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Introduction

Wave propagation and vibration phenomena are governed by a partial differ-
ential equation known as the wave equation. Such equation involves functions
depending on one time variable and a given number of spatial variables. Ac-
cording to the number of spatial variables three, two or one, we have the
following examples from Physics: the equation governing the electromagnetic
field in the space is the three-dimensional wave equation, the (small) oscil-
lations of a stretched membrane are described by the two—dimensional wave
equation and finally the one-dimensional wave equation governs the (small)
vibrations of a stretched string.
We will study the last one, namely the “guitar string equation”. Suppose that
the length of the string is L and that when the string is in equilibrium it
occupies the portion of the z—axis from x = 0 to x = L. We assume that the
string vibrates in a horizontal plane, the (z,u)-plane, and that each point of
the string moves only along a line perpendicular to the z—axis (parallel to the
u—axis). The function u(t,z) denotes the displacement at the instant ¢ of the
point of the string located, when in equilibrium, at . Under the additional
assumption that d,u is small, namely the vibrations of the string are small
in amplitude, it can be shown that u(¢, z) must satisfy the partial differential
equation

POt — T Oy = 0, (1)

where 7 is the tension of the string and p is its linear density. We have assumed
that 7 and p are constant. Introducing the velocity ¢ := y/7/p, and changing
the time-scale t — ct, equation (1) becomes

Ut — Ugye = 0 (2)

Equation (2) is linear and it is well understood. On the other hand, in this
thesis we consider the equation

Ut — Ugg = F(“) (3)

where the term F' is added to take into account also nonlinear phenomena.
The wave equation, as in (3), describes processes without dissipation of
energy, namely, it is a hamiltonian partial differential equation. This means
that, in suitable coordinates it can be seen as an infinite dimensional hamil-
tonian system. This property is crucial and allows us to study the problem
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as a hamiltonian dynamical system trying to extend all the well developed
machinery of the finite dimensional case.

In this thesis we are not interested in the initial value problem for the
equation (3), we will rather search solutions for all times. More precisely we
will look for periodic solutions, namely motions for which the string comes
back to its initial position after a suitable interval of time.

Figure 1: The guitar string from time ¢y to time ¢;.

t=t,

Figure 2: The guitar string from time ¢; to time ¢, = ;.

Why searching periodic orbits

For finite dimensional hamiltonian system the importance of periodic solutions
in order to understand the dynamics, was first highlighted by Poincaré. He
wrote (talking about the three body problem)

“D’ailleurs, ce qui nous rend ces solutions périodiques si précieuses, c’est
qu’elles sont, pour ainsi dire, la seule bréche par ot nous puissons essayer
de pénétrer dans une place jusqu’ici réputée inabordable.”

Even if the periodic orbits form a zero measure set in the phase space,
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“en effet, il ya une probabilité nulle pour que les conditions initiales du mouve-
ment soient précisément celles qui correspondent a une solutions périodique,”

Poincaré remarked their importance formulating the following conjecture:

“..voici un fait que je n’ai pu démontrer rigoureusement, mais qui me parait
pourtant trés vraisemblable. Etant données des équations de la forme définie
dans le n. 13' et une solution particuliére quelconque de ces équations, one
peut toujours trouver une solution périodique (dont la période peut, il est vrali,
étre trés longue), telle que la différence entre les deux solutions soit aussi petite
qu’on le veut, pendant un temps aussi long qu’on le veut.” ([Po], Tome 1, ch.
111, a. 36).

This conjecture encouraged the systematic study of periodic orbits of Poincaré
himself followed by Lyapunov, Birkhoff, Moser, Weinstein, etc. A partial proof
of this conjecture, in a generic sense (in the C? category of hamiltonian func-
tions), was given by Pugh and Robinson in [PuRo83]: the periodic orbits are
dense in every compact and regular energy surface. However, for specific sys-
tems, this conjecture is still open and very difficult to prove.

An intermediate step is the search of periodic orbits in the vicinity of invariant
submanifolds. In this line, Birkhoff and Lewis [Bir31], [BirL34], [L34], showed
in the thirties the existence of infinitely many periodic solutions close to elliptic
periodic orbits. In the eighties, Conley and Zehnder [ConZ], proved the same
result for maximal KAM tori; as a consequence the closure of the periodic
orbits has positive measure in the phase space. Recently in [BeBiV04], the
existence of periodic orbits clustering lower dimensional (elliptic) invariant
tori was proved.

This thesis follows this line, using methods and techniques of the above
papers, to prove existence of periodic orbits of the nonlinear wave equation
close to the origin, which is an (elliptic) equilibrium of the associated infinite
dimensional hamiltonian system.

In pursuit of periodic solutions for the nonlinear wave equation

The history of the quest of periodic in time solutions for the nonlinear wave
equation is wide and involves many refined techniques from different fields in
modern analysis.

The first real breakthrough was due to Rabinowitz [R67]. He wrote the
problem as a variational one and showed the existence of periodic solutions un-
der monotonicity assumption on the nonlinearity. Many authors, e.g. Brezis,
Coron, Nirenberg etc., have used and developed Rabinowitz’s variational meth-
ods to obtain related results. The advantage of such techniques relies on the
fact that they are global, placing few restriction on the strength of the nonlin-
earity and allowing to obtain “large” amplitude solutions. On the other hand
the variational techniques require a very strong restriction on the allowed peri-
ods of the solutions: the periods must be rational multiples of the length of the

IThe Hamilton’s equations.
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spatial interval. Such restriction springs from the inability of variational meth-
ods to deal with “small divisors”, which arise when the period is irrationally
related to the length of the spatial interval.

A completely different approach, which uses the fact that the wave equation

is an infinite dimensional hamiltonian system, was developed at the end of the
eighties by Wayne, Craig, Kuksin, Poschel, Bourgain etc. Such techniques,
based on superconvergent (Newton’s) methods, as the KAM theory or the
Nash—Moser Implicit Function Theorem, allow to extend well known methods
and results from the finite dimensional case and are the natural ways to deal
with the lack of regularity due to the “small divisors” problem. Such techniques
are somewhat complementary to the variational ones allowing us to obtain
periods, which are irrationally related to the length of the spatial interval.
However, unlike the variational methods, they are local, perturbative in nature
and, therefore, restricted to equations with weak nonlinearity or, equivalently,
to solutions of small amplitude.
The KAM theory deals with perturbations of integrable hamiltonian systems.
Formal perturbation theories essentially date back to the nineteenth century,
when especially Poincaré used them in various problems arising in Celestial
Mechanics. The convergence of formal series expansions was unresolved until
Kolmogorov, Arnold and Moser showed how it could be “accelerated” by a
superconvergent Newton’s scheme. In its “classical” form, KAM theory applies
to systems with finitely many degrees of freedom and is devoted to the quest of
quasi—periodic motions, in which the “small divisors” naturally appear. The
presence of “small divisors” in searching periodic solutions is instead typical
of the infinite dimensional situation.

The problem

We now describe the equation that we have studied in this thesis and its
hamiltonian structure. Let us consider the nonlinear wave equation on the
interval [0, 7] with Dirichlet boundary conditions

utt_uaw—i_:uu—f_f(u):o

(4)
u(t,0) =u(t,m) =0,

where > 0 and f(0) = f’(0) = 0.
Equation (4) can be studied as an infinite dimensional hamiltonian system (see
section 4.1 for more details). Denoting v = u; the Hamiltonian is

T ?J2 u2 U2
H(U,u):/ (——i——x—l-u——l—g(u)) dr
o \2 T THY

where g = [ f(s)ds. The Hamilton’s equations are

oH oH

ut:%:v, vy = au:um—pu—f(u).
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Introducing coordinates ¢ = (q1, g2, - -.), p = (p1, P2, - . .) through the relations

o) = 3o Ve () =3 i), 5)

where x;(z) := /2/msiniz and w; := 1/i® + p, the Hamiltonian takes the

form

H = % Z wi(q? + p?) + higher order terms. (6)
i>1

Since we are interested here in small amplitude periodic solutions, the higher
order terms in (6), may be, in first approximation, neglected and we can con-
sider only the quadratic Hamiltonian A := >, wi(¢? 4+ p?)/2. The origin is
an elliptic equilibrium point for A and the A-orbits are the superpositions of
the harmonic oscillations ¢;(t) = A; cos (wit + gpi) of the basic modes y;, where
A; >0, ¢; € R and w; are, respectively, the amplitude, the phase and the
frequency of the i®® harmonic oscillator w;(¢? + p?)/2, i > 1.
Analogously, neglecting the term f(u) in (4), every solution of the linear equa-
tion uy — Uy + pu = 0, is of the form

u(t,z) = Z a; cos(w;t + ;) sinix (7)
i>1

with a; = A;v/2/mw; > 0. These solutions, in general, are periodic if only one
basic mode is excited, namely if a; = 0 for any ¢ # ip, for a suitable 75 > 1,
while a;, > 0. If at least two basic modes are excited, the situation changes:
except a countable set of p > 0, for any Z := {iy,...,iy} € N*, N > 2,
the vector w := (wy,...,w;,) is rationally independent (see Lemma 4.2.1 for
a proof) and, therefore, any solution of the form ), ;a; cos(wit + ¢;)siniz
is quasi—periodic. Then, if at least two amplitudes in (7) are different from
zero, the solution u(t, ) cannot be periodic. One can conclude that, except a
countable set of © > 0, the only periodic solutions of u; — ., + pu = 0 are of
the form u(t, x) = a;, cos(w;,t + i, ) sinipx, for ip > 1.

By the light of these considerations, a natural way to find periodic solutions
of (4), see for example [LinSh88],[W90],[Ku93],[CW9I3],[Su9s],[Bou99],[BO0],
[BeBo03], [GM04],[GMPr04],[BeBo05] (and references therein), is to extend
the Lyapunov Center Theorem (see pg.31) for finite dimensional hamiltonian
systems in a neighborhood of an elliptic equilibrium. Namely, for any fixed i¢ >
1, one constructs a family of small amplitude periodic orbits of the Hamiltonian
H bifurcating from the i{® basic mode. This can be done since, for p far away
from zero, the linear frequency w;, is not resonant with the other ones. The
frequencies w’s of the solutions will be close to the linear frequency w := wj,
and the corresponding periods 27 /@’s will be close to the linear period 27 /w.

Main results

Here we look for solutions having large minimal period. Such solutions are
interesting as an example of the complexity of the dynamics and since they
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come up only as a nonlinear phenomenon.

A classical way to find long-period orbits, close to an elliptic equilibrium
point? in finite dimensional systems, was carried out by Birkhoff and Lewis
in [BirL34] (see also [L34], [Mo77]). Their procedure consists in putting the
system in fourth order Birkhoff normal form: the truncated Hamiltonian ob-
tained by neglecting the five or higher order terms is integrable. If the so called
“twist” condition on the action—to—frequency map holds, there exist infinitely
many resonant tori on which the motion of the truncated Hamiltonian is peri-
odic. By the Implicit Function Theorem and topological arguments, Birkhoff
and Lewis showed the existence of a sequence of resonant tori accumulating at
the origin with the property that at least two periodic orbits bifurcate from
each of them.

As we have just said, in this thesis we apply the Birkhoff-Lewis procedure
to the nonlinear wave equation seen as an infinite dimensional hamiltonian
system. Such extension to the hamiltonian PDEs was recently carried out
in [BBe05] for the beam equation and the NLS (see remark 4.2.10 below for
comparison).

We point out that, in the infinite dimensional case, one meets two difficul-

ties that do not appear in the finite dimensional one: the generalization of the
Birkhoff normal form and a small divisors problem.
Concerning the first difficulty, we consider only a “seminormal form”, following
[P96a). We suppose that f is a real analytic odd function f = " .. fou™
with f3 # 0 and fix a finite subset Z C N. Then we put the Hamiltonian H in
(6) in the form

H=A+G+G+K

where A = 37 wi(p?4¢?)/2, G+G is the fourth order term with G depending
only on the “actions” J; :=(p2 + ¢2)/2, i € N*, G depending only on p;, ¢,
i ¢ 7, and K is the sixth order term. However, to put the Hamiltonian in
normal form, the linear frequencies w;’s must satisfy a suitable non resonance
condition (see Lemma 4.1.8) (which deteriorates for p going to zero).

The truncated Hamiltonian A+ G + G possesses the 2N—dimensional invariant
manifold {p; = ¢; = 0, ¢ ¢ I}, which is foliated by N—dimensional invariant
tori. Due to the “twist” property of G, which follows from f5 # 0, the linear
frequencies of such tori are an open set of RY. We focus on completely resonant
frequencies @ 1= (&y,,...,w;y), namely on @’s such that there exist 7"s with
@T/2r € ZN. Then the (A + G + G) flow on the associated N-dimensional
tori is periodic with periods T’s. Such lower dimensional tori are highly de-
generate. Hence, in order to show the persistence of periodic orbits for the
whole Hamiltonian H, we have to impose some non—degeneracy conditions to
avoid resonances between the torus frequencies and the ones of the normal
oscillations. This is the point in which the small divisors problem appears.

2As we have just said above, [BirL34] actually considers a neighborhood of an elliptic,
non constant, periodic orbit, but the scheme is essentially the same for elliptic equilibria.
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The estimate on the small divisors is the crucial step. In this thesis we devel-
oped two different strategies to overcome this problem according to the fact
that the frequency w := T/27 is rational or irrational. In the former case,
imposing a strong condition on the small divisors, the proof of existence of
T—periodic solutions can be obtained by the (standard) Implicit Function The-
orem in Banach spaces and topological arguments. In the latter case (which
is the most difficult one), we impose only a Diophantine-type condition on
the small divisors and reach the proof by the Nash—Moser Implicit Function
Theorem and “symmetry arguments”.

1) Long time periodic solutions with rational frequency

As we have just said, in our first result, we impose a strong condition on the
small divisors (see (4.48)), avoiding KAM analysis (see remark 4.2.13). For
such (technical) reason we can consider only periods 7" which are multiple of
27 (as in the classical variational approach of Rabinowitz, Brezis, Nirenberg
etc.) and we also need

T < 1.

Therefore we consider the “mass” p > 0 as a small parameter and we make
our analysis perturbative with respect to it. On the other hand, for © — 0
the frequencies w; tend to the completely resonant ones, namely w; — 4, and
the above described normal form degenerates, in the sense that its domain of
definition shrinks to zero while the remainder term K blows up.

The set 7T of the periods T’s verifying the above properties is finite but its
cardinality goes to infinity, when p goes to zero. p?—close tow = (wj,, ..., Wiy ),
we construct a set of completely resonant frequencies © = &(T') € RY, para-
metrized by the periods T' € 7, with @T/2r € ZN. At the same time, we
construct a set of actions J; = jZ(T) ~ p?, i € I, parametrized by T € T,
such that @; is the image of J; through the action—to—frequency map o 7, H on
{pi=¢; =0, 1 ¢ T}. We will prove the existence of T—periodic solutions of H,
p?—close to the T-periodic solutions of the truncated Hamiltonian A + G + G
defined as:

pi(t) = V2T sin(@Oit + 1), ' (t) = /2T cos(@it + ;), forieT
pi(t) =g () =0, fori e Z¢,

(8)
where the angles ¢;, ¢ € Z, have to be determined.
We perform a Lyapunov—Schmidt reduction as in [BeBiV04],[BBe05], splitting
the problem into two equations: the kernel (or bifurcation) equation on the
N-dimensional torus {¢;,,..., iy} and the range equation on its orthogonal
space. We first solve the infinite dimensional range equation by the Contrac-
tion Mapping Theorem using the above estimate on the small divisors and
controlling the blow—up of the remainder term K for p going to zero. Critical
points of the action functional restricted to the solutions of the range equation
satisfy the kernel equation. Since the restricted action functional results to be
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defined on a N—dimensional torus, existence of critical points and, therefore,
of solutions of H follows.

Before stating our result, we return to the PDE—formulation. Recalling (5)
and (8), for every T' € T, we find T—periodic solutions of (4), u*-close to the
T—periodic “pseudo—solution”

u(t,z) :==p Z a; cos(w;t + ;) sinix,
i€Z

where pa; 1= \/jl-/mui, a; ~ 1. We note that the minimal period of @ is 7™ =
T/gcd(kiy, ..., kiy), where k; := &;T/27 € N, for i € Z. Since & is p*close to
the rationally independent® frequency w, 7™ will be large for w1 small. Being
u— @ ~ p?, we obtain an analogous estimate on the minimal period 7™ of w.
Not all the solutions of (4), corresponding to different 7’s belonging to 7', have
to be geometrically distinct. However, by the very precise estimate u — @ ~ 2,
we prove that the total number of geometrically distinct solutions found here
is also large for p small.

We now state our first result, that was announced in [BDGO05] and proved in
[BDGO5II).

Theorem 1. Let f be a real analytic, odd function of the form f(u) =" -,
fmu™, fs #0. Let N > 2 and T := {iy,...,ixy} C NT. Then there erists a
constant 0 < ¢ < 1 such that, if 0 < u < ¢, there exist at least ¢/ geometrically
distinct smooth periodic solutions u(t,z) of (4), verifying

sup  |u(t,z) — p Z a; cos(@it + ;) siniz| < ¢ tp?, (9)
teR, x€[0,n) i

for suitable a; > ¢, ¢; € R and &w; € R
| —w;| < ¢ H? (wi =12+ u) . (10)
The minimal period T™™ of any solution belongs to 7Q and satisfies

const
M2

(11)

=0

Remark. The solutions u(t, z) found in Theorem 1 are infinitely differentiable.
Actually, they are analytic in the spatial variable. Estimate (9) can be improved
and, in particular, one can obtain analogous estimates on the derivative of u
of any order k > 1. Howewver, in this case, the constant ¢ will depend on k.
See also Remark 4.2.20 for further details. Arguing as in the proof of Theorem
2 we could obtain solutions analytic also in the time—variable.

3Except a countable set of yu’s.
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2) Long time periodic solutions with irrational frequency

Two limitations are evident in the statement of Theorem 1: the periods cannot
go to infinity and must be rational multiples of 7. These restrictions are
connected and follow by the strong condition on the small divisors that we
have imposed (see (4.48)). As we have just said, such strong condition allows
us to solve the range equation by the standard Implicit Function Theorem.
To avoid the limitations on the period, one has to weak the condition on the
small divisors imposing a Diophantine-type condition (known as “first order
Melnikov condition”) and solve the range equation by a Nash—Moser Implicit
Function Theorem. Then one has to face the difficult task of inverting the
linearized operator. One proceeds with the quite standard “superconvergent”
iteration algorithm. One has anyhow to solve the bifurcation equation on a
Cantor set (resulting by the excision procedure performed to control the small
divisors). As we will discuss on Remark 4.2.13, this point is, in general, very
difficult.

Summarizing, there are two main difficulties in extending Theorem 1:
(i) solving the bifurcation equation on a Cantor set,
(i) inverting the linearized operator.

We now briefly discuss our second result laying emphasis on how we have
overcome these difficulties.

At the beginning we proceed as for Theorem 1, fixing Z C N* and putting the
system in Birkhoff Normal Form with respect to the Z—modes. We look for
periodic solutions close to the N—dimensional tori filled by T—periodic orbits
of the truncated Hamiltonian A + G + G. However in this case we consider
p fixed. This means that we do not need p small and we can consider any pu
positive. In particular, instead of pu, the perturbative parameter will be here
the frequency w := 27 /T.

To overcome problem (i) we use a different strategy with respect to the one
used in Theorem 1; in particular we do not really perform a Lyapunov—Schmidt
reduction. The idea is based on the following simple observation: if the non-
linear term f in (4) is odd, the associated Hamiltonian H in (6) satisfies the
symmetry property H(—p,q) = H(p,q). This symmetry is preserved by the
Birkhoff Normal Form. Then we look for solutions in the subspace of functions
p(t) odd and ¢(t) even. Using the symmetries we first solve the equations of
motions for {p;, ¢; }ie7 for any value of the “parameters” {p;, ¢; }icze and there-
after we have to solve the resulting equations for {p;, ¢ }ieze. In the language
of Theorem 1, this procedure corresponds to prove by symmetry that the bi-
furcation equation on the N-dimensional torus {¢;,..., @iy}, wWith {@;}ier
introduced in (8), has solution for ¢; = 0 for any 7 € Z. We stress that this
“symmetry trick” works only for f odd; a way to face the bifurcation equation
on a Cantor set in the case f not odd was given in [BeBo05] for “Lyapunov
type” orbits (namely 7"~ 27).
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Regarding problem (ii) we remark that, in this case, the linearized operator
is a first order not symmetric operator (and not a second order symmetric
one, as usual). We develop the linearized operator in time—Fourier expansion
and split it into a “diagonal part” and an “off-diagonal part”. Two problems
appear causing serious difficulties in the spectral analysis and in controlling
the influence of small divisors: the diagonal part is not symmetric and the
off-diagonal one is not a Toepliz operator. This last problem comes from the
fact that the linearized expression of {p;, ¢; }ier as function of {p;, ¢; }icze is not
of Toepliz type.

We now state our second result* in which we prove existence of periodic solu-
tions of (4) with f odd and p > 0 fixed. The frequencies of these orbits belong
to an unbounded Cantor set of asymptotically full measure. Finally we prove
that the origin is an accumulation point of periodic orbits of longer and longer
minimal period, extending the Birkhoff-Lewis Theorem to the nonlinear wave
equation.

Theorem 2. Fiz > 0 and let f be a real analytic, odd function of the form
f(u) =2 ss fmu™, f3 #0. Let N > 2 and T := {i1,...,in} C N*. Then
there exists a constant 0 < ¢ < 1 and a set C C (0, c] satisfying
Cn (0
f (€0 0OT]) (12)

r—0+ r ’

such that for all w = 27/T € C there exists a T—periodic analytic solution
u(t,x) of (4), satisfying

sup  |u(t,x) — \/EZ a; cos(@it) siniz| < ¢ 'w, (13)
teR, z€(0,n] el
for suitable a; > ¢, w; € R
]@Z—wl\ S cilw (wi = iz + /JJ) . (14)

Moreover, fix 0 < p < 1/2, then, except a zero measure set of i's, the minimal
period T™" of the T—periodic orbit satisfies

™" > const 7. (15)

Remark. We can also prove an estimate similar to (13) in a suitable analytic
norm. The Cantor set C is formed by Diophantine irrational numbers.

Theorems 1 and 2 are the first results about periodic solutions of large minimal
period for the autonomous nonlinear wave equation (for different—type results
on large minimal period, in the forced case, see [T87]).

We also remark the following substantial difference between the periodic so-
lutions found by analogy of the Lyapunov Center Theorem and the ones we

4A paper on this subject is in preparation, see [BDGIII].
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construct. The “Lyapunov type” orbits are obtained as the continuation of
one linear mode to the nonlinear system; they involve only one of the linear
harmonic oscillator, the amplitudes on the other modes being much smaller
(except in the resonant case p = 0, discussed in [BP01], [BeBo03], [BeBo04],
[BeBo05]). On the other hand, the periodic solutions constructed here involve
N > 2 harmonic oscillators, oscillating with the same order of magnitude, and
are a truly nonlinear phenomenon, as they do not have any analogue in the
linear case, where all periodic orbits are the oscillation of only one basic mode
and do not have long minimal period (see also [BeBiV04], [BBe05]).

Scheme of the thesis

PART I

We discuss, at first, some preliminaries regarding finite dimensional hamil-
tonian systems. In particular, we study the behavior of such systems in a
neighborhood of an elliptic equilibrium point. We introduce the Birkhoff Nor-
mal Form and the notion of non-resonance between the linear frequencies.
Therefore we report the classical theorems of Lyapunov, Weinstein, Moser, on
the continuation of the periodic solutions of the linearized system to the non-
linear one. We describe the hamiltonian structure of some partial differential
equations and study their basic properties as infinite dimensional systems. In
particular we consider the wave equation, the Schrodinger equation and the
beam equation.

Thereafter, we review most of known results about existence of periodic solu-
tions of such hamiltonian PDEs. In particular we treat in details some results
that we consider interesting for the used methods and techniques. Some of
these tools will be used in the proof of our main results.

For completeness, we discuss quasi—periodic and almost—periodic solutions for
hamiltonian PDEs. We report and briefly discuss the main known results.

PARrT II.

We prove existence and multiplicity of small amplitude periodic solutions with
large period for the nonlinear wave equation with small “mass”. Such solutions
bifurcate from resonant finite dimensional invariant tori of the fourth order
Birkhoff seminormal form of the associated hamiltonian system. We also prove
that the number of geometrically distinct solutions and their minimal periods
tend to infinity when the “mass” tends to zero.

PARrT III.

We discuss a Nash—Moser algorithm to prove existence of periodic solutions of
the nonlinear wave equation with periods belonging to an unbounded Cantor
set of asymptotically full measure. We also give an estimate from below on
the minimal periods.

ACKNOWLEDGEMENTS. I wish to thank Luigi Chierchia and Luca Biasco for
supervising this thesis. I also thank Massimiliano Berti for his interest in my
work and useful discussions.
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Part 1

Preliminaries and known results
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Chapter 1

Hamiltonian dynamical systems

The aim of this chapter is to study some partial differential equations (PDEs)
as evolution equations in suitable functional spaces. In particular, we will con-
sider some PDEs that can be seen as infinite dimensional hamiltonian systems.
The general form of such equations is the following. Let P be a Hilbert space
of functions defined on some domain D, typically P will be a Sobolev space.
Let us denote by (-,-) the scalar product in L?*(D) and by J a non degenerate
antisymmetric operator. Then, the evolution equation we consider is

duw(t) = JVH (w(t)), (1.1)

where w € P and VH denotes the gradient of the hamiltonian function H :
P — R with respect to the L?(D)-scalar product.

This hamiltonian formalism can be generalized in the following way. On B,
which can be a Banach or a Hilbert manifold, let us suppose to have a sym-
plectic 2-form w : T,,(B) x T,(B) — R, where T,,(B) is the tangent space
to B in w, with the following properties: (i) dw = 0, (ii) w is non degenerate
in any point of B. We note that if B is finite dimensional, then it has even
dimension. Given a hamiltonian function H : B — R, we define the associ-
ated hamiltonian vector field Xy (w) on T,,(B), by w[Xg, Y] := dH[Y], for any
Y € T,(B). If B is infinite dimensional, neither the Hamiltonian H, nor the
forms w and dH, nor the vector field Xy are necessarily bounded; so one has
to consider the restriction to their definition domains. In this case one has to
weaken the condition (ii) above. The Hamilton’s equations are

dw(t) = X (w(t)). (1.2)

If B is an Hilbert space, by the Riesz Theorem, the symplectic form w, admits
a representation in terms of the scalar product:

w[X,Y] = (X,JY), (1.3)

where J is a suitable non degenerate skew—symmetric operator. On the other
hand, given a non degenerate anti-symmetric operator J on a Hilbert space
B, the 2—form defined in (1.3) satisfies (i) and (ii) above.

25



The “energy” H is constant along the motion since

%H(w(t)) = dH[0yw] = w[ Xy, Ow| = w[ Xy, Xy| = (Xg, JXy) =0,

by (1.2), (1.3) and by the skew-symmetry of J.
Let us consider the following example given by the wave equation

Ut (L, ) — Uy (t,2) =0 (1.4)

with Dirichlet boundary conditions on [0, 7], u(¢,0) = u(t,7) = 0. We will
work in the Hilbert space

B = L*([0,7]) x L*([0,7]) > (v,u) = w,

endowed with the scalar product (wq,wsy) = fow(vlw + uyug)dz. We identify
T,(B) and B. Here the symplectic form w is defined by (1.3) where J(v,u) :=
(—u,v), namely w[(hy, k1), (he,k2)] == [, (hek1 — hiks) dz. The Hamiltonian

= 0= [ (5 .

Here H is an unbounded operator from B into R. Its definition domain is the
phase space P := L?([0,n]) x H}([0,7]) C B. Let Y = (h, k), then

(Xp,JY) =w[Xg, Y] =dH[Y] = /W(vh+uxk:x)dx = /ﬂ(vh — Uy k) da

so that the hamiltonian vector field X (w) = (uys,v) is defined for u € H* N
Hj. The Hamilton’s equations are

U= Uyy , U=uv. (1.5)

Then a weak solution w : t — P of the Hamilton’s equations (1.5), is a weak
solution of uy = Uyy.

1.0.1 Linearized equation

This thesis deals with periodic solutions. The simplest case is the equilibrium
point. We say that w, is an equilibrium point for H if 0,H (w,)=0. It’s
not restrictive to suppose that H has an equilibrium point in w = 0, namely
0w H (0)=0. Moreover, since (1.2) is not affected by adding a constant, we also
suppose H(0) = 0.

Developing the Hamiltonian H in a neighborhood of its equilibrium point
w = 0, we have

H(w) = Hy(w) + N(w),

where

Hy(w) := %(w,@iH(O)z@ (1.6)
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is the quadratic term and N (w) contains all the terms of order three or higher.
The small amplitude motions generated by the Hamilton’s equations (1.1) are
described, in first approximation, by the linearized equation

Ow = JOZH(0)w = JO2 Hy(w). (1.7)

Since we are interested in (small amplitude) periodic solutions, we will study
in particular hamiltonian systems for which the linearized equation (1.7) pos-
sesses periodic solutions. A typical case is the elliptic equilibrium.

Definition 1.0.1. The stationary point w = 0 is elliptic for the hamiltonian
system (1.1) if all the eigenvalues of JO2H(0) are pure imaginary.

Indeed, if i)\, with A\, € R, is an eigenvalue of JO? H(0) and w, is one of its
corresponding eigenvectors, then, for all a € R, the solution w(t) = e*taw, of
w = JO? H(0)w, with initial datum w(0) = aw,, is 27 /\,—periodic.

1.0.2 Harmonic oscillator

We are going to show a simple example of a hamiltonian system with an elliptic
equilibrium point. Let us define a quadratic Hamiltonian Hs on the Hilbert
space B 1= (2 x (2,

R

HQ(p) Q) = ij 2 9

Jj=1

with p = (p1,...), ¢ = (¢1,...) and w = (p,q) € B. The equations of motion
are

Orp;(t) = —w;q;(t),  9hg;(t) = wyp;(1) teR, (1.8)
and describe infinitely many harmonic oscillators of frequency w;. Equations
(1.8) can be written in the form!

W= JO2H(0)w, (1.9)

where J(p, q) :== (—q,p). The eigenvalues of

s = )

where (2 := diag|w,], are £iw;, j > 1. Therefore w = 0 is an elliptic equilibrium
point. The equations (1.8) have solutions

p;(t) = cos(w;t)p;(0) — sin(w;t)g;(0), j>1,

¢;(t) = sin(w;t)p;(0) + cos(w;t)g;(0), j>1.

Let us, briefly, discuss the periodicity of such solutions. Every component
(p;(t), q;(t)) is periodic in time, with frequency w;, while the solution itself can

'From now on we denote by “ * 7 the derivative with respect to time.
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be periodic, quasi—periodic or almost periodic. It is periodic if there exists a
frequency w € R such that, for all j > 1, with (p,(0),¢;(0)) # (0,0), there
exists k; € Z with
b Y

kj
The solution is quasi-periodic if there exists a finite base of frequencies wy, ...,
wy, such that, for all 7 > 1, (p;(0),¢;(0)) # (0,0),

wi = Zw kej (1.10)
(=1

for suitable k;; € Z. Finally, the solution is almost periodic if there exists an
infinite base of frequencies such that (1.10) holds.

It is natural to wonder if periodic, quasi—periodic and almost—periodic solutions
persist under perturbation due to cubic or higher order terms.

As regards the finite—dimensional case, the existence of periodic orbits is proved
by the Lyapunov Center Theorem (in the non—resonant case) and the theorems
of A. Weinstein and J. Moser (in the resonant case). On the other hand,
the existence of quasi—periodic solutions is proved by the KAM Theorem (by
Kolmogorov, Arnold and Moser) and by Melnikov’s Theorem. We note that
almost periodic solutions cannot exist in the finite dimensional case.

In the following we deal with periodic solutions. Quasi—periodic and almost—
periodic solutions will be discussed in the Appendix.

1.1 Finite-dimensional hamiltonian systems:
some classical results

Let us consider the linearized equation (1.7). Suppose that 92 H(0) is non
degenerate. If the phase space P has finite dimension, the spectra of J92 H(0)
is finite and it can be decomposed in two subsets:

(i) a finite sequence of eigenvalues A, with real part different from zero, for
é: 1,2,...,@0;

(ii) couples of pure imaginary eigenvalues +iw;, for j =1,..., jo.

If wy belongs to the eigenspace associated to an eigenvalue of the first type,
then the solution with initial datum wy, namely ¢ —— exp(tJO? H(0))wy is
never periodic, except in the case wy = 0. On the other hand, if wy belongs
to the eigenspace associated to one of the eigenvalues of the second type, then
every solution is periodic with period 27 /w;.

It is natural wondering if periodic solutions of (1.7) persist under perturba-
tions due to cubic or higher order terms. The answer is, in general, negative as
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the following (non-hamiltonian) example shows. Let be (p,q) € R?, consider
the following nonlinear system

p=—q+ P +¢)p
. 1.11
{q=p+(p2+q2)q. (1.11)

The eigenvalues of the linearized system p = —q, ¢ = p are +i, so (p,q) = (0,0)
is an elliptic equilibrium point. Any solution (p(t),¢(t)) of (1.11), satisfies the

following

d

7 WO+ 0) =2(0°(1) + (1)) -

Suppose that (p(t), q(t)) is a T—periodic solution of (1.11), than

0= [ G WO+Ew)a= [ 2000 +¢0) .

from which it follows that (p(t),q(t)) = 0.

We have just said that the study of the oscillations of a system in the
neighborhood of an equilibrium point or a periodic motion usual begins with
linearization. After this, the main properties of the oscillations in the origi-
nal system can frequently be determined using the theory of normal forms of
Poincaré-Birkhoff. This theory is an analogue of perturbation theory. Here
the linearized system plays the role of the unperturbed system with respect to
the original one.

To fix ideas, let us consider a nonlinear perturbation of a 2n-dimensional inte-
grable hamiltonian system, in a neighborhood of an elliptic equilibrium point
(e.g. the origin) such that all the eigenvalues of J92 H(0) are distinct.

The following classical result is due to Williamson [Wi36].

Proposition 1.1.1. If the eigenvalues are all distinct and purely imaginary,
then the quadratic part of the Hamiltonian H can be reduced to the normal
form
1 1
Hy = gwi(pi+¢0) + .+ gwnlpn + 45)

Choosing coordinates w =: (p,q) = (p1,--.,Pn,q1,---,qn) in the phase space
R"™ x R", we can write the Hamiltonian in the following way:

~ ptq
H:ij . 5 L+ N(p,q), wj €ER, (1.12)
=1

where the nonlinearity N verifies N(p,q) = o(|p|* + |¢|?). The Hamilton’s
equations of the linearized system are (1.8) and describe n decoupled harmonic
oscillators with frequencies w;.
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Birkhoff Normal Form

A standard way to investigate finite dimensional hamiltonian systems, close to
an elliptic equilibrium point, is putting them in the so called Birkhoff Normal
Form of hamiltonian mechanics, which allows to view hamiltonian systems
near an equilibrium as small perturbations of integrable systems.

Let us suppose that, in the linear approximation, the equilibrium point of a
hamiltonian system is elliptic and the characteristic frequencies wy, ..., w, are
different one from each other. Thus, the quadratic term of the hamiltonian
reduces, by a canonical linear transformation, to the form

n 2 2
pi +q;
H2 = ij J B J .
7=1
Definition 1.1.2. The characteristic frequencies wy,...,w, satisfies a reso-
nance relation of order K, if there exist integer numbers, not all vanishing, for
which

kiwi + ... + kpw, = 0, |k1] + ...+ k] = K.

Definition 1.1.3. We call Birkhoff Normal Form of order s, a polynomial of
degree s in the canonical coordinates (P;,Q;) which is a polynomial of degree
[s/2] in the “action” variables I; = (P} + Q7)/2.

Theorem 1.1.4. Let us suppose that the characteristic frequencies w; do not
verify any resonance relation of order s or lower. Then, there exists a canonical
system of coordinates, in a neighborhood of the equilibrium point, such that the
Hamilton’s function reduces to the Birkhoff Normal Form of order s, up to
terms of order s+ 1:

H(p,q) = HJ(P,Q)+R,  R=O0(P|+]Q)**".

PROOF. Following [A], we give a sketch of the proof. Let us choose the
canonical complex coordinates (here and in the following i := /—1),

1 . 1 .
Zj:E(PjJrlqj)? szE(pj—lqj),

in which the Hamiltonian H, takes the form Z;;l w;z;Zj. We proceed by in-
duction over N. We note that, if there are no terms of order lower than NV,
except those ones in the normal form, then a canonical transformation with
generating function Pq + Sy (P,q) (where Sy is a polynomial of degree N),
changes only the terms of order higher or equal than N in the Taylor’s ex-
pansion of the Hamiltonian. Denote by H,g and S,3, where a = (ay, ..., ay),
B=(0,...,0,) and Z;;l(aj + ;) = N, the coefficients of the monomial

2058 = 20 o P
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of H and Sy respectively. After the canonical transformation generated by
Pq+ Sn(P, q), the coefficient of the monomial 2%z” of the new Hamiltonian is

Haﬂ+isaﬁzwj(ﬁj —Oéj). (113)
j=1

Thanks to the non-resonance hypothesis, the sum in (1.13) is different from
zero if a # (. Therefore, defining s.g = iHaps/ >_j_, wi(B; — a;), we can
eliminate from the new Hamiltonian all the terms of order N that are not
monomials of the form (22)°.

0

1.1.1 Periodic orbits
Lyapunov Center Theorem

By the light of the example in (1.11) one has to make some hypotheses to
prove that periodic orbits of the linearized system can be continued to periodic
solutions of the nonlinear one.

Let us consider H € C?*(R™ x R",R). We will assume the following:

(HO) H(0) = 0, VH(0) = 0 and 92H(0) > 0 (namely 92 H(0) is positive-
definite).

We note that (HO) implies that the origin is an elliptic equilibrium for H.
Indeed, thanks to 92H(0) > 0, the level sets of the quadratic Hamiltonian
Hj, defined in (1.6), are ellipsoids. As a consequence, all the solutions of the
linearized system (1.7) are bounded. Therefore the eigenvalues of JO2 H (0)
must be purely imaginary.

The Lyapunov Center Theorem ([Ly07]) assumes the following non-resonance
hypothesis:

(H1) JO2H(0) has n pairs of purely imaginary simple eigenvalues +iwy, k =
1,2,...,n, such that w;/w; is not an integer for all i # j.

Theorem 1.1.5. Suppose that H € C*(R" x R™ R) satisfies the hypotheses
(HO), (H1). Then for alle > 0 small enough the hamiltonian system associated
to H has n geometrically distinct periodic orbits on the surface H(w) = e.
More precisely, the surface H(w) = € carries n distinct periodic orbits whose
periods tend to 27 /wg, k=1,2,...,n.

Weinstein Theorem

The Weinstein Theorem allows to deal with hamiltonian systems in which the
non-resonance hypothesis (H1) of the Lyapunov Center Theorem is not satis-
fied (see also [Mo76], where an analogous result for non necessarily hamiltonian
systems is proved).

31



Theorem 1.1.6 ([We73]). Let be H € C*(R™ x R",R) defined on a neigh-
borhood of the origin, satisfying (HO). Then for each sufficiently small energy
e > 0, there are at least n periodic orbits, with frequencies close to those ones
of the linearized system, on the surface H(w) = ¢, w € R™ x R".

1.2 Infinite—dimensional hamiltonian systems:
three models

As it is well known, the following partial differential equations can be consid-
ered as an infinite-dimensional hamiltonian system:

(i) nonlinear wave equation (NLW);
nonlinear Schrodinger equation (NLS);
nonlinear beam equation;

Korteweg—de Vries equation (KdV);

)
)
)

(v) Burgers’s equation;
) Euler’s equation of the hydrodynamics waves;
) Boussinesq system;
) Laplace equation on a cylinder;

(ix) Fermi, Pasta and Ulam system.

In this thesis we are interested in three of these hamiltonian systems: the
nonlinear wave equation, the nonlinear Schrodinger equation and the nonlinear
beam equation. In the following we will describe their hamiltonian structure,
we will write the associated linearized system and compute its eigenvalues,
showing, thus, that those systems have an elliptic equilibrium point at the
origin.

1.2.1 Nonlinear wave equation
Let us consider, to fix ideas, the nonlinear wave equation
U — Ugz + pu+ f(t,x,u) =0, (1.14)

where ¢ € R and
f @ty u) = of|ul)

is the nonlinearity. One can be interested in searching solutions of (1.14), with
Dirichlet boundary conditions, on the interval [0, 7|,

u(t,0) =u(t,m) =0 teR, (1.15)
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or with spatial periodic conditions
u(t,z) = u(t,z + 2m), t,x € R. (1.16)

The equation (1.14) is a hamiltonian PDE and, in the case of conditions (1.15),
the associated Hamiltonian is

T U2 U2 U2
Hontout) = [ (5 +% 40+ o) ar,
0

where g(u) := [’ f(@)da, defined on the phase space
Poie = L0, ]) x HL(0,7]) 3 (0,u)

In the case of conditions (1.16), the associated Hamiltonian is

2m 2 2 2
v us u
Hper(v,u,t) = /0 (E + B} + ,U? + g(u)) dx ,
and it is defined on the phase space

Pper = L*([0,27]) x H'.,([0,27]) > (v,u).

per

The equations of motion for the previous Hamiltonians are

0= =0 H(u,v,t) = tugy — pu — f(u),
= 0,H(u,v,t) =v,

where (9,H, 0, H) is the gradient of H with respect to the L?-scalar product.
Here the symplectic structure is defined as in (1.3) by the operator J :=

0 —I
(v )
Let us consider (1.14), for u small. The equation (1.7), namely the linearized
system for this hamiltonian PDE, is

<§>_(um;uu>

and the associated quadratic Hamiltonian, for Dirichlet b.c.?, is

T 2 U2
Hg(v,u):/ (—+—x—|—,u—)dm.
. \2 "2 2

Let us prove that the origin is an elliptic equilibrium point for this Hamiltonian,
both in the case of periodic and Dirichlet b.c..

