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Introduction

1.1 Spin-orbit phenomena

1.1.1 Spintronics

Until forty years ago, the functionality of semiconductor devices relied only on the control
of the electronic charge, whereas the spin degrees of freedom (DOF) of carriers did not
play any role, and was not being utilized in any way. Recently, a technology has emerged
called spintronics (spin transport electronics or spin-based electronics), which is centered on
the manipulation of spin degrees of freedom in solid state systerdk [One of the most
important aims is to understand the relationship between the charge and the spin DOF. A
good knowledge of this relationship provides the opportunity for a new generation of devices,
combining standard electronic conduction with spin-dependent effects that arise from the
interaction between the spin of the carriers and the magnetic properties of the material.
The electrical control of spin population could be exploited by two different mechanisms,
ferromagnetic interaction and spin-orbit coupling (SOC). Originally, the idea of spin-based
electronic devices was based on ferromagnetic materials, used to inject a spin current in
paramagnetic materials. One of the most studied effects caused by this type of injection is
the famous giant magnetoresistance effect also known as GMR dfégt The GMR [see
Fig.1.1] is observed in hybrid thin- Im materials composed of alternating ferromagnetic and
nonmagnetic layers. The resistance of the system is lowest when the magnetic moments in
ferromagnetic layers are aligned and highest when they are anti-aligned.
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Figure 1.1: Schematic illustration of electron transport in a multilayer for parallel and antiparallel
magnetisation of the successive ferromagnetic layers. The magnetization directions are indicated by
the arrows. The solid lines are individual electron trajectories within the two spin channels. It is
assumed that the mean free path is much longer than the layer thicknesses and the net electric current
ows in the plane of the layers. Bottom panels show the resistor network within the two-current
series resistor model. For the parallel-aligned multilayer, the up-spin electrons pass through the
structure almost without scattering, whereas the down-spin electrons are scattered strongly within
both ferromagnetic layers. Since conduction occurs in parallel for the two spin channels, the total
resistivity of the multilayer is low. For the antiparallel-aligned multilayer, both the up-spin and down-
spin electrons are scattered strongly within one of the ferromagnetic layers, and the total resistivity of
the multilayer is high. Ref.[8].

The GMR effect is probably the best known spintronics effect, since its huge applications in
hard disk storage led Albert Fert and Peter Griinberg to win the Nobel prize in 2007. Beside
in its name, which was coined in the late nineties, the eld is "new" mainly in the sense of
its approach to the solid state problems it tackles, as it tries to establish novel connections
between magnetism, superconductivity, the physics of semiconductors, information theory,
optics, mesoscopic physics, electrical engineering. Typical spintronics issues are

1. how to polarize a system, be it a single object or an ensemble of many;

2. how to keep it in the desired spin con guration longer than the time required by device
to make use of the information so encoded;

3. how to possibly transport such information across a device and, nally, accurately read
it.

The principal advantage of promoting the spin DOF as the main carrier of information resides
in its non-volatile nature. For instance, non-volatile magnetic memories based on magnetic
tunnel junctions, exploiting the spin-transfer torque (STT) effects, have offered lower power
consumption and new paradigms for storage devigekd). Ina STT, an initially unpolarised
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Figure 1.2: Spin—orbit torque (SOT) as methods to exchange angular momentum between different
elements. In a SOT con guration, the initial beam of electrons acquires spin angular momentum by
passing through a material with SOC, therefore without the need of magnetization. After having gone
through a normal metalN M ), spins exert a torqu& onF M 5, similarly to what happens ina STT
device. Ref.[15].

electron beam is sent through a rst ferromagnet with a certain magnetisation, where spins get
polarised. After having gone through a normal metal, electrons with xed spin polarisation
pass through a second ferromagnet with a different magnetisation (not parallel to the rst one).
This results in the exertion of a "torque” on the second ferromagnet. The spin-orbit torque
(SQOT) is another important mechanism. In this case the initial beam of electrons acquires
spin angular momentum by passing through a material with SOC (without magnetization).
Successively spins exert a torque on a second ferromagnet, similarly to what happens in
a STT device [see Fig.1.2]. The major limitation of these approaches is represented by
their energy cost: typically for a single operation in a STT device, the required energy can
potentially delete any non-volatile character of the spin DOS; 14]. In spintronics devices,
information is encoded into the orientation of a collection of spins, this having being xed at

a local minimum in the energy landscape. Leakage of information would be represented by
a change in this particular con guratiof4]. In the present thesis we are interested in the
study of spin transport electronic effects in graphene heterostructures, where the coupling
between charge and spin degrees of freedom is due to the SOC. In the following we will
see that in electronic devices this interaction allows us to control the spin current and spin
polarization responses through an external electric eld. In the next section, we start from
the origin of SOC.

1.1.2 Origin of spin-orbit coupling

In atoms, the spin-orbit coupling isralativistic correction to the electrons’ energy levels
of atomic spectra. To illustrate its origin however, it suf ces to adopt semiclassical (SC)
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electrodynamics and non-relativistic quantum mechanics arguments (see Appendix A for
details). The spin-orbit interaction can be expressed

e

onN

Hsoc = rovx) (ir); (1.1)

»|

withk = i}r the momentumeV(x) a static electric eld and the Pauli matrices linked

to the electron spin =2S=}. Here o= }=(mc)' 10 1%mis the Compton wave length

in a vacuum, which is very small compared with the characteristic lengths in solids. However,
when considering the spin-orbit interaction in solids one must take into account that an
effective Compton wave length may appear]6, 17]. In some cases this brings a big
enhancement of the strength of the spin-orbit interaction. For example, in GaAs the effective
Compton wave length is about three orders of magnitude larger than the vacuum value

In atoms, the potentiaV in the Eq(1.1)is the central eld due to the nucleus and to the
screening of electrons and the SOC term gives rise to the ne structure of the atomic spectra.
In solids, the Eq1.1)applies to all potentials acting on the electrons. In this respect one may
speak of different spin-orbit mechanisms depending on the origin of the potential. Those
which, due to the potential from impurities and defects, break the translational symmetry of
a periodic lattice, are called extrinsic mechanisms. On the other hand, those mechanisms
arising from the potential of the host lattice or from the con ning potential determining
an electronic device, as in the case of a two-dimensional electron gas (2DEG), are called
intrinsic. In the following, we discuss some effects out of equilibrium (spin Hall effect, etc)
that de ne the observables which we are interested in for the rest of the work of this thesis.

1.1.3 Nonequilibrium effects

1.1.3.1 The spin Hall effect

The SOC manifests in materials via a category of effects allowing an ef cient conversion
between charge and spin signals. The most famous example is the spin Hall effect (SHE)
[18-20Q]. It could allow for the manipulation of the spin DOF inside a device by means
of electrical elds only. It is an eminent example of what Awschalom calls a “coherent
spintronic property” 2], as opposed to the “non-coherent” ones on which older devices are
based. Originally proposed in 2003 for a two-dimensional hole gas (2DHG) by Murakami
et al. 21], and soon after for a two-dimensional electron gas by Sinova e23. if has
attracted much attention and is still being actively debated. In a spin analogy to its charge
counterpart, i.e. the classical Hall effe2ff], the SHE consists of a spin accumulation at the
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Figure 1.3: The direct spin Hall effect. The gray layer is a two-dimensional electron (hole) gas 2DEG

(2DHG), to which an in-plane electric eld is applied. Because of spin-orbit interaction in the system,
spin-up and spin-down fermions are de ected in opposite directions, creating a pure spin current in
the direction orthogonal to the driving eld. Spin accumulation at the boundaries of the sample is the
guantity usually observed in experiments and taken as a signature of the effect.

boundaries of a conductor, the “spin voltage” building up in the orthogonal direction [see
Fig.1.3].

The SOC plays a similar role to the Lorentz eld in the classical Hall effect, such that no
magnetic eld is required for the SHE to happen. In fact, similarly to Mott scattering in a
vacuum P4], the "electron beam" is separated by the spin-orbit interaction present in the
material into its spin components. Indeed this mechanism in normal metals was proposed by
Dyakonov and PerellB, 19] as a solid-state realisation of Mott scattering. The SHE was rst
measured in semiconductors, with the spin accumulation at the boundaries of the samples
probed by optical mean2}, 26]. Onsager reciprocityd7], allows also the inverse effect to
exist, i.e. the conversion of a spin-polarised current into a charge voltage. Such inverse spin
Hall effect (ISHE) was discovered in semiconductors and in metals shortly after the reports
on the discovery of the SHE [28-30].

Now, we try to discuss brie y the spin-charge coupling in the diffusion equations. In a
paramagnetic metal the diffusion equations for charge and spin are

ji=( enE; D@( en, (1.2)
ji = sjEi D@sj;

wheren is the total densitys; the spin polarization measured in units such that the spin
currentjj has the same physical dimensions as the charge current. This means to multiply
the usuabkj by e=}, e>0beingthe unitcharge. Inthe Kf.2), = e =misthe electron
mobility, the spin conserving scattering time amdthe effective electron mass. The
spin-orbit interaction couples the spin and charge currents. The idea goes back t@4iott [
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and yields a polarization of the diffused particles, assumed to be initially non polarized.
Electrons transporting charge in a conductor undergo collisions with impurities and phonons
and, as a result, there should be a coupling between charge and spin currents due to SOC.
According to the theory of Dirac's equation, the spin-orbit interaction is given by th@ Hg,.

Let us consider the Born approximation (BA), i.e. the lowest order scattering amplitude.
This means that we take the matrix elemenHefoc between an initial plane wave with
momentunk and a nal wave with momenturk® We obtain

2
hjHsocjkd = iZOV(k k9 k° ; (1.3)

whereV (q) = V(k k9 is the Fourier transform of (x). According to the above equation,
the scattering amplitude reads
2
f=V(q) 1 izok S (1.4)
where the rst term represents the ordinary scattering. In general, beyond the Born approxi-
mation, we have

f=A+Bk K° : (1.5)

The scattering probability is given by the amplitude square, i.e.

P = jf? = jAj°+Bj°+2Re(AB )k K9 ; (1.6)

where the last term is responsible for spin asymmetry in the scattering processes. If
Re(AB ) 6 0, the skew-scattering mechanism appears (in the Section 1.1.3.2 we discuss in
details the extrinsic effects). On the contrary, in the Born approximation on& ka¥ (q)

andB = i%A, so thatRe(AB ) =0. The effect of the spin-orbit interaction in a con-
ductor is more complicated then the process of a single scattering. First of all, one has to
take into account multiple scattering which is responsible for the diffusive motion. Second,
the source of SOC are due to different mechanisms. From a phenomenological point of view,
we can consider electrons with an initial direction along the posxtivaxis. We assume that

spin up electrons are de ected along the positiveaxis, while the opposite occurs for down

spin patrticles. In terms of currents we have

j y' = Jxms ] y# = I xi#; (1.7)
where is a dimensionless parameter depending on the spin-orbit interaction. The spin-
current in they direction reads
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Uy Jy = (Dxt Jxa)s (1.8)

while the charge current in the direction is

Uy +iyw)= (Ix ] x#): (1.9)

Hence, a charge current alorg axis generates a transverse spin current alony thais,

while a spin current along the axis generates a transverse charge current alorxis.

The rst case is referred to as the SHE, while in the second case one speaks of the (ISHE)
or anomalous Hall effect (AHE) depending on the nature of the spin current. If the latter
has been originated by spin injection in a paramagnetic system, one deals with a pure spin
current, i.e. a spin current in the absence on a charge current. This is the ISHE. If instead the
spin current is due to a difference in spin population as in a ferromagnet, this is the AHE.
In this latter case the driving spin current goes along with a driving charge current. Hence,
one has a transverse charge current in response to a longitudinal charge current independent
of the magnitude of the magnetic eld. To make a contact with th¢IEg), we rewrite the
Egs.(1.8) and (1.9) as

Jyz= ] x; Jy=Jx (1.10)
Hence the parametercouples charge currents labelled by one index, the coordinate axis
along which the current owing, with spin currents labelled by two indices, indicating the

owing direction and the polarization axis. For arbitrary direction the coupling contain the
Ricci tensor' , i.e.

Fi = ik 1k Jy= ik Jjk: (1.11)

One can write the coupled equations for the currents as

ji=( @nE; D@ &n " X (1.12)
ji = SjEi D@sj + "k J &

where the superscriptindicates the expression in the absence.dfhe minus sign difference
between the two above equations agrees with the general requirements due to the Onsager
relations R7], based on the properties of the charge and spin currents under time reversal.
We notice that, while the charge current is odd, the spin current is even under time reversal,
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since both spin polarization and velocity change sign. The(Eqd2)must be used with the
continuity equations for charge and spin that read

@+@i=0 @i+@j+>=0; (1.13)

where s is a phenomenologically introduced spin relaxation time, since spin conservation is
not a general property in contrast with charge conservation. Let us now assume a paramag-
netic conductor and imagine applying a uniform and constant electricEgldlongx axis.

Since in the absence of the electric eld there is no spin polarizaien0, to linear order in

the eld one has

jyz= 2= Ex  SMEg (1.14)

where SH is called the spin Hall (SH) conductivity and the transverse spin current along the
y axis induced by the the electric eld constitutes the spin Hall effect. In the following we
discuss other spin-orbit effects, such as skew-scattering and side-jump mechanism.

1.1.3.2 The extrinsic spin Hall effect

In the previous section, we have discussed the SHE in a phenomenological way by assuming
a coupling between the charge and spin currents in the diffusion equations. Here we want to
analyze the microscopic mechanisms for the SHE. We focus on mechanisms based on the
extrinsic spin-orbit coupling, i.e. that originating from the potential impurities and defects.
This SOC gives rise to two different types of mechanisms: the skew-scattering and the
side-jump. The rst one is important for our work because in the Chapter 6 we go beyond
the Born approximation and study the skew-scattering in a speci ¢ graphene-Hamiltonian.

The skew-scattering Here we report a short discussion about the skew-scattering mecha-
nism, we suggest the reader to see other literature for more d&BiB2. The idea goes
back to Mott P4] and we start from the scattering probability Eig6). To take into account

the skew-scattering mechanism, we must HaegAB ) 6 0. Particles with spin parallel to

kK KCare de ected by angle (depending on the transferred moment(fn k9), while

those with spin antiparallel by an angle- . Here, as a model, we consider a disordered
Fermi gas with spin-orbit interaction as

k2 2
H—%+V(x) 7 r vV(x) k: (1.15)
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As already mentioned, to have a nite skew-scattering, the scattering amplitude at the Born
level Eq(1.4)is not suf cient. We need to compute the scattering probability beyond the
Born approximation. Since, the spin-orbit couplin§can be treated perturbatively, the
spin-dependent amplitud® will be considered at the level of the Born approximation,
whereas we consider higher order correction for the spin-independent amplitude. To this
end, solving the Schrodinger equation, one can consider the solution at second order in the
potentialV (x) = ug (x) (i.e. a potential for a single impurity located at the origin of the
coordinates)17, 33]. So, the spin-independent scattering amplitude can be written in the
form

A= Zmuo(1+ UeG(0)): (1.16)
whereG(0) is the Green's function associated to the Schrédinger equation in the absence
of potential atx = 0. In the scattering probability we ne®&k(AB ). Since B is purely
imaginary, we have to consider

A = izmuglme 0): (1.17)

In this way, one can evaluate the correction to the scattering rate and uses it in the Boltzmann
equation (BE) (see Chapter 2). This new term modi es the kernel of the kinetic equation and
the spin current can be expressed in terms of the charge current as

Jia "ija Wa(k;k%pizji : (1.18)

whereW is the kernel of the equatiofy, the charge current along direction whilea is the
spin polarization. We underline that the parametean be de ned phenomenologically and
is /  gkZ, with ke the momentum at the Fermi energy.

The side-jump We brie y discuss the origin of the side-jump mechanism. To understand

it, let us consider the equation of motion at a semiclassical level

r V(x); (1.19)
k= V(x)+ f( K r)r V(x):

To rstorderin 3, the equation fox becomes
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2
x= — -2 Kk (1.20)

Integrating over time fromL to+1 (before the scattering and after the scattering), the
trajectory acquires an extra contribution proportional to the transferred momentum upon the
scattering in the form

2
_ 0 .
x= -, k: (1.21)

This x is the so-called side-jump effect and may affect the spin current. If at each scattering
event there is a side jump, the total number of side-jumps per unit time has the dimensions of
a velocity. Such a velocity depends on the spin state and this dependence gives rise ultimately
to a spin current. The side-jump contribution to the spin current can be written quite generally
as

jia=  iak Wakg; (1.22)

where of cours&V is a different kernel respect to the skew-scattering case. Identically one
can phenomenologically nd the couplingand obtain /  m =2 . What explained until

now is not the end of the story. When an electric eld is present, the side-jump modi es the
energy of the scattered particles. In fact, the generated dipole-like term yields a correction
to the collision integral of kinetic equation. In this case the parameter m 3=4 . We

stress that, in contrast to what happens in the skew-scattering mechanism, the coef cient
in the side-jump depends on the inverse scattering time. This means that in high-mobility
system tends to be small.

1.1.3.3 The Edelstein effect

Despite its historical signi cance, the SHE is not the only possible charge-to-spin conversion
(CSC) mechanism induced by SOC effects. Broken structural inversion symmetry allows
for the appearance of a current-induced spin polarisation, commonly known as inverse
spin-galvanic effect (ISGE) [see Fig.1.4]. Originally proposed by Ivchenko and F3Kis [

and observed by Vorobev et al. in T85, the ISGE was later theoretically studied by
Lyanda-Geller, Aronov and Edelstein (from which the ndauelstein effegtin a 2DEG

with SOC of the Bychkov-Rashba typE36, 37], whose Hamiltonian is (see Chapter 3 for a
deeper discussion)

IFor brevity, in the following we will adopt the common choice of referring to the 'Bychkov-Rashba
interaction’ as simply 'Rashba interaction'.
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Figure 1.4: The ISGE due to the spin-momentum locking produced by the Rashba pseudomagnetic
eld (a.1), an out-of-equilibrium spin polarisation establishes orthogonally to the applied electric
eld E = ER; the distorted Fermi surface is represented in (a.2) by the shaded circle. (b) Such a
spin-current coupling cannot occur under preserzed  z symmetry conditions, since spin density

and charge current transform differently under out-of-plane mirror re ection, the former (latter) being

a axial (polar) vector. Breaking of this symmetry is hence required to have the ISGE.

2
H3PEC = ;m+ (k 2 s; (1.23)

wheres = ('sx;Sy) are Pauli matrices;y acting on the spin DOfn is the effective electron
mass, and is the Rashba parameter. The spin-galvanic effect (SGE) has also been observed
in GaAs semiconducting quantum wells [38].

The phenomenology of ISGE/SGE can be understood by symmetry argui@@ntslgctrical
currents and spin polarisation are respectively polar and axial vectors. In centrosymmetric
systems, where inversion symmetry is preserved, polar and axial vectors transform differently,
hence no coupling between non-equilibrium spin density and charge current is allowed [see
Fig.1.4(b)]. However, in reduced symmetry conditions, polar and axial vectors components
may transform similarly. Consider, for instance, the case of electrons con ned i the

plane with mirror re ection about thg z plane Ry;) preserved but with broken! z

(Rxy) symmetry—e.g. induced by the presence of a substrate. Under the vertical plane
re ection Ryy, the electrical current and spin polarisation transform as

Ry :JIx;Jdy ! Jx;dy; (1.24)

Rxy :S:;Sy!  Sxi Sy (1.25)
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Figure 1.5: a) Edge states in a 2D topological insulator (b) Schematics of the band structure of a
3D topological insulator with surface states within the band gap. Spin-splitted surface states exist
due to the surface topology, independently from the Rashba effect. Topological insulators, indeed,
display a spin-splitted linear dispersion relation on their surfaces (i.e. spin-polarized Dirac cones),
while having a band gap in the bulk (this is why these materials are called insulators). Also in this
case, spin and momentum are locked and, when a charge current ows in these spin-polarized surface
states, a spin accumulation is produced and this effect is called Edelstein effect. A 2D charge-to-spin
conversion mechanism occurs. Ref.[40].

A coupling between); S§; with i ? j is therefore allowed for brokeRy, symmetry.
Microscopically, such a coupling is mediated by the SOC.

The topological insulator (TI) case is easier to visualize due to the presence of a single
Fermi contour, therefore the topological insulator case is discussed4tstdp]. Itis a
material that behaves as an insulator in its interior but whose surface contains conducting
states 43], meaning that electrons can only move along the surface of the material [see
Fig.1.5(a)]. Topological insulators have non-trivial symmetry-protected topological order;
however, having a conducting surface is not unique to topological insulators, since ordinary
band insulators can also support conductive surface stte4d]. What is special about
topological insulators is that their surface states are symmetry-protected Dirac fermions by
particle number conservation and time-reversal symmetry. In the bulk of a non-interacting
topological insulator, the electronic band structure resembles an ordinary band insulator,
with the Fermi level falling between the conduction and valence bands [see Fig.1.5(b)]. On
the surface of a topological insulator there are special states that fall within the bulk energy
gap and allow surface metallic conduction. To explain better, topological insulators display
spin-split surface states where spin-momentum locking is present (as Rashba interaction
in the 2DEG). Indeed, when a charge current ows in the surface states of the topological
insulator this can also be seen as a well-de ned momentum skifin the reciprocal space,
resulting in a different occupation of the spin-polarized branches of the Dirac cone. This
unbalance, accordingly to the structure of the topological insulator band dispersion relation,
produces a spin accumulation in the investigated material, i.e. a CSC conversion occurs.
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The spin accumulation is orthogonal to the injected charge current, accordingly to the spin-
momentum locking. Due to the fact that these materials display a conductive behaviour on
their surface while being insulating on their bulk, the charge current is only allowed to ow
on the topological insulator surfaces, this is the origin of the bidimensionality of this CSC
mechanism.

