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Introduction

The main purpose of this Thesis is to explore the world of the possible
applications of sigmoidal functions approximation, both from the theoretical
point of view and for the applications.

Sigmoidal functions are merely measurable, real-valued functions, say
o(x), such that lim,_, o o(x) = 0 and lim,_, y~ o(z) = 1. The most known
examples are, the logistic function oy(z) := (14+e7%)~!, x € R, the hyperbolic
tangent sigmoidal function op(x) := (1/2)(tanhz + 1), x € R, and the
Gompertz functions oyp(x) = eae_ﬁz, z € R, a, 8 > 0. For instance,
o¢ and o, are well-known for their applications to demography, economics
and statistics (see e.g. [25, 78, 129]); these functions also occur in many
differential models of population growth, Gompertz functions are also used
to describe tumor growth models, see e.g. [110, 3, 55].

Applications of sigmoidal functions in Approximation Theory arise, e.g.,
from the theory of neural networks (NNs), where they are introduced as a
generalization of the perceptron function (the Heaviside or unit step function)
which plays the role of the activation function of the network.

NNs are fundamental in many fields. In particular, they have been intro-
duced to model the human brain, since they are "able to learn from a training
process” based on mathematical algorithms, see e.g. [74, 23, 124, 66, 24]. By
“training”, it is meant that the weights of an artificial neural network can
be chosen in such a way that the network is capable to represent the values
of a certain set of samples. The first proposed training algorithm was the
Delta-Rule [76], while the most popular was the back-propagation algorithm
[75].

Moreover, NNs with sigmoidal functions are well suited to applications
in circuit theory and filter design, where simple nonlinear devices are used
to synthesize or approximate desired transfer functions [63].

The NNs are classified in base of their architecture and can be mainly
divided in cyclic and acyclic networks. For instance, feed-forward neural
networks (of the acyclic type), the kind of NNs considered in this Thesis, are
usually represented by

N
cjo(w; -z —0;), zeR", neNT, (I)
3=0



where, for every 0 < j < N, the 6; € R are the threshold values, the
w; € R™ are the weights, and the ¢; are the coefficients; w; -z denotes the
inner product in R", and o is the activation function of the network, see
[80, 53, 94, 97, 100, 116, 121, 99, 58].

As it can be observed in (I), artificial neural networks possess a rather
complex structure. In particular, they involve many variables and param-
eters, which provide a very flexible tool. This fact allows us to construct
networks very well suited to approximate functions. This explain the reason
for using neural networks in Approximation Theory.

On the other hand, the idea of superposing univariate functions to ap-
proximate multivariate functions, is strictly connected to the 13th Hilbert
problem studied by Kolmogorov and Lorentz, see e.g. [86, 102]. The rela-
tion between the Kolmogorov representation theorem and neural networks
approximation was also studied by Kurkova in [87].

The first results concerning approximation by sigmoidal functions are
due to G. Cybenko. In [63], he showed by non-constructive arguments that
the space of the neural networks of the form (I), is dense with respect to
the uniform topology in the set of all continuous functions defined on the
rectangle [0,1] x ... x [0, 1] of R™.

The problem of the density of NNs in a certain space of functions was
studied by many authors in various setting. The approach used for solving
this problem is mainly non-constructive, especially in the multivariate case.
This fact makes the application of these approximation methods very diffi-
cult. However, some constructive results were obtained but by very complex
techniques. The constructive proofs were given in many cases for functions
of one variable and only rarely for functions of several variables.

Along this Thesis, we present the main approximation results concerning
this subject, and the main relevant difficulties are pointed out. In particular,
convergence results are established in both, the univariate and the multivari-
ate cases. Also, results and estimates concerning the order of approximation
achieved by superposing sigmoidal functions are analyzed. Usually, the error
estimates are given in terms of number, N, of the “neuron” making the net-
work, or both, the number of neurons and the values of the weights, which
are often related to each other. In this sense, the results obtained from dif-
ferent authors showed that, in order to approximate Lipschitz continuous
functions, or functions of bounded variation, by finite linear combinations
of sigmoidal functions, the approximation errors decreases as 1/N, as N
tends to 400, N being the number of superposed sigmoidal functions, see
e.g. |1, 116, 72]. In some cases, also the constants in the error estimates
can be determined (in the case of functions of bounded variation, e.g.), see
[72, 95, 96]. Moreover, when we approximate functions in a certain subspace
of L?(R™), the approximation error decreases as N~/ as N — +oo [20].
All results summarized above are presented in Chapter 1, together with a
brief introduction on neural networks and their history.



One of the main purposes of this Thesis is to develop constructive ap-
proximation algorithms based on sigmoidal functions, useful for the theory
of NNs, and also to develop applications, e.g., to Numerical Analysis, for
solving numerically a number of problems, such as Volterra integral equa-
tions. The general approximation problem was treated in [56]; our approach
was inspired by the paper of H. Chen, T. Chen and R. Liu [48].

In [56], a constructive theory is developed for approximating functions
of one as well as several variables, by superposition of sigmoidal functions.
This is done in the uniform norm as well as in the LP norm. Results for
the simultaneous approximation, with the same order of accuracy, of a given
function and its derivatives (whenever these exists), are obtained. The rela-
tion with NNs and radial basis functions approximation is discussed. These
results are presented in Chapter 2.

Several applications of the theory developed in [56] were proposed in
[57, 59]. In [57], a numerical collocation method was developed for solving
linear and nonlinear Volterra integral equations of the second kind, of the
form

y(t) = f(t) + /tK(t, s)y(t)ds, tE€[a,b], (1)

and
y(t) = f(t) +/ K(t,s;y(s))ds, t€ [a,b], (I11)

where f : [a,b] — R and the kernels K are sufficiently smooth. The method
is based on the approximation of the exact solution to such equations by
sigmoidal functions, by the techniques developed in [56]. By our method,
we can solve a large class of integral equations having either continuous
or even LP solutions. Special computational advantages are obtained using
unit step functions, and analytical representations of the solutions are also at
hand. The numerical errors are discussed, and a priori as well as a posterior:
estimates are derived for them. Many numerical examples are given to test
the method, that has been compared with the classical piecewise polynomial
collocation techniques, see, e.g., [117, 26, 14]. We recall that, a collocation
solution to a Volterra integral equation on an interval [a, b], is an element of
some finite-dimensional function space (the collocation space), which satisfies
the equation on an appropriate finite subset of points in [a,b]. The latter
is the set of collocation points, whose cardinality is the dimension of the
collocation spaces. Our collocation method based on sigmoidal functions is
described in Chapter 3.

To complete the set of applications to integral equations, the collocation
method given in [57] has been extended in [59] to solve Volterra integro-



differential equations (VIDESs) of the neutral type, of the form

y'(t) = f(ty(t)) +/ K(t,s,y(s),y'(s) ds,  yla) = yo, (IV)

fort € I := [a,b], where f and K are sufficiently smooth given functions, see
[32, 118, 119, 28|. The method is also suited to solve classical VIDEs, i.e.,

y'(t)Zf(t,y(t))Jr/ K(t,s,y(s))ds,  y(a) = yo, (V)

(where the integral term in (V) does not depend on y/(s)) as well as non-
standard VIDEs like

J(O = 1(ty®) + [ Kts.(s)hu®)ds, vla) =, (V1)

(where the integral term depends, in addition, on y(t)) see [117, 27]. The
most known example of a non-standard VIDE is perhaps given by the logistic
equation with a memory term, see |62, 15, 16].

Computational advantages are gained using unit step functions, but in
many important applications other sigmoidal functions, such as logistic and
Gompertz functions, are used. The method allows us to obtain a simultane-
ous approximation of the solution to a given VIDE and its first derivative,
by means of an explicit formula. A priori as well as a posteriori estimates are
derived for the errors, and numerical examples are given for the purpose of il-
lustration. A comparison is made with other classical collocation methods as
for accuracy and CPU time. The collocation method for integro-differential
equations based on sigmoidal functions is discussed in Chapter 4.

The numerical methods that we proposed, are very easy to implement and
present several advantages. These are discussed in the following chapters in
more details. We stress the main peculiarity of our numerical methods, that
is that nonlinear integral and integro-differential equations can be solved by
means of finite sequences of linear recursive formulae, without using itera-
tive methods for solving nonlinear algebraic systems such as, e.g., Newton’s
method, as usually happens in numerical methods for solving nonlinear prob-
lems.

However, accuracy should be improved in our methods. This is because
by sigmoidal functions we are able to approximate functions both uniformly
(hence, a fortiori, pointwise) and also in LP, but the approximation method
is merely one-order accurate.

Therefore, we have proposed new kinds of approximation techniques by
sigmoidal functions, aimed at enhancing the performance of our methods. In
Chapter 5 (see [58]), we develop a new constructive theory for approximat-
ing absolutely continuous (univariate) functions by series of certain sigmoidal
functions. Estimates for the approximation error are derived and the relation



with neural networks approximation is discussed. The connection between
sigmoidal functions and the scaling functions of r-regular multiresolution
approximations are investigated. In this setting, we show that the approx-
imation error for C''-functions decreases as 277, as j — +o00. As a future
work, we plan to use the latter approach to obtain numerical methods for
solving integral and differential equations with high accuracy, thus improving
the performance of the methods developed in Chapters 3 and 4.

Finally, in Chapter 6, we consider the modern theory of NN operators
activated by sigmoidal functions. Anastassiou [5, 6] was the first to establish
neural networks approximation to continuous functions with a specific rate,
by special NN operators of the Cardalignet-Euvrard and Squashing types
[45]. He employed the modulus of continuity of the engaged function or its
high order derivatives. In his papers, Anastassiou produced Jackson-type
inequalities. In these theorems, the logistic and the hyperbolic tangent func-
tions are used as activation functions. In Sections 6.1 and 6.2, these results,
concerning NN operators are recalled. Then, in the last part of the chap-
ter, the results proved by Anastassiou are generalized for certain sigmoidal
functions, belonging to suitable classes. We studied the convergence and the
order of approximation for the family of operators defined (in the univariate
case) by

0, (%) ontne — 1)

k=[na]
EM(f,z) = i , z € [a,b], (VII)

> ¢nlnz—k)

k=[na

where the density function is ¢, () := (1/2)(c(z+1)—0o(x—1)), x € R, for a
suitable sigmoidal function o and for any continuous functions f : [a,b] — R,
with n € NT sufficiently large. Here, [-] and |-| denote the "ceiling” and
the "floor” (the integral part) of a number, respectively. In some cases,
by our operators in (VII) and with some specific choice of o, we were able
to improve the order of approximation with respect to that achieved by
Anastassiou. The NN operators activated by sigmoidal functions are studied
both in the univariate and the multivariate cases. These results can be found
in [60, 61]. By the NN operators we can approximate functions defined on
bounded rectangles. To approximate functions defined in the whole space,
quasi-interpolation operators were introduced and studied (see Subsections
6.5.1 and 6.7.1). Some final remarks are given in Chapter 7, and a discussion
about future work and possible extensions of the results established in this
Thesis is made.



Chapter 1

Sigmoidal Functions and
Neural Networks in
Approximation Theory

1.1 A brief introduction to Neural Networks

There is no universally accepted definition of neural network (NN) in the
literature. There is a general agreement that NNs are a collection of models
of computation, very loosely based on biological motivations. According to
Haykin [74],

“a neural network is a massively parallel distributed processor that has a
natural propensity for storing experiential knowledge and making it available
for use. It resembles the brain in two respects:

1. knowledge is acquired by the network through a learning process;

2. inter-neuron connection strengths known as synaptic weights are used
to store the knowledge.”

This is a highly non-mathematical definition, but it describes very well the
ideas for which NNs have been introduced.

NNs are models useful to represent the behavior of the human brain.
The brain is made by billions of neurons. Every neuron is a cellular body
with branched extensions called dendrites, through which the neuron receives
electrical impulses from other neurons (see Fig. 1.1) . Moreover, each neuron
has a filamentous extension called azon with a variable length (from 1 cm
to 1 m). At the end of the axon there are ramifications, which transmit
the electrical signals to other cells, for instance, to the dendrites of other
neurons. Between the terminal of an axon and the receiving cell there is
some space. The electrical impulses pass through these spaces by means
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Figure 1.1: The biological neuron.

of chemicals called neurotransmitters. The connection point between the
terminal and a dendrite is called synapses.

A neuron is activated, i.e., it transmits an electrical impulse along its
axon, when a difference of electric potential between the inside and the out-
side of the cell occurs. The electrical impulse causes the release of a neuro-
transmitter from the axon terminals, which can also affect other neurons.

The human brain is a complex, parallel computer and although it con-
sists of very simple processing elements (the neurons), it is able to perform
complex tasks, such as recognition, perception, and control of movements.
Moreover, it is able to modify the connections among the neurons based on
their experience, that is, it is able to learn.

In the brain, there is no centralized control, in the sense that the various
areas of the brain work simultaneously, effecting each others and contributing
to the realization of specific tasks. Finally, the brain is fault tolerant, that is,
when a neuron or one of its connections is damaged, it keeps working, though
with a slightly degraded performance. In particular, the performance of the
brain processes degrades gradually while the neurons are being destroyed
(graceful degradation).

Therefore, to reproduce artificially the human brain behavior, a network
of very simple elements should be built up, which is a distributed structure,
massively parallel, able to learn, and then, to generalize, i.e., to produce out-
puts, correspondingly to inputs not encountered during the previous training.

1.1.1 The artificial neuron model

The artificial neuron model has a multivariate structure, having many inputs
and one output, where each input has an associated weight, which determines

10
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Figure 1.2: The artificial neuron model proposed by McCulloch-Pitts.

the conductivity of the input channel and reproduces the synapses.

The inputs provide a weighted contribution to the neuron and represents
the electrical impulse that every neuron receives from the others to which it
is linked. From the mathematical point of view, we will denote the inputs
by the real parameters, z1,....x,, and the associate weights by wi, ..., wy,
wy, € R. The weighted sum of the input values is given by > ;_; zpwy. To
every neuron a specific threshold value 6 € R (also called bias) is associated
as well as an activation function, having usually the form of a Heaviside
function (or unit step function), H(z), H(z) = 1, for z > 0 and H(z) =0
otherwise. Then, the full model of an artificial neuron takes on the form

F(zy,...,xy) == H (Zwkwk - 9) , o (x1,..,zn) € R™ (1.1)
k=1

If the value Y | zpwy, exceeds the threshold 0, ie., > ) zpwy — 0 > 0,
then the function in (1.1) yields 1 as output. This situation represents the
activated neuron. In case that Y ,_; zpwi—6 < 0, we have F(z1,...,x,) = 0,
which models a neuron that does not transmit any electrical impulse. This
neuron model is very simple and it is also known as the perceptron or also
as the McCulloch-Pitts model [111]. The name perceptron was coined by F.
Rosenblatt in [125]. Such a model is represented in Fig. 1.2. Afterwards,
Rosenblat extended the McCulloch-Pitts model so as to build neural net-
works consisting of artificial neurons and capable to learn from experience
[126, 127].

11
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Figure 1.3: The multi-layers feed-forward neural network architecture (left) and
the recursive neural network architecture (right).

1.1.2 The artificial neural network model

The design of a NN requires determining several components, such as the
number of neurons, the activation functions of the neurons and their archi-
tecture, i.e., their connections.

The distinction between the various kinds of NNs is made according to
the architecture that characterizes them. A classification can be made in: (i)
feed-forward, and (ii) recursive NNs. The feed-forward NNs (see Fig.1.3, left)
have an acyclic structure organized in layers, where each neuron is connected
in input only with the previous layer and in output with the next layer. This
kind of networks computes an input function depending only on the weights.
Sometimes, it could have some hidden layers, i.e., layers in which the neurons
do not communicate with the outside.

The recursive NNs (see Fig.1.3, right), on the other hand, have a cyclic
structure, and the activation of the neurons determine the internal layer.
The most common recursive NNs are the Hopfield neural networks and the
Boltzmann machines. In the Hopfield NNs, every neuron appears in both,
input and output, and has bidirectional connections with symmetric weights.
The Boltzmann machines have hidden neurons, which are not involved in the
input and output phases.

On the basis of the NNs models, one neuron can be activated at a time,
or all neurons can be activated simultaneously. In the first case, we will
talk of asynchronous activation, in the second case of synchronous or parallel
activation.

From the mathematical point of view, for instance, a perceptron feed-
forward neural network with one hidden layer (the kind of NNs that we will

12



consider in this Thesis), can be represented by

N n
ZO@'H (Zx;&ui—@,) y (1.2)
=1 k=1

i.e., as a finite linear combination of perceptrons, H being the unit step
function. Defining z = (21,...,2,) and w; = (w},...,w’), we denote by
TWi= Y g Tk w,i the usual inner product in R™, and then we can rewrite
(1.2) in the more compact form

N
ZaiH(g-yi—Qi). (1.3)
i=1

As observed in the previous paragraphs, since NNs are expected to behave
as the human brain, they should be able to acquire some knowledge by means
of a learning process. Mathematically speaking, this amounts to make a
suitable choice of the weights wi’s of the NN in (1.2). For further details
concerning neural networks see, e.g., the monographs |74, 23, 124, 66, 24, 85,
13].

1.1.3 Training the networks

The main task of training a network is to adjust its weights so to produce
the desired responses. One of the most used training method is the su-
pervised learning, which plans to present to the network the corresponding
desired output for each training example. In general, at the beginning of
the training, the weights are initialized using some random values. Then, all
values contained in the training set are presented to the network. For each
element of the training set, the error made by the NN, i.e., the difference
between the desired and its real output, is computed. The size of the error is
used to adjust the weights. This process is repeated several times, changing
the order of presentation of the elements of the training set to the network.
This process ends when the errors made by the NN in all training values are
smaller than a given threshold.

After the training, the behavior of the network is tested against the values
of a suitable test set, made by different elements (with respect to the training
set). This phase allows us to consider the ability of the NN to generalize,
i.e., to produce outputs, correspondingly to inputs not encountered during
the previous training.

The performance of the NN strongly depends on the choice of the training
set. These samples should be representative of the pattern that the network
is intended to represent. Training is an ad hoc process, depending on the
specific problem being treated.

One of the most used training algorithm is the Widrow-Hoff rule (or
Delta rule) |76]. Let z := (x1,...,x,) the input value for a given artificial

13
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Figure 1.4: Example of classification problem.

neuron, and ¢ and y the desired and the neural network output, respectively.
The error is given by § :=t — y. For the Widrow-Hoff rule, the variation of
each weight should be computed by

Awk = 775$k7

where 0 < 1 <1 is the so-called learning rate (or learning speed).

For instance, one of the possible applications of the training of a percep-
tron NN is the so-called classification problems of a class of objects, consisting
in associating each object to the correct class. Suppose that we wish to clas-
sify some objects represented by points of the plane, in two distinct classes.
If such classes are linearly separable, we can use a NN which approximates a
straight line of separation between the two classes. Then, an object will be
ranked by representing it as a point in the plane, and moreover, we can as-
sign it to one of the two classes identified by the half-plane where the point is
located (see Fig.1.4). This kind of classification can be obtained using, e.g.,
the Widrow-Hoff rule, a bivariate NN with one perceptron. We recall, for the
sake of completeness, that a classification problem is termed linear if a line
(on the plane), or an hyperplane (on the n-dimensional space, n > 2) can be
used to separate all points. Otherwise, the problem is called nonlinear. In
general, the perceptron model can be used to solve linear classification prob-
lem, in which the input values must be separated putting them in different
classes.

Nonlinear problems can be solved by multi-layers NNs, see, e.g., [21]. In
this case, it can be useful to set up an algorithm for the supervised training.
The problem appearing in training of multi-layers NNs is that a technique of
adjustment of the weights, similar to the Widrow-Hoff rule, allows to update
only the weights related to the output neurons. This fact is reasonable, since
only for the neurons of the output layers we know the desired output.

This problem was solved, relatively recently, in 1986, when was intro-

14
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Figure 1.5: The logistic function o, (left) and the hyperbolic tangent sigmoidal
function oy, (right).

duced the back-propagation algorithm [75]. This algorithm consists in com-
puting the error of the last hidden layer neuron, and propagating back the
error computed on the output neurons linked to the last but one hidden
layer, and so on.

The back-propagation algorithm consists of two phases. First the ele-
ments of the training set go from the input to the output of the network
and then the errors are propagated back. In this second phase a weights
adjustment is made. At the beginning, the weights are initialized by random
values. The back-propagation algorithm is a generalization of the Widrow-
Hoff rule, and is a gradient descent method. Moreover, it requires that the
activation function of the network be differentiable, then the Heaviside func-
tion (discontinuous at = 0) is usually replaced by the the smooth, nonlinear
function oy, defined by

o) == (14+e )71 z €R,

called logistic (or sigmoid) function (see Fig.1.5, left). It is clear that oy
has the same behavior of the unit step function, and may play the role
of activation function as well. Another instance often used, for smooth,
activation function is given by the hyperbolic tangent sigmoidal function,
defined by

op(z) = (1/2)(tanh(z) + 1), z €R,

where tanh(z) := (e2* — 1)/(€?® + 1), see Fig.1.5 right.

1.2 Sigmoidal functions

Training by the back-propagation algorithm of multilayer neural networks re-
quires considering neural networks with smooth activation functions. Clearly,

15



these functions must have a graph with the same behavior of the unit step
function, and this leads to the introduction of a new class of functions, the
sigmoidal functions. We have the following.

Definition 1.1. A measurable function o : R — R is called “a sigmoidal
function” whenever
lim o(z)=0 and lim o(x) =1
T—>—00 T—+00
Sometimes, boundedness, continuity and/or monotonicity may be prescribed
in addition.

Obviously, the Heaviside (unit step) function is a sigmoidal function.
Moreover, the logistic and hyperbolic tangent sigmoidal functions introduced
in the previous section are clearly examples of smooth and bounded sigmoidal
functions.

In particular, logistic functions are largely used in many fields, such as
Biology, Physics, Biomathematics, Statistics, Economics, and Demography
(see |25, 78], e.g.) and indeed they were first introduced in the 19th Century
as a model to describe population growth.

Other important examples of smooth sigmoidal functions are given by
the following:

1 z 7252/2
the well-known Gaussian sigmoidal function (see e.g. [121]), useful in prob-
abilistic and statistical applications,

1 1
Oare(T) 1= = arctan(z) + 3 z € R, (1.5)

the arctan sigmoidal function (see e.g. [121, 56]) and finally, the Gompertz
functions
—aqe Bz

gap(x) == e , z € R, (1.6)

where «, S > 0 represent an effective translation and a scaling term, respec-
tively (see Fig.1.6).

Gompertz functions, have been introduced by Benjamin Gompertz for
the study of his demographic model, which represents a refinement of the
Malthus model. These functions are characterized by unsymmetrical growth
unlike oy, op, o and o4pe, moreover, they find applications in modeling
tumor growth and in population aging description, see e.g. [110, 3, 55| and
[129], respectively.

A further important example of non-smooth, continuous, sigmoidal func-
tion is given by

0, for x < —1/2,
or(x) =4 z+1/2, for —1/2<z<1/2, (1.7)
1, for x > 1/2,
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Figure 1.6: Left: The Gompertz functions o, 2 with a = 1 (black) and o = 10
(gray). Right: The Gompertz functions o1 g with 8 =1 (black) and 8 = 10 (gray).

the so-called ramp function (see e.g. [46, 39]).

A further generalization of the concept of sigmoidal function can be given
introducing a mathematical formulation for the activation functions. We
have the following.

Definition 1.2. A measurable function s : R — R is called “activation
function” whenever

zgr_noos(:c) =a and IETOOS(:U) =,

with a # b.

1.3 A survey on approximation by sigmoidal func-
tions

In Section 1.1.3 the problem of the training neural networks is introduced.
Mathematically, this fact can be reviewed as an approzimation problem.

The adaptable structure of a feed-forward neural network with one hidden
layer, composed many neurons, weights and various parameters, results very
suitable to approach this kind of problems.

Clearly, in order to obtain applications to the training of NNs, the ap-
proximation problems should be solved by constructive methods, but as we
shall see in the next sections, whenever it is possible, it results to be very
difficult.

In fact, the approximation results proved in the last 25 years are mainly
obtained by non constructive arguments.

One of the most studied problems of approximation by neural networks
with sigmoidal functions, is the so-called density problem.
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Let o be a given sigmoidal function. We denote by
N
MN(O') = {Zam(a&wi—ﬁi): (a78 HiER, wieR”}, (1.8)
i=1
for some fixed N € N*. We ask the following question:

for which o is it true that, for any f € C°(R"), any compact subset K

of R™ and every € > 0, there exists N € Nt and a g € My(o) such that
max|f(z) —g(z)] < e 7 (1.9)

In other words, when do we have density of the linear space containing all
the My (o), for every N € N*_ in the space C°(R™) with the topology of
the uniform convergence on compact sets 7

Clearly, the problem above can also be studied directly on some fixed
compact set, i.e., we can study the density in the space C°(K), with K C R"
compact, in the uniform topology.

This result was first established by G. Cybenko [63] for continuous o,

although his arguments were arranged for showing density in C°(I,,), where
I,:=10,1] x ... x [0, 1].

1.3.1 The Cybenko’s approximation theorem

The result obtained by Cybenko in [63] is based on the particular concept
of discriminatory function. In this section we denote by M (1), the space of
signed regular Borel measures on I,, (see e.g. [128]).

Definition 1.3. We say that o : R — R is “discriminatory” if for a measure
p € M(Iy)

oy -z +0)du(z) = 0,
In

for all y € R"™ and 0 € R implies that 1 = 0.

Theorem 1.4 ([63]). Let o be any continuous discriminatory function. Then
finite sums of the form

N
Gz) = Zaja(gj-g—l—@), z € R",
j=1

are dense in CO(I,,), according to the definition given in (1.9).

The proof of Theorem 1.4 is non-constructive and is based on the Hahn-
Banach theorem and Riesz representation theorem.

The Cybenko’s approximation theorem by superposition of sigmoidal
functions can be immediately deduced by the following lemma.
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Lemma 1.5 ([63]). Any bounded, measurable sigmoidal function, o, is dis-
criminatory. In particular, any continuous sigmoidal function is discrimina-
tory.

The problem studied by Cybenko was suitable to applications in circuit
theory and filter design, where simple nonlinear devices are used to synthesize
or approximate desired transfer functions. Thus, for instance, a fundamental
result in digital signal processing is the fact that digital filters made from
unit delay and constant multipliers can approximate any continuous transfer
functions arbitrary well.

Moreover, the theory above is related to the Hilbert’s 13th problem,
solved by Kolmogorov, which showed that all continuous functions of n vari-
ables have an exact representation in terms of finite superposition and com-
position of a small number of functions of one variable [86, 102|. However, the
Kolmogorov representation involved different nonlinear functions. The rela-
tion between the Kolmogorov representation theorem and neural networks
approximation was also studied by Kurkova in [87].

Funahashi [67] (independently of Cybenko) proves the density in the
uniform norm on the compact sets, for any continuous monotone sigmoidal
functions. An analogous results for LP metrics can be found in [130].

The paper of Cybenko has been superseded by a paper of Cheney and
Sun [51] and by two papers by Chui and Li [53, 54]. The papers [51] and
[53]| deal with the density of the space containing all the sets

N
{Zaia(w-ki—ei): a;, € R, QiEZ, kiGZn}, (1.10)
=1

for every N € N*_ in the space C°(K), where K C R" is compact. The
real benefits over Cybenko’s results is that the set in (1.10) is considerably
smaller to My (o), for every N € N*.

1.3.2 The constructive convolution approach

We now move on to consider constructive proofs of density results showed
in the previous section. We discuss about the analysis of Cheney, Light and
Xu, as found in [49, 50]. As a general principle, the idea of convolution kernel
from a sigmoidal function is used. However, this kind of approach is very
difficult due the nature of the problem.

First of all, we need to introduce the concept of ridge function.

Definition 1.6. Let a € R" and g : R — R be fized. The function f: R" —
R, defined by f(z) := g(a-x), € R™, is called a “ridge function” (or "plane
wave” function).

Now, let ¢ € C°(R) and consider the ridge function
ft) = ¢(z-t), teR" (1.11)
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>From (1.11) we want to construct a second function which is in L'(R")
and whose integral is non-zero. Whit any function whose behavior for large
values of z € R” is uneven, in the sense that as x moves around on the
surface of a sphere of large radius, the function varies considerably, it is a
sound principle to average the function over the sphere. To this aim, let
S"~1 denote the unit sphere in R” and w,_; the surface area of S"~1. We

set
o(g) = — oz uw)dS"'(w), zeR'.  (L12)

Wp—1 Jgn—1
The following result can be found in Madych [103].

Lemma 1.7 ([103]). Let ¢ € CO(R), n € N*, n > 2. Define g : R® — R
by (1.12). Then g is a radial function and if g(xz) = go(||z]|2) (here || - |2
denotes the usual Euclidean norm in R™) we have

1
go(r) = wn_gw;il/ o(rs)(1 — s2)(=3)/2 g,
-1

We want to be able to tell not only when a ridge function is L!(R") but
also when a function can be integrated against ||z||5’. The next lemma helps
in this process.

Lemma 1.8 ([50]). Let ¢ € C°(R), n € N*, n > 2. Define g : R® — R as
in Lemma 1.7. Then if || - ||[7g(-) € L'(R™), we have

—+o0
/ l|Plg@) dz = w_s / et
R™ 0

For proof of Lemma 1.8, Lemma 1.7 was used. We see from Lemma
1.8 that [g, [lz|5*|g(z)|dz = 0 if ¢ is an odd function and the effect of the
integral on the right-hand side of the equation in Lemma 1.8 is to "remove”
the odd part of the function ¢. Henceforward, we can and do assume ¢ even.
We now tackle the integrability of g.

Theorem 1.9 ([50]). Let ¢ € C°(R) and let g defined in (1.12). Moreover,
let n € NT be odd and let ¢ satisfy

(i) [po®)t¥ dt=0,0<j<(n-3)/2;

(i) [g o)t ™"t dt < 400, for some m > 0.

Then the function x — ||z||5'g(z) is integrable to R™.

o(t)(r? — t2) =32 gy dr.

T

Of course, it may turns out that g € L'(R") but that [;, g(z)dz = 0,
which will preclude our using g to construct a convolution kernel. The next
two results address this matter.

Lemma 1.10 ([100]). Let ¢ and g as in Theorem 1.9 and let n € NT be odd.
In order that fR" g(z)dz # 0, it is necessary and sufficient that

p(E) "L dt # 0.
]Rn
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The situation when n is even is very different. We investigate first con-
ditions for the function g to belong to L!(R") and then we analyze the value

of [pn g(z)dz.

Lemma 1.11 ([50]). Let ¢ € C°(R) and g as in (1.12). Moreover, let
n € NT be even. Suppose in addition that ¢ satisfy the following assumptions:
(i) [po®)t¥ dt=0,0<j<(n—2)/2;

(i) [g o)t dt < +oo.

Then g € L*(R™).

Lemma 1.12 ([50]). Let ¢ and g as in Lemma 1.11 and let n € Nt be even.
Then we have fRn g(z)dz =0

It is worth noting before we proceed that the moment conditions on ¢
are not only sufficient for g € L!(R™), but also in a sense necessary (see [50]
for the details). The problems caused by Lemma 1.12 can be avoided by
averaging the kernel in one dimension higher.

Lemma 1.13 ([100]). Let n be an even integer, n > 2. Let ¢ € CO(R)
satisfy

1 o)t dt =0,0<j<(n—3)/2
2. [glo@)t" Tl dt < 400, for some m > 0.
For & € (x1,...,x,) € R" define T := (1, ..., &y, 0) € R"T1. Put

ha)= — [ o@ z)ds"@), ueR™,

wn Sn

Then [gn ||z]|5'|h(2)| dz < +o00. The condition [ ¢(t) "1 dt # 0 is neces-
sary and sufficient for [p, h(z)dz # 0.

We now recall the major results towards which we were aiming.

Theorem 1.14 (|50]). Let n be odd, n > 3. Let ¢ be a uniformly continuous
function on R satisfying:

+oo
1. )t dt :
| o < 4o
2 [ o0 d=0,0<5 < (n-3)/2
R

n—1
3. /Rqs(t)t dt # 0.
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Then the set of functions
N
{Zam(x-uﬁei) : @, €R, 6; €R, u; €R", N eN*},
=1

is dense in CO(R™) with respect to the uniform topology on the compact subset
of R™.

We now show the sketch of the proof of Theorem 1.14. By the results
showed in this section we can deduce that, under the assumptions of Theorem
1.14, the function g defined on (1.12) belongs to L*(R) and [, g(z) dz = 1.
Now, by g we can define the sequence

gm(z) = m"g(mz), meNT.
Then, for every function f with compact support K C R”, we have
lgm * f = flloo = 0, as m — o0,

on K, where % denotes the usual convolution product (see e.g. [26]) and

(gm * f)(z) = /Kgm(m —y)f(y) dy.
The above formulae can be uniformly approximated by a sum of the form

> bag(mz — za),

AeP

where ba and z4 are suitable coefficients and P is a suitable finite set. Then,
applying a quadrature rule to each term g(mz — z,), we can obtain the
following approximation formula:

Z Z caepd(mzup — zaupg),

AeP BeQ

where

ep = wnil/ ds™ (w),
B

up € B, B € @, where @ is a partition of S"! into a finite, disjoint,
collection of Borel sets. A similar theorem can be established for n even.
The reader is referred to [50] for details.