Consider, at first, the case of periodic b.c.. Using the Fourier transform,
we can introduce new coordinates p := (..., p_1,00,P1,---), ¢ := (..., q-1, qo,

2In the same way, one can write the Hamiltonian for periodic b.c..
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qi, ---), (p,q) € 62 x 2, where (7 is the Hilbert space of all bi-infinite, square
integrable sequences, such that

va) = D opivEressle),  ul@) =3~ ewln), (117

jE€L jez
where {€77};cz are a base of eigenvectors for the Sturm-Liouville operator®

pe
) +u (1.18)
with periodic b.c., and
w?- =4,
are the associated eigenvalues. By the Parseval identity, the Hamiltonian Hy

takes the form , ,
pi+ G
Ho(vu) =3 =g

jez
The linearized equation in the coordinates (p, q), then, reads

{ Dj= w4,  JEZL, (1.19)
4; = Wjpj

that corresponds to a harmonic oscillator, of frequencies {wj =\/Jj2+pu }jGZ'
One can easily verify that (p,q) = (0,0) is an elliptic equilibrium point for the
nonlinear wave equation.

In the case of Dirichlet boundary conditions, the eigenvectors of the Sturm-—
Liouville operator (1.18) are {sin jx};>1, so one has

v(x) = \/g;pj\/@sin(jx) , u(z) = \/%2 \;]_Zu_] sin(jz),

where p:= (p1,...), ¢:= (q1,...), (p,q) € # x 2.
As for the periodic b.c., the coordinates (g, . ..) must verify the equation

G+ (G2 +wng =0,

that corresponds to a harmonic oscillator with energy w; (p? + qf) /2 and period
2mjwj, j > 1.

Let us note that the behavior of the frequencies w; has a deep influence
on the dynamic of the system. For this reason, it is natural wondering if
there exists a resonance relation between the frequencies. For example, for the

3We assume for simplicity that all the eigenvalues are positive, though this is not neces-
sary.
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Dirichlet boundary conditions, one can verify the existence of a multi-index
k=(..,k_1,kok1,...) € Z>, with |k| < 0o, such that, being w := (wy,...),

(w,k‘) = ijkj =0.

Jj=1

In Lemma 4.2.1 it is proved that, except a countable set of ;1 > 0, there are
no resonance relations. Therefore, generally, there exists an infinite number of
rationally independent frequencies and most of the solutions of the linearized
equation are almost periodic.

Finally, we can summarize: in the case of periodic boundary conditions, the
eigenvectors of the operator 0 := 97 — 92, are {e“/'e"},cz, the associated
eigenvalues are also parametrized by j € Z, and there always exists at least a
1 : 1 resonance relation between the frequencies, being w; = w_;. On the other
hand, in the case of Dirichlet b.c., the eigenvectors are {€“/' sin ja};>1, every
frequencies are simple and, generally, non resonant.

Moreover, if u = 0, the linearized equation is

Ou = uy — Ugye =0, (1.20)

the frequencies are w; = [j| € N, and there exists an infinite number of reso-
nance relations. It’s no difficult to verify that, in this case, all the solutions of
(1.20) has rational frequency.

1.2.2 Nonlinear Schrodinger equation

Let us consider the nonlinear Schrédinger equation
ity — Uge + pu+ f(uP)u=0, uweC. (1.21)

Let be i1 a parameter, ;1 € R, and f the nonlinearity. Absorbing a constant into
p one can assume f(0) = 0. Let us study this equation as a hamiltonian system
on some suitable space. For example, for Dirichlet b.c.(boundary conditions),
one has P = H}([0,7)], the complex valued L*-functions on [0, 7] with an
L?derivative and vanishing boundary values. For u € P, the Hamiltonian

will be ) )
T [ |y U 1
Hyustun) = (M55l Lot ) o
0

where g(s) = [} f(z)dz, then, equation (1.21) can be written in the hamilto-
nian form
(9tu = iﬁﬁHNLS = J&—LHNLS . (122)

Let us note that here the operator .J, that defines a symplectic structure,
corresponds to the product for i. We note that, as for the nonlinear wave
equation, one can deal with periodic b.c., adapting the definition of the phase
space and of the associated Hamiltonian. Let us rewrite the Hamiltonian in
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infinitely many coordinates in the Hilbert space ¢? of all complex valued square
integrable sequences ¢ := (q1, ...). Make the ansatz

u(t,z) =S¢ =Y q;(t)x;(z), j>1

Jjz1

where y;(z) = \/% sin jx, 7 > 1 are the basic modes for the linear equation

ity — Uge + pu = 0 for Dirichlet boundary conditions. Let w; = j% + u be their
respective frequencies. We note that the eigenvalues of the Sturm-Liouville
operator are simple for Dirichlet b.c. for j > 1, while for the periodic b.c.,
w; = w_; for j € Z. One then obtains the Hamiltonian

_ 1 1 [7
Had) == 5 S wlof +5 [ alSa?)dr.

Jj=1

The equation of motion are
j>1. (1.23)

They are classical hamiltonian equations of motion for the real and imaginary
part of ¢; = x; +iy;. In order to prove that the origin is an elliptic equilibrium
point for the hamiltonian system (1.22), one can decompose ¢; in its real and
imaginary part, namely ¢; = z; + iy;, and equation (1.23) becomes

at(xj):<0_1>(“j‘”j). (1.24)
Yi Lo WiY;

In this way, one has a standard harmonic oscillator, with frequencies w;, from
which it follows that the point ¢ = 0 is elliptic.

1.2.3 Nonlinear beam equation

Consider the beam equation
Ut + Ugzzz + pu+ f(u) =0 (1.25)
with hinged boundary conditions
u(t,0) = u(t, ) = e (t,0) = Uy (t, ) = 0, (1.26)

with © € R and f a generic nonlinearity. Choosing for example the phase
space P = H?([0,7]) x L*([0, 71]) one can write the associated Hamiltonian:

T U2 U,2 Nu2
Ho) = [ (5 +% + 1 o) o,
c\2 T Ty
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where g(u) := [’ f(s)ds, with equations of motion

U=
U= —Upgye — pu — fu).

Using the Fourier transform, we can introduce new coordinates p := (py,...),
q:=(qi,...), (p,q) € * x £%, through the relations

v@) = LopE@), ula) =3~ la).

where w]? = j*+pand y;(z) = \/g sin jx. As for the nonlinear wave equation,

the coordinates ¢;, for 7 > 1, must satisfy the equation ¢; + wquj = 0 and
therefore the origin is an elliptic equilibrium point.
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Chapter 2

Periodic solutions: methods and
known results

This chapter deals with the search of periodic solutions for some hamiltonian
partial differential equations. The used methods are of two types: variational
ones, which are global and shared also with other classes of partial differential
equations (e.g. elliptic equations), and the perturbative ones, which are local
and typical of the finite dimensional hamiltonian systems. We will describe
both of them, even if we are mainly interested in the second one.

We will deal with some extensions of the classical fundamental theorems for
finite dimensional hamiltonian systems, stated in Chapter 1, to the infinite—
dimensional case. We want to explain how tools and techniques, which are well
proven in the world of finite dimensional hamiltonian systems, may be applied
in the world of infinite-dimensional evolution’s equations with hamiltonian
structure.

For example, thinking of the analogy with the Lyapunov Center Theorem for
finite dimensional hamiltonian systems in the neighborhood of an elliptic fixed
point, one expects to obtain a family of periodic orbits bifurcating from the
orbits of the linearized equations whenever no integer multiple of the frequency
of the solution being perturbed coincides with the frequency of any other nor-
mal mode. Obviously, there is a deep difference if the problem has infinitely
many degrees of freedom. In the finite dimensional case there are smooth fam-
ilies of periodic solutions bifurcating from the solution of the linear problem.
Indeed, for finitely many frequencies wy, ..., wy, if kw; # wj, for j =2,3,...,n
and k € Z, one has kw # wj, for every w close to w;. It means that one finds
solutions for an interval of frequencies. On the other hand, for infinitely many
frequencies, there exists, in general, a dense set of w’s for which kw = w;, for
some j. Here a peculiarity of the infinite-dimensional case appears: the small
divisors problem arises in searching periodic solutions and not only for quasi—
periodic ones as in the finite—dimensional situation. To overcome this problem,
one has to excise the resonances, obtaining a Cantor set of frequencies, and
thus one finds a solution for any frequency that lies in this Cantor set.

In particular, we will investigate the existence of periodic solutions for the
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following partial differential equations seen as infinite-dimensional hamiltonian
systems:

- nonlinear wave equation;
- nonlinear Schrédinger equation;
- nonlinear beam equation.

At first we briefly discuss about the matters that one meets in looking for pe-
riodic solutions of the nonlinear wave equation and about the types of periodic
solutions that one chooses to search. After, we will report most of the results
about the above mentioned hamiltonian PDEs.

In the statement of these results, we respect most of the notations of the
authors, to simplify the reading.

2.1 Nonlinear wave equation

To fix idea, we treat the problem (1.14) with Dirichlet boundary conditions,
namely
{utt_uxx+ﬂu+f(taxvu)zo7 MER, (21)

u(t,0) = u(t,m) =0.

where 0, f(t,z,0) = 0.
We consider two cases for f in (2.1):

(a) free vibrations, namely f = f(x,u);
(b) forced vibrations, namely f = f(t,x,u) = f(t + Ty, x,u), To > 0.

The main difference in searching T-periodic solutions between case (a) and
(b) is that in the forced case it is natural to look for a solution u of the same
period as the forcing term, namely T' = Tj, while in the free case the period T'
is a priori unknown.

Another fundamental dichotomy consists in searching periodic solutions with
period T € 7Q or T € 7(R \ Q). To understand this point, it is useful to
look at the behavior of the d’Alembertian operator [J, of its kernel and of its
invertibility properties.

The linear equation [u = 0 has only periodic solutions with period belonging
to the set mQ; indeed the kernel K of the operator [J, acting on functions'
L3(2), where Q :=T x [0, 7] and T := R/27Z, is

K:={vtz)=0(t+z)—0(t—=2) : o€ L*(T)} .

Obviously L*(€2) can be decomposed into the two orthogonal closed subspaces
L*(Q) = K ® K*. Since for all h € K+ the equation Ou = h has a unique

'We can define a weak solution u € L*(Q2) of Ou = h € L*() asking that [, ud¢ = [, ho
for any ¢ € H} ().
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solution u € K=, it results that (J is invertible on the co-kernel K+, namely
the map
O K- — K"

is a well-defined bounded (even compact) linear operator.
We now pass to the non homogeneous linear equation [lu = h, where

h = Z heje™ sin(jz)

0eZ,5>1

is T—periodic with frequency w := 27 /7. Then we look for T—periodic solutions

u= Z ug;e™ sin(jz) .

(eZ,j>1
The coefficients of u are easily determined:

B
T jg_ﬁ . (2.2)
Such expression make sense only if the divisors j2 — w?(? = (j — wl)(j + w/)
are different from zero. It is immediate to see that two cases occur: w € Q
or w € R\ Q, corresponding to 7' € 7Q or T" € n(R \ Q), respectively. In
the case T' € mQ, we have that w = p/q, ged(p, q) = 1. We note that the set
{j? — w*?}yez. ;51 has not accumulation points. Hence, if ¢ = £ngq, j = np
for n € N, the divisor is equal to zero; otherwise it is bounded away from
zero. On the other hand in the case T' € 7(R \ Q), the divisors j? — w?(? are
different from zero but, except the w’s belonging to the zero measure set

{w>0 st. 37>0 with |wl—j| z%, veez,jz1} ,
accumulate to zero.
Summing up, the behavior of the self-adjoint operator [], under T'—periodic

conditions, is the following:

(1) T € 7Q; the kernel is infinite dimensional while, on the co-kernel, (17!
exists bounded;

(2) T € (R \ Q); there is no kernel but a small divisors problem appears
because 7! is unbounded.

We now pass to consider the operator O + p, p # 0. The divisors in (2.2)
become w? — w*? = j* + p — w?. Again we distinguish the cases T' € 7Q
and T e 71(R\ Q).

As we have just said, for T € 7Q, the set {j* —w?(?}scz ;>1 has not accumula-
tion points. If p is irrational, the equation j2 + p — w?¢? = 0 has no solutions,
the divisors w? — w?(* are bounded away from zero and therefore O + p is in-
vertible with bounded inverse. If j is rational, the equation j2 + p — w?(? =0
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can have at most a finite number of solutions and hence [J+ p can have a non
trivial kernel but only finite dimensional. Indeed, let w = p/q, ged(p, q) = 1,
the equation ¢?j2 + ¢*u — p?¢®> = 0 has at most a finite number of solutions
¢ €7, j > 1. This follows from the fact that the equation /> — j2 = [ has at
most a finite number of solutions ¢ € Z, j > 1. In fact, considering the case
fi>0and ¢ > 0, taking £ = j + h, with h > 0, the equation 2jh 4+ h? = [i has
clearly a finite number of solutions. Summarizing, for T' € 7Q, as for u = 0,
the small divisors problem does not occur.

The case T € 7(R\ Q) is more involved and, in general, as for u = 0, the small
divisors appear.

Summarizing, we can say that, besides the “physical” dichotomy between

free and forced vibrations, there is also a “mathematical” dichotomy between
rational and irrational frequencies. In conclusion we will consider four different
cases: free vibrations with rational frequency, forced vibrations with rational
frequency, free vibrations with irrational frequency, forced vibrations with ir-
rational frequency. As we are going to see in the following, the “mathematical”
dichotomy turns out to be predominant concerning methods and tools.
Regarding the search of periodic solutions with rational frequency, one takes
advantage of the absence of small divisors and of the invertibility of the linear
operator on the range. Problems come out, rather, from the presence of the
kernel that can be even infinite dimensional. One can apply standard tools of
Functional Analysis, as variational methods and topological arguments. The
analysis is not restricted to a perturbative setting, in particular one requires
global hypotheses (as e.g. monotonicity) and no small solutions are expected.
These variational techniques were used by Rabinowitz, Brezis, Coron, Niren-
berg, etc.
As regards the search of periodic solution with irrational frequency, the ap-
pearing of the small divisors is the most difficult problem. Whether one de-
cides to bypass it, choosing the frequency in a suitable set of zero measure, see
[BP01], [BeBo03], or to solve it by the KAM theory (see the works by Bourgain,
Péschel, Kuksin, Craig, Wayne), one obtains a small amplitude solution. In-
deed, in both the cases, one uses local methods: the standard Implicit Function
Theorem or the Nash-Moser one. These methods are definitively perturbative
in nature.

We now give a fast review of what is known in the literature about periodic
solutions of the nonlinear wave equation, describing in more details some works
that we consider interesting for the performed techniques. Some of these tech-
niques will be used in the third chapter of this thesis to prove our main result.

2.2 Free vibrations with rational frequency

O [R78] We say that f : R — R is strictly monotone increasing if
21 > 2y = f(Zl) > f(ZQ) (23)
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and superlinear at 0 and oo if

(i) f(2) = o(|z]) at z = 0;
(ii) exist zp and 6 € [0, 1/2] constants such that

F(z)—/ozf(s)dsgezf(z) for |z| > 2.

Theorem 2.2.1. Let f € C*R,R), k > 2, f(0) = 0, strictly monotone
increasing and superlinear at 0 and oo. Then there is a nontrivial solution C*
of the equation
Ut — Ugy —|—f<I,U) =0
{ u(t,0) =u(t,m) =0. (2:4)

This result will be discussed in more details on page 43.

QO [BrCoN80] Let be f : R — R a continuous nondecreasing function such
that f(0) = 0. We assume that there exist constants a > 0 and C' satisfying

S - /Otfm dr 2 alf(t)] =C forallt (25)
and
tim H2 o 20

Theorem 2.2.2. Let [ satisfy (2.5),(2.6) there exists a nontrivial (weak) so-
lution uw € L>™ of (2.4).

The result is achieved via a duality argument and Mountain Pass Lemma.

2.2.1 [R78]
Let us consider the partial differential equation
Ut — Uge + f(u) =0, re0,n],teR (2.7)
with Dirichlet boundary conditions
u(t,0) =0 =u(t,m) teR,

which is technically slightly simpler than (2.4). The author is looking for T—
periodic solutions. For definiteness, suppose one is searching a 2m—periodic
solution of (2.7), with f depending only on u. Let be Q := [0, 27] x [0, 7] and
consider the associated functional

() = /Q <“§ _ “2—2 - F(u)) dar dt (2.8)

where F(z) = [ f(s)ds. The integrand for (2.8) is the Lagrangian for the
problem. Critical points of the functional ®, defined on a suitable class of
T—periodic functions, are weak solutions of (2.7), with Dirichlet boundary
conditions. Under suitable conditions on f, that are:
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() € C'(R,R) and f(0) = 0;
(ii) f is strictly monotone increasing, i.e. z; > zo implies f(z1) > f(22);
(iii) f is superlinear at 0 and oo, i.e.

(a) f(z) = o(|z]) at z = 0;
(b) there are constants z > 0 and 6 € [0, 3] s.t.

F(z)—/jf(s)dsﬁ@zf(z), for |z2] < z.

Let be O := 9y — 04, and K(O) the null space of 0. It’s not difficult to see
that the closure in L? of K () is

K = {p(t +z)—pt—x)st.pe LQ(T)} .

Let be K+ the orthogonal complement of K in L?.

Theorem 2.2.3. Let [ satisfies (i)-(iii), f € C*, k > 2. Then there exists a
u=v+w e (C*NK) @ (C* N K+) nontrivial classical solution of

Ou+ f(u)=0 ze€l0,n,teR
u(t,0) =u(t,m) =0 (2.9)
u(z,t+27) = u(x,t).

To prove this theorem, the author chooses to consider a modified Lagrangian
that corresponds to this modified problem for u = v + w, 5 > 0:

Du—ﬁvtt+f(u):0 xG[O,W],tER
u(t,0) = u(t,m) =0 (2.10)
u(z,t+ 2m) = u(x,t).

One wants to solve (2.10) for any 3 and then, sending § — 0, to obtain a
solution of (2.9). Let us consider the lagrangian functional associated to the

system (2.10):
I(u) == /Q (ug - %% —ﬁUQ—? — (u)) dzx dt.

Then I(u) is defined for all v € H' and it is not difficult to verify that any
critical point of I is a weak solution of (2.10).

I is not bounded from above, nether from below in H' so there is no hope of
getting a solution of (2.10) maximizing I on finite-dimensional subspaces of
H'.

By restricting I to suitable finite-dimensional subspaces F,, of admissible func-
tions of L?, corresponding critical points, u,, of I, are obtained showing that
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I possesses on FE, the Mountain Pass geometry. Hence, one can show that
these critical points tend to a nontrivial classical solution u = u(3) of (2.10),
with L% and H! estimates that depend on 3. Finally the solutions u = u(3)
will be used to get a weak solution of (2.9). One gets at first an upper bound
for ||u(/3)|| L~ independent of 5. Then one shows that {u(3)} is equicontinuous
in C(Q) from which it follows that (2.9) has a weak solution.

2.3 Forced vibrations with rational frequency
O [R67] Let us consider the equation

{utt_um:gf(t,:p,u) ze0,m], ue€R, (2.11)

u(t,0) =u(t,m) =0

with f(t,x,u) 2m-periodic in time.
Using minimizing variational techniques, Rabinowitz proved the following

Theorem 2.3.1. Let f € C* be strictly monotone, namely O0,f > 3 > 0.
Then, for all |e| small enough, there exists a solution u € H* of (2.11).

This result will be discussed in more details on page 46.
O [R71] Let us consider (2.11) with f(t,z,u) := v+ f(t,z,u), k > 1.

I‘heorem 2.3.2. Suppose f continuous and monotone, namely f(t,x,ul) <
ft,x ug) for all t,x and uy < ug. Then (2.11) has two curves of solutions
(e,ue) CRY X C and (g,u.) C R™ x C, which are unbounded (in R x C) and

meets only at (0, uy).
The solutions are found by a topological degree argument.

Q [Co83] Let be g : R — R a continuous function. In this paper the author
studies the forced vibrations:

(2.12)

The main result is stated in the following:

Theorem 2.3.3. If f € L*(T x [0,7]) is 2m—periodic in t and if

fr+t,m—x)= f(t,z) ae x€(0,7),t€R,
—1<hm1nfg( ) supM<3,
then there exists u € H'(T x [0,7]) solution of (2.12).
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Coron finds weak solutions assuming the above additional symmetry on f and
restricting to the space of functions satisfying u(t, z) = u(t + 7,7 — ), where
the kernel of the d’Alembertian operator [J reduces to 0. He also deals with
the autonomous case f = 0, proving for the first time existence of nontrivial
solutions for nonmonotone nonlinearities.

QO [BeBi] In this paper the authors consider the problem
Ou = ef(t,x,u) (2.13)
with Dirichlet boundary conditions
u(t,0) =u(t,m) =0 (2.14)

where ¢ is a small parameter and the nonlinear forcing term f(¢,x,u) is 27-
periodic in time. They look for nontrivial 27-periodic in time solutions u(t, z)
of (2.13),(2.14), i.e. satisfying

u(t+2m,x) = u(t,x) . (2.15)
Let be  :=T x (0, ).

Theorem 2.3.4. Let f(t,z,u) = Bu®* + h(t,z), 3 € R\ {0}, and h € N*
satisfies h(t,x) > 0 (or h(t,z) < 0) a.e. in Q. Then, for € small enough, there
exists at least one weak solution w € H'(2) N 03/2(5) of (2.13)-(2.14)-(2.15)
with [[ull g @) + lullcr2@y < Clel. If, moreover, h € H7(Q) N i Y(Q), j > 1,
then v € HIY(Q) N CI(Q) with [ull 1) + lullci@ < Clel and therefore,
for 3 > 2, u is a classical solution.

Here N is the kernel of the operator (J in L?, H'(() is the usual Sobolev space
and C’é/ *(Q) is the space of all the 1/2-Holder continuous functions u : § — R
satisfying (2.14), endowed with norm

[ellr @) + luller@) -

The approach of the authors is based on a variational Lyapunov-Schmidt re-
duction. It turns out that the infinite dimensional bifurcation equation exhibits
an intrinsic lack of compactness. They solve it via a minimization argument
and a-priori estimate methods inspired by the regularity theory of [R67]. The
major result of this paper is that the usual monotonicity hypothesis on f is
bypassed.

2.3.1 [R67]

The author seeks a nontrivial solution of the equation

Ou i= uyy — Uy = f (¢, z,u) (2.16)
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where (¢,2) € Q=T x (0, 7) under the boundary conditions
u(t,0) =u(t,m) =0. (2.17)

Here ¢ is a small parameter, while T = R/27Z so it means that one is looking
for time periodic solution

u(t + 2w, z) = u(t, x) (2.18)

of the one spatial dimensional wave equation with a time periodic forcing term
f(t,x,u) = f(t+2m, x,u). The kernel N of the operator [J acting on functions
L*(Q) satisfying (2.17),(2.18) is the following closed subset of L?(£2)

AP:{Mn@:@&+@—@@—@ :@eﬁ@ﬁ,“MhA%ZO}.

Obviously L?*(€) can be decomposed into the two orthogonal closed subspaces
L*(Q)=No Nt

Since O (with conditions (2.17),(2.18)) is a self-adjoint operator we have that
its range in L?(Q) is exactly N*. Recall that, given f € N1, there exists a
unique function w := Gf € N+ (and verifying (2.17),(2.18)) such that Ow = f;
moreover G is a compact self-adjoint operator

G : Nt —NnH(QNCY2Q) =W (2.19)
with
1Gfllw < cllfllze (2.20)
where
lwllw = llwllg + [wll e

and c is a suitable positive constant.

One can look for weak solution of [u = f of the form v = v + w with
veV :=NnHYQ) and w € W. Denoting by Iy and ITy. the projection
from L? onto N and N+t respectively, one has to solve the kernel equation

Oy flv+w) =0 (2.21)
and the range equation
w=eGy: f(v+w). (2.22)
The range equation (2.22) is solved by the Fixed Point Theorem.

Proposition 2.3.5. Let f = f(t,z,u) and f, = Ouf be continuous on Q x R.
Then ¥ R > 0, there exists a constant Co(R) > 1 such that V|e| < go(R) :=
1/2Cy(R) and ¥ v € V, ||v||g: < R there exists a unique w = w(v,e) € W with

[wllw < Co(R)e (2.23)
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such that
w = eGlly. f(v+w) (2.24)

where f(u) is the Nemitskii operator?® associated to f. Moreover v,, v, €V,
[vallas [Jodlm < R

Up, L = w(vy,) , w(vy) . (2.25)

The kernel equation

After solving the range equation one inserts w = w(v) into the kernel equation
(2.21), hence one has to find solutions of

Oy f(v+w(v)) =0. (2.26)

Solving (2.26), since V is dense in N with the L*norm, is equivalent to find a
v such that

/fv+w —0 VeeV. (2.27)

Solutions of Ou = f (satisfying also (2.17),(2.18)) are critical points of the
Lagrangian action functional

U {u € H'(Q) st u(t,0)=ut,n)= O} — R,

defined by
2
U(u) ::/ (% - %+5F( )) dtdz,
Q

where F(u) := [ f(€)d¢. Then one notes that (2.27) is the Euler-Lagrange
equation of the reduced Lagrangian action functional

d(v) = Y(v+w))
= €/QF(U+U)(U)) — %f(v—l—w(v))w(v) veV. (2.28)

since

v)[g] = 6/Qf(v +w(v))o, Yv,p e V. (2.29)

Recollecting, one has that solving the kernel equation (2.26) is equivalent to
finding critical points of ®(v).

By (2.25) one has that the functional @ is L*-continuous in the following sense
Vs €V, onllins ol < B,

v n, = B(v) — B(w). (2.30)

Namely [f(u)](t,x) = f(t,x,u(t,x)).
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In practice one looks for an extremal point (actually a minimum) of ®(v) in
the ball
Bri={veV. Jollm < R} .

where R is a positive (large) constant which will be fixed later.
Take a minimizing sequence v, € Bg, ®(v,) — infg, ®. Due to the H'-
boundness of {v, }nen, one can suppose that

H!
N

v ™5, with  ||5]; < R.

By the Rellich theorem v, 2 5. From (2.30), one obtains that ¥ is a minimum
point of ® restricted to Br. Obviously, since one is seeking free critical points,
one has to prove that ||0||g: < R, namely v is an inner minimum for ¢ in
Bpg. Following [R67], one calls ¢ € V' an admissible variation in the point v, if
v+ 0¢ € Bpg for every scalar 6 < 0 sufficiently close to 0. A sufficient condition
for ¢ € V to be an admissible variation is the positivity of the scalar product

(©, ) > 0. (2.31)

It is obvious by definition that, for any admissible variation ¢ € V',

0> D,®(v /fv—l—w (2.32)

By now, one wants to choose a suitable admissible variation in order to obtain
a L°>—estimate and a H'-estimate.
By (2.32) one has, since w = O(¢), that

| 1@< [ o@s.
Using that f, > ( > 0, the next inequality holds, if v¢ > 0,

/Q F(0)6 = /Q F(O0)6+ ful2)06 > /Q F(0)6 + 5o

where z is an intermediate point, and finally one obtains

5 [ w0 ‘ / f(0)¢‘+’ / O(s>¢'. (2.33)

0, if AN <M
qA) =qu(N)=<¢ A=M, if A\>M
A+ M, if A<M,

Let, for M > 0,

One can note that
Ma(N) = MgV, (2.34)
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v(t — x), one has that

=0(t+x) —

v_(t,x) =
v_)eV.

) —q(v-

If 9(t,z) = v4(t, x)
= q(v+

¢ =qr —q-:
It is an admissible variation and v¢ > 0. One can easily check that if p,q €
(2.35)

Ll‘(']I‘) then , ,
[ ottt =)= | " p(s)ds / " g(s)ds

Using (2.35) and that fo% 0 = 0, one has
= [ - = [@an -0
Q Q
(2.36)

fo -
> M / 9] + la(o-)|

where the last inequality holds because of (2.34).

ﬁ/ws\/ﬂﬂm \<c/|¢|<c/|qv+|+|q )

and using (2.36), one has, if |¢| < &(R)
m<€.
8

(1/2) sup |v| and since sup || >  sup |7|

Choosing M =
M ~ suplo] = o]

Now one wants to define a suitable admissible function ¢ to obtain an H'-
estimate. For f € H'(Q) we define the difference quotient of size h € R\ {0}

flt+h,w) = f(t,2)

th(t,l‘) = h

One can check that if f,g € H(Q2), h € R\ {0} the following properties hold

(i) integration by parts:
D_ g) = — D

< || fell 2 ;

(ii) estimate on the difference quotient

| Dn f |l 2

as h—0.

(iii) convergence
L2
th - ft )

20

(2.37)



Let us choose
(b = —D,hDhT_J .

Integrating by parts,
5 [vo=0 / (DW0)(Dyo) = / (Dyd)? = 3| Dat |

and in the same way

‘ /Q f(0)¢‘ -

/Q Dy f(0)Dyv

< const||Dp|| 2

where the last inequality follows from the Cauchy-Schwartz estimate.

(2.38), (2.39), it follows that

const

1Dyl 2 < 7 Vh e R\ {0}

and from the convergence (2.37) one has, if |¢| < e3(R),

B const
03] 2 < 3
for a suitable C. Choosing
const
R = RO =2 N
5]

one obtains the H'-estimate and Theorem 2.3.1 follows.

(2.38)

(2.39)

Using

2.4 Free vibrations with irrational frequency

In this case the presence of a small divisors problem is the crucial difficulty.
Obviously, for finite dimensional systems, this problem does not arise and the
existence of periodic orbits, close to an elliptic equilibrium point of a com-
pletely resonant hamiltonian systems, has been proved by Weinstein [We73],
Moser [Mo76] and Fadell-Rabinowitz [FR78] using a Lyapunov-Schmidt split-
ting. This procedure reduces the problem to solve two equations: the kernel
equation solved by variational methods and the range equation, solved by the
Implicit Function Theorem. The following results are proved by an extension
of this technique to the infinite-dimensional case. In particular, the small
divisors problem appearing in the range equation is usually solved by a super—

convergent Newton method.

We distinguish between Dirichlet and periodic boundary conditions.

Dirichlet boundary conditions
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O [W90] Consider the general nonlinear equation
U — Uy + f(x,u) =0.
Expanding f(z,u) in a Taylor series about u = 0, one obtains
f(z,u) = f(x,0) + fu(x,0)u + higher order terms.

It’s not restrictive to impose f(z,0) = 0, that physically means that there is
no force acting when the string is at rest. By rescaling u, one introduces the
small parameter € and considers the following equation

Uy — Uy + V(@) u(z,t) + 0’ (2,1) = 0, (2.40)

where the potential f,(z,0) =: v(z) lies in the subspace

E—{veL2 ([0, 7]) ‘/ v(x):v(w—x)}mLi, (2.41)

and L2 C L*([0,n]) is the open subset of all potentials v € L*([0,7]) with
strictly positive Dirichlet eigenvalues. By fixing the average of v to be zero,
one avoids to shift the eigenfrequencies of the € = 0 case of (2.40) by a fixed
amount.

Let be {u;}52, the eigenvalues and {¢;}52, the corresponding eigenfunctions
of the operator —d?/dz?* + v(x) and with Dirichlet b.c., then

u)(t, z) = sin (\/Wt) ¢;(x)

is a periodic solution of (2.40) for € = 0, if y; > 0. The following result states
that these solutions persist when ¢ > 0.

Theorem 2.4.1. There are sets £(j) C E such that if v € E(j), there is a
constant o(v,j) > 0, such that whenever |e| < go(v,7), (2.40) has a weak
periodic solution u5(x,t) whose frequency vector differs from \/j; by O(e).
There is a natural probability measure, P, defined on the subset of E, for
which the spectrum of —d?*/dz* + v(z) is positive and E(j) has measure one
with respect to P.

This theorem does not establish that the solutions constructed actually have
periods that are irrational. However, the existence of solutions with irrational
period is stated in the following result and here it is guaranteed also that one
obtains a large number of solutions, which is typical for the KAM methods.

Theorem 2.4.2. Suppose to restrict our attention to the subset of E for which
the spectrum of —d?/dz? + v(z) is positive. Then, for almost every potential
v, with respect to the P measure, there is a constant o(v) > 0, such that if
le| < eo(v), there is an interval of the real line, A(v), and a subset B C A(v)
with

measB > (1 — O(1/|loge|))meas A(v)

such that for every point Q € B, (2.40) has a periodic orbit with frequency €.
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For what concerns the techniques, the author replaces the scalar parameter
1 of the Klein—Gordon equation uy; — ug, + pu = 0 with Dirichlet boundary
conditions, by some potential function v € L?([0, 7]). By this choice, he intro-
duces infinitely many parameters into the system, which may be adjusted and
thus substitutes the standard nondegeneracy condition.

O [CW93] Consider equation (2.4) for f odd analytic, namely f(z,u) = —
f(=z, —u), and m-periodic in x with Taylor’s expansion in u

flz,u) = fi(z)u+ folx)u* + ... .

Calling {¢;(x)};>1 the eigenvectors of the Sturm-Liouville operator —d?/dx? +
fi(z), we can write the solutions of the linearized equation of (2.4), that is

Uy — Uge + f1(x)0 =0,

in the form
v(z,t) = Z r; cos(w;t + &) (x)
jz1

which are parametrized by the amplitudes r; and the phases &;.

Theorem 2.4.3. Among this class of nonlinearity f there is an open dense
set such that there exist small amplitude time-periodic solutions of (2.4). That
is, there exists parameters (2, r,€) and solutions u(x,t;r) satisfying

lu(x, ;1) — rcos(Qt + €)1;(x)| < constr?

| — w;| < const r?
for r in a set of positive measure.

Thinking of the analogy with the Lyapunov Center Theorem for finite dimen-
sional hamiltonian systems in a neighborhood of an elliptic equilibrium point,
the authors construct a smooth curve bifurcating from the solution of the linear
equation. In the paper it is proved that there exists a Cantor set of frequencies
of positive measure such that, for any point on the curve whose frequency lies
in this Cantor set, one has a solution of (2.4). The proof is obtained by a
version of Newton’s methods.

Q© [B00] Let us consider a finite dimensional hamiltonian system, with Hamil-
tonian H such that H(0) = 0, with an elliptic equilibrium point at the origin.
Let w; be the frequencies of the linear oscillations about such an equilibrium.
Pick up one frequency, for example w;. The Lyapunov Center Theorem (see
Theorem 1.1.5) states that, if

wlﬁ—wj#o, 6217.77&17

then there exists a periodic orbit with frequency close to wy. The result con-
tained in this paper is an extension of the Lyapunov Center Theorem to some
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partial differential equations. The stated theorem is not really new but the
proof is so simple that it makes the paper very interesting. Let us consider the
nonlinear wave equation

Uy — Uz + pu = (u) (2.42)

where ¥(u) = ou” + ™M (u), with some r > 2, satisfying a suitable nonde-
generacy condition. Moreover ") admits two Lipschitz derivatives, such that
»M(0) = (M) (0) = 0 and fulfills the inequality

sup
lz|<2e,|y|<2e

(49 @)= () )] < comster 2o =y

In particular the above inequality holds if 1)) has a zero of order r + 1 in the
origin. To go on, we need some definitions:

Definition 2.4.4. The frequency w will be said to be v strongly nonresonant

with (wa,ws, . ..) if the following inequality holds
|M—@ﬂz%,£2szz

Let us fix the parameter u in such a way that the linear frequencies have the

following (v-NR)-property, with some ~:

(7-NR) : We will say that (wy,ws, ...) has the (7-NR)-property if there exists a
closed subset W (v) C R such that any w € W() is v strongly nonreso-
nant with (wq,ws, ...) and moreover w; is an accumulation point of both
W(v) N (—oo,wq] and W(v) N [wy, +00).

Using continuous fractions, one can prove the following

Proposition 2.4.5. Let be w; = \/j?+p, 7 > 1, to be the square roots of
the Dirichlet eigenvalues of —d?/dx? + u on [0, 7|, then property (y-NR) holds
for p belonging to a non-countable subset of R. Moreover, for any p in such a
set, the family of w’s which are y—strongly nonresonant with (wa,ws, ...) and
accumulate at wy, s not countable.

Using the proposition 2.4.5 (for a detailed proof see [Sc|], Th.5C and pg.23),
the author reaches the following result:

Theorem 2.4.6. With the above assumptions on the nonlinearity v (u), there
exists a family {u.}.ce of periodic solutions of (2.42), parametrized by a suitable
set £ C R having an accumulation point at the origin. In addition, u. has
frequency w. which is 7y strongly nonresonant with (we,ws, ...) and satisfies

t .
Us | — | —esinxcost
wE

Moreover u. € H'([0, 27 /w.]; H'[0, 7]).

r=t < conste” .

Hl

|w: — w1 | < conste
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The proof is based on a Lyapunov-Schmidt decomposition. One fixes a fre-
quency w close to w; and looks for a periodic solution of frequency w. By the
splitting, one considers the 1-dimensional bifurcation equation on the kernel
of the linear operator

d? d?
2
b =i ~ gz T
and an infinite dimensional range equation on its orthogonal in a suitable space
of functions. In solving this last equation a small divisors problem arises. The

eigenvalues of the linear operator L, are
—w2€2+w]2- = (—wl + wj) (Wl + w;) , >0, (47)#(1,1) (2.43)

so that, if w satisfies the v strongly nonresonant condition with (ws,ws,...),
then (2.43) are bounded away from zero. This choice of imposing a strong
nonresonance on the frequencies is inspired by the trick used by R. De La
Llave [DLO00] to obtain a variational proof of existence of orbits in some non-
linear wave equations. Thanks to this excising of resonances, one can apply a
standard Implicit Function Theorem to solve the range equation.

@ [BPO1] For v > 0 and n > 1, let be

v ’u)f—k,’]’Z

W"::{wE]R

~[2

V(l,7): nl # kj} . (2.44)
Such set has zero measure, is uncountable and accumulates at 1 both from the
right and from the left.

Theorem 2.4.7. Suppose that f in (2.7) satisfies f(0) = f'(0) = f”(0) =0
and f"(0) # 0. For any n > 1 and any positive v < 1/3 there exists a family
{ul(t) }eegyn of periodic solutions of (2.7), with Dirichlet b.c. with the following
properties:

(1) the set & C R* is uncountable and has zero as an accumulation point;

(2) u is periodic with minimal period 27 /W™ and is of class H'(]0, 27 /w],

Hl);
(3) there exists a strictly positive w such that the frequency map w?

Wrnm,n+wl) if a<0;

5795'—>W5€W7 with W :{W,;lm(n_wf7n] if Oé>0,

18 monotone and one to one; moreover it fulfills the following estimate
In — wl| < conste?;

(4) ul is close to the solution cv,(x,t) of the linearized system, precisely

sup ||uZ(t) — evn(-,wgt)HHl < conste?.
teR
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27 Jw-periodic map
U, . t € R — [, (1)](-) € H([0, 7))

i, € H'([0,27/w], H'([0,7])), such that u,(t, x) == [G.(t)](z) is a 27 /w time-
periodic solution of (2.4).

In this paper the authors construct small amplitude solutions close to a com-
pletely resonant elliptic equilibrium point. The proof is achieved performing a
Lyapunov-Schmidt decomposition. The authors solve first the range equation
imposing the strong diophantine condition on the frequency in (2.44), and then
the kernel equation by averaging methods.

QO [BeBo03], [BeBo04] Let us consider W, as (2.44).

Theorem 2.4.8. Let f(u) = au? + o(u”) (a # 0), p > 2. Then Yw € W,
satisfying |w — 1] < const and w < 1 (w > 1 if p is odd and a > 0) equation

Ut — Ugg + f(ﬁ, u) =0
{ u(t,0) =u(t,m) =0 (2.45)

possesses at least one 2w /w-periodic, even in time solution.

This result will be discussed in more details on page 59.

O [GMPro04] Let be g an analytic 27-periodic in (¢, z) function, let us define

lg(t, ) Z G e FmD

(n,m)€Z?

where ¢, are the Fourier coefficients with respect to t and . Let v(t,z) :=
n(t+x) —n(t — z), with n(£) the odd 27-periodic solution of the equation

) 3 2m
ij=—n’ = 2—77/ (&) dé .
T Jo
Theorem 2.4.9. Consider equation (2.7) with f(u) = au® + O(u®) an odd
analytic function, a # 0. There exist a positive constant ey and a set € € [0, &

satisfying

iy, R3S (ENJo,e])
e—0 £

such that for all e € &, by choosing w. = /1 — ¢, there exist 27 /w.-periodic
solutions u. of (2.7) analytic in (t,z), with

Hus(t, x) — +v/e/la| v(wet, :L‘){

where, calling k/2 the radius of analyticity of n, is 0 < k' < k.

=1

3
Y < const e2
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This result will be discussed in more details on page 63.