1.1.3.4 Other spin-orbit effects

The interplay of SOC and magnetic exchange interactions is yet another research line
attracting growing interest[/]. Ferromagnetic systems with broken inversion symmetry
display a Dzyaloshinskii—Moriya interaction, i.e.

How = Dj (Si S)); (1.26)
ij

whereD jj is the Dzyaloshinskii-Moriya coupling for spins in lattice sitgs According
to the Eq.(1.26), the energy of two neighbouring sgBnsS, decreases (increases) if the
respective orientation are connected by a clockwise (anti-clockwise) rotation around the
Dzyaloshinskii— Moriya vector [47, 48]. Such a term enables the formation of chiral spin
structures, e.g. domain walls and magnetic skyrmictg. [ The latter are de ned as
spin textures displaying inverted out-of-plane magnetisation along the rotating pattern [see
Fig.1.6]. Skyrmions are characterised by a topological nurBger 1, indicating the
protection of the spin texture against smooth deformation and rendering them suitable for
device applications49]. Albeit originally proposed to exist in condensed matter systems as
quasiparticles in real-space, skyrmionic band structures in reciprocal space can be established
due to the interplay of SOC and magnetic exchange coupling (MEC) [50, 51].

Figure 1.6: A spin skyrmion. The spin texture is such that inversion of the out-of-plane component
is realised by varying some parameter, e.g. the position (real-space skyrmion) or the momentum
(momentum- space skyrmion).
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1.2 2D material-based spintronics

1.2.1 The advent of 2D materials

Atomically-thin material sheets have been for a long time only abstract objects, as they were
thought not to exist as a stable state of matter. According to the so called Mermin-Wagner
theorem in fact, long wavelength uctuations inevitably destroy the long-range order of 2D
crystals p2]. Nevertheless, such 2D systems played an important role as theoretical platforms.
For instance, most of the properties of carbon allotropes with complicated geometry, such
as carbon nanotubes, were found to be captured by a simpli ed 2D graphite layer model.
Witness to the successful employment of those 2D models is the broad range of applications
of carbon allotropes reached nowadays, ranging from antibiotics and exible screens to
solar cells $3-55]. The physical isolation of a carbon monolayer however has not been a
reality until the discovery of graphene in 20@88], which truly initiated the eld of 2D
materials. The low dimensionality is the key for unprecedentedly-known electrical, optical,
structural and thermal properties7]. Research on the 2D materials is currently one of the
most active areas in condensed matter physics; it is tempting to assume that the 2D materials
will soon be materials of choice across a range of applications. The family of 2D materials
encompasses numerous and diverse compounds, including insulators (e.g. hexagonal boron-
nitride), semiconductors (group-VI transition metals dichalcogenides (TMDs)), semi- metals
(graphene) and metalbl pSy). The progress in exfoliation techniques has allowed for the
reduction of essentially any given layered bulk material into the monolayer B&+6[)].

Parallel to that, bottom-up approaches—such as chemical vapour deposition, where gaseous
reactants are deposited onto a substrate to grow high quality 2D monolayers, also guarantee
production of atomically thin compounds on a large scélg.[In the following, we discuss

the advent of the 2D materials for spintronics purposes and one of the most promising system
for technological advances based on Lego-structure. In fact, in the work of this thesis we are
interested in graphene-based heterostructures.

1.2.2 Suitability of 2D materials for spintronics and van der Waals het-
erostructures

Since their advent, the 2D materials have been very attractive for spintronics purposes. Due
to the unusual physical characteristics, the 2D materials have provided new platforms to
probe the spin interaction with other DOF for electrons, as well as to be used for novel
spintronics applications. The ultra-low spin-orbit coupling in graphene already made it one
of the most promising candidates for spin chane&-5]. The unusual spin-momentum
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locking properties of the surface states in Tls provide a method to control the spin polarization
via the charge current directio6€]. The unique spin-valley coupling in 2D TMDs provides

a platform to use valley for manipulating the spid4,[67]. The introduction of magnetism

into graphene or the surface states of Tls is particularly interesting towards the quantum
anomalous Hall effect (QAHE)6B]. The enhanced SOC in hydrogen doped graphene,
silicene, germanane, tin, and 2D TMDs are potential candidates for quantum spin Hall effect
[66]. The spin-orbit torque at the TIs/ferromagnet interface has been demonstrated to be
signi cantly larger than conventional heavy metals. The idea of combining different systems
of reduced dimensionality into a new compound, which would ideally integrate the best
properties of the single host materials, is very interesting. Such a route, concerning the vertical
stacking of the 2D layers, is in fact already established experimentally. This Lego-approach
gives rise to the so-called van der Waals (vdW) heterostructures, provided that vdW forces are
responsible to keep the stack together [see Fig.69] Due to the reduced dimensionality,
charge redistribution, structural changes and proximity effects (transfer of properties from
one material to another via quantum tunnelling or Coulomb interaction) may occur in a very
different way from usual 3D semiconducting heterostructurés ppening a completely new
venue for band structure engineering. Despite the recent origin of the research line, many
successes have been reported by implementing vdW stacking. The emergence of superlattice
Dirac points, surface reconstruction and gap opening are some examples of what have been
observed in graphene on hexagonal boron nitride BN ) [71-73]. The rapid surge of

the vdW heterostructures has also offered unprecedented opportunities for exploration of
non-equilibrium effectsq4]. For instance, ef cient phototransistors can be obtained by
combining graphene high carrier mobility and TMDs sensitivity to light absorpliér [

77]. Long-living excitons could be created by using layered materials with different work
functions, such aB10S;=W Se [78]. Encapsulation of graphene with BN has been

shown to give rise to stable gate-controllable plasmonic modes, with low optical Id€es [

In this respect, vdW heterostructures represent a landmark for future technological advances.

1.3 Graphene-based spintronics

1.3.1 Spintronics with Dirac quasiparticles

Historically, graphene has been recognised as an attractive platform to be used in spintronics
applications amongst the members of the ever-increasing family of 2D materials, as men-
tioned above. Low-energy excitations of its many-body ground state have a massless 2D
Dirac character described by the continuum-limit Hamiltonian (see Appendix B for details)
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Figure 1.7: By vertically stacking 2D materials with different properties, one can potentially obtain
new platforms with enhanced properties. This Lego-like approach goes under the name of vdW epitaxy.
The gure is taken from Ref.[69]

He=V(z xkx 0 yky); (1.27)

where the Fermi velocity ' 10° m/s is an effective velocity of light. Above;; i, with

I = X;y;z are Pauli matrices describing emergent effecépm  like DOFs of Dirac carriers
associated with sublattice and valley space. In the following, the set of Pauli mataces

in the spin space. The energy dispersion of th€ ER7)has a linear (massless) relativistic
behaviour, with six zero-energy band crossing points (Dirac points) at the Brillouin zone
corners [see Fig.1.8]. Physically, all the Dirac points are equivalent and connected by the
vector of reciprocal lattice. This means that all six points can not be distinguished. However,
the six bands can be grouped into two distinct categories due to rotational symmetry of
the hexagonal honeycomb lattice (in the Appendix C we discuss brie y the honeycomb
lattice properties useful to the system under study), reducing the descriptiortds°
bands, obtainable from H4.27) by replacing ; with k = 1 respectively. The double
energy-degenerate extremal band points are referredvallays. It is well known that in

the massless limit, the Dirac equation is decoupled into two separate equations, describing
left- and right-handedhiral particles [88]. Mathematically, the chirality of Dirac carriers

is encoded in the presence in the @®R7) of Pauli matrices associated to a spin-like
DOF, commonly referred to gseudospin[89]. To see that, one can rewrite the @027)

by introducing the chiral operator =  k5k|, whose eigenstates are associated with
eigenvalues 1. For instance, in the Chapter 4 we will introduce a two combinations of Pauli
matrices ¢ and that will help us to rewrite and, then, diagonalize the 2D Dirac-Rashba
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Figure 1.8: (a) The honeycomb lattice of graphene, with interpenetrating Bravais triangular sublat-
tices A, B, respectively in red and blue. The rst Brillouin zone is shown in dashed, with inequivalent
cornersk, K% To describe electron dynamics in this particular crystal environment one adopts a
massless Dirac 2D Hamiltonian. Carriers have here a spin-like DOF (pseudospin), stemming from
the presence of two sublattices, which can be either parallel or antiparallel to the momentum vector,
giving then a chiral characters to Dirac fermions (b). (c) The associated low-energy dispersion is
linear, with two zero-energy points at the corners of the Brillouin Z&n&°. Carriers with positive
energy atk (K9 have positive (negative) chirality, conversely for negative. The chirality of Dirac
particles is also responsible for the acquisition of a nonzero Berry phase upon adiabatic loops around
the Dirac points, which might result in nontrivial topological phases when a bandgap is opened in the
spectrum.

Hamiltonian. Thus, in analogy to the real spin of massless relativistic particles in the vacuum,
the pseudospin of graphene's quasiparticles points in the parallel/antiparallel directions
with respect to their momentum [see Fig.1.8(b)]. Note that the chiral symmetry in crystal
structures coincides with the sublattice symmetry. Indeed the chiral symmetry inherent to
the Dirac Hamiltonian is due to the fact that the electron density is equally shared between
A and B sublattice sites of the honeycomb structure. A further signature of the chirality of
graphene's quasiparticles manifests upon adiabatic evolution of the electron wavefunction
along a closed loof in k space [see Fig.1.8(c)]. The eigenstate of the spinor associated to
the Hamiltonian changes along this circGitand at the end returns at its initial state but with

a phase factor, which is name&erry phaseand has a geometrical character [43, 80].

Let us investigate the symmetry properties of the Hamiltonia(1E2j7) Space inversion or
parity transformation is indicated with. Parity interchanges the two original sub-lattice
and sendg ! k. Under parity also the two valleys interchange. As a result, we have the
parity transformation
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x xHc( K) x x = Hg(k); (1.28)

hence the graphene Hamiltonian is invariant urRlelymmetry operation. Let us indicate
with T the time reversal symmetry operation. In quantum mechanics the time reversal
transformation in spin spaceis, K, whereK is the charge conjugation. Under time reversal,
k! k and the valleys interchange. The time reversal transformation on the Hamiltonian
reads

isy xHa( K)isy x = Hg(K); (1.29)

so that it is invariant. SOC preserves the time reversal symmetry. By requiring that it does
not break the space inversion symmetry as well, we allow for a term in the Hamiltonian of
the form

Hi = 2z z 28z (1.30)

that is the so-calledhtrinsic spin-orbit coupling. The eigenvalues of the Hamiltonian
Eq.(1.27) with the term Eq.(1.30) are

q__
= v2k2+ Z; (1.31)

for all values ofs, and ; with ;; the strength of coupling. Hence at both Dirac points
(identied by ;= 1), a gap in the spectrum opens so that the graphene becomes an
insulator with the Fermi level falling between the conduction and valence bands. One can
verify that the graphene Hamiltonian with SOC exhibits the quantum spin Hall effect. The
key ingredient for this to occur is the presence of a gap in the bulk spectrum and the existence
of gapless edge states. Such a phenomenology is an example of a Tl, as mentioned in the
Section 1.1.3. The reason whly is usually neglected in the Hd.27), is the smallness of
the intrinsic SOC strength,,. Early estimations by heuristic arguments in R&3][yielded

zz 200eV , whereas later and more accurate tight-binding studies and rst-principles
results predicted values ranging frgin 50)eV , meaning ;; }v=a' 4:6eV , where
a=0:142m is the carbon-carbon bond length, justifying the negligence of the SOC in
the minimal Dirac model of graphene E§27) In this picture, if ;! 0the Fermi
level approaches to the Dirac point and, only in this case, the graphene exhibits an insulator
behaviour.
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Figure 1.9: Transition metal dichalcogenides. a) A 3D visualisation of typM& » layered com-
pounds. b) Due to the structural inversion asymmetry, TMDs display spin-split baids &points,

with a large(0:1 0:5)eV band gap. Time reversal symmetry guarantees that the spin polarisation is
reversed at opposite valley, allowing selective spin excitation to the conduction bands by circularly
polarised light (circular dichroism.)

1.3.2 Enhancing spin-orbit coupling in carbon layers

One of the rst proposals to enhance SOC in graph&igdoncerned adatom decoration. It

can produce a very large local SOC thanks togpebonding. However the experiments

are facing dif culties to show the insulating phas¥2{86]. Graphene-based vdW systems
with proximity-induced SOC offer good prospects in the circumvention of this situation.
In particular, TMD monolayers have been recognised as an ideal matching to graphene.
TMDs are compounds of the tyddX », whereM , X are respectively a transition metal

and a chalcogen element. Their crystal structure is such thisit &yer is “sandwiched”
between twoX atomic layers in a trigonal prismatic or an octahedral phase [see Fig.1.9(a)]
[87-91]. For TMDs, the atoms are heavy and the outer layers electronic states are from
d-orbitals that have a strong SOC. This spin-orbit coupling removes the spins degeneracy
in both the conduction and valence band i.e. introduces a strong energy splitting between
spin up and down state8%, 93]. In the case oM0S,, the spin-splitting in conduction

band is in themeV range, while it is expected to be more pronounced in other materials
like W S,. The spin-orbit splitting in the valence band is several hundred. If there are
different conduction/valence band extrema in the electronic band structkwgpace, the
carriers can be con ned in one of these valleys. This degree of freedom opens up a new eld
of physics: the controlling of carriefsvalley index, also called valleytronics. We brie y
underline that more general graphene-on-a-substrate heterostructures, which strictly speaking
do not fall into the vdW family—the substrate being a bulk, rather than a layer—are also
attracting much attention. Proximity effects can be equally ef cient, allowing the transfer
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of additional interactions to Dirac fermions beyond the SOC. For instance, the anomalous
Hall effect (AHE) has been observed in graphene on Y8& 94], indicating the successful
transfer of MEC to the carbon layer. Another very interesting research line concerns induced
superconductivity in graphene. The penetration of Cooper pairsirbrrontacts to graphene
sheet has been recently obtain88][ All these recent developments have paved the way
to a new material-science era, having as protagonists atomically well-de ned interfaces of
materials with tailored on-demand properties.

1.4 Summary and outline

The scope of this thesis is to study theoretically the transport in a system with the charge-spin
coupling in 2D Dirac materials with proximity-induced SOC. In particular, we focus on
the graphene-on-TMD bilayers that represent today one of the most promising device for
spintronic development of next-generation optoelectronic nanodevices and nanoelectronics.
As discussed, the advantage of this kind of Lego-structure is the combination of the sizeble
SOC proximized by the adjacent layer of transition-metal dichalcogenides and the good
electricity carriers in graphene. To derive the kinetic equation for our system, we use the
guasiclassical approximation. In general it is of interest since it allows one to obtain simple
transport equations even in cases where the quasiparticle approximation fails. The use of
quantum eld-theoretical methods in transport theory provides a microscopic justi cation of
the semiclassical Boltzmann equation and allows one to generalize this approach to take
renormalization and lifetime effects into account in a systematic manner. In particular it is
possible to derive systematically the correction terms. The Keldysh formulation provides a
convenient and general framework for deriving kinetic equations. In particular, the Keldysh
component of the quasiclassical Green's function describes the distribution function. The
power of this technique consists in the fact that, even though does not have the elegance of
the functional integral methods, provides very often a much clearer physical picture. Even at
equilibrium, when the diagrammatic methods are suf cient, the quasiclassical approximation
has the advantage of a more compact derivation. For these reasons, we decide to adopt this
technique to derive the kinetic equation and, then, the physical observables for our system
stressing the original treatment of the work of this thesis.

First of all we prove the consistency of the quasiclassical approach making a link to the
phenomenological Boltzmann equation for quasiparticles. We start from a simple system
like the massive Dirac fermions. This means to consider only the orbital sublattice-staggered
potential, i.e. the massive term, without intrinsic- or extrinsic-like SOC. This represents the
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minimal model to see the AHE. For such system in the clean and stationary case we use both
approaches. The Eilenberger equation, i.e. the equation for the Keldysh component of the
guasiclassical Green's functi@y gives the same Hall conductivity as that obtained from
the linearized Boltzmann equation for the distribution functiof his result con rms the
equivalence of both approaches and tells us how to manipulate the different components of
g. In fact, in order to obtain the correct result, we have to select only one component, i.e.
the perpendicular one, of the equilibrium distribution function. In other words, it means

to neglect the component that commutes with the Hamiltonian of the system. We use the
terminologyperpendicular considering that, using a suitable matrix basis, we may map the
space of matrices to a vector space. Within such a mapping, the commutator of two matrices
correspond to the cross product of the corresponding vectors. Following this procedure,
we perform the same physical observable calculation but with the quasiclassical Green's
function and, now, only the perpendicular componerg of selected. These preliminary
calculations are useful to study a more interesting system such as the 2D Dirac-Rashba
model. The Rashba effect is a momentum-dependent splitting of spin bands similar to the
splitting of particles and anti-particles in the Dirac Hamiltonian. In such a model one has
two regimes to investigate, i.e. when the Fermi energy intersects a single subband (rfegime
or two subbands (regimi ). The presence of two bands crossing the Fermi energy makes
the mathematical description quite complex. For this reason, we focus rst on the one-band
regime. Again, in the clean and stationary case, for this model we have to solve a kinetic
equation that is formally identical to the massive Dirac fermions one. Now, thanks to the
previous results, we know that only selecting the perpendicular component of the equilibrium
distribution function one can recover the well-know spin Hall conductivity reported in the
recent literature. This nite result- in the stationary model- is not a contradiction, but can be
explained by recalling that, without disorder, there is no true stationary state. The vanishing
of the spin Hall conductivity occurs in the presence of an arbitrary small concentration
of scalar impurities that produces a relaxation mechanism. We underline that the nite
spin Hall conductivity shows two-contributions: one describes the procémsdsom the

Fermi surface, whereas the other the proceasdse Fermi surface. In particular, the rst

term is proportional to the Fermi energy. It is important to point out that the quasiclassical
approximation captures only the procesatethe Fermi surface by de nition.

At this stage, we are ready to add the disorder in the 2D Dirac-Rashba Hamiltonian
and study it with the help of the Eilenberger kinetic equation. To do that, we introduce
theT matrix approximation in order to write the retarded/advanced self-enefgf{*{).

The latter contains in principle the sum of all possible irreducible diagrams. In practice,
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one usually adopts some approximation to reduce the complexit}féf to a subset of
diagrams (the Born approximation, the skew-scattering mechanism, etc). Anyway, before
any approximation, we are able to write the Keldysh component of the collision integral of
the kinetic equation in terms of the disordered-average = matrix. After a non-trivial
manipulation, we write a completely generic expression for the Keldysh component of the
collision integral for which the detailed balance is obeyed. This represents one of the main
result of the work of this thesis. To start the calculation of the disordered system, we focus
on the simplest approximation for the one-band regime in the 2D Dirac-Rashba model. For
such a system, we rst derive the kinetic equation in the stationary case for the Keldysh
component ofy. To proceed further, we make amsatz for the Keldysh quasiclassical
Green's function according to which it is proportional to the projector of the band via a
scalar functiondp). This can be justi ed by the argument that the physical observables
we are interested in are of order of the momentum relaxation time. Now we can solve the
Kinetic equation at the Born level which means to consider the lowest order h theatrix
expansion. In the end, we obtain the solutiongg@from which we derive the spin density
along they direction and the charge current aloxgdirection. They coincide exactly

with the results obtained via Kubo linear response theory. Furthermore now the spin Hall
effect vanishes as expected due to the presence of a relaxation mechanism which yields a
stationary solution. These results con rm the equivalence of the present approach with the
linear response theory.

To go further in the disorder effects, we consider a more interesting system as the 2D
Dirac-Rashba model with spin-valley coupling. This represents the heart of the work of
this thesis. To see the (extrinsic) spin Hall effect, the skew-scattering mechanism has to
be included. The motivation for including extrinsic skew-scattering effects comes from
recent experimental results in graphené/B, systems, where strong room-temperature
spin-to-charge conversion ef ciency has been measu®6éfd [The order of magnitude of
the measured ef ciency cannot be totally explained by SHE and ISGE driven by intrinsic
mechanisms. This happens by considering higher-order terms in theatrix expansion
so as to modify the scattering kernel in the kinetic equation by an additional term. The
solution forgg can be found using some periodicity properties of the scattering kernel.
Introducing two different scattering rates (the parallel and the perpendicular component),
we are able to nd the analytical expression of the physical observables like the spin Hall
and the Edelstein effect. To manipulate these equations, we de ne the skew-scattering
coupling @ss) and, subsequently, a skew-scattering variable useful for the numerical analysis.
As expected from the analytical expression, the Edelstein response is not affected by the
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skew-scattering mechanism unlike the spin Hall one. In particular, while the skew-scattering
is growing, the system response becomes signi cant also for small values of Rashba coupling.

