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Abstract

In this dissertation we study the effect of perturbations that break integrability in two-
dimensional dimer models. We examine universal behaviors through fermionic construc-
tive Renormalization Group methods. Two different phenomenologies are considered:
perturbations of a model in the bulk of the so-called rough phase and perturbations of
a model at the edge between rough and frozen phases. In the former case, integrability
as provided by Kasteleyn’s solution is destroyed via the addition of an extensive num-
ber of extra edges that break planarity (but not bipartiteness) of the underlying square
lattice. We prove that, if the weight A of the non-planar edges is small enough, a suit-
ably defined height function scales on large distances to the Gaussian Free Field with
a A-dependent amplitude, that coincides with the anomalous exponent of dimer-dimer
correlations. This represents a weak-universality result as conceived by Kadanoff. In
the latter case the probability measure is perturbed by adding a weak, local interaction
between dimers that breaks integrability. We prove that approaching the boundary of
the rough phase from the inside, at distance €, the Ronkin function, a.k.a. free energy,
displays a so called Pokrovsky-Talapov (PT) type of law: if the strength of the interac-
tion, \, and ¢, are small enough, then R(¢) — R(0) ~ c¢(\)e¥/? for some analytic function
c(N) = % + O(X). This constitutes a strong-universality result for PT behavior, as
the critical exponent 3/2 is not renormalized by the interaction. As such, this suggests
a connection with a KPZ Universality Class for the fluctuation of the level lines of the
associated height function.
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OUTLINE OF THE THESIS

Chapter (1] summarizes the models studied in this thesis, the results obtained for them,
and the main strategies, contextualized in a broader introductory framework. It is struc-
tured as follows.

e In Section we provide an introduction of the topic of universality, particularly
for critical phenomena in two-dimensional equilibrium statistical mechanics and mo-
tivate how the Renormalization Group enters the discussion. Then we provide a
more specific overview of the non-interacting dimer model and related results.

e In Section we give the motivations for the study of interacting dimer models
in connection with the previously given overview, justifying the interest in specific
issues: in particular we motivate two distinct phenomenologies of interest that we
intend to study. The first case concerns a dimer model in the bulk of the rough
phase with interaction that breaks the planarity of the underlying graph, and hence
integrability, where we study the fluctuations of the associated random surface. The
second case concerns a dimer model in the rough phase at the rough-to-frozen tran-
sition, where we study the asymptotics of the free energy of the model. Each of the
next sections in Chapter [1|is bipartite to distinguish these two cases, which we name
“Bulk” and “Edge”.

e In Section we introduce the necessary definitions of the models used to study
these phenomenologies.

e In Section we state the results we obtain for the two cases together with per-
spectives and generalizations. We also give, in Section [1.4.1] an idea of the strat-
egy of the proof in both cases. These are based on the combination of rigorous
fermionic Renormalization Group techniques with the integrability structure of the
dimer model.

In Chapter [2| we discuss the construction required to prove the results of the model
in Section (bulk). This chapter is a transposition of the contents of the article [1]
published in 2023 in collaboration with A. Giuliani and F. L. Toninelli.

e In Section we review some useful aspects of Kasteleyn’s theory on toroidal
graphs and derive the Grassmann representation of the weakly non-planar dimer



2 CONTENTS

model, which is a novelty and turns out to be more involved with respect to the
previous works [2}3].

o In Section [2.2]we prove one of the main results of our work, concerning the logarith-
mic behavior of the height covariance at large distances and the Haldane-Kadanoff
scaling relation, assuming temporarily a sharp asymptotic result on the correlation
functions of the dimer model.

e In Section we describe the proof of the Haldane-Kadanoff relation, based on a
generalization of the analysis carried out in [2].

e Sections contains the main novel aspect of this part of the work, which
consists in the identification and integration of the massive degrees of freedom.

e Section [2.3.4] contains the integration of the massless degrees of freedom, for which
the discussion is reduced to the one described in [2].

o In Section we complete the proof of the convergence of the height function to
the GFF.

Chapter [3| contains the technical analysis of the model defined in Section (edge) and
the proof of the results in Theorems The original aspect of this chapter is the
implementation of multiscale Renormalization Group techniques, inspired by those used
in [4], for the study of the asymptotic free energy behavior of the interacting dimer model.
More precisely, this turns out to be, to the best of our knowledge, the first proof of the
universality of the Pokrovsky-Talapov critical behavior for an interacting dimer model
near the rough-frozen transition curve. This chapter is structured as follows.

o In Section we recall known results for the non-interacting dimer model. In
particular we prove Theorem [1.4.5|in the non-interacting case.

e Section [3.2.1]| contains the Grassmannian representation of the model. Our case is
a direct Corollary of the one obtained in |2, Proposition 1].

e In Section we set up the multiscale analysis. This section is standard and is
used to construct the inductive structure of the Renormalization Group analysis. We
choose to describe the rough-to-frozen transition via a specific parametrization in
the phase diagram which has the convenience of reducing our setting to the existent
literature. The technical analysis becomes essentially the same as the one of [4];
generalization are then commented (see Section (edge)). In Section we
set up the multiscale structure to deal with the shift of the rough-frozen transition
point caused by the interaction: this fact is one the main differences with [4], where
the transition point instead is not modified by the interaction. In Section
we set up the double-regime multiscale structure, which is necessary to control the
thermodynamic limit of the theory uniformly as we approach the edge of the rough
phase.

e Section is the core of the technical analysis. It is standard and rooted in an
extensive literature. The main references for us in this context are [2,/4,5]. The
goal of this section is to combine the ideas of [4] with the formalism developed in [2]
for an interacting dimer model. In Section there are quantitative estimates,



output of the multiscale structure, necessary to check the convergence of the theory
in multiscale analysis; Section contains the Gallavotti-Nicolo tree formalism
and a comparison with |4] in order to export the estimates into our framework.

e Section [3.4.1] collects the information arising from the inductive renormalization
procedure of the previous section, in terms of finite difference equations for the
“running coupling constants”, the so called Beta function equations. These equa-
tions are solved in Section [3.4.4] via a fixed point theorem in a suitable space of
sequences; the existence and smallness of the solution then implies the convergence
of renormalized perturbation theory.

+ Section contains the proof of the main Theorems






CHAPTER 1
INTRODUCTION

1.1 The framework

| UNIVERSALITY |

Universal behaviors are widespread in mathematics and physics. We vaguely say that such
a behavior occurs if, starting with an object O(P, N), characterized by a set of properties
P and a parameter N: (1) O(P,N) admits a limit O(P;00) as N — oo; (2) O(P;00) is
independent of some of the properties of O(P, N) and it is possibly characterized by new
“emerging” ones.

Just to make things concrete, in Probability theory, the fundamental Central Limit
Theorem proves that the Gaussian distribution is the limiting universal object of the
diffusively-rescaled N-step of a wide class of random walks. Expanding the point of view
and endowing the object with more structure, Donsker’s Theorem promotes Brownian
motion as the continuous limiting random function of such a class of walks. In particular,
special properties like scale invariance of the process, emerge only in the limiting procedure.
Modern developments of these ideas have led to studying and characterizing more complex
“limiting” objects, as for instance: scaling limit of random geometries (Random Planar
maps and Brownian geometry [6]), spectrum of large random matrices (Tracy-Widom and
Semicircle laws [7], [8]), random interfaces (Schramm Loewner evolutions, Gaussian Free
Fields.. [9-11]), etc.

The understanding of such universal behaviors is rewarding from both a theoretical and
practical perspective. As inhabitants of the (finite) world, i.e. N < oo, it provides a chance
to capture only the crucial properties of the object that we observe, at large but finite /V.
Furthermore, it allows answering concrete questions arising from the study of real world
problems: such models are naturally found in the attempt to understand physical problems
(e.g., models for 2D quantum gravity are associated to random geometry of random planar
maps, energy levels of nuclear physics heavy atoms behavior to the spectrum of large
random matrices, etc.) and, in more recent times, also to understand complex phenomena
arising in computer science challenges.

Benefiting from the lively exchange between physics and probability, the field of statis-
tical mechanics aims to describe the macroscopic behavior of a system starting from the
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fundamental laws among its many microscopic constituents. This includes enhancing the
understanding of phenomena such as phase transitions.

In equilibrium statistical mechanics, the concept of universality, also known as the
universality hypothesis, has the following meaning: near a second-order phase transition,
it is expected that critical exponents do not depend on microscopic details of the Hamil-
tonian but only on some of its structural properties, such as symmetries, dimensionality,
etc. Therefore, models with the same “structural properties”, after suitably identifying the
parameters describing the systems and possibly changing the value of these critical param-
eters, share exactly the same critical exponents |[12]. This leads to the interest in studying
different universality classes, i.e., classes of models with the same critical behavior, in the
sense just defined.

From the mid-20th century onwards, several experimental confirmations began to high-
light the validity of this hypothesis, demonstrating that models describing completely
different physical situations manifest the same critical behavior, i.e., the same critical
exponents with a suitable identification of the parameters [13]. On the theoretical front,
the formal known analogy between statistical mechanics and field theory allowed to export
ideas from the so-called Renormalization Group (RG), originally used to handle ultraviolet
divergences in particle physics, to problems of critical points in phase transitions.

The development of the RG, starting from the late 60s, clarified the concept of the
universality class and provided a fundamental explanation for the phenomenological expec-
tation that different models, even describing completely different physical situations, could
show the same critical behavior [14-18]. However, due to the mathematical complexity
emerging from any reasonable description of realistic models, a rigorous explanation of
such phenomena, and an implementation of RG ideas, were still out of reach.

Surprisingly, extremely simplified models turned out to be good candidates for cap-
turing the crucial properties even of more realistic ones. One of the most famous, the
Ising model, proposed by Lenz in 1925 as a simple model for magnetism [19}20], provided
the first rigorous demonstration of a phase transition for short-range (nearest neighbor)
interactions in two dimensions [21]. It also proved that in low dimensions the predictions
on critical exponents of mean-field theories were not correct.

The flourishing theory of integrable models provided new solvable examples, such as
1D quantum spin chains and 2D vertex models (see [22] for a review), among which some
showing the existence of new universality classes different from the Ising’s one. In par-
ticular, six-vertex and eight-vertex models (as shown by Lieb’s and Baxter’s solutions,
resp. [22-24]) emphasized the need for a reformulation of the original universality hy-
pothesis in a “weaker” sense [22, 10.12], [25]: indeed the same model could have critical
exponents that change continuously with an appropriate combination of the energy values
of vertex configurations. This was the first example of a continuous family of universal-
ity classes “parametrized” by a single constant. In this context, universality means that
all the critical exponents are simple, rational, functions of just on of them: once one of
the exponents is known, all the others can be computed via simple “universal” relations,
mainly due to Kadanoff [25].

The recent developments of techniques for integrable models led to outstanding results
in the field, to a deeper and broader understanding of critical phenomena, by establishing
fascinating connections between them and promoting the development of mathematics it-
self [26-32] etc. Unfortunately the (prevalent) impossibility of extending these results to
slightly more realistic scenarios remains unsatisfactory due to the fragility of integrability.
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To quantitatively understand the broader framework of universality, an ideal approach,
unifying the structure of integrability of simplified models together with structures surviv-
ing even when an exact solution is no longer present for more realistic ones, was needed.
Although the goal is still distant, the RG is a valid candidate for this purpose. Indeed,
at least for non-integrable models obtained as perturbations of exactly solvable ones, con-
structive fermionic RG techniques have shed light on the weak universality phenomenon
as conceived by Kadanoff [12,[25,/33], where critical exponents may vary continuously
with the intensity of the perturbation, but, are still mutually related by simple algebraic
relations that allow expressing them all in terms of a single one.

These techniques, rooted first in the ideas of |34,35] and formalized in the 1990s
[36139], have been successfully applied to various models since then. Examples include
quantum 1D models [40}/41], quantum systems for charge transport [42-44], classic spin
models [45-47], and dimer models |2| 3]E] They allowed, among other things, a rigorous
quantification of the original concepts of relevance, marginality, and irrelevance of the RG,
which contribute to producing a change in the critical exponents of a model.

While these methods extend the verification of universality to a broader class of non-
integrable models, they are still limited to small perturbations of integrable models and
are not fully developed to address problems with general geometries, despite some progress
has been made in recent times [45,/47]. These are, anyway, the obstacles and the chal-
lenges in this field of research and we hope that the above mentioned interplay between
integrability and renormalization group could lead to many more spectacular results.

From now on, we will examine the 2D dimer model and perturbations thereof. The
dimer model represents an important framework not only for its rich integrable structure,
but also because it can be seen as a simple model for random surfaces. Moreover, since
the standard dimer model has a determinantal structure, it provides the perfect ground
to apply ideas and techniques of the renormalization group in order to test universality in
the presence of integrability-breaking perturbations, as explained above.

DIMER MODELS

Perhaps you happened to wonder how many ways you could place domino pieces on
a chessboard, or perhaps more likely you happened to be at a party and were bound to
be paired up with someone for the final dance. In either case, you were the “victim” of a
dimer model: the big difference between the two is the underlying graph structure.

Monomer-dimer models appeared in the physics literature in 1935 in a paper by Fowler
and Rushbrooke [49] and were introduced as simplified models for liquids of anisotropic
molecules. Later on, in 1971, Heilmann and Lieb [50] proved that, in the presence of a
positive density x of monomers (i.e. vacancies on the underlying lattice), the pressure
of the model p(x) is analytic, i.e. no phase transition can occur. Moreover, they proved
that monomer-dimer correlations decay exponentially in the distance. When z = 0, the
so called “fully packed” regime (also known in graph theory as perfect matching problem)
things are more interesting. Kasteleyn [51}52] and independently, Temperley and Fisher
[53], solved the model by computing the partition function in terms of Pfaffians, thus

!See also [48] about the state of the art.
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Figure 1.1: Left: dimer configuration on a portion of Z?, dual graph dashed; Right:
domino tiling of a square.

showing its determinantal structure, when the underlying graph is planar or embedded in
the 2 dimensional torusE| When the graph is also bipartite, a natural notion of height [58|
can be associated to each dimer configuration, which defines a discrete surface that can
be seen from the associated tiling in the dual lattice (see Figure . Such a description
is important in connection with the understanding of crystal shapes and growth [59], |60]
[61], and more in general, for the broader context of random interfaces arising in systems
with coexisting phases [62]. It also turns out to be a powerful tool to analize the model
itself: as a very first application it gives sufficient conditions for tileability of a domain [63].

Despite local dimer statistics were known at least since 1963 [64], in the early 2000’s,
such a discrete-surface representation, provided characterizations of local dimers statistics
for domino tilings in terms of variational principles of certain entropy functionals [65]:
these results were related to the first rigorous proof about the so called limit shapeﬂ of
the height field for uniform tilings, robust under geometric deformations of the model.
Few years later in the translationally invariant case, more specifically in the case (of
our interest in this thesis) of weighted doubly-periodic bipartite and planar graphs, a
first complete characterization of the dimer model’s phase diagram, in connection with
the fluctuations property of the associated surface, was pointed out [32]. The set of
translationally invariant Ergodic Gibbs Measures was completely characterized in terms
of the slope of the height field. They unvealed a very deep algebraic structure of the model
connected to its critical behavior. Depending on the choice of the edge weights, we can
move between the so called “rough, frozen, smooth” phases of the mode]lﬂ

A central object in this scenario is the so-called characteristic polynomial P(z,w),

2For higher genus surfaces, Kasteleyn postulated [54] that the partition function could be expressed
as a sum of 4¢ determinants but a full combinatorial proof of this fact came only quite later |55/56]; see
also [57].

3The first proof of a limit shape existence was obtained in [66] and extended then in [65] via variational
methods and for general geometries.

“In the dimer model literature, these are sometimes also known as “liquid, frozen and gas” phases.
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Figure 1.2: Left: dimer configuration of an hexagonal domain (dual graph dashed);
Right: associated tiling configuration in the dual graph. Emerging stepped surface, ob-
tained by coloring by yellow, orange and red the lozenges respectively oriented as north-
east, north-west and horizontal. The lozenge tiling is obtained by canceling a dual dashed
edge iff it is crossed by a dimer.

where z,w are complex variables. For instance, the infinite-volume free energy is given
by an integral of log |P(z,w)| over the torus T? = {(z,w) € C? : |z| = |w| = 1}. Also,
the large-distance decay of correlations is dictated by the so-called spectral curve, i.e. the
algebraic curve C(P) = {(z,w) € C? : P(z,w) = 0}. When the edge weights are such that
the spectral curve intersects T? transversally one is in the “rough” or “massless” phase,
where the two-point dimer-dimer correlation of the model decays like the inverse distance
squared. Correspondingly the height field scales to a Gaussian Free Field (GFF) and the
variance grows like the logarithm of the distance times 1/7%. Remarkably, this pre-factor
is independent of the graph weights and of the specific choice of the bipartite periodic
planar lattice. In this sense, this model displays a very strong form of universality .
These universality results concern the dimer model on an infinite periodic lattice. Let
us now focus on a version of the model in finite domains in the plane: here things are more
subtle. It was already pointed out in Kasteleyn’s original paper , even if not discussed,
and then quantitatively proved in that boundaries can deeply affect dimer statistics
with a long range effect. The first simple geometry for which a heterogeneity, or phase
separation, was shown, is the so called Aztec diamond, first introduced in . Here,
for uniformly random domino tilings, the presence of boundary was shown to produce
a macroscopic phase separation in the domain, between the so called frozen and rough
regions, where the tiling behavior changes from deterministic to random, respectively :
also, in the scaling limit, the separating 1D interface tends to a deterministic curve, the
so called Arctic circle. The first results to demonstrate heterogeneity of dimer statisics
well inside the arctic circle, also called local statistics, are in , later extended in .
For dimer statistics near the arctic circle, also referred to as edge statistics, results of
show locally a connection to the Tracy Widom distribution and that the entire boundary
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process (the so called north polar boundary), after an appropriate rescalingEl, converges
to the so-called Airy process. Such a process, a universal scaling limit introduced in
[71], is believed to govern various phenomena related to the Kardar—Parisi-Zhang (KPZ)
universality class [72]. See |73-75]. Upon these, similar results have been obtained
in subsequent years for the edge process for lozenge tilings models in several specific
families of geometriesﬂ These results, however, rely heavily on the explicit covariance
structure (Kasteleyn matrix asymptotics) of the model and are not robust even under
small variations of the domain’s geometry. Only in very recent times, |76,/77] a form of
universality w.r.t. the domain’s geometry, has been obtained. Far from specific singular
points of the arctic curveﬂ convergence of the lines boundary process of lozenge tilings
to the Airy’s line ensemble has been achieved. The techniques do not rely on the explicit
structure of the Kasteleyn matrix but rather are based on a representation of the problem
in terms of non-intersecting walks and use technical results from |78] for the arctic curve’s
regularity.

Let us also comment on the general expected effect of boundary for tiling statistics well
inside the rough region. A precise conjecture about this question was proposed in [65],
which suggests that these local statistics around some point in the bulk of the rough region
should be given by the infinite-volume, translation-invariant, extremal Gibbs measure with
slope equal to the gradient of the limit shape on that point.

This explains the relevance, for domains with boundary, of the work of [32]. This
conjecture was proved for a large class of geometries for lozenge and domino tilingsﬂ
Most of them rely on the structure of the Kasteleyn solution, while in the direction of
universality, with techniques that are more flexible under geometry variations for lozenge
tilings, we mention: [80] for stability of the local statistics under perturbations of the
boundary and [79,/81,82]. Particularly, [79] attains the same level of universality for
convergence of lozenge tiling local statistics as was shown for the global height profile
in [65].

At the end of this sketchy picture of the efforts made in the field, we mention some
related results, which will not be discussed further here. For more general distributions of
tilings (i.e. choice of the edge weights on the graph), one expects more than two phases to
appear. In fact, for the so called doubly periodic Aztec diamond [73], also a smooth phase
occurs where tiles correlations decay exponentially in space. For this model, [83] discusses
the dimer statistics in the transition region between rough and smooth. In addition,
they found [84] that a certain kind of line process at the boundary between rough and
smooth region converges, if properly rescaled, to an Airy process, in an appropriate limit
of the tiling measure (when certain edge weights vanish in the limit). See also [85] for a
rough-smooth boundary discussion.

Lastly, even if with very different methods from the ones which will be used here, we
cannot avoid to mention the recent breakthrough result towards a geometry-universality
and limit shape regularity for random tilings obtained in [78]. These results are a-sort-of

For a domain of diameter of order L, the correct rescaling is L?/® and L'/® in the tangential and
normal direction to the arctic cirle respectively.

6See |76] for more details.

"The behavior of the process at a singular point of the arctic curve is expected to be, in general, different
from Airy’s.

8See |79) for more details.
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universality analogous of [32] in the non translation invariant case. They extend known
results relating dimers and PDEs [32,|86] to a greater level of generality. Among other
things, they obtain, for more general domains and doubly periodic weighted bipartite
underlying graphs: (1) regularity results about the limit shape at the frozen boundary
(Pokrovsky-Talapov law); (2) that the arctic curves are algebraic; (3) as a consequence of
(1), a conjectured characterization of the limiting processes describing the lines ensembles
near the Arctic curve (including Airy’s behavior in specific cases). The techniques are
based on complex analytical PDE methods and calculus of variations.

After this brief overview about the properties of dimer models, we come back to the
translation invariant setting as in [32] to study perturbations of the model that destroy
integrability as given by Kasteleyn’s solution.

Since we want to study two qualitatively different aspects of the dimer model, namely,
the universality of fluctuations of the height field in the bulk of the rough phase for a dimer
model on the square grid, and the scaling property of the free energy near the rough-frozen
transition for a dimer model on the hexagonal lattice, from now on we split in two parts
the whole discussion. In each of the following sections, there will be two distinguished
discussions, the first referred to as Bulk case, and the second as Edge case. The names
refer to the position in the phase diagram of the model, and must not be confused with
the location in some planar domain in R? as described in the lines above. We mention
here, and clarify below that the choice of grid geometries (resp. square and hexagonal)
for the two problems we study is made for simplicity and it is not strictly necessary.

1.2 Motivations

The understanding of the rough phase of two-dimensional random interfaces is im-
portant in connection with the macroscopic fluctuation properties of equilibrium crystal
shapes and of the separation surface between coexisting thermodynamic phases. A classi-
cal instance arises when studying the low temperature properties of the three-dimensional
(3D) Ising model in the presence of Dobrushin Boundary Conditions (DBC). If DBC are
fixed so to induce a horizontal interface between the + and — phases, it is well known [87]
that at low enough temperatures the interface is rigidﬂ It is conjectured that between
the so-called roughening temperature and the Curie temperature, the interface displays
fluctuations with unbounded variance (the variance diverges logarithmically with the sys-
tem size), and the height profile supposedly has a massless Gaussian Free Field (GFF)
behavior at large scales. This conjecture is completely open, in fact not even the existence
of the roughening temperature has been proved. A connected result [88] is the logarithmic
divergence of fluctuations of the 2D SOS interface at large enough temperature; however,
the result comes with no control of the scaling limit. If DBC are chosen so to induce a
‘tilted’ interface, say orthogonal to the (1,1, 1) direction, then things are different: fluc-
tuations of the interface are logarithmic already at zero temperature; an exact mapping
of the height profile and of its distribution into the dimer model on the hexagonal lattice,

91.e. with bounded fluctuations.
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endowed with the uniform measure, allows one to get a full control on the large scale prop-
erties of the interface fluctuations, which are now proved to behave like a GFF (see [32]
for the covariance structure, and [89], as well as [90, Section 3] for the full Gaussian
limit). It is very likely that the GFF behavior survives the presence of a small but positive
temperature; however, the techniques underlying the proof at zero temperature, based
on the exact solvability of the planar dimer problem, break down. At positive tempera-
tures, the very notion of height of the interface is not well defined, because of overhangs;
these will have a low but non-zero density at low temperature. It is likely, though, that
the height, even if not defined everywhere at a microscopic level, may be well-defined in
a coarse grained sense; therefore, one can still ask about the large-scale behavior of its
fluctuations. The coarse-grained height should admit an effective description in terms of
a dimer model, whose distribution, however, is not expected to be uniform: temperature
induces an effective ‘interaction’ among dimers.

In a series of works [2,/3/90,91], the authors started developing methods for the treat-
ment of non-solvable dimer models via constructive, fermionic, Renormalization Group
(RG) techniques. They exhibited an explicit class of models, which include the 6-vertex
model close to its free-fermion point as well as several non-integrable versions thereof, for
which they proved scaling to the GFF, as well as the validity of a ‘Kadanoff’ or ‘Haldane’
scaling relation connecting the critical exponent of the so-called electric correlator with
the one of the dimer-dimer correlation. Such a scaling relation is the counterpart, away
from the free-fermion point, of the universality of the stiffness coefficient of the GFF first
observed in [32], in connection with the fact that the spectral curve of a planar bipartite
dimer model is a Harnack curve.

In this thesis, motivated by our wish to understand the height fluctuations in situations
where the height function is not locally well-defined at a microscopic level but only in a
coarse-grained sense, as in the case of the 3D Ising interface discussed above, and in
situations where the planarity assumption on the underlying graph fails to be satisﬁedlg,
we generalize the analysis of |2] to a new setting, inspired by a problem proposed by S.
Sheffield a few years agdﬂ Namely, we study the large scale properties of a suitably
defined height function, for a dimer model that is two-dimensional but non-planar. In
short, we introduce a ‘weakly non-planar’ dimer model, by adding non-planar edges with
small weights to a reference planar square lattice. We do so in a periodic fashion, and
in such a way that non-planar edges are restricted to belong to cells, separated among
each other by corridors of width one, which are crossed by none of the non-planar edges.
The fact that non-planar edges avoid these corridors allows us to define a notion of height
function on the faces belonging to the corridors themselves. We prove that this height
function scales at large distances to a GFF with stiffness coefficient that is equal to the
anomalous critical exponent of the two-point dimer-dimer correlation.

"The interacting dimer model with plaquette interaction studied in [92] and in [93], which motivated
the series of works |2}3,/90,/91], is a toy model for short range Resonance Valence Bond ground states
and for liquid crystals in two dimensions. As clear from its definition, such a model is based on drastic
simplifications of the physical phenomena one intends to study. In particular, the planarity assumption is
physically unjustified: in realistic situations, nothing prevents the presence of defects allowing the dimers
to arrange on a bond connecting pairs of sites beyond the nearest neighbors. In fact, non planar dimer
models were known already before [93| because of their connection to the 6V models with staggered
weights, see [94] and Appendix for completeness.

1 Open problem session at the workshop: “Dimers, Ising Model, and their Interactions”, BIRS, 2019
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The broader context: height delocalization for discrete interface models Re-
cently, remarkable progress has been made on (logarithmic) delocalization of discrete,
two-dimensional random interfaces. We start with the result which is maybe the closest in
spirit to our work, that is [95,/96]. These works prove, by means of bosonic, constructive
RG methods, that the height function of the discrete Gaussian interface model (that is
the lattice GFF conditioned to be integer-valued) has, at sufficiently high temperature,
the continuum GFF as scaling limit. In a way, this result is quite complementary to
ours, since the model considered there is a perturbation of a free bosonic model (the lat-
tice GFF), while in our case we perturb around a free fermionic one (the non-interacting
dimer model). For closely related results on the 2D lattice Coulomb gas, see also [97,/98].

In a broader perspective, there has been a number of recent results (e.g. [99,100,102])
that prove delocalization of discrete, two-dimensional interface models at high tempera-
ture, even though they fall short of proving convergence to the GFF. Let us mention in
particular the recent [100], which proves with a rather soft argument a (non-quantitative)
delocalization statement for rather general height models, under the restriction, however,
that the underlying graph has maximal degree threeF_ZI For the particular case of the
6-vertex model, delocalization of the height function is known to hold in several regions of
parameters [103-106] but full scaling to the GFF has been proven only in a neighborhood
of the free-fermion point |2].

As we tried to address in the Universality picture, the height associated with lozenge
tilings on finite regions admits a limit shape, as we scale out the lattice, which is the
solution of a variational problem.

Now we want to establish a connection between the height of the limit shape of a
volume constrained measure and the so called Ronkin function associated to the dimer
model without constraints. For definiteness, we consider the model on the hexagonal
lattice, where the phase diagram is particularly simple and explicit. As we will recall in
Chapter 3 (rough-frozen transition) the Ronkin function R(x,y) is nothing but the free
energy of the model, seen in “magnetic field” coordinates: see [32 Theorem 3.5, Section
3.2.3], namely

1 dz dw
_ x y
R(z,y) = (2mi)? /11‘2 - w log |1 + ze” + weY| (1.2.1)
where T? = {(z,w) € C? : |z| = |w| = 1}; we used that for the uniform dimer model on

the hexagonal graph the characteristic polynomial is given by P(z,w) =1+ z + w.

Now consider the dimer model on the infinite hexagonal graph, sample a configuration
D uniformly among configurations with volume cL? for ¢ > 0, L > qT_SI, where the volume
(under the surface) is meant by viewing a dimer configuration as a discrete monotone
surface in R? (see Fig. and Fig. [1.3), see also [107]. Rescaling the graph so that the
lattice mesh is 1/L and letting L — oo, the dimer configuration has a deterministic limit
shape (see Fig. 1 in [108]). As explained in |32, Sec. 6], the height function of the limit

123ee also [101].

13 Alternatively, one can sample D with probability proportional to the exponential of —aVol(D)/L,
with @ > 0 and Vol(D) the volume below the surface; the two procedures are asymptotically equivalent
for L — oo, provided that « is chosen as a suitable function of c.
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shape is exactly the Ronkin function R defined in (3.1.14). That is, the height of the limit
shape at point (z,y) is nothing but R(z,y).

Qo

Figure 1.3: Left: a volume constrained dimer configuration, seen by the surface associ-
ated to the tiling; Right: in the xy plane we approach the boundary of the amoeba from
the concave region.

The reason is that the limit shape H of the measure with volume constraint satisfies
Sec. 6]
div(VeoVH) = C, (1.2.2)

with C a constant that can be fixed by properly choosing ¢ in the volume tilt. Here,
o is the surface tension of the non-interacting dimer model, see Sec 2.2.3]. On the
other hand, the Ronkin function (or free energy) is the Legendre transform of the surface
tension Sec. 3.2.4], so that it satisfies Vo o VR = Id, with Id the 2 x 2 identity
matrix. This implies that indeed R solves (just choose ¢ so that C' = 2), that is
H=R.

It is known that the Ronkin function R is strictly concave in the amoeba

A(P) = {(log |z, log [w]) : P(z,w) = 0}

and it is affine in the three components of the complement of the amoeba (frozen regions),
see [32] Sec 3.2.4].

We now want to establish a heuristic connection between the scaling behavior of the
Ronkin function near a frozen boundary and the size of fluctuations of the level lines of
the height field near such boundary.

Suppose to approach a point @y on the frozen boundary (as shown in Figure where
R(Qy) =0 El and that R(Q) ~ &Y with @ being a point in the interior of the amoeba at
a distance € > 0 from ()g. Before the rescaling of the graph, this means that the typical
height at distance Le from the frozen boundary is of order Le”. That is, the number of

HSince R = H and the height is defined up to a constant, we can set it to zero on a given component
of the frozen boundary
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level lines between this point and the frozen region (viewing the dimer configuration as a
discrete interface made of unit square faces, the height changes by 1 when a single level line
is crossed) is of the order Le”. Extrapolating to e ~ L~1/7, this argument suggests that the
level lines close to the frozen region have fluctuations of the order L x e ~ LY, v =1—1/~.

This heuristic argument is actually not specific of the non interacting dimer model. If
we infinitesimally perturb the volume constrained measure, it is reasonable to expect that
the exact form of the limit shape of the dimer measure with volume tilt will be modified
by the interaction and the region of convexity will in general be different from A(P) but
the considerations above about the relation between surface tension, free energy and limit
height should still hold, since they are of purely thermodynamic nature. Of course, the
perturbation may a priori also affect the value of the critical exponent . For the standard,
non interacting dimer model on the hexagonal lattice, near frozen boundaries of the arctic
curve in bounded domains of R? it is known that v = 3/2 [78] Sec. 1.3]. This behavior
goes under the name of Pokrovsky- Talame] law or critical behavior (PT). In this scenario,
the above reasoning suggests that the expected exponent of fluctuation of the level lines
is v =1/3. As already commented in Section this fact together with the convergence
of the L'/3 rescaled process of the level lines towards the Airy process have been proved
in specific situations, for domino and lozenge random tilings in certain bounded domain
of R?, by means of techniques relying on the integrable structure of the model. However
the convergence of the rescaled level lines towards the Airy line ensemble is believed to
hold in much more general settings (see [78], Sec. 9] and also [111]). When we consider
perturbations that break integrability of the model, if on the one hand the understanding
of the limiting rescaled process of level lines becomes out of reach, on the other hand, in
virtue of the previous discussion, it is interesting to understand whether the exponent ~
is affected or not by the interaction: this will suggest the fluctuation properties of the
interacting level lines.

Thus, the key question motivating our study of the “edge case” is whether ~ is, in fact,
modified or not by the integrability-breaking perturbation.

1.3 The models

To construct the graph G, on which our dimer model is defined, we let L, m be two
positive integers with m > 4 even, and we start with GY = (Z/(LmZ))?, which is just
the toroidal graph obtained by a periodization of Z? with period L m in both horizontal
and vertical directions. We can partition GY into L? square cells By, = (z1,72) € A :=
(—L/2,L/2>NZ?, of sidelength m. The graph GY is plainly bipartite and we color vertices
of the two sub-lattices black and white (each cell contains m?/2 vertices of each color).
Black (resp. white) vertices are denoted b (resp. w). We let e1 (resp. eg) denote the
horizontal (resp. vertical) vectors of length m and we note that translation by ey (resp.
by e2) maps the cell B, into B((z,41) mod L,zs) (168D Bz, (2a+1) mod L)) A natural choice
of coordinates for vertices is the following one: a vertex is identified by its color (black or
white) and by a pair of coordinates (x, ) where z identifies the label of the cell the vertex

15QOriginally appeared in [109] in the context of commensurability-incommensurability transition; see
also [110] for relations between crystal shapes and (PT) behavior.
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belongs to, and the “type” £ € Z := {1,...,m?/2} identifies the vertex within the cell. It
does not matter how we label vertices within a cell, but we make the natural choice that if
two vertices are related by a translation by a multiple of e1, e, then they have the same
type index /.

The graph G/, is obtained from GY by adding in each cell B, a finite number of edges
among vertices of opposite color (so that G is still bipartite), with the constraint that G,
is invariant under translations by multiples of eq, ez (i.e., vertex w of coordinates (x,¢) is
joined to vertex b of coordinates (z,¢) if and only if the same holds for any other 2’ € A).
See Fig. for an example.

Remark 1.3.1. [t is easy to see that we need that m > 4 for this construction to work: if
m = 2, the two black edges in the cell are already connected to the two black vertices and
there are no non-planar edges that can be added.

Note that G, is in general non-planar, even in the full-plane limit L — oc.

- M

€1

Figure 1.4: An example of graph G with L = 2, m = 4 and two non-planar edges (in
red) per cell. The height function is defined on the set F' of dashed faces outside of cells.
Faces colored gray are those in F' (they share a vertex with four different cells).

Let Er, denote the set of edges of G: we write E, as the disjoint union Ej, = Eg UNT,
where EY are the edges of GY (we call these “planar edges”) and Ny, (we call these “non-
planar edges”) are the extra ones. Each edge e € EJ, is assigned a positive weight: since we
are interested in the situation where the weights of non-planar edges are small compared to
those of planar edges, we first take a collection of weights {f.}ccr, ,t. > 0 that is invariant
under translations by multiples of e, ea, and then we establish that the weight of a planar
edge e is t, = t, while that of a non-planar edge is t, = M., where \ is a real parameter,
that will be taken small later.

To simplify expressions that follow, we will sometimes write x € A instead of (z, /) €
A x T for the coordinate of a vertex of GGr. Also, we label the collection of edges in Ey,
whose black vertex has type ¢ with a label j € J;, = {1,...,|J/|}. The labeling is done
in such a way that two edges that are obtained one from the other via a translation by a
multiple of eq, ez have the same label. Note that |7;| > 4, and it is strictly larger than
four if there are non-planar edges incident to the black vertex of type £. By convention,
we label 7 = 1,...4 the four edges of G% belonging to Jp, starting from the horizontal one
whose left endpoint is black, and moving anti-clockwise.
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The set of perfect matchings (or dimer configurations) of G, is denoted Q7. Each
M € Qp is a subset of Er, and the set of perfect matchings that contain only planar edges
is denoted Q9. Our main object of study is the probability measure on 27, given by

w(M
( >HMEQL7 w(M) — H te; ZL7/\ - Z UJ(M) (131)
ZrA eeM Me),

Pra(M) =

We are interested in the limit where L tends to infinity while m (the cell size) is fixed.
In this limit, the graph GY becomes the (planar) graph GO = Z? while G, becomes a
periodic, bipartite, non-planar graph G. Cells B, of the infinite graphs are labelled by
x € Z2. We let Q (resp. Q0) denote the set of perfect matchings of G (resp. of Z2).

In the case A = 0, the measure Py  is supported on QOL: in fact, Pz is just the
Boltzmann-Gibbs measure of the dimer model on the (periodized) square grid, with edge
weights of periodicity m (we will refer to this as the “non-interacting dimer model”). The
non-interacting model is well understood via Kasteleyn’s [51,/52,112] (and Temperley-
Fisher’s [53]) theory, that allows to write its partition and correlation functions in de-
terminantal form. According to the choice of the edge weights {¢.}, the non-interacting
model can be either in a rough (massless), smooth (massive) or frozen phase, see [32]. In
particular, in the rough phase correlations decay like the squared inverse distance (see for
instance — for a more precise statement). In this work, we assume that the
edge weights are such that for A =0, the model is in a massless phase.

The essential facts from Kasteleyn’s theory that are needed for the present work are
recalled in Section In particular, we emphasize that all the statistical properties of
the non-interacting model are encoded in the so-called characteristic polynomial p (see
(3.1.6))), that is nothing else but the determinant of the Fourier transform of the so-called
Kasteleyn matrix. Then, the assumption that the A = 0 model is in the massless phase,
can be more precisely stated as follows:

Assumption 1. The edge weights {t.} are such that the “characteristic polynomial” p :
[—7, 72 = C (see formula [2.1.9) below and the discussion following it) of the non-

interacting dimer model has exactly two zeros pg,pg (distinct and simple).

We recall from [32] that this is a non-empty condition on the edge weights (in fact,
this set of edge weights is a non-trivial open set). We also remark that if Assumption [1}is
not satisfied, then we are in one of the following situations:

1. The edge weights are such that p has no zeros on [, 71]?, corresponding to the frozen
or to the gaseous phases of the non-interacting dimer model. In this case, the dimer
model can be easily shown to be stable under the addition of dimer interaction such
as those treated in 2] or of non-planar edges of small weight such as those treated
in this paper. By ‘easily’, we mean ‘via a single-step fermionic cluster expansion’,
which shows that the fluctuations of the perturbed model have the same qualitative
behavior of the unperturbed ones. In this case, the height function displays no
interesting behavior in the scaling limit.

2. The edge weights are such that p has one double zero pg and: either the system is
at the boundary separating the rough from the gaseous or frozen phases (in which
case Vu(pg) # 0), or it is at a degenerate point within the rough phase (in which
case, called ‘real node’ in [32], Vu(po) = 0). These cases display rich and interesting
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behaviors, particularly in connection with bounded domains or volume constrained
measures, as described in the edge case sections above.

Here the model has a more straightforward definition. We consider a graph G =
(Vi,Epr), L € 2N, embedded in the two-dimensional torus, defined as

G :=H/(LZ x LZ) (1.3.2)

where H stands for the infinite bipartite hexagonal graph and LZ x LZ denotes the action
of the translations with respect to directions Léj, Lés (see Figure .

We remark that the choice of considering H rather than Z? is unimportant and it is
pursued only to simplify the description and structure of the phase diagram. The choice
of H make the description the simplest possible.

Since G, is bipartite, we split the vertex set as the set of black and of white vertices:
Vi = VY UVP. The sets VP and V}V are both isomorphic to A := {(x1,72) : z; =
0,...,L —1}. We assume that a black and a white vertex share the same coordinates if
and only if they are in the same copy of the fundamental domain G;. Given a vertex v,
we write z(v) = (z1(v),x2(v)) € A for its coordinates. We define €2, as the space of dimer
configurations or perfect matchings of Gp.

Figure 1.5: The graph G, with L = 4; the fundamental domain, containing one black and
one white vertex which share the same coordinate x, is encircled. Weights of horizontal,
north-east and north-west oriented edges are A, B, C, respectively. In orange an example
of a dimer configuration.

To each M € Qf we can associate a statistical weight wy (M), where A € R. First
we introduce a weight function ¢t : E;, — R™ which assigns a positive number to each
edge of the graph. We work in a translationally invariant setting, so we let t. = A if e is
horizontal, t. = B is e is north-west oriented and ¢, = C' otherwise. Note that one can
define wo(M) = [].cps te, which is nothing but the statistical weight of a non interacting
dimer model. In order to study the effect of the breaking of integrability of the model, we
introduce an interaction term with strength A\. We anticipate here that the specific choice
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of the following interaction is not necessary: it is essentially made only to mildly simplify
the so called “Grassmann representation” of the model.

Definition 1.3.1. The interacting model is then defined by the following probability
measure

M
Pyr(M) == wA(M) wy (M) := ANapNeCONe AV
Z)\ L
o (1.3.3)
Z/\,L: Z w/\(M), V: Z ]lf
MeQy, fear

where Ny (M), Np(M), No(M) are respectively the number of dimers of type A, B,C in
the configuration M € Q. Given a face f € G}, we define Ilgp(M ) = 1 iff exactly
two “parallel” dimers appear on the edges surrounding f in the configuration M while it
evaluates 0 otherwise (see Figure below). One can write

3
(2) _ (2)
17 = Z:l 1y, (1.3.4)

where o specifies which type of pair of dimers occupies f, see Fig.

o=1 o=2 oc=3

Figure 1.6: Three local dimer configurations contributing with an extra factor e’.

Let us also define the free energy per unit volume and the generating functional as,

1
e = Iz log Z L

LA (1.3.5)

Wi L(A) = log Z wA(M)eZeEEL ere

MeQy,

where A = {Ac}ecp,, Ae € R, are sometimes called external fields, while 1.(M) is the
indicator function of the edge e, i.e. 1.(M) =1 if e € M and 0 otherwise. Let us also
denote by
pars = Exr[L72Ny] (1.3.6)
the densities of dimers of type #, for # = A, B,C.
In order to state our results in the next section we need few more preliminaries. First,
since the model is invariant under rescaling of the edge Weightﬂ, we can set A = 1.

As described in Section edge), we are interested in studying a perturbation of a
dimer model, when its Ronkin function R(x,y) is evaluated at a point in the interior of

6 This follows from the fact that Ngs + Ng + N¢o = L? (perfect matching regime).
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the amoeba A(P), very close to its boundary; recall that P(z,w) =1+ z + w. In order
to do this, we need to tune properly the edge weights (B, C). It is known [113] that the
free energy of the non interacting dimer model is given by

1 dz dw
F(B,C :7/ ——log|l1+Bz+C 1.3.7
(B.0) = gz [, S5 og1 + B2+ Cu (137)
where T = {z € C : |z| = 1}; a comparison with (1.2.1)) gives F'(e*,e¥) = R(z,y). In order
to obtain the picture in the right of Figure [I.3] it is enough to choose

B=C=¢ 182" o g —y=—log2+¢ (1.3.8)

for e — 0". To see why this is the case, recall that the amoeba A(P) given below Figure
it is known to be the closure of the strictly concavity region of R(x,y). This means
that the amoeba must coincide with the locus C

C= {(x,y) ‘R?: {(z,w) € T? : 1+ %2 + efw = 0} # @} (1.3.9)

since outside C, the Ronkin function is aﬂinﬂ Note that C is symmetric in x < y
and a simple geometric consideration shows that C' is the locus where 1, e*, e¥ satisfy the
triangular inequality. In particular the blue boundary in Figure|l.3|is given by e*+¢e¥ = 1.
To conclude, it is enough to observe that for € > 0 the strict triangular condition is
satisfied.

