{l, s' 2} Mj(t)
0 0
1 H 1 ﬂz
- Cymin{1, t' 4} Mlj(t) . (3.47)

In order to estimate the following term in (3.46) we recall an use  ful lemma.

Lemma3.3.3. FixedsE 2,7 2N™, andletu 2H So(Rmo) verify inequality
jux,t)j- o,

where +g E 0and s®, sAj7j. Then, we have

kD (u?r(u))kus - C(o,kukps, krkestigyj. +0))KukLt KD ukys.
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Thanks to this lemma we deduce that

o o

"QUAr(U))’ s+ ClFo,Kukps,Krkesaiyj. +0)) KUKLL K@UKyys - CkUkpr kU Kysaa
. CkU Kys kU kpysti (3.48)

then we have
Zt o o Zt
el 9T QUAr (U9 ysds- C el MTIKU(kis kU (kysuds
0
2, -,
.C el iy (s)kys kU (S)kysa ds
0
1 Zt . . L1
- CM (t)Esaz . el i 9 min{1, s' 7}ds

1
. Cminfl, t! M (t)Esar. (3.49)

In the last inequalities, we have used Lemma 2.4.1 and the estima te of Theorem 3.2.4 to controll the
normin HS,

Remark 3.3.4. In the previous chapter we have shown the global existence of solutions and their
decay rates simultaneously by estimate of the L' and H S-norms of the functions.

Let us notice that the presence of the term @ (U ?r (U)) precludes the direct use of the decay estimates.
As a matter of fact, due to the presence of this term, it is not pos sible to close our estimate, because
starting frominH S, we gettermsinH sAL

Finally we estimate the last integral of (3.46)
Z, Z,
Ki h(t i s)eh(U AU, @QA)(s)knsds - kK (ti s)eh(U AU, @A)(s)kysds
0 vl

t
A KK(ti s)rh(UAU,@A)(s)kysds.
0

For the rstterm, we have:
z, z,
kKK (ti s)ah(U AU, @A) (s)kysds-  ce i dkh(U AU, @A)(s)kysds
0 ya

t
cel Ui k@A(s)kys(FAKYAS)kys)ds
1 Zt ) ) o1
M (1) cel S 9min{1, s a}ds
% 0
z
1 1 o )
AMZ @OME)  cel i 9min1, s' 2}ds
X 0

0

. cymin{l, t! %}mﬁx(t)ﬁ\clmin{l, i %}MEX (t)Mé(t). (3.50)

In order to complete our estimate, we need to study the contrib  ution of the hyperbolic Green func-
tion diffusive part.

z t Zt
KK(ti s)eh(UAU,@A)(s)knsdsE  kKio(t i s)e T (¥4s) AH@A(s)kysds
0 0

A tszz(ti s)at (As) AA@A(s)kysds
7

tCkKlz(t i 5)at (¥s)AN@A(s)kysds
0
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Zt
Ck@Kia(t j S)Ul%A(S)kHSAkKlg(ti S)ﬂll/z@AkHst
t
ST min{L(ti s) 4)PKA(S)k.ds
0
_Zt .3 L1 1 1
AT _min{L,(ti 9)' fpminl, §' dsM (M), (351)

Since in our study we do not differentiate the decays of conse rvative and the dissipative variables,
in the previous inequalities we have estimated the decay of Ky, with the same decay rate of Kj»,
even if it decays faster.
Thanks to (3.45) we deduce that
z t Z t
_ . .5 . _ ) .5 : bsi. A
T min{1,(tj s)' 4}&A(s)k1ds- T min{1,(t i s)' 2}(e' "SkAgk_ 1 A ck¥gk 1)ds (3.52)
0 0
- Tmin{L, ti $)7kAgk s A ckypk 171 4.
The second integral of (3.51) can be estimated as
z t _ . L1 1 1
kK12t i s)a T2@Akpsds - Cmin{l, t' 2}M 2 (1)Mj(t). (3.53)
0 X

In conclusion, substituting (3.47), (3.49), (3.50), (3.52), (3.53) in (3.46), i tresults

~u 1 o1 1 o1 1
kU (t)kys - C min{l, t' 4}EsAmin{1, t' 4}MjEsar Amin{1, t' Z}(ML‘J‘(t))Z

1 . 1 1
Amin{l, t1 $37M 2 (t) Amin{1, ti 2IM ¥ ()M (1)
X X 1'[

1 1 . L .
Amin{L, t' M2 (OMJ (AT min{L, t $)7kAoky: Akvokyi 7t 7 .

Multiplying this relation by max{1, t 711} we get
1 H 1 1 o 1 . .
Mi(t)- C EsA MJ(t)EsAlA(MJ(t))ZAl/(ng(t)At' 14A ok 1 AkYok, 1)
3 . 1

1

A 1Amin{1, ti 1} Mlil‘x(t)MU‘_‘(t) .

Now, we substitute inequality (3.44) in the previous one, obtainin g
M

Mé‘(t) . C EA Mj(t)EsAlA(Mé(t))2A172max{1,t%}ei t ek Aok she
AVMj‘(t)Amin{l, ti 1}1723A02L1A%<1/1<L1Aei ”fikAokHsAlMé(t)
A max{L,t4}ei “("kAokHsAlMé‘(t)A(Mé‘(t))z,&min{l, i %}(Mj(t))z :
Then, for t E + E 0, we get
Mj‘(t) : cSAcle(t)Acz(Mﬁ(t))z, (3.54)

where Cs ACs(Es, Dsa1,73 and Cq AC1(Esa1, Dsa1, .
From this inequality we deduce that, if the initial dataandth e perturbation %zare suf ciently small,
then we have

M§(t) - CGs,
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that yields
KU (t)kys - Cmin{l, ti 4)Cs,
and the same for the solution A

At)° joan - CMIN{L, ti 3)Cs.

3.3.2 L! Estimates of the Solution

In this section our aim to estimate the L -norm of solutions to the system (3.39). As done before,
we de ne the functional

© © a a
NE(t):AEsup max 1,5° kw(s)ky ,,
0- st

and set

© a Q@ o .. °

Es:/AEmax kUok 1, kUokys , Ds:Emax Ao 1, Ao ys -
Our aim is to prove the following theorem
Theorem 3.3.5. Let (U,A)(t) a global solution to system (3.12), with initial conditions

U (x,0) AJo(x), A(x,0) FAg(x),
and regularity assumptions
Uo(x) 2H2(R)\ LY(R), Ao(x)2H2(R)\ LY(R), fors, 1.
Then the following decay estimate holds:
KU (t)ki: - Cmin{l, ti 2(E2AD,), KA(t)k: - Cmin{l, ti 2(E,AD,),

where the constant C depends on the constant state.

Proof. Proceeding as done before we obtain L' estimates for A and @A. First of all we show that
VA t
A .t P . (tis)
KA()ki: &£ Kel ¢iP(t)aAgkne A kel "¢ jP(ti s)mal4s)k.: ds

t iS
| oki P(t)k kAokr A el “EkiP(t] s)ma¥s)ku: ds
0

()

t s
el iCkAgkis A e “kj Pt s)kkat4s)k: ds
t i S,
el tCkAoks A e “F'Cka¥fs)k.: ds
01 Zt t 1
.t , = . iS, .
el (CkAokit AN (1) e “Peminl, s 2)ds,

which yields m q

1
KA(t)kt - C e ckAoker AmingL, ti ZINZ(t) . (3.55)
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In a similar way, we get

. o1
k@A(t)ks - C e ck@Aokys Amin{l, jti Lji ZINZ(t) . (3.56)

Now let us consider the solution of our system writteninthe f ~ orm (3.40), so its solution is given by
Zy h i Zy _
U & ")=UcA @i "(ti 9)m fAUU(9)i fU() dsA i (ti s)mhUAT @A)s)ds.
0 0

Let us estimate the L -norm of U in the following way

KU (t)ker ki "(t)m Uokys Azotg@ih(ti s)nhfo(U)U(s)i f(U(s))ing ds
Azot ki"(ti s)ahU AU, @A)(s)k.: ds
ki "(t) = Uokus Azot k@i "(ti )= (U?r(U)(s)ku: ds
Azot ki "(ti s)oh(A,UAU)(s)k. ds
- Cmin{l, ti Z}kUgk ACe “kuokHl/i\ZOt KK (ti s)aU2r(U)(s)k. ds
Z.o o z,

A CK(ti 99e@U?rU))(s)° 1 dsA ki "(ti s)eh(UAU,@A)(s)k. ds.  (3.57)
0 0

As observed before, in the one dimensional case it is possible to decompose the Green function as
n 0 n 0

P (G AKGHDA [t x- [ttt 1 AK (G H)ARKXGEA [t x- [t

then the remainder R(x,t) and the diffusive part K(x,t)in (3.57) can be estimated as
Z t o o Z t o o

) o . 3.0 )
(k@Kk 2z Ak@Rk 2) "U%r(U)(s)" .ds-  min{L,(ti s)' ¥} U2r(U)(s)’ .ds
0

t o o
min{L, (ti ) 2}kr (U)(s)ke"UZ(s) s ds

t
min{1,(tj ) %}kr (U)kizgu (s)y + KU (S)kpr kU (s)kpds
0

. cmin{1, ti %}Nj(t)Mj(t).

While theterm K (x,t) is estimated as
Zto o Zt o o
K (ti 9r@UrU)° s ds- e 9 @uru)(s)’ . ds
0 val

t

el St 9Cc kU (s)k 1 kU (s)ky2ds
0

1 Z4 ot i1
NGB, et Fmin{L, s’ 2)ds,

1
. Cmin{L, ti ZINZ (1)Es,

where we have used the estimate (3.48).
Finally we estimate the last term in (3.57). Proceeding in a simi lar way it can be decomposed as
Z, Z,
. ki"(ti s)ehU AU, @A)(s)k.: ds- . KK(ti s)eh(U AU, @A)(s)k.: ds
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z
A tkK (ti s)eh(U AU, @QA)(s)k.: ds
yay

t _— -
A KkR(tj s)eh(U AU,@A)(s)k.: ds.
0
Let us start from the rstintegral on the right hand side.

Zt Zt
KK (ti )eh(UAU, @A)k ds- ce StidkhU AU, @A)(s)k.: ds
0

—

. ¢
cei C(ti 9) '%(@A(s)ku AkAs)@A(s)k.r ds

—

et 9 P A ¢
cel i 9 A @A(s)ky: A°14s)’ 1 k@A(Sk: ds

1
cel i 9 minf1, s %}dsl7;N/§x(t)

NN N

—

s i ) 1 1
A . cel i dmin{1, s dsNZ (NG (1)

- cymin{l, ti %}VN(A@f(t)Aclmin{l, ti l}NA'%X(t)Né('[), (3.58)

thanks to Lemma 2.4.1.
Now need to estimate the contributions of the hyperbolic Gree  nfunction dissipative and remainder
part
Z, Z,
. k(K(ti s)AR(t| s)ah(U AU, @A)(s)k.: ds &£ . k(K(ti s)AR(ti s))a (FAY@A(s)k.: ds

z z
tk(K(ti S)AR(ti ) n¥4s)Ay(s)ku: dsA tk@(K(ti S)AR(t| ) a%AS)ku ds.
0 0

For the rstintegral we have
Zy Zy 3
k(K(ti S)AR(tj s))a¥4s)Ay(s)k .t ds- min{1,(t s)' 2}k¥4s)A4(s)k_2ds
0 0
1 1 Zt .3 .3
. Nj(t)Mﬁx(t) . min{1,(tj s)' 4}min{1, s' 4}ds

- min{1, ti %}Né(t)MEX(t).

While for the second one we get
Z, Z
S . 3 -
KQ(K(ti s)AR(ti s))a%As)k.: ds- min{1,(t s)' 2}/kA(s)k 1ds
0
Zot .3 .
min{1,(t| s)' 2}7 "Sds
0
Z ,
A min{1,(t; s)' 2}¥kYpk 1ds
0
. min{l, ti 2)%At1 2 Tkgk 1.
In conclusion we obtain that
IJ 1 1
KU (ki - C mingL, t 2}kUokp: A el *kUgkys Amin{l, ti 2INZ ()M (t)

AmingL, t' ZINE2(t)Ep Amin{d, t! %}VNEX (t)Amin{l, ti 1}N,§X (t)Né (t)
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1 1 3 1 ﬂ
A min{1, t %}Ngx(t)Mj(t)Af(min{l, ti 2} AA LT 2Kk 1) . (3.59)

1
- ¢Ciand M;;x - ¢Cy. Then, substituting inequalities (3.55) and (3.56) in (3.59),

1
Let us recall that Mlj

we obtain
H .1 . . 1
KU (t)kpr - C min{l, ti 2}kUgkp 2 A el © kUokys Amin{1, t' T}(NZ (1))

Amin{L, ti %}Né(t)EzA min{1, t! 2}94E; AD,)
Amin{1, ti 1}(E1 A Dz)Né(t)A min{1, t' $}(D, A Né(t )E;
A T(min{l, t' 2}%At1 27kvk,1) .

Multiplying the previous relation by max{1, t%}, we get

NE(1) - C BLANG(CIANG(1)C; |

where By /B3 (D2, %E;) and C; AC; (D, %ZE;).
In conclusion, if initial data and the constant state are suf  ciently small, for the L' norm of the
function U we obtain the following estimate

KU (t)kp: - Cmin{l, t' 2}Cear.

This means that the decay rate of the function U, and of course of the function A, in L -norm is

o(ti %) also in the case of perturbation of non-null constant state.
O



Chapter 4

Numerical Approximations and
Simulations

In this chapter we focus our attention on the numerical approxima  tion of two hyperbolic-parabolic
models which arise to describe chemotactical movements. In  Chapters 2 and 3 we proved theorems
of global existence of smooth solutions for these systems. Si nce our results hold only for small regu-
lar initial data, we are motivated to use numerical simulati  ons as a tool to investigate the evolution
of solutions also for larger data.

One goal would be to know whether hyperbolic-parabolic system s have the same behavior as parabolic-
elliptic systems, that is to say global existence for small ini tial data and blow up of solutions for
large initial data, in dimensions greater than 2 [135], or the para bolic-parabolic systems that, in
two-dimensional case, have a critical mass threshold below which global existence is ensured [26].
It has also to be noticed that the previous analytical resultsa bout global existence of solutions were
obtained on the whole space, whereas numerical simulations w ill be performed on a bounded do-
main.

The chapter is organized as follows: at the beginning we give a n introduction to nite difference
schemes, de ning fundamental concepts like consistency, co nvergence, stability and monotonic-
ity. Then we will present some nite difference schemes for hy  perbolic conservation laws.

A section is dedicated to the relaxation method, which is used in our simulations, and asymptotic
high order methods. We brie y present also some classical sch emes for parabolic equations.

The third and the fourth parts of the chapter are devoted to the n  umerical simulations in the two
dimensional case of the hyperbolic-parabolic models for chem otaxis and vasculogenesis studied
previously from the analytical point of view.

4.1 An Introduction to Finite Difference Schemes

In this section we shall present some numerical backgrounds f or nite difference schemes. The
main reference is [157] from which most of the contents are taken

We start de ning a grid of points in the ( x,t) plane. Let h and k be positive numbers called space
step and time step ; then the grid will be given by the points ( Xm,tn) £(mh ,nk) for arbitrary integers
n and m. We are interested in grids with small values of h and k. For afunction v de ned on the grid
we write v}, for the value of v at the grid point ( xm,tn). We also use the notation uj},, for u(Xm,tn),
when u is de ned for continuously varying ( x,t).

The basic idea of nite difference schemes is to replace deriv atives by nite differences. This can
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be done in many ways. As two examples we may have:

@(Xm,tn) " u(Xm,tn AK)i U(Xm,tn)
@ k

U(Xm,tn AK)i Uu(Xm,tni K)

2k :

These are valid approximations, as seen from the formulas

@(t,x) /£ lim U(X,tA"")i u(x,t)
@ "0
/£ lim U(X,tA")j U(X,tj "),
"0 o

relating the derivative of u to some values of u. Similar formulas approximate derivatives with

respect to Xx.

The method for deriving these schemes is very simple and this is one of the signi cant features
of the general method of nite differences. Moreover the ni te difference method is known for
the great variety of schemes that can be used to approximate a giv en partial differential equation.
However, the analysis of these schemes to determine if they a re accurate approximations of the
differential equation requires some powerful mathematicalto  ols.

4.1.1 Convergence and Consistency

The most basic property that a scheme must have in order to be use d is that its solutions approx-
imate the solution of the corresponding partial differential equation and that the approximation
improves as the time and space steps, h and k, tend to zero. We call such a scheme a convergent
scheme. We consider linear partial differential equationso fthe form

P(@,@)u Af (x,t), (4.1)

which are of rst order in the derivative with respect to t. We also assume for such equations, or
systems of equations, that the speci cation of initial data,  u(x,0), completely determines a unique
solution. The real variable x ranges over the whole real line or an interval. Examples of equat ions
that are rst order in time are the transport equation

@uAa@u 4D, (4.2)
where a is a constant, and the heat equation

@u i b@yu AO, (4.3)
where b E 0 is a constant.

De nition 4.1.1. A one-step nite difference scheme approximating a partial di  fferential equation
is a convergent scheme if, for any solution to the partial diff erential equation, u (x,t), and solutions
to the nite difference scheme, v 1, such that v2 converges to w(x) as mh converges to x, then
converges to ux,t) as(mh,nk) converges to(x,t) with h ,k converging to 0.

This de nition is not complete until we clarify the nature of t he convergence. Let - be arealinterval
and 1 the set of values with index m such that mh 2 - . The discretization values v A{v} at time
t,, will be de ned by

vl AV m 21}
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The two most common discrete norm used to estimate the conver  gence error are the 11 j norm
kvnky n Amax{jvij,m 23},

and the 12j norm ( ) 3

X
kvnkop A hjv,j
m2J

We will say that a scheme is convergentin norm k¢ lgy, if
kvni upkgn! O

ash,k! 0,nk! t2(0,T)forallinitial data ug such that the corresponding initial value problem

is well-posed in the chosen norm k¢ lgp.

Proving that a given scheme is convergent is not easy in genera |, if attempted in a direct manner.
However, there are two related concepts that are easy to check : consistency and stability . First, we
de ne consistency (for linear partial differential equatio  ns).

De nition4.1.2.  Given a partial differential equation, Pu  Zf, and a nite difference scheme, P  ,v A
f, we say that the nite difference scheme is consistent with t he partial differential equation if for any
smooth function A(x,t):

PAj PchA!l 0 askh! 0, (4.4)

the convergence being pointwise convergence at each point(x,t).

Consistency implies that the solution of the partial differen  tial equation, if it is smooth, is an ap-
proximate solution of the nite difference scheme. Similarly , convergence means that a solution of
the nite difference scheme approximates a solution to the parti  al differential equation. It is nat-
ural to consider whether consistency is suf cient for asche me to be convergent.

Consistency is certainly necessary for convergence, but as the following example shows, a scheme
may be consistent but not convergent.

Remark 4.1.3. Consider the partial differential equation @u A @u /A0 with the following forward-
time forward-space scheme:

A1, :
Vr?”l [ Vr?1 Avrr:lAll Vpﬂ /EO.
k h
The scheme may be rewritten as
Ki ¢
vr',‘qu £ Vi Flvr?],&li v (4.5)

£ (LA vmi . Vmas
k . . .
where we have set, /EH. This scheme is consistent, as a matter of fact:

PA £ @AAQ@A,
AR AR 5 Al A

P hA £
k.h K h

Using the Taylor series of the function Aint and x about (xm,tn), we have that

APAL AN AK@AA %kz@[ ARO(K3),
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p " oo 1 p
AN s, A AgAh@AAEhZ@XAAO(h%
where the derivatives on the right-hand side are all evaluat ed at (xn,,t,), and so
Ve Vs - 1 Vs 1 Ve 2 2
Pk,hA/E@AA@AAEk@tAAEh@XAAO(k YAO(h?).

Thus
e Ve 1 e 1 Ve 2 2
PA Pk,hAﬁEizk@[Ai 5h@XAAO(k YAO(h9)! 0, as(h,k)! O.

As initial condition for the differential equation we take:

1 ifj1-x-0.

Uo(x) A
o(x) 0 elsewhere

The solution of the partial differential equation is a shift  of ug to the right by t. In particular, for t
greater than 0, there are positive values of x for which u (x,t) is nonzero. For the difference scheme
take the initial datum:
0 1 ifjl1- mh-o.
Vm
0 elsewhere

As equation (4.5) shows, the solution of the difference scheme at (xi,t,) depends only on xmo for
mCE m at previous times. Thus we conclude that v o, is always O for points x m to the right of 0, that
is,

vy, A0 form EO,n, O.

Therefore, Vi, cannot converge to u(x,t), since for positive t and x, the function u is not identically
zero, yet \fy, is zero.

4.1.2 Stability

The previous remark shows that a scheme must satisfy other cond itions besides consistency before
we can conclude that it is convergent. The important propertyth  atis requiredis stability . To intro-
duce this concept we note that, if a scheme is convergent, as v/}, converges to u(x,t), then certainly
v}, is bounded in some sense. This is the essence of stability. Th e following de nition of stability is
for the homogeneous initial value problem, that is, one in whi  ch the right-hand-side function f is
0.

Before giving the de nition of stability we need to de ne the s tability region. For many schemes
there are restrictions on the way that h and k should be chosen so that the scheme is stable, and
therefore useful in computation. A stability region is any bo  unded nonempty region of the rst
quadrant of R? that has the origin as an accumulation point. Thatis, a stabil ity region must contain
asequence (ko , ho) that converges to the origin as v tendsto in nity. Acommon example is aregion
ofthe form{( k,h):0Ck - ch- C}for some positive constants c and C.

De nition 4.1.4. A nite difference scheme Py v AQ for a rst-order equation is stable in the norm
k¢l in a stability region =, ifforall T E O there is a constant Ct such that, for all v ©,

kv"kgn - CrkvOkgn

forO- nk - T,(k,h)2ga.
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The importance of the concepts of consistency and stability ca n be seen in the Lax-Richtmyer
equivalence theorem, which is the fundamental theorem inthe  theory of nite difference schemes
for initial value problems.

Theorem 4.1.5 (The Lax-Richtmyer Equivalence Theorem) . A consistent nite difference scheme for
a partial differential equation for which the initial value problem is well-posed is convergent if and
only if it is stable.

The proof of this theorem can be found in [157]. As underlined in [157],t he Lax-Richtmyer equiv-
alence theorem is a very useful theorem, since it provides a sim ple characterization of convergent
schemes.