In the end, we turn our attention to the two-bands regime (re¢jimeln this case we
are not able to de ne the quasiclassical Green's function due to the presence of the two
Fermi surfaces. In the clean and stationary case, we take the advantage of the expansion
in the Clifford's basis to bypass the problem and the spin Hall conductivity found agrees
with what we recovered by directly selecting the perpendicular component of the equilibrium
distribution function. This preliminary calculation helps us to understand how to deal
with the presence of disorder. In this case we perform an original manipulation with an
alternative trick, i.e. the integration of the Green's function over the momentum instead of
the quasiclassical approximation. Thanks to this, we are able to rewrite the kinetic equation
as a simple linear system. The complexity lies in the matrix structure of the linear operators
but, at the same time, they show a sub-block structure in agreement with the symmetries of
system. This means that if one chooses an electric eld along a different direction, another
sub-block has to be considered to solve the problem. We emphasize that, thanks to the linear
operator de nitions, all bubble diagrams can be taken into account automatically and this is a
very interesting feature. In fact, solving the linear system in the sub-block of our interest, we
found the suppression of the SHE due to the vertex corrections, as expected. In the end, at
the Born level and in the limit of a good metal, we recover the well-know result for the spin
Hall conductivity reported in the recent literature.

1.4.1 Structure of this thesis

Here we present brie y the structure of this thesis chapter by chapter.

In the Chapter 2 we introduce the theoretical tools useful for our purpose. In particular,
we discuss brie y the semiclassical treatments commonly adopted to study the transport
phenomena and we write the Boltzmann transport equation (BTE). Then we give the guide-
line to perform the linear response with the well-known Kubo formula. After, we turn to a
more interesting technique for systems out of the equilibrium such as the Keldysh formalism.
The latter is usually based on the two-point function so that the main mathematical object
in the Keldysh technique is the non-equilibrium Green's function (NEGF). This helps us
to introduce the quasiclassical approximation which will be the primary tool for this work.
Thanks to this, we are able to write the kinetic equation for the Keldysh component of the
quasiclassical Green's function.

In the Chapter 3 we present the minimal Dirac-Rashba (DR) model with a insightful diago-
nalization thanks to the Clifford's algebra. From this, we go further in the discussion and
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present the generalised model for the Dirac-Rashba system @gprh  C3, symmetry).

We discuss in detail the presence of spin-valley coupling in the system and adopt a suitable
parameterization to write the relative eigenstates.

In the Chapter 4 we present our rst calculations for the simple model of the massive Dirac
fermions without SOC. For such a system we use both methods, the density matrix and
the quasiclassical Green's function approximation in order to evaluate the spin Hall (SH)
conductivity. Thanks to this manipulation we are able to deal with a more complicated
system such as the presence of the Rahsba interaction. For this system we use the Eilenberger
equation to derive the spin Hall observable using what we have learned about the massive
Dirac fermions. Up to here we studied all of these systems with no disorder effects.

Hence, in Chapter 5 we discuss how to tackle the model in the presence of disorder. The
T matrix approximation is a powerful technique to take into account all scattering due to
the impurities, phonons etc. Here we nd the generic expression of the collision integral
in the kinetic equation that represents one of the main result of this work. Furthermore,
we analyze the Born approximation rst and the skew-scattering mechanism after. For the
single-band regime (reging we write the Eilenberger equation in the stationary case and

nd the observables at the Born level. We discuss the results.

While in Chapter 6 we go beyond the Born approximation and discuss the skew-scattering
mechanism for the more interesting system of the 2D Dirac-Rashba with spin-valley coupling.
This represents the heart of the original work of this thesis. For such a system we evaluate
the physical observables (spin Hall and Edelstein effect). From their analytical expression,
we are able to perform some numerical analysis that helps us to understand the behaviour of
these physical quantities. Finally we discuss the results.

In the end, the last Chapter 7 contains the study of the transport equation in the two-band
regime (regimél ). First we analyze the clean system and then we add the disorder effect.
In this case we are not able to de ne the quasiclassical Green's function due to the presence
of two bands crossing the Fermi level, so that no Elilenberger equation can be written. In
fact we show another way to solve the problem that is more interesting and powerful at the
same time. Finally, a nal discussion and the conclusion of the work are provided.
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Overview

This is one of the most technical chapters, as its title suggests. We present the various
formalisms used in this thesis to develop a novel theory of charge-spin transport phenomena
in the 2D Dirac materials. The well known formalisms can be divided into two families:
SC (semiclassical) and FQM (full guantum mechanical). The rst one encompasses the SC
Boltzmann transport theory and its quantum extensions based on the kinetic equation for
the density matrix - we will brie y review both below. Their common SC trait is due to the
average over some quantum DOF and the partial negligence of quantum coherence. This
technical simpli cation allows for a more transparent physical interpretation of the results.
However, lacking a rigorous treatment of the quantum nature of the electrons' wavefunction,
its regime of validity is restricted to the situation whégd 1, with ke being the Fermi
wavevector andl the mean-free path between collisions with impurity (or phonons). A more

re ned physical description can be obtained within the second class of FQM formalisms,
based on a diagrammatic treatment of the Kubo linear response function. However, the
main subjects of this work are the formulation of non equilibrium problems within the
Keldysh approach and the quasiclassical approximation due to Eilenberger. We present here
the Eilenberger semiclassical approach used for graphene systems in the presence of the
spin-orbit couplings. This dissertation should be self-contained, but for details we refer the
interested reader to the fairly rich literature [97],[98],[99], [100], [101], [33],[102],[103].



26 Theoretical tools

2.1 Semiclassical formalism

2.1.1 The 2D Boltzmann equation

The Boltzmann transport equation (BTE) provides a statistical description of a system in
terms of the functiori (r;k;t), i.e. the density function of quasiparticles that can be found at
timet in a very small regioml®r d% of con guration space centred ft; k), with d being

the dimension of the system. The distribution functiois linked to the total number of
particlesN via

d( r;k;t)= dodf (r;k;t) = dN; (2.1)

wheredN is the number of particles in the small volure. Knowingf , the macroscopic
observables describing the system can be obtained, as we shall see below. We will consider
from now on the casd = 2, which is relevant to the work in this thesis. By introducing a
momentum distribution function with a precise value at each point in space, the Boltzmann
approach clearly violates Heisenberg uncertainty principles, which poses limits to its validity.
However the usage of the BTE is justi ed in terms of wavepackets with well-de ned average
momentum or centre of mass coordinates, spin, é@4[[105. In a solid,f is also labeled

by a band index that here we omit. The BTE is derived on the assumption of Hamiltonian
dynamics for the centre of mass and the average momentum of the waved@ketnder

the SC equations of motion, the assumption of incompressible uid holds, which means
that an external electromagnetic folee= e(E+ v B), whereE, B are the electric

and magnetic eld respectively, only produces a shift in position and momentum of the
wavepacket, respectively= r + vdt, k°= k + Fdt=}, wherev is the velocity. Instead, the
number of particles il can only be altered by collisions. For later convenience we use the
notationf i (r;t) = f (r;k;t). Taking the total time derivative of the distribution function, we
get

difi(r;t) = @w(r;t)+ v r i (r;t)+ }1F fr(rt)= I (2.2)

where on the right-hand side (RHS) of E2j2) we have the collision integra[f ]. To nd an
analytic form forl [f ] we consider transition between states with different momierita k°
induced by a static potenti&l. The well-known point-like random potentials generated by
N; impurities located at position is



2.1 Semiclassical formalism 27

V()= UOk_I (rri); (2.3)
|

whereup-dimension of energy area-measures the scattering strength. We have taken
here for simplicity a scalar impurity potential, i.e. a potential diagonal in all internal DOFs.
Standardly, the random potential is treated by means of a disorder-average procedure over
all the possible impurity con gurationlf0J. After having performed the disorder average
and having taken the thermodynamic lilif !'1  , with the spatial volume, it can
be shown that, rather than involving a sum of scattering terms from different centres, the
collision integral is reduced tosingle-impurityterm, scaling with the impurity concentration
ni = N= [100,[107. The probability of an elastic collision event can be obtained by
invoking the Fermi's golden rule [108]

Wigeo= S HATI ® (o (2.4)

where the Dirac delta function ensures conservation of energy in the scattering event. In the
Eq.(2.4)T is the single-impurityl -matrix de ned in terms ol as

Trko= HKIVj i (2.5)

where  is an eigenstate of the full Hamiltonian of the systens Hg+ V that satis es the
Lippman-Schwinger equatioi (0 andk®represents a plane wave. The collision integral
will then be written asf(y  fy(r;t))

1 X
If1= —  (Wikofk  Wikafgo): (2.6)

kO
In addition to a sum over all scattered waves with different momiefteollision events also
produce a coordinate shift of the centre of mass of the wavepacket, knasigeasjump
[109-111], which is not included in E¢2.6). However it is of secondary importance in this
thesis, as we are interested in dominant contributions to transport coef cient in the dilute

limit, as we explain in more detail in the following. Note that number conservation imposes
[112-114]
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Z
azr 1™ L[f (r;k;t)]=0: (2.7)
k

The Fermi-Dirac distribution function

1
Trelx et
where";kg; T are the chemical potential, Boltzmann constant and temperature respectively,
is a space- and time-independent solution to the BTE, i.e. an equilibrium solution. However,
in the presence of weak external foréeshe system is driven out of equilibrium and the
electron density is redistributed. A solution to the BTE can be found on the assumption that
the system only slightly departs from the local equilibrium, i.e.

fie=

(2.8)

fo=f0+ fy; (2.9)

where f i is a correction linear in the external eld. The corresponding linearised BTE is
written as [107]

@@ﬁ;+vr fk+}1vF %f
To study the dynamics of electrons in solid-state systems, a label for the electronic bands
needs to be added to the distribution function, beyond additional quantum indices including
the spin and other quantum DOFs, ifg.! f ., with = n;s;::. Inthe Eq(2.10)we
need to replace by the band velocity . . The displacement of the physical observaliles
with respect to their equilibrium value are obtainable from the solution of the BTE as

= 1[f ] (2.10)

X X
o(r;t) = hOi  f (r:1); (2.11)
k

wherehOi ¢ = h kjOjk i is the average value @ on the eigenstate of the systékn i.
For example, the non equilibrium part of the charge current is given by

X X X X
jr;y)= bk f k()= e Vi fow(rst): (2.12)
k K

In its simplest form, the BTE presented in this section for electrons in solids completely
neglects quantum coherence effects. In the following we discuss shortly about the Kubo
linear response theory within the full guantum mechanical formalism.
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2.2 Full quantum mechanical formalism

2.2.1 Kubo linear response theory

The SC formalism presented in the previous section describes how the electron distribution,
and thus the observables, responds to the application of weak external forces. An analogous
FQM approach is given by the Kubo formultblf5. We present here a short discussion. Let

us consider an external spatially homogeneous perturBation

H®(t)= O (1) (1) (2.13)

which drives a system out of equilibrium. Above, is a source eld coupled to some
operatorO with index related to the spatial orientation of the elds and/or associated
matrix structure. Furthermore we suppose that) is suf ciently weak to ensure that

the response is linear and that the system is in thermal equilibrium before the external
force is applied. As a consequence of this perturbation, the density opeigtbecomes
time-dependent, and so also does the ensemble average of the operator, i.e.

hO ()i =Tr ()0 (1) : (2.14)

We underline thahO (t)i denotes the quantum average over a basis set of many-body
quantum states in the presence of the external felfit g. Explicitly

P
1 X

g€ F MM ©)JOo jn™ ()i
z P '
f

Mt =kg T '

(2.15)
where " is the energy of interacting stae™ (t)i andZ the grand partition function. The
linear relation between this quantity and the external force has the form

e 1 mMnb)jo jn™ ()i =
nint g fpint g€

hO (t)i =

Z
ho (t)i=hoi+ dt® (t% @9; (2.16)

wherehO i = hO (t= 1 )i=Tr( ¢O ) and g is the density in thermal equilibriufn
Here (t) is assumed to vanish when 1 . While is the so-calledesponse

1We work here in the Heisenberg picture, so that operators are time dependent.
’Here o= ze "owithZ =Tr( e " °) the grand partition functior o the effective hamiltonian and
=1=kgT.
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function whose explicit form can be derived by means of the Kubo formiil,[116].
Suppose the external perturbation is switched on at somet tinte, i.e.

HO = H+H®(t)(t t)=H+ ()0 (t) (t tu); (2.17)

where ( :) is the Heaviside step function. The time evolution of the perturbed states is
described by

H© t)jn™ (t)i = i} @n™ (t)i: (2.18)

It is convenient to switch from the Heisenberg to the interaction picture considering

in™ @i = e AT )i = e O (o)A (t)i; (2.19)

where the hat denotes a quantity taken in the interaction picture. We have introduces above
the evolution operator

iZt ext 0
P A e (2.20)

with T the time-ordering operator. The E2.16)expresses the condition that the differential
change o0 (t) is proportional to the external disturbance(t9 and the duration of the
perturbationt © and further that disturbances at different times act independently of each
other. The latter condition implies that thesponse function may only depend on the
time difference  t° Substituting the Eq€.15), (2.19)and(2.20)into the Eq(2.16)and
expanding to linear order in (t), one arrives at the well-knowkubo formulai.e.

O (tt1)= Texp

9= @ 9= }i<t OO (1):0 (I]i: (2.21)

In the quantum eld theory, the two-points function in the 2321)de nes the so-called
propagator or correlationfunction. In particular the response function is the retarded
Green's function of the observable. If the system exhibits translational invariance in time, it
is useful to work in frequency space. So that the Eq.(2.16) becomes

ho()i= (1) () (2.22)

where hO (! )i indicates the time observable variation. For pedagogical purposes here, we
consider the 2D conductivity tensof of disordered electron systems, neglecting many-body
effects. jj describes how a charge current (precisely the paramagnetic part) builds up in the
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system in a parallel or transverse direction to an applied electricEg(d) homogeneous in
space, it means

z
Hii= dt®y 959 (2.23)
In the static (low frequency) case, a more transparent forny as commonly referred to as
Kubo-Streda formulal[17] for which, at zero temperature, the conductivity can be split into
two terms [L1§: a rst one i'j , carrying information about the contribution of electrons at
the Fermi level', and a second one-,'j' , taking into account off-Fermi surface processes
(see Appendix D for details). They reads

i'j=fz}Tr[vi(GR() GR(NVGA() wGR(v(GT() G (224)

W&

i =4 dFo(ITVGT( I (@GR(Y wi(@GR( Yy GR( )+ hc]; (225)

where theTr is meant on motional (position or momentum) and quantum indicése
velocity and the volume of the sample. It is worth anticipating here that the type-
contribution of generic response functions includes in principle the SC-like part of the
response. Itis the dominant term in the diffusive likitl 1, where is the effective
relaxation time of bare eigenstates at the Fermi level introduced by disorder (see Chapter
5). To deal with the out of equilibrium problems, in the next section we present the Keldysh
technique that will be the main tool of our work.

2.3 Out of equilibrium formalism

2.3.1 The Keldysh technique

In this section we present shortly the Keldysh formalism for the treatment of out of equi-
librium interacting many—body systemkl19. It provides a systematic way to study non
equilibrium systems, usually based on the two-point functions corresponding to excitations in
the system. The main mathematical object in the Keldysh formalism is the non-equilibrium
Green's function (NEGF), which is a two-point function of particle elds. In this way,

it resembles the Matsubara formalis&®(}], which is based on the equilibrium Green's
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functions in imaginary-time and treats only equilibrium systems. Let us consider a system
with a time-dependent perturbatiéh(t), the full Hamiltonian reads

H(t) = Ho+ Hi(t); (2.26)

whereHg represents the free diagonalizable parHoWhile H; contains the interactions
between particles. We are interested to treat the transport problem beyond semiclassical
approximation considering the so-called quantum corrections. In general, at quantum level,
one obtains a set of equations which are very complicated. In some important cases, they can
be approximated in such a way that they may solved. Now, we consider an Hermitian operator
O in the Heisenberg picture. It is time-dependent but not the stafée expectation value

of the operatoO(t) is given by

hO(t)i = h jUY(t; 0)O(0)U(t; 0)j i: (2.27)

whereO(t) = UY(t; 0)O(0)U(t; 0) represents the time evolution operator in the Heisenberg
picture whileU(t1;t») is the time-evolution unitary operator. It is written as the time-ordered
exponential of Hamiltonian integral as follows

Rt
i 2 0
i H (t9dt :

U(to;t) =T e (2.28)

If the Hamiltonian at a certain time commutes with the Hamiltonian at different times, the
time-ordered product disappears in the formula(E88) In the quantum eld theory, the
interaction picture is often more convenient to describe the perturbative quantum mechanics.
From this point of view, the operator reads

O = UY(t; 0)0(0)Uo(t; O); (2.29)

whereUp(tq;t2) = e Holts t2) Then, one can de ne the naturally time-orde@dmatrix
as follows

R
i ttzl H; (t%dt° :

S(ty;t2) = UJ(ta;t)U(ty;t) = T e (2.30)
Using theS matrix, the Eq.(2.27) can be rewritter?as
hO(t)i = h jS¥(t;0)0; S(t;0)j i = h jS(t3;0)S(t3;t)Os S(t; 0) i; (2.31)

SHere we use the following relation for the time-evolution unitary operaitts;t2)U(t2;t1) = U(tz;t1).
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Figure 2.1: The Keldysh contour in the compleyplane. It starts at =0, proceedsta= 1 , and
then returnstd =0.

wherets is a time value greater than The problem is how to connect the time evolution

of theS matrix in the interaction picture with the relation between the free and interacting
states of the Heisenberg picture. An important step in this procedure is the so-called adiabatic
switching on in the "far” past and off in the "far” future of interactions (i.e. in the far past
and future there is no interaction). This assumption assures thatht the system lies

in the same eigenstate as the non-interactinghbgrin terms of state vectors, this means

(1 )= He 1 (0) = (2.32)

or, at all time,

=S(0;1 ) He ()= S(t;0) : (2.33)
Using these relations and by introducigf? S™(1 ;1 ), the Eq.(2.31) becomes

hQi = h 1S, (1)S] i (2.34)

where now the average is not over the interacting state but the free one. At this stage, the
problem is thaY is anti-time ordered whil& is time-ordered. A solution is to replace the
operatorO; (t) with a contour-ordered operator. The cont@Qparametrizes the contour path

on the time axis starting at= 0, proceeding ta = 1 , and then returning tb=0. This

path is known as the Keldysh contour and is shown in Fig.[2.1]. In this way one can consider
both time and anti-time ordered operator via the ordering operdtode ned as

8
< (t1) Y(t2); ti>ct2

Tcf (t1) (t2)9=. ) (tD):  ti<cots (2.35)
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where the sign corresponds to bosons ad fermions. With this notation, th@.84)
becomes

hQ ()i = h HejTc(Or ()Sc)j Hol; (2.36)

R
whereSc  Tc(e ! cH‘(tO)dto). One of the important consequence of the Keldysh time path
is that the de nition of the Green's function is like the equilibrium case, i.e.

G(xy;x2) = ihTc (x1) Y(x2)i; (2.37)

with x;j = ( xj;tj) the space-time coordinates. The price to pay is that there are actually
several Green functions to calculate. For this reason it is convenient to introduce a matrix
structure in the so-called Keldysh space as

0 1

Ge(xiix2) 7' G @ éle: (2.38)
21 Gao

A matrix elemenéij corresponds ta; 2 Gi;x» 2 G . Explicitly one has

Gu(xyix2) = ihT (x1) Y(x2) i;
Gia(x1;X2) = GS(x1x2) =+ ih Y(x2) (x1)i;
GCo(x1;%2) = G (xux2)= ih (x1) Y(x2)i;
Goa(x1;X2) = M (x1) Y(x2) i;

whereT(:::) is the anti-time-ordering operator. Furthermore, the Green's functions are not
all independent and obey the causality condition [121] that reads

Gi1+ G = Gio+ Gor: (2.39)

A convenient representation was introduced by Larkin and Ovchinnikov [98, 122], i.e.

G L 3GLY (2.40)
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with L = 1=p 2( o i 2) and ; the Pauli matrices wherie= 0;1;2;3. In this way the
Green's function reads

GR(Xl;Xg)Z i (t1 tgglhn (x1); y(Xg)oi; (2.41)
GAX1iX2) =i (t2 ti)h  (x1); Y(x2) i; (2.42)

n 0
with  (X1); Y(x2) = (x1) Y(x2)+ Y(x2) (x1). OtherwiseGK , the Keldysh compo-
nent of G that carries information about system distribution, is

GK (x1;%2) = ih (X1); y(xz)oi: (2.43)

In the end, with this representation the Keldysh Green's functio(RE2B)can be rewritten
as

OR Kl
% G4

G
0o GA

(2.44)

To appreciate the physical meaning of the retarded/advanced and Keldysh Green's function,
it is useful to consider the simple case of Fermi ge&3. In this case the eld operator has
the form of the wave function and ti@&R(A) Fourier transform reads

 Z
GRM(K; 1) = }' dt®/¢ ("):})‘°=}! (i) o (2.45)

where (k) is the system energy dispersion dnthe energy. While the Keldysh component
can be written as

GK(k;!)=[GR(k;!) GADIF(); (2.46)

with F(!) the distribution function. The Ed&.45)(2.46)tell us thatGR(*) have the
information about the spectrum of the excitations, while about their statistical occupation.
At equilibrium,F (! ) is xed and reads

F(!)=tanh 2IT : (2.47)
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The equation of motion fo6X , the quantum kinetic equation, can be thought of as a
generalization of the Boltzmann equation. In fact, in the semiclassical limit it reduces to the
Boltzmann result. The representation given by theZ44)is particularly convenient since

its triangular structure is preserved whenever one deals with a string of (triangular) operators
01;02;:::0, (standard matrix multiplication is assumed)

0 R K1
o{09® (09 .

0,0,:::0,, = 0°=
1VY2 n 0 (OgA

(2.48)

Such a string is the kind of object Wick's theorem produces. In other words, in this represen-
tation the structure of the Feynman diagrams is the simplest possible. We will not go deeper
in this discussion (for details se@q]), but we will rather move on to study the equation

of motion of G in the quasiclassical approximation. In the following we go further in the
guasiclassical approximation and, from now, on spi2fermions we will considered.