Q [BeBo05] Let us consider problem (2.45). Assume that the nonlinearity f
satisfies

(H) f(z,u) = Zkzpak(x)uk, p > 2, and ap € H'((0,7),R) verify ZkZp
lar(z)|| g1 p* < oo for some p >0,

such that it is analytic in v but only H' in z. Let be

Xoys = {u(t,x) = Zemuz(x) st. wu € Hy((0,7),R),
lez
w(z) = u_y(x) V0 € Z, and |[ulZ, = 262”‘”(528 + D|ull3 < oo} :
Lel

The main result of the paper is stated in the following

Theorem 2.4.10. Let [ satisfies assumption (H) and

o au® 43 sy ar()u” as # 0
flz,u) =< or
()6 + T (@)t (as) o= (1/7) [ as(a)de £0.

Then, s > 1/2 being given, there exist 69 > 0, > 0 and a C*—curve [0,dy) >
§ — u(0) € Xz/a,s with the following properties:

(i) [[u(d) = 00||5/2,s = O(6?) for some v € VN Xz, 0# {0}, where V is the
kernel of the operator [1;

(i1) there exists a Cantor set C C [0,00) of asymptotically full measure, i.e.
satisfying
cnNi(o
L meas(CN (0,1))
77—>0+ ’]7
such that, V6 € C, u(d) is a 2w —periodic, even in time, classical solution
of the re-scaled problem

Wy — Uy + f(2,u) =0
u(t,0) = u(t,m) =0,

=1,

with respectively

V1 —262
w=w(d) =1 or
V/1+28%sign(az) .

As a consequence, Y0 € C, u(d)(t,x) := u(0)(w(d)t,z) is a 2w /w(d)—

periodic, even in time, classical solution of equation (2.45).
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This result will be discussed in more details on page 65.

Periodic boundary conditions

O [CW93] In this paper the same result as for the Dirichlet boundary con-
ditions described on pg. 53 but without oddness assumptions on f is proved.

Q [Bou95] Consider the periodic wave equation in dimension d
Uy — Au+pu+ud =0, (2.46)

where A is the Laplacian on the d-torus II? x R which is A-periodic in t.
Replacing u by du, the equation becomes

Uy — Au+ pu+ 8%u® =0
which appears as a perturbation of the linear equation
Uy — Au~+pu=0. (2.47)

Fix mo € Z%\{0}. The author shows the persistence for the perturbed equation
(2.46), of the solution

Ug = Po COS(<m0, I> + /\(]t)

of (2.47) with Ao = (|mg|? + p)'/2. The perturbed solution has the form
u(z,t) = Z u(m,n) cos({m,x) + nAt)

meEZ, neZy

where 4(mg, 1) = po and
Z [a(m, n)|elm*D® < O(5).
(m’n)7é(m071)

Here ¢ > 0 is some constant.

Theorem 2.4.11. Let p € R satisfy a condition of the form
>
=0

Here r := r(d). Consider the periodic wave equation (2.46) in dimension d.

Fiz mg € Z4\ {0}. There is a Cantor set C' of positive measure in an interval
[0,0] and for py € C' a solution of (2.46) of the form

= (Shl) " ey ez o).

u = po cos((mg, z) + At) + O(pd)
where

3
A = Apo)® = [mol* + p+ Zpg + O(py) -
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Q [Bou99]: for nonlinearities

d
flau) =u® +> a;(z)’

where a; are trigonometric cosine polynomials in z, existence of periodic so-
lutions of the resonant wave equation with frequencies in a full measure set is
proved. The small divisors problem is solved here by a KAM iterative scheme.

2.4.1 [BeBo03]

In [BeBo03], the authors look for time-periodic solutions of the problem

Utt — Upg + f(’LL) =0
{ u(t,0) = u(t,m) =0, (2.48)

where f(u) = au?, with p > 2 and a # 0. As we have just said, the homoge-

neous equation
Ut — Ugy = 0
u(t,0) =u(t,m) =0

has periodic solutions if and only if the period is a rational multiple of 27.
For definiteness one can look for periodic solutions of (2.48) with period 27 /w
close to 2m. Hence, after a time scaling ¢ — t/w (w & 1), problem (2.48) is
equivalent to

Lou = f(U)

u(t,0) =u(t,m) =0 (2.49)

u(t + 27, x) = u(t, x),

where L u = —w?uy + ugy,. The authors look for solutions v : Q@ — R of
(2.49), where Q@ =T x (0,7) and T = R/27Z, in the Banach space

X = {u c H'(Q,R)NL®(Q,R) s.t. u(t,0) = u(t,7) =0, u(—t,z) = u(t,x)}.

They choose the space X of even in time functions because equation (2.48) is
reversible. In X one can introduce the norm

lullx = luloo + [lull,

where || - || is the norm on H'() associated to the scalar product
(u,w) := /(utwt + ugw,) dtdz .
Q

The kernel K of the operator £; = —0;; + 0, acting on functions L?(Q2), with
Dirichlet boundary conditions, is the following closed subset of L?(Q)

2w
K::{U(t,x):@(t+x)—@(t—x) st. 0 € L*(T), With/f):()}.
0
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Obviously L%(€2) can be decomposed into the two orthogonal closed subspaces
L*(Q) = K @ K*+. By the light of this decomposition, one can perform a
Lyapunov-Schmidt reduction and look for solutions of (2.49) of the form u =
v+w with v € V and w € W, where®? V& W = X and

V = XNK= {U(t,l’) =0(t+x)—0(t—x) st. 9(-) € H(T), f)odd}

= {v(t,x) = Zéj cos(jt)sin(jz) s.t. & € R, Zfé? < +oo},

j>1 j>1

W = XﬂKl:{ Z wyj cos(ft) sin(jz) € X s.t. wjj:()VjZl}.

£>0,5>1

Denoting by Iy, and Iy the projections onto V' and W respectively, (2.49)
is equivalent to the following system of two equations (called respectively the
(@) and the (P) equations)

Lov =1y f(v+w), (Q)

Low =TIy f(v+w). (P)

One first solve the (P) equation by an Implicit Function Theorem. Here a
small divisors problem appears. In fact, as we have just said in section 2.1,
writing f in Fourier series,

f(t,z) = Z fuj cos(£t) sin(jx)
£20,j>1 ,t#]
then
L f = Z Sy cos(lt) sin(jx).

272 _ 32
w202 —

20521 44 J

In order to estimate the small divisors w?¢? — j2, one can assume that

wew:=[Jw,,

>0

where W, is the set of strongly non-resonant frequencies introduced in [BPO1]

WW::{wGR wt — 5| > 2 w%e}.

é b

As proved in Remark 2.4 of [BPO1], for v < 1/3, the set W, is uncountable,
has zero measure and accumulates to w = 1 both from the left and from the
right. Since

|w?? — 32| = |j + wl||j — wl] > \j—i—wﬁ]% > const 7y, VweW,,

3We note that the H'-norm is equivalent to the X-norm on V.
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the operator £ : W — W is bounded and [|[£ ]| < const/vy. Using the
Implicit Function Theorem one finds w(v) € W, for any v in a sufficiently
small ball V' C V', such that

Low(v) = w f v+ w(v)).

Inserting w(v) in the (Q) equation, nothing remains but to solve the infinite
dimensional equation

L,v =TIy f(v+w()). (2.50)

In order to find solutions of (2.50), one can consider the Lagrangian Action
Functional ¥, : X — R,

21 ™ w2 ) u2 >
= —u; — —= — F(u) ) dedt,

where F(u) := [} f(s)ds. Critical points of ¥ are weak solutions of (2.49).

Moreover, deﬁmng the reduced Lagrangian Action Functional @, : V — R,
by
D, (v) =V, (v+w)),

where

U+w
/ /‘< (e + (w ()”2—%@wa@MY)—F@+w@»mmu

one can easily check that critical points of @, are weak solutions of the equation
(2.50), because it is the Euler-Lagrange equation of ®,,. In fact, one can show
that @, is in C'(V,R) and for every h € V, it results

D®,,(v)[h] = DY (v+ w(v))[h+ dw(v)[h]] = D¥(v+w(v))[h],  (2.51)

since dw(v)h € W and w(v) solves the (P) equation. By (2.51), for v,h € V,
DO, (v)[h] = / (w*vrhy — vohy — Iy f (v + w(v)h) dt da
Q
= ¢(v,h) — / (Ily f (v + w(v))h) dt dz (2.52)
Q

where ¢ := (w? — 1)/2. By (2.52), a critical point v € V C V of &, is a
solution of the equation (2.50). In this way, one can reduce the problem of
finding non-trivial solutions of the infinite dimensional (@) equation, to find
critical points (different from zero) of the reduced action functional ®,, that
can be developed as

v.0) = SholP+ [ (%fw +w(w)wl) — Flot w<v>>) dt de.
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Let us develop the reduced action functional in a neighborhood of w = 0,

0.0 = 50l = [ (Pl = Jr))deds + 0w?),

If f(u) =uP, p integer, the functional @, is of the form

@, = Z[vl]* = G(v) + R(v),
where
1 ol
G(v) = /S)F(v):m Qv+ :
R(v) = /Q—F("U+w(v))+F(v)+%f(v—{—w(v))w(v).

One has to consider the two cases:
e podd = G(v) #0, Vv#0,
e peven = G(v) =0, VveV.

In the first case we note that neglecting the reminder R, the homogeneous
functional

¥ (v) = <ol = G(v)

is defined on all V' and satisfies the Mountain Pass geometry choosing ¢ posi-
tive. In fact, ®*(0) = 0 is a local minimum and

(i) 36 > 0 such that Hiﬁl% o*(v) > 0;

(i) ®*(tv) — —o0 as t — +o0,

where (ii) holds since G(v) > 0 for v # 0. Since the reminder R is defined only
in V, one cannot directly apply the Mountain Pass Theorem. To bypass this
problem, one has to suitably extend R in the whole space V, in such a way
that the Mountain Pass geometry is even satisfied and the so obtained solution
belongs to V. This a priori estimate can be obtained taking ¢ small enough.
In the second case the situation is more difficult because G = 0. For this
reason, one has to develop the reminder R (in power of w) obtaining

1
R(v) = 5 / fw(v)+....
Q
From the (P) equation we have, using that v”» € W if p is even,

w = L'y (v+w)? =L Ty (v)? +. ..
= L0l +... =L )P+ (L =L )P+

w
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One can check that (£;' — £7') has bounded and small norm for w & 1, so
w = L7wP and

1 1 B
R(v)== [ fw@)+...== [ VPLTWP +....
2 2 Jq

Since one can prove that

/vpﬁ_lvp<0 Yo #£0,
Q

the situation is the same of the odd case, choosing ¢ negative.

2.4.2 [GMPro04]
In [GMPr04], the problem is (2.48) with odd and analytic nonlinearity

flu) = pu® + O(u°) weER u>0. (2.53)
After a scaling u — \/cu, for € small, one can search 27 /w.—periodic solutions

in ¢ of the problem

{ Ugp — Uge = cud + O(?) (2.54)

u(0,t) = u(m,t) =0,

where O(e?) denotes an analytic function of u and e of order at least two in €
and w. := /1 — ¢, such that w. = 1 for ¢ = 0. After a time-scaling t — ¢/w,
the problem reduces to search 27periodic solutions of the equation*

(1 — &) uy — Upy = >

Now, the authors perform a Lyapunov-Schmidt reduction. Consider a solution
u of the form u = v + w where v € K, with K := ker(J and w € K+. We
obtain the equivalent system

(2.55)

w= el Mg (v+w)?
—vy = (v +w)?,

where L. := (1 —¢2)0? — 92 while IIx and [T denote the projections, respec-
tively, on the kernel and on its orthogonal. Let us expand by series

v = Zekvk, w = Zskwk. (2.56)
k=0 k=0

From the first equation one obtains that wg = 0, from the second one we have

—Vott — HKUg . (257)

4From now on, we omit the term O(g?) for simplicity of exposition.

63



We need some properties of 1. It is known (see [Lo69)]), that if ¢ is a function
of (t, x) then
Hr(t,z) = p(t+ x) — p(t — x)

where
1

:%/OW [d)(g—s,s)—w(y—i-s,s)} ds .

In the case ¥(t,z) = A(t + x), one has

p(y)

p) = 5 [ TAW) = Aly-+29)] ds = 540) - 5(4)
where e
(A) = %/0 A(s)ds.
Hence,
T A(t +7) = % At +2) — At — )] .
In the same way, if one takes 1 (t,x) = B(t — z), then has
p) = 57 [ [Bly—29)— B)] ds = ~3B) + 5(B)
so that .
Bt —x) = -5 [B(t+z) — B(t — )] .
Finally, let us consider ¥(t,x) = A(t + x)B(t — x). We have
po) = o | [AW)Bl ~29) — Ay +2)B()] ds
= L AWB) + 5(A)B()
so that
Mg At +2)B(t—z) = @ (At+2z)— At —=)) + % (B(t—z)— B(t+x)).

Since vy € K, we write
vo=alt+x)—alt—z):=ay(t,z) —a_(t x)
where a is 27-periodic function, from which it follows that
3

vg = ay —a’ —3ala_ + 3a’a; .

Applying the above properties of Iy, we have that

[a*(t+2) — a®(t — )]

N | —

3
HKCL+ =
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Mga® = —%[ag(zﬁ—l—x) —a’(t — )]
O ) (a®)
Hgaia- = —Ta(t—l—x)—l—Ta(t—x)
lga’a, = <(;—>a(t~l—x)—<a2—>a(t—x)

The equation (2.57) becomes
g vy = Uk (ay —a_)’a®(t + 2) — a®(t — ) + 3[(a®)a(t + z) — (a®)a(t — 2)],
and, finally, one obtains the equation that a must satisfy
—d(t+z)+alt —z) =ad*(t +z) — d®(t — z) + 3(a”) [a(t + ) — at — 2)] .
Computing it for t =  =: £/2 we have
—i(e) = a¥(€) + 3{a)ae) (2.58)

which has a unique 27-periodic odd solution.
The authors now consider the first order in € in (2.55)

wy = L TIEvd
—v1 = g (3v3w)

and for the second order, they have

{ wy = LT3 (3vdw,)

— vy = g (3vw?)

and so on. In general, by induction, one solves, at first, the range equation at
order k, which is of the form

Wy = Wk(wo, vy WE—1,Y0, ... 7'Uk71) s
finding wy, and, thereafter, the kernel equation
U = ‘/;C(MOa cooy Wey Yoy - - avk—l)a

finding vy. In this way, one determines all coefficients in (2.56). Finally, nothing
remains but to prove the convergence of the series in (2.56). This is obviously
the most difficult (and technical) part and it is carried out in [GMPr04] by the
Lindstedt’s series.

2.4.3 [BeBo05]

In [BeBo05] the authors look for small amplitude, 27 /w—periodic in time solu-
tions of equation
Ut — Ugy +f(x,u) =0
L Z i 2o (2:59)
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with nonlinearity
flz,u) = ap(x)u” + O(W™), p>2,

for all frequencies w in some Cantor set of positive measure. Note that any
solution of (2.59) can be written as

v(z,t) = Z a;jcos(jt + 6;) sin jx
j=1

and it is 27-periodic in time. Normalizing the period, one reduces to the
problem

u(t,0) = u(t,7) =0 (2.60)

and looks for 27-periodic in time solutions. The functional space in which one
works is the real Hilbert space

{ WUy — Uy + f(z,u) =0

Xos = {u(t,x):Zemue(I) st. wue € Hy((0,7),R),

LEL

w(x) = u_yg(x) V0 € Z, and |[ul?, = 262"‘5'(528 + D)||ullz < oo} :

LeZ

For ¢ > 0, s > 0, the space X, is the space of all even, 2rperiodic in
time functions with values in H}((0,7),R), which have a bounded analytic
extension in the complex strip [Imu| < ¢ with trace function on [Imu| = o
belonging to H*(T, H}((0,7),C)). A weak solution u € X, of (2.60) is a
classical solution because the map & —— g, (t, ) = wuy(t, ) — f(x,u(t,z))
belongs to Hj(0,7) for all ¢ € T and hence u(t,-) € H*(0,7) C C?([0,7]).

The Lyapunov—Schmidt reduction

After the scaling u — du one obtains:

qutt — Ugg + 6p_1g(5(x7 U) =0
u(t,0) =u(t,m) =0

where Fz.6u)
x, 0u
gs(x,u) = 5 = ap(2)uf + Sap 1 (2)uP ™ + ..
One performs a Lyapunov-Schmidt reduction searching a solution v = v 4 w,

with

ueXes=(VNnNX,s)®WnX,,),

where

W::{u(t, r) = Z ewy(r), we € Xos, / wy(z) sin(fz)dx =0, VI € Z} )

ez 0
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and

Vo= {v(t, x) = ZZCOS(&)WSm(ﬁx), u € R, 252!W|2 < +OO}

>1 >1
= {v(t,x) =n(t+x)—nlt—=1z) st. ne H(T,R), n odd} :
In particular, v and w are solutions of the equations

{ ——(w22_1) Av = Py gs(z,v + w) (Q

)
Low = 6"y gs(z, v + w) (P) (2.61)

where —Av = vy + Vyp, Ly = =20y + Opp and Iy : X, o — V, Iy : X, —
W denote the projection respectively on V and W.

Oth order bifurcation equation

In order to find non—trivial solutions of (2.61) one has to impose that
Iy (a, (2)07) £ 0, (2.62)

that is equivalent to the condition
JveV st / ap(z)vP T (t, 2) dtdx # 0, Q=T x (0,7) (2.63)
Q

which is verified if and only if a,(m — x) # (—1)Pa,(z). If condition (2.63) is
satisfied, one chooses

le| := 6771, €= ,

and reduces to the problem

—Av =TIy g(0,z,v + w) (@)
{ Low = 5H‘;i]g(6, T, 0+ w) (P) 200

where
S (@, 6u)
op

and s* := sign(e), namely s* = 1ifw > 1 and s* = —1 if w < 1. The Oth-order
bifurcation equation for 6 = 0 is

g(6,x,u) == s = 5" (ap(2)u? + dap (x)uP ™ 4. .)

—Av = 5", (a,(x)vP) (2.65)

which is the Euler-Lagrange equation of the functional &5 : V — R

p+1

. v
Do(v) = [[v]|3 — s /Qap(x)p_i_ . dxdt
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where |[v]|%, := [, vf + v2dzdt. By the Mountain-Pass theorem, there exists
at least one trivial critical point of ®g, namely a solution of (2.65), choosing
s* =1 (s* = —1), so that

JveV st / a, ()P (¢, z) dtde > 0 (< 0).
Q

For this reason, the authors need a further discussion about the relation
between the frequency and the amplitude (see [BeBo05], section 1 for de-
tails), choosing, at the end w = w(d) = V1 + 2s*p~1. To fix idea we will
search periodic solutions with frequency w > 1, namely we fix, once for all,
w =14 26~ and prove that the equation

—Av = I1,(a,(z)v?)

has a nontrivial solution if the nonlinearity f satisfies the assumption (H) and
(2.62).

Solution of the (Q))—equation

The natural approach to solve (2.64), is to find a solution first of the (P)-
equation, for example with a KAM procedure, and then, inserting w(d,v),
to solve the (Q)-equation. Since the bifurcation equation (@) is infinite-
dimensional, one meets a difficulty because of the lack of regularity in solving
the (P)—equation. However, in this work, the authors bypass the problem,
reducing the bifurcation equation to a finite-dimensional one, thanks to the
compactness of the operator (—A)~!. Indeed, one performs a reduction to a
finite dimensional equation on a subspace of V' of dimension N independent
of w. Introduce another decomposition V = V; & V5 where

N

Vi o= {v eVlut,z)= ZZCOS(&)W sin(4z), up € R}
=1

Vo = {v eV } v(t,x) = Z 2 cos(lt)uy sin(lx), uy € R} :
£>N+1

Setting v := vy 4 vy, with v; € Vi, vy € V5, (2.64) becomes

—A’Ul = Hvlg<5,l‘, V1 + vy + UJ) (Ql)
_AUQ = Hv2g((5, T, U1 + (%) + U)) (QQ)
Low = ellyg(d, z,v1 + vy + w) (P)

where Iy, : X, — Vi, (i =1,2) denote the projectors on V; (i =1,2).

One first solve the (Q2)-equation by the Contraction Mapping Theorem pro-
vided to have chosen N large enough and 0 < ¢ < log2/N small enough,
depending on the nonlinearity f but independent of §. The crucial tool to
solve the (Q2)—equation is the regularizing property of the operator A=l In
this way, one obtains a solution vy = v3(0, v, w) € VoNX, s19, for w € WNX, ;.
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Solution of the (P)-equation

One reduced to solve the (P)-equation, namely
Low = elly (5, vy, w) (2.66)
where
L6, v, w)(t,x) = (6, z, v1(t, 2) + w(t, z) + va(d, v, w)(t, 2)) . (2.67)

The solution of (2.66) is obtained by a KAM procedure for (d,v;) belonging
to a Cantor set of parameters.
Consider the orthogonal splitting W = W™ & W™ where

W = {w eW st. w= Z ei“wg(a:)}

|1<Ln

and

Wt . {w eW st. w= Z ewtwg(x)}

[|>Ln

and L, are integers numbers such that L, = Ly2" for Ly € N large enough.
Denoting by
P, W—w®  plow et

the projection on W and on W respectively, one can prove the following
estimate

Lemma 2.4.12. Let be 0 < o' < o, then
R Gl (V751 P Vw e WWtn X, ,.

[wllors <e

PROOF. From the definition of the norm

w2, = Z 27 (0% 4 1) |Jwe|| 2 = Z e~ 2= 20l (125 1 1) |0y |22
|6|>Ln |¢|>Ly
< el 2,
]

Let us consider the linearized operator £, (6, vy, w) : W™ — W™ defined
by
L, (0,v1,w)[h] := Ly(h) — e Py Dy, I'(9, v1,w)[h] (2.68)

where w denote the approximate solution at a given step of the KAM scheme.
The next subject is crucial for the proof of the convergence of the iterative
scheme. Here the small divisors problem arises.
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Decomposition of £,

Using (2.67), we can write the linearized operator as

L, (8, v1,w)[h] := L,(h) — e P11y Dy, I'(0, vy, w)[h]
= L,(h) — P,y <8ug(5, z,v1 + w + va(8, v, w)) (h + Oyv2(8, v1, w)[h]))
= Ly(h) — ePlw (a(t,z)h) — Pl (a(t, 2)0yv2 (0, v1, w)[R]) (2.69)

where, for brevity, we denote
a(t,z) := Oug (5, z,v1 + w + va(8, v, w)) (h + Oyv2(8, v, w)[h]) :

In order to invert the operator L£,,, the authors choose to perform a Fourier
expansion in time, so that the operator L, is diagonal

Lw< > eikthk) = > MWk + Ou) (2.70)

k| <Ln |k|<Ln

Moreover, the operator h — P, Iy (a(t, x)h) is the composition of the multi-
plication for the function a(t, z) = Y, € as(x) with the projections ITy and

P,,. The multiplication operator in Fourier expansion is described by a Toepliz
matrix (see [PT]),

a(t,o)h(t,x) = > earp(z)hi(z),

|k| <Ly ¢Z

and, from the definition of the projections Iy and P,, one gets

P,y (a(t,z)h) = Z eplap_i(x)hi)

||, || <Ln

= Z eiktﬂ'k(ao(l’)hk) + Z eiEtW(a#k(w)hk)a

|k|<Ln K|, |€] < Lin kAL

where

> eMm(ao(z)hy) = Py (ao(z)h) (2.71)

|k|<Ln

is the diagonal term, with ag(z) 1= = f%

5= Jo a(t,z)dt, and

> émlar(@)hi) = Py (a(t, z)h) (2.72)
K], |6|<Ln kL

is the off-diagonal Toepliz term, with
a(t,x) :=a(t,r) — ap(x)
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is a function with zero average in time. Above, we have denoted by 7 the
L?-orthogonal projection

T - H&((O,W);R) — (Sin(/m:))L,

defined by

) i= 1(0) = (2 [ fysinkade ) sinro),
where

(sin(kx))* = {f € Hy((0,7);R)  s.t. / f(z)sinkx dz = O} .
0
By (2.69), (2.70), (2.71), (2.72), one can decompose
L, (6, v1,w) =D — My — M,
where D, My, M, are the linear operators defined by

Dh = Lw(h) — €Pnﬂw(a0(l')h)
Mih = eP,Ilw(a(t,z)h) (2.73)
Moh = P,y (a(t, z)0,v2[h]).

Diagonalization of D : W™ — W®)

By (2.70) and (2.71), we have that the operator D is diagonal in time-Fourier
series. We can write, for all h € W™ the k' time Fourier coefficient of Dh
as

(Dh)k - (w2k2 + axx)hk; - 57T]g(a/0($)hk) .
Denoting Sy the operator

St := =0y + emp(ap(z)u) ,

one can show that it possesses an orthonormal bases of eigenvectors, in a
suitable norm, with simple and positive eigenvalues Ay ; for 7 > 1, j # k. As
it is shown in [PT], the asymptotic estimate on the eigenvalues holds

Mej = Ak (8, 01,w) = j2 + eM (8, v1,w) + O (8““3”1‘11)
where M := M(0,v1,w) is the mean value of ag(z) on (0,7). From the di-
agonalization of S, the diagonalization of D : W™ — W™ follows, in a
suitable base of eigenvectors of W with associated eigenvalues w?k? — Ak,

j>1j#k
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Inversion of £, : W™ — W™

We need some definitions.

Definition 2.4.13 (First order Melnikov conditions). Let be 0 < v < 1 and
1 <7<2. We define

. vy . ~
A =15¢(0.69) | [wl—j| > _i Ml
n (U17w) { E[ ) 0) ‘w j’— (‘€+])T’ w J 82] = <€+j)7—7
1
VéeN,jZl,E#j,g<€,£§Ln,j§2Ln}, (2.74)

where M = M (5, vy, w).

Resuming, in order to invert £, one first proves that, if § € AY7(vy,w), the
diagonal linear operator D is invertible. Thereafter, one shows that the off-
diagonal Toepliz operator M; and M are small enough with respect to D,
so they can be considered as a perturbation of the operator D. In particular,
in this estimates a small divisors problem arises. Defining

ap = mln |w2k2 — Ak,j’ N
J#1K|

the authors prove the following

Lemma 2.4.14. Let be § € AY7 (v, w) N [0,dy), with &g small. There exists
¢ > 0 such that, V{ # k,

1 Ik — (> F

Q0 72‘€|T—1

where 3 := 2=T.

In other words, choosing 6 € A)'", one excises the parameters (§, v1) for which
the eigenvalues of £, (d,v1,w) are zero or too small. The invertibility of £,
follows from (2.73), Lemma 2.4.14 and it is stated in the following

Lemma 2.4.15 (Invertibility). If w is sufficiently small and 6 € A)7(vy, w)
for some 0 < v < 1,1 < 7 < 2, then the operator L, (§,vy,w) is invertible
and, for any h € W™ | the inverse operator satisfies

) c
1£51 (8, 01, ) [A][|s < > (L) llos »

for some positive constant C' > 0.
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Solution of the ()1—equation

Finally, one has to solve the finite dimensional (J1-equation. Therefore, show-
ing a “Whitney—differentiability” property, one defines a smooth functional
U : [0,99) x V1 — R for which one proves the existence of critical points v;(0)
of W(d,-), for every 6 > 0 by the Mountain Pass Theorem. The functional
U(4,-) is such that, any critical point v; € Vi of ¥(4,-), with (4, v;) that be-
long to the Cantor set of parameters for which the (P)-equation is exactly
solved, gives rise to a solution of (2.60). The critical points v;’s such that
(6,v1) belong to the above Cantor set has gaps, except for a zero measure set
of §’s. For this reason, the authors require a non-degeneracy condition, namely
that the path § — v;(8) € C*.

2.5 Forced vibrations with irrational freque-
ncy

O [PIYu89] Let us consider the problem of finding 2r—periodic solution of
the rescaled equation

wzutt — Ugy = 5f(t7 x, U) (275)
u(t,0) =u(t,m) =0

where ¢ is a small parameter and f is 27—periodic in time. Assume that the

following conditions are satisfied:

(i) There is a positive constant ¢y < 1, such that, for each integer pair n =

(ny,n9) # 0, the inequality

Co

ol = el 2 G e

holds, with 0 < o < (v/85 — 9)471.

(ii) There are positive constants k and ¢; and an integer r > 7 such that f is
defined in G = Rx (0, 7) x [~k, k], D' D] € C(G), i+j < r, and D, f € C*(G).
Moreover, if ||ul/c(q) < k, then

2m T
/ / fulu,t, z) dtdx
o Jo

Let us introduce the parameter A:

ZCl.

-1

27 T
e =: A\h(u), h(u) = 27? {/ / fulu, t, ) dtdx} . (2.76)
o Jo
The set A of admissible values of A is chosen so that
I —w'ni = Acol 2 oo(1+m))™,  Va#0, [A<o.

A is compact and has zero measure.
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Theorem 2.5.1. If conditions (i) and (ii) are satisfied, there are positive
constant § and ¢, such that, if A\ € AN [—=0,0], then (2.75) has a solution

u(\) € C? corresponding to the values of the parameter €(\) given by (2.76).
If \i € AN[=9,6], then

lu(A1) — w(Xo)|[a2 < cl| A — Ao

and
C_1|>\1—)\2| S |€()\1)—6()\2)| SC’)\I_)\2|, 8(0) =0.

2.6 Nonlinear Schrodinger equation

O [KuP96] Consider the Schrodinger equation
iU = Upe — pu — f(Ju*)u (2.77)

with Dirichlet boundary conditions and a real analytic nonlinearity with f(0) =
0, but not necessarily f'(0) # 0. Denote by ¢; and \;, respectively, the basic
modes and their frequencies for the linear equation iu; = ., —pu with Dirichlet
boundary conditions. By the standard Implicit Function Theorem the authors
prove the existence of solutions of the form u(t, z) = ui(t)ua(x).

Theorem 2.6.1. Suppose that f is real analytic near 0 with f(r) = O(r®) for
some s > 1. Then for every j > 1 there exist r; > 0 and an embedded disc

& = {ult,x) = rvj(z,r)e 0 <r <1}
of real analytic, time periodic solutions of (2.77), where
v; = ¢ + O(r*), i = A+ O(r*)

are real analytic in r and x, and in r respectively.

O [GPr05] Consider the nonlinear Schrédinger equation on the interval [0, 7],
given by
—iuy + U = @(|u*)u
{ u(t,0) = u(t, 1) = 0 (2.78)
where ¢(y) is any analytic function ¢(y) = ®y+0O(y?) with ® # 0. The authors
consider the problem of existence of resonant periodic solutions for (2.78), i.e.
solutions arising from superpositions of several unperturbed harmonics. For

e > 0, rescale u — y/e/Pu in (2.78),0btaining

{ _iut + Uzy = €|U|2U + 0(52) (2 79)

u(t,0) = u(t,m) =0,

74



where O(&?) denotes an analytic function of u, % and € of order at least 2 in ¢,
and we define w. = 1 +¢. If ¢ = 0, every solution of (2.78) can be written as

. 2 .
u(t,z) = E a,e™ e A_y = —Qy, .
nez\{0}

Since one is looking for solutions of the form

u(t, ) = Z L VR (2.80)

(n,m)€Z?

Uenm € R, which is analytic both in z and ¢, and periodic in ¢, one uses the
norm

| E(t, z)||x = Z Fy et ni1m)

(n,m)€Z?

for analytic functions.

Theorem 2.6.2. Consider the equation (2.78) where o(y) = ®y+ O(y?) is an
analytic function, with ® # 0, or more generally, the equation

—iuy + Uy = f(u, @)
{u@m—u@m—o (2:81)
where f(u,u) is any real analytic function, odd under the transformation (u, @)
— (—u, —1u), such that f(u,u) = ®lul?u+ O(Ju|?) with ® # 0. For all N > 2,
there are sets of N positive integers My and set of real amplitudes {am }mem, ,
such that the following holds. Define

atz)= 3 emirrineg,

meMy

and set ug(t, z) = a(t,x) —a(t,—x). There are a positive constant €y and a set
E € [0,e0], both depending on the set M., satisfying

. meas (£N10,¢])
im =1,
e—0 g

such that for alle € &, there exists a 27 /w.—periodic solution of (2.78), analytic
in (t,x) and of the form (2.80) with

with k = k(o) > 0.

us(t,z) —\/e/® uo(wgt,m)Hk < const e*/?

The proof is achieved by the Lindstedt series method.
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2.7 Nonlinear beam equation

O [B00] The same result, stated in Theorem 2.4.6 for the nonlinear wave
equation, holds for the nonlinear beam equation

Ut + Ugzzr — OUgy + ﬁu = w(u)

with hinged boundary condition (1.26) on [0, 7] and «, 3 positive parameters.
The author considers a nonlinearity that satisfies a suitable non degeneracy
condition, for example ) an odd polynomial.

Fix one of the parameter, for example o > 0 and a linear mode. If 3 belongs to
a full measure subset of [0, oo], the linear frequencies have the (7-NR)-property
stated on pg. 54. Then there exists a sequence of periodic orbits close to the
linear mode and accumulating to zero.

QO [BBe05] Consider the beam equation (1.25), with hinged boundary condi-
tions

u(t,0) = u(t, ™) = Uge(t,0) = upe(t,m) =0, (2.82)

where the nonlinearity f(u) is a real analytic, odd function of the form

flu) = au® + Z fru®, a#0. (2.83)

k>5

Theorem 2.7.1. Suppose that ju does not belong to a suitable finite subset
of [0, L] with an arbitrary L. Then equation (1.25)-(1.26)-(2.83) possesses in-
finitely many small amplitude periodic solutions u; accumulating to u = 0. The
period T and the amplitude A; of any u; go, respectively, to infinity and to
zero as j — o0o; moreover T ~ A]-_Q.

In the following we discuss such result in details since some ideas of the proof
will be used in the next part of this thesis.

2.7.1 Birkhoff-Lewis type solutions

This paper is inspired to the Birkhoff’s one in which he shows the exis-
tence of periodic orbits that accumulate to the origin for a hamiltonian finite-
dimensional system in a neighborhood of an elliptic equilibrium point. It used
the so called Birkhoff Normal Form, which allows to view hamiltonian systems
near an equilibrium as small perturbations of integrable systems, see Theorem
1.1.4.

In [BeBiV04], it is proved under suitable non-resonance and non—degeneracy
“twist” conditions, a general Birkhoff-Lewis type result showing the existence
of infinitely many periodic solutions, with larger and larger minimal period,
accumulating onto elliptic lower dimensional invariant tori.
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The result of Bambusi and Berti is an extension to the infinite-dimensional
case of some nonlinear PDEs with smoothing nonlinearity, for example the
nonlinear beam equation and the nonlinear Schrodinger equation.

Let us consider a real analytic Hamiltonian in a neighborhood of an elliptic
equilibrium point

P+ q
H(p,Q)ZHerN:E i + N(p, q)
i>1

where N(p,q) = o(|p|* + |¢|?). Introduce the complex coordinates

1 1

2= —=pi +1¢;), Zzi = —=pi —1¢),
ﬁ(p i) \/E(p i)

that live in the complex Hilbert space
Ha,s —_ Ha,s((c)

= {z =(21,...),z€C,i>1tc |z]i, = Z |22 < oo} ,

i>1

with symplectic structure i) .., dz Adz; =) .o, dp; A dg;. Fixing s > 0 and
a > 0, one can study the system in the phase space

’PG,S — HG,S >< HG/,S 9 (27 2) .
The Hamiltonian becomes

H = Zwi|zi|2 + P(z,2),

i>1

where P has a zero of third order at the origin. The Hamilton’s equations
write
2.’]‘ = iu)ij + iagP, éj = —iwjéj - 18z7P . (284)

The Hamiltonian H is real analytic. It means that H is a function of z and Z,
real analytic in the real and imaginary part of z; we denote by A(¢%%, (%5T1)
the class of all real analytic maps from some neighborhood of the origin in ¢**
into (51,

In order to extend the result of [BeBiV04] to the infinite-dimensional case
one meets two difficulties: the first one is the generalization of the Birkhoff
normal form and the second one is a small divisors problem. To bypass the
first problem one considers a seminormal form. Fix n > 2 and separate the
first n variables z1, ..., z, from the infinite second ones. From now on, we will
denote by Z the infinite vector obtained bereaving z = (21, 22, ...) of its first
n—components, namely 2 := (2,41, ...). Moreover, we denote by wy, ... ,w, the
first n frequencies and by €2,.1, ... the second infinite ones. Let us impose a
second order Melnikov condition on the frequencies

w-k+Q- 0 £0, (<2, 0<|kl+1](<5 (2.85)
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and a linear asymptotic behavior on the frequencies
Ja >0, d>1 st w; ~aj. (2.86)
Moreover, assume the following smoothing property on the nonlinearity:

(S) there exists a neighborhood of the origin &4 C P, s and d > 0 such that
the vectorfield Xp associated to the nonlinearity is analytic.

Next, we transform the Hamiltonian H in (4.15) into some partial Birkhoff
normal form of order four so that, in a small neighborhood of the origin, it
appears as a perturbation of a nonlinear integrable system. One obtains

H=Hy+G+G+K

with .
G=3 > Giglallyl,
min(z,7)<n
with Gi; = Gy, G = O(||2[2,), K = O(||2[8,). Moreover, it results that
Xa, Xg, Xi satisty the smoothing property (S). Let rewrite the Hamiltonian
in the form

_ 1 _ ~
H=w-[+Q- 2+ AI-1+(BL23) + G+ K (2.87)
where I := (|z1|%,...,|2a|?) are the actions, A is the n x n matrix
A= (Gijh<ij<n (2.88)

and B is the oo X n matrix
B = (Gijh<jcn<i -
One can introduce, now, action-angle variables for the first n modes zq, ..., 2,

by z; = |z]|€% = \/I;¢"i, for j = 1,...,n. Performing the scaling for n ~ 0,
I — %I, 2 —n2, ¢ — ¢, one gets®

_ _ 1 _ ~
H(I,,2,2) =w -1+ Q- 22+ 17 <§(A1, I) + (BI, 22)) + G + 'K, (2.89)

We will still denote by P** := R" x T" x H*® x H** the phase space. For the
integrable Hamiltonian

_ 1 _
w-I+Q- 22+n2(§(A[, I) + (BI, 22)) (2.90)

5With abuse of notations, we denote G and K the scaled terms.
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one can write the equation of motion

I=0
¢ =w+n*Al +n*Btzz
Z:j:i(Q+?72B[)ij, ]Zﬂ"‘l

Let us note that {Z = 0} is an invariant manifold for the Hamiltonian (2.90)
and it is filled up by n-dimensional invariant tori

T(Io) ={I=1I, ¢ €T 2=0} (2.91)
on which the motion is linear with frequency
O =w+n*Al.

These tori are completely resonant and foliated by infinitely many 7T-periodic

orbits if y
27
D= — kez". 2.92
w T € ( )

If the action to frequency map is invertible, that is, if the non-degeneracy
condition

det A #0
holds, one can choose
T

ko= K(T) = {""—]

27

27 wT T
I, = I,(T)= —=A"'|—| - =— 2.
0 0( ) 772T <|:27T:| 27_[_)7 ( 93)

such that (2.92) is verified. Here [-] denotes the integer part. Taking =2 <
T < 2n~2 we have that |Iy] < const. Then the torus 7 (Iy) is foliated by the
T—periodic motions

{1(t) = Io, o(t) = ¢o +©t, 2(t) =0} .

Not all these orbits will persist in the dynamic of the complete hamiltonian
system (2.89). In this paper, it is shown that, under suitable assumptions, at
least n geometrically distinct T-periodic orbits persist.

Inversion of the linear operator

We are looking for periodic orbits of the complete system near the periodic
orbits of (2.91), that is for a solution {y + ¢ where

CO = ((“Dt7[07070> and C = (¢7 J7 2? ’g)
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where (¢, J, 2, 2) are T-periodic small functions valued in the phase space R" x
R™ x H®* x H**. One can write the equation that { = (¢, J, 2, 2) satisfies

L¢ = N(C),
calling N the nonlinearity and
LC =L, J, 2,2) i= (J, 0 — n?AJ, 25 —iQ2,), j>n+1,
the linear operator, where

QJ‘ = Q](Io) = (Q + 772B]0) (294)

j
are the shifted elliptic frequencies. At this point, one performs a finite-dimen-
sional reduction, splitting the space in range + kernel, showing, in particular,
that the kernel is exactly the resonant torus and the range is composed by the
T-periodic functions (1&, J, Z) with fOT ¢ = 0. Let us consider the kernel of the
operator L

J=0
v —n*AJ =0
Z:j—inZj:O, ]Zn—f—]_

From the first equation, one has J(t) = J(0) =: Jy, for all £ and from the
second one (t) = ¥(0) + n? Aot =: 1y + n*AJgt. Solving the third equation
and imposing the periodicity condition, one finds that

2(T) = 7 2(0) = 2(0).

There are two possibilities: 2;(0) = 0 or 2;(0) # 0. In the first case 2;(t) = 0,
for all ¢, in the second one Q;7" = 27¢ with ¢ € Z and j > n + 1. In order
to avoid to have other periodic solutions near the invariant torus, one has to
impose the condition on T’

QT —2nl#0, (€Z, j>n+1. (2.95)

If (2.95) holds, we obtain that every T-periodic solution (¢, .J, 2, 2) near the
torus 7 (Ip) has Jo ~ 0, ¥(t) = by, namely belongs to kerL = {1t = v, J =
0, 2=0}.