Determining whether a scheme is convergent or nonconvergen t can be dif cult if we attempt to
verify De nition 4.1.1 in a rather direct way. However, the det ermination of the consistency of a
scheme is quite simple, and determining the stability of a sche me is also quite easy. Thus the more
dif cult result of convergence is replaced by the equivalent  and easily veri able conditions of con-
sistency and stability. It is also signi cant that the deter  mination of the consistency and stability of
schemes involves essentially algebraic manipulations.

This discussion of Theorem 4.1.5 has focused on the half part of t he theorem that states that con-
sistency and stability imply convergence. The theorem is use ful in the other direction also. It states
that we should not consider any unstable schemes, since none of these will be convergent. Thus
the class of reasonable schemes is precisely delimited by tho se that are consistent and stable. The
usefulness of the Lax-Richtmyer theorem arises both from the ease of verifying consistency and
stability and from the precise relationship established bet ween these concepts and the concept of
convergence.

Let us consider now the class of three points schemes, i.e. sch emes with the following form:

vIAL E@N i ATV A yn (4.6)

mj 11
where ®, and ° are constants to x. We have a rst result of stabilityin ~ 12j norm.

Proposition 4.1.6. Let us consider an explicit scheme as (4.6) for the transport equation (4.2). A
suf cient condition for the stability inthe | ?-norm is that the following inequality yields:

i®ATjAj)- 1.
Proof. For sake of simplicity we assume that our interval isthe real | ine,i.e. - AR. Then we have:
X

X
jvrAL2 g v a ATV Acv i
m /1 m /A1l

i@V a2 ATV 2 AT 3V 1
mAe1l

] s — R —2D im0 R 02 Lo X .. n.2
(®“A2i®j jAJ I A2Tii°jAI° T A2i®°)) v

mA1L

fei R 'O'ZX .on2
A (®AjTjAj°)) i

m /A

where we used the relation 2 xy - x2A y2. This completes the proof. O
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Scheme ®, ,°) q Convergence
Upwind ( a C0) (i ,a (1A, a),0) i,a jl-.,a-0
Upwind ( a E 0) (0,(1j , a),, a) .a 0-.,a-1
Forward-central (i,al2,1,, al?) 0 never
Lax-Friedrichs (@i, a)2,0,(1A, a)2 1 j,aj- 1

Lax-Wendroff ((i,ahA 2a%/2,1  2%a%( ahA, ?a%i2) (,a) j.aj- 1

Table 4.1: Three-points explicit nite difference schemes for sc  alar transport equation.

To ensure the consistency with equation (4.2) we have the follo wing proposition.

k R
Proposition 4.1.7. Let the ratio Py be equal to a xed constant , E 0. Then a three-points explicit
nite difference scheme (4.6) is consistent with equation (4.2),ifand only if ® A~ A° /Fland °j ® &
a.

B

Proof. Thanks to Taylor series we have:

ulAl £ u Ak@uA %kz@[ uAo(kd),

umhgs & ubs h@uA%hz@Xu § éh3@xxu Ao(h?.
Then we get

1£ _ o
K U%Ali (@umal A Ur?w'&our?nl)

AL AQUAC T @), 1 '@uA K@i 2(®A%)@ W AO(K)

This completes the proof. O

To conclude this part, we brie y point out that the class of line  ar explicit schemes consistent for
problem (4.2), forms a family depending on a parameter. If we set
qE®A-,
we can rewrite these schemes in the “viscous” form:
A . a, : a ,
VAl SV 7(Vr?1A1| Vm; DA E(V’?"All 2vg Avi ). (4.7)

The q parameter is linked to the numerical viscosity of the scheme, a s the scheme is formally con-
sistent at the second order with the viscous equation:
3

q

. A2
—2a@xu.

B

@uAaQu /E%, h

In Table 4.1 we show possible coef cients choices for three-poi  nts explicit nite difference schemes
for scalar transport equations.

Theorem 4.1.8 (The Courant-Friedrichs-Lewy Condition) . For an explicit scheme for the hyperbolic
equation (4.2) of the form v ,’]‘qu ARV s ATV A Vr?n . with k /h £, held constant, a necessary
condition for stability is the Courant-Friedrichs-Lewy (CFL) condition,

ja,jC L.
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For systems of equations for which v is a vector and ®, and ° are matrices, we must have ju;, jC 1
for all eigenvalues p; of the matrix A.

Proof. First consider the case of a single equation. If a, E 1, then by considering the point ( x,t) /&
(0,1) we see that the solution to the partial differential equat ion depends on the values of ug(x) at
x /E ja. But the nite difference scheme gives that v(’)1 depends on vr?] only for jmjC n, by the form
of the scheme. Since h 4, i 'k, we have jmjh ¢, i 'kn A&, ', since nk A&1. Sov] depends on x
only for jxjC , i 1 Cjaj. Thus v{ cannot convergeto u(0,1)ash! 0.

For the case of a system of equations, we have that u(x,1) depends on ug(x) for x in the interval
[i a,a], where a is the maximum magnitude of the characteristic speeds ;. If ju;, j E 1 for some

characteristic speed i, then we can take initial data that are zeroin[ j , i %,, i 1] but not zero near
Mi. Then u(x,1) will not be zero, in general, and yet vg with nk Z1 will be zero. Thus v" cannot
converge to u(¢1), and the theorem is proved. O

4.1.3 |! -Stability and Monotonicity

Ausefulwaytoget |1  stable approximations, is to construct schemes which verify th e monotone
0

comparison property, i.e if vy, and \72] are two approximations of the initial datum such that for all
mEO,vy - Vo, then vl - ¥ forall m,n EO.
De nition 4.1.9. A one-step scheme of the form
X
viAL £ ¢V, (4.8)
i

is monotoneifcj,, Oforallj ,n.
Let us observe that, thanks to this de nition, monotone sche mes are|?! -stable.
Theorem 4.1.10. Let be given a monotone scheme of the form (4.8) and let de ne
Vmin AEmin{ v%}, Vimax :/Emax{v,%},
then, foralln ,m
Vmin © Vi * Vmax-

Then, Theorem 4.1.5 allows us to state that all consistentand m onotone schemes of the form (4.8),
are convergent.

It is possible to characterize monotone schemes between the ¢ onsistent schemes of the form (4.6)
; for that purpose, we will use the viscous form (4.7) of the scheme.

Proposition4.1.11. Athree-points explicit scheme consistent with equation (4.2), in the viscous form
(4.7) is monotone if and only if
jaj- q- 1.

B

Proof. Le us observe that
1 _ . 1
®A(di a,) ~Alia, /EE(qAa, ).
O

Unfortunately, the class of monotone schemesistoo limited  to hold more accurate approximations.
Indeed a monotone scheme is at most of rst order accurate.
Then, itis useful to analyze the class of |2-stable schemes, which will turn out to be less restricted.
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4.1.4 The Von Neumann Stability Analysis

In this section we develop the basic properties of Fourier anal ysis in the discrete case as an impor-
tant tool for analyzing nite difference schemes and theirs  olutions.

We will use Fourier analysis on the grid of integers Z or hZ, whichisdenedby hzZ A{hm :m 2 Z}.
Since the spacing between the grid pointsis h, we de ne the transform by

1 X .
V() Ep— el "My, (4.9)
2Yam i1

for » 2 [j ¥4 h,% h], and then the inversion formula is

Zyh
Vi AEp— e ™M (»)d». (4.10)
2Y4 i vih

For the discrete transform, the Parseval's relation also ho Ids, then we have equality for the 12-norm
of v and the the 12-norm of v,

Z yh X

kVk2 /£ jV(»)j2d» £ jVmj?h E kK2 (4.11)
i dh mAijl

Parseval's relation will be used extensively in the study of s  tability. It allows us to replace the stability
estimates by the equivalent inequality

K9"kp, - CZkVokp,

for the transform of the grid function. In the next section we s  tudy the stability of schemes by
examining the effect of the scheme on the transform of the solu tion. It should also be pointed out
that there is no relation equivalent to Parseval's relationi n the case of I1 i norm. Because there is
no such relation, the Lax-Richtmyer theorem is more dif cult to use in the maximum norm.

We now apply Fourier analysis to the initial value problem forth e transport equation

@u A a@u Q. (4.12)
We begin by transforming only in the spatial variable. We obta infor G(! ,t) the equation
@u A jia!l U,

which is an ordinary differential equationin  t. This equation is easily solved and, using the initial
datum, the solution is
G, t) Ael 12 tag().

We now show that the initial value problem for (4.12) is well-posed . By the use of Parseval's relation
and this last relationship, we obtain, using jei &' tj /&1,
Z, Z, Z, Z, Z,
juc,tjiZdx £ jag ,t)j2dl £ jel ' g )jPd! £ jlg(! )iPd! £ juo(x)i%dx.
il il il i1 i1
An important application of Fourier analysis is the von Neumann analysis of stability of nite dif-
ference schemes. With the use of Fourier analysis we can give necessary and suf cient conditions
for the stability of nite difference schemes. We illustrat e the method by considering a particular
example and then discussing the method in general. Through the  use of the Fourier transform the
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determination of the stability of a scheme is reduced to rela tively simple algebraic considerations.
We begin by studying the forward-time backward-space scheme

Al. ,n n. n
v v vibiovil
m 1 'mggq-m! mil gy
k h

which can be rewritten as

VAL (L a, )P Aa, Vi 1 (4.13)
where , &k/h. Using the Fourier inversion formulafor v", we have

n 1 z h imh »~n

v Ap— e 9" (»)d »,

m 2Y4 i vih

and substituting this in (4.13) for v, and Vr?n 1» We obtain
A 1 Zyn ) h o
yhAlL e™> (1; a,)Aa, e'" V"(»)d».

2Ya i vih

Comparing this formula with the Fourier inversion formulafo  r v”Al,

Z
1 Yih R
V%A]'FEE i eImh »VnAl(»)d».
2Y4 i vih

and using the fact that the Fourier transform is unique, we ded  uce that the integrand is the same as
the one in the inversion formula. We then have that

h i
VML) E (i a,)Aa, el M 9" () Eg(h»)i" (), (4.14)

where
g(h») A1j a,)Aa, el ",

The formula (4.14) shows that advancing the solution of the sche me by one time step is equivalent
to multiplying the Fourier transform of the solution by the am pli cation factor g(h»). From (4.14)
we obtain the important formula

" (») g (h»)"0°(). (4.15)

By means of the Fourier transform every one-step scheme can b e putin the form (4.15), and this
provides a standard method for studying the wide variety of sch emes. All the information about a
scheme is contained in its ampli cation factor, and we show ho  w to extract important information
from it. In particular, the stability and accuracy of schemes is easy to determine from the ampli-
cation factor. We now use formula (4.15) to study the stability = of scheme (4.13). By Parsevals

relation,
Zyn Zyn

X
h  jvaiPE GNP AE jg(h)iP"v0()i%d».
mAjl i ¥dh h

I
Thus we see that the stability inequality will hold, with  J /0, if jg(h»)j*" is suitably bounded. We
now evaluate jg(h»)j. Setting u £h», we have

g(W) A1Li a, )Ra, e '"MAE(Q1] a,)Aa, cospj ia, sinp.

To evaluate jg(u)j? we add the squares of the real and imaginary parts. We also make u se of the
half-angle formulas for the sine and cosine functions. Thes e are

1 1 1
1j cos' A2sin’>' sin' A2sin=' cos=' .
2 2 2
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We then have:

jgWi> A& (1i a, Aa, cosp?Aa? ?sin’p

1 1 1

£ (1 2a, sinzzu)2A4a2, Zsinzépcoszau
1 1 1 1

£ 1i 4a, sin®=pA4a?, %sin*Zph 4a?, ?sin® Zpcos? =
2 2 2 2

. . 21
A 1j 4a, (1j a,)sin Ep.

We see from this last expression that jg(u)j is bounded by 1if0 Ca, C1;thus

X ono2 Z 50/ \:2 X 02
h jviic- Vo (»)j“d» £&h Vi<,
m /Al i ¥dh m /Al

and the scheme is stable by De nition 4.1.4.

The exact condition for stability of constant coef cientone  -step schemes is given in the next theo-
rem. In general the ampli cation factor g will also depend on h and k.

Theorem4.1.12. Aone-step nite difference scheme (with constant coef cien ts)is stable in a stability
region o if and only if there is a constant K (independent of 1, k, and h) such that

with (k,h)2ea. If g(K,k,h) is independent of h and k, the stability condition  (4.16) can be replaced
by the restricted stability condition

jg(i- 1.

The result of this theorem is proved in [157]. This theorem shows th  at to determine the stability of
a nite difference scheme we need to consider only the amplic  ation factor g(h»). This analysis is
usually called von Neumann analysis.

In the previous sections we classi ed schemes only on the basis of whether or not they are con-
vergent, considering via the Lax-Richtmyer equivalence theo rem, stability and consistency. But,
two convergent schemes may differ considerably in how their  solution approximates the solution
of differential equations. Let us introduce the order of accu racy of a scheme (for a linear partial
differential equation).

De nition 4.1.13. A scheme R, v 4O that is consistent with the differential equation Pu A0 is
accurate of order p in time and order q in space if for any smooth f unction A(x,t)

PAi Pn A AOKP)AO(hY).
We will say that this scheme is accurate of order (p,q).

The quantity PAj Py A AO0(kP)AO(h9)is called the truncation error of the scheme. Let us notice
that, even if the schemes introduced in the previous sections r efer to linear equations, they can be
generalize to nonlinear hyperbolic equations.



4.1 An Introduction to Finite Difference Schemes 109

4.1.5 Example of 3-Points Difference Schemes for Hyperbolic Con  servation Laws

In this section, following [68] we present two of the most usual 3 | points difference schemes for
hyperbolic conservation laws. We will use these schemes in th e next section for our numerical
simulations.

Let us consider the following Cauchy problem

8

> QuA@f(u)A0 x2RtEDO,

S (4.17)
u(x,0) Aug(x)

where f is a C? real valued function, ug 2 L (R), and we set a(u) £fYu). Let us consider the
(21 A1) points explicit difference scheme of the form:

VIALEH(WD v i), 8n, 0,m2Z, (4.18)

mj |’

where H :R?A11 R is a continuous function.

De nition 4.1.14.  The difference scheme(4.18) can be put in the conservative form if there exists a
continuous functiong :R? ! R such that

HVi,-ov) Avoi {90V 1AL vi) i 9(v; - )b (4.19)
The function g is called numerical ux . Thenthe scheme (4.18) becomes:
it A O0vm; 1A Vmad i 90, 10 Vmay D}
Let us set for simplicity
ImAzz BV, 1Az VmaD: Omi vz B9V oo Vman; 1)

1. Lax-Friedrichs Scheme

nAlﬁE(Vr?wAlAVr?n D (Flvgadi v 1)
Vm > i > .

(4.20)

It can be put in the conservative form with the following numer ical ux

(Fu)AfV) (viu)
2 P

B

9 (u,v) &

and itis |2-stable and rst order accurate.

2. The Upwind Scheme
We have already introduced this scheme in the previous section in the case of transport
equation. The scheme has a natural extension in the nonlinear ¢ ase when the function f
is monotone: 8
2 v Af(vR)i fv, )b ifFFOEO
il & (4.21)
v L (vaD i FOVRY i FOCO.
This scheme is consistent with equation (4.17), 12-stable and rst order accurate monotone.
In the general case where f is not monotone, a scheme that provides suitable extensions of
the upwind scheme is the Engquist-Osher scheme. More detail s on three points different
schemes can be found in [68].
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4.1.6 High Order Schemes
Given a sequence v /A{Vm }m2z, let us introduce the following norm

X
TV(V)EA  jVmALi Vmj.
m2Z

De nition 4.1.15. A nite difference scheme is said to be total variation diminis hing (TVD) if
TV(V"™). Tv("), 8n. 0.

A 3j points TVD conservative difference scheme is at most rstorde raccurate, but it is possible to
construct second order TVD schemes thanks to different techn iques.

The rst one, proposed by Sweby and Davis, is the Flux Limiters me thod. It is based on the idea
to converta 3 points rst order accurate TVD schemeintoa5 | points second order accurate TVD
scheme. In the Flux Limiters approach, the numerical uxis cor rected, and this correction to the
underlying 3 | points scheme is limited to ensure that the limiting schemeis  TVD.

Another technique is the Van Leer's scheme, that is to say a sec ond order extension of the Go-
dunov's method, using piecewise linear instead of piecewise ¢ onstant approximation of the solu-
tion. It relies on the integral form of the conservation law a  nd involves the exact or approximate
solution of local Riemann problems, adding a procedure of slope  -limiting to preserve monotonic-
ity. Piecewise Parabolic Method (PPM) and Essentially Non O scillatory (ENO) schemes are higher
order Godunov-type schemes. For much details about high order ~ schemes see for instance [68].

4.1.7 Finite Difference Schemes for Parabolic Equations

In this section we present nite difference schemes for parabo  lic equations. The de nitions of con-
vergence, consistency, stability, and accuracy of nitedi fference schemes given in previous sections
were given in a suf cient general way so that they also applytos chemes for parabolic equations.

1. The standard Explicit Scheme
nAL egn g DK on L oun g yn 4.22
Vm Vm h2 (ij 1i &Vm VmAl)- (4.22)

Let 1 Ak/h2. The parameter * plays a role for parabolic equations similar to the role of
for hyperbolic equations. The scheme (4.22) is easily seen to be r st-order accurate in time
and second-order in space. The stability analysis is similar to what we did for hyperbolic

equations, i.e., replace v/, by g"e'™H. So this scheme is stable under the CFL condition b? -
1

3
2. The standard Implicit Scheme

bk
vIAL VD A F(vr?f‘ll i 2uMALA ALY (4.23)

This scheme is unconditionally stable. By a Taylor expansioni tis also easy to check that also
this scheme is accurate of order (1,2), rstorderintime and se cond order in space. It is then
useful to introduce other schemes to have higher accuracy.

3. The p-Method and the Crank-Nicolson Scheme
A natural generalization of the two previous schemes is the fol lowing

bk £ a
vIAL D A Tz AL 2vIATAVIAL) A (L pvl i 2V Avi) (4.24)
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where O - p- 1. Itis clear that for p A0 we get the explicit scheme (4.22), while for p A1 we
get the implicit one (4.23). Let u 64, by the von Neumann analysis we obtain
. 2 A
1i 4b(1j p)* sin?3
. 2 A
1A4bpt sin®3

since! EOthen g- 1. Thus we have instability for g Cj 1, i.e. if

.2 A <
4(1j 2u)t sin 2 E 2.
Therefore, for0 - uC % the method is |2-stable if and only if
1 .
l . — 1 2 1 1’
2( i 21
while, for 1/2 - p- 1the methodis |2-stable forall 1 .

For this scheme the truncation error is given by

nAL LET b , o' 1 34 b,
Tm © A (@uib@u)A Zinbk@@ui h du A 52k @u i sk'a@ A
. V] il s
11 2 o 2b g
A 5 51 M bkh d@u i " du .

The scheme is then accurate of order (1,2) forall pu6AE/2. For yu ZA1/2 the scheme is accurate of
order (2,2) and it is called the Crank-Nicolson scheme. Letus n otice that the Crank-Nicolson
scheme is unconditionally stable.

4.2 Advanced Methods for Hyperbolic Systems

4.2.1 Relaxation Schemes

In this section we present a class of numerical schemes based o n a discrete kinetic approximation

for multidimensional hyperbolic systems of conservation la  ws proposed by Aregba-Driollet and
Natalini in [13].

We will use this class of schemes in the following to approximate  solutions to two dimensional hy-

perbolic, and hyperbolic-parabolic systems studied analytic ally in Chapters 2 and 3.

We consider a weak solution u:RY£[0,T]! U,with U aconvex subset of R¥ to the Cauchy prob-
lem

X
@QuA @ A(u)AD, (4.25)
jA

u(x,0) Aup(x), (4.26)

where the system is hyperbolic (symmetrizable) and the uxfu  nctions A; are locally Lipschitz con-
tinuous on RX with valuesin U . First we introduce the BGK discrete approximation and outline  the
general setting of own framework.

Let us consider also a non-empty family E of convex smooth entropies for (4.25). We assume that
E is separable, that is to say it contains a countable set which i s dense in a suitable topology. In
particular, E can be just a single convex entropy.
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We approximate problem (4.25), (4.26) by a sequence of semilinear syste ms

2 >q 2 1 X 2 2
@A sj@ft AE-M( )i f) (4.27)
j A i L
with Cauchy data
f%(x,0) &Ef, (x). (4.28)
Here 2 is a positive number, @ ; are real diagonal | £ | matrices, fj /E(f.l,...,fik) for i A1L,...,I, and

M is a Lipschitz continuous function de nedon  RX with valuesin R'. Then we have

2 X i 2 1 X 2 FI
@' A" sit@f  AZ M )i £)0 ALl (4.29)
jm im

X,

Thenwesetu’ £ f..

i L
Moreover we suppose that the following relations are satised  forall u 2 - , for some xed rectangle
- %RK: 8
p

% M (u) Au,

i L

(4.30)

3 e .
; oM (u) £Aj(u), jAL...d.

i AL

. . . - . P
Itis easy to see that, if f* converges in some strong topology to a limit  f and, if fiz0 converges to
;=

)
uo, then f; is a solution of problem (4.25), (4.26).

i AL
In fact system (4.27) is just a BGK approximation for (4.25); see [29] and r eferences therein.

The interaction term on the right-hand side is given by the di  fference between a nonlinear function,
p

which describes the equilibria of the system, in our case M( f;), and the unknown f. Now, we
i A

consider a family of convex sets D; % R¥ and assume that it is invariant under the action of the

kinetic equation (4.29). Indeed, if we assume that

8u2U : M;(u)2D;j, (4.31)

then we have
8t, 0,8x2RY: fi(x,t)2D;
as soon asitistrue att= 0. In the following, we will assume tha tconvex sets D; are chosen, and in
particular we willtake D; :AEM;(u):u2U}.
De nition 4.2.1. A kinetic entropy for the system (4.29) is a convex function H (f) £  H;(f), with
i A
H; :D; ! Rsuch that

(H1) foreachu2U
HM (u)) £ (u),

where ~ 2 E, the family of convex smooth entropies.



4.2 Advanced Methods for Hyperbolic Systems 113

p
(H2) foreach f A(fq,...,f;),with f; 2D;j,letus ;£ f;2U
iAa

H(M (uy)) - H(F).