Let us finally give the following

Definition 1.3.2. The interacting dimer model close to the liquid-frozen transition, is
given by the probability measure in ([1.3.3) with the choice of edge weights A = 1, B =
C = e 1982%¢ for ¢ small enough, namely

we A (M e*\ Ns+Nc
Pep (M) = Z(> wea(M) = () NV
e\ L
o (1.3.10)
Zeap= Y, wea(M), V=73 1;
MeQy, feaGqy

where Ny, Ng, No and 13 are as above. Correspondingly we will denote by WaaL(A)
the generating function, with f. 1 = L72W,.,(0) the free energy and we will add a
label € to all the quantities of interest to specify such choice of weights.

The infinite volume counterpart of our definitions will be denoted by the same symbols,
without the label L, e.g., fo x = lim;_, fr . for the infinite volume free energy, P. y =
lim;_,o P; » 1, for the infinite volume measure, pa. 1 for the densities of dimers of type
A, and so on.

Note that, of course, one could approach any other point on the boundary, not nec-
essarily imposing B = C. We make this choice for simplicity: the symmetry B < C
simplifies a little bit the technical analysis in that it reduces the number of “running cou-
plings constant” to be considered in the multiscale analysis of the model. The peculiarity
of this choice is that such technical analysis is very close to the one carried in [4] in the

This is seen by differentiating twice under integral sign.
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context of quantum spin chains. We expect that the methods introduced in this thesis,
combined with those of [2], will allow us to extend the analysis to a generic point of the
boundary, but this goes beyond the purpose of this work.

Finally let us recall also the definition of the height function. Let h : G7 — R, where
G5 is the dual graph of G, defined as h(ny) = 0 at some arbitrary reference ny € G7j,
and given through its gradients by

h(n) =h(n)= > o (ﬂ{eeM}_;> (1.3.11)

eECn/*,n

where: C,y_,, is a path in the dual graph from 1’ to 1, o = 1 if the edge e € Cyy_,,, is
crossed with the black vertex on the right and o, = —1 otherwise; l.cps is the indicator
function of the edge e € G. E

1.4 Results

Our main goal is to understand the large-scale properties of the height function under the
limit measure Py, which is the weak limit as L — oo of Py, 5. The fact that this limit
exists, provided that |A| < Ao for a sufficiently small Ao, is a byproduct of the proof.

Our first main result concerns the large distance asymptotics of the truncated dimer-
dimer correlations. We use the notation 1. for the indicator function that the edge e is
occupied by a dimer, and E(f;g) for Ex(fg) — Ex(f)Ex(9).

Theorem 1.4.1. Choose the dimer weights on the planar edges as in Assumption[]l There
exists A\g > 0 and analytic functions v : [—Xo, o] — RT, ay, By : [0, Ao] — C\ {0}
(labelled by w € {+,—} and satisfying oy = —a_, By = —B— and a,(N)/Bu(N) € R),
Ko, Hyjo: [—Ao, Xo] = C (labelled by w € {+, =}, L € I, j € J; and satisfying K, j, =
K i, Hyjo = H_yje) and p° : [=Xo, No] — [—m, 7] (labelled by w € {—1,4+1} and
satisfying pt = —p~ ) such that, for any two edges e, e’ with black vertices (x,f), (2’ l') €
72 x T such that x # &' and labels j € Ty, §' € To,

Ko jeKojo  HyjoH o0 omw (o ,
Ex(1e; 1) = Dy Iy I C 207 (3=2) | 4 Brp(e, €'), 1.4.1
i) Zw: (Pu(z —2))?  [du(z —2")]> () ( )

where, letting x = (x1,x2),
P () = w(Bu(N)z1 — aw(N)z2) (1.4.2)

and |Err(e,e')| < Clz — /| 739N for some C' > 0 and O()\) independent of x,z'. More-
over, v(A) =1+ O(N).

Even if not indicated explicitly, the functions v, ay,, B, Ky j.¢, H,, j e, p* all depend non-
trivially on the edge weights {t.}. In particular, generically, v = 1 + c; A + O()\?), with ¢;

18To be precise, the height is a well defined function on the dual of H (the full plane triangular lattice);
on the torus is only a function of the homology class H; (G, Z) see |32, Sec. 2.1.2].
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a non zero coefficient, which depends upon the edge weights (this was already observed
in [3] for interacting dimers on planar graphs); therefore, generically, v is larger or smaller
than 1, depending on the sign of .

At A =0, reduces to the known asymptotic formula for the truncated dimer-
dimer correlation of the standard planar dimer model, which is reviewed in Chapter [2]
The most striking difference between the case A # 0 and A = 0 is the presence of the
critical exponent v in the second term in square brackets in the right hand side of .
It shows that the presence of non-planar edges in the model qualitatively changes the large
distance decay properties of the dimer-dimer correlations. Therefore, naive universality, in
the strong sense that all critical exponents of the perturbed model are the same as those
of the reference unperturbed one, fails. In the present context the correct notion to be
used is that of ‘weak universality’, due to Kadanoff, on the basis of which we expect that
the perturbed model is characterized by a number of exact scaling relations; these should
allow us to reduce all the non-trivial critical exponents of the model (i.e., those depending
continuously on the strength of the perturbation) to just one of them, for instance v itself.
A rigorous instance of such a scaling is discussed in Remark [I.4.1] below.

The weak universality picture is formally predicted by bosonization methods (see the
introduction of [91] for a brief overview), which allow one to express the large distance
asymptotics of all correlation functions in terms of a single, underlying, massless GFF.
Such a GFF is nothing but the scaling limit of the height function of the model, as discussed
in the following. Given a perfect matching M € Q0 of the infinite graph G2, = Z?2, there
is a standard definition of height function on the dual graph: given two faces (,n of Z2,
one defines

h(n) —h(¢) = > Ue(]leeM - i) (1.4.3)

EECC_m

together with h((p) = 0 at some reference face (y. Here, C¢_,, is a nearest-neighbor path
from ¢ to n and o, is a sign which equals +1 if the edge e is crossed with the white vertex
on right and —1 otherwise). The definition is well-posed since it is independent of the
choice of the path. We recall that under Py, the height function is known to admit a GFF
scaling limit [89,190].

A priori, on a non-planar graph such as G, there is no canonical bijection between
perfect matchings and height functions. However, since the non-planarity is “local” (non-
planar edges do not connect different cells), there is an easy way out. Namely, let F' denote
the set of faces of Z? that do not belong to any of the cells B, (see Figure . Given
a perfect matching M € (), define an integer-valued height function h on faces ( € F by
setting it to zero at some reference face (y € F' and by imposing for any path C¢_,,
that uses only faces in F'. It is easy to check that A is then independent of the choice of
path.

Our second main result implies in particular that the variance of the height difference
between faraway faces in F' grows logarithmically with the distance. For simplicity, let
us restrict our attention to the subset F' C F of faces that share a vertex with four cells
(see Fig. : if a face in F' shares a vertex with B, By (0,1)s Be—(1,0)) Be—(1,1), then we
denote it by 7.
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Theorem 1.4.2. Under the same assumptions as Theorem for W 2@ € 72,

Ex [(h(n,0)) — h(np@)); (M(ny)) — h(n,))]

_ W [ 0(2) = 04 (1))@ (22) ¢+<x<2>>>]
272 (¢+(:1:(4)) — ¢+($(2)))(¢+(x(3)) _ ¢+($(1)))

1
i - 1.4.4
+0 (mini¢j<4 |;L‘(2) — ;1;(.7)|1/2 + 1) ( )

where v and ¢ are the same as in Theorem [1.4.1]

Note that in particular, taking () = 23 = 2, 23 = 24 = y we have

Vare, (h(n) — b)) = "3 R1og (0 (x) — 64(0)) + O(1) = “Grog o — g/ + O(1.15)

2

as |x — y| — oc.

Remark 1.4.1. The remarkable fact of this result is that the ‘stiffness’ coefficient v(\)/7?
of the GFF is the same, up to the 1/m? factor, as the critical exponent of the oscillating
part of the dimer-dimer correlation. There is no a priori reason that the two coefficients
should be the same, and it is actually a deep implication of our proof that this is the case.
Such an identity is precisely one of the scaling relations predicted by Kadanoff and Haldane
in the context of the 8-vertex, Ashkin-Teller, XXZ, and Luttinger liquid models, which are
different models in the same universality class as our non-planar dimers (see [91|] for
additional discussion and references).

Building upon the proof of Theorem [1.4.2] we also obtain bounds on the higher point
cumulants of the height; these, in turn, imply convergence of the height profile to a massless
GFF:

Theorem 1.4.3. Assume that |\| < Ao, with \g > 0 as in Theorem[1.{.4 For every C>,
compactly supported test function f : R? — R of zero average and € > 0, define

RE(f) =€ Y (h(ne) — Ex(h(m2))) f (ex). (1.4.6)

T€eZ?

Then, one has the convergence in distribution
€ e—0
he(f) =5 N(0,5°(f)) (1.4.7)

where N'(0,02(f)) denotes a centered Gaussian distribution of variance

v(A)

()= 55 [ do [ dus(@Rlog o (x — 1)) (w)

Remark 1.4.2 (Universality in the graph geometry). As a last Remark, we emphasize
that the massive modes would arise also in the “planar interacting dimer models” of [2,90),
if one worked on a graph whose fundamental cell contains £ > 2 black/white vertices (an
example is the square-octagon graph, see Fig. 5 in [32], where { = 4). In contrast, one has
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¢ =1 in the context of [2,90]. Our procedure consisting of (i) integrating out the massive
degrees of freedom and (ii) reducing to an effective massless model, implies in particular
that the results proved in [2,|90] for planar interacting dimer models on the square lattice
extend to the case of general Z2-periodic two-dimensional bipartite lattices.

The interacting dimer model makes sense for every A € R, but for our results we will
actually need |A| to be small enough (but independent of L). From now on, A\g > 0 will
be a sufficiently small (but independent of L and of the edge weights) and B(0, Ag) will
denote the ball of radius Ag centered at 0 in the complex plane.

Our results states the existence of the thermodynamic limit for the interacting model
and a control on the asymptotic behavior of the free energy close to the interacting frozen
boundary of the theory.

The first result says that, like for the non-interacting model, the limit of the free energy
per unit volume and the weak limit of the measure as L — oo exist. Moreover the model
still displays a frozen behavior in such a limit, characterized by the concentration of the
dimers densities.

Theorem 1.4.4. There exists € > 0 and an analytic function B(0,A9) > A — eo(A)
satisfying €9(0) = 0 and e9(\) € R for A € R, such that for every edge e € Ey, the
function

B(O, )\0) SA— 8A6WL,5+50()\),)\(A)|AEO (148)

is analytic and bounded uniformly in L and € < €; admits a limit L — oo that is analytic
in A and is a continuous function of € for € < €. The limit fy cyeo(n) = UML—00 fereo(M) AL
exists for € < € and is analytic in X\ € B(0, \g).
Moreover, for e < 0, the density of horizontal dimers (i.e. associated to statistical
weight A = 1) is mazimal
PAeteo( M)\ = I, e<0. (1'4'9)

Beyond the existence of the thermodynamic limit of the interacting theory, this results
has to be interpreted as the persistence of a liquid-frozen transition, at a critical point
eo(\), which is different from the one of the non-interacting model £¢(0) = 0. Indeed, as
the next Corollary [[.4.5.1] shows, for € > 0 the measure is no longer in a frozen phase,
Le. the dimer densities are no longer concentrated: pacycon)x < 1. The fact that the
transition point is affected by the interaction is a general feature of interacting models
and here it is one of the main differences with the close setting of [4], where instead
the transition point is “protected against renormalization”, i.e. it is not modified by the
presence of interaction. A first order calculation of £¢(A) is done in Section which
shows that £((0) = —2.

Remark 1.4.3. Note that to show the existence of the weak limit of the interacting measure
P. x 1, one should study the more general case of the function

A — H OAEL eeoM A (A 4=0s
ec&

for any finite £ C Er. This is avoided here just because not needed for our next, main,
result. If desired, this can be done as in [2] where the analysis is performed for a dimer
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model in the bulk of the rough phase. Note that when |E| > 2, translation invariance of
such function is lost and the discussion becomes a bit more involved. The interested reader
can look at [2, Sec. 6.5].

The next result concerns the asymptotic behavior of the free energy close to the inter-
acting critical point.

Theorem 1.4.5. Let Ao, > 0 and go(-) be as in Theorem [1.4.4 The function € —
feteo(n),n 18 C°° in (—00,0) U (0,€). Moreover, as € — 0,

3
2

Fereoyn = A+ Lisgpe(Vez (1 +O(e))) (1.4.10)

for some analytic function X\ — c(X\) satysfying c¢(\) = %ﬁ +O(N). Here 8" can be chosen

in (0,1/2)f "

This result must be seen as a universality result for the scaling behavior of the free
energy as explained in the next Remark: before we comment let us collect an immediate
consequence on of the previous theorems on the dimers densities for € > 0.

Corollary 1.4.5.1. Let \g, £ as in the hypotheses of Theorem If € > 0, we have
that

3
PBeraaA = Pocrzaya = e P+ 0(E), e —0* (1.4.11)
where 6 and ¢()\) are the same of (1.4.10)).

Proof. Note that from the definitions in (1.3.10]), we have that pp cico(\),L = PC,e4e0(2),L =
Oc feeo() 2,1+ From Theorem we have the existence of foi .o =liML—00 fereqn)AL

which is convex in €. Since by Theorem the limit is differentiable, we can exchange
limit and derivative and obtain

. 3
PB.cteo(n) = M 5 cregn) = Deferean = 3¢+ O(), €= 07 (1.4.12)
and by symmetry the same holds for po i) =

Remark 1.4.4. (Pokrovsky-Talapov’s strong universality)

o At X\ = 0 we saw that (see (1.3.7)and below) feo = R(log1/2 + €,log1/2 + €) =
H(log1/2+¢€,log1/24¢€), where R and H are respectively the Ronkin function and,
the limit shape of a volume constrained dimer model. Thus (1.4.10) at X = 0, is
exactly the Pokrosvky-Talapov law (PT) (as in (78, Th. 1.4], see also discussion
below Fig. for the limit shape: as € — 0

(14 O(e%)). (1.4.13)

4+/2
H(log1/2 +¢€,logl/2 +¢€) = 3\[63/2
T

o When X\ # 0 small, (1.4.10) can be seen as a universality result for (PT) critical

behavior: the effect of the interaction is, indeed, to change the coefficient c¢(0) into

19As a by product of the technical analysis necessary to obtain the result, bounds are not uniform as
0—1/27.
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some non trivial analytic function c(X), and to shift the liquid-frozen transition point
by €0(A), but not the scaling exponent 3/2. This is a highly non trivial result in
virtue of the fact that, in general, perturbations changes the critical exponents of the
model, as shown for the dimer-dimer correlation in the bulk of the rough phase (see
for instance Theorem m) In virtue of the weak universality picture given in the
introduction, this result stands instead as a strong universality resultm Moreowver,
in view of the discussion in Section (edge), our result supports the conjecture
that the fluctuation exponents of the level lines close to the liquid-frozen boundary
is 1/3, independently of the interaction parameter X\, and thus a universal scaling
towards the Airy’s process of such lines is expected.

As already anticipated in Section (edge), the specific choice of the parametrization
to approach the boundary of the liquid frozen transition, or, the specific choice of the
interaction we made, are both not strictly necessary.

Remark 1.4.5. (Generalizations)

The results are given for the explicit parametrization B = C' = e!°8Y/2%€ of the non
interacting model. Approaching the frozen boundary along the symmetry axis of the
rough phase as ¢ — 07 (see Figure has the advantage to keep alive an extra
symmetry of the model which is generally not present. From the Renormalization
Group point of view, this turns out to be the simplest case to analyze and the analysis
becomes almost the same as the one carried out in a quantum spin chain model
belonging to the same universality class, see [4|]. In the general, asymmetric case,
one can approach the blue boundary of Fig. at a generic point Qo(t) via the
parametrization Q(t) = (logt + ¢€,log(1 —t) +€) fort € (0,1) and obtain

f>\,6+€0,t()\) =X+ ﬂ{eZO}Ct()‘)€3/2(1 + 0(69)) (1414)

where €0 ¢(\) is the analogous of eg(X) for t generic. The breaking of the symmetry
B < C, fort # 1/2, implies that the structure of the interacting dimer model
no longer resembles that of [4|/, and the analysis must be carried out in a different
way. Technically speaking, the symmetry loss reflects in a more complicated structure
of the so-called “Beta function equations” due to the emergence of extra “running
coupling constants”, and which, in the multiscale analysis, has to be controlled via
the choice of suitable counter—terms@ In order to obtain , the setting of [4]
it is therefore not sufficient and an implementation of the double regime multiscale
analysis of [4] with the RG asymmetric tractation of [2] becomes necessary. We
postpone the detailed discussion of this technical point to a future work.

The specific choice of the interaction (see ), belongs to a wide class on inter-
actions studied in [2]. From a technical point of view the analysis we made can be
performed as well for a generic element of this class. The specific form of the result
will depend weakly on such a choice: namely, the analytic functions a(X), c(A),0(A)

20The presence of two kind of universalities was stressed in related models in [114].

21 An analogous situation appears when considering a perturbation of dimer model with flat (uniform
measure) |3] or tilted |2]| associated surface (non uniform measure): in the first case the presence of extra
symmetries reduces significantly the complexity of the RG analysis; see the discussion after (1.2) of [2].
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such that
Feraonr = a(A) + Lesoc(N)e2(1+ O(€”)) (1.4.15)

will in general depend on the interaction chosen.

As last, we connect our results with some recent close literature. It is known that
dimer models are closely related to vertex models [22]. An instance of this connection was
already discussed in [2] for an interacting dimer model on the square lattice Z? in the bulk
of the rough phase: when the interaction is of the “plaquette type” on staggered faces of
the dual square lattice E it is known that the model is equivalen@ to a six-vertex (6V)
model close to the free-fermion point (FP). This connection allowed to extablish the GFF
nature of the height field of the 6V model in a small neighborhood of the FP, [2].

In our case, the interacting dimer model on the hexagonal lattice can be mapped to
an interacting five-vertex model (5V)l§| Indeed, the non interacting dimer model on the
hexagonal lattice is known to be equivalenﬁ to a 5V model at the FP, when the vertex
weights are suitable functions of A, B, C' in (in appendix [C| we recall the mapping
between the two models). In [115] (then extended to [116]) the authors study a version of
the 5V away from the FP by tuning with a parameter r (such that for » = 1 the model is at
the FP) certain local vertex conﬁguration@ and give an exhaustive characterization of the
thermodynamic properties of the model, by computing in particular surface tension, free
energy and limit shape. What emerges is that regions of phase coexistence (r < 1, given by
regions of non-strict surface tension convexity) and new frozen regions (r > 1) are observed
in a FP neighbourhood (see [115, Fig. 21], [116|, Fig. 5-6]). The situation becomes even
more interesting when higher periodicity is allowed on local energies configurations [116),
Fig. 10]. This shows that the FP is a sensitive point and that perturbations around it
can change the nature of the model (free energy particularly); this is where our result fits
in. Despite our techniques do not give access to the same amount of informations, they
stand on a ground where integrability-based techniques, as the Bethe-Ansatz, cannot be

appliedm

1.4.1 Outline of the proofs

As in [2/90], the proof is based on an exact representation of the dimer model as a
system of interacting lattice fermions and in a rigorous multiscale analysis of the effective

22This is the same kind of interaction chosen here, see Figure with the difference that: (i) on the
square lattice there are only two possible parallel configurations at a face; (ii) the interaction V' runs only
over faces with, e.g., black top-right vertex.

ZThere is a map between dimer configurations and vertex configurations such that their partition
functions equal after a suitable identification of the parameters of the model. See |2, Section 2.3] and
references therein.

24The 5V model can be obtain as a limiting case of the 6V, when the energy value of a local arrow
configuration diverges.

ZDimer configurations on the hexagonal lattice can be bijectively mapped to five vertex configurations,
also known as monotone non-intersecting lattice paths (MNLP). Equivalence again as identification of
partition functions of the models after suitable identification of the parameters.

26Tn the MNLP picture, corners of lattice paths are weighted with statistical factor r > 0.

2"The mapping between our dimer model and the 5V it is such that we cannot embedd the interaction
parameter in the vertex energies (as done in [2]).
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fermionic model, which has the structure of a lattice regularization of a Luttinger-type
model. With respect to the previous works [2}/90], obtaining a fermionic representation
turns out to be much less trivial, due to the loss of planarity. The infrared (i.e., large-scale)
analysis of the lattice fermionic model is performed thanks to a comparison with a solvable
reference continuum fermionic model, which has been studied and constructed in a series
of works by G. Benfatto and V. Mastropietro [40,41,117-121|, partly in collaboration
also with P. Falco |[117,118/|122]. The GFF behavior and the Kadanoff-Haldane scaling
relation of the dimer model follow from a careful comparison between the emergent chiral
Ward Identities of the reference model with exact lattice Ward Identities of the dimer
model.

The first novelty of the present work, as compared to [2,90,91], is related to the
fermionic representation of the weakly non-planar model. The presence of non-planar
edges requires a quite non-trivial adaptation of Kasteleyn’s theory, which is needed for
the very formulation of the finite-volume model in terms of a non-Gaussian Grassmann
integral. In fact, our non-planar model can in general be embedded on a surface of minimal
genus g ~ L? (of the order of the number of non-planar edges) and Kasteleyn’s theory
for the dimer model on general surfaces [55}/56] would express its partition function as
the sum of 49 determinants, i.e. of 49 Gaussian Grassmann integrals, a rewriting that is
not very useful for extracting thermodynamic properties. In this respect, the remarkable
aspect of Proposition below is that it expresses the partition function of just four
Grassmann integrals, which are, however, non-Gaussian. The second novel ingredient of
our construction is the identification (via the block-diagonalization procedure of Section
of massive modes associated with the Grassmann field which enters the fermionic
representation of the model. The fact that the elementary cell of our model consists of
m? sites, with m an even integer larger or equal to 4, implies that the basic Grassmann
field of our effective model has a minimum of 16 components. It is well known [123}|124]
that multi-component Luttinger models, such as the 1D Hubbard model [125], to cite the
simplest possible example, do not necessarily display the same qualitative large distance
features as the single-component one: new phenomena and quantum instabilities, such as
spin-charge separation and metal-insulator transitions accompanied with the opening of
a Mott gap may be present and may drastically change the resulting picture. Therefore,
it is a priori unclear whether the height function of our model should still display a GFF
behavior at large scales. Remarkably, however, the fact that the characteristic polynomial
of the reference model has at most two simple zeros, as proven in [32], directly implies that
all but two of the components of the effective Grassmann field are massive, and they can
be preliminarily integrated out. This way, one can at last re-express the effective massless
model in terms of just two massless fields (quasi-particle fields), in a way suitable for the
application of the multi-scale analysis developed in [2,/90]. At this point, a large part
of the multi-scale analysis is based on the tools developed in our previous works, which
we will refer to for many technical aspects, without repeating the analysis in the present

slightly different setting.
EDGE

The logic of the proof goes as follows: again, the starting point is a representation of
the model in terms of a non Gaussian Grassmann integral. As already mentioned,
the interaction taken under examination belongs to a wider class of interactions for which
Grassmann representations for dimer models on the square lattice Z? are known [2]. This
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representation, in our case, is a direct Corollary of |2, Proposition 1]: indeed, our doubly
periodic hexagonal lattice with minimal fundamental cell can be obtained from the one
in [2] by setting an edge weight to zero.

With such a representation at hand we set a multiscale Renormalization Group anal-
ysis to show that quantities such as fy ., da Wi c(A)|a=o exist and satisfy the desired
properties of Theorem m (analiticity in A, differentiability in € etc.), when ¢ = € + g9
and g¢ is uniquely fixed as a function of A\. The existence part is a relatively standard re-
sult, based on the literature on the fermionic constructive Renormalization. The function
£0(A) takes into account the effect of the interaction on the location of the critical point,
which is shifted from € = 0 to € = gg(\). The fact that g(\) # €¢(0) is a main difference
with the close setting of [4]. The multiscale analysis depends on the sign and on the size
of e: in the most interesting case, for ¢ > 0 small, to obtain analiticity in A of the theory,
uniformly in €, one really needs to distinguish between two different regimes of scales.
This discussion is inspired by the analogous double regime integration of [4]. When e < 0
fixed, the existence of the thermodynamic limit of the theory can be proved via a single
step of integration (no multiscale) provided that A is sufficiently small: however as € — 0~
a single step of integration is not enough to obtain a radius of analyticity in A uniform in
€. In this case a multiscale analysis is needed, but a single regime of scales turns out to
be sufficient.

Once the existence of d4, W c(A)|a=o is known, one can obtain the last statement
of Theorem concerning dimer densities. The idea is to export the freezing property
of the non interacting measure P, which is well known for ¢ < 0, to the interacting
one by means of “naive” perturbation theory, i.e., without the multiscale Grassmannian
framework.

With Theorem [T.4.4] at hand, one can deduce a portion of the statement of Theorem
namely the result in for € < 0. Indeed the concentration of dimers densi-
ties of Theorem [1.4.4] implies, via thermodynamic arguments not requiring the multiscale
expansion, that the free energy does not depend on e and indeed equals A (cf. )

To obtain the remaining part of Theorem [1.4.5] it is necessary to exploit the infor-
mations carried by the multiscale analysis, particular for the part of concerning
€ > 0. The idea is that we can write

h
Fereoyr = D F (1.4.16)
h<0

where FE(]}\) is the “contribution on scale h” to the free energy. The multiscale analysis

provides a way to bound and control the contributions F E(]j\). In particular, for € > 0
small, this bound depends on the scale we are looking at: there exists a separating scale
h* = O(log, €) for which such bound changes behavior. By appropriately combining the

multiscale expansion with these estimates, using ((1.4.16]), one can find that
fereomyn = a(X) + eb(X) + c(N)e¥ (1 + O(e")) (1.4.17)

for some analytic function a, b, c of A for |A| small enough. Then, the idea is to repeat this
strategy for € < 0, by recalling that the multiscale structure is a bit simpler: this provides
an expression analogous to the one above with coefficients a’(\),b'(A\), ¢ (A). If on the
one hand these coefficients are not explicit analytic function of A, which can be computed
order by order in perturbation theory, a comparison between the multiscale structures of
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the cases € > 0 and € < 0 shows that they must satisfy a = a/,b = ¥’. Using then, as
previously discussed, that a’ = X\, b’ = 0, one obtains the full statement in . Finally,
the regularity property of fci. (y)x away from e # 0 follows from a detailed analysis of
the multiscale construction.



CHAPTER 2

INTERACTING DIMERS [: BULK OF
THE ROUGH PHASE

In order to prove Theorem we organize this chapter as follows. In Section we
review some useful aspects of Kasteleyn’s theory on toroidal graphs and derive the Grass-
mann representation of the weakly non-planar dimer model. In Section we prove one
of the main results of our work, concerning the logarithmic behavior of the height covari-
ance at large distances and the Kadanoff-Haldane scaling relation, assuming temporarily
a sharp asymptotic result on the correlation functions of the dimer model. The proof of
the latter is based on a generalization of the analysis of [2], described in Section As
mentioned above, the novel aspect of this part consists in the identification and integra-
tion of the massive degrees of freedom (Sections , while the integration of the
massless ones (Section is completely analogous to the one described in [2]. Finally,
in Section we complete the proof of the convergence of the height function to the
GFF.

2.1 Grassmann representation of the generating function

In this section we rewrite the partition function Zj, \ of in terms of Grassmann
integrals (see Sect. As a byproduct of our construction, we obtain a similar Grass-
mann representation for the generating function of correlations of the dimer model. We
also observe that the Grassmann integral for the generating function is invariant under a
lattice gauge symmetry, whose origin has to be traced back to the local conservation of the
number of incident dimers at lattice sites, and which implies exact lattice Ward Identities
for the dimer correlations (see Sect[2.1.4)).

Before diving into the proof of the Grassmann representation, it is convenient to recall
some preliminaries about the planar dimer model, its Gaussian Grassmann representation
and the structure of its correlation functions in the thermodynamic limit. This will be

done in the next two subsection, Sect[2.1.1]
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2.1.1 A brief reminder of Kasteleyn theory

Here we recall a few basic facts of Kasteleyn theory for the dimer model on a bipartite
graph G = (V, E) embedded on the torus, with edge weights {t. > 0}ccp. For later
purposes, we need this for more general such graphs than just G%. For details we refer
to [65], which considers the more general case where the graph is not bipartite and it is
embedded on an orientable surface of genus g > 1. For the considerations of this section,
we do not need the edge weights to display any periodicity, so here we will work with
generic, not necessarily periodic, edge weights.

As in [55], we assume that G can be represented as a planar connected graph Gy =
(V, Ey) (we call this the “basis graph of G”), embedded on a square, with additional edges
that connect the two vertical sides of the square (edges E7) or the two horizontal sides
(edges E5). Note that E = EyU FE1 U Es. See Figure We always assume that the basis
graph Gy is connected and actuallyﬂ that it is 2—connected (i.e. removal of any single
vertex together with the edges attached to it does not make Gy disconnected). We also
assume that Gy admits at least one perfect matching and we fix a reference one, which we
call M.

Following the terminology of [55], we introduce the following definition.

Definition 2.1.1 (Basic orientation). We call an orientation Dy of the edges Ey a “basic
orientation of G” if all the internal faces of the basis graph Gg are clock-wise odd, i.e. if
running clockwise along the boundary of the face, the number of co-oriented edges is odd
(since G is 2-connected, the boundary of each face is a cycle).

A basic orientation always exists [55], but in general it is not unique. Next, one defines
4 orientations of the full graph G as follows (these are called “relevant orientations” in [55]).
First, one draws the planar graphs G, j = 1,2 whose edge sets are EyU E;, as in Fig.

Figure 2.1: The basis graph G is schematically represented by the gray square (the
vertices and edges inside the square are not shown). In the left (resp. right) drawing is
pictured the planar graph G (resp. G2)

L [55] develops Kasteleyn’s theory without assuming that Go is 2—connected. We will avoid below
having to deal with non-2-connected graphs, which would entail several useless complications



2.1. Grassmann representation of the generating function 33

Note that there is a unique orientation D; of the edges in FoU E; that coincides with
Dy on Ej and such that all the internal faces of G; are clockwise odd. Then, we define the
relevant orientation Dy of type 0 = (61,02) € {—1,+1}? of G as the unique orientation of
the edges E that coincides with Dy on G and with 61D; on the edges in £}, 7 = 1,2. Given
one of the four relevant orientations Dy of G, we define a |V| x |V| antisymmetric matrix
Ap, by establishing that for v,v" € V, Ap,(v,v") =0 if (v,v") € E, while Ap,(v,v") = t,
if v,v" are the endpoint of the edge e oriented from v to ¢/, and Ap,(v,v") = —t. if e is
oriented from v’ to v. Then, |55, Corollary 3.5] says that

Zo= Y wiM)= ¥ ?Pm (2.1.1)

MeQg fe{-1,+1}2
where Q¢ is the set of the perfect matchings of G, w(M) = [[.cas te, and
¢(~1,—1) = —1 and ¢y = 1 otherwise. (2.1.2)

In (2.1.1), Pf(A) denotes the Pfaffian of an anti-symmetric matrix A and s(My) denotes
the sign of the term corresponding to the reference matching My in the expansion of the
Pfaffian Pf(Ap,). Since by assumption My contains only edges from Ej whose orientation
does not depend on 6, s(Mj) is indeed independent of 6.

In our case, in contrast with the general case considered in [55], the graph G is bipartite.
By labeling the vertices so that the first |V'|/2 are black and the last |V|/2 are white, the
matrices Ap,(v,v") have then a block structure of the type

0 |+K,
Ap, = [ 09 (2.1.3)

We view the |V]/2 x |V]/2 “Kasteleyn matrices” Ky as having rows indexed by black
vertices and columns by white vertices.

By using the relation [126, Eq. (16)] between Pfaffians and determinants, one can
then rewrite the above formula as

(—1)(VI/2-DIVI/4
s(Mo)

Za= Y, %edet(Ke), o = Co
fe{-1,+1}2

(2.1.4)

Remark 2.1.1. Note that changing the order in the labeling of the vertices changes the
sign s(Mp). We suppose henceforth that the choice is done so that the ratio in the definition
of ¢y equals 1, so that ¢y = cy.

2.1.2 Thermodynamic limit of the planar dimer model

In the previous section, Kasteleyn’s theory for rather general toroidal bipartite graphs
was recalled, without assuming any type of translation invariance. In this subsection,
instead, we specialize to G = G (the periodized version of Z? introduced in Section
(edge)) and, as was the case there, we assume that the edge weights are invariant under
translations by multiples of eq, ea.

With Kasteleyn’s theory at hand, one can compute the thermodynamic and large-scale
properties of the dimer model on GOL as L — oo. We refer to [32,89,107] for details. In
the case where G = GY, the basis graph Gy is a square grid with Lm vertices per side
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and we choose its basic orientation Dy so that horizontal edges are oriented from left to
right, while vertical edges are oriented from bottom to top on every second column and
from top to bottom on the remaining columns. With this choice, the orientations D1, Do
of G1,G4 are like in Fig. Note that, if e = (b,w) € EY is an edge of G9, then for
0 = (01,02) € {—1,+1}2, Ky(b,w) equals K 41)(b,w) multiplied by (—1)=1/2 if ¢
belongs to E; (see Fig. and by (—1)~1/2 if ¢ belongs to Fy. Observe also that the

Gl GZ

Figure 2.2: The graphs G1, G2 corresponding to the basis graph of GY (for Lm = 4),
together with their orientations D1, Do.

matrix K(_; _) is invariant under translations by multiples of ey, ez. Define

2 0;+1
PO) = {k = (ko) by = 2 (nj v 27 ) —L/2<n; < L/2}. (2.1.5)
Let Py be the orthogonal (Lm)?/2 x (Lm)?/2 matrix whose columns are indexed by
(k,0),k € P(0),£ €T ={1,...,m?/2}, whose rows are indexed by (x,/),r € A,¢ € T, and
such that the column indexed (k, ) is the vector

1 .
fg7k : ((x,ﬂ') EAXT)— f&k(l‘,f,) = Ze_lkxlg/:g. (2.1.6)

Then, P, ' KyPy is block-diagonal with blocks of size |Z| labelled by k € P(6). The block
corresponding to the value k is a |Z| x |Z| matrix M (k) of elements [M (k)]s with £,¢' € T
and

[M(K)]e.r = Z K11, U))e*ikxe- (2.1.7)

elSp

In this formula, the sum runs over all edges e joining the black vertex b of type £ in the
cell of coordinates x = (0,0) to some white vertex w of type ¢ (w can be either in the
same fundamental cell or in another one); z. € Z? is the coordinate of the cell to which w
belongs.

The thermodynamic and large-scale properties of the measure Py, o are encoded in the
matrix M: for instance the infinite volume free energy exists and it is given by [32]

. 1 1
F=:1lim —logZro= W

Jlim — /[—m]? log |(k)|dk (2.1.8)
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where p (the “characteristic polynomial”) is

wu(k) == det M (k), (2.1.9)
which is a polynomial in €1, e2. Kasteleyn’s theory allows one to write multi-point
dimer correlations (in the L — oo limit) in terms of the so-called “infinite-volume inverse
Kasteleyn matrix” K~!: if w (resp. b) is a white (resp. black) vertex of type ¢ in cell
x = (21,72) € Z* (resp. of type ¢’ and in cell 0), then one has

1

K7 () = /[_Tr W]Q[(M(k:))_l]wle_ik’”dk. (2.1.10)

As can be guessed from , the long-distance behavior of K ! is related to the zeros of
the determinant of M (k), that is, to the zeros of p on [—, 7). It is a well known fact [32]
that, for any choice of the edge weights, p can have at most two zeros. Our Assumption
means that we restrict to a choice of edge weights such that p has exactly two zeros,
named pg Do , with par #p, mod (2m,2m). We also define the complex numbers

al = O, p(py), BY = Opu(py), w==+. (2.1.11)

Note that, since the Kasteleyn matrix elements Ky(b, w) are reaﬂ from (2.1.7) we have
the symmetry

[M(=k)]eer = [M(F)]ewr (2.1.12)

and in particular
Py +py =0 (2.1.13)
o’ =-af, B’ =-p1 (2.1.14)

It is also known [32] that a2, 89 are not collinear as elements of the complex plane:
ol /B0 & R. (2.1.15)

Note that from (2.1.14)) it follows that Im(8% /%) = —Im(53% /o). From now on, with
no loss of generality, we assume that

Im(B9/a%) >0, (2.1.16)

which amounts to choosing appropriately the labels 4, — associated with the two zeros of
(k).

If we denote by adj(A) the adjugate of the matrix A, so that A~! = adj(A)/ det A, the
long-distance behavior of the inverse Kasteleyn matrix is given [32] as

|z]—o0 1 . w e T -2
=2 LS (M) S + O] ) (2.1.17)

~1
K wb) =" ar 20 )

’In [2l}91] etc, a different choice of Kasteleyn matrix was done, with complex entries. As a consequence,
in that case one had p} + py = (m,7) instead.
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where

o0 () = w(Blr1 — adas). (2.1.18)

Note that since the zeros p§ of (k) are simple, the matrix adj M (pg) has rank 1. This
means that we can write

adj M(p¥) = U¥ @ V¥ (2.1.19)

for vectors U, V¥ € CZl, where ® is the Kronecker product. Let e = (b, w), e’ = (¥, w’)
be two fixed edges of G: we assume that the black endpoint of e (resp. of ') has
coordinates x = (x,¢) (resp. x' = (2/,¢')) and that the white endpoint of e (resp. €’) has
coordinates (z 4+ v(e),m) with m € Z (resp. coordinates (z' + v(e’),m’)). Of course, v(e)
is either (0,0) or (0,+1) or (£1,0), and similarly for v(e’). Note that the coordinates of
the white endpoint of e are uniquely determined by the coordinates of the black endpoint
and the orientation labeil Jj € {1,...,4} of e: in this case we will write v(e) =: vj,
K(b,w) =: K¢ and in (2.1.19), U,, =: U;¢. The (infinite-volume) truncated dimer-dimer
correlation under the measure Py, ¢ is given a,

Eo(le; 1er) = lim Epo(Le; Ler) = ~K(b,w)K (¥, w)K(w',b) K (w, V). (2.1.20)

where recall Ex(f;g9) = Ex(fg) —Ex(f)Ex(g). As a consequence of the asymptotic expres-
sion (2.1.17)), we have that as |2/ — x| — oo,

EO[]]-e; ]]-e’] = ij’j/’e/ (1}, .’L’l) + Bj’&j/’gl(flf, .'13‘/) + R?,E,j’,é/ (.73, .’El) (2121)
with
K% K0 .,
A',Z, -/751(33,96’) — W)W e
" w; (92 (z — a'))?
HO . HO oy o (2.1.22)
Bjojo(za) =Y ot —@do 2 (=a’)
" w; |90 (z — 2")|?
|R2757j/g/(x,$/)‘ S C‘ﬂ? — ZU/|73.
where
0 1 —1p¥ v pTTW YW
wit = 5 IGee PO UV
1 ' (2.1.23)
HY 1= g Ky OIU 2V

3recall the conventions on labeling the type of edges, in Section (edge).

4the index 0 € {-1, Jrl}2 in Ko(b,w) is dropped, since the dependence on r is present only for edges
at the boundary of the basis graph Go (see Figure so that for fixed (b,w) and L large, Kq(b,w) is
independent of r
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2.1.3 A fermionic representation for Z;

In this subsection, we work again with generic edge weights, i.e., we do not assume that
they have any spatial periodicity.

Determinants and Grassmann integrals

We refer for instance to [5] for an introduction to Grassmann variables and Grassmann
integration; here we just recall a few basic facts. To each vertex v of G we associate a
Grassmann variable. Recall that vertices are distinguished by their color and by coordi-
nates x = (z,¢) € A = A x Z. We denote the Grassmann variable of the black (resp.
white) vertex of coordinate x as 1y (resp. ¥y ). We denote by [ D f (1)) the Grassmann
integral of a function f and since the variables 1) anti-commute among themselves and
there is a finite number of them, we need to define the integral only for polynomials f.
The Grassmann integration is a linear operation that is fully defined by the following
conventions:

/Dd; IT vxvid =1, (2.1.24)

xEA

the sign of the integral changes whenever the positions of two variables are interchanged
(in particular, the integral of a monomial where a variable appears twice is zero) and
the integral is zero if any of the 2|A| variables is missing. We also consider Grassmann
integrals of functions of the type f(v) = exp(Q(%)), with @ a sum of monomials of even
degree. By this, we simply mean that one replaces the exponential by its finite Taylor
series containing only the terms where no Grassmann variable is repeated.

For the partition function Zr g = ZG% of the dimer model on G% we have formula
of previous subsection where the Kasteleyn matrices Ky are fixed as in Section
2.1.2] recall also Remark 2.1.1} Using the standard rewriting of determinants as Gaussian
Grassmann integrals (i.e. Grassmann integrals where the integrand is the exponential of
the corresponding quadratic form), one immediately obtains

1 _
Z10=5 3 ce/zw e~V Ko™ (2.1.25)
fe{—1,+1}2

where ¢ Ky~ is a short notation for Y7, a3 Ko(x,y)ty, and Ky(x,y) stands for
Ky(b,w) if the black vertex b (white v. w) has coordinates x € A (resp. y € A).

The partition function as a non-Gaussian, Grassmann integral

The reason why the r.h.s. of is the sum of four determinants (and Zr is the
sum of four Gaussian Grassmann integrals) is that GY is embedded on the torus, which
has genus 1: for a dimer model embedded on a surface of genus g, the analogous formula
would involve the sum of 49 such determinants [55}56]. This is clearly problematic for the
graph G, with non-planar edges, since in general it can be embedded only on surfaces of
genus g of order L? (i.e. of the order of the number of non-planar edges) and the resulting
formula would be practically useless for the analysis of the thermodynamic limit. Our first
crucial result is that, even when the weights of the non-planar edges Ny, are non-zero, the
partition function can again be written as the sum of just four Grassmann integrals, but
these are non Gaussian (that is, the integrand is the exponential is a polynomial of order
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higher than 2). To emphasize that the following identity holds for generic edge weights,
we will write Zy,; for the partition function.

Proposition 2.1.1. One has the identity

1 - )
Zri= >, Il te= 3 > ce/DdJe VT Koy +ViY) (2.1.26)
MeQ eeM fe{—-1,+1}2
where cy are given in (2.1.2), A = (=L/2,L/2]> N Z? as above,
Vi) = > V@ (¢lp,) (2.1.27)
TzEA

and V&) s a polynomial with coefficients depending on the weights of the edges incident
to the cell B, v|p, denotes the collection of the variables * associated with the vertices
of cell B, (as a consequence, the order of the polynomial is at most m?). When the edge
weights {te} are invariant by translations by e, ez, then V(@) s independent of x.