For what concerns the range of the operator L it is composed by the functions
verifying ¢ = (4, J, 2)

J =1
b= n?AT +J

Since J has to be T-periodic, one has from the first equation that

/OT@E(t)dt:O.
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Define the constants
o 1 T s 1 T
alJ, ) = ——(/ / J(G)d9d3+—2A_1/ M@)dG),
T\ Jo Jo U 0
T
B(3) = M 1T / ¢ 5(9) df
0
where M := (I — ¢T) (here I is the identity), then
a(J, ) + fot J(s)ds

n? At +PA [y [ J(0)d0ds + [ (0)do

=
[SEER SN
|

i (5(5) + [ ei903(g) de)

However, in the definition of 3 above, the small divisors 1 — %7 appear. We
have
11— eiQiT| = |1 —cos QT —isinQ,T)|
- 1 .
> |sinQ,T| > 5 m}n |1 — 2w/

and, by (2.93),

Q(Io)T —2nt = (Q +0*Bly) T — 2mt

T
= ;T - <BA_127T<W—>> . J=zn+l
27 ;

where (a) := a — [a] is the fractionary part of a € R. Assuming that
Q; — (BA_lw)j £0, j>n+1, (2.96)

and w; ~ 4%, d > 1 one can prove that there exists § > 0 and 1 < 7 < d such
that the following non-resonance condition between the frequencies

~ )
QT -2l > —, WeZNj>n+1,7>1, (2.97)
jT

is satisfied for a full measure set of 7.
One concludes that L' is well defined and “looses 7—derivatives”.

Lyapunov—Schmidt reduction

By means of a Lyapunov-Schmidt reduction, one can write
¢ =C(x +Cr=(00,0,0) + (r
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where (x = (¢ ((g := IIg¢ ) and Ilg (Ilg) is the projector on the kernel
(on the range respectively). The range equation reads

L{r = gN(Co + Cx + Cr) - (2.98)

Since L is invertible as operator from the range to the range, the idea is
to solve first the range equation (2.98) for any fixed ¢y, finding a solution
Cr(t) = Cr(¢o)(t) by the Contraction Mapping Theorem, and thereafter the
kernel equation ITx N ((o + (g + (k) = 0 for (g = (r(¢o), determining ¢ by a
variational argument. We define

®(Crs o) := L' TIRN (Co + Cx + Cr) -

The operator LTI looses 7 derivatives because of (2.97). By the smoothing
property (S) of the nonlinearity

N: H — HH,
we have that ® acts in this way:
& H —s Hs+d _ HerdfT C H®

where the last relation holds if d > 7. Hence, by (2.95), one can solve the
range equation by the Implicit Function Theorem, obtaining

Cr = Cr(9o).

As the solutions of the Hamilton’s equations

J = 'K (Io+ J, g0+ 0t +,5) —ndd
Y —n?AJ = PB2E+ 001K (o + J, ¢ + Dt + 1, 2) + n0,G
2]' — 1932] = lﬁz(BJ)jéj + 1778ng + 1778%}(([0 + J, (bO + wt + w, 2) s

j > n+ 1, are critical points of the action functional
T . ~ —
5(1,¢,2)::/ I-d—1> 2% —HI 6273 | dt,
0 j>n+1

so the solutions of the “reduced” kernel equation

N (Co + Cx + Cr(go)) =0

are critical points of the reduced action functional S(¢y + Cx + Cr(¢o)). The
kernel equation is defined on a n-dimensional torus, hence solutions (i can be
found by a topological argument.

We have just proved the following theorem
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Theorem 2.7.2. Consider the hamiltonian system (2.84) and fix a positive n.
Assume that (2.85), (2.86), (S) hold. Let be A defined in (2.87) and (2.88),
suppose detA # 0 and that (2.96) is satisfied for all j > n+ 1. Finally assume
d > 11n(2.86). Then for any firedn < 1 there exist at least n distinct periodic
orbits z(V(t),. .., 2 (t) with the following properties:

(1) |2™(t)]|as < constn, form=1,...,n andt € R;

(ii) |Hsp2™(t)]las < constn?, form=1,....n andt € R; here [1-,, denotes
the projector on the modes with index larger than n;

(iii) the period T of z™ does not depend on m and fulfills n™2 < T < 22,

The nonlinear beam equation

The previous theorem can be applied to some semilinear PDEs, for example
the nonlinear Schrédinger equation and the beam equation. Consider the beam
equation

Upg + Uggze + pu = f(u), p e [0, L] (2.99)

with hinged boundary conditions
u(t,0) = u(t, m) = Uy (t,0) = Uy (t,m) =0, (2.100)
where the nonlinearity f(u) is a real analytic odd function of the form
f(u) = au® + O(u"), a#0. (2.101)
Applying Theorem 2.7.2 to the beam equation the Theorem 2.7.1 follows.

Remark 2.7.3. We remark that an analogous proof holds also for the non-
linear Schrodinger equation but not for the nonlinear wave equation. Indeed,
in the wave equation the hypothesis (S) of smoothing on the nonlinearity is
missing, that is the operator N gets only one derivative (d = 1) but it is not
enough to have the bound (2.97) (d > 7 > 1). This fact follows from the
asymptotic behavior of the frequencies of the associated linear operator, that
are wj = \/j2 + pu ~ j for the NLW, w; = \/j* + p ~ j* for the beam equation
and w; = j> + p ~ j* for the NLS. See also Remark 4.2.13 for further details.
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Chapter 3

Some known results about
quasi—periodic and
almost—periodic solutions

This chapter is devoted to the description of some results about quasi—periodic
and almost—periodic solutions for the nonlinear wave, the nonlinear Schrodin-
ger and the beam equations. We insert in the beginning a brief section regard-
ing the finite dimensional case in which we state the well known Kolmogorov
and Melnikov Theorems on the conservation of invariant tori of maximal and
lower dimension, respectively. Techniques and tools used in the finite dimen-
sional situation have been implemented by many authors to prove existence of
quasi—periodic and almost—periodic solutions of hamiltonian PDEs. We report
some of such interesting results.

3.1 Quasi—periodic orbits in finite dimension

The celebrated KAM (Kolmogorov—Arnold-Moser) theory is a perturbation
theory for quasi—periodic motions in hamiltonian systems. It is treated in
exhaustive way, e.g., in [A],[A88],[Mo73]. Here we briefly discuss two of its
major results: the Kolmogorov and Melnikov Theorems.

We now give a definition of quasi—periodic function, which holds also in the
infinite dimensional situation.

Definition 3.1.1. Let be E' a Banach space and T := R/27Z. A function u(t)
with n frequencies is called quasi—periodic if there exists a continuous map
U:T" — E and a n-dimensional vector w such that u(t) = U(wt).

Kolmogorov Theorem

Let us consider the perturbation of an integrable Hamiltonian H (I, ¢) = h(I)+
eH(I, ) in the phase space Z x TV, where Z is a bounded N-dimensional
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domain and ¢ is a small parameter. The system generated by the integrable
Hamiltonian h has invariant tori of the form

{IyxTV, I€T,

on which the motion is quasi—periodic with frequency w(I) = 9rh(I). A torus
for which w(I) is rationally independent is called nonresonant. Each phase
trajectory on such a torus fills it densely. The other tori are called resonant
and are foliated by smaller dimensional tori. The unperturbed Hamiltonian h
is non-degenerate if the Hessian of h, 0%h, is invertible. In a nondegenerate
system the nonresonant tori are a dense full measure set, while the resonant
tori are a dense zero measure set.

The Kolmogorov’s Theorem ([K54]) states that, if h is nondegenerate and ¢ is
small enough, most nonresonant invariant tori of h persist for the perturbed
system generated by H, being only slightly deformed. More precisely, for
0 < p < 1, there exists a subset Z. of Z such that meas(Z \ Z.) — 0 as ¢ — 0,
and, for I € Z., there exists a map ®; : TV — Z x TV and a frequency w;y
with |w; —w(])| < const e, such that

t— @](¢+u)[t)

is a solution of the hamiltonian system generated by H. Moreover dist (<I> 1(9),
(I,9)) < e

For other versions and important improvements of this theorem, see [Mo67],
[Mo73], [P82], [SZ89].

Melnikov Theorem

The Lyapunov Center Theorem, see theorem 1.1.5, states the persistence of
nondegenerate one—dimensional invariant tori under hamiltonian perturbations
(namely of periodic solutions), and the Kolmogorov theorem states the persis-
tence of most of the invariant N—tori of integrable system with N degrees of
freedom. It is natural wondering if most of invariant tori of an intermediate
dimension n, 1 < n < N, survive under perturbations. For what concern per-
turbations of a linear hamiltonian system with N = n + m degrees of freedom
the question is the following. In the phase space

IxT"xR*™ ={(I,¢,2), 2= (p,q)},
where Z C R™, n > 2 and m > 1, let us consider the Hamiltonian
H(I7¢72) :LU']+AZ'Z+€H(I,§Z5,Z),

where A is a symmetric linear operator in R*"w € O C R" is a parameter
H = H(I,¢,z) is an analytic perturbation and ¢ is a small parameter. The
hamiltonian equations write

[=—cOyH, d=w+ed/H, 2=J(Az+¢ed.H), (3.1)
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where, as usual, J(p,q) = (—q,p). For € = 0 the system (3.1) has invariant
n—dimensional tori 77 = {I} x T" x {0}, I € Z. It is natural wondering if
these tori persist in the system (3.1) for ¢ > 0.

Let be Q the spectrum of the operator JA, Q := {Qy,...,Qa,}. We suppose
that the tori are nondegenerate, namely 0 & €, ; # €, Vj # k. The simplest
case is when the tori are hyperbolic, namely there are not purely imaginary
cigenvalues. The persistence of these tori was proved in [Mo73].

The case of elliptic tori, namely Q C iR\ {0}, Q; # Q, Vj # k, is more
difficult. The statement of the persistence of the elliptic torus 77 for most w
was published by Melnikov in [M65]. The complete proof of the theorem was
given later by Eliasson [E88], Péschel [P89] and by Kuksin [Ku87], [Ku88|.

3.2 Quasi—periodic solutions of some PDEs

As we have just seen, the KAM theory is very powerful in order to construct
families of quasi—periodic solutions in the finite dimensional case. In this
section, we state some results about quasi—periodic solutions of some PDEs,
namely finite dimensional invariant tori of an infinite dimensional hamiltonian
system.

The standard techniques for searching quasi—periodic solutions, are perturba-
tive and their aim is to continue finite dimensional invariant tori with quasi—
periodic motions under the influence of an infinite dimensional perturbation.
In particular, the standard procedure is using the Birkhoff Normal Form of
hamiltonian mechanics, see pg. 30. Such normal forms enable one to apply an
infinite dimensional extension of the Melnikov’s Theorem for finite dimensional
almost integrable hamiltonian systems, which was developed by Kuksin, see
[Ku93], by Wayne in [W90] and by Poschel in [P89], [P96b]. In this way, one
can establish the existence of large families of time-quasi-periodic solutions
which are linearly stable.

3.2.1 Wave equation

Dirichlet boundary conditions
Q [W90] Let us consider the equation
U — Uy + V(0)u +cu® =0, (3.2)

where the potential v(z) lies in the subspace

E—{UEL2 ([0, 7]) ’/ fu(x):v(w—x)}mLi, (3.3)

where L} C L*([0,7]) is the open subset of all potentials v € L*([0, n]) with
strictly positive Dirichlet eigenvalues.
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Let be {u;}32, the eigenvalues and {¢;}52, the corresponding eigenfunctions
of the operator —d*/dz”+v(x) and with Dirichlet b.c.. Denoting by u)(t, ) :=
sin (1/];] ¢) ¢;() the periodic solution of (3.2) for € = 0, then

un(t,z) = Z u)(t,x)

is a quasi-periodic solution of (3.2) for € = 0, if {,/f;}}_, are rationally inde-
pendent. The following result states that these quasi—periodic solutions persist
when ¢ # 0.

Theorem 3.2.1. There are sets F(N) C E such that if v e F(N), there is a
constant eo(v, N) > 0 such that whenever e < gy(v, N), (3.2) has a weak, quasi-
periodic solution uS (x,t) whose frequency vector differs from that of uy(x,t)
by O(e). The set F(N) has measure one with respect to a natural probability
measure P (which is the same of Theorem 2.4.1).

By a weak, quasi—periodic solution, one means a non—zero, continuous function,
quasi—periodic in time, which is a distributional solution of (3.2). The following
statement guarantees that one obtains a large number of solutions, which is
typical for the KAM methods.

Theorem 3.2.2. Suppose to restrict our attention to the subset of E for which
the spectrum of —d?/dx?® + v(z) is positive. Then, for almost every potential
v, with respect to the P measure, there is a constant eo(v) > 0, such that if
le] < eo(v), there exists a set of positive, N—dimensional Lebesque measure
such that for every point 0 in this set one has a quasi—periodic solution with
frequency vector Q.

The proof is achieved seeking to extend the KAM Theorem to a infinite dimen-
sional setting, namely, perturbations of completely integrable partial differen-
tial equations. In this theorem, the author replaces the scalar parameter p of
the Klein—Gordon equation uy; — ug, + pu = 0 with Dirichlet boundary condi-
tions, by some potential function v € L*([0,7]). By this choice, he introduces
infinitely many parameters into the system, which may be adjusted and thus
substitute the standard nondegeneracy condition. Finally, the author finds a
Cantor families of small amplitude quasi—periodic solutions for a Cantor set of
potentials v, via KAM theory.

Q [P96a] Consider the nonlinear wave equation
Ut — Ugz + pu+ f(u) =0, w>0, (3.4)

where f is a real analytic, odd function of u of the form

f(u) = au® + Z fruu®, a#0. (3.5)

k>5
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Every solution of the linear system with Dirichlet boundary condition is of the
form
ult, o) =Y q;(0(x),  qit) = Leos(At + ),
j>1
namely it is the superposition of the harmonic oscillations of the basic modes

¢; = \/2/msinjx and frequencies \; = /52 +p, for j = 1,..., with ampli-
tudes I; > 0 and initial phases qb?. Choosing finitely many modes

J={h<ja<...<jn}CN,

there is an invariant 2n—dimensional linear subspace E;, such that

E] = {(ql¢j1 + ...+ Qn¢jn7p1¢j1 Tt +pn¢]n} - U 7}(1) ’ (36)

IeR?

where R?, : {I eR": [; >0forl1 <j < n} , is the positive quadrant in R”
and
() ={¢+ X =1 for 1<j<n}. (3.7)

In particular, E; is completely foliated into rotational tori with frequencies
Njps ey Nj-

The main theorem is the following:

Theorem 3.2.3. For all p > 0 and for each index set J = {j1 < ... < jn}
with n > 2, satisfying
in (jisr = Ji) Sn—1,

there exists a Cantor manifold £; of real analytic, linearly stable, diophantine
n—dimensional tori for the nonlinear wave equation given by a Lipschitz con-
tinuous embedding ® : T;[C] — &, which is a higher order perturbation of
the inclusion map ®q : E; — P, restricted to T;[C]. The Cantor set C has
full density at the origin, and E; has a tangent space at the origin equal to Ej.
Moreover, 5 is contained in the space of real analytic functions on [0, ).

This result is achieved by transforming the associated Hamiltonian into Bir-
khoff Semi—Normal Form of order four with respect to any finite number of
basic modes, by a symplectic change of coordinates see Proposition 4.1.6.
The approach and the result is the analogue for the nonlinear Schrodinger
equation on the same interval, carried out in [KuP96|, see pag. 92. A fun-
damental difference between these cases, is that no complete normal form of
order four is available for the nonlinear wave equation, due to asymptotic reso-
nances among the frequencies. However, since sufficiently many nonresonance
condition are satisfied, there is a real analytic symplectic coordinate transfor-
mation that put, at least the interaction of the first n—modes, into a nonlinear
integrable normal form up to order four. To this Hamiltonian, KAM theory
may be applied to continue invariant tori of the integrable system.
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Q [LiY] Let be P = H{([0,7]) x L?([0,7]). Consider the wave equation
U — Uz + pu+ f(u) =0, >0,

where

flu) = au® " + Z forpru® a#0, reN.

k>r+1
Recalling the definitions (3.6) and (3.7), we write the main result of this paper:

Theorem 3.2.4. For almost all > 0 and each index set T = {n; < ... < ny}
with b > 2, satisfying

sn; #n; foranys=12,...,r, i<y, i,j€{l,...,b},

the wave equation above possesses a local, positive measure, 2b—dimensional
invariant Cantor manifold E7 given by a Whitney smooth embedding ® : T7[C]
— &z, which is a higher order perturbation of the inclusion map ®¢ : Er —
P, restricted to 1z[C]. Moreover, the Cantor manifold Er is foliated by real
analytic, linearly stable, b dimensional invariant tori carrying quasi—periodic
solutions.

The proof is based on infinite dimensional KAM theorem, partial normal form
and scaling skills, following [P96a]. We note that this result can be applied
also to the nonlinear beam equation.

Periodic boundary conditions

O [Bou94] The same result of the nonlinear Schrédinger equation, see pag.
92 below, but with g(x) # 0.

O [ChYO00] Let us consider the equation
U — Uz + V(z)u+ f(u) =0 (3.8)

with periodic b.c.; here f(u) is a real analytic function satisfying f(0) =
f/(0) = 0 and the periodic potential V' belongs to

Eper := { V € L*(T) ‘ /027r V(z)dr =0 } NLA(T), (3.9)

where L2 (T) C L*(T) is the open subset of all potentials V' € L*([0, n1]) with
strictly positive periodic eigenvalues. Let p, and ¢,(z), n € N, be the positive
eigenvalues and the eigenfunctions of the operator d?/dz? — V(z). Fix n; <
...<ng €N, d>1and a compact subset @ C R?. Consider a family of real
analytic potentials V' (z; &) parametrized by & = (&1,...,&4) € O where

&= i=1,....d
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Theorem 3.2.5. Consider the equation
Uty — Uge + V(2;§)u+ f(u) =0 (3.10)

with V' real analytic and & € O. Then for any 0 < v < 1, there exists a subset
O, C O with meas(O\ O,) — 0 as v — 0, such that (3.10) with £ € O,
has a family of small amplitude (proportional to some power of v), analytic
quasi-periodic solutions of the form

u(t,x) = Z Up(wit, ..., Wit o),

n>1
where u, : T — R and wy, ... ,w} are close to w; =&, ... ,wg =&,

We remark that looking for solutions with periodic boundary conditions is
technically more difficult than looking for solutions which satisfy the Dirichlet
b.c.. This technical reason is related to the multiplicity of the spectrum of
the associated Sturm-Liouville operator —d?/dz? + p, as we have just said in
section 1.2. Because of this multiplicity, another small divisors problem arises,
hinged with the so called normal frequencies. The proof is based on an infinite
dimensional KAM theorem.

Q [BePro05]: Consider the completely resonant forced equation
Uy — Uge + fwit,u) =0 (3.11)

where the nonlinear forcing term f(wst, u) is 2r—periodic in time and vanishes
for u = 0 with a zero of order at least 2. The authors deal with the case
wiy =n/m € Q and w; € R\ Q. Assume that f satisfies assumption

(H) flwit,u) = > ooy i ax(wit)u®,d € NT, d > 2, and aj(wit) € H(T)
verify > 07, 1 lak(wit)| g p* < oo for some p > 0. The ay(wt) are not
all identically constant.

Theorem 3.2.6. Let w; =n/m € Q. Assume that f satisfies assumption (H)
and agq—1(wit) > 0. Let be B, the uncountable zero measure Cantor set

B, := {5€R o+ ely| > é, Vi, Ly GZ\{O}}

where 0 < v < 1/6. Then equation (3.11) admits a quasi—periodic solution
v(e, t,z) = u(e,wit, x + wot) with two frequencies (wy,ws) = (wy,14¢), Ve €

B, .

A similar result can be extended to the case w; € R\ Q, assuming the condition
on the coefficient fOQW asq_1(p)dp # 0.
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3.2.2 Nonlinear Schrodinger equation

If one is interested in quasi-periodic solutions of the nonlinear Schrodinger
equation the tools are the same for what concerns the nonlinear wave equation.
Some aspects, such as the transformation into normal form, are even simpler
than in the wave equation. Indeed, as we have just said, no complete normal
form of order four is available for the nonlinear wave equation, due to asymp-
totic resonances among the frequencies. For the NLS there exists a complete
normal form up to order four.

Dirichlet boundary conditions
QO [KuP96] Let us consider equation
ity — Ugy +mu+ f(luHu=0, meR (3.12)

with f real analytic in some neighborhood of the origin in C. Assume that
f(0) =0 and f’(0) # 0 (non degeneracy condition).

Theorem 3.2.7. For allm € R, for alln € N and for f real analytic and non-
degenerate, there exists a full density Cantor manifold of real analytic linearly
stable, diophantine n-dimensional tori for equation (3.12).

The proof is carried out performing a complete Birkhoff normal form up to
order four on the first n-modes and then using KAM theory to continue tori.
We have discussed this method in few more details for the nonlinear wave
equation, see [P96al.

Periodic boundary conditions
O [Bou94] Let us consider the 1D NLS of the form

iUy — Ugy + g(z)u + €0z H (u,u) =0, (3.13)
with g a real analytic periodic function on T and H a polynomial expression
in u,u. Let us denote by wy,, n € Z the spectrum of the operator —d,, + g(x)

and {1, } the corresponding eigenvectors. One is looking for quasi-periodic
solutions with frequencies (A1, Ay) of the form

u(t,z) = Z U(my, mg,n) elmAitmaAlty, (5) my,me € Z.

mi,ma,n

The equation of the corresponding Fourier coefficients is

( — (ma A + mads) + u)n) w(my, ma,n) + 53/11?1(7711, ma,n) = 0.
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Theorem 3.2.8. Choose ny,ny € Z and let us denote A\ := (A, A2). There
exists a continuation of the unperturbed solution

u(t, ) = are™ ', (z) + aze™' 1, ()

of the perturbed equation (3.13), for A outside a set of measure that tends to 0
for e — 0. The perturbed solution u satisfies in particular

Z i (m, n)]el™HD® < o0
m,n

for some ¢ > 0.

O [Bou98] Consider the 2D nonlinear Schrédinger equation of the form
iuy + Au+ €0y H (u,u) = 0 (3.14)

where A is a self-adjoint operator and H is polynomial (or real-analytic). Let
us assume

A=-A+M,
where
M,e"? = g,e"*  o,eR, neZ?, (3.15)
= (z1,22) € R* and A = 02 , + 92,,,. We note that the operator A has
eigenvalues
Hn = |n|2 +0n
with eigenfunctions e™*. Fix b € N, b > 1 and some specific indices ny, ..., ny

€Z% Let 0 = (0y,...,0) € RV and A = (A\1,...,\) € R with
/\j::,unj:|nj|2+aj, j=1,...,b.
and
S:={(nje)€Z*<xZ" |j=1,...,b}
the resonant set (here e; = (0,...,1,...,0)). For any a = (ay,...,a) € R,
anjej I:CLj,

b

Uo(t, l‘) — Z a/jei(kjt-i-nj-z) — Z ankei(k'kt-f-nw) (316)
Jj=1 (n,k)esS

is a quasi-periodic (for A rationally independent) solution of (3.14) for ¢ = 0.

Theorem 3.2.9. Let us suppose |a| suitably small (depending only on the
analyticity domain of H). Then, for e sufficiently small, there ezists a set
Yc(|al) with

meas(X.(|al)) — 0 ase — 0,
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such that, if o € ¥.(|a]), (3.14) has a solution

) /- .
ue(t7 ZL') — E Uikel(A kt+n-x)
n€Z2 keZb

with perturbed frequency X' (|N — A| < conste). The solution satisfies

Up e, = 0 j=1,...,b
and
S el | < Ve,

(n,k)¢S

for some ¢ > 0.

3.2.3 Beam equation

O [GeYO03] Consider 1D beam equation (1.25) with boundary condition (1.26),
with f real analytic and odd function of the form (2.83).

Theorem 3.2.10. For all m > 0 outside a zero measure set, there exists a
Cantor manifold of real analytic, linearly stable and Diophantine n-tori.

The existence is proved following [KuP96].

3.3 Almost periodic solutions

A function u(t) is almost-periodic with frequency w := (wi,ws, ...) € RY with
w1, ws, . .. rationally independent iff

u(t) = Upe®' (3.17)

kezy
where ZY is the space of all integer sequences k := (ky, ko,...), k; € Z, j > 1
with only finitely many nonzero components.

We now give an example of construction of almost—periodic orbits for a infinite
dimensional “second order hamiltonian system”. We discuss it here as a model
problem mimicking some of the basic features coming out in the study of
hamiltonian PDEs.

O [ChPe94] Let us consider the Euler-Lagrange equation on T%"
i = filz(t)) i€z

Definition 3.3.1. A continuous function f is a g — gradient if for any finite
I C 74 there exists a C' (T R) function V() such that

@) =0, VD)  Viel, voeTl
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Theorem 3.3.2. Let be [ a uniformly weakly real analytic g — gradient. As-
sume that for some finite I C Z% the equation

0 — o VO ED) 20 e

admits a non-degenerate real analytic solutions with a (v — 7)-Diophantine
frequency w) € R (ie. 2U(t) = wD(t) + uD(wDt) for a suitable real
analytic function u") : T — RV such that det(Id + ou'D)) #0). Then there
exist uncountably many w—almost periodic solutions with w; = w,fl) , Viel.
All such frequencies w are v— Diophantine in the sense that for all J C I with
|J\I|=m it is

E :wjnj

jed

1
>
1 jes g

V({n;}es) € ZV1\ {0} .

Remark 3.3.3. The frequencies w; will be such that |w;| grows rapidly as
J — oo (like (|7]')°).
3.3.1 Wave equation

Q [Bou96] Let us consider the wave equation
Ut — Ugy + V(x)u+cf(u) =0 (3.18)

under Dirichlet boundary conditions. Here V is a periodic real analytic poten-
tial and f(u) an odd polynomial function of u, f(u) = O(Jul?). Denote {u;}
and {p,} the eigenvalues and the eigenfunctions of the operator (—Cgﬂ—zg +V(z)).
Let us write p1; = )\? and consider \; as parameters. For ¢ = 0 the unperturbed
solution wug of (3.18) will be

uo(x) = Z aj;(z) cos At .
j=1

Theorem 3.3.4. Given a sequence {a;} of positive reals such that |a;| — 0
sufficiently fast, exists an almost periodic solution of (3.18)

(e, ) =Y Y aljn)p ()N
j=1 nelloZ
Here 11 Z stands for the space of finite sequences of integers n = {ny},
a(j,n) = a(j,—n),
/\;- = AN +0 (g) (uniformly in j), is the perturbed frequency,
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1
a(j,ej) = a(j,—e;) = 5 a; (ej = j — unitvector in I1,,Z),

and

Z eI F 2wkl |4 (5 n)| < Ve
()¢S
where
S = {(]7 iej)}
is the resonant set, ¢ > 0 and {wy} are increasing weights, depending on the
decay of sequence {ay}.

3.3.2 Nonlinear Schrodinger equation
QO [P02] Let us consider the NLS
ity = Uge — V(x)u — N(u), 0<z<m (3.19)

with Dirichlet b.c. depending on a potential V € E C L*([0,n]) where E is
defined in (3.3). Here, given f a real analytic function in a neighborhood of
0 € C with f(0) = 0, the nonlinearity is

N(u) = w(f(|wuf?))

where U : u — 1 % u is a convolution operator with an even function ¢) on R,
which is smoothing of order ¢ > 0, namely

W Hy([0,7]) — Hg™((0,7]),  [[Yul

Hs+o S CSHUHHS s

for all 0 < s <1 with o < 1/4. Since 9 is even, the Dirichlet problem on [0, 7]
is equivalent to the periodic problem with period 27 within the space of all
odd functions.

Theorem 3.3.5. For “almost all” potentials V € E equation (3.19) admits
uncountably many analytic, almost periodic solutions of the form (3.17) in
every neighborhood of uw =0 in H} ([0, 7).

Here “almost all” potentials means that the complementary set of potentials
in F has measure zero with respect to a large class of (natural) probability
measure.
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Part 11

Periodic orbits with rational
frequency
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Chapter 4

Long time periodic orbits for
the NLW

4.1 Hamiltonian setting and Birkhoff normal
form

We study the equation (4) as an infinite dimensional hamiltonian system with
coordinates u and v = u;. Denoting g = [ f(s)ds, the Hamiltonian is

™ U2 U2 U,2
H = — 4+ = — dz .
(v,u) /0 <2+2+,u2+g(u)> x
The equations of motion are

o _ o

=5, = (I au:um—,uu—f(u).

Uy

Let us rewrite the Hamiltonian in infinite coordinates (p, q) € ¢%° x £** where
(v = ("*(R) (4.1)

= {q: (@1, ), G €R, i =1 st |gf2, = |afi*e™ < oo}

i>1

by the transformation

di
v:S’p:Z\/UiiXi, u:Sq:Z - Xi (4.2)
i>1 i>1 Wi
with w; = /12 + p and x; = /2/msiniz. We get
1 ™
H:A+G=§Zwi(qi2+p?)+/ 9(Sq) da, (4.3)
0

i>1
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where we denote with A the integrable part and with G the not integrable one.
The equations of motion are:

= WiP; (4'4)

with respect to the symplectic structure ) dp; A dg; on £%° x (**.
For k € N, we consider the space C*(R, (%) of all the functions R > t ——
q(t) € £** with finite norm

k
lallor ey = > sup [9a()a.s - (4.5)
o tER

Similarly for a C* function R > t — (p(t),q(t)) € £>* x £ we consider the
norm

| (p, Q)HC’f(R,Eavaéa»S) = ||p||Ck(R,€aaS) + ||Q||C’“(]R,£a»s)

Lemma 4.1.1. Let us assume that a > 0 and s arbitrary. Let be R 3 t ——
(p(t),q(t)) € £ x £ a solution of (4.4) of class C*, 2 < k < oo, then

u(t,z) = Z (f/(j_? Xi(x) (4.6)

i>1
is a classical solution of (4) of class C*.

PROOF. We first prove that u(t,z) is C* and moreover, for any fixed t € R,
the function @ — OP'u(t,z), h < k + 1, is real analytic with analytic extension
in the complex strip [Imz| < a. Since ¢ € C*(R,(**), we have that for all
teR

D @) e™ = )12, < llallErg e < oo (4.7)
i>1

For any fixed a < a by (4.7), Cauchy—Schwartz inequality and

sup |x;(x)] < sup ]sinix\ge‘“,

Im z|<a Imz|<a

we get, for ig > 1,

2
qi(t) ' 2:2s 2ai —1,-2s,—2(a—a)i
sup | xi@| < D @iy wti e
Imz|<a |55, VWi i>io i>io
< ||C]||20k(R,za»s)Zwi_li_%e_?(a_d)i = 0,
i>ig

from which we have that, for any ¢t € R, the series in (4.6) uniformly converges
to a 2m—periodic real analytic odd function with analytic extension on the
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complex strip |Im z| < a. Moreover, again by Cauchy—Schwartz inequality, we
get

Dult, )] < llg(t)2, 3wt t—ei V(t,z) € Rx[0,7], heN,

i>1

and, from (4.7), we have that

VheN Fepas >0 sit. sup  |Ou(t,z)| < chas - (4.8)
(t,x)eRX[0,7]

By similar arguments one proves that for any x € [0, 7] the function

qi(t
R >t~ u(t,z) Z Xi(x)
1>1 \/QTZ

is continuous since the series uniformly converges on R (and the functions
t — ¢;(t) are continuous since ¢ € C°(R, £+*)). The continuity in both variables
follows by (4.8) and the continuity in t for x, fixed:

lu(t, x) —ulto, v0)| < [ult, =) —u(t,x0)| + [u(t, z0) — u(to, vo)|

< Cras|t — mol + |u(t, xo) — ulto, xo)] -

Arguing as above one proves that, for any fixed x € [0, 7], the series

> =

i>1

th Z( )

uniformly converges for ¢ € R; hence we can differentiate inside the summation
in (4.6) obtaining

atUtx Z\/— tQZ Xz()'

1>1

Carrying on the above arguments we finally have that « € C* and that

Z\/_ ha(t)xi(r),  h<k+1, (4.9)

i>1

is, for any fixed t € R, a 2r—periodic real analytic odd function with analytic
extension on the complex strip |Im x| < a.

We now prove that u, defined in (4.6), is a classical solution of (4). From (4.2)
and (4.3),

aqz = / Flu)ys da (4.10)

hence, we have, by (4.9) and (4.4),
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S g — w29
- \/QTZ q’L Zaql XZ

1>1
= qZ aa:x i z/ f zd
; N (1 — ) X ;X u)x; dx

because w? are the eigenvalues of the operator p — d,,. Moreover, being ;, for

i > 1, a complete orthonormal basis for the L? functions on [0, 7], we obtain

i === Ous)u= 3" xs [ Flusde = ~(u=Dun)u = fl).

i>1

0J

Let us note that y;, for i > 1, are a complete orthonormal basis for the L2
functions on [0, 7], but not for all analytic function on [0,7]. To overcome
this problem, let us consider 7 and L?, respectively, the Hilbert spaces of
all bi-infinite, square integrable sequences with complex coefficients and all
square-integrable complex valued functions on [—m,7|. To identify the two
spaces we can consider the inverse discrete Fourier transform,

.7-—:65—>L2, q>—>[}"q}( : qie ,
=7 o

which defines an isometry between the two spaces. Let a > 0 and s > 0. The
subspaces ¢,* C (2 contain all bi-infinite sequences whose norm is defined by

lallz == D lail*lafe*,
€7

where |i|, := max {|i[,1}. In this way we obtain, through the Fourier trans-
form F, the subspaces W%* C L? endowed with the norm

1F4llas = llalla.s -

For a > 0, the subspaces W®* consist of all 27r-periodic functions which are
analytic and bounded in the complex strip |Imz| < a with trace functions on
|Imz| = a belonging to the standard Sobolev space H®. In this way, we obtain
an orthonormal basis for all analytic functions on [0, 7.

The following two results were proved in [P96al, for completeness we give here
the proofs:

Lemma 4.1.2. Fora >0 and s > 1/2, the space ¢, is a Hilbert algebra with
respect to convolution of the sequences, (¢ *p); = >\ ¢j—kDk,

llg*p ||a,s < const HQHa,s |p ”a,s

with a constant depending only on s.
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PROOF. Let v := (|j — kl+|kl+/]j]+). By the Schwarz inequality,

2
Sal < E < () (o) v
keZ ez ik kez ik keZ

On the other hand, from the definition,

Mtk 11

oC A VI T P VI R U

2

so that

1 1 1\* 1
< < 4% = (C? Vij.
S (o) SESgEeCae V)

ez ik kez

In conclusion,

2
<Oy ypilanl. (4.11)

kEZ

e

kEZ
Hence, for all a = 0, we obtain

laspl, = 313

2

Z 4j—kPk

JEZ kEZ
< OO N> Alasokpnl®
JET keZ
= O i = kZlaPIRE Ipel* = CPllgll2 1Pl
J,kEZ
The case a > 0 is a simple variation of the last estimate.
O
Lemma 4.1.3. Fora > 0 and s > 0, the gradient G, := (‘g—g, g—g, .. > 15 a real

analytic map from a neighborhood of the origin in £%° into (T, Moreover

HGq a,s+1 = O(||q3||a78) .

PROOF. Let be ¢ € (**. From (4.2), we have u = Sq € (***1/2 on [—m, 71| with
|wllas41/2 < ||g]la,s for a > 0. By the algebra property and the analityticity of
f, the function f(u) also belongs to £4571/2 with

1f ()llas41/2 < comst Jullg 111/

in a sufficiently small neighborhood of the origin. From (4.2), we have the
estimate

1Gsllast1 < 1F (Wllass1/2 < const [fullg 1/ < const gl

that is G, € (>**1. The regularity of G, follows from the regularity of its
components and its local boundedness, as it is proved in the following two

Lemmata, see [PT].
0
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Lemma 4.1.4. Let be E and F' Banach complex spaces. Let be U an open
subset of E. Let be f:U — H. Then are equivalent:

(i) f is analytic on U, namely it is continuously differentiable on U;

(i1) f is locally bounded and weakly analytic on U, namely for each x € U,
h € E and L € F*, the function

z — Lf(x+ zh)

1s analytic in some neighborhood of the origin in C in the usual sense of
one complex variable;

(11i) [ is infinitely differentiable on U and is represented by the Taylor series
i a neighborhood of each point in U.

PROOF. (i) = (i1) Suppose f is analytic. Hence it is a differentiable map
and it implies that it is continuous and locally bounded. The map Lf(z + zh)
for all L € F* is continuously differentiable in z. Hence, f is weakly analytic.
(11) = (i) Suppose f is weakly analytic and locally bounded. The idea is to
show that f is continuous in order to use Cauchy’s formula. Fix x € U and
choose r > 0 small such that

sup || f(z+h)|| =M < cc.
hll<r

By a chain rule in the Cauchy’s formula,

Lf@r+zh)——Lf@ﬂ::§%E/£:1£Q%;£%§ﬁzgdf (4.12)

uniformly for |z| < 1, ||h|| < r. Hence, denoting by ||L|| the norm operator of
L € F*, for |z| < 1/2, we obtain from (4.12)

|Lf(x+ zh) — Lf(z)]

< 2M||L]],
2|

for |z| < 1, ||h|| < r. It follows the continuity of f. Now we can apply the
Cauchy’s formula

Fatoh) = = [ Twtsh)

: dg
2mi Sy -2

for |z| < 1 and ||h|| < r. It follows that f has directional derivatives in every
direction h, namely

1 [f(m + zh) — f(x)} |

z
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Since

|2 (7t 2 - st60) - e =

1 flx+&h)
2ri =1 §2(€—2) d§H < 2M

for |z| < 1/2, the limit is uniform in ||{ — z| < /2 and ||h|| < r/2, thus

1 [z +&h)

de .

From this it follows that f is continuously differentiable on U, hence analytic.
O

Lemma 4.1.5. Let be U an open subset of a Banach complex space E and
H a Hilbert space with orthonormal basis e,, n > 1. Let be f : U — H.
Then f is an analytic map on U if and only if f is locally bounded and each
“coordinate function”

fa={(f,en): U—C
15 analytic on U.
PROOF. Let be f locally bounded and f,, analytic on U. The idea is to show
that f is weakly analytic to use the previous theorem. Let be L € H*. By the

Riesz Theorem, there exists a unique element ¢ € H such that Lo = (¢, {) for
all ¢ € H. Write ¢ in the basis of H

and choose

In this way we have L as the limit of functionals operators L,, in the operator
norm, namely

sup [|(L = L )(0)[| — 0, m— 00.
<1

Given x € U, let us choose r > 0 such that f is bounded in the ball centered
in x of radius . Fixed h € E such that ||h|| < r. By hypotheses, the functions

zr—>me(x+zh):Z)\nfn(x+zh), m>1,]z] <1
n=1

are analytic and goes uniformly to z —— Lf(x + zh), since f is bounded.
Thus f is analytic in |z] < 1. Tt follows that f is weakly analytic and locally
bounded. By theorem (4.1.4) the thesis follows.

O
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By the light of these considerations, we have the real analytic Hamiltonian
H in (4.3), defined in some neighborhood of the origin in the Hilbert space
0% x {»* with standard symplectic structure ) .., dp; A dg;. The parameters
a and s may be fixed arbitrarily; in particular we take @ > 0 and s > 1. The
term G is independent of p, so the associated hamiltonian vectorfield,

oG 0 JG 0
Xa = Z (52% 0g; B dg; apz') ’

i>1

is smoothing of order 1, that is it defines a real analytic map from ¢(** x (**
into (%51 x ¢&5+1 In particular, for the nonlinearity u3 one finds

1 [T 1
G=1 /0 u@)|* dz = 3 3" Giasan
,5,k,l
with

Gz‘jkl = / XiXiXkX1 dx .
0

1
VWil jWEWi
In [P96a] it is proved that G, = 0 unless i+ j+k=+l = 0, for some combination
of plus and minus signs. In particular
21 WiWj .

Giijj = (4.13)

From now on, we focus our attention on the nonlinearity f(u) = u?, since

terms of order five or more do not make any difference.

4.1.1 Partial Birkhoff normal form

For the rest of this paper we introduce the complex coordinates
1 ) _ 1 .
z; = E(Qi +ip), 7z = ﬁ(% —ipi), (4.14)
that live in the now complex Hilbert space
s = (o3(C)
= {z =(z1,...),z€C, i1 >1 te ||z}, = Z |z; 1% < oo} ,
i>1

with symplectic structure —i) .., dz; Adz; = ) .., dp; Adg;. The Hamiltonian
becomes - -
H=A+G=> wlz+G(z7), (4.15)
i>1
where, with abuse of notation, we have still denoted by G the function G(z,z)
= G(p,q). The Hamilton’s equations write z = —id,H, z = i0,H. The Hamil-
tonian H is real analytic. Real analytic means that H is a function of z and
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7, real analytic in the real and imaginary part of z; we denote by A(¢®*, (25T1)
the class of all real analytic maps from some neighborhood of the origin in ¢%*
into (51,

Notation. Given a finite multi-index Z, we will denote by z the infinite
vector obtained by excising z = (71, zs, . ..) of its Z—components, namely 7z :=
(o oy Zim1s By 1y -5 Zij—1s Zijls - oo Zig—1s Zig+1s- - ) = (Zi)ieze, Where I°¢ :=
N\ Z. The symbol “V” will mean “or” in the sense of the Latin “vel”. Fix
a > 0,s > 1. We will denote by const > 0 and 0 < ¢; < 1,7 = 1,2,...
suitable constants depending only on Z, a, s; moreover y = O(z) means that
ly| < constz. In the following, we will often omit the explicit expressions for
z, since they can be derived by the analogous ones for z.

Next, following [P96a], we transform the Hamiltonian H in (4.15) into some
partial Birkhoff normal form of order four so that, in a small neighborhood
of the origin, it appears as a perturbation of a nonlinear integrable system.
However, as we have just said in the introduction, the normal form degenerates
when p is close to zero, in the sense that its domain shrinks to zero and the
remainder blows up. Then, we need a quantitative version of the Birkhoff
normal form, in which we explicitly investigate the dependence on u, for
small. Such analysis is not available in literature.