Let us notice thatforany ~ 2 E, there exists a kinetic entropy H for system (4.29). Under conditions
(H1) and (H2), it is easy to obtain an entropy inequality forthe f  unction H.

Now we characterize the existence of a kinetic entropy H that satis es (H1) and (H2).

We assume that M; are given functions satisfying the consistency conditions (4.30) and D; are con-
vex sets such that the condition (4.31) holds. We de ne the vecto r space of Maxwellians:

n 0
M°EM:U! R'j8 " 2E,8i :(Mio)t’ %s symmetric everywherein U (4.32)

and the convex cone of nondecreasing Maxwellians

: © 2.0 - - t- 00 . 2
MagZEM2M j8° 2E,8i .(Mio) " Oeverywherein U . (4.33)
Moreover, we introduce the function
X
)£ 18i(u) (4.34)
im

where K; (u) :/EH; (M; (u)). So the condition ( Hy) can be written in the form
BUu)& (u) u2uU.

Now, we report a characterization of kinetic entropy H, which  has been proved by Bouchut in [21,
22].

Theorem 4.2.2. Letus assume thatU is an open subset ofRK, and thatM 2 Cl(U). We also assume
that

(i) for” inadensesubsetof E; “E0andr " (U)is convex;

(i) foreachi /1,...,| M; is aC?! diffeomorphism from U onto the convex open set D; &£{M; (u): u 2
Ul

Then, the existence of convex functions (H)- »g satisfying (H1)-(H2) and such that the 14 de ned in
(4.34)isC(U ), is equivalent to
M2M .

Moreover, if this is true, we have
8u2U,8i: r @AM, .

The general result of Bouchut [21, 22] ensure that, if the Maxwell ian functions satisfy a “nonde-
creasing” condition, a BGK model is endowed with a kinetic en  tropy, namely entropy for the semi-

linear approximating system, which reduces to a given entropy o fthe limit system, as the relaxation
parameter tends to zero.

Let us notice that the “nondecreasing” condition on the Maxwe llians has a key role in the study of
discrete kinetic approximations, and it is important to have a ch  aracterization of the space of this
kind of functions. Here we report a characterization of the st ability condition presented in [21].



114 Numerical Approximations and Simulations

Proposition 4.2.3.  Consider an open setU % RX. Assume that E contains at least a strictly convex
entropy “gandM 2M * belongs to C'(U ). Then, forallu 2U andi 21,...,I the Jacobian matrix M 2
is diagonalizable (and thus has only real eigenvalues). Mor eover, M2 M f\ if and only if

8u2UA,8i 21,...,l 3/4(Mi°)1/z[0,A1 [, (4.35)
where ¥denotes the spectrum.

A proof of the proposition can be found in [21].

Let us now present a numerical scheme for the relaxing problem (4. 27)-(4.28) in order to obtain a
numerical approximation of (4.17), in the relaxed limit 2 AQ.

The numerical schemes presented in [13] are constructed by split ting (4.27) into a homogeneous
linear part and an ordinary differential system, which is exac tly solved thanks to the particular

structure of the source term.

In the scalar case this construction allows to preserve the mo notonicity properties of (4.28) and to

prove convergence results.

The approximation framework generalizes to systems the constr uction presented in [119] for the

scalar case, and shares most of the advantages of the relaxati on approximation as proposed in [85]

(see also [118, 12]): simple formulation even for general multidim  ensional systems of conservation
laws and easy numerical implementation, hyperbolicity, regu  lar approximating solutions.

Actually the main advantage, especially in the multidimensi  onal case, of both the approximations,

seems to be the possibility of avoiding the resolution of loca | Riemann problems in the design of

numerical schemes as done in Godunov scheme. Moreover this f ramework presents some special
properties:

« the scalar and the system cases are treated in the same way at the numerical level;

« all the approximating problems are in diagonal form, which is ve  ry likely for numerical and
theoretical purposes;

* we can easily change the number and the geometry of the veloc ities involved in our construc-
tion to improve the accuracy of the method.

Even if these algorithms are not optimal, they illustrate how  to construct an ef cient and simple ap-
proximation even for very complicated systems. And this property  could be useful in the numerical
investigation of systems like those arising in chemotaxis an d vasculogenesis modeling.

First we report the technique adopted by Aregba-Driollet and Na talini, [13] to solve numerically
(4.27)- (4.28). The space time domain RY £ [0, T]is discretized by a square grid

Rd/E[ le, [0, T]A [ [th,thAd]-

®224d 0-n-Nj1

Set® A(®j);. j. ¢ and let e be the canonical it vector in RY. Let us now denote by f®2’” the ap-
proximation of f atthe point xe2 R% and at time t,.

System (4.27) is splitinto a linear diagonal hyperbolic partand an  ordinary differential system.

For agiven f*", the function f 2nA3Z s an approximate solution attime tn A1 of the problem

2 p
fA @ f A0,
@ jﬁELnJ@J (4.36)
f(t,) AEf .
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As the system is diagonal, it is possible to consider each equa tion separately. We suppose that the
scheme can be put in conservative form:

nAl 2 k X
fo 2Afe"i — ©i(© ©n 4.37
® ®.hjﬂ(®A1. ") (4.37)
where 0
a11(®|k1Ae 1 ®Ak11)
®A 36 a
a|1(®|k|AeI"' ®Ak.|)

Here ki 2Z%and @ ; j(g,...,9) &g, for i £1,...,l.
To take into account the contribution of the singular perturb  ation term on the right-hand side, the
following ordinary differential systemis solvedon[ tp,thA1]

o1 X
FPASM( Fi)i F) (4.38)
i A
with the initial data
2 nAl
F(tn) Afe” 2,
forall ®2 z9. Using (4.30) we obtain
F2 /€0,
i A
so that the solution of (4.38) with data F(t,) AG at t,, can be explicitly obtained as
X oo T X
iAa iA

Hence . U ¢t q )
2 = 2 = 2 =
o™ aM (U™ ) Aexp | S0 (™ M(ug™ )]

where u is de ned by

X

u /A fi.

=

Note that Al
ug"t gl

This way a wide family of numerical schemes for the semilinea r system (4.27), which differ by the
choice of the homogeneous scheme (HS) has been constructed. In the following, the numerical
scheme described will be referred to as discrete kinetic sch eme (DKS).

When 2! 0in DKS, we obtain the relaxed limit of the scheme:

8
% fre £ Mu"®),

nAi® n®
f Az A H(k)f"®, (4.39)

_% unAte g P an§,®

i AL
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In [12] it is shown a rigorous convergence result for DKS and the associated relaxed scheme for the
scalar conservation law obtaining the convergence towards the unique solution of (4.27) - (4.28)
when 2 is xed. Moreover the authors showed the behavior of the numeri  cal schemes as the para-
meter 2 tends to zero.

The resulting numerical scheme is TVD and converges to a weak s olution of (4.25) -(4.26). More-
over, if HS is monotone, the limit scheme is also monotone and  converging to the unique entropy
solution of (4.25) -(4.26).

4.2.2 Asymptotic High Order Schemes

It is often dif cult to nd an effective numerical approximatio n to hyperbolic equations with a
source term, due to problems like stiffness of the source term , instability of the solutions, incorrect
approximation of stationary solutions.

Many families of schemes were introduced to face these proble ms: well balanced, Runge-Kutta
IMEX, upwinding source, and asymptotic preserving. One of the m ain ideas is to plug the knowl-
edge of the analytical behavior of the solutions into the sche me, to guarantee a better approxima-
tion, at least around some relevant asymptotic states of the pr oblem. This is not always easy, also
due to the problem of obtaining a ne “qualitative analysis” of the solutions, in particular for non-
linear problems.

Following [143, 24, 120] we introduce some schemes which are increa singly accurate for large times,
with respect to the asymptotic behavior of solutions. This proper ty of accuracy is required in or-
der to get better results for large time simulations when com  puting perturbations of non constant
stable states. Given a family of stable asymptotic states for a given evolutionary problem, we say
that a numerical scheme is Asymptotic High Order, in the follo  wing we simply write AHO, if it is
high-order accurate, with respect to the local truncation er  ror, when restricted to every element of
this family.

A similar approach has been rst introduced by Roe [143] for hyperbo lic conservation laws with
source term. The author proposed the upwinding of the source te rm, giving a rst example of a
rst order monotone scheme, which is second order on all stea  dy states.

In [73] and [17], a quite complete theory of global existence and of the  asymptotic behavior of
smooth solutions for this type of systems was developed, actua Ily in a nonlinear and fully multi-
dimensional framework.

As seen in the previous chapters this theory needs for an extra ass umption, the so-called Shizuta-
Kawashima condition [153], which guarantees for a suf cientcou  pling between the source and the
advection terms. Roughly speaking, under these assumptions, itis possible to prove that for every
perturbation of a given stationary solution to problem, the co  rresponding solution decays in the
LP-norm to its unperturbed state as O(t' 2(li %)) for p 2 [1,1 ]. Here we present some results of
[24, 11] on this type of scheme. Following [11] here we show that, for 2£ 2 dissipative hyperbolic
systems, itis possible to introduce AHO schemes which are com patible with the behavior predicted
by the qualitative analysis, respectively for the long-time a symptotic and in the Chapman-Enskog
regimes.

The main idea is to modify standard upwinding schemes to keep  into account the long-time behav-
ior of the solutions. Here we will show the description ofthes e schemes which are AHO respectively
around the perturbation of general steady states and in the di  ffusion limit. In [11] some numerical
tests presented, showed the better performance of these schem es with respect to the usual point-
wise approximation of the source term, and even with the classic al upwinding of the source pro-
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posed by Roe in 1986 [143]. In particular, numerical tests showed thatt he L global error of main
diffusive adapted AHO2p-scheme decays as O(1/t), in agreement with the decay given, for a given

xed space step, against the decay as O(1/" t) of the other schemes.

Now we outline brie y the core ideas which shape AHO schemes fo r general hyperbolic systems.
Let u be a solution to the general 2 £ 2 linear hyperbolic system

@uA AQu ABu, (4.40)
where A I A I
a b 0 0
AE . BAE] . (4.41)
b ¢ 0 d
Let
uAlEH ") (4.42)

be a numerical scheme consistent with system (4.40) and T " its local truncation error. Usually, the
local truncation error is only of rst order for a smooth solu  tion to (4.40), which is

TM(u) £0(h Ak).
We also consider generic stationary solutions U to the same problem, namely such that
A@QU ABU.

We can diagonalize the matrix A:
A/&RoRi 1

where & /diag(, 1,, 2) and R &(r D, r @) is the column matrix of the right eigenvectors, i.e. Ar() £
. ir®. Introducing the notation
w AR tu

problem (4.40) becomes 8

> @wAc@w ABw,

S (4.43)
w(x,0) Ewg(x) £Ri tug(x),

we denote by B ZARi 1BR. We will present the method for problem (4.43).

We denote by h the uniform mesh-length and by x; Z£lh the spatial grid points forall |2 Z. The

time levels t,, with tg Z£O, are also spaced uniformly with mesh-length  k Atha1i tn for n 2 N. We

denote by + the CFL ratio + /k/ h, which is taken constant.

The initial data wq is supposed to be smooth and is approximated by its node values. The approxi-

mate solution w™' Ew",w!)t is given by

A1)l . n,
whALL W o . .
kl A_Zh (Wn'lAli w1y, _2Qh (Wn’lAli 2w™ Awnli (4.44)

B w™iTAB W™ AB wM'AL 122, n2N
wo EwWl(x), 122z,

where Q Adiag(qz1, g2) is the diagonal matrix of the arti cial diffusion terms gi, 0(i2{1,2}), and
B.1 /E(_Niijl)i im2Bo ,CE(_NiOj )ijm2and B 1 AE(lilj )i j a2 are 2£ 2 constant matrices that de ne the
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source approximation. Those matrices may dependon h.
The scheme (4.44) can be seen as a linear function

w"ALEH (w"). (4.45)
More precisely we have
wM AL e WL w T wtAY 21,2, 122,
Moreover we assume that the scheme satis es the following pro  perty:

 Consistency.
The scheme (4.44) is consistent with problem (4.43), i.e

B,1ABoABABANC, (4.46)
where C ZE(Cij )i jm,2is a2£ 2 constant matrix not dependingon  h and k.

In[11], Aregba Driollet et al. showed that, under an additional monotonicity assumption the scheme
(4.44) convergesin L ([0, T],LYX(R)\ L! (R)) towards the solution of the Cauchy problem (4.43).
Moreover in [11] the discretization of the source term, de ned by coef cients B~i 1,0,1, IS studied to
present some schemes which are increasingly accurate for lar ge times, with respect to the asymp-
totic behavior of solutions. This property of accuracy is requi  red in order to get better results for
large time simulations when computing perturbations of non co  nstant stable states.

We say that the scheme (4.42) is (locally) Asymptotic High Order o forder p, which will be denoted
by (AHO) p, for system (4.40), if the scheme is of order p on every stationary solution U, i.e.

T"(4) £O(hP).
Now we present two AHO schemes of different order, presented in  [11].

1. Pointwise approximation of the source term (AHO1-UP)
Fixing, for the differential terms, the upwind approximation Q Adiag(j, 1j,j, 2i), the basic
scheme gives a rst-order approximation even on the stationary  solution:

A ! A o A !
. 00 . biy b . 00
B i 00 Bup & 611 612 Bup 00’
21 22

where B Z£Ri 1BR. If we choose the matrix of the diagonalization of the system  (4.40) as

0 1
d 1 1
@i @i, (2ia A

b 'p

R A

L2101 .1

the corresponding source term is given by

A !
5 d i@i,1) (2ia)

L2i1 @iy G20 @) (4.47)
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2. Upwinding of the source term (AHO2-ROE)

An improvement of the previous example is given by a second order up  winding scheme:

A ! A !
1 H( 1)E311 H(, 1)t:112 0 gl t:)11 l:312
ZA H(, 2)b2r H( 2)bar * ™°° |2 bo1 bz

1 gl (@i HC Db (Li H( 1)brz

W,

;ole = , (4.48)

€772 (1§ H( 2))b21 (1i H(, 2))ba

W,

where H (¢ is the Heaviside function and where, as above, Q Adiag(j, 1j,j, 2j), and B is de ned
asin (4.47).

4.3 Numerical Simulations: Semilinear Case

This section is devoted to the numerical simulations of the s  olutions to the semilinear hyperbolic-
parabolic system studied in the previous chapter,

8
% @u Arc¢ v A0,

:

We consider the two dimensional case with u,A:R2£RA1 Rand v:R2£ RA! R2. We start our
numerical study by considering only the hyperbolic partofthe  system without any source term, i.e.
the wave equation. Subsequently we study the wave equation wit h damping and nally, we present
the results obtained for the complete hyperbolic-parabolic sy  stem (4.49).

@vA°?ruZEib(Ar AvAh(Ar A u), (4.49)

@A E¢AAT (u,A).

4.3.1 Wave Equation

Let us start our study considering the following system

8

> @uAr¢ v Ao,

N (4.50)
@v A°?r u A0,

with initial data
u(x,0) Aug(x), Vv(x,0)AEve(x). (4.51)

We can observe that this system is equivalent to the wave equa tion
. 02
@ui °2¢u AO.

Our aim is to solve numerically equations (4.50) on a bounded dom  ain - %2R? with homogeneous
Neumann boundary conditions for the function  u:

rudnjg AO, (4.52)
and zero boundary condition for the normal componentof v

vinjge /EO. (4.53)
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Let us take - A[0,L] £ [0,L] and let us denote by h the space step. We consider the discretization
points Xg ZA£(®1h,®h),0- ® - N A1l. We denote the time step by k and the approximation of a
function f attime t, £nk by f".

For each time step, we solve the hyperbolic equations using ar elaxation method [13]. We choose
this method for our simulations, instead of Lax Friedrichs, = Godunow or Upwind, because these are
quite dissipative.

As a matter of fact in Figure 4.4 it is possible to observe how the Relaxation scheme approximates
better the solution than the Lax Friedrichs one.

Moreover our system even if linear, is not diagonalizable so it is not possible to use the Upwind
scheme. The advantage of our relaxation method is the approximat ion of the equations by a diag-
onal system, easy to solve. Relaxation is also a convenient se tting to extend the schemes to higher
orders.

Now we explain our scheme in more details. Let us denote w A(u,v?,v?) and rewrite (4.50) as

Q@wA@,A1(w)A@,Ax(w) AO,
with 1 0 1
0 10 0 0 1
ALW) EB°2 0 0 Kw, Aw)AE®O 0 0 Xw.
0 00O °2. 0 0

We consider a simple 5-velocities relaxation scheme. Let us cho ose the ve velocities as
1/, (1,0),, 24, (0,1),, 34, (i 1,0),, 44, (0,i 1), , 54(0,0), (4.54)

for some , E 0. Now we introduce the corresponding Maxwellians  M;(w) 2 R®,i /1,...,5, of the
form
M;i (w) Aajw A b1 Aj(w) A bjAx(w), (4.55)

for some constants a;, bj; and bj, to be chosen.
The conditions of consistency of the Maxwellians are

b
Mi(W)/EW, L0 M; (W)/EAJ' (W), j A1L,2. (4.56)
i A i /A

Then, a possible choice of the coef cients  a; and bj; is the following

a; £ ¢cca Aa,as AL 4a;

1
bq1 Aboy A jbsy £ jbao /E2—, bij 4O otherwise.

5

Itis easy to see that these coef cients satisfy conditions (  4.56).
Let us now denote by w"™® the approximation of w at the point xe 2 R? and at time t,. We set the
discretization of Maxwellians (4.55) as

£7C M (w™®), fori AEl,¢es. (4.57)
We evolve each of the functions fj,1- i - 5, intime by following the velocity | ; :
R ,
A12,® ® . n®Al1  _n®1
fin 1 [Ein i 1 l/EL’ |](f| i i fl i i )
J (4.58)

)@_ ... n® AL n®j1l
AL i 26" CALTTY,
J
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k
where 1 /EZ— and ®; Alisashiftofthe j-th componentoftheindex ®. We can observe that thanks
to the choice of the velocities (4.54) the scheme for one componen t f; becomes a one-dimensional
scheme. Finally, we just end by setting

»
A1 A12
wht g AN
i A
Here, following the results of Bouchut [21] (Proposition 4.2.3), w e setthe velocity , £A&° and the time

and space steps will have to satisfy the stability condition  ° E - 1.

Now we explain how to impose the boundary conditions.

Let us consider our domain - AJ[0,L] £ [0,L] and the normal vectors n;, for i ZA1,...,4, as indicated
in Figure 4.1.

n2

Figure 4.1: Domain - AO,L]£ [O,L].

First we consider the edge 1. Since the normal vector ni A(0,ij 1) , by the boundary conditions
(4.52)-(4.53) it follows that

rudng £iQ,u A0, v ¢nq A vy AO, Q,v1 AQ. (4.59)

The boundary condition for v; is obtained directly from the equations (4.50). Proceedingina simi-
lar way for the edge 2, where nj, A(1,0) , we get

rutny £@Q,u A0,  viny Avi A0,  @,Vo ADQ. (4.60)

Regarding the conditions on edges 3 and 4, they are equivalent to the conditions (4.59) and condi-
tions (4.60) respectively.

Using the above scheme, we have solved numerically system (4. 50) with boundary conditions (4.52),
(4.53) on a square domain - A0,1] £ [0,1].

As initial data, we have chosen

Uo(X) AEug(X1,X2) ZECOS(2YX1) COS(2YiX2),  Vo(X) O,

and we have set °2 /1. In Figure 4.2 we show numerical solutions of system (4.50) at dif ferent
times. We can observe that the behavior of the approximate soluti on respects the oscillatory nature
of the phenomenon, while the Lax Friedrichs scheme is more dis  sipative as shown in Figure 4.3.
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T=0 T=1.76

dx=0.01 dx=0.01

T=3.55 T=4.6

Figure 4.2: Numerical solution of system (4.50) with initial cond ition ug(x) Acos(2¥xX1)cos(2¥ixy),
Vo(X) AO, on a square domain [0,1] £ [0, 1] at differenttimes T 40, 1.76, 3.55 and 4.6. The numerical
approximations are obtained by the Relaxation scheme.
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dx=0.01 dx=0.01

T=3.55 T=4.6

dx=0.01 dx=0.01

Figure 4.3: Numerical solution of system (4.50) with initial cond ition ug(x) A£cos(2¥xX1)cos(2¥ixy),
Vo(X) A0 on a square domain [0,1] £ [0,1] at differenttimes T A0, 1.76, 3.55 and 4.6. The numerical
approximations are obtained by the Lax Friedrichs scheme.
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Since the solution to this Cauchy problem is known, it is possib le to compare the approximate
solution to the real one 0
u(x,t) Acos( 224 )uo(x).

In Figure 4.4 we can notice that the dissipation of the Relaxatio n scheme is smaller than the dissi-
pation of the Lax Friedrichs scheme.

Wi a1 F I S T N S S R I S
TR R
oof Ml T N AR A B &
R AR B R T L T
o.s»ili;l;lll:|!|i‘i"|,‘ii' 'y
IR ST
0.7»i5-.;iill|;|='|i'i"|!|ii!|'|,’
iuni;ll';l“i'i“l"ii!||||
o8ty iy A b ey g g
oslt? pi by ML gt p b g
AR IR R T TR LR IR TR T
T TR HE T R R T T TR IR T T
TR T I | O T O 1 S PR AR T IO
oatit i 4 I A 4 IRk
o B N
- - Solution i oy !! b ! l.} ; ]
0.1H LaxFri s is i !7
''''' Relax ' i i‘ i :i !
o 200 400 600 800 1000
Iterations

Figure 4.4: Comparison between the maximal values of the solutio n and of the approximated solu-
tions to system (4.50) with Lax Friedrichs scheme and the Relaxat ion one untiltime T A5. The ini-
tial conditions are ug(x) AC0s(2¥X1) cos(2¥x>), Vo(x) A0 and the domain is the square [0,1] £ [0,1].

4.3.2 Wave Equation with Damping

Let us consider now the following system

8
> @uArc¢ v Ao,
(4.61)

@vA°2ru & %r Ugj v,
supplemented with initial data
u(x,0) Aug(x), Vv(x,0)Eve(x). (4.62)
System (4.61) is equivalent to the wave equation with damping, whe re we add a source term °?r Up,
@ui °2¢(ui Uo)A@u AO.

