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Introduction

The Standard Model (SM) of particle physics is a description of nature in terms of elementary
particles and their interactions, except gravity.
So far, the SM has been proven to be very successful in reproducing the experimental data.
In the last forty years, many experiments have tested it obtaining excellent agreement with
theoretical predictions. Despite its success in describing with high precision a large set of
experimental results, there are several reasons to believe that the SM is not a complete
theory of particle interactions, but just a low-energy approximation to a more fundamental
theory. The fact that the SM does not provide a description for the gravitational interaction
is perhaps its most evident limit. Other problems which affect the model are also: the
instability of the Higgs mass to radiative corrections, the lack of a mechanism that explains
baryogenesis and the masses of the neutrinos, the absence of a candidate for dark matter,
and the failure to truly unify all the fundamental forces.

In addition, several issues related to the flavor structure of the SM remain still unan-
swered. In particular, the fact that the model parametrizes the observed hierarchy of particles
masses and mixing angles through free parameters (for quark sector we have: 6 masses, 3
angles and 1 complex phase) without explaining it. Moreover, the mixing among different
flavors of quarks represents the only source of CP violation in the Standard Model, an ef-
fect which has been proven to be too small, however, to explain the observed dominance of
matter over anti-matter in the Universe. This observation provides therefore a strong hint
for the existence of new sources of CP violation beyond the SM.

All these questions could find an answer in a more fundamental theory that manifests
itself at some higher scale. The search for this new physics can be carried out in a direct
way by using very high energy particle accelerators. In addition, research activities in flavor
physics aims at clarifying the open questions by testing the SM itself with increasing accuracy
and by searching new physics effects through indirect searches, i.e. by looking at processes
that are sensitive to virtual (loop) contributions of new physics particles. In the last years
a new era of exploration has started with the coming into operation of the Large Hadron
Collider at CERN.

In the direction of highlighting and quantifying the effects of new physics testing the pre-
dictions of the Standard Model, a dominant role is played by flavor physics which, because
of its highly non-trivial structure, is particularly sensitive to higher scales. In the hadronic
sector, flavor physics involves the elements of the Cabibbo-Kobayashi-Maskawa (CKM) ma-
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Introduction

trix [1, 2]. Their accurate determination, obtained by combining experimental inputs with
theoretical calculations, represents the strictest test of the Standard Model.

In the SM, the CKM matrix describing the quark flavor mixing phenomenon occurring
in weak interactions, is a 3× 3 unitary matrix of the form

VCKM =



Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


 . (0.1)

Unitarity (i.e. V −1 = V †) enforces several restrictions. In particular, the sum of the squared
entries of each row (or column) should equal 1. By measuring independently the different
entries of the CKM matrix, it is possible to test the SM by verifying if these conditions are
experimentally satisfied.

A possible way to measure CKM matrix elements is from the study of leptonic decays of
pseudoscalar mesons P → `ν`, whose branching ratio is given by [3]

Γ(P → `ν`) =
G2
F |Vij|2
8π

f 2
P MP m

2
`

(
1− m2

`

M2
P

)
. (0.2)

We see that this experimental quantity is expressed in terms of some SM known parameters,
a CKM matrix element and some non-perturbative quantity, such as the decay constant fP .
The dominant uncertainty in the theoretical prediction of flavor observables comes from the
hadronic parameters that include the non perturbative contributions [4]. The calculation
of the ratio between the kaon and pion decay constants, namely fK and fπ, enables one to
extract |Vus/Vud| from the decays K → µνµ and π → µνµ. Most of the mixing angles |Vij|
can also be determined from the study of semileptonic decays. For example, |Vcd| and |Vcs|
can be extracted from the branching ratios of D → π`ν` and D → K`ν`, if one knows the
values of the form factors at q2 = 0, fDπ+ (0) and fDK+ (0). Furthermore, the determination
of the K → π vector form factor, fKπ+ (0), provides the most precise determination of the
matrix element |Vus| through the analysis of the semileptonic decay K → π`ν`, also known
as K`3 decay.

From the theoretical point of view, the calculations are challenging due to the effects of the
strong interactions, which in the SM are described by Quantum Chromodynamic (QCD). At
high energies (or equivalently at short distances) the theory is weakly interactive, so that it is
possible to study the theory with perturbative techniques. On the contrary, the interaction
increases with the decrease of the energy (or with the increase of the distance), and at energies
lower than ∼ 1 GeV the theory is non-perturbative. For this reason, every calculation of low
energy hadronic states needs a non-perturbative treatment. The only available technique
that permits to calculate observables non-perturbatively from first principles is Lattice QCD
(LQCD), which is the tool used in this thesis. It consists in the simulation of QCD by
formulating the Lagrangian on a discrete and finite Euclidean space-time, that allows for the
numerical computation of path integrals via Monte Carlo methods.

One advantage of LQCD is that by the introduction of a finite 4-dimensional volume
V = L3×T and a lattice spacing a, the theory is both IR and UV regularized. Furthermore,
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Introduction

the LQCD degrees of freedom are finite. So we can use the path-integral formalism, which
provides by itself a non-perturbative approach. By discretizing the gauge and fermion fields,
we can elaborate a lattice gauge field theory with some freedom, as long as in the continuum
limit we recover the target QCD theory. By choosing properly the lattice action we can
minimize discretization effects, leaving O(a2) as the leading contributions.

In the Euclidean space-time the path-integral has the form of a partition function and
it can be calculated using numerical simulations. Given the large number of lattice points,
Monte Carlo methods are employed with the importance sampling technique, by weighting
the contributions to the integral using the Boltzmann factor. The finite volume effects, the
introduction of the lattice and in many cases the simulated values of the light quark masses
which are larger than the physical ones introduce systematic uncertainties which have to be
precisely controlled and accounted for.

Thanks to the increased computational power as well as to the algorithm and action
improvements of the last decade, LQCD simulations have made significant progresses reach-
ing a remarkable level of precision. In particular, this is due to the so-called un-quenched
calculations, where the contributions of loops of dynamical sea quarks is properly taken into
account.

Most of the theoretical predictions on phenomenologically relevant hadronic observables
have been derived assuming the exact validity of the isospin symmetry and completely ne-
glecting the effects of electromagnetic interactions. In an isospin symmetric world, the up
and down quarks would be identical particles. It is known that in Nature the isospin sym-
metry is explicitly broken by the non-zero mass and electric charge differences between the
u and d quarks. The mass difference m̂d − m̂u

1 represents one percent or less of any typical
QCD energy scale. Similarly, the typical relative size of the electromagnetic (e.m.) breaking
of the isospin symmetry is given by the fine structure constant and it is small on hadronic
observables because in the low energy regime α̂em � 1. In particular, we have

m̂d − m̂u

ΛQCD

' 0.01 and α̂em =
ê2

4π
' 1

137.036
. (0.3)

For these reasons we can reasonably state that, for observables with a non-vanishing isospin
symmetric part the, isospin symmetry is a good approximation of reality with an O(1%)
relative error. However, these small isospin breaking corrections are crucial to describe the
structure of atomic matter in the Universe [5]. One of the most important consequences of
the difference between the u and d quarks is that proton and neutron have different masses
and charges. The sign of that mass splitting makes the proton, and thus the hydrogen atom,
a stable particle. In addition, its value plays a crucial role in the determination of the initial
conditions of the Big Bang Nucleosynthesis.

Even if the hadronic isospin mass splittings are well known quantities, predicting it
from first principles is still a challenging problem because of the complex non-perturbative
interactions of quarks inside the hadrons. Furthermore, an important part of the structure of
atomic matter, as we know it, relies on a subtle cancellation between the small EM and strong

1We indicate the quantities renormalized in the QCD+QED theory with an “hat”.
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Introduction

breaking effects of the isospin symmetry, e.g. in the kaon and nucleon systems. Therefore,
it is fundamental to have a theoretical understanding of the hadronic mass splittings.

Is also interesting to understand how to deduce the individual m̂u and m̂d quark masses
and their difference. For example, it is important to know if m̂u = 0 could be a realistic
solution to the strong CP problem. One way to do this is to consider that the kaon is a
pseudo-Goldstone boson of chiral symmetry breaking and so the mass splitting ∆M2

K =
M2

K+ −M2
K0 is particularly sensitive to the strong isospin breaking. In order to calculate

this effect, we have to find a way to evaluate the QED isospin breaking contributions. One
well known result in this direction is the Dashen’s theorem [6] that states that in the SU(3)
chiral limit the electromagnetic kaon mass splitting is equal to the pion one. Since ∆M2

π is
known a pure QED effect with good accuracy (the strong IB corrections being quadratic in
m̂d − m̂u), we conclude that (∆M2

K)em = (∆M2
π)em +O(αemms).

Starting from the relevant two-points correlation functions calculated on the lattice, we
have computed the isospin breaking corrections to pseudoscalar (P ) meson masses [7]. In
particular, we here provide results for the pion, kaon and charmed-meson mass splittings, for
the various ε parameters describing the violations of the Dashen’s theorem. Furthermore,
we have calculated the m̂u and m̂d quark masses and their difference.

The method we have adopted in this work to calculate leading isospin breaking effects
on the lattice by including those associated with QED interactions has been developed
in [8, 9]. These effects are tiny because very small couplings, namely (m̂d − m̂u)/ΛQCD and
α̂em, multiply sizable matrix elements of hadronic operators. The approach is based on a
perturbative expansion of the lattice path-integral in powers of (m̂d − m̂u)/ΛQCD and α̂em,
considering the two expansion parameters of the same size and neglecting higher orders. In
this sense we talk of leading isospin breaking (LIB) effects.

A great advantage of our method is that, by working at a fixed order in the perturbative
expansion, we are able to factorize the small coefficients and to get relatively large numerical
signals. For the same reason, we do not need to perform simulations at unphysical values of
the electric charge, thus avoiding extrapolations of the lattice data with respect to α̂em.

The expansion of the lattice path-integral in powers of α̂em leads to correlators containing
the integral over the whole space-time of insertions of the quark electromagnetic currents,
multiplied by the lattice photon propagator. These correlators have both infrared (zero
modes), and ultraviolet divergences, that must be removed by providing an infrared safe finite
volume definition of the lattice photon propagator and by imposing suitable renormalization
conditions.

At first order of the expansion, the pion mass difference is generated only by QED
corrections. Furthermore, αem does not need to be renormalized at this order. For this reason
the pion mass splitting is a particularly clean theoretical prediction. Our result has been
obtained by neglecting a quark disconnected contribution to Mπ0 which is, however, of order
O(αemmud), with mud the average u and d quark mass. This contribution is expected to be
numerically of the same order of the neglected second-order contributions to the expansion.

The kaon and D-meson mass splittings are determined by both electromagnetic and
strong isospin breaking (SIB) effects. We implemented a renormalization prescription in
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Introduction

order to separate these effects (see Section 1.10 later on). Using that prescription, we have
calculated [MK+−MK0 ]QED, [MK+−MK0 ]SIB, MD+−MD0 , together with the Dashen’s the-
orem breaking parameters επ0 , εγ, εK0 (defined in Eqs. (2.51), (2.56) and (2.80) respectively)
and the u and d quark mass difference. Those results have been obtained using the so-called
electro-quenched approximation, i.e. by considering dynamical sea quarks as neutral with
respect to electromagnetism. For the present study we have used lattice gauge field config-
urations generated by European Twisted Mass (ETM) Collaboration with Nf = 2 + 1 + 1
sea quark flavors. We here anticipate our findings

Mπ+ −Mπ0 = 4.21 (26) MeV [4.5936 (5) MeV]exp , (0.4)

[MK+ −MK0 ]QED (MS, 2 GeV) = 2.07 (15) MeV , (0.5)

[MK+ −MK0 ]SIB (MS, 2 GeV) = −6.00 (15) MeV , (0.6)

(m̂d − m̂u)(MS, 2 GeV) = 2.38 (18) MeV , (0.7)

m̂u

m̂d

(MS, 2 GeV) = 0.513 (30) , (0.8)

m̂u(MS, 2 GeV) = 2.50 (17) MeV , (0.9)

m̂d(MS, 2 GeV) = 4.88 (20) MeV , (0.10)

επ0 = 0.01 (4) , (0.11)

εγ(MS, 2 GeV) = 0.80 (11) , (0.12)

εK0(MS, 2 GeV) = 0.01 (2) , (0.13)

[MD+ −MD0 ]QED (MS, 2 GeV) = 2.42 (51) MeV , (0.14)

[MD+ −MD0 ]SIB (MS, 2 GeV) = 3.06 (27) MeV , (0.15)

MD+ −MD0 = 5.47 (53) MeV [4.75 (8) MeV]exp , (0.16)

δMD+
s

= 2.3 (4) MeV , (0.17)

where the errors include an estimate of the effects of the QED quenching. In Eqs. (0.4) and
(0.16) the experimental values from PDG [3] are given in squared brackets for comparison.
Instead the experimental value of the kaon mass splitting MK+−MK0 = −3.934(20) MeV [3]
is used as the input to determine the quark mass difference (m̂d − m̂u) given in Eq. (0.7).
Moreover, in Eq. (0.17) we provide an estimate of the electromagnetic corrections to the
D+
s -meson mass.

Apart from the hadronic spectrum, for many physical quantities relevant to studies of
flavor physics, the recent improvements in lattice computations have led to such a precision
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that electromagnetic effects and isospin breaking contributions cannot be neglected anymore.
An example is provided by the leptonic decay constants fK and fπ, relevant for K`2 and π`2
decays, and the form factor f+(0) appearing in semileptonic K`3 decays. These quantities
are used to extract the CKM entries |Vus| and |Vus|/|Vud| from the experimental decay rates,
and they have been computed on the lattice with a precision at the sub-percent level [4]

fπ = 130.2 (1.4) MeV fK = 155.6 (4) MeV

fK/fπ = 1.193 (3) f+(0) = 0.9704 (32) . (0.18)

The quoted QCD errors are of the same order of the uncertainties due to the explicit breaking
of isospin symmetry and to electromagnetic corrections to the leptonic and semileptonic
decay rates. For this reason, if one wants to improve the precision of theoretical calculations,
these corrections have to be taken into account.

Recently a method has been proposed to compute electromagnetic effects in hadronic
processes, like decay rates, using lattice simulations [10]. The computations of this quantities
is made much more complicated with respect to the computation of the hadronic spectrum
by the presence of infrared divergences in the intermediate stages of the calculation. Infrared
divergences can be removed by considering diagrams containing different numbers of real and
virtual photons [11]. Let us consider the leptonic decays of charged P mesons, P+ → `+ν`.
As we mentioned, in the absence of electromagnetism the non-perturbative QCD effects are
contained in the decay constant fP , defined by

〈0|q̄1γ
µγ5q2|P+(p)〉 = ipµfP (0.19)

where P+ is composed of the valence quarks q̄1 and q2, and the axial current in (0.19)
is composed of the corresponding quark fields. When we include electromagnetism, the
constant fP has not any more a physical definition, because of the contribution of diagrams
in which a photon is exchanged between a quark into the hadron and the charged lepton.
Thus the physical width is not just given in terms of the matrix element of the axial current
and can only be obtained by a full calculation of the electromagnetic corrections at a given
order.

The first step in the calculation of the weak decay width is to remove the IR divergence
contained in Γ0 = Γ(P+ → `+ν`) by including the contributions from real photons. Defining
Γ1(∆E) the partial width for the decay P+ → `+ν`γ, with ∆E the maximum value of the
energy of the photon in the centre-of-mass of P+, we have that the sum Γ0 + Γ1(∆E) is free
from IR divergences.

Let us consider P+ = π+. At lowest order in electromagnetic perturbation theory the
process ud̄ → `+ν` proceeds by a W exchange in the s channel. Since the momentum
transfers in this kind of processes are much smaller than MW , we can rewrite the amplitude
in terms of a four-fermions local interaction

LW = −GF√
2
V ∗ud[d̄γµ(1− γ5)u][ν̄`γ

µ(1− γ5)`] , (0.20)

where GF is the Fermi constant.
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In lattice calculations this replacement is necessary since the lattice spacing is much
greater than 1/MW (typically a−1 ' 2 − 4 GeV). When including the O(αem) corrections,
the ultraviolet contributions to the matrix element of the local operator (0.20) are different
from those in the SM. However all divergences can be reabsorbed into the definition of GF .
Indeed, according to Sirlin [12], the evaluation of the amplitude for the process π+ → `+ν`
up to O(αem) can be performed in the effective theory with the effective Hamiltonian

Heff =
GF√

2
V ∗ud

(
1 +

αem
π

log
MZ

MW

)
[d̄γµ(1− γ5)u][ν̄`γ

µ(1− γ5)`] (0.21)

and the photon propagator in this effective theory defined (in the Feynman gauge) in the
so-called W-regularization, namely

1

k2
→ M2

W

M2
W − k2

1

k2
. (0.22)

The UV divergent contribution of the photon propagator, namely (k2−M2
W )−1, is absorbed

in the re-definition of the Fermi constant GF .
Up to now we are not still able to implement the W -regularization on the lattice, due to

the heavy mass of W bosons. Thus, the matching between the operator in (0.21) defined on
the lattice and in W regularization has to be exploited. The renormalization of the weak
Hamiltonian is performed in two steps [13]. First of all, the lattice operators are renormalized
non-perturbatively in the RI’-MOM scheme [14] at O(αem) and to all orders in the strong
coupling αs. Because of the breaking of chiral symmetry in the twisted mass formulation
we have adopted in our study, this renormalization includes the mixing with other four-
fermion operators of different chirality. In the second step we perform the matching from
the RI’-MOM scheme to the W -regularization scheme perturbatively. By calculating and
including the two-loop anomalous dimension at O(αemαs), the residual truncation error of
this matching is of O(αemαs(MW )).

It is clear that the problem of calculating Γ0 is the evaluation on the lattice of correlation
functions involving the effective Hamiltonian (0.21). The diagrams contributing at O(αem)
to the amplitude for the decay π+ → `+ν` are those reported in Fig. 0.0.1.

This thesis constitutes a step forward in the context of non-perturbative calculations of
isospin breaking effects in hadronic processes, since the leading electromagnetic and strong
isospin breaking corrections to the π+ → µ+νµ(γ) and K+ → µ+νµ(γ) leptonic decay rates
have been evaluated for the first time on the lattice. This study demonstrates that such
calculations are within reach of present lattice technology. The successful implementation of
the proposed method in the case of leptonic decays of hadrons can be also extended to the
ab initio calculation of radiative QED corrections to semileptonic decays.

The main results of our calculation are presented in Chapter 4 together with a detailed
discussion of their implications. Here, we anticipate some key results: After extrapolation
of the data to the physical pion mass, and to the continuum and infinite-volume limits, the
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Figure 0.0.1: Connected and disconnected diagrams contributing at O(α̂em) contribution to
the amplitude for the decay π+ → `+ν`.

isospin-breaking corrections to the leptonic decay rates can be written in the form [13]:

Γ(π± → µ±νµ[γ]) = (1.0153± 0.0019) Γ(0)(π± → µ±νµ), (0.23)

Γ(K± → µ±νµ[γ]) = (1.0024± 0.0010)Γ(0)(K± → µ±νµ) , (0.24)

where Γ(0) is the leptonic decay rate at tree level. The corrections are about 1.6% for the
pion decays and 0.3% for the kaon decay, in line with the generic O(1%) naive expectations.

Taking the experimental value of the rate for the Kµ2 decay, Eq. (0.24) together with
Γ(0)(K± → µ±νµ) obtained using the lattice determination of the kaon decay constant we
obtain |Vus| = 0.22567(42), in agreement with the latest estimate |Vus| = 0.2253(7), recently
updated by the PDG [3] but with better precision. Alternatively, by taking the ratio of Kµ2

and πµ2 decay rates and the updated value |Vud| = 0.97420 (21) from super-allowed nuclear
beta decays [15], we find [16]

|Vus| = 0.22538 (46) . (0.25)

The unitarity of the first row of the CKM matrix is satisfied at the per-mille level; e.g. taking
the value of Vus from the ratio of decay rates and |Vub| = 0.00413(49) [3], we get

|Vud|2 + |Vus|2 + |Vub|2 = 0.99988 (46) . (0.26)

The work described in this thesis has been undertaken between November 2016 and
October 2019 while I was a Ph.D. student at the Mathematics and Physics Department
of Università degli Studi Roma Tre and it has been carried out under the supervision of
Prof. Vittorio Lubicz and Prof. Silvano Simula. Parts of this thesis have appeared in the
following papers:
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• D. Giusti, V. Lubicz, G. Martinelli, F. Sanfilippo, S. Simula, N. Tantalo and C. Tarantino
Leading isospin-breaking corrections to pion, kaon and charmed-meson masses with
Twisted-Mass fermions
Phys. Rev. D 95 (2017) 114504 [arXiv:1704.06561 [hep-lat]] [7].

• D. Giusti, V. Lubicz, G. Martinelli, C. T. Sachrajda, F. Sanfilippo, S. Simula, N. Tan-
talo and C. Tarantino
First lattice calculation of the QED corrections to leptonic decay rates
Phys. Rev. Lett. 120 (2018) 072001 [arXiv:1711.06537 [hep-lat]] [16].

• M. Di Carlo, D. Giusti, V. Lubicz, G. Martinelli, C. T. Sachrajda, F. Sanfilippo,
S. Simula and N. Tantalo
Light-meson leptonic decay rates in Lattice QCD+QED
Phys. Rev. D 100 (2019) 034514 (Editor’s suggestion) [arXiv:1904.08731 [hep-lat]] [13].

This work is organized as follows2

• In Chapter 1 we explain the method used in the calculation of the isospin breaking
effects, that is basically a combined expansion in (m̂d− m̂u)/ΛQCD and α̂em of the two-
points correlation functions [8, 9]. We explain how QED is introduced in our simulation
using the non-compact formulation, i.e. by using as dynamical variable on the lattice
the electromagnetic field Aµ. When including QED on the lattice, we have to deal
with the fact that it is a long-ranged interaction, so we have to take into account finite
volume effects (FVEs) [17] that are not exponentially suppressed, as is often the case
of QCD, but decrease only as inverse powers of the lattice size. We also discuss in
some detail how one might define the QCD contribution from the full (QCD+QED)
theory. Although such a separate definition of QCD is not required in order to obtain
results computed in the full theory, it is convenient if one wishes to talk about radiative
(and strong IB) corrections to results obtained in QCD. For this we need to specify
what we mean by QCD. Finally, the renormalization of the quark field, bilinear and
four-fermion operators in the combined QCD+QED theory is discussed.

• In Chapter 2 we describe the lattice computation of the isospin breaking corrections
to pseudoscalar meson masses. Using the strategy described in Chapter 1 we obtain
results for the pion, kaon and charmed-meson mass splittings, for the ε parameters
related to the violations of the Dashen’s theorem and for the light quark mass differ-
ence [7].

• Chapter 3 contains a thorough illustration of the method proposed in [10] to compute
electromagnetic effects in hadronic processes using lattice simulations. We discuss the
framework for including radiative QED corrections in leptonic decays of hadrons, in-
cluding the treatment of infrared divergences in intermediate stages of the calculation.

2In this thesis the basic ingredients of the lattice QCD regularization are assumed to be known. In
particular we do not discuss how to discretize the fermion and the gauge fields and how to perform the
renormalization on the lattice.
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In order to compute the physical widths, diagrams with virtual photons must be com-
bined with those corresponding to the emission of real photons. Only in this way do
the infrared divergences cancel as first understood by Bloch and Nordsieck in 1937.
We also discuss the effective weak Hamiltonian and its renormalisation in the presence
of electromagnetism. Finally, we address the additional theoretical issues which arise
when including electromagnetic corrections to semileptonic decays, such as K`3 decays.

• In Chapter 4 we present the first lattice determination of the radiative corrections to
the light meson leptonic decay rates. By adopting the method described in Chapter
3 we provide results for the leading electromagnetic and strong isospin breaking cor-
rections to the π+ → µ+νµ(γ) and K+ → µ+νµ(γ) leptonic decay rates [13, 16]. For
these channels the real soft-photon contributions and the structure dependent (SD)
corrections are estimated, by relying on the quoted chiral perturbation theory results,
to be negligible. On the other hand SD corrections might be relevant in the case of
heavy flavors and for the decays of pions and kaons into electrons when the energy of
the photon becomes larger than about 20 MeV. Therefore, at the end of the chapter,
we also present a preliminary non-perturbative calculation of the form factors which
contribute to the amplitudes for the radiative decays P → `ν`γ for P mesons ranging
from the pion to the Ds meson. Together with the non-perturbative determination
of the virtual photon corrections to the processes P → `ν`, this will allow accurate
predictions to be made at O(αem) for leptonic decay rates for pseudoscalar mesons,
leading to significantly improved precision in the determination of the corresponding
CKM matrix elements. Precise predictions for the emission of a hard photon are also
very interesting, especially for the decays of heavy D and B mesons for which currently
only model-dependent predictions are available to compare with existing experimental
data.

Appendix A contains an expanded discussion of the renormalisation of the effective weak
Hamiltonian, including electromagnetic corrections, along with some important aspects pe-
culiar to the twisted mass fermions used in the numerical calculation. Finally, we end this
thesis with some conclusions where we summarize the main results and indicate some future
perspectives.
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1Isospin Breaking Effects on the
Lattice

1.1 Introduction

Isospin symmetry SU(2)V , is an almost exact property of strong interactions as described
by the QCD Lagrangian. This happens because the difference between the up and down
quark masses is much smaller than the QCD scale, (m̂d − m̂u)/ΛQCD � 1, and it remains
true also when electromagnetic interactions are switched on, because isospin breaking effects
due to the different quark electric charges (eu 6= ed) are suppressed by the electromagnetic
coupling constant, α̂em ' 1/137.036. For these reasons most of theoretical predictions of
several physical quantities assume isospin symmetry, i.e. the masses of the up and down
quarks are taken equal and electromagnetic effects are neglected.
One of the primary goals of lattice QCD is to calculate non-perturbatively hadronic ob-
servables at the level of accuracy required for phenomenological applications. In the flavor
physics sector, for instance, the combined efforts of the lattice QCD community resulted in
calculations of quantities such as the K`2 and K`3 decay rates with relative overall uncer-
tainties at the few per mille level [4, 18].These results have been obtained, in most of the
cases, within the isosymmetric theory.

Nowadays, with the increasing precision of the experimental determinations of many
physical quantities, and in some cases with the improvement of the theoretical predictions,
the control over isospin breaking effects is becoming phenomenologically relevant. For ex-
ample, by neglecting the pion mass difference (3%) and the kaon mass difference (1%) a
systematic error is unavoidably introduced on the corresponding determination of the K`3

decay rate or on any dimensional quantity if these masses are used to calibrate the lat-
tice. Isospin breaking effects are important also for hadron spectroscopy, for the meson
decay constants, for the π-π scattering length, for the quark condensate and for many other
quantities.

In the past, isospin breaking effects due to the light quark mass difference (in the follow-
ing referred to as SIB effects for strong isospin breaking effects) have been accommodated
within the chiral perturbation theory (ChPT) framework or relying on model-dependent ap-
proximations (see [19–22] for a largely incomplete list of references on the subject), while
several attempts to compute electromagnetic effects for the hadron spectroscopy in lattice
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QCD have been presented [23–26]. It is very difficult to take into account in numerical
simulations SIB effects (see [27–31] for a selection of previous lattice works on the subject)
because the effect is in general rather small and comparable with the errors in the determina-
tion of, say, the hadron masses or decay constants. Furthermore, in order to perform unitary
dynamical simulations of two light quarks of different mass the single quark determinant
must be positive and this happens only in the case of lattice discretizations of the fermion
action that are very expensive from the numerical point of view.

In this chapter we will first discuss how to compute hadron masses in LQCD and then
the method that we used to evaluate leading isospin breaking effects (LIB) on the lattice by
including those associated with QED interactions [8, 9]. These are tiny corrections because
very small factors, (m̂d − m̂u)/ΛQCD and α̂em, multiply sizable matrix elements of hadronic
operators.

Our approach, known as the RM123 approach, consists in a perturbative combined
expansion of euclidean correlation functions in powers of the electric charge ê and the mass
difference m̂d− m̂u of the light quark masses. We consider the two expansion parameters of
the same order of magnitude, (m̂d−m̂u)/ΛQCD ∼ α̂em ∼ ε, and neglect in this work terms of
O(ε2). In this sense we talk of “leading isospin breaking” (LIB) effects. Next-to-leading SIB
corrections, i.e. second or higher orders in the m̂d− m̂u expansion, have not been calculated
in the present work. The associated effects are estimated to be negligible at the current level
of (both theoretical and experimental) precision on flavor physics observables. Indeed, on
the basis of dimensional arguments, higher orders corrections are expected to be suppressed
by additional powers of the small expansion parameter (m̂d−m̂u)/ΛQCD. Clearly, we cannot
exclude the existence of specific observable for which higher order SIB effects may be larger
than expected. Nevertheless if necessary, the method suggested can be extended to evaluate
higher order contributions (for example, for the π+-π0 mass splitting [8]).

A great advantage of our method with respect to other approaches (see for example
[23, 25, 32–34]) is that, by working at fixed order in a perturbative expansion, we are able
to factorize the small coefficients and to get relatively large numerical signals. For the same
reason, we do not need to perform simulations at unphysical values of the electric charge,
thus avoiding extrapolations of the lattice data with respect to α̂em.

In order to better understand our strategy we will start by describing how to calculate
isospin breaking effects due to the u and d mass difference (see Sec. 1.3). We will then
include the electromagnetic effects and explain how we included electromagnetism in our
numerical simulations using a non-compact formulation of QED, i.e. by using as dynamical
variable on the lattice the electromagnetic field Aµ. The expansion of the lattice path-
integral in powers of α̂em leads to correlators containing the integral over the whole space-
time lattice volume of two insertions of the quark electromagnetic currents multiplied by the
lattice photon propagator. These quantities have both infrared and ultraviolet divergences
that must be removed by providing an infrared safe finite volume definition of the lattice
photon propagator and by imposing suitable renormalization conditions. These issues will
be discussed in detail in Sec. 1.4.

In Sec. 1.5 we will also give some details about the lattice fermion action, in particular
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2. HADRON MASSES ON THE LATTICE

of the mixed-action setup used in this work.
In Secs. 1.6 and 1.7 we then describe our method explaining how we perform the ex-

pansions of the physical observables in m̂d − m̂u and α̂em and how to calculate corrections
to the lattice path-integral. For illustrative purposes we will focus on two-point correlation
functions, from which we evaluated isospin breaking corrections to hadron masses.

The method is applicable in principle to any hadronic observable which can be computed
on the lattice and it was tested, applying it to the computation of leading isospin breaking
effects for several physical quantities of interest: the pseudoscalar meson masses [7], the
neutron-proton mass splitting [9, 35], the light meson decay constants [13, 16, 36], the form
factors of semileptonic K`3 decays [8] and the hadronic vacuum polarization contribution to
the lepton anomalous magnetic moments [37, 38].

Our results have been obtained within the electro-quenched approximation, i.e. by con-
sidering dynamical sea quarks as neutral with respect to electromagnetism.

Working on the lattice in finite volume, and being electromagnetism a long range inter-
action, we need to correct for QED finite volume effects which are by far not negligible. In
Sec. 1.9 we will discuss how they have been evaluated in our calculations.

Moreover, a discussion of the relation between the “full” QCD+QED theory, including
electromagnetic and SIB effects, and isospin-symmetric QCD without electromagnetism will
be given in Sec. 1.10.

Finally, in Sec. 1.11 we will present a non-perturbative renormalization procedure for
quark bilinear and four fermion operators in the combined QCD+QED theory.

1.2 Hadron masses on the lattice

Before discussing LIB effects on the lattice, we want to briefly sketch the strategy used to
study the spectroscopy in LQCD.
Hadron masses are a crucial ingredient for any lattice calculation and are the simplest quan-
tities that can be computed on the lattice. They are usually determined from the asymptotic
behavior of the two point Euclidean-time correlation functions.

1.2.1 Correlation functions

The two-point correlator function in its general form is written as the vacuum expecta-
tion value of the T-product of two interpolating operators O†j(y) and Oi(x), i.e., any local
interpolators that create in y ad annihilate in x the state of interest from the vacuum

Cij(x, y) = 〈Ω|T (Oi(x)O†j(y))|Ω〉. (1.1)

For this reason we refer to O†j(y) and Oi(x) as source and sink interpolators respectively. In
fact, the first step of a spettroscopy calculation is the identification of the suitable hadron
interpolators Oi and O†j . For hadron spettroscopy one studies interpolators constructed out
of quarks and gluons, namely functionals of lattice fields with the quantum numbers of the
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state one is interested in. There is a huge number of these interpolators to choose from.
In practice, any operator which have the same quantum numbers of the state of interest is
suitable for the purpose.

We can rewrite the general correlator in eq.(1.1) in an operative form following two
steps. Firstly, we can insert a complete set of energy eigenstates |Ẽn〉 =

√
2En|En〉, which

are covariantly normalized
〈Ẽm|Ẽn〉 = 2Enδn,m (1.2)

and so satisfy the completeness relation in the form

∑

n

1

2En
|Ẽn〉〈Ẽn|+ |Ω〉〈Ω| = 1. (1.3)

Secondly, due to the spatial and temporal traslational symmetry, Oi(x) has a simple depen-
dence from x, which allows us to replace

Oi(x) = eipxOi(0)e−ipx, (1.4)

where e−ipx = e−i(Ht−~p·~x) is the space-time evolution operator. Introducing these expressions
into eq.(1.1) and assuming that Oi and Oj do not have the quantum numbers of the vacuum,
the correlation function analytically continued to Euclidean times τ through the Wick’s
rotation it→ τ takes the following expression

Cij(x, y) =
∑

n

1

2En
〈Ω|eipxOi(0)e−ipx|Ẽn〉〈Ẽn|eipyO†j(0)e−ipy|Ω〉 =

=
∑

n

1

2En
〈Ω|Oi(0)|Ẽn〉〈Ẽn|O†j(0)|Ω〉e−En(τx−τy)+i~pn·(~x−~y),

(1.5)

and we consider the case En satisfies the relativistic dispersion relation

En =
√
M2

n + ~p2
n. (1.6)

There is no loss in generality in setting y = 0. Applying the Fourier Transform in the
space component we can write

Cij(τ, ~p) =
1

L3

∑

~x

Cij(x)e−i~p·~x =

=
∑

n

∑

~x

1

L32En(~pn)
〈Ω|Oi(0)|Ẽn〉〈Ẽn|O†j(0)|Ω〉e−Enτei(~pn−~p)·~x =

=
∑

n

1

2En(~pn)
〈Ω|Oi(0)|Ẽn〉〈Ẽn|O†j(0)|Ω〉e−Enτδ( ~pn − ~p) =

=
∑

n

1

2En(~p)
〈Ω|Oi(0)|Ẽn〉〈Ẽn|O†j(0)|Ω〉e−Enτ .

(1.7)
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2. HADRON MASSES ON THE LATTICE

Then, the correlation function at zero momentum ~p = 0 is simply given by

Cij(τ) =
∑

~x

Cij(x) =
∑

n

1

2Mn

Zni Zn†j e−Mnτ , (1.8)

where we have called the matrix element

〈0|Oi(0)|Ẽn〉 = Zni . (1.9)

We finally write the Eulidean-time correlation function as

Cij(τ) =
1

2M0

Z0
i Z0†

j e−M0τ

(
1 +

∑

n>0

Cne−(Mn−M0)τ

)
, (1.10)

Cn =
M0

Mn

Zni Zn†j
Z0
i Z0†

j

(1.11)

where we have taken out of the summation the fundamental state, i.e., the lightest state
excited from the vacuum by the operators Oi and Oj. All other states in the sum with Mn >

M are excited states. The elements Zni Zn†j quantify the overlap between the interpolators
chosen for the calculation of the Euclidean two-point correlation function and the n-th one-
particle state.

1.2.2 Effective masses

We have seen that the correlation function can be written as a superposition of single (and
multiple) particle states weighted by a decreasing exponential factor depending on the mass
Mn of the state. At large time distances heavier states will be suppressed, so that we can
assume that only the fundamental state will survive:

Cij(τ) −−→
t�0

1

2M0

Z0
i Z0†

j e−M0τ . (1.12)

This condition allows us to extract M0, the mass of the hadron we are interested in, from
an effective mass formula:

meff(τ) = log
Cij(τ)

Cij(τ + 1)
−−→
τ�0

M0, (1.13)

which approaches M0 for large enough τ . Indeed, eq.(1.13) could becomes slightly more
complicated on the lattice. As simulations can be performed on a V = L3 × T finite space-
time lattice, there will be a reflected wave coming from the boundaries and traveling in
opposite direction with respect to the signal. Time reversal symmetry implies that, for
mesons, propagation in τ and (T − τ) is identical up to a possible relative minus sign and,

15 15 15



Chapter 1

when only the ground state is considered, the correlator shows a cosh- or sinh-dependence
on τ .

At large times, from a certain time τmin in lattice units, the effective mass curve exhibits
a plateau. In this region, i.e. for τ ≥ τmin, we can consider negligible the effect of the excited
states. The main advantage of using an effective mass formula is that it makes it possible to
extract the fundamental hadron mass directly from a constant fit in this interval, i.e. simply
a weighted average over the points in the plateau interval [τmin, tMAX]. A proper choice of
the fit interval [τmin, τMAX] is a crucial step in our analysis:

• The choice of the τmin time should be done very carefully. The signal to noise ratio
becomes weaker with the increasing of time and taking a small τmin will reduce the
statistical uncertainty on M0. On the other hand, by taking it too small, may not cut
the contribution of the exited states properly. The last circumstance will introduce a
systematic error by increasing the estimate of the effective mass.

• The choice of τMAX, for its part, is not equally delicate but requires a bit of attention
as well. The signal to noise ratio gets weaker in the proximity of the boundary T .
The final points are strongly fluctuating. We see in eq.(1.13) that the effective mass
is written in terms of a log(x) function and strong fluctuations of the argument make
meff not defined for all the points in the time interval. In such cases we are forced to
choose a smaller τMAX.

1.3 Leading isospin breaking effects on the lattice

In order to illustrate the strategy, we first describe the calculation of LIB induced by the
small mass difference between the up and down quarks [8]. The introduction of QED isospin
breaking effects is somewhat less straightforward and could be better understood if the basic
ideas of the strategy are clear.

In this section we present the basic ingredients of the method, which is based on a
perturbative expansion in the small parameter (md −mu)/ΛQCD. In this way one expresses
isospin breaking corrections as a sum of amplitudes calculated in the isospin symmetric
theory and multiplied by the small parameter.

Let us start by considering a generic euclidean correlation function 〈O〉 used to extract
information about physical quantities such as masses, decay constants, form factors etc.,

〈O〉 =

∫
Dφ O e−S∫
Dφ e−S

, (1.14)

where Dφ represents schematically the full functional integration measure of the theory. By
neglecting electromagnetic corrections we can write the Lagrangian density as a term which
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3. LEADING ISOSPIN BREAKING EFFECTS ON THE LATTICE

is SU(2)V symmetric plus a term which violates the isospin symmetry,

L = Lkin + Lm =

= Lkin +
mu +md

2
(ūu+ d̄d)− md −mu

2
(ūu− d̄d) =

= Lkin +mud q̄q −∆mud q̄τ
3q =

= L0 −∆mud L̃ , (1.15)

where qT = (u, d), mud = (md + mu)/2 and ∆mud = (md −mu)/2. By expanding at first
order the exponential of the action, S =

∑
x L(x), with respect to ∆mud we obtain

〈O〉 '
∫
Dφ O (1 + ∆mud S̃) e−S0

∫
Dφ (1 + ∆mud S̃) e−S0

=
〈O〉0 + ∆mud 〈OS̃〉0

1 + ∆mud 〈S̃〉0
=

= 〈O〉0 + ∆mud 〈OS̃〉0 , (1.16)

where 〈·〉0 represent the vacuum expectation value in the isospin symmetric theory and S̃ is
the isospin breaking term,

S̃ =
∑

x

[q̄τ 3q](x) =
∑

x

[ūu− d̄d](x) . (1.17)

The correction in the denominator of eq. (1.16) vanishes, 〈S̃〉0 = 0, because of isospin
symmetry.

We can apply eq. (1.16) to the calculation of the u and d propagators

Su(x1, x2) = S`(x1, x2) + ∆mud

∑

y

S`(x1, y) S`(y, x2) + · · · ,

Sd(x1, x2) = S`(x1, x2)−∆mud

∑

y

S`(x1, y) S`(y, x2) + · · · ; (1.18)

that can be diagrammatically represented as1

u

= + ∆mud + · · · ,
d

= −∆mud + · · · , (1.19)

1Here and in the following the up quark line in the full theory is drawn in light blue color while the down
quark line in green. The black lines refer to S`, the propagator with the symmetric mass mud in the isospin
symmetric theory.
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where the insertion of the scalar density is represented by a cross and

y x = S`(x− y) = 〈`(x)¯̀(y)〉 ,

=
∑

z

¯̀(z)1`(z), (1.20)

with ` either u or d2. Using the expansion (1.16) we have written the u and d propagators
as a sum of isospin symmetric propagators with a scalar insertion. The same procedure
can be applied to all correlation functions in order to extract the leading isospin breaking
corrections to physical observables.

In this work we have applied the method discussed above by using the so called Twisted
Mass lattice discretization of the QCD action. This choice has advantages and drawbacks.
The main advantage is the automatic O(a) improvement. A drawback is the breaking of
isospin symmetry at finite lattice spacing, even with ∆mud = 0. The associated O(a2) cutoff
effects are eliminated by performing continuum extrapolations. Our method is general and
can be applied with any lattice regularization of the quark action (e.g. Wilson, Overlap,
etc.).

1.3.1 Correlation functions at first order

We shall consider the following two point correlation functions in order to give a description
of how the method works:

Cπ+π−(t, ~p) =
∑

~x

e−i~p·~x〈 ūγ5d(x) d̄γ5u(0) 〉 ,

Cπ0π0(t, ~p) =
1

2

∑

~x

e−i~p·~x〈 (ūγ5u− d̄γ5d)(x) (ūγ5u− d̄γ5d)(0) 〉 ,

CK+K−(t, ~p) =
∑

~x

e−i~p·~x〈 ūγ5s(x) s̄γ5u(0) 〉 ,

CK0K0(t, ~p) =
∑

~x

e−i~p·~x〈 d̄γ5s(x) s̄γ5d(0) 〉 ,

(1.21)

Using eq. (1.18) to expand the u and d propagator, we can calculate isospin breaking
corrections. The first order corrections to pion masses do vanish, as can be shown by

2∆m̂ud = Z∆m∆mud, where Z∆m is scale and scheme dependent while the combination
∆mud

∑
z

¯̀(z)`(z) is renormalization group invariant.
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3. LEADING ISOSPIN BREAKING EFFECTS ON THE LATTICE

considering the diagrammatic expansion of the correlation functions of the charged pion,

Cπ+π−(t) = −
u

d

= − −∆mud + ∆mud + · · · =

= − +O(∆mud)
2 , (1.22)

and of the connected diagrams entering neutral pion two point function Cπ0π0(t),

u

u

= + ∆mud + ∆mud + · · · =

= + 2∆mud +O(∆mud)
2 ,

d

d

= −∆mud −∆mud + · · · =

= − 2∆mud +O(∆mud)
2 ,

Cπ0π0(t) = −1
2




u

u

+

d

d


 = − +O(∆mud)

2 . (1.23)

The first order corrections cancel also for the disconnected diagrams contributing to Cπ0π0(t).
For kaon mesons first order corrections to masses and decay constants are instead different

from zero. The strong IB correction to the two point correlation functions of the strange
mesons are

CK+K−(t) = −
s

u

= − −∆mud +O(∆mud)
2 ,

CK0K0(t) = −
s

d

= − + ∆mud +O(∆mud)
2 . (1.24)

In the diagrams above and in the following the strange quark line is red.
In the following sections (we will strictly follow the description of [9]) we are going to

discuss the inclusion of QED isospin breaking effects, by performing an expansion in both
m̂d − m̂u and α̂em. As we have seen from eq. (1.22) and (1.23) the pion does not receive
isospin breaking corrections at first order from the u and d mass difference and the leading
correction comes from QED. On the contrary, kaons have both types of corrections at the
leading order. In this case we will define a convention to separate QED and QCD effects.
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1.4 Non-compact QED on the lattice at O(αem)

In this section we describe how QED is regularized on the lattice and we discuss the issues
associated with the expansion of the quark action with respect to the electric charge. In
particular we present a safe prescription for the definition of the IR regularized finite volume
lattice photon propagator, i.e. a way to eliminate the infrared divergence associated with the
zero momentum mode, that can be conveniently used in numerical calculations by working
directly in coordinate space.

We adopted the non–compact formulation of lattice QED, that consists in treating the
electromagnetic gauge potential Aµ(x) in a fixed (Feynman) gauge as a dynamical variable.
The field Aµ(x) is introduced as a free field with the Maxwell action

Sgauge[A] =
1

2

∑

x,µ,ν

Aµ(x)
[
−∇̄−ν ∇̄+

ν

]
Aµ(x) =

=
1

2

∑

k,µ,ν

Ã?µ(k) [2 sin(kν/2)]2 Ãµ(k) , (1.25)

which is gaussian distributed in momentum space. Aµ(x) is a real field, while Ãµ(k) denotes
its Fourier transform that is a complex field satisfying the condition Ã?µ(k) = Ãµ(−k).

Non-compact lattice QED has been used also in [23], where the effects of electromag-
netism have been computed non-perturbatively on the lattice for the first time, and in most
of the other lattice simulations subsequently performed ([25, 32–34] for recent works on the
subject).

The electromagnetic interaction of quarks is written in terms of the quarks discrete
covariant derivatives, by introducing the QED link variables through exponentiation3,

Aµ(x) −→ Eµ(x) = e−ieAµ(x) , (1.26)

and multiplying the QCD links by the appropriate U(1)em factors. The covariant derivatives
are thus defined as:

D+
µ [U,A] ψf (x) = [Eµ(x)]ef Uµ(x)ψf (x+ µ)− ψf (x) ,

D−µ [U,A] ψf (x) = ψf (x)− [Eµ(x)]ef Uµ(x)ψf (x− µ) . (1.27)

In the previous expressions ef is the fractional electric charge of the quark of flavor f , i.e.
ef is 2/3 for up–type quarks and −1/3 for down–type quarks. Given our conventions, exact
gauge invariance is obtained if the fields are transformed as follows

ψf (x) −→ eief eλ(x)ψf (x) , ψ̄f (x) −→ ψ̄f (x)e−ief eλ(x) , Aµ(x) −→ Aµ(x) + ∇̄+
µλ(x) ,

(1.28)

3In the following a = 1.
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4. NON-COMPACT QED ON THE LATTICE AT O(αEM )

where we define

∇̄+
µ f(x) = f(x+ µ̂)− f(x) , ∇̄−µ f(x) = f(x)− f(x− µ̂) , ∇̄µ =

∇̄+
µ + ∇̄−µ

2
.