Now, it is possible to show how the theory above can be applied to obtain
results concerning approximation by sigmoidal functions.

Let o be a continuous sigmoidal function and we set ¢(t) = o(t+1)—0o(t),
t € R. Then ¢(t) — 0 as t — +o0o. The rate at which ¢(t) — 0 as t — o0
depends on the rate at which o(t) - 0ast — —oo and o(t) — 1 ast — +o0.
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However, with quite mild assumptions on o, such rate may be improved by
differencing.

Let A be the forward difference operator (A¢)(t) = ¢(t + 1) — ¢(t).
Suppose ¢ is even and has the power series expansion at —+oo,

oo
o(t) = Zakfk*a, for 0<a<l1l, t>T.
k=1

Then we will denote

n—1

n— ,_ _1\yn—1—j n—1 .
A1) = Sy ( j )¢<t+y>,

J=0

and so for t > T,

+oo
(A™9)(1) = (n—1)LY ap e,

k=1

for some t < & < t+mn — 1. It follows that (A" !¢)(t) = Ot " ?) as
t — +o00. Consequently, the function ¢ — t"“1(A""1¢)(¢) is in L}(R). Now
put ¢ := A" ¢, Then for 0 <k <n—1,

/ W)tk dt = / (A L))k dt = (—1)"L k! / S(t+n—1)(AV,)(1) dt
R R R
0, ifO<k<n-—2

(=)™ LR [ o(t) dt, k=n—1.

Here we have used the notation Vj for the normalized monomial Vi (t) =
t¥ /k!. This lead to the following result.

Theorem 1.15 ([100]). Let ¢ € C°(R) be an even function and let n be odd.
Suppose:

(a) qu§<t) dt # 0;

(b) & has a descending power series expansion at +0oo of the following form:
+0o0
$t) = Y apt™ 0<a<l, t>T.
k=1
Then the set of functions

N
{Zak¢(x'u+9k): u€R", O €R, NeN*},
k=1

is dense in CO(R™) with respect to the uniform topology on the compact sub-
sets of R™,
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Theorem 1.15 may be applied to obtain a constructive proof of the de-
sired dengity result for suitable sigmoidal functions o, using the convolution
techniques of Theorem 1.14. An example of sigmoidal function for which the
above approach can be applied is the logistic function o, [100].

Given f € C°(R"), K compact in R® and ¢ > 0 we can construct
(up)k=1,...,~ in R™ and (¢g )k j=1,.. N, (0j)j=1,..~ in R such that

N
sup (f(z) = Y erjlz-w, +0))| < e
zek k, j=1

Unscrambling all this gives the approximation

N
> crjtb(a - wy, +05)

k,j=1
N
k,j=1
N n+1
= > ij{Ze?g(l’uwr@j+f)+62/‘7(x“’“+0jJJ)}
k,j=1 £=0
N n+1
= ij{Z(€Z+6Z')U($uk+9j+5)}-
k,j=1 £=0

This is the required sigmoidal approximation. Note that even if the decay
properties of o at +oo are not very strong, it can be expected that the
differencing applied to generate the function ¢ will greatly improve this
decay.

There are alternative approaches to these ideas of generating in a prac-
tical way appropriate sigmoidal function approximation. An algorithm is
proposed by Chui and Li in [54], where they first approach the approxima-
tion problem by using the Bernstein operators and then applying again the
convolution technique.

Other constructive approach has been proposed in [48], but we will ana-
lyze it in detail in the next chapters.

1.3.3 The Mhaskar-Micchelli results and the k-th sigmoidal
functions

The idea proposed by Mhaskar and Micchelli in [115], is to construct a suit-
able operator which is polynomial preserving. The present approach focuses
on only to approximation of univariate functions. First of all, we recall the
following definition.
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Definition 1.16. Given a continuous sigmoidal function o and n € NT, we
define A, to be the smallest positive integer such that:

(a) lo(z)| <n™! fora < —Ay;
() 1—nt<o(x)<1+n7?t forz > A,

The operator introduced by Mhaskar and Micchelli are defined by

(Guf)ia) = (0 é;{f (2) -1 (*50) boantna =),

r € R, where ¢ is any continuous sigmoidal function and f € CY(R).

In order to recall the main results obtained in [115] concerning sigmoidal
function approximation, we must introduce the well-known notion of modulus
of continuity, very important in Approximation Theory.

Definition 1.17. For any continuous function f defined on the interval
[a,b], we denote by

w(f,6) = sup |f(z) — f(y)l,

z,y€la,b], |z—y|<d
the “modulus of continuity of f”.

Note that, the above definition can be easily extended to the case of
functions defined on the whole real line. Now, we have the following.

Theorem 1.18 (|115]). There exists a constant ¢ > 0 such that for f €
CO(R)
sup |f(z) = (Gnf)(2)| < cw(f,1/n),

z€[0,1]

for every n € NT,

Theorem 1.18 is a constructive approximation result with rate.
Always in [115], a generalization of the concept of sigmoidal function has
been introduced.

Definition 1.19. A “k-th degree sigmoidal function” is a function o : R — R
such that
o(x)

. o\ .
lim T) =0and lim —= =1,
r——00 X r—+00 I

and o 1s bounded by a polynomial of degree at most k on R.
Mhagkar and Micchelli provide constructive proof, drawing upon ideas
from the area of spline functions in the univariate case. However, this kind

of approach does not generate a pure sigmoidal approximation, since the
sigmoidal part is augmented by a polynomial. For further details see [115].
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To approximate multivariate functions, the method proposed in [115]
consists, first, to approximate a given function by means of a suitable average
of Fourier series. The average is taken so as to generate an approximation
with a sufficiently high degree of accuracy. Then the univariate result is used
to obtain a sigmoidal approximation.

Others important papers concerning neural networks approximation are
[116, 114, 99]. These results are obtained for 27-periodic functions and also
for non necessarily periodic functions (see e.g. [116]). In [99] neural networks
are constructed by wavelet recovery formula and wavelet frame. Finally, the
optimal order of approximation for NNs with a single hidden layer was proved
in |114] for functions assumed to posses a given number of derivatives.

1.3.4 Multivariate approximation based on Lebesgue-Stieltjes-
type convolution operators

In Lenze [94] an original constructive approach for multivariate approxima-
tion with sigmoidal functions has been developed. The basic idea was of
use an hyperbolic-type argument in ¢ in place of ridge like typical argument
x - uy — 0. This results were obtained by using the theory of the Lebesgue-
Stieltjes convolution operators. We start with the following notations.

Let R C R™, R := [a1, b1] X ... X [an,by]. Denote by

Cor(R) == {z €R": x; =a; or z; =b;, for everyi=1,...,n},
and by
v(z,a) = {ie{l,..,n}, zi=a;}|, z€Cor(R),

where a := (ai,...,a,) and here, the |- | denotes the number of distinct
elements of the set under consideration. Now, for every f : R™ — R define

Af(R) = Y (-1)®9 f(a).

zeCor(R)

Definition 1.20. A function f : R™ — R is said to be of “(uniform) bounded
variation” on R", if there exists a finite constant K > 0 such that A;(R),
R C R", defined by

Af(R):=sup {Z|Af(Rl)| RiCR, RiNR;j=0,1# j, 1<, 5 <r, T‘EN+} )
i=1
satisfies

sup {Af(R): RCR"} = K < +o0. (1.13)
In this case we will write f € BV(R™).
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As this is well-known, a function f € BV(R") induces a signed Borel
measure my, the so-called Lebesgue-Stieltjes measure associated to f. This
measure determines the Lebesgue-Stieltjes integral with respect to f, and
then, all the integrals in this subsection have to be interpreted in Lebesgue-
Stieltjes sense. For major details see [94].

We now introduce the Lebesgue-Stieltjes convolution operators induced
by a continuous sigmoidal function.

Theorem 1.21 (|94]). For f € BV(R") with limy 1 f(t) = 0 (here
|t :==max {|t;| : i =1,...,n}), the operators Q,, p > 0, defined by

(N = (12 [ na(pHak—xk)) &),
k=1

for every x € R™, are well-defined and map into the space C°(R™). Moreover,
they are linear and with K > 0 given by (1.13), they are bounded by

Seuﬂgllﬁp(f)(&)\ < 27K o,

where ||0|oo := Supsep |o(t)].
In case of f continuous at x € R™ we have the local approximation results

i 2,()@) = f).

Since we are interested in practical approximation method, in order to
approximate f we have to evaluate the convolution integral appearing in
Theorem 1.21 approximatively, using e.g. a simple Riemann-type midpoint
quadrature rule and get the discrete operators Q" (here p = h~" in order
to obtain operators depending only from the parameter h > 0), defined by

n

AN(F) () = (1" 2" 3 o | TLlks + 5 — 2 | Ap(R)y)

kezn J=1

where ﬁ?k = [hk1, h(k1 4+ 1)] X ... X [hkp, h(ky, 4+ 1)]. In the following, we
examine the properties of the discrete operators Q).

Theorem 1.22 (|94]). Let o be a continuous sigmoidal function. For f €
BV (R™) with lim 1 f(t) = 0, the operators QM h >0, are well-defined
and map into the space CO°(R™). Moreover, they are linear and with K > 0
given by (1.13), they are bounded by

sup
zeR?

AW (@) <2 Kol
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We now pass over the approximation properties of the operators Q)
h > 0. We introduce the following definition:

BVCy(R") = {feBV(R”)ﬂCO(]R”): lim f(t):()}.

[l —+oc
We obtain the following.

Theorem 1.23 ([94]). Let o be a continuous sigmoidal function and consider
QM h>0. For all f € BVCy(R"™) and for every z € R™ we have

lim QP (f) = flleo = O.
Jim () — Fll

For a discussion on the practical applications to neural networks of the
present theory see [94].

1.3.5 About the order of approximation

A problem of interest in Approximation Theory is to study the order of
approximation.

Bounds for the error of approximation by neural networks with sigmoidal
functions are usually given in terms of the number of neurons, and sometimes
are related both to the number of the neuron and the weights. In some cases,
these estimate are given in term of the modulus of continuity of the function
f that we wish to approximate.

This subject has been addressed by many authors. Debao Chen [47]
proved an estimate for univariate functions f € C°[0,1]. We have the fol-
lowing.

Theorem 1.24 ([47]). Let o a given sigmoidal function. For every f €
C00,1] we have

dist(f,Mn(0)) < |lofleow(f, 1/N),

for every N € NT, where My (o) is the set of functions defined in (1.8) and
dist(f, Mn(0)) = infgepty (o) [1f = Glloo-

Clearly, from the error of approximation estimates given by the modulus
of continuity of f also the convergence of the approximation method can be
deduced. In fact, if a general function f : R — R is bounded and uniformly
continuous, we have

Nlirilww(f, 1/N) = 0. (1.14)

An extension of Theorem 1.24 for suitable functions defined on the whole
real line has been proved in [72]. The order of approximation was studied
for functions belonging to the following set:

C%R) := {f :R — R : f continuous and EIE f(z), EIP fx) arefim'te} .

The following result has been proved.
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Theorem 1.25 ([72]|). Let o be a bounded sigmoidal function and f €
CO(R). For every N € Nt we have

"N +1

where the positive constant A1 depends on f and o only.

dist(f, Mx(0)) < Haloow<f 241 )

As a corollary of Theorem 1.25 we can deduce an order of approximation
for continuous functions defined on bounded intervals [a, b]. In this case the
constant 24, can be replaced by the constant b—a. If [a, b] = [0, 1] we obtain
again Theorem 1.24.

Moreover, in [72] is also proved that the approximation error derived
in Theorem 1.25 for certain continuous functions, when o(x) = H(z) (the
Heaviside function), is almost the best possible, i.e., a tight bound for the
approximation error is derived.

We recall that, a tight bound is a simultaneous upper and lower estimate
of the approximation error given either with the same modulus of continuity
(or O symbol) and different constants.

A similar result to that proved by Debao Chen in Theorem 1.24 has been
proved by Gao and Xu [68] for univariate functions of bounded variation,
defined on the interval [0,1]. In particular, they showed that in this case
the error of approximation depends on the total variation of f. Recall that,
for univariate functions defined on bounded intervals of R the definition of
function with bounded variation can be simplified with respect to that given
in Definition 1.20.

Definition 1.26. Let f : [a,b] — R. The “total variation of f” in [a,b] C R
is defined by:
r—1
V(f)la,b]:=sup Z \f(xjs1) — flx)| ra=20 < 21 <...< 2, =b, reNT
=0
If V(f)la,b] < 400, f is called a “bounded variation function on [a,b]”. The
set of all functions of bounded variation on [a,b] will be denoted by BV [a,b].
We have the following.

Theorem 1.27 ([68|). Let o be a bounded sigmoidal function. Then, there
is a positive constant ¢, depending on o only, such that for every N € N
and for each f € BV[0,1],

dist(f, Mn(c)) < eV (f)[0,1]] N~ .

The idea of the proof is very similar to that proposed by Chen, Chen
and Liu [48], in their convergence theorem for neural networks activated by
sigmoidal functions in one-dimension.

Theorem 1.27 has been extended in [95] by Lewicki and Marino for func-
tions of bounded ¢-variation. We recall the following.
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Definition 1.28. Let ¢ : Rt — RY be a continuous, strictly increasing
function such that ¢(0) = 0. Moreover, let f : [a,b] — R. The “¢-variation
of f”in [a,b] C R is defined by:

r—1

V(H)labl:=sup <> ¢ (If(@je1)— f(x;)]) s a=mo<a1 <..<zp=b, reNT
j=0

If Vi(f)la,b] < 400, f is called a “bounded ¢p-variation function on [a,b]”.
The set of all functions of bounded ¢-variation on [a,b] will be denoted by
BV¢[CL, b]

The first remarkable result proved in [95] was the following.

Theorem 1.29 (|95]). Let ¢ : RT — RT be a continuous, strictly increasing
function such that ¢(0) = 0. Moreover, let f € C%[a,b] satisfy the following

property

(P) there exists a constant C' > 0 such that for every N € NT we can select
a partition a = g < x1 < ... < xp = b such that for everyt=1,..., N,
if v,y € I; = [xi—1, x;], then

@)=l < o ().

and let o be a bounded sigmoidal function. Then

C

dist(f, My () < (1+8]o]ls) 67 (N) .

Note that the class of functions satisfying property (P) is larger then
the class of functions of bounded ¢-variation. Moreover, if a function f is a-
Holder continuous, with 0 < o < 1, condition (P) is fulfilled with ¢(t) = ¢,
then the estimate provided by Theorem 1.29 becomes

1/a
dist(f. M (0)) < (1+8]0]o0) (fj) |

Finally, again as a consequence of Theorem 1.29 and by the above observa-
tions it is immediate to prove the following.

Theorem 1.30 (|95]). Let o be a bounded sigmoidal function and let f €
C°a, bl N BVy[a,b]. Then

dist(fMu(@) < (14 8ol ot (L),
for every N € NT.
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The results concerning the order of approximation studied in this sub-
section deal only for univariate functions. To find results in a multivariate
setting is certainly more difficult.

For instance, some approximation bounds for the superposition of sig-
moidal function in several variables has been proved by Barron [20].

In order to obtain results in this sense, Barron introduced a smoothness
property of the function to be approximated, expressed in terms of its Fourier
representation.

In its paper [20], Barron considered the class of functions f : R™ — R for
which there is the following representation:

f) = [ e flu)dw,

where f denotes the Fourier transform of f for which w f(@) is integrable.
Moreover, the following term was introduced:

Cr = [ (ww) I Fw) d,

~

where in the above formula | f(w)]| is the modulus of a complex-valued func-
tion. We will denote by I'c the set of all functions f such that Cy < C.
Functions with C finite are continuously differentiable on R™ and the gra-
dient of f has the Fourier representation

Af(z) = / et Kf(w) du,

where 5}”(@) = i@f(g).
The finite linear combination of sigmoidal functions considered by Barron
are of the form

N
fn(@) = aio(z-w;—0;) + ao, (1.15)
i=1

where the shifted term g is introduced. Similar to My (o), we define by
Gn (o) the set of all functions of the form in (1.15), for every o, 0; € R, w; €
R"™ and N € N*. The order of approximation achieved in [20] is measured by
the integrated squared error with respect to an arbitrary probability measure
w on the closed ball B, C R™ centered in the origin and with radius » > 0.

Theorem 1.31 (|20]). Let 0 a bounded sigmoidal function. For every func-
tion f with Cy finite and every N € NT, there exists a linear combination of
sigmoidal functions fn(x) of the form in (1.15), such that

/

| @ -ty duta) < L

T
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where c’f = (27’Cf)2. Moreover, for functions in U'c, the coefficients of the

linear combination in (1.15) may be restricted to satisfy Zfil lai| < 2rC
and ap = f(0).

Refinements of the above results are also showed in [20] using elements
of functional analysis. Substantially, the main goal of the paper is the proof
that the L2-error of approximation for certain functions, goes to zero as
1/ VN, for N — +co. Moreover, the following theorem is also proved in
[20].

Theorem 1.32 ([20]). Let S"~! C R” denotes the unit Euclidean ball of R™
and let U a probability Borel measure on S™~'. Moreover, let i a real valued
Radon measure on R™ and assume additionally that

/ ltlladu(t) < +oo.
]Rn

where here || denotes the variation of . Define for x € S"71,

h(z) := / et du(t).
Then there is a constant C > 0, such that
dist;2(h,Gn(0)) < C/VN,

for every N € NT | o bounded sigmoidal function, where dist;2(h,Gn(0)) =
infyegy (o) |h — gl 2 and L? = L?(S™1) with respect to the measure .

A generalization of Theorem 1.32 is produced by Lewicki and Marino
[96]. In particular, they consider functions of the ridge-type

Ma) = | F(E-2)dud), (1.16)
where p is a finite Radon measure on R™ and f : R — R is a continuous
function of bounded variation on R (the theory showed in [96] is valid also
for complex-valued function). Lewicki and Marino proved that functions of

the form in (1.16) can be approximated in L?-norm by elements of the form
(1.15), with o bounded.

Theorem 1.33 ([96]). Let B, D C R™ and D be a compact set. Suppose
that u be a real-valued Radon measure on B with variation |p| < 4o0o. Let
v be a finite Borel measure on D. Assume f : R — R is a continuous and
bounded function such that f € BV{[a,b], for every [a,b] C R and

V(f) = sup{V(f)la,b] : [a,b] CR} < +o0.
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Set for x € D, h(zx fB f(t-x)du(t). Then there is C' > 0, depending only
on f, D and v, such that

dist;2(h,Gn(c)) < C/VN,
where L? = L?(D) with respect to the measure v.

The same result holds true for f : R — R satisfying the Lipschitz con-
dition under the additional assumption that [g, [|t]|2d|x(t)] < +o0, see [96]
again.

For more results concerning the order of approximation see e.g. [80, 1,
88, 89, 82, 83, 91, 92, 73, 41].

A further generalization in the theory of NNs with sigmoidal functions
in Approximation Theory is the study of the order of approximation in the
general framework of Hilbert spaces. Results in this context were firstly
given in Barron [20] and Makovoz [104, 105]. Upper bounds are derived by
many authors, e.g., Gnecco, Kainen, Kurkova and Sanguineti in [69, 71, 70,
93, 81, 90].

In particular, tight bounds for the error of approximation were derived
in [104, 93].
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Chapter 2

Constructive Approximation
by Superposition of Sigmoidal
Functions

In this chapter, a constructive theory is developed for approximating func-
tions of one or more variables by superposition of sigmoidal functions. This
is done in the uniform norm as well as in the LP norm. Results for the simul-
taneous approximation, with the same order of accuracy, of a function and
its derivatives (whenever these exist), are obtained. The relation with neural
networks and radial basis functions approximations is discussed. Numerical
examples are given for the purpose of illustration. Comparisons with the
results of Chapter 1 are made.

The readers, can be found the present theory in [56].

2.1 Notation and preliminary results

In this chapter, by C™ [a,b], n € Nt we will denote the set of all functions f
such that f € C™(d/, ') for some open real interval (a’,b’) such that [a,b] C
(a’, V). Furthermore, Q C R? will denote the square @ := [a, b] X [¢, d], with
b—a=d—c and ||(z,y)||y := (2% +y*)"?, (z,y) € R?, the Euclidean norm
in R2.

Now we give a constructive proof of Cybenko’s approximation theorem,
inspired to the proof given in [48] by Chen, Chen and Liu, for functions
belonging to C%[a, b]. In particular, in our approach some little changes have
been introduced with respect to [48]. We will prove these density theorem
since the proof it is useful to let better understand our proofs below, in next
sections, concerning the constructive multivariate theory.

The following statement, that we display as a lemma, can be obtained as
an immediate consequence of Definition 1.1.
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Lemma 2.1. Let xg,21,...,2xy € R, N € NT, be fized. For every e, h > 0,
there exists w := w(e, h) > 0 such that, for every w >w and k =0,1,...,N,
we have

1. lo(w(z —x)) — 1| < &, for every x € R such that © — xp, > h;
2. lo(w(x —xk))| < e, for every x € R such that x — x, < —h.
Now we are able to prove the following

Theorem 2.2. Let o be a bounded sigmoidal function and let f € C°a,b]
be fized. For every € > 0, there exist N € N and w > 0 (depending on N
and o), such that, if

N

(GNP () =Y [f () = fae-1)] o(wle—ax))+ f(xo) o (w(z—z_1)) (2.1)
k=1
for x € [a,b], h:=(b—a)/N, and x, := a+kh, k=—-1,0,1,..., N, then

IGNf = flloo <€

We stress that continuity of o is not required and its boundedness in the
sup-norm, |||, := sup,cg |o(z)|, suffices.

Proof. Let € > 0 be fixed. Since f is uniformly continuous, correspondingly
ton :=¢e/(||fllo+2lloll+2) there exists § > 0 such that |f(z) — f(y)| <n
for every z, y € [a,b], with |z —y| < . We fix N € NT, N > 3, such that
h:=(b—-a)/N < /2 and 1/N < n. Moreover, we fix w > w(1/N,h) =
w(1/N) > 0, where w(1/N) is obtained using Lemma 2.1 with -, k> 0 and
with zp = a + hk, k = —1,0,1,..., N. Now, consider G f defined in (2.1)
with w. Let z € [a,b] be fixed and 4, i = 1,..., N, such that = € [x;_1, z;].
Set

Li(x) := f(a) + [f(z2) — f(z1)] o(w(z — 22)) + [f(21) — f(20)] o (w(z — 21))
for i = 1,2, and

-2

Z fler-0)] + fa) + [f(zi1) = f(zig)lo(w(z — 2i1))

f wz) flzia)]o(w(z —z:))
for ¢ > 3. In any case,
(Gn ) (@) = f(@)] < (G f)(@) = Li(x)| + [Li(x) = f(z)] = Iy + T2,

We now estimate I; and I» only for ¢ > 3, since similar estimates can be
obtained also for ¢ = 1,2. Being x —xp > h for k = —1,0,1,...,2 — 2 and

@

_l’_
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x—axr < —hfor k =i+ 1,...,N, by conditions 1 and 2 of Lemma 2.1, it
follows that

1—2
Lo < ) |f(ew) = flae-)lo(w(z — zx)) — 1
=1
+ [f@)]o(w(z —z-1)) -1
N N 1 1
+ D 1) = )l lo(wle — o)) < Y + 5 1f(0)]
k=1

k=i+1

< A+ lloe)n

It may be observed that here above just |f(a)| in place of || f||co would
suffice. Using the identity

2

@

f(zrp—1)] + f(a) = f(zi-2),

k=

—

and being |x;—9 — x| < |xj—9 — 1| + |zi—1 — 2| < 2h < J, we can estimate
I as

Iy = |f(zi—2) + [f(@im1) — f(zi2)] o(w(z — 1))
+  [f(xi) = f(@im)] o(w(@ — 2i)) — f(2)]
< |f(@ic1) = flziz2)| lo(w(@ — zi—1))|[ + [f(zi) — f(ziz1)| [o(w(z — z;))|
+ [f(zim2) = f(x)] < 2ol + 1) n-

From such estimates for I; and I, it follows that

[(Gn (@) = f@) <L+ < ([fllo + 2ol +2)n =&
Therefore, being = € [a, b] arbitrary, we conclude that |Gy f — f|l <e. O

Note that, when o is continuous, Theorem 2.2 can be viewed as a density
result in C°[a,b] for the set containing all functions of My (o), for every
N € N*, with respect to the uniform norm. In addition, as a consequence of
Lemma 2.1, we also observe that ||Gnf — f||,, < € for every w > w, where
w =w(1/N) > 0 is chosen as in Theorem 2.2.

2.2 Constructive approximation in L?[a, b]

Theorem 2.2 was extended also to LP-functions in [63] and then in [48], but by
non-constructive methods. Results in LP were also showed in [67, 1, 43, 44].

In this section, we give a constructive proof of an approximation theorem
for functions f € LPla,b], 1 < p < oo, by elements of My(o), with o
bounded. First of all, we have the following theorem.
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Theorem 2.3. Let o be a bounded sigmoidal function and let 1 < p < oo
be fived. For every f € C°la,b] and € > 0, there exist N € Nt and w > 0
(depending on N and o), such that the function Gnf defined in (2.1) with
w as scaling parameter, 1s such that

IGNS = fllpap < e

Proof. Let f € C°[a,b] and € > 0 be fixed. By Theorem 2.2, correspondingly
ton:=¢e/(b—a)'/?, there exist N € N*, N > 3, and w > 0, depending on
N, such that [|[Gnf — fll,, <. Therefore,

b 1/p b 1/p
(G0f = s = ([ NG - s@p ae) < ([par) =

O

Now we can prove the following constructive approximation result in

LP[a,b].

Theorem 2.4. Let o be a bounded sigmoidal function and let f € LP[a,b],
1 < p < oo, be fired. Then, for every € > 0 there exists N € NT and a
function Gy € My(o), such that

IGN = fllLrjap <&

Proof. The proof is constructive. Define the function f: R — R as

fla) = { f(z), @€ la,b, (2.2)

0, otherwise.

Note that f € LP(R) and f = f on [a,b]. Let {pntnen+s pn : R = R, be a se-
quence of mollifiers, i.e., p, € CZ(R), supp pp C [~1/n,1/n], [g pn(x)ds =
1, and p,(x) > 0 for every z € R, n € NT. Define the family {f,,},en+ by

h®%=mmﬂ@%iémm—wﬂw®,xeR (2.3)

where * denotes convolution. By the general properties of sequences of mol-
lifiers and of convolution products [26], it turns out that f, = pn* f € C°(R)
for every n € NT  and f, — f in LP(R) as n — +o00. Let € > 0 be fixed.
Then, there exists m € N such that

fn - .ﬂ

o]

for every n > m. Let now n > 7 be fixed. Being f,, € C°(R) C C°[a,b], as
a consequence of Theorem 2.3, correspondingly to €/2 there exist N € N7,

1 = oy = |

< <
LP[a,b] LP(R) 2
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N > 3, and w > 0 (depending on N and o), such that the function Gy f,
defined in (2.1) with w as scaling parameter, is such that

3

1G% f = Fllzsgay = | Govton = F) = (ons D], < 5

Hence, we can conclude that

9 9
16 = Flioiasy < NGN I = Fallisasy + 1 n = Fllinpasy < 5 + 5 =<

Setting Gn(z) := (Gn frn)(x) completes the proof. O

We stress that the proof of Theorem 2.4 is constructive and by choosing
a specific sequence of mollifiers a precise analytic form of the sums Gy f,
(fn defined in (2.3)) would be obtained, which approximates f € LP[a,b].

One could construct a sequence of mollifiers starting from a single func-
tion p € C2°(R), such that suppp C [-1,1], and p > 0 on R. For instance,
choosing

61/(‘1"2_1) |x| < 1
= ’ ’ 2.4
o(z) { ‘ i (2.4

)

we obtain a sequence of mollifiers setting
pn(z) == Cnp(nx), zeR, (2.5)

where C' := ([ p(z)dz)~t, [26, 97]. In this case, the approximating sums
take on the form

COxlpon Pz Zaka (2= a)) + g o(w(z —z-1)), @€ [a,b),

where N € N*, w >0, 2 = a + kh, k= —-1,0,1,...,N, for h = (b —a)/N
f defined in (2.2) and then the coefficients are

b
ag = / Pna — 9) — palznas — )] F(y) dy.

for k=1,..., N, while oy = f; pn(a —v) f(y) dy, for n sufficiently large.

2.3 Simultaneous approximation of functions and
their derivatives

The theory presented in Section 2.1, allows to approximate any given func-
tion f € C°[a,b] by means of functions like G f, defined in (2.1) and hence,
if f is sufficiently smooth, say, e.g., f € C! [a, b], then its derivative, f’, could
also be approximated by means of G f’. In particular, we can choose the
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same number N € N7 to construct simultaneous approximations of f and
f!, using G f and G f’. In this way, we can also choose the same value for
w > 0. However, 2(N + 1) coefficients, namely the values f(zx) and f'(xy)
for Kk =0,1,..., N, will be needed, in this case.

Similarly, we could construct simultaneous approximations to f, f’, ...,
£ by means of approximants like Gy f, Gy f/, ..., Gy f™, respectively, for
every given f € C™[a,b], requiring (n + 1)(N + 1) coefficients.

In view of a number of applications, it could be useful to be able to
approximate f along with some of its derivatives, by superposing sigmoidal
functions but using only the N + 1 coefficients entering the approximation
formula for f.

Remark 2.5. Let f € C'a,b] be fixed and ¢ € CY(R) be a bounded
sigmoidal function. Moreover, let ¢ > 0 such that |Gy f — f| < ¢, for
suitable values N and w > 0. Consider (Gnf)’, the first derivative of Gn f,
which is of the form

N

(GNP (x) = w [f(zx) = flae-1)] o' (wz—zp))+w f(z0) o' (w(z—2 1)),

k=1

(2.6)
for x € [a,b]. First of all, note that, in general, (Gyf) is not a sum of
sigmoidal functions, but its coefficients, which are the same appearing in
the sum Gy f, multiplied by the scaling term w > 0, are known. Besides,
o'(w(x—=xp)), k= —1,1,..., N, are also known. Hence, f’ could be uniformly
approximated by (G f)’, but in general the condition [[(Gnf) — f/||o <€
will not be fulfilled. A similar problem would arise if we try to approximate

/' by a sum of sigmoidal functions like G [(Gn f)'].
Consider for instance f(x) = x on [0,1] and oy(z) = (1 +e~*)~1. Then,
f'(z) =1and o)(z) = e~®/(1+ e )2, while the sum Gy f takes on the form

N
(GN)(w) =hY op(wo(x — k), = €[0,1],
k=1

where h = 1/N and 2, = k/N, k =1,...,N. Assume that [|Gnf — f|| <¢€
for e >0, N € NT, and a fixed value of wy > 0, depending on N. As noted
in Section 2.1, we also have ||Gn f — f]|,, < € if we replace wy in Gy f with
w > wo. Moreover, consider

N

(Grf) (@) =wh Y op(w(x —xx)), =€ 0,1].

k=1
Let now T € [0, 1] be fixed. Then,

N

(@n )@ =wh Y oyw(@ - ) = wC,
k=1
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where C' = C(w) is such that 0 < C' < 1 for every w > 0. Since limy,— o0 (w C—
1) = +o00, a condition like

(GN 1) @)~ f(@)] = |lwC —1] <e
cannot be satisfied, in general, if w > 0 is sufficiently large.