2.3.2 Quasiclassical approximation

In this section we want to show how to compute the quantum corrections to electrical
transport. As mentioned in the previous section, the equatio6'fois equivalent to the
Boltzmann one. The rst step in this direction is to consider the Dyson equation and its
complex conjugate [97, 98], i.e.

(x1 x9); (2.49)
(x1 x9); (2.50)

[Gol(x1:%x2)  ( Xx1:%2)]  G(x2;x9)

G(x1;x2) [Gol(x2ixd)  ( x2x])]

where the symbol " " indicates convolution in space-time. The matrix multiplication in the
Keldysh space is

1 0
YA R aAK BR BK
A(x1;x2)  B(x2:x)) dXz@A0 AAA(><1;X2)@0 BAA(Xz;x({) (2.51)

and the function has to be interpreted as

0 1
@ (x1 x9 0
0

. . (2.52)

(x1 x9)=
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Furthermore, the inverse of the free Green's functiiyy read$

Gol(xi;x2) [[@ Ho(x1)] (xa x9) (2.53)

and the self-energy that contains the effects due to interactions (electron-phonon, electron-
electron and so on, but also disorder) has the same triangular matrix structure of(thé£gq.
ie.

0 1
R

( X1;X2) @0 KA: (2.54)

The Dyson equation contains too much information for our purposes. What we are looking
for is a kinetic equation with as clear and simple structure as possible - that means a good
compromise between physical transparency and amount of information retained. The trick
is to subtract the two Dyson equations Eg<19)(2.50)so that the delta functions cancel.
With this in mind, we introduce the Wigner coordinates de ned as follow

X = X1+2X2; t= t1+1o
(2.55)
r=X1 Xo; =t to:

From this point of view, by taking the Fourier transform with respectémd , the Green's
function and the self-energy will depend ant andk;! . The key assumption in the
derivation of the transport equation is that the center-of-mass space-time varialda
slow variable compared to the fast dkg . One can start from the left-right (LR) subtracted
Dyson equation

#

1 h i
Go(X1;X2) 1G(X2;%X10) = ( X2;%X10); G(X2;X10) ; (2.56)

and perform the gradient expansidi2f] obtaining forG(x;t;k;!) G the following
equation (here we set=1 for simplicity)

1n o h ioqn o] h i
@G+§ r E@)G +i h(k);G > E;rkG = i ;G: (2.57)

“External elds, like electromagnetic one, can also be included.
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Here,h(k) is the disorder-free Hamiltonian density evaluated on the eigenstates of the
momentum and the square and curly brackets de ne the commutating and anticommutating
operation. The inclusion of an external electromagnetic eld is achieved by means of the
standard minimal replacemenir + A, with A the vector potential. In the HQ.57) a
uniform and static electric eld via the gauge choike= A(t) = Et with no electric
potential is chosen. In a compact form, the[d7)is an equation for all the components

of the Green's function E{R.44) For the reasons discussed in the previous section, we are
looking for the Keldysh component to derive the kinetic equation. In particular, the RHS
term of the Keldysh component of the Eq.(2.57) is usually naco#idsion integral and

in the language of the Boltzmann equation can be dividedim andout-term. Using

the triangular structure given by the E@s44)and (2.54) one can perform the matrix
multiplication and select only the Keldysh component, i.e. the collision integral, that reads

| i G = i RGK 6K A +jGR K  KGA g+ lin: (2.58)

At this stage one can integrate the @dg67)over the energy , corresponding to the equal-

time limit, in order to obtain a semiclassical kinetic equation. Introducing the more familiar

distribution function as [97, 98]

Z dl
2i

which reduces to the Fermi function in equilibrium, we obtain the Boltzmann equation for

impurity scatteringf((k;x;t) f)

f(k;x;t)= ; 1+ GKxtk;!) ; (2.59)

@+t 0 E@fg+ilh()if] SfEirfg=1 (2.60)
where
A
= ol (2.61)

Another way is to introduce thguasiclassical Green's functiamat is usually de ned as
follow [125]
i 4
gx;tn;t)=— d G(x;tk;!); (2.62)
C
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where we have introduced the variable measuring the distance from the Fermi &nergy
as = (k) ". The integration contou€ captures the contribution of the pole of the
Green's function. The-integration leaves unaffected the dependence on the orientation of
the momenturm = k=jkj. The so-called Eilenberger equation is then obtained by applying
the -integration to the Eq.(2.57) bpasonablyassuming that the self-energy does not have a
further singular behavior, which may add to the pole of the Green's function. The Eilenberger
equation then reads

h [
@+ 5t i E@u+ilh(ke)id= i g (2:63)

Notice thath (kg ) is the Hamiltonian density at the Fermi energy. The quasiclassical Green's
function has the same triangular matrix structure of the original Green's function, i.e.
R oK !
@9 9 a. 2.64
g 0 o (2.64)
and in the clean system, the retarded (advanced) quasiclassical Green's function at certain
band is

P = P(ke); (2.65)

with P (kg ) the projector at the Fermi level for that band. For instance, in the single-band
effective mass Hamiltonian with free-particle dispersif¥*) is the unity. At this stage, one
selects only the Keldysh component of the Eq.(2.63) and obtgins (g)

@+ 51 i E@ug+ihke)ial=1: (2.66)

where

=~ dlI (2.67)

In the end, once the solution for quasiclassical Green's fungtisrknown one may obtain

the observables as the electrical current, the spin polarization and the spin current. According
with the general recipe in the Abelian cad2@, we can write the density matrix as the
integral over the momentum of the Green's function. Using the notation [98]
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fodk fa o FdRTd T

2)2 2i F2 2 '

with Ng the density of state (DOS) at the Fermi levelQifindicates a generic observable,
one ha3

(2.68)

z z z

hOi = i gl (de)zTr OG= (k;!) = N4F d' Tr(Og) ; (2.69)
whereh ::i indicates the average over the angles.
In the next Chapter we discuss in details the minimal Dirac-Rashba model rst and then the
generalised one. In the rst case, we provide a parameterization never used before and we
are able to write the eigenstates in a simple way that will be used for the transport equation in
the Chapter 5. In the second case, we focus on speci ¢ SOC which is nepired valley
coupling. In particular, for such a system we present a very compact notation to write the
eigenstates that will be useful to derive the kinetic equations (see Chapter 6)

SHere we use the relatiodB< = %GK + ‘ZA, with A a contribution does not depend on the state of system
and shall henceforth be dropped when non equilibrium is considered [98].



The 2D material Hamiltonian

Overview

To set the basis of our study of the spin-orbit phenomena in honeycomb layers, we discuss
the fundamental electronic properties of the 2D Dirac materials with broken mirror symmetry
z! z, starting from low-energy continuum models (see Appendix B for details). In this
respect, the starting point is the minimal 2D Dirac-Rashba model, where the bare graphene
Hamiltonian is supplemented with a Rashba interaction resulting from the interfacial breaking
about the 2D plane (e.g. in the presence of a substrate). From a symmetry standpoint, this
is described by th€g, group of the hexagonal lattice (see Appendix C for more details).
Honeycomb layer wittCg, symmetry are invariant under six-fold rotations about 2he

axis, such that th&;B sublattice sites remain equivalent; however asymmetric spin- ip
hopping among nearest-neighbours is allowed [see Fig.3.1(b)]. Another important class is
represented by honeycomb layers which are invariant und€zfhpoint symmetry group

[see Fig.3.1(c)]. This is the case of graphene/TMD heterostructures, where the small lattice
mismatch produces different effective elds on tAeB carbon atoms sitting closer to either

the chalcogen or the metal element. In the continuum limit, this is re ected in the appearance
of additional orbital and SOC terms in the Hamiltonian. In the following, we discuss the
properties of the minimal 2D Dirac-Rashba without disorder. In particular we show how
diagonalize the Hamiltonian and evaluate the projectors of the system. In the end, the
spin valley interaction interaction is included. We present a compact parameterization to
write the eigenstates of the system that will be useful for the analysis of the kinetic equation.
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Figure 3.1: Point-group symmetries of the honeycomb lattice. a) The bare hexagonal plaquette is
characterised by th®g;, point symmetry group. b) Breaking of inversion symmetry about the 2D
plane (e.g. by application of perpendicular electric eld, or a substrate) reduces the point symmetry
groupDgn ! Cgy. ©) If the sublattice symmetry is also broken, the symmetry group is further
reducedCg, ! Csy. The latter model is representative of graphene/TMD system we are interested
in. Figure adapted from Ref.[5]

3.1 The minimal clean Dirac-Rashba model

The effective low-energy Hamiltonian describing the electronic properties of 2D Dirac
fermions in a clean system subject to a uniform Rashba interaction is (Appendix B)

H= 2(0v k+ ( s) 2); (3.1)

wherev is the bare velocity of massless Dirac fermioks; ir is the 2D momentum
operator, is the SOC strength and; j;s; (i = x;y;z) are Pauli matrices associated
respectively with valley, sublattice (pseudospin) and spin DOFs. To simplify the notation,
we use in the following discussion the natural unjts (1  €). It is convenient to de ne

the Hamiltonian density on a given vall&y, K associated with index, = +1(  1). At this

stage, to simplify the discussion, we also neglect intervalley scattering processes. Fixing the
valley index ;, = 1, the Hamiltonian Eq.(3.1) can be rewritten as

H=(ke x+tKky y)* ( xSy  ySx); (3.2)
wherev =1 for simplicity. For entire work we use the Clifford algebd[7, 128 to describe
the system under study. It is generated by the product

= S ; (3.3)

where is the pseudospin anglthe spin DOF. The momentum components lare
kcos() andky = ksin( ). We de ne the unit versor along the direction of the momentum
R = (cos( );sin()) and the unit versof = ( sin( );cos )), which is perpendicular to
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K. Given the structure of the Hamiltonian E82), it is useful to de ne the following
combinations of Pauli matrices

k=R =" s=ks s="gs (3.4)

Using the above relations, the Eq.(3.2) becomes

H=k x+ ( xS Sk): (3.5)

The eigenstates ofi that diagonalize the Hamiltonian in the absence of Rashba SOC are

0 1
1 1
j i, =p=@ "~ A; 3.6
while we de ne the eigenvalues sf as
0 1
1
j lis = pl—_@ oA (3.7)
2 ie'
For sake of simplicity we call anda the states of x ands respectivel( = 1,a= 1).
By de ning the direct product of states as
jiaij 1, li=j 1ij 1i; (3.8)
it is easy to see that
(k xk+ «s)jsai=(k +a )j;ai: (3.9)

We also note that the action of the other two matrices on these eigenstates is

Ji= ] i; sqjai =iaj ai: (3.10)
From the above, it is clear that the last term of the Hamiltoniai(3s).couples the states
de nedin Eq.(3.8) inpairs: i)1;1i; j 1, Li;ii)jl; 1i; j 1;1i:Inthe rstcase the
Hamiltonian reads

0 1
+ k
Hio= @ A
4,2 K
. P —— P _
and has eigenvalueg = + k?+ Z2and 5= kZ2+ 2:In the second case the

Hamiltonian reads
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Figure 3.2: a) Energy dispersion of the Dirac-Rashba model arounddhmoint. The splitting of the
Dirac bands leads to a spin gap pseudogapof width2 . b) Tangential winding of the spin texture
in regimes | and II.

0 1
+ K
Ha1 = @ A
31 K
. P  JE .
and has eigenvalues= + k?+ 2and 1= k2+ 2: The subscripts of energy

dispersion i(= 1;2;3;4) indicate the 4 bands of system under study as showed in the
Fig.[3.2(a)]. It is now useful to de ne the coherence factas

E 1 k \ﬁ/ 1 k
u= > 1+19m : V= > 1 19m X (3.11)
for which we have the following relations
2\ 2_ k . _ :
us ve= pﬁ 2uv = !{9m (3.12)

As a result we obtain the explicit relations of eigenvalues and eigenvectors as (they are
numbered such that 1 is the lowest and 4 the highest in the energy scale)

q
4 = + kZ+ 2 j4i=uLl v 1 1

INote thatu?+ v2=1.
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q
3 = -lc-I P2+ 2 j3i=ujl; li+vj 1;1;
s = (I1<2+ 2 j2i =vjLli+uj 1; 1i;
1 = k2+ 2; jli= vj1;, li+uj 11:

In the end the energy dispersion relation associated with the HamiltoniéBgan be
written

q_ —
n(k)=1 +n 2+ jkj? (3.13)

wherel;n = 1 represents the various subbands [see Fig.3.2(a)]. While the quantunmindex

is associated to the carrier polarity=1 (n= 1) for electrons (holes},is related to the spin
chirality of energy states. It is known that the Rashba interaction aligns the electron spin at
right angles to the wavevectds]], the so-called spin-momentum locking con guration [see
Fig.3.2(b)]. For Fermi energyj > 2j j (region Il), the split Fermi surface displays counter-
rotating spin textures reminiscent of (non chiral) 2DEGs with Rashba interad@sh A

regime (region I) where the Fermi energy intersects a single subband, with electronic states
having well-de ned spin helicity, extends for energy< 2j j, which is strictly similar to

the situation for surface states of TI20, 130. In the conventional 2DEG this circumstance

only happens at a single point, i.e. the intersection between the parabolic bands. For brevity
of notation, we assume > 0 in the remainder of this work.

For the following discussion and explicit calculation of Green's function, we need to construct
the projectors of the system to derive the self-energy and then the kinetic equation (see the
Chapter 4). The projectors in terms of fermionic eld are de ned as

Pn(k)= ] (Kinih (K)in] (3.14)

with I; n the band indices an the state. After some manipulation, they become (also shown
schematically in the Table 3.1)

2 2
Ps Pu=%(0 Sot k s)*+% (o0 s+ k so) %H(; s+ Sk) ;
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2 2
P2 P1u=%(0 St k s) “ (o0 s+ x s+ %(z S+ k) ;
2 2
Pr P11=%(0 S « S)*% (o0 s « s0) %(: % Sk)
0 So| p S 0o S p SO z Sz Sp
P11 1 1 u’ v u’ v° 2uv 2uv
P11 1 1 (u> v [ (U> vd 2uv 2uv
P 1 1 1 (u> vd | (u* vd | 2uv 2uv
P11 1 1 [ +(u?> vd | (u* Vvd 2uv | 2uv

Table 3.1: Clifford's algebra decomposition of projectors witrand " versor. A factorl=4 in front is
omitted for the sake of simplicity. The columns represent the operators that appear in the Clifford's
algebra decomposition. It is evident that all the columns sum up to zero except the one for the identity

o So-

In certain circumstances, as the derivation of the kinetic equation reported in the Chapter 4,
we need to take the average over the angiee.
oo 4 Z2
= —
2 o0

d::: (3.15)

So, one obtaink i =0;h 1 =0; hsgi =0;hs i =0. In particular one has the following
relations (in Table 3.2 we list the result of the averaged projectors)

R (3.16)

NI =

. . 1
hy si=Hm"%i; Sj=§(1 S2 2 S1)

and

(3.17)

NI =
Py

. . 1
h  si=hiKi i s= 5(1 S2 2 S1)

where g is the Clifford's matrixdenedasgr= 1 S 2 Si1.
In terms of the projectors, the momentum propagators are

2Here we refer to the spectral theorem for which a linear operator or a matrix can be written in terms of
system projectors.
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0 So| R2| z S R=2
hP4i 1 1 2uv 2uv
hPsi 1 1 2uv 2uv
hPoi 1 1 2uv 2uv
hPqi 1 1 2uv 2uv

Table 3.2: Clifford's algebra decomposition of averaged projectors. Of course, also in this case, all
the columns sum up to zero except the one for the idengity sg.

Pin (k) .
T (k) 0%

GRM (k1) ="

In

(3.18)

where |, (k) is the energy dispersion given by the Eg13) In the next section we discuss
the generalised Dirac-Rashba model. In this case other SOC and massive terms can be add to
the minimal DR-Hamiltonian.

3.2 The generalised clean Dirac-Rashba model

We now focus on th€s, model. In the broken sublattice-symmetry conditions, the bare
Hamiltonian in Eq(3.1) has to be supplemented by sublattice-resolved intrinsic SOC terms
B, plus an orbital mass . Re-introducing here for convenience the valley index, the

associated Hamiltonian density reads

+
H= o ke (s 2e ezt 208 s, (2 0% 5, (34

It is convenient to de ne the following parameters

A B
zz z

5 Z=1 5 0O (3.20)
Whereas the average of),; B, yields the intrinsic SOC- compatible already wila,
symmetry. A non vanishing difference between them encodes the broken sublattice symmetry,
with the associated term commonly referred tepim valley interaction. Making use of
these newly-de ned parameters, the Eq.(3.1) takes the form

H= ,( k+ ( S) 2+ 2+t svSz2)t 72z 2S:: (3.21)

The intrinsic-like SOC ,,, also known as Kane-Mele term3], however is typically very
small in graphene-based heterostructures of interest for this thesis and can therefore be
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ignored here131]. The orbital sublattice-staggered potential () due to the proximity
effect is believes to play a minor role in graphene/TMD bilayers and is neglected in the
following discussion132. While gy is the strength of spin-valley coupling which acts as a
Zeeman interactionl33. We focus only on this latter interaction. So that the Hamiltonian
density for massive Dirac fermions with Rashba and spin-valley coupling under study reads
(for a single valley)

H= k + ( S) 2+ sv 0Sz (322)

and the corresponding eigenvalues can be written in a compact way as

in(K) = Iq k2+ M2, (3.23)
' o
whereM,= 2 2+ 2 +2n 4+Kk2( 2+ Z,)andl;n= 1label polarity and spin as
before. It is easy to see that one recover the energy dispersi¢d.Bj)if s ! O
Inverting the Eq.(3.23) and evaluating the energy dispersion at the chemical potgrtidl,
one obtains the generic expression of the Fermi momeRtym k( |, = ") in terms of SOC
constants, i.e.

q
k= §+"2 2 25+ 2+ gt (3.24)

Writing the momentum as a plane wakg = ki, (cos( );sin( )), the eigenvector has the
following dependence on it

o1
i

0
e
( Kin; )=a | E (3.25)
ie

with

( In sv)2 k|2n, _ In . — ( In sv)2 k|2n:

2kIn , kIn , 2(In+ sv)

(3.26)

Due to the particle-hole symmetry of the energy dispersion Eq.(3.23), in the pure Dirac-
Rashba model there are only two bands crossing the Fermi ehgsgg Fig.3.2]. Otherwise
the presence of a non-zero spin-valley coupling generates a Mexican hat dispersion as shown
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Figure 3.3: Energy bands and spin texture in systems with spin-valley coupling. As result a gap is
opened and the Dirac spectrum at the Fermi energy, is splitted into 3 branches: regions I, Il and III.
For visualisation purposes, the bands are plotted atgrigpins lie only in theyz plane).

in Fig.[3.3]. The spin-valley coupling opens a gap and splits the Dirac spectrum, at the Fermi
energy, into 3 branches. In the Chapter 6, we focus only in one of the regime when the Fermi
energy" is in the range

q —
sv<"< 42+ %, (3.27)

i.e. the so called regime Il in the Fig [3.3]. In this case only one bdmdl(n= 1) crosses

the Fermi energy with one Fermi momentuka (1 as given in the Eq.(3.24)). In the Chapter

6 we use the formalism here presented to derive the kinetic equation for the quasiclassical
Green's function. This system parameterization will be useful to write all physical quantities
in a very compact way.
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Conclusions

In this chapter we have presented a convenient way to diagonalize the Dirac-Rashba Hamilto-
nian not previously reported in the recent literature. We made use of the Clifford's algebra to
do that and recover the well-known energy dispersion relation associated to the Dirac-Rashba
Hamiltonian. Thanks to this, we have been able to write the projectors of such a system.
Then, using the Clifford's algebra decomposition of projectors, the momentum propagators
are de ned. After, we discussed brie y the generalised Dirac-Rahsba model with all intrinsic
SOC and massive terms. In particular we went deeper in the Dirac-Rashba Hamiltonian
with spin-valley coupling that reduces the symmetries of the sy&gm  Csy. The
parameterization here presented for such a system is very compact and easy to manipulate.
In fact, we were able to write eigenvector and eigenstates with a simple algebra that will be
useful to derive the kinetic equation in the following.