(1.29)

In order to calculate isospin breaking corrections we will perform a combined perturbative
expansion in α̂em and m̂d−m̂u We want to treat electromagnetism at fixed order with respect
to α̂em and, to this end, we need to expand the quarks action in powers of e. This procedure
is performed by starting from the explicit expression of the lattice Dirac operator Df [U,A;~g]
to be used in numerical simulations and expanding up to order e2

∑

x

ψ̄f (x)
{
Df [U,A;~g]−Df [U, 0;~g]

}
ψf (x) =

=
∑

x,µ

{
(efe)A

µ(x)V µ
f (x) +

(efe)
2

2
Aµ(x)Aµ(x)T µf (x) + . . .

}
,

(1.30)

where V µ
f (x) is the conserved vector current corresponding to the quark f while T µf (x) is the

“tadpole” vertex. Both the conserved vector current and the tadpole vertex depend upon
the particular choice made for the discretization of the fermion action and we shall provide
the explicit expressions for V µ

f and T µf corresponding to the regularization used in this
work in the following sections, see eqs. (1.39). Note that tadpole insertions, a characteristic
feature of lattice discretization, cannot be neglected because these play a crucial role in
order to preserve gauge invariance at order e2. The electromagnetic current and the tadpole
vertex to be inserted in correlators are the sums over all the quarks of V µ

f and T µf with the
corresponding charge factors,

Jµ(x) =
∑

f

efe V
µ
f (x) =

∑

f

efe ψ̄f ΓµV [U ]ψf (x) ,

T µ(x) =
∑

f

(efe)
2 T µf (x) =

∑

f

(efe)
2 ψ̄f ΓµT [U ]ψf (x) . (1.31)

Furthermore, at the O(α̂em) at which we are working, there is no need to renormalize the
electric charge, a problem that has to be faced instead at higher orders.

Once the fermion action has been expanded, the leading QED corrections to a given lattice
correlator are obtained by considering the time ordered product of the original operators with
two integrated insertions of the combination Aµ(x)Jµ(x) or with a single integrated insertion
of
∑

µAµ(x)Aµ(x)Tµ(x).
By having introduced non–compact QED on the lattice, we have to give a prescription

for treating the zero mode of the photon propagator.
The lattice action of the QED gauge field in Feynman gauge defined in eq. (1.25) is explicitly
shown in momentum space to highlight a well known problem with the definition of the lattice
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photon propagator, i.e. the infrared divergence associated with the zero momentum mode.
The Aµ propagator is defined as the inverse of the kinetic term and, in order to define the
inverse of the lattice Laplace operator −∇̄−ν ∇̄+

ν , one has to provide a prescription to cope
with its kernel.

One possibility, widely used in the literature after the original proposal made in [23], is
to make the zero momentum mode to vanish identically. There are alternative possible ways
to regularize the zero momentum mode of the photon propagator, resulting into different
finite volume behaviors (for a recent review we refer the reader to [39]). In our calculations
we have adopted the so called QEDL prescription, which amounts to setting Ãµ(k0,~0) = 0,
for all µ and k0.

We define the infrared regularized photon propagator in terms of expectation value of
the time-orderd product of photon fields:

Gµν (y1, y2) = 〈Aµ (y1)Aν (y2)〉 ,

where the photon field Aµ (y) must be generated from the distribution of probability:

P (A) dA ∝ exp
[
−Aµ (y1)G−1

µν (y1, y2)Aν (y2)
]
.

This can be readily obtained drawing each mode of the photon field in momentum space
in which the probability distribution is local in k, as was first noted in Ref. [23]:

P
(
Ã
)
dÃ ∝ exp

[
−Ãµ (k) G̃−1

µν (k) Ãν (k)
]
.

After the local change of variable B̃ρ (k) =
√
G−1
ρν (k)Ãν (k) each component of B̃ can be

drawn independently:

P
(
B̃
)
dB̃ ∝ exp

[
−B̃2

µ (k)
]
,

and the value of Ãµ (k) can be constructed via

Ãν (k) =

√
G̃ρν (k)B̃ρ (k) .

The matrix
√
G̃ρν (k) can be easily computed, and for the Wilson action in the Feynman

gauge it amounts simply to √
G̃ρν (k) = δρν

√
1

k̂2
.

1.5 Quark lattice action

In this section we enter into the details of the quark lattice action used in this work, namely
the maximally twisted Wilson action [40, 41]. We will also give the explicit expression of
the conserved vector current V µ

f (x) and of the tadpole vertex T µf (x).
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5. QUARK LATTICE ACTION

In order to minimize cutoff effects we have been working within a mixed–action approach
[42, 43]. In particular, the results described in the following sections have been obtained
with the action S = Ssea + Sval.

The sea quark action Ssea is the Wilson twisted mass action at maximal twist with
Nf = 2 + 1 + 1 sea quarks and with the introduction of the electromagnetic field Aµ. The
expression of the action is

Ssea = S`tm + Shtm (1.32)

where S`tm and Shtm tm are the up/down and strange/charm actions respectively.
Up and down sea quarks are arranged in mass–degenerate doublet and the action at

maximal twist is of the form [40]:

S`tm = a4
∑

x

ψ(x)

{
1

2
γµ(D+

µ +D−µ )− iγ5τ
3

[
mcr −

a r

2
D+
µD−µ

]
+ µ`

}
ψ(x), (1.33)

with the covariant derivate D±µ defined in eq. (1.27).
For the strange and charm doublet we have [44]

Shtm = a4
∑

x

ψ(x)

{
1

2
γµ(D+

µ +D−µ )− iγ5τ
1

[
mcr −

a r

2
D+
µD−µ

]
+ µσ + µδτ

3

}
ψ(x),

(1.34)

where the twisted masses µσ and µδ are related to the strange and charm masses by the
relation

m̂c,s
sea =

1

ZP

(
µσ ±

ZP
ZS

µδ

)
, (1.35)

with ZP and ZS the pseudo–scalar and scalar quark density operator respectively. In eq.
(1.35) the term proportional to τ 3 is used to split the masses of the members of the doublet;
consequently the Wilson term was twisted with the flavor matrix τ 1. The twisted-mass action
(1.32) leads to a mixing in the strange and charm sectors [44, 45], but the non–unitary mixed
set up guarantees that K and D mesons do not mix.

Concerning the content of the valence sector, we have considered a doublet of fermionic
fields for each flavor, ψTf = (ψ+

f , ψ
−
f ), and a corresponding doublet of bosonic fields (pseudo-

quarks), φTf = (φ+
f , φ

−
f ). The ghost doublets are never considered in the calculation of

physical observables, but they have the only purpose of canceling the valence quark determi-
nant. The fields within the same doublet have the same mass mf , the same electric charge
ef but opposite chirally rotated Wilson terms. In lattice units the valence action reads as

Sval =
∑

f,x

{
ψ̄fDf [U,A]ψf + φ̄fDf [U,A]φf

}
, (1.36)
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where the lattice Dirac operator is

Df [U,A] =
1 + τ 3

2
D+
f [U,A] +

1− τ 3

2
D−f [U,A] , (1.37)

with

D±f [U,A] ψ(x) = mfψ(x) ± iγ5(mcrit
f + 4)ψ(x)−

∑

µ

±iγ5 − γµ
2

Uµ(x)[Eµ(x)]efψ(x+ µ) +

−
∑

µ

±iγ5 + γµ
2

U †µ(x− µ)[E†µ(x− µ)]efψ(x− µ) .

(1.38)

The symbol ± distinguish between the sign of the Wilson parameter r.
As far as the mass splittings of pseudoscalar mesons are concerned, the mixed action

setup used in this work allows to compute observables with O(a2) cutoff effects at the price
of introducing unitarity violations that disappear when the continuum limit is performed
(at matched sea and valence renormalized quark masses the resulting continuum theory is
unitary). For each correlator, by possibly replicating some of the valence matter fields, the
choice made for the action allows to consider only the fermionic Wick contractions that
would arise in the continuum theory, thus avoiding the introduction of isospin breaking
lattice artifacts at finite lattice spacing. The resulting diagrams are then discretized by
using for each quark propagator a convenient choice of the sign of the twisted Wilson term.

Using the Dirac operator in eq. (1.38) and expanding the lattice quark action according
to eq. (1.30), we can calculate the conserved vector current and the tadpole vertex

V f
µ (x) = i

[
ψ̄f (x)

iτ 3γ5 − γµ
2

Uµ(x)ψf (x+ µ)− ψ̄f (x+ µ)
iτ 3γ5 + γµ

2
U †µ(x)ψf (x)

]
,

T fµ (x) = ψ̄f (x)
iτ 3γ5 − γµ

2
Uµ(x)ψf (x+ µ) + ψ̄f (x+ µ)

iτ 3γ5 + γµ
2

U †µ(x)ψf (x) .

(1.39)

1.6 Electromagnetic corrections to hadronic

observables

Generalizing the strategy described in Sec. 1.3, we are going to introduce QED in our
calculation of isospin breaking effects on the lattice [9] by performing a combined perturbative
expansion of the full theory lattice path-integral in the small parameters:

m̂d − m̂u

ΛQCD

∼ α̂em ∼ O(ε) , (1.40)
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6. ELECTROMAGNETIC CORRECTIONS TO HADRONIC OBSERVABLES

neglecting contributions of order O(ε2).
In order to calculate O(α̂em) corrections to a given physical quantity we have to cope

with correlators containing two insertions of the electromagnetic current or one insertion of
the tadpole vertex, multiplied by the IR regularized photon propagator and integrated over
the space-time volume. More precisely, in the first case the correction to a given correlator
is proportional to

T 〈O(xi)〉 −→ T

∫
d4yd4z Dµν(y − z) 〈O(xi)Jµ(y)Jν(z)〉 , (1.41)

where T 〈O(xi)〉 is the T–product of a certain number of local operators, Dµν(y − z) is the
photon propagator in a fixed QED gauge and Jµ(x) is the sum of the electromagnetic currents
of all the flavors. In sec. 1.4 we have already given a proper definition of the finite volume
infrared regularized photon propagator so that eq. (1.41) is infrared regularized. On the
other hand, because of the contact interactions of the electromagnetic currents, eq. (1.31) is
ultraviolet divergent and need to be regularized.The introduction of the electromagnetism
induce a (divergent) shift of the quark masses, of the strong coupling of QCD and, because
we are working with Wilson twisted mass fermions, also of the critical masses.

By neglecting for now the critical mass term and the tadpole vertex contribution, consider
the short distance expansion of the product of electromagnetic currents, which reads

Jµ(x)Jµ(0) ∼ c1(x)1 +
∑

f

cfm(x)mf ψ̄fψf + cgs(x)GµνGµν + · · · . (1.42)

The “counter–term” coefficients c1, cfm and cgs are divergent quantities that must be
fixed by specifying appropriate renormalization prescriptions. In particular, the terms pro-
portional to cfm can be reabsorbed by a redefinition of each quark mass mf in the full theory
with respect to isosymmetric QCD, the term proportional to cgs can be reabsorbed by a
redefinition of the strong coupling constant (i.e. of the lattice spacing) while the term pro-
portional to c1 corresponds to the vacuum polarization and the associated divergence cancels
by taking the fully connected part of the right hand side of eq. (1.41).

Let us consider a generic “physical” observable O in the full theory,

O(~g) = O(e2, g2
s ,mu,md,ms,mc, . . . ) = 〈O〉~g , (1.43)

where we have used the following compact vector notation for the bare parameters of the
theory

~g =
(
e2, g2

s ,mu,md,ms,mc, . . .
)

(1.44)

and where the notation 〈·〉~g means that the path-integral average is performed in the full
theory. In the previous expressions we listed the bare mass parameters of the four lightest
quarks, but the discussion can be easily generalized to include heavier quarks as indicated
by the dots.
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Our method consists in expanding any observable O(~g) with respect to the isosymmetric
QCD result O(~g0) according to

O(~g) = O(~g0) +

{
e2 ∂

∂e2
+
[
g2
s − (g0

s)
2
] ∂

∂g2
s

+
[
mf −m0

f

] ∂

∂mf

}
O(~g)

∣∣∣∣
~g=~g0

= 〈O〉~g0 + δO , (1.45)

where

~g0 =
(

0, (g0
s)

2,m0
ud,m

0
ud,m

0
s,m

0
c , . . .

)
. (1.46)

The notation 〈·〉~g0 means that the path–integral average is performed in the isosymmetric
theory.

The bare parameters ~g0 of the isosymmetric theory can be fixed by matching the renor-
malized couplings of the two theories at a given scale µ? [46]. More precisely, once the
renormalized parameters ĝi(µ) = Zi(µ)gi have been fixed by using an hadronic prescription,
the renormalized couplings of the isosymmetric theory ĝ0

i (µ) = Z0
i (µ)g0

i at the scale µ? are
fixed by imposing the following matching conditions

ĝ0
s(µ

?) = ĝs(µ
?) ,

m̂0
ud(µ

?) = m̂ud(µ
?) =

m̂d(µ
?) + m̂u(µ

?)

2
,

m̂0
s(µ

?) = m̂s(µ
?) . (1.47)

This prescription is known as the Gasser-Rusetsky-Scimemi (GRS) one [46] and in this work
we rely on it by matching the couplings renormalized in the MS scheme at µ? = 2 GeV. We
refer the reader to Sec. 1.10 for a detailed discussion on possible alternative prescriptions.

By using the property that a physical observable is a Renormalization Group Invariant
(RGI) quantity, i.e.

O(gi) = O(ĝi) , O(g0
i ) = O(ĝ0

i ) . (1.48)

the perturbative expansion of eq. (1.45) can be expressed in terms of the renormalized
couplings according to

O(ĝi) = O
(
ĝ0
i

)
+

{
ê2 ∂

∂ê2
+

[
ĝ2
s −

(
Zgs
Z0
gs

ĝ0
s

)2
]

∂

∂ĝ2
s

+

[
m̂f −

Zmf
Z0
mf

m̂0
f

]
∂

∂m̂f

}
O(ĝi)

∣∣∣∣∣
ĝi=

Zi
Z0
i

ĝ0i

.

(1.49)

From the comparison of the previous equation with eq. (1.42) we find in the differential
operator language the divergent terms proportional to Zmf/Z

0
mf

and Zgs/Z
0
gs that correspond
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6. ELECTROMAGNETIC CORRECTIONS TO HADRONIC OBSERVABLES

to the short distance expansion counter–terms cfm and cgs respectively. In practice, these
counter–terms do appear because the renormalization constants (the bare parameters) of
the full theory are different from the corresponding quantities of isosymmetric QCD, the
theory in which we perform the numerical simulations. Once the counter–terms have been
properly tuned, our procedure can be interpreted as the expansion of the full theory in the
renormalized parameters α̂em and m̂d − m̂u.

In eq. (1.42) we didn’t take into account the shift of the critical mass induced by electro-
magnetism in the presence of a Wilson term in the fermionic action. To do this we re–write
eq. (1.42) modifying both the left–hand side, to take into account the presence of the tad-
pole vertices of the different quarks, and the right–hand side, because of the appearance of
additional divergent contributions that have to be reabsorbed by a redefinition of the critical
masses

Jµ(x)Jµ(0) +
∑

µ

T µ(x)

∼ c1(x)1 +
∑

f

cfk(x)ψ̄f iγ5τ
3ψf +

∑

f

cfm(x)mf ψ̄fψf + cgs(x)GµνGµν + · · · ,

(1.50)

where cfk(x) are the critical mass counter-term coefficients
In order to determine the counter–term associated with the electromagnetic shift of the

critical mass, [9] adopted a method commonly used to implement the maximal twist condition
in simulations of isosymmetric QCD.

By starting from the explicit expression of the lattice Dirac operator for a given valence
flavor doublet, eqs. (1.37) and (1.38), one can separately tune the critical mass of each
valence quark by imposing the following vector Wilson Twisted Identity (WTI)

Wf (~g) = ∇̄µ〈
[
ψ̄fγ

µτ 1ψf
]

(x)
[
ψ̄fγ

5τ 2ψf
]

(0) 〉~g = 0 . f = {u, d, s} . (1.51)

The explicit formulae corresponding to its expansion in powers of e can be obtained gener-
alizing the operator δ of eq. (1.45). To do this let us consider the general expression of eq.
(1.45) taking into account also the critical mass shift. Given a general observable in the full
theory, we have

O(~g) = O(e2, g2
s ,mu,md,ms,mc,m

crit
u ,mcrit

d ,mcrit
s ,mcrit

c , . . . ) , (1.52)

where we have enlarged the parameter space of the theory

~g =
(
e2, g2

s ,mu,md,ms,mc,m
crit
u ,mcrit

d ,mcrit
s ,mcrit

c , . . .
)
. (1.53)

By calling mcrit
0 the single critical mass parameter of the symmetric theory, we see that

isosymmetric QCD simulations correspond to

~g0 =
(

0, (g0
s)

2,m0
ud,m

0
ud,m

0
s,m

0
c ,m

crit
0 ,mcrit

0 ,mcrit
0 ,mcrit

0 , . . .
)
. (1.54)
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The value of mcrit
0 has been precisely determined in [47] in the isosymmetric theory by

requiring the validity of the vector Ward–Takahashi identity of eq. (1.51) with m0
f = m0

ud,

Wud(~g
0) = 0 −→ mcrit

0 . (1.55)

Our gauge ensembles have been generated at this well defined value of critical mass for
each β0 = 6/(g0

s)
2. The LIB corrections to any observable can be obtained by making

an expansion, at fixed lattice spacing, with respect to the differences mcrit
f − mcrit

0 which
represents a regularization specific isospin breaking effect induced by the electromagnetic
interactions. The generalization of eq. (1.45) to be used on the lattice with Wilson fermions
is

δO =

{
e2 ∂

∂e2
+
[
g2
s − (g0

s)
2
] ∂

∂g2
s

+ [mf −m0
f ]

∂

∂mf

+ [mcrit
f −mcrit

0 ]
∂

∂mcrit
f

}
OO(~g)

∣∣∣∣∣
~g=~g0

.

(1.56)

1.7 Expansion of the lattice path-integral

In this section, by following the strategy outlined in the previous sections, we discuss the
details concerning the derivation of the formulae necessary to calculate the LIB corrections to
specific observables. The starting point is the path–integral representation of the observable
in the full theory,

O(~g) = 〈O〉~g =

∫
dAe−Sgauge[A] dU e−βSgauge[U ]

∏nf
f=1 det

(
D±f [U,A;~g]

)
O[U,A;~g]∫

dAe−Sgauge[A] dU e−βSgauge[U ]
∏nf

f=1 det
(
D±f [U,A;~g]

) ,

(1.57)

where Sgauge[A] has been given in eq. (1.25) and is a functional of the gauge potential Aµ,
Sgauge[U ] is the QCD gauge action (β = 6/g2

s) and is a functional of the link variables Uµ(x),
D±f [U,A;~g] are the Dirac operators defined in eq. (1.38). We want to express the observable
O(~g) in terms of the path-integral average in the isosymmetric theory, i.e.

O(~g0) = 〈O〉~g0 =

∫
dU e−β

0Sgauge[U ]
∏nf

f=1 det
(
D±f [U ;~g0]

)
O[U ]∫

dU e−β0Sgauge[U ]
∏nf

f=1 det
(
D±f [U ;~g0]

) . (1.58)
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This can be done by introducing the appropriate reweighting factor and the functional av-
erage 〈·〉A with respect to the free photon field,

R[U,A;~g] = e−(β−β0)Sgauge[U ] r[U,A;~g] ,

r[U,A;~g] =

nf∏

f=1

rf [U,A;~g] =

nf∏

f=1

det
(
D±f [U,A;~g]

)

det
(
D±f [U ;~g0]

) ,

〈O〉A =

∫
dA e−Sgauge[A] O[A]∫
dA e−Sgauge[A]

. (1.59)

Eq. (1.57) can be conveniently rewritten as follows

〈O〉~g =

〈
RO
〉A,~g0

〈
R
〉A,~g0 =

〈 〈
R[U,A;~g] O[U,A;~g]

〉A 〉~g0

〈 〈
R[U,A;~g]

〉A 〉~g0 , (1.60)

and leading order isospin breaking corrections can now be obtained by applying the dif-
ferential operator δ defined in eq. (1.56) to the observable O defined in eq. (1.60). More
precisely,

δO =
〈
δ(RO)

〉A,~g0 −
〈
δR
〉A,~g0〈O

〉~g0
=
〈
δO[U,A;~g]

∣∣
~g=~g0

〉A,~g0
+

+
{〈
δ (RO −O) [U,A;~g]

∣∣
~g=~g0

〉A,~g0 −
〈
δR[U,A;~g]

∣∣
~g=~g0

〉A,~g0〈O[U ;~g0]
〉~g0}

.

(1.61)

In the previous expression we have separated the term 〈δO〉A,~g0 , representing the correction
to the given observable, from the contributions in curly brackets coming from the corrections
to the reweighting factor and, consequently, to the sea quark determinants. In the following
we shall call these contributions “vacuum polarization terms” or “disconnected terms”.

In order to apply the differential operator δ, it is useful to observe that

∂
〈
O
〉A

(e2)

∂(e2)

∣∣∣∣∣
e2=0

=

〈
1

2

∂2O[A; e]

∂e2

∣∣∣∣
e=0

〉A
, (1.62)

and to consider the following expressions and related graphical representations of the derivates
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in eq. (1.56) applied to the quark propagator and to the Dirac operator.

1

2

∂2Sf
∂e2

= Sf
∂Df

∂e
Sf
∂Df

∂e
Sf −

1

2
Sf
∂2Df

∂e2
Sf = e2

f + e2
f ,

∂Sf
∂mf

= −Sf
∂Df

∂mf

Sf = − ,

∂S±f
∂mcrit

f

= −S±f
∂D±f
∂mcrit

f

S±f = ∓ . (1.63)

In writing eqs. (1.63) we assumed that the derivatives have been evaluated at ~g = ~g0 and
that the functional integral 〈·〉A with respect to the photon field has already been performed.
The compact notation Sf indicates the isosymmetric QCD lattice quark propagator Sf [U ;~g0]
obtained by inverting the Dirac operator Df [U ] = Df [U,~g

0].
The diagram represents the propagator of a quark with flavor f with the insertion

of the local scalar operator
∑

y

ψf (y)ψf (y), while of the local pseudoscalar operator

i
∑

y

ψf (y)γ5ψf (y).

The graphical representation given in the last of the previous formulae (1.63), corresponding
to the derivative of the quark propagator with respect to the critical mass, is specific to the
lattice Dirac operators used in this work and the∓ signs of the Wilson parameters correspond
respectively to D±f defined into eq. (1.38). In the case of standard Wilson fermions red and
grey “blobs” would coincide.
When deriving the Dirac operator with respect to e we have to calculate

∂(Eµ(x))ef

∂e
=

∂

∂e
e−ie efAµ(x) = (−ief )Aµ(x)(Eµ(x))ef ,

∂2(Eµ(x))ef

∂e2
= (−ief )2Aµ(x)Aµ(x)(Eµ(x))ef . (1.64)

Using the previous equations, we can see that the first graphical representation of the first

expression in eqs. (1.63) is obtained through the insertion of two derivatives
∂Df

∂e
calculated

in two different space–time points

(
in the electromagnetic vector current operator

∑

y,z

V µ
f (y)V ν

f (z)Dµν(y, z) is inserted

)
; from

∂2Df

∂e2
it originates the insertion of the tadpole

vertex operator
1

2

∑

y

T µf (y)Dµµ(y, y).
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7. EXPANSION OF THE LATTICE PATH-INTEGRAL

Here we remark again that the lattice photon propagator Dµν has to be IR regularized as
discussed in sec. 1.4 and that, having performed the path-integral average over the gauge
potential Aµ, the diagrams involving the numerical calculation of D⊥µν can be computed
following the steps outlined in sec. 1.4 through the average over a specific stochastic dis-
tribution. The computation of correlators in which, for example, a photon is exchanged
between two quark lines is then reduced to the calculation of sequential propagators, solving
the following systems

{
Df [U ] Ψf

B

}
(x) =

∑

µ

Bµ(x)ΓµV Sf [U ;x] ,

{
Df [U ] Ψf

C

}
(x) =

∑

µ

Cµ[B;x]ΓµV Sf [U ;x] , (1.65)

for different values of the Bµ(x) and Cµ[B;x] fields.
All the disconnected contributions coming from the reweighting factor can be readily

obtained by using eqs. (1.63). For example,

∂R

∂g2
s

=
6

(g0
s)

4
Sgauge[U ] = GµνG

µν ,

1

2

∂2rf
∂e2

=
1

2
Tr

(
Sf
∂2Df

∂e2

)
− 1

2
Tr

(
Sf
∂Df

∂e
Sf
∂Df

∂e

)
+

1

2
Tr

(
Sf
∂Df

∂e

)
Tr

(
Sf
∂Df

∂e

)

= −e2
f − e2

f + e2
f . (1.66)

We have to note however that, in order to apply the operator δ to the product (R[U,A;~g]
O[U,A;~g]) (see eqs. (1.61) and (1.62) above), at fixed QED gauge background one also needs
the following expressions for the first order derivatives of the quark propagators and of the
quark determinants with respect to e

∂Sf
∂e

= −Sf
∂Df

∂e
Sf = ef ,

∂rf
∂e

= Tr

(
Sf
∂Df

∂e

)
= −ef . (1.67)

A concrete example of application of the formulae given in eqs. (1.63) and (1.66) is

31 31 31



Chapter 1

represented by the correction to the S±f quark propagators worked out below

δ ± =

= (efe)
2 + (efe)

2 − [mf −m0
f ] ∓ [mcrit

f −mcrit
0 ] +

−e2ef
∑

f1

ef1 − e2
∑

f1

e2
f1

− e2
∑

f1

e2
f1

+ e2
∑

f1f2

ef1ef2 +

+
∑

f1

±[mcrit
f1
−mcrit

0 ] +
∑

f1

[mf1 −m0
f1

] +
[
g2
s − (g0

s)
2
] GµνG

µν

. (1.68)

Here quark propagators of different flavors have been drawn with different colors and different
lines. Quark disconnected diagrams are noisy and difficult to calculate and for this reason
in this work we used the so called electro– quenched approximation. This approximation
consists of forcing the sea quarks to be neutral with respect to electromagnetic interactions,
corresponding to the action Se=0

sea for the sea quarks, setting gs = g0
s and

rf [U,A,~g0] = 1 . (1.69)

In the electro-quenched approximation all quark disconnected contributions are absent. It
follows that in this theory eq. (1.68) simply becomes

δ ± = (efe)
2


 +


− [mf −m0

f ] ∓ [mcrit
f −mcrit

0 ] .

(1.70)

1.7.1 Leading isospin breaking corrections to

hadron correlators

In order to extract the mass of a given hadron H, by including electromagnetic interactions
and QCD isospin breaking corrections, we start by considering in the full theory the two-
point correlator of an interpolating operator OH(t, ~p = 0) having the appropriate quantum
numbers,

CHH(t;~g) = 〈 OH(t) OH(0) 〉~g = ZHe
−tMH + · · · ,

eMH =
CHH(t− 1;~g)

CHH(t;~g)
+ · · · , (1.71)
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7. EXPANSION OF THE LATTICE PATH-INTEGRAL

where the dots represent non leading exponential contributions to the correlator and ZH is
proportional to the residue of the pole corresponding to the hadron H It is important to
stress that, if H is an electrically charged particle, the correlator CHH(t;~g) is not invariant
under U(1)em gauge transformations (see also [48] concerning this point). On the other hand,
the mass of the hadron MH is gauge invariant and finite in the continuum limit, provided
the parameters ~g of the action have been properly tuned. It follows that, at large times
and at any given order in a perturbative expansion in any of the parameters of the action,
the ratio CHH(t− 1;~g)/CHH(t;~g) is both gauge and renormalization group invariant (up to
discretization effects and exponentially suppressed contributions). From eqs. (1.71) it follows

CHH(t;~g) = CHH(t;~g0)

[
1 +

δCHH(t)

CHH(t;~g0)
+ . . .

]
,

δMH = MH −M0
H = −∂t

δCHH(t)

CHH(t;~g0)
+ . . . , (1.72)

where we have defined

∂tf(t) = f(t)− f(t− 1) (1.73)

and δ is defined in eq. (1.56).
In our lattice simulations we have enforced periodic (anti–periodic) boundary conditions

for the gauge (matter) fields along the time direction. For this reason, we have extracted the
correction to pseudoscalar meson masses by fitting the ratio δCPP (t)/CPP (t;~g0) of corrected
over uncorrected pseudoscalar–pseudoscalar two–point functions according to the following
functional form

δCPP (t)

CPP (t;~g0)
= const.+ δMP (T/2− t) tanh

[
M0

P (T/2− t)
]

+ · · · , (1.74)

where the constant term contains the correction to the residue of the pole corresponding to
the lightest state of mass MP and T is the extension of the time direction of the lattice.
The formula above is obtained by noting that a pseudoscalar–pseudoscalar correlator is even
under the symmetry t 7→ T − t and by using ordinary perturbation theory in order to predict
the time dependence of corrected correlators, see ref. [8] for further details concerning this
point.

In the following we continue to use the symbol ∂t but, when referred to lattice correlators,
we actually mean the operation that allows extracting the coefficient δMP by a fit of the
numerical correlators.

As explained in section 1.5, in order to minimize cutoff effects and optimize the numerical
signal, we work in a mixed action setup. In addition in the meson two-point correlators the
twisted Wilson quarks have opposite chirally rotated Wilson terms (i.e. opposite values of
the Wilson parameter r). From our analysis this seems to be the best choice because in this
case discretization effects are better under control, as we will discuss in the third chapter of
the present work.
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1.8 Tuning critical masses

In order to extract physical informations for the mass splittings of pseudoscalar mesons,
we first need to obtain a numerical determination of the electromagnetic shift of the critical
masses of the light quarks. Our results for the pseudoscalar mesons mass splittings have been
obtained within the electro-quenched approximation that, consistently, has been employed
to calculate δmcrit

u,d in [9] as discussed in this section.
As mentioned before, the critical mass corrections have been calculated by imposing the

WTI in eq. (1.51).
By applying the methods of section 1. 7 to the Ward-Takahashi identity Wf (~g) = 0,

i.e. by applying the differential operator δ to the full theory parity-odd correlator (l.h.s. of
eq. (1.51))

Wf (~g) = −∇̄0

+

−
= −∇̄0 Tr

{
γ0 S+

f [U,A;~g; t, ~p = 0] γ5 S−f [U,A;~g;−t, ~p = 0]
}

= 0 ,

(1.75)

one obtains the following definition of δmcrit
f

δWf = 0 −→ δmcrit
f = −

e2
f

2
e2

∇̄0


 + 2 + 2




∇̄0

.

(1.76)

In eq. (1.75) the two quarks entering the correlator are chosen with opposite chirally rotated
Wilson terms in order to minimize cutoff effects [42, 43]. From the numerical point of view,
the parameters δmcrit

f have to be determined as accurately as possible because they are
needed in order to cancel linear ultraviolet divergences present in the expressions used to
compute pseudoscalar meson mass splittings. The great advantage of eq. (1.76) is that it
holds at finite quark masses, thus not requiring chiral extrapolations.

1.9 QED finite volume effects

The long-range nature of the electromagnetic interaction, i.e. the vanishing mass of the
photon, induces finite-volume effects (FVE) which only fall off like inverse powers of the linear
extent of the lattice [49, 50]. These are far more severe than the QCD finite volume effects
for stable particles, which are exponentially suppressed [51], and require to be accurately
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9. QED FINITE VOLUME EFFECTS

corrected. Furthermore the FVE depend on the specific prescription used to subtract the
zero mode of the photon.

For the evaluation of the FVE we will follow the strategy described in [17]. Our photon
field has periodic boundary conditions, while the quark fields are periodic in space and
antiperiodic in time. Therefore, meson fields are periodic in all directions. As a result, the
topology of our spacetime is the four-torus T4. As discussed in sec. 1.4 we consider the case
where the four-momentum zero-mode of the photon field is eliminated, i.e. Ãµ(k0,~0) = 0,
for all µ and k0, which is denoted as QEDL.

Power–like FVE arise from the exchange of a photon around the torus, and they are
obtained by comparing results obtained in finite volume (FV) with those of infinite volume
(IV) QED.

The FV corrections to the mass m of a point particle of spin J = 0 and of charge q in
units of e, on a torus of dimensions T × L3, is given by the difference of the FV self energy,
ΣJ=0(p, T, L), and its IV counterpart, ΣJ=0(p), on shell:

∆m2
J=0(T, L) ≡ m2

J=0(T, L)−m2 = (qe)2∆ΣJ=0(p = im, T, L)

≡ (qe)2 [ΣJ=0(p = im, T, L)− ΣJ=0(p = im)] ,

(1.77)

p = im is a shorthand for p = (im,~0).
Because we only work in a regime where electromagnetic effects are linear in the fine

structure constant α, the self-energy difference in eq. (1.77) is evaluated at one loop. At this
order, differences of self energies or of contributions to self energies are generically written
as

∆Σ(p, T, L) =



′∑∫

k

−
∫

d4k

(2π)4


σ(k, p) , (1.78)

where k is the momentum of the photon in the loop and σ(k, p) is the appropriate IV
self-energy integrand.The individual FV and IV terms in eq. (1.78) are generally UV and
possibly IR divergent. Thus, individually they should be regularized, e.g. with dimensional
regularization. However, on shell the IV integral is IR finite and in finite volume, the sums
are IR finite because the FV formulations of QED that we consider are regulated by the
space or spacetime volume. Moreover, for large k2 the difference of the FV sums and IV
integrals is also UV finite. In eq. (1.78) the information about the topology of the finite
volume and the specific formulation of QED is contained in the definition of

∑∫ ′
k
; for QEDTL

on T4 we have

′∑∫

k

≡ 1

TL3

∑

k0∈BZT

∑

~k∈BZ3∗
L

, (1.79)

where BZT ≡ 2π
T

Z and BZ3∗
L ≡ 2π

T
Z3∗, the star indicates the removal of the zero element.
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The last ingredient is the integrand of the self-energy σJ=0(k, p). This is obtained from
the usual one-loop spinor self-energy Feynman diagrams, yielding the following expression:

σ0(k, p) = 4σT (k)− σS0(k, p)− 4p2σS1(k, p)− 4pµσS2,µ(k, p) (1.80)

with,
σT (k) = 1

k2
, σS0(k, p) = 1

[(p+k)2+m2]
,

σS1(k, p) = 1
k2[(p+k)2+m2]

, σS2,µ(k, p) = kµ
k2[(p+k)2+m2]

.
(1.81)

It can be found that the FV corrections to a boson of spin 0 in terms of the infinite-volume
mass m are given by [17]

m2
0(T, L) ∼

T,L→+∞
m2

{
1− q2α

[
κ

mL

(
1 +

2

mL

)]}
. (1.82)

with κ = 2.837297(1). At this order the result is valid for both point–like and composite
particles. An other interesting observation is that the coefficient of the leading 1/L and
1/L2 corrections to the mass m of a particle of charge qe is the same for spin-1/2 fermions
and spin-0 bosons at O(αem), i.e. these coefficients are always the same, independent of
the spin and the point–like or composite nature of the particle: they are fixed by QED
Ward-Takahashi identities.

1.10 Defining QCD in the full theory (QCD+QED)

Before concluding the present chapter and presenting the results of our calculations, we
believe that it is useful to discuss the relation between the “full ” QCD+QED theory, that
includes explicit e.m. and strong isospin breaking effects, and QCD without electromagnetism
(denoted in the following as the full theory and QCD, respectively). The ideas discussed in
the this section have been extensively presented for the first time in Ref. [13].

The action of the full theory involving both quarks and leptons can be schematically
written as

Sfull =
1

g2
s

SYM + SA +
∑

f

{
Skin
f +mf S

m
f

}
+
∑

`

{
Skin
` +m` S

m
`

}
. (1.83)

Here gs is the strong coupling constant, SYM is a discretization of the gluon action, SA is
the preferred discretization of the Maxwell action of the photon, Skin

f is the kinetic term
for the quark with flavor f , including the interaction with the gluon and photon fields,
mfS

m
f = mf

∑
x qf (x)qf (x) is the mass term, Skin

` and Sm` are respectively the kinetic and
mass terms for the lepton `. For fermion actions which break chiral symmetry, such as the
Twisted-Mass action used in this work, a counterterm is needed to remove the critical mass
and mfS

m
f has to be replaced with mfS

m
f + mcr

f S
cr
f . A mass counterterm is in principle

needed also in the case of the lepton, but at leading order in αem the lepton critical mass
can be ignored.
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10. DEFINING QCD IN THE FULL THEORY (QCD+QED)

At the level of precision to which we are currently working it is only the full theory, as
defined in Eq. (1.83), which is expected to reproduce physical results and that is therefore
unambiguous. Nevertheless, a frequently asked question is what is the difference between the
results for a physical quantity computed in the full theory and in pure QCD, and how big are
the strong isospin-breaking effects compared to the e.m. corrections. We particularly wish
to underline that in order to properly formulate such questions it is necessary to carefully
define what is meant by QCD. It is naturally to be expected that in QCD alone physical
quantities will not be reproduced with a precision of better than O(αem) ' 1% and this of
course is the motivation for including QED. In order to define what is meant by QCD at
this level of precision it is necessary to state the conditions which are used to determine the
quark masses and the lattice spacing. The separation of the full theory into QCD and the
rest is therefore prescription dependent.

In Ref. [9] the subtle issue of a precise definition of QCD has been discussed by using the
GRS scheme originally proposed in Ref. [46], which has been widely used [7, 9, 16]. In the
following we present an extended and detailed discussion by introducing alternative hadronic
schemes, which could turn out to be convenient in light of the fact that hadron masses can
nowadays be computed very precisely. At the end of this section we discuss the connection
with the GRS scheme adopted in our calculations. A summary of the ideas discussed has
been presented in Ref. [52].

1.10.1 Renormalization of the full theory

The main difference in the steps required to renormalize the full theory compared to the
procedure in QCD is the presence of a massless photon and the corresponding finite-volume
(FV) corrections which appear as inverse powers of L, where L is the spatial extent of the
lattice and the volume V = L3. By contrast, in QCD for mass spectra and (semi)leptonic
decays the FV corrections are exponentially small in the volume. In the discussion below, if
necessary, we imagine that the chiral Ward identities have been imposed to determine the
critical masses mcr

f [53].
A possible strategy in principle is the following:

1. Fix the number of lattice points N , e.g. T = 2aN and L = aN , where T and L are the
temporal and spatial extents of the lattice and the lattice spacing a will be determined
later. (The specific choice T = 2L is convenient for illustration but not necessary for
the following argument.)

2. Using a four-flavor theory for illustration, we now need to determine the four physical
bare quark masses, the bare electric charge and the lattice spacing. To this end we
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need to compute six quantities, e.g. the five dimensionless ratios

R1(aN ; gs, e,m) =
aMπ+

aMΩ

(aN ; gs, e,m) ,

R2(aN ; gs, e,m) =
aMK0

aMΩ

(aN ; gs, e,m)

R3(aN ; gs, e,m) =
aMDs

aMΩ

(aN ; gs, e,m) ,

R4(aN ; gs, e,m) =
aMK+ − aMK0

aMΩ

(aN ; gs, e,m) ,

R5(aN ; gs, e,m) =
aMD0 − aMD+

aMΩ

(aN ; gs, e,m) , (1.84)

as well as a dimensionful quantity, e.g. the mass of the Ω baryon, computed in lattice
units, from which the lattice spacing can be determined after extrapolation to the
infinite volume limit (see below):

R0(aN ; gs, e,m) =
aMΩ(aN ; gs, e,m)

Mphys
Ω

, (1.85)

where Mphys
Ω = 1.672 GeV is the physical value of the mass of the Ω baryon. For

illustration we are considering the masses of QCD+QED stable pseudoscalar mesons
in the numerators of the dimensionless ratios (1.84) and using Mphys

Ω to determine the
lattice spacing, but of course other quantities can be used instead. For example, in the
four flavor theory that we are considering here one can in principle avoid potentially
very noisy baryon observables by using one of the charmed mesons masses already
considered above to set the scale. On the other hand, the choice of setting the scale
with a charmed-meson observable could generate large cutoff effects. In Eqs. (1.84) -
(1.85) we have used aN instead of L to highlight that the infinite-volume limit should
be taken at fixed lattice spacing (see Eq. (1.86) below). The quantity m represents the
vector of bare quark masses m ≡ {mu,md,ms,mc}. Note that in the RM123 strategy,
since one works at first order in αem, it is not necessary to impose a renormalization
condition to fix the e.m. coupling [7, 9]. In this case the electric charge can simply
be fixed to the Thomson limit, i.e. e =

√
4π/137.036, and R5 becomes a predictable

quantity. For the remainder of this section, we assume that we are working to O(αem)
and only consider the four ratios Ri (i=1,2,3,4) as well as R0 when discussing the
calibration of the lattices. Notice also that at first order in αem the π0 cannot decay
in two photons, so that it can also be used in the calibration procedure.

3. Up to this point the procedure is the standard one used in QCD simulations. The
difference here is in the FV effects which behave as inverse powers of L. We therefore
envisage extrapolating the ratios Ri to the infinite-volume limit:

Ri(gs, e,m) ≡ lim
N→∞

Ri(aN ; gs, e,m) , i = 0, 1, 2, 3, 4, 5 . (1.86)

38 38 38
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4. For a given discretization and choice of gs, the physical bare quark masses, mphys(gs),
and the electric charge, ephys(gs), are defined by requiring that the five ratios R1,2,3,4,5

take their physical values

Ri(gs, e
phys(gs),m

phys(gs)) = Rphys
i , i = 1, 2, 3, 4, 5 . (1.87)

In practice, of course, this will require some extrapolations of results obtained at
different values of the bare quark masses and electric charge.

5. The lattice spacing a at this value of gs can now be defined to be

a(gs) = R0(gs, e
phys(gs),m

phys(gs)) . (1.88)

Note that with such a procedure the bare parameters and the lattice spacing a do not
depend on the lattice volume.

6. At first order in isospin breaking, i.e.O(αem,md−mu), the renormalization of the lepton
masses is performed perturbatively, by requiring that the on-shell masses correspond
to the physical ones. If one wishes to go beyond first order, when hadronic effects
first enter, then the physical lepton masses should be added to the quantities used
in the non-perturbative calibration. The bare lepton masses, together with the other
parameters, should be chosen such that, in addition to satisfying the conditions in
Eq. (1.84), the lepton-lepton correlators decay in time as e−m`t, where m` is the physical
mass of the lepton `.

In Eq. (1.86) we have taken the infinite-volume limit of the computed hadron masses. By
working in the QEDL finite-volume formulation of QED, if for each hadron H the FV cor-
rections of order O(e2/(MHL)3, e4) can be neglected, then the extrapolation to the infinite-
volume limit can be avoided by making use of the formula (1.82) [17, 54] (similar formulae
also exist for other finite-volume formulations of the theory [55])

aMH(L; gs, e,m)

aMH(gs, e,m)
= 1− καem e

2
H

{
1

2LMH(gs, e,m)
+

1

L2M2
H(gs, e,m)

}
, (1.89)

where eH is the charge of the hadron H and κ = 2.837297 (1) is a known universal constant
(independent of the structure of the hadron H). Equation (1.89) can be used to determine
the infinite-volume mass of the hadron H from the value measured on the finite-volume L3,
up to corrections of order of O(e2/(mHL)3, e4). (In any case, even if one wishes to study
the behaviour with L by performing simulations at different volumes, the subtraction of the
universal O(e2/(MHL)) and O(e2/(MHL)2) terms using Eq. (1.89) is a useful starting point;
the residual leading behaviour of hadronic masses is then of O(e2/(MHL)3, e4).)

1.10.2 Defining observables in QCD

The procedure discussed in section 1.10.1 provides a full framework with which to perform
lattice simulations of QCD together with isospin-breaking effects including radiative correc-
tions. Nevertheless, one may wish to ask how different are the results for some physical
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quantities in the full theory (QCD+QED) and in QCD alone. We stress again that, under
the assumption that isospin breaking effects are not negligible, QCD by itself is an unphysi-
cal theory and requires a definition. Different prescriptions are possible and, of course, lead
to different results in QCD. In this subsection we propose and advocate hadronic schemes,
based on the non-perturbative evaluation of a set of hadronic masses in lattice simulations.

We recall that the QCD action is given by

SQCD =
1

g2
0

SYM +
∑

f

{
Skin
f,0 +mf,0S

m
f

}
, (1.90)

where the kinetic term only includes the gluon links and the subscripts 0 indicate that the
bare coupling and masses are different from those in the full theory of Eq. (1.83). Indeed the
two theories have different dynamics that, in turn, generate a different pattern of ultraviolet
divergences. The difference in the bare parameters of the two theories, for all schemes used
to define QCD, can in fact be ascribed to the necessity of reabsorbing the different ultraviolet
singularities. In what follows we present two different approaches to making the choice of
the parameters g0 and mf,0.

1.10.2.1 Defining observables in QCD: hadronic schemes

In hadronic schemes we choose a value of g0 and determine the bare quark masses mphys
0

and the lattice spacing a0 imposing the same conditions as for the full theory for the ratios
R0,...,4 evaluated at vanishing electric charge, i.e. following steps 1 - 5 in Sec. 1.10.1 without
imposing any constraint on the ratio R5. We repeat that, for illustration we define the bare
quark masses and lattice spacing using the five ratios Ri, but other hadronic quantities could
be used instead, both in the full theory and in QCD. These parameters differ by terms of
order O(αem) from those in the full theory. For this discussion, we make the natural and
convenient choice g0 = gs. With this choice, the lattice spacings in QCD (a0) and in the full
theory (a) are therefore given by

a0 =
〈a0MΩ〉QCD

Mphys
Ω

and a =
〈aMΩ〉full

Mphys
Ω

≡ a0(1 + δa) . (1.91)

To illustrate the procedure imagine that we wish to calculate an observable O of mass
dimension 1, for example the mass of a hadron which has not been used for the calibration.
At a fixed value of gs = g0, we denote the best estimate of the observable O, which is the one
obtained in the full theory, by Ophys, and that obtained in QCD as defined above by OQCD:

Ophys ≡ 〈aO〉
full

a
and OQCD ≡ 〈a0O〉QCD

a0

. (1.92)

We define the difference of the two as being due to QED effects, δOQED ≡ Ophys − OQCD.
There are 3 contributions to δOQED:
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1. The first contribution comes from the fact that the covariant derivatives in the ki-
netic terms in (1.83) and Eq. (1.90) are different. This generates the diagrams in the
correlation functions which contain the explicit exchange of virtual photons.

2. The second contribution comes from the fact that the bare quark masses appearing
in Eq. (1.83) and Eq. (1.90) are different. The corresponding quark-mass counterterms
must therefore be inserted into the correlation functions used to determine Ophys. We
stress that the need to include quark-mass counterterms is generic and arises from the
requirement that the conditions being used to determine the quark masses must be
satisfied both in the full theory and in QCD (for the hadronic scheme being used for
illustration we impose that the conditions in Eq. (1.87) are satisfied in both theories).