The form of the polynomial V@) g given in formula ([2.1.35)) below; the expression in
the r.h.s. can be computed easily when either the cell size m is small, or each cell contains
a small number of non-planar edges. For an explicit example, see Appendix [A]

Proof. We need some notation. If (b,w) is a pair of black/white vertices joined by the
edge e of weight t., let us set

| =ty if ee Ny
Yo (e) ._{ _Ke(be)w;% i ec B (2.1.28)

with Ky(e) = Ky(b,w) the Kasteleyn matrix element corresponding to the pair (b, w),
which are the endpoints of e. We fix a reference dimer configuration My € QY say the
one where all horizontal edges of every second column are occupied, see Fig. [2.3]

Then, we draw the non-planar edges on the two-dimensional torus on which G% is
embedded, in such a way that they do not intersect (i.e. do not cross) any edge in My
(the non-planar edges will in general intersect each other and will intersect some edges
in E% that are not in My). Given J C N, we let P; be the set of edges in Eg that are
intersected by edges in J. The drawing of the non-planar edges can be done in such a way
that resulting picture is still invariant by translations of e, ea, the non-planar edges do
not exit the corresponding cell and the graph obtained by removing the edges in N, U Py,
(i.e. all the non-planar edges and the planar edges crossed by them) is 2—connected. See
Figure

Reorganizing the set of configurations with these definitions we start by rewriting

Zig= > Y. > wM) (2.1.29)

JCNy, SCPy MGQJ’S

where €); g is the set of dimer configurations M such that a non-planar edge belongs to M
iff it belongs to J, and an edge in P; belongs to M iff it belongs to S. Given M € € g,
we write M as the disjoint union M = JU S UM’ and w(M) = w(M")w(S)w(J), since
by its definition (see just below (2.1.1))) w(M) factorizes on such decomposition. In this
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Figure 2.3: A single cell B,, with the reference configuration My (thick, blue edges). The
non-planar edges (red) are drawn in a way that they do not intersect the edges of My and
do not exit the cell. Note that non-planar edges can cross each other. The dotted edges,
crossed by the planar edges, belong to Py, . If the non-planar edges cross only horizontal
edges in the same column (shaded) of the cell and vertical edges from every second row
(shaded), the graph obtained by removing red edges and dotted edges is 2-connected.

way becomes
Zig= > wlJ) > wS) > wM) (2.1.30)

JCNL, ScPy M'~J,S
where M’ ~ S, J means that M’ U S U J is a dimer configuration in Q;g. To proceed, we
use the following

Lemma 2.1.0.1. There exists eé = =41 such that

Y owuSu) = Y 2 / Dy e KT I wle).  (2131)

M'~JS e{-1,4+1}2 ecJUS

Here, ¢(e),e € JUS is the same as g(e): we have removed the index 0 because, since the
endpoints b,w of e belong to the same cell, the right hand side of is independent of
0. If J =S =0, the product of 1(e) in the right hand side of should be interpreted
as being equal to 1. Moreover, 68 =1 and, letting J, (resp. Sy) denote the collection of
edges in J (resp. S) belonging to the cell By,x € A, one has

es =[] €k (2.1.32)
TEA

Let us assume for the moment the validity of Lemma [2.1.0.1] and conclude the proof
of Proposition Going back to (2.1.30)), we deduce that

ZL,t:zg:c;/D¢€_w+Kg¢H [Z Sooelr T wie)]. (2.1.33)

zeN | Jz SzCPy, e€J, USy

The expression in brackets in (2.1.33)) can be written as

1+ Fy(y) = ¥ ¥lse) (2.1.34)
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where F, (1) is a polynomial in the Grassmann fields of the box B,, such that F,(0) =0
and containing only monomials of even degree, and

VO @lp,) =3

n>1

()" (2.1.35)

Proof of Lemma [2.1.0.1 First of all, let us define a 2—connected graph G ; g, embedded
on the torus, obtained from Gy, as follows:

1. the edges belonging to Ny, U Py are removed. At this point, every cell B, contains
a certain number (possibly zero) of faces that are not elementary squares, and the
graph is still 2-connected, recall the discussion in the caption of Figure 2.3

2. the boundary of every such non-elementary face n contains an even number of vertices
that are endpoints of edges in J U .S. We connect these vertices pairwise via new
edges that do not cross each other, stay within 1 and have endpoints of opposite
color. See Figure for a description of a possible procedure. We let E;g denote
the collection of the added edges.

by w3 b3

b6®  wy

n s wg by
> ] wyq
,:,/ ‘ ; i P! ; j s

Figure 2.4: Left drawing: a cell with a collection J of non-diagonal edges (red) and of
edges S C Py (thick blue edges). The dotted edges are those in Py \ S. Center drawing:
the non-elementary face n obtained when the edges in Ny U Pj are removed. Ounly the
endpoints of edges in J U S are drawn. Right drawing: a planar, bipartite pairing of the
endpoints of J U S. The edges in E;g are drawn in orange. A possible algorithm for the
choice of the pairing is as follows: choose arbitrarily a pair (w1, b1) of white/black vertices
that are adjacent along the boundary of n and pair them. At step n > 1, choose arbitrarily
a pair (wp, by) that is adjacent once the vertices w;, b;,i < n are removed. Note that some
of the edges in F ;s may form double edges with the edges of GY on the boundary of n
(this is the case for (by,w1) and (bs,ws3) in the example in the figure).

The first observation is that the L.h.s. of (2.1.31) can be written as

! w(M) (2.1.36)
(eel;]L:JS e) (Meg(;ls: ) te=l,e€E;y g
MDEj s

where (g, ¢ is the set of perfect matchings of the graph G5 and as usual w(M) is the
product of the edge weights in M. The new edges E;g are assigned a priori arbitrary
weights {tc}ecr, 5, to be eventually replaced by 1, and the partition function on G ¢ is
called Zg, .
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Let Kg’S,H € {—1,+1}? denote the Kasteleyn matrices corresponding to the four
relevant orientations Dy of G g, for some choice of the basic orientation on G ;g (recall
Definition . Since G is embedded on the torus and is 2-connected, Eq.
guarantees that the sum in the second parentheses in can be rewritten (before
setting to = 1 for all e € Ejg) as

> w(M)= ( 11 teate) ZG,s = ;ZCQ( 1T t68t6> det K%, (2.1.37)

MeQq, o e€E; g 0 e€E g
MDEJ’S

In fact, the suitable choice of ordering of vertices mentioned in Remark (and therefore
the value of signs c¢y) is independent of J, S, because the reference configuration My is
independent of J, S.

Using the basic properties of Grassmann variables, the r.h.s. of equals

ZCG( H tate)/D¢€ 1/;+Ksz_

6€EJS

€€EJ’S

- ;Zco/Dwe—WKé]’sw ( 11 %"’S(e)) (2.1.38)
0

where, in analogy with (2.1.28|), 1/)(;]’5(6) = —K(;]’S(b,w)wgr¢;. We claim:

Lemma 2.1.0.2. The choice of the basic orientation of Gjs can be made so that the
Kasteleyn matrices Kéf’s satisfy:

(i) if e = (byw) € Gys\ Eyg, then K(;]’S(b,w) = Ky(b,w), with Ky the Kasteleyn
matrices of the graph GY, fived by the choices explained in Section .

(i7) if instead e = (b,w) € Ej g and is contained in cell By, then K(;]’S(b,w) = tooteSe
with UJI’SI = =+1 a sign that depends only on Jy, S,.

Assuming Lemma [2.1.0.2 and letting £, 5, denote the subset of edges in E;g that
belong to cell B,, we rewrite (2.1.38]) as

72@/&/)@ VTR 11 (—tea =g abr ), (2.1.39)

T e= (b ’LU)EEJw Se
where we could replace K (;] S by Ky at exponent, because

*¢+K"S ( H ¢JS )_((b )H w:K‘]Sbwww)< H ¢ )

ecl; s eG‘],S\E(]’S ecE; s

= IO e Ke“””w)( [T v ):ew%w-( I w;f’s<e>)7

e=(bw)eGy,s\Ey s e€ly s e€Ejs
(2.1.40)



42 Chapter 2. Interacting dimers I: bulk of the rough phase

thanks to the Grassmann anti-commutation properties and the fact that Ké] ’S(b,w) =
Ky(b,w) for any (b,w) € Gys \ Ejs. Eq.(2.1.39)) can be further rewritten as

e Jste C _t -
HGE’Z;/DW YT Koy H(Eéz H ¢(e)), (2.1.41)
9 X

HCEJUS te e€J,USy

Jo .
where €’ is a sign, equal to

W(Jgg,sm)( I1 0;3]””’5“5>< 11 sign(Kg(e))), (2.1.42)

EGEJzysz eESy

and 7(Jy, S;z) is the sign of the permutation needed to recast [pwyeE,, s ¥ 1y, into the

form []p,w)es,us, Y by note also that, for e € Sy, Ky(e) is independent of §. Putting
things together, the statement of Lemma [2.1.0.1] follows. u

Proof of Lemma[2.1.0.3 Recall that G ;g is a 2-connected graph, with the same vertex
set as GOL, and edge set obtained, starting from Ep, by removing the edges in Ny U Py
and by adding those in F;g. We introduce a sequence of 2-connected graphs G pn =
0,...,2=|E;g| embedded on the torus, all with the same vertex set. Label the edges in
Ejs as eq,...,e, (in an arbitrary order). Then, G© is the graph G% with the edges in
Nz U Pj removed and G 1 < n < z is obtained from G(© by adding edges e, ..., ep.
Note that G*) = @ 7.5. We will recursively define the basic orientation D™ of GM in
such a way that for n = 2 the properties stated in the Lemma hold for the Kasteleyn
matrices K éz) =K é] »5 The construction of the basic orientation is such that for n > m,
D™ restricted to the edges of G is just D™, That is, at each step n > 1 we just need
to define the orientation of e,,.

For n = 0, G is a sub-graph of G% and we simply define D) to be the restriction
of D (the basic orientation of G%) to the edges of the basis graph of G(*). Since the
orientation of these edges will not be modified in the iterative procedure, point (i) of the
Lemma is automatically satisfied. We need to show that D(® is indeed a basic orientation
for G in the sense of Definition In fact, an inner face n of the basis graph of
GO is either an elementary square face (which belongs also to the basis graph of G} ), or
it is a non-elementary face as in the middle drawing of Fig. 2.4 In the former case, the
fact that the boundary of 7 is clockwise odd is trivial, since its orientation is the same as
in the basic orientation of G%. In the latter case, the boundary of 7 is a cycle I' of Z?
that contains no vertices in its interior. The fact that I' is clockwise odd for D then is
well-known [127, Sect.V.D].

Assume now that the basic orientation D™ of G has been defined for n > 0 and
that the choice of orientation of each e = (b,w) € E g that is an edge of G(™ contained
in the cell B,, has been done in a way that depends on J, S only through J,,S,. If n = z,
recalling how Kasteleyn matrices Ky are defined in terms of the orientations, claim (ii) of
the Lemma is proven. Otherwise, we proceed to step n+1, that is we define the orientation
of en4+1 as explained in Figure[2.5] This choice is unique and, again, depends on J, S only
through J,,S;. The proof of the Lemma is then concluded. =
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n Iy

Entl M
[

Iy

Figure 2.5: An inner face n of G and the edge eny1. After adding 1, n split into
two inner faces ni,ns of GV . By assumption, the boundary T' of n is clockwise-odd
for the orientation D). Therefore, exactly one of the two paths I'1,T's contains an odd
number of anti-clockwise oriented edges and there is a unique orientation of e,y1 such
that the boundaries of both n1,ny are clockwise odd. Since, by induction, the orientation
of I" depends on J, S only through J,, S,, with x the label of the cell the face belongs to,
the same is true also for the orientation of en41.

2.1.4 Generating function and Ward Identities

In this subsection we consider again dimer weights that are periodic under translations by
integer multiples of e, es.

In view of Proposition the generating function Wp(A) of dimer correlations,
defined, for A : E; — R, by

M = 3 () T e, (2.1.43)
MeQp e€l
Wy (A) 2

can be equivalently rewritten as e = % > 0e{1,—1)2 coeVr” D) where

W) _ /Dwes(,(¢)+V(¢,A)7 (2.1.44)

where Sy(¢)) = —¢TKgp~™ and V (¢, A) = —¢+Ké41p, — Sp(v) + %(A)(¢) Here, Ké4
(resp. Vya)(¥)) is the Kasteleyn matrix as in Section m (resp. the potential as in
(2.1.27)) with edge weights t(A) = {tce?¢}eep, -

As in [2, Sect.3.2], it is convenient to introduce a generalization of the generating
function, in the presence of an external Grassmann field coupled with . Namely, letting
¢ = {¢+}cen a new set of Grassmann variables, we define

WL(Ad) . % Z Cgewfge)(A’(b)?
fe{1,—1}2 (2.1.45)
with  M49) . / Dip 50V @A) +(1.0)

and (1, @) := D wea (Ui o + ¢F105 ). The generating function is invariant under a local
gauge symmetry, which is associated with the local conservation law of the number of
incident dimers at each vertex of A. By a gauge symmetry we mean invariance of the
generating functional under a local phase change of Grassmann variables ¢¥F — wfeio‘f

®The arbitrary choice of inserting Sp(¢)) in V (1, A) is so that the quadratic Grassmannian part does
not depend on A.
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as described in the following

Proposition 2.1.2 (Chiral gauge symmetry). Given two functions at : A — R and
~—: A — R, we have

Wr( =—i Z ) + Wi(A + ia, pe'®) (2.1.46)
xEA

where, if e = (byw) € Ef, withx cmdy the coordinates of b and w, respectively, (A+ia). :=
Ae +i(asf + ay ), while (pei@)E = pEeiok

The proof simply consists in performing a change of variables in the Grassmann inte-
gral, see [91], Proof of Prop.1].

The gauge symmetry , in turn, implies exact identities among correlation func-
tions, known as Ward Identities. Given edges eq,...,er and a collection of coordinates
X1, 3 X0, Y1y Y, deﬁneﬁ the truncated multi-point correlation associated with the
generating function W (A, ¢):

gL(elﬂ""ek;x].?"'?Xn;Y].7'"’YH)

=04 --3Aeka¢‘ a¢yn8¢ O W4, 9)l 4= 0,¢=0"

(2.1.47)

el'

Three cases will play a central role in the following: the interacting propagator G2, the
interacting vertex function GV and the interacting dimer-dimer correlation G(%2) | which
deserve a distinguished notation: letting x = (x,¢),y = (y,¢'),z = (z,£"), and denoting
by e (resp. €') the edge with black vertex x = (z,¢) (resp. y = (y,¢')) and label j € Jp
(resp. j' € Jr), we define

Gézé)';/:(ﬂfvy) = gr(0;x;y)
G (@y.2) = giles i) (2.1.48)
GO (@) 1= gu(e. €3 050).
As a byproduct of the analysis of Section the L — oo of all multi-point correlations
gr(et,... ek, X1,...,Xn,¥1,--.,¥n) exist; we denote the limit simply by dropping the

index L. Let us define the Fourier transforms of the interacting propagator and interacting
vertex function via the following conventions: for ¢, ¢, ¢ € T and j € J;, we let

Giow) = 3 "Gy (,0)

r€eZ?

(2.1.49)
G hp) = 30 P TMIGT ) (2,0,9).
x,y€Z?
Proposition 2.1.3 (Ward identity). Given ¢',¢" € T, we have
—ip-v(e A(2 A(2
Z Gg ?é é’ Z//(k p)( P ( ) - ].) - Gé/}g//(k +p) - Gé/’)g//(k) (2]‘50)

ec&

SWe refer e.g. to |91, Remark 5] for the meaning of the derivative with respect to Grassmann variables
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where & is the set of edges e = (b(e),w(e)) having an endpoint in the cell By and the
other in By _1) U B_1 ). Also, {(e) € I is the type of b(e), j(e) € Tye) is the label
associated with the edge e, while v(e) € {(0,£1),(£1,0)} is the difference of cell labels of
w(e) and b(e), see discussion after (2.1.19).

Proof. We start by differentiating both sides of the gauge invariance equation (2.1.46|): fix
x = (z,¢) € A, differentiate first with respect to af and set o = 0:

1= Y 0 Wi(A6) + 050, Wi(A,0) (2.1.51)
"

where x(b) = (z(b),4(b)) is the coordinate of the black endpoint b of the edge e. The
above sum thus contains as many terms as the number of edges incident to the black site

of coordinate x, i.e. as the number of elements in Jy). Then, differentiate with respect
to ¢, and ¢y and set A= ¢ =0:

Y. gulesy;z) + 0xe9(0;y;2) = 0. (2.1.52)
e=(bw)EEL
x(b)=x

Repeating the same procedure but differentiating first with respect to ay rather than o,
and setting o = 0 we obtain the analogous of ([2.1.51)):

L= > 0aWi(A ¢)+ 50, WL(A, ¢). (2.1.53)

Then we differentiate with respect to ¢, and gb; , set ¢ = 0 to obtain the analogous of

2-1.52):

> gulesy;z) + eygr(Biyiz) =0 (2.1.54)
e=(byw)€E
x(w)=x

where x(w) is the coordinate of the white vertex of e. Now we sum both and
over £ € T (the type of the vertex x) with the cell index x fixed; then we take the
difference of the two expressions thus obtained and we send L — oo. When taking the
difference, the contribution from edges whose endpoints both belong to cell B, cancel and
we are left with

Yoo (G (@, 2) = (Ba — 0ay) Gl (4, 2), (2.1.55)
e=(z',j,0)€EsB,

where we used the notation in , and we denoted by Epp, the set of edges of
E° having exactly one endpoint in the cell B,. Note that in the first sum, in writing
e = (2/,4,¢), we used the usual labeling of the edge e in terms of the coordinates (z’,f)
of its black site and of the label j € J;. Note also that, if e = (2/,4,¢) € Esp,, then 2’
is either z or x + (0,1),2 £ (1,0). See Figure Using the last remark in the caption
of Fig we can rewrite the sum in the left hand side of as a sum over edges in

&1,z U &y, each term containing the difference of two vertex functions Gﬁ’le), - Passing

to Fourier space via ([2.1.49]), we obtain (2.1.50]), as desired. u
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Figure 2.6: The cell B, (only vertices on its boundary are drawn) together with the
edges in Egp, = £1, U&y, UE, UE),. To each edge e in &, (resp. in Ey,) there
corresponds a unique edge €' in 5{796 (resp. Sé,z) whose endpoints are of the same type.

Remark 2.1.2. For later reference, note that, if e crosses the path Cy (resp. Co) of Figure
i.e., if e € 14 (resp. e € Eay), then, for any p = (p1,p2) € R? and v(e) defined as in
the statement of Proposition [2.1.3,
—pao, if e crosses C
pule) =4 P2 f ! (2.1.56)
+pio.  if e crosses Co,

with o, = £1 the same sign appearing in the definition (1.4.3)) of height function.

2.2 Proof of Theorem [1.4.2]

One important conclusion of the previous section is Proposition which states the
validity of exact identities among the (thermodynamic limit of) correlation functions of
the dimer model. In this section we combine these exact identities with a result on the
large—distance asymptotics of the correlation functions which includes the statement of
Theorem [I.4.1] and use them to prove Theorem[I.4.2] The required fine asymptotics of the
correlation functlons is summarized in the followmg proposition, whose proof is discussed
in Section In the following we will denote with A — f a function f of A.

Proposition 2.2.1. There exists A\g > 0 such that, for |\| < Ao, the interacting dimer-
dimer correlation for x # y can be represented in the following form:

(1) p(1)
(0,2) 1 Kw,j,éKw,j’,f’
Giipp(T,y) = 20 ) ;::i Ol ) (2.2.1)

£k, -
e ] 2@ L Ry ()

7T2 Z |¢ T —y ’21 7)/(1471)

where: X — Z, A — 7 and X — B are real-valued analytic functions satisfying Z =
1+0), 7=0(\) and B=1+ 0O(N); ¢ () := w(fuwr1 — auT2) where X — q, A — B
are complex-valued analytic functions satisfying ar = —a_,By = —B_; A — KU )M with
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i € {1,2} are complex-valued analytic functions of A satisfying KU )ge = K(_)M, A= p¥
are analytic functions with values in [—m,7|? for \ real, satisfying p™ = —p~ and 2p* # 0

mod (2m,27); the correction term Rjj g p(x,y) is translational invariant and satisfies
IR; jr.00(2,0)] < Cla| W for some C > 0.

Moreover, there exists an additional set of complex-valued analytic function A —
Iyoe,w = £1,0,0' € I, such that the Fourier transforms of the interacting propagator
and of the interacting vertex function satisfy:

G2k +°) 20 L w G2 (k)1 + O(k[2)], (2.2.2)
and, if 0 < ¢ <|p|, k|, |k + p| < 2,

GO k4 p°p) 2 = 3 KU L 0GRk p)[L+ O] (2.2.3)
w/'=+

where KSJ)E is the same as in (2.2.1]) and G’g)w(k) Ggi)w (k,p) are two functions satisfy-
ing, for Dy, (p) = ayup1 + Bup2,

3 DuonCirir(hp) = 20— |Gl — GG+ )] (1+0008D) . (224

with Z, T the same as in (2.2.1), and

Gilllp) =7

R,—w,w

Gk p) (1+O(p))- (2.2.5)

Finally, Cl%)w(k:) ~ cr|k|THON) as k= 0, and, if 0 < ¢ < |pl,|k|, |k + p| < 2

Gg,i?w/(k,p) -~ 62c—2+0(>\2

) as ¢ — 0, for two suitable non-zero constants c1, cs.

A few comments are in order. First of all, the statement of Theorem ,
follows from , which is just a way to rewrite it: it is enough to identify K, ;, with
(2rZy/1— ) 1lej) o Hy, 0 with (\/E/%)Kf) s and v with (1 —7)/(1+7).

Moreover, we emphasize that Proposition is the analogue of |2, Prop.2] and its
proof, discussed in the next section, is a generalization of the corresponding one. The main
ideas behind the proof remain the same: in order to evaluate the correlation functions of
the non-planar dimer model we start from the Grassmann representation of the generating
function, , and we compute it via an iterative integration procedure, in which we
first integrate out the degrees of freedom associated with a length scale 1, i.e., the scale
of the lattice, then those on length scales 2,4,...,27" ... with A < 0. The output
of the integration of the first |h| steps of this iterative procedure can be written as a
Grassmann integral similar to the original one, with the important difference that the
‘bare potential’ V (¢, A) + (1, ¢) is replaced by an effective one, V" (¢, A, $), that, after
appropriate rescaling, converges to a non-trivial infrared fixed point as h — —oo. The
large-distance asymptotics of the correlation functions of the dimer model can thus be
computed in terms of those of such an infrared fixed-point theory, or of those of any
other model with the same fixed point (i.e., of any other model in the same universality
class, the Luttinger universality class). The reference model we choose for this asymptotic
comparison is described in |2, Section 4], which we refer the reader to for additional details.
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It is very similar to the Luttinger model, and differs from it just for the choice of the
quartic interaction: it describes a system of Euclidean chiral fermions in R? (modeled by
Grassmann fields denoted zp;.t’w, with © € R? the space label and w € {+, —} the chirality
label), with relativistic propagator and a non-local (in both space dimensions, contrary to
the case of the Luttinger model) density-density interactioﬂ The bare parameters of the
reference model, in particular the strength of its density-density interaction, are chosen
in such a way that its infrared fixed point coincides with the one of our dimer model of
interest. The remarkable feature of the reference model is that, contrary to our dimer
model, it is exactly solvable in a very strong sense: its correlation functions can all be

computed in closed form. For our purposes, the relevant correlations are those denotedlﬂ
G(Qvl)

R (the vertex function of the reference model, corresponding to the correlation of the
density of chirality w with a pair of Grassmann fields of chirality '), Gg)w (the interacting

propagator, corresponding to the correlation between two Grassmann fields of chirality w),
S(lvl)

R w (the density-density correlation between two densities with the same chirality w)

and ng)_w (the mass-mass correlation between two masses — see footnote |7|— of opposite
chiralities): these are the correlations, in terms of which the asymptotics of the vertex
function, interacting propagator and dimer-dimer correlation of our dimer model can be

expressed.

Remark 2.2.1. The connection between the interacting propagator of the dimer model and
that of the reference model can be read from (2.2.2); similarly, the one between the vertex
functions of the two models can be read from (2.2.3). Moreover, in view of the asymptotics

of S’g’i?w and of Sl(éi?_w, see (2, Eqs.(4.17) and (4.19)], (2.2.1) can be rewritten as

SED KD, S ) + KE K L SED ()@ (2.26)

w?jvg w, vavw UJ,]’,Z 7"‘)7]./76/ R,UJ,—LU
w==%

plus a faster decaying remainder, which explains the connection between the dimer-dimer
correlation and the density-density and mass-mass correlations of the reference model.

The fact that the infrared behavior of the dimer model discussed in this paper can be
described via the same reference model used for the dimer model in |2] is a priori non-
obvious. In fact, the Grassmann representation of our non-planar dimer model involves
Grassmann fields labelled by * € A and £ € T = {1,...,m?/2}: therefore, one could
expect that the infrared behavior of the system is described in terms of a reference model
involving fields labelled by an index ¢ € Z. This, a priori, could completely change
at a qualitative level the nature of the infrared behavior of the system, which crucially
depends on the number of mutually interacting massless fermionic fields. For instance, it
is well known that 2D chiral fermions with an additional spin degree of freedom (which
is the case of interest for describing the infrared behavior of the 1D Hubbard model),
behaves differently, depending on the sign of the density-density interaction: for repulsive
interactions it behaves qualitatively in the same way as the Luttinger model [122], while

"By ‘density’ of fermions with chirality w we mean the quadratic monomial w; wWa.w; the reference model
we consider has an interaction coupling the density of fermions with chirality + with that of fermions with
opposite chirality, see |2, Eq.(4.11)]. For later reference, we also introduce the notion of fermionic ‘mass’
of chirality w, associated with the off-diagonal (in the chirality index) quadratic monomial w; W

8The label R stands for ‘reference’ or ‘relativistic’.

T,—w"’
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for attractive interaction the model dynamically generates a mass and enters a ‘Mott-
insulator’ phase [125]. In our setting, remarkably, despite the fact that the number of
Grassmann fields used to effectively describe the model is large for a large elementary cell
(and, in particular, is always larger than 1), the number of massless fields is the same as
in the case of [2]: in fact, out of the m?/2 fields w(iw) with £ € {1,...,m?/2}, all but one
of them are massive, i.e., their correlations decay exponentially to zero at large distances,
with rate proportional to the inverse lattice scaling (this is a direct consequence of the fact
that, as proven in [32], the characteristic polynomial p has only two zeros). Therefore,
for the purpose of computing the generating function, we can integrate out the massive
fields in one single step of the iterative integration procedure, after which we are left with
an effective theory of a single massless Grassmann field with chirality index w associated
with the two zeros of u, see , completely analogous to the one studied in |2, Section
6]. See the next section for details.

While the proof of the fine asymptotic result summarized in Proposition is hard,
and based on the sophisticated procedure just described, the proof of Theorem [1.4.2] given
Proposition is relatively easy, and close to the analogous proof discussed in |2, Section
5]. We provide it here. Let us start with one definition. Given the face ny € F (F and
Ne, T = (21, x2) were defined in Section just before Theorem, let £1,0 (resp. &20),
be the set of vertical (resp. horizontal) edges crossed by the horizontal (resp. vertical)
path Cy,_,y connecting g to the face n' € F given by /' = N0y (resp. n" =1eo1)). See
Fig[2.6] where the same paths and edge sets around the cell B, rather than By are shown.
For e € &0, ¢ = 1,2, we let (z(e),/(e)) denote the coordinates of its black vertex and
j(e) € Jye) the type of the edge. We also recall from Section that o, = +1 is defined

in (TL3)

Proposition 2.2.2. For¢q=1,2 and w = %, one has

KW

aeM:—iw vd,o, 2.2.7
ee%o N Vv dgo (2.2.7)

wherev=(1—71)/(1+7), and

d1¢y = ¢w($ + (1’0))) - qbw(x) = W,
dodpy, = wa(:z + (O) 1))) - qsw(x) = TWoy.
Proof. Start with the Ward Identity in Fourier space (2.1.50) evaluated for k replaced

by k + p“ and substitute (2.2.2)) and (2.2.3) in it for ¢ — 0. Recalling that 0 < ¢ <
|k|, |pl, |k + p| < 2¢ we obtain for ¢ small

(2.2.8)

Rw' w

3 DGR kp) = (GRL(K) = GE,(k+p)(1+ O(c'/?)) (2.2.9)
w'=+

where Dy, (p) := —1 > cce Kfj;.(eM(E)p -v(e), with & = &1 90U &z the set of edges defined in
Proposition Now comparing the above relation with the identity , by using
and by identifying terms at dominant order for |p| small we obtain (recall the
definition of D,,(p) right before (2.2.4))):

Dyy(p) D—wo(p) + 7P—0(p) Dus(p) = Z(1 — 7) Dou(p) D—(p).- (2.2.10)
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Letting p = (p1,p2),v(e) = (vi(e), v2(e)), imposing ps = 0,p1 # 0 first and py = 0,p2 # 0
then, we find a linear system for the coefficients —i 3" ce Ko, g(e),j(e)Vq(€), for ¢ = 1,2 and
w = + whose solution is

Z; K ou001(€) = iZ(1 = Tas,
ec

Z Kf}l,ﬂ)'(e),l(e)v2(€) = iZ(l - T)Bw-

ec&

(2.2.11)

Note that, by the very definition of &€ = &9 U &, if e € £, then vi(e) # 0 iff e € &,
while va(e) # 0 iff e € £ . Recall also the relation between v(e) and o, outlined in

Remark in view of this, (2.2.11]) is equivalent to

(1)

s Segerta, _  1oTe i pas (2212)
ec& ZV1 =72 ’ 147 ) ’
1,0
K, Vi 1l =7 .
6625: %06 =1 = a, = —iw\/vdag,, (2.2.13)
2,0
where we used v = (1 — 7)/(1 + 7) and the definition (2.2.8)). L]

Proof of Theorem[1.4.2 Given Proposition the proof of Theorem is essentially

identical to that of [2, Eq.(2.47)] and of |90, Proof of (7.26)]. Here we give only a sketch
and we emphasize only the role played by the relation (2.2.7) that we have just proven.
First of all, we choose a path C, 1= @) from face 7,,1) to n,2) that crosses only edges

that join different cells. Since 7,1),7,2 € F, the path C,

W) =1,(2) visits a sequence of

faces 1), ..., mym € F, with y) = 2z y®) = 22 and |3(@ — 4@+ = 1. The set of
edges crossed by the path between 7, () and 7, (a+1), denoted &(a), is a translation of either
&1 (if y( @D —y(@) is horizontal) or £y (if y(@+1) —4(@) is vertical). Similarly, one defines a
path an<3) —n_(a) and correspondingly a sequence of faces 1,a),...,n, 4 € F and EE a) the
set of edges crossed by the path between 7,) and 7,(+1). The two paths can be chosen so
that Cyy )y (o) is of length O(jz™M — 2?)]) and Ch._(3)—n, () is of length O(|z3) — zW)),
while they are at mutual distance at least of order min(|z®) — 2()|,i # j). See [90] for

more details.
From the definition (1.4.3]) of height function, we see that

Ex[(h(n,0)) = h(n,); (B(ny) — h(nuw )] = > D 0coeBa[le; o). (2.2.14)
1<a<k, eeé’(a),
1<a’'<k’ e/eg(/a/)

As a consequence of Proposition for edges e,e’ with black sites of coordinates
(x,0),(«',¢") and with orientations j, j’, respectively, we have that

(1) (1)
E)\[]le ]1 /] = Z KwJ,( Kwajlael 1
O 2V =12 21 — 2 An (G (@ — a))?

B w)j)e _wvjlael 2ip? (x—a’ /
T Zi (6 — 2)PA-D/TF7) P+ Ry (@2,
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At this point we plug this expression into (2.2.14)). The oscillating term in (2.2.15)),
proportional to B, and the error term Rj ;s ¢(x,2"), once summed over e, ¢/, altogether
end up in the error term in ([1.4.4) (see the analogous argument in [90, Section 3.2 and

7.3]). As for the main term involving ngz»

e € &y),c € 5(’(1,) we can replace in ([2.2.15) ¢, (z — 2) by ¢, (y@ — 2(¢)), up to an error
term of the same order as R; ;¢ ¢ (x,2"), which again contributes to the error term in
(1.4.4). We are thus left with

we observe that if we fix a,a’, then for

1 J(e’) (e’
o oy
1<a <k’
(a+1) _ @)y . q (@+1) _ (a)y.q
:_VZ Z (y Y 2) ¢Uza()z = 22 ) - do,
w=t 1<a<k, 42 (o (y(@) — 210Y))) (2.2.16)
1<a’ <k’
(a+1) _ 4 (a)y . (a'+1) _ (a')y.
:_LQ% Z (y y' ) dé?;;(z - 22 ) d¢+}
2m 1<a<k, (¢+(y -z ))
1<a’<k’'

where in the first step we used Proposition and defined d¢,, := (di¢w,d2¢,,). As
explained in |2} Section 5.2] and [90, Section 7.3] (see also [32, Section 4.4.1] in the non-
interacting case), this sum equals the integral in the complex plane

v ¢4 () ¢4 (a®) , 1
——ére/ dz/ dy ——— (2.2.17)
2w Joi @) Jor@®) (2 —2)?
(which equals the main term in the r.h.s. of (1.4.4)), plus an error term (coming from the
Riemann approximation) estimated as in the r.h.s. of (1.4.4). u

2.3 Proof of Proposition

In this section we give the proof of Proposition (which immediately implies Theorem
1.4.1) as already commented above), via the strategy sketched after its statement. As
explained there, the novelty compared to the proof in |2, Section 6] is the reduction to
an effective model involving a single Grassmann critical field ¢, of the same form as the
one analyzed in [2, Section 6]. Therefore, most of this section will be devoted to the
proof of such reduction, which consists of the following steps. Our starting point is the
generating function of correlations in its Grassmann form, see . In , we first
integrate out the ‘ultraviolet’ degrees of freedom at the lattice Scale see Sectlonbelow
the resulting effective theory can be conveniently formulated in terms of a collection of
zeA
represent fluctuation ﬁelds supported in momentum space close to the unperturbed Fermi
points p. Next, we perform a ‘rigid rotation’ of these Grassmann vectors via a matrix B
that is independent of x but may depend on the chirality index w; the rotation is chosen
so to block-diagonalize the reference quadratic part of the effective action, in such a way
that the corresponding covariance is the direct sum of two terms, a one-dimensional one,
which is singular at pf§, and a non-singular one, of dimension |Z| — 1; the components
associated with this non-singular (|Z| — 1) x (|Z| — 1) block are referred to as the ‘massive

chiral fields {13 C‘,}"JEH’ , where ¢/F  are Grassmann vectors with |Z| components, which
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components’, which can be easily integrated out in one step, see Sectionbelow (this is
the main novel contribution of this section, compared with the multiscale analysis in [2]).
In Section below we reduce essentially to the setting of [2], that is, to an effective
theory that involves one single-component “quasi-particle” chiral massless field, which can
be analyzed along the same lines as |2, Section 6]. Finally, in Section we conclude
the proof of Proposition [2.2.1

2.3.1 Integration of the ultraviolet degrees of freedom

We intend to compute the generating function (2.1.45)) with 0 boundary conditions. We
introduce Grassmann variables in Fourier space via the following transformation:

X 1 A
Gir = Do eTRE =25 S0 e (2.3.1)

€A keP(6)

where we recall that each w;t and each @,f has |Z| components and indeed we assume that
Vi = (1/1_,,: Lr-e- ,w;m) is a row vector while similarly v, is a column vector (whenever
unnecessary, we shall drop the ‘color’ index ¢ € 7); in this way the transformation above
is performed component-wise.

For each 6 € {—1,+1}2, we let p%, w = £1 denote the element of P(f) that is closest
to p‘gﬂ we rewrite

G = E
with 1 1
+ tiky T+ +_ tikz it
ﬂlﬂ_ﬁ ;76 Vi s ‘I"m—ﬁ ;76 (e (2.3.2)
kZ{pg ,py } ke{pg py }
Noting that
1 R 1 R .
So(¥) = So(W) + SoW) = =5 3 GEME - Y G M)
ke{py py } ké{py .py }
we rewrite
W (A) (11 / DW So(¥ / P(Dy') eV A +w0) (2.3.3)

k€{P9 7p9
where DV = T[], . w3} (L2|I‘D\ifk) and the Grassmann “measure” DUy, is defined, as
usual, so that
JO T pi)( IT o) =1
ke{pg py } ke{p) p, } €L

. A . . A A
while we have [ (erl D\I/k)Q(\I/) = 0 whenever (V) is a monomial in {\Ilk,f}ke{pg,p;},mz
of degree strictly lower or strictly larger than 4|Z|. Moreover, P(Dv') is the Grassmann

%In the case of more than one momentum at minimum distance, any choice of p;t will work. The
dependence on L of p;t is understood.
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Gaussian integration, normalized so that [ P(D1)') = 1, associated with the propagator

(z,y) /P (DY)t =L72 S e e (A (k)) T (2.3.4)

ke{py .y}

Note that, since ¥/ is a vector with |Z| components, ¢/(x,y) is an |Z| x |Z| matrix, for
fixed x,y.

Remark 2.3.1. We emphasize also that, since the zeros of p are simple, u(k) # 0 for
every k & {p;’,pe_} (this is the reason why we singled out the two momenta p§ where
possibly vanishes and M is not invertible).

Next we introduce the following

Definition 2.3.1. We let x,, : R? — [0,1],w = £1 be two C*° functions in the Gevrey
class of order 2, see [90, App.C], with the properties that:
(1) xw(k) = x—w(—FK),

(i) xw(k) = 1if |k — p§| < co/2, and xw(k) = 1 if |k — p§| > co, with ¢o a small
enough positive constant, such that in particular the support of x4 is disjoint from
the support of x_.

We will specify later a more explicit definition of x,,. We rewrite ¢’ = ¢(® + ¢V, with
(0) -2 Z Z e_ik(x_y)xw(k‘)(M(k))_l,
w=E kg {pS p;}

gW(z,y) =L Y e 01— xy (k) = x— (k) (M(k) .
keP(0)

(2.3.5)

Since the cutoff functions y,, are Gevrey functions of order 2, the propagator ¢(!) has
stretched-exponential decay at large distances

lg (@, y)|l < Cem VI, (2.3.6)

for suitable L-independent constants C, x > 0, cf. with [2| Eq. (6.21)] |Z| x |Z| (recall that
the propagators are |Z| x |Z| matrices; the norm in the Lh.s. is any matrix norm). In
, |x — y| denotes the graph distance between x and y on Gp.

Using the addition principle for Grassmann Gaussian integrations [90, Proposition 1],

we rewrite ([2.3.3]) as

NV (A0) _ ( / DV 5o (¥ / Poy(Dyp
kg{pg 7p9
/ Pryy(DypD) eV (v 000 A (0O 40D 0)

2 17(0) (0) (0) (0)
:( I1 M(k))eLE +S(10) /D\I/ese<‘1’>/P(0)(D¢<0>)eV (T+9T.70)(2.3.7)
k&{py .y}
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where: Py and F(q) are the Grassmann Gaussian integrations with propagators ¢® and
g, respectively, i.e., letting O, = {k € P(0) \ {pg,py } : xw(k) # 0,

Pro) (D) = H <L2|I\|Ow| [keo., D?Z)k) exp ( — L2 S keo. (Xw(k))_ligle(k)QZ)];>
: e (erou N(/‘?)(Xw(k))_lz‘)

(2.3.8)
and a similar explicit expression for Py holds; J = {Je}eep, with Je = ede —1; B 50)

and V(© are defined via

L2EO) 1 SO(1,0) + VO, 1,0) = log [ Pay(DpW)el 0+ w000, (23,9)

with B(©, SO fixed uniquely by the condition that V(%)(0,.J,¢) = $(©(0,0) = 0. Pro-
ceeding as in the proof of |2, Eq.(6.24)], one finds that the effective potential V(?) can be
represented as follows:

(QZJ,ng Z Z ¢xf yf sd)zg”anq, (‘T Y,z ) (2310)

n>0 L)Y,z

m,q>0 NS

n+q€2N;};
where the second sum runs over z € A",y € A",z € AY, [ € e ™l e 14,
SE Ty, XX Ty, 0 €{+,—}" 0 €{+,—}7 (the * on the sum indicates the constraint

that Y7Ly 0y + X7, 0] = 0), and we defined J,, p ; := [[}2; Jy, ¢ 5, (here Jy ¢ s stands for
Je when the edge e € Ey, has black site of coordinates (y,¢) and orientation s € Jp),

77/’:%6 = 11/;:5 ¢,» and similarly for qb Z,/, finally, a := ({,0,0,s,¢",0"). Without loss
of generahty, we can assume that the kernels Womg(to st o) are symmetric under

permutations of the indices (y, £, s) and antisymmetric both under permutations of (z, ¢, o)
and of (z,£",0’). A representation similar to holds also for S(O)(.J, p) with kernels

JmA(y, ), where a = (£,s,£",0'). As discussed after [2, Eq.(6.27)], using the Battle-
Brydgestederbush—Kennedy determinant formula and the Gram-Hadamard bound |5, Sec.
4.2] one finds that E©) and the values of the kernels Whm,qa(2,y, 2) at fixed positions
z,y, z are real analytic functions of the parameter A, for |A[ < Ag and )¢ sufficiently small
but independent of L. Moreover, in the analyticity domain, |E©| < C|)|, and

[W,m QHH 0 < C"+m+q‘)\‘1n+q>2 max{1,c(n+q)} (2.3.11)
for suitable positive constants C,c independent of L. Here the weighted norm || - ||, is
defined as

HW ) - “sup Z |Wn,m,q;a(§7 Y, é)‘e§ 6(27%5), (2312)
zy.z

where k > 0 is the same as in (2.3.6)), and J(-) denotes the tree distance, that is the length
of the shortest tree on the torus connecting points with the given coordinates.

Remark 2.3.2. The kernels of the effective potential V9, ofS , as well as the constant

EO) depend on 0, because both the interaction Vi, A) in and the propagator ¢M)
involved in the integration do. Both these effects can be thought of as being associated
with boundary conditions assigned to the Grassmann fields, periodic in both coordinate
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directions for 0 = (—,—), anti-periodic in both coordinate directions for 8 = (4,+), and
mized (periodic in one direction and anti-periodic in the other) in the remaining two cases.
Therefore, using Poisson summation formula (see e.g. (90, App. A.2], where notations
are different), both g and the kernels of V© and S© can be expressed via an ‘image
rule’, analogous to the summation over images in electrostatics, of the following form:

D@y = 3 (c1) gy g, (2.3.13)
n=(ni,n2)€Z?

where g1 (x) = limy_,00 gV (2,0) (an analogous sum rule holds for the kernels of V(©)
and S(O)). From this representation, together with the decay bounds mentioned above on
gV and on the kernels of the effective potential, it readily follows that the dependence
upon 0 of these functions is a finite-size effect that is stretched-exponentially small in L.
Similarly, the dependence upon 0 of EO) corresponds to a stretched-exponentially small
correction as L — oo (see also [90, Appendiz A.2]). Therefore, all these corrections
are irrelevant for the purpose of computing the thermodynamic limit of thermodynamic
functions and correlations. For this reason and for ease of notation, here and below we
will not indicate the dependence upon 0 explicitly in most of the functions and constants
involved in the multiscale construction.

2.3.2 Integration of the massive degrees of freedom
Using (2.3.8) in (2.3.7) and renaming ¥ 4 () = ¢, we get
M (A9) _ (LA EO+EO)+5O) (1,9)

> /D¢ e L0 Ve, () T MR VO (3,7,9) (2.3.14)

where, recalling that O, was defined right before ([2.3.8]),
B, :=0,U{pg} =1{k € P(): xu(k) # 0},
Dy =T[4 <L2|I||BW‘ [xen, D@k) and we have set

1 T
(0= = > logu(k)+ 'LQ’Z > logxw(k).

ke (U B )e k€O,

Since par is a simple zero of u(k), there exists an invertible complex matrix B such
that

_ 0 0
B+M(p0+)B+1:<O A+> (2.3.15)

for an invertible (|Z] — 1) x (|Z| — 1) matrix Ay. Clearly, B4 (and, therefore, Ay) is not
defined uniquely; we choose it arbitrarily, in such a way that holds, and fix it once
and for all. Taking the complex conjugate in the above equation and using the symmetry
of M, see , one finds that the same relation holds at p; with matrices B_ := By,
A_:=A,. Let M, (k) := B,M(k)B,", and define the matrices T,,(k), W, (k), U, (k) and
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Vo(k) of sizes 1 x 1, (|Z| = 1) x (|Z| = 1), 1 x (|Z| — 1) and (]Z] — 1) x 1, respectively, via

T(k) Uu(k)\ _
(Vw(k) Ww(k)> = M, (k). (2.3.16)

Analyticity of M (k) in k implies, in particular, that T,,(k+p§), U, (k+po) and V,,(k+pg)
are all O(k) as k — 0, while W,,(k + p¥) = A, + O(k). Let B 5 By, be the ball centered
at pg with radius 2¢ , and assume that ¢ is so small that inf kB | det W, (k)| is positive.