We now introduce some notation. For any fixed f € C|[a,b], and for any
given uniform partition {xg,z1,...,xx} of the interval [a,b], with xo = a,
zy=band h=x, —xp_1, k=1,...,N, we define

Alf = X (D)0 o), 2.7)

v
v=0
forjeN, < N,and £k =0,1,..., N — 5. We can establish the following

Theorem 2.6. (Simultaneous approximation of f and its derivatives). Let
o be a bounded sigmoidal function and let f € 6”+1[a, b], n € NT, be fized.
For every e > 0, there exist N € NT and w > 0 (depending on N and o),
such that, for every j =1,...,n, defining

(GhD@) = (Alf = A1 f) olwa—20)+Ahf ow(z—z_1)), (2
k=1
for x € la,b], h:== (b—a)/N and z := a+ kh, k = —1,0,1,..., N, it turns
out that ‘
|etr =10 <=

Proof. Let j =1,...,n and € > 0 be fixed. Since fU) € él[a,b] is uniformly
continuous, correspondingly to

) -1
ni= (405 o + 2ol +3C; + £ _+2) <,

where C; = Cj(f(j“), a,b) is a fixed constant that will be determined later,
there exists 6 > 0 such that, for every z, y € [a,b] with |z — y| < J, we have
|f(j)(9:) — f(j)(y)| < 1. We choose N € Nt, N > j + 3 sufficiently large
so that h := (b —a)/N < 6/max{2,j} and 1/N < n. Moreover, we fix
w > w(1/N,h) =w(1/N) > 0, where w(1/N) is obtained using Lemma 2.1
with 1/N, h > 0 and with the points xy = a + hk, k = —1,0,1,..., N. Now
consider the sum vaf defined in (2.8) with w, and let x € [a,b] be fixed.
Then, there exists i = 1,..., N such that = € [z;_1,z;]. Set

Li(w) = AYf + (ALf — Af) o(w(e — 22)) + (A1 = AYf) o(w(z — z1)
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for i =1,2,

i—2

= > (Alr - alur) + 8hf + (AL S - ALS) olw(@ = aim))

k=1

+ (AlF-alf) olwla - ),
fori=3,...., N — 7,

N—j—1 '
(Aif—A 1f>+A f"‘(Agv ]f A ]_1f> o(w(z—zN_;))
k=1
fori=N—j+1, and
N—j
(- 54 11) - 801
k=1

fori=N—j7+2,...,N. We now write
(GA)@) = 19 @) < [(GhH@) - Litw)| +

and start estimating J;. We confine only to ¢ = 3,..., N — j, since similar
estimates can be obtained in the same way in all the other cases.

Being © —xp > h for k = —1,0,1,....,i —2 and z — xp < —h for k =
i+1,...,N — 7, it follows by conditions 1 and 2 of Lemma 2.1 that

Lz<$) — f(j)({L') =: J1 + J2

1—2
Lo< Z‘Nf Al lf( lo(w x—xk)>—1\+]Af] lo(w(z — z_1)) — 1|
k=1
N—j . .
+ Y [alf - Al ] lotwe - o))
k=i+1
N—j

Aif—Ai_lf‘ ’A ]

AN
2|~
I3

2
d

IN
2|~
N gh)

AL = £ @) + > [ an) = 1)

i

_l’_

£ ) = A S|+ 5 [8F = 10| + 5 79 o).

==
x>
Il
Il

We now observe that, for every k = 0,1,..., N — j, the terms Aif provide
an approximation to fU)(z;), obtained by forward finite differences. It is
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well known that there exists a positive constant, CN'] > 0, depending only on
U such that
(b—a) Cj
= = 2.9
— X 29)
for every k = 0,1,..., N — j, where C; = Cj(f(j“),a,b). Then, using (2.9),
the uniform continuity of (), and the previous inequality for .J;, we obtain

alf = 19| < Ch =

N—j+1
Jy <2 Z —+—Zn+—HfJ)H <2Cm+n+ |9 »

Finally, we estimate Jy, separately in four cases, resorting to the same argu-
ments followed to establish the previous inequalities.

Case 1: i =1,2. Being |zg — 2| < 2h <max{2,j} h < §, we have

o < ([adf = 10 @o)| + | FD (@) = D) + |1 @) = Al]) ol
+ (‘A{ f(j 961‘ ‘f (21) f()( 0)‘+‘f(j)($0)*A6f‘> ol
£ [a5F = Do) + | O (@o) ~ 9 (@)

< (40m+2n) ol +Cin+n.

Case 2: i =3,...,N — j. We obtain, as above,
J2 < (4C5n + 2n) ol + Cin +n.

Case 3: i =N —j+ 1.
Jp < (’Aj =N ’ ’f (ZN—j) — f()(xle)‘

+ [ @ngo1) = Ay f]) ol + [ A1 = FO @)

FD(an—gm) = f9@)] < @Cim+m) ol + Com+ .
Case4: i =N —j+2,...,N —j.
o < | = fP )|+ [1P(an—y) = 1O @) < o+,
since |[xry—j — 2| < jh <max{2,j} h <¢. Thus,

(@ N@) = V@) < h+ T <20m+n+ [P +Cin+n
+ (40 +2) ol = (465 lollse + 2 lolloe +3C; + | £9]| _+2)m=-.
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In particular, we have ’(Gg\,f)(x) — f9(z)| < € for every z € [a, b], hence

ot -

< e. This completes the proof. O
(0.9)

For example, if we want to approximate f’, being f € az[a,b], by a
superposition of sigmoidal functions, with the same coefficients used for ap-
proximating f, we can consider the sum G}V f, which takes on the form

N-1
Gt = 3 Hosl =2 ) oo - )
k=1
L f) ; f(x0) olw(z —z_1), z€R.

At this point, we want to estimate the error made approximating a given
function as well as its derivatives, by a superposition of sigmoidal functions.

For results concerning the order of approximation by sigmoidal functions
approximation see Subsection 1.3.5 (see also [112, 42, 38, 40]). There, it was
proved that the error made approximating f by linear combinations of N
sigmoidal functions is of order O(1/N) (for N sufficiently large). Here we can
prove that the same order of approximation can be established approximating
the jth derivative of f with sums of the form G%, f, for every j. In fact,

Theorem 2.7. Let o be a bounded sigmoidal function, and let f € CA'”H[CL, b],
n €N, and j =1,...,n be fired. For every N € NT, N > j+3, there exists
w > 0 (depending on N and o), such that, for every w > w and vaf defined
n (2.8) with w, we obtain

. ) 1 .
|chr =19 < 5 1Lib—a) @loll+1+max{2,j})
+ Gb-a)(lolle+3)+ [ ],
where C >01isa constant depending only on fUTY | and L; > 0 is the

Lipschitz constant of f\9)

Proof. Let j =1,...,nand N € Nt N > j+3, be fixed. Set h:= (b—a)/N
and xy := a + hk, for k = —1,0,1,..., N. Moreover, let w = w(1/N,h) =
w(1/N) > 0 obtained using Lemma 2.1 with 1/, h > 0 and with the points
zp = a+ hk, k = —1,0,1,..., N. Consider now G% f defined in (2.8) for
w > w, and let = € [a,b] be fixed. Then, there exists i = 1,..., N such that
x € [xi_1,x;]. We set, as in Theorem 2.6,

Li(z) = AYf + (83f = Alf) o(w(e - 22)) + (A1f = Alf) o(w(e - 21))
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for i = 1,2,
Li(z) = Z(Ai:f AL f) + 8+ (AL f = ALyf) olw( - wi-1))

k=1

+ (Af-ALf)olw@ - )
fori=3,...,.N
N—j—1 '
(ALF = Al_uf)+a3s+(a)_,f = My i f) olwla—an—y)
k=1
fori=N—j+1, and

_j7

N—j
Litz) = Y (A{Cf—A 1f>+A f
k=1
fori=N—j+2,..., N. We then write

(G hE) - @) < [N - Liw)| +
and estimate Jy (only for ¢ = 3,...; N — j, the other cases being similar),

using the same arguments as in deriving the estimates in Theorem 2.6. We
obtain

Li(z) — f© (az)‘ = Jy+

2

J

ho< kazl“Nf 79 <xk>]+}V]ljzl‘\f(ﬁ(xk)—f@)(xk_n\
1
T Nzl\fﬁ(xkl L]+ 5 [80F = 19| + 5 £ o).

By inequality (2.9) and belng f € al[a, b] Lipschitz continuous, if L; > 0
is the Lipschitz constant of f), we have

h< % (20 (b—a)+Lb—a)+ |9 ).

where 6j = éj(f(jﬂ)) > 0. We now estimate J in the four different cases.
Case 1: i =1,2.

B = ([adf = 1D @) + | P (@) — £D ()| + 1D @) - Al]) ol
+ ([alf = rD )| + | £9@) - £P (o) + 1D o) — A41]) ol
+ | abs = 19 (o) + | 9 (w0) — 1)

(4@(1)_)+2L(b )> ol + G0 =a) oy b—0)

IN

N
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Case 2: i =3,..., N — j. Proceeding as above,

C;(b—a) (b—a) C;(b—a) (b—a)

Case 3: i = N — j + 1. Similarly,

Jr < <2Cj(b_“) +Lj(b;,“)> ol + G =a) o b=0)

N N N

Cased: i=N—j5+2,...,N —j.

B < [ah s = 1w )|+ [P any) - @) < CJ(Z}V_G)
+ L |.Z‘N_j —z| < Cj(l;\/v_ @) +7L; (b]:[a>.

Then,
(@@~ fO@| < Tt s < 5 [Li(b—a) 2ol + 1+ max {2, 5))
+ Gb-a) ol +3)+ |9 _].

In particular, the estimates above holds for every x € [a,b]. Therefore,

[63s =49 < 5 12i(b =) 2ol + 1+ max (2.5

+ Cj(b—a)@|ol +3)+ Hf(j)Hoo] '

2.4 Constructive multivariate approximation

In this section, we propose a multivariate extension of the constructive theory
developed in Sections 2.1 and 2.2. For simplicity, the proofs will be given
only for functions of two variables, but their extension to higher dimensions
is straightforward.

We first establish the following lemma, obtained as an easy consequence
of Definition 1.1. This represents a generalization of Lemma 2.1.

Lemma 2.8. Let (z0,0), (x1,41), -, (xn, yn) € R2, for some fivred N € N,
For every € and h > 0, there exists W := w(e,h) > 0 such that, for every
w>wand k=0,1,...., N, we have
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1o Jo(wl(z, y) = (ze, y)lla) — 1 <e&;
2. |o(—w(z,y) — (zr, w)ll2)| <&,
for every (z,y) € R? such that ||(z,y) — (g, yi)|l, > h-

Note that here the function o(||(z,y)||,) is actually a radial basis function
(RBF). We can now prove the following theorem, where we stress that no
continuity assumption on o is made.

Theorem 2.9. Let o be a bounded sigmoidal function, and let f € C°(Q),

where Q := [a,b] x [c,d] C R? withb—a =d — c =1 fived. For everye >0,
there exist N € Nt and w > 0 (depending on N and o), such that, if

(GN)(z,)
N
=Y [ @ayy) = F@nyi-0)] o (wxig(@,y) [(29) = (e, ty)]|,)
i=1 j=1
N
+> f@inyo) o (wxiol@,y) [(@,y) = (b ty)lly) (2.10)
=1

where (z,y) € Q, h == /N, x; := a+ hi, y; := c+ hj, for i,j =
=1,0,1,..., N and ty; = (zi—1 + 2:)/2, ty, = (yj—1 + y;)/2 for i,j =
0,1,..., N, and moreover

[+, iz (zim, @] and y >y,
Xij (#,Y) = { —1, otherwise.

fori=2,...,N and j=0,...,N, while

A [ +1, if x €0, 1] and y > yj,
x1(7,y) = { —1, otherwise.

for j=0,...,N, then
Hé]vf — fH <e.

[e.e]
Proof. Let € > 0 be fixed. Since f is uniformly continuous, correspondingly
ton :=e/(|| fll+llollo+2), there exists 6 > 0 such that | f(x,y) — f(z, )| <
n for every (x,y), (2,t) € Q with ||(z,y) — (2,t)|[, < 0. Now, choose
N € Nt such that h := I/N < §/+/2 and 1/N < 5. Moreover, fix w >
w(1/N% h/2) = w(1/N?) > 0, where w(1/N?) is obtained from Lemma 2.8
with 1/N?2, h/2 > 0 and with the points (te;sty;), 3,5 = 0,1, ..., N. Consider
Gy f defined in (2.10) for w, and let (z,y) € @ be fixed. Thus, there exist
k,p=1,..,N, such that (z,y) € (zx—1, k) X [Ypu—1,Yu] provided k > 2 or
(z,y) € [x0, 1] X [Yp—1,y,] otherwise. Set

Lip(z,y) == f(Tk, Yo)
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+ [f@re,y) = f @k y0)] o(wXiu(@,y) [1(2,9) = (tay ty) o),
if u =1, and

p—1
Ly, y) 2{: (@, y5) — flr yj—1)] + f(2k, yo)
7=1

+ [f(xkay,u) - f(xkyy,u—l)] J(w Xku(I'?y) H(x,y) - (twmtyu) 2)7

if > 2. In both cases, let write

Cxhay) = f@y)| < [@ny) — Linley)
+ |‘Cku($7y) - f($,y)| = Hl + H2-

We first estimate H; when p > 2, obtaining

H, < ZZ ’f(xwy]) - f(x’hyj—l)‘ |U(inj(xay) H(az,y) - (txwtyj)HQ)‘

2=
N

+ Z‘f(xlvy(])’ ‘U(ino(iﬁay) H(x,y) - (tﬂ?iatyo)H2)|
iZk

+ Z |f @k ys) = f e, yi-1)| Jo(wxag(2,9) ||[(2,9) = (ay ty,)||,) — 1

+ Z ’f(xkayj) - f('xkayj—l” ‘O(’LU ij(:v,y) H(w,y) - (tlk’tyj)Hg)}
J=ptl1

+ |f @yl |o(wxro(z,y) [(2,y) = (g tyo)lls) — 1] -
Being |[(2;,yj) — (x4, yj—1)|ly < dforeveryi,j =1,. (7, y) — (ta;, ty;) H2 >

h/2 for every (tu;,t,,) # (tz,,ty,), by conditions 1 and 2 of Lemma 2.8 and
the definition of x;;, we obtaln

0 < Ngzzm Zufu + 7 Zn+ S

i=1 1 +1
z;ékj z;ék J=

1
— < — 1 .
t o e <7+ % 1l < A+ 1l 7

Note that the same estimate for H; also holds if 4 = 1. Finally, if we note

that
pn—1

> U@k ys) = Fawe yi-0)) + fxe,vo) = F@n, yu1)

J=1
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and that ||(z,y) — (2k, yu—1)|l, < V2h < §, we obtain

Hy < |f(xr, yp1) = f(@,9)[ + 1 lloll o = (lolle + 1) n, (2.11)
((2.11) holds also in case u = 1). We conclude that

(GN)(@y) = fzy)| < Hi+ Ho < (Jo]lo + 1l +2)n =€,

and since (z,y) € @ is arbitrary, it follows that HéNf — f” <e. O
o0

Remark 2.10. We remark that the results obtained in Theorem 2.9 differ
substantially from those established by G. Cybenko in [63] and by B. Lenze in
[94]. In particular, others than Cybenko’s theory, ours is constructive, while
Lenze considered a different argument of the sigmoidal functions, aiming at
describing some special kind of neural networks. Our results lead to RBF
neural networks [120, 115, 122, 116, 98, 99| (see (Gn f)(z,y) in (2.10)), and
reduce, essentially, to the one-dimensional case of Section 2.1 (where the
nodes xj should be replaced by the midpoints of the kth subinterval, as
chosen in [48]).

Remark 2.11. Note that, the functions x;; in the arguments of the functions
o allow us to update the values of the weights of networks, on the basis of
the input values received. This fact is quite natural since, as discussed in
Chapter 1, neural networks should be able to learn from the experience, i.e.,
the weights must be chosen in base of the values that the network wants to
represent.

Remark 2.12. Theorem 2.9 holds true also when instead of éNf, N e NT,
we have sums of the form

(Gnf)(z,y)
N N
= ZZ [f (@i yj) = Fl@icn,y)] o(wXij (@, ) [[(2,9) = (e ty,)]],)
=1 i=1
N
+3 fzo,y;) o(wXo(z,y) [(,) = (taos ty,)]],)s (2.12)
=1

where (z,y) € Q = [a,b] X [¢,d], h :== /N withl =b—a=d—c, x; :==
a+ hi, yj ;= c+ hyjfori,j = —1,0,1,...,N and t,, = (x;i—1 + x;)/2,
ty, = (yj—1+y;)/2 for i,j =0,1,..., N, and moreover

_ [ +1, forz>uz; and y € (yj—1,yj),
Xij(z,y) = { —1, otherwise.

for i =0,...,N and j = 2,..., N, while

~ | +1, forx>=x;andyc [Yo, y1],
Xi1(z,y) = { —1, otherwise.
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fori =0,...,N, when f € C(Q). The proof is similar to that of Theorem 2.9,
and again equation (2.12) contains RBF neural networks with sigmoidal
activation function.

By simple modifications in the proof of Theorem 2.9, the following esti-
Gnf — f” , can be obtained.
[e.e]

mate for the approximation error, i.e., for

Theorem 2.13. Let o be a bounded sigmoidal function, and f € C°(Q) be
an Holder-continuous function of order a, 0 < o < 1 and Holder constant
L > 0. Then, for every N € N*, N > 2, there exists w > 0 (depending on
N and o), such that for every w > w, Gy f defined in (2.10) with w, is such
that

Gt =1 < 5 [L22 T 0=+ 22 0= 0 ol + 11

Proof. Let N € N+, N > 2, be fixed. Set h := (b —a)/N = (d — ¢)/N,
zri:=a+hi,y;:=c+hjforij=-101,..,N and t, := (z;i—1 + x:)/2,
ty, == (yj—1+y;)/2 for i,j = 0,1,..., N. Moreover, let w = w(1/N?, h/2) =
w(1/N?) > 0 obtained using Lemma 2.8 with 1/N?, h/2 > 0 and with the
points (ty,,ty,), 4,5 = 0,1,..., N. Consider G f defined in (2.10) for w > @
and let (z,y) € @ be fixed. Adopting the same notation and following the
same steps as in the proof of Theorem 2.9, we obtain

@xH)ay) ~F@y)| < |[@v)ay) = Luay)]
+ |£ku($7y) - f(:r,y)l =: H1 + H».

Now, we can estimate H; and Hs as in Theorem 2.9, obtaining

1 N N
Hy < 5 2 1 (wnyy) = Fleny-)l + 5 anu

i=1 j=1
| NN o )
< 204/2 1
E ZZ + % 1l
=1 j=1
< 1P U0 Ly
Moreover,
a2 (0=a)” | oy (b—a)®
Hy < L2 No T 2 o ol
Hence,
~ b g
‘(GNf)(xvy)_f(xvy) §H1+H2<L2a/2+1(]va)
b—a)® 1
20/2(7 E
+ N« HUHOO + N Hf”oo
1
< ~a [L 2@/2-1-1 |b — a|o‘ + Qa/Z (b . a)a HGHOO I Hf”OO
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and since (z,y) € @ is arbitrary, it follows that

|Gns— 1| < 5 [E2727 - 0 +272 (- ) ol + e -
O

Aiming at building a constructive theory also in LP(Q), 1 < p < oo, we
prove the following theorem, which parallels that established in Section 2.2
for the univariate case.

Theorem 2.14. Let o be a bounded sigmoidal function, and 1 < p < oo be
fized. For any f € C°(Q), Q C R?, and € > 0, there exist N € Nt and
w > 0 (depending on N and o), such that Gnf defined in (2.10) with w, is
such that

o -

<e.
LP(Q)

Proof. Let f € C°(Q) and € > 0 be fixed. By Theorem 2.9, correspondingly

ton:=¢/ \Q|1/p (|Q| denoting the Lebesgue measure of @), there exist N €

N* and w > 0, depending on N, such that HéNf — fH < 7. Therefore,
oo

@ </Q ‘(éNf)(f”’y) - f(x,y)‘p dmdy> ’

1/p
< </ nP dxdy) =e.
Q

We are now able to prove an approximation theorem in LP(Q).

o

Theorem 2.15. Let o be a bounded sigmoidal function and let f € LP(Q),
1<p<oo,@C R? be fized. Then, for every e > 0, there exists N € Nt and
Gn, that is a linear combination of sigmoidal functions based on o, having
the bivariate form introduced in Theorem 2.9, such that

for-s

<E.
Lr(Q)
Proof. Define the function fv: R? - R by

f(x,y) — { f(xay)v for (.T,y) €Q, (213)

0, otherwise.

Now, f € LP(R) and f = f on Q. Let {pn}nen+, pn : R2 — R, be a sequence
of (bivariate) mollifiers (p, enjoys the same properties listed in Theorem 2.4
for the univariate case). Define the family of functions { f, }nen by

Fues) = (o D) i= [ oo = 20— 0 ety dzat,
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where (z,y) € R? and * denotes, as usually, the convolution product. By
general properties of the sequences of mollifiers and of convolution [26], it
turns out that f, = pp f € C(R?) for every n € N*, and f, — fin LP(R?)
as n — 0o. Let € > 0 be fixed. Then, there exist m € N such that

o]

for every n > m. Let now n > 7 be fixed. Since f, € C(R?) C C(Q), it
follows that, as a consequence of Theorem 2.14, correspondingly to /2 there
exist N € N* and w > 0, depending on N, such that éan defined in (2.10)
with w, is such that

1n = Fllzoe) = |

o]

< ( <<
Q) Lo(r2) 2

|Gxtn =t 0 = [Oxon e D =G P, <

LP(Q HLP(Q) %'

Therefore, we obtain by the previous estimates

fovte

< |G = 1

e €
)+an—fHLp(Q)<§+§—5-

Lr(Q LP(Q

Setting Gy (x,y) := (G fn)(z,y) completes the proof. O

Examples of sequences of bivariate mollifiers (or, more generally, of mul-
tivariate mollifiers) are given in [26, 97], e.g. In particular, if we consider
p(z1, .y xn) = p(|[(x1, ...y zn) ), n € NT, the natural extension to the mul-
tivariate case of the function p defined in (2.4), we can build the sequence of
mollifiers px(x1, ..., x,) := C k" p(kz1, ..., kx,), where

—1
C = </ (1, ey Tp) dxl...dxn> .

2.5 Applications based on specific sigmoidal func-
tions

As a first example of sigmoidal function we can consider the logistic-function
o¢, which was already used in Remark 2.5 and in the previous chapter,
defined by oy(z) := (1 +e )71, 2 € R. Using the logistic function above,
we can see that, if g, x1,...,2 € R, M € NT, for every N € N*, N > 2,

1
and h > 0, there exists w := Elog(N — 1) > 0 such that, for every w > w
and £k =0,1,..., M, we have

1
L. |op(w(z —z)) — 1] < N for every x € R such that © — xp > h;

1
2. |op(w(x — zx))| < N for every x € R such that z — z; < —h.
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In fact, let N € Nt N > 2, be fixed. Then, being 0 < oy(x) < 1, for every
z € R,

1 1
log(x) — 1| =1— 5o <y for = > log(N —1),
and ) )
loe(x)] = < — for x < —log(N —1).

1+e = N

Therefore, for every w > w := %log(N — 1) and for every x € R with
x—x > h, k=0,..,M, we have w(z — x) > wh = log(N — 1), hence
lop(w(z — x1)) — 1| < +. Similarly, for every w > w and = € R with
x — zp < —h, we have |o(w(z — zi))| < %

The previous inequalities provide an estimate for w > 0 in case of ap-
proximations made by finite linear combination of sigmoidal functions based
on the logistic function. Consequently, by the above estimates, using Theo-

rem 2.2 and Theorem 2.6 we obtain the following.

Corollary 2.16. Let o¢(z) = (1+ e )" and f € C"a,b], n € N, be
fized. Denote by

N

(GrF) (@) =D [far) — flar—)] o (w (z — 2x)) + fl2o) o7 (w (2 — 3_1)),
k=1

and

(A (Aif ~ AL f) or(w (@ =) + A)f or (w (e — a-1)).
k=1

€ [a,b], N € Nt j = 1,..,n, with w > % log(N — 1), and z, =

a+ ks a) , k=-1,0,1,...,N. Then, for every ¢ > 0 there exists N € NT,
N > n+3 such that

() IGNf = fllo <€
(i1) HGg\,f — f(j)H <e, foreveryj=1,...n
for every w > (b 2 log(N —1).

Note that, the above estimates for the scaling parameter w hold also for
the case of multivariate approximation with sigmoidal functions discussed in
Section 2.4.

Other interesting examples of sigmoidal functions are provided by the
Gompertz functions 0,43, defined by

—qe Bz

oap(z) =€ , x€eR,
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with o, 8 > 0. Note that, if xg,21,...,2y € R, and M € N7, for every
N € NT, N > 2 and h > 0, there exists
1
log (log (N)) ’}
«

1 | 11 N -1
w.hﬂmax{ og (—a og (N))"

such that, for every w > w and k =0, 1,..., M, we have

1
L. |oag(w(z —zp)) — 1] < N for every x € R such that x — x3 > h,

1
2. |oap(w(z — )| < N for every x € R such that z — xp < —h.

In fact, let N € N*, N > 2 be fixed. Then, being 0 < o4p(z) < 1 for every
z € R, we have

— e Bz 1 1 1
loag(x) =1 =1—e" ¢ <y forx>—Blog <_a10g <N)>’

and . . .
loas(x)| = eoe ™ < for x < —Blog <a log (N)) .

N
e o (L1 (21)) o (2 o) -

For every w > w and for every « € R such that xt —xx > h, k=0,..., M, we
have w(x—xy) > wWh > %log (—Llog (21)) ), then |oag(w(z —zp)) — 1| <
%. Similarly, for every w > w and x € R such that x — 2 < —h, we
have [oap(w(z —x1))| < % Consequently, by the above estimates, using

Theorem 2.2 and Theorem 2.6 we obtain the following

Set

)

Corollary 2.17. Let o,p(z) = e o, B >0, and f € 6"*1[% bl,
n € N, be fized. Define

N

(Gn (@) = [far) = f@r-1)] oap(w(a — 21)) + f(x0) oap(w(z —x_1)),
k=1

and

(@D = (MF — AL T) oaplule — 1)) + Af ous(u(z 1),
k=1

where

9

os (5 ox ()

g 10 () \} |



b—a)

x € [a,b], N € Nt j =1,..n, 0 >0, and 2z = a
—1,0,1,...., N. Then, for every € > 0 there exists N € N
such that

+/<:
+

Nl

Nzk
N > n+

(i) |[Gnf = flloo <€
(i) Hvaf — f(j)H <e, foreveryj=1,...n,
for every w > w.

The estimates given in Corollary 2.17 for w, can be easily extended to
the multivariate case.

Another example of sigmoidal function, very useful in the theory of neural
networks, is the unit step function (or Heaviside function). In this case, all
the linear combination of unit step function of the form considered in this
chapter are independent of the choice of the parameter w > 0.

2.6 Some numerical examples

In this section, we give some examples to illustrate applications of approxi-
mations of functions by means of linear combination of sigmoidal functions.

Example 2.18. Consider the function
1
f(x) := (cos* x +2) sinz + 2z + §x2 +4, zeR. (2.14)

We first construct approximations of f on the interval [—5,5], obtained
by the superposition of logistic sigmoidal functions oy (Fig.s 2.1 and 2.2),
for N = 25 and N = 50 and by the Gompertz function o,3 with a = 8 and
B =0.5 (Fig. 2.3), for N = 50. The choice of the parameter w > 0 was done
according to Corollaries 2.16 and 2.17, i.e., w = N2/(b — a) in the case of
o(z) = (14+e®)7, and w = N?/((b — a)apB), in case of og,5(x) (o = 8,
B =0.5).

Note that the choice of a specific sigmoidal function, o, affects the quality
of the approximation, which turns out to be better in case of oy(x) = (1 +
e~®)~L. In addition, we have

1
f(x) == (cos®x +2) cosz — 2sin’x cosz + 137—%2 xz € R,

and, as a consequence of Theorem 2.6, we can also approximate f’ on the
interval [—5,5] by means of the functions G f, N € N*. The graphs of
f and its approximation obtained for N = 25 with logistic functions, w =
N2/(b— a), are plotted in Fig. 2.4.

Note that the approximation obtained for f’ is better compared to those
for f, according to the results concerning the size of the approximation errors
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Figure 2.1: Approximation of f (black) of Example 2.18 by Gn f (grey), N = 25,
defined by oy and with w = N2/(b — a). Here |Gnf — flloo/|| f]loo = 1.08 x 1071,

i RS T T T

Figure 2.2: Approximation of f (black) of Example 2.18 by Gn f (grey), N = 50,
defined by oy and with w = N?/(b—a). Here |GNf — flloo/| flloo = 5.88 x 1072.

Figure 2.3: Approximation of f (black) of Example 2.18 by Gy f (grey), N = 50,
defined by cap, a = 8, 8 = 0.5 and with w = N?/((b — a)aB). Here |Gnyf —
Flloo/I1flloc = 7.27 x 1072
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Figure 2.4: Approximation of f’ (black) by G} f (grey) of Example 2.18, N = 25
with o, and with w = N?/(b — a). Here ||GN f — f'lloo/||f/]|oo & 9.40 x 1072,

in Theorem 2.7. In fact, this states that such an error depends on the sup-
norm (on the fixed interval [a, b]) of the function being approximated, and
here || f]|co =~ 15.13, while || f'|lcc & 5.

Now, we show an application of the constructive theory developed in
Section 2.2 for LP-functions.

Example 2.19. Let g € L'(R) be defined by

g(x) = 5 (2.15)
3
$+2’ r>9
3 —1

We consider approximations of ¢g on the interval [—5,5] by finite linear
combinations of sigmoidal functions of the form Gx(p, * g), where p,, are
the mollifiers defined in (2.5), and g is the extension of g defined by

~ v fglx), -b<x<H5,
g(w) = { 0, otherwise.

In Fig.s 2.5 and 2.6 such approximations, obtained with Gy (p, * g) for
n = 10 and, respectively, N = 50 and N = 100, using logistic functions with
w = N?/(b— a), are shown. In Fig. 2.7, the approximation obtained by the
Gompertz function o,g(z), with a =8, = 0.5, n = 10, N = 100 and with
w= N2/((b— a)apB), is shown.

We can observe that the approximation improves as N increases, as one
would expect. In addition, the error made approximating g with the same
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Figure 2.5: Approximation of the function g (black) of Example 2.19, by Gy (p,*9)
(grey), n =10, N =50, w = N?/(b — a), and oy.
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Figure 2.6: Approximation of the function g (black) of Example 2.19 by G n (pn *9)
(grey), n =10, N = 100, w = N?/(b — a), and oy.
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Figure 2.7: Approximation of the function ¢ (black) of Example 2.19 by G n (pn *9)
(grey), n =10, N = 100, 0,5, « =8, 3= 0.5 and w = N2/((b — a)af).
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values of N is larger than that made in the cases of regular functions, as
were f and f’ in the previous example.

Finally, here is an example of multivariate approximation.

Example 2.20. Consider the function of two variables, h : [—4, 4] x[—4,4] —
R (see Fig. 2.8), defined as

1
216 /30 + e3lvl /50 + 1/100°

. T
h(z,y) := (y4 — 2y) sinz — zy> + 3 +

Figure 2.8: Graph of the bivariate function h of Example 2.20.

Fig.s 2.9 and 2.10 was obtained using the functions G yh defined in (2.10)
for N = 25 and N = 50, respectively, where o, is the logistic function.
Similar approximations can be obtained using sums G yh like those in (2.12).
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Figure 2.9: Approximation for the function A in Example 2.20 by C~T'Nh, for N = 25,
w= N?/8 and oy.
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Figure 2.10: Approximation for the function h in Example 2.20 by C:‘Nh, for
N =50, w = N2/8, oy.
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Chapter 3

Applications to the Numerical
Solution of Volterra Integral
Equations of the Second Kind

In this chapter, a numerical collocation method is developed for solving linear
and nonlinear Volterra integral equations of the second kind. The method
is based on the approximation of the (exact) solution by superposition of
sigmoidal functions and allows us to solve a large class of integral equations
having either continuous or LP solutions. Special computational advantages
are obtained using unit step functions, and analytical approximations of the
solutions are also at hand. The numerical errors are discussed, and a prior:
as well as a posteriori estimates are derived for them. Numerical examples
are given for the purpose of illustration.

The readers, can be found the present theory in [57].

We recall that, a collocation solution to a Volterra integral equation on
an interval [a,b], is an element from some finite-dimensional function space
(the collocation space), which satisfies the equation on an appropriate finite
subset of points in [a,b]. The latter is the set of collocation points, whose
cardinality matches the dimension of the collocation spaces.

We will study linear as well as nonlinear Volterra integral equations of
the second kind, of the form

v =10+ [ K@)y, e o,

and
y(t) = F(t) + / K(t,5,9(s)ds, t € [a,b],

where f : [a,b] — R and the kernels K are sufficiently smooth. Collocation
methods have been widely used to solve integral equations like those above.
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The most popular of these methods are based on piecewise polynomial collo-
cation spaces (see [14, 117, 27], e.g.). Other methods are based on wavelets
or on Bernstein polynomials approximation (see [135, 107], e.g.).

A neural network approach for solving numerically integral equations of
the Fredholm type and differential equations was used in [106, 37].

Here, the choice of the collocation spaces generated by the unit step
functions, allows us to solve a large class of integral equations, having either
continuous or LP solutions, with some computational advantages. In fact,
in case of linear equation, the method reduces merely to solve a linear lower
triangular algebraic system. In the nonlinear case, the method instead leads
to a nonlinear system, that can be always solved explicitly by means of a
direct formula, without using any iteration (such as, e.g., Newton’s meth-
ods). In both cases, an analytical form for the approximate solutions can be
obtained and the numerical algorithm is very fast.