Due to the presence of a source term in (4.61), itis noteasyto nda n effective numerical approx-
imation of the solution. We have solved numerically this prob  lem by two methods, the rstis the
Relaxation method presented in the previous section, and the sec ond one is the Relaxation joint
with an AHO method for the source term.

We have solved system (4.61) with boundary conditions (4.52), (4.53) o n a square domain - /A&
[0,1]£ [0,1].
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As initial data, we have chosen:

Uo(X) AEug(X1,X2) AECOS(2YaX1) cos(2¥ix2) A U,

vE(x) Avi(x1,x2) Eﬁ° 2sin(2¥ix1) cOS(2Yx>), (4.63)

VE(X) AEVE (X1, X2) AE o= 2 cos(2Yx1) Sin(2Yxy),

@y

P 4° 8/421

where °2 /1, and ! &£ . Here the source term Ug is taken equal to

" #
xi 3?A(yi 3)?

Uo(X) AEeXp | 0.001

Then, the explicit solution of problem (4.61)-(4.63), is
1 _
u(x,t) Au(xq,Xz,t) Aexp( Et)cos(! t) cos(2¥ix1) cos(2¥xz) A Ug(x1, X2). (4.64)

First we have solved the Cauchy problem (4.61)-(4.63) using the Rela xation method presented in
the previous section (4.58), adding the source term
0 1
0
F(w, W) /E%°2@1U_0i Vi
°2@,uoj v?
Then we have obtained %
wALET £0AY2 AKE (W, W).
i A
Subsequently, in order to nd a better approximation of the sourc e term, we have used a general-
ization of the AHO2-Roe scheme (4.48). Then, starting from (4.58), w e evolve each of the functions
fi,1- i - 5,intime by following the velocity , j and we add the source term as:
(rA120 00 R S n ®,A1 T 1)Al R S n®,A1 21" ®Af n®; 1 )
| | J/EI_ | J,CEI_
Akoi ( |1Fn®1|lA OFH®A an®JAl)
{z 1

J

Gi

P .
where  ©; /1. The source terms G; are respectively:
|

1/, (10), Gy Amke EAR

5

2/, (0,1), Gy AEko ENZUARTT

5

3/, (1,0), Gy Ako AR (4.65)

5

4, (0,1), Gk AR

5

s &, (0,0), GsAk(lj 4°)F"®,

5



126 Numerical Approximations and Simulations

T=0

dx=0.01 0o dx=0.01

T=2

dx=0.01 o0

dx=0.01

Figure 4.5: Numerical solution of system (4.61) with initial cond  ition ug(x) ZAcos(2vix1) cos(2¥ixo) A
Ug(x) on a square domain [0,1] £ [0,1] at different times T A0, 1, 2 and 3. The numerical approxi-
mations are obtained by the Relaxation scheme joint with AHO2  scheme for the source term.
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Figure 4.6: Comparison between the maximal values of solution of (4.61) and the approxima-
tions by Relaxation method and Relaxation + AHO until time T A3. Initial condition is  ug(x) A&
Uo(X1,X2) ZECOS(2YiX1) cos(2¥x2) A U and the domain is the square [0,1] £ [0,1] .
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T Relaxation Relaxation+AHO

5 0.0142 0.0097
10 0.0203 0.0056
20 0.0216 0.0044
50 0.0217 0.0044

Table 4.2: Relative errorin 11 norm for the solution to system (4.61) approximated by Relaxation
and Relaxation+AHO with h A0.01 at differenttimes T.

T Relaxation Relaxation+AHO

5 0.0564 0.0549
10 0.024 0.0185
20 0.0177 0.0087
50 0.0177 0.0087

Table 4.3: Relative error in 12 norm for the solution to system (4.61) approximated by Relaxation
and Relaxation+AHO with h A0.01 at differenttimes T.

where we x °© A0.1.
We can observe in Figure 4.6 that this method approximates better the solution of the problem than
the method with an explicit form of the source term.

Let us de ne the errorin |1 norm and the relative errorin |1

norm respectively as

T,h

E )

T,h h, ex o h,on, o exn. T,h 1

E/" Ak uTky ,CEmaXJui’j iU En; /Ekuexkl

and the errorin 12 norm and the relative errorin 12 norm as:

X ) gTh

T,h h. ,,ex .o hon, ex,n:2y> T,h 2
E,7 AT uke A( Jup iU i9)z, En, Ekuexkg

forh! OandT!1
Observing in Tables 4.2 and 4.3 the values obtained with these tw o0 methods, we can note that we
get better results using the AHO method for the source term.

4.3.3 A Semilinear Hyperbolic-Parabolic Model of Chemotaxis

Now we study, from the numerical point of view, the complete hyper  bolic-parabolic system

8
% @u Arc¢ v A0,

:

which was studied analytically in Chapter 2. In [51] Hillenand Do  lak proposed a model to describe
the slime molds behavior, where a supplementary logistic term i s introduced to avoid blow up.

@vA°?ruEib(ArAvAhArAu), (4.66)

@A AE¢AAT (u,A),
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Actually the slime mold Dictyostelium discoideum has a parti  cular mechanism: upon starvation,

the amoebae form tissue-like aggregates. This process is con trolled by chemotaxis: the cells move
upward gradients of the messenger molecule cAMP produced by t he cells. However the chemo-
tactic sensitivity may saturate and possibly vanishes for hig h values of the population density. The

non-dimensional system introduced in [51] is:

8
% @u Arc¢ v A0,
¢@A°?ruEivAu@i u)A, (4.67)

@AZED¢AA®U; A,

where u,v, and A are used for the particle density, the particle ux, and the sign  al concentration
respectively. The non-dimensional system dependsonlyon D,¢,° and ®.
We can observe that the theorem of global existence of smooth s olutions introduced in Chapter 2
holds also for system (4.66).
Let us explain now how we solve numerically problem (4.67) onabound ed domain - %2R? with ho-
mogeneous Neumann boundary conditions for the chemical con  centration A and the population
density u:

r Atnjg A0, rudnjg AO, (4.68)

and zero boundary condition for the normal componentof v
vinjg AO. (4.69)

Let us take - A[0,L] £ [0,L] and let us denote by h the space step. We consider the discretization

points X ZA(®1h,®h),0- ® - N A1l. We denote the time step by k and the approximation of a

function f attime t, £nk by f".

For each time step, we solve rst the hyperbolic equations usi  ng Relaxation scheme, presented in
the previous section, obtaining w"A! EunAL, v{‘Al, ngl).

Then, we solve the parabolic equation for the chemical A using a classical Crank-Nicolson method

for the time discretization and a Finite Difference Method f  or the space discretization [157]. Let
us denote by M the N £ N classical second order Finite Difference matrix for the lapl acian using
second order derivatives for the computation of boundary val  ues.

The third equation of (4.67) is therefore discretized as

AnAl. AN D ) ) ® 1 )
—I/E—M(AnAlAAn)A—(unAlAun)i —(AnAlAAn),
k 2 2 2
which leads to the following linear system:
H f M 1
k k ; k k o ®
(WA ;DM AAL E (14 SNAZDM A”AE(U”MAU”). (4.70)

Using the above scheme, we have solved numerically system (4. 67) with boundary conditions (4.68),
(4.69) on a square domain - AJ0,20]£ [0,20].

In our simulations the initial conditions are homogeneous d istributions of the cell density with
random uctuations of 1%. Moreoverthe ux v and the chemical concentration A are initially zero.
In Figures 4.7 and 4.8 we show the evolution of the population dens ity with different initial con-
ditions for different times. We notice that due to initial ir ~ regularities of the cell density, there is a
pattern formation. The aggregations continue to grow, until  the saturation u 41 is reached locally.



4.3 Numerical Simulations: Semilinear Case 129

0.509 0.509
0.508 0.508
0.507 0.507
0.506 0.506
0.505 0.505
0.504 0504
(5.2 s
0.503 A7 L 0.503
1% flf{c'_}
0.502 Lﬁ,.:}"" f%:‘?f & 0.502
P o gt Fies ;
|55 5?7';}{ YA IR AN A,
0501 N A Sy g 0
Nl e 2 e ey i
0 5 10 15 20

Figure 4.7: Numerical solution of the model (4.67) with initial co  ndition ugp(x) 2 [0.5,0.51] on a
square domain [0,20] £ [0, 20] at differenttimes T A0, 230, 346 and 750. Parameter values:D 40.03,
/L ®A0.5,° AL
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Figure 4.8: Numerical solution of the model (4.67) with initial co  ndition ugp(x) 2 [0.2,0.21] on a
square domain [0,20] £ [0, 20] at differenttimes T A0, 230, 288 and 700. Parameter values:D 40.03,
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Finally, we have solved numerically the following systemin  the two dimensional case

8
% @uAr¢ v A0,

_%

In Chaper 2 we have presented some global existence results to th e Cauchy problem for small initial
data, but nothing is known for the moment for large initial da  ta, bounded domains and blow-up
phenomena, and in particular, the ability of this model to captu  re aggregation phenomena. This
result would be of high importance for the liability of the hype  rbolic models we consider.

In order to have some ideas on the behaviors of the solution, we have performed some numerical
tests with different initial data.

In Figure 4.9 we show numerical solutions of system (4.71) with di  fferent initial conditions. We can
observe that with small initial data, like a perturbation of t  he zero state or perturbation of small
constant state for the population density, we obtain global exi  stence of solution, while if we con-
sider large initial data the blow up of solution occurs.

These are only preliminary results, but it could be extremely i nteresting to investigate the asymp-
totic behavior of solutions to this system in general, to nd o0 ut if they exist globally in time or ex-
plode in nite time. Another hypothesis is that both of these si  tuations occur with a critical thresh-
old as for the parabolic model.

C@A°ZruEivAurA, (4.71)

@AE¢CAA®U; A.

4.4 Numerical Simulations: Quasilinear Case
In this section we show numerical simulations of the solutio  ns to the hyperbolic-parabolic system

8
% @vAr¢ (Yar) 4O,

_%

As in the previous section, we start our numerical approximation by studying a simpli ed version
of (4.72), i.e. the Isentropic Euler Equations, and subsequently w e will approximate solutions to the
complete system.

@(u)Are (va - u)Ar P(A £ ®vu Atsr A, (4.72)

@A EDCAA avy %

4.4.1 Isentropic Euler Equations

Euler equations of compressible uid dynamics have been the su  bject of intensive research in the
last decades thanks to the variety of their applications, e.g. aircrafts, ships, weather predictions. The
main numerical problem with these equations, and with quasili  near conservation laws in general,
is that solution naturally develops discontinuities and in pa  rticular shock waves.
We consider the system
> @YAre (vu) A0,
S (4.73)
© @Fau)Are (- u)Ar P(¥ A0,
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Figure 4.9: Numerical simulations of the population density in (  4.71) with three different initial
conditions ug on a square domain [0.20] £ [0.20]. On the left, we have the initial conditions and on
the rightthe nal approximated solutions. Inthe rstcaseweha  ve acompact support perturbation
of zero state and the solution attime T A140. In the middle the initial condition, which is a com-
pact support perturbation of the constant state equal to 0.02, and th e solution attime T A140 are
displayed. In the nal case the initial condition is a compacts  upport perturbation of the constant
state equal to 0.2 and the solution is calculated until time T A35. In this case we can observe that
blow up occurs.
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with initial data
x,0) Ep(x), u(x,0)L£upg(x), 4.74)

where %2 R2£ RA 1 Rand u:R2£ RA1 R2. Here we set the function P(¥) /Y , with ° /E5/3.

Our aim is to solve numerically equation (4.73) on a bounded doma in - %R? with homogeneous
Neumann boundary conditions for variable %

r ¥4njg AQ, (4.75)
and zero boundary condition for the normal componentof  u
uénjg AQ. (4.76)

Let us take - Z[0,L] £ [0,L] and let us denote by h the space step. We consider the discretization
points xe A£(®:h,®h),0- ® - N A1l. We denote the time step by k and the approximation of a
function f attime t, £nk by f".

For each time step, we solve the hyperbolic equations usingar elaxation method [13]. Let us denote
w AE(YYal, vu1?) and rewrite (4.73) as

@w A @, A1(w)A @,Ax(w) A,
with 0 1 0 1
4l A1y
AL(wW) EDVAZAPH) K. Ag(w) ED Yaiup K.
Yal1Uy yus AP(¥)

We use the 5-velocities relaxation scheme proposed in the previous section. Following the results
of Bouchut [21] (Proposition 4.2.3), we set the velocity , AZmax{jyijj}, where i;; are the eigenvalues

of the Jacobian of the uxes; the time and space steps will have to  satisfy the stability condition

k
L= 1
h

Using the above scheme, we have solved numerically system (4. 73) with boundary condition (4.75),
(4.76) on a square domain - A0,1] £ [0,1].
As initial data we have taken

- (xj 0.5

Yo(x) £1A0.1exp | T ug(x) £0, ua(x) Q.

In Figure 4.10 we show numerical solutions to this Cauchy proble m at different times. As observed
before, in Isentropic Euler equations shock waves can develop . We can notice in Figure 4.11, where
a discontinuous initial datum has been considered, that the  relaxation scheme used for our simu-
lations is able to catch the discontinuities eveniifitisa r st order scheme.

4.4.2 A Quasilinear Hyperbolic-Parabolic Model of Vasculogen  esis

Following [66, 150, 137], we performed numerical simulations onthe n  on-dimensional system

8
% @YVAT¢ (V) A,

_%

@(u)Are (Ya - u)Ar P(A £ ®vu Atr A, (4.77)

»@AECAAa()i »A,
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Parameter  Value

2 10i 8
® Oor0.2
1 0.02
a 30
b 0.2
» 100
Y 0.015

Table 4.4: Non-dimensional values of parameters adopted in simu  lation.
where %3A:RPERA1 R, and u:RPE R R2. Here P(¥) A2:and a(¥) gy
This model was introduced by Gamba et al. [150, 66] to study the dev elopment of vascular network
formation. As reported in Chapter 1, their basic assumptionisth  atthe persistence and chemotaxis
are key features, determining the size of the structure. The y assume that the mechanical interac-
tion of the cells with the matrigel can be neglected for descr ibing the behavior of the system along
the rst hours.

We can notice that, with reference to the quasilinear hyperbol ic-parabolic system (4.72) studied
in Chapter 3, we have introduced, following [164], the function  a(}) for the production rate of the
chemoattractant factor.

Numerical simulations have been performed using a set of non- dimensional parameters proposed
by [164] and reported in Table 4.4.

A nite difference Relaxation scheme with source term in explic it has been adopted for the hy-
perbolic part of the system, and a simple implicit scheme has been used for the equation of the
chemical substance.

Periodic boundary conditions have been prescribed for allth e state variables. The initial condition
on the cellular density corresponds to a set of M gaussian bumps whose amplitude is assumed to
be of the order of the non-dimensional average cell radius %, centered randomly in x; ,j A1,...,M
with a uniform distribution over the square,

A !

%x,0) A& 001 o | M (4.78)
! VR g 2% '
u(x,0) A& 0, (4.79)
A(x,0) A& 0. (4.80)

We can observe in Figures 4.13 and 4.15 how the initial density of ¢ ells in uences the structure

of the network. Indeed by varying the initial cells number we  switch from a phase with several
disconnected structures to a phase with a single connected st ructure.

Moreover we can notice how the presence of the dissipative term , j ®%4, affects the evolution of
the network. This term physically represents a frictiontermb  etween endothelial cells and the sub-
stratum. Thus when the coef cient ® 642 we have a more stable structure of the networks as shown

by Figures 4.14 and 4.15.

As done in the previous section for the semilinear case, we perfo rm some simulations on the qua-

silinear hyperbolic-parabolic system studied analytically in Chapter 3. We have proved a global
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Figure 4.12: Simulation of the initial development of vascularn  etwork model (4.77) with initial data
(4.78) and M A800 until the numerical time T A1100. Here we take the coef cient ® A0. The other
parameters values are indicated in Table 4.4.
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Figure 4.13: Dependence of the speci ¢ network structure on the in itial condition. Here we have
three different values of M A100, 800 and 4000. Here we take the coef cient ® A0. The other
parameters values are indicated in Table 4.4.
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Figure 4.14: Simulation of the initial development of vascularn  etwork model (4.77) with initial data
(4.78) and M A800 until the numerical time T A400. Here we take the coef cient ® A0.2. The other
parameters values are indicated in Table 4.4.



140 Numerical Approximations and Simulations

Figure 4.15: Dependence of the speci ¢ network structure on the in itial condition. Here we have
three different values of M A100, 800 and 4000. We take the coef cient ® A0.2. The other parame-
ters values are indicated in Table 4.4.
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existence result for small and smooth solutions, but nothing  is known for the moment for large ini-
tial data, or blow-up phenomena. Our aim is to investigate the  possible behavior of solutions to the
following system,

8
% @YAr¢ (Yu) A0,

?

with different initial conditions. We solve numerically sy ~ stem (4.81) on a bounded domain - %:R?
with homogeneous Neumann boundary conditions for variable  Ysand A:

@@a)Are (vu- uAr (%) Eivu Ay A, (4.81)

@A EDCAAY, A,

r YAnje A0, rAdnjg AO (4.82)
and zero boundary condition for the normal component of u
uénjg AQ. (4.83)

The numerical scheme adopted is the relaxation scheme presente d in the previous section (4.58)
adding the source term 0 1
0
F(w, W) ED%@A| u; X.
BL@Ai uy
Then we obtained
WAL £.MAY2 A KF (W, W),
i A
On the other hand we solve the parabolic equation in (4.81) using a Crank Nicolson method for
time discretization, and a Finite difference method for the  space discretization, as done for the
semilinear case in the previous section.
We can observe in Figure 4.16 that with small initial data, like a perturbation of the zero state or
a perturbation of a small constant state for the population dens ity, we obtain global existence of
solution, while if we consider large initial data the blow up  of solution occurs.
It could be interesting to study this aspect from an analytica | perspective, and compare these results
with the ones yet proved for the parabolic Patlak-Keller-Sege | system.
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Figure 4.16: Numerical simulations of the population density in ( 4.81) with three different initial
conditions ug on a square domain [0, 20] £ [0,20]. On the left, we have the initial conditions and on
the rightthe nal approximated solutions. Inthe rstcaseweha  ve acompact support perturbation
of 0 and the solution attime T A70. In the middle the initial condition, which is a compact support
perturbation of the constant state equal to 0.02, and the solutio n attime T A79 are displayed. In
the nal case the initial condition is a compact support perturba  tion of the constant state equal to
0.2 and the solution attime T A35 are displayed. In this case we can observe that blow up occurs .



Chapter 5

A Model of In ammation during Ischemic
Stroke

In this chapter we propose a model to describe the in ammatory pro  cess which occurs during is-
chemic stroke [47]. Our purpose is to obtain in silico experiments (i.e. simulations on a computer)
to study and discuss the in uence of the in ammation during s troke and to propose some possible
therapeutic approaches.

The chapter is organized as follows: rst, an introductionto ~ some basic concepts about the biologi-
cal phenomenonis given. Then, a detailed derivation ofthe mo  del and the numerical scheme used
are presented. Finally, the studies of the model robustness a nd sensitivity are showed and some
numerical results on the time and space evolution of the proces s are presented and discussed.

5.1 Biological Backgrounds

Strokes are the second worldwide death cause and the sixth sou rce of handicap in the world [112,
113]. They consist in a rapid developing loss of brain functions du e to a disturbance in the cerebral
blood ow. This can be due to ischemia (80% of stroke), whenthel ack of blood supply is caused by
thrombosis or embolism, or due to hemorrhage. During a strok e, the affected area of the brain is
unable to function, leading to trouble moving, walking, seei  ng, speaking or understanding. Itis a
medical emergency and can cause permanent neurological dama ge, complications, and death.
We focus our study on one of the pathophysiological mechanisms involved in ischemic stroke, the
in ammatory process [45, 83]. In a general setting, in ammation i s a complex biological response
of vascular tissues to harmful stimuli such as pathogens, dam aged cells or irritants. During is-
chemic stroke, in ammation is triggered to eliminate the de  ad cells but can also lead to the death
of some other cells.

Ischemic stroke begins with the decrease of the cerebral blo od ow which can drop below 10 % of
the normal blood ow. Cells around the occluded vessel begin  to die and create what we call the
infarcted core. Around this infarcted core, we can ndthe pen  umbra which is an area of moderate
ischemia and which is able to recover thanks to reperfusion or  therapeutic intervention. In these
two ischemic areas, cells can die either through necrosis or through apoptosis. Necrosis occurs
mainly in the infarcted core and occurs very early after the s troke onset. It leads to the rupture of
cell membrane, the disintegration of intracellular organe lles and the release of intracellular con-
tents in the extracellular space. As a consequence, necrotic ¢ ells “pollute” the environment and
damage the surrounding cells. On the contrary, apoptosis appear s later (from 30 minutes up to 2
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or 3 days after the stroke onset) and apoptotic death is much slo  wer than necrosis as shown in Ru-
palla et al. [146]. Moreover, apoptosis occurs mainly in the penumbra  and is not deleterious for the
neighboring cells. We can also notice that, as indicated in [LO ] by Ankarcrona et al., apoptosis can
lead to the in ammatory process, even if it was observed thati n ammatory process is mainly in-
duced by necrotic cells in the infarcted core. So, in ammati  on contribute to cell death by necrosis
[98] and apoptosis [145, 131].

During an ischemic stroke, the rst phase of the in ammatory pr ocess consists in the activation
of microglia. Microglia are the resident immune cells aimed  at protecting brain cells. In ischemic
conditions, microglia get activated: their shapes change, w hich increases their abilities to phago-
cytosis and production of cytokines and chemokines. Cytokin  es are proteins that trigger the accu-
mulation of adhesion molecules on the vascular endothelium  leading to the entrance of leukocytes
(i.e immune cells circulating in the blood) into braintissu ~ e. Among cytokines, chemokines induce
chemotaxis in nearby responsive cells to attract leukocytes f rom the blood. Moreover, activated
microglial cells are able to phagocytize necrotic and apoptoti ¢ cells as showed by Vilhardt in [169]
and by Schilling et al. in [147]. But, during phagocytosis, microg lia produce and release free radi-
cals such as nitric oxide (NO) which is deleterious for the sur rounding cells. Thus, microglia have
both deleterious roles through the production of toxic substa  nces and bene cial ones through the
prevention of damage extension by phagocytosis and the producti  on of trophic molecules and anti-
in ammatory cytokines that can mediate neuroprotection and tissue repair [156].