3. Finally we must account for the difference in the lattice spacings δa = a − a0 in the
full theory and QCD.

Combining these contributions we arrive at

Ophys = OQCD +
〈a0 δO〉QCD

a0

− δa

a2
0

〈a0O〉QCD , (1.93)

where we have combined the contributions to the correlation functions from the exchange of
virtual photons and from the insertion of the mass counterterms into 〈a0δO〉QCD.

Further comments may be helpful here. The first term on the right-hand side is one that
can be calculated within QCD alone. It has a well defined continuum limit as does the sum
of all the terms in Eq. (1.93). This term allows us to define what is the difference between
QCD (defined as above) and the full theory in the hadronic scheme: δOQED = Ophys−OQCD.

An important feature of the RM123 approach which we follow in the numerical studies
presented in the next chapters, is that the O(αem) terms are computed explicitly and so
we do not have to take the difference between numerical calculations performed in the full
theory and in QCD. Each of the terms on the right-hand side of Eq. (1.93) is calculated
directly. We now explain the procedure in some more detail by assuming that terms of order
O(α2

em) are negligible (the extension to higher orders in αem is straightforward).

1. Correlation functions corresponding to diagrams with the exchange of a virtual photon
and to the insertion of the mass counterterms are already of O(αem) and are calculated
directly in QCD. The term proportional to the time separation in the correlation
functions gives us the mass shift δMHi (i = 1, 2, 3, 4) and δMΩ for the five masses (or
mass differences) in the ratios Ri (i = 1, 2, 3, 4) in Eq. (1.84);

2. In the hadronic scheme being used for illustration, we impose the condition that the
four ratios Ri = mHi/mΩ are the same in QCD and in the full theory. This corresponds
to requiring that

δMHi

MHi

− δMΩ

MΩ

= 0 (i = 1, 2, 3, 4) . (1.94)
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The QED contribution to the left-hand side is different from zero (and also ultraviolet
divergent) and we require the terms proportional to the counterterms to cancel this
contribution. We therefore (in principle) scan the values of the four mass counterterms
δmf = mf −mf,0 (f = u, d, s, c) until the four conditions (1.94) are satisfied. Also in
this case no subtraction of results obtained in the full theory and in QCD is necessary.

3. Finally we determine the difference δa ≡ a − a0 in the lattice spacing. Having deter-
mined the bare masses using item 2, we can calculate the shift in the Ω mass, δMΩ due
to both QED and the mass counterterms and use Eq. (1.91). Since aδMΩ is calculated
directly, there is again no subtraction.

We have devoted a considerable discussion to the definition of the isospin-breaking ef-
fects due to electromagnetism, δOQED. Having done this, the subsequent definition of the
strong isospin breaking effects is straightforward. To do this however, we need to define the
isosymmetric theory (labelled by “ISO”) by imposing appropriate conditions to determine
the bare quark masses and the lattice spacing. Since mu = md, in the Nf = 2 + 1 + 1 theory
we need to determine only three quark masses and hence we only need three need condi-
tions, e.g. we can use the ratios R1,2,3 in Eq. (1.84) to determine the physical bare quark
masses. For the determination of the lattice spacing we have two options. The simplest one
is to work in a mass–independent scheme and set the lattice spacing in the isosymmetric
theory, aISO

0 , equal to the one of QCD with mu 6= md, i.e. aISO
0 = a0. Notice that this choice

is fully consistent with renormalization because the ultraviolet divergences of the theories
that we are considering do not depend on the quark masses. Note however, that they do
depend instead on the electric charge. The other option is that we set the lattice spacing in
the isosymmetric theory by using R0 in Eq. (1.88). The difference between the two options
is due to cutoff effects that disappear once the continuum limit is taken consistently. The
strong isospin breaking correction δOSIB to the observable O can now be defined by

δOSIB = OQCD −OISO , (1.95)

where OISO =
〈aISO0 O〉ISO

aISO0
is the value of the observable obtained in isosymmetric QCD. With

these definitions we have the natural relation Ophys = OISO + δOQED + δOSIB. We underline
however that δOSIB depends on the quantities used for calibration, both in 4-flavor QCD
and in isosymmetric QCD.

1.10.2.2 Defining QCD: the GRS scheme

A different prescription, called the GRS scheme, was proposed in Ref. [46] to relate the bare
quark masses and bare coupling of QCD (mf,0 and g0) to those in the full theory (mf and
gs). This prescription has been adopted in Refs. [7, 9, 16]. In the GRS approach, instead of
determining the bare parameters of QCD by requiring that the chosen hadronic masses in
QCD are equal to their physical values, one imposes that the renormalized parameters in a
given short–distance scheme (e.g. the MS scheme) and at a given scale are equal in the full
and QCD theories.
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10. DEFINING QCD IN THE FULL THEORY (QCD+QED)

A consistent procedure is the following:

1. The full theory is renormalized by using a physical hadronic scheme as discussed in
subsection 10.1. This means that for each chosen value of gs we know the corresponding
physical value of the bare electric charge ephys(gs) and of the lattice spacing a(gs).

2. The renormalization constants (RCs) of the strong coupling constant and of the quark
masses are computed in a short–distance mass–independent scheme both in the full
theory and in the theory at vanishing electric charge.

3. In order to set the bare parameters of QCD at a given value of the lattice spacing
we now chose a matching scale µ and impose that the renormalized strong coupling
constant and the renormalized quark masses are the same as in the full theory. In
practice we might want to simulate QCD at the same values of the lattice spacing used
in the full theory simulations. In this case the matching conditions are

g(µ) = Zg(0, g0, a(gs)µ)g0 = Zg(e
phys(gs), gs, a(gs)µ)gs = ĝ(µ)

mf (µ) = Zmf (0, g0, a(gs)µ)mf,0(g0) = Zmf (e
phys(gs), gs, a(gs)µ)mf (gs) = m̂f (µ) ,

(1.96)

where ̂ indicates quantities in the QCD+QED theory. Notice that quarks with
the same electric charge have the same RC, e.g. Zmu(e, gs, µ) = Zmc(e, gs, µ), and that
the quark mass RC at vanishing electric charge is flavor independent, Zmf (0, g0, µ) =
Zm(g0, µ).

4. In order to define isosymmetric QCD by using this approach, the bare up–down quark
mass is determined from

Zm(g0, a(gs)µ)mud,0(g0) =
m̂u(µ) + m̂d(µ)

2
. (1.97)

Some remarks are in order at this point. The GRS scheme is a short–distance matching
procedure that can also be used to match the theories at unphysical values of the renormalized
electric charge and/or quark masses with the physical theory.

By following the procedure outlined above one can perform lattice simulations of the full
theory and of (isosymmetric) QCD at the same value of the lattice spacing but, consequently,
at different values of the bare strong coupling constant. This is different from the strategy
outlined in the previous subsection where, by using hadronic schemes, it was more natural to
chose the same value of the bare strong coupling at the price of having two different lattice
spacings. The absence of the lattice spacing counterterm (see Eq. (1.93) above) in the GRS
scheme is compensated from the presence of the counterterm (1/g2

0 − 1/g2
s)S

YM originating
from the difference of the bare strong coupling constants in the two theories.

A remark of some practical relevance concerns the possibility of implementing hadroni-
cally the GRS scheme. To this end, note that in the GRS scheme the dimensionless ratios Ri
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will not be equal to the corresponding physical values and the difference can be parametrized
as follows

RQCD-GRS
i = Rphys

i (1 + εGRS
i ), (1.98)

where the εGRS
i are order O(αem) and depend on the chosen matching scheme and also

on the chosen matching scale. Once the εGRS
i (and hence the RQCD-GRS

i ) are known, for
example from a particularly accurate lattice simulation, then they can be used in other
lattice computations. The bare quark masses are then determined by requiring that the
Ri in (isosymmetric) QCD reproduce RQCD-GRS

i as given by Eq.(1.98), and, at this stage,
the GRS scheme can be considered to be a hadronic one as it is defined in terms of non-
perturbatively computed quantities (in this case meson masses). We stress however that this
requires prior knowledge of the εGRS

i .
Of course other schemes are also possible. In general, the εi provide a unifying language

to discuss the different schemes for the definition of (isosymmetric) QCD in the presence of
electromagnetism; in hadronic schemes the εi = 0 while in the GRS and other schemes they
are of order O(αem). For later use, we make the simple observation that two schemes can
be considered to be equivalent in practice if the εi in the two schemes are equal within the
precision of the computations.

1.11 Non-perturbative renormalization in the

RI’-MOM scheme

When quantizing a field theory, divergent quantities emerge such as quark masses, couplings
and observables. In order to compute these quantities one has to regularize the theory. There
are a lot of different regularizations to choose from. As it is often the case, the smartest ones
are selected to preserve the symmetries of the action. LQCD is primarily a regularization of
the QCD theory.
After regularization, i.e. at fixed cut-off, one can proceed in computing all the quantities
of interest on the lattice, but the results would unphysically depend on the cut-off. Thus
the next step consists in removing the cut-off performing the continuum limit for a → 0.
Performing this limit straight away would be disastrous. The only way to remove the cut-off
properly is through the introduction of the so called Renormalization Constants (RCs) that
are constructed to absorb the divergences in the continuum limit.
On the lattice, renormalization can be performed using both perturbative and non-perturbative
methods. The most popular perturbative scheme is the MS scheme (modified Minimal Sub-
traction), which is naturally defined within dimensional regularization, at a given renormal-
ization scale which is usually chosen to be µ = 2 GeV. As any other renormalization scheme,
MS can be also implemented perturbatively on the lattice. Lattice perturbation theory is
however technically more difficult than in the continuum, so that in most of the cases only
one-loop results are available. In addition, the convergence of lattice perturbation theory is
tipically poor. Therefore, one often relies on non-perturbative approaches. The RI’-MOM
(Regularization Independent at subtracted MOMentum), which we will consider here, is a
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11. NON-PERTURBATIVE RENORMALIZATION IN THE RI’-MOM SCHEME

renormalization scheme suitable to be implemented non-perturbatively. In the remainder of
this section we describe the main steps of the RI’-MOM renormalization procedure including
O(αem) corrections.

1.11.1 RI’-MOM scheme in the QCD+QED theory

The basic idea of the RI’-MOM scheme is to impose renormalization conditions non-perturbatively
directly on Green functions, computed in the chiral limit in a fixed gauge, with given off-
shell external states, with large virtualities [14]. The method mimicks what is usually done
in perturbation theory: the renormalization conditions of a certain operator are fixed by
imposing that, in a fixed gauge (usually Landau gauge), suitable Green functions computed
between off-shell quark and gluon states, coincide with their tree level value4. The eval-
uation of the Green functions in the chiral limit ensures that the RI’-MOM scheme is a
mass-independent scheme and the operator renormalization constant depends only on the
renormalization scale µ and the coupling constant. The method is supposed to work properly
whenever it is possible to fix the virtuality of the external states within a window

ΛQCD � µ� 1

a
, (1.99)

in order to keep under control both non-perturbative and discretization effects. Indeed, in
such a “window” discretization effects can be neglected because the renor- malization scale is
small compared to the inverse of the lattice spacing. The fact that µ is much larger than the
QCD scale guarantees that continuum perturbation theory can be used to connect different
schemes.

Given the amputated Green function, ΛO, of an operator O computed in a given gauge
between external states with momentum p and a suitable projector on the relevant Dirac
structure, PO, we define the projected Green function as

ΓO(pa) = Tr [ΛO(pa)PO] . (1.100)

In the RI’-MOM scheme, the renormalization constant (RC) ZO(µa) is found by imposing
the condition [14]

ZΓO(µa)ΓO(pa)|p2=µ2 = 1 , (1.101)

where
ZΓO(µa) = ZO(µa)

∏

f

Z
−1/2
f (µa) . (1.102)

The Zf are the RCs of the external fields and the index f runs over all external fields entering
the expression of the composite operator O. In QCD+QED the RCs ZO and Zf depend both
on the strong and the e.m. coupling constants.

4The choice of the tree level Green function is not mandatory. Indeed, one can impose this condition
with any equivalent finite Green function.
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We find it particularly convenient to write the RCs of any composite operator, and in
particular of the fields, bilinear and four-fermion operators, in the generic decomposition

ZO = ZQED
O

[
(ZQED

O )−1ZO(ZQCD
O )−1

]
ZQCD
O =

[
1 +

αem

4π

(
δZQED

O + ηO

)]
ZQCD
O

=
(

1 +
αem

4π
δZO

)
ZQCD
O , (1.103)

where ZQCD
O and ZQED

O are the RCs of the operatorO in pure QCD and pure QED respectively
and we have put

δZO = δZQED
O + ηO . (1.104)

The first term, δZQED
O , in Eq. (1.104) represents the pure QED contribution to the RC at

O(αem), whereas ηO contains the O(αem) non-factorisable QCD+QED correction.
In Eq. (1.103) we have introduced the ratio

R = (ZQED
O )−1 ZO(ZQCD

O )−1 ≡ 1 +
αem

4π
ηO , (1.105)

which encodes all the non-perturbative contributions of order O(αemα
n
s ) with n ≥ 1, other

than the factorisable terms given by the product ZQED
O ZQCD

O . In other words if ZO were
simply given by ZO = ZQED

O ZQCD
O at first order in αem then ηO would be zero. The case

ηO = 0 thus corresponds to the factorization approximation that was first introduced in
Refs. [7, 37]. Introducing this ratio R in the non-perturbative calculation is useful since
by using the same photon fields in the lattice calculation of ZO and ZQED

O the statistical
uncertainty due to the sampling of the photon field is significantly reduced. Note that the
ratio is also free from cut-off effects of O(αema

n).
In terms of QCD renormalized operators Oχ, Oχ ≡ ZQCD

O Obare, we define the QCD
renormalized projected Green function ΓχO, and expand it at first order in αem

ΓχO(µa) = ZQCD
ΓO

(µa)ΓO(pa)|p2=µ2 = ZQCD
ΓO

(µa)
[
ΓQCD
O (µa) +

αem

4π
δΓO(µa)

]
=

= 1 +
αem

4π
δΓχO(µa) , (1.106)

where we have used the RI’-MOM renormalization condition ZQCD
ΓO

(µa)ΓQCD
O (µa) = 1 applied

in the pure QCD theory and defined

δΓχO(µa) = ZQCD
ΓO

(µa) δΓO(µa) . (1.107)

Using Eqs. (1.103) and (1.106), we can rewrite Eq. (1.101) at first order in αem as

1 = ZΓO(µa)ΓO(µa) = 1 +
αem

4π
(δZΓO(µa) + δΓχO(µa)) (1.108)

which provides, in turn, the RI-MOM renormalization condition at order αem

δZΓO(µa) = −δΓχO(µa) . (1.109)
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11. NON-PERTURBATIVE RENORMALIZATION IN THE RI’-MOM SCHEME

Using the expression of ZΓO in Eq. (1.102) in terms of ZO and the external fields RCs one
also obtains

δZO(µa) = −δΓχO(µa) +
1

2

∑

f

δZf (µa) . (1.110)

Thus, δZO is expressed directly in terms of the O(αem) contribution to the QCD renormalized
projected Green function δΓχO = ZQCD

ΓO
δΓO evaluated at p2 = µ2.

In the following we describe a completely non-perturbative determination of the RCs
δZO(µa) to all orders in αs. We will assume that all the relevant RCs of fields and com-
posite operators in pure QCD have been already determined, by following the standard
RI’-MOM renormalization procedure. With appropriate modifications to the kinematical
conditions and projectors, the discussion can readily be adapted to similar schemes, such as
SMOM [56].

1.11.2 Renormalization of the quark field and

bilinear operators

We start with the renormalization of the quark fields. The e.m. corrections to a quark
propagator can be represented schematically in the form (see Eq. (1.70))

αem

4π
SQCD(p)δSq(p)S

QCD(p) =

+ − [mf −m0
f ] ∓ [mcrit

f −mcrit
0 ] , (1.111)

where the last two diagrams represent the mass and critical Wilson parameter counter-
terms [9].

The amputated one-particle irreducible two-point function is then given by

δΣq(p) = −〈SQCD(p)〉−1 〈SQCD(p)δSq(p)S
QCD(p)〉 〈SQCD(p)〉−1 (1.112)

and the correction to the quark field RC in the RI’-MOM scheme is obtained, according to
Eq. (1.109), as

δZq = − i

12
Tr

[ 6p δΣχ
q (p)

p2

]

p2=µ2
= − i

12
(ZQCD

q )−1 Tr

[ 6p δΣq(p)

p2

]

p2=µ2
. (1.113)

The e.m. correction to the RC ZO of a generic bilinear operator OΓ = q̄2 Γ q1, where Γ
is one of the Dirac matrices (Γ = 1, γ5, γµ, γµγ5, σµν), is given by Eq. (1.110), which in this
case reads

δZO = −δΓχO +
1

2
(δZq1 + δZq2) . (1.114)
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Two kinds of corrections contribute to the amputated Green function: either the QCD Green
function is amputated with the e.m. corrections on the inverse propagators, or the correction
to the Green function itself is amputated with QCD propagators. Thus we have

δΓχO = (ZQCD
q1

)−1/2(ZQCD
q2

)−1/2ZQCD
O Tr [δΛO PO] (1.115)

with

δΛO = δΣq2(p)G
QCD
O (p) γ5 〈SQCD†(p)〉−1 γ5 + 〈SQCD(p)〉−1GQCD

O (p) γ5 δΣ
†
q1

(p) γ5 +

+ 〈SQCD(p)〉−1 δGO(p) γ5〈SQCD†(p)〉−1 γ5 , (1.116)

where GO is the non-amputated Green function and δGO is given diagrammatically by

δGO(p) =

〈
+ +

〉
. (1.117)

Before closing this subsection, we stress that in the calculation of the RC of the pseu-
doscalar density ZP and its e.m. correction δZP , the Goldstone pole contamination has been
taken into account and subtracted. In pure QCD, at each p2 and for each combination of
valence quark masses, µ1 and µ2, the amputated Green function has been fitted to the ansatz

ΓQCD
P = A0 +B0M

2
P +

C0

M2
P

, (1.118)

where MP ≡MP (µ1, µ2) is the mass of the pseudoscalar meson composed of valence quarks
of mass µ1 and µ2. When including QED in the calculation, Eq. (1.118) has to be modified
to take into account the e.m. correction to the meson mass. By considering the ansatz in
Eq. (1.118) in QCD+QED and expanding it in terms of αem one finds

δΓP = A1 +B1M
2
P +

C1

M2
P

+B0 δM
2
P − C0

δM2
P

M4
P

, (1.119)

where δM2
P is the correction to M2

P evaluated in Ref. [7]. Note, in particular, that δΓP also
receives the contribution of a double pole. In Eq. (1.119) only the coefficients A1, B1, C1

need to be fitted, since the values of B0 and C0 are already obtained from the QCD fit in
Eq. (1.118).

1.11.3 Renormalization of the four-fermions

operators

In this thesis we will address the lattice calculation of the radiative QED corrections to
light-meson leptonic decay rates. In the Standard Model the effective Hamiltonian for
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these processes is written in terms of the following four-fermion operator O1 = (q̄2γµ(1 −
γ5)q1) (ν̄`γ

µ(1−γ5)`). In addition, for lattice formulations which break chiral symmetry, like
the one used in the present study, the lattice weak operator O1 mixes with other four-fermion
operators of different chirality. Thus, we conclude this section by describing the calculation
of the RCs of the weak four-fermion operators Oi (i = 1, . . . , 5), in the RI’-MOM scheme.
In this case, the renormalization condition (1.110) for the renormalization matrix at O(αem)
reads:

δZO = −δΓχO +
1

2
(δZq1 + δZq2 + δZ`) , (1.120)

where δZ` is only e.m. and can be computed in perturbation theory.
In Eq. (1.120) δΓχO is a matrix expressed by

(δΓχO)ij = (ZQCD
q1

)−1/2(ZQCD
q2

)−1/2
∑

k=1,...,5

(ZQCD
O )ik Tr

[
δΛOk POj

]
. (1.121)

As in the case of bilinear operators, the correction to the amputated Green function gets
two kind of contributions,

δΛOi = δΣq2(p)G
QCD
Oi

(p)γ5 〈SQCD†(p)〉−1 γ5 + 〈SQCD(p)〉−1GQCD
Oi

(p)γ5 δΣ
†
q1

(p) γ5 +

+〈SQCD(p)〉−1 δGOi(p) γ5〈SQCD†(p)〉−1 γ5 , (1.122)

and in this case δGOi is given by

δGOi(p) =

〈

1

p

p

p

p

�S

p

p

p

p

�S
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p

p
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+
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〉
.

The fermionic lines on the left-hand side of the diagrams in Eq. (1.123) represent the ingoing
and outgoing light quarks. The lepton self-energy is not reported in Eq. (1.123) since its
contribution cancels out in the amputation.
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2Isospin Breaking Corrections
to Meson Masses

2.1 Introduction

The issue of how to include electromagnetic effects in the hadron spectrum and in the
determination of quark masses from ab-initio lattice calculations was addressed for the first
time in Ref. [23]. Using a variety of different methods to include QED effects in lattice
QCD simulations, several collaborations have recently obtained remarkably accurate results
for the hadron spectrum, such as the determination of the charged-neutral mass splittings
of light pseudoscalar (P) mesons and baryons [8, 9, 17, 25, 32, 57–63] (see Ref. [5, 39, 64]
for recent reviews and a discussion of the different approaches used to perform QED+QCD
lattice calculations of the spectrum).

Till now the inclusion of QED effects in lattice QCD simulations has been carried out
following mainly two methods: in the first one QED is added directly to the action and
QED+QCD simulations are performed at few values of the electric charge (see, e.g., Ref. [17,
63]), while the second one, the RM123 approach of Ref. [9], consists in an expansion of the
lattice path-integral in powers of the two small parameters (m̂d − m̂u) and αem, namely
αem ≈ (m̂d− m̂u)/ΛQCD ≈ 1%. Since it suffices to work at leading order in the perturbative
expansion, the attractive feature of the RM123 method is that the small values of the two
expansion parameters are factorized out, so that one can get relatively large numerical signals
for the slopes of the corrections with respect to the two expansion parameters. Moreover the
slopes can be determined using isospin symmetric QCD gauge configurations. In this work
we adopt the RM123 method described in full details in the previous chapter.

Using the gauge ensembles generated by the European Twisted Mass Collaboration
(ETMC) with Nf = 2 + 1 + 1 dynamical quarks [45, 65] and the quenched QED approx-
imation, we have calculated the pion, kaon, charmed-meson mass splittings and various ε
parameters describing the violations of the Dashen’s theorem [6] (see Ref. [4]). The precise
definition of the latter ones depend on the separation between QED and strong IB (SIB)
effects, which we implement using the GRS prescription of Ref. [9].

Within the quenched QED approximation, which neglects the effects of the sea-quark
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electric charges, our results1 are [7, 13]:

Mπ+ −Mπ0 = 4.21 (26) MeV [4.5936 (5) MeV]exp , (2.1)

[MK+ −MK0 ]QED (MS, 2 GeV) = 2.07 (15) MeV , (2.2)

[MK+ −MK0 ]SIB (MS, 2 GeV) = −6.00 (15) MeV , (2.3)

(m̂d − m̂u)(MS, 2 GeV) = 2.38 (18) MeV , (2.4)

m̂u

m̂d

(MS, 2 GeV) = 0.513 (30) , (2.5)

m̂u(MS, 2 GeV) = 2.50 (17) MeV , (2.6)

m̂d(MS, 2 GeV) = 4.88 (20) MeV , (2.7)

επ0 = 0.01 (4) , (2.8)

εγ(MS, 2 GeV) = 0.80 (11) , (2.9)

εK0(MS, 2 GeV) = 0.01 (2) , (2.10)

[MD+ −MD0 ]QED (MS, 2 GeV) = 2.42 (51) MeV , (2.11)

[MD+ −MD0 ]SIB (MS, 2 GeV) = 3.06 (27) MeV , (2.12)

MD+ −MD0 = 5.47 (53) MeV [4.75 (8) MeV]exp , (2.13)

δMD+ + δMD0 = 1.7 (1.0) MeV , (2.14)

δMD+
s

= 2.3 (4) MeV , (2.15)

where the errors include an estimate of the effects of the QED quenching, while by m̂ we
indicate a quark mass renormalized in QCD+QED. In Eqs. (2.1) and (2.13) the experimental
values from PDG [3] are given in squared brackets for comparison. Instead the experimental
value of the kaon mass splitting MK+ −MK0 = −3.934(20) MeV [3] is used as the input to
determine the quark mass difference (m̂d − m̂u) given in Eq. (2.4).

Using the above results and the experimental values of the meson masses [3], we have
estimated the pion, kaon, D- and Ds-meson masses in isospin-symmetric QCD within the

1The quark mass ratio mu/md is renormalization group invariant in pure QCD only. In the presence of
QED effects the running of the quark mass depends on its electric charge and, therefore, the ratio m̂u/m̂d

depends on the renormalization scheme and scale.
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GRS prescription [7, 13]:

MQCD
π = 135.0 (2) MeV [134.8 (3) MeV]FLAG , (2.16)

MQCD
K = 494.6 (1) MeV [494.2 (3) MeV]FLAG , (2.17)

MQCD
D = 1866.4 (6) MeV , (2.18)

MQCD
Ds

= 1966.7 (1.5) MeV , (2.19)

where the current estimates from FLAG [4] are given in squared brackets for comparison.
This chapter is organized as follows. In section 2.2 we describe the lattice setup and give

the simulation details. In section 2.3 we present the calculations of the relevant correlators
within the RM123 approach. The results of our analysis for the pion mass splittingMπ+−Mπ0

and for the επ0 parameter are given in sections 2.4 and 2.5, respectively. In section 2.6 we
determine the light quark mass difference m̂d − m̂u using the experimental value of the
kaon mass splitting MK+ −MK0 , while section 2.7 is devoted to the evaluation of the εK0

parameter. In section 2.8 we evaluate the IB corrections in the charmed D+, D0 and D+
s

mesons. Using our result for m̂d − m̂u, we present the first lattice determination of the
D-meson mass difference MD+ −MD0 .

2.2 Simulation details

The gauge ensembles used in this work are the ones generated by ETMC with Nf = 2+1+1
dynamical quarks, which include in the sea, besides two light mass-degenerate quarks, also
the strange and charm quarks with masses close to their physical values [45, 65].

The lattice actions for sea and valence quarks are the same used in Ref. [66] to determine
the up, down, strange and charm quark masses in isospin symmetric QCD. They are the
Iwasaki action for gluons and the Wilson Twisted Mass Action for sea quarks. In the valence
sector, in order to avoid the mixing of strange and charm quarks a non-unitary set up was
adopted, in which the valence strange and charm quarks are regularized as Osterwalder-Seiler
fermions, while the valence up and down quarks have the same action of the sea. Working
at maximal twist such a setup guarantees an automatic O(a)-improvement.

We considered three values of the inverse bare lattice coupling β and different lattice
volumes, as shown in Table I, where the number of configurations analyzed (Ncfg) corre-
sponds to a separation of 20 trajectories. At each lattice spacing, different values of the light
sea quark masses have been considered. The light valence and sea quark masses are always
taken to be degenerate. The bare mass of the strange valence quark aµs is obtained, at each
β, using the physical strange mass and the mass renormalization constants determined in
Ref. [66].

In Ref. [66] eight branches of the analysis were considered. They differ in:

• the continuum extrapolation adopting for the scale parameter either the Sommer pa-
rameter r0 or the mass of a fictitious P meson made up of strange(charm)-like quarks;
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ensemble β V/a4 aµsea = aµval aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.02363 0.27903
A40.32 0.0040 100
A50.32 0.0050 150
A40.24 243 × 48 0.0040 150
A60.24 0.0060 150
A80.24 0.0080 150
A100.24 0.0100 150
A40.20 203 × 48 0.0040 150

B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.02094 0.24725
B35.32 0.0035 150
B55.32 0.0055 150
B75.32 0.0075 80
B85.24 243 × 48 0.0085 150

D15.48 2.10 483 × 96 0.0015 0.1200 0.1385 100 0.01612 0.19037
D20.48 0.0020 100
D30.48 0.0030 100

Table I: Values of the simulated sea and valence quark bare masses, of the pion (Mπ) and kaon
(MK) masses for the 16 ETMC gauge ensembles with Nf = 2 + 1 + 1 dynamical quarks generated
within the isospin symmetric theory (see Ref. [66] for details). The values of the strange and
charm quark bare masses aµs and aµc correspond to the physical strange and charm quark masses,
respectively, determined in Ref. [66].

• the chiral extrapolation performed with fitting functions chosen to be either a poly-
nomial expansion or a Chiral Perturbation Theory (ChPT) Ansatz in the light-quark
mass;

• the choice between two methods, denoted as M1 and M2, which differ by O(a2) effects,
used to determine in the RI’-MOM scheme the mass renormalization constant (RC)
Zm = 1/ZP .

In the present analysis we made use of the input parameters corresponding to each of the eight
branches of Ref. [66]. The central values and the errors of the input parameters, evaluated
using bootstrap samplings with O(100) events, are collected in Table II. Throughout this
work all the results obtained within the above branches are averaged according to Eq. (28)
of Ref. [66].

For each gauge ensemble the P meson masses are extracted from a single exponential fit
(including the proper backward signal) in the range tmin ≤ t ≤ tmax. The values chosen for
tmin and tmax at each β and lattice volume in the light, strange and charm sectors are collected
in Table III, while the values of the pion, kaon and D-meson masses corresponding to pure
iso-symmetric QCD, evaluated using the bootstrap samplings of Table II, are collected in
Table IV.
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β 1st 2nd 3rd 4th

1.90 2.224(68) 2.192(75) 2.269(86) 2.209(84)
a−1(GeV) 1.95 2.416(63) 2.381(73) 2.464(85) 2.400(83)

2.10 3.184(59) 3.137(64) 3.248(75) 3.163(75)
mud(GeV) 0.00372(13) 0.00386(17) 0.00365(10) 0.00375(13)
ms(GeV) 0.1014(43) 0.1023(39) 0.0992(29) 0.1007(32)
mc(GeV) 1.183(34) 1.193(28) 1.177(25) 1.219(21)

1.90 0.5290(73)
ZP 1.95 0.5089(34)

2.10 0.5161(27)

β 5th 6th 7th 8th

1.90 2.222(67) 2.195(75) 2.279(89) 2.219(87)
a−1(GeV) 1.95 2.414(61) 2.384(73) 2.475(88) 2.411(86)

2.10 3.181(57) 3.142(64) 3.262(79) 3.177(78)
mud(GeV) 0.00362(12) 0.00377(16) 0.00354(9) 0.00363(12)
ms(GeV) 0.0989(44) 0.0995(39) 0.0962(27) 0.0975(30)
mc(GeV) 1.150(35) 1.158(27) 1.144(29) 1.182(19)

1.90 0.5730(42)
ZP 1.95 0.5440(17)

2.10 0.5420(10)

Table II: The input parameters for the eight branches of the analysis of Ref. [66]. The renormalized
quark masses and the RC ZP are given in the MS scheme at a renormalization scale of 2 GeV. With
respect to Ref. [66] the table includes an update of the values of the lattice spacing and, consequently,
of all the other quantities.

β T/a [tmin, tmax](``,`s)/a [tmin, tmax](`c)/a [tmin, tmax](sc)/a
1.90 48 [12, 23] [15, 21] [18, 23]
1.90 64 [12, 31] [15, 24] [18, 25]
1.95 48 [13, 23] [16, 21] [19, 21]
1.95 64 [13, 31] [16, 24] [19, 29]
2.10 96 [18, 40] [20, 27] [25, 40]

Table III: Time intervals [tmin, tmax]/a adopted for the extraction of the P meson masses in the
light (`), strange (s) and charm (c) sectors.

Following Refs. [9, 46] we impose the GRS matching condition between the full QCD+QED
and the isospin symmetric QCD theories: in the MS scheme at a renormalization scale µ = 2
GeV we require m̂f (MS, 2 GeV) = mf (MS, 2 GeV) for f = (ud), s, c, where m̂ and m are the
renormalized quark masses in the full theory and in isosymmetric QCD. A similar condition
is imposed on the strong coupling constants of the two theories (i.e. the lattice spacing).
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ensemble β V/a4 Mπ(MeV) MK(MeV) MD(MeV)

A30.32 1.90 323 × 64 275 (10) 568 (22) 2012 (77)
A40.32 316 (12) 578 (22) 2008 (77)
A50.32 350 (13) 586 (22) 2014 (77)
A40.24 243 × 48 322 (13) 582 (23) 2017 (77)
A60.24 386 (15) 599 (23) 2018 (77)
A80.24 442 (17) 618 (24) 2032 (78)
A100.24 495 (19) 639 (24) 2044 (78)
A40.20 203 × 48 330 (13) 586 (23) 2029 (79)

B25.32 1.95 323 × 64 259 (9) 546 (19) 1942 (67)
B35.32 302 (10) 555 (19) 1945 (67)
B55.32 375 (13) 578 (20) 1957 (68)
B75.32 436 (15) 599 (21) 1970 (68)
B85.24 243 × 48 468 (16) 613 (21) 1972 (68)

D15.48 2.10 483 × 96 223 (6) 529 (14) 1929 (49)
D20.48 255 (7) 535 (14) 1933 (50)
D30.48 318 (8) 550 (14) 1937 (49)

Table IV: Values of the pion, kaon and D-meson masses evaluated using the bootstrap samplings
of Table II for all the 16 ETMC gauge ensembles.

These conditions fix the isosymmetric QCD bare parameters and a unique prescription to
define the isosymmetric QCD contribution to each hadronic quantity (see for instance the
first term on the r.h.s. of Eq. (2.20)). The parameters given in Table II have been obtained
in Ref. [66] by using for the isosymmetric QCD contributions to the hadronic inputs the esti-
mates given by FLAG [4]. In Ref. [7] we have provided new results for these inputs that can
be used in the future to obtain (slightly) improved determinations of the isosymmetric bare
couplings. We stress that in the calculation of leading IB observables it is fully legitimate to
use the QCD parameters given in Ref. [66] because a change in the prescription that fixes
these values has an effect only at higher orders in αem and (m̂d − m̂u).

2.3 Evaluation of the isospin breaking corrections

According to the RM123 approach of Ref. [9] the e.m. and strong IB corrections to the mass
of a P meson with charge Qe can be written as

MPQ = MP + [δMPQ ]QED + [δMP ]SIB (2.20)

with

[δMPQ ]QED ≡ 4παem [δMPQ ]em + ... , (2.21)

[δMP ]SIB ≡ (m̂d − m̂u) [δMP ]QIB + ... , (2.22)
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where the ellipses stand for higher order terms in αem and (m̂d − m̂u), while MP stands for
the P meson mass corresponding to the renormalized quark masses in the isosymmetric QCD
theory. The separation in Eq. (2.20) between the QED and SIB contributions, [δMPQ ]QED

and [δMP ]SIB, is prescription and renormalization scheme and scale dependent [46, 67].
Throughout this work we adopt the quenched QED approximation, which neglects the

sea-quark electric charges and corresponds to consider only (fermionic) connected diagrams.
Including the contributions coming from the insertions of the e.m. current and tadpole
operators, of the pseudoscalar and scalar densities (see Sec. 1.7) the basic diagrams are
those depicted schematically in Fig. 4.6.8. The insertion of the pseudoscalar density is
related to the the e.m. shift of the critical mass present in lattice formulations breaking
chiral symmetry, as in the case of Wilson and twisted-mass fermions, as discussed in detail
Sec. 1.8).

where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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(a) (b) (c) (d) (e)

Figure 2.3.1: Fermionic connected diagrams contributing at O(e2) and O(md − mu) to the IB
corrections to meson masses: exchange (a), self energy (b), tadpole (c), pseudoscalar insertion (d)
and scalar insertion (e).

In order to evaluate the diagrams (4.6.8a)-(4.6.8e) the following correlators are consid-
ered:

δCJ(t) =
1

2

∑

~x,y1,y2

〈0|T
{
φ†P (~x, t) Jµ(y1)Jν(y2) φP (0)

}
|0〉∆µν(y1, y2), (2.23)

δCT (t) =
∑

~x,y

〈0|T
{
φ†P (~x, t) Tν(y) φP (0)

}
|0〉∆νν(y, y), (2.24)

δCPf (t) =
∑

~x,y

〈0|T
{
φ†P (~x, t) iψf (y)γ5ψf (y) φP (0)

}
|0〉, (2.25)

δCSf (t) = −
∑

~x,y

〈0|T
{
φ†P (~x, t)

[
ψf (y)ψf (y)

]
φP (0)

}
|0〉, (2.26)

where f = {u, d, s, c}, ∆µν(y1, y2) is the photon propagator and Jµ(y) and Tν(y) are the lat-
tice conserved e.m. current and the tadpole operator, respectively, defined in Eqs. (1.31), (1.39)
with φP (x) = iψf1(x)γ5ψf2(x) being the interpolating field for a P meson composed by two
valence quarks f1 and f2 with charges e1e and e2e. In our twisted-mass setup the Wilson
parameters of the two valence quarks are chosen to be opposite (r1 = −r2) in order to
guarantee that discretization effects on MP are of order O(a2mΛQCD).
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Within the quenched QED approximation the correlator δCJ(t) corresponds to the sum
of the diagrams (4.6.8a)-(4.6.8b), while the correlators δCT (t), δCPf (t) and δCSf (t) represent
the contributions of the diagrams (4.6.8c), (4.6.8d) and (4.6.8e), respectively. The removal of
the photon zero-mode is done according to QEDL [54], i.e. the photon field Aµ in momentum

space satisfies Aµ(k0, ~k = ~0) ≡ 0 for all k0.
The statistical accuracy of the meson correlators is based on the use of the so-called

“one-end” stochastic method [68], which includes spatial stochastic sources at a single time
slice chosen randomly. Four stochastic sources (diagonal in the spin variable and dense in
the color one) were adopted per each gauge configuration.

In our analysis the correlators δCj(t) with j = {J, T, P, S} are divided by the tree-level
one (see Sec. 1.7.1)

C(t) ≡
∑

~x

〈0|T
{
φ†P (~x, t)φP (0)

}
|0〉 , (2.27)

obtaining at large time distances, where the P ground-state is dominant,

δCj(t)

C(t)
−−−−−−−−−−−−→
t>>a,(T−t)>>a

δZj
P

ZP
+
δM j

P

MP

fP (t) (2.28)

where ZP ≡ 〈0|φP (0)|P 〉 and

fP (t) ≡MP

(
T

2
− t
)
e−MP t − e−MP (T−t)

e−MP t + e−MP (T−t) − 1−MP
T

2
(2.29)

is almost a linear function of the Euclidean time t. Thus, the various e.m. and strong IB
corrections to the P mass, δM j

P (j = J, T, Pf , Sf ), can be extracted from the slope of the
corresponding ratios δCj(t)/C(t) at large time distances (see Table III for the chosen fitting
intervals).

The difference between the bare quark mass µ̂f in QCD+QED and the bare mass µf
in isosymmetric QCD is related to the corresponding difference between the renormalized
masses m̂f and mf by

µ̂f − µf =
m̂f

Ẑmf
− mf

Zm
=

1

Zm

[
Zm

Ẑmf
m̂f −mf

]
(2.30)

where Ẑmf (Zm) is the mass renormalization constant in QCD+QED (QCD). By defining

Zm

Ẑmf
= 1 +

αem
4π
Zf +O(αmemα

n
s ) (m > 1, n ≥ 0) (2.31)

we get at first order in αem

µ̂f − µf =
1

Zm
[m̂f −mf ] +

αem
4π

Zf
Zm

m̂f . (2.32)
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For our maximally twisted-mass setup one has Zm = 1/ZP , while Zf can be written in the
form

Zf = ZfQEDZ
fact
m , (2.33)

where ZfQED is the pure QED contribution at leading order in αem, given in the MS scheme
at a renormalization scale µ by [69]

ZfQED(MS, µ) = e2
f [6log(aµ)− 22.5954] , (2.34)

and Zfact
m takes into account all the corrections of order O(αns ) with n ≥ 1. The quantity

Zfact
m has been computed non-perturbatively as described in Sec. 1.11.2 and represents the

QCD corrections to the “naive factorization” approximation Zf = ZfQED (i.e. Zfact
m = 1)

introduced in Refs. [7, 37]. The values [13] of the coefficients Zfact
m , corresponding to the

non-factorisable e.m. corrections to the mass RC, are collected in Table V for the three
values of the inverse coupling β adopted in this work and for µ = 1/a. The two methods
M1 and M2 correspond to different treatments of the O(a2µ2) discretization effects and are
described in Ref. [66]. The difference of the results obtained with these two methods enters
into a systematic uncertainty labelled as ()input (see later on). The results in Table V show
that the non-factorisable corrections are significant, of O(40 - 60%), for Zm.

Zfact
m

β Method 1 Method 2

1.90 1.629 (41) 1.637 (14)
1.95 1.514 (33) 1.585 (12)
2.10 1.459 (17) 1.462 (6)

Table V: Values of the non-factorisable e.m. corrections to the mass RC in the MS(2 GeV), Zfactm (see
Eq. (2.33)), calculated for the three values of the inverse coupling β adopted in this work and for µ = 1/a.
The evaluation of the RCs in the RI’-MOM scheme has been carried out in Ref. [13] using the methods M1
and M2 of Ref. [66].

Once multiplied by the bare quantity δM
Sf
P related to the insertion of the scalar density,

the first term in the r.h.s. of Eq. (2.32) generates a finite term, which in our prescription [9]
defines the SIB correction

[δMP ]SIB (MS, µ) =
∑

f=f1,f2

ZP (MS, µ)
[
m̂f (MS, µ)−mf (MS, µ)

]
δM

Sf
P . (2.35)

The second term in the r.h.s. of Eq. (2.32) generates a logarithmic divergent contribution
that, when included in the QED correction, compensates the corresponding divergence of
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the self-energy and tadpole diagrams. At leading order in αem and (m̂d − m̂u) one has

[δMPQ ]QED (MS, µ) = 4παem

{
δMJ

P + δMT
P +

∑

f=f1,f2

δmcrit
f δM

Pf
P

+
1

16π2

∑

f=f1,f2

ZP (MS, µ)Zf (MS, µ) mf (MS, µ) δM
Sf
P

}
,

(2.36)

where δmcrit
f is the e.m. shift of the critical mass for the quark flavor f , which will be discussed

in detail in the next Section. Note that, since we require m̂f (MS, 2 GeV) = mf (MS, 2 GeV)
for f = (ud), s, c, the r.h.s. of Eq. (2.35) at the scale µ = 2 GeV receives a non-vanishing
contribution only when a valence light quark u or d is present in the P meson (since md =
mu = mud). In that case [δMP ]SIB (MS, 2 GeV) is proportional to (m̂d − m̂u)(MS, 2 GeV),
as anticipated in Eq. (2.22). When PQ = π0,+ the contributions coming from the u and d
quarks cancel out and [δMπ]SIB (MS, 2 GeV) = 0 at leading order in (m̂d− m̂u)(MS, 2 GeV).

2.3.1 Determination of δmcrit
f

In order to extract physical information from Eq. (2.36) it is necessary to determine the
e.m. shift of the critical mass of the quarks. The strategy chosen in [9] and described in
Sec. 1.8 is to use the vector Ward-Takahashi identity, which allows to calculate δmcrit

f as

δmcrit
f = −

∇0

[
δV J

f (t) + δV T
f (t)

]

∇0 δV
Pf
f (t)

(2.37)

where ∇0 is the backward time derivative and

δV J
f (t) =

∑

~x,y1,y2

〈0|T
{
V †
f̄f

(~x, t) Jµ(y1)Jν(y2) φf̄f (0)
}
|0〉∆µν(y1, y2) , (2.38)

δV T
f (t) =

∑

~x,y

〈0|T
{
V †
f̄f

(~x, t) Tν(y) φf̄f (0)
}
|0〉∆νν(y, y) , (2.39)

δV
Pf
f (t) =

∑

~x,y

〈0|T
{
V †
f̄f

(~x, t) iψf (y)γ5ψf (y) φf̄f (0)
}
|0〉 , (2.40)

with Vf̄f (x) ≡ ψf (x)γ0ψf (x).
Within the quenched QED approximation the shift δmcrit

f is proportional to e2
f and can

be determined from the plateaux of the r.h.s of Eq. (2.37), as shown in Fig. 2.3.2 for the
gauge ensembles B25.32 and D15.48.

The results of δmcrit
f /e2

f for all the ETMC gauge ensembles of Table I are collected in
Fig. 2.3.3. It can be seen that: i) the values of δmcrit

f /e2
f are determined quite precisely

(better than the per mille level), and ii) at each value of the lattice spacing there is a very
mild dependence on the value of the light-quark mass.
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Figure 2.3.2: Results of the r.h.s of Eq. (2.37) in lattice units calculated for the ETMC gauge
ensembles B25.32 (left panel) and D15.48 (right panel). The solid lines represent the value of
δmcrit

f /e2
f extracted from the corresponding plateau regions.
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Figure 2.3.3: Values of the e.m. shift of the critical mass δmcrit
f /e2

f versus the bare light-quark
mass (in lattice units) calculated for the ETMC gauge ensembles of Table I. Left panel: with the
tadpole contribution. Right panel: without the tadpole contribution.

2.3.2 Extraction of the electromagnetic and

strong isospin breaking corrections

In this subsection we show some plots of the ratios δCj(t)/C(t), used in Eq. (2.28) in order
to extract the IB corrections δM j

P from the corresponding slopes. In Fig. 2.3.4 in the case
of the kaon for the ensemble B35.32 we show the ratios δCJ(t)/C(t) (exchange and self-
energy contributions (4.6.8a)-(4.6.8b)) and δCS(t)/C(t) (scalar insertion (4.6.8e)) together
with the almost linear fitting curve of Eq. (2.28), performed in the time interval where the
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4. ANALYSIS OF THE PION MASS SPLITTING Mπ+ −Mπ0

ground-state is dominant. In Fig. 2.3.5 the contributions of the tadpole diagram (4.6.8c)
and of the shift of the critical mass are shown separately. It can be seen that the two terms
are almost opposite. Thanks to the strong correlations due to the dominance of the tadpole
contribution in δmcrit (see Fig. 2.3.3), their sum can be determined with a good precision
and turns out to be small compared with the contributions of the self-energy and exchange
diagrams.
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Figure 2.3.4: Ratios δCJ(t)/C(t) (left panel) and δCS`(t)/C(t) (right panel) in the case of the
charged kaon for the gauge ensemble B35.32. The solid lines represent the fit (2.28) applied in the
time interval where the ground-state is dominant (see Table III).

2.4 Analysis of the pion mass splitting Mπ+ −Mπ0

Given the observations made in the previous chapter, we now derive the leading isospin
breaking corrections to pion masses by using the same technique employed to obtain the
corrections to the quark propagator (see Sec. 1.7).