Moreover, for linear equations with a convolution kernel, K (t,s) = K(t—
s), we can show that the square matrices of the related linear algebraic
system, turn out to be lower triangular Toeplitz matrices.

For the sake of completeness, we recall that a matrix A is said to be a
Toeplitz matrix if its entries are constants along all the principal diagonals.

Furthermore, under suitable conditions on K, some estimates for the
condition number of such a matrices in the infinity norm, can also be derived.

3.1 Preliminary remarks

Before introducing our collocation method for solving second kind Volterra
integral equations, we point out some preliminary observations concerning
the approximation results showed in the previous chapter, that will be useful
in this chapter.

Remark 3.1. The form of the coefficients in (2.1) of Theorem 2.2 is inde-
pendent of the choice of the sigmoidal function o. Therefore, one can provide
various approximations of f using different sigmoidal functions, keeping the
same coefficients. The scaling parameter w > 0 in (2.1) depends on N and
0.

Now we consider the special case of unit step (or Heaviside) functions,
H(t):=1fort >0, and H(t) := 0 for ¢t < 0. In this case, the results estab-
lished in Theorem 2.2 and in Theorem 2.4 hold true. In case of Theorem 2.2,
sums of the form (2.1) reduce to

N

(GNI)(E) =D [f(t) = F(te-)H(E = te) + f(t)H(E—t 1), (3.1)

k=1

t € R, where f € C°[a,b], h := (b—a)/N, and t}, := a+hk, k = —1,0,1,...,N.
Note that in (3.1) G f is independent of the scaling parameter, w > 0 and
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the same happens in Theorem 2.4 when applied to the case of Heaviside
functions.

Remark 3.2. Set Hy(t) := H(t — t), with Hy : [a,b] — R, tx := a + hk,
h:=((b—-a)/N, fork=-1,1,...,N, and

Yy:=span{Hp:k=-1,1,2,..,N}.

Then, the vector function space ¥y is an N + 1 dimensional space and the
set {Hp: k=—1,1,2,..., N} is a basis for X . Indeed, it can be proved that
the functions Hyp’s are linearly independent: if Z]kvzl aprH + agH_1 = 0,
i.e.,

N
> apH(t—ty) + agH(t —t_1) =0,
k=1
for every t € [a, b], we have, in particular,

N

Z OzkH(ti — tk;) + OZOH(ti - t*l) =0,
k=1

for every i = 0,1,..., N. Then, for i = 0 we have ag = 0, and for ¢ > 0 we
obtain Zg:l ar + ag = 0, hence, necessarily ag = a1 = ... = ay = 0.

3.2 A collocation method for linear Volterra inte-
gral equations based on unit step functions

In this section, we describe a collocation method for solving linear Volterra
integral equations of the second kind, of the form

y(t) = f(t) +/ K(t,s)y(s)ds, t€la,b], (3.2)

a,b € R, where the function f : [a,b] — R and the kernel K : D — R,
D :={(t,s): a <t,s <b}, are sufficiently smooth.

Our method, based on unit step functions, consists of determining ap-
proximate solutions to equation (3.2), of the form Gy as defined in (3.1),
i.e., Gny belonging to the collocation space Xy, N € NT. Set

N

(Gny) () =D yeH(t —tx) +yoH(t —t1), € [a,b], (3.3)
k=1

where the coefficients o, ..., yn, N € NT_in (3.3) are unknowns, and t; :=
a+hk, k=-1,0,...., N, h:= (b—a)/N. Inserting Gyy in place of the exact
solution y in (3.2), we obtain

()0 = 1)+ [ K9 @xp))ds, 1€ b
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and rearranging all terms, we have

kiv:lyk [H(t_tk)_/atK(t,S)H(S—tk)ds:|

+Y0 [H(t —t-1) — /atK(taS)H(S - tl)d5:| = [(t),

for every t € [a,b]. If Cn := {to,t1,...,tn} is the set of the collocation points,
we can evaluate the equation above at such points. Set

t;
m;o = H(ti - t_l) — / K(tz-,s) H(S — t_l) dS,

t;
mg = H(t; —t) — / K (t;,s) H(s — tg) ds,

fort; € Cny,1=0,...,N,and k = 1,2,..., N. We obtain the following linear
algebraic system of IV + 1 equations,

N
> makyr = f(t), (3.4)
k=0

fori =0,1,...,N. Now, setting Mn = (mix)i k=01~ YN = (Y0, Y1, -, yn)’,
and Fy := (f(zo), f(z1), ..., f(zn))?, the linear system (3.4) can be written
as MyYy = Fy, N € NT. Solving (3.4), we can determine yo, y1, ..., yn,
the coefficients providing an analytical representation of the solution, y(t),
of (3.2), as a superposition of unit step functions as in (3.3).

Remark 3.3. By Theorems 2.2 and 2.4, the collocation method based on
unit step functions can be applied to linear Volterra integral equations with
either regular solutions on [a, b], or solutions in LP[a,b], 1 < p < oo, such as
equations with singular kernels.

We can now prove the following.

Theorem 3.4. The collocation method for solving (3.2), based on Heaviside
functions, admits a unique solution. Moreover, the square matriz My of

the linear system assoctated with the method is lower triangular, for every
N e N*.

Proof. Let i =0,1,...,N be fixed. We have H(t; — ty) = 0 for every k > i,
and H(t; — tx) = 1 for k < i. Besides,

/ti K(ti, s) H(s — t) ds = 0, (3.5)
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for k > i, since H(- — t;) = 0 on [a, t;] (equation (3.5) also holds for i = 0,
i.e., for tyg = a). Furthermore,

ti t;
/K(ti,s)H(s—t_l)ds:/ K(t;,s)ds,

and,
t

ti i
/ K(t;,s) H(s —ty)ds = K(t;,s)ds,
a 123

for k <, with k # 0, since H(- — t;) = 0 on [a,tx) and H(- —t;) = 1 on
[tk,ti]. Hence, we obtain

0, fork > i,
m;k = 1, fork: = i, (36)
1-— fttkl K(t;,s)ds, fork <i,

for i,k =0,1,...,N. Then, the (N +1) x (N + 1) matrix My of our method
is lower triangular, for every N € N7, i.e.,

1 0 0 0
mio 1 0 0

Mpy = | mgy mo (3.7)
lmNo mpy1 - myN-1 1]

Hence, det(Mpy) = 1, and the linear system MyYy = Fy admits a unique
solution, for every N € N*. O

Note that, in Theorem 3.4, an integrability assumption on the kernel K
of the integral equation in (3.2) is needed. The entries of My of the form
1— fti: K(t;, s) ds can be evaluated by exact (analytical) integration, in many
instances, or, more generally, upon numerical quadratures.

The method based on unit step functions can be implemented easily, and,
in addition, it is definitely characterized by an extremely low computational
cost.

In the special (but noteworthy) case of integral equations of the convo-
lution type, the linear Volterra integral equations of the second kind,

y(t) = f(t) + / K(t—s)y(s)ds, te€[a,b], (3.8)

we have the following

Corollary 3.5. The collocation method for solving (3.8), based on unit step
functions, admits a unique solution. Moreover, the real-valued matriz My is
a lower triangular Toeplitz matriz, for every N € NT.
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Proof. By Theorem 3.4, My is lower triangular with det(My) = 1, for
every N € NT, then the method admits a unique solution. Moreover, if h :
(b—a)/N is the step-size separating the collocation points t;, i = 0,1, ..., N,
we obtain changing variable, s = z — h,

t; t;+h tiv1
K(ti—s)ds:/ K(ti+h—2z)dz = K(tiy1 —2)dz.

175 tx+h thr1

Then, m; j, = m;y1 k+1 for every k < i (see (3.6)), and thus My is seen to be
constant along all its diagonals. This means that My is a Toeplitz matrix,
and it can be represented as

1 0 0 0]

m; 1 0 0
My = \my my - . i (3.9)

: 0

mN - mg My 1_

where .
mi:zl—/ K(t; — s)dt,
a

for every i =1,2,..., N. O

In the case of equations with convolution kernel, the required computa-
tional cost is much lower than in case of general kernels. In fact, by Corol-
lary 3.5, for every N € N, the linear systems to be solved is characterized
by lower triangular Toeplitz matrices, and thus to compute all entries of My
it suffices to evaluate only the N terms mq,...,my.

Remark 3.6. The approach proposed above can also be useful to determine
approximate solutions to initial value problems (IVP) for ordinary differential
equations. In fact, generally speaking, every linear IVP, e.g., of the second
order, say

y' + Aty + B(t)y = g(t), yla) =c1, ¥'(a) = ca,

where A, B and g are sufficiently smooth functions, is equivalent to a linear
Volterra integral equation of the second kind (see [79], e.g.), like that in (3.2),
where

f@) = / (t—s)g(s)ds+ (t — a)[c1A(a) + co] + c1,

and

K(t,s) = (s —t)[B(s) — A'(s)] — A(s).
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At this point, we introduce some notation. Given the kernel K, we define
¢

K(t) = / K(t,s)ds, t¢ab. (3.10)
a

Under suitable conditions on K, we can obtain some estimates for x(Mpy),
the condition number of My in the infinity norm, in case of integral equations
of the convolution type, (3.8). Recall that for every nonsingular real-valued
matrix A := (ai7j)i7j:071 ’’’’’ N,

K(A) = [Alloo | A7 loo,

-----

We can establish the following.

Theorem 3.7. Let (3.8) be a Volterra integral equation with convolution
kernel, K. Let K be defined in (3.10), and such that
(1) 0 < K(t) <1, for every t € [a,b];
(73) K is non decreasing.

Then, the square matriz My, N € N, obtained applying our collocation
method to (3.8), enjoys the property

2

KD (1 - K(b)[%}ﬂ) V(LK) 4 1) KB <1,

K(MN) <
2([5]+1) (NAL-K(t)+1), Kb) =1,

where [-] means taking the integer part, for every N € N*. In particular, if
KK(b) < 1, we have

2

H(MN) < 1—7K(b)

(N(1—-K(t1)) +1).

Proof. By Corollary 3.5, My is a lower triangular Toeplitz matrix of the
form in (3.9). By (i) and (ii), we have 0 < K(tp) < K(t1) < ... < K(tny) <1,
where t;, i = 0, 1, ..., N,are the collocation points, and then, the elements of
M satisfy the inequalities

12m12m222mN20

Hence, by well-known results concerning lower triangular Toeplitz matrices
with non-increasing monotonic entries (see [22], Theorem 1.1, and [132]), we
obtain the bounds

1 =) (1 - /C(b)[%]“) ., K(b) <1,
My oo <

2([§]1+1), Kb)=1.
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Now, since [|[My|loo < N(1 — K(t1)) + 1, and k(My) := ||M]\;HOOHMJ§,1H007
the proof of the first part of the theorem is complete. Moreover, if we note
that in case of K(b) < 1, there is (1 - K(b)[%]H) < 1, we have

2

(N1—-K(t1))+1).

O]

3.3 A collocation method for solving nonlinear Volterra
integral equations

In this section, we use the collocation method based on unit step functions
to solve general nonlinear Volterra integral equations of the second kind, like

y(t) = f(t) —I—/ K(t,s;y(s))ds, t€ la,b], (3.11)

a,b € R, where the function f : [a,b] — R and the kernel K : Q — R,
Q = D x R, are sufficiently smooth. Proceeding as in Section 3.2, we can
approximate the solution to (3.11) on the interval [a,b] by means of (3.3),

ie.,
N

(Gny)(8) ==Y yrH (t —tr) + yoH (¢ — 1),
k=1

where H is the Heaviside function, t; := a + hk with h := (b — a)/N,
k=-1,0,1,..., N, and the coefficients yg, 41, ..., ynv are unknown. Inserting
Gy for y in (3.11), we obtain

(G () = F(1) + / K(t, 5 (Gyy)(s)) ds, ¢ € [a,]

Again, to obtain an approximate solution to (3.11) in the form of a superpo-
sition of unit step functions, we should determine the unknown coefficients
Yo, Y1,---, Yn. Given the set Cn := {to,t1,...,tn} of collocation points, we
evaluate the equation at such points as in the linear case. Now we obtain
the system of N + 1 nonlinear equations

N

> uRH(t = t) +yoH (t; — t-1)
k=1

t; N

:f(tz)+/ K(tz,S,Zka(S—tk)—f-y(]H(S—t1)) dS, Z:O>1>>N
a k=1

(3.12)
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It is easy to check that, for i = 0, (3.12) reduces to yo = f(to). Let now i > 0
be fixed. In this case, H(t; —t;) = 1 for every k =0, ...,i and H(t; —tx) =0
for k > i. Moreover,

t; N
/ K <ti,8;2ka(8—tk)+y0H(8—t_1)> dt

k=1

) ty N

— Z K <ti,s;2ka<3—tk)+y0> ds
) ty -

= Z K | t;, s; Yk | ds,
— k=0

since, for every v = 1,...,4, there is H(- — tx) = 1 on [t,—1,t,] for k =
0,..,v—1and H(- —tx) = 0 on [t,_1,t,] for k& > v. Therefore, (3.12)
reduces to the nonlinear system

yo = f(to),

% 7 ty, v—1
Zyka(ti)+ Z/ K<tz’,s;2yk> ds], i=1,..,N,
k=0 v=1"tv-1 k=0

which admits a unique solution that can be given by the formula

yo = f(to),

t v—1 i1
/ K(ti,s;Zyk) ds] - Zyk, i=1,..,N,
ty—1 k=0 k=0

(3.13)

yi=ft)+ >
v=1

for every N € N*,

We stress that the nonlinear system in (3.12) can be solved explicitly, and
its solution does not required any iterative method (such as the Newton’s
method, e.g.). Note also that (3.13) provides an algorithm for solving a
large class of nonlinear Volterra integral equations. Only an integrability
assumption on the kernel K (t,-;y) on [a,t] for every y € R and ¢ € [a,b] is
required.

In the special case of Volterra-Hammerstein integral equations of the sec-

ond kind, i.e., when the kernel is of the form K (¢, s;y(s)) := K (t,5)G(y(s)),
where G and K are sufficiently smooth functions, (3.13) reduces to

yo = f(to),

i

yi=ft)+

v=1 ty—1

v—1 to i—1
G ( yk> K(ti,s)ds] _Zyk’ 1=1,...,N.
k=0 k=0
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Also in this case, the integrals ftt,u,l K (t;, s) ds can be evaluated by an exact
(analytical) integration, in many specific instances, or, more generally by
numerical quadrature. As in case of linear integral equations, our colloca-
tion method can be applied to nonlinear Volterra integral equations having
either regular or LP[a,b] solutions (with 1 < p < c0), in view of the results
on approximation through superposition of sigmoidal functions discussed in
Chapter 2.

3.4 Error analysis

In this section, we discuss the various sources of errors which affect our
method. Our numerical method is based on using for the sought solution
y its approximate representation in terms of bounded sigmoidal functions,
(see Gy fin (2.1)). In view of Theorem 2.2 (and also Theorem 2.4), we can
write

y(t) = (Gny)(t) +en(t), (3.14)

provided that y(t) is continuous (or in LP[a, b]), where the error term, ey (t),
can be estimated uniformly (or in LP-norm), for every € > 0, as

len ()]l <&, (3.15)

for a suitable N € NT (and w > 0, depending on N).

Clearly, (3.15) holds when Gy is written with the coefficients computed
in Chapter 2. In the following theorem, we establish an estimate for ey,
defined in (3.14), when Gy is represented in terms of unit step functions
(recall that in this case Gy is independent of w > 0), and with the co-
efficients y; determined applying our collocation method to the nonlinear
integral equation in (3.11).

Theorem 3.8. Let (3.11) be a given nonlinear Volterra integral equation of
the second kind. Suppose that the function [ is Lipschitz continuous, with
Lipschitz constant Ly > 0, and that the kernel K € C°(Q) satisfies the
following conditions:

() there exist Ly > 0 and Ly > 0 such that
’K<t1737y) - K<t27s>y)| < Ll’tl - t2|? fo"n all (tlasay)v (t2>8ay) €1,

|K(t557y1) - K(t’57y2)| < L2|y1 - y2|a fO’F all (tasayl)v (tasvyZ) € Qa

(ii) for every bounded function y : [a,b] — R, there exists C = C(y) > 0
such that
|K(t,s,y(s))| < C, forall (t,s)€D.

Then, for every N € N*, we have

(b—a)
N

len (t)] < [Lj+ Li(b—a) + Clel2t=9) ¢t ¢ [a,b],
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where ey is defined in (3.14), Gny being represented in terms of unit step
functions and with coefficients, yi, determined applying our collocation method
o (3.11).

Proof. Let N € Nt and ¢ € [a,b] be fixed. Define j := max{i:t; <t,i=
0,1,...,N}, where t; :== a+ih, h :== (b—a)/N, i = 0,1,...,N are the
collocation points. We can write

len ()] = [y(t) = (Gry) (O] < ly(t) —y(t;)| + ly(t;) — (Gyy)(H)]-

Now, observing that (Gny)(t) = (Gny)(t;) (since Gny is written in terms
of unit step functions), we obtain

len(@)] < [y(t) —y(t)| + ly(t;) — (GNy)(E;)]
= ’f /Ktsy )ds — f(tj) — K(tj,s,y(s))ds

a

K(t],s y(s) ds—/ K(t;,s,(Gny)(s))ds
< U@ = )+ [ IR s(s) - K5 (s)ds
o [ IR pelds [0 = K Gan)(s)] ds.

Using condition (i), (i) and the Lipschitz continuity of f, we have

len()| < Lyt —t5) + Ln(t — t5)(t; — a) + C(t — t;)

v L / "ly(s) — (Gy)(s)] ds

S ) T 4O+ L [ fe(s)lds

. (b=a)
- N

L+ Lu(b—a) + C] + Lo /t e (s)] ds.

The inequality above holds for every ¢ € [a,b], and then, by Gronwall’s
lemma we obtain

_ ¢
en < 0+ -0+ O+ L / -9 ]
for every ¢ € [a,b]. Being Ly [ e"2(t=%) ds = el2(t=0) — 1 it follows that
(b—a) La(t—a)
en(®)] < (L + Li(b— a) + C) 209t ¢ [a,b].

N
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Theorem 3.8 provides an a priori estimate for the approximation errors
of our collocation method applied to the nonlinear equations in (3.11). In
addition, we can infer from Theorem 3.8 that |leny|lcc — 0 as N — +o0,
and then that the sequence approximations for the solution to (3.11), as
determined by our method, converges uniformly to the (exact) solution y.

Remark 3.9. In Theorem 3.8, the Lipschitz condition on the kernel K, with
respect to y, is global. Hence, Theorem 3.8 cannot cover, e.g., the case of
nonlinear equations like that in (3.11) with kernels of the form K(¢,s;y) =

I?(t,s) yP, with p > 1.

Clearly, in the special case K (t,s,y(s)) = K(t,s)y(s), equation (3.11)
reduces to the linear equation (3.2) with kernel K. Therefore, if f is Lipschitz
continuous with Lipschitz constant Ly and K € C°(D) is such that

|K(t1,s) — K(t2,s)| < L]ty — ta],

for all (¢1,s), (t2,s) € D and some positive constants L;, we infer from
Theorem 3.8 that

(b—a)

Ly + T = 0) + Mlyllo) M, b€ fa,l], (3.16)

len(8)] <

where y is the (exact) continuous solution to (3.2) with kernel K and M :=
max( gep |[K(t,5)], for every N € NT. Also in this case we obtain that
llenlloo = 0 as N — +oo. Now, being [|y|lcc = [|GNY + eNlloo, (3.16)
becomes

b—a »
HeNHOO < ( N )(Lf+L1(b_a)+MHGNyHoo+MH€NHOO) e]\/[(b )7

and we have

b— h—
fexle (1= 2 E et} < T8ty el Gl 100

Now, for N sufficiently large, we have M%e]\/l(b*“) < 1, and hence
fenlloe < 0= Ly 4 L~ ) + M Gyl M)
N — M(b— a) eM(b—a) ’

(3.17)

which represents an a posterior: estimate for the approximation error made

in case of the linear equations (3.2), when Gy is given in terms of unit step

functions.

Now we can use the estimate provided by Theorem 3.8 to derive another
interesting estimate for ex(t). This can be obtained when the approximate
solution is expressed by a superposition of general bounded sigmoidal func-
tions. We denote with G&y the collocation solution to (3.11) represented
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in terms of unit step functions, and with G%;y the solution obtained by su-
perposing general bounded sigmoidal functions. Note that, the collocation
solution can also be represented by Gy, in view of Remark 3.1. Setting

(GRy)(t) = (GRY)(®) +sn (1), t € a,b],

we obtain
(0= 1G5 ) ~ (@t
- rzyk w(t — 1)) — H(t — t3)] + polor(ut — ¢_1)) — 1]|.
Observing that
ot = 0)) = H(t ~ 1) = {

for every k =1,..., N, we have

lsn(t)| < Z lyrllo(w(t —t)) — 1| + Z lykllo(w(t — tx))].

kit <t kit >t

o(w(t—1tg))—1, t>t
a(w(t—tk)), t < tg,

Therefore, under the conditions of Theorem 3.8, we obtain

lex(®) = ly(t) = (GRYB)] = ly(t) — (GNy)(t) — sn(2)]

< Jy(t) = (GRy)@)] + [sn(t)]

< (b]_va) [Ly+ Li(b— a) + C] (=9

+ Z [ykllo(w(t —tx)) — 1
kit <t

+ ) lwelle(w(t — )], (3.18)
ety >t

for every t € [a,b]. Now, we know by Definition 1.1 that for w > 0 sufficiently
large, the terms |o(w(t —tx)) — 1| and |o(w(t — tx))| in (3.18) are small.

In (3.18), a bound is given for the approximation error, in terms of the
yr’s. These have been computed in our collocation method, and thus this
can be view as an a posteriori estimate. Note that, in general, from (3.18)
we cannot infer that Gy converges to y.

Using (3.16), considerations similar to those above can be made, to ob-
tain an a posteriori bound for ey in the case of linear equations, where the
approximate solution is given by Gy

3.5 Numerical examples for Volterra integral equa-
tions of the second kind

In this section, we apply the method developed above, in this chapter, to
solve numerically some linear as well as nonlinear Volterra integral equations.
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3.5.1 Linear Volterra integral equations of the second kind

Here are some examples of linear Volterra equations of the second kind.

Example 3.10. Consider the Volterra equation (3.2) with

ft) =e*

on the interval [a,b] = [—1,1]. Its solution is y(t)

e

Kt — ts _
(t.5) = ", —

—(t+2))

=2t

We test our collocation method based on step functions for solving this
equation. By Remark 3.1, we know that various approximation of y(t) can
be obtained using different sigmoidal functions, using the same coefficients.
We denoted by '
iGNy —ylleo
gy =

1Yl

where y is the exact solution of the integral equation and G'Jivy, 1=1,2,3,1is
its approximation obtained as a superposition of sigmoidal functions, of the
Heaviside, logistic and Gompertz (with a = 0.85 and 8 = 0.1) type, respec-
tively. The G%y’s are all obtained evaluating the coefficients yo, y1, ..., yn,
solution of the linear system MyYy = Fy. In the cases of G4y and G,
the scaling parameter w was chosen accordingly to Corollaries 2.16 and 2.17,
respectively, yielding w = N2/(b — a) for G3y, and w = N?/[(b — a)a] for
G?Vy. In Table 3.1, the relative errors 5§V are shown. The condition num-
bers in the infinity norm of the matrices My, say k(My), are for instance,
k(Mio) =~ 39.84, k(Msp) ~ 125.73, k(Ms0p) ~ 816,39. In Fig.s 3.1 and 3.2,
the approximate solutions G]lvy, G?Vy for N = 20 and N = 60 are plotted,
respectively.

. i=1,2,3, (3.19)

N EN e 3

10 4.45x 1071 3.80x 1071 4.15x 1071
20 2.73x1071 259x 107t 273 x 107!
30 1.95x107! 1.94x107! 1.95x10°!
40 1.50x107Y 1.50x 107t 1.50x 10°!
50 1.20x 1071 1.20x 1071 1.20x 1071
60 998 x1072 998 x 1072 9.98 x 102
500 1.16 x 1072 1.21x1072 1.26 x 1072
1000 4.10 x1073 6.10 x 1073 6.40 x 1072

Table 3.1: Numerical results for Example 3.10.

Example 3.11. Consider the following initial value problem of the second

order,

t
y' =y +y= 5 sint, y(0)

t
2
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— Exact solution y

----Approximate solution with N=20

—— Approximate solution with N=60

s

Figure 3.1: Approximate solution Gy of Example 3.10, for N = 20 and N = 60.

—Exact solution y
! ---Approximate solution with N=20

°|—— Approximate solution with N=60

sk

Figure 3.2: Approximate solution G3;y of Example 3.10, for N = 20 and N = 60.
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Its solution is y(t) = % + cost — 2.

To such an IVP, a linear Volterra integral equation like that in (3.2) can
be associated (indeed, it is equivalent to it), with

3 t
K(t,s) :=2s — 575, f(t) = —3 sint — cost,

see Remark 3.6. Consider such an integral equation on the interval [a,b] =
[0,1]. In Table 3.2, the relative errors €%, i = 1,2,3 are shown, as in Ex-
ample 3.10. The same observation can be made on the condition number of
the My’s. In Fig.s 3.3 and 3.4, the approximate solutions G}Vy, G%\,y for
N =10 and N = 50 are shown.

Our method can be compared with other classical collocation methods,
e.g., those based on piecewise polynomials [27]. We have compared the
numerical errors made applying both methods to Example 3.11, choosing for
the latter method quadratic polynomials on the subintervals of [0, 1], when
the same number of collocation points are used. Taking M subintervals, we
need N = 3M collocation points. The relative approximation errors, £,
made with M =7, M = 10, and M = 15, turn out to be e = 3.03 x 1072,
ey = 2.82 x 1072, and els = 2.55 x 1072, respectively. These should be
compared with the results shown in Table 3.2.

N Ex 3 3

10 952x1072 7.08x1072 8.82x102
20 4.31x1072 421 x1072 4.31 x 1072
30 3.02x107%2 2.86x 1072 3.02x 1072
40 2.12x107%2 212x1072 2.12x 1072
50 1.06x 1072 1.07x1072 1.24 x 1072
500 8.09x107° 1.10x 1073 1.20 x 1073
1000 4.06 x 107 538 x 107 6.22 x 10~

Table 3.2: Numerical results for Example 3.11.

Example 3.12. Consider the following singular Volterra integral equation
(of the Abel’s type), with convolution kernel as in (3.8), with

. () =12+ =52,
Vt—s J®) 15

whose solution is y(t) = 2, see [135] e.g.

K(t,s)=—

We consider this equation on the interval [a,b] = [0,1]. The numerical
results obtained by our collocation method with unit step functions are de-
scribed in Table 3.3. The computed relative errors 5§V, 1 =1,2,3 are those
defined in (3.19).
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— Exact solution y

--- Approximate solution with N=10

o5 —— Approximate solution with N=50 ,T'

Figure 3.3: Approximate solution Gy of Example 3.11, for N = 10 and N = 50.

—Exact solution y
°4 ----Approximate solution with N=10

——Approximate solution with N=50

Figure 3.4: Approximate solution G3;y of Example 3.11, for N = 10 and N = 50.
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N EN €3 3

10 1.07x107' 6.47x1072 9.53 x 1072
20 4.61 x1072 443 x1072 4.61 x1072
30 3.56x1072 3.27x1072 3.56 x 1072
40 2.32x1072 232x1072 232x1072
50 128 x1072 7.20x 1072 1.00 x 1072
500 1.20x 1073 7.85x107* 1.10x 1073
1000 6.02x 107* 3.97x107* 5.42x10~*

Table 3.3: Numerical results for Example 3.12.

Example 3.13. Finally, consider the singular Volterra integral equation (3.2)
with

K(t,s) = — F) =1+3vVE+ gt,

Vi—s’
on the interval [a,b] = [0,1]. Its solution is y(¢) = 1 + /¢, which has an
unbounded derivative at ¢ = 0.

The numerical results for such example, obtained by our collocation
method with unit step functions, are given in Table 3.4. From the tables,

N 5}\, 5?\, 5?’\,

10 15x107! 1.21x1071 1.41x10°!
20 1071 9x 1072 101

30 866x1072 81x1072 8.66x 1072
40 7.07x1072 7.07x107%2 7.07 x 1072
50 5 x 1072 5x 1072 5x 1072
500 8 x 1074 1.8x1073 22x1073
1000 3.78 x 107* 9.01 x 10~* 1.1x 1073

Table 3.4: Numerical results for Example 3.13.

one can observe that the convergence of the method is rather slow, and its
accuracy poor. This is due to the basic approximation result based on sig-
moidal functions, see Chapter 1. One should note, however, that the method
can be applied under very weak assumptions on the kernel and the data. A
large class of integral equations can then be solved in this way, and analytical
representations of the solutions can also be obtained (as a superposition of
sigmoidal functions), at a low computational cost. In fact, all coefficients (of
G ny) needed to approximate a given solution, are evaluated just solving a
lower triangular algebraic system. In the special case of integral equations
of the convolution type, such matrices are Toeplitz matrices, hence only N
integrals must be computed. It follows that the methods we propose may
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actually be very fast, but the so-obtained solution could also be used as a
starting point of other methods.

3.5.2 Nonlinear Volterra integral equations of the second
kind

Here are some examples of nonlinear Volterra equations.

Example 3.14. Consider the nonlinear Volterra-Hammerstein equation (3.11)
with

K(t,s;y(s)) := IN((t, s)G(y(s)) := e¥(®) cos s, F(t) :=sint — et 41,

on the interval [a,b] = [0,1]. The solution is y(¢) = sint, see [108], e.g..

The numerical results obtained applying our method with unit step func-
tions (introduced in Section 3.3), are shown in Table 3.5. As above, we com-
puted the relative errors e’y i = 1,2, 3 defined in (3.19). In Fig.s 3.5 and 3.6,
the approximate solutions G}Vy, G?Vy are depicted, for N = 30 and N = 80.

N 5}\, E?V 5?’\,

10 1.66x 1071 1.53x 1071 1.63x 10!
20 8.76x107%2 870x 1072 8.76 x 1072
30 6.00x 1072 5.90x 1072 6.00 x 1072
40 453 %1072 453 x1072 453 x 1072
50 3.34x1072 3.37x 1072 3.46 x 1072
60 3.09x 1072 3.09x 1072 3.09 x 1072
70 2.74x1072 2.74x1072 2.74x 1072
80 231x1072 231x1072 231x1072
500 2.90x 1073 3.50 x 1073 3.60 x 1073
1000 1.40 x 102 1.80 x 102 1.80 x 103

Table 3.5: Numerical results for Example 3.14.

Example 3.15. Consider the nonlinear Volterra-Hammerstein equation (3.11)
with

K(t,5:y(s)) = K(t5) Gly(s) = ™ (779 4 y(s)) . (1) =™,
,1]. The solution is y(t) = In(t + €), see [108], e.g.

on the interval [a,b] = [0

As above, we show in Table 3.6 the relative numerical errors af}v, 1 =
1,2,3. Again, we plotted in Fig.s 3.7 and 3.8 the approximate solutions
Gy, Gy, for N =10 and N = 50.
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— Exact solution y
08 7 _/_:‘
o ---Approximate solution with N=30 /__/-" i
4LV S
5| —— Approximate solution with N=80 ==Y i
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05— 7 .
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_/ -
03 ) = —
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7 | |
01 02 03 04 0s 06 07 08 08 1

Figure 3.5: Approximate solution Gy of Example 3.14, for N = 30 and N = 80.

0 T

—Exact solution y
08 -]

---Approximate solution with N=30 -
07 S |

//__

——Approximate solution with N=80 72

0. /__//- -
-—/‘_
7
05 7its —
- S
, ot
ol 7 i
_//-_
i
03 w7 -
_//
e
02| > 24 -
£
=7
01 -, o]
&,
- I I I | 1 1 I I I
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Figure 3.6: Approximate solution G3,y of Example 3.14, for N = 30 and N = 80.
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—Exact solution y

--- Approximate solution with N=10

——Approximate solution with N=50 i

s P 4 —

105 i -

Figure 3.7: Approximate solution Gy of Example 3.15, for N = 10 and N = 50.

—Exact solution y

--- Approximate solution with N=10

——Approximate solutionwithN=50 | @@ -7

Figure 3.8: Approximate solution G3;y of Example 3.15, for N = 10 and N = 50.
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N EN €3 3

10 2.73x1072 2.06 x 1072 2.38 x 1072
20 1.38x1072 1.14x 1072 1.16 x 1072
30 8.40x 1073 810x 102 8.40x 1073
40  6.90x 1073 5.80x 1073 5.80 x 1073
50  3.40 x 1072 3.40 x 1072 3.70 x 1073
500 1.40 x 107* 3.45x107* 3.75 x 1074
1000 7.03x107° 1.72x107* 1.87x10°*

Table 3.6: Numerical results for Example 3.15.