The second phase of the in ammatory process consists in the in Itration of leukocytes in brain tis-
sue. The leukocytes involved in this process are neutrophils a nd monocytes. The latter are called
macrophages once they leave the blood to enter the tissue. Neu trophils in ltrate the tissue about
12 hours after the stroke onset and produce lots of deleterious substances (that are useful to slow
down an infection for example but that are totally counterprodu  ctive in an ischemic stroke). More-
over, they are able to phagocytize small quantities of dead bod ies and produce free radicals like NO
[67]. Macrophages in ltrate the tissue later, about 24 hours afte r the stroke onset. Like microglia,
they produce cytokines, chemokines and free radicals and the y are able to phagocytize necrotic and
apoptotic cells. These leukocytes enter cerebral tissue thro ugh their interactions with the adhesion
molecules located on endothelium. These cells have a bene ¢ ial role by cleaning the infarcted core
and allowing the tissue cicatrization but they can also incr  ease the ischemic damage by producing
free radicals and pro-in ammatory cytokines as presented by H allenbeck and Dutka in [72]. So, as
microglia, these cells have both bene cial and deleterious  effects during the in ammatory process.
The two phases of in ammation in uence both in a positive and an egative way the survival of neu-
rons and glial cells. In this study, we are interested in unde rstanding which in uence dominates,
depending on the situation. Our nal aim is to understand if an d how it is possible to control the
positive and negative aspects of this biological process, whic h could be helpful for the development
of new therapeutic strategies in ischemic stroke.

5.2 Previous Models

In the literature, there are several models of systemicina mmation. For example, the models pro-

posed by Ibragimov et al. [84], Kumar et al. [95], Lauffenburger and K ennedy [102] and Reynolds et
al. [139] describe the behavior only of blood cells. Instead Lade by et al. in [96] and Lai and Todd
[97] consider also glial cells. Adrian and Marshall in [2], Eldes tein-Keshet and Spiros in [54], Gray
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and Brookmeyer in [69], Mentis et al. in [109] and Ridall etal. in [140]d  escribe models for neurode-
generative diseases. These works are focused on the behavior of cell components at subcellular
level of a single cell type. In our model, we considered the cel |level and we modeled the behaviors
of several types of cells (microglia, leukocytes, neurons an d astrocytes). As a starting point, we con-
sidered the cell model proposed recently by T. Lekelov-Boissar d etal. [33]. They proposed an ODEs
model and took into account the two phases of in ammation: act  ivation of microglia and in Itra-
tion of blood leukocytes. In their model, they studied the dy  namics of the densities of cells dead by
necrosis and apoptosis, and of living cells. Moreover they cons idered the proportion of activated
and inactivated resident microglia and the proportion of neut  rophils and macrophages in the tis-
sue. They also introduced the release of pro-in ammatory mol  ecules (like cytokines, chemokines
and free radicals) by microglia and leukocytes and their phag ocytic abilities. But this model is “phe-
nomenological” and does not consider the space dimension. Us ing the methods proposed in [33],
we introduced in the model the space dimension. More precisely , we introduced the diffusion and
the chemotaxis of proteins and leukocytes.

5.3 The Mathematical Model

5.3.1 The Equations

In our model, we considered a macroscopic level with a cell popul ation scale. Thus, we used or-
dinary and patrtial differential equations to describe in am mation. The model reproduces the in-
ammatory process during the rst 72 hours of the stroke. Every  function depends on the time t
and on the space x. Figure 5.1 represents the mechanisms included in our model.

The functions of the model are:

H density of healthy brain cells in relation to the usual total  number of brain cells,
N density of necrotic cells in relation to the usual total numb  er of brain cells,

As density of cells that have started the apoptosis process in rela tion to the usual total number of
brain cells,

Ae density of cells that have ended the apoptosis process in relati on to the usual total number of
brain cells,

M; density of inactivated microglia in relation to the usualto  tal amount of microglia,
M, density of activated microglia in relation to the usual tota | amount of microglia,

Lmn density of macrophages in relation to the maximal number of mac  rophages that can occupy a
point of the space,

L, density of neutrophils in relation to the maximal number of neu  trophils that can occupy a point
of the space,

[cy] concentration of pro-in ammatory cytokines,
[ch] concentration of chemokines,

M aqn density of adhesion molecules.
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Figure 5.1: Connections between the different cells. 1) When an ischemic stroke occurs, neurons
and glial cells die by necrosis or apoptosis. 2) These dead cells trigger the activation of the resi-
dent microglia and, due to the toxic substances in the environm  ent, also to the death of other cells.
3) Activated microglia are able to phagocytize dead cells butt hey also produce cytokines (trigger-
ing the accumulation of adhesion molecules) and chemokines (attracting leukocytes). 4) Then,
macrophages and neutrophils in Itrate brain tissue. These ce lIs are able to phagocytize but they
also produce toxic substances which are deleterious for healt hy cells.
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Neurons and Astrocytes

Neurons and glial cells such as astrocytes are resident brai n cells which can be damaged during an
ischemic stroke. We considered four different states forth  ese cells: healthy cells, two types of dying
cells (through apoptosis or through necrosis) and dead cells t hat have been eliminated from the
tissue by phagocytosis. Cell death can occur either by necros is or by apoptosis. These two different
mechanisms have different roles, time scales and consequen cesinthe in ammatory process. Thus,

we modeled them separately. Moreover, to distinguish the ear ly reversible phase of the apoptotic
cascade from the late irreversible phase, we used two variabl es Ag and Ag for apoptotic cells. The
cells beginning their apoptotic cascade are denoted As and those ending their apoptotic cascade
are denoted Ae.

The biological facts we wanted to reproduce are the following  ones:

« cells are mainly damaged by cytokines and other substances produced by neutrophils and
by the deleterious substances released by the surrounding n ecrotic cells (we neglected the
diffusion of the two last substances).

« When damage is important, cells die. Some of them die through  necrosis and the other
through apoptosis.

« Apoptosis is not instantaneous and needs a delay ta.

« Microglial cells, macrophages and neutrophils phagocyte dea d cells and eliminate them of
the tissue.

Finally, since neurons and astrocytes do not have any mobili ty, we proposed the following laws:

@N ApnyDH i EN, (5.1)
@As AppaDH i paD (i taA)H(.i ta), (5.2)
@Ae ZEPAD (i tA)H(.i ta)i EAe, (5.3)
@H A iDH, (5.4)

with D the dying cells density, E the density of cells which are phagocytizing, equal to:

£ a
D /& (PN ey (Y] AP L, Ln (N AAg)ApyuN)i Do (5.5)
E Aen M MaAen L, LmAen i, LnAenm M., (5.6)

In equations (5.1) and (5.2), pn and pa represent respectively the proportion of cells dying through
necrosis or through apoptosis. Hence pyn A pa /L.
Microglia

The microglial behavior is not very clear in spite of many experim  ental studies on these cells. In
this model, we considered the following mechanisms:

« apoptotic and/or necrotic cells in the tissue trigger the acti  vation of microglia.
« In absence of any stimulus, microglia get progressively ina ctivated.

« During stroke, inactivated microglial cells multiply by mi  tosis. This process takes a long time
(about 24 hours).
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Also these cells do not have mobility, so their densities ver ify the following ODEs:

Ma
@My "HCAAeAcN N)M; ) (5.7)
Tma
@M, /Ea(cAAeAcNN)MiATMa Aow Mi(1i Mi)lier, .. (5.8)
M,1

1teT, , Is acharacteristic function hence is equal to 1if t E Tw 2 and equal to 0 otherwise.

Leukocytes

The immune blood cells are called leukocytes. They circulat e in the non occluded vessels and enter
the ischemic tissue from these vessels. So, in our model, we a ssume that there is no in Itration of
these cells through the obstructed vessel. There are two cel | species involved in this in ammation
process: macrophages (L) and neutrophils ( Lp). The biological assumptions are the following
ones:

« leukocytes are recruited in blood vessels by chemical sign als.

» They can enter brain tissue only through adhesion molecule s.

* The crossing of the blood-brain barrier takes about 12 hours  for leukocytes and 24 hours for
macrophages.

» Once in the cerebral tissue, leukocytes are attracted by ch emokines (by chemotaxis).
« In absence of any stimulus, leukocytes progressively leave the tissue.

We proposed the following equations:

) natural decay
dlf‘fﬁli{ , cheni taxis { z carrylng}i)y °°~ { ZElmf
@Lmi DL, ¢Lm A& *mr¢ (Lm(Li Lm)r [chD)Ac, B (i Tiy, )H(Lm)i T (5.9)
Lm
~ L
@Lnji DL, ¢Ln Aitnre¢(Ln(di Lo)r [ch])AanB (i T, JHLM) —Tn (5.10)
Ln

where B quantify the permeability of the blood vessel (in a healthy bra in, the blood-brain barrier
prevents the access to the brain) and H(x) a regularization of the Heaviside function to model a
saturation effect:

B AM a4n
1 tanh R(0.75] x)
2 )

H (x) &

where R=1000.
Since the number of leukocytes in a point of brain is limited, w e introduced a saturation in the
chemotaxis term.
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Chemical species

Let us denote by [ cy] and [ ch] the cytokine and the chemokine concentrations. In our mode |, we
considered that cytokines were pro-in ammatory and their pro  duction, as for chemokines, was
proportional to the number of macrophages and activated microg lia. Moreover, these substances
are progressively absorbed/degraded by the tissue.

Since these chemical species diffuse in the tissue, we proposed the following equations:

diffusion 7 productlonbyl mune cells { naturildec y
7
@I[cyli Dcy¢[cy]ﬁEpMacyM Ame cylm (NAAe)i egyley] , (5.11)
@[ch] i Dch¢[0h]/EpMa,chMaAme,chLm (NAAe)i ecnlchl. (5.12)

The parameters py cy, X EM4 Or Ly, are production rates. Since we only considered pro-in ammat  ory
cytokines in this model, it was necessary to transform these parameters into functions of time and
cytokine concentration:

px,cy 'Cpr,cy,O—il& E(/:il(]) .
With this assumption, we considered that the anti-in ammato ry cytokines were less secreted than
the pro-in ammatory ones at the beginning of the in ammatory process, but that they were more
secreted at the end of the process. This limits the effect of pro -in ammatory cytokines if they are
too numerous.
Let us denote by M 441 the density of adhesion molecules. From experimental data we k now that
cytokines trigger a production of adhesion molecules on the v essel endothelium. Moreover, with-
out any cytokine, adhesion molecules progressively disappear . Since these cells remain xed in the
blood vessel, their density follows an ordinary differenti  al equation'

2 satu”altlon Iocalﬁatlon
@M adh A4 PM agn.lcy] 1i M adh)[CY] i &M .M adn 5 Lpiood vessels - (5.13)

We nally obtained a close system of 13 equations. There are 7 o rdinary differential equations to
model xed species:

@N ApnyDH i EN,

@As ZpaDH i paD (i tA)H(.i ta),

@Ae ApaD (i tA)H(i ta)i EAe,

@H /E iDH,

@Ma A(caAe Ay N)M; | TMa,
M1

M
@M £ i(cahe A cyN)IM; AﬁAcMiMi(li Mi)LtETy

£ o
@M agn £ pwm amh,[cy](li M adh)ICY]i €M .4nM adh lblood vessels-

And there are 4 reaction-diffusion equations to describe mo bile species:

» L
@Lmi Di,¢Lm &L, r¢(Lm(Li Lm)r [chDAc, Magn (i Tiy,)H(Lm)i T—m

m

- L
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n
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@[cy]i DcyC[cy] Apcy (MaALm)(NAA)| ecylcyl,
@[ch]i Dcn¢lch] Apch MaALm)(NAAe) | ecnlch].

33 parameters appear in our system. In the next section, we discuss how to determine the values of
these parameters.

5.3.2 Numerical Approximation

There are three kinds of equations to solve: ordinary differe ntial equation, basic reaction-diffusion
and reaction-diffusion equations with a chemotaxis term. Thu s we had to implement three differ-
ent solvers: one for the diffusion terms, one for the reactio nterms, and one for chemotaxis parts.
For all these equations we used Strang splitting. For instance , for a reaction-diffusion equation
@f i K¢ f AP we proceeded as follows:

1. we solve @f AP for a half time step,
2. thenwe solve @f AK¢ f for a complete time step,
3. and nally we solve @f AP for a half time step.

We used a nite volume discretization. It is classical for di  ffusion equations [57]: by integrating
the diffusion term and using Stokes formula, we obtain an exac t space discretization, and thus
we easily transform the diffusion equation in a linear proble  m. Since the diffusion coef cient is
constant, there is no discretization dif culties to ensure ux continuity.

Being the diffusion matrix constant, we preferred to solve th e associated linear problem by the
inversion of the matrix by a LU method rather than aniterativ. e method. By this way we only had to
compute the inverse once for each diffusion equation to solve it at each time step.

The exponential reaction term @f A®f in the equations, was solved by recognizing, after multi-
plication by exp(t®)the exacttime derivate of fexp(t®). This other source term was computed by
using a simple Euler scheme.

The chemotaxis term was separated into a reaction term and atra nsport term:

@f A£itre(f(1j f)r[ch]) (5.14)
Ai @i Hrehperfi (G (tre(@i f)r[chD)f).
As usual, we used Strang splitting. Thus to solve equations (5. 9) and (5.10), we had to solve:
1. the reaction term for a half time step,
2. the diffusion part for a half time step,
3. the advection term for a complete time step,
4. the reaction term for a half time step,

5. the diffusion part for a half time step.

Solving two times the diffusion part was not too expensive becaus e we only had to multiply by the
inverse matrix, that is constant depending only on the diffusi  on coef cient and we had already
computed it in the initialization algorithm.

The advection part was solved by using an upwind scheme.
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5.3.3 Parameter Adjustement

One of the main problems in modeling and simulating the in amm atory process is that few pa-
rameter values are known. Some of these parameters have no bio logical or chemical or physical
reality. Other have been measured during in vitro or in vivo experiments but, as the data come
from various species, cells and experimental conditions, they cannot be mixed and used in a single
model.

At rst, we listed the parameters which could be determined by  experimental data. The number of
the other parameters had to be reduced to be able to perform a sim ulation: too many parameters
can not be determined by inverse problem and the model would ha  ve too many freedom degrees.
As a consequence, many sets of parameters would be able to reprod uce the same behaviors. For
this reason we could not attempt to t them by inverse problem me  thod. Moreover, our model
would not stay pertinent anymore: since the space of mathemati cal solution of our differential sys-
tem would be too high, we would not be able to distinguish “bio  logical” solution to unreasonable
solution. We explain - and justify - in 5.3.3 the assumptions donet o reduce the number of unknown
parameters.

Since there were still unknown parameters after these simpli  cations, we tted them by reproduc-
ing some behaviors which had been observed in in vitro or in vivo experiments. We have deter-
mined some “rules” about the behaviors of the different compon  ents involved in the biological
phenomenon based on [67, 19, 3]. We chose the values of our parameters in order that the model
could respect these rules.

Parameter values determined on biological bases

In this model, some values of the parameters are well known.

« Experimental studies have shown that there is a duplication of  microglial store about 24
hours after the stroke onset, and this increase of microglia | amount lasts several days [27].
It is not possible to know exactly when this increase begins, ju st after the stroke onset or just
before 24 hours. So we assumed that the increase of microglial cells began about 18 hours
after the stroke onset ( Ty 2 A18h) with a rapid growth in the rst hours.

« Garcia et al. in [67] observed that, in experiments performed on r ats that underwent per-
manent ischemia, neutrophils in Itrate the tissue after 12 ho  urs. Macrophages in ltrate the
tissue later, after 24 hours. So, in our model, we assumed the f ollowing delay times: T A&
12hand T, A4h.

 invitro studies of leukocytes have shown that macrophages can remain in brain tissue for 4
to 5 days while neutrophils remain only few hours in brain tiss  ue [147, 67]. Hence we xed
T|_m= 90 h and T|_n= 3h.

Parameter values arbitrarily determined

Activated microglia and macrophages have been observed to ha ve the same behaviors and the
same features in brain tissue, which make them dif cult todi  stinguish. So we assumed that their
abilities of phagocytosis were the same ( en L, Z2en m,) and that their production rates of chemokines
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- respectively cytokines - were also the same ( pm,,cy,0 ZPL,,,cy,0 aNd Pm,,cy ZPL,, ch). Neutrophils
and inactivated microglial cells have also phagocytic activi ties but these activities are lower than
those of macrophages and activated microglia. For simplicity , we assumed that ey, Zen M, . Thus
we obtained:

E /CEeN,l(MaALm)AeN,Z(Ln AM;).

Moreover we xed arbitrary that
eN,1

(SN 2 /ET
The threshold of cell resistance to toxicity Dgwas also xed arbitrary. This threshold is compulsory
so that the resting state is stable but the quanti cation of da  mage is arbitrary. Thus we xed Dg A&
0.02. Moreover, we assumed that the diffusion coef cients of ma crophages and neutrophils were
the same (D, /ED_,), that the diffusion coef cients of chemokines and cytokin  es were the same
(Dch ADcy), that the activations of microglia by necrotic or apoptoticc  ells were the same (ca Acn )

and nally that half the cells died through necrosis (  pn Apa AO0.5).

Determination of the other parameter values

With the simpli cations established above, there are still 19  parameter values to determine. We
xed the values of these parameters in order to check the follow ing biological assertions:

« the number of microglial cells doubles in 24 hours [27].

« The concentration of cytokines reaches its peak after 12 hour s[170]. Cytokines and chemokines
are degradated and gradually eliminated.

» The density of neutrophils decreases after 48 hours [67].
» The density of macrophages does not decrease in the rst 72h [67].
« The cytokine concentration reaches its peak in 12h [171].

In the following, the set of assertions listed above will be ¢ alled the basis of rules. The parameter
values that meet this basis of rules are listed together to th e others values in Table 5.1. This set of
parameter values is called reference set in the following sec tions.

5.4 Numerical Simulations

5.4.1 Simulation of In ammation during an Ischemic Stroke

We present here in silico experiments that represent an in ammatory process which occurs  during
72 hours of a typical ischemic stroke. The infarcted core after 30 minutes of ischemia is a disc of
radius 5.5mm composed only of necrotic cells. In our simulation s we used the reference set of
parameter values. Figure 5.2 presents the numerical results ob tained with a simulation over 72
hours. As required by the determination of parameter values, t hese results reproduce the basis of
rules of Section 5.3.3.

In Figure 5.2(a), we can notice different behaviors relatedtot he death process. As a matter of fact,
there is a constant decrease of necrotic cells while, for apopt otic cells, there is rst a growth and
then a slower decrease due to the different elimination time s of phagocytosis.

Figure 5.2(c) shows the dynamics of activated microglia and of  all the microglial cells (activated and
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Parameter Value in ref. set
ta duration of apoptotic process 12
Twm 1 characteristic time of microglia deactivation 60
Tm 2 characteristic time of microglia duplication 18
Tl characteristic time of macrophages recruitment 24
Tioin characteristic time of neutrophils recruitment 12
TL, characteristic time of macrophages degradation 90
T, characteristic time of neutrophils degradation 3
Do threshold of cells resistance to toxicity 0.02
PN proportion of cells dead by necrosis 0.5
en 2 elimination by neutrophils and inactivated microglia 0.0125
CN microglia activation by necrotic cells 0.06
Dy, neutrophils diffusion coef cient 1.5
Dcy cytokines diffusion coef cient 0.2
PN [cy] cytokines toxicity 0.1
PN.L, neutrophils toxicity 0.4
PN N necrotic cells toxicity 0.05
en 1 elimination by macrophages and activated microglia 0.05
ca microglia activation by apoptotic cells 0.06
Cm, mitosis rate of microglia 0.38
PM agn eyl adhesion molecules recruitment by cytokines 5
eM .an elimination rates of adhesion molecules 0.1
to charac. time of balance between pro/contra in a. cytokines 7216
Pcy,0 cytokines production rate 10
€y cytokines elimination rate 0.1
Pch chemokines production rate 45
€:h chemokines elimination rate 0.18
CL,, macrophages recruitment rate 24
cL, neutrophils recruitment rate 28
Tm macrophages chemotaxis coef cient 0.15
1 neutrophils chemotaxis coef cient 0.3
D, macrophages diffusion coef cient 15
Dch chemokines diffusion coef cient 0.2

Table 5.1: Reference set of parameter values: at the beginning t here are the values determinated
on biological bases, then values arbitrary determinated an d, at the end, values determinated in
accordance to the basis of rules.
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Max Necrotic cells Max ApopE cells Max Active microglia
09 s Max ApopS cells 0.045 s Max Apops cells 18 Max Total microglia

Max ApopE cells

Time. Time. Time.

(a) Necrosis and apoptosis. (b) Apoptosis (bigger scale). (c) Activated microglia and total mi-
croglial cells.
1 1 1
Max Neutrophils —— Vax Chemokines

08 08 08
07 07 07
06 06 06
05 05 05
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i

(d) Macrophages and neutrophils. (e) Cytokines and chemokines (f) Adhesion molecules

Figure 5.2: Time evolution of the maximum over space variable of v arious functions of the model.

inactivated). We can notice a progressive activation of thes e residentimmune cells that lasts for the
whole time of simulation. On the contrary, we can observe a br  utal increase of activated microglia
due to its duplication.

In Figure 5.2(d), we can observe a similar behavior of macrophage s and neutrophils with a delay
due to different times of entrance into the tissue. We can als o notice that, at the end of the simula-
tion, when the dead bodies have been eliminated, leukocytes begin to decrease in brain tissue.
Figure 5.2(e) shows that the dynamics of the maximal concentrat ion of cytokines is quite different
from the dynamics of the maximal concentration of chemokines . We can see that the concentra-
tion of cytokines rapidly increases and slowly decreases whe reas the concentration of chemokines
slowly increases and decreases.

Figure 5.2(f) describes a rapid increase of adhesion molecules during the rst 20 hours of the stroke.
Then, we observe a stable level in the following 30 hours and, a tthe end of the process, we can see
a slow decrease of this density.

5.4.2 Robustness and Sensitivity of Parameters

Our model includes many parameters and their values were chos en following a basis of rules as
indicated in 5.3.3. We determined a reference set of parameter va lues and, before exploring the
parameter space, we studied the in uence of these parameters on  the model. Thus we studied the
robustness and the sensitivity of the model to these parameter values.
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Robustness

In this part we wanted to check if the model with differentvalu  es of parameters would still meet the
basis of rules established in Section 5.3.3. Hence we changed th e value of one parameter keeping
all the other parameter values unchanged. Then we solved the e quations and checked if the basis
of rules was still met. Results are summed up in Table 5.2.