Taking the determinant at both sides of (2.3.16), letting p,, := det A,,, we find that

k—pg

,U'(k) - prw(k) + O((k —PBJ)2>
so that, recalling (2.1.11]),

ko0 a0k + Boks

Tulk +o5) "= Puw

+ O(k?). (2.3.17)

Since W, (k) is non singular on B, for k € B,, we can block diagonalize M,, as

(1 UkWS R (Tu) 0 10
Mw(k)‘(o 1 )( 0 Ww(/-c)> (Wl(k)vw(k) 11) (2.3.18)

w

where T, (k) := T,,(k) — Uy (k)W 1(k)V,,(k) is the Schur complement of the block W,,,.

w

Note that from the properties of U, V,,, W,,, the function T, satisfies

k=0 adki + B2 k2

Tk +25) Pw

like T,,. In view of this decomposition, we perform the following change of Grassmann
variables: for k € B,, we define

1 Uu(k)W5 (k)
(¢k7Ck1,---,Ck|I| 1) w;fB (0 1
(2.3.19)
A S j T . 1 0 ~_
((pk;7<k717---7gk7|1|_1) = Wojl(k)Vw(k:) :ﬂ. wak .
For later convenience, we give the following
Lemma 2.3.0.1. Define of := L72Y" > keB, eiik%ﬁ; and
Gw)= L7 Y MG, pEw) = L7 Y eHhogr
keB., keB.,
Then, the inverse of the transformation (2.3.19) in x space is
IZ|
vl =3 (@l @) (B + (9 +Z< o1 @)(B)je)
II\ (2.3.20)

Urp = (B s W) + (19~ () +Z 26 @)

w
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where
IZ|
(@) = L7 3 Y ey, (MR (UL (k) - W (k) (Bu)je
ke = (2.3.21)
IZ|
)i= —L72 3 S e ey (B (B (WS (k) - Vio(R));-
keP(0) j=2

Proof. The proof is essentially an elementary computation (one inverts the linear relation
for given k£ and then takes the Fourier transform to obtain the expression in
real space) but there is a slightly delicate point, that is to see where the cut-off function
Xw(kzp 6d) comes from. After a few elementary linear algebra manipulations, one finds that
@b;é equals an expression like in the r.h.s. of (2.3.20), where the term (¢ (w) * 7': o)a 18
replaced by

D G EE, FR) = = Y (U)W (1), (Bu)se

Since the sum is restricted to k € B,,, we can freely multiply the summand by Xw(kﬂ) o),

which is identically equal 1 there, since the argument is at distance at most c¢o/2 from pj.
At that point, we use the fact that

G lpep, = Y o (w)e ™
xT

and we immediately obtain that (2.3.2)) coincides with (™ (w) * 7': )z, With 77 e a8 in

@-3.21). n
At this point we go back to ([2.3.14)), that we rewrite as

NV (A9) (LA HE) 150 ()

% /DSO 6_L72 D e Dopeny, Xw(0) TG T () @) /PW(DC) 6‘7(0>(80,C,J,¢) (2.3.22)

where

0.=r172 Z log (k) + L2 Z Z (log det W, (k) + log xw(k)),
keO’ w=% keBw

Dy :=T1],—+ (LQ‘BW| [lken, Dgﬁk), Py (D() is the normalized Gaussian Grassmann inte-
gration with propagator (which is a (|Z| — 1) x (|Z] — 1) matrix)

wa /P (D¢) ¢, (w )Cy( )_ 52,;;' Z efik(zfy)xw(k)(ww(k))flj (2.3.23)

keP(6)

and 17(0)(@, ¢, J,¢) is the same as VO (1), J, ¢), once 1) is re-expressed in terms of the new

variables (¢, (), as in Lemma [2.3.0.1

Remark 2.3.3. Note that, because of x(-), the sums ([2.3.21)) defining ng(x) are restricted
2)

to momenta k € By’ where W, is indeed invertible. Note also that, from the smoothness
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0f7A' (k) it follows that ng(:z) decays to zero in a stretched-exponential way, similar to
(2.3.6). That is, 1 is essentially a local function of v,(. As a consequence, the kernels of
VO satisfy qualitatively the same bounds as those of V(0.

Since W, (+) is smooth and invertible in the support of x.,, we see from (2.3.23)) that
the propagator of the variables {(;(w)} decays as

lg" (2, y)|| < CemViev!

uniformly in L, a behavior analogous to . For this reason, we call the variables
{Cz(w)} massive. On the other hand, we call critical the remaining {¢,(w)} variables.

The integration of the massive fields ¢, which is performed in a way completely analo-
gous to the one of () in , produces an expression for the generating functional in
terms of a Grassmann integral involving only the critical fields ¢:

N(A8) _ JLPECV 45D (1,6) / Dye 57 20 Lken, # (W) M Tu(B)gy VD (p,79)

(2.3.24)
where

LB — 6@ = BO) + SCV(1,6) = 5O(1,0) + VIV (g, ], )
— log / P (DC)eVV@699)  (2.3.25)

and V(=1 (=1 are fixed in such a way that V(=1(0,.J,¢) = S(-1(0,0) = 0. The effective
potential V(=1 can be represented in a way similar to ([2.3.10)), namely

Vi(p, J0) = Y Z W (w y!éqiz,,wqg‘ni?% (z,y,z;w) (2.3.26)

n>0 7y7
m,q>0 2, Z”
ntqEaN= = T

S,0, O'
where w € {—1,+1}" and ¢z(w) := [T}, ¢ (w;), while the other symbols and labels have
the same meaning as in (2.3.10f). In virtue of the decay properties of the propagator gﬂ/ W'

the kernels W,gy_n%?q;a(g, Y, z;w) of VD (¢, J, ¢) satisfy the same bounds as (2.3.11)).

2.3.3 Reduction to the setting of [2]

We are left with the integral of the critical variables, which we want to perform in a way
analogous to that discussed in [2| Section 6]. In order to get to a point where we can
literally apply the results of [2], a couple of extra steps are needed. First, in order to
take into account the fact that, in general, the interaction has the effect of changing the
location of the singularity in momentum space of the propagator of ¢, as well as the value
of the residues at the singularity, we find it convenient to rewrite the ‘Grassmann action’

in (2.3.24)),
—L7Y0 3 6 () Tu()gp VD (0, 7.9),
w kEB.,
in the form of a reference quadratic part, with the ‘right’ singularity structure, plus a
remainder, whose specific value will be fixed a posteriori via a fixed-point argument. More
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precisely, we proceed as described in |2, Section 6.1]: we introduce

N(p) =LY > & (= Tu(p®) + aw(ks — pY) + bu(ka — p5)) @), (2.3.27)
w keB,

where p*, a,, b, will be fixed a posteriori, and are assumed to satisfy

Ip* —pg| < 1 (2.3.28)
for A small, p™ = —p~ and @y = —a_,b; = —b_. Define also
Cuolh) 1= Tu(k) = X (k) (Tu(p*) = aw(kr — pY) = bulks — p5) ) (2:3.29)

and note that it satisfies C,(p*) = 0,
akl Cw(pw) = 8k1Tw(pw) + ay =t Qu, akzcw(pw) = 8k2Tw(pw) + by =: By, (2330)

as well as the symmetry C_,,(—k) = C, (k).
Let us introduce the matrix M (the same as in |2 Eq.(4.1)]) given by

1 2
M= Jlﬁ < _Bal _@) (2.3.31)

where a! and a? (resp. B! and B?) are, respectively, the real and imaginary part of o
(resp. f4), see , and A := o' 82 —a?$? is a positive real number, in agreement with
(2.1.16): note, in fact, that at A = 0 the sign of A is the same as the sign of Im(5; /o).
At this point, we can finally fix the cut-off functions x,, of Definition 2.3.1] as follows:

Xo(k) = x(IMH(k = p*)])

where x : R — [0, 1] is a compactly supported function in the Gevrey class of order 2. It
is immediate to verify that y can be chosen so that that properties (i)-(ii) of Definition
23] are verified.

Given this, we rewrite (2.3.24)) as
NV (A) _ JLPECVLSED (1) /D«pe‘LiQZw D res, P4 (X (B) T Cu (k)P N(9)+V D (0, ,0)

(2.3.32)

In the above integration, the momenta closest to the zeros of C,, (i.e., close to p*) play

a special role and have to be treated at the end of the multiscale procedure, as discussed
in 2} Section 6.5]. For a given 6 € {—1,+1}2, denote by ki € B,, the closest momenta to
pT respectively (with the same remark as in footnote |§| in case of several possible choices)

and note that they satisfy k;r = —k, . Next we define @f = ‘Pkig’ <I>f7x = L*Qeiikéusz)f
and P'(0) := P(0) \ {ki}. Since C,, does not vanish on P'(6), we can rewrite (2.3.32) as

Wi (49) _ ([LPECD 45D ()

X / Dde=L " X, P Cu (k)P0 / Pic_1)(Dp)eN@®+V TV 02.09) (3 3 33)
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where, letting B/, := B, N P'(),

ECY =D+ 17237 % (log Cu(k) — log xu (K)).
w keBl,

Moreover, D® := L*Dd, D®_ and ]B(S_l)(Dgo) is the normalized Grassmann Gaussian
integration with propagator

/ Pre_1y(D9)g 108 = B L2 S e Ry (1) (Cu(k) (2.3.34)
keB!,

Finally, we remark that since the momenta k in (2.3.34)) are close to p“, the propagator
m 2.3.34]) has an oscillating prefactor e~ (*=Y) that it is convenient to extract. To this end,

we define quasi-particle fields ¢z, L5< U via

PE(w) = TS,

Note that the propagator of the quasi-particle fields equals

/P<g71)(d<ﬁ—’ Yo S VoG = 6, 0gE Y (2, y)

1 3 e @y (k + p® — p&)x(IM k|
2

(€D () e L
(x7 y) . Cw(k +pw) ’

9o

(2.3.35)
keP.(0)

where P/ (0) = {k : k+ p¥ € P'(0)}. Of course, the r.h.s. of (2.3.35)) is just the r.h.s. of
(2.3.34)) multiplied by e (*=Y)  We now rewrite (2.3.33)) as

M (A.0)

:€L2E(*1)+S(*1)(J7¢)/D(I)e—L—QZw O Cu (k)0 /P(S_l)(Dap(ﬁ‘l))ew’“W‘S’”v@vJ"f’),
(2.3.36)

where

VD (0,8, 7,¢) := N(@,¢) + VED(@, 0, ,9), (2.3.37)

and in the r.h.s. it is meant that the ¢ variables are expressed in terms of the quasi-particle
fields as in . That is, we have simply re-expressed V(=1 in terms of the quasi-particle
fields and we included the counter-terms in the definition of effective potential. After this
rewriting, we find that the following representation holds for V(=1):

V( Y (P,J¢ Z Z prw y[ s¢ g”Wn_n}L,)qwa( 'Yy 2 )7 (2338)

n>0 T,Y,2
m,q>0 Vi f"
TL+(]€2N7 T

SO’O’

with kernels W,(l},%,)q;%a satisfying the same estimates as in (2.3.11]). The kernels Wq({n%?q;%a

are the analogues of W}prﬂ in [2, Eq.(6.24)] and satisfy the same properties spelled
in |2, Eq.(6.25)] and following lines. Here the labels a denote the collection of labels
(e, l,s,0",d").
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At this point, we have reduced precisely to the fermionic model studied in |2} Sec. 6].

2.3.4 Infrared integration and conclusion of the proof of Proposition

2.2.1]

Once the partition function is re-expressed as in , we are in the position of applying
the multiscale analysis of |2, Section 6]: note in fact that has exactly the same
form as [2, Eq. (6.19)] with its second line written as in |2, Eq.(6.22)]. Therefore, at
this point, we can integrate out the massless fluctuation field ¢ via the same iterative
procedure described in [2} Section 6.2.1] and following sections. Such a procedure allows
us to express the thermodynamic and correlation functions of the theory in terms of an
appropriate sequence of effective potentials V", h < 0. The discussion in [2, Section 6.4]
implies that we can fix p¥,a, b, uniquely as appropriate analytic functions of A, for A
sufficiently small (so that, in particular, is satisfied), in such a way that the whole
sequence of the effective potentials is well defined for A sufficiently small, their kernels
are analytic in A uniformly in the system size, and they admit a limit as L — oco. In
particular, the running coupling constants characterizing the local part of the effective
potentials are analytic functions of A and the associated critical exponents are analytic
functions of A, see [2} Sects.6.4.5 to 6.4.9]. The existence of the thermodynamic limit of
correlation functions follows from [2} Section 6.5]. The proofs of (2.2.1)), and
in Proposition follow from the discussion in |2} Section 6.6] (they are the analogues
of [2, Egs. (5.1),(5.2) and (5.3) in Proposition 2]) and this, together with the fact that

(2.2.4) and (2.2.5)) are just restatements of [2, Eq.(4.24)] and [2, Eq.(5.8)], respectively,
concludes the proof of Proposition [2:2.1]

A noticeable, even though mostly aesthetic, difference between the statements of

Proposition [2.2.1] and |2, Proposition 2] is in the labeling of the constants K‘E};@

K(EJQJ)E in (2.2.1), as compared to those in |2, Eq.(5.1)], which are called there IA(LM and

H, ,, and in the presence of the constants I, ¢, in —, which are absent in
their analogues in |2, Eq.(5.2)-(5.3)]. This must be traced back to the different labeling
of the sites and edges and, correspondingly, of the external fields ¢ and A, used in this
paper, as compared to [2].

First of all, in this paper the edges and the external fields of type A are labelled (z, j,¢),
with (j,¢) playing the same role as the index r in [2]; correspondingly, the analogues of
the running coupling constants Y}, . (,,; o) defined in [2, Eq.(6.49)] should now be labelled
Y, (5,0),(w1 wo); DY Tepeating the discussion in |2, Section 6.6] leading to |2, Eq.(6.160)], it
is apparent that the analogues of the constants [A(w,T, I:IW“ should now be labelled (w, 7, ¢),
as anticipated.

Concerning the constants I, ¢ ¢/, they come from the local part of the effective potentials
in the presence of the external fields ¢. After having integrated out the massive degrees of
freedom, the infrared integration procedure involves at each step a splitting of the effective
potential into a sum of its local part LV and of its ‘renormalized’, or ‘irrelevant’, part
RV | as discussed in [2, Section 6.2.3]. In |2, Section 6], for simplicity, we discussed
the infrared integration only in the absence of external ¢ fields. In their presence, the
definition of localization must be adapted accordingly. When acting on the ¢-dependent

and
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part of the effective potential, using a notation similar to |2, Eq.(6.37)], we let

£V (e, 08) =V (. .0)) = 303 (@b WG 40 (0)
zEA w,l (2.3.39)

+ P w¢ éeilp wa ())1 sw, (=€ +) (0)>

Next, in analogy with |2, Eq.(6.49)], we let

[E = L gy (0), (2.3.40)

h,w,l \/m 1,0,1;w,6,(£,F)

where 7, is a real, scalar, function of A, called the wave function renormalization’, re-
cursively defined as in |2, Eq.(6.45)]. Eq.(2.3.40) defines the running coupling constant
(r.c.c.) associated with the external ﬁeld gi) Note that such r.c.c. naturally inherit the
label ¢ from the corresponding label of the external field ¢. A straightforward generaliza-
tion of the discussion in [2} Section 6.4] shows that I ,ff’w’g are analytic in A and converge as

h — —oo to finite constants I which are, again, analytic functions of A\. Therefore,

—0o0,w, )’

by repeating the discussion in |2, Section 6.6] for ég}(k + p¥) and éfé;,)e,e'(k + p¥,p),
we find that the dominant asymptotic behavior of these correlations as k,p — 0 is pro-
portional to I iroo w eI oo prs tiES A function that is independent of ¢, ¢'. Building upon
this, we obtain and (| m, with I, s ¢ proportional to Ifoo?w I - Additional

details are left to the reader.

2.4 Proof of Theorem [1.4.3

In order to prove Theorem we proceed as in [90) Section 7.3]: using the fact that
convergence of the moments of a random variable (, to those of a Gaussian random
variable ¢ implies convergence in law of (, to ¢, we reduce the proof of to that of
the following identities:

AU = 57 [ do [ dof@) 10 Rogo o)
lim Ex(h(f);--:h°(f) =0, n>2 (2.4.1)

where the Lh.s. of the second line denotes the n!” cumulant of h¢(f). The first equation
is a straightforward corollary of Theorem for additional details see |90, p.161, proof
of (7.26)]. For the proof of the second equation we need to show that, for any 2n-ple of
distinct points z1, ..., Top,

Ek(h(nm) - h(nx2)§ T §h(n$2n71) - h(nmn)) = O((1<I.1<112 |xl - wj‘)ie% (2'4'2)
<i<j<2n
for some constant # > 0. In fact, by proceeding as in [90, p.162, Proof of (7.27)], Eq. -

readily implies the second line of - In order to prove , we first expand each
difference within the expectation in the left side as in ([1.4.3]), thus getting

LHS of @42)= > - > Oy 0, Ba(ley;---31e,).  (2.4.3)

€1 ec”]zl —Nzo enec’f?zgn_l —Nzg,
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At a dimensional level, the truncated n-point correlation in the right hand side decays like
d—"(1+0M) where d is the minimal pairwise distance among the edges eq, . .., en; therefore,
the result of the n-fold summation in is potentially unbounded as max;; |x;—x;| —
oo. In order to show that this is not the case, and actually the result of the n-fold
summation is bounded as in the right hand side of , we need to exhibit appropriate
cancellations. Once more, we use the comparison of the dimer lattice model with the
infrared reference model, which allows us to re-express the multi-point truncated dimer
correlation Ey(1¢,;---;1.,) as a dominant term, which is the multi-point analogue of
, plus a remainder, which decays faster at large distances. More precisely, by using
a decomposition analogous to [90, Eq. (7.7)] and using the analogue of |90, Eq. (6.90)], if
e; has labels (z;, j;, ¢;), we rewrite

n
Ex(lei-i0e) = > (TTES . C TT 7)) S (e, wa)
+ r=1

W1 yeey,Wn= risp=2
517"'757L:172

+ Err(e, ... en),

(2.4.4)
where Sgtuls"gn are the multi-point density-mass correlations of the reference model (de-
fined as in [90], Eq. (6.85)] or as the multi-point analogue of |2, Eq. (4.15)-(4.16)]). More-
over, if D, is the diameter of z = (z1,...,xy) and if the minimal separation among the
elements of z is larger than coD, for some positive constant cy, then, for 6 equal to, say,
1/2 (in general, 6 can be any positive constant smaller than 1 — O())) the remainder
term is bounded as |Err(eq, ..., e,)| < Cngo(co)D; "%, The latter bound is the analogue

of [90, Eq. (6.90)]. Moreove the functions SSLISZ),I are non-zero only if the quasi-
particle indices satisfy the constraint >, . _ow; = 0 (this is the multi-point generalization

of 90, Eq. (6.92)]). Finally, and most importantly, if sy = --- = s, = 1, then
Seoo) (@) =0, n>2, (2.4.5)

which is the analogue of |90} Eq.(6.94)] and is an instance of ‘bosonization’ for the reference
model: in fact, can be interpreted by saying that the n-point (with n > 2) truncated
density correlations of the reference model (recall Footnote [7| for the definition of ‘density’
and ‘mass’ observables) are all identically equal to zero.

In conclusion, in the right hand side of we can replace Ey(1¢,;--- ;1) by the

right hand side of (2.4.4), where the term with s; = --- = s,, = 1 vanishes. Therefore, all
the terms we are left with either involve oscillating factors [T,., _, €*7”" """ or the remainder

term Err(eq, ..., e,). In both cases, exactly like in the case n = 2, the contribution of these
terms to the n-fold summation over eq,...,e, in 12.4.3: is bounded better than the naive

dimensional estimate, and we are led to the bound in :2.4.2 ). For a detailed discussion of
how the estimate of the summation is performed, we refer the reader to |90, Section 7.2].

(s1

19See the discussion after |90, Eq. (6.94)] for references about the properties of Shior
discussed in this paragraph.






CHAPTER 3

INTERACTING DIMERS IT:
LIQUID-FROZEN TRANSITION

In order to prove Theorems this chapter is structured as follows.

In Section we recall known results for the non-interacting dimer model. In par-
ticular we prove Theorem in the non-interacting case. Section contains the
Grassmannian representation of the model. Our case is a direct Corollary of |2]. In Sec-
tion we set up the multiscale analysis. This section is standard and is used to set up
the inductive structure of the Renormalization Group analysis. It is essentially the same
as the analysis in [4]. In Section we set up the multiscale structure to deal with the
shift of the liquid-frozen transition point caused by the interaction: this fact is one the
main differences with [4]. In Section we set the double-regime multiscale structure,
which is necessary to control the thermodynamic limit of the theory uniformly as we ap-
proach the edge of the frozen phase. Section is the core of the technical analysis. It is
standard and rooted in an extensive literature. The main references for us in this context
are [2,/4,/5]. The goal of this section is to combine the ideas of [4] with the formalism
developed in [2] for an interacting dimer model. In Section there are quantitative
estimates, output of the multiscale structure, necessary to check the convergence of the
theory in multiscale analysis; Section [3.4.3] contains the Gallavotti-Nicolo’ tree formalism
and a comparison with |4] in order to export the estimates into our framework. Sec-
tion [3.4.1] collects the information arising from the inductive renormalization procedure in
terms of a system of equations in a space of sequences, the so called Beta function; this is
used in Section to reformulate the convergence of the perturbative theory in terms
of a fixed point solution for the Beta function. Section contains the proof of the main

Theorems [1.4.4H1.4.5]

3.1 The non-interacting dimer model and the liquid-frozen
transition

In this section, we recall some basic definitions and results about the integrable (or non-
interacting) dimer model on the infinite honeycomb bipartite graph #H. For the reader’s
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convenience we also report here some of the definitions given in Sec. [I.3]

Figure 3.1: The graph G, with L = 4; the fundamental domain, containing one black and
one white vertex which share the same coordinate x, is encircled. Weights of horizontal,
north-east and north-west oriented edges are A, B, C, respectively. In orange an example
of a dimer configuration.

We work on the graph G, = (Vi, Er), L € 2N, embedded in the two-dimensional
torus, defined as
Gp:=H/(LZ x L7Z) (3.1.1)

where H stands for the infinite bipartite hexagonal graph and LZ x LZ denotes the
action of the translations with respect to directions Léi, Lés (see Figure (3.1)).

(1, is bipartite, so we color with black and white its vertices and we decompose
Vi, = VY UV where, the sets VZ and V} are both isomorphic to A := {(x1, x2) :
x; = 0,...,L —1}. We assume that a black and a white vertex share the same
coordinates if and only if they are in the same copy of the fundamental domain
G1.Given a vertex v, we write z(v) = (x1(v),z2(v)) € A for its coordinates in the
basis €1, €3.

We denoted by €1, the space of dimer configurations or perfect matchings of G. To
each M € Q we associate a statistical weight w(M) = [[.cprte = ANABNsCNe
where we recall that t : E;, — R assigns a positive number to each edge of the
graph: since we work in a translationally invariant setting, we let t. = A if e is
horizontal, t. = B is e is north-west oriented and t, = C' otherwise.

The probability measure Py, (with corresponding expectation Ez) on €27, is defined
by

, w(M) =[] te = AN2BNsCNe (3.1.2)
eeM

with partition function Zp, = 37 /cq, w(M). Here, Na, Np, N¢ denote the number
of dimers of type A, B, C in the configuration M, respectively. The free energy per
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unit volume and the generating functional are given by

1
fo= ﬁlOgZL

eWL('A) — Z w(M)ezegEL ]‘{EENI}AE
MeQ;

(3.1.3)

where A = {A.}eck, is a collection of real parameters.

Definition 3.1.1 (Kasteleyn Matrix). For vertices b € VP w € V}V define b ~ w iff
(b,w) € Er. Denote by K the t-weighted adjacency matrix of G, i.e. the matrix whose
rows and columns are indexed by black and white vertices of V}, respectively and whose
entries are given for b € VP w € V}V by

te b~w,e=(byw)

0 biw (3.1.4)

K(b,w) :{

3.1.1 Kasteleyn theory and thermodynamics of the non-interacting model

The non-interacting dimer model is integrable and there are explicit determinantal for-
mulas for its correlation functions and partition function. In this section, we recall the
minimal amount of known facts, needed for the rest of this work. We refer to [82,(113]
for more details.

Definition 3.1.2. Given 6 = (01,62) € {0,1}? we define the f-altered Kasteleyn matrix
Ky as follows: Ky(b,w) = (—1)*K(b,w) if x1(w) = 0 and x1(b) = L — 1, Kg(b,w) =
(—1)2 K (b, w) if zo(w) = 0 and x2(b) = L — 1 and Ky(e) = K(e) otherwise.

Notice that Koy = K; we call Kyg the Kasteleyn matrix with periodic-periodic bound-
ary conditions, Kig the one with antiperiodic-periodic b.c. and similarly for Ky; and K.

The matrix Ky can be diagonalized by the Fourier basis {efLikI} with € A and k € D(0)

given by
'D(G) e {(k17k2)~ki—L(ni+2>a —5 S?’Li<§}C [—71',71’} . (315)
The corresponding eigenvalues are given by
(k) = A+ Bet™ + Ceth2, (3.1.6)

The following proposition summarizes what we need about the determinantal structure of
the non-interacting mode:

Proposition 3.1.1. The partition function can be written as

C,
Zr= Y gdetKg, det Ko = ] uk). (3.1.7)
0€{0,1}2 k€D

where (coo, c10,co1,¢11) = (—1,1,1,1) if L is everﬂ. Assume that det Kg # 0 for all

!see [113] for a proof
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0. Given distinct edges ey, ..., e,, the multipoint correlation function is given (with 1.
denoting the indicator function of the event that there is a dimer occupying the edge e) by

S 4 (T Koles)) det Ko det (K (i, b))

Er[le, - Le,] = 7 J=1 (3.1.8)
where w;, b; are the white/black endpoints of e;.
The inverse of Ky is given as
o—ik(z—y)
Kyl =73 kg o (3.1.9)

where the white and black vertices w,b have coordinates x,y € A respectively. The
following proposition summarizes the results in the infinite volume limit:

Proposition 3.1.2. The infinite-volume limit of the free energy per unit volume exists
and equals

1
J(A,B,C) = lim L2 08 21 = 55 /[M]Q log |(k)|dk (3.1.10)

The infinite-volume limit of the correlation functions is given by

ElLe, - Le,] = (H K(eo) det (KM@ —y;)) (3.1.11)
i=1

Z!J

where x;/y; are the coordinates of w;/b; and

1 e~k 1 dzdw z7"1w T2
K (z) = 7/ k= / zdw =z W 7 1.12
@)= Gl v s T G Sz w A Borow B

where T? := {(z,w) € C? : |z| = |w| = 1}.

Since the probability measure Py, is unchanged when all weights are multiplied by the
same factor, we will from now on set A = 1.

To describe the phase diagram of the model it is convenient to define the “magnetic
fields” (By, By) € R? via B = B, C = eBv. Also, it is useful to introduce the following

Definition 3.1.3. Let Log : (C\ {0})?> — R? defined by Log(z,w) = (log|z|,log |w]).
Then the amoeba of the polynomial P(z,w) =1+ z + w is defined as

A(P) :={Log(z,w) : P(z,w) = 0}. (3.1.13)

Note that the denominator in has zeros on T2 (so that the integrand is singular)
if and only if (B, By) belong to A(P). The latter is known to be a simply connected
subset of R? with non-empty interior, such that its complement is made of three infinite
connected components. See Fig. [3.3] In terms of the weights A = 1, B, C, the condition
(Bz, By) € A(P) is equivalent to the condition that A = 1, B, C satisfy the triangular
inequality. The phase diagram of the model is summarized in the following



8.1. The non-interacting dimer model and the liquid-frozen transition 69

Proposition 3.1.3. o (r Rough region) If A = 1,B,C satisfy strictly the triangle
inequality (equivalently, if (B, By) belongs to the interior of A(P)), then the func-
tion 1 in has two simple zeros p* € [—m, w2, pT = —p~. Eaplicitly, pT =
(m — 0c,—m + 0p) where Op,0c are defined geometrically as in Fig. . Moreover,
the so-called “Ronkin function” [32]

R(B., By) := f(1,eP= eBv) (3.1.14)

is a strictly convex function of (By, By) in the interior of A(P) and the infinite-
volume limit pa, pg, pc of the density of dimers of type A, B,C is 04 /m,0p/7,0c /T,
respectively.

o (Frozen region) In the three connected components of the complement of A(P),
R(By, By) is an affine function and the function p has no zeros on [—m,m%. In
particular, if A > B+ C (resp. B> A+ C or C > A+ B) then R(B;,By) =0
(resp. R(By, By) = By or R(By, By) = By) and pa (pp or pc) is 1.

A
04
C
B
Oc +
0 Py
A

Figure 3.2: Geometric interpretation of the dimer densities 04/m,0p/m,0c /™.

The liquid-frozen transition

We are interested in the liquid-frozen transition. For the non-interacting model, according
to Proposition [3.1.3] this corresponds to the limit where the magnetic fields lie on the
boundary of the amoeba. Otherwise stated, one of the three weights equals the sum of the
other two: e.g. A =1, B+ C = 1. Without loss of generality, we consider the limit where
(B,C) tends to (t,1 —t) for some t € (0,1). The case where ¢ = 0 or ¢t = 1 is somewhat
degenerate and will not be considered here; it corresponds to (B, By) tending to infinity
along one of the three “tentacles” of the amoeba. We refer the reader to [128] for the
asymptotic behavior of dimer models in the tentacles of the amoeba in relation to the so
called Bead model.

To approach the point (B,C) = (t,1 — t), we can choose for instance (B,C) =
(B(e),C(g)) = S (t,1 —t) and let ¢ — 0. Changing ¢ corresponds to changing linearly
the magnetic fields. For € > 0 (resp. £ < 0) we are in the rough (resp. frozen) region.
From Proposition R(logt+e,log(l—1t)+¢) = f(1,B(e),C(e)) is zero for € < 0 and
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1 B

Figure 3.3: Left: in the shaded region the triangle condition for A = 1, B, C' holds. The
blue segment corresponds to (B,C') = (t,1—t),t € [0,1]. The midpoint can be approached
for instance choosing (B, C) = (%, %), — 0. Right: the amoeba A(P) is the unbounded
triangular region delimited by the three colored curves.

non-zero for € > 0 (because the free energy is strictly convex in the rough region). The
free energy is zero at the transition point (because of convexity). The way it vanishes as
e — 07 is easily determined:

Theorem 3.1.1. Lett € (0,1). Ase — 0,

R(logt +¢,log(1 —t) +¢) = .50 < 2v2 2 4 0(55/2)> : (3.1.15)

3my/t(1 —t)

Note the symmetry ¢ <> 1 — ¢, corresponding to the symmetry B <> C of the dimer
model.

Proof of Theorem[3.1.1 Lete > 0. Note that g, R(By, By) = pp = 0p/m and 9p, R(B;, By) =
pc = ¢ /m, the densities of dimers of type B and C. Therefore,

1 (¢
Rllogt + & log(1 — 1) +8) = — / (05 + 00)de. (3.1.16)
0
Recalling Fig. [3:2] and applying the law of cosines,

coshe te®
1—¢ 1—¢

t
0p = arccos < ) = 2€m +0(%?),

inh 1—1¢
fc = arccos (ea - smt 8) = QET +0(e¥?) (3.1.17)
and the claim follows from (3.1.16]). u

Theorem is the Pokrovsky-Talapov law for the non interacting Ronkin function
near a generic point on the boundary between the frozen and rough regions. This proves
the statement of Theorem for \=0and t =1/2.
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3.2 Fermionic setting

In this section we want to derive a Grassmann representation for the partition function of
the interacting model, Z) . ;, and more generally for the generating functional W) . 1.(A).
Let us recall the necessary definitions. Given A = {Ac}ecp, , let

1A
eVerr(A) — Z wg,,\(M)eZeeEL ) Zepp=eVerr®

MeQ
o NN . o (3.2.1)
we (M) = (§> e, V= Z 1;

fears

where Np, No are the numbers of dimers of type B, C respectively, in the configuration
M; 1. is the indicator function of the event that a dimer occupies the edge e € E, while,
given a face f in the dual graph G7, 11502) = 1 iff two parallel dimers surround the face f

and it is zero otherwise. We can also write
(2) _ = @)
17 =315 (3.2.2)
o=1

where o specifies which type of dimers occupies f, among types A, B, C' (horizontal, North-
West, North-East oriented) see Fig. |3.4

oc=1 o=2 o=3

Figure 3.4

Next, we need a Grassmann algebra. We assign to each vertex of the lattice a Grass-
mann variable ¢ where x € A, with the convention that ¢T is associated to black vertices
and 1~ to white ones (recall that the graph is bipartite). They satisfy by definition the
anticommutation relation

WIY% = =% %, xa’ €A, 0,0 = +. (3.2.3)
Given the Grassmann algebra generated by {7 ZEX—L, sometimes here also called Grass-
mann field, we can consider its Fourier transform, namely the Grassmann algebra gener-
ated by {7 zggg satisfying the following relation

vE=L72 Y eFihr. (3.2.4)

k€Dg

where Dy is the same as in (3.1.5)).
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3.2.1 Grassmann representation

We start from the formula (3.1.7)) of the partition function of the non-interacting model. It
is well known that determinants can be written in terms of Gaussian Grassmann integrals
(see e.g. |5]) so that we can express Z. g 1, as

Ze0,L :% > CQ/DWS"’EW’),
oe{-1,1}2 (3.2.5)
Soc() ==Y Eogo(),  Eepe(th) =K. g(b,w)t vy,

eckr,

where b, w are the black and white vertices of the edge e; we specified the dependence on &
in the Kasteleyn matrix Ky (see Section for the choice of weights A =1,B =C = %ea
and cg are the same signs as in Proposition [3.1.1] Note that for later convenience, using
the conventions in Fourier space, we can also write

Seo() ==L i pe(k)dy,  pe(k) =1+ %ea(eikl + €*2) (3.2.6)
k€eDy

In order to obtain a Grassmann representation for the interacting partition function, or
more in general for the interacting generating functional, notice that the interaction V
(see (3.2.1)) can be written as

V=> flrM), FOM) =1 1o, + Teple, + Loy Tgg (3.2.7)
zEA
where 7, is a lattice translation by z1€] + x2€5 and we denote by eq,...,es the edges

around fixed face, ordered clockwise starting from the horizontal one at the bottom. This
is a specific instance of perturbation belonging to a wider class studied in [2] (see Sec.
2.3); also, the different lattice structure used here is a sub-case of the one discussed ther
There, a Grassmann representation of generating function was obtained (see Prop. 1 [2]).
We report here the statement and the proof in this special case:

Proposition 3.2.1. The generating functional Wz x ,(A) (3.2.1) can be written as
WeaL(A) _ o Se.0()+V (,A
Nerr) = 3 §/D¢e (W) +V ($,4) (3.2.8)
0e{-1,1}2
where S¢ g(v) is given above and

Vi, A) = 3 (e = D)Eepe(w) + 3 c(y) [T B (0) (3.29)

eckEy, ¥ ecy

with B (¥) = eE.g.(1) and the sum runs over collections v C Ep, |v| > 2, of

€,0,e
parallel adjacent edges, so one can write v = {e1,..., e} with e; and e;11 adjacent, for

i=1,---,|yv] = 1. We say that two parallel edges are adjacent if they surround the same

2This is seen by setting t4 in |2, Sec: 2.1] in which case the square graph becomes isomorphic to the
hexagonal one.
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face n € G} (as in Figure ; c(y) = (er = M= (=11,
Proof. We can rewrite the generating functional (3.2.1)) as

e Np+N¢ Al
MVer ) — N g (M)eV M) g (M) = <2> ezeer (59 10)
McCQy,
Using the definition of V,
eWerL(A) —
3 @ (3.2.11)
= > waM) [] 1+az 1) = > waM) J] JJQ+a1?)
McCQy, nEG* McCQy, ’V]GG*L o=1
where o = e* — 1 and we used the identity, for 7 fixed, M7 =1 + (e* 1)1[%2); then we

used (3.2.2] -, and the fact that for o # o’, ]1(2) ]l( ), = 0 for all configurations M. Now the
following equality holds

11 H 1+a1®)=3" Z HC% IT e (3.2.12)

’V]EG* o=1 TL>0 Y1y Yn =1 ecy;
where the value of the sum when n = 0 is 1 by definition, and:

1. ~; is a set of edges of Er, such that each of its edges has the same orientation (i.e. it
comes from the same choice of o, see Figure , meaning that there exist a lattice
translation 7 such that e = €/, for every pair (e, e’) € v x 7; moreover for every non
trivial partition v = v U~z there exist e; € v;, 7 = 1,2, and n € G, such that eq, e
belongs to 7.

2. the * in the sum means that the 7;’s are pairwise disjoint and for every i # j, e; € ;
with j = 1,2, e1, ez do not belong to the same face of G7.

3. &(y) =t

Then, plugging (3.2.12)) in (3.2.11]) we can rewrite, changing the order of summation,

Wer (4 — §° Z (HC% H3A> We0,(A), (3.2.13)

n>0 Y15 \i=1 ecy;

Now, since e"Ve.2.0(4) can be seen as the partition function of a non interacting dimer model

with modified edge weights t.e¢, we can express it in terms of a Gaussian Grassmann
integral, in the same spirit as (3.2.5)), namely

Moo = 3 g / Dipeds @) (3.2.14)

fe{-1,1}2

where ¢ 6) is the same as S. g (cf. - ) where E. g (1) is replaced by EW (¢) =

e,0,e
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eAe .0.e(1); so m ) becomes
WoaL(A) — -y Z ZCG/DW” HC% I1 696(1/)), (3.2.15)

TL>O Y15V 6O ecy;

where ¢(7) := (=1)1&(5). Finally notice that

Z ’Y) Hee’y ::‘2>e

y! (2 o TTE, ) ) S S et TTES. )

n>0 o4 ecy n>071,--Yn 1=1 ecy;

(3.2.16)

since the Eé e)e(w) commute among themself and the * comes from 2 = 0 for every field

. .

3.2.2 Symmetries

For A = 0, note that that for general weights A, B,C the free model (Proposition
and above) display the symmetry under complex conjugation

u(—k) = (k) (3.2.17)

which is a consequence of choosing the Kasteleyn matrix to be real (as it follows from

(3.1.9)). Moreover if B = C, one also has (cf. (3.1.6))
w(k) = k), k= (k2, k1) (3.2.18)

where k = (ki1,k2). Let us describe the effect of these symmetries, in terms of transfor-
mations S1,S2 on the Grassmann algebra generated by {¢;},ca. Note first that (3.2.17)
implies that the action Sg(t)) defined in (3.2.5) is left invariant by S; defined by

St — W, e (3.2.19)

for ¢ € C, meaning that in every Grassmann polynomial, each Grassmann field 1ﬂ is
replaced as above and every constant c is replaced by its complex conjugate. This is a
consequence of —Dy = Dy, for every 0 € {0,1}%, and of . Instead, the consequence
of is that, if we define

So b —PE, e (3.2.20)

we find S2(Sp(¥)) = S;(1), as a consequence of Dy = Dj. Notice that since €(0,1) = €(1,0)
in , then S is a symmetry for the free theory, if B = C.

For A # 0, we need to check also the symmetries of the bare potential V() defined
in (3:2.8). Rewriting the symmetries in terms of the fields {¢Z} instead of their Fourier
transform, we find

St —uE, coe  Siui—uE, e (3.2.21)

where again & = (z2,21) if x = (21, 22). Since V() has real coefficients, (cfr. Proposition
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, then V is symmetric under S;; moreover making explicit the dependence on 6 in
V() (cfr. and (3.2.5))) one can see that So(Va(¥)) = V;(¢), if B = C. Indeed, it is
enough to note that (1) Sy is an involution that sends NW-oriented edges in NE-oriented
ones so that it is a bijection from the set of edges {7} in the definition of V' (¢)) in itself;

(2) E%(1) does not depend on 6 if e is an horizontal edge: (3) SoE?(v) = E§(¢).

3.3 RG approach: multiscale decomposition

In this Section we set the multiscale integration procedure, by exploiting the Grassmann
representation obtained in Proposition We will define an iterative procedure to
obtain the value of W, ) 1.(A), as well as of f. 1. We first show the construction for the
so called critical case in Section [3.3.1, namely we choose € = € 4+ ¢y with ¢ = 0 and we set
temporarily the external fields A = 0 to lighten the notation. Here g plays the role of a
free parameter. It will be fixed, in order to obtain a convergent perturbative expansion,
in Section Next we generalize the iterative procedure to the case € # 0, A # 0 in
Section [3:3.2

3.3.1 The critical theory

At the rough-frozen transition point ¢ = 0 (ie., B = C = 1/2 = A/2) of the non-
interacting model, the two zeros p* of the function u coincide modulo (27, 27), and they
equal (7, ) (recall Proposition. One of the effects of the interaction V is, in general,
to change the location of the critical point. This means that the critical behavior that
we observe at € = 0 for the non interacting A = 0 model must be expected, when we
switch on the interaction, at some A-dependent value £¢()), yet to be determined, such
that £9(0) = 0. For the moment, we take some gy € R which will be suitably fixed later,
as a function of A.

In order to simplify as much as possible the construction, we set the external fields A = 0.
We will describe in the next Sections the complete procedure for A # 0, and € = €+ £o(\)
with € # 0. Thanks to Proposition our starting point is Zx.r0 = Y9 CZxe,1,0
where for a fixed § € {0,1}?

Zyers =€ /Dwe§0«0(¢)+VON(¢)+‘7(w),

_ ikl ikg

So(p) :=—L7% Y (1 + e;e> (9 (3.3.1)
k€Dy

N@)=—L"% > ¢y, v i=e 0 —1
k€Dy

where the factor e£*0 comes from the rescaling of the Grassmann variables 1) — v e=0),
while 5’0’9, V(w) are the rewritings of Sp g, V' of Proposition in terms of the rescaled
fields. Notice that pig(k) = 1+ 3(e?* 4 e?*2) (cf. (3.2.6)) has a unique zero at kp = (7, )
(mod (2, 27)) which belongs to Dy only for § = (0,0), for every L. This means that for
6 = (0,0) we must single out such a momenta and study it after the multiscale integration
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procedureﬁ Let us postpone the discussion of this technical aspect (see Remark |3.3.6)).
For 6 # (0,0) we can normalize the integration and write

Dnepg = -0t / Py(dep)ed NV @) g0 12160 det Ky g (3.3.2)

(cf. (3.2.5)) for Ky yp), with the property that for z,z’ € A,

—ik(z—z')

_ _ e
[Pyt =172 Y

= K, 5(z,2') (3.3.3)
k€Dg 1 + 2 ’

A suitable change of coordinates

For the particular choice of the weights we made, when B = C, an extra symmetry is
preserved, so that it is convenient to introduce the following change of variables for the
discussion to come. Given k € Dy, let

{/ﬁ:CJl—(h (3.3.4)
ke =q + q2
which can be written as k = Rq. Define then

Dor:=R Dy = {q: Rq € Dy} (3.3.5)

In terms of the new variables

ji(q) := p(Rq) = 1+ €' cos ga.
This allow us to rewrite K~ in ([3.3.3)) as

B B e—ta(y—y")
KH l(xa 0) = gL,O(RTx7 O)v gL,e(y7 y/) =1L 2 Z - N (336)
N ()

Since the covariance naturally depends on x through Rlz = (x1+x9,9—x1), we introduce
the set, A := RTA = {(y1,92) : y = RTx, x € A}, as shown in Figure We will use
the symbol z (resp. y) for coordintes belonging to A (resp. /N\) and notice that a natural
constraint appears on y = (y1,%2), i.e. y1 = y2 (mod 2). In terms of the Grassmann
variables, we denote

Oy = Vrp Py = Varyoy (3.3.7)
which of course satisfy the analogous of (3.2.4)), namely
pr=L"7% Y eFwpr, (3.3.8)
q€DR,0

More in general we have a covariant description of (3.3.1]) in terms of the new coordinates,
obtained by replacing sums over k in Dy with analogous over ¢ € Dy (similarly x € A

3Exactly as done in [2} Sec. 6.1].
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€

Figure 3.5: On the left the coordinate system defined in Section 1, on the lattice A; on
the right the orthogonal coordinates system of A, with the constraint that y1 =2 yo, since
Y1 =1+ T2, Yo = T2 — T1.

with y € A), every 1 with ¢ and writing every expression of k as a function of ¢. In
particular note that

So(() =L7% Y ¢rila)d,

q€Dy. R

; - o (3.3.9)
N(p)=L* >, &%,
q€Dy, R
so that we can start the following analysis from ([3.3.2)), which becomes
21,0 o > B
pEEY A / Py(dip)e N V), / Py(de)ey ¢ = gro(y,0)  (3.3.10)

where N,V are the rewritings of N,V in terms of the new variables.