Proposition 4.1.6 (Birkhoff normal form). Let be 0 < < 1, Z C N*. There
exists a real analytic, close to the identity, symplectic change of coordinates
z 1= I'(z.) defined in B, C {** into By, C {** with

ri=c1/I, (4.16)
verifying

A |
12 = Zi||las+1 = O (%) , (4.17)

transforming the Hamiltonian H = A + G in (4.15) in seminormal form up to
order siz. That is

Hol=A+G+G+K,

where
Xe, Xy X € A(0V 0%5Hh),] (4.18)
_ 1 _
G=3 > Gijlzail’l2.)?
iVjeT

with uniquely determined coefficients G = (3/8m) (4 — &;j/wiw;), and

).

N 514 o HZ*Hg,s
Gl =O(lzlas),  |KI=0 .
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Remark 4.1.7. It is worth pointing out that the Hamiltonian A + G is inte-
grable with integrals |z.;|*, i = 1,2,.... Moreover, although the fourth order
term G is not integrable, it only depends on 7, := (Z.;)iere, namely it is inde-
pendent of the ZT-modes.

PROOF. Let us introduce another set of coordinates (..., w_o, w_y, wy, ws,...)
in £;° defined by z.; = w; and Z,; = w_;. The Hamiltonian becomes

H = A+G
1
= D Wittt 1 Z Gigne(Zi + Zu) -+ (20 + Z1)

i>1 ikt

1 /
= Z W; W;W_; + EZ Gz’jké WiW; WrWe

i>1 i,3,k,6

where the prime means that the summation is over all nonzero integers. The
coefficients are defined for arbitrary integers by setting Gyjre = G| jj| k), )| We
notice that G = 0 unless i £ j £k £ = 0, for some combination of plus
and minus signs. The transformation I' is obtained as the time-1-map of the
flow of the hamiltonian vectorfield X given by a Hamiltonian

/
F = Z Fijk£ W;W;WEWy (419)
i,k 0
with coeflicients
Gijke o
fi 1k 0) € Lo\ N
Py =4 16(+o]+wl+wp) (i3 O € LIANT ) o
0 otherwise .

Here w; = signi - wy;,
Lr= { (i,5,k,0) € Z4 st. [i| V1]V |k V] ez},

and N7 C L7 is the subset of all (i, 7, k, £) = (p, —p, ¢, —q) or some permutation
of it. For these indices the denominator w; + w} + wj, + wj vanishes identically
in . The following Lemma on the small divisors is proved in [P96a]. We give
the proof for completeness.

Lemma 4.1.8. Let be i, j, k,{ non-zero integers, such thati+j+k+1=0,
but <i7j7 k? 6) # (p7 -b,4q, _Q)) then

const

/ !/ / /
‘wi+Wj+wk+wg’ 2W7

M = min(|i|,...,|¢]),

with some absolute const > 0. Hence, the denominators in (4.20) are uniformly
bounded away from zero on every compact p-interval on (0,00).
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PROOF. We may restrict to positive integers such that i < j <7 <k < /. The
condition i+ j+k=+l = 0 then reduces to two possibilities, either i —j—k+¢ =0
or i+ j+k —{=0. We have to study divisors of the form fw; & w; £ wy w,
for all combinations of plus and minus signs. To do this, we distinguish them
according to their number of plus and minus signs. To simplify the notation,
let us call 0444 = w; +w; — wy + wy.

Case 0

Case 1

Case 2

Case 3

- No minus sign. This is trivial.

: One minus sign. We have the following terms: 64y 4,04 14,0 444 >
0414, so it is enough to study the last one. Define § := d,,,_. Let us
consider ¢ as a function of u. It results

0() = Vi + 4 VP et VR =V

and hence

1/1 1 1 1 1
00)=i+j+k—(>0, 5/(M)ZE(J+J+;—;)Z—>O.

Being w; increasing with p, it follows that

(= ——
P2+ p

Two minus signs. We have the following terms: 0_, ,,0__,, >
0, _., and all other cases reduce to these ones by inverting the signs.
Thus, let us consider only the case § = 0, _,. The function f(t) =
\/t? 4+ p is monotone increasing and convex for ¢t > 0. Hence, using the
mean value theorem, we have the estimate wy—wy > wi_p,—ws_, for every
0<p<k. Inthecasei+ j+ k =1/ we obtain wy —wy > wWy_p1; — w; =
wjt+2i — Wi, hence,

1
VIt

by the monotonicity of f’. In the other case i —j — k = £ we have j —i =
{— ]{Z, thus we obtain Wy — Wk Z Wjt1 — Wit1 and Wjg1 —Wj Z Wi4o — Wia1-
Finally we get the estimate

) > Wjy2; — Wj > Z(Wj+1 - wj) > 22.][./(]) 2

) Z Wjt1 — Wit1 — W5 + w; Z Wit — 2wi+1 + w; 2 f//(i + 2)
by the monotonicity of f”, and

U const
§>—b | > —=F
V2t i P4 p

Three and four minus signs. These ones reduce to the case 1 and 0
respectively.
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We note that F' is real. Indeed

I
F = E Fijkg W;W;WEWy
/[:7j7k7€

= E /i Gijké W_;W_W_ W
- / / / y W=iW—j W W—¢
e w; + wj + wy, + Wy

. /, Gz‘jkz —F
= - Y T+ o, e =
ijk,l J k ¢

where we used that Gijre = G_i _j —k,—¢ = Gli)|j,)kl,J¢ and W’ ; = —w;. Expand-
ing at ¢t = 0 with the Taylor’s formula we obtain

Hol = HOXHt:1

= H+{H,F}+/1(1—t){{H,F},F}oX}dt
= A+G+{A,F}+{G,F}+/l(1—t){{H,F},F}oXj;dt,

where {-,-} denote the Poisson brackets. We can compute

/
. / / / /
{\F} =i g (Wi + wj + wy, + wp) Fijre wiwjwiwy
i7j7k7€

thus
1 _ .
G+{AFy =g | D+ D Guwwwwar | =G40,
(i,5,k,0)ENT  (3,5,k0)¢LT

where G is independent of the Z—coordinates.
In the variables z,,z, we find, from (4.13) and counting the multiplicities, that

_ 1 _
G =5 Y Gilzallz.,l’
iViET

with uniquely determined coefficients

3 1
B 24Gu]] = 2— for ¢ 7é j s
Gy = g (4.21)
& Wi
Hence, we have Hol'=A+ G+ G+ K where
1
K:{G,F}+/ (1—t){{H,F},F}oX}dt (4.22)
0
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is composed by all the terms of order six or more.
CrAmM. The vectorfield of the Hamiltonian F' is analytic, that is

Xp € ALY, 05, (4.23)

In fact, from lemma (4.1.8), it results

oF
Owy Ziiﬁ: ‘:I:k:l|FijM| [wiwjwg|
< constz |wiwjwg|
= titjh=l  /]ijk]
const / const
< W W Wy = W kW * W)y,
N Zi-l—j-i—k:l 7k RVA4 ( )e
where w; = W If we 6" then w € 4 /2 Which is a Hilbert
i
algebra for s > 0 by the lemma (4.1.2), thus @ * w % w also belongs to £;’ SH1/2
Therefore F,, € KZ’SH with
const . _  _ const  _ 4 const 3
[Fwllase1 < [0 |a,s41/2 < [@5611/2 < [wllgs- (4.24)

The analyticity of F,, follows from the analyticity of each components function
and its local boundedness, proving (4.23). From (4.23) and (4.24) it follows
that the hamiltonian flow X% is well defined, in a sufficiently small neigh-
borhood of the origin in ¢%* for all 0 < ¢ < 1; in particular, by (4.24), for

HwHas = ||z4]|as < 7 the map ' := X1 verifies

const

I0@) ~ 2w < o faal?, < const Vi < cryfi=r  (4.25)

taking ¢; small enough in (4.16). In the same way (taking ¢; small enough),

const o 5 1
r° = const c; < 5,

HDF HH(;Ls—i-ls —

where the operator norm || - |2, is defined by

a,r,s?

Aw
|- 15, = sup 120N
w#0 HwHa,s

Accordingly, I : £*° D B, — B,, C {** is a real analytic, symplectic change of
coordinates and (4.17) follows from (4.25); moreover, since || DT —1|[o%,; .,) <
| DT —1||58,,, 5, DT defines an isomorphism of B, C £“**1. It follows that with
Xp € A(fes (a5+1) | also

DT ' Xy ol = Xyor € A(0%5, 05T
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The same holds for the Lie bracket: the boundedness of || DX, , implies
that
(Xr, Xu| = Xqwry € ASS, 0951

These two facts show that Xx € A(£%* (1), The analogue claims for Xg
and X4 are obvious.
Finally, recalling (4.22), we can write

K =1{G, F}+/1(1 —O)[{{A, F},F} + {{G,F},F}] o X, dt.  (4.26)

It results

(G.F} =0 (ijﬁ,s) |

and

{{\F}.F} =0 (”“;'L'“’S) , (4.27)

since {\,F} =G+G -G = O(||lwll.s). Moreover

{{G.F}.F} =0 (”wH}’s> , (4.28)

I
hence, by (4.26)-(4.28),

lwlls,s

’ ) : for ||wla,s < const /.
0

|K|:O(

O

Since we are looking for small amplitude solutions it is convenient to introduce
the small parameter 0 < 7 < 1 and perform the following rescaling

T =:MZ, 7y =1MZ, HOF—>7}_2(HOF) =M, (4.29)
by which the Hamiltonian reads

H(z,zn) = A+772(G+é) “‘774[?(2723 n), HZHa,Sa Hz”a,s < Cl% , (4.30)

where

N I
Rz = Koes) . 1R1=0 (). sy

We now introduce action—angle variables (I,¢) € RY x TV on the Z-modes
by the following symplectic change of variables

zi = /I;(cos ¢; — isin ;) % i= \/I;(cos ¢; + isingy;) 1eT.
(4.32)

114



The action I := (I;);ez, I; := 2;Z;, is defined for

W
|ﬂ§@?- (4.33)

We note that ) ., dl;Adp; = —i) . ;dzy ANdZ; = Y, .7 dp; Ndg; and the phase
space is?
Pos = RY x TV x (°° 5 (1,¢,2). (4.34)

In these variables the Hamiltonian becomes

H = H(I¢,%%n) (4.35)
_ 1 _ ~ _ ~ _
=w-I1+Q-22+7 §(A[,I)+(BI,732)+G(2,73) +n*K (1, 9,2, 2;n),
where
W= Wiy, -, Win) s
and
Q.= ( ey Wi =1, Wig 1y - - - ,wij,l,wiﬁl, ey Wiy =1, Wi+, - - ) y

Q- 22 is short for ), ;. w;Z;2;, Ais the N x N matrix

and B is the co x N matrix

B = BZ = (GU)

i€Tc, jeT °

Moreover (-, -) denotes the standard scalar product and we have denoted again

by K the function K(I,¢,2,2;n) = K(z,Z;n). Recalling (4.21), we have

3 4 4
wfl Wiy Wiy e Wiy Wiy
4
A= 3 Wig Wiy wi WigWi
- )
8 :
4 4 3
WiyWip Wiy Wip Win
3 4 4
B— Wi —1Wig Wi —1Wi
8 4
Wij+iwip T Wiy

Defining the matrices

D = Dz := diag [w] € Matyxy, E = E7 :=diag[Q)] € Matooxoo, (4.36)

LClearly here £%:* = (%*(C).
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we can rewrite A and B as

3 . 3 3
A=_—-D'AD™, B=_—FE'BD™, (4.37)
8 o2
where
3.4 .4 1 ... 1
5 4 3 ... 4 3
A= L ) € Matyyun, B = ... 1 € Matooxoo -
4 4 ... 3 ’

(4.38)
We note that the matrix A is invertible, since

det A=:dy =3dy_1+(—DN(1=N)42 = (=1D)N(1—4N) #£0  (dy is odd).

(4.39)
Moreover
5 —4N 4 4
_ 1 4 5 —4N 4 440
AN —1 : : (4.40)
4 4 5—4N

4.2 Long-period orbits

Let us consider the Hamiltoqian w- I+ Q- 22 Such Hamiltonian is linear in
the action variables I and 2;%;, i € Z°. Except a countable set of > 0, it has

no periodic solutions of the form z;(t) = 2;(t) =0, i € Z¢ and I(¢) Z 0. Indeed,
the following Lemma holds

Lemma 4.2.1. Ezcept a countable set of p > 0, for any T = {i; < ... <
in} CNT, N > 1, the vector w = (wyy, ..., Wiy), Wi = \/i> + u, is rationally
independent.

PROOF. For any n € ZV \ {0} let us define E, := {x >0 st. w-n=0}.
We claim that F, is at the most countable. Indeed, for 4 > —1, let us consider

the analytic function
N
fn(w) ::Z\/i?—i-,trnj =w-n.
j=1

It is enough to show that f,, is not identically zero, so that the set of its zeros
is at the most countable. Suppose, by contradiction, that f,(x) = 0 for any
p > —1, then d* f,, /du*(0) = 0, for any k > 1, and therefore D e itk =,

J
for any k > 1. Hence, multiplying for ifk”_l, we have

N i 2k—1
j=2 J
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Noting that 7; > 1, for any j > 2, and taking the limit for k& — oo, we get
ny = 0. In the same way one can prove that ny = 0 and, by induction, that
n=...=ny=0.

0

4.2.1 Geometrical construction

The absence of periodic solutions of the linear Hamiltonian w - I +Q - 2% leads
us to find periodic solutions of the Hamiltonian H in (4.35) close to the ones
of the quadratic and integrable Hamiltonian

~ _ 1 _
Hing = w - I + Q- 22+ 7 5(AI, I)+(BI,23)|, (4.41)

in which G and K have been neglected. The advantage of considering Hine
consists in the presence of the “twist” term 772%(14] ,I), which enables us to
“modulate the frequency”. The equations of motion for H,,;

=0

¢ =w+n*Al +n’Bt22 (4.42)

can be easily integrated:

[(t) = IO 3
O(t) = ¢o + @t + 1> B' 2%t (4.43)
ZAJl(t) = €_iQit (20% y 1€ 1° ,
where
= &(Iy,n) = w +n*Al, (4.44)

is the vector of the shifted linear frequencies and
Q= Qu(lo,n) = Q + n*(Bly); = w; + n*(Blo); i€  (4.45)

are the shifted elliptic frequencies. Consequently {Z = 0} is, for (4.41), an
invariant manifold which is completely foliated by the N-dimensional invariant
tori

T (L) :={I=1,¢€T", 2=0}.

On 7 (1) the flow
t— (107 ¢0 + J)ta O)

is T-periodic, T' > 0, if and only if

O(lo,n)T =k e ZV, (4.46)
where
T
T = —
2



is the rescaled period. Hence, if (4.46) holds, the torus 7 (1) is completely
resonant and supports the infinitely many T-periodic orbits of the family

Fo={I(t) =1, o) =¢o+at, 2(t)=0}. (4.47)

The family F will not persist in its entirety for the Hamiltonian H. However,
we claim that if the period T is “sufficiently non-resonant” with the shifted
elliptic frequencies, we can prove the persistence of at least N geometrically
distinct T-periodic solutions of H close to F. More precisely, the required
non-resonance condition is

~ const

= Qi(lo,m)7| 2

VleZ, Viel". (4.48)

We now consider the periodicity condition (4.46). As we have said in the
introduction, we construct a set of actions and of completely resonant frequen-
cies, parametrized by the (rescaled) periods 7’s. Such actions and frequencies
are related by the action-to-frequency map I — (&ﬁmt)u:() = w + n?Al.
Indeed, since A is invertible we can choose I and k as functions of 7 and 7 so
that (4.46) is always satisfied

Iy = 772%14—1 (k —{wt}), (4.49)

k= |wr]+k, (4.50)

Wh(izre (1, ...,zn)] == ([z1],. .., [zN]), {(z1,.. ., 2n)} = {x1}, .. {zN})
ko= (k)ier €LV,  rmi=i'k,  E=10]]J. (4.51)

Here the functions [] : R — Z and {-} : R — [0,1) denote the integer part
and the fractional part respectively.

In order to have Iy ~ 1 in (4.49), we choose the parameter 7, which is related
to the amplitude of the solution, as a function of the rescaled period 7 such
that

n”r=1 namely n:=1/\1. (4.52)

Consequently we can express Iy, k and €; in (4.49),(4.50),(4.45) as functions
of 7 only

Iy = Iy(r)=A"(k - {wr}) (4.53)
k= k(1) =|wr]+ &, (4.54)
Qi = (1) =w + 71 (Blo(7)) for 1eI°. (4.55)

i

We point out that the constant vector x defined in (4.51) has been added to
have (Ip); > 0 in view of (4.34). In particular the following lemma holds.

Lemma 4.2.2. If u is small enough, then (Iy); > mw;, Vi € Z.
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PROOF. By (4.37) and (4.53) we get

Iy = %D[llD(fﬁ — {wt}).

Recalling (4.36) and (4.40) we have, Vi € Z,

(Io);i = 3@%—% ((1 —4AN) (wik; — wi{wit}) +4 Z (wik; — wj{wjt})>

= —3<48§Cf 0 (“ —AN)(R —i{wit}) + 42 (7 — j{wjt}) + 0(u)>

since, recalling (4.51), wik; = i 'wik and 1 < i tw; = i W/i24+pu < 1+ p.
Taking p small enough we get

871'(,()7; - . .
L) = ——i AN — 1)i{wit) — 4 -
(e = gy (- Dt 43 )+ ow)
87T(.Ui ~ .
> 2t s
= 3N -1 \" 4Z]+O(“>>
JET
87Tu)i . .
= —— |1 —14
JjET JjET
871'(.4)@' .
> T
= 3AN 1) QH]+O(“)>
JjeL
8mw;
> ——— (2N
2 3y — 1) PN HOW)
> —871'(,()7; g > .
= 34N _—1) 2 ~ ™
where we used that 2[[;.;7 > >,z j and [[;c75 > N. O

We note that by the choice of 7 made in (4.52), it results that |I;| < const.
Then Iy belongs to the domain of definition of the Hamiltonian H, namely it
verifies (4.33), making the hypothesis

ur > ezt (4.56)

We finally remark that, by (4.52) and (4.55), the quantities that we have to
estimate in the crucial non-resonance condition (4.48) write

(=i =t—rw— (BA (= {wr})) . CeZjieT*.  (457)

In this form, (4.48) clearly appears as a non resonance condition between the
frequency of the torus w and the normal ones {w; }ieze.
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4.2.2 Small divisors estimate

In order to estimate the quantities in (4.57) we will perform the expansion
Tw; = T/1? + p =it + 5= + O(p?7) requiring that 4°7 is small, namely

u27§c4.

The other aspect of such request is that, for any fixed p, we only have a finite
number of (rescaled) periods 7. Moreover, we note that the smallness of p?r
implies that of u since pu < c3u®t by (4.56). Hence, since for u close to zero
the Birkhoff Normal Form degenerates, it is not obvious that we can make
w27 small for some fixed 7 > 1. Moreover, even if it is not necessary, we limit
for simplicity to consider 7 ~ pu~2, namely ¢;/2u* < 7 < ¢4/p®. Again for
technical reasons, we will need that 7 is an integer and that ur is far away
from even integers. Let us define

’ZL::{TENJ“, Tg SZQ, s.t. MTEN}, (4.58)

where

1 1 1
N::{x>0 s.t. |x—2m|2§, ‘v’mGZ}: U {n—g,n—kﬂ.

n>0 odd

The constant ¢4 will be choose suitably small in the following:

Proposition 4.2.3. If u is small enough and T € 71, then the following
estimate holds

0= Qur| > = ViEZ, i€ (4.60)
i
PROOF. We will prove that
1
{— 2 + BIy( T — telZ,iel°. 4.61
| T/ 1 ( of )‘_6(4]\7—1) VieZ,ie (4.61)

Recalhng (4.57) the crucial estimate (4.60) follows from (4.61) taking c; :=
(4N iy~ We first consider the term Bly(7). From (4.37) we have BA™! =

4B 1BA D), while, by (4.40), BA~* = d~'B where d := 4N — 1. Recalling
(4.53), we get

BIy(r) = BA™ (k — {wr}) =4d"' E7'BD(r — {wr})
and, in particular, for ¢ € Z¢,

(Bly); = ;%(E_IBD(I{—{WT}))iz dilui (BD(H—{MT})>Z.

— di, (H - th{wh7}> (4.62)
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where

Now we need the following lemma proved on page 122.

Lemma 4.2.4. Let 0 < < 1. Then VY h € NT there exist 5}(11@) >0,k=1,23,
such that

_ (1) o _ M
wn = h+ol, o < o (4.64)
) 1 4.65
— hy Bt H .
+ 2h 5 6, < TER ( )

Moreover, if T € NT| there exists ny, := np(u, 7) € Z such that

wr

KT +
wh{th}——— ‘_2h+W, VheNT. (466)
By the elementary inequality 0 < 1 — (1 4+ z)™! < z, Vo > 0, we get, using
(4.64),
(1)
1 1 1 .
SRR Y A
iowy 1 1+ 51,(1)/2' i? 243
namely
1 1 W
__T:o<f>_ 4.67
w; 1 3 ( )

Since [{wn7}| < 1/2, substituting (4.67) in (4.62), we get

(Bly); = % (m = th{w;ﬂ'}> +0 (%)

hence, by (4.66) and (4.63)

(Bly): = % (RN - (% + nh)) +0 (% + #) . (4.68)

hel

Moreover, since by (4.65) we get

2
T i2+u27i+£+0 i :
21 3

using (4.68), we have
(=7 +p— (Bly(r)), =
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2

pur 4 UT . WeT
=l—Ti— ot (Z( 5 +nh> —/{N) +O< +—) . (4.69)
heT
From the hypothesis 7 € 7,, and for ;1 small enough, it follows that

2
2
PRl =
i i i
Hence, by (4.69) and choosing ¢, small enough, in order to prove (4.61), it is
sufficient to show that

, ,UT 4 T 1
(—ri- B 2 S | — 4.
TS T (%( 2 +"") " )‘ A(AN —1)i° (4.70)

Now, sinced = 4N —1and ), ;1= N, (4.70) is equivalent to

. 1
putr + 2 <zd(€ —711) —4&N + 4Znh> 25 (4.71)
heTl
Since
2 (id@ —7i) —4RN +4) nh>
heT
is an even integer, (4.71) follows by hypothesis 7 € 7,,. O

PROOF OF LEMMA 4.2.4. Since wy, = hy/1 + 2 with x := pu/h% 0 < z < 1,
(4.64), (4.65) directly follow by the elementary inequalities

2

1<Vitao, —%< 1+x—1—g<0,

holding for any 0 < z < 1. We now prove (4.66). Being [{w,7}| < 1, we have
wn{wnT} = M{wnT} = [(wn = A){waT}| < Jwn = h] < 2/2 (4.72)

where in the last inequality we have used (4.64). Moreover by (4.65)

{wnT} = waT — [wnT] = hT + g—h —6P7 — uwpr]

from which we get

2
KT wT 9
h{wpT} — 5 = np| < SR where ny, := h*1T — hfw,T] .
Then the proof follows by the previous inequality and (4.72). O

We now give a lower estimate on the cardinality of 7,,.
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Lemma 4.2.5. For u small enough

Cq
ﬂTuZej—ug-

PROOF. We first claim that

i {TEN, s.t. ur e {n—%,n—i—%]} > {i] (4.73)

for any n odd. Indeed if 7y := min{7 € N s.t. u7 > n — 1/2}, then pr <
p+n — 1/2 and therefore purg + um < n+1/2 for any 0 < m < —1+ 1/pu,
proving (4.73). Since

4 1 Cq Cq
ﬂ{nodd s.t. ﬂ+§§ <;—§}_@—22£
then
H%ZEF}>&7
Su Lp] — 6p?
for p small enough. O

4.2.3 Functional setting

Since the problem is hamiltonian, any T—periodic solution of the Hamilton’s
equations for H in (4.35), namely

j _n4a¢f{—([7¢727§)
Qb = w+772A]+772Bt22+774a[
éi = I(Q + 7]2BI>1 Zi + 17]28 G(

(1,9 5)
V) +intos, K(I,9,2,2), ieI°.

is a critical point of the lagrangian action functional

S(I,¢,2) = /OT (1 p—iY mE—H(I, ., é)) dt (4.75)

ieze
in the space of T—periodic, P, —valued curves (I(t), ¢(t), 2(t)).

In particular we are looking for periodic orbits of the Hamiltonian H near
the family F defined in (4.47), namely we seek solutions of the form

Ity = I+ J(t)
o(t) = o+t +9(t) (4.76)
2(t) = 0+w(t),

)
where I was defined in (4.53), ¢o € TY is a parameter to determine. Recalling
(4.74), the equations that ((t) = (J(t),v(t),w(t)) and ¢y € TV must satisfy
are

U —nrAJ = 2Bww + 00K (Iy + J, do + @t + 1, w, ©)
J ~ = —7’]4a¢K([@ + J, gbo %:@t—l—zb,w,@) _ (477)
w; — iQuw; = in*(BJ)sw; + in?0:,G(w, w) +in'0s, K, i€ I°.
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We will look for ((t) as a T-periodic curve taking values in the covering space
RY xRN x £%* (that for simplicity we will still denote by P, ;) with fOT Y(t)dt =
0. For ¢ = (J,¢,w) € RY x RY x (% we define the norm?

1CllPes = (0, w)llp,. o= T+ [9] + [[w]la,s -

With such norm P, is a Banach algebra, recalling that s > 1 and Lemma
4.1.2.
In particular we will look for H*-solutions ((¢) in the Banach space

T
F;a,s = {C € Hé“w,ays, / Y(t)dt = 0}
0
where K € N, T > 0,
Hf .o ={C€ H* R, Poy), Ct+T)=¢((t)}

and H*(R, P,.s) is the Sobolev space of the functions ¢ : R — P, , with k
weak derivatives (for k = 0, H'(R,P,s) = L*(R, P.s) ).
The space H%M is endowed with the norm

k
||C||H§2“ = ZT}L”afCHT,a,S g
h=0

where
Il 7as = |J2r + [Vl + w2 s + 110|270,

T T
T2y = = [ TR, [WPagi= = [ )
L2,T T 0 Y LQ,T T 0 )
1 T
fwlegas = 7 [ oIt
L21T77 T 0 3

Note that Hk, = Hy, &R
Remark 4.2.6. With the above definitions the following result holds

ISP, < NSl

T,a,s

: VieR. (4.78)

Hence the spaces Hf,, ,, for k > 1, are Banach algebras and the Hj,, ,~norm
of the product of any component of a vector ( with any component of a vector

¢"is bounded by |[Cllgx < as, -

We will consider the system (4.77) as a functional equation in Hf , ,.
To simplify notations we rewrite (4.77) in the form

L¢ = N(G; ¢o) (4.79)

Here | - | is the standard euclidian norm on R, |lw||2 , = 37, 7. [w;|?i?*e?*".
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where L is the linear operator

L = L(J, 0, w) == (Y — *AJ, J, w; + iQuw;) (4.80)
and N is the nonlinearity

N (¢ ¢0) := (N1(C; do), Ny (€5 ¢0), N2 (C; o)) (4.81)
defined by

Nr == 7’ B'ww + n*0rK (Ip + J, o + &t + 1, w) (4.82)
Ny := =03 K (Iy + J, o + &t + 1, w)
(N.,) == i (BJ)gw; + in?0s,G(w) + in*0s, K (Iy + J, ¢ + 0t + 1, w), i€ I°.

We note that by (4.18) and remark 4.2.6 we get that V ¢y € TV
N (- ¢0) € CF(H} gy H g s11) Vk>1. (4.83)

Since A is invertible and the non-resonance condition (4.48) holds by Propo-
sition 4.2.3, the kernel of the linear operator L is
0}.

On the other hand the range of L is composed by the curves ((t) := (J(t),

Y(t), w(t)) with fOTz/; = 0 as we will show in the next subsection concerning
the inversion of L.

K = {g(t) — (J(8), (), w(t)) s.t. (t) = const, J(t) =0, w(t)

4.2.4 Inversion of the linear operator

Recall that 7 = T/(2r) = n~2. By the theory of the symmetric operators
and since A is invertible, it possesses an orthonormal basis of eigenvectors
e .. e™) ¢ RN with respective eigenvalues v, ...,y € R\ {0}. In these
coordinates we can write

N N
J(t) = D JO0)eD ="y TP explitt/r),
j=1 j=1 LeZ
~ N ~ N ~ .
O(t) = Y 00 =3 DS i explitt /),
j=1 j=1 (€T
wi(t) = > dbyexp(ilt/T), iel°.
LeZ
We define the linear operator
LC = L(J, ), 0) := (J,h,w) = (4.84)
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in the following way:

J(t) = TZ @) <——Jéj +Z w/)exp 1€t/7)> : (4.85)

20

= TZ Z (V]#} + jg(j)) exp(ilt/T), (4.86)

wi(t) = 71 Z wlg exp(ift/T) ieZI°. (4.87)

€€Z

The following proposition states that £ is the inverse of L and also gives an
upper bound of its norm. However, because of the small divisors ¢ — Q;7,
appearing in (4.87), it turns out that £ “loses one spatial derivative”. On the
other hand, £ also “gains one time derivative”, if one gives up “two spatial
derivatives”. The estimate (4.60) will be crucial.

Proposition 4.2.7. Suppose T € T, and p small enough. Take k € NT. If
—h+1

CGHTGSJrl then ¢ = L € HTasmHTas L and

€l + Wellagen, < e 7 (1488)

T,a,s+1 '

Moreover

LLC=LC=C. (4.89)

PROOF. First we note that the average of 1 is zero as it follows by (4.86). We
now prove (4.88). Since

1 T
!
, 2
and (being {e"},<;<n an orthonormal basis) ‘Zjvzl bje(])‘ = Z;VZI |b|*, we

have that N
Ft)=>"eD>" fP explitt/r)

j=1 LeZ

2

dt =" |ay)” (4.90)

LeZ

Z agexp(ilt/T)

LeZ

implies

N
TPt =YY £

j=1 ¢eZ

Hence, if C':= 2max;<;j<n{|vj|?, 1/|v;[*}, from (4.86) we get

N
Wlir < O 3030 (1007 +1707)

j=1 £+£0
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< O (10 +1ar) | (4.91)
N
O vlay < OO SN EED (PO + D)
=1 €40

< O (10 Wer+ 100 ) . for A2 1. (492

Similar estimates hold for J defined in (4.85), namely:

B, < (zuﬂmzze Wﬁﬁ)

j=1 ¢#0
< Cr (1B + 10l (4.93)
OF I3 = 107 )70, forh > 1. (4.94)
We now go on to estimate w defined in (4.87) in which the small divisors

¢ — Q7 appear. By (4.90) we have that if w(t) = (w;(t)) with w;(t) =
> ez Wi exp(ilt/T) then

T
ol = 7 [ 0@ =7 / 3 it ()P
T 0

i€Z¢

_ ZiQSGQai%/OT|wz | dt = Z 25 2a12|ww‘2

i€Z¢ 1€Z¢ LeZ

i€Z°

Hence, recalling (4.87), we get

€2h ~ 12
bl = 3o ey

7_2h |,€ — Qﬂ'|2

i€ZC LET
s+1 2az |£|2h ~ 12
< —Z > |l (4.95)
Z€I° leZ T
2 h 2
o LA (4.96)

5

by the crucial estimate (4.60). Moreover we claim that by (4.60)

- 4.97
[0 — Q7| — (4.97)

To prove (4.97) we distinguish two cases ¢ < 20,7 and ¢ > 2Q;7. In the first
case we have by (4.60)

17| |€|z 20T - 47i?
|0 — QT| I T &

127



since €; < 2i. On the other hand, if £ > 2Q,7 we have |¢ — Q;7| > |¢|/2 which
implies

|| 47?
— <2< —
|£— Qﬂ'| Cs

and (4.97) follows. Using (4.97) we get

) €2h 7. |2
Ol ey = 300 e SO LI

icTe ez T |6 — Q7 ]?

167-2 -2(s+1) 2ai M’Q(h_l) ~ 12
2 ZZ e Z 2(h—1) | i
5

i€Z¢ LeZ

IN

1672, .
- c2 Haf lw”%/Q,T,a,s—i-l' (498)

5

Therefore (4.88) follows from (4.91)—(4.96) and (4.98).

Finally we note that (4.89) directly follows from the definition of £ given in
(4.84)—(4.87).

We also remark that the constant cg does not depend on £, a, s. [

4.2.5 Lyapunov-Schmidt reduction

From the previous section it results that the kernel £ and the range R of
the linear operator L are {w = const} and { fOTw = 0} respectively. For
¢ = (J,¥,w) let us define the projections

M1iC = (0, (6),0) el = (1,4 = (), ),

where (1)) := fOT@. In such a way the equation L{ = N((;¢p) decomposes
into the equation on the Kernel

0=TIcN(¢ do), mamely (Ny(C,d)) =0, (4.99)

and the one on the range
L¢ = HrN(¢; ¢o) (4.100)

respectively. The idea is to solve first the range equation for any fixed ¢y,
finding a solution ((f) = (y,(t) by the Contraction Mapping Theorem, and
thereafter the Kernel equation (4.99) for ( = (4,, namely the finite dimensional
equation

(No(Cooi 60)) =0, (4.101)

determining ¢ by a variational argument.
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4.2.6 Range equation

We rewrite the range equation (4.100) in a fixed—point form:

¢ =2(¢; %)
with
(¢ ¢0) = LIRN(C; do) -
By Proposition 4.2.7, the operator £ “looses one derivative”, but, by the

smoothing property (4.83), the nonlinearity N gains exactly one derivative.
In particular, we have that, for any ¢, € T fixed,

®(; ¢p) € C°(Hypy Hyo) Vk>1. (4.102)

In the following Lemma we prove that ® is a contraction on a suitable closed
ball of Hy, .

Lemma 4.2.8. Suppose T € T, and u small enough. For any ¢y € TV the
map ®(-; ¢o) is a contraction on the closed ball of radius p == c; ' ofﬁip,w.

PROOF. Let Cagl7h € F;’,a,s and ”C”Hl ) HC/HH1

T,a,s T,a,s

we get the following estimates on the nonlinearity

< p. From (4.81), (4.82)

4
- n
NIy, < 681(772p2+g) (4.103)
4
- n
IDN@Oll, ., < s (nQPJFﬁ) IRl - (4.104)

Using Proposition 4.2.7 and (4.103), we obtain

2
[ la, , < (cocs) ™ (,02 + %) = (cges) P2+ p/2 < p,

taking ¢; := cyc6cs/4 and p small enough. Hence ® maps the ball in itself.
Nothing remains but to show that & is a contraction. By (4.104) we get

T,a,s

4
ING) = Nl 5 (204 L) 1¢ = ...

by Proposition 4.2.7 we have

2
I9(6) = ¥y, < (e (0 2 o= ¢l

T,a,s

Since, for p small enough,

2 1 1
(cocs) ™" (P+ 77_) < <— + —) Lo,
L cgCs 2 ) c7
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® is a contraction. O

By the Contraction Mapping Theorem and noting that the dependence of
the nonlinearity N and, therefore, of ® on the parameter ¢q is smooth, we
conclude that there exists a smooth function TV 3 ¢y — (4, € EIT%S solving
Coo = P(Cpy; P0)- By (4.89), (p, also solves the range equation (4.100) as the
following corollary states.

Corollary 4.2.9. Suppose 7 € T, and p small enough. Then there exists a
smooth function TV 3 ¢g — (4 € FlTﬂ’s solving (4.100) and satisfying

7
IGenlay,, < 2.

Remark 4.2.10. In [BBe05], instead of (4.48), it is imposed the weaker “dio-
phantine—type” condition ¢ — (~2ﬂ'| > consti™?, o > 1, on the small divisors.
Then the operator L “looses o derivatives”. If the nonlinearity N is smooth-
ing of order d > 1, namely it “gains d deriwatives”, taking 1 < o < d, the
Contraction Mapping Theorem can still be used in solving the range equation
for almost every rescaled period 7. In particular, it results d = 2 for the beam
equation and d > 1 for the NLS. Since we have exactly d = 1 for the wave
equation, in order to have a positive measure set of rescaled periods, a KAM
analysis is necessary (see remark 4.2.13).

4.2.7 Kernel equation
Once we have solved the range equation (4.100) finding the smooth function

—1
™ 5 Po — C¢o = (J¢o7¢¢o’w¢o) S HT,a,sv

we have to solve the “reduced” kernel equation (4.101) yet. As the solutions
of the Hamilton’s equations (4.74) are critical points of the action functional
S defined in (4.75), so the solutions of the “reduced” kernel equation (4.101)
are critical points of the reduced action functional

T . " B
S(¢0) = S(Lbov ¢¢07 2%) = /0 <I¢o¢¢o - iéqﬁoéqﬁo - H(¢¢ov ]¢o> 2¢o7 2950)) dt,

(4.105)

where

I¢0 (t) = Io+ J¢o(t) ) (bd)o(t) = ¢ +(:Jt+1/)¢0(t) ) 2¢0(t> = w¢o(t) :
(4.106)

Actually we are claiming that

<N¢(C¢o§ ¢0>> =0
or equivalently
0o S (o . (4.107)

)=0
Indeed (4.107) is a corollary of (4.35), (4.82) and of the following
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Lemma 4.2.11. The reduced action functional satisfies the following

a¢08(¢0) = _T<a¢ﬁ(1¢ov ¢¢07 2¢07 '§¢0)> .
PROOF. We have
T
8¢>08(¢0) = / [((b% - aIH)a%L;ﬁo + I¢oa¢o¢¢o - 8¢H 8¢0¢¢0
0
_(iu;j% + aﬁﬁ) a<i50w¢>0 - i11}(2508<iﬁou;)¢>0 - agﬁ acbow(ﬁo] dt

I o a¢o ¢¢0

T . —
0 — 1Wg, 8(170 Wey

T T -
. —/ (0 H)Dgy g, dt
0

by an integration by parts and since (,, satisfies the range equation (4.100).
Moreover, since (g, is periodic and fOT Vg, = 0, we get

T

I¢oa¢o¢¢o = I¢0 (O)aﬁo (¢¢0 (T) - qubo (0)) = [¢00¢0(I)T =0,

= Wey (0)&;50 (w% (T) — W, (O)> =0

0
T

Wey a<150 W,

0
2

T T T
~ T
/O Doo(t)dt = /0 (¢o+uﬂf)dt+/0 oo (1) dt = $oT + 5.

Finally

T " - T _
8¢08(¢0) = _/0 <6¢H>8¢0¢¢0 dt = _<0¢H>8¢0/0 ¢¢0(t) dt = _<8¢H>T

O

4.2.8 Existence

By (4.107) every critical point ¢y € TV of the reduced action functional S
defined in (4.105) solves the “reduced” kernel equation (4.101) and, therefore,
the curve (Iy,(t), dg, (), 24, (t)) defined in (4.106) is a solution of the Hamil-
ton’s equations (4.74). In particular we expect the existence of at least N
geometrically distinct T—periodic solutions, namely solutions not obtained one
from each other simply by time translations.

Indeed let us consider the restriction of S to the plane F := [©]*. The set
ZN N E is a lattice of E, hence S can be defined on the quotient space I' := E/
(ZN N E) ~ TV~ Due to the invariance of S with respect to the time shift,
any critical point of Sp: I' — R is also a critical point of S: TV — R. By
the Lusternik-Schnirelman category theory, since catI’ = cat TV"! = N, we
can define the N min-max critical values ¢; < ¢y < ... < ¢y for the reduced
action functional Sp. If the critical levels ¢; are all distinct, the corresponding
T-periodic solutions are surely geometrically distinct, since their actions c; are
different. On the other hand, if some min-max critical levels coincide, then S
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possesses infinitely many critical points. Although not all the corresponding
T—periodic solutions are necessarily geometrically distinct, since a periodic
solution can cross I' at most a finite number of times, the existence of infinitely
many geometrically distinct orbits follows (see [BeBiV04] for further details).

Proposition 4.2.12. Suppose 7 € T, and p small enough. Then the system
(4.74) possesses (at least) N geometrically distinct T'—periodic solutions

. N~ —1
(I¢éj)(t)7¢¢éj)<t)a Z¢(<)j)(t)) = (Io(7), éj) +at,0) +C¢g;>(t)= C¢gf> € Hryss
(4.108)

parametrized by suitable gb(()]) € TV, 1 < j < N. Moreover

Il < Cﬁ? ¥1<j<N. (4.109)

Remark 4.2.13. In (4.48) we have imposed a strong condition on the small
divisors in order to use the standard Contraction Mapping Theorem in solv-
ing the range equation. The other side of such request is that we are able
to consider only a finite number of periods. The natural way to deal with
the small divisors problem (4.48), in order to obtain a positive measure set
of periods, should be a KAM analysis. The range equation should be solved
by a Nash—Moser Implicit Function Theorem. Thereafter, one should prove
that, for any fived value of the perturbative parameter n, the bifurcation equa-
tion 0 = ILicN (Cpy; @0) has solution for ¢ belonging to a suitable n—dependent
Cantor set C,, (see [BeBo05],[GMPr04] where the extension of the Weinstein’s
Theorem [We73] for completely resonant wave equation is considered). A stan-
dard way to proceed is to develop the reduced action functional in powers of
the perturbative parameter and to prove that the first non trivial term in the
development has a non—degenerate critical point. Such non-degeneracy is used
to show that, for any n in a suitable positive measure set, there exists a critical
point ¢g = ¢o(n) of the whole reduced action functional, belonging to C,. How-
ever, in the present case, while the perturbative parameter n goes to zero, the
period T goes to infinity. Then, in the computation of S in (4.105), one has
to average over an infinite time. As a consequence, all the low order terms in
the development of S vanish; the first non trivial terms appear only at a very
high order in n and it is difficult to deal with them.