We get

δMπ+ = − euede
2∂t − (e2

u + e2
d)e

2∂t

+

+ ZP (Zu + Zd)m`∂t

+ (eu + ed)e
2
∑

f=sea

ef∂t − (δmcrit
u + δmcrit

d )∂t + [isosym. vac. pol.] ,

(2.41)
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Figure 2.3.5: Ratios δCT (t)/C(t) and
∑

f δm
crit
f δCPf (t)/C(t) in the case of the charged kaon for

the gauge ensemble B35.32. Their sum, shown by the circles, is determined quite precisely.

where m` = (md +mu)/2 is the renormalized isosymmetric light quark mass. In the case of
the neutral pion we obtain

δMπ0 = − e2
u + e2

d

2
e2∂t − (e2

u + e2
d)e

2∂t

+

+ ZP (Zu + Zd)m`∂t

+ (eu + ed)e
2
∑

f=sea

ef∂t − (δmcrit
u + δmcrit

d )∂t

+
(eu − ed)2

2
e2∂t + [isosym. vac. pol.] . (2.42)

The sea quark propagators have been drawn in blue (and with a different line) and the
isosymmetric vacuum polarization diagrams have not been displayed explicitly. By combin-
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4. ANALYSIS OF THE PION MASS SPLITTING Mπ+ −Mπ0

ing the previous expressions we find the elegant formula

Mπ+ −Mπ0 =
(eu − ed)2

2
e2∂t

−
, (2.43)

where, following the notation of Ref. [9], (−∂t) stands for the operator corresponding to the
extraction of the slope δMP from the ratio δC(t)/C(t) (see Eq. (2.28)). All the isosymmetric
vacuum polarization diagrams cancel by taking the difference of δMπ+ and δMπ0 together
with the disconnected sea quark loop contributions explicitly shown in eqs. (2.41) and (2.42).
Note, in particular, the cancellation of the corrections/counter–terms corresponding to the
variation of the symmetric up–down quark mass and to the variation of the strong coupling
constant g2

s − (g0
s)

2. This is a general feature: at first order of the perturbative expansion
in α̂em and m̂d − m̂u, the isosymmetric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of m` and of the heavier quark masses do not contribute
to observables that vanish in the isosymmetric theory, like the mass splitting Mπ+ −Mπ0 .
Furthermore, as already stressed, the electric charge does not need to be renormalized at this
order and, for all these reasons, the expression for the pion mass splitting can be considered
a “clean” theoretical prediction.

On the other hand, the lattice calculation of the disconnected diagram present in eq. (2.43)
is a highly non trivial numerical problem and we shall neglect this contribution in this work.
Relying on the flavor SU(3) version of the Dashen’s theorem, according to which, even in
the presence of electromagnetic interactions, the neutral pion and the neutral kaons are non-
singlet Goldstone’s bosons, it can be shown that the neutral pion mass has to vanish in the
limit m̂u = m̂d = 0 for arbitrary values of eu, ed as well as the masses m̂f and the electric
charges ef of the heavier quarks. This happens because the electric charge operator is diag-
onal in the up–down space and commutes with the isospin generator τ 3. Once the critical
mass counter–terms mcrit

u,d −mcrit
0 have been properly tuned, the contributions to eq. (2.42)

can be separated by the dependence with respect to eu, ed and ef of the different coefficients.
It follows that the disconnected diagram of eq. (2.43) vanishes in the SU(2) chiral limit and,
consequently, it is of O(α̂emm̂`) . Neglecting this O(α̂emm̂`) diagram we are thus introducing
a small systematic error that, from the phenomenological point of view, can be considered
of the same order of magnitude of the other O(α̂em[m̂d−m̂u]) contributions neglected in this
paper.

Disregarding the disconnected diagram in the r.h.s. of Eq. (2.43), the results for M2
π+ −

M2
π0 = 2Mπ (Mπ+ −Mπ0) are shown in Fig. 2.4.1 for the ETMC gauge ensembles of Table I

as a function of the renormalized light-quark mass.
Putting a massless photon in a finite box yields sizeable finite volume effects (FVEs),

which have been investigated in Ref. [54], using QEDL for the infrared regularization, and
for other choices of the zero-mode subtraction in Ref. [17]. The main outcome discussed in
Sec. 1.9 is that FVEs on hadron masses start at order O(1/L) and they are universal up to
order O(1/L2), i.e. they depend only on the charge of the hadron and not on its structure.
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Figure 2.4.1: Results for the pion mass splitting M2
π+ −M2

π0 versus the renormalized light-quark
mass m`, obtained using Eq. (2.43) and neglecting the contribution coming from the disconnected
diagram. Brown full points correspond to the data without any correction for FVEs, while open
markers represent the lattice data subtracted by the universal FVEs given by Eq. (2.44).

In the case of QEDL the universal FVEs are given by (see Eq. (1.82))

M2
PQ(L)−M2

PQ(∞) = −Q2αem
κ

L2
(2 +MPL) (2.44)

where κ = 2.837297 [54]. The universal FVEs are thus present only for the charged pion.
The effect of their subtraction from our lattice data is shown in Fig. 2.4.1 by the open
markers. It can be clearly seen that the correction is quite large, approaching ' 40% at the
heaviest light-quark masses. In Fig. 2.4.2 the data corresponding to the gauge ensembles
A40.20, A40.24 and A40.32, which share a common value of the pion mass and the lattice
spacing, but differ for the lattice size L, are shown. The presence of residual FVEs after the
subtraction of the universal ones is visible, but its impact does not exceed few percent at the
largest lattice sizes. According to the non-relativistic expansion of Ref. [50], the structure-
dependent (SD) FVEs are expected to be proportional at order O(1/L3) to the squared pion
charge radius 〈r2〉π+ , namely

[
M2

π+(L)−M2
π0(L)

](SD)
= F

4παem
3

Mπ

L3
〈r2〉π+ +O(

1

L4
,
Mπ

L4
), (2.45)

where at the physical pion mass 〈r2〉π+ = (0.672 ± 0.008 fm)2 [3]. In Eq. (2.45) we have
included the multiplicative factor F to account for possible deviations from the theoretical
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Figure 2.4.2: Results for the pion mass splitting M2
π+ − M2

π0 for the gauge ensembles A40.20,
A40.24 and A40.32, which share a common value of the pion mass and the lattice spacing, but
differ for the lattice size L. The brown full points correspond to the data without any correction
for FVEs, while the open dots represent the lattice data corrected by the universal FVEs given by
Eq. (2.44). The dotted line corresponds to the result of a simple linear fit in 1/L3 (see Eq. (2.45)).

expectation. The lattice data can be fitted by Eq. (2.45) with F = 2.9±0.3, as shown by the
dashed line in Fig. 2.4.2. This highlights a significative deviation of the observed residual
SD FVEs from the non-relativistic result.

From now on we always refer to the data for M2
π+ −M2

π0 as to the charged/neutral pion
mass splitting subtracted by the universal FVEs (2.44).

Inspired by the Chiral Perturbation Theory (ChPT) analysis of Ref. [54], we have per-
formed combined extrapolations to the physical pion mass and to the continuum and infinite
volume limits adopting the following fitting function

M2
π+ −M2

π0 = 4παemf
2
0

{
4
C

f 4
0

−
(

3 + 16
C

f 4
0

)
M

2

16π2f 2
0

log

(
M

2

16π2f 2
0

)

+ Aπ1
M

2

16π2f 2
0

+ Aπ2
M

4

(4πf0)4

}
+Dπa2 +Dπ

ma
2m`

+
4παem

3

Mπ

L3
〈r2〉π+ + F πa2Mπ

L3
(2.46)

where M
2 ≡ 2B0m`, B0 and f0 are the QCD low-energy constants (LECs) at leading order

(LO), C is the e.m. LEC at LO, Aπ1 is a combination of the e.m. LECs at order O(αemm`)
(at a ChPT renormalization scale equal to 4πf0), Aπ2 is an effective NNLO LEC, Dπ and
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Dπ
m are fitting parameters that take into account discretization effects. In Eq. (2.46) the SD

FVEs are represented by the last two terms in its r.h.s.: the first one is directly given by the
non-relativistic result of Ref. [50], while the second term, expected from the FVEs related
to a heavy intermediate state with mass ∝ 1/a [70], is added as a correction with a fitting
multiplicative parameter F π.

In Fig. 2.4.3 the results obtained using the combined fitting function (2.46) assuming
Aπ2 = 0 are shown, i.e. with C, Aπ1 , Dπ, Dπ

m and F π being free parameters.
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Figure 2.4.3: Results for the pion mass splitting M2
π+ −M2

π0 versus the renomalized light-quark
mass m`. The empty markers correspond to the data after the subtraction of the universal FVEs,
while the filled markers represent the lattice data corrected also by the SD FVEs obtained in the
fitting procedure (2.46). The solid lines correspond to the results of the combined fit (2.46) assuming
Aπ2 = 0 obtained in the infinite volume limit at each value of the lattice spacing. The black asterisk
represents the pion mass splitting extrapolated at the physical pion mass (corresponding to m` =
mud = 3.70(17) MeV) and to the continuum limit, while the red area indicates the corresponding
uncertainty as a function of m` at the level of one standard deviation.

As for the lattice spacing a and the renormalization constants ZP , their uncertainties (see
Table II) are taken into account as follows. First, we have randomly generated the values
ai and Zi

P for the bootstrap event i assuming gaussian distributions corresponding to the
central values and the standard deviations of Table II. Then, we add to the definition of the
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χ2 variable the following contribution

∑
β

(
ai − ai

)2

σ2
a

+
∑

β

(
Z
i

P − Zi
P

)2

σ2
ZP

, (2.47)

where ai and Z
i

P are free parameters of the fitting procedure. The use of Eq. (2.47) allows
the quantities a and ZP to slightly change from their central values (in the given bootstrap
event) with a weight in the χ2 given by their uncertainties. This procedure corresponds to
impose a gaussian prior for a and ZP .

At the physical pion mass and in the continuum and infinite volume limits our result is

M2
π+ −M2

π0 = 1.137 (63)stat+fit (24)disc (22)chir (10)FV E · 10−3 GeV2 ,

= 1.137 (63)stat+fit (34)syst · 10−3 GeV2 ,

= 1.137 (72) · 10−3 GeV2 , (2.48)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the errors of the input parameters of Table II, namely the
values of the average u/d quark mass mud, the lattice spacing and the quark mass RC
1/ZP .

• ()disc is the uncertainty due to discretization effects estimated by comparing the results
obtained either including or excluding the Dπ

ma
2m` term in Eq. (2.46);

• ()chir is the error coming from including (Aπ2 6= 0) or excluding (Aπ2 = 0) the term
proportional to m2

` in Eq. (2.46);

• ()FV E is the uncertainty due to FVEs estimated by comparing the results obtained
including or excluding the two SD terms in Eq. (2.46). In the latter case only the
ensembles with L/a = 32, 48 have been included in the fit.

Our result (2.48) implies

Mπ+ −Mπ0 = 4.21 (23)stat+fit (13)syst MeV ,

= 4.21 (26) MeV , (2.49)

which agrees with the experimental determination

[Mπ+ −Mπ0 ]exp = 4.5936 (5) MeV (2.50)

within ≈ 1.5 standard deviations. The difference among the central values, which is equal to
≈ 8%, may be of statistical origin, but it may be due also to the disconnected contribution
at order O(αemm`) in Eq. (2.43) as well as to possible higher-order effects proportional to
αem(m̂d− m̂u) and to (m̂d− m̂u)

2, which have been neglected. The latter ones are estimated
to be of the order of ' 4% in Ref. [4] and therefore the disconnected contribution at order
O(αemm`) is expected to be of the same size ≈ 4%, which corresponds to ≈ 0.2 MeV.
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2.5 Determination of επ0

The Dashen’s theorem [6] states that in the chiral limit the self-energies of the neutral
Nambu-Goldstone bosons vanish. Thus, the violation of the Dashen’s theorem in the pion
sector can be measured through the quantity επ0 defined as [4]

επ0 =

[
δM2

π0

]QED

M2
π+ −M2

π0

. (2.51)

In our analysis the e.m. contribution
[
δM2

π0

]QED
is computed in the quenched QED approx-

imation and neglecting also the disconnected diagram of Eq. (2.42), namely
[
δM2

π0

]QED
= 8παemMπ [δMπ0 ]em , (2.52)

where (see Eq. (2.42))

[δMπ0 ]em = −e
2
u + e2

d

2
∂t − (e2

u + e2
d)∂t

+

− (δmcrit
u + δmcrit

d )∂t + ZP
(
Zu + Zd

)
m`∂t .

(2.53)

The lattice data for
[
δM2

π0

]QED
are shown by filled markers in Fig. 2.5.1. It can be seen

that the data exhibit an almost linear behavior as a function of the light-quark mass m` with-
out any significant FVEs. Thus for the combined chiral and continuum limit extrapolations
we use the following simple Ansatz

[
δM2

π0

]QED
= Ãπ1

M
2

16π2f 2
0

(
1 + Ãπ2

M
2

16π2f 2
0

)
+ D̃πa2 + D̃π

ma
2m`, (2.54)

where M
2 ≡ 2B0m` and Ãπ1 , Ãπ2 , D̃π and D̃π

m are free parameters. The results of the fitting

procedure assuming Ãπ2 = 0 are shown in Fig. 2.5.1 by the solid lines at each value of the
lattice spacing and by the black asterisk at the physical pion mass and in the continuum
limit.

At the physical pion mass and in the continuum limit we obtain
[
δM2

π0

]QED
= 0.008 (4)stat+fit (4)chir (3)disc (50)qQED · 10−3 GeV2 ,

= 0.008 (4)stat+fit (5)syst (50)qQED · 10−3 GeV2 ,

= 0.008 (50) · 10−3 GeV2 , (2.55)

where
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Figure 2.5.1: Results for the quantity
[
δM2

π0

]QED
versus the renomalized light-quark mass m`. The

filled markers represent the lattice data without FVE corrections. The solid lines correspond to the
results of the combined fit (2.54) assuming Ãπ2 = 0 obtained at each value of the lattice spacing. The
black asterisk represents the value extrapolated at the physical pion mass m` = mud = 3.70(17) MeV
and to the continuum limit, while the red area indicates the corresponding uncertainty as a function
of m` at the level of one standard deviation.

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()chir is the error coming from including (Ãπ2 6= 0) or excluding (Ãπ2 = 0) the quadratic
term;

• ()disc is the uncertainty due to discretization effects estimated by comparing the results

obtained including both the D̃πa2 and D̃π
ma

2m` terms in Eq. (2.54) or excluding one
out of them.

• ()qQED comes from our estimate of the neglect of the neutral pion, disconnected diagram
(0.05 · 10−3 GeV2), which dominates over all other uncertainties.

Using the experimental value Mπ0 = 134.98 MeV [3] our result (2.55) corresponds to a
pion mass in pure QCD equal to Mπ = 135.0(2) MeV in agreement with the FLAG estimate
Mπ = 134.8(3) MeV.
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Dividing our result (2.55) by Eq. (2.48), we obtain

επ0 = 0.01 (4) ,

which is consistent with the FLAG estimate επ0 = 0.07(7) [4], based on the old determination
of Ref. [23] (corrected by FLAG into the value επ0 = 0.10(7)) and on the more recent result
επ0 = 0.03(2) obtained by the QCDSF/UKQCD collaboration [71].

2.6 Analysis of εγ and determination of md −mu

The Dashen’s theorem predicts that in the chiral limit the e.m. corrections to the charged
kaon and pion are equal to each other, while the ones for the neutral mesons are vanishing.
Therefore, in the kaon sector the violation of the Dashen’s theorem is parameterized in terms
of the quantity εγ defined as [4]

εγ(MS, µ) =

[
M2

K+ −M2
K0

]QED
(MS, µ)

M2
π+ −M2

π0

− 1 , (2.56)

where
[
M2

K+ −M2
K0

]QED
(MS, µ) is the QED contribution to the kaon mass splitting. Within

the quenched QED approximation one has

[
M2

K+ −M2
K0

]QED
= 8παemMK [MK+ −MK0 ]em , (2.57)

where

[MK+ −MK0 ]em = −es(eu − ed)∂t − (e2
u − e2

d)∂t

+

− (δmcrit
u − δmcrit

d )∂t − ZP
(
Zd −Zu

)
m`∂t

(2.58)

with the red lines representing the strange quark propagator.

The results for
[
M2

K+ −M2
K0

]QED
are shown in Fig. 2.6.1 with and without the subtrac-

tion of the universal FVEs, given by Eq. (2.44). It can be clearly seen that, as in the case
of the pion mass splitting, the universal FVE correction is quite large, approaching ' 40%
at the heaviest light-quark masses.

From now on we always refer to the data for
[
M2

K+ −M2
K0

]QED
as to the QED part of

the charged/neutral kaon mass splitting subtracted by the universal FVEs.
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Figure 2.6.1: Results for the kaon mass splitting
[
M2
K+ −M2

K0

]QED
versus the renormalized light-

quark mass m`, obtained using Eq. (2.58) in the quenched QED approximation. Brown full points
correspond to the data without any correction for FVEs, while open markers represent the lattice
data corrected by the universal FVEs given by Eq. (2.44).

Inspired by the ChPT analysis of Ref. [54] we have performed combined extrapolations
to the physical pion mass and to the continuum and infinite volume limits adopting the
following fitting function

[
M2

K+ −M2
K0

]QED
= 16παem

C

f 2
0

[
AK0 −

8

3

M
2

16π2f 2
0

log

(
M

2

16π2f 2
0

)

+ AK1
M

2

16π2f 2
0

+ AK2
M

4

(4πf0)4

]
+DKa2 +DK

ma
2m`

+
4παem

3

MK

L3
〈r2〉K+ + FKa2MK

L3
, (2.59)

where the residual SD FVEs are estimated using two terms similar to the ones appearing in
Eq. (2.46) and with 〈r2〉K+ = (0.560± 0.031 fm)2 [3]. The free parameters to be determined
by the fitting procedure are AK0 , AK1 , AK2 , DK , DK

m and FK , while the LEC C is taken from
the analysis of the pion mass splitting. In Fig. 2.6.2 we show the results obtained using the
combined fitting function (2.59) assuming AK2 = 0. As in the case of the pion mass splitting
we obtain a value for the parameter FK significantly different from zero, which confirms the
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presence of a deviation from the non-relativistic expansion prediction of Ref. [50].
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Figure 2.6.2: Results for the kaon mass splitting
[
M2
K+ −M2

K0

]QED
versus the renormalized light-

quark mass m` in the MS scheme at a renormalization scale equal to µ = 2 GeV. The empty
markers correspond to the data after the subtraction of the universal FVEs, while the filled markers
represent the lattice data corrected also by the SD FVEs obtained in the fitting procedure (2.59).
The solid lines correspond to the results of the combined fit (2.59) assuming AK2 = 0 obtained
in the infinite volume limit at each value of the lattice spacing. The black asterisk represents the
kaon mass splitting extrapolated at the physical pion mass m` = mud = 3.70(17) MeV and to the
continuum limit, while the red area indicates the corresponding uncertainty as a function of m` at
the level of one standard deviation.

At the physical pion mass and in the continuum and infinite volume limits our result in
the MS scheme at a renormalization scale equal to µ = 2 GeV is
[
M2

K+ −M2
K0

]QED
= 2.047 (99)stat+fit (43)disc (23)chir (3)FV E (102)qQED · 10−3 GeV2 ,

= 2.047 (99)stat+fit (49)syst (102)qQED · 10−3 GeV2 ,

= 2.047 (150) · 10−3 GeV2 , (2.60)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by comparing the results
assuming either DK 6= 0 or DK

m = 0 in Eq. (2.59);
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6. ANALYSIS OF εγ AND DETERMINATION OF MD −MU

• ()chir is the error coming from including (AK2 6= 0) or excluding (AK2 = 0) the term
proportional to m2

` ;

• ()FV E is the uncertainty due to FVE estimated by comparing the results obtained
including or excluding the two phenomenological terms (2.59) for the SD FVEs. In
the latter case only the ensembles with L/a = 32, 48 are considered.

• ()qQED is the estimate of the effects due to the quenched QED approximation (5%)
taken from Refs. [33, 62].

Recent results available in the literature for
[
M2

K+ −M2
K0

]QED
are: 2.075(395)·10−3 GeV2,

obtained using the FLAG inputs [4], 2.186(231)·10−3 GeV2 from the BMW collaboration [62]
at Nf = 2 + 1, and 2.38(38) · 10−3 GeV2 from the latest update of the dispersive analysis
of the η → 3π decays [72]. Note that in Ref. [62] a “hadronic” scheme is adopted in which
the quark mass difference (m̂d − m̂u) is replaced by the mass difference of the “connected”
ūu and d̄d mesons. Using our results of Sec. 2.5 the conversion from the hadronic BMW
scheme to the (MS, 2 GeV) one amounts to add 0.018(3)·10−3 GeV2 to the result of Ref. [62],

leading to
[
M2

K+ −M2
K0

]QED
(MS, 2 GeV) = 2.204(231) · 10−3 GeV2. For the other results

either the prescription used for evaluating the QED contribution is not clearly defined or the
conversion to the (MS, 2 GeV) scheme is not known precisely.

Using Eqs. (2.48) and (2.60) our estimate for εγ is

εγ(MS, 2 GeV) = 0.801 (48)stat+fit (8)disc (16)chir (18)FV E (96)qQED,

= 0.801 (48)stat+fit (25)syst (96)qQED,

= 0.801 (110) , (2.61)

where now the ()qQED error includes also the 4% effect (added in quadrature) coming from
the neglect of the neutral pion, disconnected diagram. Our result (2.61) is consistent with
the recent result, converted in the (MS, 2 GeV) scheme, εγ(MS, 2 GeV) = 0.74(18) from the
BMW collaboration [62] and larger than the recent QCDSF/UKQCD result εγ(MS, 2 GeV) =
0.50(6) [71] by ' 2.4 standard deviations. Note that in Ref. [71] the QED contributions to
kaon masses are evaluated in the so-called Dashen scheme, which differs from the (MS, 2 GeV)
one. The conversion between the two schemes is taken into account by a perturbative
matching performed at leading order in αem in Ref. [71].

Other results present in the literature are the FLAG estimate εγ = 0.7(3) [4] and the
two recent findings εγ = 0.78(10) from the MILC collaboration [73] and εγ = 0.9(3) from
the latest update of the dispersive analysis of the η → 3π decays [72]. For the above results
either the prescription used for evaluating the QED contribution is not clearly defined or the
conversion to the (MS, 2 GeV) scheme is not known precisely.

Using the experimental value for the charged/neutral kaon mass splitting, M2
K+−M2

K0 =
−3.903(3) · 10−3 GeV2 [3], one gets

[
M2

K+ −M2
K0

]SIB
(MS, 2 GeV) = −5.950 (150) · 10−3 GeV2 . (2.62)
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In order to estimate the light-quark mass difference (m̂d − m̂u) from the result (2.62) we
need to compute the QCD isospin breaking slope (see Eq. (2.22))

[
M2

K+ −M2
K0

]QIB ≡
[
M2

K+ −M2
K0

]SIB

m̂d − m̂u

= −2MK ZP ∂t . (2.63)

The lattice data for
[
M2

K+ −M2
K0

]QIB
have been fitted according to the following Ansatz:

[
M2

K+ −M2
K0

]QIB
= A

K

0

[
1− M

2

16π2f 2
0

log

(
M

2

16π2f 2
0

)
+ A

K

1

M
2

16π2f 2
0

]

+ D
K
a2 + F

K M
2

16π2f 2
0

e−ML

(ML)3/2
(2.64)

where the chiral extrapolation is based on the SU(3) ChPT formulae of Ref. [74] expanded as
a power series in terms of the quantity m`/ms, while FVEs are described by a phenomeno-
logical term inspired by the leading FVE correction in QCD to the pion and kaon masses in
the p-regime (ML� 1) [75].

The results of the fitting procedure (2.64), using A
K

0 , A
K

1 , D
K

and F
K

as free parameters,
are shown in Fig. 2.6.3.

At the physical pion mass and in the continuum and infinite volume limits we get

[
M2

K+ −M2
K0

]QIB
= −2.51 (10)stat+fit (15)disc (1)chir (1)FV E GeV

= −2.51 (10)stat+fit (15)syst GeV ,

= −2.51 (18) GeV , (2.65)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by including (D
K 6= 0)

or excluding (D
K

= 0) the discretization term in Eq. (2.64);

• ()chir is the error coming from including the term proportional to the chiral log in

Eq. (2.64) or substituting it with a quadratic term in m` (i.e., A
K

2 M
4
/(4πf0)4);

• ()FV E is the uncertainty obtained including (F
K 6= 0) or excluding (F

K
= 0) the FVE

term in Eq. (2.64).

Our Nf = 2 + 1 + 1 result (2.65) agrees with the corresponding BMW result, 2.53(7) GeV,
obtained at Nf = 2 + 1 [62].
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Figure 2.6.3: Results for the QIB slope
[
M2
K+ −M2

K0

]QIB
=
[
M2
K+ −M2

K0

]SIB
/(m̂d−m̂u) versus

the renomalized light-quark mass m`. The empty markers correspond to the lattice data, while the
filled ones represent the data corrected for the FVEs obtained in the fitting procedure (2.64). The
solid lines correspond to the results of the combined fit (2.64) obtained in the infinite volume limit
at each value of the lattice spacing. The black asterisk represents the QIB slope extrapolated at
the physical pion mass m` = mud = 3.70(17) MeV and to the continuum limit, while the red area
indicates the corresponding uncertainty as a function of m` at the level of one standard deviation.

Putting together the results (2.62) and (2.65) with Eq. (2.22), we get

[m̂d − m̂u] (MS, 2 GeV) = 2.380 (87)stat+fit (154)disc (11)chir (11)FV E (41)qQED MeV ,

= 2.380 (87)stat+fit (155)syst (41)qQED MeV ,

= 2.380 (182) MeV , (2.66)

which is consistent with the previous ETMC determination 2.67(35) MeV [66] at Nf =
2 + 1 + 1 and with the recent BMW result, converted in the (MS, 2 GeV) scheme, 2.40(12)
MeV [62] at Nf = 2 + 1.

Combining the result (2.66) with our ETMC determination of the average up/down
quark mass mud(MS, 2 GeV) = 3.70(17) MeV from Ref. [66], we can also compute the u-
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and d-quark masses

m̂u(MS, 2 GeV) = 2.50 (15)stat+fit (8)syst (2)qQED MeV ,

= 2.50 (17) MeV , (2.67)

m̂d(MS, 2 GeV) = 4.88 (18)stat+fit (8)syst (2)qQED MeV ,

= 4.88 (20) MeV (2.68)

and the ratio

m̂u

m̂d

(MS, 2 GeV) = 0.513 (18)stat+fit (24)syst (6)qQED ,

= 0.513 (30) , (2.69)

which are consistent within the uncertainties with the current FLAG estimates [4] at Nf =
2 + 1 + 1, based on the ETMC results of Ref. [66], and with the recent BMW results [62] at
Nf = 2 + 1.

Finally, using the ETMC result ms(MS, 2 GeV) = 99.6(4.3) MeV [66] we can obtain a
determination of the flavor symmetry breaking parameters R and Q, namely

R(MS, 2 GeV) ≡ ms −mud

m̂d − m̂u

(MS, 2 GeV) = 40.4 (3.3) , (2.70)

Q(MS, 2 GeV) ≡
√
m2
s −m2

ud

m̂2
d − m̂2

u

(MS, 2 GeV) = 23.8 (1.1) , (2.71)

which are consistent within the errors with the current FLAG estimate R = 35.6(5.1)
and Q = 22.2(1.6) [4] as well as with the recent BMW results R = 38.20(1.95) and
Q = 23.40(64) [62].

Our central value (2.71) for the parameter Q is ≈ 8% higher than the recent result of
Ref. [72], Q = 22.0(7), based on the latest update of the dispersive analysis of the η → 3π
decay and on the use of the SU(3) ChPT relation

[
M2

K+ −M2
K0

]SIB
=

1

Q2

M2
K

M2
π

(M2
π −M2

K)
[
1 +O(m2

s)
]
. (2.72)

Had we used our result (2.62) in Eq. (2.72), the value of the parameter Q would have been
Q = 22.6 (3), which is ≈ 5% below the result (2.71) based on the use of the QIB slope (2.65)
evaluated directly on the lattice. This seems to suggest that the higher-order corrections to
the SU(3) ChPT relation (2.72) may be at the level of ≈ 10% or equivalently about one unit
for Q (see also Ref. [76]).

We are here in position of evaluating the leading SIB corrections to the kaon decay
constant. It is possible to extract this information by studying the ratio of the correlators

δCS`
K (t)

C
(0)
K (t)

≡ , (2.73)

76 76 76



6. ANALYSIS OF εγ AND DETERMINATION OF MD −MU

with the red line representing the strange quark propagator. The IB correction δfK/fK
can be computed by extracting the slope and intercept from the large time behavior of
δCS`

K (t)/C
(0)
K (t) (see Eq. (2.28)) according to

δfK
fK
≡ 1

m̂d − m̂u

[fK+ − fK0 ]SIB

fK
=

1

ms +m`

+
δZS`

K

ZK
− 2

δMS`
K

MK

, (2.74)

where fK is given by fK = (ms +m`) ZK/M
2
K . The lattice data have been fitted according

to the following ansatz:

δfK
fK

= A+B
M

2

16π2f 2
0

− 3

4ms

M
2

16π2f 2
0

log

(
M

2

16π2f 2
0

)
+D a2 + F

M
2

16π2f 2
0

e−ML

(ML)3/2
, (2.75)

where M
2 ≡ 2B0m`, B0, f0 are the QCD low-energy constants at leading order and A, B,

C, D, F are free parameters to be determined by the fitting procedure. In Eq. (2.75) the
chiral extrapolation is based on the SU(3) ChPT formulae of Ref. [74] expanded as a power
series in terms of the quantity m`/ms, while FVEs are described by a phenomenological
term inspired by the leading FVE correction in QCD kaon decay constant in the p-regime
(ML� 1) [75]. The results of the fitting procedure are shown in Fig. 2.6.4.
At the physical pion mass and in the continuum and infinite volume limits we obtain [36]

δfK/fK = −2.77 (16)stat+fit (22)disc (10)chir (1)FV E GeV−1 = −2.77 (29) GeV−1 , (2.76)

where

• ()stat+fit indicates the statistical uncertainty including also the one induced by the
fitting procedure;

• ()disc is the uncertainty due to discretization effects estimated by including or excluding
the term proportional to a2 in Eq. (2.75);

• ()chir is the error coming from including the term proportional to the chiral log or
substituting it with a quadratic term in m` and iv) ()FV E is the uncertainty obtained
including or excluding the FVE term in Eq. (2.75).

By using the determination of the light-quark mass difference (see Eq. (2.66)) and the result
(2.76) we get the following estimate

[
fK+ − fK0

fK

]SIB
(MS, 2 GeV) = −0.00656 (48)stat+fit (9)disc (22)chir (6)FV E (12)qQED .

(2.77)
At order O(m̂d− m̂u), thanks to the fact that pions don’t get strong IB corrections, we have

[
fK+/fπ+

fK/fπ
− 1

]SIB
(MS, 2 GeV) = −0.00328 (28) , (2.78)
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Figure 2.6.4: Results for the IB correction [fK+ − fK0 ]SIB / [fK (m̂d − m̂u)] versus the renor-
malized light-quark mass m`. The empty markers correspond to the lattice data, while the
filled ones represent the data corrected for the FVEs obtained in the fitting procedure (2.75).
The solid lines correspond to the results of the combined fit (2.75) obtained in the infinite
volume limit at each value of the lattice spacing. The black asterisk represents the result
extrapolated at the physical pion mass m` = mud = 3.70(17) MeV and to the continuum
limit, while the red area indicates the corresponding uncertainty as a function of m` at the
level of one standard deviation.

a value that is higher (by about 1.6 standard deviations) than the estimate obtained in
Ref. [22] by using ChPT, namely

[
fK+/fπ+

fK/fπ
− 1

]χpt
= −0.0022 (6) (2.79)

and in agreement with (and more precise than) our previous determination at Nf = 2 [9].
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2.7 Determination of εK0

The violation of the Dashen’s theorem for the neutral kaon mass can be represented by the
quantity εK0 defined as [4]

εK0 =

[
δM2

K0

]QED

M2
π+ −M2

π0

. (2.80)

The e.m. contribution
[
δM2

K0

]QED
is given within the quenched QED approximation by

[
δM2

K0

]QED
= 8παemMK [δMK0 ]em , (2.81)

where

[δMK0 ]em = edes∂t − e2
d∂t

+

− [δmcrit
d ]∂t + [δmcrit

s ]∂t

− e2
s∂t

+
+ ZPZsms∂t

+ ZPZdm`∂t . (2.82)

The lattice data for
[
δM2

K0

]QED
are shown by filled markers in Fig. 2.7.1. No significant

FVEs are visible and therefore for the combined chiral and continuum limit fitting procedure
we use the following simple Ansatz

[
δM2

K0

]QED
= ÃK0

[
1 + ÃKL

M
2

16π2f 2
0

log

(
M

2

16π2f 2
0

)
+ ÃK1

M
2

16π2f 2
0

]
+ D̃Ka2 , (2.83)

where ÃK0 , ÃKL , ÃK1 and D̃K are free parameters. The results of the fitting procedure are
shown in Fig. 2.5.1 by the solid lines at each value of the lattice spacing and by the black
asterisk at the physical pion mass and in the continuum limit.
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Figure 2.7.1: Results for the quantity
[
δM2

K0

]QED
versus the renomalized light-quark mass m`.

The filled markers represent the lattice data without FVE corrections. The solid lines correspond
to the results of the combined fit (2.83) obtained at each value of the lattice spacing. The black
asterisk represents the value extrapolated at the physical pion mass m` = mud = 3.70(17) MeV and
to the continuum limit, while the red area identifies the corresponding uncertainty at the level of
one standard deviation.

At the physical pion mass and in the continuum limit we obtain

[
δM2

K0

]QED
(MS, 2 GeV) = 0.016 (17)stat+fit (18)disc (2)chir (1)qQED · 10−3 GeV2 ,

= 0.016 (17)stat+fit (18)syst (1)qQED · 10−3 GeV2 ,

= 0.016 (25) · 10−3 GeV2 , (2.84)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by comparing the re-

sults obtained including (D̃K 6= 0) or excluding (D̃K = 0) the discretization term in
Eq. (2.83);

• ()chir is the error coming from including the term proportional to the chiral log in

Eq. (2.83) or substituting it with a quadratic term in m` (i.e., ÃK2 M
4
/(4πf0)4);
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8. ISOSPIN BREAKING CORRECTIONS IN CHARMED MESONS

• ()qQED is the 5% estimate of the effects due to the quenched QED approximation taken
from Refs. [33, 62].

Using the experimental value MK0 = 497.611(13) MeV [3] our results (2.84) and (2.62)
correspond to a kaon mass in pure QCD equal to MK = 494.6(1) MeV in agreement with
the FLAG estimate MK = 494.2(3) MeV.

Dividing our result (2.83) by Eq. (2.48), we obtain

εK0(MS, 2 GeV) = 0.01 (2)stat+fit (1)syst (1)qQED ,

= 0.01 (2) , (2.85)

where now the ()qQED error includes also the 4% effect coming from the disconnected di-
agram neglected in the pion mass splitting analysis. Our result (2.85) is in agreement
with the estimate quoted by FLAG, namely εK0 = 0.3(3) [4]; the QCDSF/UKQCD result
εK0(MS, 2 GeV) = 0.2(1) [71] and the recent determination εK0 = 0.035(20) from the MILC
collaboration [73].

2.8 Isospin breaking corrections in charmed mesons

In this section using the RM123 approach we address the evaluation of the leading-order
e.m. and strong IB corrections to the D-meson mass splitting (MD+−MD0), and the determi-
nation of the leading-order e.m. corrections to the D-meson mass combination (MD+ +MD0)
and to the Ds-meson mass MD+

s
. In the case of D-meson mass splitting we make use of

the determination (2.66) of the u- and d-quark mass difference done in the kaon sector (see
Section 6) to evaluate the strong IB correction and therefore to predict the physical mass
splitting (MD+ −MD0) on the lattice.

2.8.1 Electromagnetic and strong isospin breaking

corrections to MD+ −MD0

Within the quenched QED approximation and the RM123 prescription described in Sec. 2.3,
the QED contribution to the D-meson mass splitting is given by

[
M2

D+ −M2
D0

]QED
= 8παemMD [MD+ −MD0 ]em , (2.86)
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where

[MD+ −MD0 ]em = (eu − ed)ec∂t − (e2
d − e2

u)∂t

+

− (δmcrit
d − δmcrit

u )∂t + ZP
(
Zd −Zu

)
m`∂t

(2.87)

with the green lines representing the charm quark propagator.

In Fig. 2.8.1 the data for
[
M2

D+ −M2
D0

]QED
are shown before and after the subtraction

of the universal FVEs, given by Eq. (2.44). It can be clearly seen that, as in the case of
the pion and kaon mass splittings, the universal FVE correction is quite large, approaching
' 30% at the heaviest light-quark masses.
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Figure 2.8.1: Results for the D-meson mass splitting
[
M2
D+ −M2

D0

]QED
versus the renormalized

light-quark mass m`, obtained using Eq. (2.87) in the quenched QED approximation. Brown full
points correspond to the data without any correction for FVEs, while open markers represent the
lattice data corrected by the universal FVEs given by Eq. (2.44).
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8. ISOSPIN BREAKING CORRECTIONS IN CHARMED MESONS

From now on we always refer to the data for
[
M2

D+ −M2
D0

]QED
as to the QED part of

the charged/neutral D-meson mass splitting already subtracted by the universal FVEs.
We have performed combined chiral, continuum and infinite volume extrapolations adopt-

ing the following fitting function

[
M2

D+ −M2
D0

]QED
= 4παem

[
AD0 + AD1 m` +DDa2 + FDMD

L3

]
, (2.88)

where AD0 , AD1 , DD and FD are free parameters. In Fig. 2.8.2 we show the results obtained
using the combined fitting function (2.88).
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Figure 2.8.2: Results for the D-meson mass splitting
[
M2
D+ −M2

D0

]QED
versus the renormalized

light-quark mass m`. The empty markers correspond to the data after the subtraction of the univer-
sal FVEs, while the filled markers represent the lattice data corrected also by the SD FVEs obtained
in the fitting procedure. The solid lines correspond to the results of the combined fit (2.88) obtained
in the infinite volume limit at each value of the lattice spacing. The black asterisk represents the
D-meson mass splitting extrapolated at the physical pion mass m` = mud = 3.70(17) MeV and to
the continuum limit, while the red area identifies the corresponding uncertainty at the level of one
standard deviation.

At the physical pion mass and in the continuum and infinite volume limits our result in
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the MS scheme at a renormalization scale equal to µ = 2 GeV is
[
M2

D+ −M2
D0

]QED
= 9.03 (0.84)stat+fit (1.65)disc (0.12)chir (0.07)FV E (0.45)qQED · 10−3 GeV2 ,

= 9.03 (0.84)stat+fit (1.65)syst (0.45)qQED · 10−3 GeV2 ,

= 9.03 (1.90) · 10−3 GeV2 , (2.89)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by comparing the results
assuming either DD 6= 0 or DD = 0 in Eq. (2.88);

• ()chir is the error coming from including (AD1 6= 0) or excluding (AD1 = 0) the linear
term in the light-quark mass;

• ()FV E is the uncertainty due to FVE estimated by comparing the results obtained
including (FD 6= 0) or excluding (FD = 0) the phenomenological term for the SD
FVEs;

• ()qQED is the estimate of the effects due to the quenched QED approximation (5%)
taken from Refs. [33, 62] and extended to the case of charmed mesons.

We need now to compute the SIB contribution

[
M2

D+ −M2
D0

]SIB
= 2MD ZP (m̂d − m̂u) ∂t , (2.90)

where for (m̂d− m̂u) we make use of the result (2.66). The lattice data for
[
M2

D+ −M2
D0

]SIB
are shown in Fig. 2.8.3 and FVEs are visible. Thus the data have been fitted according to
the following simple Ansatz:

[
M2

D+ −M2
D0

]SIB
= A

D

0 + A
D

1 m` +D
D
a2 + F

D M
2

16π2f 2
0

e−ML

(ML)3/2
, (2.91)

where we recall M
2

= 2B0m`. The results of the linear fit (2.91) with the four free parameters

A
D

0 , A
D

1 , D
D

and F
D

, are shown in Fig. 2.8.3.
At the physical pion mass and in the continuum and infinite volume limits we get

[
M2

D+ −M2
D0

]SIB
(MS, 2 GeV) = 11.41 (99)stat+fit (21)disc (13)chir (9)FV E · 10−3 GeV2

= 11.41 (99)stat+fit (26)syst · 10−3 GeV2 ,

= 11.41 (1.02) · 10−3 GeV2 . (2.92)

where
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Figure 2.8.3: Results for the SIB contribution
[
M2
D+ −M2

D0

]SIB
versus the renomalized light-

quark mass m`. The empty markers correspond to the lattice data, while the filled ones represent
the data corrected for the FVEs obtained in the fitting procedure (2.91). The solid lines correspond
to the results of the combined fit (2.91) obtained in the infinite volume limit at each value of the
lattice spacing. The black asterisk represents the SIB contribution extrapolated at the physical pion
mass m` = mud = 3.70(17) MeV and to the continuum limit, while the red area identifies the
corresponding uncertainty at the level of one standard deviation.

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by including (D
D 6= 0)

or excluding (D
D

= 0) the discretization term in Eq. (2.91);

• ()chir is the error coming from including (A
D

1 6= 0) or excluding (A
D

1 = 0) the linear
term in the light-quark mass.

• ()FV E is the uncertainty obtained including (F
D 6= 0) or excluding (F

D
= 0) the FVE

term in Eq. (2.91).

Thus, putting together the results (2.89) and (2.92) we get the prediction [7]

MD+ −MD0 = 5.47 (30)stat+fit (40)disc (6)chir (3)FV E (12)qQED MeV ,

= 5.47 (30)stat+fit (42)syst (12)qQED MeV ,

= 5.47 (53) MeV , (2.93)
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which is consistent with the experimental value MD+−MD0 = 4.75(8) MeV [3] and with the
unquenched QED estimate MD+ −MD0 = 4.68(16) MeV from the BMW collaboration [17]
at Nf = 1 + 1 + 1 + 1 within ' 1.4 standard deviations.

2.8.2 Electromagnetic corrections to MD+ + MD0

The D-meson mass combination (MD+ +MD0), being isospin symmetric, does not receive any
strong IB correction at leading order O(m̂d−m̂u). Within the quenched QED approximation
one has

δMD+ + δMD0 = 4παem





−(eu + ed)ec∂t − (e2
d + e2

u)∂t

+

− 2 e2
c∂t

+

+ 2δmcrit
c ∂t

− (δmcrit
d + δmcrit

u )∂t + 2ZPZcmc∂t

+ ZP
(
Zu + Zd

)
m`∂t





. (2.94)

The data for δMD+ + δMD0 after the subtraction of the universal FVEs are shown in
Fig. 2.8.4.

We have performed combined chiral, continuum and infinite volume extrapolations adopt-
ing the following fitting function

δMD+ + δMD0 = ÃD0 + ÃD1 m` + D̃Da2 + F̃DMD

L3
, (2.95)

where ÃD0 , ÃD1 , D̃D and F̃D are free parameters. In Fig. 2.8.5 we show the results obtained
using the combined fitting function (2.95).

At the physical pion mass and in the continuum and infinite volume limits our result is

δMD+ + δMD0 = 1.7 (6)stat+fit (8)disc (1)chir (1)FV E (1)qQED MeV ,

= 1.7 (6)stat+fit (8)syst (1)qQED MeV ,

= 1.7 (1.0) MeV , (2.96)
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Figure 2.8.4: Results for the e.m. correction to the charge-averaged D-meson mass δMD+ + δMD0

versus the renormalized light-quark mass m`, obtained using Eq. (2.94) in the quenched QED ap-
proximation. Brown full points correspond to the data without any correction for FVEs, while open
markers represent the lattice data corrected by the universal FVEs given by Eq. (2.44).

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by comparing the results

assuming either D̃D 6= 0 or D̃D = 0 in Eq. (2.95);

• ()chir is the error coming from including (ÃD1 6= 0) or excluding (ÃD1 = 0) the linear
term in the light-quark mass;

• ()FV E is the uncertainty due to FVE estimated by comparing the results obtained

including (F̃D 6= 0) or excluding (F̃D = 0) the phenomenological term for the SD
FVEs;

• ()qQED is the estimate of the effects due to the quenched QED approximation (5%)
taken from Refs. [33, 62] and extended to the case of charmed mesons.
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Figure 2.8.5: Results for the e.m. correction to the charge-averaged D-meson mass δMD+ + δMD0

versus the renormalized light-quark mass m`. The empty markers correspond to the data after the
subtraction of the universal FVEs, while the filled markers represent the lattice data corrected also
by the SD FVEs obtained in the fitting procedure. The solid lines correspond to the results of the
combined fit (2.95) obtained in the infinite volume limit at each value of the lattice spacing. The
black asterisk represents the value extrapolated at the physical pion mass m` = mud = 3.70(17) MeV
and to the continuum limit, while the red area identifies the corresponding uncertainty at the level
of one standard deviation.

Using the experimental value (MD+ + MD0)/2 = 1867.2(4) MeV [3] our result (2.96)
corresponds to a D-meson mass in pure QCD equal to 1866.4(6) MeV.
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2.8.3 Electromagnetic corrections to the

D+
s -meson mass

Finally we have computed also the e.m. corrections to the mass of the D+
s -meson, that,

within the quenched QED approximation, are given by

δMD+
s

= 4παem





−eces∂t − e2
s∂t

+

− e2
c∂t

+

− δmcrit
s ∂t + δmcrit

c ∂t

+ ZPZsms∂t + ZPZcmc∂t





. (2.97)

The data for δMD+
s

after the subtraction of the universal FVEs are shown in Fig. 2.8.6.
We have performed combined chiral, continuum and infinite volume extrapolations adopt-

ing the following fitting function

δMD+
s

= ADs0 + ADs1 m` +DDsa2 + FDs
MDs

L3
, (2.98)

where ADs0 , ADs1 , DDs and FDs are free parameters. In Fig. 2.8.7 we show the results obtained
using the combined fitting function (2.98).

At the physical pion mass and in the continuum and infinite volume limits our result is

δMD+
s

= 2.3 (3)stat+fit (1)disc (1)chir (1)FV E (1)qQED MeV ,

= 2.3 (3)stat+fit (2)syst (1)qQED MeV ,

= 2.3 (4) MeV , (2.99)

where

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the
fitting procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization effects estimated by comparing the results
assuming either DDs 6= 0 or DDs = 0 in Eq. (2.98);
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Figure 2.8.6: Results for the e.m. correction δMD+
s

versus the renormalized light-quark mass m`,
obtained using Eq. (2.97) in the quenched QED approximation. Brown full points correspond to
the data without any correction for FVEs, while open markers represent the lattice data corrected
by the universal FVEs given by Eq. (2.44).