Remark 3.3.1. The choice to introduce A is not strictly necessary, but we prefer to do
so in order not to carry the label RTx in every expression.

Integration of the ultraviolet degrees of freedom

Let x : R? — [0,1] be a smooth, compactly supported function in the Gevrey-2 classﬂ on

the torus, such that
1 |kls <0
k) = 3.3.11
\(k) {O ol o (3.3.11)

*We refer to 3, Appendix C] and [129] Appendix A] for an explicit instance and properties of such
class of function.
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with 6 > 0 small; | - |5 is a stretched distance on the torus, i.e.
ki +ko|® | 1ko — ki |*
2 217 2 |g

where we define | - |7 := min{| - —27n| : n € N}. Then let

x-1(q) := x(R™"k) (3.3.12)

and let also fo(q) := 1 — x—1(q). We introduce a smooth partition of Dp g via the identity
1 =x-1(¢ — qr) + fo(¢ — qr) in such a way that we have the decomposition gr,(y,0) =

(=1)2(g= " (y,0) + g1V (y,0)), where

(<-1) 1 e Wx_1(q) 1 e "Wx_1(q)
90 W0 == Y ——r=— Y T (3.3.13)
L a€Dy Ala+ar) L 1€D; L etoosg,

and
Dé,R =Dy,r — qr, qr == R 'kp = (7,0) (3.3.14)

(cfr. below (3.3.1) and (3.3.6)). Note that, compared to K~!, now gr(y,y’) is still
translation invariant, but 6 periodic (in the same sense as just after eq. (6.25) of |2])

in the directions €1 4+ €5 and €5 — €7. The decomposition above naturally reflects on the
Grassmann integration via the Addition Principle of Grassmann measures (see [5] Eq.
(4.21)): we can write,

oy = (1" (o= 4 up) (3:3.15)
where
/ PO (@S D) (S0l ST oS0y 4y (3.3.16)

(similarly for g(LO)) and decompose

Zrox =
:€L2F(O)/P(S—l)(dgo(ﬁ—l))/P(O)(dgo(()))eyoN(<p(§*1>+¢(0))+V((¢(S*1)+¢(0)) (3317)
— LY / PED (dp(SD)eV D)
with
FO = ¢y + L 2log Z1, 9,0 (3.3.18)

and the effective potential V(=) and the u.v. contribution to the free energy, F(—1) — F(0),
satisfying V(=1 (0) = 0 and

L (FH) - Féo)) + V() =
(3.3.19)

=y %8(:6)(V0N(‘P+ V+V(e+); . soN(e+-) +Vip+)),

n>1"" >
= n times

where 5(%) is the truncated expectation, (see Sec. 4 of [5]) with respect to the integration
PO
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Remark 3.3.2. Since the cutoff function x—1 in (3.3.11)) is a Gevrey function of order 2,
the propagator ¢\0) has stretched-exponential decay at large distances:

9O, y)| < Cem Vv, (3.3.20)

for suitable L-independent constants C,x > 0, if ly — o'| is the distance on the torus
A. This is seen by writing ¢(© via the Poisson summation formula as a sum of Fourier
integrals, as in (3, App. A]; each integral decays in the desired way because it is the Fourier
transform of a Gevrey function [130], (129, App. A]

From ([3.3.19) it follows that V(=1 is a polynomial in the go(f_l) fields made of even
monomials only. In particular it admits the following representation, which is an implicit
definition of the kernels W}fl): setting ¢ = (=1,

= Z Z Wé_l)(y)d);_ stn 17Yn (3321)

n>2 yejin
n even =

where y; € A, and Yy = (Y1,-..,Yn); note that by definition they include the oscillatory

factors, arising from (3.3.15)), W, (y) = (—1)Z:=1y’“1ﬁ7n(g) where we denoted y; € A with
yi = (¥i1,vi2). The kernels are not uniquely identified by such representation, due to
anticommutation of the Grassmann variables. We assume then that they are antisym-
metric separately under permutations of the variables y with even and odd index, i.e.
Wi (Yr1), Y25 - -+ s Yn(n—1), Yn) = Waly1,92; - -+, Yn—1,¥yn) for any permutation m, and sim-
ilarly for coordinates with even position. For later convenience, using the convention of
Grassmann variables in Fourier space ( considering the shift around ¢r), we can
rewrite

-1 —2(n—1 r(—1 2 2

VED(@) = L2 DN WD (g2, 40) s vgp - P 6(@) (3.3.22)
q

where W(ql, ..., qp) is the Fourier transform of 174 computed at momenta go+qg, ..., q,+

qr which depends on n — 1 variables due to translation invariance; ¢ = (qi,...,¢,) and
gi € Dy g defined in (3.3.13)), and

1 Z (= 1)/ 4 =0
8(q) = 3.3.23
@ {O otherwise. ( )

Then using the so called Battle-Brydges-Federbush-Kennedy determinant formula and
the Gram Hadamard bound for determinants (see Section 4.2 of [5]), applied to the trun-

cated expectation in ([3.3.19)), we find that F(-1 —F©) and W,(L )( ) are absolutely conver-
gent series and real analytic function of (v, A) (recall 1 = e™0 — 1) if max{|1p], ||} < s,
with § > 0 small enough. Moreover the following bounds hold,

IFCD — Fp(0)] < b

= 3.3.24
HWr(L_l)H”w_l < Cn(smax{l,cn}7 n>0 ( )
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for L independent constants ¢, C' and where we introduced the norm

WD ot == L7230 WD (y) V2 W (3.3.25)

yeAn

with d(y1,...,ym) being the length of the shortest tree in A connecting the m points
Y1,---,Ym. The reason for the use of this norm is related to the exponential decay of the
single scale propagator involved in the truncated expectation, see (3.3.20)). For a proof of
in a similar context, see [46, Sec. III A].

Remark 3.3.3. (1) Since the kernels WT(L_l) are absolutely convergent series in A, vy,
and have estimates uniform in L, their L — oo limit is well defined and satisfy the
same estimates: this follows from the fact that each term in their expansion admits
an L — oo limit. Indeed every propagator g(LO,)H will be replaced by its L — oo limit

o

1 €7iqyf (Q)
0y 0y — 7/ do&—10\9) 3.3.26
90 (4,0) = —5 Rfo2n (g + qr) o

and every sum of coordinates over the torus A will be replaced with the sum over
y € RT7Z2. For later reference we will denote this L — oo limit of the kernels by

W,&‘”“X’ and similarly for its Fourier transform.

The output of this section is that we have now a description of the partition function
Zrox see (3.3.17), in terms of an effective interaction V(D involving only “infrared
degrees of freedom” ¢(==1) and for which we have bounds on its kernels, see . At
this point one could iterate the idea by writing (=1 = (=1 4+ ©(=2) and integrating
the field gp(*l) associated to a propagator g(L_l), with the same expression as (3.3.26[) where
fo replaced by f_1(q) :== x—1(q) — x—2(q), with x_2(q) := x—1(2¢). This will produce an
effective interaction V(=2), for which one could deduce similar bounds as above, involving
only fields (52, Then the iteration stops on a scale hy, = O(logy(L)) for which the
support of x(S"2) does not intersect anymore the lattice Dy r. Integrating the last field
(p(hL) then one obtain the partition function Z:

Z, =", Fh) = pO) 4 (FCD _ pO)y 4o g (ple) — ety (3.3.97)

where for h = 0,..,hy, F® — F(+D ig the contribution coming from the integration
on scale h, compare with . The problem of this naive iteration is that it does
not allow to obtain uniform bounds in L, as explained in [3, Section 5.2] or [5, Section
5.4]. In order to cure this apparent divergence, one has to renormalize some terms. In
order to distinguish which are the dangerous terms, the scaling behavior of the propagator
G™ | on scale h, is a key ingredient; G is given by where fy(q) is replaced by
fn(q) = xn — xn—1 and replacing fi(q + qr) with its Taylor approximation at ¢ = 0. By a
rescaling argument one has that G (yy, y2) = 2"/2G©) (241, 2//245). With such a scaling
at hand, repeating the same discussion of |3, Sec. 5.2.1] one finds that a kernel Wygh) on
scale h, can be bounded as HWﬁh)H,@h < cramax{Len}oh(3-%) for constants c, C(L) >0,
with C(L) a priori not uniformly bounded in L. As explained in |3, Sec. 5.2.2], the
potentially dangerous terms for a convergent perturbative expansion uniform in L, are
those appearing in the effective potentials that are associated to a non-negative scaling
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dimension Dgc(n) := 3 — 2. In the Renormalization Group jargon, terms for which
D is positive, negative or zero are respectively called relevant, marginal and irrelevant.
This means that some procedure has to be implemented for the terms with n = 2,4,6
Grassmann fields (note in fact that Ds.(2) = 1, Ds.(4) = 1/2, Ds(6) = 0 while Dy.(n) <0
for n > 6). Let us now describe the so called localization procedure acting on marginal
and relevant terms.

Inductive scheme: localization operator

After the integration of the ultraviolet degrees of freedom we are left with the following
representation given in the third line of where V(-1 is given in . Now
we describe a single step of the anticipated renormalization procedure which will lead
us to represent Z gy in terms of an analogous expression as above, with the scale label
—1 replaced by —2. In virtue of the previous brief discussion, let us define a localization
operator ELOEL acting on the effective potential. We will write

v = [’170‘/(—1) +R170V(—1) (3.3.28)

where R1 g is called renormalization operator and it is a rewriting of 1 — £y, with L1
acting as follows: using the Fourier representation in ([3.3.22f), we define

ﬁl,oV(_l)(¢) =

Z ¢q+QF Q+QF( 2 o )(0)+Q'8W200;(_1)( 0) + q232 oo;(—l)(o)) (3.3.29)

qGD

where ¢ = (=1 and recall W°%(~1 is the same as in Remark 0; is the partial
derivative on the component ¢ = 1,2, and ¢r as below .

The reader may notice that £1 o has no effect on the contributions with 4 or 6 Grass-
mann variables, even if we claimed in the previous discussion that something has to be
done. The point is that, as a consequence of the Pauli exclusion principle, i.e. gpz =0 for

every y € A, one can automatically rewrite, e.g. the quartic term 1/4(71)(@ of V=D (), as

D)= 3 ot ér, (65, — 610y, — 65 )W V() (3.3.30)

gef\‘l

and similarly for the term with 6 Grassmann variables. Using the convention in Fourier
space (|3.3.22]) this can be rewritten as

_ I S n . -1
L 6 Z Z¢;r1+qF¢q2+qFQb;;-qu¢q4+qF5(Q)Q3iQ4injW4( )(Q27Q3aQ4) (3331)
,j=1,2 ¢

where we denoted g3 = (¢31, g32) and the interpolated kernel Z;; Wy is given by

IZJW4(Q2,Q3;Q4 //detaawzg )(Q27tQ3,SQ4)

5The pedices stands respectively for “first regime” and e = 0: they refer to the fact that when ¢ = o +e,
e = 0, only a first regime survives; for a better understanding compare with Sec
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By anti-trasforming the equation above one can obtain (see Appendix B.1)) an expression
in coordinates space in terms of pseudo differential operators 9;, of the form

Vi (0) = X 05, 00,008, 0105, R WiV W) (3:3.32)
Y

where 7~€Wi_1) (y) is the antitransform of the interpolated kernel and

Oy =L7% Y eTWE . x_1(q)a. (3.3.33)
9€Dp

A similar representation holds as well for the kernels associated to 6 Grassmann variables
and moreover for the rewriting of 1 — £; o acting on the term with 2 fields, coming from
(13.3.29). For more details see Appendix The point of such rewriting is that it will
allow, in the multiscale iterative construction, to obtain “dimensional gains” showing that
such terms, originally potentially dangerous, are instead irrelevant. This is discussed in

Remark [3.3.5]

Remark 3.3.4. (1) The above discussion suggests that we have to think at the contri-
butions to effective potentials, when seen in coordinates space A, as labeled not only
by the number and the coordinates of the grassmann fields they are associated to, but
also by extra labels which carry informations about the derivatives ;. Indeed, if we
intend to iterate the integration procedure, they will naturally appear as a by product
of the renormalization operator effect as shown above.

(2) As explained in Sectzon since the bare potential V (c.f -) and the quadratic
action associated to PO (cf. (3-3.17) ) are both invariant under the symmetries (1)

go,(; 2 —> gogg b , together with the complex conjugation of the constants ¢ — ¢, and
(2) goq ) g0(< U with G = (q1, —q2), we have that V=Y is invariant under the

same symmetmes and as a consequence its kernels satisfy

(0) eR
oW V(0) e iR,
L 1)( : (3.3.34)
82W2 (O)
oo( 1) (0) cR
In particular, (3.3.29) can be rewritten as
— ~ A— 1700;(— e 1 ~
L™ > @ovarPorar(Wa “V(0) —iCrqr + gda-y) (3.3.35)

2
/
qEDR,(9

for some real constants (_1,a_1.

(3) A comparison with [4)], shows that for kernels with 4 or 6 legs, the renormalization
operator is exactly the same, compare (3.3.30) with (4, (30)]. Instead note that the
localization procedures differs only for two irrelevant contributions, as we now point
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out. If one writes the localization Ly in [4), (43)] in Fourier space, one finds
L1V = / diis oy (Wa(0) = ikoBWa(0) + (cos k — 1)0FIW5(0) ) (3.3.36)

with the conventions given in (4], e.g. k = (ko, k). Then the two differences between
Ly and L1 above are given by “finite size effects”, Ws°(0) — Wa(0) and by terms
of order O(q3) (the identification is (ko, k1) <> (q1,q2). Both terms are irrelevant in
the sense discussed before the beginning of this section. For a discussion concerning
the former, which is not object of further discussion here, the reader can look at [2,
Appendiz B]. For the latter note that a term of order O(q3) can be rewritten in
coordinate space as

Y d3of 050, waly) (3.3.37)
Yy

where O is the same as in (13.3.33) (for a similar computation see Appendix .
As shown in the next Remark, the presence of extra derivatives produce dimensional
gains associated to irrelevant contributions.

Now, we start from (3.3.17)), decompose V(=1 = (L1 + R1,0)V "V, and use some of
the term of the local part £; OV( D to define a new Grassmann measure P(< D(dp(==1)
such that the following holds

B317) = LA (FCD44(72)) /p< 1) dgp(Sfl))eTlV*lN(s@(S_”)+R1,0V<_1)(so(g_l)) (3.3.38)

where, renaming fi_; := fi, the Grassmann measure P~ (dp(==1)) is associated to the
following propagator

L(<—1 - ey _1(q)
g w0 =L Y - R (3.3.39)
9€D} 4 fi-1(¢ + gr) + x-1(¢)(—iq1¢-1 + Fa-1)
where the term ¢(=2), obtained by the change of measure is given by
oz @ -
(=2) . -2 Z log ~1(q +qr) + x-1(q)(—iq1 {1 + 2a71)' (3.3.40)

<o, fi-1(q+qr)

Note that expanding fi—1(¢+qr) = D_1(q)+p(q), where D_1(q) is the leading contribution
2

for |q| small defined at the beginning of Section [3.3.1} and p(q) = 1 — €% cos gz +iqy — 2
one has that the denominator in the r.h.s. of (3.3.39) can be rewritten as D_5(q) + p(q)
with

2
D_5(g) == —iaqa(1+ ¢ (@) + (1 4+ e-2(q)

¢ 9(q) == C1+ x-1(9)¢1
a_2(q) == a1+ x-1(q)a

(3.3.41)

where (_1,a_1 = 0 are introduced just for consistency with the notation of the general
case of the next pages and (_1,a_1 are given in 1} Then, we use the addition

principle to the decomposition of the propagator g( (y, 0) = g(L— 2)( ,0) + g(L_l)(y, 0)
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where

f-1(q)

~(—1) T2 —iqy 1
,0): =1L E e

/
9€DR

(3.3.42)

obtained by replacing x_1 = f—1+x—2, with x_2(¢) := x-1(2¢), which allows us to rewrite

(13.3.38)) as

eL2(F(_2)+t(_1>)/p(§*2)(d(p(S*Q))eV(_Q)(%D(S_Q))

(3.3.43)
oV T @+ LA (FD—F(D) ::/]5(—1)(d(p/)el/—1N(<p+90’)+721,ov(’1>(Wrw’)

where P(5=2) P(=1) are the Grassmann measures associated respectively to the prop-
1

agators g(L§_2), f](L_ ). Note that in the support of x_2, ¢_;(q) = (-1(0) =: 2z; and

a_i(q) = a_1(0) =: ay so that the propagator gf_m is obtained by by shifting
the scale index —1 +— —2, cfr. the definitions of fig, ji—1. Finally v_; appearing in (3.3.38))
it is given by

27 1y_y = WY (0) (3.3.44)

The effect of this single scale integration is to give a description of the partition function
in terms of a new effective interaction V(=2 integrated against a new covariance p(=-2)
involving degrees of freedom with smallest momenta in Fourier space. It is natural then
to extend this procedure to any finite step, until the covariance is supported on some
point of Dy r. We now state and discuss what is the expression for Zy g ) after h steps
of integration, without explicitly proving such a statement. The proof will be given in a
more general setting in Section [3.3.2]

Inductive statement There exists a scale hy, = O(log, L), such that, for any integer
—hy, < h < —1, the following identity holds

Zpgp =X ED D) /P(Sh)(dw(gh))ev(mw(w) (3.3.45)

<h) are inductively described as

where hjy is given explicitly below and F (r) v (k) po
follows.

(1) First, let x1(q) :== xn+1(29) and x_1 was defined in (3.3.12)). Thus the stopping scale
hr, is defined by

hy :=min{h <0 :supp x, N Dy p # 0}. (3.3.46)
Note that hy, = O(log, L).

The Grassmann integration P(=") is associated to the propagator
—iq(y—y’)
(Sh) (0 o) — 2 e " xn(q)
g y,y) =1L p 3.3.47
o) Z fin(q + qr) ( )
4€Dg 4

where [ip, it is defined by
fin(q + qr) == Dn(q) + p(q) (3.3.48)
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with p(q) being the same as below (3.3.41)) while Dy(q) = —igi(1+(p) + 563 (1 + o) with

Ch = Chy1 + ialwz(hﬂ);oo(o)

ST (3.3.49)
ap = app1 + Q%WQ(hH)’OO(O)-

The kernels W5+ of the effective potential V1) are known by induction. The effective
potential on scale h satisfies V(") (0) = 0 and it is given by

VWN¢)+IPFM):I?Fm+n+Jq%/FMWUUMWQM%%HNW+@+RwVWHNWWO(335@

which is also a definition of F(") — F(+1) by setting ¢ = 0.

As commented in Remark [3.3:4] and above, if one represents the effective potential in
coordinate space, then “derivative” operators d (see ) can appear on Grassmann
variables: indeed if ¢ = (=P then V() (¢) can be written as

v(g) = 3" vI(9)
n%N

V(o) = 3 07y 0P, W), 9Py = 070
yeAr

(3.3.51)

where D = (Dq,...,Dy,) with D; = (Dj1, Dj2) € {0,1,2} x {0,1,2,3} keeps track of the
amount and direction of the derivatives: The above expression is not unique but the point
is that it exists. Anyway, by writing such an expression in Fourier space (see conventions
(3.3.22))), we have that

V()= 3T L2 N G b S @W I (g2, ) (3.3.52)
ne2N 9€(Dp )"

where Wéh) is expressed in terms of a combination of the Fourier transforms of the kernels
Wy p and includes the factors ¢;”’s coming from the effect of d (cf. (3.3.33))). This
representation has the advantage of not distinguishing between the derivatives labels in
the Grassmann monomial.

Next, the Grassmann integration P(+1) in is associated to the propagator

—iq(y—y’)
_(h41), o e WY f11(q)
g y,y)=1L E 3.3.53
voy) oo, Dnl@+r(0) (3:35%)

with fn(q) := Xnt1(q) — xa(q), Di(q) := —iq(1 + ¢,(q)) + 363(1 + an(q)) where

(@) = Chra(a) + ixnia (@) WS TV(0)

A - (3.3.54)
o = st + Xt (Q)O2WTD(0)

and observe that Dj,(q) = Dp(q) in the support of xx(q). Next, in the argument of the

exponential in the r.h.s. of (3.3.50]),

M1y, = WD), (3.3.55)
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and N(p) was defined in (3.3.9); the renormalization operator Ry acts on effective po-
tentials of any given scale h, as a rewriting of 1 — £ in exactly the same way as ex-
plained above Remark where on a generic scale h, the localization operator acts as
L1oVy.p =0if n > 2 and for n =2 as

L10 (Z V2,D(¢)) =
D (3.3.56)

Z ¢q+qF q+qF< 2 (h)( 0) +q - OWy” (h)( 0) + q26 Wy° (h)(0)>

/
qu&R

where ¢ = go(éh). Finally, the constant t") in (3.3.45)) satisfies

Dy,(q) + p(q)
$(h) _ y(ht1l) _ § log —— M%) T PAE) 3.3.57
& D) + () (3:3:37)
R,0

Xh+1(q))#0

Remark 3.3.5. (1) At any given scale h, the quadratic part of the measure PM) pre-
serves the symmetries (1)-(2) of Remark - (applied to the fields o=M), as it
follows from its explicit expression and by induction. As a consequence, the prop-
erties listed in are valid replacing the scale label (—1) with (h) and as a
particular consequence (p,, ap, vy, € R. This also implies fin(q + qr) vanishes only at
q=(0,0) for every h > hr.

(2) Note that we can write, for h < —1,
Vp = 2vp41 + By (3.3.58)

where By is the “v-component” of the so called Beta function, which is implicitly
defined as follows. To see the above identity, note that the contributions to the
effective potential VW given by the second term in the RHS of (3.3.50) m, can be
written in terms of truncated expectations, exactly as in , with 5(7(;) replaced

by E(Thﬂ) associated to the covariance PV . Then, from n = 1 in ([3.3.19) we
obtain

Enin) (2N (@ + ) + RagV D (o + ) . (3.3.59)

When applying L1 to such terms, it is easy to see that the only surviving is ex-
actly 2w, (N (@) (cfr. (3:3.9) for N), because L10(1 — L19) = 0 (see (3) of

Remark . In particular the contributions to B} comes only from the analogous
of (3.3.19) at scale (h+ 1) when n > 2.

(3) By repeating the discussion in (3.3.30) and lines below, we have an analogous rewrit-
ing of the operator 1 — L1 acting e.g. on the quartic terms V4(h)(¢) as obtained by
replacing the label —1 with h. We want to motivate, at least with the tools introduced
up to now, that such a rewriting has a non trivial effect by extracting dimensional
gains. Note first that the two derivatives appearing in the Fourier representation of
RijWih), act on the Fourier symbol of some propagator on scale h' > h,
with the effect of producing a term of the order 2~",271/2  respectively if the deriva-

tive is 8; with i = 1,2. This is due to the presence of the cutoff fi(q) = fo(2~"q)
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(see (3.354)): either 0; acts on (Dy(q) + p(q))~! or on fu(q), and its action can
be bounded by using the support properties of fr/(q) itself. On the other hand, the

derivative fields &'go (see ) will be contracted on some scale h' < h, producing
a éig(h”. As shown in , the effect of such a derivative on the bound of the
propagator is an extra factor 2h”, 2h///2, respectively for i = 1,2. This discussion im-
plies that if we have a way to bound W4(h), the rewriting of 1—L4 o in the interpolated
form provides at least a dimensional improvement 2" =" w.r.t to the original bouncﬁ.

This procedure turns out to be enough to cure the apparent divergences arising from
the naive multiscale analysis, as described below 3.3.27[]

Kernels estimates and running constants

The inductive construction of the previous section provides a description at any given scale
of the observables of the original system. Among other things, this allows in principle
to compute the infinite volume interacting free energy via limp_,_ o F") + ¢(M) (see cf.
. In order to control such limit, we need to have a control on the size of the single
scale contributions F(") — F("+1) in the same way as we did for the first scale integration,
see . These bounds will be a special case (¢ = 0) of a general discussion for the
so called “off-critical” regime, i.e. when € = € + g (see Section : we postpone the
precise construction of the expansion needed to prove such bounds (see Section . We
only keep here the implications on the kernels built up to this point and thus on to the
running constants oy, (s, V. For a justification of these facts, see Sections

As observed in Remark the scaling properties of the propagators involved in
the truncated expectation were crucial to derive bounds on the kernels of a single step of
integration (see (3.3.24). The same holds for a generic scale h if one has bounds on the
single scale propagators (see (3.3.53)) ") on higher scales ' > h. We have that

Lemma 3.3.0.1. If there exists C' > 0, independent of L, such that

sup max{|ag/|, |(x|} < CIA| (3.3.60)
k>h

then, for A small enough, there exist L, \ independent constants co, k > 0 such that
G ()] < cp2Fe VI W) (3.3.61)

where d () := 2" |y1| + 2"/2|ys].

A more detailed discussion about these Lemma can be found in Appendix [B.2] and
Lemma [B.2.0.1P. This Lemma is important in order to obtain the following

Proposition 3.3.1. Let 6g > 0 small enough. Suppose that

}?u% max{|)\\, |ah"7 ‘Ch"v 279h/‘]/h’|} < do, (3362)
>

5This is because we have two derivatives in the rewriting of the quartic term in ; the same
reasoning applies with more derivatives: e.g. for the sextic term we will have at least a factor 25 (W'=h")
"For the counter part of this discussion in coordinate space see also [3) Sec. 6.1.4]
8In such Lemma, to recover the analogy with the present case it is sufficient to set 7, = 0. This is

because as the next Section shows, the constant 7, arises in the first regime of scale only when € # 0.
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then there exist C' > 0 independent of L, h, such that
WDl < Crapestbengh(3+0-5-1D() (3.3.63)

where |D|M) = Y1, dj=1.2 D;;27"=2 and 6 can be chosen in (0,1/2); the norm is
defined by
_ Koy /dP)
WA D e = L2 sup SIS, p(y)]e VW (3.3.64)
5y

where d™) (y) is a scale weighted tree distance given by 2"dy (y)+2"/%dy(y), where di,ds are

the total displacements of the shortest lattice tree connecting the points (y) in the directions
1,2 respectively.

This result resumes the effect of the localization-renormalization procedure on the
bounds of the kernels of the effective potentials. In particular, it translates the original
hard problem of potentially divergent contributions to the perturbative expansion into a
simpler problem of controlling the flow of a finite number of running constants (vy, an, Cp).
These bounds are a special case (e = 0) of those discussed in Section and they are
the analogous in our context of those of [4]: in Sections [3.4.2] and [3.4.3| we discuss the
general case and the main differences with [4].

As a last point let us state in the following Proposition one of the outputs of Section
about the flow of such constants. This involves the way of fixing the parameter gg as
a function of A as explained at the beginning of Section [3.3.1] which is the same function
appearing in Theorem The point of Section is that there is a unique way to
fix g = eg()), for |A| small enough, such that the hypotheses of the previous proposition
hold uniformly in h, or otherwise stated:

Proposition 3.3.2. There exists A\g small such that for |A\| < Ao there exist analytic
functions €g, oo, (—oo 0f A, all of order O(X), such that if one chooses gq in (3.3.1) as
g0 = ¢eo(N)), then

il < ol A2, Jan — a—co| < A2, [Gh = (ool < co A2 (3.3.65)
for some constant ¢y > 0 independent of L, h, \.

For more details see Proposition [3.4.3] and comments below.

3.3.2 The off critical theory: a double regime

Let us describe now, how to construct the thermodynamic limit of the interacting theory
for e = € + €9, with € # 0 and €9 = ¢() fixed as in the last Proposition of previous
section. This guarantees that the bounds on the kernels of the critical theory (Proposition

3.3.1)) are valid for all the scales h < 0.
Again, Proposition [3.2.1] implies that we can write

6
RUSTICES 6 WD LA
0e{0,1}2
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where for a fixed 6 € {0,1}?
VR LA L2 (e+e0) / DipeSea@HN@+V(pA)

5'679(@) = L2 Z cﬁ;+qF(1 + 1o — e cos qg)g?);qu,
qED(’g’R

N(p):=—L"% > @horPrrar  7T0:= (e —1)e
qEDéyR

(3.3.66)

where V, 5‘6’9 are the rewritings of V.S given in Proposition in terms of the com-
position of the transformations ¥ — ve=%0=¢) and ¥ — () (cfr. Section and
(3-3.7)); we recall that Dj , = Dy.r — qr, with ¢gp = (7,0), vp = e — 1.

The first thing to note is that now, in the rhs of the second line in ,

1+79— e cosgy =0 (3.3.67)
may have two distinct solutions, denoted with ¢*, or not, depending on the sign of e.

 Non massive case: € > 0:

If € > 0 then 9 < 0 and the two solutions satisfy ¢ = —q_ with ¢ = (0, arccos(1+
r0)). It is easy to see from the definition of ry that for ¢ > 0 sufficiently small,
they belong to a ball of radius 4./¢ centered at 0. This property is at the base of
the double regime multiscale analysis that will be performed for ¢ > 0. As it was
for the critical case, in order to start the u.v. integration we must take care of the
case when possibly qei € D'& r (see analogous comment after ([3.3.1])). One can see
that for 6 # (0,0), (1,1) then ¢* ¢ Dy  for every ¢, L, so we will fix ¢ in this way.
Anyway, since we are interested only in deriving properties of L — oo quantities, we
will not be anymore interested in the dependence on L (see Remark .

e Massive case: ¢ < (

In this case, controlling the thermodynamic limit of the theory turns out to be
easier: in particular, for a fixed €, one can integrate all the scales at once, in the
same spirit as we did a single step in Section [3.3.1] This is because ryp now plays
the role of a mass and the propagator itself, without any cutoff on momenta, decays
exponentially in the distance, allowing a single step to be sufficient to obtain a
convergent perturbative expansion. Anyway, when € — 0~ (i.e. 79 — 0%), since
the rate of the exponential decay vanishes, a single step integration is not sufficient
to obtain uniform bounds in e. A single regime multiscale analysis turns out to
be sufficient for that purpose, and a posteriori useful for a comparison with the
analogous regime for € > 0, to obtain Theorem [1.4.5

In both cases, under the assumption given, we can rewrite the first equation in (3.3.66f) as
(analogous to (3.3.2)) of the critical case)

NV LA _ 2P /p(w)eVoN(wHVe(%A)
(3.3.68)

Fe(O) =€+ €9+ L_2 log H (1 + 7o — eiql COoS QQ)
qG’Dé’R
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with the integration Py (dy), given by

: /
e—ta(y—y")

/ Py(de)p, o =L Y (3.3.69)

Vo] 1+ ro — e cos qo
R

(I1) (I11)

Figure 3.6: (I): The black circle on the left is on scale of order 1; we start a multiscale
decomposition up to a scale h* (red circle) that is of the same order of the mutual distance
between the singularities . (II)-(III) After that scale we must split around the two
singularities (blue circle) and carry on the multiscale down in the infrared h — —oo.

Remark 3.3.6. Since we want to prove results (T heorem for the infinite volume free
enerqgy, and since at every single step, the kernels W admits a natural infinite volume
limit W (h)i> (see Remark , we only care of defining a meaningful rigorous procedure
at finite L for at least one boundary condition. From this we can extrapolate the infinite
volume contribution which of course will not depend on the specific 0. A discussion of finite
size effects is not the objective of this thesis; we defer the interested reader to [2, Appendix

cl.

€ > 0: The first regime

Ultraviolet integration We intend to proceed in the following way. The u.v. inte-
gration is almost the same as in Section [3:3.1] except for the dependence on € and the
presence of the external fields A which were absent there, so we do not report it here
the whole discussion but just its consequence: repeating the discussion one obtains the

following representation for Wﬁ(i)é‘o rA(A) (see (3.3.66))

B / P (dplS D)l @) (3.3.70)

where

1. PE(S_l) has covariance gfe_l) which has the same expression of (3.3.13]), with the
denominator in the rhs replaced by (3.3.67)) (and similarly gg?)).

2. The “effective potentials” Fe(fl), V(fl)(cp, J), 81 (J) are given as in (3.3.17) with
the replacements F(-1) — Y4 Se(_l)(.]), VED(p) — V;(_l)(go,J) and vgN +
V() = voN + V.(-, J) where V. is given in and we expressed the variables
{A}ccp, in terms of {J}ccp, via

Jpi=efe —1 (3.3.71)
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for every edge e € Er. In particular the structure of the equation (3.3.66) implies

that Ve(_l)(gp, J) admits the following expression, for ¢ = ¢(==1) (analogous to cfr.
(3.3.21)), (3.3.22)) with the presence of the external fields J)

V( 2 ¢7 Z Z nm,s,s yv ngg:

meN y.z,s
nEZN* (3.3.72)
n+m 1 Z n m,e,s Q2» DI Qnap)¢q+qp 5((] Q)
g?g’
where y € A", 2 € A™ and Gy = G by By 4+ ar = (1t ar, - g0+ qr)

with ¢; € D&R; Jos = [lieq Jais, Where Jz,s denotes J. when the edge e has black

vertex of coordinate x € A and is of type s = A, B,C (see Figure ; p € (Do)™

(cfr. (3.1.5)) and

Jos= Y e P, (3.3.73)
p€Do

finally §(q, p) enforces global momentum conservation, i.e. equals 1if 7 ;(—1)'Rg; =

S p; and 0 otherwise.

3. the kernels of the effective potential satisfy HWé,;nl)H,{,_l < gntm | \max{len} where

Wkl 1 = L™ suer Nes (g ) eV ) (3.3.74)

n,m,e

which is a natural generalization of the norm given below (3.3.24), and d(y, z) is
the tree distance between the two sets of points y,z, namely the length of the
shortest tree on the torus A connecting z and (RT)ilﬂ Moreover, in the Fourier
representation the satisfy the following symmetries (see Appendix

WD) =w g, W@ =w"Yq. (3.3.75)

n,€,0

Inductive statement There exists an integer A*, which will be defined along the in-
ductive procedure (see (3.3.101))), satisfying, for || small,

c1loge < h* < cologe (3.3.76)

for some constant c1,cy > 0 which are L, e, A independent. For any h s.t. max{h*,hp} <
h < —1, if we set ¢ = (") the following identity holds

VD Ln L2 )50 J)/P (1) (dg)eV " (,) (3.3.77)

where

9The coordinates of the external fields have no reason to be thought in terms of A, while the Grassmann
fields are naturally functions of RT A via the transformation in Fourier space given in (3.3.4)).
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1. the Grassmann measure PE(Sh) is associated to the propagator

(<h) _ ;-2 e Yxp(q)
DY ~ 3.3.78
ILe < v+ (g + qr) ( )
qGDRﬂ

with xp, fin being the same functions appearing in (3.3.48)), while r, is a real constant
that will be defined inductively.

h)

2. The constants Fe(h) and tg , as well the effective potentials Ve(h)7 S are inductively

described shortly. We will show that Ve(h) admits an expression analogous to the
second line in (3.3.72)), with the scale label (—1) replaced by (h), and that its kernels
satisfy the same symmetries of item 3 above, namely

W@ = W(-0, W@ =W a). (33.79)

n,e,0\1 n n,€,0 n,e,0 L

Remark 3.3.7. We will look at the kernels of the effective potential Ve(h), as functions
of the running constants of higher scales, {rk, ak, 2k, Vk }k>h, thought of as independent
variables. In particular, the dependence on € of the kernels will be mediated by single scale

~(h'
propagators {Q(L,e)}h’>h

—ig(y—y') f
(W) 2 e " fr(q)
91w, y) =1L E 3.3.80
L) sz, (@) + Di(a) +p(a) (3:380)

(where Dy, p are the same as in the critical case see ), through a sequence of
smooth functions Ty (q;r) themselves depending on the constants of higher scales r =
(rpa1,-..,70) (defined inductively, see (3.3.90) ), and q being the relative momentum to
qr. In above, rpr = 11/ (0). With this in mind we will sometimes use the following

notation,

WQ(yTBLé(.’ ';ﬁ) = W2(,72L,e,§('7 ) (3381)
where r = {Tk}k>hm
Base of the induction For h = —1, in virtue of the u.v. integration, i.e. (3.3.70))

the representation holds if we set tgfl) = 0. As for the covariance, recall that fi_; := [
(see below (3.3.38))) and that fi(q + qr) = 1 — €% cos g so that defining r_; := ry the
representation holds for h = —1, Lastly, the dependence on € of the kernels can indeed be

0)

seen through 79 in the single scale propagators g; -

and (3.3.19)).

contributing to it (recall item 2 above

Inductive step The idea behind the localization here is the following: in order to han-
dle the dependence on € we insert, at each scale, not only the critical (i.e. evaluated at
€ = 0) renormalization constants ay, (; in the measure (which contributes to the function

1076 avoid heavy notations, the symbol r, whenever it appears as argument of some W<h), will stand
for {ri}es>h.
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Dy, appearing in fip in (3.3.48) as we did in (3.3.38)), but also the linear termlE in € of
WQ%L(O) - WQ(QE(O): this will iteratively define the function rj vanishing for e — 0.

More precisely, assume the inductive statement to be true up to scale h. Recall that,
as explained in Section [3:3.1] the iterated action of the e = 0 part of the renormalization
procedure produce, in the effective potential representation in coordinate space, the pres-
ence of pseudo differential operators B (cf. ) applied to the Grassmann fields. In
formulas, if ¢ = p(Sh)

R
VI (6, 7) = 32 V(6. D), V(0. 0) = YV (6 7)
ne2N D,s
" meN . . " (3.3.82)
V:s n,m,D, s Z 9 1¢y1 -0 n¢;n Jml’sl e JZ"’SWWE,TL,m7Q7§(g’ Q)
QGA"
with the conventions of (3.3.51)) and (3.3.72]). In Fourier this reads
(g, J) = L7200 W, (@203 G0 P)Dgtar Tpsd (g p) (3.3.83)
7p’

where WE(,Z),mé is expressed in terms of a combination of the Fourier transforms of the
kernels We , m.p,s and includes the factors qiD ’s coming from the effect of 0, see (3.3.33]).

We now split Ve(h) in (3.3.77), as
viW =, VI LRy VW,

where we define ELJ/;(,Z?m(QS, J)=0ifn>2orm>1and

Ly evjé”o(qb, J) =

. + oos(h - \
Z ¢Q+QF a+ar {W;,(()LE) )(0) +q- 8W2°7<67(0 )( 0) + aQWQQ( )( 0) +
q€Dy , 0. R
77003 (h 200;(h 3
+T (Weg(0) - w3507 0)) |, (3.3.84)

‘ClG 621 ¢7 Z Z ¢RT1¢RTxe SWQI(h)(O,O)

z€A s=A,B,C

where, in the first equation, 7 is an operator which extract the linear part in € of the
infinite volume kernel W;’%i(eh), through an expansion in the sequence r (cfr. (3.3.81)):
2-00;5(h 2-00;5(h
T[W5e (0) = W3g0 )] = 3 mdn W55 ™ (0; 0). (3.3.85)
k>h

HNow the Taylor expansion will be performed separately both in momenta ¢ close to gr and in e.
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In the second equation of m, since both the Grassmann and the external ﬁelds are
evaluated at the same point on the lattice, we used that if y eA,y=RTy (see (3.3.4)).

Note that the first line of the first equation in (3.3.84)) depends only on the critical
theory, because € is set to zero: it corresponds to the action of the operator Lo as
described in Section @ The operator Ri . is a suitable rewriting of 1 — Ly ., as it was
briefly discussed in the lines below in the case of ¢ = 0. Note that the rewriting of
1 — L4 produce extra operators d on the associated Grassmann monomial in coordinate
space (as a consequence of the interpolation in Fourier space, e.g. (3.3.31])), instead for
€ # 0 the rewriting of 1 — T it is given by

2 -00;(h 7700;(h h
(1= 7)o" (0) = W36 (0)] = /0 dt Y rirmd?, ., Wage (05tr).  (3.3.86)
Lm>h

The renormalizing effect of such term will be discussed in the tree expansion framework
of Section (point (2) below Proposition |3.4.0.1).

Now we insert all but the terms 21, (cfr. (3.3.55)) for its definition) and the last one
in ((3.3.84)), in the propagator, defining a new measure Pg(sh) in such a way to rewrite

BT = ™4V [ L) ) VOO Z VIR 0D RV ),

(3.3.87)
where we defined
h) h
Fég (0,7 Z¢ bz Ja,s) Ys(,o) =Wy, 1( )(070)- (3.3.88)
The integration Pe(gh) has covariance
_ _ e_iq(y_y’)x q
gggh)(y, y) = L2 Z n(q) (3.3.89)

<D 1 Th-1(¢) + Din-1(q) + p(q)

where Dy_1 and p are the same of the previous Section, see resp. (3.3.53))-(3.3.54)), while
r,—1(q) satisfies

ho1(q) =+ xn(@) S 0, W (05 0) (3.3.90)
k>h
and finally
) = h1) (3391)

is obtained from the change of measure (cfr. rhs of (3.3.57)) with the scale index h replaced
by h — 1, where the numerator and the denominator have extra summands, respectively,
r4_1 and r3,). Now we decompose x5, = fn + Xn_1, With x4_1(¢) = x1(27q), to write

g =gl gy (3.3.92)

where the single scale propagator g(Lhz has the same expression as (3.3.89)) with x, replaced
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by fr and admits bounds as in the following Lemma. Then g(Lihfl) can be written as
- e~ y=v")y,
g V) =172 Y @ 0) (3.3.99)

€D, , 1 + Dp-1(q) + p(q)
in fact in the support of x,_1 one has x, = 1, cfr. with (3.3.89). Note that the flow of
T, via (3.3.90)), guarantees by inductive hypothesis on the symmetries of the kernels (see

(3.3.79) {4 that r;,_1 is a real constant (see also Appendix|B.4). Finally using the addition
principle of measures with such decomposition (exactly as in (3.3.43])) we can rewrite, if

d=oM 4 ¢ ¢ = p(sh=1)

" — 6F5h71>+t£h71)+5(h*1)(‘])/Pﬁ(gh—l)(¢/)e‘4(h71>(¢/,J) (3394)
where
PR - F) 5 S0700) = 00 + V006 ) =
3.3.95
= 3 il (VP D) VO 4 0)) (3.3.95)
n>1
where
M(p,J) := 2" N(¢) ZY W EM (¢, 7) + Ry VW (9)

(cf. with (3.3.88))) and the truncated expectation S(Th) is with respect to the propagator g(h>

above. In particular, repeating the discussion after (3.3.19)), considering that now R . E(h)
carries fields with derivatives é, one obtains that V;(h_l) has an expression (]3.3.82))-(3.3.83))

with the scale index replaced by (h—1). The kernels of Ve(h_l) satisfy the same symmetries
of those of V("): this is because by induction the arguments of satisfy such
symmetries and the covariance P(" is symmetric under the same symmetries, so that one
uses the argument of the beginning of Section [B.4]

The single scale propagator of the first regime The integration procedure of the
first regime, h > h*, produces a single scale propagator given by

fn(q)
r1(q) + Dr(q) + p(q)

9272(1/,3/’) _ 2 Z e ia(y—y") (3.3.96)

/
9€Dy

2From (3.3.79) follows that the kernels are real valued, independently of the value of 7, so that also
their derivative with respect to some 7y is still real.
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where we recall fi,(q) = f(27 iy + %1) with f(¢) = x(¢) — x(2q) see (B3LL); Dy(q) :=
—iqi(1+¢(q)) + 363 (1 + an(g)) and

2-00;(h
r(q) = et + xnr1(0) Y redn Wago ' (0:0)

k>h
. 2-(h ;00
Cn(@) = Chg1 + ZXh+1(¢])81W2( ) (0) (3.3.97)
ap = app1 + Xh+1(Q)8§W§h+1);OO(0)
‘ 2
plg) =1 — €' cosqa +iq1 — %2.