A different approach will be used in the third part of this thesis where it is
proved that, if the nonlinear term f in (4) is odd, then equation (4.101) has
solution ¢g = 0 by symmetry.

4.2.9 Regularity

The solutions (Ip(7), (()j) + @t,0) + Cd)(j)(t) of the system (4.74) described
0
in (4.108) belong to Hj,, and verify the estimate (4.109). With the same

a,s
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procedure, for any fixed &k > 1, we can also find solutions in Hé%w verifying
o llas,, <2 (4.110)
d)(()y) HT,a,s - C7 : :

Indeed we can solve the range equation (4.100) in E’;,a,s adapting Lemma
4.2.8. However, in this case, the constant ¢; depends on k.

On the other hand, giving up the H%M—estimate in (4.110), it is anyhow possi-
ble to prove, by a bootstrap argument, that the solutions (4.108) of Proposition
4.2.12 actually belong to Hj., , for any k > 1. In particular we show that (s,

of Corollary 4.2.9 belongs to F;a’s.
Indeed, (4, € Flﬂa’s solves the fixed point equation

C(bo = cI)(C(i)ov ¢0> = EHRN(C¢07 ¢0> .

Since N (Cgo; ¢0) € Hi g oyq by (4.83), then (4, € ﬁ;a75_1 by Proposition 4.2.7.
Noting that ﬁ;wil C ﬁ;&’s for any £ > 1 and 0 < @ < a, we have (y, €

2 1 k

Hrp ;s Defining a; == a (3 + 5), we prove that (4, € HTM,S for any k > 1

and finally, (4, € H;a /2,5 for any k > 1. However, in this fashion, the H%a,sf
estimates deteriorate while £ increases.

Summarizing, by the Sobolev immersions, we have that (s, € C*(R, P, /2) for
any k > 1. We have shown the following:

Corollary 4.2.14. The solutions (4.108) of (4.74) belong to C*(R, Py/2.s).

4.2.10 Minimal period
Lemma 4.2.15. Let h,k € NT, h < k. We have

wpT — k7| < |wp,T — hT] < ﬂ 4.111
2h

PROOF. We first prove that
wk—k:<wh—h, (4112)

which implies wyT — kT < wy T — h71 and the first inequality in (4.111). Dividing
by k, (4.112) is equivalent to

fx) =2+ pu/k?—x—/1+p/k>+1>0, for 0<z<1,
where x := h/k. Since f(1) = 0 and f'(z) = z(2® + p/k*)""/2 — 1 < 0 for

0<z<1,weget f(z) >0 and (4.112) follows. Then the second inequality in
(4.111) directly follows from (4.64). O
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Lemma 4.2.16. Let be T™" the minimal period of a T-periodic orbit (4.108)
of Proposition 4.2.12. If N > 2 then

pmin > 9 (4.113)
i
PROOF. Let (I(t),¢(t),2(t)) be a T-periodic solution of Proposition 4.2.12.
We know that ¢(T') — ¢(0) = 27k with k € Z" defined in (4.54). Denoting by
Ty < T™™ the minimal period of ¢(t), we have that there exist n € N* such
that n7™ = T and k € Z" such that ¢(T") — ¢(0) = 27k, verifying nk = k.
Hence we deduce that n divides g := ged(k;,, ..., ki) and we get that

Tmin Z Tdr)nin — 2

S
Sl

. (4.114)

We claim that )
KTl

1
Then the Lemma follows by (4.114) and (4.115) noting that g > ¢g and recalling
that 7' = 277 (with ¢g = 271y /is).
We now prove (4.115). Since 7 € N we have k; = [w;7]+k; = 07+ [w;T —iT] +K;
for all © € 7 and

g = ng(kiu km) <

(4.115)

Z:Qk’il — ilkiz = ig [wil’f — ilT] — il[wiQT — iQT] + i2/€i1 — illiiQ
> (iy — iy)wi, T — i17] + (Z—Q - Z,—1> £>0 (4.116)
(41 12

by (4.111) and recalling (4.51). Moreover, since § = ged(k,, ki,) there exist
hi,he € N such that k;, = h1g and k;, = hog. From (4.116) we have that
ioki, — i1k;, > 0 and therefore

ioki, — i1k, = (izhy —i1h)g > . (4.117)
Finally by (4.111)
iokiy, — ki, = olwy T — 01T| — iy wi, T — GoT] + doky — G1ki,
< sy —ir] + 2R < 2 (ﬂ n 5) < AT (g 1g)
i1 i1 iy
for 1 small enough. Then (4.115) follows from (4.117) and (4.118). O

4.2.11 Distinct orbits

Take 7, 7" € 7, For p1 small enough, 7, 7" satisfy the hypotheses of Proposition
4.2.12. Therefore, let be

(1(t),6(t), 2(t)) = (Lo(7), ¢o + @t,0) +¢(t),
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with ¢o € TV, ¢ € ﬁ;’w, T =277, and
(I'(t), ¢' (1), 2’ (1) = (Lo(7"), ¢ + @t,0) + (1),

with ¢ € TV, (' € Hip,’w, T" = 277’, two solutions of (4.74) found in Propo-
sition 4.2.12; we recall that by (4.109)

1 ft
IClly.,., < — <Ny, < = (4.119)

IN|
-

Suppose that they are geometrically the same solution, namely, up to a time
translation,

(1), 60, 20)) = (1), §(6),7(1)) . VieR. (4.120)
We claim that )
To(r) = Io(r)] < 2. (4.121)
Cr
Indeed, using I(t) = I'(t),
[Io(7) = Lo(T)] = [J() = T (O < [J@)] + [J()]
21
< 16Ol + IOl < Il + 1N, < 2,
recalling (4.78) and (4.119).
Moreover we claim that (4.120) implies also
/ H / H
{wi, (7' = 1)} < — or {wy (=7} < —, (4.122)

C10 C10
with 19 := ¢7/2||A|]. Indeed, since | A~ v| > ||A||7|v| for any v € RY recalling

(4.53) and choosing v := {w7'} — {wT}, we have Iy(7) — [y(7') = A 'v and
therefore

[Io(7) = Lo(7)| > A7 H{wr'} = {wr}] > Al Hwa '} = {wa T} (4.123)
Noting that?
{wi ™t —{wim}H ={wi (7'=7)}  or {7} —{wi 7} = {wi, (r =)},

(4.122) follows by (4.121) and (4.123).

3Indeed, if {x} > {y} then
{at = ={a} —{y} = {{=} —{y}} = {z—y - ]+ ]} = {= — v},

on the other hand, if {y} > {z} then [{z} — {y}| = {y — z=}.
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Lemma 4.2.17. Let

Ca H
M = { neZ, |n|< R st {win} < o } : (4.124)
Then 10
IM<
Ciofh

PROOF. We first note that, for u small enough, we get

] () ()=
oo ] oo

and, therefore,

Cy Cy
S
{ 2u2’2u2} B

3)

ansli
(4.125)
Now we claim that
A
Jj(/\/lﬂ[ﬁ,ﬁ+[i1/u])>§c—“+1, Viel. (4.126)
10

Then from (4.125) and (4.126) we have

WS(&H) [&} < o2 10

C10 L] T Clotift  Crop

and the lemma follows.
Nothing remains but to prove (4.126). If M0 [@i, 7+ [i1/p] ) = 0, then (4.126)
is trivially true. Otherwise let

ng 1= min (M N [n, 7+ [i1/p] )) :
By definition n ¢ M for any n < n < ny. Moreover by (4.64),(4.65) we have

{win} = {6n}  with 4% <60 < 2“71 (4.127)

We now prove that
neMnNI[a,a+ fi/u) — n=ng+n, 0<n' <4diy/cro,
(4.128)

from which (4.126) follows. By definition of ng it is obvious that n’ > 0. Let
us consider n' € N such that

4i1/010 Sn/<’ﬁ,—n0+[Z1/M]

136



For such n’ we will show that {w;, (no +n')} > u/c10. We have that

{wi, (no +n)} = {670 + 010’y = {6, 'no} +3,'n'} . (4.129)
By (4.127)
[ (1) 1, s po, k1
— = ——— <6 0, < Aw; —n < —+-<1. (4.130
Therefore

{05 n0} + 610" = {8 no} + 60"} = {ws (no + ')}
from (4.129). Finally, by (4.130),

{wi,(ng +n')} > 1=
C10

Hence ng +n' ¢ M and (4.128) follows. O

Lemma 4.2.18. Fiz 7 € 7T,. For ji small enough

10
ﬂ{ 7 €T, st. (4.120) holds } <4
Ciofh
PROOF. If (4.120) holds then 7 and 7’ verify (4.122). Hence 7 — 7" € M,
defined in (4.124). We conclude by Lemma 4.2.17. O

By Lemma 4.2.5 and Lemma 4.2.18 we conclude that the number of geomet-
rically distinct solutions found in Proposition (4.2.12) is greater then

Cy 1004 -1 . C10
612 \ crop a 60p
Actually, since in Proposition 4.2.12, to any 7 correspond N geometrically

distinct orbits, then the total number of geometrically distinct solutions is
greater then ¢q1/p with ¢1q := ¢10N/60.

Corollary 4.2.19. The total number of geometrically distinct solutions found
in Proposition (4.2.12) is greater then ci1/p.

4.2.12 Proof of Theorem 1

Suppose that 7 € 7, 1 small enough and consider a solution found in propo-
sition 4.2.12. Such solution is of the form

(1(2), o(t),2(t)) = (Lo(7), @t+0, 0) +¢(t) = (Lo(T)+J(t), Dt +do+ (L), w(t))
(4.131)

with

I

[JO+ [© @) + [w(@)la,s < . VieR, (4.132)
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by (4.109) and (4.78). We now want to rewrite such solution in the z’s variables
defined in (4.29); by (4.32) and recalling that z; = z; for i € Z¢ we get

zi(t) = /Li(t)(cospi(t) —ising(t)), forieZ
Zz(t) = Wy (t) s for 1 € 7¢.
In the z,’s variables of Proposition 4.1.6 we have
zi(t) = ny/Li(t)(cos¢(t) —isingy(t)), forieZ
Zyi (t) = Uwz(t> ’ for i € Z¢ )

by (4.29) and
sup [|.(t)la,s = O(n) (4.133)
teR

We define 2 := (%;);>1 by
4(t) == { (Io)i<COS ((Ijt + (¢0)7,) —isin ((Ijt + (¢0)z)> ’ fori e T
0, for i € Z°.

By (4.132) we get
ilelﬂg HZ* (t) - T]Z(t) Ha,s =0 (nﬂ) . (4134)

Concerning the z’s variables defined in (4.14) we have, recalling (4.17), (4.133)
and (4.134),

sup 12(t) = nZ(t) las = O (nu+n°) = O (nu) = O(p?), (4.135)
since
0 =17 <2u?/cy, (4.136)

recalling (4.52) and (4.58). Regarding the ¢’s variables defined in (4.2) we
have, recalling (4.14) and (4.135),

sup la(t) = 1d(t)lla.s = O(1%) , (4.137)

where ¢ := (¢;)i>1 and

V'(t) L 2([0)1' CcOS ((Z)t -+ (¢O)z) , foriecT

e 0, forv € Z¢.

We note that, by Corollary 4.2.14, the solution in (4.131) belongs to C*°(R,
Paj2,s) and, therefore, ¢ € C*°(R, (*/**). Finally, by Lemma 4.1.1, we have
that

u(t, z) = Z%(f) 2 sin iz

- Wi
i>1
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belongs to C*°(R x [0, 7], R) and is a solution of (4). Defining

u(t,x) = nz 2“ £ cos (@t + (¢o);) sin iz, (4.138)
i€l

we have, for any t € R and x € [0, 7],

jult, x) —alt,z)| =

Z (Qi(t) - 77@1‘@)) 2 sin iz

° Wi
1>1

< D failt) = nai(t)]

i>1

< cllq(t) = ng(t)|las

where, in the last line, we have used the Cauchy-Schwarz inequality. Therefore,
by (4.137), we get

sup  |u(t,z) —a(t,z)| = O(p?). (4.139)
teR, z€[0,m]
Define, for ¢ € Z,
JAY
g =2, [0 (4.140)
By Ty

Since n = 1/y/7 > p/\/cx (recall (4.52) and (4.58)), by Lemma 4.2.2 we get

2
CLZ'Z—.

NG

Defining ¢; := (¢y); for i € Z, (9) follows by (4.138),(4.139) and (4.140).
Estimate (11) follows from Lemma 4.2.16, while (10) follows from (4.44) and
(4.136). Finally, the statement about the total number of geometrically distinct
solutions follows from Corollary 4.2.19.

Remark 4.2.20. We can improve estimate (9) or, equivalently, (4.139). In-
deed, for any fived k > 1 and ¢ in (4.131), by (4.110), we have ||C||gr <

T,a,s

const(k) pu, where const(k) is a suitable large constant depending on I, a,s
and k. Arguing as above and using the Sobolev immersion H* C C*~', we get
lg=ndll cr-1(R,0y < const(k) 2. Therefore supgy (o |08 (u—a)| < const(k) p?
for any h < k — 1. Since the estimates on the x—derivatives directly follows by
the analyticity, we conclude that ||u — G| crgx(oq) < const(k)u?. We remark
that, if one needs the previous C*—estimate, the constant ¢ in Theorem 1 must
depend on k.
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Chapter 5

A Birkhofl—Lewis type theorem
for the NLW by a Nash—Moser

algorithm

In this Chapter we will prove Theorem 2. Many aspects of the proof are sim-
ilar to the ones of Theorem 1; we will not repeat them here. In particular
the hamiltonian setting, the Birkhoff Normal Form and the geometrical con-
struction! are essentially the same apart from the fact that we work here with
analytic in time functions and consider p fixed. On the other hand we will
focus on the new aspects: using symmetry to solve the bifurcation equation
and analysis of small divisors.

We have been inspired by [BeBo05] in facing many problems of the following.

Now we give a scheme of this Chapter.

5.1 ANALYTIC NORMS

We define the functional spaces in which the solutions live: these are the
Hilbert algebras of time-periodic analytic curves taking values in the phase
space or in suitable subspaces. We prove some technical lemmata on the
composition of analytic functions. We also introduce a special subspace of the
space of linear operators defined on the above Hilbert spaces. Such subspace
contains all the “product type” linear operators, namely the Toepliz operator,
but also other kinds of linear operators that are not product operators; we will
denote this class of operators “quasi—product operators”.

5.2 SYMMETRY OF THE HAMILTONIAN

We consider the change of variables defined in Proposition 4.1.6 putting the
Hamiltonian of the wave equation in (4.15) in Birkhoff Normal Form. In
particular we prove that it is symmetric in the variables z,z. This implies
that, if the “old” Hamiltonian is symmetric, namely H(z,z) = H(Z, z), then
the “new” Hamiltonian in Birkhoff Normal Form is still symmetric. Note that
if f(u) in (4) is odd, the associated Hamiltonian is symmetric.

!Namely Section 4.1 and Subsection 4.2.1.
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Thereafter we introduce real coordinates (I, ¢, p,q) and look for solution
(L(t), ¢(t), p(t),4(t)) = (Io +nJ(t), &t + (), np(t), nq(t)), with J, ¢ even and
1, p odd. If one is looking for solutions of this particular form and the Hamil-
tonian possesses the above symmetry property, then, in the language of Part
I1, the kernel equation is automatically solved. This means that, being 1 odd,
the bifurcation equation (4.99) is solved taking ¢y = 0 (see Proposition 5.2.7).

5.3 SOLUTION OF J AND ¢

We find J(even) and (odd) as functions of the parameters p, ¢ by the Fixed
Point Theorem using the symmetry of the Hamiltonian.

5.4 LINEARIZED EQUATION

We consider the nonlinear equation for (p, ¢) obtained substituting the expres-
sion for J = J(p,q) and 1) = ¥(p, q) into the equations of motion. We prove
that its linearized operator is a “quasi—product operator”.

5.5 NASH-MOSER SCHEME

We set out the Nash—Moser scheme, introduce the first order Melnikov condi-
tion on the excision of resonant frequencies and state the crucial Lemma 5.5.4
on the inversion of the linearized operator close to the origin. Moreover we
perform the Nash—Moser iteration and find time—periodic solutions of the non-
linear wave equation for periods belonging to the non-resonant set C obtained
by the above excision procedure.

Nothing remains but to prove the invertibility of the linear operator carried
out in Sections 5.6-5.9 and to estimate the measure of C (see Section 5.10).

5.6 EVALUATING THE LINEARIZED OPERATOR

We perform a suitable change of variables after which the linearized operator
is decomposed into two terms. The first one is a diagonal term in time-Fourier
expansion, while the second one is an off-diagonal “quasi—product operator”.

5.7 DIAGONAL TERM

We diagonalize in space the time-Fourier components of the above diagonal
in time operator. The difficulties arise from the fact that we deal with a not
symmetric operator. This fact requires a not standard spectral analysis and a
“weighted asymmetric diagonalization” (see Subsection 5.7.3).

5.8 ESTIMATE ON THE OFF-DIAGONAL TERM

Using a suitable lemma on small divisors, which will be proved in Section 5.9,
we show that the off-diagonal “quasi—product operator” in the diagonalizing
basis introduced in Section 5.7 is small. Therefore the linearized operator (in
the above basis) decomposes into an invertible term plus a small perturbation
and it is, hence, invertible.

5.9 SMALL DIVISORS

We carry out the analysis of small divisors. The difficulties derive from the
fact that the small divisors originate from a not symmetric first order operator.
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5.10 MEASURE ESTIMATES

We finally prove that the set C of non resonant frequencies obtained in Section
5.5 by an excision procedure has large measure.

5.11 MINIMAL PERIOD

We prove a lower bound estimate on the minimal periods.

5.1 Analytic norms
Let E be a Hilbert space. Given T' > 0, a > 0 and o > %, let us define

Hy? = Hp’ (R, E). (5.1)
Let us write a T-periodic b : R — E as h(t) = 3, hye®™/™ where 7 = T/2m,
and hy, € E. H” is a Hilbert space with norm

1l =D €M k2 Al (5.2)
k

where |k|. := max{|k|, 1}.

Remark 5.1.1. We remark that in this section we use the complex exponential
while in the following sections we will use the real notations with cosines and
sines. We hope this fact will not create confusion.

5.1.1 Some technical lemmata

Lemma 5.1.2. Let be ¢ > 1. Then (x1+...+2,) <m Y a§ +...+15,) for
;> 0,1=1,...,m.

PROOF. Let be x = (z1,...,2y), f(z) := (21 + ... + 2,)° and g(x) := 2] +
...+ x5,. By the homogeneity of g, it is enough to show that maxg f < m*™!,
where S := {x; > 0,g(x) = 1}. Denoting A the Lagrange multiplier, we
have (71 + ...+ 2,) "t = A5}, for all i. It follows that z; = r = const

and then, being g(x) = 1, one has mr* = 1, namely r = —-. It results

ml/s
f(m}/m M) m}/g) = mg—l_

O

Lemma 5.1.3. Let be¢ > 1, m e N, j € Z. Then

7]+ S
< 1)*B" 5.3
Z (!j—k1—...—km|*yk1,*...,km‘* <(m+1)B", (5.3)

E1,eoskmEZ

where

B, ;:Zi<oo. (5.4)



PROOF. By Lemma 5.1.2 we have that

< (lF—ki— o =kl + [kl o [Rnle)”
< m+D)H G =k — o — kS RS Rl (B.5)

and, using (5.5), one can write

Z < 7]« )g
|7 — k1 — oo — kel B1]s - [l

1
< m+ 1)1 L
(07 D T
_ZU—/ﬁ—---—km|i+\k1\i+---+’km|i
1 — ki — ... = knlSlkals

= (m+ 1) SR SR
07 Y T (Zw

ka,...,
Fals 4 -+ [kl
_.I_
;\j—kl— —ky< Z\y—kl—.--—km!ilkl\i
-1
< (m—f-l)g Z |k2|g |k‘ |g
koa,..., i
Bals + .o+ [Emls
| 2B, +
( ) %:U—kl o= klglRals

IA

o m 1
(m+1)° 1<2B< +Z\I<T|<
k1 *

Z |KalS + ..+ [kmlS
lj— ki — . = kpllkalS - - [Rmls

2o skm

_ . 1
= (m+1) 1<QB< +(m—1)2|k1|<
k1 *
DIDY 1
J = k== Elslhsls - Rl

k3,....km ko
= (m+1)"[2B" + (m —1)B"] = (m+ 1)°B",

getting the estimate (5.3).
0
From now on, we will denote by || - ||op the standard operatorial norm.

Lemma 5.1.4. Let be L, : Ex---x E(n times) — F' a linear and continuous
operator. Let be hV ... ™ € HY? with a > 0, 0 > 1/2 and g(t) =
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Lo[hV(t),--- A (t)]. Then g € Hy® and, in particular,

9]l e <n'B,7 HL lopll M [ e - 28] e
where
| Lnllop = sup L, [V, ..., h™]||p .
[hillp=1,1<i<n

PROOF. Let be hU)(t) =3, ei’“t/Th,(j)7 j=1,...,n. Hence,

g(t) = L,[pM®),...,h" ()]

DR ST

k1 kn
= Z VTN Ll )
ki+.. +kn7]

Z o Z h(” i)’hgnklf —kn— 1]'

.....

Being g =}, g;€7™ it follows that

1 n— 1 n
g= 3 Lahl . nT R ]

and, from the triangular inequality,

n 1 n
lgille < > WLalhl), o hE 0 R e
ki,....kn—1
< NLallop - M Ne - IB e (5.6)
ki,ookn—1

By the definition of the norm (5.2) and by using (5.6), one gets

lgllZae = D> i lg;l7

J

2
i 120 1
< el S (5 e 1)
J k1yekn—1
Define k = (ki,...,ko_1) and zz == A - [[R 72| ) A I
. gy ip— k- ki | E kno1 WENY—ky—  —kp_ 1 E

then )
lolze < 120l 3 ik (3 ) 57)
J k

In order to estimate )z xy, let us define

e = <|]’{71|>(< ‘kn—1|*’] — k‘l — ... kn—l‘*)a
; 41
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We have, using the Cauchy—Schwarz inequality,

() - (B2 £ () S
< Bty () (5.8)

—

k

where in the last inequality we used Lemma 5.1.3, with ¢ = 20 > 1 and
m =n — 1. Being

S ()t = > (o B IROIR) - S (Rl A1) -

2
E |]|*U k,2
1
3l 1|2“||h,;; R [T Oy Y v [ SR |
kn—l

from (5.7) and (5.8), it follows that

lgllee < ILallZn® Ba > (1210 1%) -+ D> (Kt 2211011

kl kn—l

(=t = PR 1)

J

< |\ La|2n¥ B (Z em'kl'rklr?uhé?ué)

k1

e el

| (Z e L N N N H%>
J
= ||Ln||(2)pn2”B§;1||h(1)||§{g,(, . ||h(”)|\§{g,a 7

where we used that eVl < e2alkil ... g2eli—ki—-—kn-1l and in the last equality,
that

[ e S V) POy Y 1 A, |~

J

by the definition of the norm.

Lemma 5.1.5. Let be f : E — F analytic for ||z||g < 7o,

fa) =3 %d"f(O)[x,...,x]. (5.9)

n>ng
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Then .
1Oy < M,, (ﬁ) Vo< <.
L]

where M,, = maxq|,<r, ||f(2)]F-

PROOF. Consider the map d" f(0) defined by
e R e s e R

Defining € := ry/n, we have, if ||h;||g = 1, for all 1 <i < n,

Hth + ...+ CnhnHE < g(HhIHE + ...+ ||hn||E) =en=r <Tg.
Therefore one gets

1" f(O)lop  += sup [ d"f(O)[Pa, - . Pl

[[hil|lg=1,1<i<n

1
< 8_” “f(glhl T+ Cnhn>||F
S Mrl — ]\47‘1 (ﬁ) .

en ™

O

Theorem 5.1.6. Let be f: E — F, f(z) = >, wd"f(0)[z,..., ], ana-
lytic for ||z||p < 1o, such that f(0) = 0, namely ng > 1. There exist M > 0
and r > 0 such that if h € Hy" with o > 0, 0 > 1/2 and [|h|[gae < 1 then

f(h) € HZ® and
Az )"
Il <01 3 (D)

n>ng

where f(h) : R — F, t — f(h(t)) and [f(R)](t) := f(h(t)). Moreover,
defining
fe: Hy® — Hy7,

by (fo(h))(t) == f(h(t)), then
fo€ A(Hy" Hy?).

Remark 5.1.7. Notice that M and r do not depend on o.

Remark 5.1.8. Notice that, if h,h € Hy" with L, = d"f(0), then, if g, :=
d"f(0)[h,...,h,h], one has

9n(t) := Luf(O)[R(1), ... h(t), h(2)]
from which it follows that, by usz’ng Lemma 5.1.4,

lgallmne < "Byl = (0 MopllAallels 1l srgee -

2See [PT] pg. 136, 137.
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PROOF. For h € Hy”, by Lemma 5.1.4 with L, := d"f(0),

1
1 Wllage = || D2 = O, bl e
n>ng ’
1 mn
< Y —[ld" FO) [, -, hl| s
n>no n:
1 o nt m n
< Y =By A" F(0)lloplBllFye e
n>no n:
[ n" n
S Z ﬁn BQO’ Mrlr_n ||h||Hg’”7
n>ng ’ 1

where, in the last inequality, we used Lemma 5.1.5. Therefore, we can choose
M := M,, and r < r; suitably small.
Now, let us prove that f, is continuously differentiable. We have

Df.: HY® — L(HE HE?).
Noting that f' : E — L(E, F), one has Df,(h) = f'oh, namely for every h €

17 (D) € Hy? is defined by (DL (@) = (F(h(0) (1))
Recalling (5.9), we have

(f'(@) (3] = >

n>ng

1

—nd f(O)fz,.....2,3] (5.10)

and hence, using the symmetry of d" f(0),

1

flx 4+ s7) = Z 1)

5=0 n>ng

(f'(2))[z] = d% d"f(0)[z,...,x, 7. (5.11)

Denoting 3
gn(t) := d"fO)[A(t), ..., h(t), h(D)],
we obtain that D f.(h) is bounded, indeed

11 g gy = s DLW
Hg’g_
PN DIy
Il =1 g (0 DE R
1

< s Y =) 19l e

HhHHg,chI n>no

n—1
n°B,? 1os
< sup 22 1" FO) lop 1 oo | ol 21w
Sy :
HhHH%’U*ITLZHO
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IN

n—1
n? By2 ™
> ey M (;) =
n>ng
h @

n>ng—1

where we used Lemma 5.1.5 for 0 < r < r; sufficiently small and Remark
5.1.8. Nothing remains but to prove that Df, : Hp® — L(Hy?, Hp") is
continuous. Let be h, hy, hy € H7?. We have
D5 (1)~ D50 g

= sup HDf* hl [ ]_Df*(hQ)[h]

Il oo =1

N HZ ),( FO)h,-.. o, ]

||h|| o= =1

e

—d"f(0)[ha, .. ., ha, ] )

ey (d”f(O)[hl e )

= sup
il o =1

+d" f(0)[hg, by, ... by, h] — d"£(0 )[h2,...,h2,f3])]

a,o
HF

- ‘Z%(d”f(o)[hl—hg,hl,...,hl,%]

Il =1 ! g (7 1)
+dnf(0)[h27 hl - h’27 R h'17 E] + dnf<0>[h’27 h27 h17 s 7h17 i”]
—d"f(O)fa, - o, )|

1
;O (n—1)!

a,o
F

<dnf(0)[hl - h27 hla tr hlvﬁ]

= sup
Ill =1

+d" f(0)[ha, by — o, ha, ... by, h] +
+d"f(0)[ha, ..., ha,h1 — ha, ha, ... hy, B +
—d"f(0)[ha, . . ., ha, B —hQ,B])‘

1 o nT_l n 7
——7 " Bog [|d"f(0)[[op o]l e

a,o
F

< sup
Il g =1 iz (7~ 1!
(Wl + o el ol 4+ Rl ) = Bl
1

sup
||h||H%,a:1 n>ng

Gy (r) (1= 17" = Pl

where we used Lemma 5.1.5 and that ||h;|| < 7, for i = 1,2, taking r < r
sufficiently small. O
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5.1.2 Special norms of linear operators

Definition 5.1.9. Let E,F Hilbert spaces. Fiz T = 2n7 > 0 and con-
sider Hg, H7? defined in (5.1). Let us define the following subspace of
L(HE" )

LY(E F) = {LEE(H%’U,H?U) s.t.

L[Z 61&/%4 _ Zeikt/T Z Lz, ||IL) < oo}
L k L

with Ly, € L(E, F) and

ILI* = Sll}pze%"’“_z'lk — L el 2y < 00 (5.12)
k

We will call L*(E, F) the subspace of “quasi—product operators” (for this
terminology see Remark 5.1.13).

We are going to show some properties of L% (E, F).

Proposition 5.1.10. || - || is @ norm and L*?(E, F) is complete with respect
to at.

PROOF. Show first the triangular inequality. Let be L), L) linear operators
of L*?(E, F). Then

|HL(1) + 1@ |H2 _ supZezo‘W*éHk . €|30HL;E;14) n L}(;)Hg
¢
k

< sup 62a|k’—€|k_€za
1 2 1 2
(LI + 10 + 2L 1 1)
< LU+ L)
+2sup 3 (el — 2 L) (el - a7 L)
t
< O+ 1L+ 2sup (30 etk - A7) LY )
k
O|\K— g 2
(D etk — i)
k
< LD+ ILOPE + 2L 129

2
)

< (12O + 122

where we used the Cauchy-Schwarz inequality. Let us show that L*7(FE, F)
endowed with the norm ||-|| is complete. Let be L™ a Cauchy sequence, namely
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for all € > 0 there exists N = N(g) > 0 such that, for all m > n > N, it results
that [|L(™ — L™ < e. It follows that for all k, ¢, L,(;Z) is a Cauchy sequence.
Hence, being L(E, F') complete, L,(Jlf) — Ly, for a suitable Ly, € L(E, F). We
want to show that L : x +—— Y, e*/7 3", Li,[x,] belongs to L(E, F) and that
L™ tends to L. Fix M > 0 such that

sup > Uk — 2| L — LY < L0 — L2 < €2
<M oy

Taking the limit for m — oo, we obtain
sup Z 20k— Z||k €|20||L Lk€||2 < 82,
<M 2
and hence taking the sup on M > 0 one obtains
L™ — L|* <€,

namely

IL™ — L] <.

Moreover
LN < IL™ = L+ IL™) < e + IL™] < 0.

Thus we get that £L*?(FE, F') with the norm | - || is complete. O

Proposition 5.1.11. Let be L*?(E, F') as in Definition 5.1.9 endowed with
the norm || - ||. One has

Il ey gy < const] - ||

PROOF. Let be z € Hy? with |[2[2a0 = >, 2M|k[27|2,]% < oo and be
E
LeL*(E F)CLHZ, Hy?). We have that, by using (4.11),

||L||L(H°“’HM) = sup Z 2a|k||k|2o|(Lx) B

‘leO‘U 1 k
2
= Supzem‘k”kﬁa ZLMW‘
k )4 F
2
- supzeh*k‘|k|ig(2||w|| 72l

20kl |(1.|20 |k g’%m% 2 2
const supZe || Z T | Lel|”[ el 2

IA

IA

const sup Z 2ol |€|3"|xg|2E
¢

S Ak — 02 | Ll
k
= const| L],

where we used that |z]3a. = 1.
E
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Proposition 5.1.12. Let E, F, G Hilbert spaces. Let be LY € L% (E, F) and

2 e L2 (F,Q).

PROOF. Let

Then L® o LW € L% (E, G) and moreover

IL® o LU < const[| LU L.

(1), — Zewt/T (L(l)x)é _ Zeizt/r<ZL2)[xj]> '
¢ ¢ j

Moreover

L® [L(l)x] _ Z oikt/T ZLI(fZZ) [(L(l)x ,
k ¢

- S [y ]
= Z et Z Z Lke [ 4 1 ]
— ; Gikt/ 7 Z (;LM o Lej ) [2;] .

Thus we obtain, by using (4.11),

1L o O

IN

IN

IN

IN

IN

ST Dor e
Supze%ﬂ] k|’] k’20<ZHLkZ L(l) E(EG))
oup 37 ek (S i 128 e )

const supE e2a|k £ 201|Z j|’j k‘2a

|k — f! i
Z ’20’

ké HL(FG) HLEJ Hc (B,F)

const supz AN = 2N L 2 ey
Zeza‘k%‘\k — (|| L HL(F,G)

const Supz 2alk=tl| g — g27|| L3 Hc (F,G)
supz it e =32 ZE s

const H|L(1) I 02,

from which the thesis follows.
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Remark 5.1.13. We note that HZ&F) C LY (E,F) in the sense that, if

L € Hp(py where L(t) = >, e*/TLy, Ly € L(E,F), then the “product

operator”, namely the Toepliz operator, L*, defined as
(L*[a]) (1) = (L) [x(0)] = > ™™ " Ly fad],
k ¢

belongs to LY (E, F) and

1270 = 112 g

L(E,F)

Indeed

L = Sup >k — O Lol 2y
k

L(B,F)

= 0 MR | Ll ) = I
k

Thus we have

HpGpy CLY(E,F) C L(Hg”, Hp”) .

5.2 Symmetry of the Hamiltonian

We performed a partial Birkhoff Normal Form, see Proposition 4.1.6, defining
a symplectic change of coordinates

z=1(z,) := (Fl(z*,i*), [y (z, Z*)) , (5.13)

such that HoI' = H o XH .- The transformation I' is obtained as the map
at time t = 1 of the flow of the hamiltonian vectorfield X, given by the
Hamiltonian

/
F = Z Ejkﬂ W;W;WEWy (514)
1,5,k,¢

with coefficients (4.20), where w; := z,; and w_; := 7. Therefore I'(t) =
(T1(¢),Ta(t)) satisfies the equations

{ Fl = _iai*F<F17F2) (515)

Iy =10, F(I'y,Ty),

with initial datum I'(0) = (z.,z.). It follows that (z,z) = (I';(1),I'2(1)) =
(24, Z4).

Lemma 5.2.1. Let be F' a Hamiltonian as in (5.14). Then

05, F(24,724) = 05, F (24,7, Op. F(24,74) = 05, F(24,74) .
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PROOF. Define, recalling (4.20),
F L Gijkﬁ
’i7j7k7£ T / / / /
16(w; + wj + wy, + wp)

(5.16)

such that F ., are real and they satisfies Fj jzp = —F ; _j ¢ From (5.14)
and (4.20), we have

! ~
F(Zy,2,) = —i E F j ko wiwwiwy (5.17)
i’j’k7£
where w; = z,; for ¢ > 1 and w; = z,; for i« < —1. Therefore, since 0;,, = 0,,_,,,

! ~
02 F(24,2,) = Ow_, <—1§ Fi,j,k,éwiijkwé>

i7.j7k7€
! ~
= —1 E Fi,j,k,é ((5_,172' W;WEWe + ...+ 5_n,g wiijk>
i7j7k7z
! ~
= —i E Foi k- (5%1’ W_jW_pW_g + ...+ Ony w_iw_jw_k>

i7j7k7z

! ~
= 1 E E,j,k,f (énﬂ ’U_)ju_)kU_Jg + ..o+ 5,175 u‘)iu‘)ju‘)k>
1,5,k,¢

! ~
= —i g F, ke (Onwjwiwe + ... + 6, pwiwjwy,)

i’j7k7£
where we used 0_,, _; = 9,,; and w_; = w;. In the same way, one has 0,,, = 0,
and hence
! ~
Oy F(24,2,) = —i E Fjre <5n,i WjwWwe + ...+ Opy wz’ijk> :
i7j7k7€

from which it follows that

05 F(24,24) = O,,, F(24,7) .

Zsm,
0J

Now we can prove the following

Lemma 5.2.2. Let be I'(t) = (I'1(t),[2(t)) the symplectic change of coordi-
nates as in (5.13), I' = X% with F as in (5.14). Then

-

L0 =Da(t),  Vt.

PROOF. It results that I';(0) = z, = I'y(0). Moreover, by Lemma 5.2.1,

Ty (t) =Dy (t) = i0,, F(1,Ty) =10, F(I'y,Ty) = Ty(t),

and the thesis follows.
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Lemma 5.2.3. Let be F as in (5.14). Then
05 F(Z4,24) = —0,, F (24,74, O0p. F(Z4,24) = =05, F (24,7 .
PROOF. We claim that
F(Z,2:) = —F (24, 24) . (5.18)

Indeed, from (5.17) and recalling F; ; ., = —F_; _; _ _¢, one has
_ . ! ~
F(Zy,2¢) = —i E F; ko W_jw_jw_jw_y
1;7j7k7€

! ~
= i) Fl ke wiwjwgw,
i’j’k7£

! ~
= 1 E Fj j ke wiwjwiwy
Z‘7‘j7l€7€
= —F(24,74).

Therefore, we get

0, F(7.,2.) =

L P 2) = di(z*,z*) = 8, F(2.,7.).

7 Zix

In the same way, one can prove the second equality of the thesis.
OJ

Lemma 5.2.4. Let be I'(t) = (T'1(t),T2(t)) the symplectic change of coordi-
nates as in (5.13), I' = X}{tzl with F' as in (5.14). Then

Fl(i*, Z*) = FQ(Z*,Z*) s FQ(Z*, Z*) = Fl(Z*,Z*) . (519)

PROOF. Define a, 8 such that I'y(Z.,z.) = «(1), ['2(Zs,2.) =: 5(1) where
a(0) =z, 5(0) = z, and

B =18, F(ao, B). (5.20)

By Lemma 5.2.3, we have that (I'y(t),T';(¢)) satisfies the system (5.20), indeed

{ & = —i0,, F(a, B)

Iy =i0, F(T'1,Ty) = —id,, F(I'5, )
Iy = -0, F(I',Ty) =i, F(I'y,T)).

Being a(0) = z, = I'5(0) and 5(0) = z, = I'1(0), it follows that «a(t) = [y (t)
and B(t) = T'1(¢) for all t. Then, a(1) = T'9(1) = ['y(24,24) and B(1) = T'1(1) =
[y (z«, 74 ), from which the thesis follows.

0
Now we can prove the following theorem
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Theorem 5.2.5. Let be I'(t) = (I'1(t),T2(t)) a symplectic change of coordi-
nates such that z := I'(z,) and be H := Hol = HoXHt:1 with F' as in (5.14)
and H such that H(z,z) = H(z,z). Then

H(Zs, 24) = H(24, Z4) -
PROOF. We have, by Lemma 5.2.2 and Lemma 5.2.4,
H(z*7 Z*) = H(Fl (2*7 Z*)a F2<Z*a Z*)) - -H<F2(Z*7 Z*)7 FI(Z*; Z*))
— H(Fl(z*,i*), [y (24, Z*)) = H(Fl(z*,i*), [y (24, Z*)) = H(24,74)

where we used also the symmetry of the Hamiltonian H.

OJ
We proved that after the Birkhoff Normal Form, the Hamiltonian H is still
symmetric, namely H(Zy, z.) = H(2«, Z«) . Let us introduce the new coordinates
(p,q) and the parameter n € R, by

Zyi 1= %(% +1ipi),  Zwi = %(Qi —ip;).- (5.21)
In the variables (p,q), defining H*(p,q) = H*(p,q;n) = H(n(q—i—ip)/\/ﬁ,

n(q —ip)/V2), one has

H*(-p,q) = H(n(q—ip)/V2,n(q+ip)/V2)
= H(n(q+ip)/v2,n(a—ip)/V2) = H(p,q),
that is
H*(=p,q) = H*(p,q), (5.22)

namely H* is even in the p-variable. Now we introduce action—angle variables
(I1,9) € Rﬁ x TN on the Z-modes by the following symplectic change of
coordinates

2
£Z*¢ = q; +1p; 1= \/]_i(cosgzﬁﬂrisingzﬁi), 1e€1,
Ui

2
ii*i = q; —ip; == /I;(cos ¢ — isingy), e
n

We note that
N dI A dg, = —i( > dza A dz*i> /=" dpi A da;
€L 1€L €T

Denote by (p, ) the infinite vector obtained by excising (p,q) of its Z—com-
ponents, namely (p,q) = (ps, 4i)ieze- Such (p, ¢) have not to be confused with
the (p, q) used in chapter 4. With a little abuse of notation, we denote

H(I,¢,p,9) = H(I,¢,p,4;n)
= H*(VIsing,VIcosé,p,¢;n) = H (p,qn). (5.23)
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5.2.1 Space of the solutions

Consider w € Wy o » 1= Hyi% ars, With a, s, @, 0 > 0 parameters, endowed with
the norm
0] 0 = S M a2,
k

where ||wy]|q,s is the norm in £*° x (** defined in (4.1). Note that Wy, , is
nothing else but Hz? defined in (5.1) with E = £®% x (**,

We are looking for a solution w(t) = (I(t), ¢(t),p(t),4(t)) € RY x TV x Wy 4.0
in the space of the T—periodic functions

X i= {ult) = (10000500, 20). s (5.24)
1(0) = 1(-0), 6(0) = ~6(-0), 50) = ~H(~1). d(1) = 20 }
Let be
() =Y qecoskt/T, G €L
and -

plt) = prsinkt/r,  pp € (™.

k>1

Proposition 5.2.6. Consider the Hamiltonian H defined in (5.23) such that
H* satisfies (5.22). Then

8¢H<[7 _¢7 _ﬁa qA) = _8¢>I—?<17 (b?ﬁu qA) .
PROOF. From (5.23) and from (5.22),
FI<[7 (baﬁan) = H*(paq) = H*(_p,Q) = F[(Ia _¢7 _ﬁ7(j)7

namely ) .
Deriving by ¢ the equation (5.25), the thesis follows.
0]

Proposition 5.2.7. Let be w*(t) = (Iy,wt,0,0). Then, the following holds

/T OpH (w*(t) + w(t)) dt =0, Vw(t) e X(t).