• ()chir is the error coming from including (ADs1 6= 0) or excluding (ADs1 = 0) the linear
term in the light-quark mass;

• ()FV E is the uncertainty due to FVE estimated by comparing the results obtained
including (FDs 6= 0) or excluding (FDs = 0) the phenomenological term for the SD
FVEs;

• ()qQED is the estimate of the effects due to the quenched QED approximation (5%)
taken from Refs. [33, 62] and extended to the case of charmed mesons.

Using the experimental value MD+
s

= 1969.0(1.4) MeV [3] our result (2.99) corresponds
to a Ds-meson mass in pure QCD equal to 1966.7(1.5) MeV.
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Figure 2.8.7: Results for the e.m. correction δMD+
s

versus the renormalized light-quark mass m`.
The empty markers correspond to the data after the subtraction of the universal FVEs, while the
filled markers represent the lattice data corrected also by the SD FVEs obtained in the fitting pro-
cedure. The solid lines correspond to the results of the combined fit (2.98) obtained in the infinite
volume limit at each value of the lattice spacing. The black asterisk represents the value extrapolated
at the physical pion mass m` = mud = 3.70(17) MeV and to the continuum limit, while the red area
identifies the corresponding uncertainty at the level of one standard deviation.
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3QED Corrections to Hadronic
Decay Rates on the Lattice

3.1 Introduction

Precision flavor physics is a particularly powerful tool for exploring the limits of the Standard
Model (SM) of particle physics and in searching for inconsistencies which would signal the ex-
istence of new physics. An important component of this endeavour is the over-determination
of the elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix from a wide range of
weak processes. The precision in extracting CKM matrix elements is generally limited by
our ability to quantify hadronic effects and the main goal of large-scale simulations using the
lattice formulation of QCD is the ab-initio evaluation of the non-perturbative QCD effects
in physical processes. The recent, very impressive, improvement in lattice computations has
led to a precision approaching O(1%) for a number of quantities (see e.g. Ref. [4] and refer-
ences therein) and therefore in order to make further progress electromagnetic effects (and
other isospin-breaking contributions) have to be considered. The question of how to include
electromagnetic effects in the hadron spectrum and in the determination of quark masses in
ab-initio lattice calculations has been addressed in the previous chapter 2 of this thesis.

In the computation of the hadron spectrum there is a very significant simplification in
that there are no infrared divergences. In Ref. [10] it has been proposed for the first time
a strategy to include electromagnetic effects in processes for which infrared divergences are
present but which cancel in the standard way between diagrams containing different numbers
of real and virtual photons [11]. The presence of infrared divergences in intermediate steps
of the calculation requires the development of new methods. Indeed, in order to cancel the
infrared divergences and obtain results for physical quantities, radiative corrections from
virtual and real photons must be combined. We stress that it is not sufficient simply to
add the electromagnetic interaction to the quark action because amplitudes with different
numbers of real photons must be evaluated separately, before being combined in the inclusive
rate for a given process. In this chapter we discuss in full detail the strategy envisaged in
Ref. [10] to compute electromagnetic radiative corrections to leptonic decays of pseudoscalar
mesons which can then be used to determine the corresponding CKM matrix elements. In the
next chapter we will show the results for the first application of the method here described
in the case of the light-meson leptonic decay rates [13, 16]. Although we present the explicit

92



1. INTRODUCTION

discussion for this specific set of processes, the method is more general and can be extended
to generic processes including, for example, to semileptonic decays. Before concluding the
present chapter we will provide some hints on the theoretical framework required for the
computation of radiative corrections to semileptonic decay rates in lattice simulations. In
this respect we will review the ongoing work on the new theoretical issues which arise in this
case [52].

We now focus on the leptonic decay of the charged pseudoscalar meson P+. Let Γ0 be the
partial width for the decay P+ → `+ν` where the charged lepton ` is an electron or a muon
(or possibly a τ) and ν` is the corresponding neutrino. The subscript 0 indicates that there
are no photons in the final state. In the absence of electromagnetism, the non-perturbative
QCD effects are contained in a single number, the decay constant fP , defined by

〈0 | q̄1γ
µγ5 q2 |P+(p)〉 = ipµfP , (3.1)

where P+ is composed of the valence quarks q̄1 and q2, and the axial current in (3.1) is
composed of the corresponding quark fields. There have been very many lattice calculations
of the decay constants fπ, fK , fD(s)

and fB(s)
[4], some of which are approaching O(1%)

precision. As noted above, in order to determine the corresponding CKM matrix elements
at this level of precision isospin breaking effects, including electromagnetic corrections, must
be considered. It will become clear in the following, and has been stressed in [48, 67],
that it is not possible to give a physical definition of the decay constant fP in the presence
of electromagnetism, because of the contributions from diagrams in which the photon is
emitted by the hadron and absorbed by the charged lepton. Thus the physical width is not
just given in terms of the matrix element of the axial current and can only be obtained by
a full calculation of the electromagnetic corrections at a given order.

The calculation of electromagnetic effects leads to an immediate difficulty: Γ0 contains
infrared divergences and by itself is therefore unphysical. The well-known solution to this
problem is to include the contributions from real photons. We therefore define Γ1(∆E) to be
the partial width for the decay P+ → `+ν` γ where the energy of the photon in the rest frame
of P+ is integrated from 0 to ∆E. The sum Γ0 + Γ1(∆E) is free from infrared divergences
(although, of course, it does depend on the energy cut-off ∆E). We restrict the discussion to
O(αem) corrections, where α is the electromagnetic fine-structure constant, and hence only
consider a single photon.

The previous paragraph reminds us that the determination of the CKM matrix elements
Vq1q2 at O(αem) (i.e. at O(1%) or better) from leptonic decays requires the evaluation of
amplitudes with a real photon. The main goal of the pioneering paper [10] has been to
suggest how such a calculation might be performed with non-perturbative accuracy. There
are a number of technicalities which will be explained in the following sections, but here we
present a general outline of the proposed method. We start with the experimental observable
Γ(∆E), the partial width for P+ → `+ν`(γ). The final state consists either of `+ν` or of
`+ν`γ where the energy of the photon in the centre-of-mass frame is smaller than ∆E:

Γ(∆E) = Γ0 + Γ1(∆E) . (3.2)
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The exchange of a virtual photon depends on the structure of the decaying meson, since
all momentum modes are included, and the corresponding amplitude must therefore be
computed non-perturbatively. On the other hand, the non-perturbative evaluation of the
emission of a real photon is not strictly necessary. In principle, Γ1(∆E) can be evaluated
in lattice simulations by computing the amplitudes for a range of photon momenta and
using the results to perform the integral over phase space. Since such computations are
necessarily performed in finite volumes the available momenta are discrete, so that it is
necessary to choose the volumes appropriately and compute several correlation functions. In
the next chapter we will expand more on our recent efforts to compute non-perturbatively
the form factors contributing to the amplitudes for the radiative decays P → `ν`γ. This
O(a)-improved lattice calculation is currently ongoing and preliminary results have been
presented at the Lattice 2019 conference [77]. As a first approach we have implemented the
method of Ref. [10] choosing instead to make use of the fact that a very soft photon couples
to a charged hadron as if to an elementary particle; it does not resolve the structure of
the hadron. We therefore propose to choose ∆E to be sufficiently small that the pointlike
approximation can be used to calculate Γ1(∆E) in perturbation theory, treating P+ as an
elementary particle. On the other hand, ∆E must be sufficiently large that Γ(∆E) can be
measured experimentally. We imagine setting ∆E = O(10 - 20 MeV) which satisfies both
requirements. From Refs. [78, 79] we learn that resolutions on the energy of the photon in
the rest frame of the decaying particle of this order are experimentally accessible. Later
on we will present a discussion, based on phenomenological analyses, of the uncertainties
induced by treating the meson as elementary as a function of ∆E.

It is necessary to ensure that the cancellation of infrared divergences occurs with good
numerical precision leading to an accurate result for Γ(∆E). Since Γ0 is to be calculated in a
Monte-Carlo simulation and Γ1(∆E) in perturbation theory using the pointlike approxima-
tion, this requires an intermediate step. In Ref. [10] it has been proposed to rewrite Eq. (3.2)
in the form

Γ(∆E) = lim
V→∞

(Γ0 − Γpt
0 ) + lim

V→∞
(Γpt

0 + Γ1(∆E)) , (3.3)

where V is the volume of the lattice. Γpt
0 is an unphysical quantity; it is the perturba-

tively calculated amplitude at O(αem) for the decay P+ → `+ν` with the P+ treated as
an elementary particle. In Γpt

0 the finite-volume sum over the momenta of the photon is
performed over the full range. The contributions from small momenta to Γ0 and Γpt

0 are
the same and thus the infrared divergences cancel in the first term on the right-hand side
of Eq. (4.9). Moreover, the infrared divergences in Γ0 and Γpt

0 are both equal and opposite
to that in Γ1(∆E). The infrared divergences therefore cancel separately in each of the two
terms on the right-hand side of Eq. (4.9) and indeed we treat each of these terms separately.
Γpt

0 + Γ1(∆E) is calculated in perturbation theory directly in infinite volume. The QCD
effects in Γ0 are calculated stochastically in a lattice simulation and the virtual photon is
included explicitly in the Feynman gauge. For each photon momentum this is combined
with Γpt

0 and the difference is summed over the momenta and then the infinite-volume limit
is taken. This completes the sketch of the proposed method, and in the remainder of this
chapter we will explain the many technical issues which must be addressed.
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It will be helpful in the following to define ∆Γ0(L) in terms of the first term on the
right-hand side of Eq. (4.9):

∆Γ0(L) = Γ0(L)− Γpt
0 (L) , (3.4)

where we have made the dependence on the lattice size. In analogy to Eq. (3.2) we also
define the perturbative quantity

Γpt(∆E) ≡ Γpt
0 + Γ1(∆E) . (3.5)

We note that, since the sum of all the terms in Eq. (4.9) is gauge invariant as is the
perturbative rate Γpt(∆E), the combination ∆Γ0(L) is also gauge invariant, although each
of the two terms is not.

The plan of this chapter is as follows. In the next section we discuss the effective weak
Hamiltonian and its renormalization in the presence of electromagnetism. We discuss the
matching of the bare lattice operators used in the calculation of correlation functions and
those defined in the W -regularization which is a natural scheme used in the definition of the
Fermi constant GF in the presence of electromagnetism. The structure of the calculation and
the correlation functions which need to be calculated are presented in Sec. 3.3. In Sec. 3.4
we describe the calculation of the first term on the right-hand side of Eq. (4.9), ∆Γ0(L).
The evaluation of the second term, Γpt(∆E), directly in infinite volume, is theoretically
straightforward and in Sec. 3.5 we briefly sketch the main steps of the calculation performed
in Ref. [10]. Sec. 3.6 contains a detailed discussion of the regularization and cancellation
of infrared divergences in a finite volume. In Sec. 3.7 we present some phenomenological
estimates of the uncertainties due to the use of the point-like approximation for P+ in the
decay P+ → `+νγ. Finally, in Sec. 3.8 we discuss the additional theoretical issues which
arise when including electromagnetic corrections to semileptonic decays, such as K`3.

In the remainder of the chapter, to be specific we choose P+ = π+, unless explicitly
stated, but the discussion generalizes trivially to other pseudoscalar mesons with the obvious
changes of flavor labels. The method does not require P+ to be a light psuedo-Goldstone
Boson nor on the use of chiral perturbation theory.

3.2 Matching the effective local four-quark

operator(s) onto the standard model

At lowest order in electromagnetic (and strong) perturbation theory the process ud̄→ `+ν`
proceeds by an s-channel W exchange, see the left-hand diagram in Fig. 4.2.1. Since the
energy-momentum exchanged in this process are much smaller than MW , it is standard
practice to rewrite the amplitude in terms of a four-fermion local interaction:

LW = −4GF√
2
V ∗ud
(
d̄LγµuL

) (
ν̄` Lγ

µ`L
)
, (3.6)

where the subscript L represents left, ψL = (1−γ5)
2

ψ, and GF is the Fermi constant. In
performing lattice computations this replacement is necessary, since the lattice spacing a
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u
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ℓ+

νℓ

W ⇒
u

d

ℓ+

νℓ

Figure 3.2.1: Tree-level diagram for the process ud̄→ `+ν` (left-hand diagram). In the effec-
tive theory the interaction is replaced by a local four-fermion operator (right-hand diagram).

is much greater than 1/MW , where MW is the mass of the W -Boson. When including the
O(αem) corrections, the ultra-violet contributions to the matrix element of the local operator
are different to those in the Standard Model and in this section we discuss the matching
factors which must be computed to determine the O(αem) corrections to the π+ → `+ν`
decay from lattice computations of correlation functions containing the local operator in
(3.6). Since the pion decay width is written in terms of GF , it is necessary to start by
revisiting the determination of the Fermi constant at O(αem).

3.2.1 Determination of the Fermi constant, GF

GF is conventionally taken from the measured value of the muon lifetime using the expres-
sion [80, 81]

1

τµ
=
G2
Fm

5
µ

192π3

[
1− 8m2

e

m2
µ

] [
1 +

αem
2π

(
25

4
− π2

)]
, (3.7)

leading to the value GF = 1.16634 × 10−5 GeV−2. For an extension of Eq. (3.7) to O(α2
em)

and the inclusion of higher powers of ρ ≡ (me/mµ)2 see Sec. 10.2 of [3]. The Particle Data
Group [3] quote the corresponding value of the Fermi constant to be GF = 1.1663787(6) ×
10−5 GeV−2.

Eq. (3.7) can be viewed as the definition of GF . When calculating the Standard Model
corrections to the muon lifetime many of the contributions are absorbed into GF and the
remaining terms on the right-hand side of (3.7) come from the diagrams in Fig. 3.2.2. Specif-
ically in these diagrams the factor 1/k2 in the Feynman-gauge photon propagator is replaced
by 1/k2 ×M2

W/(M
2
W − k2), where k is the momentum in the propagator; this is called the

W -regularization of ultra-violet divergences. These diagrams are evaluated in the effective
theory with the local four-fermion operator (ν̄µγ

µ(1−γ5)µ) (ēγµ(1−γ5)νe); the two currents
are represented by the filled black circles in Fig. 3.2.2.

An explanation of the reasoning behind the introduction of the W-regularization is given
in [82]. The Feynman-gauge photon propagator is rewritten as two terms:

1

k2
=

1

k2 −M2
W

+
M2

W

M2
W − k2

1

k2
(3.8)
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µ e

ν̄e

νµ

µ e

ν̄e

νµ

µ e

ν̄e

νµ

Figure 3.2.2: Diagrams contributing to the O(αem) corrections to muon decay; see Eq. (3.7).
The curly line represents the photon.

W
µ e

ν̄e

νµ

Figure 3.2.3: Photon-W box diagrams contributing to the O(αem) corrections to muon decay
in the Standard Model. The curly line represents the photon.

and the ultra-violet divergent contributions come from the first term and are absorbed in
the definition of GF . In addition, the Standard-Model γ-W box diagram in Fig. 3.2.3 is
ultra-violet convergent and is equal to the corresponding diagram in the effective theory
(i.e. the third diagram in Fig. 3.2.2) with the W-regularization, up to negligible correc-
tions of O(q2/M2

W ), where q is the four-momentum of the electron and its neutrino. Other
electroweak corrections not explicitly mentioned above are all absorbed into GF .

3.2.2 W -regularization and weak decays of

hadrons

It is a particularly helpful feature that most of the terms which are absorbed into the
definition of GF are common to other processes, including the leptonic decays of pseudoscalar
mesons [12, 83]. There are however, some short-distance contributions which do depend on
the electric charges of the individual fields in the four-fermion operators and these lead to
a correction factor of (1 + 2αem

π
log MZ

MW
) to Γ0 [12]. This is a tiny correction (' 0.06%), but

one which nevertheless can readily be included explicitly.
The conclusion of the above discussion is that the evaluation of the amplitude for the

process π+ → `+ν up to O(αem) can be performed in the effective theory with the effective
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Hamiltonian

Heff =
GF√

2
V ∗ud

(
1 +

αem
π

log
MZ

MW

)
OW−reg

1 (MW ), (3.9)

where OW-reg
1 (MW ) is the operator (d̄γµ(1 − γ5)u) (ν̄`γµ(1 − γ5)`) renormalized in the W-

regularization scheme, which is used to regularize the Feynman-gauge photon propagator.
The value of GF is obtained from the muon lifetime as discussed around Eq. (3.7). Of
course we are not able to implement the W-regularization directly in present day lattice
simulations in which the inverse lattice spacing is much smaller than MW . Thus, a matching
of the lattice weak operator O1 to the W-regularization scheme is necessary. In addition, for
lattice formulations which break chiral symmetry, like the one used in the present study, the
lattice weak operator O1 mixes with other four-fermion operators of different chirality.

3.2.3 The renormalized weak operator in the

W-regularization scheme

In order to obtain the operator renormalized in the W-regularization scheme, we start by
renormalizing the lattice four-fermion operator O1 in the RI’-MOM scheme [14] up to or-
der O(αem) and to all orders in αs, as discussed in Sec. 1.11, obtaining ORI’

1 (µ), and then
perturbatively match the operator ORI’

1 (µ) to the one in the W-regularization [10]

OW-reg
1 (MW ) = ZW-RI’

(
MW

µ
, αs(µ), αem

)
ORI’

1 (µ) . (3.10)

In Ref. [13] we have calculated the coefficient of the term proportional to αemαs log(M2
W/µ

2)
in the matching coefficient ZW-RI’ (MW/µ, αs(µ), αem). Following this calculation the error
due to the renormalization of the effective hamiltonian is of the order of O(αemαs(MW )).
The matching coefficient in Eq. (3.10) can be computed by first evolving the operator in
the RI’ scheme to the scale MW and then matching it to the corresponding operator in the
W-scheme. The coefficient can therefore be written as the product of a matching coefficient
and an evolution operator

ZW-RI’

(
MW

µ
, αs(µ), αem

)
= ZW-RI’ (1, αs(MW ), αem) URI’ (MW , µ, αem) . (3.11)

Below we will only consider terms of first order in αem and, therefore we will consistently
neglect the running of αem.

We note that the original bare lattice operators and OW-reg
1 (MW ) are gauge invariant,

and thus the corresponding matching coefficients are gauge invariant. This is not the
case for ORI’

1 (µ) that instead depends not only on the external states chosen to define the
renormalization conditions, but also on the gauge. Consequently the matching coefficient

ZW-RI’
(
MW

µ
, αs(µ), αem

)
and the evolution operator URI’ (MW , µ, αem) are in general gauge

dependent. However, at the order of perturbation theory to which we are working, the
evolution operator turns out to be both scheme and gauge independent.
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In the following, we discuss in turn the matching coefficient, ZW-RI’ (1, αs(MW ), αem),
the evolution operator URI’ (MW , µ, αem), and the definition of the renormalized operator
ORI′

1 (µ), obtained non-perturbatively.

a) The matching coefficient. At first order (one loop) in αem

ZW-RI’ (1, αs(MW ), αem) = 1 +
αem

4π
CW-RI’ , (3.12)

where the strong interaction corrections for the RI’-MOM operator vanish, at this order,
because of the Ward identities of the quark vector and axial vector currents appearing in
the operator O1 in the massless limit. We recall that we currently do not include terms of
O(αs(MW )αem) in the matching coefficient ZW-RI’.

b) The evolution operator. The evolution operator URI′ (MW , µ, αem) is the solution
of the renormalization group equation

[
µ2 ∂

∂µ2
+ β(αs, αem)

∂

∂αs

]
URI’ (MW , µ, αem) = γ(αs, αem)URI’ (MW , µ, αem) , (3.13)

where URI’ (MW , µ, αem) satisfies the initial condition URI’ (MW ,MW , αem) = 1, γ(αs, αem)
is, in general, the anomalous dimension matrix [84, 85], although in our particular case it is
actually a number (and not a matrix), and β(αs, αem) is the QCD β-function:

β(αs, αem) =
dαs

d log µ2
= −β0

α2
s

4π
− β1

α3
s

(4π)2
− βse1

α2
sαem

(4π)2
, (3.14)

with

β0 = 11− 2

3
Nf , β1 = 102− 38

3
Nf , βse1 = −8

9

(
Nu +

Nd

4

)
, (3.15)

where Nf denotes the number of active flavors, and Nu and Nd denote the number of up-like
and down-like active quarks respectively so that Nf = Nu +Nd. We may expand γ(αs, αem)
in powers of the couplings as follows

γ(αs, αem) =
αs
4π

γ(0)
s +

α2
s

(4π)2
γ(1)
s +

αem

4π
γ(0)
e +

αsαem

(4π)2
γ(1)
se , (3.16)

where γ
(1)
se has been previously calculated in Ref. [86]. In the case of the operator O1 both

γ
(0)
s and γ

(1)
s vanish whereas

γ(0)
e = −2 , γ(1)

se = +2 . (3.17)

It can be demonstrated that, in addition to the leading anomalous dimension γ
(0)
e , γ

(1)
se is

also independent of the renormalization scheme, thus in particular it is the same in RI’ and
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in the W-regularization schemes. It is then straightforward to derive URI’ (MW , µ, αem)

URI’ (MW , µ, αem) = 1− αem

4π
γ(0)
e log

(
M2

W

µ2

)
− αs(µ)αem

(4π)2
γ(1)
se log

(
M2

W

µ2

)

= 1 +
αem

4π
2

(
1− αs(µ)

4π

)
log

(
M2

W

µ2

)
. (3.18)

Note that at this order the evolution operator is independent of the QCD β-function. This
is a consequence of the fact that the QCD anomalous dimension vanishes for the operator
O1.

Combining Eqs. (3.10) - (3.12) and (3.18) we obtain the relation between the operator O1

in the W-regularization scheme and the one in the RI’ scheme,

OW-reg
1 (MW ) =

{
1 +

αem

4π

[
2

(
1− αs(µ)

4π

)
log

(
M2

W

µ2

)
+ CW-RI’

]}
ORI’

1 (µ) , (3.19)

which is valid at first order in αem and up to and including terms of O(αemαs(MW )) in the
strong coupling constant.

c) The renormalized operator in the RI’-MOM scheme. When we include QCD
and e.m. corrections at O(αem), the operator O1 on the lattice with Wilson fermions mixes
with a complete basis of operators with different chiralities. The mixing involves the following
operators

Obare
1 = q2γ

µ(1− γ5)q1 ν`γµ(1− γ5)` ,

Obare
2 = q2γ

µ(1 + γ5)q1 ν`γµ(1− γ5)` ,

Obare
3 = q2(1− γ5)q1 ν`(1 + γ5)` ,

Obare
4 = q2(1 + γ5)q1 ν`(1 + γ5)` ,

Obare
5 = q2σ

µν(1 + γ5)q1 ν`σµν(1 + γ5)` . (3.20)

The complete basis is made up of ten operators. The five additional operators are ob-
tained from O1 -O5 by the exchange (1 − γ5) ↔ (1 + γ5). Since the neutrino is electrically
neutral its chirality is conserved and the operators O1 -O5 do not mix under renormalization
with the remaining 5 operators and invariance under parity transformations ensures that the
two 5× 5 renormalization matrices are equal. For this reason, in the following we focus the
discussion on the five operators of Eq. (3.20). Moreover, the basis of operators in Eq. (3.20)
is the complete basis of operators for a left-handed neutrino.

The mixing is a consequence of the explicit chiral symmetry breaking of Wilson-like
fermions on the lattice. Therefore, the renormalized operators in the RI’-MOM scheme,
~ORI’(µ), with ~O = (O1, . . . O5), can be written in terms of bare lattice operators ~Obare(a) as

~ORI’(µ) = ZO(µa) ~Obare(a) (3.21)
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where ZO(µa) is a 5×5 renormalization matrix. We note that in pure QCD the operator O1

mixes only with O2, with scale independent coefficients, whereas the full 5×5 renormalization
matrix is necessary in general when e.m. corrections are included.

With regularizations which respect chiral symmetry the four-fermion operator relevant
for the leptonic weak decay, O1, renormalizes multiplicatively. If instead of using Wilson
fermions, we used a lattice formulation with good chiral properties, such as domain wall
fermions, the corresponding discussion would be restricted to the single operator O1 which
transforms as the (8,1) representation under SU(3)L×SU(3)R chiral symmetry for the quarks.

According to Eqs. (1.103), (1.105) we rewrite Eq. (3.21) in the form

~ORI’ = ZQED
O

[
(ZQED

O )−1ZO(ZQCD
O )−1

]
ZQCD
O

~Obare = ZQED
O RZQCD

O
~Obare (3.22)

where ZQCD
O is the mixing matrix in pure QCD (corresponding to αem = 0), and

ZQED
O ≡ 1 +

αem

4π
δZQED

O (3.23)

is the pure, perturbative QED mixing matrix (corresponding to αs = 0). Using Eq. (1.105)
, Eq. (3.22) is written as

~ORI’ =
[
1 +

αem

4π

(
δZQED

O + ηO

)]
ZQCD
O

~Obare . (3.24)

As already mentioned, pure QCD corrections in Eq. (3.24) only induce the mixing of the
operator O1 with the operator O2. This mixing produces the renormalized QCD operators

Oχ
1 ≡ (ZQCD

O
~Obare)1 = q2γ

µ
[
Z

(0)
V − Z

(0)
A γ5

]
q1 ν`γµ(1− γ5)` ,

Oχ
2 ≡ (ZQCD

O
~Obare)2 = q2γ

µ
[
Z

(0)
V + Z

(0)
A γ5

]
q1 ν`γµ(1− γ5)` , (3.25)

which, similarly to the corresponding continuum operators, belong respectively to the (8, 1)
and (1, 8) chiral representations with respect to a rotation of the quark fields [53]. These are
the combinations entering on the r.h.s. of Eq. (3.24).

When we include the e.m. corrections at O(αem), the matrices δZQED
O and ηO in Eq. (3.24)

induce, in general, the mixing of Oχ
1 with the full basis of operators in Eq. (3.20). As shown

in Appendix 6.2, however, in the twisted-mass formulation used in this work the only relevant
chirality mixing is the one between the operators O1 with O2. Indeed, the mixing coefficients
with the operators O3 and O4 are found to be odd in the parameter r ≡ r1r` = −r2r`,
defined by the product of the Wilson r-parameters of the valence quarks and the lepton
(with r2 = −r1 in our procedure). Therefore, taking the average over the values of the
parameter r (with r = ±1) when computing the amplitude, eliminates the mixing with O3

and O4. Moreover, the matrix element of the operator O5 between a pseudoscalar meson
and the vacuum vanishes, so that the mixing with the operator O5 cannot contribute to the
decay rate. Therefore, Eq. (3.24) for the renormalized operator ORI’

1 simplifies to

ORI’
1 (µ) =

[
1 +

αem

4π

(
δZQED(µa)11 + η(µa, αs(1/a))11

)]
Oχ

1 (a) +

+
αem

4π

(
δZQED

12 + η(αs(1/a))12

)
Oχ

2 (a) , (3.26)
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where we have explicitly indicated the dependence of the various terms on αs and the renor-
malization scale. Since the mixing of the bona fide (8, 1) operator Oχ

1 with Oχ
2 is a conse-

quence of the explicit chiral symmetry breaking of Wilson-like fermions on the lattice, the
corresponding coefficient is due to lattice artefacts and can only be a function of the lattice
bare coupling constant αs(1/a) [53].

We are now in a position to collect the results of the previous subsections in order to
provide the final expression relating the renormalized operator OW-reg

1 in the W-regularization
to the lattice bare operators O1 and O2 in Eq. (3.20) at first order in αem. Combining
Eqs. (3.19) and (3.26) and choosing µ = 1/a as renormalization scale in the intermediate
RI’-MOM scheme we obtain:

OW-reg
1 (MW ) = Oχ

1 (a) +
αem

4π

[
2

(
1− αs(1/a)

4π

)
log
(
a2M2

W

)
+ CW-RI’ + δZQED

11 (1/a)+

+ η11(αs(1/a))

]
Oχ

1 (a) +
αem

4π

[
δZQED

12 + η12(αs(1/a))

]
Oχ

2 (a) , (3.27)

where Oχ
1,2 are the renormalized QCD operators defined in Eq. (3.25). Using the results of

Ref. [10], obtained in perturbation theory at order O(α0
s) and collected in Appendix 6.2, we

have determined the values for the matching and mixing coefficients,

CW-RI’ = −5.7825 + 1.2373 ξ ,

δZQED
11 (1/a) = −9.7565− 1.2373 ξ , δZQED

12 = −0.5357 , (3.28)

where ξ is the photon gauge parameter (ξ = 0 (1) in the Feynman (Landau) gauge). Such
matching factors depend, of course, on the lattice discretization of the full theory action. The
above results are valid for twisted-mass (or Wilson) fermions and naive QED gauge action.
It is worth noting that the renormalized operator in the W-regularization scheme is gauge
independent, at any order of perturbation theory. In particular, as shown by Eq. (3.28), at
first order in αem and at zero order in αs the gauge dependence of the matching coefficient of
Oχ

1 cancels in the sum CW-RI’ + δZQED
11 = −15.539. By contrast, for the matching coefficient

of Oχ
2 , the two terms δZQED

12 and η12 are separately gauge independent.
Since the renormalization corrections here discussed are related to the operators Oi de-

fined in Eq. (3.20) and mediating the physical process of interest, we stress that the above
expression (3.27) is valid also for semileptonic decays of hadrons.

In the next chapter we will use the results of the present section in order to provide the
final numerical expression relating the renormalized operator OW−reg

1 in the W-regularization
to the lattice bare operators O1 and O2 at first order in αem which enter in our calculation.

Having formulated the problem of calculating Γ0 in terms of the evaluation of correlation
functions involving the effective Hamiltonian in Eq. (3.9) we are now in a position to dis-
cuss the calculation of ∆Γ0(L), the first term on the right-hand side of the master formula
Eq. (4.9).
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νℓ

ℓ+u

d

π+

Figure 3.3.1: Correlation function used to calculate the amplitude for the leptonic decay
of the pion in pure QCD. The two black filled circles represent the local current-current
operator (d̄γµLu) (ν̄`γµ`); the circles are displaced for convenience.

3.3 Structure of the calculation

In this section we begin our explanation of how the calculations of the amplitudes for the
processes π+ → `+ν and π+ → `+νγ are to be performed. Before entering into the de-
tails however, we discuss more extensively the structure of the different terms appearing in
Eq. (4.9).

Since we add and subtract the same perturbative quantity Γpt
0 , we find it convenient

to choose this to be the virtual decay rate for a point-like pion computed in the W-
regularization. In this way we obtain the important advantage that the difference of the
first two terms (∆Γ0(L)) and the sum of the last two terms (Γpt(∆E)) on the r.h.s. of
Eq. (4.9) are separately ultraviolet and infrared finite.

Let
√
Z` be the contribution to the decay amplitude from the electromagnetic wave-

function renormalization of the final state lepton (see the diagram in Fig. 3.4.1(d)). An
important simplifying feature of this calculation is that Z` cancels in the difference Γ0−Γpt

0 .
This is because in any scheme and using the same value of the decay constant fπ, the con-
tribution from the diagram in Fig. 3.4.1(d) computed non-perturbatively or perturbatively
with the point-like approximation are the same. Thus we only need to calculate Z` directly
in infinite volume and include it in the second term on the right-hand side of Eq. (4.9). As
a result of this cancellation it is convenient to rewrite Γ0 and Γpt

0 in the form:

Γ0 = Γtree
0 + Γα0 + Γ

(d)
0 and Γpt

0 = Γtree
0 + Γα,pt

0 + Γ
(d),pt
0 , (3.29)

where the superscript tree indicates the width in the absence of electromagnetic effects, (d)

denotes the contribution from the leptonic wave function renormalization and the index α

represents the remaining contributions of O(αem) other than those proportional to Z`. In

this notation the above discussion can be summarized by saying that Γ
(d)
0 = Γ

(d),pt
0 and that

the calculation of ∆Γ0(L) at O(αem) reduces to that of computing Γα0 − Γα,pt
0 .

Having eliminated the need to include the effects of the lepton’s wave-function renormal-
ization from the evaluation of ∆Γ0(L), we need to make the corresponding modification in
the factor(s) relating the lattice and W regularizations. This simply amounts to subtracting
the term corresponding to the matching between the lattice to W regularizations of the lep-
ton wave function renormalization diagram. Thus, we can avoid calculating the effects of the
lepton’s wave-function renormalization in ∆Γ0(L) by neglecting the diagram in Fig. 3.4.1(d)

103 103 103



Chapter 3

and the corresponding diagram with the point-like pion, and simply replacing OW−reg
1 in

Eq.(3.10) by ÕW−reg
1 in which the contribution to the matching factor from the lepton wave

function renormalization constant is subtracted.
Of course Γ

(d),pt
0 needs to be computed for the second term on the right-hand side of

Eq. (4.9). This is a straightforward perturbative calculation in infinite-volume and gives [10]

Γ
(d),pt
0 = Γtree

0

αem
4π

{
log

(
m2
`

M2
W

)
− 2 log

(
m2
γ

m2
`

)
− 9

2

}
, (3.30)

where we use the W -regularization for the ultra-violet divergences and have introduced a
mass mγ for the photon in order to regulate the infrared divergences. The explicit expression
for Γtree

0 is given in Eq. (3.35) below. Using the W -regularization we naturally work in
the Feynman gauge, but note that with mγ as the infrared regulator the result for Z` is
generally gauge-dependent. For example, using dimensional regularization for the ultraviolet
divergences and mγ as the infrared regulator leads to a gauge dependent result for this single
diagram (gauge invariance is restored of course for Γpt(∆E)).

In summary therefore, we need to compute the two quantities

∆Γ0(L) = Γ̃α0 − Γα,pt
0 and Γpt(∆E) = Γtree

0 + Γα,pt
0 + Γ

(d),pt
0 + Γ1(∆E) , (3.31)

where Γ̃α0 corresponds to Γα0 using ÕW−reg
1 instead of OW−reg

1 . Note that ∆Γ0(L) and Γpt(∆E)
are separately infrared finite and the result of the calculation of these two quantities does
not depend on the infrared cutoff. In particular, this means that the infrared cutoff can be
chosen in two different ways for the two quantities. We have decided to give a mass to the
photon in the perturbative calculation of Γpt(∆E), whereas for ∆Γ0(L) a possible convenient
choice is to use the finite volume as the infrared regulator.

In the following two sections we discuss the calculation of ∆Γ0(L) and Γpt(∆E) respec-
tively.

3.4 Calculation of ∆Γ0(L)

In this section we describe the calculation of the first term on the right-hand side of Eq. (4.9),
∆Γ0(L), at O(αem). We start however, by briefly recalling the calculation of Γ0 at O(α0

em),
i.e. without electromagnetism.

3.4.1 Calculation of Γ0 at O(α0
em)

Without electromagnetic corrections we need to compute the correlation function sketched in
Fig. 3.3.1, which is a completely standard calculation. Since the leptonic terms are factorized
from the hadronic ones, the amplitude is simply given by

ūν` α(pν`) (M0)αβ v` β(p`) =
GF√

2
V ∗ud 〈 0 | d̄γνγ5 u |π+(pπ)〉

[
ūν`(pν`)γν(1− γ5) v`(p`)

]

=
iGFfπ√

2
V ∗ud p

ν
π

[
ūν`(pν`)γν(1− γ5) v`(p`)

]
. (3.32)
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4. CALCULATION OF ∆Γ0(L)

Here u, d in the matrix element represent the quark fields with the corresponding flavor
quantum numbers and uν` and v` the spinors of the leptons defined by the subscript. The
hadronic matrix element, and hence the decay constant fπ, are obtained in the standard way
by computing the correlation function

C0(t) ≡
∑

~x

〈0 |
(
d̄(~0, 0)γ4γ5 u(~0, 0)

)
φ†(~x,−t) |0〉 ' Zφ

0

2m0
π

e−m
0
πtA0 , (3.33)

where φ† is an interpolating operator which can create the pion out of the vacuum, Zφ
0 ≡

〈π+(~0)|φ†(0,~0) | 0〉 and A0 ≡ 〈 0 | d̄γ4γ5 u |π+(~0 )〉0. We have chosen to place the weak current
at the origin and to create the pion at negative time −t, where t and T−t are sufficiently large
to suppress the contributions from heavier states and from the backward propagating pions
(this latter condition may be convenient but is not necessary). The subscript or superscript
0 here denotes the fact that the calculation is performed at O(α0

em), i.e. in the absence of
electromagnetism. Zφ

0 is obtained from the two-point correlation function of two φ operators:

Cφφ
0 (t) ≡

∑

~x

〈 0 |T{φ(~0, 0)φ†(~x,−t)} | 0 〉 ' (Zφ
0 )2

2m0
π

e−m
0
πt . (3.34)

For convenience we take φ to be a local operator (e.g. at (~x,−t) in Eq. (4.23)), but this is
not necessary for our discussion. Any interpolating operator for the pion on the chosen time
slice would do equally well.

Having determined A0 and hence the amplitude ūν` α(pν`)(M0)αβ v` β(p`), the O(α0
em)

contribution to the decay width is readily obtained

Γtree
0 (π+ → `+ν`) =

G2
F |Vud|2f 2

π

8π
mπm

2
`

(
1− m2

`

m2
π

)2

. (3.35)

In this equation we use the label tree to denote the absence of electromagnetic effects since
the subscript 0 here indicates that there are no photons in the final state.

3.4.2 Calculation at O(αem)

We now consider the one-photon exchange contributions to the decay π+ → `+ν` and show
the corresponding six connected diagrams in Fig. 3.4.1 and the disconnected diagrams in
Fig. 3.4.2. By “disconnected” here we mean that there is a sea-quark loop connected, as
usual, to the remainder of the diagram by a photon and/or gluons (the presence of the gluons
is implicit in the diagrams). The photon propagator in these diagrams in the Feynman gauge
and in infinite (Euclidean) volume is given by

∆µν(x1, x2) = δµν

∫
d4k

(2π)4

eik·(x1−x2)

k2
. (3.36)
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π+
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d

π+
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Figure 3.4.1: Connected diagrams contributing at O(αem) contribution to the amplitude for
the decay π+ → `+νl.

In a finite volume the momentum integration is replaced by a summation over the mo-
menta which are allowed by the boundary conditions. For periodic boundary conditions, we
can neglect the contributions from the zero-mode k = 0 since a very soft photon does not
resolve the structure of the pion and its effects cancel in Γ0 − Γpt

0 in Eq. (4.9). Although
we evaluate Γ0 + Γ1(∆E) (see Eq. (3.2)) in perturbation theory directly in infinite volume,
we note that the same cancellation would happen if one were to compute Γ1(∆E) also in a
finite volume. Moreover from a spectral analysis we conclude that such a cancellation also
occurs in the Euclidean correlators from which the different contributions to the decay rates
are extracted. For this reason in the following Γ0 and Γpt

0 are evaluated separately but using
the following expression for the photon propagator in finite volume:

∆µν(x1, x2) = δµν
1

L4

∑

k= 2π
L
n; k 6=0

eik·(x1−x2)

4
∑

ρ sin2 kρ
2

, (3.37)

where all quantities are in lattice units and the expression corresponds to the simplest lattice
discretization. k, n, x1 and x2 are four component vectors and for illustration we have taken
the temporal and spatial extents of the lattice to be the same (L).

For other quantities, the presence of zero momentum excitations of the photon field is a
subtle issue that has to be handled with some care (see Sec. 1.9). In the case of the hadron
spectrum the problem has been studied in [54] and, more recently in [17, 58], where it has
been shown, at O(αem), that the quenching of zero momentum modes corresponds in the
infinite-volume limit to the removal of sets of measure zero from the functional integral and
that finite volume effects are different for the different prescriptions.

We now divide the discussion of the diagrams in Fig. 3.4.1 and Fig. 3.4.2 into three classes:
those in which the photon is attached at both ends to the quarks (diagrams 3.4.1(a)-3.4.1(c)
and 3.4.2(a), (b) and (d)), those in which the photon propagates between one of the quarks

106 106 106



4. CALCULATION OF ∆Γ0(L)

νℓ
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π+
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Figure 3.4.2: Disconnected diagrams contributing at O(αem) contribution to the amplitude
for the decay π+ → `+ν`. The curly line represents the photon and a sum over quark flavors
q, q1 and q2 is to be performed.

and the outgoing lepton (diagrams 3.4.1(e), 3.4.1(f) and 3.4.2(c)) and finally diagram 3.4.1(d)
which corresponds to the mass and wave-function normalization of the charged lepton. We
have already discussed the treatment of the wave function renormalization of the lepton in
Sec. 3.3 so we now turn to the remaining diagrams.

3.4.2.1 The evaluation of diagrams Fig. 3.4.1(a)-(c) and

Fig. 3.4.2(a),(b) and (d)

We start by considering the connected diagrams 3.4.1(a)-(c). For these diagrams, the leptonic
contribution to the amplitude is contained in the factor

[
ūν`(pν`)γ

ν(1 − γ5) v`(p`)
]

and we
need to compute the Euclidean hadronic correlation function

C1(t) = −1

2

∫
d3~x d 4x1 d

4x2 〈0|T
{
JνW (0) jµ(x1)jν(x2)φ†(~x,−t)

}
| 0〉 ∆µν(x1, x2) . (3.38)

where T represents time-ordering, JνW is the V –A current d̄γν(1− γ5)u and we take −t < 0.
jµ is the hadronic component of the electromagnetic current and we find it convenient to
include the charges of the quarks ef in the definition of j:

jµ(x) =
∑

f

efe f̄(x)γµf(x) , (3.39)

where the sum is over all quark flavors f . The factor of 1/2 is the standard combinatorial
one.
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The computations are performed in Euclidean space and in a finite-volume with the
photon propagator ∆µν given in Eq. (3.37) (or the corresponding expression for other lat-
tice discretizations). The absence of the zero mode in the photon propagator implies a gap
between Mπ and the energies of the other eigenstates. Provided one can separate the contri-
butions of these heavier states from that of the pion, one can perform the continuation of the
correlation function in Eq. (3.38) from Minkowski to Euclidean space without encountering
any singularities. From the correlation function C1(t) we obtain the electromagnetic shift
in the mass of the pion and also a contribution to the physical decay amplitude, as we now
explain. For sufficiently large t the correlation function is dominated by the ground state,
i.e. the pion, and we have

C0(t) + C1(t) ' e−Mπt

2Mπ

Zφ 〈 0 |J0
W (0) |π+〉 , (3.40)

where the electromagnetic terms are included in all factors (up to O(αem)). Writing Mπ =
M0

π + δMπ, where δMπ is the O(αem) mass shift,

e−Mπt ' e−M
0
πt (1− δMπ t) (3.41)

so that C1(t) is of the schematic form

C1(t) = C0(t) (c1 t+ c2) . (3.42)

By determining c1 we obtain the electromagnetic mass shift, δMπ = −c1, and from c2 we
obtain the electromagnetic correction to Zφ 〈 0 |JW (0) |π+〉/2Mπ . Note that δMπ is gauge
invariant and infrared finite, whereas the coefficient c2 obtained from these diagrams is
neither.

In order to obtain the contribution to the π → `ν` decay amplitude A we need to re-
move the factor (e−Mπt/2Mπ)Zφ on the right-hand side of Eq. (3.40), including the O(αem)
corrections to this factor. Having determined c1, we are in a position to subtract the correc-
tions present in Mπ. The O(αem) corrections to Zφ are determined in the standard way, by
performing the corresponding calculation to C1(t) but with the axial current A replaced by
φ:

Cφφ
1 (t) = −1

2

∫
d3~x d4x1 d

4x2 〈0|T
{
φ(~0, 0) jµ(x1)jν(x2)φ†(~x, t)

}
| 0〉∆µν(x1, x2)

= Cφφ
0 (t)(c1t+ cφφ2 ) . (3.43)

We finally obtain

Zφ = Zφ
0

(
1 +

1

2

(
cφφ2 −

c1

M0
π

))
, (3.44)

and the O(αem) contribution to the amplitude from these three diagrams is

δA = A0

(
c2 −

cφφ2

2
− c1

2M0
π

)
. (3.45)
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4. CALCULATION OF ∆Γ0(L)

For these three diagrams the O(αem) term can be simply considered as a correction to fπ.
Note however, that such an “fπ” would not be a physical quantity as it contains infrared
divergences.

The treatment of the disconnected diagrams in Figs. 3.4.2(a), (b) and (d) follows in ex-
actly the same way. These diagrams contribute to the electromagnetic corrections to both
the pion mass and the decay amplitude in an analogous way to the discussion of the con-
nected diagrams above. It is standard and straightforward to write down the corresponding
correlation functions in terms of quark propagators. We do not discuss here the different
possibilities for generating the necessary quark propagators to evaluate the diagrams; for ex-
ample we can imagine using sequential propagators or some techniques to generate all-to-all
quark propagators.

3.4.2.2 The evaluation of diagrams Fig. 3.4.1(e)-(f)

For these diagrams the leptonic and hadronic contributions do not factorize and indeed the
contribution cannot be written simply in terms of the parameter fπ. We start by considering
the Minkowski space quantity

ūν` α(pν`)(M̄1)αβ v` β(p`) = −
∫
d 4x1 d

4x2 〈0|T (jµ(x1)JνW (0)) |π〉 (3.46)

× iDµρ(x1, x2)
{
ūν`(pν`)γ

ν(1− γ5)(iSM(x2))γρv`(p`)
}
eip`·x2 ,

where iSM and iD are the lepton and (Feynman gauge) photon propagators respectively in
Minkowski space. In order to demonstrate that we can obtain the O(αem) corrections to the
decay amplitude from a Euclidean space correlation function, we use the reduction formula
to rewrite the expression in Eq. (3.46) as

ūν` α(pν`)(M̄1)αβ v` β(p`) = i lim
k0→mπ

(k0
2 −M2

π)

∫
d4x1 d

4x2 d
4x e−ik

0x0

〈0|T (jµ(x1)JνW (0)π(x))|0〉 iDµρ(x1, x2)
[
ūν`(pν`)γ

ν(1− γ5)(iSM(x2))γρv`(p`)
]
eip`·x2 ,

(3.47)

where π(x) is the field which creates a pion with amplitude 1. On the other hand the
Euclidean space correlation function which we propose to compute is

C̄1(t)αβ = −
∫
d3~x d4x1 d

4x2 〈0|T
{
JνW (0) jµ(x1)φ†(~x,−t)

}
| 0〉 ∆µρ(x1, x2)

×
(
γν(1− γ5)S(0, x2)γρ

)
αβ
eE` t2e−i~p`·~x2 . (3.48)

Here S and ∆ are Euclidean propagators, and α, β are spinor indices. Similarly to the
discussion in Sec. 4.2.1, provided that the pion is the lightest hadronic state then for large
t, C̄1(t) is dominated by the matrix element with a single pion in the initial state.