The rst steps: from Dirac fermions to
graphene

Overview

In this Chapter we want to prove the consistency of the quasiclassical approximation. We
start from a simple system like the massive Dirac fermions. This means to consider only the
orbital sublattice-staggered potential, i.e. the massive term, without intrinsic- or extrinsic-like
SOC. This represents the minimal model to see the anomalous Hall effect (AHE). The idea is
to derive the physical observable from both the kinetic equations and verify that the results
coincide. As shown in the Chapter 2, starting from the Hamiltonian operator, we are able to
write both the BTE and Eilenberger equations. For the system under study, we evaluate the
physical current, i.e. the Hall current, in the clean and stationary system using both approach.
Furthermore, we show the preparatory calculation with the density matrix because it helps to
understand some physical features useful for the more complex case with SOC. In particular,
we learn how manipulate all the component of the density matrix function and which of these
gives the proper result. In fact, thanks to it, we are able to derive the well-known result for
the spin Hall conductivity in the 2D Dirac-Rashba model only selecting the perpendicular
component of the density matrix function. The spin Hall result differs from zero despite the
stationary model we are studying. As we shall discuss below, this is not in contradiction with
the conservation law for the spin current and it can be physically explained.
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4.1 The kinetic equations for Dirac fermions

We can start from a simple model of the massive Dirac fermions without intrinsic- or
extrinsic-like SOC. Thismeans 60 and = ¢, =0 inthe Eq(3.21) i.e. only an orbital
sublattice-staggered potential due to the proximity effect is taken into account. This minimal
model has both ingredient to see the AHE, i.e. the magnetizdtion)(and the spin-orbit
interaction. The former breaks time-reversal symmetry and exerts a force acting on electron
spins while the latter couples the spins to orbital DOF thus giving rise to the transport effect.
Many ferromagnetic materials exhibit this nite Hall effect, i.e. transverse voltage in response
to a current, without applying external magnetic elt3ff]. So that quite generally the
Hamiltonian operator takes the form (for a single valley)

H= (ir)+ Z+e A(r;t) e(r;t); (4.1)

where as knowrk = ir . The fermions velocity i¥ and is their mass. andA are

the electromagnetic scalar and vector potential respectively. As a rst simple example that
shows how the formalism works, we study a stationary system with a uniform and constant
external eld along thex-direction, i.e

E=(Ex;0,0);, B=(0;0,0) (4.2)

for which the Hamiltonian Eq.(4.1) becomes

H=v( ir )+ *+e€eE r: 4.3)

Now, it is easy to write the Hamiltonian density vector of the Eq.(4.3) as

h(k) hy =(vky;Vvky; ) : (4.4)

Inserting the Hamiltonian density vector E44)in the Eq(2.60)and(2.66), one obtains

the BTE and the Eilenberger equation respectively for the Dirac fermions system. In the
following, we study rst the clean case and than we add the Rashba SOC in the Boltzmann
kinetic equation. For the clean case, we also discuss the quasiclassical approximation in
order to prove the equivalence between the two approaches.
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Figure 4.1: Schematic diagram of the band structure and spin orientation for massive Dirac fermions.
The presence of a massive term opens a gap between the valence and the conduction band.

4.1.1 The linearized BTE

In this section, we nd the Hall conductivity with the kinetic equation for the density
distribution function in the simple clean model (no disorder and SOC). As mentioned in
the Chapter 2 on the linearized BTE E2110), the matrix distribution function for systems
slightly out of equilibrium will be of the fornf = feq+ f , wheref ¢q describes a state of
local equilibrium [L35. Assuming thaf vanishes atl , the Boltzmann kinetic equation

for such a system reads

wherehy is the Hamiltonian density vector E4.3). Using the spectral theorem for the
equilibrium density matrix ¢q, we have

fed®) = PIRTED (1K) ): (4.6)
|

whereP, (k) are the projectors of the two bands [see Fig.4.1] of the system with irdex1
and" is the Fermi energy. are the corresponding eigenvalues. For the Hamiltonia(E).
one has two eigenvalues which we calj . 1 h, so that afl =0 one obtains

N N

04+ hk ( h ")+ 0 hk

2 2
where ( h ") is the well-known Heaviside function atk = hy=h the versor. If' > 0,
the function( h ")=1,then

feq(k) = ( h "), (4.7)
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(" h) 1 O+H

k)= 1 k(e )-——+——— (" M r«h) (48
and
h ! he @ 1 .
r (B )= = —Shl '+ =1 ((h ) 4.9
k(he ) K "he 3k h k(he ) (4.9)
Now, we can project the kinetic equation Eg5)in the basis of Pauli matrices, i.g. =
fO 04+ f and choose only the vectorial component (we are interested in the current

physical response). Using the commutation propgxty ;b ]=2i(a b) ,we nd
the following simple equation of motion

c=2hy f; (4.10)

wherec = €eE r (feqrepresents the vector of known terms. Multiplying both side of
equation by the vectdr, we can writé

he c=hx he f = hif RAH f)): (4.11)

The right hand side term of E¢.11)selects only the "perpendicular® componentfof. The
producth(fi f ) de nes the "parallel” one. In particular, this means we have to subtract the
parallel part from the total equilibrium density matrix. From this point of view, tlierm of

the Eq.(4.8) disappears and the kinetic equation becores (f »)

e(l ( h))E I’kh—k =2hy f:
h

5 (4.12)

Following the strategy discussed before with the eld choice Eq.(4.2F FeE® one has

R

TS (CRE b= S (0 mET (@a3)
k

ant

wherev = r hy = v . To derive the (anomalous) Hall response, we selecibemponent
of density matrix function

IHere we use the property b c=b(a ¢) c(a b)
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_evE " h, evE "
Fy= @« h))hT( =@ " h) = (4.14)
and using the Eq.(2.12), the physical current density reads
z
: dk _

. . Py
where the factoR takes into account the sum over spin DOF. If one tall vZk2+ 2,
after some manipulation one obtains

Z,

Iy = e22E2 ?;(1 (" )= qu yE: (4.16)
In the Eq(4.16), jy de nes the Hall current according to the chosen geometry. It is written
in response to the electric eld wherg is the intrinsic component of the anomalous Hall
conductivity [L34]. In the end we demonstrate only selecting the perpendicular component
of density matrixf , one can recover the proper result. This gives us information about the
possibility to neglect some term of the density matrix in order to have the right description of
our system of interest. In the next section we perform the calculation of Hall current for the
same system but with the help of the quasiclassical approximation.

4.1.2 The Eilenberger equation

In the following we show the kinetic equation for the quasiclassical Green's fungfioh)

g in the same clean and stationary system. This calculation aims to verify the equivalence
between the Boltzmann and the Eilenberger equation. As done in the previous section for the
density matrix, we write the linearized Eilenberger equatiorgfergeq+ g as

. 1
ilhe 59l Sfev Ei@Gqg=0; (4.17)

wherehg is the density Hamiltonian at the Fermi level dnds the energy. Note that the
integration over the variableautomatically sets the physical quantities at the Fermi energy,
by de nition. In equilibrium, the quasiclassical Green's function in terms of the upper band
projectof reads (we assume positive Fermi energy as usual)

! O+ﬁ|:

Oeq(! ) =2tanh oT T: (4.18)

0
2For the massive Dirac fermions system under study the projectors of the two barﬁdsare%,

where indicates the upper and the lower band respectively [119, 136].
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Following the procedure shown in the previous section, we project the quasiclassical Green's
function in the basis of Pauli matrices and choose only the vectorial compoge8etting
E = ER, one has
evE !
2h ——@tanh —— ®=0: 4.19

F g —, @tanh (4.19)
Using the commutation property already mentioned and multiplying both side by vector
we obtain the following equation

evE !

Performing the vectorial product, we automatically select the perpendicular component. So

the relation for the quasiclassical Green's functi@y» becomes

_evE ' hg 2%
At this stage, take into account the density Hamiltonian vectofdet¢).and setting the Fermi
energyhg ", we can write thgz-component of the quasiclassical Green's function in the
form
evE !
Oy = T@tanh o7 (4.22)
According to the Eq.(2.69), the current density alongytidirection becomes
z
o NE _e'v €
whereNg = "=2 v 2 is the density of the states (DOS) at the Fermi level. This result coincides

with the Eq.(4.16) and con rms the consistence of the quasiclassical approximation.

In the next section we go further in the calculation and move on the Dirac-Rashba model
without disorder. For such a system we nd the spin Hall conductivity reported in the
literature using the components manipulation here discussed.

4.2 Dirac-Rashba model with the density matrix

In this section, we show the density matrix evaluation of the spin Hall conductivity for
graphene with Rashba spin-orbit interaction in the same stationary and clean system. The
method is similar to one explained in the Section 4.1.1f foFrom the E(3.21) the density
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Hamiltonian in the presence of Rashba interactid0 is (we consider as usual single
valley ;=1 andv =1 for simplicity)

HRSC=( xKx + yky)"' (xSy ny): (4.24)

Of course, the kinetic equation for the density matrix function is in the form of th@ Ej.
ie.

eE 1 yfeq+ i[HRSC; f1=0; (4.25)

where now the equilibrium distribution function can be written as

fe®) = Pn()fen( (k) ); (4.26)

In
with P, (k) = j ( k; )inih ( k; )inj the projector corresponding to the eigenvalue with
indicesln. Here the eigenstates are given by the(&@3)with s, =0. Theindexd;n= 1
label the eigenstateg, reported in the E¢3.25) As done before we set the chemical
potential as positive, i.e! > 0. From the kinetic equation E¢.25), it is evident that
the parallel component of commutes with the Hamiltonian. This means that only the
perpendicular part of the derivative of the equilibrium function(E@6)has to be selected,
i.e3

@YK =" (@Pn)fro: @.27)

In

Bothf = feq+ f andHRSC  H live in the matrix space. Ldtt?g be a basis in the space
of N N matrices, we project the Eq.(4.25) on this bésis

eE 1 t?f 3+ Vi [t HI® fP=0; (4.28)
where
X ara X bgb
feq= tf&; f =" tofP (4.29)
a b

3The total derivative of equilibrium distribution function reac@féé)(k) = P n (@Pp )fep +

in Pin (@fFp ). Of course, the second term commutes WwitRSC because the projectors and the Hamilto-
nian are in the same basis and this automatically de nes the parallel comporigpt of

4In this passage we consider the idenfity A[B;C])=Tr( ABC ACB)=Tr( A;B];C):
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In the space off 4 matrices t? is referred to the Clifford's algebra previously de ned
in the Eq(3.3). If one considetY o Sy, i.e. the spin operator alongdirection, the
commutator term of the Eq.(4.28) becomes

[0 sy;H]I= [sy; yx]=12 y s; (4.30)

Then the kinetic equation reads

eE 1 f) 21 D=0 (4.31)
or
eE r g
2

According to the Eq2.12), the physical spin current alorygdirection and withe-polarization
reads (here we renintroduce the veloai}y

Fon= & k. (4.32)

Z 2
ev- dk E kf&q/);

(2 )? (2 )2
where the factor 2 takes into account the sum over the spin DOF. As done in the Section
4.1.1, using the eld choice Eq.(4.2), the spin Hall conductivity is

(4.33)

y4
; _ &V

yx = (2 )2

@f (4.34)

and by looking at the E1.27), we need the explicit form of projectdrl(ny) (or in the
Clifford's senseP,(nOZ)). According to what reported in the Section 3.1, faeomponent of
projector reads

1X 1X vk
PRK)= 7" In(® v)o (By)=73 In pﬁcos() (4.35)

In In

where we use the de nition of coherence factor@BdL2)andtan( ) = ky=k¢. As a conse-
qguence, the Eq.(4.34) becomes

evZ dk 1X

W= T 5 @ NPk Teo(n(k) M) (436)
In

SNote that our Hamiltonian Barameterlzatlon gives the same results reported in litel&dr#48, i.e. the
0o Sg-projector read@l(oz) = pln Cosh( I)cos( ), where | = arcsinh (| =vk).
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IntheT ! O limit, the Fermi-Dirac function reduces to the Heaviside-theta function.
For " > 0, the contribution from the fully occupied bands vanishes so that | +
v2kZ+ 2)=1 forbothl = 1wheren = 1. After the angle average and the integration,

one nds the spin Hall conductivity in agreement with the Ref.[127, 137], i.e.

A G I R (437
where the Heaviside step function takes into account the regime outside the pseudogap,
while is zero whe® < < 2 . This result needs a comment. We recall here the covariant
conservation law of the spin current for the 2DEGs subject to a uniform Rashba interactions
[138]. The spiny component satis es the following relation

@ o)+ @Y (xit) = 2mji(x;t); (4.38)

wherej § (a= x;y;z) is the spin density,? is the pure spin current owing in thie= x;y
direction andn is the effective electron mass. The main difference with respect to the charge
continuity equation originates from the non-Abelian nature of spin. Th@lB&)suggests

that, in the steady state of a homogeneous sysjt}éris,zero. The apparent contradiction

of the nite result Eq(4.37)for the spin Hall conductivity is resolved by recalling that,
without disorder, there is no true stationary state. The electric Eetdansfers energy to

the electrons which are accelerated. In order to obtain a zero conductivity, some relaxation
mechanism needs. In fact, the suppression of the SHE occurs in the presence of an arbitrary
small concentration of scalar impurities. Formally, the disorder corrections resulting from the
resummation of ladder diagrams exactly cancel the “clean” spin Hall conducthd8+141].

In the Chapter 5 we discuss the presence of disorder in the 2D Dirac-Rashba model for which
the spin Hall response vanishes. In the end, the evaluation reported in the Section 4.1 on the
massive Dirac-fermions tells us how manipulate all the components of the density matrix.
In the following we add some comments on the nite result given by thé4E8j7) showing

some interesting feature.

4.2.1 About the spin Hall conductivity

The spin Hall conductivity in the absence of disorder found in the previous section and
reported in the E@4.37)has two contributions. The rst term in the square bracket is due
to the3rd band, i.e. 1 1 as given in the E¢3.23) While the second term is due to the
4th-band, i.e. 11. For both bands one can divide the contribution in two terms, or rather (we
omit the electrical chargefor simplicity)

5The nite result for Z

yx is also found using the linear response theory [127, 128, 137].
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@_ " "+2 _ 1" 1 "
sH™ 16 "+ = 16 16 "+ (4.39)
and
@w. "~ "2 _ 1" 1 "
sH™ 16 16 16 " (4.40)

According to the Streda equatiot42 as discussed in the Chapter 2, we have two contri-
butions to the spin Hall conductivity. The contribution proportional to the Fermi energy
(/ ") describes the processes "far" from the Fermi surfate) (whereas the second term

(/ "=(" ))is due to processes "at" the Fermi surfacg)( It is easy to note that'' =0

while

(4.41)

This discussion is consistent with what reported in Rf]. The! -integration rst, which
leads to the equation for the density matrix, reproduces th@Bg) On the other hand the
-integration, which leads to the equation for the quasiclassical Green's function, captures the
processes "at" the Fermi surface. The reason why-ihégration only gets the contribution
! is evident from the expression of' Eq(2.25) that for spin Hall observable readk[7]

4 1 Re(Tr[GR()iZ@GR( )w]); (4.42)

wherevy = v 1Sg is the bare charge current vertex. The(Bgt2)contains only retarded
Green's functions and would give zero upon residue integration. On the contrary, the type
contribution to the conductivity Eq.(2.24) results to be

! TriZGROw@GH()]; (4.43)

for which the residue integration of the retarded/advanced combination of Green's function
doesn't give zero. This explains why only the contribution does not vanish after integration
over . This observation is very important to understand the results obtained with the
guasiclassical approximation which we will discuss in the next Chapters.
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Conclusions

In this chapter we have brie y exposed how to derive the kinetic equations for the massive
Dirac fermions. In particular, the Hall conductivity in the clean and stationary system is
obtained using the linearized BTE. According with the chosen geometry, we found the
well-known linear relation between the current and the external eld. In order to obtain the
proper result, we showed that one has to select only one component of the density matrix.
Using the same procedure, we derive the spin density current with the Eilenberger equation
selecting only the "perpendicular' component of the quasiclassical Green's function. The
agreement between the two obtained results con rms the consistence of the quasiclassical
approximation. What we have learned so far help us to study a quite complicated system, i.e.
the massive Dirac fermions with Rashba SOC. In the same clean and stationary condition,
we performed the calculation for the physical spin current with the linearized BTE. As done
for the massive Dirac fermions, we neglected the "parallel" component of the equilibrium
density matrix. By doing this, we obtained the spin Hall conductivity result reported in the
recent literature. In particular the typle contribution to the conductivity is zero according

to the Ref.[127], while the total ' (outside the pseudogap 2 ) without disorder does

not vanish, as expected. This can be explained by recalling that there is not a true stationary
state in such a system without disorder and this is not in contradiction with the covariant
conservation law for the spin current.






The disorder effects

Overview

In the following we describe the disorder effects in the transport equation. The presence
of disorder breaks the translation invariance that is restored only after the average over
all possible impurity con gurations. In order to consider all the possible diagrams, the
well-known T matrix approximation is presented thanks to which we are able to write
all the components of the self-energy in the Keldysh technique. To do that, one needs the
disordered-average Green's function. We choose the so-called white noise potential, i.e. a
scalar impurities point-like random potential, for which the average is simple to perform.
Here we derive one of the main result of the work of this thesis, i.e. the expression for
the collision integral that appears in the kinetic equation. This expression is of course in
terms of disordered-average matrix and is completely generic. We also prove that the
detailed balance is obeyed, as expected. Then, we go further in the self-consistent Born
approximation, i.e. the lowest order in tfie matrix expansion. In particular we nd the
expression of the retarded (advanced) self-energy with the help of the Clifford's algebra
for both regimesi( andll ). In the end, we focus on the single-band regime. To derive
the Eilenberger kinetic equation, ansatz for the Keldysh quasiclassical Green's function
needs. It can be motivated by physical reasons and it is suf cient for our scopes. Thanks to
it, we derive a generic expression for the scattering kernel of the kinetic equation. The latter
is an equally important result. From it, we see in details the Born approximation and derive
the physical observable such as the spin density and the charge current. In this chapter, the
reader can nd part of the original work of this thesis.
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5.1 The T-matrix approach

In this section we want to illustrate tile matrix approach that takes into account the effects

of disorder. To do that, we have to consider a scattering potential different from zero, i.e.
V (x) 6 0 in the form of the E2.3). From this point of view the retarded/advanced Green's
function is rewritten as

G3(x1;X2;! ) = hX4j (5.1)

1 o
(Ga(ry T v
whereGj(! ) is the Green's function of free 2D Dirac-Rashba fermions introduced with the
relation Eq(3.18)anda = R(A). In the presence of disorder randomly distributed across the
material, translation invariance is broken and the Green's function depends on both the spatial
coordinatex;X». The standard procedure requires a Feynman expansion of the two-point
Green's function in terms of interaction lines with the scattering potential. This produces
a series of diagrams with an arbitrary number of interaction vertices. These diagrams
are then averaged over all possible impurity con gurations, which yields contractions of
scattering potential legso with impurity densityn; crosses (to all orders in; andup)
as shown in Fig.[5.1]. After the disordered-average procedure, translational invariance
is restored and the averaged Green's function only depends on the differgnces:

G*(x1 X2;!)= Ga(x1;x2;!). The latter — whose diagrammatic representation is reported
in Fig.[5.1] — is in fact the central quantity in our approach. Its momentum representation is

1

C= GEaor T awn)

(5.2)

where

Z
ak:1)=  dx x9e K& XIqy

1 .
1 g v
is the disordered-average self-energy within the non-crossing approximation. The latter
neglects coherent multiple impurity scattering corrections, which justi ed in the diffusive
regime with! 1[143. In fact, generally 2 contains two physically different class
of diagrams that are higher order in the impurity densjtythose with crossing impurity
lines and those without. The former describe correlated scattering processes off multiple
impurities, while the latter describe uncorrelated processes taking place at higher impurity
density. For this reason, terms without crossing impurity lines can be easily included in the
T matrix in a self consistent way. On the other hand, crossing diagrams are not in general
easy to re-sum; however, these diagrams are associated with an extra factor of smallness

(5.3)
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Figure 5.1: Diagrammatic representation of the disordered Green's function and of self energy. In the
rst line, the disorder-average Green's function (blue arrow), which can be represented as a function of
the self-energy . The other lines contains the Gaussian and the T-matrix approximation respectively.
In the rst case one only consider the "triangle diagrang' with an impurity density cross; (red

cross). While in the second one all diagrams to all powers in the scattering poteikshed legs

with dots) but with one impurity density insertion are taken into account.

of the order(kg1) 1, wherekg is the Fermi momentum arids the mean free path. In our

case, the self-energy associated with the short-range spin-transparent (scalar) impurities is
k independent, 2(k) 4(1) and hence we drop this index in what follows. The retarded
(advanced) local (i.e. evaluated at coinciding space arguments) Green's function obeys the
Dyson equation of the type (we omit the energy dependence for simplicity of ndfation

G%= G&+ G2 2G™: (5.4)

In the presence of random diluted nonmagnetic impurities, the retarded and advanced disorder-
averaged Green's functions are obtained once are known the corresponding self-energies.
According to the Eq5.3), the retarded (advanced) self-energy is given by the average over
disorder ( ::: )oftheT matrix expansion as shown in the Fig.[5.1], i.e.

a_Ta -I-a _UGa"'UGaU Ga+...._ U%G?j

0 0 0 0 0 0 71 UOGS,
whereT 2 is the single-impurity T-matrix in the R/A sector and the disorder average is de ned
by

1We underline that the energy dependence is not relevant for static impurities.

(5.5)
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V(X) =ug
V)V x°
Vx)V x°v x%

u} x x

ug x x X x°;

and so on and so forth. The self-consistent approach gives a way to write the Green's function
in terms of non-interacting one [144] in the form

G®= G§+ GETGy: (5.6)

We underline that keeping the fdll matrix structure one effectively re-sum all topologically
equivalent two-particle non-crossing diagrams at all orderg.inThe additional terms
generated by th€ matrix insertions encompass not only the skew-scattering from arbitrarily
strong potentials (see Chapter 6), but also important corrections we discuss in the following.
In the kinetic equation one determines the Green's function self-consistently by rep&ging
with the disordered-average oG2. If one stops at the lowest orderiig in the Eq(5.5), only

the rst term of the series is kept. This de ne the so-called Born approximation. Considering
high-order terms in th& matrix expansion, also the skew-scattering mechanism is included
that is well discussed in the Chapter 6. In the following, we present and discuss one of the
main result of this work that is the general expression of the collision integré2.58) of

the kinetic equation in terms @f-matrices.