We have then

Lemma 3.3.0.2. Let h > h*. If there exists C' > 0, independent of L, such that

sup max{|ax|, [Gx|} < CA|,  sup |ra| < Clrol (3.3.98)
h>h h'>h

then there exist L, e independent constants cg,c1,k > 0 such that

|§(Lf2<y)| < cg2/2e— VAP W) (3.3.99)

where dM () := 2P |y1| + 2"/2|ys].

For more details, see Appendix

The flow of r;, and the scale h* Let us begin with a motivation for the stopping scale
h*. Notice that, differently from the critical case, here each “dressing” of the propagator
with local terms of Ve(h) produces a shift in the location of the zeros of the inverse propa-
gator: this is exactly caused by the sequence r. Since the flow of r is linear (cfr. (3.3.90))
for ¢ = 0), then we can write

rp = T’[)Qh()\) (33100)

for some real function Qp(A) s.t. Q_1(\) = 1@ The fact that Qx(\) depends only on
kernels of the critical theory, which admits good bounds (cfr. Prop. will imply (see
next Lemma) that Qn(A) = 1+ O(\) uniformly in h, so that r, stays close to the initial
datum uniformly in h. In other words the shift of the zeros is still of order €, independently
of the scale. Anyway the multiscale procedure must stop when the support of x; does not
contain the zeros anymore. Neglecting the higher order corrections of p to Dy, in ,
the shifted zeros at the h'" step, (0, +qr), satisfy 7y, + 1/2‘1%%(1 +ayp,) = 0. Then we will
stop the procedure at a scale h* such that

Bt min {h < —1: o 3.3.101
O e B
where ¢ enters the definition of x (cfr. (3.3.11))), and «y, is the same as in (3.3.48]) — (3.3.49)).
This choice guarantees that xp«(qrp+) = 1, which will be used later. Using then the just
mentioned property of @y, recalling those of «ay,, &g in Prop and the definition of rg

BRecall that we set r1 := 9.
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one can see that indeed h* satisfies (3.3.76)), for € and A sufficiently small, in particular
h* = min{h < —1: 62" > €}, (3.3.102)

which implies that 2" = ©(e).
Let us now state and prove the desired property for the flow of 7.

Lemma 3.3.0.3. Under the conditions of Proposition[3.3.3, there exists a constant C > 0,
independent of h*, such that, for |\| small

rh
SO |
70

» Sup
h>h*

max { sup - 1‘} < CI\. (3.3.103)

h>h* Th*

As a consequence, writing r, = roQp(N\), then |Qn(\)—1| < C|\|; finally |ry|27" < 02—

Proof. We proceed by induction, assuming that there exists a constant C’ > 0 such that
suppsp [rn — 1ol < C'roAl. From the definition of the flow (3.3.90) at ¢ = 0, we can
bound

=gl < lrolA+CAD Y 18, WeT " (0,0)) < Clro,A) Y 2040k (3.3.104)
k>h+1 k>h+1

for C(rg, \) = colroA|(1 4+ C’|A]), co as in Proposition which implies that rj, is a
Cauchy sequence. In the second inequality we used that a derivative with respect to rg
of WQOO;(hH)(qF;f), evaluated at r = 0, produces an extra factor 27% with respect to
the bound of W;O;(hﬂ)(qp;g) — 2/l 1 which is given by Proposition m This is
because such derivative acts on some propagator on scale kK > h 4+ 1 and its effect can be

dimensionally bounded using Lemma [B.2.0.1{'*l Thus using (3.3.104) we can write

—2
I — 1ol < C(ro,A) Y 2% < C'fro||A| (3.3.105)
j=h

where we used that for |A| small enough, since 6 is bounded away from qu, (14+C'A|)eo <
C'29(2° — 1). In particular, writing r, = roQp()), thanks to the linearity of its flow, for
some function Qp(\), then (3.3.105)) immediately implies the property of Qn()\).

Now we can write

20|\

Qh Qh* /
—1 <A4C'|A 3.1
| = [ <« 2 <o (3.3.106)
for |A| small. To conclude, notice using the definition of h*,
27" < ‘ 2" hA(1 4 aye)d| < €2 (3.3.107)

for some constant C” which depends on C’,§ but not on |A|,h. Then one can choose

MFor a proof this fact we need to know a bit more on the structure one uses to obtain the bounds in
Proposition [3:3:2] We will come back to reasoning of this type in a more concrete setting, given by Section

S

e recall 6 can be chosen within the range (0,1/2).
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C = max{C",4C"} to complete the statement. [

The transition to the second regime

After the first regime we are left with the following representation for the partition function

Wetreo Lox — eLQ(Fe(h*)Hﬁh*)HS(h*)(J)/pe(éh*)(d(p(Sh*))GVe(h*)(W(Sh*)yJ) (3.3.108)

where Pg(dgo(gh*)) has propagator given by the same of with the scale index
replaced by h*. For h < h*, in order to deal with a shift of the singularities, as well of the
analogous of the coefficients of the function Dy, (see (3.3.48))) we now proceed differently:
instead of dynamically modifying such constants at each scale, we fix the structure of
the propagator, modulo a global factor Z, to be inductively defined, by introducing free
parameters vpx o, Gpx o, bpry, for w = £, also called counterterms. Their value will
be uniquely determined via a fixed point argument (see Section in order for the
perturbative expansion to be convergent uniformly in L as L — oo.

More precisely, we start by rewriting the effective interaction in (3.3.108)): we split as

usual Ve(h*) = .Cl’g‘/e(h*) + RLEVE(h*) , and we insert in the Grassmann integration Pe(gh*)

not only the usual part of £; . (as described in (3.3.87) and above) but also the quadratic
counterterm M (¢), for ¢ = ©(=h") | given by

M(¢) = L_2 Z $;_+QFM(q)$Q_+QF

/
qEDB’R

M(q) = > (0 — wqp) (2" vy o — iqrans w + (2 — G5)bp ).
w==+

This means that we rewrite (3.3.108)) as
B3I08) = LAE+ )48 () / PR (dg)ePy (6.7 + RV (6.0) 44 (0)

(3.3.110)
where tg*_l — t7" is obtained by the change of measure P — P (as described in (3.3.57))
where P(de(=h")) has propagator §(Lih ) which is the same as in (3.3.89)), except that in the
denominator in the rhs, h* is replaced by h*—1 and we added the term 2% v, +xp,= (¢) M ().

In (3.3.109)) we have that

e qr :=(0,4r) with §p to be fixed. It is assumed to satisfy

(3.3.109)

Gr — qrp+| < C|AVe (3.3.111)

for some C' > 0; here £qp + are the singularities of the propagator of the first regime
of scales, after h* — 1 steps of integration (see the lines above (3.3.101))),

o Upx g, Qpx o, bpx o, € R are free parameters, to be fixed later, which we assume to
satisfy, vp« o, ap* o, bps o = O(X), and

Vh*,w = Vh*’_w, CLh*M = CLh*7_w, bh*,w = —bh*7_w, bh*,+ = O()\ﬁ) (33112)
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The first three equations are natural in view of the original symmetries of the
model, carried along the first regime of integration (see Appendix . This choice
guarantees that this intermediate integration does not break such symmetries. In
view of we have only three independent real parameter to play with
Upx 4, apx 4, by . The last assumption, plays a role in the following item.

o Xn(q) := x(co27"|iq1 + qovr|) where cq is a positive, big enough constant, such that
Xn+(q — qr)Xn+(q + qp) = 0 for every ¢, and
sin gp + Graps—1 + by +

Vp = — ., 3.3.113
F cos g + Cpr—1 + apx 4 ( )

Note first that for ¢y big enough and |A| small enough we have that U,{q € Dy p, :
Xn+(¢ —war) > 0} C {q € Dy : xn=(q) = 1}. Secondly, by the assumption of the
previous points, since qgp+ = O(y/€) (see (3.3.101) and lines above) we have that
vp = O(Ve).

We can then rewrite
xn+(q Z 1(q — war) + fax(q) (3.3.114)

which implicitly defines fy«(g), being such that in its support ¢ = O(2""), ¢z = 0(2%).
Then, using the addition principle coming from associated to the fields decom-
position
SOZ’(Sh*) — Z efwqupcpyb(u h*=1) 4 SOy( ") (3.3.115)
w==%

and to the propagators decomposition

9L<eh* Z e wwaFg Lo -1) +9(Lhe*)7 (3.3.116)
we can rewrite
BIIT0) = L2 s 070 J)/P <) (S )
(3.3.117)

(1)

where the effective interaction Se(h*_l), ~€(h*_1) and the energy term F¢ are related as
usual by the analogous formula (3.3.95)) with the following replacements: the scale label

h is replaced with h*, in VEh ) the term associated to v is replaced by the counterterm M

defined in (3.3.109)), and the truncated expectation is taken w.r.t. g(h ),

(Sh*=1) .

Now the integration P is diagonal in the w index, i.e.

* 1 *
| P 00)0y0% 0 = a0 02) (3.3.118)
5 h*fl Pt

and its propagator can be rewritten as

L (<wr) 9 e M=) ). _1(q)
- , ) = L 9
Zh*,lgL’E’w (y ) Z Zh*leh*fl,w(Q) + ph*fl,w(Q) (3‘3.119)

quR 0,w

Zpr—1 = cosqr + Cpr—1 + apx 4, Dps_1,(q) := —iq1 + wgevp
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where: Dp,,, = Dy — wdr; vp is the same as in (3.3.113); pp+—1(g) is such that
lpne—1(q)| < C22"" in the support of Xz«_1. To obtain the representation (3.3.119)), one
can proceed in the following way. First note that from the conditions on dy, |A|, the de-
(sh™—1) (see (3.3.93) for h = h* where we added the

nominator in the expression of g;~
b
counterterm M) can be rewritten as

rhe—1+ Dpr—1(¢ +wqp) + plg +wqp) + o (vp+ + I/h*’_,_) —1q1ap* + + Wby . (3.3.120)

Then expanding in Taylor series at ¢ = 0, using the definition of Dy, and p ((3.3.48)),(3.3.41]))
and imposing the following relation for ¢r and vp» L,

(Gr)?

2

14 rpe_1 — cos Gr + ape1 + 2" (e + e 1) =0, (3.3.121)

the expression in (3.3.119)) follows.

We now stress how the given equations above, relating the free parameters, must be
looked at:

Remark 3.3.8. First recall that rpx_1, ap«_1,vpx are known by the integration of the first
regime and they respectively are O(€), O(X\),O(X). Then, must be seen as an
equation for vy= y given qr. This equation fizes the singularities of the propagator g(=h")
exactly at the not yet determined points +qr = £(0,qr): qr will be indeed determined by
such relation only when vy«  will be fixed in the multiscale construction in order for the
perturbative expansion to be absolutely convergent (uniformly in L, € etc..). More precisely,
in order to obtain such a convergence, Upx 4, apx +, by 4 will be determined via a fized point
equation in a certain space of sequences, making them functions of the multiscale expansion
of the second regime, and thus of Gp,vr, Zp_1. Then, with such counterterms fized, one
can solve via the Implicit Function the system of equations

(Gr)*

2

Zpr—1 —cosqp — Cpr—1taps 4 =0
Zps_1VF —sinGp — qrops—1 — bpx 4 =0

1+’I"h*_1—COS§F+ ah*_1+2h*(l/h*—f—uh*7+) =0

(3.3.122)

finding then the desired functions Gp(\, €),vp (N, €), Zpx_1(A, €) with the desired properties.
This will be studied in Section more precisely in Section 3.4.5.

Observe that the assumption of point (1) above is an automatic consequence of the fact
(to be proven later) that vy« 1 = O(X); moreover when such a condition is true for §p,
proving also that by« + = O(\/€) guarantees automatically that vy = O(\/€). This will be
crucial in estimating the kernels.

Localization procedure: second regime

Inductive statement First, since the second regime h < h* can be present only if
€ > 0, the dependence on it will be present, but not explicited, in every expression. Let
us assume that the fields "= ... o+ h > h; have been integrated out, and that
after their integration the generating function has the following structure
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W (A,0) _ L2 (FEM 40y 4.5 () /p(Sh) (dw(ﬁh))eV(h)(x/ZTsa‘S’”,J) (3.3.123)

for a suitable real constant E(®) and suitable “effective potentials” S (.J), V(M) (g, .J),
to be defined inductively below, and fixed in such a way that V(") (0,.J) = S (0) = 0.
PER) (d)) is the Grassmann Gaussian integration with propagator (diagonal in the index
w)

1 (<n 11 B ) Xnlg
792T5,l(y, y)= - Y ely) n(a) (3.3.124)
h Hh,w

for some real constant Zj, inductively defined, and
1th,w(q) = Dp—1,0(q) + pre—10/Zn (3.3.125)

where Dy»_1 ., ppr—1 are the same as in (3.3.119), in particular pp«_1 is of order 220 in
the support of f; := ¥ — Xn—1. We will also prove inductively that:

1. V(M (p,J) has the same structure as in the second line of (3.3.72), with the ker-
nels being specified by the extra label w = = (wi,...,wy) carried by the Grassmann
variables ¢q£ = qﬁ;rhwl .- ¢q wn» With gb = (bq+qF+qu Note that in terms of

N (h)

lattice coordinates, the dependence on w in the kernels Wy m.ws(y,z) is due to
the oscillatory factors e ‘4 2 (D wi coming from (3.3.116): then we denote
s (y, ) = e Lia CV @i (y o).

n,m,w,s m;Ss

2. the kernels of V(h)(cp, J) satisfy the following symmetry, in Fourier space:

2 (h = (h
WTEZ’E’L;M,S(Q? B) = WTE;:%'7W7S( g’ 73) (3,3,126)
an ws(q p) Wé,m,g, (Q B)
where W," 72“0 s(q,p) is the Fourier transform of W, (g, ) computed at momenta
(g2 + w2dF, .- Gn + WnGF, P1, - Pm)i G (Q2,-- ,Gn) where for ¢ € R?, ¢ :=

(g1, —q2) [

Remark 3.3.9. As it was for the first regime, we emphasize that we view the kernels
Wg%;gé, h < h* —2, as functions of:

(i) a sequence of running coupling constants

W Vi s At oy Ont o5 Y v (o07) YR b/ < —1-

(ii) a sequence of single-scale propagators {g&h/)/Zh/,l}h<h/§h*,1, of the form

1 1 —ia(y— JE (9)

(h) o iq(y—y’) h

95" (z,y) = g e = , (3.3.127
h—1 ( ) L? Zh—l(k)Dh*—l,w(Q) ph*—l,w(‘]) ( )

/
quR,G,w

165ee Appendix for a discussion with A = 0.
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where fr(q) = Xn(q) — Xn-1(q) and

Zn-1(q) = Zn—1%n(q) + Zn(1 = Xn(q));

(iii) the irrelevant part of VW'=Y denoted by Ry V=1,

The actual values of the running coupling constants (RCCs) will be defined via an induc-
tive procedure in Sections the outcome of which is the beta function equation
(3.4.1). In Section we will show that there is only one specific choice of the initial
data (Vp* 4, apx 4, bpx 1), which we will determine via a fized point argument, guaranteeing
that the flow of RCCs is uniformly bounded for all h < 0. For the fixed point argument
itself, it is convenient to allow the beta function, as well as the kernels of the effective
potential, to be computed at values of the RCCs different from the final, ‘correct’, ones.
This is what we mean by saying that W,gh,%w s will be thought of as functions of the RCCs:
we will allow ourselves to think of the RCCs as independent variables, which can be varied
freely, as long as they remain sufficiently small; similarly for the dependences on g&h)/Zh,l
and RaV W =Y mentioned in items (ii)-(iii): for certain manipulations discussed below,
we will allow ourselves to modify the definition of the kernels by modifying the form of the
single-scale propagators or of the kernel of the irrelevant part at scale h* — 1, keeping the
rest of the iterative definition unchanged.

Base of the induction: h = h* — 1 The representation is valid at the ini-
tial step, h = h* — 1, with F("=D 4 (") — Fe(h*_l) + t?*_l,S(h*_l) = Se(h*_l) and
VD) = A U(Z,;}ﬁ(-), J) as one can check by comparing with after
the integration of the transition modes.

To see that ( m holds for h = h* — 1, note that it is equlvalent to requiring that
V(" =1) s invariant under the following transformatlons (1) : goy w = gpy o together with
complex conjugation of the kernels and (2) : goyw — oF _.» Where § = (y1, —y2). On the
other hand the assumption on the counterterms , guarantees that the potential
V) (p, J) is invariant under such symmetries. The statement for h = h* —1
easily follows from the relation between V") and V(»*=1  compare (3.3.110), (3.3.117)
and below, together with the fact that the grasmmann integration P"" ~1 is invariant
under the same transformations (1) — (2), see Appendix

The inductive step We assume that (3.3.123) holds with V() satisfying the properties
specified in the inductive statement, and we discuss here how to get the same represen-
tation at the next scale h — 1. First, we split V(") into its local and irrelevant parts:

yh) = EQV(h) +R2V(h) where, denoting by WT(L]?)n -w,s the infinite volume limit of WT(L%M@

LV (p, J) = (3.3.128)
h),00 T
=LY Y o (0) + -0 (0],
“ quR@w
(h),00
+Z Z ¢yw1¢y,wz¢y7w3 yW4W4,O;(w1,...,w4)(O’070)
yEA Wi

- ik px(wo—wi) i (R),00
+3 % Jx,rqz»;%,wlquwme’““ e (0K (ws — w)).

TEA W1,w2,T
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where kr = Rqp (cfr. item 1 below (3.3.109).

Remark 3.3.10. A few remarks about this definition are in order:

1. The existence of the limit of WT(L%;%K as L — oo is a corollary of the inductive bounds
on the kernels of VW, which are uniform in L, as it was the case for h = —1, cf.

with Remark . More details on the inductive bounds on the kernels of V) are
discussed below.

2. The reason why, in the second line of (3.3.129), we only include terms where the
Grassmann fields have the same index w, is that the terms with opposite w indices
give zero contribution to the generating function, due to the support properties of the

Grassmann fields. In fact, in ([3.3.123) we need to compute V") at Grassmann fields

@é,%f‘)i that, in momentum space, have the same support as Q(Léj) (q), i.e., |q| = O(2")

(note that the support properties ofgé,gh) are the same as those of x, (see lines above

(3.3.113) in Item 8). If h < h* — 1 and ¢y is sufficiently big, quadratic terms of the

form cﬁéih)#@ggzgpfw would involve two fields that cannot both satisfy this support

property.

3. Due to the Grassmann anti-commmutation rules and the anti-symmetry of the ker-

nels, the quartic term in (3.3.129) can be rewritten as

+ = ot o
4 Z Pyt Pyt PPy Wi .- (0,0,0). (3.3.129)
yeEA

Along the induction step, we will need a function WZ(%)(Z ) (y1,y2) (the upper index

‘R’ stands for “relativistic”, and it is different from the matrix R appearing in the trans-

formation in (3.3.4)) which should be thought of as the kernel for n = 2,m = 0 of a

relativistic model. More precisely, at step h = h* — 1, one simply let WZ(%(:J IU)J’;)”(yl, y2) = 0.

For h < h* — 1, WQ(%)(IZJ ) is defined as a suitable modification of WQ(%),’(ZOW) (that, by the

induction hypothesis, has already been defined); more precisely, Wz(%)(i )

making the following replacements in WZ(%),’((ZJOM) (which should be thought of as a function
of the running coupling constants, of the single scale propagators and of the irrelevant
part of V(*"~1) | as explained in Remark [3.3.9):

is obtained by

(i) the running coupling constants {vp ., @p’ w, by w Jr/>h are set to zero, (note that the
running coupling constants Ay are not set equal to zero);

(ii) the single-scale propagators gU(Jh,) /Zp—1 are replaced by the ‘relativistic’ single-scale
propagators gglw) /Zp 1, for all h < b/ < h* — 1, where
(h)

. .
w 9 d i o ’
M :/ 7(126 iq(y—y') _ fw(a) : (3.3.130)
Zp— r2 (27) Zp—1Dpx—1,0(q)

(iii) RV =1 is set to zero.
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The function W( )R

extra symmetry

will be shown to satisfy both the identity (3.3.126) and the

0;(w,w)

Wzg,}(l)){(z,w)(quz,v;lql) iwWyh )(w (@) (3.3.131)

where vp is the same of (3.3.119)). This symmetry is a special case of the one discussed

in |2] (see in particular Appendix A and Section 4). Let us assume that WQ(% )(3 W) h' >h
has been already shown to satisfy (3.3.131]) and below we explain how to prove the same
at scale h — 1.

In order to deﬁne the running coupling constants on scale h, we decompose the term

containing J, W( (ww) in m by rewriting
h <),
a W( )(w UJ)( ) 9 W2( 0)(w w)( ) + an2(70);(i,7w) (0), (33132)

(’8’ stands for ‘subdominant’). From the symmetries (3.3.131)), a straightforward compu-
tation shows that

q- 8qW2(7}(l));’(iw) (0) = —zp(—iq1 + wopq2) = —2,Dp*—1,,(q), (3.3.133)

for some real number zhﬂ We now combine this term with the Grassmann Gaussian
integration P(<M)(dy), and define:

. -2 ) § . i
P(Sh) (dsp)e nZnL Ew EqED Dh —1 w(Q) wPq,w _ €L2( hflfth)P(Sh) (dsp)’ (33134)

where P(<")(dyp) is the Grassmann Gaussian integration with propagator
(<h)

, )
Irw WY) _ 1 Yo ey Xn4) (3.3.135)

Zh—1 L? Zn-1(q)Dhs—10(q) + pre—1(q)’

qu;{,Q,w
with
Zn1(q) = Zn(1 + zexn(q)),  Zn-1:= Zn_1(0) = Zp(1 + z1), (3.3.136)

and e-*n is a constant that normalizes P(SM) (dy) to 1:

2nXn(9) Drr—1,0(q)
log (1 + : . 3.3.137
7L T wl g ) (33457
9€DR ..,
By using ((3.3.134)), we rewrite the Grassmann integral in the right side of (3.3.123) as
(h) 44 (h=1)y 4 g(h) - 0
B3123) =L T T /P(Sm(d@)ev"”(vzhﬂ%’) (3.3.138)

"That zp is real follows from the fact that the relativistic kernels satisfy as well (3.3.126)).
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where

V(g J) = L2 Z Z @Iw (2huh,w +tap,q1 + bh,wQQ) Pgw

/
“ 4€DR 9w

+ AR D PPy PPy (3.3.139)
yeA

Yis (w ;
,8,(w1,w2) —wik _
+ Z Zh R Z inre’b(wg wi) Fm@;ijwl SORTQ:’WQ

w1,w2,8 - z€EA

+ R2V(h)(\/ Zn]Zp-1¢,J),

and the running coupling constants at scale h are defined as

Z z [e'e)
2th,w = ?}ZIWQ(Z);kw,w)(O)’ (3.3.140)
. Zn s (h),8 Zp, ~ (h),S
ah,w = —’L4Zh_1aq1 WZ,O;(O-J,OJ) (0)7 bh,w == 7Zh_1 anWZO;(w’w) (0),
_afZn N2 (h)ee
Ay = 4(ZH) Wiors .~ (0,0,0),

2-(h),00
Yhus)(wl’WQ) = ZhWQ(,l);(wl,wg),s(O’ (w2 - wl)kF)

Thanks to the symmetry (3.3.126)) of the kernels (that by inductive hypothesis holds at
step h) the running coupling constants are real valued, vy, o, @h ;s bhw, An, Yo eR
and satisfy the following (see Appendix |B.4)):

w1,w2)

Vhw = Vh—w; Ohw = 0h—wy Ohw = —bh-w, Yhrw=Ynr-w (3.3.141)
For later reference, we rewrite the local part of V") (¢, J) as

LV (p,) = 3 (2" () + anwFus() + b P (9)]
w
Yh,s,g
+ AFa(p) + Z Ty Fy.sw(p, J), (3.3.142)
S?E -

(for the definitions of Fy.,(¢), Faw, Fbw, etc., compare (3.3.142)) with the first two lines of
(3.3.139)).

We now decompose the propagator (3.3.135)) as

By =gV ) + 95 ),

with gc(ugh_l) as in (3.3.124]) and gfuh) asin (3.3.127)). The scaling bounds of go(Jh), used in the

contraction at every scale, are given in the next paragraph. To see that this decomposition
holds, note that Z,_1(k) = Z,_1 on the support of xp_1(+).

Then, rewrite ([3.3.138)) as

/p(ﬁh)(d(p)eV(h)(\/Z(W) :/p(éhfl)(dgo)/p(h)(d¢/)6‘7<h)(\/Zh_1(s0+so’,J)7 (3.3.143)
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which implies the validity of the representation (3.3.123) at scale h — 1, with F(=1)
S=1 () and V(=1 (.) defined by

APPSO (V= (\/Zh_10,d) (3.3.144)
:6L2F(h)+s(h)('])/P(h)(dg@l)eV(h)(\/K(W+<pl)7J),

that is,
L2(F=D — )y L (st=D gy — sW (1)) + V=D (p, ) (3.3.145)
1 ~ .
3 & (VI Znalo+ ¢, ) VO Zha(+ &), ),
- n times

with ETh the truncated expectation w.r.t. the Grassmann Gaussian integration P (dy),
and F(=1 §(h=1)(.) fixed as usual by the conditions S"*~1(0) = 0 and V~1(0,.J) = 0.

To conclude the proof of the induction step, it remains to prove that the kernels
of V(=1 gatisfy and that holds, at scale h — 1. The proof of both
statements follow from the inductive hypothesys and the fact that the covariance is still
symmetric under the same symmetries, see Appendix [B.4]

The single scale propagator of the second regime The integration procedure just
described, for h < h* — 1, produces a single scale propagator given by
1

1 e -
ggj%/(xvy) = Y. ey fn(q)

Zp—1 L ; Zn-1(9) D —1,6(q) + pre—1.0(q)
9€Dg 0.0,

., (3.3.146)

where fi(q) = f(27"]iq1 + vrga|), and f same as above; Dp+_1,(q) == —igq1 + wgavp with

Zn-1(q) == Zn(1 + 2nXn(q))

Zh—1 = Zn-1(0) = Zp,(1 + z1)

sin gp + Graps—1 + b= (3.3.147)
coS GF + Cpr—1 + apx 4

Vp =
pre-1(q) = p(q + waqr) — p(war) — q - Ip(war).

where p is the same as in (3.3.97) and qp is defined below (3.3.109). Then we have

Lemma 3.3.0.4. If there evists C' > 0, such that supy<p <p« |2n| < Cd1 then there exist
L, e independent constants cg,cy,k > 0 such that

15 ()] < 001};12h(1+n1+n2)6—n 28 (ly1|+vp fy2]) (3.3.148)
and
S e ) ed VE (nltertnh < ¢y plnamnotmegh(itntna—mama),
yeERT 72

(3.3.149)
(h);

Moreover, gg . satisfy the same estimates times an extra factor 2h.
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For more details, see Appendix See also [4] for an analogous bound.

€ < 0: The massive case

Proceeding as in Section [3.3.1] it is possible to show that for a fixed € < 0, a single step
of integration is sufficient to obtain bounds for f,  ; which are uniform in L, and to show
the existence of its thermodynamic limit. Indeed one can write

0 ~
WO ez a(A) = LA(FO + FO) 4+ 5O (4) (3.3.150)
where FG(O) is the same as in (3.3.68)), while

L2FO + 504 Z TN + V(5 A oN () + V(- A) (3.3.151)

n>1

n times
and the truncated expectation 5ET is associated to the propagator

N /
e—ta(y—y")

gy, /) =L >

/
9€Dy g

ro = e_‘g‘)(’\)(e_6 —1).

1479 — e cos go (3.3.152)

Since rg > 0 iff ¢ < 0, then g, decays exponentiallylﬂ in the distance on the torus, the
discussion above applies and, in particular, we obtain bounds which are uniform
in L, but not as e — 0~ (the rate of the exponential decay tends to 0). If ¢ — 07, we need
to perform a multiscale analysis. In particular we can repeat exactly the same multiscale
procedure of Section by obtaining an inductive structure as in and below
by recalling that now all the quantities depending on € are evaluated at some negative
small value. The stopping scale for the first regime of integration has the same definition

as in (|3.3.76|):
. |7a) h
h*(e) = h<—-1:——=<2% 3.3.153
() = min {h < ~1: s < 20} (3.3.153)
where rp, is given by (3.3.100)) and satisfies Lemma |3.3.0.3 Note in particular that since
Qhn, ap do not depend on €, the only difference in h* arising by changing sign to € comes
from rg. It is easy to see that h*(—|e|) > h*(|e|) and h*(—e€) = h*(e) if |e| is small enough.
Since we are free to choose € as small as we like, we choose it so that the parity holds.
When we reach scale h*, then we can integrate all the lower scale at once. Recall indeed
that r, > 0 for every h < h* since it satisfies 1, = ro@Qpn(\), with |Qp — 1| = O(X) by
Lemma [3.3.0.3l Then we have that

—iq(y—y’)
(<h®), 4 2 e xn+(q)
9. wy) =L ) (3.3.154)
b oo T+ Dy (@) + p(a)

has the same scaling of the single scale propagator at scale h* as in Lemma [B.2.0.1] as it
is seen by rescaling (q1,q2) = (2"p1,2"/?ps) and using the definition of y and the fact that

181t is the Fourier transform of an analytic function.
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D is linear in ¢ while 27" ¢ = O(1).

3.4 RG approach: dimensional bounds and flow of the run-
ning constants

In this Section we collect the informations coming from the iterative construction of the
previous Sections [3.3.113.3.2] and we reformulate the problem of obtaining a convergent
perturbative expansion in terms of the study of a discrete flow equation (the Beta function
equation). The content of this Section is based on a somehow standard approach and we
take as references [2H5]. The definition of the flow equations is given in Section
the bounds on the kernels built in Sections are discussed in Section in
terms of the flow’s properties. Since the iterative construction we made is very similar
to the one of [4], we discuss only the main differences and we do not report the whole
proof of such bounds. In Section we recall how these kernels bounds are derived and
what is the impact of the differences with [4] acts by means of the so called Gallavotti-
Nicolo tree expansion. Finally in Section we reformulate the convergence of the
perturbative expansion in terms of a fixed point problem for a map on a sequence space.
This reformulates the discussion of [4] in the direction of the same framework of |2, Sec.
6.4].

3.4.1 The beta function

The iterative integration scheme described above in Section [3.3.2] allows us to express the
kernels of V(" and, in particular, the running coupling constants (RCC) at scale h, as
functions of the sequence of RCC and of the single-scale propagators on higher scale and
of irrelevant part of the interaction at the “first” scale (see Remark . More precisely,

o if h > h*, the kernels Wyg%,eé, are viewed as functions of the running coupling
{Vk}h<k<o, of the renormalization constants {ry, ag, (x}rn<k<—1, of the single scale

propagators {g(L’f)}kZh (cf. (3.3.92)) and of the irrelevant part of the interaction
R1V;1.

o Ifinstead h < h*, the kernels Wéhg@gﬁ are viewed as functions of the sequence of run-
ning coupling {(¥jw, @j.w, bjw, Aj) }h<j<n+, of the renormalization constant {z; }n<j<p
of the single scale propagators {Z;_llg(J)}hSKM (cf. (3.3.127))), and of the irrelevant

part of the interaction, at the transition scale, RoV (" =1,

In particular we rewrite the relation between contiguous scale constants in the form

Vp—1 = 2vy, + By Vh-1w = 2Vhw + By,
Th—1=1Th+ B}, Ap—1w = Qh + BZW
(h>h*): 4 Chot = G + B, (h < h*):{ bpore = bnw + By, (3.4.1)
ap—1 = ap + By A1 =M+ B,)l‘
Yio1s = Yas + B) Yiotsw = Yhsw + Bl 0

which is just a reformulation of (3.3.49)),(3.3.58)),(3.3.90)-(3.3.93)), (3.3.88) for A > h*, and
of ((3.3.140) for h < h*. Here B;ff., h < —1, is the so-called Beta function. One has to

think of B,ﬁ_ as well as a function of the RCC on higher scales. Note the following




3.4. RG approach: dimensional bounds and flow of the running constants 109

(0) the equations in the lhs of make sense also with h = 0 by defining oy =

0,00 =0,Y,, = O,Bg = 0,B§ = 0,B; = 0: recall indeed that (1 = a—; = 0 (cf.
(3:3.41))) and that r_1 = 7y (cf. below (3.3.81)). The first equation is instead non
trivial and expresses the relation between v_; and the counterterm vy = e=0 — 1.
For h = h* they are meaningful with vp-_; = Y3«_1 3 = 0 (which is also a definition
of the associated beta function, BY. = —2" v« and similarly for BY).
The rhs of is as well meaningful also for h = h*: the first three equations
relate the evolution of the counterterms (ap« o, bp+ w, U+ ) after the integration at
the transition scale; a simple calculation shows that Yj« s, = Y}« ¢, while the fourth
equation is valid with A+ = 0 : recall indeed that on scale h* the local quartic term
still vanishes. After that scale, introducing the “quasi-particle decomposition” in
(3.3.116)), one has istead the first non vanishing quartic local term Aps_.

(1) For h > h*, BY, B*, B¢ do not depend on Y. rn}nshes

(2) By construction, the beta function B,ﬁ, depends on Zj only via the combinations
Zw|Zw—1 = (1 + zp)~1, with b < B’ < h*. For later reference, we rewrite the
definition of zp, (3.3.133)), in a form analogous to (3.4.1)),

oho1 = Bi, h<h, (3.4.2)

where the right side is thought of as a function of (A, 2p/)h<n/<n=, with the conven-
-1)R _ )

tion that zp« = zp+_1 = 0 (the latter is because WQ(}E:(W W) =

(3) The components of the beta function for vy, o, ap o, bp w, An are independent of Y3,/ ., B >
h. Therefore, we can first solve the flow equation for vy, o, ap ), b w, Ap, and then in-
ject the solution into the flow equation for Y3, .

3.4.2 Dimensional bounds for the kernels

Before we proceed in describing the dimensional bounds satisfied by the kernels of the
effective potential, let us comment on their structure. We have proven inductively that
V(" has, in momentum space, the same structure as in . If one writes V(") in
real space, due to the iterative action of the R operator in the inductive procedure, the
structure that naturally emerges is that of a polynomial with pseudo differential operators
d acting on some of the Grassmann fields gpiw if h < h* or gozjt if h > h*. This was
discussed for the integration of the first regime of scales (h > h*): see Section (ct.
(3.3.51)) and Appendix With an analogous discussion for h < h*, one finds that
V(") can be as well represented as

V(o J) = Z Z WT(Li)nyQ%ﬂé(g’ z) x

n,m20:  y,z,w,5,D
n even, n>2"

x HP1 go(ShH ... éDn(p(Sh)_J

Y1,w1 Yn,wWn Y T1,51

|

Tm,Sm *

(3.4.3)

The main difference between this formula and the one in the first line of (3.3.72)), be-
sides the different scale label, is the presence of the indices D = (Dq,...,D,) with

D;j = (Dj1,Dj3) € {0,1,2}? associated to the operators 0”7 = 33@?2 acting on the
Grassmann fields: we recall that 8Z-D is a pseudo differential operator, dimensionally equiv-
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alent to a derivative of order D in direction i (cf. (3.3.33)). Let us stress that the rep-
resentation in is not unique: the claim is that there exists such a representation,
with the kernels satisfying natural dimensional estimates, discussed below. Of course a
similar representation holds for the kernels of the first regime as well, where in particular
the w label is absent.

In order for the iterative construction to allow us to compute the thermodynamic limit
of the generating function, and in particular to prove the existence of the free energy with
the desired properties of Theorem [1.4.4] we need to prove that:

(1) The running constants of the first regime, vy, 7, /7o — 1, a4y, ¢ are small, uniformly
in h and in the separating scale h* (say, smaller than a sufficiently small constant
dp), provided the function gy (see (3.3.1))), i.e. vy, have been properly fixed as a

function of A;

(2) The running constants of the second regime vy, , ap o, by w, An, 2 are as well small in
the same sense as above, but also Ap, by, = O(y/€) uniformly in h, provided now

that (vp= 4, ap+ +,bp+ 1) are uniquely fixed as functions of A (cf. (3.3.109)).

The reason behind these two requirements is the following Proposition, which we comment
here and will be the output of the next section. Again, we assume L to be much bigger
than e ! so that hy, < h* (cf. lines above (3.3.45) with (3.3.76)-(3.3.101))

Proposition 3.4.1. Let h > h* — 1 and dg > 0 small enough. Suppose that

sulzmax{!/\h e |, 1w 1 27 [, [ /70 — L[} < o, (3.4.4)
>
then there exist C(0) > 0 independent of L, €, h, such that

m
HW(h) 7€’QHM < Cn+m6(r)nax{l7cn}2h(%+97%fm*‘QKl)) <sup |Yh,"|> (3.4.5)

n,m
h'>h

where | D)V =1 | > =12 D;;2719=2 Yy i= sup, Yy s and 0 can be chosen in (0, 1/2'
the norm is defined by

_ h (h)
W mepllwn = L2 sup 3 (W (e V4 @) (3.4.6)

S yz
where dM (y,z) is a scale weighted tree distance, given by 2"dy(z,y) + 2"2dy(z,y), where
dyi,dy are the total displacements of the shortest lattice tree connecting the points (z,y) in
the directions 1,2 respectivelﬂ.

Note that the expression of |D |(1) follows from the scaling properties of the single scale
propagator of the first regime (Lemma : indeed recall that derivatives in different
directions i = 1, 2 produce different scaling factors, respectively 2", 2h/2 With Proposition
at hand, we can obtain also bounds for the second regime of integration. Namely

9The bounds are not uniform as 6 — %7, so we can fix, e.g., 0 = %
*°In terms of d1,d> the usual tree distance 6(,y) is given by di(z,y) + da(z, y).
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Proposition 3.4.2. Let h;, < h < h* — 1, §o > 0 small enough and suppose that (3.4.4))
holds together with

sup {|vp s lzwl} <00, sup {|Awl, b o |} < 277260, (3.4.7)
h<h’/<h* h<h/<h*

then there exists C > 0 independent of L, e, h, such that

N v 1,.n 0 Vi [\
W pisllen < Crtmgmestientgn “WWTWD')( sup m) (348)
h<h'<h*—1 Zn

where |D| = 3711 32212 Dij and Yy . := sup; , Yy s and the norm is given by
— h h
[Wam,pllep = L2 sup SUIWL p (g, 2) V200 (3.4.9)
s Yz

where 6(z,y) is the tree distance of the points (z,y).

These results show that having control on the size of the coupling constants, uniformly
in h <0, gives access to bounds of the kernels for all the scales h < 0, which are uniform
in L.

Anyway, the boundedness of the complete flow of the running constants will be the
final outcome of our technical analysis, and we want to stress the logic behind the proof.
Note first the following two facts: both the propositions are true even if one views the
running constants of higher scale as independent variables, not necessarily related by the
beta equations (see also Remark @ : this follows from the scaling properties of
the single scale propagators (Lemmas[B.2.0.1]and [B.2.0.2)) and iterated application of the
so called Battle-Brydges-Federbush-Kennedy (BBFK) formula in the framework of the so
called Gallavotti-Nicolo’s tree expansion (see next Section; Proposition is built
upon the estimates of Proposition [3.4.1] and, by its very definition, r; depends only on
kernels of the critical theory (see (3.3.90)), (3.3.93), i.e. at ¢ = 0, as well as the other
running constant in the hypothesis of Proposition Thus

(1) We first obtain boundedness for {ap, vh, (p}r<o of the critical theory (Sec. [3.3.1)),
i.e. at € = 0. In this case Proposition applies as well, with h* = —oo (cf.
(3.3.76)), and as a particular case it provides bounds on the components of the
beta function B}, By, B,g; (cf. (3-4.1)): this opens the way to an inductive proof for
the boundedness of such constant, via a fixed point argument, in the spirit of [2].
Anyway the discussion is simplified by the special structure of the Beta function:
in this regime the local quartic term (the analogous of A\j, for h < h*) is zero. For

the argument to work we need A\ small enough and to uniquely fix vy = vg(\), see
B3:31).

(2) Fix vy = vo(A). For e # 0, the previous point and Lemma [3.3.0.3] implies that the
hypothesis of Proposition [3.4.1] are satisfied, uniformly in h*.

(3) From the previous point, for h < h* — 1, Proposition implies that, assum-
ing also up to a given scale, one can obtain bounds on the same scale
beta components of such constants, opening a way , through , for an in-
ductive proof of the boundedness of the constants of the second regime. For this
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to hold, we need a comparison with a “relativistic model”, the kernels of which
were introduced below . The special structure of the relativistic model
beta functions, in particular its “vanishing property” of the A-component, allows
one to control the beta B}){ of our dimer model and obtain finally boundedness of
the full flow {zp, Ap, v+, ap 4+, bh 4+ th<n —1, provided that |A| is small enough and
Up* 4, apx 4, by 4 are uniquely fixed as functions of A. The discussion is an adapta-
tion of |2] to our case; in particular in order to control the small factors arising from
the choice of € small, we will follows the ideas first appeared in [4].

3.4.3 The tree expansion for the effective potential

As already anticipated, the detailed structure of the kernels of V" arising from the
iterative construction of the two regimes described in Sections|3.3.143.3.2| can be naturally
represented in terms of trees. This follows from the fact that each step of integration is
characterized by the following relation, for any given scale h,

TR PO 4 5070() - s<h><J> +VID (g, ) =

3.4.10
= 3 il (VO 40 VO +,)) (3:4:10)
n>1
where V(") depends on the regime of integration, namely
DN () + Sas Yoo Y (0.7) + R Vi (9) (h= h)

() _
Vii(e.J) = zw@%%dﬁdw+ﬂmfﬂi)+%wﬂw(ﬁ+

AN () + X ;thFY,s,w(@,J )+ RV (V2] Z 1 0, J) (b < B¥)

see (13.3.95) and ((3.3.139)).

h—1 n h+1
Figure 3.7: An instance of a single step tree in the second regime.

The many contributions to the L.h.s. of the above equation can be pictorially schema-
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tized as in the Figure below, when we associate the following symbols to the terms ap-
pearing in the argument of the truncated expectation:

e to represent the action of 5,?,

- @ to the terms corresponding to N, F, ., F)\, Fyw, F} ¢ the “normal endpoints”,

U to the terms Fy, Fy,,: the “special endpoints”,
- @ to the term corresponding to Rq ¢, Ra.

where, the converging lines of Figure from the symbols @, [, ® o e, represent the
fact that the truncated expectation must connect its arguments. Note that, associated
to a graphical representation there are many contrbution coming from the choices of the
Grassmann fields ¢’ + - in each of the arguments of 8}?, which in particular already set a
constrain on such choices.