In view of the factor eE` t2 on the right-hand side of Eq. (3.48), the new feature in the
evaluation of the diagrams in Fig. 3.4.1 (e) and (f) is that we need to ensure that the t2
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x2

kl

kγ

pℓ

Figure 3.4.3: Zoom of the lepton-photon vertex at x2 from the diagrams in Fig. 3.4.1(e) and
(f).

integration converges as |t2| → ∞. For t2 < 0 the convergence of the integral is improved
by the presence of the exponential factor and so we limit the discussion to the case t2 →∞.
E` =

√
m2
` + ~p 2

` is the energy of the outgoing charged lepton with three-momentum ~p`. To
determine the t2 →∞ behaviour, consider the lepton-photon vertex at x2 from the diagrams
in Fig. 3.4.1(e) and (f), redrawn in Fig. 3.4.3. k` and kγ are the four-momentum variables in
the Fourier transform of the propagators S(x2) and ∆µρ(x1, x2) respectively in Eqs. (3.46) -
(3.48). The t2 integration is indeed convergent as explicitly shown in [10].
1. The integration over ~x2 implies three-momentum conservation at this vertex so that in
the sum over the momenta ~k` +~kγ = ~p`, where p` is the momentum of the outgoing charged
lepton.
2. The integrations over the energies k4 ` and k4 γ lead to the exponential factor e−(ω`+ωγ)t2 ,

where ω` =

√
~k 2
` +m2

` , ωγ =
√
~k 2
γ +m2

γ, and mγ is the mass of the photon introduced as

an infra-red cut-off. The large t2 behaviour is therefore given by the factor e−(ω`+ωγ−E`)t2 .
3. A simple kinematical exercise shows that in the sum over ~kγ (with ~k` = ~p` − ~kγ), the
minimum value of ω` + ωγ is given by

(ω` + ωγ)min =
√

(m` +mγ)2 + ~p 2
` . (3.49)

4. Thus for non-zero mγ, the exponent in e−(ω`+ωγ−E`)t2 for large t2 is negative for every term
in the summation over kγ and the integral over t2 is convergent so that the continuation from
Minkowski to Euclidean space can be performed.
5. Note that the integration over t2 is also convergent if we set mγ = 0 but remove the ~k = 0

mode in finite volume. In this case ω` + ωγ > E` + [1− (p`/E`)]|~kmin|.
In summary the t2 integration is convergent because for every term in the sum over

momenta ω` + ωγ > E` and so for sufficiently large t we can write

C̄1(t)αβ ' Zφ
0

e−M
0
πt

2M0
π

(M̄1)αβ (3.50)

and the contribution from the diagrams of Fig. 3.4.1(e) and 3.4.1(f) is ūα(pν`)(M̄1)αβvβ(p`).
This completes the demonstration that the Minkowski-space amplitude (3.47) is equal to
the pion contribution to the Euclidean correlation function (3.48), up to a factor Zφ

0 which
accounts for the normalization of the pion field.
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5. CALCULATION OF ΓPT(∆E)

Again the evaluation of the correction to the amplitude from the disconnected diagram
in Fig. 3.4.2(c) follows in an analogous way.

3.5 Calculation of Γpt(∆E)

The evaluation in perturbation theory of the total width Γpt = Γpt
0 + Γpt

1 in infinite volume,
was performed by Berman and Kinoshita in 1958/9 [80, 87], using the Pauli-Villars regulator
for the ultraviolet divergences and a photon mass to regulate the infrared divergences in both
Γpt

0 and Γpt
1 . Γpt

1 is the rate for process π+ → `+ν` γ for a pointlike pion with the energy of
the photon integrated over the full kinematic range. We have added the label pt in Γpt

1 to
remind us that the integration includes contributions from regions of phase space in which
the photon is not sufficiently soft for the structure of the pion to be reliably neglected. We
do not include this label when writing Γ1(∆E) because we envisage that ∆E is sufficiently
small so that the pointlike approximation reproduces the full calculation.

In our calculation, Γpt
0 is evaluated in the W-regularization, so that the ultra-violet di-

vergences are replaced by logarithms of MW . For convenience we rewrite here the expression
for Γpt(∆E) from Eq. (3.31)

Γpt(∆E) = Γpt
0 + Γ1(∆E) = Γtree

0 + Γα,pt
0 + Γ

(d),pt
0 + Γ1(∆E) . (3.51)

Γtree
0 and Γ

(d),pt
0 have already been presented in Eqs. (3.35) and (3.30) respectively. In Ref. [10]

the results of the remaining contributions to Γpt(∆E) have been given separately using a
photon mass mγ as the infrared regulator.

In the perturbative calculation the following Lagrangian for the interaction of a point-like
pion with the leptons has been used:

Lπ−`−ν` = i GFfπV
∗
ud {(∂µ − ieAµ)π}

{
ψ̄ν`

1 + γ5

2
γµψ`

}
+ Hermitian conjugate .

(3.52)

The corresponding Feynman rules are:

π+

ℓ+

νℓ

= −iGF fπV
∗
ud pµ

π
1+γ5

2
γµ

(3.53)

π+

ℓ+

νℓ

γ∗

= ie GFfπV
∗
ud gµν 1+γ5

2
γµ

In addition the standard Feynman rules of scalar electromagnetism for the interactions of
charged pions in an electromagnetic field have been used.
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The O(αem) contribution of the pion wave function renormalization to Γα,pt
0 is obtained

from the diagrams in Fig. 3.5.1, corresponding to those in Fig. 3.4.1(a), Fig. 3.4.1(b) and
Fig. 3.4.1(c) in the composite case. The remaining graphs contributing to Γα,pt

0 are the
π - ` vertex corrections from the diagrams shown in Fig. 3.5.2 and their complex conjugates.
These diagrams correspond to the diagrams Fig. 3.4.1(e) and Fig. 3.4.1(f) in the composite
pion case. As for the contributions to Γ1(∆E), the real photon is emitted and absorbed by
the pion (diagram (a) in Fig. 3.5.3), the charged lepton (diagram (b) in Fig. 3.5.3) or emitted
by the pion and absorbed by the lepton or vice-versa (diagrams (c) – (f) in Fig. 3.5.3).

and

Figure 3.5.1: One loop diagrams contributing to the wave-function renormalization of a
point-like pion.

Figure 3.5.2: Radiative corrections to the pion-lepton vertex. The diagrams representO(αem)
contributions to Γpt

0 . The left part of each diagram represents a contribution to the amplitude
and the right part the tree-level contribution to the hermitian conjugate of the amplitude.
The corresponding diagrams containing the radiative correction on the right-hand side of
each diagram are also included.

We do not give here the separate expressions for the contributions to Γα,pt
0 and Γ1(∆E),

referring the interested reader to [10] for further details on the calculation. We limit ourselves
to combine the results in [10] in order to provide the final expression for Γpt(∆E). As
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5. CALCULATION OF ΓPT(∆E)

(a) (b) (c)

(d) (e) (f)

Figure 3.5.3: Diagrams contributing to Γ1(∆E). For diagrams (c), (d) and (e) the “conju-
gate” contributions in which the photon vertices on the left and right of each diagram are
interchanged are also to be included.

expected the infrared cutoff cancels and one gets

Γpt(∆E) = Γtree
0 ×

(
1 +

αem
4π

{
3 log

(
M2

π

M2
W

)
+ log

(
r2
`

)
− 4 log(r2

E) +
2− 10r2

`

1− r2
`

log(r2
` )

−2
1 + r2

`

1− r2
`

log(r2
E) log(r2

` )− 4
1 + r2

`

1− r2
`

Li2(1− r2
` )− 3

+
[3 + r2

E − 6r2
` + 4rE(−1 + r2

` )

(1− r2
` )

2
log(1− rE) +

rE(4− rE − 4r2
` )

(1− r2
` )

2
log(r2

` )

−rE(−22 + 3rE + 28r2
` )

2(1− r2
` )

2
− 4

1 + r2
`

1− r2
`

Li2(rE)
] })

, (3.54)

where r` = m`/Mπ and rE = 2∆E/Mπ with 0 ≤ rE ≤ 1− r2
` . Note that the terms in square

brackets in eq. (3.54) vanish when rE goes to zero; in this limit Γpt(∆E) is given by its
eikonal approximation.

The total rate is readily computed by setting rE to its maximum value, namely rE = 1−r2
` ,

giving

Γpt = Γtree
0 ×

{
1 +

αem
4π

(
3 log

(
M2

π

M2
W

)
− 8 log(1− r2

` )−
3r4

`

(1− r2
` )

2
log(r2

` ) (3.55)

−8
1 + r2

`

1− r2
`

Li2(1− r2
` ) +

13− 19r2
`

2(1− r2
` )

+
6− 14r2

` − 4(1 + r2
` ) log(1− r2

` )

1− r2
`

log(r2
` )

)}
.

The result in Eq. (3.55) agrees with the well known results in literature [80, 81], which
provides an important check of our calculation.
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In the description of our method above, we limit the photon’s energy to be smaller than
∆E to ensure that the photon is sufficiently soft for the pointlike approximation to be valid
in the evaluation of Γ1(∆E). It is of course possible instead to impose a cut-off on the energy
of the final-state lepton, requiring it to be close to its maximum value Emax

` = Mπ

2
(1 + r2

` ).
For completeness we also give, up to O(∆E`), the distribution for Γpt(∆E`) defined as

Γpt(∆E`) =

∫ Emax`

Emax` −∆E`

dE ′
dΓpt

dE ′`
, (3.56)

where 0 ≤ ∆E` ≤ (Mπ −m`)
2/(2Mπ);

Γpt(∆E`) = Γtree
0 ×

{
1 +

αem
4π

[
3 log

(
M2

π

M2
W

)
+ 8 log

(
1− r2

`

)
− 7

+ log
(
r2
`

) 3− 7r2
` + 8∆E` + 4 (1 + r2

` ) log (1− r2
` )

1− r2
`

(3.57)

+ log (2∆E`)

(
−8− 4

1 + r2
`

1− r2
`

log
(
r2
`

))]
}
.

3.6 Regularization and cancellation of infrared

divergences in finite volumes

In the previous section we have explicitly demonstrated the cancellation of infrared diver-
gences in the perturbative quantity Γpt(∆E). This of course is simply the standard Bloch-
Nordsieck cancellation [11]. In this section we discuss in more detail the cancellation of
infrared divergences in

∆Γ0(L) = Γ̃α0 − Γα,pt
0 . (3.58)

We have already explained in Sec. 3 that the contribution of the lepton’s wave function
renormalization in ∆Γ0(L) is simply to introduce the tilde in Γ̃α0 , denoting that the corre-
sponding contribution to the matching factor between the lattice and W -regularizations is
to be removed. Here we concentrate on the remaining diagrams in Figs. 3.4.1 and 3.4.2 and
the corresponding diagrams for the point-like meson.

Although the right-hand side of Eq. (3.58) is a difference of decay widths, since at this
order the widths are linear in the O(αem) virtual amplitude, we can equivalently consider
the difference of the O(αem) contributions to the amplitudes. In order to reduce statistical
fluctuations when performing the sum over the gauge field configurations, we define the
ratios

Rα =
δÃα

A0
, Rα,pt =

δAα,pt

A0
, (3.59)
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where δÃα and δAα,pt are the O(αem) amplitudes corresponding to the widths in Eq. (3.58).
The non-perturbative amplitude δÃα is precisely the quantity that we have computed nu-
merically in a lattice simulation [13, 16] (see Chapter 4). It is then combined with δAα,pt,
for which we have given the explicit expression in infinite volume in Sec. 3.5.

In the calculation of δAα,pt we set the mass of the photon to zero and consider the theory
on a finite volume of length L, which will be used as an infrared regulator. The form of
the vertices and propagators is the same as in the infinite volume (the ultraviolet cutoff
is provided by the W-regularization), but the momenta are quantized kµ = 2π/L × nµ =
2π/(Na)× nµ where −∞ ≤ nµ ≤ +∞ and N is the number of lattice sites in one direction,
which for simplicity we take to be the same in all directions.

The calculation of δÃα is performed non perturbatively on the same finite volume as
in the perturbative case, but in a numerical simulation and with the photon propagator
defined as in Eq. (3.37), which does not contain the zero mode. Indeed, as already discussed
in Sec. 4.2, the zero mode does not contribute to the difference

∆R(L) = Rα −Rα,pt . (3.60)

This is a gauge invariant, ultraviolet and infrared finite quantity and for these reasons its
finite volume effects are expected to be comparable to those affecting the O(αem) corrections
to the hadron masses (that are also gauge invariant, ultraviolet and infrared finite).

We should add that in principle any consistent regularization of the infrared divergences
is acceptable. The main criterion for the choice of the infrared regulator will be determined
by the precision of the terms remaining after the cancellation of the infrared divergences in
a numerical simulation.

In the lattice simulation which we will present in the next chapter we have worked in the
QEDL formulation of QED on a finite volume and the same zero-mode regularization for the
photon propagator has been adopted in Ref. [88] for the perturbative calculation of Γpt

0 (L)
(ultraviolet divergences have been regulated in the W -regularization scheme).

We conclude the present section illustrating the main results obtained in [88] (see also
Ref. [70]). The point-like decay rate Γpt

0 (L) is given by

Γpt
0 (L) =

(
1 + Y `

π (L)
)

Γtree
0 . (3.61)

The function Y `
π (L) is expanded in inverse powers of L as follows

Y `
π (L) = bIR log(M2

πL
2) + b0 +

b1

MπL
+

bpt
2

(MπL)2
+

bpt
3

(MπL)3
+O(e−MπL) , (3.62)

where the coefficients bj (j = IR, 0, 1) and bpt
j (j = 2, 3), depending on the dimensionless ratio

r` = m`/Mπ, are given explicitly in [70, 88] after the subtraction of the lepton self-energy
contribution in the Feynman gauge. Note that the lepton wave function renormalization is
also not computed in Γ0(L) since it cancels exactly in the difference Γ0(L)− Γpt

0 (L).
In addition to the presence of infrared divergences, even in the rest-frame of the meson

there is a dependence on the three-momentum of the final-state lepton from the diagram in
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which the photon is emitted from the meson and absorbed by the lepton. When evaluating
the FV corrections, the summand in the summation over the spatial momentum modes of
the photon, ~k, depends not only on

∣∣~k
∣∣ but also on ~p` · ~k, i.e. on the direction of the final

state lepton’s momentum, ~p`, with respect to the axes of the cubic lattice. This complicates
the calculation significantly and leads to results which also depend on the direction of ~p`.
We believe that the techniques developed in this paper, which extend those of Ref. [89], have
a wider applicability and will be useful for many other processes.

The calculation of the coefficients bIR,0,1 and bpt
2,3 in Eq. (4.53) is technically involved,

thus we here limit ourselves to only give the final results referring the reader to the quoted
papers for greater detail. In [70, 88] it has been obtained

bIR =
1

8π2

{
(1 + r2

` ) log(r2
` )

(1− r2
` )

+ 1

}
,

b0 =
1

16π2

{
2 log

(
M2

π

M2
W

)
+

(2− 6r2
` ) log(r2

` ) + (1 + r2
` ) log2(r2

` )

1− r2
`

− 5

2

}
+
ζC(~0)− 2ζC(~β`)

2
,

b1 = −2(1 + r2
` )ζB(~0)

1− r2
`

+
8r2

` ζB(~β`)

1− r4
`

, bpt
2 =

4ζA(~0)

1− r2
`

− 8ζP`B (~β`)

1− r4
`

, bpt
3 =

−5− 5r2
` − 3r4

` + r6
`

(1 + r2
` )

3 ,

(3.63)

where the generalized ζ-functions appearing in the previous expressions are dimensionless
functions of the kinematical variable ~β` = ~p`/E`, where E` = Mπ(1 + r2

` )/2 and ~p` is the
spatial momentum of the lepton when pπ = (iMπ,~0). These arise in the calculation of finite-
volume one-loop master integrals and can be computed with arbitrary numerical precision.
We quote below the numerical results for the ζ-functions needed in order to use Eqs. (3.63).

ζA(~0) = −0.22578495944(1) , ζB(~0) = −0.05644623986(1) ,

ζC(~0) = −0.06215473226(1) , (3.64)

while at the physical values of the pion, Mπ+ = 139.57018 MeV, kaon, MK+ = 493.677 MeV,
and muon, mµ = 105.65837 MeV, masses, for a lepton moving diagonally across the box,

~pµ = pµ
(1,1,1)√

3

ζP`B ( ~βπµ) = −0.23173738346(1), ζP`B ( ~βKµ ) = −0.45599283983(1),

ζB( ~βπµ) = −0.05791071589(1), ζB( ~βKµ ) = −0.10350847338(1),

ζC( ~βπµ) = −0.06331584128(1), ζC( ~βKµ ) = −0.09037019089(1) . (3.65)

The above findings have been used in our lattice calculation of the QED radiative corrections
to the πµ2 and Kµ2 decay rates, described in Chapter 4.

An important result of Ref. [88] is that the structure-dependent FVEs start at order
O(1/(MπL)2). Consequently the coefficients bIR,0,1 in the factor Y `

π (L) are “universal”,
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i.e. they are the same as in the full theory when the structure of the meson is consid-
ered1, and, therefore, cancel in the difference Γ0(L)−Γpt

0 (L). The remaining, non-universal,
O(1/L2) FV effects are milder and can be determined by performing simulations on different
volumes and fitting the observed volume dependence (see Chapter 4). The universality of
the leading and next-to-leading FV effects has been proved in [88] using the electromagnetic
Ward identities of the full theory and the QED skeleton expansion, in which the meson
propagator and the vertices to which the photon couples, are defined in terms of QCD cor-
relation functions and then inserted into one-loop diagrams. Note that bIR does not depend
on the regularization, while b0,1 and bpt

2,3 depend on the choice of QEDL as the regulator of
the momentum zero-mode.

3.7 Structure dependent contributions to the

real decay

When studying radiative corrections to leptonic decays of pseudoscalar mesons at O(αem)
the presence of infrared divergences requires us to consider the rates for both the processes
P → `ν` and P → `ν`γ. In the previous sections we have described in detail a strategy to
include electromagnetic effects in such processes in a lattice simulation. Our initial proposal
was to restrict the maximum energy of the final-state photon in the meson rest frame, ∆E,
to be sufficiently small for the dependence on the structure of the meson to be negligible
and yet to be within the experimental resolution. However, the introduction of the soft
energy cut-off ∆E can be avoided by computing amplitudes with a real photon in the final
state. Such a calculation is now in progress and we will present some preliminary results in
Sec. 4.6. As a first numerical implementation of our method to evaluate the isospin-breaking
corrections to the light meson leptonic decay rates (see Chapter 4 of this thesis) we have
used the pointlike approximation to calculate Γ1(∆E) in perturbation theory. In this section
the size of the neglected O(αem∆E/ΛQCD) structure-dependent contributions to the decay
P+ → `+ν`γ for light mesons, P+ = π+, K+ is estimated [10]. We base the estimates on
the results of the phenomenological analyses performed in Refs. [90–92] based on the use of
chiral perturbation theory at O(p4).

Although the relevant expressions have also been derived at O(p6) [93, 94] (see also
page 10 of [95]), in that case there are too many unknown low-energy constants to be
useful in making an estimate. As was done in the previous sections of this chapter, for the
general framework we give the explicit formulae for pion decays; the generalization of the
framework to kaons, and indeed also to D-mesons and B-mesons decays is straightforward.
We then make the numerical estimates of the structure dependent effects for pions and
kaons based on chiral perturbation theory. Finally we make some comments about structure
dependent terms when P+ is a heavy-light meson, D+ or B+. In this section we will follow
the description in Appendix B of Ref. [10].

1Notice that the decay rate in the full theory, Γ0(L), can be affected also by non-universal FVEs of order
O[1/(MπL)n] with n ≥ 4 that do not appear in Γpt0 (L).
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The starting point of the analysis is the decomposition in terms of Lorenz invariant form
factors of the hadronic matrix element (see also Eq. (3.46))

Hµν(k, pπ) =

∫
d4x eikx T 〈0|Jµ(x)JνW (0)|π(pπ)〉 . (3.66)

We follow the standard convention of separating the contribution corresponding to the ap-
proximation of a point-like pion (also frequently called inner bremsstrahlung) Hµν

pt , from the
structure dependent part Hµν

SD,
Hµν = Hµν

SD +Hµν
pt . (3.67)

Hµν
pt is simply given by

Hµν
pt = fπ

[
gµν − (2pπ − k)µ(pπ − k)ν

(pπ − k)2 −M2
π

]
. (3.68)

The structure dependent component can be parametrized by four independent invariant form
factors which we define as

Hµν
SD = H1

[
k2gµν − kµkν

]
+H2

{[
(k · pπ − k2)kµ − k2(pπ − k)µ

]
(pπ − k)ν

}

−i FV
Mπ

εµναβkαpπβ +
FA
Mπ

[
(k · pπ − k2)gµν − (pπ − k)µkν

]
. (3.69)

Note that the vector Ward Identity kµH
µν = fπ p

ν
π, derived in Ref. [90], is saturated by Hµν

pt

kµH
µν
pt = fπ p

ν
π , kµH

µν
SD = 0 . (3.70)

Hµν
pt also contains the infrared divergences which appear in the virtual- and real-photon

contributions to the decay rate. These observations motivate the decomposition in Eq. (3.67).
In the calculation of the decay rate for π+ → `+ν`γ the tensor Hµν is contracted with

the polarization vector of the real photon. In physical gauges with ε? · k = 0 we define

Hν ≡ ε?µH
µν , (3.71)

so that

Hν
SD = −ε?µ

{
i
FV
Mπ

εµναβkαpπβ −
FA
Mπ

[
(k · pπ − k2)gµν − (pπ − k)µkν

]}
, (3.72)

showing that the structure dependent part of the decay rate can be parametrized in terms
of the two form factors FV and FA.

Before performing the integrations over the three-body phase space, the differential decay
rate can be expressed as a function of the two independent Dalitz variables (pπ = p`+pν +k)

x` = −(pπ − p`)2

M2
π

+ 1 , xγ = −(pπ − k)2

M2
π

+ 1 . (3.73)
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The decay rate as a function of the photon’s energy in the pion’s rest frame can be obtained
by performing the integration over x` with the limits x` ∈

[
xmin
` , xmax

`

]
where

xmin
` = 1− r2

γ −
1− xγ − r2

`

2(1− xγ)
[
xγ − r2

γ +
√

(xγ + r2
γ)

2 − 4r2
γ

]
,

xmax
` = 1− r2

γ −
1− xγ − r2

`

2(1− xγ)
[
xγ − r2

γ −
√

(xγ + r2
γ)

2 − 4r2
γ

]
, (3.74)

r` = m`/Mπ and rγ = mγ/Mπ. The total decay rate is obtained by performing the integral
over xγ in the range xγ ∈

[
xmin
γ , xmax

γ

]
with

xmin
γ = rγ(2− rγ) , xmax

γ = 1− r2
` . (3.75)

The photon’s mass mγ was introduced in the definition of rγ to regulate the infrared di-
vergences in the point-like contribution. For the structure dependent contribution, which
is infrared finite we can set mγ → 0 and simplify the above expressions by making the
replacements

xmin
` 7→ (1− xγ) +

xγr
2
`

(1− xγ)
, xmax

` 7→ 1 .

xmin
γ 7→ 0 , xmax

γ 7→ 1− r2
` . (3.76)

The different contributions to the differential decay rate have been obtained in Ref. [90].
Writing Γ1 = Γpt

1 +ΓSD
1 +ΓINT

1 , where ΓINT
1 is the contribution to the decay rate coming from

the interference between the point-like and the structure-dependent amplitudes, we confirm
the following results:

4π

αem Γtree
0

d2Γpt
1

dxγdx`
=

2 fpt(xγ, x`)

(1− r2
` )

2
,

4π

αem Γtree
0

d2ΓSD
1

dxγdx`
=

M2
π

{
[FV (xγ) + FA(xγ)]

2 f+
SD(xγ, x`) + [FV (xγ)− FA(xγ)]

2 f−SD(xγ, x`)
}

2f 2
π r

2
` (1− r2

` )
2

,

4π

αem Γtree
0

d2ΓINT
1

dxγdx`
= −2Mπ

{
[FV (xγ) + FA(xγ)] f

+
INT(xγ, x`) + [FV (xγ)− FA(xγ)] f

−
INT(xγ, x`)

}

fπ (1− r2
` )

2
.

(3.77)
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The functions appearing in Eq. (3.77) are

fpt(xγ, x`) =
1− x`

x2
γ(xγ + x` − 1)

[
x2
γ + 2(1− xγ)(1− r2

` )−
2xγr

2
` (1− r2

` )

xγ + x` − 1

]
,

f+
SD(xγ, x`) = (xγ + x` − 1)

[
(xγ + x` − 1 + r2

` )(1− xγ)− r2
`

]
,

f−SD(xγ, x`) = −(1− x`)
[
(x` − 1 + r2

` )(1− xγ)− r2
`

]
, (3.78)

f+
INT(xγ, x`) = − 1− x`

xγ(xγ + x` − 1)

[
(xγ + x` − 1 + r2

` )(1− xγ)− r2
`

]
,

f−INT(xγ, x`) =
1− x`

xγ(xγ + x` − 1)

[
x2
γ + (xγ + x` − 1 + r2

` )(1− xγ)− r2
`

]
,

in agreement with the results of Ref. [90].
It will be useful below to define the following quantities,

QA
1 (xγ) =

4π

αem Γtree
0

dΓA1 (xγ)

dxγ
, A = {pt,SD,INT} , (3.79)

RA
1 (∆E) =

ΓA1 (∆E)

Γα,pt
0 + Γ

(d),pt
0 + Γpt

1 (∆E)
, A = {SD,INT} , (3.80)

where ∆E = rEMπ/2 and Γα,pt
0 and Γ

(d),pt
0 have been defined in the main body of the paper

(see Eq. (3.51)). Notice that the quantity in the denominator of RA
1 (∆E) is infrared finite

(although it does depend on MW , the ultraviolet cutoff in the W -regularization).
In the following we use phenomenological parametrizations of the form factors in order to

estimate the size of the structure-dependent contributions to the decay rate Γ1. For the case
of light mesons, we can use the results of the calculations of refs. [90–92] (see also ref. [95])
based on chiral perturbation theory and approximate the form factors as constants. At O(p4)
in chiral perturbation theory,

FV =
MP

4π2fπ
and FA =

8MP

fπ
(Lr9 + Lr10) , (3.81)

where P = π or K and Lr9, L
r
10 are Gasser-Leutwyler coefficients. The numerical values

of these constants have been taken from the review by M.Bychkov and G.D’Ambrosio in
Ref. [3]; the values of FV and FA are 0.0254 and 0.0119 for the pion and 0.096 and 0.042 for
the Kaon (for the pion these values of the form factors, obtained from direct measurements,
can be found in the supplement to [3] found in [96]). In Figs. 3.7.1 and 3.7.2 we compare
the point-like, structure-dependent and interference contributions to the decays π → `νγ
and K → `νγ respectively. As can be seen, interference contributions are negligible in
all the decays. The structure-dependent contributions can be sizeable because they are
chirally enhanced with respect to the point-like contribution (notice the factor 1/r2

` in the
second equation in (3.77)). From the phenomenological estimates of the form factors, this
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Figure 3.7.1: Point-like (pt), structure-dependent (SD) and interference (INT) contributions
to the decay π → `νγ. The first (second) row corresponds to ` = e (` = µ).

happens for the real decay K → eνeγ. On the other hand, for Eγ < 20 MeV both structure
dependent and interference contributions can be safely neglected with respect to the point-
like contributions for all the decays of pions and the decay K → µνγ. We learn from
Refs. [78, 79] that a cutoff on the energy of the photon in the rest frame of the decaying
particle of O(20 MeV) is experimentally accessible.

The application of chiral perturbation theory described above does not apply to the
decays of D and B mesons and for these decays a lattice calculation of FV,A(xγ) for a range
of values of xγ will prove to be very useful as a check of the range of validity of the point-like
approximation. Furthermore, it is likely that in order to make experimental measurements
feasible, ∆E may have to be sufficiently large that the structure dependence of the heavy
meson can no longer be neglected and therefore that the emission of real “hard” photons,
with energies of Eγ ≥ ΛQCD should be implemented in the lattice simulation. Such a lattice
calculation, starting from Euclidean correlators is indeed possible and we refer the reader to
Sec. 4.6 for further details. A new feature in the case of B-decays in particular, one which
is a consequence of the heavy-quark symmetry, is that the B∗ and B are almost degenerate
(MB∗ −MB ' 45 MeV). The radiation of a relatively soft photon can therefore cause the
transition from a B-meson to an internal B∗ close to its mass-shell. Lattice calculations of
the form factors allow us to investigate the effect this small hyperfine splitting has on the
size of the structure dependent terms as a function of ∆E.
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Figure 3.7.2: Point-like (pt), structure-dependent (SD) and interference (INT) contributions
to the decay K → `νγ. The first (second) row corresponds to ` = e (` = µ).
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Figure 3.7.3: Structure-dependent (SD) and interference (INT) contributions to R1 for the
decays B → `νγ. Going from left to right, the plots correspond to ` = e, ` = µ and ` = τ
respectively.

Still in the absence of lattice calculations of the form factors, we note the phenomeno-
logical analysis of Ref. [97], based on the extreme assumption of the single pole dominance,
B∗ for FV and B1(5721) for FA (in reality many other virtual states contribute to the form
factors):

FV (xγ) '
CV

xγ − 1 +M2
B?/M

2
B

, FA(xγ) '
CA

xγ − 1 +M2
B1(5721)/M

2
B

, (3.82)

with CV = 0.24 and CA = 0.20. The corresponding ratios R1 are shown in Figure 3.7.3, from
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which it can be seen that under this assumption the structure-dependent contributions to
B → eνeγ for Eγ ' 20 MeV can be very large, but are small for B → µνµγ and B → τντγ .

3.8 Radiative corrections in semileptonic decay

rates

We are now generalising the framework developed for leptonic decays and described in the
previous sections to semileptonic decays, such as K̄0 → π+`−ν̄` which we will here use for
illustration. Although the main ideas presented above are also applicable in this case, several
new features arise which have been presented in Refs. [52? ] and we now explain.

K̄0

ν̄ℓ

ℓ−

π+

γ

Figure 3.8.1: One of the diagrams contributing to radiative corrections to K`3 decays.

In QCD the amplitude depends on two form factors f0,+(q2), where q = pK−pπ = p`+pν :

〈π(pπ) |s̄γµu |K(pK) 〉 = f0(q2)
M2

K −M2
π

q2
qµ+f+(q2)

[
(pπ + pK)µ −

M2
K −M2

π

q2
qµ

]
. (3.83)

When including radiative corrections, the natural observable to consider is d2Γ/dq2dsπ`,
where sπ` = (pπ + p`)

2 and we follow the same procedure as for leptonic decays and write:

d2Γ

dq2dsπ`
= lim

V→∞

(
d2Γ0

dq2dsπ`
− d2Γpt

0

dq2dsπ`

)
+ lim

V→∞

(
d2Γpt

0

dq2dsπ`
+
d2Γ1(∆E)

dq2dsπ`

)
(3.84)

where where again “pt” denotes pointlike and ∆E is the cut-off on the energy of the real
photon. The infrared divergences cancel separately in each of the two terms on the right-hand
side. The second term has been calculated in infinite volume in the eikonal approximation:
(p− k)2 −m2 → −2p · k, where p is the momentum of an external on-shell particle and k is
the momentum of the photon [98, 99].

We now discuss a number of issues which arise when considering semileptonic decays
which are absent for leptonic decays.

3.8.1 The presence of unphysical terms which

grow exponentially in time

Consider for illustration the diagram in Fig. 3.8.2. The integration over the times t1,2 yields

terms in the momentum sum which are proportional to e−(Eint
π` −Eext

π` )(tπ`−tH), where Eint
π` and
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Eext
π` are the internal and external energies of the pion-lepton pair and tπ` and tH are the

times of the insertion of the pion-lepton sink and of the weak Hamiltonian H. Depending
on the choice of the momenta of the final-state pion and lepton, it is possible that the
exchange of the photon with an allowed finite-volume momentum can result in the internal
energy being smaller than the external one, Eint

π` < Eext
π` , leading to unphysical terms which

grow exponentially with tπ` − tH . This is a generic feature when calculating long-distance
contributions in Euclidean space and such terms must be identified and subtracted. The
presence of such contributions is a manifestation of the Maiani-Testa theorem [100]. The
number of such states depends on the choice of the kinematic variables q2 and sπ` as well
as on the volume. Note that no such exponentially growing terms are present for leptonic
decays.
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K̄0

⌫̄`

`�

⇡+

�

tK tH t⇡`

t1

t2

Figure 2: Diagram contributing to the K ! p`n̄` correlation function, illustrating the presence of unphysical
terms which grow exponentially in time (see text).

where again “pt" denotes pointlike and the infrared divergences cancel separately in each of the two
terms on the right-hand side. In Eq. (2.1) we have introduced the soft cut-off DEg on the energy
of the photon, but this can be avoided by computing the amplitudes with a real final-state photon
non-perturbatively. We now discuss a number of issues which arise when considering semileptonic
decays which are absent for leptonic decays.

2.1 The presence of unphysical terms which grow exponentially in time.

Consider for illustration the diagram in Fig. 2. The integration over the times t1,2 yields terms
in the momentum sum which are proportional to e�(E int

p`�Eext
p` )(tp`�tH), where E int

p` and Eext
p` are the

internal and external energies of the pion-lepton pair and tp` and tH are the times of the insertion
of the pion-lepton sink and of the weak Hamiltonian H. Depending on the choice of the momenta
of the final-state pion and lepton, it is possible that the exchange of the photon with an allowed
finite-volume momentum can result in the internal energy being smaller than the external one,
E int

p` < Eext
p` , leading to unphysical terms which grow exponentially with tp`� tH . This is a generic

feature when calculating long-distance contributions in Euclidean space and such terms must be
identified and subtracted. The number of these terms depends on sp` and on the chosen boundary
conditions which in general will include twisting. Note that no such exponentially growing terms
are present for leptonic decays.

For K`3 decays, in some corners of phase space, there may also be multi-hadron intermediate
states with energies smaller than the external one, and hence containing exponentials which grow
with the time separation, but these are expected to be small. For example the K ! pp`n ! p`n(g)

sequence only contributes at high order (p6) in ChPT and is present due to the Wess-Zumino-Witten
term in the action. More importantly however, we can restrict the values of sp` to a range below the
multi-hadron threshold. Note that for D and B decays the large number of such terms which need
to be subtracted in most of phase space, makes it very difficult to perform a non-perturbative lattice
calculation.

2.2 Finite-volume corrections

For leptonic decays of the pseudoscalar meson P, in QEDL finite-volume effects take the form:

Gpt
0 (L) = C0(r`)+C̃0(r`) log(mPL)+

C1(r`)
mPL

+ . . . , (2.2)

2

Figure 3.8.2: Diagram contributing to the K → π`ν̄` correlation function, illustrating the
presence of unphysical terms which grow exponentially in time (see text).

For K`3 decays, in some corners of phase space, there may also be multi-hadron interme-
diate states with energies smaller than the external one, and hence containing exponentials
which grow with the time separation, but these are expected to be small. For example the
K → ππ`→ π`ν(γ) sequence only contributes at high order (p6) in ChPT and is present due
to the Wess-Zumino-Witten term in the action. More importantly however, we can restrict
the values of sπ` to a range below the multi-hadron threshold. Note that for D and B decays
the large number of such terms which need to be subtracted in most of phase space, makes
it very difficult to perform a non-perturbative lattice calculation.

3.8.2 Finite volume corrections

As observed in Sec. 3.6 the leading structure-dependent FV effects in Γ0−Γpt
0 are of O(1/L2).

The following scaling law is useful in determining which terms need to be evaluated to
obtain the universal coefficients. If the leading behavior of the infinite-volume integrand
and finite-volume summand is proportional to 1/(k2)n/2 as k → 0 then the corresponding
difference between the infinite-volume integral and finite-volume sum of O(1/L4−n) [88]. In
the calculation of the mass spectrum n = 3 and the leading finite-volume correction is of
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O(1/L) and is universal, as is the subleading term of O(1/L2). In decay amplitudes n = 4,
corresponding to the presence of infrared divergences.

Radiative corrections to semileptonic decay rates C. T. Sachrajda

pK

p⌫̄

p`

p⇡

k

Figure 3: Diagram contributing to the K ! p`n̄` correlation function used in the discussion of finite-volume
effects (see text).

where r` = m`/mP [6]. An important point to note is that the exhibited L-dependent terms are
universal, i.e. independent of the structure of the meson and we have calculated these coefficients
(using the QEDL regulator of the zero mode [7]). The leading structure-dependent FV effects in
G0 �Gpt

0 are of O(1/L2).
The following scaling law is useful in determining which terms need to be evaluated to obtain

the universal coefficients. If the leading behaviour of the infinite-volume integrand and finite-
volume summand is proportional to 1/(k2)

n
2 as k ! 0 then the corresponding difference between

the infinite-volume integral and finite-volume sum of O(1/L4�n) [6]. In the calculation of the mass
spectrum n = 3 and the leading finite-volume correction is of O(1/L) and is universal, as is the
subleading term of O(1/L2). In decay amplitudes n = 4, corresponding to the presence of infrared
divergences.

For illustration consider the diagram in Fig. 3. At small photon momentum k, the pion and
lepton internal propagators scale as 1/k and the photon propagator as 1/k2, so that the loop inte-
grand/summand scales as 1/k4 corresponding to an infrared divergence. There are also subleading
terms which scale as 1/k3 which lead to 1/L finite-volume effects. These arise by expanding the
propagators and vertices, including the vertex containing the weak Hamiltonian, to O(k). (Since the
1/L2 finite-volume corrections depend on the structure of the pion we do consider these further.)

Electromagnetic Ward identities are particularly useful in the study of the universality of the
O(1/L) finite-volume corrections. (Alternatively one can construct a gauge-invariant effective the-
ory.) To illustrate this consider the pion propagator in Fig. 4(a). We define the Euclidean pion
propagator Dp(pp) by:

Cpp(pp) =
Z

d 4z e�ipp ·z h0 |T
�

fp(z)f †
p (0)

 
|0i

⌘
��h0 |fp(0) |p(pp)i

��2 Dp(pp) (2.3)

⌘
��h0 |fp(0) |p(pp)i

��2 Zp(p2
p)

p2
p +m2

p
.

Zp parametrises the structure dependence of the pion propagator. We now expand the propagator
for small values of k and off-shellness e2

p = p2
p +m2

p to obtain:

Dp(pp + k) =
1�2zp1 pp · k� e2

pzp1 +O(k2,e4
p ,e2

pk)
e2

p +2pp · k + k2 ,

3

Figure 3.8.3: Diagram contributing to the K → π`ν̄` correlation function used in the dis-
cussion of finite-volume effects (see text).

For illustration consider the diagram in Fig. 3.8.3. At small photon momentum k, the
pion and lepton internal propagators scale as 1/k and the photon propagator as 1/k2, so that
the loop integrand/summand scales as 1/k4 corresponding to an infrared divergence. There
are also subleading terms which scale as 1/k3 which lead to 1/L finite-volume effects. These
arise by expanding the propagators and vertices, including the vertex containing the weak
Hamiltonian, to O(k). Since the 1/L2 finite-volume corrections depend on the structure of
the pion we do consider these further.
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Figure 4: (a) The pion propagator, (b) pgp vertex

where the structure dependent parameter zp1 is given by:

zp1 =
dZ�1

p (p2
p)

d p2
p

����
p2

p=�m2
p

.

Similarly we define the amputated pgp vertex Gµ
p , by amputating the propagators and matrix

elements of the interpolating operators in the correlation function (see Fig. 4(b))

Cµ
p (pp ,k) = i

Z
d 4zd 4xe�ipp ·z e�ik·xh0|T

�
fp(z) jµ(x)f †

p (0)
 

|0i .

We now expand Gp for small k (and ep ). The key result is obtained from the Ward identity:

kµGµ
P(pp ,k) = Qp

�
D�1

p (pp + k)�D�1
p (pp)

 
,

which relates the first-order expansion coefficients and yields

Zp(pp + k)Gµ
p (pp ,k) = Qp (2pp + k)µ +O(k2,e2

p) .

Here Qp is the electric charge of the pion. Thus, since we are neglecting the structure dependent
O(1/L2) corrections, the pion propagator and pgp vertex combine to give the same result as in the
point-like theory.

We have seen that, as a result of the Ward identity, we do not need the derivatives of the pion
form-factors to obtain the O(1/L) corrections. However, we also need to expand the weak-vertex
which, in QCD without QED, is a linear combination of two form-factors f ±(q2). Off-shell, the
Kp`n̄ weak vertex is a linear combination of two functions F±(p2

p , p2
K ,2pK · pp) (which on-shell

reduce to the form-factors f ±(q2)). The Ward identity relates the Kp`n̄ and Kp`n̄g vertices and
does lead to a partial, but not complete, cancellation of the O(1/L) terms. The remaining O(1/L)

corrections are found to depend on the derivatives of the form factors d f ±(q2)/dq2, as well as on
the form factors f ±(q2) themselves; this will be demonstrated in a publication in preparation. Such
derivative terms are a generic consequence of the Low theorem and are absent only in particularly
simple cases, such as leptonic decays as explained below. These corrections are "universal" since
the coefficients are physical, i.e. the form factors and their derivatives can be measured experimen-
tally or computed in lattice simulations. On the other hand, there are no corrections of the form
d f ±/dm2

p or d f ±/dm2
K , which would not be physical.

It is instructive to contrast the situation for semileptonic decays with the corresponding one
for leptonic decays, e.g. for K+ ! `+n` decays [6]. In that case the leading isospin-breaking

4

Figure 3.8.4: (a) The pion propagator, (b) πγπ vertex

Electromagnetic Ward identities are particularly useful in the study of the universality
of the O(1/L) finite-volume corrections. To illustrate this consider the pion propagator in
Fig. 3.8.4(a). We define the Euclidean pion propagator ∆π(pπ) by:

Cππ(pπ) =

∫
d4z e−ipπ ·z〈0|T{φπ(z)φ†π(0)}|0〉

≡ |〈0|φπ(0)|π(~pπ)〉|2∆π(pπ)

≡ |〈0|φπ(0)|π(~pπ)〉|2 Zπ(p2
π)

p2
π +M2

π

. (3.85)
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Zπ parametrises the structure dependence of the pion propagator. We now expand the
propagator for small values of k and off-shellness ε2

π = p2
π +M2

π to obtain

∆π(pπ + k) =
1− 2zπ1pπ · k − ε2

πzπ1 +O(k2, ε4
π, ε

2
πk)

ε2
π + 2pπ · k + k2

, (3.86)

where the structure dependent parameter zπ1 is given by

zπ1 =
dZ−1

π (p2
π)

dp2
π

∣∣∣∣
p2π=−M2

π

. (3.87)

Similarly we define the amputated πγπ vertex Γµπ, by amputating the propagators and
matrix elements of the interpolating operators in the correlation function (see Fig. 3.8.4(b))

Cµ
π (pπ, k) = i

∫
d4z d4x e−ipπ ·ze−ik·x〈0|T{φπ(z)jµ(x)φ†π(0)}|0〉 . (3.88)

We now expand Γµπ for small k (and επ). The key result is obtained from the Ward identity

kµΓµπ(pπ, k) = Qπ{∆−1
π (pπ + k)−∆−1

π (pπ)} , (3.89)

which relates the first-order expansion coefficients and yields

Zπ(pπ + k)Γµπ(pπ, k) = Qπ(2pπ + k)µ +O(k2, ε2
π) . (3.90)

Here Qπ is the electric charge of the pion. Thus, since we are neglecting the structure
dependent O(1/L2) corrections, the pion propagator and πγπ vertex combine to give the
same result as in the point-like theory.

We have seen that, as a result of the Ward identity, we do not need the derivatives
of the pion form-factors to obtain the O(1/L) corrections. However, we also need to ex-
pand the weak-vertex which, in QCD without QED, is a linear combination of two form-
factors f0,+(q2). Off-shell, the Kπ`ν̄ weak vertex is a linear combination of two functions
F0,+(p2

π, p
2
K , 2pK · pπ) (which on-shell reduce to the form-factors f0,+(q2)). The Ward iden-

tity relates the Kπ`ν̄ and Kπ`ν̄γ vertices and does lead to a partial, but not complete,
cancellation of the O(1/L) terms. The remaining O(1/L) corrections are found to depend
on the derivatives of the form factors df0,+(q2)/dq2, as well as on the form factors f0,+(q2)
themselves; this will be demonstrated in a publication in preparation. Such derivative terms
are a generic consequence of the Low theorem and are absent only in particularly simple
cases, such as leptonic decays as explained below. These corrections are “universal” since
the coefficients are physical, i.e. the form factors and their derivatives can be measured
experimentally or computed in lattice simulations. On the other hand, there are no correc-
tions of the form df0,+/dM

2
π or df0,+/dM

2
K , which would not be physical. It is instructive

to contrast the situation for semileptonic decays with the corresponding one for leptonic
decays, e.g. for K+ → `+ν` decays. In that case the leading isospin-breaking corrections are
proportional to the decay constant fK computed in QCD simulations and again there are no
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8. RADIATIVE CORRECTIONS IN SEMILEPTONIC DECAY RATES

O(1/L) terms proportional to dfK/dM
2
K . In that case however, there is no scope for terms

analogous to df0,+(q2)/dq2.
For leptonic decays the O(1/L) finite-volume corrections have been calculated analyt-

ically using the Poisson summation formula [88]. For semileptonic decays, the evaluation
of the coefficients of the O(1/L) corrections could be tough due to the appearance of new
integrands/summands. In the ignorance of the analytic coefficients, the subtraction of the
O(1/L) effects can be performed instead by fitting data obtained at different volumes with
however, some loss of precision. For leptonic decays, where the O(1/L) corrections are
known and can be subtracted explicitly, we have checked that fitting these finite-volume
effects numerically leads instead to an approximate doubling of the uncertainty in the theo-
retical prediction extrapolated to physical masses in the infinite volume limit. This may be
disappointing, but recalling that isospin breaking corrections are of O(1%), it is not a major
problem.
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4Isospin Breaking Corrections
to leptonic decay rates

4.1 Introduction

In flavor physics the determination of the elements of the CKM matrix [1, 2], which contains
just 4 parameters, from a wide range of weak processes represents a crucial test of the limits
of the Standard Model (SM) of particle physics. Inconsistencies with theoretical expectations
would indeed signal the existence of new physics beyond the SM and subsequently a detailed
comparison of experimental measurements and theoretical predictions would provide a guide
towards uncovering the underlying theory beyond the SM. For this to be possible non-
perturbative hadronic effects need to be evaluated as precisely as possible and in this chapter
we report on progress in improving the precision of lattice computations of leptonic decay
rates by including radiative corrections and strong IB effects.