As in case of linear equations, our collocation method exhibits slow con-
vergence and poor accuracy. However, the procedure in (3.13) yields fast all
coeflicients that can be used in an analytical approximate representation for
the solutions in terms of sigmoidal functions, to a large class of nonlinear
equations. The low computational cost of the algorithm allows to increase
considerably the number N of collocation points, and hence the number of
the superposed sigmoidal functions, so to obtain an higher accuracy.

81



Chapter 4

Applications to the Numerical
Solution of Volterra
Integro-Differential Equations
of the Neutral Type

Continuing with the study of the applications in Numerical Analysis of sig-
moidal functions approximation, in this chapter, a numerical collocation
method is developed for solving nonlinear Volterra integro-differential equa-
tions (VIDESs) of the neutral type, as well as other non-standard and classical
VIDEs. Sigmoidal functions approximation is used to suitably represent the
solutions. Special computational advantages are obtained using unit step
functions, and important applications can be obtained also using other sig-
moidal functions, such as logistic and Gompertz functions. The method
allows to obtain a simultaneous approximation of the solution to a given
VIDE and its first derivative, by means of an explicit formula. A priori
as well as a posteriori estimates are derived for the numerical errors, and
numerical examples are given for the purpose of illustration. A comparison
is made with the classical piecewise polynomial collocation method as for
accuracy and CPU time.

The present theory can be found by the readers in [59].

We solve numerically by collocation, nonlinear Volterra integro-differential
equations (VIDESs) of the neutral type, of the form

t
V(O = fto) + [ Kltsy(o).y/ (6D ds. yla) =,
for t € I := [a,b], where f and K are sufficiently smooth given functions,

see [32, 118, 119, 28|. The method is also suited to solve classical VIDEs,
i.e., equations where the integral term in (I) does not depend on 3/(s), as
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well as non-standard VIDES, i.e., classical equations where the integral term
depends in addition on y(t), see [117, 27]. The most known example of a
non-standard VIDE is perhaps given by the logistic equation with a memory
term, see [62, 15, 16]. Collocation methods are widely used to solve integral
equations, see, e.g., [2, 14, 30, 31, 27|.

Our collocation method consists in first approximating ¢’ by neural net-
works with unit step (Heaviside) sigmoidal functions, H. Upon integrating
the NN that approximate ', we then obtain an approximation for y as well.
At this point, replacing y and ¢’ in the integro-differential equations with
their approximations and evaluating the equations at suitable collocation
points on the interval I, we can determine the coefficients of the collocation
solutions.

The choice of using unit step functions allows to solve a large class of
integral equations with some computational advantages. In particular, we
can determine an ezplicit formula for calculating the coefficients of the collo-
cation solutions. In this way, an analytical representation for the collocation
solutions can be obtained. Moreover, we can show that approximate solu-
tions can also be given in terms of other sigmoidal functions, such as for
instance logistic and Gompertz functions.

The numerical errors made approximating y and 3’ are analyzed, and
some a priori as well as a posteriori estimates are derived for such errors. A
number of numerical examples are presented, and the results compared with
those obtained by the classical piecewise polynomial collocation method. The
collocation method based on sigmoidal functions developed here, seems to be
competitive regarding the CPU time it requires. As for its accuracy, it per-
forms better than piecewise polynomial collocation when integro-differential
equations with weakly singular kernels are involved.

4.1 A collocation method for Volterra integro-differential
equations

In this section, we introduce a collocation method aimed at solving nonlinear
Volterra integro-differential equations (VIDESs) of the neutral type.
In what follows, we consider initial value problems of the form

y’(t)zf(t,y(t)H/ K(t,s,y(s),y'(s) ds,  y(a) = yo, (4.1)

for t € I := [a,b], where f : I xR — R, and K : Q@ — R, being Q :=
I x I xR x R, are sufficiently smooth functions.

Suppose that (4.1) admits of a classical solution y, with y € C(I).
Hence, y' € C°(I) and then, as a consequence of Theorem 2.2, y(¢) could
be uniformly approximated on I by a superposition of bounded sigmoidal
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functions. We choose to use unit step (sigmoidal) functions, and set

N
(GNy)(t) =D apH(t —ty) + pH(t—t 1), tel, (4.2)
k=1

with Gyy' € ¥, N € N*. This will be a neural network which approx-
imates y'. Here, the coefficients oy, k = 0,1,..., N, are unknowns, and
ty = a+kh, h = (b—a)/N, for k = —1,0,..., N. Integrating Gnv', we
define

(Sny)(t) = / (Gny)(s)ds + w0

Zak/ Hs—tk)ds+ozo/ H(s —t-1)ds + yo,(4.3)

k=1 a

for t € I, where yg is the initial data in (4.1). Clearly, Syy approximates
y. Note that Gy’ and Syy are both characterized by the same unknowns
coefficients ay. By the definition of Heaviside functions, we have for every
tel

t t
/H(s—tl)ds:t—a, and /H(s—tk)dSZt—tk,

for every k such that ¢, < ¢, and

t
/ H(s—t)ds =0,

for every k with tg > ¢, k=1,...,N. Then (4.3) becomes

(Sny)(®) == > ot —te) +yo, tel (4.4)

k:tkgt

Inserting Syy and Gy’ in (4.1), in place of y and ¥/, respectively, we obtain
the collocation equation

(Gay) (1) = £t (Swy)(t / K(ts, (Swy)(s), (Cny/)(s) ds.  (4.5)

If Cy = {to,t1,...,tn} denotes the set of the collocation points, we can
evaluate (4.5) at such points, obtaining

ti

(Gry) () = f(ti, (Sny) () + [ K(ti,s, (Sny)(s), (Gry')(s)) ds, (4.6)

a

for every fixed ¢, ¢ = 0,1,..., N. This is a nonlinear algebraic system of
N + 1 equations where the unknowns are the ag’s, k =0,1,..., N. Solving
such nonlinear system we obtain the aj’s and then Syy and Gnvy/'.
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We will show that Syy and Gny' do provide a simultaneous approxi-
mation of the solution, y, to (4.1) and of its first derivative 3. We can
prove that system (4.6) always has a unique solution. Indeed, the following
theorem holds.

Theorem 4.1. The nonlinear algebraic system (4.6) has a unique solution
Qg, - ..,apN, i.e., the collocation method based on unit step functions, used
for solving the nonlinear integro-differential equations of the neutral type in
(4.1), admits of a unique solution, Syy, for every N € N*. In particular,
the coefficients «; of Syy (and Gny'), can be determined by the following

explicit formula:
a0 = f(a, ), (4.7)

t1

a1 = f (tl, Oé()(tl — a) + yo)—a0+ K (t1, S, Oéo(S — a) + Yo, Ot()) dS, (48)

a

i—1
o ‘—f<27zak ti — tk) +y0> Zak

and

k=0
ty, v—1 v—1
+Z (ti,S,Zak(S — tg) +yo,zak> ds, (4.9)
tv—1 k=0 k=0
for everyi,1=2,...N.
Proof. By equation (4.6), for i = 0,1,..., N, N € N, and the definition of
Sny and Gy, we have

N i
Z OékH(ti — tk) + OéoH(ti — t,1) = f (ti, Z Oék(ti — tk) —+ y(])

k=1 k=0

ti N s s
—|—/ K(ti,s,Zak/ H(z—tk)dz—i—ao/ H(z—t_1)dz
a k=1 a a

N

+yo, Z apH (s —t) + agH (s — t_1)> ds,
k=1

that can also be rewritten as

N i
D apH(ti—tk) + aoH(ti —t1) = f (ti» D ap(ti —ty) + yo)
k=1 k=0

+Z/ (

2

ozk/ H(ztk)derao/ H(z—t_1)dz

k=1
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N
+9o, Z arH(s —tg) + apH(s — t_1)> ds.
k=1

(4.10)

For i = 0, equation (4.10) reduces to ag = f(a,yo). For i = 1, (4.10) reduces

to
t1

ag+ap = f(t1,(t1 —a) +yo) + K (t1,s,a0(s — a) + yo, ap) ds,

a

and then we have
t1

a1 = f(t1,a0(t1 —a) +yo) — ap + K (t1,s,a0(s — a) + yo, ap) ds,

a

that can be immediately evaluated since «q is known from the previous step.
Note that, in general, for every fixed i,i = 2,..., N, H(t; —t) = 0 for every
k > i, and H(t; —t;) = 1 for every k < i. Moreover, it is easy to see that, for
every v =1,...,4, thereis H(-—t;) =l on [t,—1,t,] for k=0,...,v—1 and
H(-—tx) =0on [t,_1,t,] for k > v. Finally note that, again forv =1,... 1,

if s € [t,—1,t,], we have

v—1

N s s
a H(z—tp)dz+ « H(z—t_1)dz= ) ag(s—tk).
; k/a k 0/a 1 Z k k

k=0

Thus, for the general case i = 2,..., N, (4.10) becomes

i i1
dap=1 (ti,zak(ti —tg) + yo)
k=0

k=0

% t, v—1 v—1
+Z/ K (ti7suzak(s_tk)+y0)zak> dS,
v=1"7t-1 k=0 k=0

so we can conclude that

i—1 i—1
.y <ti,zak<ti ) +yo) S,
k=0 k=0
% t, v—1 v—1
+Z/ K (ti,s,Zak(s—tk)-i-yO,Zak) ds.
v=1"tv-1 k=0 k=0

This shows that (4.6) admits of a unique solution, ag, ..., an.

O]

Note that, in Theorem 4.1 integrability of the kernel, K, in the integro-
differential equation (4.1) is required. We emphasize the peculiarities of the
present collocation method: (i) one can determine all coefficients «y in a very
simple way, and (ii) a simultaneous approximation of y and %/ is provided
by Syy and G/, respectively, as well as the analytical form of Syy and

GnY'.
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Remark 4.2. Note that, if the kernel in equation (4.1) is of the convolution
type, i.e., K(t,s,y(t),y'(s)) = k(t —s) G(y(t),y'(s)), and it does not depend
on y(s) (for all s € [0,t]), then, formulae (4.8) and (4.9) in Theorem 4.1
reduce to

t1
a1 := f(t1, a0ty — a) +yo) — a0 + G (ao(ty — a) + 3/07040)/ k(t — ) ds,

and

i—1
@i -—f<uzakt = tk) +yo> Zakz

k=0

+ZG<Zakt —tx) —l—onak)/ k(t; — s) ds,
v=1 tu—1

for every i, i = 2,...N. Now, changing variable in the integrals, setting
z = s+ h (where h is step-size of the collocation points), we obtain

ty tu+h tyt+1
/ k(ti—s)dS—/ k(t,ﬁ—h—z)dz-/ k(tiv1 — 2) dz.
ty—1 t ty

v—1+h
(4.11)
Relation (4.11) can be used to simplify the implementation of the collocation
method in this case. In fact, in order to determine the coefficients «;, now
we need to compute only one additional integral. In general we evaluate ¢
integrals at each step, while in the present approach we are able to reduce
significantly the CPU time needed by our method.

The method can also be applied to other problems, such as classical
nonlinear integro-differential equations of the form

y () = F(t (D)) + / K(tsy(s)ds, y(0) =0,  (412)

fort € I :=a,b], where f: IXR — Rand K : I x I xR — R are sufficiently
smooth functions.

Moreover, a further class of VIDEs to which our collocation method
can be applied is that of non-standard Volterra integro-differential equations
having the typical general form

y'(t) = fty(t) + /tK(t s,y(t),y(s))ds,  y(0) = yo, (4.13)

where K : I x I x R x R — R is sufficiently smooth and the integrand
depends on both, y(s) and y(t). The best known example of such a non-
standard VIDE is given by the so-called logistic equation with memory term,
see [117, 62, 15, 16, 27]. Assume as above, that (4.12) or (4.13) admits of
a classical solution. Proceeding as with neutral VIDEs, that is replacing y
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and vy with Syy and Gy’ in (4.12) or (4.13), and evaluating the ensuing
collocation equations at the collocation points, we obtain nonlinear algebraic
systems similar to those in (4.6). The following theorems can be established
by a straightforward adaptation of the proof of Theorem 4.1. For clarity, we
state these results explicitly here.

Theorem 4.3. The collocation method based on unit step functions for
solving the nonlinear VIDE (4.12), has a unique solution, SNy, for every
N € N*t. In particular, the coefficients o; of Sny (and Gny'), can be deter-
mined by the following explicit formula:

Qg = f(aﬂyO)a (414)

t1
a1 := f(tr,a0(tt —a) +yo) —ao+ [ K (t1,5,00(s — a) + o) ds; (4.15)

a

and

i—1
o= f (Zazakt_tk +y0> Zak

k=0

7 ty v—1
+ Z K (ti, s, Z ag(s —tr) + yo> ds, (4.16)

v=1"tv-1 k=0
for everyi,1=2,...N.
Theorem 4.4. The collocation method based on unit step functions, for
solving the non-standard VIDE (4.13), has a unique solution, Sny, for ev-

ery N € NT. In particular, the coefficients o; of Sny (and Gny'), can be
determined by the following explicit formula:

Qp = f(CL?yO)a (417)
ar = f(t1,a0(t1 — a) +yo) — ap
t1

+ K (t1,s,a0(t1 — a) + yo, (s — a) + yo) ds, (4.18)

and

¢ i—1 v—1
+ Z (tu s, 3kt —tk) + 0 Y akls — 1) + yo) ds, (4.19)

b1 k=0 k=0
for everyi, i=2,...N.
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Remark 4.5. Suppose that y € C'(I) is the classical solution of a VIDE
of the form in (4.1), and that Syy is its collocation solution, written with
coefficients «y, provided by Theorem 4.1. Moreover, Gy’ is given in term
of unit step functions, and this represents an approximation of y’. Let now
o be a fixed bounded sigmoidal function. By Remark 3.1, we know that
various approximation of any given continuous function can be obtained us-
ing various different sigmoidal functions, still retaining the same coefficients.
Therefore, using the same oy, we can define

Zaka (t—t)) + ago(w(t —t_1)), tel,  (4.20)

where w is a suitable positive parameter depending on o and N, and the t;’s
are the uniformly spaced nodes in the interval [a, b] defined above. It follows
that G v/ provides a further approximation to y’, and hence we obtain, by
integration,

t
(S{y)(t Zak/ w(s — tg) d3+a0/ o(w(s—t_1))ds+yo, tel,

(4.21)
which provides a further approximation to y on I, for every N € N*.
The same observation can be made when our collocation method is ap-
plied to VIDEs of the form (4.12) or (4.13), using the same coefficients ay
determined in Theorem 4.3 and Theorem 4.4, respectively.

4.2 Analysis of the numerical errors

In this section, we analyze the various sources of numerical errors which
affect our collocation method.

4.2.1 A priori estimates

We start considering our collocation method with unit step functions, ap-
plying it to the VIDEs of neutral type in (4.1).
First of all, we define the error function for 1/,
eN(t) = y/(t) - (GNy/)(t)a tel:= [(1, b]a (422)

where y is the classical solution of (4.1) and Gyy' is the neural network
given in (4.2) and written with coefficients oy, determined by our collocation
method for (4.1). Integrating ey, we obtain

Ex(t) = / ex(2)dz = y(t) — (Sy)(t), tel=[ab,  (4.23)

that is the error function for y. The following theorem provides some a priori
estimates for ey and Ey.
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Theorem 4.6. Let (4.1) a given VIDE of the neutral type, which admits of a
classical solution y € CY(I). Assume that, there exist the positive constants
L¢, C, L1 and Lo, such that

(1) For every (t1,s1), (t2,s2) € I xR,

|f(t1,81) = f(t2,82)] < Ly [|(t1, 51) — (t2, s2)|l2,

where || - ||2 is the Buclidean norm in R?;

(i) For every (t,s,x,2) € I X I x [=|[yllco; +|ylloc] X [=l15/llocs +[1¥/lloc], we
have |K (t,s,x,z)| < C;

(iii) for every (tlv 5, T, Z); (th 8, T, Z) € IxIx [_HyHOO’ HyHOO] x [_Hy/HOOv ”y,HOO]z

|K(t1,s,x,2) — K(to,s,z,2)| < L1 [t1 — tal;
(iv) For every (t,s,z1,21), (t,8,22,22) € I x I x R x R,
|K(t,s,m1,21) — K(t, 8,22, 22)| < Lo ||(21,21) — (w2, 22) |2-

Then,
(b—a) My g, (1—a)

len(t)] < N , tel:=la,b],

and

‘EN(t)| < (b ]—V‘C]L\;Ml (eMz(tfa) . 1)7 tel,
2

for every N € NT, where My and My are suitable positive constants not
depending on N.

Proof. Let N € NT and ¢ € I := [a,b] be fixed. Define
ji=max{i:t; <t t; €eCn,i=0,1,...,N},

where t; = a+kh, h :== (b—a)/N, k= 0,1, ..., N, are the collocation points.
We can write

len ()] < len(t) — en(t;)] + len ()] < |y (1) — /' (t;)]

H(GNy)() = (Gay) ()] + len ()] = ' () = ' (t))] + len (1)1,

because (GnY')(t) = (GnY')(t;), since the function Gy’ is written as a
superposition of unit step functions and hence it is piecewise constant. Now,

len(®)] < [5/(5) — 1/ (t5)] + len(t)] = £t y(t))
+ / K(t,5,9(s),4/(s)) ds — f(t},y(t;)) - / " K (1, 5,y(5), 4/ () ds
T 'f(tj,yaj)) b [ IR 55.0(5):5/(5)) = K (5.5, (Swn)(o). Gy ) (5))] ds
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— It Swm) ()] < 16 y(®) — Fltgu(t;))
[ s o) (D] s [t p(6). 0/ (9) = K Cs.5).0/ ()| ds
tj
HI(6) ~ 5, Sy )]+ [ 1K (50(9).5/6)

“K(t;, 5, (Sw)(s), o/ (s))] ds + / " 1K (1,5, (Swy) (), /(5)

—K(tj,s,(Sny)(s), (GnY')(s)|ds = J1 + Jo + T3+ Jy + J5 + Jg.

We first estimate .J; and Jy. Being y € C*(I), y is Lipschitz continuous on I,
with some Lipschitz constant, say, L, > 0. Thus, we obtain from condition

(i)
IS LpyJ(t— 12+ (y(0) — y(t))? < Lpy /021 + L3) = b,

and moreover

Ja < Ly ly(t;) — (Svy) ()] = Ly [En(t5)] < Lf/j len(2)] dz.

As for Jy, we can easily infer from condition (i¢) that Jo < C (t—t;) < Ch.
Turning our attention to J3, we have by condition (4i7)

J3§L1|t—tj|(tj—a)§L1(tj—a)h§L1(b—a)h.

We finally estimate J; and Jg. From condition (iv), we have

< Le [ s = (Svpe)] ds =L [ |Ex(s)] ds,

and similarly

ty
len(s)| ds.

Js < LQ/j 1y/(s) — (Gwy')(s)| ds = LQ/

Therefore, combining all such estimates we conclude that

(O] S MO+ L 04 [ 1Balds (41 [ lew(2)] dz

/: en(z)dz

< W [M+C+L (b—a)]+La / ’ [ / 7 en(2)] dz] ds-+(L+Ls) / 7 lew(2)] dz

t 2
B M+C+ 1 (b—a)}—{—Lg/ ds+(Lf+L2)/ len(2)] dz
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Sh[M+C+L1(b—a)]—i—[Lg(b—a—i-l)—i-Lf]/tj\eN(z)\ dz
Sh[M+C+L1(b—a)]+[L2(b—a+1)+Lf]/t|eN(z)|dz

t
=: h M, —|—M2/ len(2)| dz.

The previous inequality holds for every t € I, and thus we obtain, by Gron-
wall’s lemma,

|6N(t)‘ <h My €M2 (t—a) m eMQ (t—a)

tel
N Y 6 Y

for every N € N*. Moreover,
¢ b ) M. [t
@) < [ lexte)las < EZDM [T,

O (e 1),

for every N € NT, O

Remark 4.7. We can infer from Theorem 4.6 that

(b—a) M, M2 (bfa)’

fewlloe < 21

and

(b—a) My ¢ np, (-
Bloo = C=OM (a0 1),
so that we can conclude that |lex||cc — 0 and [[En|jcc — 0 as N — +o0:
Sny and Gy’ converge both uniformly on I, to y and v/, respectively.

Remark 4.8. In Theorem 4.6, the Lipschitz conditions (i) and (iv) are
global. This is a technical assumption, which circumvents the need of having
an a priori boundedness of Syy and Gyy'. For such a reason, Theorem 4.6
cannot cover, e.g., the case of VIDEs like (4.1) with kernels of the form
K(t,s,x,z) = f((t, s)aPzP or f(t,s) = f(t)sP, with p > 1, see also [57].

Theorem 4.6 can also be extended in such a way to apply our collocation
method to (4.12). Clearly, the coefficients ay, of Syy (and Gny') in (4.12)
are the same obtained in Theorem 4.3 (or in Theorem 4.4, in case of the
equations of the kind in (4.13)). The following can be proved.
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Theorem 4.9. Let be given a VIDE like in (4.12), which admits of a classical
solution y € CY(I). Assume that, there exist the positive constants Ly, C,
L1 and Lo, such that

(i) For every (t1,s1), (t2,s2) € I X R,

|f(t1,81) — f(t2,82)] < Ly [|(t1, 51) — (t2, 82)|l2;

(i1) For every (t,s,z) € I X I X [—||ylloo, +]|Ylloc], we have |K(t,s,x)| < C;
(iii) for every (t1,s,x), (t2,s,2) € I x I X [~[ylloo; lylloc],

|K(t1,s,2) — K(ta,s,z)| < Ly [t; — ta;
(iv) For every (t,s,x1), (t,s,x2) € I x I X R,
|K(t,s,21) — K(t,s,22)| < Lo |x1 — x3].

Then,
(b—a) My, (t-a)

len(t)] < N , tel:=]a,b,

and

Ex(n) < COM (o 1) e,
2

for every N € Nt where My and My are suitable positive constants not

depending on N.

The proof of this theorem is similar to that of Theorem 4.6, and thus is
omitted. Moreover, in case of non-standard VIDEs like those in (4.13), we
have the following.

Theorem 4.10. Let be a fized non-standard VIDE like that in (4.13), which
admits of a classical solution y € C*(I). Assume that, there exist the positive
constants Ly, C, L1 and Lo, such that
(i) For every (t1,s1), (t2,52) € I X R,

|f(t1,81) = f(t2,52)| < Lyll(t1, 51) — (t2, 52)[l2;

(i) For every (t,s,x,2) € I X I X [=[[ylloc, +[[ylloc] X [=lyllocs +lylloc], we
have |K (t,s,x,z)| < C;

(1i1) for every (t1, 5,2, ), (t2, 8,2, 2) € IXIX[=[ylloos [ylloc] X [=[ylloos l[y[loc],
|K(t1,s,x,2) — K(to,s,z,2)| < Ly [t; — tal;
(iv) For every (t,s,z1,21), (t,8,22,22) € I x I x R X R,
|K(t,s,x1,21) — K(t,s,x2,22)| < Lo ||(x1,21) — (z2, 22)||2-

Then,
en()] < LM -0

N , tel:=]la,bl],
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and

IEn(8)] < (bJ_VﬁMl (eM2 (t-a) _ 1) . tel,
2

for every N € NT, where My and My are suitable positive constants not
depending on N.

Proof. As in the proof of Theorem 4.6 (and with the same notation), we can
write, for every fixed t € I,

len (D) < 1y'() = o/ (&) + len (t)| = £, y(t))

+/ Kt s,y(t),y(s) ds — f(tu(t) — | K(tj, s y(t;),y(s)) ds

+ ‘f(tjay(tj)) +/J (K (25, 8,y(t5), y(s)) — K(t, 5, (Sny)(t5), (Sny)(s))] ds
—f (5, (Sny) ()] < [f () — f (5, 5(t5))]

w106 s [ IR 000 0(5) = Kty 008 ()] ds
HI (5 96)) = 5 Svp )+ [ 1K s 0(t)06)

—K(tj, s, (Sny)(t5), y(s))| ds + / ’ K (t5, 5, (Sny)(t5), y(s))

—K(tj, S, (SNy)(tj), (SNy)(s))| ds =: J1 + Jo + J3 + Js+ J5 + J6.

The terms Jy, Jo, and J4 can be estimated as in Theorem 4.6. As for J3, Js,
and Jg, we obtain, exploiting (iii) and (iv) and the fact that y is Lipschitz
continuos with Lipschitz constant L, > 0,

J5 < Ly (b — a) /(= £5)2 + (u(t) — y(t)))? < Ly (t; — a) \/h2(1 + L2)

SLl(b_a‘) \/(1+Lg2/) ha

tj t
Js £ LalEx(t)| [ ds < Lo (- @) ()| < L) [ len()]dz

and

and finally,

ts; t S
Jﬁng/] |Ex(s)|ds < Lo (b—a)/]/ len (2)| dz ds

< Lo(b—a)? /tj len(2)|dz < Lo (b — a)? /t len(2)] dz.

a

The proof then follows as in Theorem 4.6. O

94



4.2.2 A posterior: estimates

As noted in Remark 4.8, the a priori estimates made in Section 4.2.1 hold
only for equations with kernels K and data f which are globally Lipschitz.
However, if we replace conditions (i) and (iv) in Theorem 4.6 with a local
Lipschitz condition, some a posterior: error estimates can be established.
Indeed, the following can be proved.

Theorem 4.11. Let a given VIDE of the neutral type like that in (4.1) have
a classical solution y € C*(I), and assume that conditions (ii) and (iii) of
Theorem 4.6 hold for some positive constants C' and Ly, respectively. Sup-
pose in addition that:

(a) There exist a constant Ly > 0 and a function Ly : Ry — RJ, such
that, for every v > 0,

|f(tr, 1) = f(ta, 82)] < L(v) | f(t1,81/7) = f(ta, s2/7)],

for every (t1,s1), (t2,s2) € I xR, and such that
|f(t1,s1) = f(t2, 82)] < Ly [[(t1, 1) — (22, 52) |2,
for every (t1,s1), (t2,s2) € I x [—1,1];
(b) There exist a constant Ly > 0 and a function Lx : Ry — R such
that, for every constant v > 0,
|K (t1,81,21,21) — K(t2, s2,x2, 29)|

< Lr() K (1, s1,21/7,21/7) — K(t2, 52,22/, 22/7)],

for every (t1,s1,x1,21), (t2, $2,22,22) € I Xx I Xx R X R, and such that
|K(t,s,21,21) — K(t,s,22,22)| < Lo ||(x1,21) — (z2, 22)]|2,

for every (t,s,x1,21), (t,8,29,29) € I x I x [—1,1] x [-1,1].
Then,

len(t)] < (b_;)Ml My (=a) e [ =[a,b),
and,

|En(t)] < W (eMN (t=a) _ 1) . tel,
where

M,
My = oy {Le(yN) + Lr(yw)}
M; and My being suitable positive constants not depending on N, and

v = max {[[Yllso, [1¥'lloc: ISnYlloc, IGNY lloo} (4.24)
for every N € NT,
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Proof. We define J;, ¢ = 1,...,6 as in the proof of Theorem 4.6, for ¢t € I
fixed. We first estimate Ji, Jo, and J3, as in the proof of Theorem 4.6. Now,
we estimate Jy, J; and Jg. Let vy > 0 be the constant defined in (4.24).
Using condition (a), we obtain

Jo < Le(yw) | f (5, y(t5)/vv) — [ (L5, (Snvy)(t5) /)]
< 1 20 i) < 2 O ey,

with |y(t;)|/vn, [(Svy)(t;)|/yn < 1. Furthermore, we have from condition

(b)

Js SﬁK(’YN)/j K(tj,s,yry(]?,y;(;)) _K(t, s, (S];%V)(S)’yx))‘ ds

< Lo L) [ uls)/w = (S0 ds = Lo “;”N) [ 1Etlas

N a

t; s t

gLQEK(’VN)/’/ en(2)] dzdsng(b—a)"W/ len(2)] de.
TN a a YN a

Similarly,

L tj L t
Jo < LQK('VN)/ len(s)| ds < LQK('VN)/ lex(s)] ds.

TN a TN a
Proceeding as in Theorem 4.6,

(0] < haty-+ sy {200 £ | (2] dz

for every t € I = [a,b], with h = (b — a)/N, the constant M; being defined
as in Theorem 4.6 and My := 2 max{L¢, L2 (b —a), Lo}. Then, we obtain
from Gronwall’s lemma

b—a) M iy (-a

N , tel=]a,b],

len ()] <

where

My = 2 (£, () + L)}
YN

and moreover,

[En (1)) < W (M= —1), e,
N

for every N € N*t. O
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Note that all examples of functions f and kernels K mentioned in Re-
mark 4.8 do satisfy conditions (a) and (b) of Theorem 4.11.

Remark 4.12. Theorem 4.11 can be easily extended to provide estimates
for the error affecting our method for VIDEs like (4.12) and (4.13), as in
Theorem 4.9 and Theorem 4.10.

We can now use the estimate provided by Theorem 4.6 (or Theorem 4.11)
to derive other estimates for the errors affecting the variant of our method
introduced in Remark 4.5 for equations like (4.1).

Let o be a fixed bounded sigmoidal function. In what follows, we denote
by

e (t) =1 (t) — (G (1), tel:=la,b, (4.25)
where G v/ is defined in (4.20) and it is written with the coefficients ay

determined by our collocation method for equation (4.1). Furthermore, we
denote by

E5(t) = / el (z)dz = y(t) — (S{y)(t), tel:=]a,b], (4.26)

that is the error function for y, when the approximate solution is expressed
by Sy defined in (4.21). The following theorem provides some a posteriori
estimates for the error functions e, and EY;.

Theorem 4.13. Let o be a bounded sigmoidal function, and let (4.1) be a
gwen VIDE of the neutral type, which admits of a classical solution, y €
CY(I). Under the assumptions (i), (ii), (iii), and (iv) of Theorem 4.6, we
have 5 M

)] < LM oo

+ Y owllo(w (t—t) =1+ Y x| o(w (t—tx))],

kit <t kit >t

for every t € I. Furthermore,

—a) M
5] < LM (e )
2

t N t
+|ao/ U(w(s—t1))—1d8+zak/ lo(w (s — tg))| ds,
a k=1 a

for every t € [a,t1], and

o (b—a) My Ms (t—a) !

i—1 t
+ |k | lo(w (s —t))|ds +

o (s — t)) — 1] ds]

tg
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N t
—l—Z]ak]/ lo(w (s — 1)) ds.
k=i a
for every t € [ti—1,ti], i = 2,...,N, and N € N*, where My and M are

sustable positive constants not depending on N.

Proof. We first write (G3y')(t) =: (GnY')(t)+ Ry (t), where Gny/ is defined
in (4.2) with the coefficients «j, determined in Theorem 4.1, and Ry is a
suitable function. Let ¢ € I := [a, b] be fixed. We have

| Ry (1)) = [(GRy)(#) — (Gwy)(1)]

Zak w(t—ty)) — H(t —t)] + oo [o(w (t —t_1)) —1]|,

where w > 0 is a suitable parameter depending on ¢ and N € N*. We can
observe that o(w (t — tg)) — H(t — tx) = o(w(t —tg)) — 1 if t > t, and
o(w(t—ty) — H(t —ty) = o(w(t —tg)) if t < tg, for every k =1,...,N.
Thus,

IRv()] < D owllo(w (t—te) =1+ D owl lo(w (£ — ).

kit <t kit >t

By the inequality above and Theorem 4.6, we can write

leR (@) = [y (t) = (GRY) D) < [y (t) = (Gny ) O] + [(Gny) (t) — (GFy) (1))

—a) M
= |6N(t)| + |RN(t)| < w 6M2 (t—a)

N
+ > agllo(w (t—tk) =1+ D Jagllo(w (t = )],
kit <t kit >t

for every t € I. Finally, we can also obtain

t — t
B30 < [ estollas < LD o,

t N t
+|ao/ lo(w (s —t_1)) — 1| ds + Z ak/ lo(w (s — t))| ds,
a h—1 a

for every t € [a,t1], i.e.,

o (b—a) My ( g, (t—a)
RO < S (M0 -1)

t N t
ol / o(w (s —t 1)) — 1]ds + 3 Jou / 0w (s — 1) ds,
a =1 a
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for every t € [a,t1], where the positive numbers M; and M, are those de-
termined in the proof of Theorem 4.6. Moreover, we have, for ¢t € (t;_1, ],
i=2... N,

_ t t
|ES(8)] < (b;\?%/ eMz2(s=a) gg 4 |a0|/ lo(w (s —t_1)) —1|ds

t

i1 t
3ol | [ ottt + [ lotar(s — ) — s
k=1 @

tr

N t
+ ) law| [ o(w (s —tx))| ds,

or, equivalently,

(b— CL) M1

EX(t)] <
B0 < ST

t
(cMt-0) — 1) 1 |a0,/ jo(w (s —t-1)) — 1| ds

t

i—1 t
+> Jo| [/ lo(w(s—ty)ds+ [ |o(w(s—tg)) —1]ds
k=1 a

tg

N t
+ lak| [ |o(w (s —tx))|ds.
]

Note that, from the definition itself of sigmoidal functions, the terms
lo(w (t —tx)) — 1] and |o(w (t — tx))| in the estimates of Theorem 4.13 are
small, when the positive parameter w is sufficiently large.