5.1.1 The detailed balance

Here we discuss how to rewrite the collision integral(2dp8)with the T matrix approxi-
mation. This is one of the main result of the work of this thesis. We start from the de nition
of T matrix and the self-energy H§.5), theout contribution of the collision integral
Eq.(2.58) becomes

low= 1 TRGK GKTA : (5.7)

Let us now turn our attention to the Keldysh self-energy, which determinés tbentribution
of the collision integral in Eq.(2.58). The reason why we cahit will be clear in a while.
The perturbation expansion of the Keldysh Green function reads quite different from Eq.(5.6).
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At each order inug there are many terms as positions in which the Keldysh component can
be placed with the additional requirement that on the left of the Keldysh component there
can be only retarded Green functions, whereas the advanced one must be always on the right.
This feature is a consequence of the triangular matrix structure of the Green's function (see
Chapter 2). In the end, the Keldysh self-energy then reads

K= wGKup = TRGTA ; (5.8)

where it is understood that the disordered-average only conceriis timatrices, because

GX is already meant to be the self-consistent disordered-average Green's function. We then
see that in the Keldysh self-energy there appears the disordered-average of the product of the
retarded and advancddmatrices. This corresponds to tfie matrix insertion in the vertex
correction of the Kubo linear response formalism. Time contribution to the collision
integral Eqg.(2.58) nally reads

lin=1i G TRGTA TRGTA G4 : (5.9)

To make more transparent the formulae obtained, one can introduce explicit dependence on
momenta (it is possible because we use disordered-average Green's functions). Then it is
convenient to de ne

Z kO
— 5.10
c% (2 )26‘“?0 ( )
and to introduce the following notation
Ta= WET (5.11)
where
— 1
T = — 5.12

Using the relations Eqgs.(5.10) and (5.11), the andout contributions Eq$5.9)-(5.7)
become respectively

R A

ln = U2 RTETY T T @ (5.13)

and



68 The disorder effects

. =R =A
lot = U3 T G GLET" : (5.14)

The above expressions makes obvious the link with the Boltzmann language. Making explicit
Gt')?;A;K given by Eq(5.10)and remembering that the Keldysh Green's function describes the
distribution function, it is easy to see that the (5qL3)provides then  scattering processes,

i.e. k%! k, while the Eq.(5.14) theut processek !  k©

It is evident that the two contributions;{ andl oyt given by the Eq$5.13)and(5.14) have

not the same structure, so some manipulation is required. We fodygiderm and project

it in the basis in whicrq')?(A) (and then alsd "M ) is diagonal. So, théj )-element reads

. =R —A
ug GoiTi Gy G k)i T (5.15)

. =R =A
u6Gka) GiTi GoiTj

(lout)i

Using the expression Eq.(5.12), one can rewrite it as

G G
UOG& 1 Uo%j
. =R=A
UGGy G Goy TiT):

(lou)ij = iU(2)G,I<<;(ij) 1 = (5.16)

From the above result, we can recover the matrix relation foottie term being careful of
the position of each element. In particular one obtains

low= U GRT T T AT @ (5.17)

The latter expression has the same matrix structure ahtheelation Eq(5.13) as expected.
In the end, if we make explicit th&& using the Eq.(5.10), one obtains a completely
generic equation for the collision integaE |, + 1oy, i.€.

Z
% dkO

. R
| =1ug 22

A

T

GRTETH T G GRTRET +TRE TGN : (5.18)
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From the point of view of the kinetic equatiok,andk®are the momentum before and
after the scattering, depending whether one considers thendout-contributions. One

can easily check that the detailed balance is obeyed in the Eq.(5.k8). Ifk°(and vice
versa), then andout terms are interchanged and then the microscopic reversibility of the
scattering probability is preserveti4s. The general expression Eq.(5.18) is an important
result and it will be useful in the following discussion. For instance, the speci c case of the
Fermi gas with Gaussian white-noise correlation can be easily obtained by neglecting the
matrix structure. In the next section, we go further in the Born-approximation and study the
Eilenberger kinetic equation for the 2D Dirac-Rashba graphene Hamiltonian.

5.2 The Born approximation

In this section we present the so-called Born approximation from which only the rst termin
the expansion of the E®.5)is taken into account, .1 1. From this point of view,
the corresponding self-energies given by the Eq.(5.5) are

z 0
wherel =1;n=1forthe two bands crossing the positive Fermi enefgy 0), i.e. the third
and fourth one, anll, the corresponding DOS at the Fermi leVeln the Eq(5.19) h::i
indicates the angle average over the direction of the versoda = R(A). In the Chapter 3,
we derived the projectors for all the bands of the 2D Dirac-Rashba model. Using the results
of the Section 3 as the energy dispersion(BEd.3)and the Clifford's algebra decomposition
of the projectors [see Table 3.1], one can compute the corresponding self-energy. Let us
evaluate the DOS of the two bands under study rst,Ne; andN; 1 as

o= iU 3N, WPy, (Kp)i; (5.19)

d 1= d R 2= p K | Ny Np= ) (5.20)
11— = k2+ > 4 11—2 .

and

kak

a 1
= 2 2y = — " .
di 1=d( + k#+ 9)= pikz*_ > I' N3 Nip 1= > "+ ) (5.21)
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It is then useful to introduce a basic scattering time in terms of the DOS of pure graphene
(No = "=(2 )) without the SOC as

1
~=2 N ou3: (5.22)

As a result, the total self-energy in the regibhe( > 2 ), when both bands are occupied
[see Fig.3.2], reads
a

o1

When the Fermi energy is in the regimé0< < 2 ) with only one band occupied, the
self-energy is

1 1
P = 'I 1+5 o0 So E(x Sy y S)ta oz Sz (5.24)

In the Table 5.1 we report the contributions from the various components of the Clifford's
algebra for all the bands. It is evident from the Ef§23)and(5.24)that the disordered-
average self-energy in regimié has a simpler matrix structure then the one in regime

I, but the presence of the two bands crossing the Fermi energy makes the mathematical
description quite complicated. For this reason, we focus ootleebandegime rst, while

the two-bandregime will be discussed in the Chapter 7. In particular, in the rest of this
Chapter we derive the kinetic equation for the quasiclassical Green's function in the Born
approximation. Otherwise, in the Chapter 6 we go beyond this approximation and the
skew-scattering mechanism will be presented.

0 So R=2 z Sz R=2
4 1 =" 1 =" =" ="
3|1+ =" 1 =" =" ="
2|1 =" 1 = =" ="
1] 1+ =" 1 =" =" ="
Table 5.1: Clifford's algebra decomposition of the retarded self-energy for all the bands in units of
i=(4 )= i"'u3=4. sisthe expression of the self-energy in the reginteported in the E¢5.24)

while the sum 3+ 4isthe regimdl one given by the Eq.(5.23).

5.3 The one-band regime

In order to derive the Eilenberger equation in the presence of disorder, we start from
the kinetic equation E(R.63) Again, we focus on the stationary case. Performing the
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integration of the collision integral E¢.18)and using the de nition of the scattering
time Eq.(5.22), one has

D _E D E
| = 21 R TRgT TRGTA ¢ FfTRIT® T T ¢ : (5.25)

Here for brevitygRAK — gRAK ( )andDgR?A;K E: DgR?A;K ( ()Ewith and %the angles

of k andk® respectively. From the Eq.(5.25) one can con ne oneself to the Born approxi-
mation if the matriced ° are evaluated to lowest order in the disorder potentgalvhen it
reduces to unity. To proceed further, following the REZJ|, we make aransatz for the
Keldysh quasiclassical Green's function of a single bdrdi(;n = 1) in the form

g(kr) = P1 1(ke)go( ); (5.26)

whereg is a scalar function ankle = kg (coq );sen( )) is the momentum at the Fermi
energy. Notice that, althoughis still a matrix, its structure is entirely constrained. The
ansatz can be motivated by the following argument. Inspection of the Eq.(2.66) shows that,
at leading order in the weak-disorder expansion ( 1), the solution must commute with
the Hamiltonian and be of ordgr . In such a way, the commutator in the left hand side
(LHS), although of ordef 1 vanishes and the remaining terms in the equation are of
order of the unity. Notice that the ansatz may not be suf cient when one is dealing with
sub-leading terms in the weak-disorder expansion. In the work of this thesis, the physical
observables which we are interested in (like the extrinsic spin Hall and Edelstein effect which
are relevant in recent experiments in graph@h®, systems 96]) are of the order of the
momentum relaxation time so the ansatz is justi ed. It is useful to recall here that from the
Eq.(2.46) it is easy to see that in equilibrium the scalar function reads
!

go(')=f (')=2tanh > : (5.27)
Using the E(.3.18)one can verify that the retarded/advanced component of the quasiclassical
Green's function in the regimieis

. Z
az !

k:!
o = P1 1(.,')

i0*
i.e. it coincides with the projector of the band crossing the Fermi level. Now we have all the
ingredients to rewrite the collision integral after theintegration. By taking the trace of the
Eq(5.25)and using the Eq&.26)and Eq(5.28) one gets a scalar collision integral g,

i.e.

. Z
dGak:!1)= ~ d = Py 1(ke): (5.28)
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Zy 40 h i

o= SWH () o °; 529

where the scattering kernel is a function of angle difference that from now w# call  ©2
It reads

Ng 1 _ _
W (#) = NfZ*Tr P 1(ke; )T Py a(ke; 9T (5.30)

with Ng the DOS of the third band. In the self-consistent Born approximation, which
amounts to con ne to second order in the disorder potential expanﬁ%%k I 1), the
effective transport equation Hg.66)for the scalar quasiclassical Green's function becdmes

2
1
E@f vert = - d W#) (') w & (5.31)
0
In the above kinetic equation we introduced the effective velocity vertex as

Vet (Kr; )= LllTr( P1 1(kg; )): (5.32)

In this case, only the rsttermin th& matrix expansion of the Eq.(5.30) is selected, so
that the effective scattering kernel reads

Ng 1
Ne -
Because a common shiftt ~, ©! cannot change the trace due to the periodicity of the
projectors, the effective scattering kernel can only depend on the difference of the two angles.
Furthermore, due to the cyclic property of the trace, the expression is symmetric under the
interchange of the two angles, implying that the effective kernel isvam periodic function

of the differencet 0 The transport equation Eq.(5.31) together with the expressions

of the effective kernel Eq.(5.33) and the velocity vertex Eq.(5.32), de nes a complete theory
for charge and spin response in the projected band crossing the Fermi energy. This is one
of the main result of the present thesis. In order to show how the formalism can be used let
us consider the case when there is no spin-valley SOC rst, &e= 0. In this caseNg is

given by the Eq.(5.21) and the Eq.(5.33) becomes

W (#) = Tr Pro1(ke; )iP11 ke; O (5.33)

2We underline thaWV (#) is the effective scattering kernel from momentum skatécog );sen( )) to

ke (cos( 9;sen( 9).

3Note that the commutator term of the E2j66)does not give contribution becausgkr) "P1 1(kg).
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1(2 +"cos( 9+ ")*
- 2'( +") '
In this case no spin Hall effect can be expected, as already discussed in the Chapter 4. As
mentioned, the presence of impurity scattering gives rise a relaxation mechanism that makes
spin Hall conductivity zero. Notice th&V (#) (Eq.(5.34)) contains only the rst three even
harmonics of the angle difference. The velocity vertex, with the electric eld choic@Ey),.

reads

W(#) = (5.34)

q___
"("+2
Veff:x = if:—)COS(); (5.35)

so that a possible solution fgg( ;! ) can be written in the form

go( ;! )= A(!)coy ); (5.36)
with A(! ) a function of the model parameters. Let us de ne

Wo= W #)i;  HWE#H)w( 9 Wicos(); (5.37)

with h::i the angle average, from the E5.31)the equation foA becomes (here we reintro-
duce the electrical charg®

i
A= (vvolvvl)( eE @f)iy ((2++)2) (5.38)
In the end, the solution for the transport equation is
go(;! )=(eE @f)mcos(): (5.39)

By inserting this last relation in the Eq.(2.69) with=(1=2) o sy, which is the spin
density along thg direction and after integration over, one ha$

22 +7)

16 (4 2+"2) (5:40)

sy= eE

while the charge current along tike direction read3

Py

T

cos( ).

4Here the inverse spin-galvanic vertex resiiité ¢ s>P1 1(ke; )= cos().

SHere the inverse charge vertex resdité 1 soP1 1(ke; )=+ #
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jx= 25 (5.41)

The Egs.(5.40) and (5.41) above coincide exactly with the results for the electric- eld-induced
spin polarization37] obtained via the Kubo linear response thedt2g and con rm the
equivalence of the present approach. Otherwise the spin Hall response vanishes as expected.
To see the spin Hall effect, we consider the matrix expansion beyond the second order. In

the Chapter 6, we carry out the expansiom ofmatrix to third order.
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Conclusions

In this chapter we discussed the presence of disorder in the system under study and how it
modi es the analytical expression of the Green's function. Here we introducet threatrix
approximation to derive the self-energy in terms of the disordered-average Green's function.
In particular, we derived a completely generic equation for the collision integral for which we
proved that the detailed balance is obeyed. This represents one of the most important results
of the work of this thesis. Then we selected only the rst term inThematrix expansion,

i.e. the so-called Born approximation, to derive the self-energies in both regime of the 2D
Dirac-Rashba model$ 2 andO< < 2 ). They are obtained in the Clifford's algebra
matrix decomposition. The achieved results tell us that the disordered-average self-energy in
regimell has a simpler matrix structure than one in regimélowever the presence of two
bands makes the manipulation of the equations more dif cult. For this reason we derived
the kinetic equation for the single-band regime rst. For such a system, we wusesatz

for the Keldysh quasiclassical Green's function for whgchesults to be proportional by
scalar function to the band projector. This assumption is motivated by physical arguments
and is suf cient to derive the physical observables of the order of the momentum relaxation
time. Hence we wrote the effective transport equation for the scalar quantity and, from it,
the physical observables are found. Another important result is the generic expression of the
scattering kernel in terms of the projector of the third band and thenatrix. In the end

we found the spin density and the charge current in the self-consistent Born approximation.
These results agree with what has been reported in the literature and con rm the consistency
of the quasiclassical approximation.






Beyond the Born approximation and the
skew-scattering mechanism

Overview

In the following we go beyond the Born approximation and present the so-called skew-
scattering mechanism thanks to the matrix formalism discussed in the previous Chapter.
This means to consider higher order term in Thematrix expansion so that we expect to

see the (extrinsic) spin Hall effect. We now turn our attention to consider a more interesting
system with nite spin-valley coupling. Precisely, in the system under study we have to
consider two types of SOC variables, i.e. Rashbaafid spin-valley (sy). We start to
provide the solution of the transport equation. In order to do that, in such a system, we
rewrite the scattering kernel of the kinetic equation. Using the formalism discussed in the
Section 3.2, we are able to write in a very compact way the additional term in the presence of
skew-scattering. Thanks to its periodicity properties, we can derive the solution of the kinetic
equation similar to what done at the Born level for the 2D Dirac-Rashba model. Of course in
this case the manipulation is more complicate. In such a manipulation, we need to de ne
two different scattering rates (parallel and perpendicular component) from which we learn
a lot about the system response. In the end, we provide the explicit analytical expressions
of physical observables such as the spin Hall and the Edelstain effect. In the end, from the
numerical analysis of these expressions, we discuss the behaviour of the physical system
response as a function of SOC variables in the presence of the skew-scattering. Here the
reader can nd the heart of the work of this thesis with all the original results.
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6.1 The skew-scattering mechanism

In the following, we discuss how to include the so-called skew-scattenmaghanism in the
transport equation. The effect of skew-scattering can be included by considering higher-order
terms in thelT matrix expansion Egs.(5.11) and (5.12). In the language of diagrammatic
representation, it means to take into account also the graph with three legs and one impurity
density insertion [see the third line in the Fig.5.1]. It is clear that one can directly evaluate
this diagram with the Feynman rules and then add it to the previous one (see Appendix E
for a pedagogical exposition). Otherwise, one can start from the generic scattering kernel
Eq.(5.30)and use the formalism presented in the previous Chapter. Explicitly, when the
potential is not too strong, one may expand the matrfcaeEq.(SJZ) a%

T 1+upReGE iuglmG: (6.1)

It is important to underline that the real part in the expansion Eq.(6.1) does not give contri-
bution to the skew-scattering mechanism, but only renormalizes the lowest-order scattering
amplitude. This is apparent from the fact that the sign of this correction in the Eq.(6.1) is the
same for both the retarded and advantedmatrix. The sign of the imaginary part depends,
instead, on the retarded/advanced nature offithenatrix and gives rise to thekewness

the effective scattering kernel, as shown below. By inserting the expression Eq.(6.1) into the
right hand side of the Eq.(2.66), one obtains an additional term on the right-hand side of the
Eq.(5.31),i.eW ! W + Wgs with

_ NF 1 D 00Eh 0i
Wss(#)=  2iu oNFNfo* T P11 P1 1();P1 1 ; (6.2)

where all the projectors are evaluated at the Fermi momeRtuandh ::i indicates the
average over the angl@° N is the DOS of the third band, as usual. The commutator under
the trace implies thalVss vanishes when = © Furthermore it is odd upon the interchange

of and ®because this amounts to interchange the matrices in the commutator. A common
shift + , %+ clearly leavedNss unchanged because of the periodicity with respect to
both angles, and hence there can be no dependence on thetstinAs a result\Wss must

be anodd periodic functiorof # and of the form

1in the following we use the subscrigs to indicate the skew-scattering contribution.

2Here we writeG = ReG  Im GE.

3The subscriph + 1 will be useful for the Fourier expansion of the total scattering kerneléerp) In
particular, the coef cient®Vy andW; are linked to the kernel at the Born level.
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A h i
Wss(#) =  Wpsrsin n 0 (6.3)

n=1
where the coef cientdV,+1 will be functions of the parameters of the Hamiltonian. In the
next section we study a model with also spin-valley coupling. For such a system we expect
to see the spin Hall effect and we show that it is possible to write the analytical expressions
for the physical observables.

6.2 The kinetic equation for spin-valley Hamiltonian

We now turn to consider the more interesting situation with nite spin-valley coupligd O
in the Hamiltonian Eq3.21) Before considering the results, we provide the formal solution
to the transport equation Eq.(5.31). We consider the effective kernel in the form

W (#) = W (#) + Wss(#) (6.4)

and we introduce the skew-scattering dimensionless cougiinas

Oss =2 U oNE: (6.5)

Here we use the Hamiltonian parameterization discussed in the Section 3.2 for the generalised
Dirac-Rashba model. For such a system the projdetoi(kg; ) is a complicated matrix.
According to what done in the Chapter 5, quite generally, we write a solution of the kinetic
equation in the form

do( )=( eE@f )Vettx (5 svike)go( ); (6.6)

wheré

1
Vettx (; svike) V = ZTff 1 SoP1 1(;kg)g (6.7)

generalizes to the case with nite spin-valley coupling the velocity vertex of the Eq.(5.35).
In the end, the nal equation can be written as

z

cog )= hW(#H)igo( )+ (21) 02 d W#H) e 9: (6.8)

4Note thatverrx (; svikr)= A(; svike)coq ), see the Eq.(6.14).
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To solve the above equation fgg( ), one may consider the Fourier expansion for all
quantities. In particular, according to the Egs.(5.33) and (6.3), one car write

y()  cog )=y +y se’ (6.9)
W(#) = Wo+ Wicog#)+ Wosen(#)+ Wasen(2(#)):

In this picture, the coef cients that we need for the calculation are

Yi=Y 1= ;; Wo = W (#)i; Wy =2HW (#)cog#)i; Wo=2hW (#)sen(#)i:

As aresult, if we calQ h W (#)i inthe Eq(6.8), we nd the coef cients for the Fourier
expansion ofp( ) function in the form

M _ Yn |
= : A
% O+ W, (6.10)
It is evident that, in this picture, we need only the coef cients witk 1. After some
manipulation, the solution Eq.(6.6) refds

8 9

< 1 1 =
%( )=(eE @f)V. cog ) ;sen( ).+ (6.11)

12k o + 12? 1
() +(57) ()e+(57)

where we de ned two different scattering rates, i.e. the parqlléland the perpendicular
component , * as

1 1%

= 5 AW 1 cod#) (6.12)
0
12

o= > d W (#)sen(#): (6.13)

0

SNote that the even term &/ ( 9 comes from the effective kernel at Born level, while the rest odd part
from the additional contribution due to the skew-scattering.

5Note that the Fourier expansiongs( ) = g(()l)ei + gé Ve i
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Figure 6.1: Numerical color plots of a), 1 and b) ° 1 as function of SOC variables in units of

and skew-scattering couplirggs. The parallel component becomes more relevant for high values of

SOC, while the perpendicular one increases wighfor small values of the Rahsba one. In particular,

the numerical results show an order of magnitude difference between the two rates. For both plots
=10 with " = 1. Furthermore, the Rashba and spin-valley parameters are in units of the Fermi

energy.

To understand better these results, in the Fig.[6.1] we report the Egs.(6.12) and (6.13) in
units of andgss (note that only , ! depends on the skew-scattering coupling). The SOC
variables are chosen in units of the Fermi enérgynd may map a range of values according

to the regimdl condition given by the E¢3.27) At the same time, we choose =10 in
agreement with the good metal limit ( 1). First of all we note that, ! becomes more
relevant for high values of SOC, whilg Lincreases with s, at small values of Rashba
coupling. Then, at the same SOC conditions, there is an order of magnitude difference
between the parallel and perpendicular component. This means that one can (n_edbé"ct

in the EQ.(6.11). In the next section, we discuss better this point and comment the results.
The Eq(6.11)is the general solution for the scalar Green's function in the system under study.
It is clear that, using the relation E8.69)one can evaluate the physical observable. In the
next section we derive the analytical expression for the Drude conductivity, the Edelstein and
spin Hall effect. Furthermore, we perform the numerical calculation for each observable and
discuss the obtained results.