The extraction of the CKM elements from experimental data requires an accurate knowl-
edge of a number of hadronic quantities and the main goal of large-scale QCD simulations
on the lattice is the ab initio evaluation of the nonperturbative QCD effects in physical
processes. For several quantities relevant for flavor physics phenomenology, lattice QCD
has recently reached the impressive level of precision of O(1%) or even better. Important
examples are the ratio fK/fπ of kaon and pion leptonic decay constants and the K`3 vector
form factor f+(0) [4], which play the central role in the accurate determination of the CKM
entries |Vus/Vud| and |Vus|, respectively. Such lattice computations are typically performed in
the isospin symmetric limit of QCD, in which the up and down quarks are mass degenerate
(mu = md) and electromagnetic (e.m.) effects are neglected (αem = 0).

Isospin breaking effects arise because of radiative corrections and because mu 6= md; the
latter contributions are referred to as strong isospin breaking effects throughout this thesis.
Since both αem and (md−mu)/ΛQCD are of O(1%), IB effects need to be included in lattice
simulations to make further progress in flavor physics phenomenology, beyond the currently
impressive precision obtained in isosymmetric QCD.

Since the electric charges of the up and down quarks are different, the presence of elec-
tromagnetism itself induces a difference in their masses, in addition to any explicit difference
in the bare masses input into the action being simulated. The separation of IB effects into
strong and e.m. components therefore requires a convention. We have discussed this in detail
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in Sec. 1.10, defining QCD in the presence of electromagnetism.
In the previous chapter we have presented a method to compute electromagnetic effects

in hadronic processes. For these quantities the presence of infrared divergences in the in-
termediate stages of the calculation makes the procedure much more complicated than is
the case for the hadronic spectrum, for which calculations in several different approaches [7–
9, 17, 25, 32, 57, 58, 101, 102] already exist. In order to obtain physical decay widths (or cross
sections) diagrams containing virtual photons must be combined with those corresponding
to the emission of real photons. Only in this way are the infrared divergences cancelled.
We stress that it is not sufficient simply to add the electromagnetic interaction to the quark
action because, for any given process, the contributions corresponding to different numbers
of real photons must be evaluated separately.

We have discussed in detail a specific case, namely the O(αem) radiative corrections to
the leptonic decay of charged pseudoscalar mesons. The method can however, be extended
to many other processes, for example to semileptonic decays (see Sec. 3.8). The condition for
the applicability of the proposed strategy is that there is a mass gap between the decaying
particle and the intermediate states generated by the emission of the photon, so that all of
these states have higher energies than the mass of the initial hadron (in the rest frame of
the initial hadron).

In the previous chapter, we have limited the discussion to real photons with energies
which are much smaller than the QCD scale ΛQCD. This is not a limitation of the method
and one can envisage numerical simulations of contributions to the inclusive width from the
emission of real photons with energies which do resolve the structure of the initial hadron.
Such calculations can be performed in Euclidean space under the same conditions as above,
i.e. providing that there is a mass gap, and are currently in progress. In the present chapter
we will present some preliminary results for the axial and vector form factors contributing
to the amplitudes for the radiative decays of pseudoscalar mesons P → `ν̄`γ.

We here illustrate the first implementation of the method so far described in an actual
numerical simulation. The leading e.m. and strong IB corrections to the π+ → µ+νµ(γ) and
K+ → µ+νµ(γ) leptonic decay rates have been evaluated for the first time on the lattice,
using the gauge ensembles produced by the European Twisted Mass Collaboration with
Nf = 2 + 1 + 1 dynamical quarks [13, 16]. The QED effects are included by adopting the
RM123 approach described in Chapter 1. The attractive feature of that approach is that it
allows one naturally to work at first order in isospin breaking, computing the coefficients of
the two small parameters αem and (md−mu)/ΛQCD directly from simulations of isosymmetric
QCD.

Before presenting the details of our lattice calculation, for reader’s reference we briefly
sketch the outline of the adopted strategy. When computing hadronic amplitudes, the
e.m. corrections due to the exchange of a virtual photon and to the emission of a real one can
be computed non-perturbatively, by numerical simulations, on a finite lattice with the cor-
responding uncertainties. The exchange of a virtual photon depends on the structure of the
decaying meson, since all momentum modes are included, and the corresponding amplitude
must therefore be computed non-perturbatively. On the other hand, the non-perturbative
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evaluation of the emission of a real photon is not strictly necessary [10]. Indeed, it is possible
to compute the real emission amplitudes in perturbation theory by limiting the maximum
energy of the emitted photon in the meson rest-frame, ∆Eγ, to a value small enough so
that the internal structure of the decaying meson is not resolved. The IR divergences in
the non-perturbative calculation of the corrections due to the exchange of a virtual photon
are cancelled by the corrections due to the real photon emission even when the latter is
computed perturbatively, because of the universality of the IR behaviour of the theory (i.e.,
the IR divergences do not depend on the structure of the decaying hadron). Such a strategy,
which requires an experimental cut on the energy of the real photon, makes the extraction
of the relevant CKM element(s) cleaner.

In the intermediate steps of the calculation it is necessary to introduce an IR regulator. In
order to work with quantities that are finite when the IR regulator is removed, the inclusive
rate Γ(P+ → `+ν`[γ]) is written as [10]

Γ(P± → `±ν`[γ]) = Γ0 + Γpt
1 (∆Eγ)

= lim
L→∞

[
Γ0(L)− Γpt

0 (L)
]

+ lim
µγ→0

[
Γpt

0 (µγ) + Γpt
1 (∆Eγ, µγ)

]
,

(4.1)

where the subscripts 0, 1 indicate the number of photons in the final state, while the su-
perscript pt denotes the point-like approximation of the decaying meson and µγ is an IR
regulator. In the first term on the r.h.s. of Eq. (4.1) the quantities Γ0(L) and Γpt

0 (L) are
evaluated on the lattice. Both have the same IR divergences which therefore cancel in the
difference. We use the lattice size L as the intermediate IR regulator by working in the
QEDL [54] formulation of QED on a finite volume. The difference

[
Γ0 − Γpt

0

]
is independent

of the regulator as this is removed [88]. As already pointed out, since all momentum modes
contribute to it, Γ0(L) depends on the structure of the decaying meson and must be com-
puted non-perturbatively. The numerical determination of Γ0(L) for several lattice spacings,
physical volumes and quark masses is indeed the focus of our study.

In the second term on the r.h.s. of Eq. (4.1) P is a point-like meson and both Γpt
0 (µγ)

and Γpt
1 (∆Eγ, µγ) can be calculated directly in infinite volume in perturbation theory, using

a photon mass µγ as the IR regulator. Each term is IR divergent, but the sum is conver-
gent [11] and independent of the IR regulator. In Refs. [10] and [88] the explicit perturbative
calculations of

[
Γpt

0 + Γpt
1 (∆Eγ)

]
and Γpt

0 (L) have been performed with a small photon mass
µγ or by using the finite volume respectively, as the IR cutoffs (see, e.g., Secs. 3.5 and 3.6).

In Ref. [16] we have calculated the e.m. and IB corrections to the ratio of Kµ2 and πµ2

decay rates of charged pions and kaons into muons [16], using the Nf = 2+1+1 ETMC gauge
ensembles [45, 65] in the quenched QED (qQED) approximation in which the charges of the
sea quarks are set to 0. The ratio is less sensitive to various sources of uncertainty than the IB
corrections to πµ2 and Kµ2 decay rates separately. In Ref. [13], we have evaluated the e.m. and
strong IB corrections to the decay processes πµ2 and Kµ2 separately. Since the corresponding
experimental rates are fully inclusive in the real photon energy, structure-dependent (SD)
contributions to the real photon emission should be included, however according to the ChPT
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predictions of Ref. [103] these SD contributions are negligible for both kaon and pion decays
into muons (see the bottom right panels of Figs. 3.7.1 and 3.7.2 in Sec. 3.7). The same is
not true to the same extent for decays into final-state electrons and so in our calculations we
have focused on decays into muons. The SD contributions to Γ1 are being investigated in an
ongoing dedicated lattice study of light and heavy P -meson leptonic decays and preliminary
results will be presented at the end of this chapter (see Sec. 4.6 later on).

The main results of the calculation are presented in Sec. 4.5 together with a detailed
discussion of their implications. Here, we anticipate some key results: After extrapolation
of the data to the physical pion mass, and to the continuum and infinite-volume limits, the
isospin-breaking corrections to the leptonic decay rates can be written in the form:

Γ(π± → µ±νµ[γ]) = (1.0153± 0.0019) Γ(0)(π± → µ±νµ), (4.2)

Γ(K± → µ±νµ[γ]) = (1.0024± 0.0010)Γ(0)(K± → µ±νµ) , (4.3)

where Γ(0) is the leptonic decay rate at tree level in the Gasser-Rusetsky-Scimemi scheme [46]
(see Sec. 1.10.2.2 below). The corrections are about 1.6% for the pion decays and 0.3% for
the kaon decay, in line with naive expectations. Taking the experimental value of the rate
for the Kµ2 decay, Eq. (4.3) together with Γ(0)(K± → µ±νµ) obtained using the lattice
determination of the kaon decay constant we obtain |Vus| = 0.22567(42), in agreement with
the latest estimate |Vus| = 0.2253(7), recently updated by the PDG [3] but with better
precision. Alternatively, by taking the ratio of Kµ2 and πµ2 decay rates and the updated
value |Vud| = 0.97420 (21) from super-allowed nuclear beta decays [15], we obtain |Vus| =
0.22538(46). The unitarity of the first row of the CKM matrix is satisfied at the per-mille
level; e.g. taking the value of Vus from the ratio of decay rates and |Vub| = 0.00413(49) [3],
we obtain |Vud|2 + |Vus|2 + |Vub|2 = 0.99988(46). See Sec. 4.5 for a more detailed discussion
of our results and their implications.

The plan for the remainder of this chapter is as follows. In Sec. 4.2 we present the
calculation of the relevant amplitudes using the RM123 approach. The renormalization of
the bare lattice operators necessary to obtain the effective weak Hamiltonian in the W -
regularization scheme is performed in Sec. 4.3, while the subtraction of the universal IR-
divergent finite volume effects (FVEs) is described in Sec. 4.4. The lattice data for the
e.m. and strong IB corrections to the leptonic decay rates of pions and kaons are extrapolated
to the physical pion mass, to the continuum and infinite volume limits in Sec. 4.5.

4.2 Evaluation of the amplitudes

At first order in αem and (md −mu)/ΛQCD the inclusive decay rate (4.1) can be written as

Γ(P± → `±ν̄`[γ]) = ΓQCD ·
[
1 + δRP

]
+O

[
α2

em, (md −mu)
2, αem(md −mu)

]
, (4.4)

where ΓQCD is the tree-level decay rate given by

ΓQCD =
G2
F

8π
|Vq1q2|2m2

`

(
1− m2

`

M
(0) 2
P

)2

f
(0) 2
P M

(0)
P , (4.5)
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Figure 4.2.1: Feynman diagram for the process K+ → `+ν`. In the effective theory the interaction is given
by a local four-fermion operator denoted by the two full dots in the figure.

and M
(0)
P and f

(0)
P are the mass and decay constant of the charged P -meson mass defined in

isosymmetric QCD in the chosen scheme.
The decay constant f

(0)
P is defined in terms of the matrix element of the QCD axial

current A
(0)
P (in the continuum) as

A
(0)
P ≡ 〈0|q̄2γ0γ5q1|P (0)〉 ≡ f

(0)
P M

(0)
P , (4.6)

where the initial state meson P (0) is at rest. The decay rate is obtained from the insertion
of the lowest-order effective Hamiltonian

HW =
GF√

2
V ∗q1q2 O1 =

GF√
2
V ∗q1q2

(
q̄2γµ(1− γ5)q1

) (
ν̄`γ

µ(1− γ5)`
)
, (4.7)

as depicted in the Feynman diagram of Fig. 4.2.1, where the decay of a charged kaon is
shown as an example. At lowest order in αem the two full dots in the figure represent the
two currents in the bare four-fermion operator

O1 =
(
q̄2γµ(1− γ5)q1

) (
ν̄`γ

µ(1− γ5)`
)
, (4.8)

whereas at order αem they will denote the insertion of the renormalized operator in the
W-regularization as defined in Sec. 3.2.

In order to compare our results for the e.m. and strong IB corrections to those obtained
in Ref. [22] and adopted by the PDG [3, 104] however, we will use a modified expression:

Γ(P± → `±ν̄`[γ]) = Γ(0) · [1 + δRP ] +O
[
α2

em, (md −mu)
2, αem(md −mu)

]
, (4.9)

where Γ(0) is given by

Γ(0) =
G2
F

8π
|Vq1q2|2m2

`

(
1− m2

`

M2
P

)2 [
f

(0)
P

]2

MP , (4.10)

and MP is the physical mass of the charged P -meson including both e.m. and leading-order
strong IB corrections.

The quantity δRP encodes both the e.m. and the strong IB leading-order corrections
to the tree-level decay rate. Its value depends on the prescription used for the separation
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2. EVALUATION OF THE AMPLITUDES

between the QED and QCD corrections, while the quantity

F2
P ≡

Γ(P± → `±ν̄`[γ])

G2
F

8π
|Vq1q2|2m2

`

(
1− m2

`

M2
P

)2

MP

=
[
f

(0)
P

]2

(1 + δRP ) (4.11)

is prescription independent [48] to all orders in both αem and (md −mu).
The quantity Fπ may be used to set the lattice scale instead of the Ω baryon mass. The

physical value Fphys
π can be obtained by taking the experimental pion decay rate Γ(π− →

µ−ν̄µ[γ]) = 3.8408(7) · 107 s−1 from the PDG [3] and the result for |Vud| = 0.97420(21)
determined accurately from super-allowed β-decays in Ref. [15]. Consequently, one may
replace MΩ with Fπ (as the denominator of the ratios R1,...,4 in Eqs. (1.84)), Mπ+ with Mπ0

in the ratio R1 (when working at leading order in αem) and set the electron charge directly
to its Thomson’s limit (instead of using the ratio R5), namely

R1(aN ; gs, e,m) =
aMπ0

aFπ
(aN ; gs, e,m) ,

R2(aN ; gs, e,m) =
aMK0

aFπ
(aN ; gs, e,m)

R3(aN ; gs, e,m) =
aMDs

aFπ
(aN ; gs, e,m) ,

R4(aN ; gs, e,m) =
aMK+ − aMK0

aFπ
(aN ; gs, e,m) . (4.12)

Note that for the present study we were unable to use MΩ to determine the lattice
spacing because the corresponding baryon correlators were unavailable. The choice of using
Fπ instead to set the scale clearly prevents us from being able to predict the value of |Vud|.
As already explained above, in this work we renormalize the QCD theory using the same
set of hadronic inputs adopted in our quark-mass analysis in Ref. [66], since we started the
present calculations using the RM123 method on previously generated isosymmetric QCD
gauge configurations from ETMC (see Sec. 2.2). The bare parameters of these QCD gauge

ensembles were fixed in Ref. [66] by using the hadronic scheme corresponding to M
(0),FLAG
π =

134.98 MeV, M
(0),FLAG
K = 494.2(3) MeV and f

(0),FLAG
π = 130.41(20) MeV, while M

(0)
Ds

was
chosen to be equal to the experimental D+

s -meson mass, MD+
s

= 1969.0(1.4) MeV [3]. Note
that in the absence of QED radiative corrections Fπ reduces to the conventional definition
of the pion decay constant f

(0)
π . The superscript FLAG has been used because the chosen

values of three out of the four hadronic inputs had been suggested in the previous editions
of the FLAG review [4]. For this reason we refer to the scheme defined from these inputs as
the FLAG scheme.

We have calculated the same input parameters (4.12) used in the FLAG scheme also in

the GRS scheme (corresponding to the MS scheme at µ = 2 GeV) obtaining: M
(0),GRS
π =

135.0(2) MeV,M
(0),GRS
K = 494.6(1) MeV,M

(0),GRS
Ds

= 1966.7(1.5) MeV and f
(0),GRS
π = 130.65(12) MeV

(see Eqs. (2.16), (2.17), (2.19) in Sec. 2.1 and Eq. (4.70) in Sec. 4.5 below). Therefore, the
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values of the inputs determined in the GRS scheme differ at most by ∼ 0.15% from the
corresponding values adopted in Ref. [66] for the isosymmetric QCD theory and the differ-
ences are at the level of our statistical precision. Thus, the result of our analysis of the
scheme dependence can be summarized by the conclusion that the FLAG and GRS schemes
can be considered to be equivalent at the current level of precision. Nevertheless, we have
used the results of this analysis to estimate the systematic error on our final determinations
of the isospin breaking corrections δRP induced by residual scheme uncertainties (see the
discussion at the end of Sec. 4.5).

In light of this quantitative analysis, given the numerical equivalence of the two schemes
at the current level of precision, in the rest of the chapter we shall compare our results
obtained in the GRS scheme with the results obtained by other groups using the FLAG
scheme and we shall not use superscripts to distinguish between the two schemes.

The correction δRP , defined in Eq. (4.9), is given by (see Ref. [10])

δRP =
αem

π
log

(
M2

Z

M2
W

)
+ 2

δAP

A
(0)
P

− 2
δMP

M
(0)
P

+ δΓ
(pt)
P (∆Eγ) , (4.13)

where

i) the term containing log(M2
Z/M

2
W ) comes from the short-distance matching (3.9) be-

tween the full theory (the Standard Model) and the effective theory in theW -regularization [12];

ii) the quantity δΓ
(pt)
P (∆Eγ) represents the O(αem) correction to the tree-level decay rate

for a point-like meson (see Eq. (4.1)), which can be read off from Eq. (3.54). The cut-
off on the final-state photon’s energy, ∆Eγ, must be sufficiently small for the point
like-approximation to be valid;

iii) δAP is the e.m. and strong IB correction to the decay amplitude P → `ν with the
corresponding correction to the amplitude with a point-like meson subtracted (this

subtraction term is added back in the term δΓ
(pt)
P (∆Eγ), see Eq. (4.1)).

iv) δMP are the e.m. and strong IB corrections to the mass of the P -meson. The correction

proportional to 2 δMP/M
(0)
P is present because of the definition of f

(0)
P in terms of the

amplitude and of the meson mass in Eq. (4.6).

Since we adopt the qQED approximation, which neglects the effects of the sea-quark electric
charges, the calculation of δAP and δMP only requires the evaluation of the connected
diagrams. These are shown in Figs. 4.2.1 - 4.2.5 for the case of K`2 decays. At O(αem)
the diagram in Fig. 4.2.1 corresponds to the insertion of the operator renormalized in the
W-renormalization scheme.

In Eq. (4.13) δAP and δMP contain both the e.m. and the strong IB leading-order cor-
rections

δAP = δAWP + δASIB
P +

∑

i=J,T,P,S

δAiP + δA`P + δA`,self
P , (4.14)

δMP = δMSIB
P +

∑

i=J,T,P,S

δM i
P , (4.15)
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(b)
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(c)

K+
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(d)

K+

s

u

ℓ+

νℓ

(e)

Figure 4.2.2: Connected diagrams contributing at O(αem) to the K+ → `+ν` decay amplitude, in which
the photon is attached to quark lines: (a) exchange, (b, c) self-energy and (d, e) tadpole diagrams. The labels
are introduced to identify the individual diagrams when describing their evaluation in the text.

K+

s

u

ℓ+

νℓ

(a)

K+

s

u

ℓ+

νℓ

(b)

Figure 4.2.3: Connected diagrams contributing at O(αem) to the K+ → `+ν` decay amplitude corresponding
to the insertion of the pseudoscalar density related to the e.m. shift of the critical mass, δmcrit

f , determined
in Ref. [7] (see Sec. 2.3.1).

where δAWP is the e.m. correction from both the matching of the four-fermion lattice weak
operator to the W-renormalization scheme and from the mixing with several bare lattice
four-fermion operators generated by the breaking of chiral symmetry with the twisted-mass
fermion action which we are using. Both the matching and the mixing will be discussed
and calculated in Sec. 4.3. As already pointed out, the renormalized operator, defined in the
W-renormalization scheme, is inserted in the diagram of Fig. 4.2.1. As for the diagrams of
Figs. 4.2.2 - 4.2.5, which are already of order O(αem) and O((md −mu)/ΛQCD), it is sufficient
to insert the weak current operator renormalized in QCD only.
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K+
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ℓ+
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(a)

K+
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u

ℓ+
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(b)

Figure 4.2.4: Connected diagrams contributing at O(αem) and O(md − mu) to the K+ → `+ν` decay
amplitude related to the insertion of the scalar density (see Ref. [7]).

K+

s

u

ℓ+

νℓ

(a)
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(b)

K+
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u

ℓ+

νℓ
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Figure 4.2.5: Connected diagrams contributing at O(αem) to the K+ → `+ν` decay amplitude corresponding
to photon exchanges involving the final-state lepton.

In Eqs. (4.14) and (4.15) the quantity δASIB
P (δMSIB

P ) represents the strong IB corrections
proportional to md−mu and to the diagram of Fig. 4.2.4(b), while the other terms are QED
corrections coming from the insertions of the e.m. current and tadpole operators, of the
pseudoscalar and scalar densities (see Refs. [8, 9]). The term δAJP (δMJ

P ) is generated by
the diagrams of Fig. 4.2.2(a-c), δATP (δMT

P ) by the diagrams of Fig. 4.2.2(d-e), δAPP (δMP
P )

by the diagrams of Fig. 4.2.3(a-b) and δASP (δMS
P ) by the diagrams of Fig. 4.2.4(a-b). The

term δA`P corresponds to the exchange of a photon between the quarks and the final-state
lepton and arises from the diagrams in Fig. 4.2.5(a-b). The term δA`,self

P corresponds to the
contribution to the amplitude from the lepton’s wave function renormalization; it arises from
the self-energy diagram of Fig. 4.2.5(c). The contribution of this term cancels out in the
difference Γ0(L)−Γpt

0 (L) and could be therefore omitted, as explained Sec. 3.3. The different
insertions of the scalar density encode the strong IB effects together with the counter terms
necessary to fix the masses of the quarks. The insertion of the pseudoscalar density is peculiar
to twisted mass quarks and would be absent in standard Wilson (improved) formulations of
QCD.

In the following subsection we discuss the calculation of all the diagrams that do not in-
volve the photon attached to the charged lepton line. The determination of the contributions
δA`P and δA`,self

P will be described later in subsection 2.2.
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2. EVALUATION OF THE AMPLITUDES

4.2.1 Quark-quark photon exchange diagrams and

scalar and pseudoscalar insertions

The terms δAiP and δM i
P (i = J, T, P, S) can be extracted from the following correlators:

δCJ
P (t) = 4παem

1

2

∑

~x,y1,y2

〈0|T
{
JρW (0) Jµ(y1)Jν(y2) φ†P (~x,−t)

}
|0〉∆µν(y1, y2)

pρP
MP

(4.16)

δCT
P (t) = 4παem

∑

~x,y

〈0|T
{
JρW (0) Tµ(y) φ†P (~x,−t)

}
|0〉∆µµ(y, y)

pρP
MP

, (4.17)

δCP
P (t) = 4παem

∑

f=f1,f2

δmcrit
f ·

∑

~x,y

〈0|T
{
JρW (0) iqf (y)γ5qf (y) φ†P (~x,−t)

}
|0〉 p

ρ
P

MP

(4.18)

δCS
P (t) = −4παem

∑

f=f1,f2

mf
Zf
Zm
·
∑

~x,y

〈0|T
{
JρW (0)

[
qf (y)qf (y)

]
φ†P (~x,−t)

}
|0〉 p

ρ
P

MP

,

(4.19)

where ∆µν(y1, y2) is the photon propagator, JρW (x) is the local version of the hadronic (V −A)
weak current renormalized in QCD only1

JρW (x) = qf2(x)γρ
[
Z

(0)
V − Z

(0)
A γ5

]
qf1(x) , (4.20)

and Jµ and Tµ are the lattice conserved e.m. current2 and the tadpole operator, respectively,

defined in Eqs. (1.31), (1.39). In Eqs. (4.16) - (4.19) φ†P (~x,−t) = iqf1(~x,−t)γ5qf2(~x,−t) is the
interpolating field for a P -meson composed by two valence quarks f1 and f2 with charges e1e
and e2e. The Wilson r-parameters rf1 and rf2 are always chosen to be opposite rf1 = −rf2 .
We have also chosen to place the weak current at the origin and to create the P -meson at a
negative time −t, where t and T − t are sufficiently large to suppress the contributions from
heavier states and from the backward propagating P -meson (this latter condition may be
convenient but is not necessary). In Eq. (4.19) Zm is the mass RC in pure QCD, which for our
maximally twisted-mass setup is given by Zm = 1/ZP , where ZP is the RC of the pseudoscalar
density determined in Ref. [66]. The quantity Zf is related to the e.m. correction to the mass
RC according to Eq. (2.33). The values of the coefficients Zfact

m , corresponding to the non-
factorisable e.m. corrections to the mass RC, are collected in Table V.

Analogously, the term [δAP ]SIB and [δMP ]SIB can be extracted from the correlator

δCSIB
P (t) = −

∑

f=f1,f2

m̂f −mf

Zm
·
∑

~x,y

〈0|T
{
Jρw(0)

[
qf (y)qf (y)

]
φ†P (~x,−t)

}
|0〉 p

ρ
P

MP

, (4.21)

1In our maximally twisted-mass setup, in which the Wilson r-parameters rf1 and rf2 are always chosen
to be opposite rf1 = −rf2 , the vector (axial) weak current in the physical basis renormalizes multiplicatively

with the RC ZA (ZV ) of the axial (vector) current for Wilson-like fermions, i.e. Z
(0)
V = ZA and Z

(0)
A = ZV

(see Appendix 6.2).
2The use of the conserved e.m. current guarantees the absence of additional contact terms in the product

Jµ(y1)Jν(y2).
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where, following the notation of Ref. [7], we indicate with m̂f and mf the renomalized masses
of the quark with flavor f in the full theory and in isosymmetric QCD only, respectively. We
stress again that the separation between QCD and QED corrections is prescription dependent
and in this work we adopt the GRS prescription of Refs. [7, 9, 16], where

m̂u(MS, 2 GeV) + m̂d(MS, 2 GeV) = 2m̂ud(MS, 2 GeV) = 2mud(MS, 2 GeV) ,

m̂s(MS, 2 GeV) = ms(MS, 2 GeV) , m̂c(MS, 2 GeV) = mc(MS, 2 GeV) .

(4.22)

Thus, in Eq. (4.21), the only relevant quark mass difference is m̂d − mud = −(m̂u − mud),
whose value in the (MS, 2 GeV) scheme was found to be equal to 1.19 (9) MeV [7] (see
Eq. (2.66)) using as inputs the experimental values of the charged and neutral kaon masses.

Following Ref. [9] we form the ratio of δCi
P (t) with the corresponding tree-level correlator

C
(0)
P (t) =

∑

~x

〈0|T
{
JρW (0)φ†P (~x,−t)

}
|0〉 p

ρ
P

MP

(4.23)

and at large time distances t we obtain (i = J, T, P, S,QCD)

δC i
P (t)

C
(0)
P (t)

−−−−−−−−−−→
t�a,(T−t)�a

δ[Gi
PA

i
P ]

G
(0)
P A

(0)
P

+

δM i
P

M
(0)
P

[
M

(0)
P

(
T

2
− t
)
e−M

(0)
P t + e−M

(0)
P (T−t)

e−M
(0)
P t − e−M(0)

P (T−t)
− 1−M (0)

P

T

2

]
(4.24)

where
G

(0)
P ≡ 〈0|φP (0)|P (0)〉 (4.25)

is the coupling of the interpolating field of the P -meson with its ground-state in isosymmetric
QCD. The term proportional to δM i

P in the r.h.s. of Eq. (4.24) is related to the e.m. and
strong IB corrections of the meson mass.

The function in the square brackets on the r.h.s. of Eq. (4.24) is an almost linear function
of t. Thus, the correction to the P -meson mass, δM i

P , can be extracted from the slope

of the ratio δC i
P (t)/C

(0)
P (t) and the quantity δ[Gi

PA
i
P ] from its intercept. As explained in

Ref. [10], in order to obtain the quantity δAiP the correction δGi
P is separately determined

by evaluating a correlator similar to those of Eqs. (4.16) - (4.19), in which the weak operator
JρWp

ρ
P/MP is replaced by the P -meson interpolating field φP .

For illustration, in Fig. 4.2.6 we show the ratios Ci
P for the charged kaon (P = K) ob-

tained from the ensemble D20.48 (see Sec. 2.2). The top panel contains the ratio δCSIB
K (t)/C

(0)
K (t),

the ratio δCJ
K(t)/C

(0)
K (t) is shown in the middle panel and the ratios δCT

K(t)/C
(0)
K (t) and

δCP
K(t)/C

(0)
K (t) are presented in the bottom panel.

We find: i) the contributions δCT
K(t)/C

(0)
P (t) and δCP

K(t)/C
(0)
P (t) are separately large,

but strongly correlated, since the tadpole insertion dominates the values of the e.m. shift of
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Figure 4.2.6: Top panel: The strong IB correction δCSIB
K (t)/C

(0)
K (t) for the charged kaon obtained on

the ensemble D20.48 (see Sec. 2.2). The solid line is the “linear” fit (4.24) applied in the time inter-
val where the ground-state is dominant. Middle panel: contributions of the exchange (4.2.2a) and self-
energy (4.2.2b)+(4.2.2c) diagrams. The circles represent the sum (4.2.2a)+(4.2.2b)+(4.2.2c), i.e. the

ratio δCJK(t)/C
(0)
K (t). Bottom panel: contributions of the tadpole operator δCTK(t)/C

(0)
K (t), i.e. diagrams

(4.2.2d)+(4.2.2e), and of the e.m. shift of the critical mass δCPK(t)/C
(0)
K (t), i.e. diagrams (4.2.3a)+(4.2.3b).

The sum δ[CTK(t)+CPK(t)]/C
(0)
K (t), shown by the circles, is non vanishing and it is determined quite precisely

(see the right-hand plot where it is presented on an expanded scale). Errors are statistical only.

the critical mass δmcrit
f (see Sec. 2.3.1). In the chiral limit they would cancel, but at finite

masses the sum is small and linear in t. Because of the correlations it can nevertheless,
be determined quite precisely (see the bottom right-hand plot of Fig. 4.2.6) where the sum
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is presented on an expanded scale. ii) the time dependence of the ratio δCJ
K(t)/C

(0)
K (t) is

almost linear in the time interval where the ground state is dominant.

4.2.2 Crossed diagrams and lepton self-energy

The evaluation of the diagrams 4.2.5(a) - (b), corresponding to the term δA`P in Eq. (4.14),
can be obtained by studying the correlator [10]

δC`
P (t) = −4παem

∑

~x,x1,x2

〈0|T
{
JρW (0)Jµ(x1)φ†P (~x,−t)

}
|0〉∆µν(x1, x2)eE`t2−i~p`·~x2

· u(pν)γρ(1− γ5)S`(0, x2)γνv(p`)

[
v(p`)γσ(1− γ5)u(pν)

pσP
MP

]
, (4.26)

where S`(0, x2) stands for the free twisted-mass propagator of the charged lepton. For the
numerical analysis we have found it to be convenient to saturate the Dirac indices by inserting
on the r.h.s. of Eq. (4.26) the factor [v(p`)γσ(1− γ5)u(pν)], which represents the lowest order
“conjugate” leptonic (V − A) amplitude, and to sum over the lepton polarizations. In this
way we are able to study the time behaviour of the single function δC`

P (t).
The corresponding correlator at lowest order (O(α0

em)) is

C
`(0)
P (t) =

∑

~x

〈0|T
{
JρW (0)φ†P (~x,−t)

}
|0〉 u(pν)γρ(1− γ5)v(p`)

[
v(p`)γσ(1− γ5)u(pν)

pσP
MP

]
.

(4.27)
In Eqs. (4.26) and (4.27) the contraction between the weak hadronic current JρW (0) [see
Eq. (4.20)] and its leptonic (V −A) counterpart gives rise to two terms corresponding to the
product of either the temporal or spatial components of these two weak currents, which are
odd and even under time reversal, respectively. Thus, on a lattice with finite time extension
T , for t� a and (T − t)� a one has

δC`
P (t) −−−−−−−−−−→

t�a,(T−t)�a
G

(0)
P

2M
(0)
P

4∑

j=0

δA`,jP X`,j
P

[
e−M

(0)
P t + sje

−M(0)
P (T−t)

]
, (4.28)

where s0 = −1, s1,2,3 = 1 and

X`,j
P = Tr

[
γj(1− γ5)``γ0(1− γ5)νν

]
(4.29)

is the relevant leptonic trace evaluated on the lattice using for the charged lepton the free
twisted-mass propagator and for the neutrino the free Wilson propagator in the P -meson
rest frame [pσP = (MP ,~0)].

Similarly, for the lowest-order correlator one has

C
`(0)
P (t) −−−−−−−−−−→

t�a,(T−t)�a
G

(0)
P

2M
(0)
P

A
(0)
P X`,0

P

[
e−M

(0)
P t − e−M(0)

P (T−t)
]
, (4.30)
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where A
(0)
P is the renormalized axial amplitude evaluated on the lattice in isosymmetric QCD

in the P -meson rest frame, namely

Z
(0)
A 〈0|q̄2γjγ5q1|P (0)〉 = δj,0A

(0)
P . (4.31)

The effect of the different signs of the backward-propagating signal in Eq. (4.28) can be
removed by introducing the following new correlators:

δC
`

P (t) ≡ 1

2

{
δC`

P (t) +
δC`

P (t− 1)− δC`
P (t+ 1)

eM
(0)
P − e−M(0)

P

}
−−−−−−−−−−→
t�a,(T−t)�a δA

`
P X

`,0
P

G
(0)
P

2M
(0)
P

e−M
(0)
P t ,

C
`(0)

P (t) ≡ 1

2

{
C
`(0)
P (t) +

C
`(0)
P (t− 1)− C`(0)

P (t+ 1)

eM
(0)
P − e−M(0)

P

}
−−−−−−−−−−→
t�a,(T−t)�a A

(0)
P X`,0

P

G
(0)
P

2M
(0)
P

e−M
(0)
P t ,

(4.32)

where

δA`P =
1

X`,0
P

4∑

j=0

δA`,jP X`,j
P . (4.33)

Thus, the quantity δA`P/A
(0)
P can be extracted from the plateau of the ratio δC

`

P (t)/C
`(0)

P (t)
at large time separations, viz.

δC
`

P (t)

C
`(0)

P (t)
−−−−−−−−−−→
t�a,(T−t)�a

δA`P

A
(0)
P

. (4.34)

Note that the diagrams in Fig. 4.2.5(a) - (b) do not contribute to the electromagnetic correc-
tions to the masses of the mesons and therefore the ratio (4.34) has no slope in t in contrast
to the ratios (4.24). Moreover, the explicit calculation of X`,j

P on the lattice is not required.
In terms of the lattice momenta ap̃` and ap`, defined as

ap̃` =

√ ∑

k=1,2,3

sin2 (ap`k) , (4.35)

ap` = 2

√ ∑

k=1,2,3

sin2
(ap`k

2

)
, (4.36)

the energy-momentum dispersion relations for the charged lepton and the neutrino in the
P -meson rest frame are given by

aẼ` = 2 arcsinh

[
1

2

√
a2m2

` + a2p̃2
` + a4p4

`/4

1 + a2p2
`/2

]
, (4.37)

aẼν = arcsinh(ap̃`) . (4.38)
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The 3-momentum of the final-state lepton ~p` (~pν = −~p`) must be chosen to satisfy the
equation

Ẽ` + Ẽν = M
(0)
P . (4.39)

Thus, for any given simulated P -meson mass M
(0)
P , the 3-momentum ~p` = |~p`|(1, 1, 1), is cal-

culated from Eq. (4.39) and is injected on the lattice using non-periodic boundary conditions
[105, 106] for the lepton field. A simple calculation yields

X`,0
P = Tr

[
γ0(1− γ5)``γ0(1− γ5)νν

]
= 8ap̃`

[
sinh(aẼ`)− ap̃`

]
. (4.40)

In Fig. 4.2.7 we show the correlators C
µ(0)
π (t), δCµ

π (t), C
µ(0)

π (t) and δC
µ

π(t) for πµ2 decays,
multiplied by the ground-state exponential. These were obtained on the gauge ensembles
A40.24 and D30.48 of Sec. 2.2. The subtraction of the backward signals, needed for extracting
directly the quantity δA`P given by Eq. (4.33), is beneficial also for extending the time region

from which δA`P (as well as the ratio δA`P/A
(0)
P ) can be determined.

The quality of the signal for the ratio δC
µ

P (t)/C
µ(0)

P (t) is illustrated in Fig. 4.2.8 for
charged kaon and pion decays into muons for the case of the ensembles B55.32 and D30.48.

The calculation of the correction due to the diagram 4.2.5(c) is straightforward, since it

is obtained by simply multiplying the lowest order amplitude, A
(0)
P , by the one-loop lepton

self-energy evaluated on the lattice.

4.3 Renormalization of the effective Hamiltonian

When inserted into the expression for amplitude for the decay P → `ν, the term of or-
der αem of the renormalized operator OW-reg

1 (MW ) of Eq. (3.27) given in Sec. 3.2.3, namely
δOW-reg

1 (MW ) = OW-reg
1 (MW )−Oχ

1 , provides the contribution denoted as δAWP in Eq. (4.14)

δAWP = −
〈0|Tr

{
δOW-reg

1 (MW )`γ0(1− γ5)ν
}
|P (0)〉

X`,0
P

, (4.41)

where X`,0
P is the leptonic trace defined in Eq. (4.40). We then note that Oχ

1 and Oχ
2 defined in

Eq. (3.25) and entering in Eq. (3.27) give opposite contributions to the tree-level amplitude,
i.e.

〈0|Tr
{
Obare

1 `γ0(1− γ5)ν
}
|P (0)〉 = −〈0|Tr

{
Obare

2 `γ0(1− γ5)ν
}
|P (0)〉 = −A(0)

P X`,0
P , (4.42)

with A
(0)
P given in Eq. (4.31) . Therefore, after averaging the amplitude over the values of

the parameter r = ±1, in order to cancel out the contribution of the mixing with O3 and
O4, one obtains

δAWP = ZW-regA
(0)
P , (4.43)
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Figure 4.2.7: Time dependence of the correlators C
µ(0)
π (t) (left panels) and δCµπ (t) (right panels) for πµ2

decays. These are given in lattice units and multiplied by the ground-state exponential, and were obtained from
gauge ensemble A40.24 (top panels) and D30.48 (bottom panels). The blue squares represent the correlators

δC
µ

π(t) and C
µ(0)

π (t) given by Eqs. (4.32) - (4.32). Errors are statistical only. For details of the simulations
Sec. 2.2.

with

ZW-reg =
αem

4π

[
2

(
1− αs(1/a)

4π

)
log
(
a2M2

W

)
− 15.0032 + η11(αs(1/a))− η12(αs(1/a))

]
.

(4.44)
As already noted, the contribution δAWP of the matching factor at order αem to the decay

amplitude, expressed by Eqs. (4.43) and (4.44), is gauge independent. It then follows that
also the order αem contribution of the bare diagrams to the amplitude, expressed by the other
terms in Eq. (4.14), is by itself gauge independent. Therefore, we can numerically evaluate
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Figure 4.2.8: Results for the ratio δC
µ

P (t)/C
µ(0)

P (t), given by Eq. (4.34), for Kµ2 and πµ2 decays obtained
from the gauge ensembles B55.32 (top panel) and D30.48 (bottom panel). The vertical dashed lines indicate

the time region used for the extraction of the ratio δAµP /A
(0)
P . Errors are statistical only.

the two contributions separately by making different choices for the gluon and the photon
gauge in the two cases 3. In particular, we have chosen to compute the matching factor

3It should be noted, however, that while ZW-reg of Eq. (4.44) is gauge independent at any order of
perturbation theory, its actual numerical value may display a residual gauge dependence due to higher order
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3. RENORMALIZATION OF THE EFFECTIVE HAMILTONIAN

ZW-reg of Eq. (4.44) in the Landau gauge for both gluons and photons, because this makes
RI’ equivalent to RI up to higher orders in the perturbative expansions. On the other hand,
in the calculation of the physical amplitudes described in Sec. 4.2 we have used a stochastic
photon generated in the Feynman gauge, which has been adopted also in the calculation of
Γpt

0 (L) in Ref. [88] (see Sec. 3.6).
As already discussed, when we compute the difference Γ0(L) − Γpt

0 (L) in Eq. (4.1) at
leading order in αem, the contribution from the lepton wave function RC cancels out provided,
of course, it is evaluated in Γ0(L) and Γpt

0 (L) in the same W-regularization scheme and in
the same photon gauge. Since Γpt

0 (L) has been computed in Ref. [88] by omitting the lepton
wave function RC contribution in the Feynman gauge, we have to subtract the analogous
contribution from Eq. (4.44) in the Feynman gauge. The QCD and QED corrections to
the the lepton wave function RC at O(αem) factorize, so that their contribution does not
enter into the non-perturbative determination of the matrix η, which only contains, by its
definition, non-factorisable QCD+QED contributions. Therefore, as discussed in Sec. 3.3,
the subtraction of the lepton wave function RC only requires the replacement of ZW-reg in
Eq. (4.44) by the subtracted matching factor [10]

Z̃W-reg = ZW-reg − 1

2
δZW-reg

` , (4.45)

where
δZW-reg

` =
αem

4π

[
− log

(
a2M2

W

)
− 13.3524

]
. (4.46)

We have verified with an explicit calculation that the contribution to the matching given in
Eq. (4.46) is the same whether evaluated for an on-shell or an off-shell external lepton. The
final expression to be used in Eq. (4.14) is therefore

δAWP = Z̃W-regA
(0)
P , (4.47)

with

Z̃W-reg =
αem

4π

[(
5

2
− 2

αs(1/a)

4π

)
log
(
a2M2

W

)
− 8.3270 + η11(αs(1/a))− η12(αs(1/a))

]
.

(4.48)
To make contact with the factorization approximation introduced in Refs. [7, 37], we

rewrite Eq. (4.48) as
Z̃W-reg ≡ Z fact · ZW-reg

η=0 (4.49)

where ZW-reg
η=0 is the result in the factorization approximation (i.e. with η = 0)

ZW-reg
η=0 =

αem

4π

[(
5

2
− 2

αs(1/a)

4π

)
log
(
a2M2

W

)
− 8.3270

]
, (4.50)

terms in the non-perturbative determination of η11 which are neglected in the perturbatively evaluated
matching coefficient.
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and Z fact is the factor correcting the result for Z̃W-reg to include the entries of the matrix η

Z fact ≡ 1 +
αem

4π

η11(αs(1/a))− η12(αs(1/a))

ZW-reg
η=0

. (4.51)

The values of the coefficients ZW-reg
η=0 and Z fact are collected in Table VI for the three values

of the inverse coupling β adopted in this work and for µ = 1/a. The two methods M1 and
M2 correspond to different treatments of the O(a2µ2) discretization effects and are described
in Ref. [66]. The difference of the results obtained with these two methods enters into the
systematic uncertainty labelled as ()input in Sec. 4.5 below. The results in Table VI show that
the non-factorisable corrections are significant, of O(12 - 25%) for ZW-reg.

Z fact

β ZW-reg
η=0 Method M1 Method M2

1.90 0.00542 (11) 1.184 (11) 1.126 (7)
1.95 0.00519 (10) 1.172 (9) 1.123 (5)
2.10 0.00440 (7) 1.160 (6) 1.136 (4)

Table VI: Values of the coefficients ZW-reg
η=0 (see Eq. (4.50)) and Zfact (see Eq. (4.51)) calculated for the

three values of the inverse coupling β adopted in this work and for µ = 1/a. The evaluation of the RCs in
the RI’-MOM scheme has been carried using the methods M1 and M2 of Ref. [66].

We close this section by noting that Eq. (4.13) implies that the contribution to δRP from
the matching factor in Eq. (4.47) is 2Z̃W-reg. Such a term is mass independent. Thus, all
the matching and mixing contributions to the axial amplitude in Eq. (4.14) cancel exactly
in the difference between the corrections corresponding to two different channels, e.g. in
δRK − δRπ. A similar cancelation also occurs in the difference between the corrections to
the amplitudes corresponding to the meson P decaying into two different final-state leptonic
channels.

4.4 Finite volume effects at order O(αem)

The subtraction Γ0(L)−Γpt
0 (L) in Eq. (4.1) cancels both the IR divergences and the structure-

independent FVEs of order O(1/L). As discussed in Sec. 3.6, the point-like decay rate Γpt
0 (L)

is given by

Γpt
0 (L) =

(
1 + 2

αem

4π
Y `
P (L)

)
Γtree
P , (4.52)

where

Y `
P (L) = bIR log(MPL) + b0 +

b1

MPL
+

bpt
2

(MPL)2
+

bpt
3

(MPL)3
+O(e−MPL) (4.53)
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with the coefficients bj (j = IR, 0, 1) and bpt
j (j = 2, 3) given explicitly in Eq. (3.63). Eq. (4.14)

is therefore replaced by

δAP = δAWP + δASIB
P +

∑

i=J,T,P,S

δAiP + δA`P − Y `
P (L)A

(0)
P , (4.54)

where δAWP is given by Eq. (4.47).
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Figure 4.4.1: Results for the corrections δRπ and δRK for the gauge ensembles A40.20, A40.24, A40.32
and A40.40 sharing the same lattice spacing, pion, kaon and muon masses, but with different lattice sizes
(see Table I). Top panel (a): the universal FVEs, i.e. the terms up to order O(1/MPL) in Eq. (4.53), are
subtracted for each quantity. Bottom panel (b): the same as in (a), but in addition to the subtraction of
the universal terms, bpt

2 /(MPL)2, where bpt
2 is the pointlike contribution to b2 in Eq. (4.53), is also removed.

The solid and dashed lines are linear fits in 1/L2. The maximum photon energy ∆Eγ corresponds to the
fully inclusive case ∆Eγ = ∆Emax,Pγ = MP (1−m2

µ/M
2
P )/2.

In order to study the FVEs in detail we consider four ensembles generated at the same
values of β and quark masses, but differing in the size of the lattice; these are the ensembles
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A40.40, A40.32, A40.24 and A40.20 (see Sec. 2.2). The residual FVEs after the subtraction
of the universal terms as in Eq. (4.54) are illustrated in the plots in Fig. 4.4.1 for δRπ and
δRK in the fully inclusive case, i.e. where the energy of the final-state photon is integrated
over the full phase space. In this case ∆Eγ = ∆Emax,P

γ = MP (1 − m2
µ/M

2
P )/2, which

corresponds to ∆Emax,K
γ ' 235 MeV and ∆Emax,π

γ ' 29 MeV, respectively. With a muon as
the final state lepton, the contribution from photons with energy greater than about 20 MeV
is negligible and hence the point-like approximation is valid. In the top plot the universal
FV corrections have been subtracted and so we would expect the remaining effects to be of
order O(1/(MPL)2) and this is indeed what we see.