Now, we apply Theorem 4.13 to the special case of logistic sigmoidal
functions. This yields the following.

Corollary 4.14. If oy(t) = (1+e )71, t € R, and (4.1) is a given VIDE
of the neutral type, having a classical solution, y € C(I), we have, under
the assumptions (i), (ii), (i), and () of Theorem 4.6, for every w >
A In(N — 1)
b—a ’

b—a)M
o)) < M o
e (=) —w (t—t)y—1
+ 2 ol ey + 2 lad (e )7
ket <t kit >t

for every t € I. Furthermore,

o (b—a) My ( g, (t—a)
2RO < 5 (¢ )
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14 e—w(b-a)/N N ew (t—a) b—a
n (-2 In(1
! {’ao‘ ' ( 14 e—wt—t-1) + ; vk I | 1+ 1+ ew (tk—a) NlIn(N —-1)’
for every t € [a,t1], and

o (b—a) My ¢ ap,(1—a) L e Oma/
‘EN(t)| < W <€ — 1> + \a0|ln m

i—1
+21n2 [Z|ak|

k=1

N . . ew(tfa) b—a
# 2 ol { 1 6 ) ( N = 1)

k=i
for every t € (t;—1,t], i =2,...,N, and N € Nt N > 2, where M; and

My are suitable positive constants not depending on N.

Proof. The proofis a direct consequence of Theorem 4.13 and Corollary 2.16,
just observing that

ti t 2In2(b—
/a e (5=t dst [ Jortw (s=t)-1ds < 22w < Nln(fv_l))

for k = 1,...,4 — 1, where ¢ = 2,..., N, is such that t € (t;_1,¢], for
w> A In(N —1),and N € NF, N > 2. O

Clearly, the analogue of Corollary 4.14 can be established for the case of
the Gompertz sigmoidal functions.

Remark 4.15. Theorem 4.13 and Corollary 4.14 can also be extended to the
case of VIDEs like (4.12) and (4.13), thus obtaining a posteriori estimates
for the corresponding errors, €%, and EY;. Further estimates can be obtained

replacing the assumptions of Theorem 4.6 with those of Theorem 4.11, in
Theorem 4.13 (and in Corollary 4.14)

4.3 Numerical examples

In this section, we apply the collocation method developed earlier in this
paper, to solve numerically some VIDEs of the form (4.1), (4.12), and (4.13).

Example 4.16. Consider the nonlinear VIDE, of the form (4.1),
t
Y (t) =2et — eV 4 2/ e tyls) [2—9/(s) —In(e(L+s)y'(s))] ds,
0

with initial condition y(0) = 0, for ¢ € [0, 1]. Its solution is y(¢) = In(1 + ¢).

100



N |En oo I EX lloo IEX s 1/(NInN)
5 211x1072 186x1072 26x1072 1.24x10°!
10 99x102 96x1073 1.13x1072 4.34x 1072
15 64x103 64x103 7.1x107% 246 x 102
30 32x10% 32x10% 33x103 98x10°3
40 24x107% 24x107% 25x107% 68x1073
100 944 x107% 944 x10~* 9.60x10~* 22x1073
200 4.71x107% 471 x107* 475 x10* 943 x10~%

Table 4.1: Numerical results for Example 4.16. Ey, EY/, and E3*” are the errors
on y, see Section 4.2. The scaling parameters, w of the collocation solutions S}y
and S}y are w = N? and w = N?/(af3), respectively, see Corollary 2.16 and
Corollary 2.17.

In Table 4.1, the corresponding numerical errors, obtained by our collo-
cation method with unit step functions, are shown. In the same table, we
also show the numerical errors made when logistic functions, oy, and Gom-
pertz functions, 0,3 with o = 0.85 and 8 = 0.1, are used. >From the results
of Table 4.1 it seems that the numerical errors pertaining to Example 4.16
decay to zero roughly as 1/(N1InN), when N gets large, hence faster than
shown by the theoretical results given in Section 4.2.

In order to assess accuracy and performance of our collocation method,
based on sigmoidal functions, we compared it with the classical piecewise
polynomial collocation method. In what follows, such a comparison is made
considering the collocation solutions in the space of piecewise polynomials
whose degree does not exceed m = 2, with collocation parameters ¢c; = 0 and
co = 1, i.e., the well-known Lobatto points, see [27]. Here, hy := (b —a)/N
is the uniform mesh size, and N is the number of subintervals of [a, b] where
the collocation is accomplished. In Table 4.2, the absolute errors for such a
piecewise collocation method are given, for several values of IV, for the VIDE
of the neutral type in Example 4.16.

N : ) 10 15 30 100

Errors: 1.5x107° 1.13x 1072 1.11x 1073 6.47x10"% 2.09 x 1074

Table 4.2: Numerical errors for the piecewise polynomial collocation method for
the equation in Example 4.16.

Comparing the numerical errors in Table 4.2 with those in Table 4.1, we
see, in general, the piecewise polynomial collocation methods, which are local
in nature, are more accurate than the method based on sigmoidal functions.
Moreover, for piecewise polynomial collocation method, mN = 2N collo-
cation points are needed, where N is the number of subintervals of [a,b].
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We should then compare the numerical results in Table 4.2 with those of
Table 4.1, when the same number of collocation points are used.

However, our method is simpler and offers some computational advan-
tages. Indeed, to solve nonlinear equations, we do not need to compute the
solutions of a sequence of nonlinear algebraic systems, as it happens using
the piecewise polynomial collocation method. To determine the coefficients
of our collocation solutions, we can merely apply the explicit linear recur-
sive formulae given in Theorem 4.1. All integrals in such formulae can be
computed by numerical quadrature. In Table 4.3, we show the CPU times
needed to compute the solutions with the sigmoidal and piecewise polynomial
collocation methods for Example 4.16, for various N.

N sigmoidal functions piecewise polynomial
5 0.012895 0.069862
10 0.037928 0.097894
15 0.076565 0.149001
30 0.292096 0.314933

Table 4.3: Comparison between the CPU time (in seconds) for sigmoidal and
piecewise collocation methods for the problem in Example 4.16.

Comparing the CPU times given in Table 4.3 we can observe that the
numerical solutions by the collocation method with sigmoidal functions are
computed in a shorter time than the piecewise polynomial collocation method.

In addition, our method provides a simultaneous approximation of the
first derivative of the solution by a superposition of sigmoidal functions. In
Example 4.16, 3/(t) = (1+t)~%, t € [0,1]. In Table 4.4, the numerical errors
made in the approximation of 3 with Gny', G{¢y' and G3*y/, o = 0.85 and
B8 = 0.1 are shown.

N lenlls €N lloo llex Moo

5 150x 107! 837x1072 1.25x 10!
10 826x1072 6.17x1072 7.6x 1072
15 5.66 x 1072 4.60 x 1072 5.61 x 1072
30 291x1072 2.75x1072 291 x 1072
40 196 x 1072 1.96 x 1072 1.96 x 1072
100 1.9x1073 49x103 56x1073
200 9.70 x 107* 24x107% 2.8x1073

Table 4.4: Numerical results for Example 4.16. ey, e3¢ and e3” are the errors

made computing y’, see Section 4.2. The scaling parameters, w, of the Gy’ and
GY°y are w = N? and w = N2/(af3), respectively.

Here the numerical errors in the approximation of ¢ are larger than those
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made approximating y.

Example 4.17. Let be a classical nonlinear VIDE like (4.12), with a weakly
singular kernel, K, i.e.,

1 t o1 Py2(s)
)= ——=+Vt s+~ / ds,
v = 5@ 372) )y Vies "
with initial condition y(0) = 1/2, for ¢t € [0,1]. Its solution is y(t) =

(VI+1)/2.

Weakly singular kernels are not Lipschitz continuous near the right-points
of the interval [0,t], with ¢t € [0,1]. This fact represents a problem for the
convergence of the numerical method. The numerical errors for such example
are shown in Table 4.5.

N | EN|loo IE lloo IEY s 1/(NInN))
5 41x1073 36x103% 46x10° 1.24x 107!
10 18x107% 18x1073 2x1073  4.34 x 1072
15 12x1073% 1.2x10% 1.3x107% 246 x 1072
30 5.73x107* 571x107* 5.92x107* 98x1073
40 426 x 107% 425 x107* 437x107* 6.8 x 1073
100 1.67x107* 1.67x107* 1.69x107%* 2.2x1073

Table 4.5: Numerical results for Example 4.17. Ey, EYf, and EY*” with a = 0.85
and 8 = 0.1, are the errors made evaluating y. The scaling parameters, w, of Sy
and S3*”y are w = N? and w = N?/(af3), respectively.

In Example 4.17, the numerical errors seem to decay roughly as 1/(N In V),
as well as in Example 4.16.

In Example 4.17, again, it is more interesting to compare the numerical
errors of Table 4.5 with those obtained by piecewise collocation. In Table 4.6,
we show the absolute errors of the piecewise polynomial method applied to
the equation in Example 4.17 on [0, 1].

N : 5 10 15 30 100
Errors: 544 x 1072 1.7x102 9x10° 3.1x102% 5.03x10°*

Table 4.6: Numerical errors for the piecewise polynomial collocation method
for the equation in Example 4.17.

Comparing the results in Tables 4.5 and 4.6, we can observe that the col-
location method with sigmoidal functions is more accurate than the piecewise
polynomial collocation method. Therefore, our numerical method seems to
be competitive in case of equations with weakly singular kernels.
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Example 4.18. We consider the non-standard VIDE of the form (4.13),

V0 =0 (Fo+ [ us)as).
where

and initial condition y(0) = 1, ¢t € [0, 1], whose solution is y(t) = e~ 2, see

[29].

The corresponding numerical errors are given in Table 4.7.

N | EN [l oo 1EY [0 IEY oo
5 899x1072 7.85x 1072 1.01 x 1071
10 4.09x 1072 398 x 1072 4.47x 102
15 263x1072 261 x1072 282x 1072
30 1.29x 1072 1.28x1072 1.34 x 102
40 96x1072% 96x1073 99x10°3
100 3.8x1073 38x103 38x1073
200 1.9x103% 19x102% 1.9x10°3

Table 4.7: Numerical results for Example 4.18. Ex, E{f and EY*” with a = 0.85
and = 0.1 are the errors made evaluating y. The scaling parameters, w, of S{fy
and S3*?y are w = N? and w = N?/(af3), respectively.

Again, in Example 4.18, the same observation made for Example 4.16
and Example 4.17 applies, concerning the decay rate of the numerical errors.
Here, || EN|loo; [|E oo and || E3 ||ls seem to decrease as C'/(N In N), being
C > 1 a suitable constant.

Similar considerations can be made for Example 4.18, as for Exam-
ple 4.16. In Table 4.8, the numerical errors obtained using piecewise polyno-
mial collocation on [0,1] are given. Also in this case, the errors of Table 4.8
turn out to be smaller then those in Table 4.7.

N : 5 10 15 30 100

Errors: 1.33x 1072 6.40x 1073 42x 1073 21x 1073 6.34 x 1074

Table 4.8: Numerical errors for the piecewise polynomial collocation method for
the equation in Example 4.18.

Example 4.19. Consider the nonlinear VIDE of the neutral type:
¢
J (1) = 2% — 22(1) — 612 + 131 + 12e~" — 12+ / ey (s)(y/(5))2 ds,
0
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for ¢t € [0, 1], subject to the initial condition y(0) = 0. Its solution is y(t) =
(1/2)t%.

The numerical errors for such example are shown in Table 4.9.

N Exle BTl [Ex"lloo
5 628 x1072 259x 1072 5.57 x 1072
10 5x 1073 3.9x 1072 6.8 x 1073
15 28x107% 25x107% 3.9x1073
30 14x10% 13x103% 1.6x10°3
40 1x1073 1x1073 1.1 x 1073
100 4.07 x 107* 4.06 x 107* 4.21 x 1074
200 2.03x107* 203x10~* 2.07x10°*

Table 4.9: Numerical results for Example 4.19. Ey, E{f and EY*” with a = 0.85
and = 0.1 are the errors made evaluating y. The scaling parameters, w, of S{fy
and S3*?y are w = N? and w = N?/(af3), respectively.

N : 5 10 15 30 100
Errors: 3.8 x 1072 1.7x10°% 1.1x102% 533x10% 1.54x10*

Table 4.10: Numerical errors for the piecewise polynomial collocation method for
the equation in Example 4.19.

In Example 4.19, we can determine all parameters required, to obtain
the a posteriori error estimates of Section 4.2.2. The constants M7 and M
in Theorems 4.6 and 4.11 (which do depend neither on the number N of
sigmoidal functions nor on the mesh size, h) are

My=M+C+ Ly, M;=2Ly+ Ly,
where M = /L2 +1=+/2,C = Ly =¢/2, Ly = 2¢, and Ly = 16, hence,

My =V2+e, Msy=4e+ 16.

Moreover, the functions introduced in conditions (a) and (b) of Theorem 4.11
are L(v) =~% and Lg(v) =73, 7> 0, and finally

v :=max {1, |Snyllss, IGNY [0},

and,
(4de + 16)

~— O +7%) -

My =
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Therefore, the a posteriori estimate provided by Theorem 4.11 for the
collocation solutions of such neutral equation is given by

(V2+e€) e
Ex()| £ —/——— Nt —1) =: Rn(t
Ex (0] < Syt (M= 1) =5 Ra(0),
for every t € [0,1]. This estimate is very sharp, especially when ¢ is near to
zero. In Table 4.11, a comparison between the numerical errors |En(t)| and
the a posteriori error estimates Ry (t) of Theorem 4.11, for Example 4.19, is
given. As a rule, a priori estimates provide overestimates for the numerical

N t ‘EN(t)’ RN(t)
5 0.05 0.0013 0.2106
5 0.07 0.0025 0.6466

30 0.05 5.8332 x 104 0.0351
30 0.07 8.5885 x 1074 0.1078
30 0.1 0.0011 0.5507
40 0.05 5.3125 x 104 0.0263
40 0.1 7.9136 x 1074 0.4130
100 0.05 1.9677 x 1074 0.0105
100 0.1 3.0052 x 1074 0.1652
100 0.13 3.3732 x 1074 0.8315

Table 4.11: Comparison between the numerical errors |Ey (¢)| and the a posteriori
error estimates Ry (t) of Theorem 4.11, for Example 4.19.

errors. Clearly, since in the error inequality appear an exponential function
with exponent Myt depending on the (large) constant My, for larger values
of ¢ the previous estimate cannot be very sharp. Similar considerations can
be made in case of a posteriori estimate obtained approximating solutions
to neutral integro-differential equations by logistic or Gompertz functions.
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Chapter 5

Approximation by Series of
Sigmoidal Functions with
Applications to Neural
Networks

As shown in the last two chapters, the approximation results of Chapter 2
can be used to obtain numerical solutions of Volterra integral and integro-
differential equations. The numerical methods that have been proposed, are
very easy to implement and they present various advantages, which we have
been previously described in details.

However, our numerical methods have not high accuracy. Then, we study
new kinds of approximation techniques by sigmoidal functions, in order to
use them to improve the accuracy of our numerical methods.

In this chapter, we develop a constructive theory for approximating ab-
solutely continuous functions by series of certain sigmoidal functions. Esti-
mates for the approximation error are also derived. The relation with neural
networks approximation is discussed. The connection between sigmoidal
functions and the scaling functions of r-regular multiresolution approxima-
tions are investigated. In this setting, we show that the approximation error
for C'-functions decreases as 277, as j — +o0o. Examples with sigmoidal
functions of several kinds, such as logistic, hyperbolic tangent, and Gom-
pertz functions, are given.

For the present theory the readers refer to [58].

The main idea introduced in this chapter, is to start from appropriate
real valued functions, ¢, normalized so that [ ¢(t) dt = 1, and to construct
sigmoidal functions having the integral form oy(z) := [* _é(t)dt, = € R.
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In this way, we can define the operators
s = [ [ ot = 07w ] stwr 1)+ 100,
keZ

x € [a,b], where f is an absolutely continuous function on [a,b] C R, and
w > 0.

We can show that, the family (Su’ f)w>0 converges to f uniformly on
[a,b]. Moreover, we derive estimates for the approximation error and the
truncation error of the series.

A remarkable result is obtained when ¢ is the real-valued wavelet scaling
function associated to an r-regular multiresolution approximation of L?(R),
constructed by a suitable procedure, see [109, 52, 64, 113|. In this setting,
we replace the weights w with 2/, j € N*, as it seems more natural in view of
the relation that ¢ has with the multiresolution approximation. Also in this
case, we can show that the family of the operators (Sg¢f)w>o converges to
f as j — +oo, uniformly on [a,b] Approximating C!'—functions, we obtain
an approximation error decreasing to zero as 277 when j — +o00.

Such a theory, in the present form, however, does not cover the important
cases of NNs activated by either logistic, hyperbolic tangent or Gompertz
sigmoidal functions. Therefore, we propose an extension of the theory previ-
ously developed, which includes such cases, also providing estimates for the
approximation errors for functions belonging to suitable Lipschitz class.

5.1 Approximation by series of sigmoidal functions

In what follows, we denote by AC|a, b] the sets of all absolutely continuous
functions, f : [a,b] — R, on the bounded closed nonempty interval [a, b].
Moreover, we recall that, by C"[a,b], n € N, we will denote the set of

all functions f € C™(d’,V'), for some open real interval (a’,V’), such that
[a,b] C (d', V).
Let introduce the class of functions we will work with.

Definition 5.1. The function ¢ : R — Rar 15 said to belong to the class P,
if it satisfies the following conditions:

(1) ¢ is continuous on R and there exists C > 0 such that

¢(x) < C(1+ |z])~,
for every x € R, and for some a > 2;

(¢2) Zqﬁ(a: — k) =1, for every x € R.
keZ
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Remark 5.2. The condition (¢2) is equivalent to

qg(k‘) — { (1): Zi%7\ {0},

where $(v) 1= Jr () e ™ dt, v € R, is the Fourier transform of ¢; see [36].
In particular, it turns out that ¢(0) = Jg o(t)dt = 1.

For any fixed ¢ € ®, the function Ky : R?2 Rg, defined by

Ky(z,y)=> oz —k)dly—k), (x,y) R (5.1)

kEZ

will be called the kernel associated to ¢. Clearly, it follows from condition
(¢2) and by Remark 5.2 that

/ Ky(z,y)dy =1, for every x € R. (5.2)
R
Moreover, using (¢1), it is easy to see that

Ko(z,y) < L1+ |z —y|)~® forevery z, y € R, (5.3)
for some positive constant L. Under the previous assumptions on Ky, the

following lemma, which will turn out to be useful later, could be established.
Its proof is classical and can be found in [113].

Lemma 5.3. Let (T,,)w>0 be the family of operators defined explicitly by
(Tuf)w)i=w [ Kws,wn) f)dy. o€ R
for f : R — R (or C), and where the kernel K : R? — R (or C) meets the

conditions (5.2) and (5.3). Then, for any uniformly continuous and bounded
function f, we have

i T f — fllao = 0.

Moreover, for every f € LP(R), 1 < p < 400, it results
i [T,f  fl, =0.
Let now ¢ € ® be fixed and define the function oy : R — RS as
x
op(x) = / o(t)dt, zeR. (5.4)
—0o

Clearly, from condition (¢2) and Remark 5.2, such a function oy is a sig-
moidal function. We can now give the following
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Definition 5.4. For every fixed function ¢ € @, we define the family of
operators (Su”)wso by

(Sa? )(x [/ d(wy — k) f(y) dy| og(wx — k) + f(a), =« € [a,b],
keZ
(5.5)
for every f € ACla,b] and w > 0. We call Sy’ f the “series of sigmoidal
functions for f, based on ¢7, for the given value of w > 0.

Clearly, when f is a constant function, the Definition 5.4 becomes trivial.
Now we can prove the following

Theorem 5.5. Let ¢ € ® be fizred. For any given f € AC|a,b], the family
(8o flwso converges uniformly to f on [a,b], i.e

Jim [IS57F = flle = 0.
Moreover, if f € al[a,b], we have

1557 f = flloo < Cw™",
for some positive constant C and for every w > 0.

Proof. Since f € AC|a,b), = [T f(z) dz + f(a) for every = € [a,b].
Then, setting f'(z) = f’( ) for z € |a,b and f'(2) = 0 for z ¢ [a,b], we

obtain
o(wy — k) f )dy] oy(wz — f'(z
zl b= ]

[/w o7mal [ avu- [ 7

Changing variable, by setting ¢t = wz — k, we get

(S0’ ) (@)~ f

kEZ

(552 ) () —
< [ keZ[ /qswy oY >d}¢<wz—k>—f'<z> @z
:/ /K¢wzwy () dy — F(2)| de
< /M‘ | Kotwsown) Py dy - ()| d (5.6)

Being f’ € L'(R), we obtain by Lemma 5.3 and inequality (5.6)

i 1S5~ Sl < lim_ [T — Pl =0

110



which completes the proof of the first part of the theorem.
Consider now f € C'[a,b]. Note that, by conditions (¢2) and (5.2), we
have

w/ Ky(wz,wy)dy =1, for every z € R and w > 0.
R

Then, again from inequality (5.6), we obtain

(8w’ () = f(2)]

< /K¢ wz, wy) f(y) dy — (z)w/RKsz,wy)dy’ dz
< w /R | Kotwsw) F o) = ol dy s
< 2w|]f’||oo/]R/]RK¢(wz,wy)dydz. (5.7)

Changing the variables z and y in the last integral in (5.7) with z;/w and
y1/w, respectively, we obtain, in view of condition (5.3),

1S5 F = fllo < 2071l /R /R Ko(21,5) dys d:

IN

2071 oo [ [ (0 1= D) g dy = G

for every w > 0, for some C > 0, and where o > 2 is the constant of condition
(¢1). This completes the proof of the second part of the theorem. O

Examples of functions ¢ € ® will be given in the next sections.

5.2 Application to neural networks

Here we give some applications of the theory developed in the previous sec-
tions to NNs activated by the sigmoidal functions generated by (5.4).

We will denote by ®¢ the subset of @ of functions having a compact
support.

Let ¢ € ®¢ be fixed, and let M;, My > 0 such that supp ¢ C [—M;, Ma).
In this case, we have for any f € AC|a,b] and w > 0,

b
/ d(wy — k) [ (y) dy =

for every k < wa — Ms and k > wb+ My, k € Z, since for these values of k,
[wa—k,wb—k]N[—Mi, Ms] = (. Then, the series appearing in the definition
of the operator Sy f reduces to a finite sum, i.e.,

(wb+Ml]

(S2 F)(x) = [ / S(wy — k) '(y) dy| oo(we — K) + f(a), (5.8)

k= I_wa Ms |
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for every = € [a, b], where the functions [z]| and |z | denote the upper and the
lower integer part of € R, respectively. Now, we introduce the following
modification in Definition 5.4 for the case ¢ € ®¢. For any f € AC|a, b], set

(G5 F)(a) =
3 [ / b(wy — k) £'(y) dy| op(we — k) + F(a) op(w(z — a+ 1)),

k=|wa—Msy| =" @

for every x € [a,b] and w > 0. The G4’ f’s are a kind of NNs. They
approximate f, uniformly on [a,b], as w — 400. The proof of this claim
follows from the same arguments made in Theorem 5.5, taking into account
that

p [f(@)[|]1 = og(w(z —a+1))| < |f(a)l[1 —op(w)] = O, (5.9)

for w > 0 sufficiently large. Indeed, by the definition of o4, for every w > My
we have

op(w) = /w ¢(z) de = /Rgzﬁ(x) dr = 1. (5.10)

Moreover, again by Theorem 5.5, if f € c! [a, b] we obtain the convergence
rate given by ||Go’ f — flleo < Cw™L, for some positive constants C and for
every sufficiently large w > 0.

In addition, our proofs are constructive in nature, and allow us to deter-
mine explicitly the form of the NN. In particular, we show that the set of
NNs G4’ f is dense in the set AC[a, b], with respect to the uniform norm.

Now, we show that we can obtain NNs also starting from functions ¢ € ®
which are not necessarily compactly supported. Let first prove the following

Lemma 5.6. The series ) ., ¢(wr—k) converges uniformly on the compact
subsets of R, for every fixzed w > 0.
In particular, we have for every [a,b] C R

sup 3 plwr— k) < T{(N —wh+ 1)~V 4+ (N +wa+ 1)~ D},
z€la,b] k|>N

for some C > 0, for every N > wmax {|al, |b|}, N € NT, where a > 2 is the
constant of condition (p1).

Proof. Let [a,b] C R be fixed. By condition (¢1) and for N > wmax {|al, |b|}
we have

sup Z d(wx — k) < C sup Z (14 |wz —k|)™®
z€[a,b] [k|>N z€la,b] k|>N
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:C’{sup D (Ut fwe =k + sup Y (1+[wa+ k)" }

z€lab] SN xe[a b >N

+o0o
SC{Z(I—}—I{ wb)” +Z +wa + k)~ }SC’{/ (1+ 2z —wb) “dz

E>N k>N N

400
+/ (1+wa+w)‘ad:c} = C{(V —wh+1)7D 4 (N +wa+ 1)~}
N

The proof then follows. O
We can now establish the following

Theorem 5.7. (i) For any f € ACa,b], we denote by

(G f)(a [/wy B) F'(y) dy| og(ws — k)

+f(a)op(w(z —a+1)), (5.11)

for x € [a,b], w >0, and N € NT. Then, for every ¢ > 0 there exist w > 0
and N € NT such that

IGN W f = fllo <e.

(ii) Moreover, for any f € C'[a,b] we have
1G%f = Flloo < Cu{(W = wh+1)77D 4 (N + wa+ 1)~}

+02 ’LU_1 + 03 w_(a_l),

for some constants Cp, Cy, C3 > 0, and for every w > 0 with N >
wmax {|al, |b|}, N € Nt where o > 2 is the constant appearing in con-
dition (p1).

Proof. (i) Let € > 0 be fixed. For every x € [a, b] we have
(GN W (@) = f@)] S I(GN, (@) = (Sa? F) @)+ [(Sw” () — f(2)]
< [/ Slwy — ) |1'(y >\dy} oowe — ) + (@)1 — 04wz —a+ 1))

|k|>N
+ 1907 f = flloo =2 S1+ S2 + Ss. (5.12)
Proceeding as in (5.9) and using (¢1), we can write

+o0

S2 < [f(a)l|t = og(w)| = |f(a)] ¢(x) dx
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+o00o
< \f(a)]C/ (14 2)~%dz = C (1 + w)~©@D, (5.13)

w
where o > 2 is the constant appearing in condition (¢1), and C' > 0, then
So < ¢ for w > 0 sufficiently large. Moreover, we obtain from Theorem 5.5
that S3 < e for w > 0 sufficiently large. Finally, we can estimate S;. Being
loglloc <1, we obtain for Sy

5 < oule X [ [ otww— 01701

|k|>N

b
< | s Y otwy-n)| [ 1F @l (5.14)

yelab] p SN

We have by Lemma 5.6, for every fixed and sufficiently large w > 0,

sup Z p(wy — k) < 5{(N —wb+ 1)~V 4 (N + wa + 1)*(6‘*1)} ,
velabl x> n
(5.15)

for some constant C > 0 and for every N > wmax {|al, |b|} with N € N*.
Then, for N sufficiently large we obtain 57 < €. This completes the proof of
(1).
(i) For any f € C'[a, b], Theorem 5.5 shows that S5 < Cw™! uniformly with
respect to x € [a,b], for every w > 0. Moreover, we obtain by (5.13) and
(5.15)

b
Su+Sa+ s <C | [ wlay| {v - wps e
+ (N + wa + 1)—<a—1)} +Cw '+ C(1+w) @D

<C {(N —wb+1)""Y 4 (N 4 wa + 1)‘(a‘1)} + Cow™ 4+ Cyw™ @D,

uniformly with respect to = € [a, b], for some constants C;, Cy, C3 > 0, and
for w > 0 sufficiently large, with N > wmax {|a|, |b|}. O

Remark 5.8. Setting Cs = 0 in Theorem 5.7 (ii), we also obtain an estimate
for the truncation error for the series of sigmoidal functions introduced in
Section 5.1. Note that, when the weight, w, increases, we need a higher
number of neurons, N, which depends on w.

We now construct few examples of sigmoidal functions, oy, providing first
some examples of functions ¢ € ®¢ satisfying all hypotheses of our theory.
Recall that the “central B-splines” of order n € N, are defined as

n—1

My(z) = mil)!g(—l)iG) (g oo i>+ ,
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where (z)4 := max{z,0} is the positive part of + € R [34]. The Fourier
transform of M, is given by

M\n(v) := sinc” (%) , veER,

where the sinc function is defined by

sin(7mx)

, x € R\ {0},
1, z=0.

sinc(x) =

The M,’s are bounded and continuous on R for all n € N*, and are com-
pactly supported on [—n/2,n/2]. This implies that M, € L'(R) and satisfies
condition (¢1) for every a > 2. Finally, condition (¢2) holds, in view of Re-
mark 5.2, hence, M,, € ®¢ for every n € NT. Therefore, we can construct
explicitly the NNs G’ f, n € N*.

As an example of function ¢ € & which is not compactly supported,
consider the continuous function

1 . 572
F(z):= 5, Sine <%>, zeR.

Clearly, F(z) = O(z727¢) as & — 400, € > 0, hence F satisfies condition
(p1) with oo = 2, see [34]. Moreover, its Fourier transform is

n R 1- ‘U|, |’U| S 17
Flv)= { 0, Jv] >1,

(see |34] again). By Remark 5.2, F' satisfies also condition (¢2), and then
Fed.

Remark 5.9. Note that the theory developed in this section cannot be
applied to the case of NNs activated by the logistic functions, oy(x) :=
(1 +e @)~ or to the hyperbolic tangent sigmoidal functions, oy (z) =
2+ stanh(z) = 1 + % In fact, oy and op can be generated by (5.4)
from ¢p(x) := e (1 + e %)72 and ¢p(z) 1= 22 (e** + 1)72, respectively.
However, QZB\((U) = v/ sinh(7rv) and @(v) = 7v/(2sinh(7wv/2)), respectively,
which do not meet the condition in Remark 5.2, i.e., do not satisfy condition
(¢2). In Section 5.4 below, an extension of the theory developed above is
proposed, which allows to use NNs activated by o, or oy,.

5.3 Sigmoidal functions and multiresolution approx-
imation

In this section, we will show a connection between the theory of multiresolu-
tion approximation and our theory for approximating functions by series of
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sigmoidal functions. We first recall some basic facts concerning the multires-
olution approximation. For the detailed theory, see [109, 52, 64, 113, 134].
We start recalling the following.

Definition 5.10. A “multiresolution approzimation” of L*>(R) is an increas-
ing sequence, V;, j € Z, of linear closed subspaces of L?(R), enjoying the
following properties:

ﬂ V; = {0}, U V; is dense in L*(R); (5.16)
JEZ JEZ
for all f € L*(R) and all j € Z,
f(2) € Vy = F(20) € Vyius (5.17)
for all f € L*(R) and all k € Z,
f(x) € Vo = f(z — k) € Vo; (5.18)
there exists a function, h(x) € Vj, such that the sequence
(h(x — k))kez is a Riesz basis of V. (5.19)

Recall that a sequence of functions (hg)rez is a Riesz basis of an Hilbert
space, H C L?(R), if there exist two constants, C; and Cy, with C1 > Cy > 0,
such that, for every sequence of real or complex numbers (ax)rez € 12(Z), it
turns out that

1/2
Cy <Z |‘1k|2> <

keZ

Z aph

kEZ

1/2
< Cl <Z |ak’|2> )
12(R)

kEZ
and the vector space of finite linear combinations of hy, is dense in H.

Definition 5.11. A multiresolution approximation, V;, j € Z, is called “r-
reqular” (r € NT), if the function h in (5.19) is such that h € C"(R) and

WD ()| < Cpu(1 + |2)™, z €R, (5.20)
for each integer m € N and for every positive index i < r.