Then, one can iterate the above procedure by applying to every term associated
to ., until it is associated to RLEV(O) or RoVW =1 or no more endpoints of such type
are present: in both case the procedure stops. The result of the iteration is a tree structure
7 as in Figure above, with endpoints on all the possible scales@ This expansion have
been discussed in several contexts, some of which very close to ours. We mention [5],
for a complete, self consistent discussion (Sec. 5.1 and 8.2 for the renormalized tree
expansion); [3] (Sec. 6.2) for the expansion in a context closer to ours; [4] (Sec. 2.1) for
an expansion which considers a double regime integration; [45] for an updated discussion
treated in greater generality. Since the tree expansion depends in our case on the regime
of integration, let us distinguish two cases:

Tree expansion for h > h*

For the first regime of scales, we refer to [4, Sec. 2.1], for the necessary definitions; we
will discuss the main differences with our caselﬂ In particular, the trees involved in our
construction are characterized by the following, different, features

1. A GN tree 7 contributing to Ve(h), ge(h)(,]) = Sg(h)(J) - Se(h+1)(J), or to EM =
Fe(h) — Fe(hﬂ) has root on scale h and can have endpoints (either normal or special,
represented as black dots or white squares, as in the Figure above) on all possible
scales between h+2 and 0. The endpoints v on scales h, < 0 are preceded by a node
v’ of 7, on scale h,s = h, — 1, that is necessarily a branching point. The family of GN
trees with root on scale h, N, normal endpoints and N, special endpoints is denoted
by TJS,]Z)NS. Note that in [4] (see e.g. eq. (53)) the endpoints can be only normal
(becauée no external fields were considered) and on scale 0, because the interaction
is only made of renormalized termﬂ

2. A normal endpoint v on scale h, < 0 can be of two different types, v or RV (=1, If
v is of type v, then it is associated with 2hth,,(go(§hv’)), : in this case, the node v/

2lrecall indeed that if h < h* — 1 then the inductive construction stop at scale h = h* — 1.

22Recall that in the first regime we specify the dependence on € of the kernels while in the second regime
we drop the label, because the second regime it is built upon € # 0

2The term analogous to our v is used to dress the integration.
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immediately preceding v on 7, of scale h,» = h, — 1, is necessarily a branching point.
If v is of type RV (=Y, then h, = 0, and v is associated with (one of the monomials
contributing to) Rlvgv(_l)(go(g_l), 0); in this case, the node immediately preceding
v on T, of scale h, — 1, is not necessarily a branching point.

3. A special endpoint v on scale h, < 0 can be either local, or non-local. If v is local,
then it is associated with Yy, , (Fy;s(p (<hor) J) for some s € {A, B,C}; in the case
that v is local, the node v/ immediately preceding v on 7, of scale h, = h, — 1, is
necessarily a branching point. If v is non-local, then h, = 0, and v is associated
with (one of the monomials contributing to) Ve(_l)(@(g_l), J)— Vg(_l)(go(g_l), 0); in
this case, the node immediately preceding v on 7, of scale h, — 1, is not necessarily
a branching point.

In addition to the items above, let us recall that each vertex of the tree that is not an
endpoint and that is not the special vertex vy (the leftmost vertex of the tree, immediately
following the root on 7) is associated with the action of an R, operator. In particular,
note the following main difference with the renormalization operator, R1, used in [4] (see
Eq. (36) and the following lines). From Remark follows that we can write

Rie—Ri1=AR1Po+ Rr(1—Po) (3.4.11)

where Py is the operator that maps effective potentials in the critical (e = 0) counterpart;
Ry :=(1—-T); and ARy := R10 — R1. As already commented, the operator AR, has
a renormalization effect coming from “finite size effect” due to our choice of localizing
infinite volume kernels, see [2, Appendix B] for more details. The renormalization effect
of the operator Ry (1 — Py) will instead be justified shortly (see point (2) below).

In terms of the tree expansion, we can express the effective potential and the single-
scale contributions to the free energy and generating function as

LPEM + SW) + VW (o)=Y > V(e (3.4.12)
No No>0: (0
Nn+Ns>1 Nn,Ns
where
h)
V(T 0, 0) = 3 ZZWT(,P 7.0 (Xu) oD (PE) J(Py) - (3.4.13)
PcP; D Xy,

Where we recall that P#(’) and Pl;{) are two sets of indices that label the Grassmann external
fields and the external fields of type J, respectively; moreover, J (Pd)) =11 rep Ju(f).s(f)

vQ ’
and

H D7D (3.4.14)
fery

The equation (3.4.13]) above is the analogue of [4, (80)] or [3], (6.64)] (in this formula, the
indices D replace the multi-indices 8 € Br |3, (6.64)]); we denote D(f) = (D1(f), D2(f))

so that 9P .= éfl(f)égz(f)_
When we restrict to trees 7 for which R acts as the identity at every vertex of the
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tree, then W( ) D(Xy,) can be written as
h),*
Wvg,lg,T(Xvo) =
3.4.15
~(1 ) T fammaormon T G0
v e.p. v not e.p. LeT,

which can be obtained by the iterative application of the so called determinant formula
(BBFK) (see [4, (75)], [3, Lemma 3, (6.63)]), to the truncated expectation & at each v
which is not an endpoint (“e.p.” stands for endpoints, see). Of course a similar represen-
tation, carrying all the extra labels of the non trivial action of Rq, exists but in order
to not overwhelm the notation we prefer to skip such details (see |[131}, Sec. 3.10] for a
complete derivation of such representation).

Then we have the following

Lemma 3.4.0.1. There exists L-independent constants dy,C,c,k > 0,0 € (0,1/2) such
that, if h > h* and

S“a{wz*%hf|, lewne s [Che s | /o — 1]} < 6o, (3.4.16)
>

and T € TJ\(fi)Ns’ then

P
W, pTDHH,h < ONs (O8)max{NnselLig [} o (5= 51Pio|=IPi, |- IPIM) (3.4.17)

|Qo]
L) (I i) 2 st

v n.e.p. v s.e.p vnot ~Y°
hy<—1 e.p.

where: |1 | =Y, ep. |P¥| is the total number of Grassmann fields associated with the end-
points of the tree; |Qy| = > i | Py| — | Pyl is the number contracted fields on the vertex v;

the first product in the second line runs over the special endpoints, while the second over all
the vertices of the tree that are not endpoints. Moreover |D|(1) = ZfePw Y j=12Dj(f)27 1=

and

2 if (IPY]IR]]) = (6,0),
5 if (IPYLIRTD = (2,0),
z1(Py) =41 if (|PY],|P/]) = (4,0) (3.4.18)
3 it (IPYLIPID = (2.1)
0 otherwise.

The proof of this lemma is very similar to the one in [4, Lemma 2], so we do not report
it here. Let us comment on the analogies and main differences, setting for simplicity
J = 0@ The main points are the following;:

(0) the fact that we have trees which can have endpoints on scales h < —1, only of type
v, is related of course to the first factor in the second line, as it follows from the

24The presence of the external fields does not imply substancial changes, and we will discuss it when
necessary later.
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hypothesis (3.4.16). This term is crucial to obtain the factor 2% as it appears in
Proposition [3.4.1] see the discussion below.

the scaling dimension d, := 3/2 — |P,|/4 appearing at each vertex v which is not
an endpoint, is the same because of same the scaling properties of the propagators,
compare [4, (60)] with , as follows from an iterative application of the BBFK
formula and the Gram-Hadamard bound for determinants (cf. [4} (80)]).

the renormalization factor z;(P,) is obtained when R is applied to a branching
vertex v € 7: if one picks R1,0Pp in , then the resulting z;(P,) is the same
as the one discussed in [4] see also the third item of Remark . When instead
one chooses R7(1 — Py), only if € # 0, then necessarily |P,| = 2 and |D,| = 0. In
this case, from the definition of 7 (see (3.3.84)) and the definition above of R, the
resulting term to bound is the Taylor remainder in the sequence r, namely

1 .
/Odt Z rgrmﬁzme:j’é,’Z%w(xv;tz) (3.4.19)

£m>hy,

where we recall, 7, is the subtree of 7 rooted at v, P, = Uy>y Py (> is the partial
order of the tree 7), T := Uw>vTw is the union of the spanning trees coming from
the truncated expectations in the subtree 7, and x, is the collection of coordinates
of the endpoints following v. Each derivative dr; apply to one of the propagators
involved in the truncated expectation (via the application of BBFK, cf. ) at
some vertex w > v, with h,, = j which dimensionally produces an extra 277 factor
|§| (cf. with Lemma with ng = 1). Thus we can repeat the bound as if no R
operator acted at v, with the extra dimensional factor

ST rrm2727™ < (Crg)?27 2 < 07192 he) (3.4.20)
£m>hy,

with constants C’, C” > 0 independent of h,, e, \. We used that from the hypothesis,
sup;sp, [1i] < [rol(1 + do) < |ro|C” and that |ro| < C"/C"2"" as it follows from the
definition . This extra term is of course enough to renormalize the vertex
v, since 220" —hv) < 92hyr—hv) < 9(hu—hv)21(Po) with |P,| = 2 (cf. (3-4.18)) but also
all the vertices vg < w < v, since h* — hy = 3", <<y (M — huw).

the way the intgration over the spatial variables x, is carried is modified by the
presence of the norm ||- ||,(£121, its definition is related to the analogous decay properties
of the propagator of the first regime (cf. Lemma . We refer to |45, Prop 4.6]
(see also (4.46) and lines below) for a discussion on how to include such exponential
factors, which can be easily adapted to our context.

Note that, the kernels in (3.4.3|) are obtained by summing W, p 7ip(Xy,) Over 7 €

T]\(,Z) ~, and over Ny, N;, under the constraint that the number of external fields of type 9
and J is equal to n and m, respectively, that the elements of D are the same as D, etc.
Similarly, the kernels of the single scale contribution to the generating function, S (h)(J ),

ZThere is also a combinatorial factor |Q,|?/4 < C!?!I/* for C' > 0 big enough, where recall |Q.| =
> o | Puw;| = |Pw|, which can be reabsorbed in the product of Proposition [3.4.0.1
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which we denote by Wéﬁ,)ur (y), are obtained by summing the tree values W, p 1 over 7 €

T]\(,};st and over Ny, N,, under the constraint that P¥ = () and that Ufep’[}]o{(y(f), r(f)}
matches the tuple (y, s); finally, the single scale contribution to the free energy, L2EW) ig
obtained by an analogous sum over GN trees, under the constraint that P;{; = Pq;{) = 0.
Then, to obtain the bound in Proposition it is enough to perform the sum ((3.4.17))
over T € 7'15,};) n,» over T'€ T, and over P € P, under the constraint that |P#?| = n and
|P{,{)| = m. This is possible because all the renormalized scaling dimensions are now

negative, thanks to the presence of z1(P,) (see [5, App. 6.1] for details on how to sum
over the labels. Actually, from (3.4.18)), also

1
d) =32 P IP] = 2P 40/ <0 (3.4.21)
for every ' < 1/2. Now, a generic T has at least one endpoint w which carries a factor
20hw (if w is on scale h = —1, then up to an overall constant we have such factor) we
can denote by I'z(w) := (vy,...,w), where (vg,v1,...,w) is the ordered (v; > v;—1 with

respect to the partial order of the tree) collection of vertices from vy to w so that we can
write

gfh T 2o duos = 9fhohu(®@=0) T olho=hy) (3 =5 IPY|=| P |21 (Pu)+0'Loer, ) (3.4.22)
v not v not

e.p. e.p.

which gives, if @ > 0 (cf. (3.4.16)), and after the summation over the labels, the desired
bound of Proposition [3.4.T

Tree expansion for h < h*

In the second regime we still refer to [4], but also to [2], thanks to the similarity of the
inductive structure, to set the ground of the next Section. In this case the trees are
differently characterized, with respect to the previous case, by the following features

o A tree 7 contributing to V" S (1) .= §M(J) — SEHD( ), or to B = F(h) —
F+1) can have endpoints (either normal or special as before) at each scale between
h+2 and h* — 1. The family of GN trees with root on scale h, N, normal endpoints
and N; special endpoints is denoted again by T]\(,i) N h<h*—=1.

e Normal endpoints v on scale h,, < 0 can be of five different types, v,a,b,\ or RV (" =1),
They are respectively associated to the terms in the second line of : if
v is of type v, then it is associated with 3, 2"y, Fy 0 (9(S")), and so on for
a,b,\, RV(F"—1),

s A special endpoint v is now associated to }_, th“&ng;s,g((p(Shv'), J).

Of course we can repeat the above discussion (cf. and below) and represent the
contributions to the lhs of in terms of such trees: we obtain a representation
similar to where the Grassmann fields ¢, and the kernels, have the extra label w.
Then the analogous of Proposition on these trees, reads
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Lemma 3.4.0.2. There exists L-independent constants dy, C, c, k > 0 such that, if (3.4.16)
holds with

SUIZ{P\L [V 415 lan +|, 12w |} < o, A, |brr 41} < vpdo (3.4.23)
/>

and T € TJ\(fi),Ny then

®

P
P _ Yo D _1ip¥_ _
IWR 2.0l < O (Cooymstedolh 12 Pl (o3 PGP 1FIPD) - (3.4.22)
o TT s Yhy, 150 1 C1Qv| oha—hy) (2= 3P [0l Pol | P | =22(P2))
v s.e.p. S Zp—1 vnot 50!

e.p.

where |D| = Zfeplﬁ) > =12 Dj(f) and |Da| := Zfep;% Ds(f). Moreover

2 if (|PYLIP])) = (2,0),
2(P) =141 if ([P |P]]) = (4,0),(2,1), (3.4.25)

0 otherwise.

In this case the proof is a mixture of the results of [4, Lemma 3.2] and |2, Proposition
3]. To simplify the following discussion, set again J = 0: the general case can be treated
similarly.

The presence of the small factors U;H‘P”O /241D

of:

is a Corollary of |4, Lemma 2] because

(1) the propagators have the same scaling properties; particularly their ||-||oc and ||-||1
norms: compare Lemma [B.2.0.2{ with [4, Lemma 3.1],

(2) the endpoints v of the tree of type a (which are not present there) do not change the
bound; each of them produce an extra term §p2"’ which can be safely included in
the last line of [4} eq. (128)] (note that our &g, by, play the same role, respectively of,
A, 0p). The origin of such factors is related to the fact that ap, 4 is associated to a
Grassmann term L2 > _qeDy ¢;+<p;+iq1 which can be rewritten°|as Zye]\ cp;(élcp;.

(3) the difference between the two renormalization operators Ra . and Ro of [4] con-
tributes with irrelevant termg?’] in the same spirit as the discussion for the critical

case AR = R1,0 — R1, made below (3.4.11));

Of course one of the main points is to show that indeed |Ax|,|bn| < dovp for all the
scales h < 0. Note that, while such a statement for b;, ; will follow by suitably fixing the
counterterm by«  (which is assumed up to now to satisfy such a condition), as shown in
the next Section, we have no freedom to choose A+, and it is not a direct consequence
of [4] that it satisfies such a condition. Anyway we are lucky enough that Ap« = O(Avp)
also in our case, as we will see in the next Section (see Lemma .

268ee Appendix

2"In other words, by repeating the estimates using ARz := Ra2. — R2, one obtains a renormalization
factor Aza(P,) > z2(P,) for every P,.
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—1+|PZ +|Dl2 .
Remark 3.4.1. Let us comment first the presence of the factor vy : since vp =

O(V€), as explained in Remark (and after suitably fizing the counterterms, introduced
in , as in Sec. we have that such factor, in particular, plays a crucial role
in the € asymptotics for the free energy of Theorem [1-].5 Secondly, note that if we had
e = O(1), then vp = O(1) and the result would be exactly the same as in (2] (by a
renaming of oy, reabsorbing the power of vp in the constant factor). If instead € ~ 0,
the first regime produces a significant contribution to the kernels of the second regime (as
explained in (4, Lemma 3.2.]) which otherwise would have poor bounds as € — 0. Note also
that, around the transition scale h*, since 2" = O(e) (see (3.3.101))), thus vy = 02" /?)
and we have that the bounds for the two regimes indeed agree: if n = |qu‘(’)|,

oh* /2(=1+n/2—|D2|)9h* (2-n/2—|D) _ 9h*(3/2-n/4—|D|+|D2|/2) _ 9h*(3/2-n/4—|D|M)) (3.4.26)

As it was for the first regime of scales, to obtain the bound in Proposition |3.4.0.1] one
has to sum (3.4.17)) over 7 € TJS’Z)Ny over T' € T, and over P € P, under the constraint

that |P¢| = n and |P;) | = m. This is possible again because all the renormalized scaling
dimensions are now negative, thanks to the presence of z3(P,). Now, a generic endpoint
v of the tree does not carry a factor 2" as in the previous case. Anyway the following
remark shows that trees with long branches gains exponentially small factors (the so called
short memory property) (see also see Remark 16 after |3, Proposition 8]):

Remark 3.4.2. If we sum over T € T]S:)’Ns, T €T, P e P, with ]P;/(’)| = n,
|P1;{)| = m, under the additional constraint that T has at least one node on scale k > h,
then we get a bound that is the same as times an additional gain factor 2l (h—F)
where 0 is a positive constant, smaller than 1 (estimates are not uniform as ' — 17;
from here on, we will choose 8 =3/4).

The fact that here ' is not bounded by 1/2 as in the first regime, is related to the fact
that in the second regime the renormalization zo, as one can check from , makes
the scaling dimension satisfying

1
d2) =2 = S |PY|+ 60| | = [P)| = 22(Py) < =1+ O(ép) (3.4.27)
so that in particular for every fixed 6’ € (0,1), also d%',z = dy,, + 0 < 0 for dp small

enough (cf. with the discussion (3.4.21])).

3.4.4 The space of sequences: the flow of the running constants

With the previous Sections at hand, we are ready to discuss how to fix the initial data
of the problem, v first, and vp« y,ap« 4,bp= 4 then, in order for the running constants
U, Qs Chs Thi Vhts Q45 b 43 Apy 2 to be small uniformly in A < 0, in the sense of the
hypothesis of Proposition and Proposition [3.4:2]

Definition 3.4.1. Let S := R%<0 be the space of sequences. We define operators 7, p, 7y :
S — S given by

(78)h = sh—1
ps = (vp) s. (3.4.28)

(7x8)n = snl{nanr)
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where, as usual, 14 is the characteristic function of the set A. We define also norms
I-lle 115 : S = R,

HHHH = Ssup 2_6h’1/h|7 NS (Oa 1/2)
h<0

(h—h*

lwllf == sup 279" w,|, 6e(0,1)
h<h*

Next, we consider u = (ug, u;) € S, where

Yy = (v, a,Q), = (r,vy,a4,by, ) 2)

and v = (vp)n<0, @ = (an)n<o, ¢ = (Cn)n<o € S etc. are arbitrary sequences: for the
moment they do not have to be the sequences driven by the beta equations in (3.4.1)).
Given F : S — §?, we denote F(u) = (F¥(u),...,F?(u)); note that we can rewrite the

beta equations in (3.4.1))-(3.4.2)), in terms of a fixed point equation
u = B(u) (3.4.29)

for a map B = (BY,...,B?) such that, e.g., B (u) = (B#(g))hgo, for # = v, a, ( satisty

Bi(uw) = 2vp1 + By (w),  Bi(u) = ang1 + Bty (),  By(w) = o1 + Bi, (w)

(3.4.30)
where B# are the same appearing in (3.4.1); or similarly B"(u) = (B}, (w))n<o
B} h>h*—1
Biu) =" T () 2 (3.4.31)
0 h<h*—1
or again B+ (u) = (B, (u))n<o With
y 2 BY h < h*
BUt(w) = T P 1S (3.4.32)
0 h > h*

and a similar representation holds for the other components. The equations above show
that depending on the component of B we look at, the image of a sequence u, is a sequence
that can have a finite or infinite number of zero components. This follows from the iterative
integration scheme of Sections [3.3.143.3.2| and the structure of the Beta equations .
In terms of , this means that B (u) = m.B7 (u) for # = vy, a4, by, \, Y.
Remark 3.4.3. o In order for the fized point equation u = B(u) to be well defined,
we need to restrict our focus to sequences which are small, in the same sense as

in Lemma which indeed guarantees that the components of the Beta
function are well defined. This leads to the definition of a normed space of sequences

as defined below.
. B# depends only on u™ = (™ ... 2} where e.g. ) = (vy)>p and similarly
for the others. This is because B# does depend only on constants on scales h' > h

(see (BA1)).

o The system of equations can be decoupled, by isolating the critical (i.e. € = 0 part,
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cf. Section : more precisely, we have

{Uo = By(uo, 0) (3.4.33)

uy = By (up, up)
where By := (BY, B, B%), B, = (B", B+, B, B+, B, B?).
o FEwven if not explicited, By depends on A\; we will write B#(u, \) when necessary.

Then the strategy is to first solve the first equation above, finding a solution wug, then
to plug it into u; = B;(ug,u;), and then solving for u;. Recall that we have the freedom
to choose the initial data of the flow, but we cannot fix A, which tunes the interaction.

The general idea (in both the steps) to obtain a bounded solution (in the sense of
the hypothes&s of Proposition [3.4.1f and |3 4.2), is first to define a suitable Banach space
(S3+67|-]|9)), 5 = 0,1; on such we can “reverse” the equation, i.e. there exist a map B

such that u; solves (3.4.29) if and only if u; = = B, ;(u;); then one wants to show that 1f
ng) = {ug : |Jug||) < 8} and 6, |A| are small enough then

(1) B;(xy)) c (x¢)

A

(2) B; is a contraction on the metric space Y) = (X(j ), d) where d is a suitable distance

related to ||-||¢7)

These two results, otherwise stated allow to: (1) show that the beta function B maps
“small” sequences into “small” sequences, with a suitable definition of “size”; (2) via the
standard Fixed Point Theorem, there is then a unique solution of the problem uj = B; (g}k),

then of , in the set in X((;] ) and thus a unique choice of the counterterms, which
are particular elements of the sequence. This can be rephrased in terms of the original
problem: there is a unique choice of the counterterms such that the beta functlon generates

a “bounded” flow. Of course the notion of size of such sequences, thus ||- H o » depends on
the structure of the flow one needs to consider and in particular on the dimensional scaling
properties of theory, thus of the single scale propagator.

We will study now in detail the flow of uy. As far as it concerns u;, we will refer
to [2] since the structure of the flow is qualitatively the same: we will discuss the main
differences in order to single out the dependence on the small parameter €, following ideas
of |4].

Boundedness of {vy,, an, (}h<o

In view of the desired properties of such constants, (3.4.4)), we define for u, € S?,
Juoll® = max {lzlos Koll(r — Dallos Koll (7 — D¢}, Koim1-270  (3.434)

where 7, ||-||¢ are as in Definition Note that (S%,]|-]|(9)) is a Banach space of conver-
gent sequences; moreover, v, — 0 and there exist a_o,(_« € R such that ap, = a_s,
Ch — (—co exponentially with rate 0; finally |ap|,|(h] < do for every h < 0, by using
op = Y p>p ak — k41 and similarly for ¢.
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We look for a solution of the problem ug = By(ug) in this spac@ Note that, from
(3.4.1)), we can rewrite the flow of the constants as

vh = = Y <n 27 BY (A )
an = 2 j>n B (A up) (3.4.35)
Ch = jn B (A up),

which can be compactly written as uy = B{)(ﬂo)- Observe that now the lhs of the first line
depends upon the whole sequence ug, while the other two components still depends on a
finite number of elements, as in Remark

For the v component, we used the following relation, valid for any k < h, as it follows

from (3.4.1)): ,
v =2y — Y 217 BY (A, ), (3.4.36)
k<j<h

and then send k — —oo.
Next we consider a ball of radius 9,

0
x5 = {uo :[luo| ¥ < 5}
and we want to show that for |A| sufficiently small, BO(XC(SO)) C Xgo), that is
1Bo(x§)]© < 8.

Let us focus on the v component of By(uy) first.

The bound on BY: We intend to prove that |(B5),| < 206 uniformly in h, if || is
small enough. In virtue of the tree expansion (cf. Section (3.4.12))), we can rewrite

Bi(Nug) =Y > > > Bj(\ugT, P,T), (3.4.37)

N>1 7_67-15[];()) PeP, TeT

which can be further decomposed, by extracting the first order contribution in (A, go)@

BY(A\ug) =CiA+ > > > > BY,(A\ug;T,P,T), (3.4.38)

N>1 TGTJSJ;% PcP, TET

where |C’]” | < C2% from the short memory property since it correspond to an endpoint
on scale 0; the * means that the sum is restricted either to trees that have one endpoint
of type R1V ™! of order A2, or to trees with at least two endpoints. In this case one can
bound

|BY| < 2% (CIA + Crmax{\?, 3]A, 6%} (3.4.39)

28Gince B, does not depend on u,, we denote by the same symbol its projection on S3.

2The first order contribution in (A, ug) is of order X because we have endpoints only of type R1 V=1lor
v: in the latter case we already extracted the first order term in v in 7 which plays no role in the
contribution to B".
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where the constant C'; comes from the sum over 7, P etc, as explained below (3.4.22)),
while the factor 2% comes from Proposition [3.4.1P°l To conclude,

[(BE)n| < 207725(1 +2C16) > 28 < 52" (3.4.40)
k<0

where we chose A\ = 4 min{1,C~'} and § small enough, e.g. § < (2C1)~*

The bound on l’;’g, l’;’g : One can reason in a similar way for the components of «, (.
Since (B3)n — (BY)ns1 = By, we want to prove that supj,«o 2~"|B| < §. Also in this case
the first order contribution in (A, ug) is independent of ’:LE, so one obtain an expression
analogous to (3.4.38)), with constant [Cf] < 291C". Now to extract the dimensional factor

from the second term, we use Prop051t10nby noting that ay, (cf. m ) is associated
-

in the coordinate space, as it follows from Appendix to a term ), @*824,%, thus
ID|™M =1 and the 2% follows.

At this point we want to show that By is a contraction on the metric space YO =
(X5 X ,dp) with respect to the metric dy induced by the norm

[l := max{]lz[lo, lallo, I<]lo} (3.4.41)

see Definition note that ||-||o is the usual £>° norm. More precisely we prove that,

for A, § small enough, Vug, u, € Xgo),

R R 1
180 (o) — Bo(up) || < 5 lluo — wo (3.4.42)

We only discuss the bound for the v component, since it will include all the ideas to discuss
similarly the bounds for ¢, «

The contraction: the v component By definition (cf. (3.4.35))), we can write

(By O o) — By ) = 3" 27 (BY (A wg) — BY (A, 1) (3.4.43)
J<h

then using the tree expansion for BY, we can rewrite

BY (X, ug) — BY (A, u) /dtz >y Z 5B Y\ ug(t); T, P, T)  (3.4.44)

N>2 7—(] PeP: TeT

where u((t) = tug + (1 — t)uy. Note that the sum is restricted to trees with at least two
endpoints: contributions coming from trees with exactly one endpoint, RV (1, (among
which the first term in (3.4.38))) cancel out because they do not depend on u; moreover,
B;’()\,go(t);T,P,T) satisfies a bound analogous to the one in (3.4.39)), uniformly in ¢ €

39Note that the term contributing to Z*, when summed over the labels, leads to a bound analogous to
with the difference that we already extracted the factor 27 in the definition of v, cf. .

31 A tree with exactly one endpoint v, of type v, can contribute only to vp, 1, Frv=1 where Fho—1 =
Fho=1) _ plho) g the single scale contribution to the free energy.
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[0,1]. The effect of the derivative instead can be of two types:

o When it acts on an endpoint v on scale k > h of type v, then it replaces v (t) with
/

o if it acts on some propagator §¥) then its effect is, dimensionally, to multiply by

ap — o, or (i — CI{:E
Then in analogy with (3.4.39)) we obtain
|BY (A, ug) — BY (A, up)| < Ca2% [lug — up| (|A] + 26) (3.4.45)

where, Cs is the analogous of C1, and we used that since all the trees have at least two
endpoints, not both of type A, we have two kind of contributions: Av and 2 up to higher
order. A factor v—1/ can be bounded by ||ug—uy|| while the other by 2§ since ug, u, € X((;O).

Then one chooses A, d small and obtains the claim.

Recalling that ug solves (3.4.35)) if and only if it solves the first line in (3.4.33)), then
we have just proven that

Proposition 3.4.3. There exist §p,0 < \g(dp) < do such that if [N < Ao and 6 < &y, there
exists a unique solution w) € X((SO) of the problem

ug = By (ug) (3.4.46)

This can be read by saying that fixing vy as v, the iterative construction of Section

produces a flow {v}, o}, (f} € X((SO). In particular, since the flow is just a function
of the coupling A, using the analiticity properties in A of the beta functions, as they
follows from the kernel bounds of Proposition [3.4.1] we will be able to implicitly determine
the analytic functions vp(A), @—o, and (_oo(A) of X in the ball |A|] < Ay appearing in
Proposition this fixed also the function g9(\) = log(1 + vp(A)) described at the
beginning of Section [3.3.1]

The flow of u;: boundedness of {v,,a,by, A 2}

We fix uy = uf and |A| < X\, 0 < dp. As an immediate consequence, since 7, depends only
on g, we have that Lemma holds for the sequence 7} = 74 (u). This implies that
Proposition holds, uniformly in h*. In particular to determine the unique solution
u} it is enough to study @, = (y+,g+,b+,g,g)ﬁ

For this part we intend to follow closely the construction of |2, Sec. 6.4], because of the
analogies of the structure of the flow. Recall indeed that we have exactly the same running
constants, except for the fact that here ay g, by, are real instead of complex valued. This
is related to our relativistic model, which is a particular case of the one used in |2, Sec. 4]
for the choice a,, = 1 and £, = wup (compare [2, Eq. (4.4)] with (3-3:119)). Anyway there
is still an important difference with our setting, namely the fact that the trees involved in

32The derivatives Oq > Oc, applied to §®) are dimensionless, i.e. they do not change its scaling. This

can be seen from ([3.3.53|) and the support properties of fi.
33Recall wy = (1, 8y).
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the second regime have endpoints on scale h* — 1 instead of 0 and that vp is vanishing as
e— 0.
In view of (3.4.7)), we now consider the Banach space of sequences (S°, ||@;||("), where

| ={ N5 llas I3, 1o 5, Koll(r = DpAll5, I1(r = 1)z]l5 }, (3.4.47)

where Ky =1 — 27 is the same as in (3.4.34) and the definitions of ||-||}, 7, p are given in

Def. 3.4.11

Remark 3.4.4. o Denote By = (B"+,B%,B% B, B%). From the structure of the

flow in (3.4.1)), which follows from the inductive scheme of Section it fol-
lows that B?,# = vy, ay,... has the first h* entries zero, and it actually depends

only on the its arguments @, only through the components h < h*. We can still
think of B* as an element of S with the following identity B#(go,f,g_,_, cey2) =
W*B#(QO,L Tl - ..mx2). In particular, note e.g.,

18715 = sup 2~ 0= B} (A, maz).

o Note that from the definition of Ky, by writing A\p, = 22;711()% — Ak+1) one has that
suppp+ [An] <wvpd’, ie.
oAl < & (3.4.48)

If we define as usual, the ball
1 U
Xf) o= (i ]| < 6'),
then we have that

Proposition 3.4.4. Under the hypothesis of the previous Proposition, there exist constants
01,00(01), Ao(do) such that if &' < 61,8 < dg, A < Ao, then the problem

Uy = B1(@3,£*7@1) (3.4.49)

admits a unique solution U] € XS), where g is the solution of (3.4.46) and r* is defined
at the beginning of this section.

In order to skecth a proof of this result, by a comparison with [2], let us first explain
how to manage the dependence on the small factors vg for the reference model, which is
crucial in order to control the flow of the constants of this regime.

The relativistic beta function Recall that z; was defined in terms of a suitable
modification of the kernels associated to two external Grassmann fields, as explained below
. In particular its beta function B* depends only on (A, z). The same procedure
can be of course made for the kernels with four legs and so on. Let us attach an extra label
R to kernels, as well to the components of the beta function whenever, in their expansion,
we apply the substitutions of points (¢), (i), (i) below (3.3.129); of course B* = B*®. Let
us also denote by B the relativistic beta function evaluated at parameter vy = v (cf.

(3.3.130]) and (3.3.119))): of course Bf;’R = B#*®, We have then (cf. Definition for the

notations):
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Lemma 3.4.0.3. The beta function of the relativistic model satisfies,

e PARITY:
B"*(z,A) =0 (3.4.50)

o SHIFT: If we restrict B¥® to sequences \ with Ap=_1 = 0, then we have that

(B#’R(E’ A)>h = (B#’R(% TA))h (3.4.51)

~1
or, more compactly, TB*®(\, z) = B*R(TA, 72); # = 2, \.

e RESCALING:

z, _ Rz, A, _ z,
B’L};{(A7§) - B R(ﬂAvé)? BUFR(Avg) - UFB R(pAa é) (3452)

e “VANISHING”:
(B2, 2)), | < lIme o220, (3.4.53)

where we recall that |[m.Allo = supy<g [(meA)n| = supp<p+ [An|. While the first three

items follows directly from the properties of the single scale relativistic propagator in
(3.3.130)), the last one has a different deep nature: we refer to [119,[120] for its proof.

Sketch of the proof of Proposition|3.4.4].
First we want to prove that B1(Xg})) C Xg}).

The z component: We start with B?, since it couples only z,A: we take any given
A satysfing ||(7 — 1)pA||j < ¢, and note that it implies that ||pA||§ < Kpd' as described in
(3.4.48)). In view of the previous Lemma, we can write

(1 =1)B*(A,2) = 7 (B*(pA, 2) — B*(pp«A, 2)) + /01 dt%Bz(PA(t),z(t)) (3.4.54)

where the integral is meant componentwise; the operator p, : S — S pins to zero the h* —1
component; A(t) := t7A + (1 — ¢)A and similarly for z(t). Now, since Bj = Bj contributes
to O W,° ;(h)’R, as it follows from (3.4.2) and (3.4.29)), it admits a tree expansion, as in
(3.4.37); we write then

Bi(Az)=>_ > Y > Bi(Az1,PT), (3.4.55)

N2>2 767—15% PeP, TeT

where we used that the trees with only one endpoint, necessarily of type A, do not con-
tribute to Biﬂ By using such expansion in the r.h.s , we find that the first term
is non vanishing only for trees that have at least one endpoint on scale h* — 1: these con-
tributions can be bounded by C’§720("=h") " where we used ||pA||§ on the endpoints and the

34This is related to the fact that either we contract two of the four fields on a scale k > h or on k = h.
While the latter contributes only to vp, the former cannot contribute to a local part because of the action
of R on each vertex in the scales between k and h.
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short memory property to obtain the factor 20("="") The latter admits the same bound
with an extra factor ¢6'2?("="" coming from the action of the derivativ We have an
overall bound, for §’ small enough,

(1 = 1)B* (A, 2))n| < 620017, (3.4.56)

where ¢ > 0 does not depend on h, L, A, €.
The vy,a.,by, A\ components: First we reverse the equations for v, a,b, as we did in
the previous section on for v (cf. (3.4.35)), by rewriting

Vh4+ = — Z]<h 2 hB] +( w),
ap,+ = Zj<h ( u),
bpy = — Zj<h B] +()\ u)
A1 = A1+ S0 BYA, w),

(3.4.57)

because in the space under consideration ap _y,b, 4+ — 0 as h — —o0, and we used the
definition of Ay in . The system is meaningful for A < h* by thinking in the last
equation the sum in the r.h.s. vanishing for h = h*.

Again, we think of such equations as a fixed point equation (v ,a,,b,,A) = Bl()\ w).

To prove that Bl(Xg})) C Xg/), i.e., ||By*||5 < & etc. we comment only the main points in
order to apply the strategy of [2, Sec. 6.4.3].

The v, component: From the parity property of Lemma one need to show
1B, — B,’;J”R] < ¢'27(=h") “uniformly in h < h*. Using, (3.4.57) and the tree expansion
together with Lemma one proceeds in the same way of the mentioned paper, and
obtains the desired result by noting the small differences: a tree with only endpoints of
type A contributes at least as

h*—2
S (o 5/) 20’(h K) < §g3h* 2900/ (h=h") < §/29/(h_h*) (3.4.58)
k=h v 3

where k is the scale of the propagator difference Z, —1 (~(k) — g(’“)) and we used that it

has the same estimates as ) times an extra 2’“. the factor 27 (h h*) comes from the
short memory propert For an unique endpoint of type RV" ~1, we have a bound
C5020(h=1") where &y is the same of Proposition 11 and the other factor comes from the
short memory property for an endpoint on scale h*. So one chooses Cdy < ¢’/ ﬂ From
trees with at least two endpoints, among which one of type v,a,b, RV" =1 one obtains
the bound C2¢("="") max {62,660} < (6'/3)200"="") for y, 6" small.

350n the component h, the derivatives produce an extra Ay — A1, Or 2x — zp41 with k > h, which can
be bounded by the properties of

36Indeed the propagator difference has an extra O(¢f) or O(¢3vr) at the numerator and a square at the
denominator.

3"Indeed we must have at least an endpoint on scale k to make there a contraction.

38i.e. A small by Proposition 11
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The a,b components*: The desired bound on B*‘I,Bz, , follows if show that
|Bit_, — Bj| < §'20(h=h") |B2_1 — B;’L| < vpd'20h=h%) " Since a,b are defined in terms of

Wy° i) _ Q(h)’R, the bounds for B BY can be discussed in analogy with the previous

point, via the tree expansion. Note only that to extract the factor vy for B®, one uses
that since by, is associated to the Grassmann monomial ¢y, then |Ds| = 1 and from
Lemma [3.4.0.2) one has an extra vg.

The A\ component: From (3.4.57), we want to show |Bj| < vpd’2°(h=h")_ Tt turns out
that B,’} is at least of second order in (A, u): indeed, by definition of B,;\, the first order in
the sequence A does not contribute to B,i‘ while the first order contribution in A coming
from the bare potential, contributes in local part to Ap«_; or to RoV? ~1, which both
cannot contribute to a local part on scale h < h* — 1. Thus we already get a factor
max{d'?, "0y, 63 }. To obtain the remaining factor vp20(h=h") " we use both the rescaling
and the wvanishing of B}, by first rewriting B} = Bg‘ﬁh + Bi){ — B;\ﬁh. From the just
mentioned properties of the relativistic beta we get that, for ¢’ small enough

vp,h\&

* 6/ *
1B)™ (A 2)| = [up By (pA, 2)| < 020y < §UF29<h—h ). (3.4.59)

Here 6’2 comes from the norm of the endpoints ||pA|§ < &, see (3.4.48)), where p) follows
from the rescaling property in Lemma[3.4.0.3] To obtain the desired factor for the remain-
ing term Bfl‘ - B;\}th one can use Lemma[3.4.0.2f the factor vr comes from vp = v;1+4/2.

For the exponential factor, when expanding in trees B,’l\ — BZ"R, among the two endpoints,

we always have at least one of type v,a, b, RoV " =1 on some scale h < k < h*, as it
follows from the definition of the relativistic beta: so, the short memory property (see
Remark [3.4.2) and the hypothesis on |4 |15, ete., produces respectively 20(h=k)  90(k=h")
so that one recovers also 20("="")Collecting these considerations one obtains the bound

* 6/ *
B — By*,| < emax {72, 600", 03 yup2h ") < Evp29(h_h ) (3.4.60)
where we chose dp, 0’ small enough.

Once we showed how to extract the dependence on vp, to prove that Bl is a contrac-
tion on the metric space Y(!) = (X&}), dy) with the distance d; induced by

1| == max{[[z[lo, la llo; 20+ lo [|2Allo; [12]l0} (3.4.61)

one can proceed by reasoning as we did for (3.4.43|). Then one finds a unique solution of
(3.4.57), thus z*(A*) and then the unique solution @; of (3.4.4)). L]

In order to obtain the desired unique solution, there is still a point to be stressed:

Remark 3.4.5. Proposition tells us that, fized X\, 5o small enough such that (uy, )
exists, then there exists a unique sequence of running constants of the second regime satis-
fying the beta equations in —, which stay in the ball Xg}), for &' small, possibly
after shrinking A a bit more. Anyway there is a bizq )diﬁerence with the ﬁrs)t regime: it is not

guaranteed that we can find a datum in the ball X(;} w.r.t. the norm HHgl . This is because
while in the h* component we have the right to fix the counterterms vps 4, aps 4+, by« 4 (for
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the v,a,b components), in the h* —1 component we have \p=_1, which is the output of the
integration of the first regime.

This means that one needs to check that |\p+| < vpd’ in order for a solution to exists.
This calculation is done in the next Lemma.

Recall that uf; denotes the unique solution of (3.4.46[), and r* := r(ug) the correspond-
ing sequence r of the first regime.

Lemma 3.4.0.4 (Bound on Ap«). Let A\, dg as in the hypotheses of Proposition then
there exists a costant C > 0 independent of h*, \, 8y such that

e | < Cop2" (2 H0) (3.4.62)

where 6 can be chosen in (0,1/2), and estimates are not uniform as 6 — 1/27.

Note that in virtue of the assumptions on the counterterms ¢z, by« 4 in the lines below

(3-3.110)), we have that (see (3.3.113)) vr = O(\/€) = ©(2""/?) so in particular for §y small

enough as a function of ¢, we have that |A\p«| < 0'vp.

Proof of Lemma[3.4.0.4]. Once we reach the scale h*, the integration in (3.3.117), produce

a generic quartic term in the Grassmann fields of the form

V;l(h*_l)(¢) _ Z Z 3D1 ¢;—1 3D2¢;23D3¢;25D4¢y_4wz§2(g) (3.4.63)
h>h* y,w,D

where y = (y1,¥2,¥3,y4) and similarly for D which are respectively the number and the

directions of the derivative operators d (see (3.3.33))) associated to the fields ¢ (see (3.4.3))
for the notations), and we denoted

gy =D eTIVGE 9T, = (3.4.64)
w

as a consequence of the decomposition (3.3.116[). Here A represents the last scale for which
the truncated expectation 5,? acted non trivially.
Now, let us temporarily assume that once we transform the Grassmann variables with

(3.4.64]), the operator 5]- acts as follows
Oj(earvgt ) = e (w(ap);of, + i) (3.4.65)

This means that, in order for a term in to survive the action of the operator Lo,
and to contribute to A\p+ (local quartic term without derivatives 3), it must be associated
to a label D satisfying Dj; = 0 for each j = 1,2,3,4 and the action of each éQDjQ must
be Djy times on the oscillating factor in (3.4.65). This is because qp = (0, §r) (recall the
definition above ) Then we have that

4

M= D E*:(—l)”“”? [T (wsar)P2wes™ (y) (3.4.66)

h>h* yp,y3,y4€RTZ2 @ Jj=1

ES

where we used that A\p« is defined in terms of infinite volume kernels; the * means that
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the sum is restricted to w € {1, —1}* such that >_jwj = 0. Then we can bound

Ane| < O3 (el PYIWE M| < CoqR'2h 3107312 < 052 G40 (3.4.67)

h>h*

where |D| = >_j Dj2, and we used Proposition note that since Dj;; = 0, then

ID|V) = 271D| and that 2 + 6 — 1|D| < 0 as a consequence of the renormalization
procedure. In the last step we used that from the hypotheses on the counterterms, we
have that §r = ©(y/€) = ©(2""/2). We are left with showing (3.4.65). From its definition

Oty =L7% > € x(q)qii s,y =

9€Dy
LT3y ewary N WG x(q+war)(g+war);+L77 Y €Yol x(@)g)
w q€Dy, R,w qu/G,R

(3.4.68)

where we used gZA);quF = gZA);iquM + (;AS;ZFQRO with qgfw, qgt, that are respectively supported

in xp+ (), fh() as a consequence of the decomposition (3.3.114)); Dg%ﬁ,w = D%,ﬂ — wqF as
below (3.3.119)). This means that if we define

. _2 - » -
Ojbyw =L72 > @Moiua, Su=L7" 3. Mo,

9€Dy R,w 9€Dy, R w

we have @ n

Actually, as shown in the Appendix [B.3.3] the lowest order in \ in the contribution to
Ap+ is O(Ae), showing that 6 = 1/2 in (3.4.62) can be reached (at least in this case).