In the bottom plot of Fig. 4.4.1, in addition to subtracting the universal FVEs, we also
subtract the contribution to the order O(1/(MPL)2) corrections from the point-like contri-
bution to b2, which can be found in Eq. (3.63). We observe that this additional subtraction
does not reduce the O(1/(MPL)2) effects, underlining the expectation that these effects are
indeed structure dependent.

It can be seen that after subtraction of the universal terms the residual structure-
dependent FVEs are almost linear in 1/L2, which implies that the FVEs of orderO(1/(MPL)3)
are quite small; indeed they are too small to be resolved with the present statistics.

A more detailed description of the full analysis, including the continuum and chiral
extrapolations, is given in the following section. As far as the FVEs are concerned, the
central value is obtained by subtracting the universal terms and fitting the residual O(1/L2)
corrections to

KP

(MPL)2
+

K`
P

(E`
PL)2

, (4.55)

where KP and K`
P are constant fitting parameters and E`

P is the energy of the charged
lepton in the rest frame of the pseudoscalar P (see Eq. (4.56) below). Such an ansatz is
introduced to model the unknown dependance of b2 on the ratio m`/MP . For the four points
in each of the plots of Fig. 4.4.1 m`/MP takes the same value, but this is not true for
all the ensembles used in the analysis. We estimate the uncertainty due to the use of the
ansatz in Eq. (4.55) by repeating the same analysis, but on the data in which, in addition to
subtracting the universal terms in Eq. (4.53), we also subtract the term bpt

2 /(MPL)2, where
bpt

2 is contribution to b2 from a point-like meson [70]. Since bpt
2 depends on m`/MP , the result

obtained with this additional subtraction is a little different from that obtained with only
the universal terms removed and we take the difference as an estimate of the residual FV
uncertainty.

4.5 Results for charged pion and kaon decays into

muons

We now insert the various ingredients described in the previous sections into the master
formula in Eq. (4.13) for the decays π+ → µ+ν[γ] and K+ → µ+ν[γ].
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5. RESULTS FOR CHARGED PION AND KAON DECAYS INTO MUONS

The results for the corrections δRπ and δRK are shown in Fig. 4.5.1, where the “universal”
FVEs up to order O(1/L) have been subtracted from the lattice data (see the empty symbols)
and all photon energies (i.e. ∆Eγ = ∆Emax,P

γ = MP (1−m2
µ/M

2
P )/2) are included, since the

experimental data on π`2 and K`2 decays are fully inclusive. As already pointed out in
Section 4.1, structure dependent contributions to real photon emission should be included.
According to the ChPT predictions of Ref. [103], however, these contributions are negligible
in for both kaon and pion decays into muons, while the same does not hold as well for decays
into final-state electrons (see Sec. 3.7). This important conclusion needs to be explicitly
validated by an ongoing dedicated lattice study of the real photon emission amplitudes in
light and heavy P -meson leptonic decays (see Sec. 4.6 below).

The combined chiral, continuum and infinite-volume extrapolations are performed using
the following SU(2)-inspired fitting function

δRP = R
(0)
P +R

(χ)
P log(mud) +R

(1)
P mud +R

(2)
P m2

ud +DP a
2

+
KP

M2
PL

2
+

K`
P

(E`
P )2L2

+ δΓpt(∆Emax,P
γ ) , (4.56)

where mud = µud/ZP and µud is the bare (twisted) mass (see Table I in Sec. 2.2 below),

E`
P is the lepton energy in the P -meson rest frame, R

(0),(1),(2)
P , DP , KP and K`

P are free

parameters. In Eq. (4.56) the chiral coefficient R
(χ)
P is known for both pion and kaon decays

from Ref. [107]; in QED the coefficients are

R(χ)
π =

αem

4π
(3− 2X) , R

(χ)
K = −αem

4π
X , (4.57)

while in qQED they are

R(χ)
π =

αem

4π

(
3− 10

9
X

)
, R

(χ)
K = −αem

4π

8

9
X , (4.58)

where X is obtained from the chiral limit of the O(αem) correction to M2
π± (i.e. δM2

π± =
4παemXf

2
0 +O(mud)). In Ref. [7] we found X = 0.658(40).

Using Eq. (4.56) we have fitted the data for δRπ and δRK using a χ2-minimization pro-
cedure with an uncorrelated χ2, obtaining values of χ2/d.o.f. always around 0.9. The uncer-
tainties on the fitting parameters do not depend on the χ2-value, because they are obtained
using the bootstrap samplings of Ref. [66] (see Sec. 2.2). This guarantees that all the cor-
relations among the data points and among the fitting parameters are properly taken into
account.

The quality of our fits is illustrated in Fig. 4.5.1. It can be seen that the residual SD
FVEs are still visible in the data and well reproduced by our fitting ansatz in Eq. (4.56).
discretization effects on the other hand, only play a minor role.
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Figure 4.5.1: Results for the corrections δRπ (top panel) and δRK (bottom panel) obtained after the
subtraction of the “universal” FSE terms up to order O(1/L) in Eq. (4.53) (empty markers). The full
markers correspond to the lattice data corrected by the residual FSEs obtained in the case of the fitting
function (4.56) including the chiral log. The dashed lines are the (central) results in the infinite volume
limit at each value of the lattice spacing, while the shaded areas identify the results in the continuum limit
at the level of one standard deviation. The crosses represent the values δRphys

π and δRphys
K extrapolated at

the physical point mphys
ud (MS, 2 GeV) = 3.70 (17) MeV [66]. The blue dotted lines correspond to the values

δRphys
π = 0.0176 (21) and δRphys

K = 0.0064 (24), obtained using ChPT [22] and adopted by the PDG [104].

At the physical pion mass in the continuum and infinite-volume limits we obtain

δRphys
π = +0.0153 (16)stat+fit (4)input (3)chiral (6)FV E (2)disc (6)qQED

= +0.0153 (19) , (4.59)

δRphys
K = +0.0024 (6)stat+fit (3)input (1)chiral (3)FV E (2)disc (6)qQED

= +0.0024 (10) , (4.60)
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5. RESULTS FOR CHARGED PION AND KAON DECAYS INTO MUONS

where

• ()stat indicates the uncertainty induced by both the statistical errors and the fitting
procedure itself;

• ()input is the error coming from the uncertainties of the input parameters of the quark-
mass analysis of Ref. [66];

• ()chir is the difference between including or excluding the chiral logarithm in Eq. (4.56),
i.e. taking Rχ 6= 0 or Rχ = 0;

• ()FV E is the difference between the analyses of the data corresponding to the FVE
subtractions up to the order O(1/L) alone or by also subtracting the term proportional
to bpt

2 /(MPL)2 (see Fig. 4.4.1 and the discussion towards the end of Sec. 4);

• ()disc is the uncertainty coming from including (D 6= 0) or excluding (setting D = 0)
the discretization term proportional to a2 in Eq. (4.56);

• ()qQED is our estimate of the uncertainty of the QED quenching. This is obtained
using the ansatz (4.56) with the coefficient Rχ of the chiral log fixed either at the value
(4.58), which corresponds to the qQED approximation, or at the value (4.57), which
includes the effects of the up, down and strange sea-quark charges [107]. The change
both in δRphys

π and in δRphys
K is ' 0.0003, which has been already added in the central

values given by Eqs. (4.59) and (4.60). To be conservative, we use twice this value for
our estimate of the qQED uncertainty.

Our results in Eqs. (4.59) - (4.60) can be compared with the ChPT predictions δRphys
π =

0.0176(21) and δRphys
K = 0.0064(24) obtained in Ref. [22] and adopted by the PDG [3, 104].

The difference is within one standard deviation for δRphys
π , while it is larger for δRphys

K .
Note that the precision of our determination of δRphys

π is comparable to the one obtained
in ChPT, while our determination of δRphys

K has a much better accuracy compared to that
obtained using ChPT; the improvement in precision is a factor of about 2.4. We stress that
the level of precision of our pion and kaon results depends crucially on the non-perturbative
determination of the chirality mixing, carried out in Section 3.2.3 by including simultaneously
QED at first order and QCD at all orders.

As already stressed, the correction δRP and the QCD quantity f
(0)
P separately depend

on the prescription used for the separation between QED and QCD corrections [48]. Only

the product f
(0)
P

√
1 + δRP is independent of the prescription and its value, multiplied by the

relevant CKM matrix element, yields the P -meson decay rate. We remind the reader that
our results (4.59) - (4.60) are given in the GRS prescription (see the dedicated discussion in
Sections 1.10.2 and 4.2) in which the renormalized couplings and quark masses in the full
theory and in isosymmetric QCD coincide in the MS scheme at a scale of 2 GeV [46]. We
remind the reader that, to the current level of precision, this GRS scheme can be considered
equivalent to the FLAG scheme.
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Taking the experimental values Γ(π− → µ−ν̄µ[γ]) = 3.8408(7) · 107 s−1 and Γ(K− →
µ−ν̄µ[γ]) = 5.134(11) · 107 s−1 from the PDG [3] and using our results (4.59) - (4.60), we
obtain

f (0)
π |Vud| = 127.28 (2)exp (12)th MeV = 127.28 (12) MeV , (4.61)

f
(0)
K |Vus| = 35.23 (4)exp (2)th MeV = 35.23 (5) MeV , (4.62)

where the first error is the experimental uncertainty and the second is that from our theo-
retical calculations. The result for the pion in Eq. (4.61) agrees within the errors with the

updated value f
(0)
π |Vud| = 127.12(13) MeV [3], obtained by the PDG and based on the model-

dependent ChPT estimate of the e.m. corrections from Ref. [22]. Our result for the kaon in

Eq. (4.62) however, is larger than the corresponding PDG value f
(0)
K |Vus| = 35.09(5) MeV [3],

based on the ChPT calculation of Ref. [22], by about 2 standard deviations.
As anticipated in the Introduction 4.1 and discussed in detail in Sec. 4.2, we cannot

use the result (4.61) to determine the CKM matrix element |Vud|, since the pion decay
constant was used by ETMC [66] to set the lattice scale in isosymmetric QCD and its value,

f
(0)
π = 130.41(20) MeV, was based on the determination of |Vud| obtained from super-allowed
β-decays in Ref. [108]. On the other hand, adopting the best lattice determination of the

QCD kaon decay constant, f
(0)
K = 156.11(21) MeV [4, 109–111] 4, we find that Eq. (4.62)

implies
|Vus| = 0.22567(26)exp (33)th = 0.22567 (42) , (4.63)

which is a result with the excellent precision of ' 0.2%.
In Ref. [16], we have calculated the ratio of the inclusive decay rates of kaons and pions

into muons, namely

Γ(Kµ2)

Γ(πµ2)
=

∣∣∣∣∣
Vus
Vud

f
(0)
K

f
(0)
π

∣∣∣∣∣

2
M3

π

M3
K

(
M2

K −m2
µ

M2
π −m2

µ

)2

(1 + δRKπ) , (4.64)

where δRKπ ≡ δRK − δRπ. Using the same ETMC simulation setup [45, 65], we have calcu-

lated δRKπ, which, together with a lattice computation of f
(0)
K /f

(0)
π , allows us to determine

|Vus/Vud| from the ratio in Eq. (4.64).
The quantity δRKπ is less sensitive to various uncertainties than the individual terms

δRK and δRπ. Three main features help to reduce the systematic uncertainties in δRKπ:

• in Γ0(L) the residual SD FVEs starting at order O(1/L2) are found to be much milder
(≈ 3 smaller) in the case of δRKπ (see Fig. 4.5.2 below);

• the matching of the bare lattice weak operator with the one renormalized using W -
regularization and the mixing contributions to the axial amplitude in Eq. (4.14) cancel
out in the difference δRKπ;

4The average value of fK± quoted by FLAG [4] includes the strong IB corrections. In order to obtain

f
(0)
K therefore, we have subtracted this correction which is given explicitly in Refs. [109–111].
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Figure 4.5.2: Results for the corrections δRπ, δRK and δRKπ for the gauge ensembles A40.20, A40.24,
A40.32 and A40.40 sharing the same lattice spacing, pion and kaon masses, but different lattice sizes (see the
supplemental material). The universal FVEs, i.e. the terms up to order O(1/L) in Eq. (4.53), are subtracted
for each quantity. The lines are linear fits in 1/L2. The maximum photon energy ∆Eγ corresponds to the
inclusive case ∆Eγ = ∆Emax,Pγ = MP (1−m2

µ/M
2
P )/2.

• within SU(3) ChPT the effects of the sea-quark electric charges depend on unknown
low-energy constants (LECs) starting at next-to-leading-order (NLO) for δRK and
δRπ, but only at NNLO for δRKπ [107]. Thus, the uncertainty due to the qQED
approximation, adopted in this work, is expected to be smaller for δRKπ.

The inclusive data for δRKπ are shown in Fig. 4.5.3. The “universal” FVEs are subtracted
and the combined chiral, continuum and infinite volume extrapolations are performed using
the Ansatz in Eq. (4.56) for δRK − δRπ. At the physical pion mass in the continuum and
infinite-volume limits we obtain

δRphys
Kπ = −0.0126 (10)stat+fit (2)input (5)chiral (5)FV E (4)disc (6)qQED

= −0.0126 (14) , (4.65)

where the error budget has been obtained as in the case of Eqs. (4.59) and (4.60). Our result
(4.65) can be compared to the value δRphys

Kπ = −0.0112 (21) from Refs. [22, 104] adopted by
the PDG [3].

Using the pion and kaon experimental decay rates we get

|Vus|
|Vud|

f
(0)
K

f
(0)
π

= 0.27683 (29)exp (20)th = 0.27683 (35) . (4.66)

Using the best Nf = 2 + 1 + 1 lattice determination of the ratio of the QCD kaon and pion

decay constants, f
(0)
K /f

(0)
π = 1.1966 (18) [4, 109–111], we find

|Vus|
|Vud|

= 0.23135 (24)exp (39)th = 0.23135 (46) . (4.67)
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Figure 4.5.3: Results for the correction δRKπ (Eqs. (4.13) and (4.54)) after the subtraction of both the
universal FVEs in Eq. (4.53) and the residual FVEs obtained from the fit. The dashed lines are the (central)
results at each β, while the shaded area identifies the continuum limit at 1-sigma level. The cross is the
extrapolated value at mphys

ud (MS, 2 GeV) = 3.70(17) MeV [66]. The blue dotted lines correspond to the value
−0.0112(21) from Refs. [22, 104] adopted by the PDG [3]. Errors are statistical only.

Taking the updated value |Vud| = 0.97420 (21) from super-allowed nuclear beta decays [15],
Eq. (4.67) yields the following value for the CKM element |Vus|:

|Vus| = 0.22538 (24)exp (39)th = 0.22538 (46) , (4.68)

which agrees with our result (4.63) within the errors. Note that our result (4.68) agrees with
the latest estimate |Vus| = 0.2253(7), recently updated by the PDG [3], but it improves the
error by a factor of approximately 1.5.

Taking the values |Vub| = 0.00413(49) [3] and |Vud| = 0.97420(21) [15] our result in
Eq. (4.68) implies that the unitarity of the first-row of the CKM matrix is confirmed to
better than the per-mille level

|Vud|2 + |Vus|2 + |Vub|2 = 0.99988 (46) . (4.69)

With the same value |Vud| = 0.97420(21) from super-allowed nuclear beta decays [15],
our result (4.61) implies for the QCD pion decay constant (in the GRS prescription) the
following value

f (0)
π = 130.65 (12)exp+th (3)Vud MeV = 130.65 (12) MeV , (4.70)

which, as anticipated in Sec. 4.2, agrees within the errors with the value f
(0)
π = 130.41 (20) MeV

adopted in Ref. [66] to set the lattice scale in the isosymmetric QCD theory. This demon-
strates the equivalence of the GRS and PDG schemes within the precision of our simulation.
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In a recent paper [112], the hadronic contribution to the electroweak radiative corrections
to neutron and super-allowed nuclear β decays has been analyzed in terms of dispersion
relations and neutrino scattering data. With respect to the result Vud = 0.97420 (21) from
Ref. [15], a significant shift in the central value and a reduction of the uncertainty have
been obtained, namely Vud = 0.97370 (14) [112]. The impact of the new value of Vud on
our determinations of Vus and fπ is Vus = 0.22526 (46) and fπ = 130.72 (12) MeV, i.e., well
within the uncertainties shown in Eqs. (4.68) and (4.70), respectively. On the contrary, the
first-row CKM unitarity (4.69) will be significantly modified into

|Vud|2 + |Vus|2 + |Vub|2 = 0.99885 (34) , (4.71)

which would imply a ' 3.4σ tension with unitarity. A confirmation of the new calculation
of the radiative corrections made in Ref. [112] is therefore urgently called for.

Before closing this section, we comment briefly about the comparison between our result
δRphys

K = 0.0024(10) and the corresponding model-dependent ChPT prediction δRphys
K =

0.0064(24) from Ref. [22]. The latter is obtained by adding a model-dependent QED correc-
tion of 0.0107(21) and a model-independent NLO strong IB contribution equal to−0.0043(12).
Our result on the other hand, obtained in the GRS prescription, stems from a QED correc-
tion equal to 0.0088(9) and a strong IB term equal to −0.0064(7) (see also Ref. [36]). The
difference between our result and the ChPT prediction of Ref. [22] appears to be mainly due
to a different strong IB contribution. Thus, in the present Nf = 2 + 1 + 1 study, we confirm
for the strong IB term a discrepancy at the level of about 2 standard deviations, which was
already observed at Nf = 2 in Ref. [9].

4.6 Real photon emission in leptonic decays:

preliminary results

In the limit of soft-photon energies, the radiative decay rate P → `ν̄`γ can be reliably calcu-
lated perturbatively by treating the meson as a point-like particle. This limit is however an
idealization and experimental measurements are inclusive up to photon energies that might
be too large to neglect structure-dependent (SD) corrections to the point-like approximation.
The region of hard photon energies, which is particularly important for heavy mesons, rep-
resents a fundamental probe of the internal structure of the mesons and can only be studied
in lattice QCD simulations. On the other hand, even in the case of light mesons, where
chiral perturbation theory can be used, the low-energy constants entering at O(p6) can only
be estimated using model-dependent assumptions [94, 95, 113–115].

In Ref. [10] a strategy to compute QED radiative corrections to the P → `ν̄`(γ) decay
rates at O(αem) on the lattice has been proposed and we have described it in detail in Chapter
3. That strategy has been subsequently applied to provide the first non-perturbative model-
independent calculation of the decay rates π− → µ−ν̄µ(γ) and K− → µ−ν̄µ(γ) [13, 16]. The
real soft-photon contributions has been calculated in the point-like effective theory and the
SD corrections were estimated, by relying on the quoted chiral perturbation theory results,
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to be negligible (see Sec. 3.7). On the other hand SD corrections might be relevant for
the decays of pions and kaons into electrons when the energy of the photon becomes larger
than about 20 MeV. Moreover, in the single-pole dominance approximation proposed in
Ref. [97], the SD contribution has been estimated to be rather large in the case of heavy
flavors. This contribution can be precisely determined only in lattice QCD. Here we present
some preliminary results of a non-perturbative, O(a) improved lattice calculation of the
form factors entering the radiative decay rate P → `ν̄`γ in the case of pions, kaons, D and
Ds mesons. The case of bottom mesons will be studied in a future work on the subject.
Results of a lattice calculation of real-photon emission amplitudes have also been presented
in Ref. [116]. Making contact with the discussion presented in Sec. 3.7, the non-perturbative
hadronic amplitude for the process P → `ν`γ is given by the T-product

Hαr
W (k, p) = εrµ(k)Hαµ

W (k, p) = εrµ(k)

∫
d4y eik·y 〈0|T{JαW (0)Jµ(y)}|P (~p)〉 , (4.72)

where εrµ(k) is the polarization vector of the photon with four-momentum k, Jµ is the electro-
magnetic current, JαW is the hadronic weak current, JαW = V α −Aα = q̄1 (γα − γαγ5) q2, and
~p is the momentum of the meson P with mass MP . To this amplitude, at O(αem), we have
to add the diagram in which the photon is emitted from the final-state charged lepton. The
latter contribution can however, be computed in perturbation theory using the meson decay
constant fP . The decomposition of Hαr

W (k, p) in terms of form-factors has been discussed in
Sec. 3.7. By choosing a physical basis for the polarization vectors such that εr · k = 0 and
setting the photon on-shell, i.e. by taking k2 = 0, we have [90]

Hαr
W (k, p) = εrµ(k)

{
−iFV (xγ)

MP

εµαγβkγpβ+

[
FA(xγ)

MP

+
fP
p · k

]
(p · k gµα − pµkα)+

fP
p · k p

µpα

}
.

(4.73)
The terms proportional to fP correspond to the point-like infrared-divergent contribution
and saturate the Ward Identity satisfied by Hαµ

W (k, p), i.e. kµH
αµ
W (k, p) = i〈0|JαW (0)|P (p)〉 =

fP p
α . At fixed meson mass the two form-factors FV,A are scalar functions of the Lorentz

invariant quantity p ·k only. A convenient dimensionless variable is given by xγ = 2p ·k/M2
P .

Once the decay constant fP and the two SD axial and vector form-factors FA and FV are
known, the decay rate can be calculated by using the formulae given in [90] and in Sec. 3.7.

4.6.1 Extracting the form factors from Euclidean

correlators

The Euclidean correlation function corresponding to Eq. (4.72) is given by

Cαr
W (t, ~p,~k) = −i εrµ(~k)

∫
d4y

∫
d3~x 〈0|T{JαW (t,~0)Jµ(y)}P (0, ~x)|0〉 eEγty−i~k·~y+i~p·~x (4.74)

where k = (iEγ, ~k), with Eγ = |~k|, p = (iE, ~p) and
∫
d3~xP (0, ~x) ei~p·~x is the source of the

pseudoscalar meson with momentum ~p. The convergence of the integral over ty is ensured by
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2πθ0
L

2πθt
L

2πθs
L

Figure 4.6.1: The connected diagram on the left shows our choice of the spatial boundary conditions.
By treating the two propagators attached to the electromagnetic current as two different flavors, with the
same mass and electric charge but different boundary conditions, we may choose arbitrary values for the
meson and photon spatial momenta.The diagram on the right represents the contribution associated with
the emission of the photon by the sea-quarks. By neglecting this diagram we have been working in the
so-called electro-quenched approximation.

the safe analytic continuation from Minkowski to Euclidean space, because of the absence
of intermediate states lighter than the pseudoscalar meson. The physical form factors can
be extracted directly from the Euclidean correlation functions

Rαr
W (t; ~p,~k) =

2E

e−t(E−Eγ) 〈P (~p)|P |0〉 C
αr
W (t; ~p,~k) = Hαr

W (k, p) + · · · (4.75)

where 〈P (~p)|P |0〉 is the matrix element of the operator P between the vacuum and the
meson state and the dots represent sub-leading exponentials. It is useful to note that, in
order to separate the axial and vector form-factors it is enough to compute separately the
ratios Rαr

V,A(t; ~p,~k) corresponding to the (renormalized) vector and axial component of the
weak current, see eq. (4.77) below. For Jµ an exactly conserved lattice vector current is
employed. The previous discussion assumed an infinite time extent (T ) of the lattice. In

our numerical calculations we have employed numerical estimators for the ratios Rαr
V,A(t; ~p,~k)

built in terms of finite–T correlators that properly account for the fact that the simulated
quark and gauge fields satisfy respectively anti-periodic and periodic boundary conditions
in time.

Within the electro-quenched approximation, i.e. in the absence of the disconnected con-
tribution shown in the right-panel of Fig. 4.6.1, it is possible to choose arbitrary values of
the spatial momenta by using different spatial boundary conditions [106, 117] for the quark
fields. More precisely, we set the boundary conditions for the “spectactor” quark such that

ψ(x +
~̂
kL) = exp(2πi

~̂
k · ~θs/L)ψ(x). Then we treat the two propagators that are connected

with the electromagnetic current (the red and blue lines) as the results of the Wick contrac-
tions of two different fields having the same mass and electric charge but satisfying different
boundary conditions. This is possible at the price of accepting tiny violations of unitarity
that are exponentially suppressed in the volume (similar effects are induced in any case by
the electro-quenched approximation). By setting the boundary conditions as illustrated in
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Figure 4.6.2: Examples of plateaux fits for the ratios RA(t, T/2) (left) and RV (t, T/2) (right) in the
case of the gauge ensemble D20.48 (Mπ = 255 (7) MeV, MK = 535 (14) MeV, MD = 1933 (50) MeV, and
MDs

= 2023 (52) MeV).

the figure, we have thus been able to choose arbitrary values for the meson and photon spa-

tial momenta, ~p = 2π
L

(
~θ0 − ~θs

)
and ~k = 2π

L

(
~θ0 − ~θt

)
by tuning the real three-vectors ~θ0,t,s,

where the subscript i = 0, t, s in the definition refers to the quark line emerging from the
source in the origin, 0; the quark annihilating in the sink given by the hadronic weak current
at time t and the spectator quark respectively. The numerical results have been obtained by
choosing all the non-zero components of the spatial momenta to be along the z-direction,
i.e. ~p = (0, 0, |~p|) and ~k = (0, 0, Eγ). With this particular choice a convenient basis for the
polarization vectors of the photon is the one in which the two physical polarization vectors

are given by εµ1,2 =
(

0,∓ 1√
2
,− 1√

2
, 0
)

. In this basis we have εr ·p = εr ·k = 0 and consequently

Hjr
A (k, p) =

εjrmP

2
xγ

[
FA(xγ) +

2fP
mPxγ

]
,

Hjr
V (k, p) =

i
(
Eγ ~εr ∧ ~p− E~εr ∧ ~k

)j

mP

FV (xγ) . (4.76)

For t� 0 we get the following numerical estimators for the form-factors
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Figure 4.6.3: The extracted value of RA(xγ), Eq. (3.5), as a function of xγ for the K meson (left) and for
the Ds meson (right) in the case of the gauge ensemble D20.48. The (red) squares represent the point-like
contribution given by 2fP /(mPxγ).

RA(t) =
mP

4p · k
∑

r=1,2

∑

j=1,2

Rjr
A (t; ~p,~k)

εjr
→
[
FA(xγ) +

2fP
mPxγ

]
,

RV (t) =
mP

4

∑

r=1,2

∑

j=1,2

Rjr
V (t; ~p,~k)

i
(
Eγ ~εr ∧ ~p− E~εr ∧ ~k

)j → FV (xγ) . (4.77)

At finite T , by using the formulae above which are valid for t > 0, we fit the ratios RA,V (t)
by searching a plateau in the region 0� t� T/2 . We also exploit time-reversal symmetries
to include the plateaus of RA,V (t) obtained at t > T/2. The values of the meson energies
and of the matrix element 〈P (~p)|P |0〉 needed to build these estimators are obtained from
standard effective-mass/residue analyses of pseudoscalar-pseudoscalar two-point functions.
The pseudoscalar-axial two-point function is used to extract the decay constants fP in order
to separate FA from the point-like contribution 2fP/(mPxγ).

4.6.2 Numerical results

All the results presented in this section are preliminary. We have used the gauge configu-
rations given in Sec. 3.2, produced with 2 + 1 + 1 twisted mass fermions at three different
values of the lattice spacing, a[fm] = 0.0085(36), 0.00815(30), 0.0619(18), with meson masses
in the range 250-2110 MeV. In total we have included 125 different combinations of mo-
menta obtained by assigning to each of the θi=0,t,s five different values; making the same
assignements for all choices of the quark masses. All the plots below correspond to the
case of π, K and D(s) mesons at unphysical values of the MS renormalized light-quark mass,
mud(2 GeV) = {11.7, 17.5}MeV, and have been obtained from a simulation at a = 0.0619 fm
(ensembles D20.48 and D30.48, respectively). The reference meson masses are collected in
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Figure 4.6.4: The extracted value of the pion form factors FA(xγ) (left) and FV (xγ) (right) as a function of
xγ in the case of the gauge ensemble D30.48 (Mπ = 312 (8) MeV, MK = 550 (14) MeV, MD = 1937 (49) MeV,
and MDs = 2025 (52) MeV). The blue dashed lines correspond to the ChPT predictions obtained by using
the formulae discussed in the text.

Figure 4.6.5: The extracted value of the kaon form factors FA(xγ) (left) and FV (xγ) (right) as a function
of xγ in the case of the gauge ensemble D20.48. The (red) lines correspond to the ChPT predictions.

Table IV. Similar plots can be shown for other values of the simulated parameters. In
Fig. 4.6.2 we show examples of plateaux for the ratios RA,V (t) for the K and D mesons.
This figure is representative of the signal quality, also for other values of masses and mo-
menta. In Fig. 4.6.3 we show the extracted value of RA(xγ), Eq. (4.77), for the K meson
and for the Ds meson. In both cases the point-like contribution, corresponding to the term
2fP/(MPxγ) dominates the form factor. From the measured decay constant and mass, we
can subtract the point-like term and extract FA(xγ). In the left-hand plots of Figs. 4.6.4
and 4.6.5 we show FA(xγ) as a function of xγ for the π and K mesons and compare it to
the lowest non-trivial order in ChPT, given by FA(xγ) = const. = 8MP (Lr9 + Lr10)/fP , with
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Figure 4.6.6: The extracted value of the D meson form factors FA(xγ) (left) and FV (xγ) (right) as a
function of xγ in the case of the gauge ensemble D30.48.

Figure 4.6.7: The extracted value of the Ds meson form factors FA(xγ) (left) and FV (xγ) (right) as a
function of xγ in the case of the gauge ensemble D30.48.

Lr9 +Lr10 ' 0.0017 [118]. On the right hand plots of Figs. 4.6.4 and 4.6.5 we can compare the
directly computed values of FV to their ChPT predictions, FV (xγ) = const. = MP/(4π

2fP ).
Finally, in Figs. 4.6.6 and 4.6.7 we show preliminary results for FA(xγ) and FV (xγ) in the
case of the D and Ds mesons. In that first exploratory study we covered the full physical
range of xγ in the pion and kaon cases (indeed we even have data for unphysical values
corresponding to xγ > 1) and for 0 ≤ xγ ≤ 0.4, corresponding to Eγ . 400 MeV, for the Ds

meson. We are currently improving our lattice data and, after a detailed analysis of all the
systematics, we shall provide first-principles phenomenologically relevant results for the form
factors in the full kinematical range for both light and heavy mesons. The form factors for
heavy mesons will represent in this respect a totally unexplored field of investigation while,
in the case of light mesons, our first-principle results will make it possible to avoid ChPT in
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phenomenological analyses.
In conclusion we have shown that, with moderate statistics, it is possible to extract with

good precision the form factors relevant for P → `ν̄`γ decays for both light and heavy mesons
and that it is possible to study their momentum dependence.
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In this work we calculated the isospin breaking corrections to pion, kaon and charmed-meson
masses. We performed LQCD numerical simulations with Nf = 2+1+1 sea quarks at three
values of the lattice spacing, using gauge configurations produced by the ETM Collaboration
and computed pseudoscalar meson two-point correlation functions to determine physical
quantities in the continuum and infinite volume limits and at the physical values of quark
masses. The RM123 method [9] here adopted is based on a perturbative expansion in
(m̂d− m̂u)/ΛQCD and α̂em in order to evaluate isospin breaking corrections by starting from
simulations in the isospin-symmetric QCD theory.

The main sources of systematic uncertainties in our calculation are the one associated
with the chiral extrapolations, required because our up and down quark masses are heavier
than the physical ones, and the one related to the neglect of quark-disconnected diagrams and
to the use of the electro-quenched approximation. Another important source of systematics
errors comes from finite volume effects, which are only power suppressed because QED is a
long-ranged interaction.

One of our main result is the pion mass splitting, that receives at the leading order only
the QED contribution. Considering that the fine structure constant does not renormalize
at this order, this splitting is a very clean observable. However, it receives a disconnected
contribution coming from the neutral pion that is numerically very expensive to evaluate
and presumably very small (being of O(αemmud)) and that we neglected in the calculation.
We found

Mπ+ −Mπ0 = 4.21 (26) MeV [4.5936 (5) MeV]exp .

Kaon and charmed-meson masses receive both electromagnetic and strong isospin break-
ing contributions. In order to separate the IB effects into such components we implemented
the Gasser-Rusetsky-Scimemi (GRS) prescription, in which the renormalized couplings and
quark masses in the full QCD+QED theory and in isosymmetric QCD coincide in the MS
scheme at a scale of 2 GeV [46]. This allows to determine the QED contributions to the
pseudoscalar meson masses and the associated values of the Dashen’s theorem breaking pa-
rameters επ0 , εγ and εK0 . In this case we used the electro-qenched approximation which
consists in neglecting the charges of the sea quarks. Our result for MK+ −MK0 is

[MK+ −MK0 ]QED (MS, 2 GeV) = 2.07 (15) MeV ,

[MK+ −MK0 ]SIB (MS, 2 GeV) = −6.00 (15) MeV ,
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from which we also obtained

(m̂d − m̂u)(MS, 2 GeV) = 2.38 (18) MeV .

Analogously, for the charmed-meson we found

[MD+ −MD0 ]QED (MS, 2 GeV) = 2.42 (51) MeV ,

[MD+ −MD0 ]SIB (MS, 2 GeV) = 3.06 (27) MeV ,

MD+ −MD0 = 5.47 (53) MeV [4.75 (8) MeV]exp ,

δMD+
s

= 2.3 (4) MeV .

The uncertainties of the above results contain also an estimation of the error due to the
electro-quenched approximation.

Besides the hadronic spectrum, we performed for the first time the ab initio calculation
of the leading electromagnetic and strong isospin breaking corrections to the π+ → µ+νµ(γ)
and K+ → µ+νµ(γ) leptonic decay rates by implementing the method proposed in [10]
and described in Chapter 3. For these quantities the presence of infrared divergences in
intermediate stages of the calculation makes the procedure much more complicated than
is the case for the hadronic spectrum. In order to compute the physical widths, diagrams
with virtual photons must be combined with those corresponding to the emission of real
photons. After extrapolation of the data to the physical pion mass, and to the continuum
and infinite-volume limits, the isospin-breaking corrections to the πµ2 and Kµ2 decay rates
were found to be [13]:

Γ(π± → µ±νµ[γ]) ≡ (1 + δRphys
π ) Γ(0)(π± → µ±νµ)

= (1.0153± 0.0019) Γ(0)(π± → µ±νµ),

Γ(K± → µ±νµ[γ]) ≡ (1 + δRphys
K ) Γ(0)(π± → µ±νµ)

= (1.0024± 0.0010) Γ(0)(K± → µ±νµ) ,

where Γ(0) is the leptonic decay rate at tree level in the GRS scheme. These results can
be compared with the ChPT predictions δRphys

π = 0.0176(21) and δRphys
K = 0.0064(24)

obtained in Ref. [22] and adopted by the PDG [3, 104]. The difference is within one standard
deviation for δRphys

π , while it is larger for δRphys
K . We also underline that our result |Vus| =

0.22538(46) in Eq. (4.68), together with the value of Vud determined in Ref. [15] and |Vub|
from the PDG [3], implies that the unitarity of the first row of the CKM matrix is satisfied
at the per-mille level (see Eq. (4.69)).

The work presented in this thesis has allowed to determine some isospin breaking effects
with unprecedented precision. Still further important improvements and developments are
possible:

• In our calculation contributions from disconnected diagrams and from the ones present
in unquenched QED have been neglected (the latter because we used the electro-
quenched approximation). The only way to quantify precisely the associated system-
atic error is to actually compute them. We note, however, that, within the quoted
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uncertainties, our results are compatible with the experimental ones (when present)
and with previous lattice determinations. It is currently underway a theoretical study
that discusses how twisted mass lattice QCD can be conveniently combined with the
RM123 approach beyond the quenched-QED approximation [119]; numerical simula-
tions are in progress.

• Another source of systematic uncertainty is associated to the chiral extrapolation. Only
recently, thanks to the increased computational power, the first lattice computations
at physical light quark mass have been presented. An important improvement of the
present work would consist in performing the same calculation with simulations at the
physical point. In this respect new ETMC gauge ensembles at the physical pion mass
will soon become available.

• Till now the experimental data on the decay P → `ν`(γ) are inclusive, i.e. all photon
energies are included. In the case of pion and kaon decays the maximum value of
the photon energy is ∆E ' 29 MeV and 235 MeV, respectively. This means that in
principle structure dependent (SD) contributions to the real photon emission might be
relevant, especially for kaon decays. Present estimates based on chiral perturbation
theory (ChPT) up to order O(p4) [90, 103] indicate, however, a negligible contribution
of the SD terms for the inclusive pion and kaon decays into muons studied in the present
work. In the case of heavy meson decays the maximum photon energy is much larger
than the QCD scale, ΛQCD ≈ 300 MeV. In this case real photons can be emitted with
a momentum much larger than ≈ 300 MeV, so that they can probe distances definitely
lower than≈ 0.5 fm, becoming in this way very sensitive to the internal electromagnetic
structure of the decaying meson. Thus, a non-perturbative determination of the real
emission amplitudes is essential for the decays of heavy mesons and it is certainly very
important also for light and strange mesons in order to check the possible relevance
of higher-order ChPT contributions. In Sec. 4.6 we presented a preliminary lattice
calculation of the form factors entering the radiative decay rate P → `ν`γ in the case
of pions, kaons, D and Ds mesons. We are currently improving our lattice data and,
in the near future, we will be able to compare precise theoretical predictions with
experimental measurements for both light and heavy mesons.

• In the heavy flavor sector ChPT is not applicable and the method presented in this the-
sis could be applied to provide model independent theoretical estimates (not available
so far in the literature) of the radiative QED corrections to these hadronic decays. We
stress that in the limit of large heavy quark masses an enhancement of the radiative
corrections may be expected due to the presence of nearby resonances [97]. Thus, a
direct lattice computation of the leptonic decay rate of mesons with charm and beauty
is important both in itself and for our understanding of the QCD dynamics.

• For the present study of the pion and kaon leptonic decay rates the choice of using the
quantity Fπ defined in Eq. (4.11) to calibrate our simulations prevented us from being
able to predict the value of |Vud|. The physical value Fphysπ can be indeed obtained by
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taking the experimental pion decay rate and the result for |Vud| determined accurately
from super-allowed β-decay (see discussion in Sec. 4.2). Since we are currently pro-
ducing the Ω baryon correlators, we will soon be able to alternatively use MΩ to set
the lattice scale. In this way, by repeating the calculation described in Chapter 4 we
could use the result for δRphys

π to determine the CKM matrix element |Vud|. This is
one of the reasons supporting the use of hadronic schemes, as extensively proposed in
Sec. 1.10, with hadron masses as experimental inputs for future lattice calculations.

• In Chapter 4 we have discussed in detail a specific case, namely the first lattice calcu-
lation of the O(αem) corrections to the pion and kaon decays into muons. The adopted
strategy can however, be extended to many other processes, for example to the case
of final electrons and to the hadronic tau decays τ → πντ , Kντ . Those investigations
could provide powerful tests of CKM unitarity and of lepton flavor universality of
electroweak interactions.

• In Sec. 3.8 we discussed the theoretical framework required for the computation of
radiative corrections to semileptonic decay rates in lattice simulations, and in particular
to those for K`3 decays. This is an extension of the framework we have developed and
successfully implemented for leptonic decays. New issues which arise for semileptonic
decays, include the presence of unphysical terms which grow exponentially with the
time separation between the insertion of the weak Hamiltonian and the sink for the
final-state meson-lepton pair. Such terms must be identified and subtracted. The
method needs to be implemented and tested numerically and could lead to improved
precision in the determination of the corresponding CKM matrix elements and other
tests of the Standard Model.
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Matching in the Twisted Mass
Regularization A
In the main text we have described the renormalization of the relevant operators in the
physical basis. This discussion is valid for a generic Wilson-like fermion regularization. In this
appendix we address instead some important aspects peculiar to the twisted mass fermions
used in our numerical calculation. We derive, in particular, the relations between RCs in the
so-called physical and twisted basis, for the bilinear and four-fermion operators considered
in this work.

The relevant observation is that the lattice action for twisted mass fermions at maximal
twist in the twisted basis only differs from the standard Wilson fermion lattice action for
the twisted rotation of the fermion mass term. The two actions become identical in the
chiral limit. It then follows that, in any mass-independent renormalization scheme, the RCs
for twisted mass operators in the twisted basis are the same as those of the corresponding
operators with standard Wilson fermions. It is customary to denote these RCs, for a generic
operator O, as ZO. They are valid for both standard Wilson and twisted mass operators
in the twisted basis and differ, in general, from the RCs for twisted mass operators in the
physical basis, that we denote here as Z

(0)
O .

At maximal twist the rotation from the twisted to the physical basis for both quark and
lepton fields is given by

qtwisted =
1√
2

(1 + iγ5rq) q , `twisted =
1√
2

(1 + iγ5r`) ` , (4.78)

where q and ` are the quark and lepton fields in the physical basis and rq and r` are the
corresponding r-parameters. In our simulations we use opposite values of the r-parameter for
the two valence quarks, r2 = −r1 (ri = ±1). The quark and lepton bilinears then transform
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as

[q2γµ(1± γ5)q1]twisted = ±ir1 [q2γµ(1± γ5)q1] ,

[q2(1± γ5)q1]twisted = [q2(1± γ5)q1] ,

[q2σµν(1 + γ5)q1]twisted = [q2σµν(1 + γ5)q1]

[νγµ(1− γ5)`]twisted =
1√
2

(1− ir`) [νγµ(1− γ5)`] , (4.79)

[ν(1 + γ5)`]twisted =
1√
2

(1 + ir`) [ν(1 + γ5)`]

[νσµν(1 + γ5)`]twisted =
1√
2

(1 + ir`) [νσµν(1 + γ5)`] .

From Eqs. (4.79) one readily derives the relations between the quark vector and axial
vector current in the two basis,

(Vµ)twisted = [q2γµq1]twisted = i r1 [q2γµγ5q1] = i r1Aµ ,

(Aµ)twisted = [q2γµγ5q1]twisted = i r1 [q2γµq1] = i r1 Vµ , (4.80)

which, in turn, determine the relation between the RCs in the two basis

V̂µ = Z
(0)
V Vµ = −i r1 (Âµ)twisted = −i r1 ZA (Aµ)twisted = ZA Vµ ,

Âµ = Z
(0)
A Aµ = −i r1 (V̂µ)twisted = −i r1 ZV (Vµ)twisted = ZV Aµ , (4.81)

where Ô denotes the generic renormalized operator. One then sees from Eq. (4.81) that the

RC Z
(0)
V of the vector current in the physical basis, with r1 = −r2, is simply the RC of the

axial current in the twisted basis, which in turn is just ZA computed with Wilson fermions
in the chiral limit. Analogously, Z

(0)
A in the physical basis, with r1 = −r2, corresponds to

ZV computed with Wilson fermions in the chiral limit.
From the transformations (4.79) one can also derive the relations between the four-

fermion operators O1 −O5 of Eq. (3.20) in the physical and twisted basis

(O1)twisted = − i√
2
r1 (1− ir`)O1 , O1 = +

i√
2
r1 (1 + ir`) (O1)twisted ,

(O2)twisted = +
i√
2
r1 (1− ir`)O2 , O2 = − i√

2
r1 (1 + ir`) (O2)twisted ,

(O3)twisted =
1√
2

(1 + ir`)O3 , O3 =
1√
2

(1− ir`) (O3)twisted , (4.82)

(O4)twisted =
1√
2

(1 + ir`)O4 , O4 =
1√
2

(1− ir`) (O4)twisted ,

(O5)twisted =
1√
2

(1 + ir`)O5 , O5 =
1√
2

(1− ir`) (O5)twisted .
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We can then obtain the relation between the renormalization matrix in the physical basis,
Z(0), and the corresponding matrix Z for standard Wilson fermions. In particular, for the
weak operator O1 one finds

Ô1 =
∑

j=1,...,5

Z
(0)
1j Oj =

i√
2
r1 (1 + ir`) (Ô1)twisted =

i√
2
r1 (1 + ir`)

∑

j=1,...,5

Z1j (Oj)twisted =

=
i√
2
r1 (1 + ir`)

[
− i√

2
r1 (1− ir`) (Z11O1 − Z12O2) +

1√
2

(1 + ir`)
∑

j=3,4,5

Z1j Oj

]
=

= Z11O1 − Z12O2 − r
∑

j=3,4,5

Z1j Oj , (4.83)

with r ≡ r1r`. Therefore

Z
(0)
11 = Z11 , Z

(0)
12 = −Z12 , Z

(0)
13 = −r Z13 , Z

(0)
14 = −r Z14 , Z

(0)
15 = −r Z15 . (4.84)

Eq. (4.84) shows in particular that the mixing coefficients Z13,14,15 for the operators O3,4,5

are proportional to r ≡ r1r`. Thus, we can eliminate the mixing with these operators by
simply averaging the numerical results over the two possible values r = ±1.

In order to illustrate the above point, we mention the results of Ref. [10] obtained in per-

turbation theory at order O(α0
s), for the coefficients δZQED

1j = Z
(0)
1j /(αem/4π). The evaluation

of the matrix δZQED
ij which relates the operators O1−O5 in the lattice and W regularizations

requires the computation of the Feynman diagrams shown in Fig. 4.6.8 in the two regulariza-
tion schemes. All the external momenta are chosen to be equal to p and all external particles

u

d̄

νℓ

ℓ+

p

p

p

p

k

Γx⊗Γy

(a)

u

d̄

νℓ

ℓ+

p

p

p

p k

Γx⊗Γy

(b)

u

d̄

νℓ

ℓ+

p

p

p

p

k

Γx⊗Γy

(c)

Figure 4.6.8: One-loop Feynman diagrams computed for the renormalization of the four-
fermion operators OXY = (d̄ΓX u) (ν̄` ΓY `) ≡ ΓX ⊗ ΓY .

are taken to be massless. In Ref. [10] the main ingredients for the calculation in the lattice
regularization are deduced from the results of the corresponding QCD calculation performed
in [120]. The expression for the lattice wave function renormalization can be obtained from
[121].

We now present results for twisted mass fermions and “naive” QED gauge action, for
which the tree-level lattice photon propagator in the Feynman gauge is given in Eq. (3.37) . In
infinite volume the sum over momenta in Eq. (3.37) is replaced by the corresponding integral.
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The O(αem) matching matrix δZQED
ij including the lepton wave function renormalization is

explicitly given in the physical basis by:

δZQED =


2LW − 15.5389 −0.5357 −1.6072 r 3.2143 r 0.8036 r
−0.5357 LW − 14.850 −3.2143 r 1.6072 r −0.4018 r
−0.4018 r`

r1
−0.8036 r`

r1
− 2

3
LW − 13.7017 −1.0715 0

0.8036 r`
r1

0.4018 r`
r1

−1.0715 − 2
3
LW − 13.7017 1

12
LW − 0.0574

9.6430 r`
r1

−4.8215 r`
r1

0 4LW − 2.7559 20
9
LW − 15.6920

,
(4.85)

where LW = log(a2M2
W ).
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