For every r-regular multiresolution approximation Vj, j € Z, we can
define the function ¢ € L?(R), called scaling function, as

—1/2
d(v) = h(v) (Z (v + 27rk)|2> , vER. (5.21)

kEZ

In [113, Ch. 2] it is proved that », |ﬁ(v+ 21k)|? > ¢ > 0, hence ¢ is well-
defined. Moreover, by the regularity of i, we have, as a consequence of the
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Sobolev’s embedding theorem, that ), |/ﬁ(v+27rl<:)|2 is a C*°(R) function.
Furthermore, the family (¢(x — k))gez turns out to be an orthonormal basis
of Vp, [64, 113], and from (5.17) and (5.18) we obtain by a simple change of
scale, that (27/2¢(27x — k))rez forms an orthonormal basis of V.
~ ~1/2
Now, by smoothness and periodicity of (Zkez |h(v+ 2771{:)\2) , the
latter can be written by means of its Fourier series ), , are’®? where the

coefficients oy, decrease rapidly. We thus obtain a(v) = (X ez are™) E(v)
which gives ¢(z) = >,y ap h(z + k), and then it follows that the scaling
function ¢ satisfies the estimates in (5.20). In particular, we have

(@) < Ca(1+2])7%, =z €R, (5.22)

for some C, > 0, for every integer a € N1 i.e., ¢ satisfies condition (¢1) for
for every oo € N7,
Let now E; be the orthogonal projection of L(R) onto Vj, given by

EN@ = |2 [ s)ee - oeie-n. 1e @), 652

kEZ

where ¢ is the complex conjugate of ¢. Let define E(z,y) := > okez oy —
k) ¢(x — k), the kernel of the projection operator Ey, hence 27 E(27x,27y),
J € Z will be the kernel of the projection operator Ej.

Again in [113], it is proved the following remakable property for the
kernel, F,

/ E(x,y)y*dy =z, for every z € R, (5.24)
R

for every integer @ € N and o < r. From (5.24) with a = 0, the integral
property
/ E(xz,y)dy =1, forevery z € R,
R

follows. Moreover, since ¢ satisfies (5.22), it is easy to see that
|E(z,9)] < Co(l+]z—y))™% V(r,y) €R? and VacNT,

where C,, > 0. Hence, E is a bivariate kernel satisfying conditions (5.2) and
(5.3). Then, by Lemma 5.3, we infer that ||E;f — f||, = 0 as j — +oo, for
every f € LP(R) and 1 < p < oo. Moreover, exploiting the properties of the
projection operators £, the quantity

Y(z,v) = Z ei2rhke &5(11 + 2k7r)g(v), z, v ER,
keZ

can be defined, which satisfies the condition ¥(z,0) = 1, for every = € R,
[113]. This yields

3 e g(2km) $(0) = 1. (5.25)

kEZ
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Now, we can adjust the scaling functlon 10} merely multiplying QAS by a suitable
constant of modulus 1, so that qﬁ fR t)dt = 1, while preserving all
the other properties, [113]. By the regularlty of 0, the Poisson summation
formula holds, and from (5.25) we obtain

1= ™ g2kn) = ¢x+k)=> ¢x—k), z€R,

kEZ kEZ keZ

i.e., the scaling function ¢ satisfies condition (¢2). Using (5.4), we can now
consider the function o4 constructed by the scaling function ¢. Clearly, if ¢
is real valued, o4 turns out to be a sigmoidal function. Then, we have the
following

Theorem 5.12. Let ¢ be a real valued scaling function like that constructed
above, associated to an r-regular multiresolution approzimation of L*(R).
(i) Then, for any f € AC|a,b], the sequence of operators (S;d’f)j@w, defined
by

7 =S| [ o010 70 o] outzis — )+ 160
keZ
for every x € [a,b], converges uniformly to f on [a,b].
In particular, if f € C'[a,b], we have
1572 f = flloo < C 277,

for some positive constant C and for every positive mtegerj
(i) Denote by S N e NT, the truncated series S; 7 f, e,

N b ' '
(Sj'vfjf)(:v) = § U o(27y — k) f'(y) dy| 0s(2x — k) + f(a).
k=—N /@

Then, for every f € Cl [a,b], we have

18550~ Floo < Cr 2774 Coa { (N = 276+ 1)77D 4 (N + a4 1)~V ],
for some positive constants C1 and Caq, for every j € NT, and N >
2) max {|al, |b|}, where o € NV is an arbitrary integer.

The proof of Theorem 5.12 (i) follows as the proof of Theorem 5.5, taking
into account that, the sequence (E;f)jez, f € L'(R), converges to f in
L*(R). Moreover, the proof of Theorem 5.12 (ii) follows, as the proof of
Theorem 5.7 (ii), using condition (5.22) and Lemma 5.6, where we have 27
in place of w.
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Remark 5.13. Note that, in the special setting of r-regular multiresolution
approximations, we are able to prove that the real-valued scaling functions ¢,
constructed above, are such that ¢ € ®. Moreover, condition (5.17) in Defi-
nition 5.10 allows us to consider the weights in the basis (27/2¢(2/x — k)) ez,
and then in the series S;“’f, as 2/, i.e., the weights increase exponentially
with respect to j. Then, the error of approximation of C''-functions decreases
as 277. Moreover, conditions (5.20) and (5.22) are crucial to prove that the
truncation error also decrease rapidly.

Examples of r-regular multiresolution analysis satisfying the conditions
above can be given, assuming h to be generated by spline wavelets of order
r+ 1 (see e.g. Fig. 5.1). These are defined by

13 el
hy(x) := o 2(—1)’( ; ) (x—14),, zeR, (5.26)
i=0

which can be viewed just as shifted central B-spline M,,. Generally speaking,
the definition of h,, is given in terms of convolution, i.e., h, can be defined
as the convolution of r 4+ 1 characteristic functions of the interval [0, 1), see
[131]. Note that, also the central B-spline can be defined similarly, in terms
of convolutions of the characteristic functions of the interval [—1/2,1/2), see
[34]. The Fourier transform of h, can be easily obtained by

v

ﬁr(v) om0 (r+1)/2 G (2
™

) , vER.

The scaling function ¢ associated to the spline wavelet multiresolution ap-
proximation can be obtained using (5.21) and the normalization procedure
described above, see [113, 131, 65]. In Fig. 5.2 the sigmoidal function T4,
obtained from ¢y, is plotted.

5.4 An extension of the theory for neural network
approximation

The theory developed in the previous sections of this chapter, concerning
the approximation by means of series of sigmoidal functions based on oy, is
beset by the technical difficulty of checking that ¢ satisfies condition (¢2).
To this purpose, we could use the condition given in Remark 5.2. However,
this does not simplify the problem. In fact, evaluating the Fourier transform
of a given function is often a difficult task. Moreover, as noticed in Remark
5.9, the sigmoidal functions most used for NN approximation do not satisfy
(¢2). Below, we propose an extension of the theory developed in the pre-
vious sections, aiming at obtaining approximations with NNs activated by
sigmoidal functions oy, without assuming that condition (¢2) be satisfied by

®.
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Figure 5.1: The scaling function ¢, plotted using Mathematica.
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Figure 5.2: The sigmoidal function o, obtained from ¢p,, plotted using Mathe-
matica.
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Through this section, we consider functions ¢ : R — Ry, with Jp o(t) dt =
1 and satisfying condition (1) with a > 2. Moreover, we set

Py(t) == 0g(t +1) —04(t) >0, te R,
and assume in addition that 1), satisfies:
(¥1) Yo(t) < AL+ [t))™7,

for every t € R and some A > 0. We denote by T the set of all functions ¢
satisfying such conditions. We can now prove the following

Lemma 5.14. For any given ¢ € T, the relation
Y gz —k)=1, z€eR
keZ

holds.
Proof. Let x € R be fixed. Then,

N

N
S dula—k)= Y [oala—ht1)—og(z—k)] = oozt N+1)—oy(z—N),
k=—N k=—N

since the sum is telescopic. Passing to the limit for N — 400, we obtain
immediately

+0o0
Z Vp(r — k) = Nlirfw[a¢(x +N+1)—o4(x—N)]=1.

k=—o0

Let now introduce the bivariate kernel
Kyyl(z,y) =Y vo(z—k)dly — k), (x,y) €R®.
kEZ

As made in Section 5.1 for the kernel Ky, we can show, using Lemma 5.14
and conditions (1) and (V1), that Ky, satisfy both, (5.2) and (5.3). Now,

for any given ¢ € T, we consider the family of operators (F{f)w>0, defined
by

(F2f)(z)

> w [/R P(wy — k) f(y) dy| vo(wz — k)

kEZ

= v [ Kewlwnupf)dy. ae®
for every bounded f: R — R, w > 0.
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Remark 5.15. Note that, by Lemma 5.3, for every uniformly continuous and
bounded function f, the family of operators (F£ f)w>0 converges uniformly
to fon R, as w — +oc.

To study the order of approximation for the operators above, we define
the Lipschitz class of the Zygmund type we will work with. Let us define

Lip(v) == {f :R—=R: feC'R), [If() = f(-+1)]ec = O(t]") as t — 0},

for every 0 < v < 1. We can now prove the following lemma concerning the
order of approximation of (F,* f)uso to f(z):

Lemma 5.16. Let f € Lip(v), 0 < v < 1, be a fized bounded function.
Then, there exist C1 > 0 and Cy > 0 such that

sup ’(Fg;sf)(l‘) — f(l‘)| <CLw™V +Cy w—(a—l)’
zeR

for every sufficiently large w > 0, where o > 2 is the constant of condition
(1)

Proof. Let x € R be fixed. Since f € Lip(v), there exist M > 0 and v > 0
such that

1F() = FC+ Do < M2,

for every |t| <. Moreover, we infer from condition (5.2)

w/ Ky yp(wz,wy)dy =1, z€R, (5.27)
R
and then we can write

(F2F)(@) — F()] < w /R Ko (wr,wy) £ (y) — F(x)|dy

/ +/ ]wK¢,w(ww7wy)\f(y) — f(@)|dy =: J1 + Ja.
ly—z|<y ly—z[>v

Let first estimate J;. From (5.3) and (5.27), by the change of variable y =
(t/w) 4+ z, and being f € Lip(v), we obtain for w > 0 sufficiently large

= [ Katwnt ) |f e tfe) - f)di
w= <y

<M / Ky p(wz,t + wx) dt| < Zw_”/(l + [t]) 7 |t dt,
[t|<wry R
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where L > 0 is a suitable constant. Now, since a > 2, we have EIR(l +
[t)~> [tV dt =: C1 < +o0, then J; < Crw™”, for w > 0 sufficiently large.
Moreover, setting t = wy and using again condition (5.3), we have

Ty = / Ky (we, O] f(t/w) — f(z)]dt
[t—wz|>wy

< 2|l / Kyp(wa,t)dt < T / (1 + |t — wal)~dt,
[t—wz|>wy |t

—wx|>wy

where L is a suitable positive constant. Changing now the variable ¢ into z,
setting z = t — wx in the last integral, we obtain

Jy < L/ (14 |2))*dz < Cyw™ @V,
|z[>wy

for every w > 0. This completes the proof. O
We can now prove the following

Theorem 5.17. Let ¢ € T be fized. Define the NNs
N
(N8 D)= 3w | [ oty =1 f) ] votwe -, e m
k=—N R

where w >0, N € Nt and f : R — R is a bounded function on R.

(i) Let f € C%a,b] be fived. Then, for every e > 0, there exist w > 0 and
N > wmax {|al, |b|}, such thal

INY owf = flloo = sup. (N P)(x) = fx)] <e,
xeE|a,

where fis a continuous extensions of f such that fvhas compact support and

f=1f onla,bl.
(ii) Let f € Lip(v), 0 <v <1, and [a,b] C R be fized. Then, we have

ING of = Flloo = sup |[(N§ ,/)(@) — f(2)]

z€[a,b]

< Crw 4+ Crw @Y 4 G {(N —wb+1)""D + (N + wa + 1)—(a—1>} ,

for every sufficiently large w > 0 and N > wmax {|al, |b|}, for some positive
constants Cp, Ca, and Cs.
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Proof. (i) Suppose for the sake of simplicity that || fl|le = | flls0, and note
that f is uniformly continuous. Let now & > 0 and = € [a, b] be fixed. We
can write

(N% ) (@) = F@)] < |f (@) = (FSP) (@) + () (@) — (Ng , ) ()]
=11 + 5.

By Remark 5.15 we have I} < e for w > 0 sufficiently large. Moreover,
B 3 w| [ oty =01l dy] votws

Hence, w [ ¢(wy — k) dy = 1, and since (¥1) holds, we obtain for 1, the
same estimate given in Lemma 5.6 for ¢, then for every fixed sufficiently
large w > 0 we have

< floe s 3 [ [ ot~ k)dy] Yolwz — )

z€[a,b] k>N

=Iflloc | sup D tp(wz — k)

x€[a,b] k|> N
< IfllsC {(N —wb+ 1)~ 4 (N + wa + 1)—(0‘—”} <& (5.28)

for some positive constant C, N € NT, N > wmax {|a|, ||}, and then, (i) is
proved being € > 0 arbitrary.

(ii) Let now f € Lip(v) be a fixed. We have by Lemma 5.16
L <Ciw™"+ 0y wi(ail),

for every sufficiently large w > 0 and for some positive constants C7 and Cs.
Moreover, we obtain from (5.28)

I < Cy {(N = wb+1)7C) 4 (N + wa+1)7 D,

for a suitable constant C3 > 0. Then, the second part of the theorem is
proved. O

As a first example, we can consider the case of the logistic function, oy
(see e.g. [38]), generated by ¢y(w) := e %(1 + e~*)~2. Clearly, conditions
(pl) and (W1), are fulfilled, since ¢y and

e(e—1)e®

Ye(x) == og(x + 1) — op(x) = (1+e 1)1 +e*)’
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decay exponentially as x — +o00. A second example, is given by the hyper-
bolic tangent sigmoidal function (see, e.g., 7, 8]),

2w_1

1 1 1

This can be generated by ¢y (x) = 2 e** (€2*+1)~2 whose associated function
Py is

(62 _ 1) 62x
(62z+2 + 1)(62:(3 + 1)

It can be easily checked that such a function ¢ belongs to T.

Finally, we recall that another remarkable example of sigmoidal function,
for which the theory can be applied, is provided by the class of Gompetz
functions o,g.

Yn(z) =

Remark 5.18. Note that, in closing, in order to approximate functions
by the NNs G(]T\}‘Sw, the half of the number of sigmoidal functions needed to

approximate functions by the NNs Nﬁ,w, would now suffice. The theory
developed in this section, however, can be applied to important sigmoidal
functions for which the theory earlier discussed in Sections 5.1 and 5.2 cannot
be applied.
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Chapter 6

Neural Network Operators

In this chapter, we introduce a modern way to study neural network approx-
imation by means of the Operator Theory.

Our purpose is again to study other kinds of sigmoidal functions approx-
imation, in order to develop numerical methods able to achieve an higher
accuracy with respect to the methods developed in Chapters 3 and 4.

6.1 Cardalignet-Euvrard and Squashing neural net-
work operators

In [5, 6], Anastassiou was the first to establish neural networks approxima-
tion to continuous functions with rates by very specifically neural network
operators of the Cardalignet-Euvrard and squashing types [45], by employing
the modulus of continuity of the engaged function or its high order deriva-
tive. In his papers, Anastassiou produced a Jackson-type inequalities. We
recall the following.

Definition 6.1. A function b : R — R s said to be “bell-shaped” if b €
LY(R) and its integral is nonzero, if it is nondecreasing on (—oo, a) and non-
increasing in [a,+00), with a € R. In particular, b(x) is non-negalive an at
the point a the function b take a global mazimum (a is said to be the "center”
of the bell-shaped function). A bell-shaped function is said "centered” if its
center is zero.

The function b may have jump discontinuities. Now, for every continuous
and bounded function f : R — R, the Cardalignet- Euvrard neural network
operators ([45]) are defined by:

b(n'~*x —k/n)), (6.1)

where 0 < a < 1, b is a bell-shaped function with compact support, By :=
f_TT b(z)dz, suppb C [T, T), z € R, n € N*t,
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In what follows, we will denote by [-] and [-] the ceiling and the integral
part of a number, respectively.
In [4] the following results are proved.

Theorem 6.2 ([4]). Letz € R, n € N¥ such thatn > max {T + |z|, T~1/}.
Then

[nz+Tn |
)= f@] < @I Y b~ k) -
k=[nz—Tn>]
4 2T 1)l f, T/,

where w is the modulus of continuity of f, and b* = b(0) is the mazimum of
b. The inequality above becomes equality over constant functions.

To completely understand the theorem above we need of the following
lemma.

Lemma 6.3 ([4]). It holds that

[nz+Tn| 1

Sp(x) = Z B b(n'~*(z—k/n)) =1
k=[nz—Tn%] T

pointwise, as n — +00, where x € R.

Another important result for these operators is obtained for functions
with high order derivatives.

Theorem 6.4 ([4]). Letz € R andn € N such that n > max {T + |z|, T‘l/o‘}.

Let f € ON(R) such that FN) s o uniformly continuous function or f&V)
continuous and bounded. Then

[nz+Tn |
1 —«
[fale) = f@)] < If@)] | D o b (M@= k/m)) —1
TN
k=[nz—Tn|
+ P or IO @IT? ), ppt-ay— LV og g e
I + /n Z n]l a]' +W(f s /n )m( + /TL )

The inequality above is attained by constant functions.
We now recall the following definition (see [45, 4]).

Definition 6.5. Let the nonnegative function S : R — R, S has compact
support contained in [-T, T], T > 0, and is non decreasing there and it
can be continuously only on either (—oo, T| or [-T, T]. S can have jump
discontinuities. We call S the “squashing function”.
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Let f : R — R be either uniformly continuous or continuous and bounded.

Assume that T
-T

For z € R define the squashing opemtor

(Gn(f Z f(k : (e — k/n)) | (6.2)

where 0 < a < 1, S is a squashing function, x € R, n € N*. Similarly to
the case of the Cardalignet-Euvrard neural network operators, convergence
theorems with rate can be proved for the squashing operators.

Theorem 6.6 ([4]). Letz € R, n € N* such that n > max {T + ||, T~1/*}.
Then, under the above assumptions we obtain

|[nz+Tn* | 1
[(Gn(f)(2) = fz)] < [f(2)] B S (@ = k/n)) -
k=[nz—Tn%] T
S(T)

+ (2T + 1/n*) w(f, T/n'™9),

B*

T

where w is the modulus of continuity of f, and S(T) is the mazimum of S.
The inequality above becomes equality over constant functions.

To completely understand the theorem above we need of the following
lemma.

Lemma 6.7 ([4]). It holds that

[nz+Tn|

D, (z) = Z B*lna S(n'=(z —k/n)) — 1

k=[nz—Tn>] T

pointwise, as n — +00, where x € R.

Another important result for these operators is obtained for functions
with high order derivatives.
Theorem 6.8 ([4]). Letz € R andn € N¥ such that n > max {T + |z|, T~1/*}.

Let f € ON(R) such that FN) s o uniformly continuous function or f&V)
continuous and bounded. Then

|[nz+Tn* | 1

(Gal)(@) = f@)] < [f@)] | Y s S (M@ = k/m)) — 1

k=[nz—Tn| T

S(T) Y (V) 1-a
g (2T+1/n" Z m(l a);v +w(f™, T/nte)

j_

TN S(T)
Bj NinN(1=a)

(2T+1/n%)
The inequality above is attained by constant functions.
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6.2 The neural network operators with logistic and
hyperbolic tangent functions

In order to study operators of the Cardalignet-FEuvrard type, and motivated
by the applications to the theory on neural networks, in Anastassiou 7] the
hyperbolic tangent neural network operators has been introduced. More-
over, the results of |7| are also inspired by the paper of Cao and Chen |[38]
concerning the neural network operators activated by the logistic function.

Here, we now consider only the case of [7]. Let ¢p(z) := & (op(z 4+ 1) —
op(x—1)), where oy, is the well-known hyperbolic tangent sigmoidal function,
and x € R. We have the following (see [7]).

Definition 6.9. Let f € C°a,b] and n € N such that [na] < |nb]. We
introduce and define the “positive linear neural network operator”

> ¢(5)entrr—)

Fh(f,z) = ’“:f”“lnbj . zelabl.

Z on(nx — k)

k=[na]

For sufficiently large n € NT we always obtain [na] < [nb]. Also,
a < £ < b iff [na] <k < |nb, and since f is bounded, F!(f,z) is well-
defined, for all = € [a, b].

Note that the definition of neural network operators with hyperbolic
tangent was extended by Anastassiou to the multivariate case in [8].

For the operators in Definition 6.9 the following approximation theorem
with rates has been obtained.

Theorem 6.10 ([7]). Let f € C%a,b], 0 < a <1, 2 €R and n € N* such
that [na] < |nb|. Then

‘Frle(fv z) — f(z)] < (4.1488766) |w(f, 1/n%) + 264HfHOOe—2n1*“:| _

Clearly, the estimates in Theorem 6.10 holds uniformly for every x €
[a, b].
The high order of approximation was studied by using the smoothness of

1.

Theorem 6.11 ([7]). Let f € CNa,b], 0 < a <1, v € R and N, n € Nt
such that [na| < |nb|. Then

N0 o
|El(f,2) = f(x)] < (4.1488766) ¢ ) W]'("”)' [nij Fel(b—a)ye?n
j=1 '
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noN N N!

w(f(N), 1/n%) . + 2€4||f(N)||00(b - a)N€—2n1_(¥] } |

In particular

[FI(f,2) — f(2)] < (4.1488766) EN: 1 PMoe [ L4 gy gyiomi
n\J» _ . - ]| noJj
]:
1 2¢4 /M)l (b= @)V _pp1-a
(N) @ [e.e] 2n
+ |w(fY, 1/n )naNN! + N e '

Furthermore, in [7] also the complex-value neural network operators are
studied and convergence estimates with rates are derived also in this case.

In [8], all the results above are generalized in a multivariate setting, as
required for the applications to NNs.

Finally, the special case of the so-called quasi-interpolation operators with
hyperbolic tangent functions is also considered ([7]).

Definition 6.12. Let f € C°(R) and n € Nt. We introduce and define the
“quasi-interpolation operator with hyperbolic tangent function”:

Fi(fa) = Zf(f;) onz—k), @l

kEZ

Also for the quasi-interpolation operators in Definition 6.12, results sim-
ilar to that proved in Theorem 6.10 and Theorem 6.11 are proved in [7].

The operators FZ are a particular case of the generalized sampling opera-
tors introduced by the German mathematician P.L. Butzer (see e.g. [35, 36,
33]) and studied by many others authors (see e.g. [123, 18, 19, 133|). These
operators are very important for their applications to Sampling Theory and
Signal Processing.

Moreover, Anastassiou studied neural network operators of the kind de-
fined in this section, but activated by the logistic function, both in univariate
and multivariate setting in |9, 11|. These operators, that we will denote by
F£ are defined like that with the hyperbolic tangent function, but replacing
oy, (i.e., ¢p) with oy (i.e., ¢y¢). Similarly we will have the quasi-interpolation

operators with logistic functions F',.

The approach of Anastassiou of studying neural network operators with
logistic functions is little different by the approach used in [38] by Cao and
Chen.

In [11] the following results were proved.

Theorem 6.13 ([11]). Let f € CYa,b], 0 <a <1, x € R and n € Nt such
that [na] < |nb]. Then

«@

\FL(f,2) — f(z)] < (5.250312578) |w(f, 1/n®) + 6.3984 €*|| f||loce ™™
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Also in this case, the estimate in Theorem 6.13 holds uniformly for every
x € [a,b].

Theorem 6.14 ([11]). Let f € CN[a,b], 0<a <1, x € R and N, n € Nt
such that [na] < [nb|. Then

|1 Z(f x)—f(z)] < (5.250312578) gN |f(j)(x)| {14_(3 1992) (b a)j enla]
e . = J! noJ ’
w &3 1 6.3984 f(N) 00 b— N _pl-a
+ (f(N)a 1/” )TLO‘NN! ( )” N'” ( Cl) e ]}

In particular

N ) L
IFA(f, )= F()lloo < (5.250312578) 4> Hf;'”‘x’ [nij+(3.1992)(b —a)le™ ]
Jj=1 '

_l’_

nolV NI N!

Furthermore, in [11] also the complex-value neural network operators are
studied and convergence estimates with rates are derived also in this case.

In [9], all the results above for the neural network operators with logistic
functions are generalized in a multivariate setting, as it is typical in NNs
applications.

NN operators activated by the ramp sigmoidal functions has been studied
in [39].

Concerning the results discussed above the readers can consult the book
[10]. Others important kinds of neural network operators, such as fuzzy-
random and fractional type have been studied in [6] and [12], respectively.

6.3 Neural network operators activated by sigmoidal
functions

In the next sections, we study pointwise and uniform convergence, as well
as the order of approximation, for a family of linear positive neural network
operators activated by certain sigmoidal functions. Both the cases of func-
tions of one and several variables are considered. Our approach allows to
extend the results discussed in the previous sections about NNs operators.
The order of approximation is studied for functions belonging to suitable
Lipschitz classes and using a moment-type approach, i.e., we introduce the
discrete absolute moments for suitable density functions, ¢, defined by the
sigmoidal functions o. The approximation error is analyzed in connection
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to both the weights and the number of neurons of the network, in the sup
norm. The special cases of neural network operators activated by logistic,
hyperbolic tangent, and ramp sigmoidal functions are considered and com-
pared with the results obtained by Anastassiou and others discussed in the
previous sections. In particular, we show that for C'-functions, the order of
approximation for our operators with logistic and hyperbolic tangent func-
tions achieved by our approach, is higher with respect to that established in
some previous papers (see Section 6.4).

The case of univariate and multivariate quasi-interpolation operators con-
structed with sigmoidal functions is also considered.

For the univariate theory of neural network operators activated by sig-
moidal functions, the readers can see [60], while, for the multivariate theory
see [61].

6.4 Univariate theory: preliminary results

In this section, we establish some preliminary results that will be useful in the
next sections. In what follows, we consider non-decreasing sigmoidal func-
tions, o, such that (2) > ¢(0), and such that all the following assumptions
are satisfied:

(X1) go(z) := o(x) — 1/2, is an odd function;

(¥2) 0 € C%(R), and is concave for x > 0;

(£3) o(x) = O(|z|17%), as ¥ — —o0, for some a > 0.
The condition ¢(2) > ¢(0) is merely technical.

For any given non-decreasing function o, satisfying all such assumptions,
define

6o (z) = %[a(x +1)—o(@—1)], (z€R). (6.3)

In the following lemmas, we prove a number of important properties of ¢,-.

Lemma 6.15. (i) ¢,(z) > 0 for every z € R, and in particular, ¢,(1) > 0;
(i) lirf o () = 0; (111) do(x) is an even function.
T—>1T00

Proof. (i) Trivially, ¢, (x) > 0 since o is non-decreasing, and the assumption

0(2) > o(0) implies that ¢,(1) > 0.

(ii) By the definition of sigmoidal function, it follows that lirin oo () = 0.
T—T 00

(iii) By condition (X1), we have for every x > 0
2o (x) = po(—2)] =0+ 1) —o(z —1) —o(-z+ 1)+ o(-2 - 1)

= a(w+1)+a(—w—1)—;—;] — [a(m—1)+a(—x+1)——
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=[go(x+1) + go(—2z = 1)] = [go(z — 1) + go(—2 + 1)]
=[9o(x+1) = go(z +1)] = [go(x = 1) — go(z — 1)] = 0.

Lemma 6.16. For every v € R, we have Zqﬁg(x —k)=1.
keZ

Proof. Let x € R be fixed. For every fixed and sufficiently large n € NT, we
have

n

Y lo@w+1—k)—o(x—k)]=0c(z+n+1)-o(x—n),

Y lole—k)—o@—1-k)]=oc(x+n)—olx—n-1),

{Z[G(x+1—k)—a(x—k)]+ Z[U(x—k)—a(:c—l—k)]}
k=—n k=—n
:%{U(l'JFnJrl)*U(x*n)JrU(:EJrn)fa(xfn—l)}.

Passing to the limit for n — 400, we obtain

Y dalz—k) = ngrgoognjn%(x — k)

kEZ

= lim %{a(az—i—n—kl)—a(a:—n)+a(a;+n)—a(x—n—l)}:1.

n—-+0o

O]

Lemma 6.17. ¢,(x) is non-decreasing for x < 0 and non-increasing for
x > 0.

Proof. By condition (¥2) and being o non-decreasing, we have for every
x > 0 that ¢/(z) > 0 is a non-increasing function. Then, for every = > 1,
oL (x) = (1/2)[0’(x+1) — o' (x — 1)] < 0. Moreover, using condition (X1) we
obtain that o(z) =1 — o(—x), and we can write
1
o) = 5[0(:5 +1)+o(1l—z)—1].

Then, we have for every 0 <z < 1, ¢/ (z) = (1/2)[o'(z+1) —0'(1 —2)] <0
being 0 < 1—x < z+1. Finally, ¢, (x) is even by Lemma 6.15 (iii), and this
completes the proof. O
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We recall that, |-| denotes the integral part of any given number and [-]
is the ceiling.

Lemma 6.18. Let x € [a,b] C R and n € NT so that [na] < |nb|. Then
1 < 1
nb] ~ ¢s(1)
Z d)a(nx - k)

k=[na]

Proof. >From Lemma 6.15 (iii) and Lemma 6.16 we see that, for every z €
[a,b],

[nb] [nb]
1=Y enr—k) > S dolnz—k) = S Gollnz—F|) > do(Inz—kol).

keZ k=[na] k=[na]

for every kg € [[na], |[nb]]NZ. Now, we can choose kg such that [nx—ko| < 1,
and using Lemma 6.15 (i) and Lemma 6.17 we obtain ¢, (|nx—ko|) > ¢ (1) >
0, then the proof follows. O

Remark 6.19. Note that smoothness and concavity of ¢ are only used to
prove Lemma 6.17. However, Lemma 6.17 is also crucial to prove Lemma 6.18.
Then, the assumption (X2) could be omitted, and we could directly assume
that the conditions in Lemma 6.17 are satisfied. In this case, Lemma 6.18 still
holds true, and we can apply our theory also to non-smooth sigmoidal func-
tions. In fact, proving Lemma 6.18, only the fact that ¢, is non-increasing
for x > 0 was exploited, to infer that ¢, (|nz — ko|) > ¢»(1).

Lemma 6.20. ¢,(z) = O(|z|717%), as * — +oo.

Proof. By assumption (23), there exist C' > 0, M > 0 such that o(x) <
Clz|~17%, for every z < —M, for some given o > 0. Then,

do(x) <o(x+1)<C |3:|_1_O‘,

for every x < —M — 1. Moreover, using assumptions (X1) and (X3), we have
for every x > M + 1

bo(z) <1—0o(x—1)=0(l —x) < Clz|17°,
and then the proof follows. O

Finally, we can prove the following

Lemma 6.21. For every v > 0, we have

nEI-Poo Z G0 (.%‘ B k) =0
|z—k|>yn

uniformly with respect to x € R.

134



Proof. For every x € R we denote by zp = = — |x], with 0 < x9 < 1.
Moreover, k := k — |z] be integer for every k € Z. Let now v > 0 be fixed.
Then, by Lemma 6.20, we can write for every n € NT sufficiently large,

Z ?Z)U(x_k): Z ¢0(x0_%)§ Z ¢U($0_E)

lz—k[>vn |k—ao|>n |k|>yn—1

< sup Z do(u—k) < C sup Z lu— k|~
ue0,1] uel0,1]

|k|>yn—1 |k|>yn—1

SO Y =R Y R,

E>ﬁm71 E<17'yn

and passing to the limit for n — 400, the assertion follows. O

Remark 6.22. Following the line of the proof of Lemma 6.21, it is easy to
show that the series ), _, ¢5(z — k) converges uniformly on the compact
subsets of R. In fact, by Lemma 6.20 and for every subset [a,b] C R, we
have for every N € NT sufficiently large,

sup Z ¢o(u—Fk) <C sup Z lu — k|71

u€la,b k>N u€la,b] k>N
< C{Z e e D k\l"‘},
k>N k<—N

and passing to the limit for N — +o00, the claim holds.

Remark 6.23. The results of this section are new, and some of them provide
a generalization of the properties established in [7] for the hyperbolic tangent
sigmoidal functions, to other functions o satisfying conditions (X1), (32),
and (X3).

6.5 Univariate theory: the main results

Recall the operators that we will study in this section.

Definition 6.24. Let f : [a,b] — R be a bounded function, and n € N* such
that [na] < |nb]. The positive linear neural network operators activated by
the sigmoidal function o, are defined as

[nd) i
> of <n> b0 (nx — k)
EF,(f,x):= k:[mEan , x € la,b].

Z ¢o(nz — k)

k=[na]
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For sufficiently large n € NT we always obtain [na] < |[nb]. Also,
a <k < b iff [na] < k < |[nb|, and since f is bounded, F,(f,) is well-
defined, for all z € [a, b].

We recall that, a linear operator T': E — F between two ordered vector
spaces, F and F, is termed positive if and only if T'(f) > 0 for every f >0,
fek.

First of all, we study the pointwise and uniform convergence of such
operators. We can prove the following.

Theorem 6.25. Let [ : [a,b] — R be bounded. Then,

lim F,(f,z) = f(z),

n—-+o00
at any point x € [a,b] of continuity of f. Moreover, if f € C°[a,b], then

lim sup |Fu(f,x) — f()| = 0.