6.3 The physical observables

In this section we evaluate the physical observables for the 2D Dirac-Rashba model with
spin-valley coupling. We focus on the charge current, spin Hall and Edelstein effect evaluated
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at the leading order in the relaxation time due to the chosen ans¢& ). The expressions
found in the following represent part of the original results of the work of this thesis.
Keeping in mind the expression for the averaged observab(@ B§) we de ne the effective
vertices for the charge/fss = 4V), the inverse-spin galvanic and the spin Hall response
respectively as

2( + )
Vetf =Tr( x  SoP1 1(kf; ) = T3 27 7% 5C0s(); (6.14)
Sk =Tr( o sP1 1(ke; )= 1+2(2: 23 5C0s(); (6.15)
7 _ a X )
Jyeff =Tr( y sP11(kg; )= 1+ 2+ 2+ 2SII’]( ); (6.16)

where; and depend on the parameters of the Hamiltonian and on the Fermi energy, as
de ned in the Eq.(3.25). To understand better the effect of SOC, we perform a numerical
calculation of these vertices in units@dy ) andsin( ), respectively. We call them

and report the results in the Fig.[6.2]. As done before, we chose the same dimensionless
SOC-values in units of the Fermi energy and" x 1 with ™ =10. Itis interesting to notice

that the effective charge vertex decreases slowly and quite linearly with SOC variables. While
the Edelstein and spin Hall one show a quite complementary behaviour. In particular, this
result tells us thaii,;eff Is bigger in absolute value when the spin-valley becomes strong.

For the following calculation we need the expression of the DOS at the Fermi level in the
regimell EQq.(3.27) for the spin-valley Hamiltonian Eq.(3.21), i.e.

2 2 a 2n2 2 ("2 2
n + + n + n
NEV — ( SV sv ) ]

(6.17)

:
2 2 g) 24,

It is easy to see that we recover the DOS of the pure Dirac-Rashba graphene m¢{gi&1gq.
if sv! 0. Finally, by recalling the expression Eq.(2.69) for the physical observables, the
Drude conductivity, the Edelstein and the Spin Hall response read respectively

Z5 1

_ d _ Ne k (+ )
W= 5% )4Vt ()= 8 (H2H( L, H2(A+ 2+ 2+ 92

(6.18)
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Figure 6.2: Numerical color plots of the effective vertices for a) the charge, b) inverse-spin galvanic
and c) spin Hall response. The plots show the coef cientsas{ ) andsin( ) in the Eq(6.14)
(6.16) The vertexV¢;; decreases slowly and linearly with the spin-valley and Rashba variables.
While Sy .eff andj)z,;eﬁ show a quite complementary behaviour in terms of the SOC values. For all
the plots we x" =10 with" =1. Furthermore, the Rashba and spin-valley parameters are in units
of the Fermi energy.

2 1
_ Ng d _ Ng K ( + )( + )
Sy = TO 5 %l )Sgss ()= 8 (D2+( D2+ 2+ Z+ 72 (6.19)
and
JZ_ NF 2 d JZ — NF ?1 ( )() + ) 620
I O S L L

wherego( ) isthe nal expression Eq.(6.11) amdk is de ned in the Eq.(6.17). The Fig.[6.3]
shows the numerical evaluation of the analytical expressions Egs.(6.19) and (6.20) at the
same xed Fermi energy and in the same metallic regime. De ragflg= u oNo, the
skew-scattering coupling Eq.(6.5) becomes

20N
<= “OssNF (6.21)
No
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Figure 6.3: Numerical color plots show the behaviour of physical observables for the spin-valley
and Dirac Rashba graphene system in regime Il a) the Spin Hall response increases slowly with the
spin-valley coupling at small values of the Rahsba one; while b) the Edelstein effect becomes relevant
for small values of SOC. For both graphs weg& =0:1and" =1 with" =10. Furthermore, the
Rashba and spin-valley parameters are in units of the Fermi energy.

and, for both plots, we xgss = 0:1. In particular, the SHE increases slowly with the spin-
valley coupling at small and the ISGE is relevant for small values of SOC. The resulting
plots give us also information about the behaviour of the two different physical responses
and con rm the presence of the spin Hall effect when the spin-valley coupling starts to be
relevant.

From the physical observable expressions Eqs.(6.18)-(6.20), it is evident that the dependence
of skew-scattering is only in the scattering-rate combination. As mentioned in the previous
section, one can neglegt, 12in the Eq.(6.11) and then in the expressions of the physical
observables Eq.(6.18)-(6.20). The resultis that diflyi.e the spin Hall response, is affected

by the skew-scattering mechanism, unlikeandSy. To investigate in details the effect of
skew-scattering, we perform a numerical calculationJpandsS, usinggd as a variable
according to the Eq.(6.21). As expected, for small valuegothe behaviour of the Edelstein
response does not change signi cantly, so only the SHE analysis is reported in the Fig.[6.4].
We choose some skew-scattering values that show a modi cation in the system response. In
particular, for small values of skew-scattering coupling the SHE is relevant only in the high
range of spin-valley coupling at small values of the Rashba one. \(hagrows, the system
response becomes signi cant also for small values of SOC.
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Figure 6.4: SHE color plots for different values of the skew-scattering couptfig= n with
n=1;::6. The spin Hall response is signi cant for high values of spin-valley coupling when the
skew-scattering is small. On the contrary, wigdnbecomes high, the effect starts to be relevant also
for small values of SOC. For all the graphs= 10 with " = 1. Furthermore, the Rashba and spin

valley parameters in units of the Fermi energy.
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Conclusions

In this Chapter we presented the original treatment of the transport problem via the Eilen-
berger equation for the 2D Dirac-Rashba model with spin-valley coupling. For such a system,
we analysed the skew-scattering mechanism in the one-band regime. We showed how take
it into account from thd matrix approximation, i.e. considering higher order term in
theT matrix expansion. From this point of view, we derived the new scattering kernel of
the kinetic equation that results to be a sum of two terms. The rst one coincides with the
one found at the Born level, the second is an additional contribution due to the presence of
the skew-scattering mechanism. In particular, this new term results to be an odd periodic
function of the angle difference so that one can easily write it using the Fourier expansion.
Hence, we introduced the skew-scattering couptiggto write the Eilenberger equation

in a compact way. After some manipulation, we found the solution of the kinetic equation
from which we derived the analytical expressions of the physical observables that represent a
very important result. To do that, we introduced two scattering rates, i.e. the parallel and the
perpendicular component. After a numerical analysis, we found that the parallel scattering
rate is one order of magnitude larger than the perpendicular one. This means that the latter
can be neglect in the general solution of the kinetic equationgg(e). Furthermore, lis

also the component that doesn't depend on the skew-scattering mechanism. This explains
why the Edelstein effect is not signi cantly affected by the skew-scattering, while the SHE
shows a more interesting modi cation. In particular, when the skew-scattering paragfieter
grows, the system response becomes relevant also for small Rashba coupling.



The two-band regime

Overview

In this last Chapter, the two-band regime in the simpler Dirac-Rashba Hamiltonian is dis-
cussed, i.e. the regimé ("> 2 ) [see Fig.3.2]. In particular, we analyse the clean 2D
DR model rst for both density matrix and quasiclassical Green's function. We show that
in the stationary case, the kinetic equation can be written as a simple linear system in the
basis of the Clifford's algebra. In order to take into account only the correct component of
the density matrix function, we perform a commutation operation that automatically selects
the perpendicular one (as already discussed in the Chapter 4). We nd the well-know result
for the spin Hall observable, as expected. This kind of matrix manipulation helps us to
deal with the problem of disorder. As we emphasize in the following, the presence of two
bands crossing the Fermi level in the regihemakes the de nition of the quasiclassical
Green's function not obvious. It is clear that the problem is how to write the varigble

i.e. the variable measuring the distance from the Fermi energy. In the clean case, we take
advantage of the Clifford's algebra expansion to bypass the problem. While in the presence
of disorder we use a suitable trick that is one of the main result of the work of this thesis.
In this latter case, we show how manipulate the kinetic equation before tingegration

and rewrite the problem in terms of a simple linear system. The latter is quite easy to solve,
apart from the complicated matrix structure of the linear operators. Thanks to it, we nd
the spin Hall conductivity in the particular good metal linit (1) and we recover the
suppression of the SHE due to the presence of the vertex corrections, as expected. In the
end we discuss in details the algebra used for this calculation and the connection with the
well-known diagrammatic evaluation.
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7.1 The clean case

In this section we evaluate the spin Hall conductivity in the simple stationary case of the
clean Hamiltonian in the presence of Rashba SOC given by tH8.E) It is evident that

we expect the same result found in the Section 4.2, i.e. the spin Hall conductivity given by
the Eq(4.37) but the manipulation here is quite different. We show this calculation because

it is useful to understand the algebra in the presence of disorder that we will discuss in the
Section 7.2. From the Dyson equation, as already mentioned, one can recover the equation
for the density matrix function or for the quasiclassical Green's function. The difference lives

in the type of integration one performs. Having said that, we start from LR subtrcted Dyson
equation Eq2.56)with no disorder =0 . In a stationary system, the kinetic equation can

be written as follows (we set=1 for simplicity)

i[h(k);G]=Y; (7.1)

whereY = E@ Geq is the vector of the known terms that comes from the equilibrium
Green's function anti(k) is the density 2D Dirac-Rashba Hamiltonian @4) At this
stage we de ne the matrikl as

M = i[h(k);G]; (7.2)

i.e. the commutator of matri with the Hamiltonian. The matrix is in principlEs by 16.
However, each element of the matrix is obtained by the trace of the commutator between two
elements of the algebfanultiplied by the Hamiltonian (it is clear that each element of the
algebra commutes with the identity matrix), i.e.

M b= LTr[h(k)(tatb t%?)]  with ajb=1;::16 ; (7.3)

where the Clifford's matrices are ordered as reported in the Table. C.1. The resulting
matrix is showed in the Appendix F. In the Eg2), the part ofG which commutes with the
Hamiltonian is in the null-space of the linear system. To nd the solutio® e¥hich is not

in the null-space, we take the commutator wik) of both the terms i.e.

[h(k);[h(k); Gl = [h(k); Y]: (7.4)

1As already pointed out several times, for the system under study we refer to the Clifford's algebra
t2 i = i S
2We note that the commutation operation selects automatically the perpendicular compddent of
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The linear operation of commutation wikifk) is described by the matrid . Hence the
double commutator is given by the square of the ma¥fix M 2 (also reported in the
Appendix F). In order to solve the equation in the presence of an electric eld such as the
Eq.(4.2), we must invert the matri¥ . To do that, we investigate the null space of this matrix.

In particular, the matriM has four vectors in this subspace that medns' does not exist.

This suggests that we need to manipulate this matrix in order to solve the linear system
Eq(7.1). In the following, we use the density matrix approach rst and then the quasiclassical
Green's function to solve the kinetic equation. For both, we recover the well-know spin Hall
conductivity but the algebra used below helps us to discuss the effect of disorder.

7.1.1 The density matrix evaluation

We start from the kinetic equation K@.1). After! integration, we obtain an equation for
the density matrix function. As discussed in the Chapter 4, we are looking for the linearized
BTE withf = feq+ f . We assume as usual tHfavanishes atl . According to what

we learned so far, one has to select only the perpendicular comporfegtioht does not
commute with the Hamiltonian. It has the fotm

X
@feq= (@Pn)fro  Yin; (7.5)

In
where we use the eld choice Hg.2). We also underline that = Ex@, feqWithe= v =
} =1 inthe Eq(7.1). Now, we concentrate on the projector of the third-band Bt (1), and
then on the one of the fourth onB4(). To simplify the discussion, we cayﬁ]” =M VYn.
When only one band crosses the Fermi level, i.e. the regirttee RHS of the E@7.4)is the
vector

eff 1 k x2

- N . 2 .0 N
W= 00Pgige Pape 1000 (79
1 _

k
PTI(ZH ;. —-p—=X—0,0,0;0;0;0,0 ;

22 Ky Pk

where we use the plane waves de nitiéi = kjp(cog );sin( ))  (kx;ky) with here

kin = k1 1andk?= kZ+ kZ. On the contrary, the LHS of the kinetic equation @cR)is
described byM matrix. The latter has a quite complicated structure (as showed in the
Appendix F) and, as already mentioned, its inverse doesn't exist. After a careful analysis,

SHere we refer to the expression Eq.(4.27).
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one can observe that the sub-block de ned by the rows and columns 3 and 7 decouples from
the others. We stress that the third element of the Clifford's algebra is connected to the spin
Hall observable, i.et® = y Sz, we are interested in (look at the Table C.1). For this reason
we de ne a two by two matridM s with the elements of this sub-block, i.e.

vet —a@ 4 ke?+ 2 Ak ky

— M : 7.7
3;7) 4kxky 4 ky2+ 2 ( )

Now, the system becomes easier to manipulate. In fact, one can solve the restricted problem
for the density matrixf , i.e. the linear system can be written as

f =M 1 Xers; (7.8)

where

Xett = (Y5 4[3LYS1[7]) (7.9)

is the restricted vector of the known terms. Solving thg(ES§), the solution for the non
equilibrium density matrix in the one-band regime reads

§ ky2 . kx ky :
The angle average selects only the rst component af 1 that is linked to the physical

observable of the spin Hall effect. Performing the integration over the anglee obtains
the following relationk; 1 k)

(7.10)

fi11=

S — .
fif= = (7.11)

After the integration over the momentum, according to th¢Zf2)and taking into account
with what was done in the Chapter 4, one can write the spin Hall conductivity in the well-know
form for the third band (here we reintroduce the electrical chayge

o e "("+2)
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At this stage, one can perform the same calculation for the fourth band. Of course, the
matricesM andM are the same while now the projectoiPig. One can manipulate the
linear system in the same way done above so that the result for the spin Hall observable is
(the reader can verify the result performing the same calculation)

(7.12)
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w_ e (" 2).

11~ 76 " :
It is evident that the results E¢8.12)and(7.13)agree with the expression E4.37) In
fact, the total spin Hall conductivity in the two-band regime (reglingis the sum of both
terms, i.e. the contribution of the third and the fourth band. It reads

(7.13)

sH sH sH e "2
= tat 1T g w2 (7.14)

according to what reported in the literature RE2Y, 128. We stress that the integration over

the energy captures both contributions to the conductivity @nd '), as already discussed

in the Section 4.2. We recall here that fltae contribution to the conductivity vanishes,

i.e. I';+ 1, =0. So, inthe Eq7.14)only the termsat the Fermi surfaces appear.

In the following, we evaluate the spin Hall observable with the help of the quasiclassical
Green's function. We use the same algebra here discussed that prepares the basis for the next

calculation in the presence of disorder.

7.1.2 The quasiclassical Green's function evaluation

We now turn to the -integration and focus on the Keldysh compongft g. Again,

we focus in the clean and stationary 2D Dirac-Rashba system. We want to check if the
linear operators manipulation discussed in the previous section gives us the proper result.
Of course this calculation is preparatory for the more interesting model with the disorder
effect. In the two-band regime, one has to take into account the presence of the two Fermi
surfaces. In particular, the de nition given in the E2162)is not obvious. The problem is

that the -variable measures the distance from the Fermi energy, as already discussed for the
one-band regime. In this case we have two Fermi energies, so evidently the problem must
be faced in an another way. In the rest of this section, we go beyond this problem using the
expansion in the basis of the Clifford's algebra. As painted in the Chapter 4 and from what
discussed above, the kinetic equation has the same form of tieBtutf ! g. Using

0= Geq* 0, 0One has the following equation

ilh(kg); gl=Y; (7.15)

where, as beforeY is the known term linked to the equilibrium Green's function. In
particular, from the Eq.(2.63), it reads

1 1
Y:Ef x  S0:Gedd  5Yin: (7.16)
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with the eld choice Eq(4.2). Furthermore, in the Clifford's languadé=  sg. One
can use the spectral theorem to write the equilibrium Green's function and expand the
anticommutator in the Clifford's algebra, i.e.

yP, = ‘llTr[( Pntt+ Pt with b=1;::16 (7.17)

with tP the Clifford's matrices, as usual. We report the resulting matrix in the Appendix F.
Again to solve the Eq7.15) one can take the commutator of both sides of the equation to
select only the perpendicular component. Tifke)-commutation means to use the same
matricesM andM found in the previous section. Similarly, we denote vwiﬁﬁf the vector

that comes from the produbt y,,. We focus on the third band rslyﬁ”l) and then on

the fourth one;(fflf ). The reader can nd their explicit expressions in the Appendix F. As
for the density matrix function -since the matrices are the same- we can solve the restricted

problem for g. The linear system is quite similar to the Eq.(7.8), in fact it reads

g=M ! Xef ; (7.18)

but now the restricted vector of the known term is

1 off (o, eff :
Xett = 5 Y1 a[3hyT al7] : (7.19)
In the end, solving the Eq.(7.18), the solution for the Green's function is

8 9
< Pier 2 sin?( ) rera sin(2 )=

g1 1:: 4(k2+ 2) ) 8(k2+ 2)

(7.20)

According to the Eq2.69) after the integration over the anglend using the DOS given by
the Eq.(5.21), the corresponding contribution to the spin Hall conductivity is

16 ("+ )’
As expected, this is the contribution due to processes "at" the Fermi surface for the third
band, i.e. when the chemical potential is positive and less2hatf we want to consider

also the fourth band, we have to do the same calculation done before but for the projector

P11 and with the DOS given by the H§.20) Of course the reader can verify this statement.
The obtained result reads

sH
11

(7.21)

“Here we use the relatidt? = kZ + k7.
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sH _ .
11 = W (722)

This contribution describes the procesaes the Fermi surface when the chemical potential

is positive and bigger thad . These agree with the result E4.37) It is evident that the sum

of the Eqs(7.21)and(7.22)reproduces the total' contribution to the spin Hall conductivity
Eq.(4.41) In the next section we discuss the presence of disorder for the 2D Dirac-Rashba
system in the two-band regime. What has been done so far helps us to manipulate the kinetic
equation with a non-zero self-energy.

7.2 The disorder effect

In this section we want to take into account also the presence of disorder in the 2D Dirac-
Rashba system, this mean$ 0. As already mentioned, the de nition of the quasiclassical
Green's function is not obvious in the regirte so that the Eilenberger equation is not easy

to derive. The presence of two Fermi surfaces makes dif cult the de nition of theariable

that measures the distance with respect to the Fermi energy. For the reasons here exposed,
we need to start from the kinetic equation before the integration over the variabkt

us consider as usual the eld choice Eg2). Having in mind the Eq$2.57)and(2.58),

for the Keldysh component we have the following kinetic equat®f ( G ande=1 for
simplicity)

Ex@, Geg(k) EXO;” @Geg(k) + i [h(K);G(K)] = (7.23)

i R:Gk) +i GRKk) K KGAK) :

As already mentioned in the previous sectibk) is the density 2D Dirac-Rashba Hamilto-
nian Eq(4.24) Inthe regimd| the retarded/advanced self-energy in the Born approximation
is given by the relation Eq.(5.19), so the above equation can be rewritten as

LKGK) = E@,Cefk)+ E2 i @Ceek) +i GR(K) K KGA(K) ; (7:24)

with the linear operatok (k) de ned as follows (see Appendix F for its explicit form)

1600+ ih(K):GK)] L (K)G(K): (7.25)
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It is important to stress that the presence of disorder makes the rhé&kr)xon-singular.
This means thdt (k) ! exists and the kinetic equation can be solved. Formally thé7Ext)
for the Green's function can be written as

Gkk)=L k) E@,Geqk)+ E;n X;@Geq(k)0+i GRk) X KGAK)

(7.26)
Here we use an alternative trick to rewrite the above equation, i.e. the integration over the
momentunk instead of the variable. Using the following notation

z Z
dk
: 7.27
one can integrate both members of the Eq.(7.26) and &btain
z Z n 0
GKk)=E L Yk)Z x @Geqk) + (7.28)
k k 5 2 7 7
+iu3 L k) GR(k) koG(k() kOG(k(ﬁGA(k) :
Here the Keldysh self-energy is de ned as follows
z
K=u3 kOG(k(); (7.29)

with ug the strength of the well-known scalar potential ¢3). By a careful analysis of the
Eq.(7.28) one may notice that by de ning the quantity
z
X ’ G(k); (7.30)

the kinetic equation can be rewritterPas

n (0]
X=Y+ RX : (7.31)
Above we have introduced the quantitésandR as follows
VA 1N 0
Y E L 1(k)é x; @Geqg(K) (7.32)

and

SHere we use the expression Eq.(2.46), so that the rst term on the RHS of the Eq.(7.26) vanishes.
5Note that the retarded and advanced component of the Green's function has different sign.
"Here we use the relatiarg =1=".
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Z
R iu3 L Yk)GR(k) =

z

| L Lk)GR(k): (7.33)

Now we assume that the poles, as function of momerkuare only in the retarded Green's
functionGR (k). Having in mind the Eq5.19), by considering the two Fermi surfaces and
performing the integration, one has

R= —hL ki 1)Ng 1P1 1(ks 1)+ L *(kar)N11Pra(kaa) i; (7.34)

where the two DOS are given by the E@s21)and(5.20) Furthermor&k? ;+ 2=("+ )2
andk?;+ 2=(" )2 Inasimilar way, the reader can verify that the Eq.(7.32) becomes

n n (0]

0
Y=EhL ki 1)N1 1 x;P1 (ki 1) +L *(ki)N11 x;Pia(kr) i (7.35)

where the Keldysh equilibrium Green's function is in the form given by th€Z46) To
proceed further, the idea is to expand all the matrices in the Clifford's bas®o, the linear
system Eq.(7.31) becomes

X 2= Y24+ RabX D (7.36)

where

1 1 n 0 .
Y= ZfTr(t"‘Y); Rab = zlTr R t&tP with a;b=1;:::16: (7.37)

We stress that the terii? in the RHS represents the "bare bubble" in the presence of
disorder, whereas the tefR?PX P are the vertex corrections. In the next section we discuss
and comment in details this signi cant result. We report the explicit form of the vétiand

the operatoR in the Appendix F. It is important to underline here that the linear operator

R shows the 4 by 4 sub-blocks structure according to the symmetries of the system (see
Appendix C for details). At this stage one can introduce the ope€@bas (in the Appendix

F we report explicitly its matrix structure)

Qab: ab Rab; (738)

so that the nal system becomes

QX b= va (7.39)
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One can notice that the matri has the same sub-block structureRf as expected.