We can sort the parameters in three classes:

+ the parameters that have little in uence onthe modelresult s (T, TL,» T+ TLain 'CA) CNS tA,
TM Ny TM 2y tOn DChi DCyl pM adh,CY? CMi y pch),

* the parameters that have a moderate in uence on the model res  ults (e, CL,, CL,,»* m, DL,
DL,,» Do, Pcy,0: €chs PN,cys PN Ly » PNN )

* The parameters that have a strong in uence on the modelresul  ts (* n, en,1, €N,2, €M Luq-)-

We can notice that, even if we highly change the values of some parameters (ecn, C.,,, CL,s * m,
D., and D), we obtain quite stable results. Therefore they affect main ly the related cells but
do not in uence the whole process. On the contrary, the interv  al range found for the neutrophils
chemotaxis coef cient 1, is [0.03;0.75] and its bigger modi cation brings to signi cantchan  gesin
the simulated results. Concerning parameters related to tim e, suchasT_ , T, , T, and T, , we
can note that changes in their values lead to negligible cons equences in the simulated process.

Sensitivity

In this section, we studied the sensitivity of the model resul ts to the parameter values. It is impor-
tant to check this point before using the model for  in silico experiments in order to be aware of
the limitations due to parameter values used in the simulatio  ns. The sensitivity study can also give
information for the further exploration of the parameter space.

To study the sensitivity, we considered six outputs of the mode |: the nal dead area, the nal den-
sity of macrophages, neutrophils, inactivated and activated  microglia, cytokines, chemokines and
adhesion molecules.

And we proceeded as follows: if s(p1,p2,¢¢%n) is one of the chosen outputs obtained with the pa-
rameter values {p1, p2, ¢ ¢ i}, the sensitivity of this output for example to the parameter  p; is given
by:

Ms(p1A™ pa ¢ Ctpy) | s(pl,pz¢¢,<lpn)“,“" i

s(p1,p2¢¢dpn) p1

In our study, we considered a change " equal to " A£5% of the parameter.

The sensitivity of the size of the nal dead area is small (equal to 4.101 %) for all the parameters
except for the diffusion coef cient of the neutrophils D, where the sensitivity is null. Similarly, the
sensitivity of the nal total density of inactivated microgl  iais null for all the parameters. The results
concerning the sensitivities of the other output functionsar e presented in Table 5.3. We made other
simulations with a smaller change ( " A0.5% of the value of parameter) but the sensitivity results
were similar.

Most parameters appear to have small in uences on the main output s of the model. As a con-
seguence, we can introduce some small variations on the parame ter values without changing the
simulation results. But few parameters ( Do, Pn,[cy], PN,N» €N,1, €N,2: PN» CNs TM 10 PM aan [cy]: EM
to, €y, Pcy,0) have a strong in uence on the model outputs.

SE

adh?
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Parameter | Value in the reference set | Range of values where the rules are met

ta 12 §50%
Tv 1 60 §50%
Tm 2 18 [i 90%;A250%]
T, 24 [i 95%;A50%]
LT 12 [i 90%;A300%]
T, 90 [i 97%;A100%)]
T, 3 [ 66%;A3000%)]
Do 0.02 [i 20%;A13%]
PN 0.5 §10%
en 2 0.0125 [i 10%:A20%]
CN 0.06 §50%
D, 1.5 [i 50%;A3000%]
Dey 0.2 [i 50%;A600%)]
PN [cy] 0.1 [i 50%;A30%]
PN L, 0.4 [i 50%:A25%]
PN.N 0.05 [i 20%;A120%]
en .1 0.05 [i 15%;A25%]
ca 0.06 §66%
oM, 0.38 [i 95%;A200%]
PM aan,[cy] 5 [i 50%;A100%]
M a1 0.1 [i 50%;A650%]
to 72/6 [i 50%;A150%)]
Pcy,0 10 §50%
€y 0.1 [i 90%;A400%]
Pch 4.5 [i 78%;A100%]
€h 0.18 [i 94%;A200%)]
cL,, 24 [i 84%:A150%)]
cL, 28 [i 92%;A115%)]
- 0.15 [i 80%;A33%]
1 0.3 [i 90%;A150%)]
D, 1.5 [i 84%:A3000%]
Dch 0.2 [i 50%:A2500%]

Table 5.2: Robustness study. Range of values for each parameter where the model still meets the
basis of rules described in 5.3.3. Biologically xed parametersa t rst, arbitrary xed at second and
the others parameter at the end.
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’ Parameter ‘ Num. of Ly ‘ Num. of L, ‘ Num. of M4 ‘ Mass of [cy] ‘ Mass of [ch] ‘ Mass of M a4h ‘

| Ref.values | 1.4707 | 1.0184 | 0.1514 0.0978 0.1876 00272 |
ta 0 0 0 0 0 0
Tm 1 A A AA A A A
Tw 2 0 0 0 0 0 0
Tio 0 0 0 0 0 0
TLon 0 A 0 A A 0
T, 0 0 0 0 0 0
T, 0 A 0 0 0 0
Do AA AA A AAA AAA AA
PN AAA AAA AAA AAA AAA AAA
en 2 A AA AA AAA AAA AA
CN AA AA AA A A A
DL, 0 0 0 0 0 0
Dey A AA A 0 A 0
PN (03] A A A AR AR AR
PN L, 0 0 0 A A 0
PN N AR AR A AAA AAA AR
en 1 A AA A AAA AAA AA
CA 0 0 0 0 0 0
cu, 0 0 0 0 0 0
PV won (3] AA AA 0 A A AA
oM o AR AR 0 A A AAA
to AA AAA 0 AAA AA AA
Pey,0 AA AAA A AAA AA AAA
Ecy AA AA 0 AA A AA
Pch 0 0 0 0 AAA 0
ech 0 0 0 0 AR 0
oL AAA 0 A A A
oL 0 AAA 0 A A 0
L m 0 0 0 0 0 0
1h 0 0 0 0 0 0
D, AAA 0 0 0 0 0
Dc¢h 0 0 0 A A A

Table 5.3: Sensitivity study with " /5% of the parameter value in the reference set. In each row, you
nd a symbol which indicates the value of

output variable, " A" that it in uences a little, "
A A "indicates that the paramenter in uences strongly the corre

S (with respect to each parameter) regarding the output
written on the rstline. Here "0" indicates that a parameter in

uences not at all the corresponding
A A" that it in uences moderatly and nally " A
sponding output. The thresholds
chosen are the following 0 - 0C0.1,0.1-AC 0.4,0.4-AAC 0.9and AAA, 0.9.
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We can also notice that the proportion of cells dying by necrosi s and apoptosis (represented by pa-
rameters py) is very signi cant in the model, because a little change of i ts value leads to important
changes in the nal quantities of leukocytes, microglia, cyt  okines, chemokines and adhesion mole-
cules.

Concerning the nal number of macrophages, we can observe tha tthis quantity is sensible to sev-
eral parameters such as py ., [cy] the production rate of adhesion molecules, ey, the natural de-
cay of adhesion molecules, pcy,o the production rate of cytokines by macrophages and microglia
cL,, a measure of the quantity of macrophages that Iter into the tis  sue and D, the diffusion co-
ef cient of these leukocytes. The nal density of neutrophil s has a similar response. It is sensi-
tive to small changes in parameters related to adhesion molec ules, and of course to the parameter
cL,, which quanti es the neutrophils that in Ilter the tissue. It is interesting to notice that a small
variation of the diffusion coef cient D does not really in uence them. Concerning activated mi-
croglia, we can note that they react also to small changes int he values of cy, their activation rate by
necrotic cells, and of Ty 1, the characteristic time of microglia deactivation. For pro  teins, cytokines
and chemokines, we notice similar behaviors. As a matter of fa ct, they react to small changes of the
following parameters: Dy, a threshold of damage of living cells, py n that estimates the effects of
necrotic cells on dead cells elimination, and ey 1, ey 2 that are the elimination rates of dead cells
by phagocytosis respectively of macrophages, activated micro glia and inactivated microglia and
neutrophils. These proteins are also affected by changes inth eir production rates, tg,pcy,0,Pch, and
natural decay €y, €ch.

Finally, we can note that the density of adhesion moleculesi s mainly sensitive to changes in their
production rate, pw .4, ,[cy]» @nd natural decay, ey ,,,, and in addition to small changes in parame-
ters related to cytokines tg, pcy,0 and egy.

5.4.3 In uence of the Size of the Initial Infarct

We then used this model to carry out in silico experiments in order to explore the bene cial and/or
deleterious effects of in ammation during stroke depending on the size of the initial infarct.

Figure 5.3: Initial and nal dead areas obtained with aninitia | small size of the infarct.

Figures 5.3, 5.4 and 5.5 show the in uence of initial dimension of  the infarct in the development of
the in ammatory process. We can observe that the aggravation  due to in ammation is not a linear
function of the initial size of the stroke. Therefore evenif =~ we had considered an initial infarct twice
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Figure 5.4: Initial and nal dead areas obtained with an initia | medium size of the infarct.

Figure 5.5: Initial and nal dead areas obtained with an initia | large size of the infarct.
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smaller (or twice bigger) than the standard stroke used in th e previous simulations, the nal size
of the dead area would not have been twice smaller (or twice bi  gger) than the nal area previously
obtained. We can note that for small and medium initial datat here is not an increase of the dead
area, but, in the case of big size of the infarct, Figure 5.5, we h ave a signi cant increment of 235%.
In this case the initial dead area is 3.5911, while the nal dead are ais 12.0504, which correspond to
335% of the initial area.

5.5 Discussion

In this study, we built a model based on a set of ordinary and par tial differential equations to rep-
resent the biological phenomena involved in the in ammatory process during an ischemic stroke.
In our model, we considered different types of cells and of che mical substances. Therefore we rep-
resented the behavior of healthy, necrotic and apoptotic cells , and of immune cells like microglia,
neutrophils, macrophages. Moreover we have included the cyto kines, chemokines and adhesion
molecules. The most important feature of the model is its spati  al dimension, which allows to re-
produce some mechanisms such as the diffusion of proteins andt he recruitment of leukocytes by
chemotaxis.

The model includes many parameters and one of the main problems  was to determine the values
of these parameters. We xed these values with different metho ds (as explain in 5.3.3). Some para-
meters were determinated by tting the results of the modelt o real data coming from experiments
on rats that underwent permanent ischemia [67], other parameters  thanks to biological knowledge
and the remaining parameters in order not to disturb the syste  m. It was possible to nd a set of pa-
rameter values that allows the model to respect the rules deta iled in Section 5.3.3. Thus, with this
reference set of parameter values, we could obtain realistic  simulations of the biological phenom-
enon. However a further study of the parameter space should be m ade to check if the qualitative
behavior of the model is completely determined by those rules o r if we have to complete them.

In the robustness study, Section 5.4.2, we mainly obtained narr ow ranges of parameter values,
which guarantees a quite stable behavior of the whole system. A nother signi cant aspect un-
derlined by the robustness study is the main role of chemotaxi s. As a matter of fact, alterations
of chemotaxis coef cients, especially the neutrophil ones, hi  ghly affect the behavior of the whole
process, leading to a system that does not meet the basis of rul es any more.

In the sensitivity study, Section 5.4.2, we observed that no param eter in uenced the nal total
amount of inactivated microglia. It may be explained by the fac  t that the mitosis rate of microglia
(cm, ) is too high compared to the other terms of equation (5.8). Asaco nsequence, whatever the pa-
rameter values, the nal amount of inactivated microgliais  always at its maximum value ( M; ZAL1).
This behavior could be modi ed with the introduction of some d ecay for inactivated microglia. In
this sensitivity study, we also noticed a quite stable behavior of adhesion molecules. If we exclude
the parameters directly related to this variable, signi can t changes in the other parameters do not
affect the behavior of these molecules in blood vessels. This sensitivity study is a rst step in the
exploration of the parameter space. Now with this rst set of param  eters we are able to manage the
system in order to investigate the balance between positive a nd negative aspects of each compo-
nents in in ammation.

After determining and studying this reference set of paramet er values, we used it in the model in
order to perform in silico experiments in different conditions. We studied how the size 0 fthe initial
infarct could in uence the development of the in ammatory pro cess (see Section 5.4.3). The simu-
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lation results show that the aggravation due to in ammation is not linearly correlated to the infarct
size, which is aninteresting result. These results suggest that blocking in ammation would be more
interesting for severe ischemic stroke whereas the beneto fin ammation could be stronger than
the aggravation in small infarct. In this latter case, anti- in ammatory drugs could aggravating the
cell damage instead of bring to bene cial effects. This point  needs to be con rmed by further ex-
periments.

We can also use this model to simulate different therapeutic s trategies. Currently, the only thera-
peutic approach used in the Stroke Units in hospitals is thrombol  ysis which is aimed at reopening
the obstructed vessel. We could simulate a reperfusion (i.e. a reopening of the obstructed vessel)
in our model by including the role of blood ow and of ATP on eac  h mechanism involved in the
in ammatory process. Since thrombolysis can only be givento  about 5 percents of stroke patients,
other therapeutic strategies have been developed for about tw enty years. They are called neuro-
protective strategies and are aimed at blocking the biologic al process leading to cell death. Anti-
in ammatory drugs belong to these neuroprotective approaches . The anti-in ammatory mole-
cules already tested block either the rst phase (i.e. activa tion of microglia) or the second phase
of in ammation (i.e. in ltration of leukocytes). With our m odel, we can simulate different anti-
in ammatory treatments acting on various targets (microgl  ia, adhesion molecules, cytokines, neu-
trophils) and we can compare the effects of these treatments. M oreover, since we distinguished
in the model the apoptotic cells at the beginning (reversible ph  ase) of the apoptotic cascade and
those at the end (irreversible phase) of the apoptotic cascade, we can also simulate the effects of
anti-apoptotic drugs and study their roles on the ischemic dam  age.

The model can thus already be used to carry out insilico experiments that could contribute to a bet-
ter understanding of the mechanisms involved in the inamma  tory process (their in uences and
their connections) and of the effects of various therapeutic  strategies. However, this model can also
be prolonged and re ned. First of all, it could be interesting  to introduce in the model the rupture
of the blood-brain barrier which occurs during a stroke andi  ncreases the in ltration of leukocytes
in brain tissue. This could be done by adding a function that w  ould increase membrane perme-
ability when the density of adhesion molecules would increa  se (which is currently the case in the
model) and when the blood-brain barrier would disrupt. Moreo  ver, it could be interesting to add in
the model a speci c function describing the dynamics of endog  enous anti-in ammatory cytokines.
This dynamics is currently taken into account in the global f  unction representing cytokines but it
could be modeled in more details. Thisworkis under developme nt. Besides, we could also model in
more details the deleterious effects of the free radicals (s uch as NO) that are produced by microglia
and leukocytes and that can also be therapeutic targets. Fina lly, it could also be relevant to study
the phenomenon in different geometrical conditions, for exam  ple with other distributions of ves-
sels. Moreover, since the infarct size in uences the effect s of the in ammatory process, it could be
interesting to perform simulations of realistic braininfar ~ cts on awhole brain section (by adding no-
ux conditions on its boundaries). To perform these simulati ~ ons on brain sections, we should take
into account brain geometry, brain heterogeneity (white ma  tter/ grey matter) and brain anisotropy.
These features are important to study more precisely the propaga tion of the in ammatory process.
This could also be the rst step of a 3D study of the in ammatory process in ischemic stroke.
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Chapter 6

A Fluid Dynamics Model of the Growth of
Phototrophic Bio Ims

In this chapter, a system of nonlinear hyperbolic partial diffe  rential equations is derived to model
the formation of bio Ims [39, 38]. In contrast with most of the exis  ting models, our equations have
a nite speed of propagation, without using arti cial free boun dary conditions. In addition, we are
able to deal in a natural and effective way with regions where one of the phases is vanishing.

The plan of the chapter is the following. Firstly, an introduct ion to some basic concepts about the
biological phenomenon is given; then, in Section 6.3, we present  a detailed derivation of our uid
dynamics model, paying special attention to modeling the in u ence of the light on the growth of
the bio Ims. An adapted numerical scheme is described in deta ils in Section 6.4. Finally, in the last
section, we present some numerical tests, with the aim of illu  strating the power of our approach
and also the in uence of the various parameters. Our tests are  performed in one, two, and three
space dimensions, for a domain with no ux conditions. We stud vy the in uence of light on the
system and we detect how the estimate of the sound velocity of the medium affects the nal output
and in particular the speed of the front (it should be noted that this is not an easy task from the
experimental point of view).

We are interested in particular in the formation and evolutio  nin several space dimensions of cyanobac-
teria bio Ims, with special attention to their development on the stone surfaces of ancient monu-
ments, as for instance fountains walls, i.e. on stone substr ates and under a water layer.

Here, our model refers essentially to the class of Chroococc ales, in particular Gleocapsa, which is
a genus of photoautotrophic bacteria and is a prokaryote. The ce llIs secrete individual gelatinous
sheaths which can often be seen as sheaths around recently di vided cells within outer sheaths.
Notice that, even if our focus is on phototropic species, like cy anobacteria, it is clear that most of
the framework we are going to deal with in this thesis can be ext ended to other species and mixed
colonies.

Our rst goal is to introduce a model which keeps the physical n ite speed of propagation of the
fronts. Starting from the ideas of the mixture theory [138, 14, 137],w e write some balance equations
which contain the main assumptions coming from biophysical co  nsiderations (mass and momen-
tum conservation, in uence of nutrients and light, ...). Th e inertial terms in the momentum equa-
tions guarantees the hyperbolicity of the system and the nit e speed of propagation. Actually, in
most of the models coming from the mixture theory approach, asfo  rinstance [137, 58], these terms
are neglected, in order to simplify the analysis and the numer ical approximation. In fact, diffusive
terms stabilize the uid and prevent possible breakdowns or ot her instabilities. Nevertheless, this
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simpli cation introduces a non-physical in nite speed of propag ation in the problem, and makes
it dif cult to study effectively the evolution of interface s between the solid (bio Im) and the liquid
(water) phases. A possible solution is to use moving fronts tech niques, see [4, 137], which however
introduce other analytical and numerical dif culties and r  equire a further approximation in the
model. We prefer to keep the inertial terms and to solve the ful | hyperbolic problem using some
robust and Riemann Solver-free scheme like relaxation schem es [13]. However, there are two im-
portant differences with respect to a usual hyperbolic system.  First, since we are dealing with a
multiphase uid, it is dif cult to deal with regions where one of the phases may vanish. This is
usually solved by neglecting these regions, for instance by selecting special initial conditions. In
a bio Im these choice is not possible, since it is important to m  odel also the region where there
is only the bio Im or the liquid. It turns out that this problem o f vanishing phases can be solved
by approximating source terms just by using an Implicit-Explicits  cheme (see Section 6.4 for more
details).

The other problem arises from the fact that our model is suppleme  nted with a constraint term due
to the mass conservation, which implies that the average hydr odynamic velocity of the mixture
is divergence free. This constraint is needed to compute the h ydrostatic pressure. To enforce the
divergence free constraint, we used a fractional step approac h similar to the Chorin-Temam pro-
jection scheme [36, 161] for the Navier-Stokes equations, with av ery accurate reconstruction of the
pressure term.

6.1 Biological Backgrounds

A bio Im is a complex gel-like aggregation of microorganisms  like bacteria, cyanobacteria, algae,
protozoa and fungi, embedded in an extracellular matrix of poly = meric substances, called EPS. Even
if a bio Im contains water, it is mainly in a solid phase. Bio | ms can develop on surfaces which are
in permanent contact with water, i.e. on a solid/liquid interf  aces, but the growth of microorgan-
isms also occurs on different types of interfaces such as air/s olid, liquid/liquid or air/liquid.

Bio Ims are not simply passive assemblages of cells that are st uck to surfaces, but they are struc-
turally and dynamically complex biological systems. Their d evelopment is often characterized
as a multistage process. First, some free- oating bacteria a pproach the surface and within a few
minutes they get attached. Then, during a phase of colonizati on, bacteria loose agella and pro-
duce EPS. During the growth phase, bacteria build a 3D structur e, in uenced by a variety of envi-
ronmental factors. In the end, a part of the bio Im may detachi  tselfin order to colonize other parts
of the surface [63].

Bio Ims are present in different contexts. Some bio Ims are us  eful, providing valuable services to
human society or to the functioning of natural ecosystems. O ther bio Ims are harmful, causing
serious health and economic problems. For example, in the subsu rface bacteria normally grow as
bio Ims on the soil matrix and can help to remove contaminant s from the soil or ground waters.
On the other hand, their propensity for attachment causes probl ems in many situations, such as
in industrial pipelines, ship hulls, nuclear power stations, s  pace stations, air conditioning systems,
water distribution systems.

Since bio Ims play a signi cant role in many natural and engin eered systems, understanding the
mechanisms of bio Im formation, growth, and removal could b e the key in promoting good bio Ims
and contrasting bad ones. Since many of the physiological cha racteristics of bio Im formation (like
localized clusters of bacteria adhering to a substratum and  resistance to antibiotic therapy) are sim-



6.1 Biological Backgrounds 165

ilar in the natural environment and in an animal host, the know  ledge of bio Im formation from
environmental studies helped to characterize bio Ims growin g on medical devices and bio Im in-
fections [71].

6.1.1 Infectious Diseases

Hospitals are susceptible to colonization by microorganisms  growing in bio Ims as well. In many
cases, harmful bio Ims cannot be prevented and they develop e ven under adverse conditions (ex-
treme pH values or temperatures up to 95 C), so removing them is oft en dif cult in technological
systems without a direct access to the exposed surfaces.

Bio Ims associated with medical devices were rst noted in th e early 1980s when electron mi-
croscopy revealed bacteria deposited on the surface of indwe lling devices, such as intravenous
catheters and cardiac pacemakers [63].

Bio Im formation as a protective mechanism could have profoun  d implications for the host, be-
cause the microorganisms that are growing in these matrix-en closed aggregates are more resis-
tant to antibiotics and host defences. Intravenous cathete rs, prosthetic heart valves, joint prosthe-
ses, peritoneal dialysis catheters, cardiac pacemakers, cer ebrospinal uid shunts and endotracheal
tubes save millions of lives, but they all have an intrinsic r  isk of surface-associated infections. The
microorganisms that are most frequently associated with me dical devices are the staphylococci
(particularly S. epidermidis and S. aureus), followed by P. ae ruginosa and other environmental bac-
teria that infect a host who is compromised by invasive medica |intervention .