=400 yela,b]
Proof. Let x € [a,b] be a fixed point of continuity of f. By Lemma 6.18 we

have

[nb] [nb]
3 f<:> bolnz—k) = f(z) 3 Golna —K)

Fulf.) — fla)| = 0 o e
Z bo(nx — k)
k=[na]

1 [nb]
S o 2

k=[na]

do(nr — k),

()= s

for every n € N7 sufficiently large. Let now € > 0 be fixed. From the
continuity of f at z, there exists v > 0 such that, for every y € [z — v, 2 +
’7] N [aa b]v |f(y) - f(IL‘)| <E&. Henceu

Lnb]

1 k
Fulfo) — f(2)] < 7 (5 = 1) étna - k)
) 5 b
i % f<k> F(@)| dolne — k) L (htn
— ) — f(2)] ¢g(nx — = —{ ok,
ST o
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We first estimate I;. Using Lemma 6.16 and the continuity of f at x, we
obtain

L <5Z¢U(nx7k) =e.

keZ

Furthermore, by Lemma 6.21, we have for n sufficiently large

L<2floe D, ¢olnz—k) <2||flloce,

[nx—Fk|>ny

uniformly with respect to x € R. The proof of the first part of the theorem
then follows since ¢ is arbitrary. When f € C%[a, b], the second part of the
theorem follows similarly, replacing v > 0 with the parameter of the uniform
continuity of f on [a, b]. O

Now, we want to study the order of approximation for the family of the
linear positive neural network operators in C°[a, b]. It is natural to introduce
the Lipschitz classes in which we will work. We define, for 0 < v <1,

Lip(v) := {f € C°a,b] : such that there exist 7, C > 0 such that, for each

x € [a,b],|f(x) — f(x+1t)| < C|t|", for every |t| <~ with x +t € [a,b]} .

Moreover, for v > 0, we introduce for the functions ¢, the discrete absolute
moment of order v, defined by

mu(¢a) = supz |*73 - k|y¢a($ - k)

zeR keZ

Now, we are able to prove the following

Theorem 6.26. Suppose that my,(¢,) < +oo for some v > 0. Then, if
0 < v <1, we have for every f € Lip(v)

sup |Falf,2) — f(@) = O(n™),  as n - +oo.
z€[a,b]

While, if v > 1, we have for every f € Lip(1)

sup |Fo(f,2) = f(2)| = O(m™"),  asn— +oo,
z€a,b]

Proof. Observe first that if v > 1, we have m1(¢,) < m,(¢,) < +00. Indeed,

Slz—klgglx—k)= > |z—klpo(z—k)+ > |v—klgs(z—Fk)

keZ le—k|<1 lz—k[>1

< Z Po(x — k) + Z |z — k["¢o(z — k) <1+ my(ds) < +o0.

lz—k|<1 lx—k|>1
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Then we can lead us back to study the case v = 1. Therefore, we consider
0 <v <1landlet f € Lip(v) be fixed. As made in the proof of Theorem 6.25,
we can write, for every = € [a, b],

o k
s SN < oy 3] () - 1) (02 b,

Let now 7, C' > 0 the constants whereby f belongs to Lip(r). We have

[nb]

1 k
[En(f,x) = f(z)] < f{ =) = f(@)| do(nz k)
w) 2 )
[nb)
k 1
+ A\ ) = f@) dolnz —k) o = ——=< {J1 + Jo}.
\;f:ﬁ“w (n> $o(1)
T >y

Since f belongs to Lip(v), if |(k/n) — x| < 7, we have |f(k/n) — f(z)]| <
C'|(k/n) — x|”, and we obtain for J;

J1<C Z

|£—z|<y

v

i bo(nz — k) < Cmy(po)n™" < +o00,

——z
n

for every fixed sufficiently large n € NT. Moreover,

|nx — k|¥
J2 < 2|/ fllos Z ¢o(nx — k) = 2| flloo Z m%(mﬁ—k)
[nz—k|>vyn [nz—k|>yn

2[[flloo y 2/ £l i
< 2 ek (ne =) < S0 (607 < oo,

[nz—k|>vyn

for every fixed n € NT. This completes the proof. O

Remark 6.27. Note that, if o(z) = O(|z|~'#~%), as * — —o0, by Lemma
6.20 we have ¢, (z) = O(|z|~17#7%), as 2 — oo, for some «a, > 0. In this
case, it is easy to show that m,(¢,) < 400 for every 0 < v < max {«, 8},
see e.g. |34].

Examples of smooth sigmoidal functions satisfying all the assumptions
of our theory are provided by the well-known logistic function, og(z) = (1 +
e )"l x € R [38, 9, 10, 11, 56], and by the hyperbolic tangent sigmoidal
function, op(z) := (1/2)(tanhx + 1), x € R [7, 8, 10, 56]. In particular, o,
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and oy, satisfy condition (X3) for all & > 0, and then, in view of Remark 6.27,
My (Po,), Mu(Ps,) < +00, for every v > 0.

An example of non-smooth sigmoidal function is also provided by the
ramp function, or(x), defined by og(x) := 0 for z < —1/2, og(x) := 1 for
x > 1/2, and ogp(z) = x + (1/2) for —1/2 < x < 1/2 [46, 39]. Condition
(333) is satisfied for every o > 0, and the corresponding function ¢,,(z) is
compactly supported. The discrete absolute moments are now m,(¢q,) <
+o0, for every v > 0, by Remark 6.27.

For the sigmoidal functions oy(x), op(x), and og(x), the following corol-
lary holds.

Corollary 6.28. For every f € Lip(v), 0 < v <1, we have

sup |Fn(f,z) — f(z)|=0(n"), asn— +oc.
z€a,b]
Remark 6.29. Note that, when f € C'[a,b] we have f € Lip(1), then, for
all the sigmoidal functions considered in Corollary 6.28, sup,¢(q) |[Fn(f, ) —
f(z)] = O(n=1) as n — +oo. This fact improves the result concerning the
order of approximation for neural network operators activated by hyperbolic
tangent and logistic functions, when f € C'[a, b], established by Anastassiou
in [7, 11]. In fact, Anastassiou proved that sup,cp, s [Fn(f,z) — f(z)| =
O(n=%) as n — 400, where 0 < 6 < 1 and f € C'[a,b].

Finally, others examples of sigmoidal functions satisfying the assumptions
of our theory, can be constructed starting from

n—1

My(z) = (nil)!g(—l)ic) (%+m—i)+ . z€ER,

the well-known B-spline of order n € Nt ([34]), by a simple procedure de-
scribed in Chapter 5 ([58]). Here, the function (z)4 := max {x,0} denotes
the positive part of z € R. We define the sigmoidal function oy, (z) by

oM, ((L‘) = / Mn(t) dt, x € R.

Note that, oy, (z) coincides exactly with the ramp function, ogr(z).

Examples of sigmoidal functions to which the present theory cannot be
applied, are provided by the class of Gompertz functions o, . The Gom-
pertz functions are characterized by unsymmetrical growth, hence they fail
to satisfy condition (X1).

6.5.1 Univariate quasi-interpolation operators with sigmoidal
functions

In the present context, we can use sigmoidal functions, o, also to study
convergence and order of approximation of a class of quasi-interpolation op-
erators, defined through the function ¢, (see Section 6.4). Let f: R — R be
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a bounded function. We define the so-called quasi-interpolation operators

Zf( )cb(,na:—k), z € R,

kEZ

for every n > 0, see, e.g., |38, 7, 11]. Using Lemma 6.16 and the boundedness
of f, it easy to show that G, (f,z) are well-defined, for all z € R and n > 0.
Note that, for every x € R, using Lemma 6.16 again, we can write

Gu(f,7) = f(2) Y ¢olnz —k

k €Z
<> If <k> — f(2)
k €Z "

Then, using this inequality, we can prove pointwise convergence for the family
(Gn(f,+))n>0, for bounded functions f € CY(R), as well as uniform conver-
gence, whenever the function f is uniformly continuous and bounded on R.
The proof follows as that of Theorem 6.25. Note that condition (X2) can
be dropped since Lemma 6.18 is not used for studying quasi-interpolation
operators. Finally, recall that the definition of Lipschitz classes for functions
defined on the whole R becomes

Lip(v) := {f € C°(R) :such that|f(:) — f(- +t)||le = O(|t"), as t — 0},

do(nz — k).

for 0 < v <1, then Theorem 6.26 could also be easily extended to the case
of quasi-interpolation operators.

6.6 Multivariate theory: preliminary lemmas

In what follows, we consider non-decreasing functions o and ¢,, such that
considered in Section 6.4. In the next sections we will denote the multivariate
spaces by R® and Z*, s € N*.

We now define the multivariate function

Us(z) := do(x1) - Og(x2) - ... - Do (T5), z:=(x1,...,25) ER*.  (6.4)

In the following lemmas, we prove some important properties of such a func-
tion. We denote with k& = (kq,...,ks) € Z° the vectors whose components
are k; € 7.

Lemma 6.30. For every x € R, > ) 7 Vo(z — k) = 1.

Proof. Note that, for every z € R® the series ZEEZS U,(z — k) can be
rewritten as

Z‘I’ LE— Zﬁbaﬂfl kl Z¢o 5_57 (65)

keZs k1€Z ks€Z

then the proof follows immediately from Lemma 6.16. 0
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In what follows, we denote by || - || the usual maximum norm of R?| i.e.,
l|lz|| := max{|z;|, i =1,...,s}, for every z € R°. We recall that in R® all
norms are equivalent, hence all results below are independent of the choice
of the specific norm we may work with.

Lemma 6.31. The series Y ;s Vo(x—k) converges uniformly on the com-
pact sets of R®.

Proof. Let K C R® be a given compact subset of R*. For every z € R®, we

can write
D Volz—k) =) oz —k) | D Wy —ky) |,
kezZs k;ez kp€Zs—1

where

WU (@ —kyy) == bo(@1—F1)- oo bo (@ 1—kj 1) b0 (xj1—kj11) - b0 (x5—ks),

being x(;) == (@1, ., Tj1, L1, oy &) R Ky = (K, oy kjo1, kg, s ) €
751 for every j = 1,...,s. Let now be Kj; C R a compact set containing
the j-th projection of all elements of K. For every fixed and sufficiently large
N € N' and by Lemma 6.30, we have

sup Z U,(x— k)
2K g >N

»

< sup Z bo (25 — kj) Z \I/y} @[j] - E[ﬂ)

S
<D s Y delmi—ky) o
j=1 | T k>N
then the proof follows from Remark 6.22. ]

Lemma 6.32. For every v > 0, we have

Jm Y wen-o
lz—E||>yn

uniformly with respect to x € R®. In particular, for every v > 0 and for
every 0 < v < a,

S -k =0n"), as n-—+oo,
lz—k|>vn

where a > 0 is the constant appearing in condition (X3).
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Proof. For every fixed z € R®, we define 2, := z — |z |, where |z | :=
(lz1], ..., [zs]), and note that x5 € I :=[0,1] x ... x [0,1] C R®. Moreover,
E := k — | z | belongs to Z*® for every k € Z°. Let now v > 0 be fixed. For
every n € NT sufficiently large, we can write

Y. Velz—k)= D Velz—k)

lz—El|>yn =z ||>vn

< Y Uo(mg—k)<sup Y Up(zy—k),
&l >n—1 AT
and passing to the limit for n — 400, the first part of the lemma holds in
view of Lemma 6.31.
Let now 0 < v < « be fixed. Using Lemma 6.30 and adopting the same
notation of Lemma 6.31, we obtain, for n € NT sufficiently large,

Z \Ilcr(g - E)

lz—kl|>yn
<> Yo Golai—kp) | D Wy k)
7=1 | laj—kj|>m kyez=—1
s S |x L k . |l/
SZ Z qbg(l‘j—k‘j) :Z Z QZ)U(l’j_kj)ﬁ
j=1 |zj—k;|>yn J=1 lzj—Fkj|>yn ! !

S

1 > D Golwy—ky) |y — ksl p (6.6)

Y
n- -
" Jj=1 |zj—kj|>yn

We now recall the definition of the discrete absolute moment of order v of
the function ¢,, defined by

my(¢g) == sup Y do(x — k) |z — k[". (6.7)

zeR keZ

By Lemma 6.20, ¢, (z) = O(|z|717%) as  — 400, and it is well known that,
under this assumption, m, (¢,) < 400 for 0 < v < a, see |34, 60]. Therefore,
we infer from (6.6)

Y Vel k) <n o my(es) < oo,
Y
lz—EK||>vn

and thus the second part of the lemma is also proved. O

142



Remark 6.33. Note that, since in R® all norms are equivalent, both, con-
vergence and order of approximation results established in Lemma 6.32 are
independent on the choice of the specific norm being used. In fact, if || - ||«
denotes a specific norm in R®, we have ||z||« < C|z|| for every x € R?, for a
suitable positive constant C'; and hence we can write, for every fixed n € N,

Z ‘IJO(i—E) < Z qjo(i_k)a
lz—K|l«>~n lz—k||>yn/C
from which the claim follows.

Finally, we show that, as a direct consequence of Lemma 6.18, the fol-
lowing lemma holds true:

Lemma 6.34. Let z € [ay, b1] X ... X [as, bs] C R® and n € NT, so that
[na;| < |nb;| for everyi=1,...,s. Then,
1 < 1
s nbi] = oo (D]

II D do(nai—ki)

i=1 k=[na;]

Proof. Since o is non-decreasing and 0 < o(x) < 1, it is easy to see that
0(2) — 0(0) < 2, hence we infer that 0 < ¢,(1) < 1, and thus 1/¢,(1) > 1.
Then, by Lemma 6.18,

1 1 < 1 1
[nb1] [nbs ] - Qbo(l) ¢0(1)7
> bo(nay — ki) > ¢olnzs — k)
k=[na1] k=[nas|
hence what had to be proved. O

Remark 6.35. We stress that the results of this section are new, and some
of them represent a generalization of the properties established in [60] for
the univariate case.

6.7 Multivariate theory: the main results

In what follows, we denote by R the s-dimensional interval R := [a1, b1] X
.. X [as, bs] C R®. Let us define now the operators that will be studied in
this section.

Definition 6.36. Let f: R — R be a bounded function, and n € N* such
that [na;| < |nb;] for every i = 1,...,s. The linear positive multivariate NN
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operators F,(f,x), activated by the sigmoidal function o, and acting on f,
are defined by

[nb1 | [nbs |

Z Z f(k/n)V,(nz — k)

k1= ]'nal'\ ks=[nas]
[nb1 ] [nbs] ’

S Y Wb

k1= [naﬂ ks= [nas—‘

Fo(f,z) =

for every x € R and k/n := (ki/n,....,ks/n).

For n € NT sufficiently large, we always obtain [na;| < [nb;|,i=1,...,s
Moreover, a; < % < b; if and only if [na;| < k; < |nb;], and since f is
bounded, FZ(f,x) turns out to be well defined for all z € R. Note that
F?(1,z) = 1, for every n sufficiently large.

First of all, we study pointwise and uniform convergence of sequences of
such operators. We can prove the following

Theorem 6.37. Let f : R — R be bounded. Then,

lim F)(f,z)= f(z)

n—-+oo

at each point x € R of continuity of f. Moreover, if f € CO(R), then

lim_sup [F3(f,2) — ()| = lm (/) = FO)lle = 0.

n——+oo zER

Proof. Let x € R be a point where f is continuous. We obtain from
Lemma 6.34

[nb1 ] [nbs |

S Y /)~ f@)] Wolnz k)

k= (naﬂ ks=[nas]

5 Y Wk

k1= ]'nal'\ ks=[nas]

[nb1] [nbs ]

= > YT If (/) - F(@)] o (nz — k),

kl [naﬂ ks= [nasw

[%

for every n € N7 sufficiently large. Let now € > 0 be fixed. From the
continuity of f at z, there exists v > 0 such that |f(y) — f(z)| < € for every
y € R with |ly —z[[2 <7, | - [|2 being the euclidean norm. Hence, defining

Sy = {k: [na;] <k; < |nb;], i=1,...,s, and |[k/n —z|| < ~v/Vs},
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and
Sy :={k: [na;] <k; < |nb;], i=1,...s, and |[k/n—z| >v/Vs},

we can write,

. o Z ; n)— x nr —
|Ey (foz) — fz)] < RO k;&u(k/ ) — f(2)| To(nz — k)
1
+ kGESQ |f(k/n) — f(2)| ¥y(nz — k) p =: RO (I + ).

Let first estimate I;. Using Lemma 6.30, the continuity of f at x, and that
lk/n — z||2 < v/s||k/n — z|| < whenever k € Sq, we obtain

L1 <e Z U,(nx —k) <e.
keS,

Furthermore, by the boundedness of f and Lemma 6.32, we have, for n
sufficiently large,

I <2||flle > Vo(nz —k) <2||fllse,
Inz—kl|>ny/v/s

uniformly with respect to € R®. The proof of the first part of the theorem
then follows by the arbitrarity of . When f € C°(R), the second part of the
theorem follows similarly, replacing v > 0 with the parameter of the uniform
continuity of f in R. O

Now, we want to study the order of approximation for the family of
the linear positive NN operators in C°(R). It is natural to introduce the
Lipschitz classes for multivariate functions, within which we will work. We
define, for 0 < v <1,

Lip(v) :={f € C°(R) : such that there exist v > 0, C' > 0 so that, for each

zeR, |flz+1) - fla) < Oy for every |[t]z <y withz+1€R}.

Now, we are able to prove the following

Theorem 6.38. Suppose that o meets the decay condition (X3) for some
a>1, and let be f € Lip(v) for some v, with 0 < v < 1. Then,

IEa(f:) = f()lloo = O(™"),  as  n— +o0.
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Proof. Let be f € Lip(v) for some v, with 0 < v < 1. As in the proof of
Theorem 6.37, we can write, for every x € R,

[nb1 ] [nbs |

S Y Y )~ @) Walnz — k).

kl fmlﬂ ks=[nas]

1Fa(f,z) — f(z)] <

[¢>g

If v > 0 and C > 0 are the constants related to f, in the definition of Lip(v),
we have

(fx)— f(z o n nx —
IE2(f.2) — F@)| < s kezsjw/ (2)| Wo(nz — k)

1
+ > 1fk/n) = (@) Wo(na — k) p = ;
where S7 and S are those defined in the proof of Theorem 6.37 with the
value of v > 0 fixed above, (in the definition of Lip(v)). Since f € Lip(v),
we have for k € Sy, ||(k/n) — z|l2 < /s||(k/n) — z|| <, and hence

(J1+ J2),

|f(k/n) - f(@)| < Cl|(k/n) — z|l§ < Cs"/*||(k/n) —z||”.  (6.8)

Proceeding as in the proof of Lemma 6.32 and by (6.8), we obtain for J; the
estimate
J < n v Csv/? Z U, (nz — k) ||nx — k||”

keSy
nvC s’ Z > boluj = kp) Inzy = ks | Y Wy — kyy)
Jj=1 \ k;€Z E[j]ezs_l
nvC s¥/? Z Z Go (x5 — kj) |nz; — kj|” p <n™VC siv/2 my (Po),

= k;€Z

where m, (¢,) is defined as in (6.7). As it was observed in the proof of
Lemma 6.32, m,(¢,) < +00, since v < a. It then follows that J; = O(n™")
as n — +0o. Moreover, by the second part of Lemma 6.32, it turns out that

Jo <2||fllee Y Vo(nz—k)=0(n""), as n—+oo,
keSs

and this completes the proof. O

The most important instances of sigmoidal functions do satisfy condition
(X3) with @ > 1, and this explains why it was reasonable to make such
assumption in Theorem 6.38. However, an order of approximation can be
determined even when 0 < a < 1. In fact, we can establish the following
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Theorem 6.39. Assume that o meets the decay condition (33) for some
0 <a<1,andlet be f € Lip(v) for some v, with 0 <v <1. Then,

(i) if v < a,
IEZ(f,) = [O)lloo = O(TY),  as n— +o0; (6.9)
(ii) if a < v <1, we have
IR (f,) = f()lleo = O(™),  as n— +oo; (6.10)
for every 0 < e < a.

Proof. (i) For functions f € Lip(v) with 0 < v < a, we have
IE5 () = FO)lleo = O(n™"),  as  n— +oc, (6.11)
and this can be proved exactly as it was done in Theorem 6.38.

(ii) Every function f € Lip(v) with a < v < 1 is, in particular, such that
f € Lip(p) with g := a—e¢, for every fixed but arbitrary €, 0 < ¢ < a. Thus,
we obtain 0 < f < « and, in view of (i),

IF5(f,) = FO)lloo = O(n™7) = O(n™*F*),  as  n — 4oo.
This completes the proof. O

Remark 6.40. The approach adopted in this paper (and in [60]) to study the
order of approximation differs from those of [104, 93]. Here we obtain esti-
mates in the uniform norm for neural network operators applied to functions
belonging to Lipschitz classes, and exploiting a moment-type approach. In
Makovoz [104], tight bounds for multivariate neural networks with sigmoidal
functions were derived using techniques of functional analysis, in the more
general context of LP-spaces, and particular estimates were derived for func-
tions belonging to L?(D), where D C R? is an open convex set. Kurkova
and Sanguineti [93] have established tight bounds for NNs in Hilbert spaces,
extending some results earlier obtained in [104]. Our operators F,, are af-
fected by the pointwise behavior of the functions f, and hence they are not
suited to LP-approximations.

Examples of smooth sigmoidal functions, satisfying all assumptions re-
quired by our theory, are provided by the well known logistic function, oy,
and by the hyperbolic tangent function, oy, (z). In particular, oy and o}, sat-
isfy condition (X3) for all @ > 0, in view of their exponential decay to zero
as r — —o0.

An example of a non-smooth sigmoidal function is provided by the ramp
function, or(z), defined by or(z) := 0forz < —1/2, or(x) :=1forxz > 1/2,
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and op(z) == x4+ 1/2 for —1/2 <z < 1/2 [46, 39]. Condition (X3) is also
satisfied for every o > 0 and the corresponding function ¢, ,(z) is compactly
supported.

For the sigmoidal functions oy(z), o, (x), and og(z), the following corol-
lary holds.

Corollary 6.41. For every f € Lip(v), 0 < v <1, we have
||F7L(f7 )_f()Hoo :O(n_y), as n — 4oo.

Remark 6.42. Note that, when f € C'(R), also f € Lip(1), and then, for
all sigmoidal functions considered in Corollary 6.41, ||F(f,") — f()]leo =
O(n~') as n — +oo. This fact improves the result concerning the order
of approximation for NN operators activated by hyperbolic tangent or by
logistic functions when f € C1(R), earlier established by Anastassiou [8, 9].
In fact, Anastassiou proved that, for every f € C1(R), [|[Fn(f,") — f()|lco =
O(n=%) as n — 400, where 0 < 6 < 1.

Other examples of sigmoidal functions satisfying the assumptions made
in our theory can be constructed starting from the well-known B-splines of
order n € N* [34],

My(z) = n—l'z <>( +x—z)i_1, z€ER.

This can be done by means of a simple procedure described in Chapter 5
([58])- In the previous formula, the function (x)4 := max {x,0} denotes “the
positive part” of z € R.

Finally, as an example of sigmoidal functions to which the present the-
ory cannot be applied, we mention the (class of ) Gompertz functions. These
functions are characterized by unsymmetrical growth, hence they fail to sat-
isfy condition (X1).

6.7.1 Multivariate quasi-interpolation operators with sigmoidal
functions

In the present context, we can use sigmoidal functions also to study con-
vergence and order of approximation of a class of quasi-interpolation oper-
ators, defined using the function ¥, introduced in (6.4) in Section 6.6. If
f :R® = R is a bounded function, we define the so-called quasi-interpolation
operators

G (f,x): ka/n o(nz — k), z € R®

keZs

for every n > 0, see e.g., [38, 7, 11, 60]. Using Lemma 6.30 and the bounded-
ness of f, it easy to show that all G (f, z)’s are well-defined for every z € R®
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and for every n > 0. Note that, using Lemma 6.30 again, we can write, for
every z € R*)

|G181(f7£)7f(£)| - n fv Z ‘1] nx*f
k €73
< Y |f(E/n) = f(@)] Yo(nz — k).
keZs

Using this inequality, we can then establish pointwise convergence for the
family (G2(f,-))n>0, for every bounded function f € C°(R?®), as well as
uniform convergence whenever f is uniformly continuous and bounded on
R®. The proof can be obtained as in Theorem 6.37. Moreover, note that
condition (X2) can be dropped. This can be done since Lemma 6.34 is
not used for studying quasi-interpolation operators and the proof of such
lemma is entirely based on the claim of Lemma 6.18 (see also Remark 6.19).
Finally, observe that the definition of Lipschitz class for functions defined on
the whole of R® becomes

Lip(v) := {f € CO(R®) : s0 that || f(-) = (- + t)llc = O([t]|3), as [tll2 — 0},

for 0 < v < 1. Therefore, Theorem 6.38 and Theorem 6.39 could also be
extended immediately to the case of quasi-interpolation operators.

149



Chapter 7

Conclusions and Future
Developments

7.1 Final remarks and conclusions

In this Thesis, we studied the problem of sigmoidal functions approximation.
The relation with the theory of neural networks (NNs) has been analyzed.
NNs are widely used as models for the human brain and their flexibility fits
very well to a bunch of real world applications.

Sigmoidal functions arise naturally from the theory of NNs, where they
play the role of activation functions of the networks. From a theoretical point
of view, we stress that it is very difficult to obtain constructive approximation
algorithms, especially in the multivariate case, which is the most important
and the most natural when dealing with NNs.

Along the last twenty years, some constructive results have been ob-
tained, mainly based on a convolution approach. In fact, as shown in Chap-
ter 1, certain convolution operators have been constructed by using sigmoidal
functions, and following a ridge-type approach. Then, NNs were constructed
applying suitable quadrature rules |94, 100, 121].

In this Thesis, we propose various kinds of approximation algorithms, to
construct both univariate and multivariate approximations. One of our main
purposes is to devise an easier way to approximate functions by means of sig-
moidal functions, compared to the usual and well-known methods discussed
in Chapter 1. Moreover, we would like to obtain high-order approximations,
and finally to use these results for applications to Numerical Analysis, to
develop new competitive numerical methods.

Concerning the univariate approximation, we have followed two approaches.
The first one (see Chapter 2), is inspired to a paper of H. Chen, T. Chen, and
R. Liu [48]. The second one, is completely new, see Chapter 5. In particular,
in the latter case we consider special kinds of sigmoidal functions, defined by
suitable integral forms. Also the coefficients of the NNs that we introduced
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are of the integral type.

The approach proposed in Chapter 5 is related to the theory of multireso-
lution approximations of L2(R) [113, 64]. In fact, if the sigmoidal function is
generated by the scaling function of an r-regular multiresolution approxima-
tion, then the approximation error for approximating C'-functions decreases
as 277, when j — +o0, i.e., the approximation error decreases exponentially.

Moreover, also in case of multivariate approximation we propose two
possible approaches. The first one consists of introducing a kind of radial
basis functions (RBF) networks, composing sigmoidal functions ¢ with the
Euclidean norm in R™ (see Section 2.4). In the second approach, we use
products of univariate sigmoidal functions (see Chapter 6). Clearly, these
results are easier to apply with respect to those based on convolution showed
in Chapter 1.

Finally, concerning the theoretical analysis performed in this Thesis, we
should mention the theory of NNs operators, a modern approach to study
NNs approximation. This theory was first introduced by G.A. Anastassiou
in [4, 7, 8,9, 10]. The basic idea there is to study operators of Cardaliagnet-
Euvrard and squashing type [45]. In Chapter 6, we study and generalize some
theorems concerning NN operators, both in a univariate and in a multivariate
setting. In the latter context, constructive approximation algorithms are
more easily obtained, even in the multivariate setting. We stress that some
results established in this Thesis represent an improvement of those proved
by Anastassiou in its papers. In particular, the order of approximation
for C'-functions can be improved by means of our operators, compared to
certain existing results given in [7, 8, 9].

From the NN operators activated by sigmoidal functions, useful to ap-
proximate functions defined on bounded intervals, the theory of quasi-interp-
olation operators can be easily derived. With the latter operators, we are
able to approximate functions defined on the whole real line. In particular,
this approach is similar to and reminiscent of that approximation made by
the generalized sampling operators introduced by P.L. Butzer [35, 36, 33].

Furthermore, several applications to Numerical Analysis are given to
show the flexibilities and the peculiarities of sigmoidal functions approxi-
mation (see Chapters 3 and 4). For instance, applications to the solution
of linear and nonlinear Volterra integral equations of the second kind by
collocation, are very easy to obtain, the method performs very well, and is
competitive from the computational point of view in comparison to piece-
wise polynomials collocation methods. In some cases, e.g., in case of integral
equations with weakly singular kernels, our method allows to achieve an
higher accuracy with respect to the classical piecewise polynomial colloca-
tion methods (see Chapter 3).

Analogous advantages can be obtained by our collocation method for
solving Volterra integro-differential equations. In particular, the CPU time
required by our collocation method is smaller with respect to the case of
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piecewise polynomial methods. Basing on collocation methods for Volterra
integral and integro-differential equations, ordinary differential equations can
also be solved. Numerical examples are given in Chapters 3 and 4.

7.2 Future developments

As future works, starting from the problems analyzed in this Thesis, we in-
tend to continue studying sigmoidal functions approximation by constructive
multivariate algorithms and applications.

Several open problems still wait for a satisfactory solution. Constructive
approximations results are available only for functions defined on special
domains, such as intervals of R”. Extensions of the multivariate theory to
approximate functions defined on domains which are not necessarily inter-
vals of R™ would be desirable. Moreover, a relevant problem is to develop
numerical methods which allows us to approximate solutions of integral or
differential equations with an high-order of accuracy. To this purpose, the
theory developed in Chapter 5 could help. The numerical methods proposed
in this Thesis are typically global in nature, then one possibility to enhance
their accuracy is to apply the methods locally, i.e., to every subset of a par-
tition of the original domain of the problem. This is what happens in case of
classical “piecewise” methods, such as, for instance, for the piecewise poly-
nomial collocation methods to solve Volterra integral and integro-differential
equations [117, 26].

One of the possible field of applications of the approximation results
by sigmoidal functions is the numerical solution of partial differential equa-
tions, such as conservation and balance laws. Concerning the latter, since
hyperbolic problems often possess solutions with sharp fronts or even jump
discontinuities (shocks), we may expect that smooth sigmoidal functions,
might be well suited to represent this kind of solutions. Clearly, since large
errors can be made, due to the rapid variation of such functions, it would
be desirable to track the sharp front or the discontinuities of the solutions.
This idea reminds that developed in [77|, where the discontinuities of the
solutions of certain hyperbolic conservation laws are tracked to obtain high
accurate numerical solutions for this kind of problems.

Moreover, various aspects of the modern theory of NN operators could
be also analyzed. For instance, the high order of approximation can be in-
vestigated for functions with high order derivatives, i.e., the results obtained
by G.A. Anastassiou in this direction could be extended for the operators
activated by sigmoidal functions belonging to the class of these functions in-
troduced in Chapter 6. The idea is to apply Taylor formula with a reminder
in the integral form to estimate the error of approximation. In addition,
the theory of neural network operators could be extended to approximate
functions belonging to LP-spaces. In this case, the form of the coefficients
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of such operators should be adapted. In fact, in we consider for instance
the univariate case, for functions f belonging to LP, the coefficients f(k/n),
which depend on the pointwise behavior of f, should be replaced by the
mean values of the function f into the rectangles [k/n, (k+ 1)/n], i.e., with

f k/n (k1) " f(u) du. Then, the neural network operators in the L? (umvarlate)
settlng should assume the following form:

[nb] -1 (k+1)/n
[n [ s du] b0 (nx — )
- k=[na] k/n
Ky (f,x) = P . xelab (7.1)
Z Go(ne —k
k=[na]

for n € N* sufficiently large, f : [a,b] — R belonging to L[a,b], and where
¢, is the density function defined in Chapter 6 with the sigmoidal function
.

Replacing the value f(k/n) with the mean values nf(kH /n f(u) du to
switch from the study of pointwise operators to operators in LP, is quite
natural. Indeed, such replacements have been made by Kantorovich in [84]
when he generalized the Bernstain polynomials to the LP setting to obtain
a proof of the Weierstrass approximation theorem in LP(0,1). Moreover,
the same approach has been adopted in [17] where the authors introduced
sampling operators of the Kantorovich type to obtain applications for the
reconstruction of non necessarily continuous signals.

Convergence and order of approximation of neural network operators of
the form in (7.1) could be studied in this new framework. For the latter
problem we should introduce suitable Lipschitz classes related to the norms
of the space LP[a,b].

Another problem that can be investigated concerns interpolation by neu-
ral networks and sigmoidal functions. Interpolation of functions on certain
finite sets of points by NNs (see e.g. [101]) is a problem strictly connected
to the training of networks and to the exact representation of the values of
certain test set (see Subsection 1.1.3).

Further applications of the theory of approximating functions by neu-
ral network operators could be developed. A typical field of application
for multivariate approximation algorithms falls in the context of image re-
construction and image enhancement. In particular, the multivariate form of
the operators in (7.1) could be well suited to applications concerning images,
since images are usually represented by discontinuous functions.
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