As already pointed out, this stresses the symmetries of the system. The linear equation
Eq(7.39)is a closed system and describes the entire model, so one can solve it without
any approximation. To proceed further, we focus on the rst sub-block of the opépator

i.e. the sub-block linked to the; group of matrices (see Appendix C). Furthermore, the
vectorY has only the rst four components non vanishing (the explicit form is reported in
the Appendix F). We recall here that the third line in the matrix structure is connected to the
spin Hall observable and we expect to see the suppression of the SH conductivity, as pointed
out several times. The linear system in the subspace reads

Q X =Y, (7.40)
with
0,., 52 ) ) ) 1
TZ—"T)"']- 572 o2 F(Z 7y T (27
" ("2 2 2) 41 w3 w2
Q,= 2("2 "2y 2(°2 32) 4 (3 " 4 (2 k. (7.41)
F(Z 7y T (3 N %) 1 0
. - 0

4 (27 4 (27
The linear system E(.40)can be solved by rst looking at leading terms'in 1 (good
metal condition) and for strong SOC (  1). In fact, in the weak-disorder limit, the vector
of the known terms can be rewritten as

"2 (") "2 ;
Y= 4 ("2 2) " 4 (2 "2y 8 ("2 )’ 8 (2 "2 (7.42)

From the above expression, it is easy to note that the rst two elements of the Yectare

of order(" )1, while the others of ordgf" )°. One can notice that the third element of the
Eq(7.42)is exactly the SH conductivity () at leading order in the expansion of the inverse
relaxation time 1, i.e. the "empty bubble" solution without disorder Eg41) If one has a

look at the matrix Eq7.41) it is immediately possible to notice that the 2 by 2 sub-blocks
are independent from each others. Furthermore, the off-diagonal 2 by 2 sub-blocks are of
order(" ) 1, while the others of the order of the unity. In particular, the 2 by 2 sub-block at
the bottom right is the identity matrix. This means that the problem can be decoupled and
one can control the dominant terms'inand the sub-leading ones. Solving the linear system
Eq.(7.40) with these ingredients, one easily obtains
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X .= — ;0 0 (7.43)

In other words we recover the suppression of the spin Hall eﬁe%} €0), as expected. This
happens thanks to the vertex corrections that are of ¢tdg? and cancel out the "empty
bubble" spin Hall conductivity. This result agrees with what reported in the 31.[The

empty bubble SH conductivity is precisely counteracted by the corresponding empty bubble
for the spin density-charge current response functigg( o Sy). This means that the
absence of the SHE is linked to the onset of a current-induced in-plane spin polarization,
i.e. the spin-galvanic effect. This manipulation is very compact and powerful. In fact, if
one considers an electric eld along a different direction (instead oktbee), the problem

is reduced to solve the linear system in the another subspace or sub-block. Finally, if we
consider only the "bare bubble" solution in the presence of disorder without the vertex
corrections, i.e.

X1=Y4 (7.44)
in the good metal limit and for arbitrary, the spin Hall conductivity reads

1 " 1 _
g "2 2 144 2 27
according to what reported in the Ra£[7]. Here it is important to emphasize that, while

the good metal condition constraihs, the quantity is completely arbitrary. Of course,

this is possible only in the regimé . In the following, we discuss better the meaning of the
linear system here discussed and we stress the connection with the diagrammatic evaluation.

sH _

(7.45)

7.2.1 About the ladder diagrams

Here we want to discuss about the manipulation done in the previous section to solve the
problem in the presence of disorder. The interesting result that needs a comment concerns
the linear operatoR?® (reported in the Appendix F). The matrix shows a block structure
that re ects the symmetries of the systet8f]. The 2D Dirac-Rashba model is invariant
under the grou; v, which is an emergent symmetry of the continuum long-wavelength
theory (see Appendix C for more details). For example, the rotationasbund the® axis
exchanging sublattice and valleg4) or the re ection over th& axis Ry) are relevant. One

has also the pseudospin (valley) rotatiogn., [146, 147]. From the expansion E(.37)

it is clear that under the symmetry transformations only the Clifford's algebra elements
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can change sidhn If t2 | t2 andt® ! t° the result is not zero. Otherwise, when

ta | t2 andtP ! t° the elemenR? vanishes. The 4 by 4 sub-block structure of the

R matrix makes this property manifest. Another important result of this work is that while
we cannot de ne a proper quasiclassical Green's function, all bubble diagrams can be taken
into account thanks to this manipulation. We shortly explain how this happens. Before each
manipulation, one can write the following relation

Z Z
R i kL Yk) GRk) ¥ KGArk) = kL k) GR(k) KGAk) ; (7.46)

that is easy to verify in the scalar case. Writing (he element of the linear operat®&
and using a simple algebra, one can prove the above relation in the matrix case (we let the
reader to verify it). If one neglects for the moment the known term in th€/E28) the
kinetic equation in the Clifford's basis becomes
1 Z

X 2= u%ZTr ta L LK)GR(K)tPGA (k) X (7.47)
where we use the de nition E..30) This result tells us thaR is the summation of non-
crossing two-particle ladder diagrams. In other words, th€¢7&ty) represents the linear
response theory whefe has the same form of the susceptibility reported in the R&%||
ie.

X
7Tt G GR(K) anGh(K)g; (7.48)
k

wherei = X;y;z is a generic component angy is the dressed vertex. Of course, in our case,
the operatot. (k) takes into account the the presence of disorder that gives rise to the
vertex corrections. Summing up brie y, using the trick of integration over the momehktum
one can solves the problem of the two Fermi energies in the regiméurthermore, since

the effect of disorder makes the operdigk) not singular, one can evaluate all terms in the
kinetic equation and, in particular, is able to take into account all the ladder diagrams.

8The Green's function is invariant under symmetry transformations because is a function of the system
Hamiltonian.
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Conclusion

In this Chapter we studied the two-band regime for the 2D Dirac-Rashba Hamiltonian. The
spin Hall observable obtained with the kinetic equation for the density matrix function and
for the quasiclassical Green's function con rms what already discussed about the "two"
contributions of the conductivity, i.e. the Kubo-Streda formula. Fronl thentegration we
obtained both terms, while the one captures only the processes the Fermi surface, as
expected. These results are well-known, but the matrix manipulation of the kinetic equation
sheds new light on the problem. As mentioned, the quasiclassical Green's function can
not be de ned in the ordinary way due to the presence of the two Fermi surfaces. We
showed that although we are unable to wgi¢he kinetic equation can be manipulated in an
innovative way. The trick of the integration over the momenturmakes the equation easy

to solve (apart the complicated 16 by 16 matrix structure). However, the linear operators
show the correct symmetries of the system, as expected. This makes all the problem easier to
manipulate. In fact, the 4 by 4 sub-block structure helps us to solve the system. Furthermore,
we proved that the power of this manipulation lies in the fact that one can take into account
all the non-crossing ladder diagrams. In fact, the linear opeRtoas the same matrix
structure of the susceptibility that comes from the linear response theory. In particular, in the
limit of a good metal and for strong SOC, we recovered the suppression of SH conductivity,
as expected. This cancellation is due to the presence of vertex corrections linked to the
spin density-charge current response. In the end, we recovered the well-know result for the
"empty bubble” spin Hall conductivity reported in the recent literature.






Conclusions

In this thesis we have studied the coupled charge/spin dynamics in the 2D honeycomb layers
with strong proximity-induced spin-orbit interactions. Our system of interest is one of the
most promising for the next generation of spintronics nanodevices and nanoelectronics.
The multiplespin like DOFs in 2D graphene-layers (pseudospin, spin and valley) offer
unprecedented possibilities to explore unconventional spin dynamics and charge-to-spin
conversion. The innovative approach in the work of this thesis consists in the derivation
of the Eilenberger equation for the quasiclassical Green's function for such a system. To
make that, we stressed rst the equivalence between the Boltzmann kinetic equation end the
quasiclassical approximation. After the short derivation of the kinetic transport equation for
the density matrix and quasiclassical Green's function, we went deeper in the calculation.
For the simple system of the massive Dirac fermions with no static disorder, we proved
the consistency of the two methods performing the calculation of the (anomalous) Hall
conductivity. We showed how only selecting therpendicular component of the density
function we can obtain the correct linear relation between the current and the applied
electric eld. This result helped us to manipulate the quasiclassical Green's function in
the proper way. The expression obtained for the Hall conductivities with both approaches
overlap and this con rms the consistency of the quasiclassical approximation. Using what
has been discovered about the simple massive Dirac fermions, we were able to write the
Boltzmann equation for the 2D Dirac-Rashba model and evaluate the spin Hall observable.
This result agrees with what reported in the literature and shows the two contribtiteori's
and"at" the Fermi surface according to the Kubo-Streda equation. This allowed us to
immediately point out that the integration in the quasiclassical approximation captures
only the processesat" the Fermi surface by de nition. Furthermore, th&' 6 0 is not in
contradiction with the conservation law for the spin current. In fact, the suppression of the
SHE occurs in the presence of an arbitrary small concentration of scalar impurities which
allow for a stationary.
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After the clean cases, we went in details about the effect of disorder for the system under
study. We discussed how to treat the presence of disorder Vi theatrix approximation.
In particular we concentrated on the static scalar impurity scattering in order to perform
the disordered-average of the Green's function. Here we found one of the main result of
the work of this thesis that is the completely generic expression for the collision integral
of the kinetic equation in terms @f matrix. After a careful analysis of this expression,
we proved that the microscopic reversibility of the scattering probability is preserved, as
expected. Depending on which approximation one performs fofl theatrix, one can
write the collision integral for the system which is interested in. In fact, we studied the
2D Dirac-Rashba system rst and, then, we addedsiiia valley coupling. In the rst
case, two regimes exist: reginhewhenj j < 2j j and regimdl forjj> 2j j. In the
stationary case at the Born level (only the rst term in The matrix expansion), we found
the corresponding self-energy for both regimes. We stressed that the matrix structure of
the disordered averaged self-energy in the redimes simpler than the one in reginie
However the presence of two Fermi surfaces makes the mathematical description quite
complex. For this reason we focused on the one-band regime rst. For such a regime, we
derived the Eilenberger equation at the Born level and the physical observables. To do that,
we used amnsatz regarding the matrix structure of the quasiclassical Green's function. The
latter can be justi ed by the argument that the physical observables we are interested in, like
the spin Hall or Edelstein effect, are of order of the relaxation time. The results found for
the spin density along the direction and the charge current alaxngdirection coincide
exactly with what reported in the recent literature obtained via the Kubo linear response
theory. Furthermore, in this case, the spin Hall response vanishes as expected.

After the results found for the 2D Dirac-Rashba Hamiltonian, we were con dent to go
further and study the skew-scattering mechanism in the more interesting model with the
presence of spin-valley coupling. For such a system, we introduced a very compact notation
for its eigenstates that helped us to derive the Eilenberger kinetic equation. To do that, we

rst went beyond the Born approximation including higher-order terms inTthenatrix
expansion and we used again the ansatz for the quasiclassical Green's function. In the end, we
were able to write the kinetic equation and its analytic solution for the quasiclassical Green's
function. Thanks to this result, we performed a numerical analysis of the physical quantities.
In particular, one of the most interesting result concerns how much the skew-scattering
affects the observables. For this purpose, we de ned a skew-scattering coupling useful to
perform the numerical analysis. We showed that the behaviour of the Edelstein response
does not change signi cantly. This is also evident from a deeper analysis of its analytic
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formula in the limit of small skew-scattering. On the contrary, the spin Hall effect is
affected by the presence of the skew-scattering mechanism. In particular, for small values
of skew-scattering coupling the SHE is relevant only in the high range of spin-valley coupling.

In the last part of our work, we focused on the two-band regime (redfilne From
the de nition of the quasiclassical Green's function and thevariable, it is evident that
in this case the de nition of the distance from the Fermi energy is not trivial due to the
presence of two Fermi surfaces. We started from the manipulation of the kinetic equation
in the clean case for the density matrix rst and the quasiclassical Green's function after.
For both cases we recovered the well-know results for the spin Hall conductivity but with
a different matrix-manipulation. This helped us to understand how perform the calculation
in the presence of disorder. In fact, although we were not able to de ne thariable,
we found a different and powerful way to solve the kinetic equation. We reduced it to a
"simple" and closed linear system from which we recovered the (empty bubble) spin Hall
observable in the limit of a good metal and for arbitrary SOC, according to what reported in
the literature. Furthermore, thanks to the symmetries of the system, we reduced the problem
to the rst sub-block, i.e. the sub-block that contains the spin Hall observable. Solving the
reduced problem, we found the cancellation of SH conductivity due to the presence of the
vertex corrections, as expected. The power of such a manipulation lies in the compactness of
the algebra used and, at the same time, in the control of the dominant and the sub-leading
terms. The most important feature here is the fact that the integration over momlentum
(instead of ) helped us to rewrite the kinetic equation in terms of two linear operatoen(
R). These represent the "bare bubble" in the presence of disorder and the vertex corrections,
respectively. We discussed in details this concept stressing the equivalence between the linear
response theory and the diagrammatic evaluation. The main result hereRsré@esents
the summation of non-crossing two-particle ladder diagrams and has the same structure of
the susceptibility which comes from the linear response theory. This tells us that, with the
trick of k integration instead of the one, we automatically can take into account all the
"bubble" diagrams.






The Dirac equation and the SOC

Here we recall the derivation of spin-orbit coupling starting from the Dirac equation. The
latter one reads

il@ =(c k+ mc?+V) (A1)
with
0 1 0 1 0 1 0 1
:@O A :@1 OA; V:ev@l OA; :@1A;
0 0 1 01 2

where we consider the presence of a static electric eld described/by 1 and » are the
upper and lower components of the bispinorWhile are the Pauli matrices linked to
the spin of the electron = 2S=}. Takingmc? as the zero of energy, the Dirac equation
becomes

I}@ 1=eV 1+¢c k o (A.Z)
1@ 2=c k 1+(eV 2mc) o

which shows that wheaV andck are small compared to the so-called Dirac gege? (the

T i 24 ; 24 . .
non-relativistic limit), 1 e ™%} and , €M =} Now we want to derive an equation
for the upper component; when the Dirac gap is the largest energy scale. To this end
we use the second equation in the BR) expressing 2 in terms of ; and we make an
expansion in the parameté(2mc?)

.1, 1@, ev

2mc 2mc2  2mc? Koo (A-3)

2
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In this way we can eliminates in the equation for 1. The normalization condition for the
original wave functiorh j i =1 implies

hj i:h]_j 1i+h2j 2l =1:

(A.4)
Therefore, if we de ne
- ( k)?
= + : .
I+ (A.5)
~satis esh™j 7 =1 at orderl=(2mc?). The equation for~then reads
. k2 k2 eV k2
~= 1 V+ — + I 1+ ——= 7 A.6
@ gm2c2 °'" 2m 4m2¢? 8m2¢? (A6)
By calculating the product up to terms of order, we get
k2 k* e V e}
Hetf = eV+ — + + VvV k; A7
et = VT om 8m3Z2 8miZ  4miZ@ (A7)

where the rst two terms represent the classical non-relativistic hamiltonian, the third term
is the rst relativistic correction to the kinetic energy while the fourth term is the so-called

Darwin term. The last term is the so-called spin-orbit interaction we are interested in. Using
the relationk = i}r with} =1, one obtains the Eq.(1.1).



The Tight-Binding Low-Energy Model of
Graphene

Here we discuss the low-energy continuum limit of pure graphene. Graphene is a 2D allotrope
of carbon, with atoms arranged in a honeycomb lattice con guration. This structure stems
from thesp? hybridisation of the electron orbitals of carbon producing three new orbitals:
sp?, sp5 andsp. In the binding process, three out of four valence electrons per carbon
atom are involved in the formation of a strongly covalentbond, determining the energetic
stability and the elastic properties of graphene. The remaining electron involved is@nd.
While  electrons form bands far away from the Fermi energyelectrons are responsible
for the electron properties at low energydB-150. The honeycomb structure can be seen as
a bipartite lattice (sublattices A and B) spanned by the basis vectors
p_ °3 b

a;=  3aR ap = 73(*"‘ 3; (B.1)
with a' 0:142am. The inequality of the two sublattices is readily seen by looking at the
position of the nearest neighbours for two inequivalent sites. While, say, a site on the A
sublattice has nearest neighbours in the north, south-east and south-west directions, a site on
the B sublattice has them in the south, north-east and north-west directions. The reciprocal
Bravais lattice [see Fig.B.1] is spanned by the vectors:

2 4
=p— R = = —¥ B.2
WPy * Pyl mt gy (®2)
The corners of the Brillouin zone of inequivalditandK®= K (Dirac points), explicitly

4
K= —p—2=% B.3
3 3a (8:3)
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Figure B.1: Lattice structure and band dispersion of bare graphene. (a) The honeycomb structure with
penetrating inequivalent Bravais lattices made up of A, B carbon atoms (red and blue respectively)
with lattice vectorsa; anda,. (b) In reciprocal space, two inequivalent corné¢sK ®appear, with the
low-energy physics of this material being descried by excitations around those points. The Brillouin
zone of graphene has the highest symmetry pairft) Visualisation of graphene band structure,
where the linear dispersion (Dirac cone) in the vicinitykof K °can be recognised. Ref.[15, 81].

To study the low-energy properties of graphene we take into account a tight-binding (TB)
model for the -electrons 151, 152). Restricting our focus to nearest-neighbours interaction
only, the Hamiltonian reads

X
He= t (&' + hc); (B.4)
hijj i
Wherea1-y (&) andb}’ (k) creates (annihilates) a electron on a sibelonging to the A or B
sublattice respectively, while' 2:7eV is the nearest-neighbours hopping-integral energy
between inequivalent sites. Expressing the creation-annihilation operators into their Fourier
components and substituting in the Eq.(B.4) one obtains

X
He=  Fgajby+hic; (B.5)
q
with
X .
Fg= t ea (B.6)
=1:2;3
and
ap- ap-
1= 5( 3;1); 2=§( 3 1); 3=a0;1): (B.7)

Simplifying the notation, one can write
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0 10 1

X 0 Fq A ~8q
He = Y @ a9A@ A; B.8
G . (ag ) Fe 0 hy (B.8)

from which, by analysing the Schrédinger equation, the dispersion relation is found as

S Y

g= i Fai=t 3+ codq ( E (B.9)
6

where = 1lis aband index denoting the positive and negative branch of the spectrum re-
spectively. We can hence derive a low-energy continuum Hamiltonian describing excitations
aroundK andK®points. De ning the relative momentump k K, we canwriteF ¢ in

terms ofg. Wheng ! 0, one has

F ' 3t2a( ky + iky): (B.10)
Around the Dirac points, the matrix Hamiltonian becomes
0 1
0 kx iKky 0 0
ky + ik
How = vty O 0 o €. (B.11)
' 0 0 0 kx iky
0 0 Kx + iky 0
with v = 3ta=2}. The matrix EqB.11) acts on the spinor ¢ =

( kak: KBK, Kok, kwmk)'. Therefore we see in the low-energy continuum model,
sublattices (A,B) and valleyk( K9 are treated as SU(2) DOFs similar to electrons' spin. In
the end, beingd . diagonal in the valley DOF, we introduce a valley indgx 1 for the

K, KCvalley respectively, writing

with  =( x; y) beingx;y Pauli matrices associated the sublattice two-fold space and with
the Fermi velocity of graphene' 10°ms=s.






Symmetry Point Group of Graphene

The 2D Dirac-Rahsba Hamiltonian E8.2) is invariant under the grou@; v, which is an
emergent symmetry of the continuum (long-wavelength) theory. A lattice point group is
commonly de ned as the collection of the set of symmetry operations about a lattice point
which is invariant under the applied symmetry operations. A hexagon is a regular polygon
of six sides [see Fig.B.1]. The inner angle between any two facé® islf one looks at

the hexagon gure from a symmetry point of view, one can count a total of 12 symmetry
operations. The symmetry operations of this hexagon consist of six rotation and six re ection
operations. The six rotation operations correspond respectively to rotatiatZdhy 20 ,
240,360,480 and600 . The six re ection operations include three mirror planes bisecting
the opposite faces of the hexagon, and three mirror planes bisecting the opposite vertices of
the hexagon. The unit cell of graphene in reciprocal space called the rst Brillouin zone is
also highly symmetric. The highest symmetry point in the rst Brillouin zone is thmint

[see Fig.B.1] which is isomorphic to the point groDpy. It is clear that for any symmetry

S, we have

s 16f®™Ws=cR®™  and  sYs=1: (C.1)

We consider two symmetry operations: the re ection overglady axis respectively, i.e.

Ry V= xSy (C.2)

Ry Y=, s (C.3)

For all the elements of Clifford's algebray,, we can perform these operations. The idea is
the following (for more details we refer the reader to other referencek2ds]28 137).
Under a symmetry operation, one has
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