Bio Im formation on medical implants has even led to the chara  cterization of a new infectious
disease called chronic polymer-associated infection. The m ost noticeable characteristic of the ad-
herent staphylococci colonizing medical implants is the copio  us amount of EPS that encases and
protects cells from host defences and antibiotic treatment.

Bio Im infections within the human body, characterizedbya  dherent bacteria on tissue, might also
include host cells and molecules as part of a surface-associa ted infection such as bacterial endo-
carditis. Moreover, bio Ims are a major problem alsoindenta | hygiene (caries, gingivitis, periodon-
titis) and persistent and chronic infections (otitis media,  cystic brosis, diabetic foot ulcers).

6.1.2 Biodeterioration

Since active bio Ims can be found in any place where there are m icroorganisms and humidity,
a bio Im can develop also on external walls of buildings [43]. The  microbiota on building stones
represent a complex ecosystem which develops in various ways, d epending on environmental con-
ditions and the physicochemical properties of the material.

There is an increasing experimental evidence about the essenti al role of biological agents in the
deterioration of stone; itis clear that many physical, chemi  cal, and biological factors combine their
effects in affecting the material. The colonization of exter nal surfaces of buildings, monuments
and archeological sites by microorganisms causes an unaest hetically appearance of staining of the
stone surfaces and the production of extracellular polymeric s ubstances (EPS), which cause me-
chanical stresses onto the mineral structure inside the pore  system. This can lead to the alteration
of pore size and distribution, together with changes in moist  ure circulation patterns and tempera-
ture response. Microorganisms may also alter the water permea bility of the minerals by the depo-
sition of surfactants. Moreover, it has been shown that the e arly presence of bio Ims on exposed
stone surfaces accelerates the accumulation of atmospheric pollutants [130], [163]. So this mi-
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crobial contamination acts as a precursor of the formation of  detrimental crusts on rock surfaces
caused by acidolytic and oxidoreductive (bio-) erosion of th e mineral structure.

Organisms present on stone monuments can include photolithoa utotrophs, such as algae, cyanobac-
teria, mosses, and higher plants. Chemolithoautotrophic bac teria are also present; they can release
acids such as nitrous acid, nitric acid, or sulfuric acid, th at change the local pH. Chemoorgan-
otrophic bacteria and fungi, instead, may release chelating organic compounds or weaken the min-
eral lattice by the oxidation of metal cations.

The microbial colonization of stones starts with phototrophi ¢ organisms which build up a visible
bio Im of enriched organic biomass on the stone surface. The  growth and metabolic activity of
these algae, cyanobacteria, and lichens, as well as mosses and higher plants, is regulated by pa-
rameters such as light and moisture [144]. Phototrophic microorg anisms may grow on the stone
surface (epilithic phototrophs) or may penetrate some millimet  ers into the rock pore system (en-
dolithic phototrophs). These epilithic and endolithic organi  sms can potentially contribute to the
breakdown of rock crystalline structures such as sandstone , granite, gneiss, limestone, dolomite,
amphibolite, basalt, dolerite, bricks, or even glazes.

As alots of investigations have stressed the importance of pho totrophs in the physical and chemical
deterioration of stones, we focused our attention on a partic  ular class of phototrophs: the cyanoba-
teria.

Cyanobacteria, also known as blue-green algae, blue-green bacteria or Cyanophyta, are a phylum of
bacteria that obtain their energy through photosynthesis. T heir name comes from the color of the
bacteria. They colonize a wide variety of terrestrial habit ats, including rocks, hot and cold desert
crusts, as well as modern and ancient buildings.

Cyanobacteria include unicellular and colonial species. Co lonies may form laments, sheets or
even hollow balls. Each individual cell of a cyanobacteriumt ypically has a thick, gelatinous cell
wall. Cyanobacteria have an elaborate and highly organized system of internal membranes which
allows photosynthesis.

The role of cyanobacteria in the deterioration of surfaces o f historical buildings has been the sub-
ject of several recent studies. These bacteria are generall y adapted to resist adverse conditions
because of their thick outer envelopes and the presence of prote ctive pigments. Since they are
phototrophs and require no more than light, water, and mineral i ons to grow, these microorgan-
isms, along with algae, readily colonize the external surfac es of ancient monuments and develop
a bio Im, which, in turn, alters the appearance of the building and serves as a substrate for the
growth of other deteriogens. Both these microorganisms and cyanobacteria can cause aesthetic,
chemical, and physical decay.

6.2 Previous Models

For a so huge topic, it is not surprising to nd that there exist ma  ny mathematical models. At
the beginning, mathematical modeling of bio Im was mainly f ocused on predicting growth bal-
ance, sometimes with practical applications in mind, as in [34, 110, 173, 174]. These are generally
1-D models with reaction-diffusion equations for nutrient a  nd other substrates, sometimes with
a moving boundary. The rst multidimensional models were dis  crete and based on cellular au-
tomata. For example, models proposed by the Delfts team [172] are ma inly multidimensional,
multispecies and multisubstrates spatially discrete models , which have been solved by individual-
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based approach or cellular automata. They are quite exhaustive f rom the biological point of view,
at least qualitatively, but not fully satisfactory, because of the dif culties to simulate large colonies
of millions of individuals with discrete approach, and to give a  precise description of the behavior
of the solutions.

At the same time, fully continuum models have been considere d. The recent review by Klapper
and Dockery [91], focus mainly on this kind of models, following  the idea of treating the bio Im
as a viscoelastic material that expands in response to growth-in  duced pressure. Among them, an
important class of models was proposed by Alpkvist and Klapper [4], and it is based on a multidi-
mensional and multispecies description, where bio Imsaredi  vided into biomass and liquid. Since
all these models are based on diffusion equations, they experi ence an unrealistic movement of the
fronts, since in priciple bacteria can move in nitely fast. Mo  reover, due to diffusivity, it is also dif-
cult to obtain sharp interfaces and nger-like structures which characterize bio Ims, which are
usually recovered by supplementing the model with arti cial i nterfaces which are solved by mov-
ing fronts techniques. Another model has been proposed more rec  ently by Zang, Cogan, and Wang
[179]. They consider two phases: the polymer network and the solven t, and analyze numerically the
case of detachment under different initial conditions. Thi s model does not consider the different
biological components and it is unable to describe the evolut  ion of speci ¢ bacteria.

Another continuous model, including more biological detai  Is, was proposed by Anguine, King and
Ward [9]. It concerns the bio Im produced by the Pseudomonas aeruginosa a bacterium that
causes serious infections. It is multispecies PDEs model and four different phases are considered:
live cells, dead cells, EPS, and liquid. The in uence of nutri  ents is also taken into account, as well
as quorum sensing, one of the various signaling mechanism of ¢ ells, and also some different med-
ical treatments, like antibiotics and antiQS drugs. Transpo rt equations are introduced to model
the four phases and advection-diffusion equations for nutri  ents, antibiotics and antiQS. A com-
mon velocity for bacteria, dead bacteria and EPS is assumed, while a different velocity is taken for
the liquid. To close the system, the no-void condition is assu med together with a supplementary
relation between the liquid and EPS, namely: a local incremen t of EPS causes a local increment
of liquid. Thanks to these assumptions, no equation for veloci ties is needed. For this reason, the
model works only in one space dimension.

6.3 The Fluid Dynamics Model

To describe the complex structure of bio Ims, we have chosent o consider four different compo-
nents, see [9]: Live cyanobacteria (B), Dead cyanobacteria (D ), EPS (E), and Liquid (L). We denote
the concentration of biomass by Cx £YxA, where Y4 is the mass density of a phase in [ g/cm?]
and A Z£B,D,E,L is the volume fraction of the phases. We assume that the biomas ses are incom-
pressible and Newtonian, so that Yg, ¥, ¥2 and Y are positive constants. We also assume that the
phases have all the same constant density.

We have reduced the composition of bio Im, which is usually co  mposed by many different types
of organisms, to one single species of cyanobacteria (for exam ple Chroococcales, which have a sort
of Eps sheats). Our four components can be considered like a mixt ure. It is possible to describe
a mixture as “mixed-state or condition, co-existence of differ ent ingredients or of different groups
that mutually diffuse through each other” [138]. When one ofthec  omponents is preponderant and
the other are essentially insigni cant, the body is usually  assumed to be of the predominant single
component. In our case, however, we will consider the four dif ferent components which equally
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describe the growth of bio Ims. This approach has been yet used by Preziosi et al. to model the
formation of vascular tumors [137, 8].

6.3.1 Mass Balance Equations

Since the EPS encompasses the cells for this class of cyanobacteria, we can make the hypothesis
that live cells, dead cells, and EPS have the same transport ve locity, called vs. We denote instead by
v, the velocity of liquid, and by j 4 , with (A £B,D, E, L), the mass exchange rates.

Consequently, the equations expressing the mass balance are:

@BAr¢ (Bvs) &j g, (6.1a)
@D Ar¢ (Dvs) /i p, (6.1b)
@EAr¢ (Evs) /i g, (6.1c)
@LATrC (Lv) A& L. (6.1d)

We assume the following volume constraint:
BADAEAL A1, (6.2)

that is to say the mixture is saturated. This means that the liqu id lIs all interstices of the mixture,
so that no empty space is left.

From the mixture theory, we know that in addition to the balanc e of mass of each component, we
also have the total conservation of mass of the mixture, thati sto say:

isAipAijegAiLAo. (6.3)
This states that the mixture is closed, i.e. there is no net prod uction of mass for the whole mixture.

6.3.2 Biomass Growth Rates

Now let us precise and comment the form of the mass productionte  rms. We assume that

i A& kBBLi kD B, (6.4)
i A& ®kDB i kN D, (6.5)
ie A& keBf(L)j "E. (6.6)

The term j g, the mass exchange rate for the active bacterial cells, is th e difference between a birth
term with rate kg and a death term with rate kp; the birth of new cells at a point highly depends
on the quantity of liquid available in the neighborhood of the po  int, that is why the birth term is a
product between the volume ratio B of active cells and the volume ratio L of liquid.

Now, the death term in the expression of j g gives rise to a creation term in the mass exchange rate
for dead cells j p, however with a proportional coef cient ~ ®, since a part of the active cells becomes
liquid when the cell dies. In j p, we also nd a natural decay of dead cells with a constantdeca y rate
kN .

The EPS is produced by active cells in presence of liquid and ther efore the production term will
be of the form kgf (L)B, where kg is the growth rate and f (L) is a non-dimensional function of the
liquid fractionwithO - f(L)- 1. Thereis also a natural decay of EPS with rate ".
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In the end, we choose the mass exchange rate of liquid | in order to enforce condition (6.3), that

is to say
i ¢

i L AB (1i ®)kDi kBLj kEf(L) AkNDA"E. (67)

Allthe coef cients kg, kp, kg and ky may depend on temperature, light intensity and concentration

of nutrients.

Here, we want to estimate the growth rates of involved compone nts (B, E, D), which are in uenced
by several environmental conditions such as temperature and | ight. Also, we would establish the
optimal values for these parameters. Indeed, light is a fundam ental variable in the life of some
types of cyanobacteria (photoautotrophic cyanobacteria), al lowing these organisms to photosyn-
thesize inorganic compounds. Because photosynthesis respond s quantitatively to changes in light,
environmental variation in its quantity and quality potentiall y accounts for much of the variation
in the physiology and population growth of cyanobacteria. Inth e same way, there exists a range of
temperature, as well as a range of nutrient concentrations, n  ecessary to the survival of cyanobacte-
ria.

Light and temperature directly in uence the speci ¢ growth ra tes and can reduce them when opti-
mal values are not reached [55, 162]. To estimate the growth coef ¢ ient of cyanobacteria, we write
the coef cient kg as

kg Akgo ¢g(l,T),

where kpgg is the optimal growth rate, and g(T,I) 2 [0, 1] is an ef ciency factor given as a function of
temperature and light.

Many authors have already formulated the effect of light upon  algae growth with empirical math-
ematical functions, see [162]. In many models, the effects of the light and of the temperature are
assumed independent, and the resultant growth is taken as the product of two limiting factors,
namely g1(T)¢g2(1). However, this choice highly overestimates limitations.  In absence of appropri-
ated experiments, we assume here that

g(T.1) Amax(g1(T), ga2(1)).

Here we assume that the death rate of cyanobacteria kp, which is also the production rate of dead
cells D, isindependentof T and I, as well as EPS growth rate ke [121] and decay rate for dead cells
kn, that is to say

ko 4 kp(l,T)Ykpo (6.8)
ke / ke(l,T)%akeo (6.9)
kn Z kn(T)Ykno (6.10)

where kpg,kgg and kyo are the optimal rates. Numerical values of these optimal rates and other
useful coef cients are given at Table 6.1.

It would be interesting to consider also a variable growth ra  te for all these coef cients, since they
clearly also depend on the environmental conditions. However , we keep the model as simple as
possible, as far as experimental evidences is missing.

Light Dependence

To describe the light in uence on the bio Im growth, we indic ate by Ig the light intensity on the
upper surface of water, and by (X, y,t) the intensity in the water. We assume that the light intensi  ty
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is attenuated following the law of photon absorption inthe mat  ter. Thus, we assume that I(x,y,t)
is constantin x for every xed y (vertical coordinate) and t. Then, assuming y 2 [0,H] we have:

0 i 3 s, (6.11)
lo(t)
where the absorption coef cient * depends on the matter and on the frequency of radiation and
s /£H i y. By experimental observations, it has been estimated that * ¥%0.9 mi ! if the water is
turbid, and * ¥40.2mi 1 if the water is clear.
We still need to nd the form of the correction factor and we as ~ sume that

1 ﬁEloilAhl (BAEAD)¢, (6.12)

where 1 ¢ is the absorption coef cient when the water is clear, and  h: is a coef cient in the bio-
masses.
Finally, following [162], [55] and references therein, we assumet hatthe speci c growth rate as func-
tion of irradiation 1(X,y,t) is given by
go(1) A2w A ¢ J (6.13)
’ 250 2 AT, AY '
where [ &1/ 1g, wy is the maximum speci c growthrate and ~ , is a shape coef cient.

Temperature Dependence

We assume that cyanobacteria have an optimal growth rate wher e the temperature is maximal and
that the growth rate diminishes where the temperature is far f rom this optimal value. Following
[162], we choose the speci ¢ growth rate as a function of temperatur e T, thatis to say:

(T) /2w ilA‘ ¢ w (6.14)
g1 1 1 ZAZ AL’ .
where T T
u/E——mn (6.15)
Topt i Tmin

Here w1 corresponds to the maximum growth rate, 1 is a shape parameter, and Tpin is the mini-
mal temperature for the model.
It can be easily added to the model a nutrient for cyanobacter ia, using a classical diffusive equation.

6.3.3 Force Balance Equations
Adding the four equations of system (6.1) and using equations (6. 2) and (6.3) yields:
ré (1i L)vsALv) A0, (6.16)

which means that the divergence of the average hydrodynamic velocity is equal to zero. It can be
seen as an average incompressibility.

Next, let us write the equations for the force balance. We denot e by T4 the partial stress tensor rel-
ative to the component A, and by M 4 the respective interaction force. So we can write the equation
of force balance for the component A (A £B,D,E, L) as follows:

@(Ava)Are (Ava- va) £r¢TaAAmMAA| ava. (6.17)
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The total conservation of momentum yields:

X, (MmaAi ava) £O. (6.18)
A
This equation means that the net momentum supply to the mixture du e to all the components is
equal to zero. As a matter of fact, if the mixture is closed, itis possible to prove that the sum of
interaction forces and momentum transfers due to mass excha nges is null.
If a saturation condition like (6.2) is assumed, equations for  the partial stress tensor and interac-
tion forces are characterized by the presence of a Lagrange mu ltiplier classically identi ed with the
interstitial pressure of the liquid. So, from the theory of mixt  ures [138], it is possible to decompose
the interaction forces as M4 £Pr AA m 4, where P is the hydrostatic pressure, a scalar common to
all the phases, and m 4 is the force exerted by the phase A on the other phases. Itis also possible to
decompose the partial stress tensor as Ta /£ |API AAT4, where T4 is the excess stress tensor.
Hence, equation (6.17) can be rewritten as:

@(Ava)Arce (Ava- va) Emai Ar PAre (ATa) A Ava. (6.19)

Now, let us sum equations (6.19) for A /EB,D,E altogether. First, using equations (6.2), (6.3) and
(6.18), we nd X

mAA AVAAEimLi iLVL
A6

and therefore, using (6.2) once again, we obtain:

X
@((Li Lvs)Are ((1i L)vs- vs) Ei(li Lyr PAre ( ATA)i mii jLve. (6.20)
AGE

For the liquid phase we have:
@(Lv) Are (Lv - v)) EiLr PAre¢ (LTOAmMLA v, (6.21)
Now we make some assumptions on the form of the excess stress te nsors, namely

ATA /81 and T AQ, (6.22)
AeiE
where § is a monotone decreasing scalar function depending onthe vol ume ratios BAD AE /&1; L.
A rst approximation, useful for numerical tests, is alinearfo  rm of the stress function as

8§ A& i°(1ij L). (6.23)

Here negative values of § indicate compression. Let us notice that this choice of the st  ress function
is similar to the isothermal case of the isentropic gas equati ons.
We are assuming that the excess stress tensor is only presenti n the solid component, so in the liquid
there is only the hydrostatic pressure; this means that ifint  he liquid there is no bacteria nor EPS,
then the liquid is at rest. This type of assumption is usually ado pted in the theory of deformable
porous media, where the excess stress tensor T\ is neglected in order to get Darcy like laws.
We also assume that the interaction forces for the liquid foll ow the Darcy law: this is obtained
taking m proportional to the difference between the relative velociti  es of uid and of component,
namely:

mL A iM(vLi vs), (6.24)
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where M is an experimental constant.

The assumptions are made following the works by Preziosi [8, 14], where the theory of mixture is
used to model tumour growth.

Thanks to these assumptions, we can rewrite the equations for the velocities so that using (6.1),

(6.16) we can obtain a closed system of equations

8
@BAr¢ (Bvs) £B(Lkg(l,T,N)j kp(I,T,N)),

@D Ar¢ (Dvs) £E®Bkp (I, T,N)j Dkn(T),

@EAr¢ (Evs) ABLke(I,T,N)j 2E,

@LAr¢ (Lv ) AB((1; ®)kp(I,T,N)j Lkg(l,T,N)j Lke(l,T,N))ADkyn(T)AZE, (6.25)
@((1i Lvs)Are ((1i L)vs- vs)A(1i Lr PAEISA(Mi j)vii Mvs,

@(Lvy)Are (Lvi- VO))ALIPEiM | i VL AMvs,

ré (1i LyvsALvy) A0

Let us observe that in this model the inertial terms are notne  glected.

To complete the system, we have to nd the values of the coef ci  ents of the source terms and of the
Darcy constant M.

We impose Neumann boundary conditions for the volume ratios:

r Bénjg A£rEdnjg ArDtnjg A0, (6.26)
and no- ux boundary conditions for the velocities:
vslnjg AV tnjg ADO. (6.27)

In the following sections, we present rst the numerical sche me we use and the numerical dif -
culties we had to face to solve numerically this complex syste m of equations. We then present
some numerical simulations rst in the one-dimensional cas e, and then in the two and three-
dimensional cases, to prove the ef ciency of our model to repro  duce a front propagation for the
production of EPS, and also to investigate the behavior of our m odel.

6.4 The Numerical Scheme

Let us explain now how to solve the complete system (6.25) by a Finite  Difference method in space
and an explicit-implicit method in time in the two-dimensional case. The same procedure can be
easily adapted also to the three dimensional case.

Let us consider a square - AJ[O;L] £ [0;L] and denote by +x the space step. We consider the dis-
cretization points Xg E(®1xX,®*x),0- ® - N A 1. We denote the time step by *t and the dis-
cretization times will be givenby t, En£t,n 2 N.

Letus denote by Y the volume ratio of one of the solid phase, i.e. Y /AB,D or E; its approximation at
point Xxe2- andattime t, will be denoted by Y™®. We also consider the time discretization vector
Y ", which components arethe N2terms Y"® 1. ® - N.
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6.4.1 Spatial Discretization

We use a relaxation scheme for the spatial discretization of th e transport part [13], and, as a rst
approach, an explicit Euler scheme for the time discretization.  Using a relaxation method, we ap-
proximate the equations by a diagonal system, easy to solve and e asy to complement eventually
with ux limiters. Relaxation is also a convenient settingto  extend the scheme to higher orders.
Let us explain this method with more details.

Let us consider a two-dimensional hyperbolic problem of  d equations in a generic form:

QWA @, A (W) A @, Ax(W) AEF(W),

where W2 RY, fora nite d 2 N.
We consider a simple 5-velocities relaxation scheme following [13]. Let us choose the ve velocities
as

L1/, (1,0),,24,(0,1),,34£ (i 1,0),, 44 (0, 1), , 5 A0,0), (6.28)

for some | EO.
Now we introduce the corresponding Maxwellians ~ M; (W) 2R%,i /1,...,5, of the form

M; (W) ZEa; WA b 1 A1(W) A b2 Ay (W), (6.29)

for some constants a;, bj1 and bj, to be chosen.
The conditions of consistency of the Maxwellians are

»
M; (W) W, . i,jMi (W) A, (W), jA&L2. (6.30)
i AL i AL

Then, a possible choice for the coef cients a; and bjj is the following

ai £ ¢CcCaAa,as AL 4a;

1
b11 Aboy A jb31 £ jbao /EZ—, bij AEO otherwise.