PROOF. By Proposition 5.2.6 and using that w(t) is T—periodic on the torus,
one has

/0 D H (w" () + w(t)) dt = — /0 0, H (w (=) + w(—F)) di
1
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5.3 Solution of J and v

Let us write explicitly the Hamiltonian in the variables (I, ¢, p, ). Recalling
(4.35), we have

- L P+ 51 1 o o A -
H(I,¢,p,Q)=wI+QT+n §AI-1+§BI-(p + )+ G, q) | +n'K,

where, with abuse of notation, G(ﬁ, q) = G(é,g) and K = f((], o, p,q) =
K(I,¢,%,2). The equations of motion are

o = wH+nPAL+ 0B (5 + 3% /2 + 00K (1,6, ,q)

I = —n'0,K(I,¢,p.4q)

; ALOpY (5.26)
po= Q+*BOp+n G, q) + 0K, ¢, p,q),

q = —(Q+7*BI)q—n*0;G(p,q) — 00K (I, 0,p.q) -

We are looking for a solution (J, %, p, q) such that
I(t) = lo+nJ(t)

o) = ot +mp(t)
) = (), (5.27)
q(t) = mnq(t).

The equations that (J, 1, p, ¢) must satisfy are

b —1PAT = PBUP* +¢*) /2 + PO K (Io + 0T, &t + i, mp, ng)

J o = PO K (Io +nJ, &t + 1, np, 0q)
¢—Qp = n’BJp+n'0,G(p,q) + 0K (Lo +nJ, &t + mp,mp,ma) .
p+Qq = —n*BJg—n*0,G(p,q) — 0K (Io + nJ, &t + i, np,nq)

(5.28)
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where G(p, q) = G(p, ¢;n) is the analytic function defined as G’(np, nq)/nt.

Define N := (Ny, Ny, N,,, N,) such that

v —n*AJ = N;
J = Ny
q_S}p = Np7
]5—|-Qq = qu

namely

N:RVXRY x 9 x * x RxR — RN x RN x postl i pastl
((va7p7Q)7t777) — (NI7N¢7NP7NQ>'

From (4.18), (5.21), (5.23), (5.27) we have that
N € ARY x RY x £%% x f9* x R x R,RY x RY x ¢%51 x ¢=5t1) - (5.29)

. . ,0 L
We can also see N as a functional acting on Hpy', px . jasyga.s; indeed by The-
orem 5.1.6 we can define

a,o a,0
N* E A<HRN XRN X P8 X fass ) HRN XRN X pa,s+1 Xga,s-‘rl) (530)

by (Nu(h))(t) = N(h(t)), with h(t) = (J(),¥(t), p(t), a(t))-

In order to find solutions of (5.28), we start solving the first two equations in
J and ¢ with (p,q) as parameters by the (standard) Implicit Function The-
orem. Therefore we substitute the obtained expressions for J = J(p,q) and
¥ = 1(p, q) into the last two equations and solve the new resulting equations
in (p,q) by a Nash-Moser Implicit Function Theorem.

We want to solve the equation

77[} - 772AJ = j(J7 ¢)
{J = (], 9). (5:31)

T = J(Jip,q) = 1*B' (0" + ¢*) /2 + 100K (Io + 1, &t + b, np, ng)
W O(J, 05 p,q) = =P 0K (Lo + nJ, &t + ), p,1q) ,

(5.32)
with Iy = Iy(n) as in (4.53). We write (5.31) in the form

L(J, %) = (J(J,0), (], %)) (5.33)

where L is the linear operator L(J,¢) := (w —n2AJ,J). We note that

/OTQL =0. (5.34)



In fact . T
0 0

as it follows from Proposition 5.2.7 and being 8¢f~l = 8¢I~( .
Let us define the linear operator J € £L*7(RY x RY RY x RY) acting on the
functions of the form

j::ngcosét/T, @::Z@smft/T

>0 >1

(note that the average of 1) is zero), by

()-(2)

where
J = —7A Y, — Z %2/34 cos (t/T,
>1
T~ A-\ .
Y o= Dzl 7 (Je - ZW) sin 0t/ T,

In the norm defined in (5.12), we have

1/2
13l = SupZego‘lk_mk — 02| 3rel)? < const sup T < constT, (5.36)
¢ e !

where Jpy = 0if k # ¢ and Jpy = Jy if k = £ and

T
0 _ZH
.-lg =
T T
-1 —A-—I
l 2

It is immediate to see that in the space of the functions satisfying (5.34) J is
the inverse of L. Therefore (5.33) becomes

(J, ) = (J,¥5p, q) = I[J(J, ¥ p,q), ¥ (J, ¥ p, )] (5.37)

Theorem 5.3.1 (Fixed Point Theorem). Fiz (p,q) € Hyu%, jus parameters.

_HoZ
Then ®(-,-;p,q) is a contraction on the ball BCSNX]RN of radius Cn of the
space Hox v for C a sufficiently large constant. Therefore there exist J,1 €

A<Héoé‘7g><£a757 H]g}\;‘) such that

(J(p, ), ¥ (p,q)) =3[J~(J(p, ), ¥(p,q);p,q), (I (p, a), ¥ (p,q); p, q)] . (5.38)
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PROOF. From (5.37) and (5.32) it follows that
H(I)(JJ w> Hng\foN < 077 )

hence ® is a contraction in the ball of radius C'n. Moreover, by an analogous
of Proposition 4.2.7, let be (J, %) and (J', ') solutions of (5.37). We have, by
(5.32) and (5.36),

[@(,) = 27" )| e

IN

constT||N(J, ¢) — N(Jla¢/)||H§§ .
< constr|| DN(J, )| (4, 8) = (7', ¢l =g
< consty||(J, ) — (J', "]

xRN
xRN
]gj\?x]RN ’
where || DN(J, w>”£(H§i€,RNXH§1’€XRN) < oo. Thus @ is a contraction for n suffi-
ciently small.

O
Solving (5.37) by the Contraction Mapping Theorem we obtain J = J(p,q)
and ¢ = ¥(p, q) of order O(n) that satisfy the first two equations in (5.28).
Inserting J = J(p, q) and ¢ = 1(p, q) in the third and in the fourth equations,
one obtains

¢ — Qp =:eNi(p,q)
[~ 3 5.39
{p+9q =: —eNa(p, q) , (539)
where
g:=1n, (5.40)
Ni(p,q) = diag(BJ(p,q))p + n3,G(p,q)
+0, K (1o +nJ (p, q), &t + nv(p, q), np, nq) (5.41)
and

Na(p,q) = diag(BJ(p,q))q+ nd,G(p.q)
+0;K (I +nJ(p,q), &t +nv(p, q),np,ng) . (5.42)

We can rewrite the equations of motion (5.39) in the form
L(p,q) +eN(p,q) =0

where N = (—Nj, Ny) and

L(p.q) := < g;gz > : (5.43)

Note that by (5.30) and Theorem 5.3.1

N E A(HKO‘[;’ZXZ‘IJ’ H;7’2+1 Xga,s-&-l) . (544)
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5.4 Linearized equation

Let be (po,q0) € Hya% o pars close to the origin. Linearizing the operator (5.39)
in a neighborhood of (py, o) and denoting by (p, ¢) the increments, we obtain

¢ { p} _ ( § — Qp — £0,N1(po, 00)[p] — 28, N1 (po, 40) 4] ) C (545)

q P+ Qq + €0, Na(po, qo) [p] + €9 N2(po, q0)[4]
Let
wo = (Lo +nJ(po, o), &t + 1Y (po, o), MPo> M%) - (5.46)

We have

dpN1(po, q0)[p] = diag(BJ(po, qo))p + diag(B.J,)po + n92,G(po, q0)p

002, K (wo) J, + 003, K (wo)hy + 00K (wo)p ,
where R R
Jp = 0pJ (po, o) [p] and Yy 1= 0¥ (po, q0)[P] -
Analogously,
OgN1(pos qo)lq] = diag(qu(po, QO))pO + 778 G(pm 0)q
+77(9121[~(("Ll)0)<jq + 7782¢K(w0)¢q + nd; qf((wo)q,

where

Jy = 0,0 (po, a0)la]  and ¥y = 0h(po, o)) -

In the same way

0pNa2(po, qo)[p] = diag(ij(pO, %))C]o + 773 G(pm o)
+002, K (wo) J, + 02, K (wo)h, + 102K (wo)p .

Finally

Dy N(po, do)la] = diag(BJ(po, 4o))g + diag(qu)qo +10; G(p(), q0)q
+773§1[~((w0)jq + nﬁg(bf((wo)@@q + naqu(QUO) .

Shortly, we can rewrite (5.45) in the following way

c{i]:—(i;%q’)HA{ﬂ, (5.47)

where

A(po; q0) {ﬂ = DN (po, q) H}

—{ —9Ni(po, 90)[p] = 34N (po, q0)[d]
B ( 9pNa(po, qo)[p] + 94 N2(po, qo)d] ) (5.48)
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Our aim is to prove that A belongs to L¥7 (4% x (@5 (@5t x (@5+1) (recall
Definition 5.1.9). Note that

p— diag(BJ(po, qo))p € LT (f%5 fns5TT (5.49)

is a product operator. In fact, J(po, q) € Hpx and, from the definition of B
one has
(J7p> — dlag(BJ>p c £(RN % ga,s’£a7s+1>’

from which it follows that

dla’g(B‘](p07 QO)) E Hgéz—a,sjga,sﬁ»l) .

Moreover, by the same arguments and by (4.18), we have that
J > diag(BJ)py € L (RY, (*H1); (5.50)

p— 95,G(po, qo)p € LY (0%, £4F1) (5.51)

J — 02K (wp)J € Lo (RN, ¢+ (5.52)

b — 02, K (wo)) € L2 (RN, (1) (5.53)

P 0K (wo)p € LY (442, 441 | (5.54)

and, in particular, they are all “product operators” in the sense of Remark
5.1.13. But J, and v, are not product operators. Moreover we note that the
following proposition holds and we will prove it later:

Proposition 5.4.1. [t results that
p— 8,J (po, qo)[p) € LY (£2°,RY)
and, analogously,

p = 0 (po, @o)[p] € L2 (£, RY).
By using Proposition 5.4.1 and (5.49)-(5.54) it follows that
Proposition 5.4.2. Let be v > 0 small enough. Then

A = A ) € Lo#(05 .55, 557 350
and |A|| < C(r) for all ||(po; go) ez, .. <7

PROOF. The thesis follows by using (5.49)-(5.54) and Theorem 5.1.12.

OJ
Nothing remains but to prove Proposition 5.4.1. Deriving (5.38) in the point
(po, qo) with respect to p we can implicitly deduce the expression for .J, and

Uy
( Jp ) _ 3( 05T (we)[Jp] + Dy (wy)[0] + By (wy) [p] >
Yy A5 (wy) [ Jp] + Oyt (wy) [1y] + ap@b(wﬁ)[p]
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<z;> < bt SR
< i ) (5.56)
and wy := (J(po, 90), ¥ (Do, go); Po: @o) . Hence, belng
a-m) | ;” YAl

one gets
( ) Z M [Ms[p
m=0
We need two technical lemmata.
Lemma 5.4.3. Let be My as in (5.55). It results

My, MY DM e £7(RY x RY, RN x RY)

m=0
and | M| < 1.

PROOF. We have that J € £L2(RY x RY RN x RY) and we have just seen
that ||J|| < constr in (5.36). Moreover, being (recall (5.32))

(85T (wp)) [J)(t) = 17, K (wo (£)) I (2)

a product operator of norm || - || < constn?, we obtain that || M| < constn?.
Since £*7(RY x RY RY x RY) is a Banach space, one gets that Y -  M{"
converges.

0J
Lemma 5.4.4. Let be M, as in (5.56). Then
p— My[p] € LY (0%, RN x RY)
and || Ms]| < constn.

PROOF. We have that (recall (5.32))

(0, (w)) [P (t) = n*B'po(t)p(t) + n* 07, K (wo(t))p(t)

is a product operator. This operator belongs to £%7 (%%, RY x RY) with norm
Il - || < constn bounded as above. 0
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For the other components we should prove analogous Lemmata by using that
the following

IO = =053 (wo() (1)

(w) D)) = 005 K (wo(t))(1)
D) = =03, K (wo(t))(t)

and

(B (wy)) [p)(t) = =03, K (wo(t))p(t)
(04 (wy))[al(t) = 7°B'ao(t)a(t) +n* 07K (wo(t))a(t).
O (wy))lal(t) = 'K (wo(t))q(t)

are product operators.
Now we can easily write the proof of the Proposition.
PROOF [of Proposition 5.4.1]. It follows directly from Lemma 5.4.3 and Lemma
5.4.4.
O

By Proposition 5.4.2 we can write the operator (5.45) in the following form
k ~ .
S (= Eo 0 e (A + AR ) sin(he/ )
r < p ) _. k>1 T >1
q ' k 9 21 22
— Q A A kt
Z (7_ Pr + 8 ¢ Z ( keDe + k,@qe)) cos(kt/T)

k>0 £>1
for suitable
Ay = A (po,qo) € L(6%*, 0¥, 4 j e {1,2}, (5.58)
satisfying

sup D W=k — €27 (A" + IAZIP + IAZLI + IAZI?) <00 (5.50)
k

for any [|(po, q0)|| goe < r, r small enough.

£a,8 % 0a,s

5.5 Nash—Moser scheme

Let us fix an increasing sequence L, — oo. Let us consider the orthogonal
splitting W o, = Mo W where

Ly Ln

Wi, = {(p, q)st.p=>Y prsin(kt/7), q=> qrcos(kt/T), p,qx € ga,s}
k=1 k=0

(5.60)
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and

W= {(p, q)st.p=>_ pesin(kt/T), q=>_ qucos(kt/T), i, qi € 6“’5}.

k>Ly k>Lny

Define the operators

Py Weae = WS o PL: W, — WL (5.61)

acting on & := (p, q) in this way:
P& = ((p1.¢1), (p2,9), -, (L0 q1,),0,0,...)
and, analogously,
Pan = (07 ooy 0, (PLps 1, QLnt1)s (PLot2, QLa+2), - - ) .
Define also
P = (Poy1 — Po)€ = (0,...,0, (PLot1,rnt1)s - s (P> Qnsrs )5 05 ) -

Consider W, , endowed with the norm

[ Bl (/1
k

2ot lallz,) (5.62)

where || - ||os is the norm of ¢** defined in (4.1).

Lemma 5.5.1. Let be o > o/, then

I€llsaro < e~ EHD g0, VEEW)S.
PROOF. From the definition of the norm (5.62) and since £ € WS(Z),ﬁ, one has

/
1€ we = D M EE (lpxllf o + llaxllz.)

k>Ly,

= > EHRE (Ipel? s + llawlls e
k>Ly

< e—Q(a—a’)(Ln-i-l)HfHQ

s,q,0 *

Lemma 5.5.2. Let o > o and o' > o. Then

(0/—0)
1
bllarar < ct0,0) (2 ) Wil (5.63)

— o
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PROOF. Let us estimate

L, Ly
e = Y R s, =D MR | hyff (k)
k=1 k=1
Ln
< 20k 1.20 2 ( 2k(a’ —a) 2(0’—0))
< Ze K= |56 max { e k
k=1
r 2(c’—0)
< [lh]% e (U U/>
’ a—a
2 ) 1 2(o’—0o)
= h 5.64
(oW IhEeo (72 ) (5.61)

where C(O‘, 0") = e(U_U,) (O', _ O.)(O'/—O')'
0
Let us consider the projection P, on the space WS(Z),U, defined in (5.60), of the

linearized operator L(p, q) defined in (5.57), for (p,q) € WS(Z),U, namely

L™ (p,q) = P.L(p,q) . (5.65)

5.5.1 Melnikov condition and invertibility

For any & = (po,q0) € Hpusypas, We define the not symmetric operator M,

= Mk(Z?O,%) : ga,s X 6‘175 - €a75+1 % ga,s—l-l

Mll M12
My = My (po, q ::< k k , 5.66
( 0 0) M%l M%2 ( )
where
DM = AL+ AR+ AP, AR
M = Al - AL+ AT, - A,
IME = =N = NG AL+ AR
DME = AL AR AP AR (5.67)

Let us define v :=w* with 0 <e <v—1,1 < v < 2. We summarize the set of
parameters that we are using:

w=uT =rt=p e=u¥?=p® y:=uw, O<e<v—1<l1.

(5.68)

Definition 5.5.3 (First order Melnikov conditions). Let 1 < v < 2, n € N,
w. >0 and & = (po, o) € Hplo s pas- Let

(Miz)jj(fo) = <Mi2(60)€j7€j>£aws><£a,s

169



with e; the standard orthonormal basis of (° x {**. Define the open set

~ wl—&-e,yn
AV (&) = {w € (0, w,) s.t. ‘wk —Q; —|—5(/\/li2(§0))jj > T
wl-‘,—s
|k —j| > T Vi1, v1§k§Ln},
where 1

For the reminder of this section, we will denote, for brevity, W%, by W
since all the considerations are independent of the parameter s. In the same
way we denote || - |[sa0 = || * |la.c Where there is no ambiguity about the
parameter s.

Let us choose L,, = 4™. Define ay = a@.

It results that
n+1 1
a, = ag (1 -y E) (5.70)
=2
so that a, — /2.

The following Lemma is crucial for the iterative scheme. Its proof is the real
core of the issue and it will be proved in the following sections.

Lemma 5.5.4 (Invertibility). If £ is “sufficiently” small then for all n > 1
and w € A (£) there exist operators G™ (ww,-) : W% o, — Wi . such that,
for any h € W%, it results

Co |7l an.o» if L, <71/2;
19" (@ O, <1 ¢ Ll R (5.71)
yrL T ns0 n :
Moreover
LGNy =h,  YheW® (5.72)

where L) := P, L.

5.5.2 Iteration
From (5.70), we have that

i+1 1 n+2 1 n+2 1
R O3E R S R oF



(7)) o 1 (7))
— T 92 2% < T 9itz (5.73)
5=0
Let &, = > | h; for certain h; € Wc(f)g satisfying
hilla,.c < con® eX'/8 1 <y <2 (5.74)
Since, by (5.63) and (5.74),
" 1 i 2v+1
H§n||an+170'+21/”++11 S Z ||hi||an+170'+2u”7++11 S C(Va O, U) Z 2( +2) vt ||hz a;,0
i=1 i=1
i o el
< clvan o3 (2 e, (5.75)
i=1
from (5.75), it follows that
an”oznﬂ,a#”—ﬂ < const (v, ag, o) con’ . (5.76)
Now, by Theorem 5.1.6, if HﬁnHan%M% < r then,
||€n||s Aan+1 o2t m
Xn+1,0T 537
INEM sy < M ( St )
m>0
< const, (5.77)
where const = const(a, s, v, a, o) and, in the same way,
HDN(&n)HOp < const(a, s, v, ag, o) (5.78)

where the operatorial norm is on the space

Lan+1,o-+2;:r11 (Ea’s % €a75’£a,s+1 % ga,s+1>

and it is bounded by Proposition 5.4.2 (recall (5.48)).

Lemma 5.5.5 (Iterative Lemma). Let be § = 0, Ay := (0,w.). Then there
exists a sequence of open sets A, C A,_1 C ... C Ay and a &, = &, (w),
&, € W, defined for @ € A, with

Ay ={we A,y st. weAl(&)}. (5.79)
&n(w) =1 hi(w), where h, € WY, is defined as
hy = =G L& 1 + ePN(601)] (5.80)
ho =& =0 and
[nllane < coce™ %, 1< x <2, (5.81)

for a large enough constant co. Moreover h,, is differentiable with respect to n
in the open set A,, with

10 llan.o < co w2 eX 0/8 1< y<yx. (5.82)
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Remark 5.5.6. Note that, from (5.81) this estimate on the &, follows

n
|&nllane < coe Z e X'@0/8 < conste
i1

and from (5.82), we have that
Hawén”an,a S Z HawhiHan_H,o' S const w71/2 .
i=1
PROOF. Notice that, by (5.72) and (5.80),
—L™h, = L&y 4+ PN (Ensr) - (5.83)

We are going to prove that (5.81) and (5.82) holds for A, by induction. Using
that

Pn+1N(€n> - Pn—&-l-/\/’(én—l) = Pn—i-lDN(fn—l)[h] + R(hn)
with R(h,) = O(||hn||?,, ), one has

hop1 = —GUTV[LE, + ePiN (6)]
= G0 | L&, + ePuaN (€0-1) + e Pust DN (Ea1)ln] + 2R(A0)|

== _g(n—l—l) -Lgn—l"f_Lhn‘f‘an—&—lN(fn—l)+€Pn+1DN(€n—1)[hn]+5R(hn)i|

= -Gt :Lgn_l + PN (&-1) + Lhy, 4+ P, DN (&,-1) [hn) +£R(hy,)
—eP, N (&—1) + ePrpaiN (1)
~ePu DN (€r) ] + Py s DN (601

= GO = PN () + PN ()
— Py DN (60-1) ] + £Puin DN (En1)[hn] + 5R(hn>}
= —eGU [ PIIN (§ua) + P DN (Ga) ] + R(ka)|, (5.84)
where we used (5.83) and that
LM, = Lhy, + P, DN (&4-1)[hn] , (5.85)

from the definition of £ . Notice that, from (5.73),

n o Q0 5n
(Lo +1)(0n = @ui1) = (4" + )55 > 202" (5.86)

By the Lemma of invertibility 5.5.4 and by Lemma 5.5.1 we have

nsillaneso < elG™ Marrsiares (const il o + 1PN Et) o

Qn41,0
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I B DN ) sl o)

n+1 2 . —x"ap/4

)
||Oln+1704n+1 Cpce
4o~ EntDan—ans)

Ln“l’l)(an*an-‘rl)fxnaO/S)

IN

const [|G

+co ce(

IN

N _on
const 2[GO a,e, (Gee X0/ 42 00l

+CO€€(_Xn_2n+1)a0/8> , (5.87)

where we used the estimates on the nonlinearity (5.77) and (5.78). We now
choose ¢ large enough and subsequently @ small enough such that

const Cy (C(Q) ceX"ao/4 + e~ 2" a0 /4 + ¢ 56(—><"—2"+1)ozo/8> < Coe—xn+1ao/8’ (588)
where Cy was defined in Lemma 5.5.4. Now fix ng such that

const CO(Ln)u<e_Xna0/4 + e—zna0/4 + e(_xn_2n+1)a0/8> < e_Xn+lao/87 (589)
for all n > ng. Such ng exists since y < 2, L, = 4" and recalling that
1/(ymv!) = @¥7'7¢ <« 1. Taking w small enough (equivalently 7 large
enough) such that L,,, < 7/2, we have that, for all n > ng, by (5.89),

const (Ln)y (cg 5@79(”‘3‘0/4 + 6*2"a0/4 + ¢ 56(*)("*2"“)040/8)

0
’}/Ty_l
< cpe X" e0/8 (5.90)

choosing ¢y large enough and subsequently w small enough. Finally, from
Lemma 5.5.4, (5.87), (5.88) and (5.90), it follows that

”hn+1Han+1,a < ¢ 56_Xn+1040/8 7

proving by induction (5.81).
Now we obtain a similar estimate for the derivative of h,, with respect to n. In
particular we want to prove

10yhnllan, < coe™X /8 l<yx<x. (5.91)
Using (5.72) in (5.84) we get
—LU Db,y = (PPN (€ur) + PYT DN (§u-1) [ha] + R(hy))  (5.92)
where
R(hy) = Poy1 (N (&) = N(n1) — DN (&n1)[n)) = O(R2) . (5.93)
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Deriving (5.93) with respect to 1, we have

Oy(R(hn) = Pai1 (9,N (&) + DN(€)[0y0) = DN (§0-1)[0y-1]
— 0N (€n—1) = 0y DN (€0 1) [hn] — DN (£0-1)[0p€n—1, hn]
~ DN (60 -1) 0y
= Pt (DN(€)[0yha] = DN (0-1) (0]
+DN (£)[0n€n 1] = DN (&n-1)[0n€n—1] = D*N (€0-1) (0601, ]
FON (€)= 0N (Eat) — DDN (€ 1)) (5.94)

From (5.94) we obtain

10 (R(i)) [l const || nla, 10y hin |, + comst [ a2, + conste™ [|hn ]Iz,

<
< const ¢2 ge X @0/8-X"a0/8 (5.95)

Deriving (5.92) with respect to n and recalling that n? = @ and 7> = ¢, we get

—0 LTV by = (0,LD ) By
+ P 3N () + 20N (60 )
+eDN (§n-1)[0nén1] + 3@DN (§n-1) [hn]
20, DN (€ 1)lIon] + 2D2N (€0-1)[Dyn-1 |
+3wR(hy,) + €9, (R(hy)) - (5.96)
From the definition of the linear operator L in (5.43), using (4.55) and noting

that by (4.53)
dylo = O(1/n°) (5.97)

one has
9L =0(n)+0(1/n),

hence we obtain

0,L" Y = O(n) +0(1/1),

namely
10, L ) gt [y < constegme X" /8 (5.98)

By (5.93) and (5.95) we get
13w R(hn) + €0y (R(7n)) [|an,, < const cge’e X ao/8X"a0/8 (5.99)

We now observe that the dominant term into the square brackets in (5.96) is
0, N (&,-1), that can be estimated using (5.97):

€0, N (§n=1)|la,, < const. (5.100)
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Using (5.98),(5.99),(5.100), (5.86) and Lemma 5.5.1, by (5.96) we have

_yntl _on _on _on
Hd"“)anhm”a LS const (comme ™ a0/8 1 g=2a0/d 4 (2 2p=X"a0/8=X 0‘0/8).

By (5.72) and (5.101) we get
||87’h"+1||0‘”+1 S ConSt|lg(n+l)||an+1,an+1 (Cﬂwe_xnﬂo‘o/g

fePeo/d 2 52€—X"ao/8—>2"a0/8> .

(5.101)

(5.102)

Arguing as above, we take ¢y large enough and subsequently w small enough

by (5.71) and (5.102) we obtain (5.91) by induction.
Finally, noting that d,n = #E’ we get (5.82).

Corollary 5.5.7 (Solution of the equations of motion). Define

C::ﬂAn.

n>0

Suppose that w € C. Then )54 hi(w) normally converges in WC(MZ}ZU

solution £(w) of equation
LE+eN(&w) =0
with ||€(w)||ag 2.0 < conste® = constew®/2.

PROOF. By (5.81)

n+m n n+m
||€n+m_§n||ao/2,0 = ZhZ—th = Z hz
i=1 =1 lag/2,0 i=ntl lag/2,0

o
< g cose X0/
i=n+1

It follows that [|&, — &||ay/20 — 0. From (5.85) and (5.83), one has
L™h, = —Lhy, — P, DN (§u-1)[hn] = L&y + €PN (6no1) -
Taking the limit for n — oo in the space Ws(f)l’ao J2.00
L&n1 + PN (§n1) — LE+eN(E).

Now we have to prove that

—Lh,, — P, DN (&-1)[hn] — O

one gets that

in the same space. Indeed,

(rzn < [ellss-1llfnlls.ao20 — 0,

s—1,a0/2,0

and, in the same way

HPnDN(gn—l)[hn]” < “LHS,s—than,Oéo/?,U — 0.
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5.6 Evaluating the linearized operator

Consider the projection on the space of functions (5.60) of the linearized op-
erator in (5.57), namely (5.65). We obtain

£ ( p ) _ ;L; <_§ " ka) e (5.103)
! §:<§pp+ﬁ%>am%ﬁﬂ

k=0

Ly L,
- Z (Z Apepe + A}c?é‘]f) sin(kt/T)

+e =
(Z Ai}gp[ + Ai?ﬂg) cos(kt/T)
k=0 N (=1

We want to invert the operator

dm(g):(§>, (5.104)

where p = Y1 frsinkt/7 and § = S+, Gy cos kt/7. We obtain the following
relation between the k'*—coefficients,

L
k - n
(o om) -eX (oraa) |
) S = (g’“ > . (5.105)
- " k
it 0 ( A2 A22 )
(T Dk + Qk) te Z_Zl kDo Nqe
for 1 <k < L,. Thus, we reduce to invert (5.105).
Consider (a,b) € Wi, where
Ly
Wi, = {<a, ) st a0 =D (llal,+ [l ) k% < oo } |
k=1
(5.106)
with ay, b, € £+°. Now, let us transform the operator L™ (p,q), in (5.105) into
the operator £ whose first component is the sum of the components g, — py,
while the second one is the sum ¢, + px. Moreover, introduce the following
change of coordinates

ay = pr + Qi , by == pr — Qi . (5.107)

In this coordinates, £ reads

—ak—i—flak
()|
‘ LTS
-
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Z -(Ai,le + Ay) (a4 be) + (AR + N2) (ar — bf)-
c =1 -
Bl E
D (AR = M) (ae+ be) + (A — M%) (a — by)
=1 -
namely

ko~ < -
(— + Q + €Al£:1k> ar + €A1192kbk
7— bl bl

{EW ( Z )L - (5.108)

. Eo- .
APy + (; a4 5Ai?k) b

LTL
[Athas + AfZb]
=1 0k
te . 1<k<L,. (5.109)
L,
(=1 0k
where, for simplicity,
2R = AT A AR+ AL
2[\1& = Az,le + Allc,le - Ai,zz - Allc?é
2R, =AY — AL+ AT - AL (5.110)
2[\%,24 = Ai,lz - Allc,lﬁ - Ai?z + Aii?e :

In this way, (5.105) reads

= (2)-(3)

where d,l; are such that a; = pr + ¢, and b = Pr — . Thus, we reduce to

invert
£® ( Z ) = £ ( Z ) +e L ( Z ) (5.111)

where ﬁgn) is the right hand side of (5.108), while ﬁén) is defined in (5.109).

Denote )
yr:(g), ﬂzz(_&b>. (5.112)

where (a,b) = ((a1,b1), ..., (ar,.br,)) € (£+°)*, with ||(a, b)||30n  defined
in (5.106). Hence we can write the k'-coefficient in (5.111) as
(L™ ()], = Dy +e[L™] y, 1<k<L,, (5.113)
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where

k(1 0 Q 0

with M, defined in (5.66) (recall (5.67) and (5.110)) and

) SHEYRCAYEY S
[£Twe= D | Rl 3 <b£>=: S Aww,  1<E<L,

=104k =1 itk
(5.115)

We have, 1 < k., (< L,,
[ﬁ(n)}kz = Dy0re + £(1 = 0pe) Ak,e = (D(n))kz - g(T(n))ke‘ (5.116)

The idea to proceed to invert L™ is to invert first the operator D™ defined
in (5.116). Thereafter, we will give an estimate of the operator 7™ and show
that it is a little perturbation of D™.

5.7 Diagonal term

In order to invert the operator D™, we now analyze the spectral properties of
the operators
Sk i=Q+eM,; (5.117)

Q= ( g _OQ > (5.118)

and My € L(£%% x (¥% (»5T1 x (@5+1) " This spectral analysis will enable us
to diagonalize D™ (see subsection 5.7.3). Unfortunately it results that M;, is
not symmetric and this fact makes the spectral analysis very involved.

where?

Remark 5.7.1. The operator M, defined in (5.66), (5.67) and (5.57) is not
symmetric. This follows by the fact that the term Ay, — AP is different from

zero, as one can calculate. For example, A,f/,lk contains the term % fOT 3§p[~((w0),
with wy defined in (5.46), which is different from zero since 6§p1~((w0(7§)) is
even; on the otf;er hand AP contcTLz'ns the term LT 02, K (wo) # 0 and, as one
can verify, 7 [, 02K (wo) # 7 [ 02K (wo).

5.7.1 Diagonalization of S

Theorem 5.7.2. Let be r,p > 0. Let be X,Y,Z Banach spaces. Let be Xy :=
B, (z0), Yo := B,(y0), F : Yo x Xo — Z continuous such that F(yo,z9) = 0

3We introduce € as a conventional parameter. In these notations, M; will not depend
on it.
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and Oy F : Yy x Xo — L(Y, Z) continuous. Suppose that T := [8yF(y0, xg)]fl
exists, T : Z — Y, T € L(Z,Y) and

N —

p
sup || F(yo, )|z < 5777 sup (I =T, F(y,)||lcevy) <
z€Xo 2||T” (y,x)€Yox X0

Then, there exists a unique g : Xo — Yo such that F(g(z),z) =0, g(xo) = yo -
Let be Q = diag{(Q; }ieze with Q; the shifted elliptic frequencies in (2.94).

Lemma 5.7.3. Let be €; as in (2.94). Then

< const 7, Viiel".

‘Qz - Q]
PROOF. It results that |Q; — Q;| > |j — i|/2. Hence

1 2
= — < —.
€2 — €] lj — 1l

If © < j the thesis follows because 7,5 > 1. Otherwise, if ¢ > j, denoting
k :=1i — j, we have to show that £ + j < const kj. Since 7 < kj and k < k7,
the thesis follows with const = 2.

O

Remark 5.7.4. From now on we fix s > 3.

Remark 5.7.5 (Notations). In this section, from now on, we will denote for
more clarity the norm and the scalar product in {%° x (% by | - |s and (-, -)s
respectively. We will also denote by || - ||s,.s, the operatorial norm of a linear
operator from {50 x (@51 to (52 x (52,

Theorem 5.7.6. Let be S, = Q+e M, with M, : 095 x (%5 — @sF1  pastl
as in (5.66). Then, there exists g > 0, independent of k, such that, ¥ |e| < &g
and V'k,j, there exist eigenvalues \j(e) and associated eigenvectors py;(e) €
0% X 4% with |@gjls = 1, such that Syr; = Mij ;-

PROOF. We will prove this theorem using the quantitative version of the
Implicit Function Theorem stated in Theorem 5.7.2.
Fix j. Let us define the function F': Yy x Xy — Z, acting as

‘UE—l a,s
F(v,\e) = —Qv—e/\/lkv+/\v,T , v E L

where Y} is the closed ball of radius p contained in the space Y := ¢** x {** xR,
X is the closed ball of radius r contained in the space X := R and, finally,
Z = (571 x (4571 x R. We want to apply the Implicit Function Theorem

179



to the function F in a neighborhood of (yo,x0) := (e;j,€2;,0). We have that
9, F(e;,9;,0) € L(Y, Z) and T := [9,F(e;,Q;,0)] " € L(Z,Y).

Let us recall that, if e; is a basis of ¢** x {*® then €; := je; is a basis of
(o571 % 4571 Let be v a vector, denote by v; := (e, v)s the j"—component

in the space (** x (** and by 9; := (e;,v)s the j"—component in the space
éa,sfl X ga,sfl.

Compute

0y F(e;,Q;,0)[w, u] = (—Qw+Q-w+uej,(ej,w))

= ;Le] + Z wlel,w])

i#j
Q; — Q
— H@A—Z ] w;é, wj |
" R
and, being T' o 9,F = I, denoting 9, F(e;, 2;,0)[w, u] = (0, ft), one obtains

-~ 1W;€; .
Tw, fi] = <uej—|—ZQ o jwj> . (5.119)

Hence, by Lemma 5.7.3,
+ U%’P)

2
szez 9~
e (s () e
@] 1+]fl2=1 oy
< sup <|/]\2 + const j2 Z'LD?) < const j*,

-1 +al2=1

HTHS 1,s = sup <

|l _1+]l2=1

1;e;
fiej + Z — Q.
175] !

where in the last inequality we used that Y, w? = |w|2_,. It follows that

|7 ||ls=1,s < const . (5.120)

We have to choose the radius p such that

)
sup ||[F(yo, x < —.
mG)I()o H (yO )HZ 2HTH571,S

It results F(yo, ) = F(e;,Qj;€) = (—eMye;,0) and ||F|lz = e Myej|s_1. In
particular, denoting by M = diag(j), j > 1,

|Mkej|s—1 - |MkMM_1€]|S 1 < ||MkHs 2,5—1||M||s—1,s—2

HMkHs 2,s—1

S ‘M 6‘ 1=
J18= ]2

?
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where we used that |M~te;|s—1 = |e;/jls—1 = |€;/4%|s—1 = 1/4*. Hence

6HMkHsf2,sfl < P

1F]lz < : < :
j2 2Hjﬂ’Hsfl,s

where the last inequality holds if, by (5.120),

p 1= const - ) (5.121)
€oJ
where
t mi { ! ! } (5.122)
€o 1= const min : . .
HMk”s,s ||Mk||s—2,s—1

We note that ||Mygllss and ||My|[s—2s—1 are bounded by a constant inde-
pendent of k (recall (5.59),(5.66),(5.67)). Now, we have to compute (—I +
TO,F)(v, \;€)[w, p]. First, compute

Oy F (v, X;e)w, p] = (— Qu + \w + pv — eMyw, (v, w)s)

A—Q D o
:<Z< i wﬁ%)e"_€Z<M’f‘”’€i>s—1ei=<v,w>s>.

Hence, we obtain
— (w, u) + TO,F (v, \;e)[w, u] =

A — Q)w; i — €l  €i)s—
= <— w + <U7w>sej + Z ( )w +gv £Z<Mkw ‘ > - €,
i#j g

—pn+ (A= Qj)ﬂ)j + p; — ej(Myw, éj>sl>

A\ — Q) w; ; — e(Myw, e;)
= | ((v—e;),w)se; + E ( Jw —i:;w ~€< KW, €3) €,
i#j 2 = &

p(v; — 1) + (A — Q)w; — e(Myaw, ei>s> ;

where we used that (Myw, €;)s-1 = (Mjw, e;)5. We write

2

H]I —TO,F(v, \;¢e = sup ‘ — (w, p) + TO,F (v, \; €)[w,

)
LYY 5 -
X)) +ae=1

s

IN

v = ¢;[SJwl3

ot Z A — Q2w + |02 + 2 [(Myw, ;)|
- (@, — 0,
P11 = 0% + A = QPw? + 2 (Myw, e5)]

const p*|w|? + const |u|*p?

IN +
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+ M2, <1+Constz (=) )

i#]

ws)

i#j ( Z)

1
HH - TayF(va )\’g)Hi(Y,Y) S Z_l’

and, from the Implicit Function Theorem 5.7.2, the thesis follows.

< const (p2 +e€

where we used that [Q; — Q;| > const > 0 and
we have that

< const. By (5.122)

O

Remark 5.7.7. We notice that @p1, ..., ¢kj, ... 15 a “basis” for £+ x {** but
it 1s not orthonormal, in the sense that, given y € £*° X {»° namely given
(Y1 Yjy o) with >, y7 = |y|? < oo such that y = Y, yie;, then there exist
(1, Gjy---), with Y, 92 < 0o such that y =Y, Gipr: and viceversa.

In particular, from Theorem 5.7.6, using (5.121), we obtain the following
asymptotic estimate for the eigenvalues

|Aki(e) — Q| < onst— jez°, (5.123)
J
and for the eigenvectors
lori(e) —ejls <p < consti, jeI°. (5.124)
J

Now we give an improvement to these estimates.

5.7.2 Asymptotic estimate for the eigenvalues

By Theorem 5.7.6 we found eigenvalues ¢;; and eigenvectors Ax; of the operator
Sk such that Sypr; = Apjpr;. Deriving this expression on ¢ and recalling
(5.117), we obtain

Mk + SkPiy = Ny Prg + Mgl - (5.125)

Since (@), ¢);)s = 0, multiplying by ¢x; we have, X, = (Muiprj, orj)s +
(Sk@hj» Prj)s » Let us note that (Skors, ©hi)s = Aki(Prj> Pj)s = 0, hence, by
using (5.117),

(Skrjr Prj)s = (SkPrj» Pri)s — (SkPhj» Plij)s
<Qgp;€j7 ka:j>s — <Q¢kj7 90;@]'>s
+5(<Mk§0;cj7 Orj)s — (Mrpr;, %ﬁs) )

from which it follows that

ki = Mi{@rj, Prj)s + 5(<Mk(70§<:j7 Prj)s = (Mrprs, s0§€j>s) : (5.126)
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Let us consider (5.125). Define II;; the projection on Ey; := {(¢py;)*. It follows
that
ij (Sk — Akj)@;gj = _ijMkSij . (5127)

Let be
By = (ij(sk - Akj)> e: By Bu— By (5.128)
Notice that
Ey; = {y = ZZ)MM st g =— Zﬁidi,j} : (5.129)
i -y
where d; j := (Yki, ¢rj)s. In particular, we can write

(Orir Prj)s = (€ir€j)s + (Pri — €isej)s + (€i, Prj — €5)s
+{0rj — €j, Pri — €i)s
€ € g2

1

namely

Lemma 5.7.8. The operator By; defined in (5.128) is invertible and
| Bi;lls,s < const.

PROOF. Let be b a vector of {** x {**. By Remark 5.7.7 we can write b =
> i bigr; and by the definition of Ili;, we have Ily;b := b — (b, orj)spr;. 1t
follows that

ij<zf3mm) = biori — (Z@dm) Ori - (5.131)
‘ i i#j

Let be y,b € E);, we have to invert

ITi; (Sk — Aj)y = b. (5.132)
Since
y= Z Yitori — (Z Z?z‘dz',j) Pj
i i#i
we obtain
(Sk =My = D 5:(Sk = Mj)omi — (Z Qidm) (Sk = Akj)pn;
i 1#]

= > Gk — M) g

i#]
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Since b € Ej;, it is of the form (5.131). Hence, we get, from (5.132),
Brjy = I (Sk — Aij)y = Z Ji(Awi — Ag)ori — (Z@(/\m - )\kj)di,j) Dk

i#j
_ Zéiwki — (Zi)z’di,j) Drj -

i#£j
Thus

b,
Y Aki — Akj 7 v itj piis ( )

From (5.133), it follows that |j;| < const |b;| for all i # j, being [Ap — Axj| >

const > 0, as it follows by (5.123). Moreover, using (5.130) and the Cauchy—
Schwarz inequality, we get

X b4 b
| < d; ;| < conste
|y]| — Z |Aka o )\k]| ‘ J’ ; |>\k7, . )\kjl

1/2 Y
< consts(z By —Akjfz) (;‘@b)
i
< const5<2|b| )1/2

i#j

Therefore, by Proposition 5.7.16, defining Bk_jlb =y = >, Uik, one obtains

1/2 o\ 1/2
§2<Z@22) SCOnSt<Zb?> < const |b]s,

|Bk_j1b’8 = ‘y|s = ‘Z@i@ki

from which it follows that

||Bk]1||8 Sflsup |Bk]b| < const .

bls=1

OJ

Lemma 5.7.9. Let be M, the operator defined in (5.66) and let be e; an
orthonormal basis of £** x {**, then

const

|Mk€j| j cI°.

PROOF. Since
[MMlss = MiM||ss < [Mplss < 00, (5.134)
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we get
|Mk€j|s = |MkMM_1€j|s < ||MkM||S,S|M_16j|s
_ ||/\/lk||35 < COI.lSt
J J
with constant independent of k (recall (5.59),(5.66),(5.67)).

= [Millssles 5"

?

O

Lemma 5.7.10. Let be € suitably small such that Theorem 5.7.6 holds. Let be
{@rj}tjeze the eigenvectors of the operator Sy. Then

const

|90§<:j|s§ jGIC-

PROOF. By Lemma 5.7.8 and from (5.127), it follows that
Oy = =B Ty Mo - (5.135)

Since, by hypothesis, Theorem 5.7.6 holds, ¢y; satisfy (5.124). Hence, from
(5.135), using Lemma 5.7.8, we get

0hils < B lssl Misprsls < const (IMgejls + Moy —€5)]s)

1 = const
< const ([—-+-—-) < — .
J J J

where in the last inequality we used Lemma 5.7.9.

O
Recall (5.126), we are going to study the asymptotic behavior of the eigenvalues
Akj-

Proposition 5.7.11. Let be € suitably small such that Theorem 5.7.6 holds.
Let be {\pj}jeze the eigenvalues associated to the eigenvectors {@y;}jere of the
operator Sy. Then

})\;j — <Mkej,ej)s| < constj%, jer1°, (5.136)

with constant independent of k.

PROOF. Recall the expression for Aj; in (5.126). Using the linearity of the
scalar product, one obtains

(Miprj,pri)s = (Miej,es)s + (Miej, oy — €5)s + (Mi(ors — €5)s,€5),
HMi(ong =€), o1 — €5, (5.137)

By (5.124) and Lemma 5.7.9, we have

const || o const le]

’<Mk€ja90kj —ej), ST p

< | Myesl, (5.138)
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Recalling that M = diag(j), by (5.124), (5.134) and Lemma 5.7.9, we get

‘<Mk Prj —

— ‘<M_1MMk(S0kj - 6j),€j>8

— ‘<MMk(90kj —€j), M_1€j>s

< IMMy s slors — ejls|M eyl s
< amka (5.139)
J

In the same way

const €2
—ejlsler—esls € —5—. (5.140)

‘<Mk(§0kj_ej)a (ij_@j>s =

Hence by (5.137), (5.138), (5.139), we get

(Miors, orj)s = (Mrej, €5)s + O(f') (5.141)

By (5.134), Lemma 5.7.9 and Lemma 5.7.10, we obtain

[(Mipi oni)s| = ’<M_1MM'€9%‘»
= (MM, sl Bl ls M
. conSt(|Me]| M- (gokj—ej)|s)
< const <1 N const\€|> < const‘ (5.142)

J\J J J?
Analogously, by Lemma 5.7.9, Lemma 5.7.10 and by the linearity of the scalar
product, one has

[((Miprj, ©rids| = [Misprilsl s

const const
|-Mk90kg ’ <

IN

<|Mk6j|s + [Mi(prj — €j)!s)

cogst (1 N cons}t |€|> < cogst . (5.143)
J J J J

Hence from (5.126), by (5.141), (5.142), (5.143) we reach the final estimate

(5.136).

IN

O
From (5.136), the asymptotic estimate for the eigenvalues follows:

2
|/\kj — Q; — e(Mye;y, €j>s‘ < constg,—2 , j ez, (5.144)
J

with constant independent of k.
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In order to prove the invertibility of the linear operator D™, nothing remains
but to prove that its eigenvalues are different from zero. We reach an estimate
from below for the eigenvalues, in particular it is stated in the following lemma.

Let us define
k
P 7= — = Ak -

Lemma 5.7.12. Let be n € AY(§), 1 <v < 2. Then

const, if £ <71/2;
Q. := min [ 5| > 1 (5.145)
= ry’Tk—’V, lf k > 7'/2

PROOF. From the first Melnikov condition in (5.5.3), being @ = 1/7, we have,
since Ay; satisfy (5.144) and v < 2,

Y™
]'1/

9

~ 2
gl = @k = Ayl = |k — € — e(Myej, €;)s + O (P) ‘ >
where 7,, has been defined in (5.69). We have that the oy := min;>; |u ;| will
be achieved at j = j(k), i.e. j =~ wk. Therefore, we get

Tn

. > In
1]1121{1|uk,]| = w1,,,|k,|,/

O
Let be e; the canonical basis of £*° x £*°. Let us define V}, : £®° x {*° —
(%% x (** the operator acting on y = > y;e;, as

Vk(;yiei) = ;yi%. (5.146)

Lemma 5.7.13. V} in (5.146) are well defined.

PROOF. Let be y™ = > Yivki. We have to show that y™ is a Cauchy-
sequence, namely, if n > m, then |y™ —y(™|, — 0 when m — oco. By (5.124)
and using the Cauchy—Schwarz inequality, we obtain

‘y(n)—y(m)|s = Z Yi¥ri| = Z yi€i + Z Yi(ri — €i)
i=m+1 S i=m+1 i=m-+1 S
< Z yiei| + Z yillori — €l s
i=m+1 s j=m+1
n n 1/2 n 1/2
< 1> wie +< > Iyi\z) ( > |§0ki_ei‘§>
i=m+1 S i=m+1 i=m+1
n 1/2 n 1/2 nog2\ Y2
() (£ (5
i=m-+1 1=m-+1 1=m-+1
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n

1/2
= (l—i-consta)( Z yf) —0 as m — o0.

i=m+1
O

Proposition 5.7.14. The operators Vi in (5.146) are linear and continuous.
Moreover, V), are invertible and

|V, Hls.s < const.

PROOF. First we prove the boundness of V. Let be y = > y,e;. Using the
Parseval identity and the Cauchy—Schwarz inequality, we have that
lyls=1 Yyi=1'"5

< SUP (‘Zye ‘Zyi(%@ki_ei) )
1/2 1\ /2
< sup (14—5(2%2) (ZZ_Q> >§1+const5§2,

||Vk||8,s = sup |ka|s: sup

i Pki
S

Yyi=1 i

where we used (5.124). Moreover V; are invertible. Indeed, defining Vi =
Vi — I, namely Vi = 1+ Vj, then
Vills.s = sup

Zyz Pri — €i)
lyls=1
’ 1\ /2
< conste sup Z < COHSt&(ZyZ) <Z_2) < conste.
)

lyls=1 i

= |S‘up ZL%H% eils
yls=1

O

Remark 5.7.15. From Remark 5.7.7, it follows that y = Viy where y =
S, dhei and § = Vi 'y,

The following proposition holds:

Proposition 5.7.16. Let be y € {** x {** such that y =) . Jipri. Then

1 1/2 1/2
J(Z#) <wh<2( )
PROOF. By the Cauchy—-Schwarz inequality, we have

lyls = ‘Z?JNDM . < ’Z%@i . + ‘ Z?Jz(%ﬂlm —e;) .
l 1/2 Z 1/2 l 1\ /2
(Z@f) +<Z@f) const&(zi—Q)

7

IN
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1/2 1/2
< (1 + const 5)(2@3) < Q(Zg)?) . (5.147)

Moreover

lyls > ‘Zﬁiei T ‘Z@z(sﬁm —€) .

The thesis follows from (5.147) and (5.148).

> (1 — const ¢) (Zﬁ) v . (5.148)

0

5.7.3 “Weighted asymmetric diagonalization” of D™

Let us define the operator

14
diag; (sign (— + )\gj) ) 0
T
. ) l
0 diag; <81gn <— — /\gj) )
T

Lemma 5.7.17. We have that U™ : WS(Z)MU — Ws(z)mg, U™ = 1,
moreover U™ is invertible with (U™)~! = U™,

U .— diangLn

We now introduce the parameter 1/2 < § < 1.

Remark 5.7.18. Such parameter will be chosen in the estimate on the small
divosors, see (5.191). We need this parameter 0 to balance the asymmetry of
the operator D™

Define "
diag; [— + )\kj} 0
T
Dk = /{ y
0 diag; [; — )‘ka}

and the operators
ZM = diag,, VilDe| 7", Z" =diag,, |Dk[ OV, (5.149)

where V}, are defined in (5.146) and, for any x € R,

diag;

k
LIS

] :
Dy " = . (5.150)




Since, by (5.145), k<£nin>1 |k/T — Aij| > const(Ly,), and, by (5.144), [£ £ X
ny, JZ

~ j for j large, we have

— W (5.151)

s—146,an,0 8,00 )
and
200 g g

8,0n, s+0,an,0 °

(5.152)

Moreover we define the operators

(2! = diagy<,, |Dk|" V', (Z) ! = diagy<,, VilDel’ . (5.153)

We have ) )

(Z(n))—l : WS(Z)n,a — Ws(f)u&%’g (5.154)
and )

(Zmytwly, ,— W (5.155)

By definition we get that (Z™)~1Z™ and (Z()~1Z™ coincide with the iden-
tity on W% ,. Let us consider now the operators D™ Z™ - Ws(f)l VS
— Ws(ﬁ)l,an,a and (Z(”))_lU(”) Wi Ws,@s,an,g- Noting that (5.146)
implies D,(Cn) Vi = VD, we conclude that D™ Z™ restricted to WS(Z)H,U coin-

cides with (Z(”))_IU(”).

Lemma 5.7.19 (“Diagonalization”). D™ ZM | .. = (Z("))_IU(”).

5.8 Off-diagonal term

Remark 5.8.1. In this section we deal with the operator T™ defined in
(5.116). We point out that T™ is not a Toepliz operator but only a “quasi-
product operator” according to Definition 5.1.9.

Define

7™ = Zm®) Z0) (5.156)

namely

(T™),, = | D Vi Ao Ve D707 (5.157)

We note that
T, W

Then we define
=) = ) 4 T i)

~
, T ()
$,Qin,,0 Ws,an,o :

We want to prove that = is invertible. We need the following crucial lemma,
that will be proved on pg. 193.
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Lemma 5.8.2. ||T™)||,, < consty~'7 with constant independent of n.

By Lemmata 5.7.17 and 5.8.2, 2™ : Wi . — W%  is invertible for ¢
small enough (but independent of n). So we can define

G = ZM (=) Zm ) (5.158)

$,Qip,,0 $,Qin,0 *

It results that Q(”) is the (right) inverse of £, Namely, even if ﬁ<">G<n> is a

priori defined only from W%, , into W™ it results that

s—1,ap,00

LGy =y Yyew® . (5.159)

Recalling that LM = DM 4 eT™ . we get, by Lemma 5.7.19
LG ( DM 4 5T<n)> ( AQISONS Z(n))
= DM zm(EM)T M) 4 o7 ) (=) )
( Tl Em)yTIZm 4 o(Z2m) T Zm ) ) (zm) T Zm)
( )—I(U(m +eZMTm 7MY (Zm) ™ Z
= (2 TlEm(Em)T Zm
(Z")

from which (5.159) follows.
PROOF OF LEMMA 5.5.4 It follows by (5.158), (5.149), (5.150), Lemma 5.7.12
and (5.107). O

5.8.1 Estimate on 7

n)

We are going to prove the invertibility of LM WS(LWJ — WS(Z{U showing that
eT™ is a small perturbation of U™, namely that 7 is bounded.

Lemma 5.8.3. Let be Ay as in (5.110) and |Di| =, |Dg|~=9 as in (5.150),
1/2 <é < 1. Let Vi as in (5.146). For k # ¢

1PV A VI 70| | < DM s NP sl Rl
(5.160)

PROOF. Let us write, recalling Sy = Q + e My,

D] 0 Vi Ay Vi Dy | 7070
= (DM () (5 (5. ) Sk ) VD1

Hence, we have

DAV A Vil |00 < (DR e, s,
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ISV St 1Skl
Vel P72 (5.161)
We are going to estimate the terms of the product in the inequality (5.161).

It results 3
[are, = ||diag, {55 ], < 1. (5.162)

Since ||MQ7 s <1 and

-1 1

Qs = (5077 = [(Q + sMk)Q—l} oM

it follows that
Hﬂsk_les < const . (5.163)

Let us prove, now, that the operator S;V;,S, ! is invertible from Ws,(a in WS(Z),G.
We have that

SeViSit = SIS + SV —D)S !t =T+ Si(Ve —1)S,. . (5.164)

From (5.164), we have to show that ||S.(V; — 1)S; '||s.s < conste. Since, by
(5.163),
155 Nl = 19271 (568271 s < const,

it is enough to show that
|Sk(Vi = I)|s.s < conste. (5.165)

Indeed, let be y € WH(M, y = >, yie; such that > i%y? = 1. Hence, by
(5.144) and (5.124), using (5.146),

‘Sk(Vk ~T)y

RCACRET )Skkayzez Skazez
= Skamm Skazez —‘Zy Pk — Skazez
= Zyi)\m%—Zyi/\i Pri — € —Skaiei s
= Z yidie; — Z yiQie; |
—;Mk Z yieiz—i— Z yidi(ons — €)

= ‘ Zyi(&' — e T 5’Mky‘s + ‘ Z%M(@ki — ;) .

. 1/2

7

s

1/2

IN
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< conste,

where we used that Y, y?A? < const. Therefore, (5.165) is true. The last
estimate we need is

[Shnel,, < const | Agellsstr, (5.166)

obtained by (5.117). Finally, by (5.161), (5.162), (5.163), (5.165), (5.166) and
Lemma 5.7.14, the inequality (5.160) in the thesis follows.

OJ
Lemma 5.8.3 will be used in Section 5.9 to prove the following fundamental
lemma on small divisors.

Lemma 5.8.4 (Small divisors). Let be € = n3. Let be n = /@, w € A%(€).
There exists a constant C > 0 such that, for alll #k, 1 <v <2,§ =v/(v+1),

2v+1

1D~ M D, < c% [ — k[t m/8 = O% [0 — k|

where = (v —1)/v.

PROOF. See Section 5.9.

Using Lemma 5.8.4 we give the following
PROOF OF LEMMA 5.8.2. We have, from (5.157), (5.160) and Lemma 5.8.4,

Ln

> DUV A Vil De |y
=10k
L'VL
S DV A VD00l
=1 0k

Ln

—5 -1 ~(1-5
DD 1277 | N =l
=1 0k
Lr 2041

~ 7_ T — v kllls,s+1||Wella,s
< D Tl K Al sl well,

=104k

H(Tw)

kHa,S

5,8

IN

IA

Ak7€||s,s+1 [[wel|a,s

from which it follows that

Ln
HTw) Nl < D0 37wl = k5 Al fwellas - (5.167)
0=1 k#¢

Hence, using (4.11) and (5.167),

Ly
[Tl = 3,
k=1
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2 Ln Ln 2ut1 2
< —Zk( DL LI

Y

k=1 (=1 k£t
2 0 — k 20520 y
< aZy Yoo 35 U e A,
(=1 kAL
7'2 Ln L 2v+1 )
S DDAl 1 P Sy (i) c2ie=tlo &, ellZ o
7 k=1 ,k#L
where in the last inequality we used k < ¢+ |k — ¢|. We can estimate
—kla (+2ZEL) A d ij
S ol - RPEERAT 2 < AT
k L(£4S 09 s+1)
In the same way
Do RO NAL 2 1o
< 262\k+ﬁla|k i €|2(a+2;r1 )HAkJrZHss-I—l
k
||/XU||2 « a'+2,/+1
L(£®: 2(;, s+1)
Hence
HT(")wHi < Const ||A”||2 co 2EL (5.168)
7 E([a s Zt; s+1)
The thesis follows from estimate (5.76) and Proposition 5.4.2.
O
5.9 Small divisors
Let be 7 and jy the smallest integers such that
k k
in |~ — Ml = |~ — Mo | = s | 5.169
min | = — Akl = |~ = Awig| = |Hio (5.169)
and
R4 1
min | = — Ay | = | = = Ay | = |peol - (5.170)
i |7 T

Remark 5.9.1. Ifig = 1 then k < 37. Indeed, by contradiction, if k > 37,
then |k/T — Xk1| > 2 and, for i* = k/7, |k/T — A\gix| < 1, namely i* is a point
in which it takes a value smaller than the minimum. If ig > 1 then iqg ~ k/T.

Remark 5.9.2. If k> 7/4, then iy =~ k/T.

194



5.9.1 Some technical lemmata

Lemma 5.9.3. Let be 1l <v <2, we AY and (/T > 1/4. Then

Y v—1
__j‘ ZcostTEV , J#0.

T

PROOF. If ¢ > 7/4, j ~ ¢/ then, for the Melnikov condition in (5.5.3)

Y/ ) Y., v 7_1/—1
— — 7| =2 —3” = const~y = const vy
T T TV lig
OJ
Lemma 5.9.4. Let be |Dy|~0 =% as in (5.150). Then
gu(1—5) fg /
S o oo YE>T 2;
|12, < max g 7T (5.171)
const, if £ < 1/2.

PROOF. From the definition of the operator |D,|=(1=%) in (5.150), it follows
that
D=0, < mae {Jpury |00} (5.172)
J

Moreover, from the first Melnikov condition in (5.5.3), we have

Y
\tte5] > 1o ol > o

for jo > 1 and using that jy ~ ¢/7, we get the estimate

(1-9) 7179
|11 Z S Aa A (5.173)
In particular if ¢ < 7/2 we have
(1-8)
- g
lp1g4] 0% > pgy > const . (5.174)
From (5.173) and (5.174), the thesis follows. O
Lemma 5.9.5. Suppose that ¢ > 7/2 and
2 N ¢ vl < v—1
S n —_—
e v
Then, the following estimate holds
1[4 -1
R it g<” (5.175)
2|7 Jo




PROOF. We want to show that

v—1
const Tgvﬁ > j—'lf) : (5.176)
It is true, since § < (v — 1)/v, £ > 7/4 and by Remark 5.9.2. Indeed
,7_1/—1 7_1/,6 TV—l—Vﬁ L
—— &~ —— = const > const —
e g i’ Jjo
since v < v — 1 implies v@3 < 1, for 1 < v < 2.
O
Lemma 5.9.6. The following estimate holds:
K/, if k> 27
I 5
|’ = '— — M| >R AT, ifT/2 <k <27 (5.177)
-

const, ifk <71/2.

PROOF. We have that, for k& < 7/2, k/7 is at most 1/2 hence |p1| > const.
For 7/2 < k < 27, we can use the diophantine estimate in (5.145) and we
obtain |u 1| > /7. Finally, for k > 27, being Ay negligible with respect to
k/T, we have |uy 1| > const k/7. Therefore (5.177) follows.

[
Let be 7y such that (5.169) holds. We have that
s 1 1
||M |Dk| ||s,s < max < - 57 s (- (5178)
o trio® 11|
Lemma 5.9.7. Let be iy such that (5.169) holds. Then
7_5 . 1—vé
const — (—) , k>T1/2
HM—lmk\—é < 7 \k (5.179)
const , k<Tt/2.

PROOF. If £ < 7/2 then iy = 1, hence from (5.177) the thesis follows. If
k> 7/2, from (5.178), we have to show that

1 o\
— < t— | — 5.180
ioliald ~ R (k‘> 7 (5150
and
7_5 - 1—vé
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We note that (5.180) and (5.181) coincide if 4o = 1. In the case iy = 1, if
7/2 < k < 27, (5.181) directly follows from (5.177). For k > 27, we have,
using that 6 > 1/2 > 1 — v and from (5.177),

5 Fy 1—vé

t T < const T (I

const — —| = ,
ko — v\ k

from which (5.181) follows.
If 79 > 1, we have that iy ~ k/7, therefore,

4 5 4 75 75 - vé—1
Z.0|:uk i0|6 =1 > 10| — = il > const — | — ,
’ Tl g’ o 70\ k

k
AR
T Kio

that is just (5.180).
0

Lemma 5.9.8. Be (,k > 1 such that |{ — k| < [max ((,k)]® and (,k > 7/2.
Then

|0 — k| < const £° .

PROOF. If k < ( then | — k| < 5. If k >/, then |[¢ — k| = k — ¢ < kP, that
is k — kP < £. Moreover k — kP > k/2 if k > 7/2. So that k < 2¢ definitively.
Then, (5.9.8) directly follows. O

Remark 5.9.9. Note that, for {,k > 1, { # k, the following estimate holds

¢ |[0—k|l+k
< <14 -k
k — k — +>| |7

hence

<20 — k. (5.182)

El RN

5.9.2 Proof of Lemma 5.8.4

Recall (5.179) and (5.171). We distinguish four different cases.
FIRST CASE: |[¢ — k| > [max (¢, k)]".
If ¢ > 7/2, we have, from (5.179) and (5.171),

gu(lfé) 1
— 77—(V—1)(1—(5)—(5—1+V(5 Jol—vé
gu(l—é) 1
77—1/72 klfms
E,/,l / 1-vé
- TV 2 <E)
|£ o kll—ué

,77-1/—2

D= AP

IN

= k‘(vfl)/ﬁ
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_ l ‘g - k’(l*lﬂi)‘i’(l/*l)/,@ 7_271/ ,
f)/

where we used (5.182) and the hypothesis |¢ — k| > €7, while, if £ < 7/2,

(13 e s const 7o+1—v0 T
DA™MD, < =5 g S comst 5. (5.183)

SECOND CASE: 0 < |{ — k| < [max (£,k)]? and £ < 7/2 or k < 7/2.

Let be 0 </ < 7/2. If £ =0, A\ j = Ao, then

fg{l [ Aol min | A;]

j>1
{\/jQ +m +n*(Bly); + O (%)} ‘ > const .
Let be 0 < ¢ < 7/2. From (5.171) and from (5.179), we get

min
j=1

D™, MDA, , < const

(5.184)
if £ <7/2 and, if k£ > 7/2, from (5.179), we get
1+6—vé 0
MD|| < < const —
H | k| Hs,s — ’}/61{31_”5 = cons 75’
therefore, it follows that
5
Hng|_(1_5)|| HM_1|D;€|_‘5H < const 7—5. (5.185)
S,8 $,8 v
In the case k < 7/2, since, from (5.179),
||M’1|Dk|’5Hss < const,
from (5.171) and using Remark 5.9.9, we obtain
/ v(1-6) fv(1=3)
—(1-9)
H|Df| Hs,s < const (E) T=D(1-0) A1-5
€ — KO
= A0 ’
and therefore
— k|v(=9)
1D A D] < const LA s (5.0s6)
$,8 8,8 L=

THIRD CASE: 0 < |[{ — k| < [max (¢,k)]%, £,k > 7/2,0 < |[{ — k| < 7|jo —i0| /4,
where iy and jy are such that (5.169) and (5.170) hold.
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To reach the final estimate, let us consider previously

14 k
1o o = Hiiol = ;—AEJ'O—;JF)\MO
{—k 1,. .
O N I . TP AR

where, in the last inequality, we used that |A\y; — Agj| > |7 — 4|/2. Since
|70 —i0| > 1, we get the estimate

A

e o — Mo >

It follows that 1 ]
3 or |1k sio| > 3
(

In the case || > 1/8, from (5.179), we have, being k > 7/2,

110,50 >

5 1—vé 5
D02, | D), < const% (%) < % (5.187)

1)
77:0

k

In the case |ugq,| > 1/8, one has, generally,
= = Ak - = A
k - kig

min q ¢ =min< |- — Ay
7 T T

and in particular, we have |p | = |k/T — Akip| > 1/8; hence

6} . (5.188)

5 const k° /70, if k > 27;
} > (5.189)

k
min {@ — — A

7 T

Indeed, if 7o = 1 we have that

7o /7o, ifr/2 <k <2r.
5
= = Ak

§
min{ik }Z’é—/\m
i T

-
hence (5.189) follows from (5.177). On the other hand, if ig > 1, then, from
Remark 5.9.1, ig = k/7, hence

Y

k

5. 5
. (N k k
1o . Niig| = % ~ const — > const | —

T T

where we used that 6 < 1. Thus (5.189) follows. Therefore, from (5.179), we
get
const 7° /K%, if k > 27;
| MDD, < (5.190)
7 73 /99, if 7/2 <k <27
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Finally, from (5.171) and (5.190), we reach the estimate

gu(1—5)
ko 7(1—5)7-1/(1—6)—1 )

if k> 27;
D=l | MHDx| s <

gu(l—d)
(=1 1f7'/2<k’§27’
TV
In the first case k > 27, fixing
§i=v/(v+1), (5.191)
we have v(1 — §) = § and therefore
\° 1 10— k|°
—(1-9) —1|7y, |0 £ 1-5
DA P < (1) s < e (5192

where in the last inequality we used (5.182). In the second case, 7/2 < k < 27,
we have

Er(1-9) AN -
—(1-9) -1 ) e Ty 118
X RECIIN RV ||s,ss—w(1_5)_l(k) < const 7okl

In conclusion,

(1 _ _ T
1Dl = 5o | MY Dr ™ s.s §const;|€—k|5. (5.193)

FOURTH CASE: 0 < |{ — k| < [max (£, k)%, £,k > 7/2, |{ — k| > 7|jo — i0|/4.
Let us distinguish the two cases ig = jo and ig # jo.
In the case ig = j, it results

14 k

|0 — K|
e o — ko] = _— Avjo — —+ Akig

T

>

>

S =

Y

thus | j,| > 1/27 or |pui,| > 1/27. Let be first |ug ;| > 1/27. Hence
[ De| =9 |56 < const 7079,

In this case one obtains, from (5.179), using that k > 7/2,

1-6,.6 1-vé
|||D,5|*(1*5)HS’SHM*HDM";HS’S < const _ 757— <%) < const %. (5.194)

On the other hand, if |u,,| > 1/27, we have to distinguish the case ip = 1
from the case iy > 1.
If ip = 1, one has, from (5.177),

6 g 1)
T

7T
5

— — i > const
-

min < %

— 12—
.

T

4 ’ k
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therefore, from (5.171),

o - - 7_(5 61—1/6
H‘DA (1 6)Hs,s||M 1‘Dk’ 6||S,S§ COHSt? ,7-(1/—1)(1—5)
6171/6

= const —7 a1

Hence this case reduce to the third case with 7/2 < k < 27, by using (5.182)
the final estimate is

1D S D2, < comst ~ e = ki

If ip > 1, from Remark 5.9.1, one has iy ~ k/7. In this case, (5.189) and
(5.188) hold with iy > 1. Hence we have

K /70, if k> 71/1-9),
— = Ak

. |k
min <
7 T

In the case k > 7/0-9  we obtain

1)
} > K/t if 21 < K < 71/070) (5.196)

v/, ifT/2 <k < 2T

1 éll(l*(;)
A= (=01 k5

D=2, M HDx| 7|, , < comst (5.197)

thus, this case reduces to the third one with k£ > 27.
In the case 27 < k < 7079 one gets, using that v(1 — §) = 6,
R pr(1-6)
=0 7 =D=0)
F2-0-146 7 g\
= const T (E)

717_5 10— k|° (5.198)

D™ N D, < const

< const

In the last case, 7/2 < k < 27, from (5.171),

8 pr(1-6) r(1=9)

H|D£|_(1_5)Hs7s||M_1|Dk|_5||s,s < const o D=8 T A pra-o-1’ (5.199)

thus, this case reduces to the third one with 7/2 < k < 27.
On the other hand, in the case iy # jo, it results |¢ — k| > 7/4, therefore, from
Lemma 5.9.3,

_|€_k’_(_)> t !
= —7_ Jo 19)| = cons |f—k|”

= —jo— = +ig
T T

‘ 14 k
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We have two cases, from Lemma 5.9.8,

V4 v—1 Tu—l

- — Jo| > const gy 2 const TR (5.200)
o k v—1 7_1/—1

— ip| > const T > const g (5.201)

Consider at first (5.200). Since ¢ = 7, from the asymptotic estimates for the
eigenvalues it results that

l , €
‘; —\/do> + = n*(Bl)j, + O(;) ‘

o) vofz)sofs)

1o gol = ;_)‘fjo

2 £ —jo| - £ (5.202)
T Jo
Using Lemma 5.9.5, we obtain
|M€Jo|>‘€_10 —]EZ%E—J'O > const Iﬁilil”' (5.203)
Hence, we have
[l = i (5.204)

ss = (=0
Therefore it follows that, using (5.179) and & > 7/2, by (5.204),

B 5 1—v8
o0 i, < cons M ()

A8 7= (1-8)=5 \ &
|6 —K|°
S const m . (5205)
Let us consider, now, (5.201).
Using Lemma 5.9.5, we obtain
k pw o 1k =1
|,u,“0|>';—zo ——>§——20 > const =k (5.206)

Moreover iy ~ k/7 for ig > 1 by Remark 5.9.1 and being 37 > k > 7/2,
therefore

k é F=1)s
— — Meig| = — const 7= k|”5
Thus it follows that
4 k F=1)s
{7 =] 25




hence

_ _ T |0 — K|V
M1 Dy 2 < o - (5.207)
From (5.207) and using that v(1 — §) = 9, it follows the estimate
v(1-9) 0 — klué
—(1-4 -1 -5 T 14 |
” |Dé| )HS,SHM |Dk| ||878 < E 71,5 F—1)(1-8) F(r—1)b
gu(l—é) |€ _ k|y6 7_(2—1/)
< A1 10
O\’ [ = k|70 r@)
-\ A1 10
|£ _ k|(u+1)5 ,7_(2—1/)
AL 19
w _ k‘u ,7_(2—V—1+5) T 1-6
- 7 <E)
7_171/+6
< const|l — kY —————, 5.208
~1=0
where we used (5.182) and k > 7/2. O

5.10 Measure estimates

In this section we will give an estimate from below of the measure of the set
C of admissible frequencies. We first need the following standard result on the
measure of Diophantine numbers.

Lemma 5.10.1. Let

1+e
D = {w>Os.t. |l — j| > “ ,V£,j21} ., l<v<2, (5209)
jl/
then
0, o] N D
g 225 (@@l D) (5.210)
wo—0t Wy

PROOF. Let be

l J
ng = {w > 0 s.t. E — p—

1
S - = (5]} .
jV
Let be w :=wy; +@ € Dy; with wy; := j/{ satistying w, ;¢ —j = 0. We have
to estimate the measure of the translated set
¢ J

ng = {(v s.t. ‘(j/ng@)g - G/l + @)i+e

< 5]} . (5.211)
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Define | .
I P
Glt+ay  Gli+ay  (+ @)

We have that meas(Dy;) ~ 0;/]05f(0)|. Compute

PTG ) = (L4 )@l + ) P + elw)

Oz f (@)

(] + g@-)2(1+6) (] + &b)?-‘rs ’
thus
€2+e
aﬁ/f(o) = j1+5
and
~ jl—i—e 1
meas(Dy;) < meas(Dy;) ~ 0, @ = Erge (5.212)
Being, by the definition of Dy, Dy; = 0 if £ < j /2wy, one has
O@)nD =) |J Dy
i>1 £>j/2w0
Therefore by (5.212),
oo o0 1 )
meas(((), WO) N DC) < const / / T 1—cj2te dl dj
1 Jijewe J (e
<1
= const wOHE/ — dj = const gt
]1/
The thesis follows.
OJ

Proposition 5.10.2. Let A, = {w € A, st. w € A;(fn_l)}, Ay =
(0,4), as in (5.79). Define
C:= ﬂAn.

Then
C N (0,
i 2 (€0 070) (5.213)
wo—07F ™o
PROOF. For any wy > 0 fixed we note that
CN(0,m) DDNC (5.214)

where D is defined in (5.209) and C = C(wo) C (0, ) is defined in such a
way that

(0,)\C:=| | B" (5.215)



where
B"=B"(wm):= |J F (5.216)

J21A<Lny1

and

FZ — FZ(WO) = {w € (0,@0) s.t.

k 1 € Tn

22 .
%—wlﬁ—l—wl“(/\/lk (&n-1)), > Vi>1,k<L,,
¢ J € 22 Tn+1

Using (5.210) and (5.214), we note that (5.213) is proved once we show that

_ meas (é)
lim ——% =1,
wo—0t wo

or, equivalently,

meas ((0, ) \ é)

lim = lim mees (UnZO B )

wo—0T wWo wo—0t wo

—0. (5.218)

Nothing remains but to prove (5.218). Since
meas ( U B") < Zmeas(B”) < Z Z Z meas (F7}) (5.219)
n>0 n>0 n>0 j>1 0<Ly41

we are going to estimate the measure of F;. We immediately observe that

J 2
E} = —= 5.220
4 < <2£’ i ) ’ (5.220)
since, for @ < j/(2() or @w > 2j/¢,
g j € M22 > é € M22
o Tt T MEE)) | 2 o = e (M),
l
> 90 const o2 ¢ > pp > 2
> ’77{—{-17
jl/
taking w small enough. Moreover we note that
Fp=0 if (<L,. (5.221)
Indeed
i_ J € (./\/l22(§)) i_ J i € (./\/l22(§ ))
o olte | glre e ASn )il = e T ige T glre VU \Sn=1)) g5
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3

= (M?2(§n))jj - (M?Q(gn_l))jj

Tn € 22
= ]_1/  olte ”D(Mf )”HH&Z — &l
> Jntt (5.222)
jV
where the last inequality holds if
9 29 Tn — Tn+l 1
wolte D(MZ )jo ”fn - 67171” S ju - ju on-+2 )

or, equivalently, since it must be verified only for j < 2w L, (recall (5.220)),

1 1
wie [DME) 16 = éaall € 5o =77 - (5.223)
Being h,, =&, — &,_1, we have
° 22 e’ —x"ao/8 _ 2—e_—x"a0/8
olte ”D(MZ )]JHthH < const i+ € = const w” ‘e ,

Finally taking o small enough we have

2+V—€€—X"a0/8 < 1

const @ ,
- n v
2nLy

from which we get (5.223) and therefore (5.221).
We now estimate the measure of Fg} for L, < ¢ < L,y1. By (5.217) and
(5.220), we have that

i e
o C Fg}::{we(o,wo) s.t. we(j j),

200 ¢
¢ J € 22 Vrn+1
o o T MPE) | < T (224)
Let us introduce
n f ] 19
fi(@) = — =~ + —i (M (&), -

Recalling that ¢ = @%?2, 0,¢ = 3/ /2, we derive fi; with respect to @

O frs(w) = w2e {(1 +e)j —ewl + gwg/z (M?z(fn))

JJ

+72 (De(MP) ) 10b] + =°/2(02(ME(E)),)

717

—@®%(1 +¢) (M§2(§n))jj] : (5.225)

206



Recalling Remark 5.5.6 and noting that* d, (M%Q(fn))jj ~ const /w?,

that
@7 (M?Q(ﬁn))jj} < const @/

w5/2) (Dg (M?2)jj> 0]

< const w? ,

and
@2 (e (M2 (&) ;)| < consta'/?.

Hence, from (5.225),(5.226),(5.227),(5.228) we get

. . ‘ j [2+e
m = wer(n%lzn%] O f1j(@) > wel(i%n%]) e > const e
Recalling (5.220), (5.229) and (5.224) we have
In+1 const

meas(FEJ) < meaS(Fg]) 2mgy — jri-efete”

Recalling (5.217) and (5.221) we have that

we have
(5.226)

(5.227)

(5.228)

(5.229)

(5.230)

i 0 — M :=max (j/2wo, L) << Lypyr, 1<j<2woLln

Therefore, by (5.219), we have
2woLnt1 Lnya

meas < U B") Z Z Z meas(Fy;)

n>0 n:2woLns1>1  j>1  6>M

IA

2woLny1 Lng1

S const Z Z Z 1/ 1— e£2+e

n:2woLlp+1>1  j2>1 €>M

2w0Ln+1 o0 1
< const Z / = - /M e

n:2woLp4+1>1

2‘&7]0 Ln+1
< const E / ———dj
- 1 1—
1 7\ 1 +e v— €

n:2woLyp+12>1
2woLn+1 1
= const E : W d]

n: % <4nwy<oo

recalling that L, = 4™. We split the integral (5.231) into

/Q’WOLn+1 /2w0Ln /QWOLn+1
OLn

4We recall that, by (4.53), 05 lo = O(ww2), since 7 =

207
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For the first term, since 1 < j < 2wL,, we have that M = L,,, therefore

2woLn 1 1 2woLn 1
/ jv—1—e 1+€ dj = 1+e€ / jv—1—e d]
1 J M Ly 1 J

)H . (5.232)

< constwy
wOLn

for the second term, since M = j /2wy,

/QWOLWH—I 1 - 0 1
———dj < constw," * / —dj
SwoLy,  JYTITEMITE 0 250l J"
e 1 v—1
< const w, p— . (5.233)
wWoLip

Therefore by (5.232) and (5.233), we can estimate (5.231),

2w Ln+1 1 1 v—1
— —  dj < constwite
[T e < s 2 ()
n:§§4”wo§oo n:g§4”w0§oo
© dt
< Constwé“/ —
1 tY
8
< constwyte. (5.234)

Therefore by (5.231) and (5.234) we have

meas ( U B”) < const @

n>0

and (5.218) follows.

5.11 Minimal period

Lemma 5.11.1. Let iy < ia € Nt and ¢ > 1. Then there exists T C (0, 1],
with meas(T) =1 such that for all p € Y the vector

P <\/Z§ e u)

1s Diophantine, namely

|@#.h]>c|§;r§), Vh e 22\ {0} .
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PROOF. Define, forall ¥ > 0 and h € Z*\ {0},

A) = A] = {uE(Ol ] st |@, - h| < Wg}
and
17 = {u € (0,1] s.b. |@, - h| > !hl Vh € Z2\{0}} : (5.235)
We note that if AZth # (), then ¢|hq| < |ho| < €|h1], € < 1. Moreover

=01\ |J 4. (5.236)

hez?\{0}

We will prove that
meas(Y7) =1—-0(5), (5.237)

Note that meas(A)) < const \hl% In fact, we can write

\RT(iF + p) + h3(i3 + )|
hin/13 + p+ hay/ i3 +/L‘
' ’ |hm/el RSN GETR

Hence u € AZ implies that

. ) v
|f(u)] = |h%@% - h%z% + N(h% - h§)| < const A=
Moreover, being
|f' ()] = |hT = B3| = |m|? ~ [h|?,
one has _ 1 _
5 il _ i
meas(A}) < const Wﬁ W = const W )

Therefore we have that

meas U (A)) Z meas(A})

hez2\{0} hez2\{0}

o0 chy ,—y
——————— dhidh
//h1 h1+h2§+1 e
- / / 1+§§+1h§+1 dedhy

= 7 —dh —d te .
7/1 B 1/5 (1+§)§+1 ¢ = const. ¥
Then (5.237) follows by (5.236). Choosing T :=(J.., 17, we get, by (5.237),

IA

Q

meas(Y) = hr% meas(Y7) = 1.
F—

209



Lemma 5.11.2. Fiz p < 1/2. There ezists T C (0,1], with meas(T) =1 such
that, if w € T, N > 2 and T™" is the minimal period of a T-periodic solution
of (5.26), then

™" > const 7, (5.238)

with const = const(p, 7).

PROOF. Let (I(t),¢(t),p(t),q(t)) a T-periodic solution of (5.26). We know
that ¢(T) = 27k with k € Z" defined in (4.54). Denoting by T < T™" the
minimal period of ¢(t), we have that there exist n € Nt such that nTgﬁn =T
and k € ZV such that gb(T(;“in) = 27k, verifying nk = k. We get that

. . T
i > i = 2 (5.239)
n

We have, by using (5.27) and (4.44),
2mnk = 2k = ¢(T) = 0T + O(n*) = wT + O(*T) = wT + O(1). (5.240)

Consider the vector @, := (w;,,w;,). One has 2mn(k;, ky) = ©,T + O(1) and

taking h = (hy, ho) = (ko, —k1), one gets
0= 2mn(ky, ky) - h = @, - KT 4+ O(|h]). (5.241)

From Lemma 5.11.1, we have that, except for 4 in a zero measure set,

c
|@Mh|2 2737 §>]_,
from which it follows that
. ()T
and hence |h|*T! > const T, namely
|h| > const TV = const T (5.242)
where
1
Py

From (5.240), from (5.242) and being |h| = |k|, we have

i zz%ﬂ—o( 1 >:27r|h|_0< 1 )
n |w] nlw| |w] nlw)

Tr 1
> const — — O(—) > const 17 .
|w] njw|
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