5

It is easy to see that these coef cients satisfy conditions ( 6.30). Let us now denote by W"® the
approximation of W at point Xg 2 - % R? and time t,. We set the discretization of Maxwellians
(6.29) as

£." /EM; (W"®), for | /EL,¢¢ . (6.31)

We evolve each of the functions fj,1- i - 5, intime by following the velocity |, ; :

b4 ®;A1 ®i 1
finA1/2'®AEfin’®i 1 ’ij(fin int fin ity
jA
)@_ ., . nN® Al n,® n®j1
Ar i 2R AT,
ja

+t
where 1 /EE and ®, A 1is a shift of the j-th component of the index ®. Let us remark that, in
our case, thanks to the choice of velocities (6.28), the scheme f or one component f; becomes a
one-dimensional scheme. Finally, we just end by setting

»
W“A1'®,CE finl\1/2,®Ait F(W“ ,®)‘

i AL
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Here, following the results of Bouchut[21, 22] on the stability  condition for BGK approximation, we
set the velocity , Z£maxjlj, where W 2 ¥{A;) are the eigenvalues of the jacobian matrices of the

. . . S " it
uxes and the time and space steps will have to satisfy the stabil ity condition P 1.
X

In our case the hyperbolic system (6.25) can be written as

QWA @,A1(W)A @, A2(W) EF(W.T P), (6.32)
where:
0 1
WAEB (1j L)vsl (6.33)
(1i Dvsy
Lviy
Lvio
0 1 1
BVSl BVSZ
DVSJ_ DVSZ
EVS]_ EVSZ
At(W) AR (1i LveZA°(1i L) & AW) AR  (1i L)vsivs, , (6.34)
(1i L)vsvsy (1i Lyvs3A°(1i L)
LVL% LV|_1V|_2
LV|_1VL2 LVLg
0 1
B(ksLi kp)
®kDB|' kND
keBf (L) 2E
FIW,r P)AR i (1i L@QPAM i i)vi1i Mvg G (6.35)

i 1i L@PAM i iL)Vizi Mvsy
i L@Pi (M iL)ViiAMvg
iL@Pi (M jVvi2AMvs,

Here, we used the obvious notations v A(v, 1, V|_2)T and vs A(vsy, vsz)T. Let us observe that the
relevant eigenvalues p; of the jacobian matrices of the uxesare {2 v 1,Vsyi P -, vslAp T 2VL0, Vs
P " Vsp A P “}, so the coefcient ° assumes an important role in the numerical resolution of the
system. As a matter of fact we use a variable time step which sa tis es the CFL condition.

As for boundary conditions, we use Neumann boundary conditi  ons (6.26) for the generic compo-
nent Y and no- ux boundary conditions (6.27) for the velocities  vg, v, .

We notice that L is computed using relation (6.2).

Two remarks have to be done regarding the scheme mentioned in  previous subsection. The rst
one is that we did not mention how to compute the pressure P appearing in the source term F. One
solution would be to nd an equation for  P. Summing the two force balance equations in (6.25)
and using equation (6.16), we nd the elliptic equation satisedb  y P, namely

i CPEre(re ((1i L)vs- vsALv - v))j ¢8§.
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However, the solution of this equation is not unique and itisk  nown that it is not an ef cient way to
compute the pressure. We will rather use a projection method ast he one proposed by Chorin [36]
and Temam [161] to solve Navier-Stokes equation, as explained in de tails in the following subsec-
tion.

6.4.2 Time Discretization
The vanishing phases problem

A problem comes from the vanishing phases. Indeed, using a disc retization like the one of previous
subsection, we compute (1 j L"A1)vg"AL and LAy, "AL whereas we need vs"A! and v A1 in order
to compute the sixth and seventh components of Fin (6.33). However we cannot calculate VS”Al
if L"A1 is equal to 1, or v "A! if L"AL js equal to zero. Furthermore, we cannot take the data to
avoid vanishing phases, like in gas dynamic, because those pha ses are physically relevant in our
case corresponding respectively for pure liquid or pure bio Im. W e will therefore use an explicit-
implicit time discretization for the velocities inordertoc ~ ompute directly vsnAl and vL”Al.

We can notice that these issues concern only the discretizat ion of the force balance equations in
(6.25) and not the discretization of mass balance equations (6.1) .

Let us consider therefore only the equations of velocitiesi n (6.25). Using an explicit Euler scheme
in time and omitting to detail the space discretization, we ob  tain:

(1i L”MVS”M) AGT i 2t ((1i rP)"Axt(M i i)vi"i Mvg",
LAy "ALEGD | £t(M i PV Mvs”,
where

Gy AL L")vs"i zt(r¢ (1i L)vs- vg)" Azt (r §)",
Gy ALV " £t(re (Lve- v)ALr P)".

However, it is not possible to compute  vs™1if LMAL 1, nor v "ALif LNAL 0.
Here, we propose to overcome this problem by using an implicit appro  ximation for the reaction
terms of the equations of velocities, which can be written as:

(
(1i L”Al)VS”Al/EGfi #t ((1i L)r P)"A+t(M iEAl)vL”Ali MVS”Al,

nA1,, nA1 n. . . nAlL,, nA1, nA1 (6.36)
L' v /EGZ i 2t(Mj j L WL i Mvg .

In this way we obtain values of the velocities even in the parti  cular cases when one of the phases,
liquid or solid, vanishes. To compute the terms  G]' and GJ we adopt the same relaxation scheme
used to solve the equations for B,D,E.

Solving system (6.36) is possible under the condition

(1; L"AN)LALT Axe(M A (LML 1) A 64,

thatis to say +t small enough.

The pressure problem

Projection method was introduced by Chorin [36] and Temam [161]to  solve equations for incom-
pressible uids, like Navier-Stokes equations

utAr pEjuceryulor ?y,

(6.37)
r¢ u AO.
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This method is based on the observation that the left-hand si de of the rst equation of (6.37) is
the Hodge decomposition of the right-hand side, namely the su m of a gradient term and of a
divergence-free term. lIts strategy is mainly focused on som e approximation of the momentum
equation to determinate, in a prediction step, a previsional vel  ocity and then, in a correction step,
to solve an elliptic equation that enforces the divergence con straint and determines the pressure.
Let us now explain our scheme in two different steps, a prediction  one and a correction one.

e Step 1l
At the beginning we use a relaxation scheme to solve system (6.32) and the scheme can be
written as follows:
WAL W™ | £t (¢ (AW))" Azt FL A+t F2

where the source term F of (6.35) is considered without pressure and split into two terms:
an explicitterm Fgy, corresponding to the mass balance equations and an implicitt  erm Fjp,,
corresponding to the force balance equations, more precisely

0 1
B"(ksL" i kp)
®kDBni kN DN 0
KeB"f (L")| 2E" 0
Foy & 0 JF AR M EAl)VL‘{ i Mvs]

Mi i MYvisi Mvs
i (M i MYv S AMys
i (M i MYvisAMvs

o O O

We solve easily the rst three equations, the ones referredt o the solid component B, D and
E. So we can approximate the values of these components attime tpa1. Then, thanks to the
condition (6.2), it is possible to compute an approximation LNAL of the liquid volume ratio at

time thA1 as:

Then, we calculate the values of vs” e v, " implicitly without any pressure solving system
(6.36).

e Step2
Then we pass to the second phase of the projection method for the h  ydrostatic pressure. We
set the Hodge decomposition of the average predicted velocity as

(1 Uvs®ALv ® Qi Lvs" ALy "ML A+tr P, (6.38)
using the discretized version of average incompressibility  (6.16)
i ¢
re (1 Lvs" A Ly "AT . (6.39)

Taking the divergence of equation (6.38) and using equation (6.39) , we obtain the following
equation for the pressure P:

i ¢
+t¢P"ALEre (1 LAYt ALMALy 0
r P"Al¢n 0.
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Value

Indications

8¢10 6 [1/sed
2¢10 ' [1/sed
12¢10' 6 [1/sed
1¢10' “[1/sed
1¢10 6 [1/sed

o]
2.5; 10¢10 16 cm?/sed

0.25[dimensionless]
10i Séllseq 5
0.01  mol tcmi?sed 1::
0.01 * mol ¢cmi?sed?
25[°C]

25[°C]
1[dimensionless]
0.1[diénens!i]0nless]
0.002 cmit

6 [dimensionless]

Cyanob. growth rate

D growth rate
EPS growth rate
EPS death rate

D consumption rate

tensor coef cient

fraction dead cells

tensor coef cient

optimal light intensity
average incident light
optimal temperature
average temperature
constants light-temperature
constants light-temperature

clear water coeff.
biomasses coeff.

Table 6.1: Parameters (dimensional) list

Since this problem does not possess a unique solution, we write t
which is the quantity we need to conclude. Namely, we solve:

+ter PPALErre (1) L'AYvg" ALMALy, "

r P"AL¢n /R0.

And, as a nal step, we update velocities as :

VsnAl Avs

VLnAl /EVLU i

6.5 Numerical Simulations

6.5.1 Parameters Estimations

+tr PNAL
+tr pNAL,

he system satised by r P,

¢

In this section we discuss the values of parameters chosen in o ur simulations. Some informa-

tion can be found in the book [172], where a maximum speci ¢ bio Im gr

owth rate is assumed

to be 5.88di 1, where d Aday and di ! /E%, while in [162] the bio Im growth of the two mod-
els presented varying between 1 j 2di . For this reason we choose kgo £1di 1. Following [172],

we nd that the decay rate coef cient is about 5% of the growth ¢
0.01; 0.05kgg. The estimate of the EPS growth rate depends on the specie of bio

oef cient, thus we choose kp %

Im and the envi-

ronmental conditions, see for example [121, 50, 105]. Thus in absence o f speci c experiments, and

considering that we chose to follow the behavior of chrococca

les cyanobacteria, we assume that

the order of magnitude of EPS growth is comparable with cyanob  acteria growth.

We did not nd an experimental estimation for the parameter

° in current literature, for this reason

we assessed the value ofp “ as a sort of upper limit of bacteria velocity; which is estimate d to be
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104 cm

around 3600 sec’

so
104 cm ocm
P M0 7610 851
3600sec

i
o i 16 cm?
therefore we x ° A5¢10 el -

6.5.2 Simulations

In this section we focus our attention on simulations in seve  ral space dimensions. The main para-
meter to estimate is °, and, for this reason, it is appropriate studying the bioImevo  lution as func-
tion of °. Thus, simulations take into account several value of ° to reproduce the bio Im growth
in several dimensions, in particular we have realized simula tions in one and two dimensions, and,
nally, a simulation with constant coef cients in three dim ensions.

The one-dimensional case

In the one-dimensional case, we simulate the evolution of cy anobacteria, EPS, dead cells and lig-
uid. In this case, the single variable space accounts for the h eight, that is to say we consider an
homogeneous planar bio Im where volume fractions of the phase s and velocities are independent
of length and width and only depends on height.

We give the evolution of the bio Im after 60 days, see Figure 6.1. Our domain is the interval L A0, 1]
(cm) and we take spatial step h equal to 0.001cm. We consider as initial data Heaviside functions
for cyanobacteria and EPS: By 40.2 ¢A[0,0.007], (=) /EO.008¢A[0,0,007]. The other variables are initially
equal to zero.

Simulations are done with three differentvalues of  °: °; /10 6 (cm?/se®), °, £500 5(cm?/sed)
and ° 3 10 15 (cm?/ se @) (respectively on the top, in the middle and on the bottom of Fi  gure 6.1)
and with two different values of kg : kg kg and kg A£kg(T,1) (respectively, on the left and on the
right side of Figure 6.1). Here, we can notice how the parameter ° in uences the diffusion of the
biomass, that is to say the process is accelerated with bigger values of °. Also, with the biggest value
° /E10' 15 (cm?/ se), the front propagation reaches the highest height ( ¥40.3), while the heights
reached with the values ° A£10i 16 (cm?/sed) and ° /&5 ¢10i 16 (cm?/sed) are respectively ¥40.1,
0.2. Let us notice that computing the height of the bio Im is parti cularly simple in the 1D case,
since the sum BA D A E is null for space variable x large enough.

Furthermore, we can observe the differences in the cyanobac teria growth using a constant coef -
cient kg ZEkgg or using a coef cient kg ZAkg(T,I) which depends on temperature and light. Since
kgo is the optimal growth rate of cyanobacteria, the cyanobacter ia growth is higher in the constant
case whereas the growths of EPS and liquid are greater in the ca sekg Akg(l,T).

The two-dimensional case

In this section, we simulate the bio Im growth in two-dimens ion space case during 30 days. We
used parameters listed in Table 6.1. As rst step we want to study the light response of the model.

In uence of Light

We take for B as an initial condition the sum of 3 gaussian functions, cent ered respectively in 0.35,
0.5 and 0.7 (cm) with a total fraction of volume for the cyanobateria  BTg £1.0762¢10' °. We choose
an optimal light intensity 1op¢ £0.01 (! molcm i ?sed 1) in equation (6.13) and we change the inci-
dentlight intensity 1o de ned at equation (6.11). Let us consider different cases list ed below:



6.5 Numerical Simulations

179

Evolution of B, D, E, L

CyanoB.

Evolution of B, D, E, L

CyanoB.

Dead CyanoB. Dead CyanoB.
Eps Eps
= Liquid = Liquid
0.4 0.6 0.8 0.2 0.4 0.6 0.8
Height=1cm dx=10 micron Height=1cm dx=10 micron
Evolution of B, D, E, L Evolution of B, D, E, L
== CyanoB. CyanoB.
Dead CyanoB. Dead CyanoB.
——Eps ——Eps
Liquid 1 Liquid 1
0.4 0.6 0.8 1 0.4 0.6 0.8 1
Height=1cm dx=10 micron Height=1cm dx=10 micron
Evolution of B, D, E, L Evolution of B, D, E, L
1 T T T 1 T T T
= CyanoB. CyanoB.
Dead CyanoB. |- Dead CyanoB. |-
Eps Eps
Liquid B Liquid B
0.4 0.6 0.8 1 0.4 0.6 0.8 1

Height=1cm dx=10 micron Height=1cm dx=10 micron

Figure 6.1: Volume fractions of the bio Im components as functi  ons of height x after 60 days. We
use three different values of the parameter °, °; £10i *® (cm?/sed) (on the top), °, A£5¢10i 16
(cm?/sed) (in the middle), °3 £10 *® (cm?/sed) (on the bottom). On the left, we display the
results for an optimal constant rate kg Akgg, while, on the right, we show the results for a variable
rate depending on light and temperature. Our domain is the inte  rval L &[0, 1] (cm) and the spatial
step h is equal to 0.001cm. We consider as initial data Heaviside functions for cyanoba cteria and
EPS:Bg /0.2 ¢A(0 ¢ 007}, Eo A0.008¢A0 ¢ 007} The variable D is initially equal to zero.



180 A Fluid Dynamics Model of the Growth of Phototrophic Bio Ims

Figure 6.2: Numerical simulation of the bio Im after 45 days wit  h optimal rate (on the left) and
variable rate (on the right). Our numerical domain is the squa re - Z[0,1] £ [0,1] (cm?) and the
spatial steps hy, hy, h, are equal to 0.01cm . We consider as initial data Heaviside functions for
cyanobacteria while the other variables are equal to zero.
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1. Casekg Akpgg, and g A£1; we nd a total fraction of volume of cyanobacteria BT 40.0029, i.e.
the volume growth is about 269.5 times.

2. Casekg AEKkpgg ¢g;, with amplitude of daily light oscillations of 90%; we choose  lopt A0.01,
lo £0.01 ¢ molcm i 2sed ). We nd a total fraction of volume of cyanobacteria BT 40.0019,
i.e. the volume growth is about 177 times.

3. Casekgp Akpgo ¢g;; we choose lqpt £0.01, 1o £0.003. We nd a total fraction of volume of
cyanobacteria BT A0.0014, i.e. the volume growth is about 130.6 times.

4. Casekp AKpo0g;; we choose lopt A0.01, 1o A£0.001, ten times lower. We obtain a total fraction
of volume of cyanobacteria BT A2.4481¢10 4, i.e. the volume growth is about 22.75 times.

Figure 6.3: Numerical simulation of the bio Im after 30 days wit  h variable rate. Our numerical
domain is the square - A0, 1]£ [0,1] (cm?) and the spatial steps hy, hy, h; are equalto 0.01cm. We
consider as initial data Heaviside functions for cyanobacte ria while the other variables are equal to
zero. On the left of the gure we have the bio Im growth and on t he right is presented the variation
of light intensity

o

In uence of
The parameter ° also has a greatin uence on the solution. Here, we compare sol utions with several
values of ° (maintaining constant all other parameters), and with total  initial fraction of volume of
cyanobacteria equal to 1.0762 ¢10' °, distributed as the sum of the same three gaussian functions as
before.
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1. For° /1¢10 6 (cm?/sed), we obtain a nal total fraction of volume for ~ B equal to 0.0027,
which correponds to a mass growth of 250. A plot of the volume fracti on of cyanobacteria
after 30 days is displayed at Figure 6.4.

2. For° /E1¢10 15 (cm?/ sed), we obtain a nal total fraction of volume for B equal to 0.012,
which correponds to a mass growth of 1115. A plot of the volume fracti  on of cyanobacteria
after 30 days is displayed at Figure 6.5.

Figure 6.4: Case I. Bio Im evolution after 30 days, with coefci  ent ° A£10' 16(cm?/sed), and initial
condition for B given by the sum of three gaussian functions centered in 0.35,0.5 and 0.7, (cm). On
the left, we display the fraction volume of cyanobacteriaasa function of length and height. On the
upper right, we present the level curves of the function B as a function of length and height and
on the lower right, we show the level curves of the light inten  sity variation. The light intensity is in
tmolcmi?sed L.

We can observe that the light intensity propagation in the bio Im phase is attenuated by the bio Im
mass itself, as expected by the model assumptions. It will be poss ible to calibrate this attenuation
with appropriated experiments of cyanobacteria growth, measuri  ng the number of photons emit-
ted and the photons which pass through the bio Im with a light se nsor under the bio Im itself.
Now, adding an intermediate simulation with ~ ° &5 ¢10i 15 (cm?/sed), to the previous two (illus-
trated in Figures 6.4 and 6.5, we have observed a total bio Im mas s increasing (from initial value),
which is function of ° values; the mass growth, in these three cases, is presented in Figure 6.6.

Front velocity

Now, let us describe the bio Im front velocity behaviorasafu  nction of °, using as initial condition
a single gaussian function centered in 0.5. To do so, we havetod e ne whatis the bio Im front. Let
us consider the ratio between the bio Im volume fraction (th  atis to say the sum of B, D and E) and
the maximum of this volume fraction at the same time. We can de ne two regions, the rst one
composed of the points where the value of this ratio is less than 1% and the second one composed
of the points where the value of this ratio is more than 1%. The bi o Im front will be the boundary
between these two regions. Considering different values fo r °, we can observe the behavior of the
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Figure 6.5: Case Il. Bio Im evolution, with coef cient ~ ° /10 15, (cm?/se@) and initial condition
for B given by the sum of three gaussian functions centered in 0.35, 0.5 and 0.7, (cm). On the
left, we display the fraction volume of cyanobacteria as a fun ction of length and height. On the
upper right, we present the level curves of the function B as a function of length and height and
on the lower right, we show the level curves of the light inten  sity variation. The light intensity is in
tmolcmi?sed L.
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Figure 6.6: Mass growth: M/Mg as function of °,with ° 10 ¢ (cm?/sed), ° £5¢10 ¥(cm?/sed)
and ° £10¢10' 18 (cm?/ se @) with their corresponding mass growth.
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frontin Figure 6.7. Using a linear t on the curves of Figure 6.7, w e can nd the velocity of the front
movement and we plot it as a function of P in Figure 6.8. This approximation can be compared
with experimental data in order to estimate the parameter  °, once the values of other parameters
are known.

Height biofilm (cm)

0 10 20 30 40 50 60 70 80
Time (days)

Figure 6.7: Front movement for different ©° values: ° /E2.5¢101 16 (cm?/sed), ° A3.7¢10i 16
(cm?/sed),° A5¢10 ¢ (cm?/sed),° A6.2¢10 ¥(cm?/sed) and ° £7.5¢10 15(cm?/sedd).
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Figure 6.8: Front velocity, obtained by a linear tof the front  growth for different values.

The three-dimensional case

In this last subsection, we present in Figure 6.9 a simulationi n a three dimensional case with op-
timal constant rates ( kg AEkpgg). We use the numerical scheme proposed in the previous section in
the 3D case solving the system on a domain - A[0,1] £ [0,1] £ [0,0.5] (cm?3). In our simulations



6.5 Numerical Simulations 185

the initial condition for the cyanobacteria volume fractio  n B is a sum of Heaviside functions whose
amplitude is assumed to be of the order of the cell dimensions  hy Z&hy Ah, A£0.02 (cm).

Here, we see the dependence of the process velocity on the parame ter °. Using two different values
for °, we can observe the in uence of this parameter on the process di  ffusion. As a matter of fact,
as observed in the previous cases a larger value for ° leads to a faster evolution. We can notice that,
with the choice ° /10 15(cm?/se), we get an homogeneous layer of the solid components by a
quick aggregation.

Moreover some simulations with variable rates are displayed at Figure 6.10 and compared with
constant rates. We can notice that variable light intensity — and temperature clearly in uence the
growth of the bio Im. Infact in the case of optimal rates, the b io Im growth is larger than in the
case of variable rates.

Moreover we can observe in particular in Figure 6.11 a simulatio  n of the lightintensity. Let us notice
that, following equation (6.11) the light intensity  1(X,y,z,t) is attenuated by the bio Im. Then a
lower value of the light intesity is obtained due to the presen ce of layer of solid components.

It has to be noticed that on these three last gures, namely Fi gures 6.9, 6.10 and 6.11, the scale for
the volume of cyanobacteria changes since the variation int he volume of bio Ims is important,
whereas the scale for intensity is xed in order to see bettert he variations.

Figure 6.9: Numerical simulation of the bio Im after 45 days wit  h optimal constant rates and two

different values of the parameter °. On the left, we use ° /10 16 (cm?/se) and on the right
° /10 15(cm?/ sed®). Our numerical domainis - A0,1]£ [0,1]£ [0,0.5](cm?) and the spatial steps
hy, hy, h, are all equal to 0.02 (cm). We consider as initial datum a sum of He aviside functions
randomly distributed for cyanobacteria while the other var  iables are equal to zero.
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Figure 6.10: Numerical simulation of the bio Im at different ti mes (T AO, 15, 30 days) with optimal
constant rate (on the left) and variable constant rate (on th e right) with ° A&10! 15(cmzlse(,z). Our
numerical domainis - A0,1]£ [0,1] £ [0,0.5](cm?) and the spatial steps hy, hy, h; are all equal to
0.02 (cm). We consider as initial datum for B a sum of Heaviside functions randomly distributed,
Eo /CEB()/ZS and Do AO.
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Figure 6.11: Numerical simulation of the bio Im at different ti mes (T A15, 22, 30 days) with vari-
able constant rate with ° /10" *5(cm?/se ). On the left, we show the evolution of fraction volume
of cyanobacteria B and on the right, we present the light intensity variation. Ou  r numerical do-
mainis - AJ0,1]£ [0,1] £ [0,0.5](cm?) and the spatial steps hy, hy, h; are all equal to 0.02 (cm). We
consider as initial datum for B a sum of Heaviside functions randomly distributed, Ep ABy/25 and
Do 0.
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