3.4.5 Inversion of the counterterms

In this section we want to show how the free parameters introduced along the multiscale
construction, €9, qp, vr, Zp+1 (see Sections [3.3.143.3.2)) are fixed as functions of the orig-
inal parameters of the model A, e. By definition, they are related to the counterterms
10, ap* +, by 4, namely the initial data of the flow of running constants built in Sections
these relations that we recall shortly are given in and Section m
We now show how, the fixing of such counterterms as described in the previous Sections
can be used to determine the desired functions.

If, on the one hand, the tree expansion allowed us to obtain Proposition as a
consequence of Lemma by thinking at the sequence of running constants as
to independent variables, on the other hand they will be only functions of the parameters
of the theory: the bare coupling A and e.

39Note that in the support of Xn=(q), x(q + wqr) = 1.
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Inversion of 1: fixing £¢())

Let uy = (v*, o, ("), with v* = (v})n<o etc., as usual denote the unique solution of
(3.4.46)). From (3.4.35)), we have that
v =—Y_ 2"By(\ uf). (3.4.69)
h<0

From the iterative construction of Section W, and the fact that it solves (3.4.46|), one
sees that ug depends only on (A, 1), so By does. This means that the above equation can
be written as

GO ) =0,  G(0,0)=0 (3.4.70)

For |A| < Ao with A\p small enough, since 9,,G(0,0) = 1, from the Implicit Function
Theorem (IFT) we can find a unique v5(A) s.t. v5(0) =0 and G(A,v5(A)) = 0. Since the
r.h.s. in the equation above is analytic in )@ we have that vj(\) is analytic in |A] < Ag.
The function €g(A) of Theorem is given by

go(A) = log(1 +15(A))

as it follows from the definition of vy, (3.3.1)).
An explicit calculation shows that (see Appendix [B.3.3)), at lowest order in A

co(A) = vo(A) = =22+ O(\?). (3.4.71)

Inversion of vj. ., ap. ., bp. : fixing qp = (0,4r),vF, Zp+—1

As mentioned few lines above, in this Section we want to discuss the relation between
the counterterms of the second regime of integration and the free parameter introduced
at the transition scale h* integration. Since we want to discuss also the regularity of
these functions w.r.t the original parameter of the theory, A, €, we assume temporarily to
work out of the discrete jump set J» of the transition scale h*(e) (see Appendix [B.3.1]).
This guarantees that h*(e) is indeed constant in e. We will discuss how to deal with this
problem in Section about the regularity in € of the free energy.

We denote by @; = (v ,a%,b},)",2*) the unique solution of (3.4.4)), given that the flow
of the critical theory (ug,r) has been fixed as the solution (ug,r*) of (3.4.46]). Since
solves (3.4.57)) this means that vj. |, aj. 4, b} , solve the implicit equations

l/;;*7+ = — Zhgh* 2h_h*B}VL7+()\, H*),
Qe = = Yp<pe By L (A7), (3.4.72)
where u* = (ug,r*,@}). Note that, the constants of the first regime, (ug,r*) depend

only on A, e: the former because ufy depends on A, since we fixed 1p(A) as in the previous
Section and the latter because recall 7, = Qp,(M\)ro = Qu(N)e~°WM (e=¢ — 1) with Q,(\) =

49This follows from the fact that BY is analytic in the sequence ug, and the components of uj are analytic
in A for [A| < Ao, as it follows from the dimensional bounds.
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1+ O()) analytic (see (3.3.66), (3.3.100) and Lemma [3.3.0.3). As far as concerns the
dependence on the flow of the second regime %7, since it solves , this means that
the constants at any given scale are only function of (A, e€), through the contributions
coming from the first regime of integration, and of (qr, vr, Zps—1, Vjs 4, @4 4, b}« ) Which
characterize the second regime of integration. Using the tree expansion e.g. for the v
component of the beta function

By (New) =Y > > 3N Bl (\euj;T,P,T) (3.4.73)

N>1 TGT]&% PeP: TeT

we can see more explicitly how the dependence on A, €, qp,vp, Zp+_1 works:

o the €, A explicit dependence comes, as already anticipated, from the first regime and
it is associated with endpoints of 7 of type RV" ~1! on scale h* — 1,

o the dependence on qp it is given as well only by endpoints of type RV ~1, through
the oscillating factors e*9F¥ coming from the field decomposition ([3.3.116)) E

o the dependence on vr is mediated by the single scale propagators g (see (3.3.127))).
Moreover, since Zj, = Zp+_1 HZ*:Zl(l + zi) as it follows from (3.3.136]), we have that
the dependence on Zp«_; is mediated as well by the single scale propagators g(h,)

Now we want to determine the functions qr (X, €) = (0,Gr (A, €)),vr(\ €) and Zp«_1(\, €),
by applying the (IFT) to the following system

0 .
1+ rj._q —cosgr + (qg) ok 20 (v + Vie ,) =0

Zpx_1VF = sin g + qNFOé;kL*il + bz*’Jr (3.4.74)
Zpr—1 = COSqF + Cpo_q + A 4

where vy, |, ap. by,  are the solutions of (3.4.72) and, as explained in terms of the tree
expansion, are functions of (A, €, Gp,vp, Zp+—1). The system above can be written also as

ﬂ()\’eaqFavFaZh*—l) - Q (3475)

We want to find the solution around the point (0,€,q, 7, Z), with € # 0, where it is
readily seen that, using o, Vpe, Vs 4 bhe 4 Che g = (\),

cosg=¢ ¢, Z=e ¢ ©v=sing. (3.4.76)
Now, assume the following

Lemma 3.4.0.5. Let # = aj._q,Vj« 1, by . Then there exists Ao s.t. for [\| < Ao there
exists a constant C > 0 independent of A\, €,vp, Zp«_1,{r, such that

0gp#| < CIAR™ vp (B0, #] < CIAWE', |0z, #ICIA R, (3.4.77)

“Indeed any other endpoint, since it is local, does not have such oscillating factor.
“2Note that any endpoint depend on the sequence Z only through ratios Z5/Zn_1 = (14 z)~" (see e.g.
(3.3.139)) and thus not on Zp«_1.
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Then we have that the Hessian of H w.r.t. (Gr,vr, Zp+_1) evaluated at (0,€,q,v, Z)
has determinant given by —sin g # 0 if € ## 0 as can be checked from (3.4.74)). This means
that in a neighborhood of (0, €) we can find uniquely the desired functions

(>‘7 6) = (jF) VF, Zh*—l (3478)
satisfying (13.4.74). We are left with proving the Lemma above.

Proof of Lemma[3.7.0.5. There is no qualitative difference in the choice of #, so we restrict
to vj. . Let us discuss the effect of the derivatives on such term. Recall that it satisfies
(3.4.72), so that a derivative acts on the beta BII;,Jr at some scale k > h. Using the tree

expansion, if we consider 0, or Jz, . , we have that they act on some propagator gk
in the expansion. In the former case, as it follows from Lemma Oy modifies the
bound of the propagator by adding an extra factor v}l. In the latter, a derivative dz,. |

(k)

on g, gives

1 L fe(@)pn-—1(a)
P ) ('(uk) :—/ dge 1Y . 3.4.79
Zne 190 (Y) ZiZpe1(27)2 Jre q (Dhr—1,0(q) + pre—1/Zk)? ( )

where we used that and that Zy = Zp«_4 H?;;l(l + z;). Next, recall that pp-_1(q) is

quadratic in ¢, that in the support of f,(g) one has ¢; = ©(2"), ¢ = @(2%}?1). Then
using that there exist constants ¢, ci,co > 0, with ¢1, ¢y small as needed if |A| is small
enough, such that ce=1*=""1 < |Z,| < ce®*h"| we find that

ok 2k+61|k—h*| ok 96k
7. gWl<o—"—<0c=—=_. 3.4.80
02, 1957 | < . v =" op vk ( )

This means that the derivative produce an extra 2% /v, for some 0 < 6 < 1 if \ is small
enough, with respect to the original bound of ¢*). When we sum over k > h, we have
that the latter contribution is bounded by a constant, uniformly in A: using the bound for

B,’; " of Lemma one finds

ClAl
’aZh*71VZ*,+| < 2
Up

In the former case, such a sum produce dangerous factor |h — h*|. This can be safely ab-
sorbed with the short memory factor 2¢("~"") coming from the bound of By ., as discussed
in the lines below ([3.4.58]), in order to perform summations over h < h*. Thus we obtain

CIA
[N Z P S Al .
VR
To conclude, it is possible also to show (see Appendix for more details) that |0, vp« 4| <
C|A2—h*vp. [

Regularity and properties of gp,vp, Zp«_1

Properties Let A small enough and §r (A, €),vr(A, €), Zp«_1(A, €) fixed as above: let us
first discuss their properties.
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First notice that gr(\,e) — 0 as ¢ — 0. From the first line in (3.4.74)), since 2"
and 77, are O(e), we have that 1 — cosdp + af._1G%/2 = 0 iff gr = 0 (remember that
aj._; = O())). Then, for €, A small, the reverse triangular inequality applied to the first

line of (3.4.74)) gives

~2
~ ~ q *
i <C <|1 — cosGr| — 2Fozh*_1> <Clrpe +2" (v + Z)

for some C' > 0 independent of A, €, vp, so that §gr = O(y/€)(1+ O(X)). To prove
note that at A = 0 again reduces to , and the same happens for the
equation defining %*,F@i showing that Gr(0,€) = qp r(0,€) = .

Next, note that from the first line in Zp«—1 = 14+ O(\). Regarding vgp , to
show that vp = O(\/e), recall that [b;. || < C])\|vyﬁ; thus for A small enough

for] < [(1+ O singr + afe_1dr| < CVe(1 +O(N)). (3.4.81)

Regularity From the (IFT), the regularity of the functions (A, €) — ¢, vp, Zp+_1 is the
same as that of the function H in (3.4.75). We now show that

e (A\€) = qr,vp, Zp«_1 are analytic in A for |\| < Ao and C* in € for € € J5, where
Jo is the discontinuity set of the step function h*(e) (see Appendix [B.3.1])

From the bounds for the beta function and the flow, it follows that H is analytic in A for
IA| < Ao, Ao small enough. Let us discuss the regularity in the other variables: we start
with €. Then, if € ¢ 7>,

OH = (9" + 200"k, 075, 0 af ). (3.4.82)

and similarly for the other derivatives, using . For n large we must control the
effect of the derivatives on aj. 1,5, by« 4, since 7., depends analitically on e. In this
case, using the tree expansion as in (3.4.73)), the derivatives can only act on a propagator
of the first regime ¢(*) for some k > h*, as explained below . Such a derivative
produce dimensionally an extra factor 27 (see Lemma : by summing over k > h*
these contributions can be bounded with an extra Ce~! wrt to the bound on By .. By
iteration, this implies that v4« 4 is C* in (0, +00) \ Jo.

A similar reasoning works for 0,,,0z,. , and 0z.. Let us discuss only the former: the
derivative acts on propagators of the second regime ¢(*), k < h* and produce dimensionally
an extra v;l by Lemma Repeating the argument as in the proof of Assumption
we find that d;,, produce an extra vp" to the bound of vy« 4, aps 4, b= 4.

43The equation is the same as the one of §r, without the term proportional to 2" and by replacing the
scale label h* — 1 with h™.

Mbpe 4 =— Zkgh* Bb(\ u) (see (3:457) and |BY| < vr from (3.3.113)
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3.5 Proof of Theorems [1.4.4+ 1.4.5|
3.5.1 Proof of Theorem [1.4.4]

Let us first discuss the existence part, by starting with the infinite volume free energy f: ».
Recall that feico = L 2log Leteo AL = eW€+50’*’L(O), as it follows from Definition
Then, thanks to the Grassmann representation of Proposition and the inductive

construction of Section we are able to write (cf. (3.3.66) with (3.3.123))

MNWeteg.LA(A) — Z o W(+>so (A
2
STRIE (3.5.1)
0 h h h
NV LA _ L2 FESD 1) 480 ()

where of course the r.h.s depends also on 6, L. Recall that hp, is the last scale before the
integration procedure stops (cf. m ) and J, = efe —1 (cf. m We can rewrite

-1

h k)
FE(’)\L) = Z FE()\) + F()” te )\ Z tE, (3.5.2)
k=hp, k=hp,

where F()\) is given in , while F(k) = F(k) F(kH) f(/\), are the single scale
contrlbutlons to the free energy obtained from the actlon of the truncated expectation (see
e.g. ) and from the change of Grassmann measure (c.f. (| m respectively. Since
F’E(];) is nothing but the kernel associated with no external fermionic legs at scale k, it admits
a tree expansion (cf. Section and satisfies the bounds, uniform in L, of Lemma
3.4.0.1}{3.4.0.2] thus of Proposition [3.4.17H3.4.2] with n,m = 0. As mentioned in Remark

3.3.10| we also know that it admits a natural L — oo limit, which we denote by F E(If\); of

course fgh)? and FE((/)\) have an L — oo limit too, as it follows from their explicit definition.

We write Fe(l;) =F e(l;);oo + 6@ F®) and similarly for #, where §() represents the finite
size contribution to the free energy. If we choose vp(A), apx + (A, €),bpx £ (A, €), vp= 1 (A €)
uniquely as in Section [3.4.5'°] recalling that ey depends on v via g9 = log(1 +vg), we can

rewrite from (3.5.1])

. 0);00
fereoya = m feroomaz = SOES 430 + FY. (3.5.3)
h<0

Let us discuss now the existence of the limit L — 0o of 9a, Wi c,(x),a,L(A)|a=0. Again,
the multiscale analysis allows to write

WereoaL(A) = D 5’6(7}3)(17) (3.5.4)
hr <h<0

where recall ede = J, —1 for e € Er, and SE(];) (J)= S(hA 1)(J) Se(h)(J) is the single scale
contribution to the generating function, see (3.3.05). Recall that 6A6W€+50(,\)7 AL (A) | a=0

45Obtained by replacing in its tree expansion, every smgle scale propagator with its L — oo limit, and
every sum in A with the counterpart in RTZ? (see Sectlon 1| for the definitions).
“6That is, we choose u = (uj, u}) as in section as the unique solution of Proposition
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depends, by translation invariance of the model, only on the orientation of the edge e,
namely on the label s = A, B, C of the associated external fields J. If e is of type s, we
have 04, W€+EO(/\)7)\,L(A)\A:0 = Ps,ete0(N),\,L Where the densities are the same appearing in
Theorem and Corollary[[.4.5.1] On the other hand, using the multiscale construction
we can rewrite, for e of type s € {4, B,C}

OaWeicomar(Alazo = S W (0) (3.5.5)
hr,<h<0

where the kernels Wé}?  are the same appearing in (3.4.3) for n = 0,m = 1. and without

labels D which are absent since n = 0. In particular, by translation invariance, Wo(ﬁ) ((0) <

\|W0(ﬁ)||n,h where the bounds on this kernel norm are given in Proposition (3.4.113.4.2
Finally the existence of the L — oo limit in the equation above is a consequence of two
facts: (1) the kernels admit bounds uniform in L as a consequence of Propositions [3.4.1
3.4.2; (2) the kernels Wo(ﬁ),s admits a well defined L — oo limit WO(?SOO (exactly as used
up to now for the kernel with (n,0) kernels, see Remark . This means that we can
writ

h);
Pecrzoy = 3 Weh(0). (3.5.6)
h<0

Continuity in € of the limit follows from absolute convergence of the expansion, which is
uniform in e, thanks to the double regime multiscale analysis.

We now prove the statement regarding the concentration of the dimers densities ([1.4.9)).
Proving that the limit density of dimers of type A is 1 for € < 0 is equivalent to proving
that the density of dimers of type B, C is zero. For any fixed edge,

]P))\’e+50()\) (6 S M) = ngr;o aAeWEJFEO()\)’)\’L(A)‘A:O. (357)

Thanks to the previous discussion, the limit exists and can be expanded as

)\n
Peieyyn(e € M) =" ~eale) (3.5.8)

n>0

where

BA(M)J'_ZeEEL Ae]le]

cnle) = Lh_{r;o 04,03 logE. o 1[e AN=0

(3.5.9)
BA(M) = AV/(M) + (\)(Np(M) + No(M)).

To evaluate ¢, in (3.5.8)), one can first expand in (A, ep) and then expand eo(\), which is

4TThe reader can look at Sec. 6.5 of [2] for more details about finite size effects and higher order
correlation functions.



3.5. Proof of Theorems 1.4.4|— 1.4.51 137

analytic, in powers of A\. Namely, ¢, is the coefficient of A in T" given by

)\Set ()\) )\k K
Ti= Y S0 2due, e =Y 5e’(0) (3.5.10)
5,t>0 k>1
where
dst(e) = lim Ecor[V;---;V;Np+ Nei--- ; Np + Nej 1] (3.5.11)
L—oo N——
s times t times

is the joint cumulant, with respect to P 1, of its s +¢ 4 1 arguments. Let us now show
that for every s,t,
dyy(€) = 0. (3.5.12)

which will imply that ¢, (€) = 0. Let us prove the more general result:

Lemma 3.5.0.1. Fori =1,..,m, let S; C Ey, be such that U™, S; contains at least one
edge € of type B or C. Then

Eeor[ls;i i1, [ <cime™,  1s5:=]] L (3.5.13)
e€s

for some c(m),~ > 0.

Proof of Lemma 3. Expanding the truncated correlation in simple expectations, we find
that

Ee,o,L{]lSl; e ;ﬂsm} == (x| = D ] Eco,Llly] (3.5.14)
T Yenm
where the sum runs over partitions 7 of {1,...,m} insets Y1,... Y| and 1y = [;cy Ilsi@

Note that in every 7, at least one Yj in contains the label k£ € {1,...,m} of the set Sy
that contains the edge e not of type A. Thus we can bound by ¢(m)Peo,r(€ €
M) < c¢(m)e~ 7 for some c¢(m) > 0. The exponential decay follows from (3.1.8)), that can
be applied without difficulty since for € < 0, the function u has no zeros on [—,7]? and
the determinants of Ky are non-zero. Then, if e.g. & = (w0, b) is of type B,

Peo..(e € M) < Bsup|K, ' (w,b)| (3.5.15)
6

and the desired exponential decay follows from (B.3.24) and (B.3.25), because the differ-
ence of coordinates of w and b is (—1,0), so that K~1((=1,0)) = 0 (similarly (0,—1) for
e of type C). n

To conclude, recall that V' is the sum over faces f of 154+ 17 p + 1 and note that

17 4 equals 1 minus the indicator function that at least one among the two bottom vertices

or the two top vertices of the face f is contained in a dimer of type B or C. Therefore,

Ecor[Vi---;V;Ngp+ Ng;--- ; Np + Ncj; 1] can be written, by the multilinearity of the
———

s times t times
cumulant, as a linear combination of terms each having an expression as in the LHS of

(3.5.14)), with at least one of the .S; containing an edge of type B or C'. The number

480f course each set Y; depends on m but we understand the label to keep the notation lighter.
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of terms in this linear combination is O(L**+%)). In particular, by Lemma [3.5.0.1] the
cumulant can be bounded by a constant times L2(+%)e=7L and (3.5.12) follows.

3.5.2 Proof of Theorem [1.4.5

Recall that we want to prove two facts about f. . (n) (Which exists thanks to Theorem
1.4.4)): namely that

(1) (Pokrovsky-Talapov law): as € — 0,
3
Fereor = A+ Tiesope(Ve2 (14 O(e”))

for an analytic function ¢(\) = f +O(\) and ¢ € (0,1/2).
(2) € fe-‘r&o()\),)\ is C* in (_007 0) U (07 E)

Note that these two points are proven, when the case A\ = 0, in Theorem Let us
start with item (1). We dinstinguish the case € < 0 from e > 0.

Proof of (1): €<0

In this case, point (1) follows directly from Theorem without any use of the multiscale
expansion.

Lemma 3.5.0.2. For e <0, A as in Theorem we have that feyo o)x = A

Proof. Note that the derivative with respect to € of the free energy is the density of dimers
of type B plus the density of dimers of type C'. We have seen from the previous Section
that this is zero in the thermodynamic limit, so the infinite-volume free energy is constant
for ¢ < 0. We want to show that this constant is just A\. Restricting the partition sum
to the single configuration containing only type-A dimers, one has fc . )\ = A. As for
the opposite bound, take d > 0 small. The partition function restricted to configurations
where all except at most L?6 dimers are of type A is at most eO+HRSL? with Rs tending
to zero as 6 — 0, where the term exp(RsL?) is a bound on the number of configurations
satisfying this constraint. As for the configuration with at least L?§ dimers not of type
A, they contribute at most 2L?eL*(A=€d) < 1 to the partition function, where for the last
bound we need |e| to be large enough, as a function of . Taking L — oo first and 6 —
after wards, and recalling that the free energy is constant as a function of ¢, the claim
follows for € < 0. Since fciy(x),x is continuous, being convex, the statement follows. =

We now move to the proof of item (1) by means of the multiscale expansion.

Proof of (1): ¢ >0

Recall that we want to study feic,(a),x — faeo(n), Where, as it follows from Section
we can write
_ (0);00 )
fe-l-Eo()\),)\ - Fe,)\ Z ) (3516)
h<0

We introduce for later convenience

AF®ee e _ pihes (3.5.17)
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and similarly for Atihg;oo, AFE((;);OO. We can of course rewrite

Fereoon — froyr = AEY® 1 3 (ARSI 4 A¢)e), (3.5.18)
h<0

We now study separately the contributions coming from different A’s. We start with

AF(h) and we postpone the discussion of the other two, which is simpler, to the end
of thls part. Using the fact that for € > 0 the multiscale integration provides estimates
which are different, depending in which of the two regimes we are, we split

S AFS = Y AR+ Y ARG, (3.5.19)
h<0 h*<h<0 h<h*

@ (I1)

The contribution (II): From Proposition we know that there exists a con-
stant ¢ > 0, (that will change from line to line) independent of A, h, €, such that

[ER) < ea2GHOR <o (5520
[FI < ajuple? h< -

so that

INUERIDS ( 2%2—) < P31+ 0() (3.5.21)

h<h* h<h*

where we used that v = ©(2"") = O(e).

The contribution (/) For the remaining term in we need to exploit some
cancellation between the critical and off critical theories: indeed since now the sum runs
over h* < h < 0 the same reasoning as above would unnecessarily produce an O(1)
quantity in €. Notice that for A > h*, the dimensional bound for the free energy reads
(again Proposition ,

[EO0] < |2+ (3.5.22)

uniformly in e small, thus in A*. Using the tree expansion (Section|3.4.3)), and as mentioned
(h);

in Remark [3.3.7| we view Fe)\ °° as functions of the sequence {vp,Th, ap, Cp} and of the

infinite volume single scale propagators g (see B.2.1) which satisfy Lemma
In particular, the dependence on € is only given by such propagators through ry(r) as
explained in Remark [3.3.7} Recall also that r satisfies the properties of Lemma [3.3.0.3] In
this spirit, we write

A (3.5.23)

OWe denoted with g( ) = =limz 0o g( ),
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So we Taylor expand Af\h);oo (r) in the sequence {74 }x>x, and obtain the expression
(h);00 _ f(h)300
Ay Z rgﬁn,F)\ 0) + Z TeTm dt 1-1t)0 TN“ Fy7 7 (tr) (3.5.24)
{>h Lm>h

Now, in the tree expansion for F(")*° g derivative Or, acts on some propagator ¢ with
h < j < ¢ and it can be bounded dimensionally by 27¢. Indeed a derivative Or, g acts
as O, g\, which gives a 277 (cf. Lemma , times a dimensional factor 2(1+0)i—k
coming from &,,r;. Then sum over j produce the claimed factor: see a similar discussion

in (119).

Thus, the first term in (3.5.24)), summed over h > h* can be bounded by

S S rd EP ) < e Y 2 +9>hz|2£|<c’u (3.5.25)

h*<h<04>h h*<h<0 {>h

where we used Lemma [3.3.0.3] and 2" = ©(¢). On the other hand, since 7}, is exactly
linear in rg, (3.3.100)), one finds that

> Dt B0 = 1o + O(E27) = I(N)e W 1 O(¥>+7)
h*<h<0{>h

=30 > QNI ()

h<0{>h

where Q(\) is defined by r, = Q¢(\)ro (3:3.100). To obtain the factor O(e*/?+% in
the middle equation in the first line above, we used that |Qy] = 1 + O(A) and that
ya”FA(h)m(Q)l < C2M3/240)=L n the last equation instead, we used the definition of
ro = e~%0M(e=¢ —1). Note that I()) is associated to a linear contribution in e that is not
present in . We shortly show that it cancels out with other linear contributions,
by using the knowledge on the case € < 0 of the previous paragraph. Note also that I())
depends only on the critical theory, i.e. it does not depend on e.

Let us show now that the contribution coming from the remainder term in (3.5.24))
is O(e%+9). Recalling that \83”7”}71/@);00(@)\ < C\A\Q*Z*mQ(%“‘e)h uniformly in ¢, we can
bound the Taylor remainder in as

(3.5.26)

/ dt(1 —t) Z rgrmﬁfﬂ F(h);oo(tz) <
h>h* £, m>h
2 (3.5.27)
<A S 2GR [ ST 2t | < a2 Y 203t < N O(e3 1Y)
h>h* {>h h>h*

where we used that |r,|27" < €27~ as it follows from Lemma [3.3.0.3

Note that up to now, a term of exactly order €¥/2 may only come from the contribution
3o ERee (3.5.28)
h<h*

which contributes to the function c¢(\) appearing in the statement but which we do not
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derive here in an explicit form.

We now discuss the contributions to (3.5.18|) coming from the scale h = 0 of the free
energy and from the change of Grassmann integration: let us discuss the former first.

The h =0 contribution of the free energy

From the definition of (3.3.68]), it is easy to see that Fe((;\);oo is a shifted version of the

infinite volume free energy of a non-interacting dimer model with edge weights modified
by the interaction. More precisely

00 11 ~ -
FE(,OA)' =e+eo(N)+ [ <1 +70, 5, 2) ;g =e oW~ 1) (3.5.29)

where f is the free energy of the non-interacting model given in . By a rescaling
argument we rewrite f(1+7rp,1/2,1/2) =log(1+7r9)+ f(1,1/2(1+79),1/2(1+7rp)). Then,
defining
=141y, >0 << >0

we can apply Theorem with ¢ = 1/2 and find that

4V2
3

FE = eoN) + 61 = e V) 4+ I sy = (e M2 (1 4 0(e))

where we used that 3 = e=°Me(1 + O(€)). This implies that

) 41y 1V

AFS® = ¢(1 - + 10y 5 (e —0MNe)32(1 1 0(e)). (3.5.30)

)

The change of measure contribution

Recall (3.5.2) and that h > h*

o _ 1 Xn-1(0) (iq1Gn—1 + ggon—1)
-5 /dqlog (1 ey e ) (3.5.31)

while for h < h*

0 1 / 2nXn (@) Dre—1,0(q)
=3 2L [dglog [1+ ’ . 3.5.32
27 | dalos ( Drv—10(0) + pre 1/ 2 (3:5.82)

Repeating exactly the same discussion as in ((C.8) and lines below, |2]) we have

3p *
7(h);00 22 h>h*—1
t <clA 3.5.33
R S (3539

Where the only difference is the support of the cutoff functions Xh for h < h* its size
is O(2%hv;t), while for b < h*, we have that |supp ya| = 0(22 ). Then we can write

the contribution of Atg;) % in m by splitting the sum in the two regimes of scales,
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h < h* and h > h* respectively, so that

S IAERT < A [ €24 30 1A < elhe(t + €?) (3.5.34)
h<0 h>h*

where in the first step we used the triangular inequality and ; for the second
inequality above we used (3.5.31) to rewrite Atg;?m and that (1 4+ A(B + C)"1)(1 +
ACH™ L =1+ B(C+ A)™H(1 - B(B+ C)™1) with B = r;, = O(e). Note that we can
then write

At = T(A)e + O(A*/?) (3.5.35)
for some analytic function T'(\) = O()\), implicitly deﬁned@

Completion of the proof of (1)

Let us collect what we proved for the item (1) of the beginning of this Section. For € < 0,
the statement is proven, while for ¢ > 0 we found

Jereoyr = A+ e (1 +TN) +I(A) - 1)6*50“)) + (N2 (1 +0() (3.5.36)

where T'(\), I()\) are analytic functions collected only from the first regime of scales h > h*,
h);00

respectively from the change of measures contribution Ati 1 (see few line above) and

from AFG(K);OO in (3.5.27); e(1 — e=50™) comes from the first scale contribution AFE(&);OO

in (3.5.30)). Instead, c(A) = %e*%%w + O(\) is analytic and the error term O(\) comes
from the change of measure contribution and from the second regime of scales involving
AFE(’})L\);OO, see (3.5.21)-(3.5.28). Note that, correctly, c(0) = %. We now want to show
that the coefficient of the linear term in € is indeed 0, to complete the proof of Theorem
11.4.0

The idea is that such function of A\ is the same coefficient of the linear part in e
appearing in the multiscale analysis performed for € < 0: this, a posteriori, thanks to
Lemma is zero. More precisely:

As explained in Section when € — 07, as in our case, we have only a first regime
integration: once we reach the transition scale h*, we can integrate the scales h < h* at
once with a propagator that has the same scaling of the single one, namely as given in

Lemma [B.2.0.1} (B.2.6]). In this situation the free energy is given by

B(h)yco | H(h)iooy | (0o, po(<h)ioo
fereoon = > (Fo + tE,A )+ Fe(,,\ + Fex e, (3.5.37)
h>h*

0);00 - . . . . . .
where Fe( )\) >° is the same as in the previous section. In virtue of the discussion above

and of Section |3.3.2, Proposition |3.4.1| implies that |Fe(f>"\);°o| < ¢|A\|2M3/219) and the same
bound is satisfied by F(Eh*);oo with h replaced by h*.

€

Using the same definitions in (3-5.17), we extract from fei . onn — feo(r),ns the linear

50The dependence on \ is given by (i, an, 7, which are analytic of A for Al < Ao
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;00

term in €. From the just mentioned bounds for Fﬁ(ih*) , we have that

A" = 0(e3/249), (3.5.38)
which means that the linear term in € comes from the first regime of scales. By repeating
exactly the same arguments above, for AF e(ﬁ);oo,Atg)?;oo,A, for h > h* and Fe(g\);oo, we
obtain that

Fereomn = froyn = (L= €N £ T(A) + I(N)e M) + O(6%/2), e~ 0" (3.5.39)

where T'(\), I(\) that are the same functions appearing in the € > 0 case. Then we apply
Lemma [3.5.0.1] to find that

1— 6—50()\) + T()\) + I()\)e_ao(/\) = 0. (3540)

Note that the same reasoning does not show that ¢(\) = ¢(0): when € > 0 there are a
priori terms coming from the second regime of scales contributing to it (see (3.5.28])).
We are left now with item (2).

Proof of (2)

We want to show that f. . ) is indeed C*° in € € (—00,0) U (0,€) as in the claim of
Theorem [[.4.5] Recall that € is an arbitrary small parameter, chosen in order to deal
with the asymptotics of the free energy but it is not strictly necessary for its regularity
properties.

The statement is trivially true for € < 0, since feyon = A. For € € (0, €) fixed, we use
the multiscale structure. From the previous analysis we know that we can write

0); 7003 (h ~00;(h
Fereoyn = F 4 3 B0 4 o) (3.5.41)
h<0

where Feoi;(o),Feoi;(h), ffo /((h) are the same scale contributions appearing in the proof of

item (1). In particular, from its expression F ::{;(0) it is easily seen to be smooth .
For the other contributions, there is a point to be stressed: h*(e) does depend on € and
it is a step right continuous function with discontinuity set Jo accumulating at ¢ = 0
(see Appendix B.3.1)). So let € € (0,€) N J5. In this set the dependence it is only given
through the single scale contributions in the equation above. In particular from its explicit
expression, the contribution associated to fﬁh)?oo is seen to be C*°((0,€) N J5).

Let us focus on the more interesting term Q. x = > ), ¢ Fe(};\);oo. Recall that each Fg(’j\);oo

admits a tree expansion, which is absolutely convergent for A small, uniformly in € in our
set. In particular since €2 ) is given by an absolute convergent series, uniformly in A, e
small we study its regularity in € by means of the regularity of each tree in the expansion.

We can write
Qa=>3 Y 3 Y FMee\ 1P, T) (3.5.42)

h<ON>1 TeTI% PeP, TeT

using the notations of Section [3.4.3] Recall that, depending on whether h > h* or not,
the dependence on € of Fe(h);oo()\, 7,P,T) has a different nature (see Sections |3.4.3{3.4.3)).
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e For h > h*, Fe(h);oo()\, 7,P,T) depends on € only through the sequence r = (71,)p>p=

(see (3.3.100))), and the dependence of rp, on € is analytic (3.3.66))

o For h < h* the dependence on € is instead given through vp(\ €),dr(A, €), Zpx_1,
and RV" ~1 where the former functions are the same as in , which are
C*((0,€) N Jg), while the latter arise from trees which have an irrelevant endpoint
on scale h* — 1.

We want to show that the effect of a derivative d. on 2 evaluated at € € (0,€) N J5
can be bounded by ¢

If the derivative applies to Fﬁ(h);oo()\,T,P,T), it acts on some propagator on scale
k > h of the first regime. We already discussed below that its effect is to produce
dimensionally an extra factor 2% to the bound of the tree. The derivative of ry, in e
contributes instead as O(1). Summing over £ > h and h > h* we obtain indeed an extra
factor 277" = O(e~!) with respect to the bound without derivative.

If the derivative instead acts on Fe(h);oo()\,T,P,T) for h < h* then we have that the
desired bound follows from two facts: (1) we already showed in that the tree expan-
sion of the second regime is C* in (vg,{r, Z) away from (0,0, 7). In particular, e.g., a
derivative in vr produce an extra v}l; (2) the functions vg, Gr, Z are C*> in € € (0,€)NJ5.
For instance, since vp = O(y/€), when a derivative in € acts on vp in the tree expansion,
we get the desired extra e~ 1. E By iterating the strategy one finds that 9 produce an
extra factor C(n)e™" with respect to the bound without derivatives. This implies that
Qey € C®(0,6)N Js.

In order to recover smoothness on the whole (0,€), we reason as follows. The way
the multiscale analysis was carried along has several degrees of freedom. In particular we
could decide to iteratively cutoff momenta by setting, for any ~ > 2,

Xn (@) = xn+1(79) (3.5.43)

instead of v = 2 as we did. This means that every dimensional bound changes, as given in
Propositions , by replacing 2" — ", as a consequence of the different scaling of
the propagator (e.g. in the first regime we would have that | g(h)| < CyM? ete. ). Anyway
the double regime multiscale analysis persists and in particular the scale h* = hf/(e), for
A sufficiently small, has discontinuity set given by J, = {¢ > 0: 4" = |¢|} (see Appendix
. Since, e.g. J3NJ2 = 0, this means that in order to study the regularity of Jeteo(M) Ao
by repeating the multiscale analysis with v = 3 and using the same considerations above,
we can indeed recover smoothness also on the set 7, N (0,€) C (0,€) N J5. O

51The other cases are treated similarly; Anyway the worst case of the effect of dc, as € — 0, remains a

bound of the type €.
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A.1 An explicit example of non-planar dimer model

Here, we work out the Grassmann potential V' for the easiest but non-trivial example
of non-planar dimer model. Choose m = 4 for the cell size and let the edge weights
be invariant by translations by multiples of m, so that V, in Proposition does not
depend on z. In this example we add just one non planar edge per cell, denoted by ey,
connecting the leftmost black site in the second row to the rightmost white in the same row;
it crosses two vertical edges, denoted by eq, eo, see Figure Let 1(ey), w(e1), ¥ (e2) be
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Figure A.1: A 4 x4 cell with the edges ey, e1, ea colored in red, blue, green, respectively.

the Grassmann monomials defined in (2.1.28]) (we drop the index 6). From the definition
(2.1.35)), one can check that the potential satisfies V(1)) = F(¢) and that it is given by

V() = ef™p(ex) +e v (ea)len) +e o) vlea)lea)+e () ben)i(er)iea). (A1)

The computation of the signs ng can be easily done starting from (2.1.42) and with the
help of Fig. [A.2} details are left to the reader. The final result is that

=l = b = = (A1
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Figure A.2: The set of edges Ejs with J = {ex},S = 0 (drawing (a)), J =
{ex}, S ={e1} (drawing (b)), J = {er}, S = {e2} (drawing (c)), J = {er},S = {e1,e2}
(drawing (d)), colored in orange. Here the orientation of black edges coincides with that

on GY (see Fig. , while that of orange edges is the one described in Lemma
and in the caption of Figure .
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B.1 The renormalization operator

B.1.1 Coordinate space

We want to discuss here how to represent the renormalization operator Rig = 1 — L1
defined in m Even if not necessaryﬂ let us first discuss the rewriting of the
operator £1,0 n coordlnate space. Of course the constant term can be rewritten, dropping
the scale label of the fields, just by using ([2.3.1),(3.3.7),(3.3.8) as L2 2 4Dy 1 oroy =

2y gzﬁzlr ¢, . For the linear term in the Taylor expansion, we can rewrite

L Y. PirarPorarti = ZSO @;O y—y) =Y ¢ o, (B.1.1)
qu,&,R Y

which is a definition of the operators’
iy - Z Oi(y — /)

O(y) := L72 > e (@)

/
que,R

(B.1.2)

One can iterate then to obtain a representation also for the quadratic term. As far as
concerns R, first notice that we can rewrite

W5 (q) — W5°(0) — q - OW5°(0) = (g, Hqq)

1 ¢ . (B.1.3)
H, ::/ dt/ dsd*Ws°(gs)
o Jo

where we denote by 0 and 0% the gradient and the Hessian matrix of Wg°. If we had not
the local term of order g3, (which is the case in the second regime, see (3.3.129)) then we

'Recall that the local terms are used to dressed the measure, so we do not need an explicit expression
in terms of coordinates in A.

2We can freely add the function xp+1 in the definition of O because the fields associated to a kernel on
scale h (as we are assuming) have the same support of xx, over which xn4+1 = 1 by definition.
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could write

RioV =L~ QZgoq g, Hqq)p Z ZE)Z@JFRW y/)éjcp; (B.1.4)
Hi=12yy'

where ¢ are the same as above while RW (y—y/) := L2 > g e~1W=Y)(H,);. To take into
account also the quadratic term, then one can iterate (B.1.3), which gives an expression
analogous to (B.1.4), where more derivatives has to be considered.

B.2 The propagator

B.2.1 First regime
We recall that the integration procedure of the first regime Section h > h*, produce

a single scale propagator given by

~(h) N _ 72 —iq(y—y’) fh(Q)
9r.(y,y) =1L 2 B.2.1
w1 =17 2 (@) + Dala) + 0la) (21

where fh(Q) = ( iy + %) with f(g) = x(q) — x(2q) see (B3.11); Di(q) := —iq1 (1 +
Ch(@) + 363(1 + anlq)) and

h(q) = The1 + Xnr1(0) Y ke, Wagt T (0;.0)

k>h
C@) = Cuer + ixner ()5 (0) (B.2.2)
op = Qpt1 + Xh+1(Q)62 W2(h+1);oo(0)
p(q) =1 —€"" cosqo +iq — q22

Note that by fixing v(\) as in Proposition i.e. as done in Section , we have that
(recall ¢p, := (,(0)), [Ch(q) —Cn| < co]A| for every ¢ in the support of f, uniformly in A, and
similarly for the other constants. Moreover, in the support of f, c12" < |q1], [g2|? < 22"
also, 7, = roQn(\) (see. (3.3.100)) that is |ry| = O(e) = O(2"") < 2" Finally p(q) is of
second order in ¢. This considerations implies that the denominator in is of order
2" in the support of fj.

More precisely, given n = (ng,n1,n2) € N* define

Fm g,y = 0p0 852 (y, o) (B.2.3)

where §; is the same as in the previous section and the action on a propagator is naturally
given in terms of Grassmann expectations. Since we are only interested in L — oo limit of
the theory, we consider the continuum version of the propagator above, which we denote
by dropping the L label H For brevity we denote g(y —v') = g(y,y’'). Next define the

31t is obtained by simply replacing the sum with the integral, with the appropriate normalization factor.
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usual norms

l9® 25 00 1= sup g™ 2@, g™ == X lg" ). (B24)
RT72 yGRTZQ

We have the following

Lemma B.2.0.1. Let h > h*. If there exists C > 0, independent of L, such that

sup max{|axl, |Ck|} < C|Al, sup |ry| < Clro] (B.2.5)
h'>h h'>h

then there exist L, e independent constants cg,c1,k > 0 such that
g ()] < 2t (FFEFm=m0) =r/dP () (B.2.6)
where d () := 2" |y1| + 2"/2|ya|. Moreover

SO g y) e 2Vl < o gh TR o (B.2.7)
yeRT72

Sketch of the proof. Take first my,ma = 0,n = 0. Set (q1,q2) = (2"p1,2"/?ps) in order to
rewrite

~(h) () — oh/21(0) (oh,  oh/2 (0) :1/ e fo(p)
3" () =2"7G 72N, 2P y), G () = 5 | dp Dr (o) (B.2.8)

where now Dj,(p) has a weak dependence on h, namely |Dy(p)| = O(1) uniformly in hﬂ
Using then that fy, is a Gevray-2 function, one obtains the desired decay

|G,(10)(y)| < ce F [y1]-+ly2] (B29)

for ¢ > 0 independent of h. For more details, one can look at [129, Appendix A]. The
reader can also look at [4, Appendix B] for a derivation, without exponential decay, in a
similar context. Recall then that J; acts as a multiplication in Fourier space by a factor
q;, so that, using the comments above one obtains an extra factor gnihtnah/2 Then gince
the dependence on ry, is only in the denominator, &y, produces an extra 27" To conclude

and obtain (B.2.7)), it is enough to use (B.2.6)) rescale variables 2"y; = 21,2/ 2yy = z,. ™

Remark B.2.1. Under the validity of Proposition[3.3.9, the hypotesis of the Lemma are
satisfied. Thus, fizing the counterterm vy of the critical theory, guarantees that every
propagator G\ satisfy such estimates, uniformly in h, and in particular in h*.

4We used also that 27", = O(1), uniformly in h.
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B.2.2 Second regime

The integration procedure of the second regime in Section h < h* — 1, produce a
single scale propagator given by

1w 1 o Jn(@)
9, 1\ T, Y) ‘= 75 € = , B.2.10
Zn—1 L(@y) 2 Z Zh-1(q)Dn*—1,6(q) + pre—10(q) ( )

/
9€DR 9w

where fi(q) = f(27"]iq1 + vrga|), and f same as above; Dp+_14(q) := —iq1 +wgaup with

Zn-1(q) = Zn(1 + zn%n(q))

Zh—1 = Zp-1(0) = Zy(1 + zp)

sin gp + Graps—1 + by (B.2.11)
cos Gr + Cpr—1 + ap* +

pre-1(q) = plq +war) — plwar) — q¢- Op(war).

Vp =

where p is the same as in the previous section, and qr = (0, §r) is defined below .
Note that by fixing the counterterms vg, v+ 1, ap+ 4+, by« 4 for the running constants to
converge, as described in Section [3.4.4] and more precisely in Section [3.4.5] from Remark
and Section one has that vy = §r = O(v/€) = O(2""/?). Now, from the support
properties of f1,, c12" < |q1|,vr|g2| < c22"; p(q) is of second order in q. Note also that, if 2/
in satisfies |zp/| < dp uniformly in L,h’ < h*, then e~cholh=h"| < 7, < ecdolh—h"|
As a consequence, on the basis of the previous considerations so that pp«_1(q)/Zp_1 is
negligible w.r.t. Dp«_1,(q). Denoting with Q(E,h) the L — oo limit of g(h),, 1, we can write

% (x,y) = géﬁ)}(m, y) + géhu))(a;, y) where we recall from (3.3.130)),

g
1 o Znaf
(@) = 5 [ el 2k 1/(4) (B.2.12)
272 Jre2 Zp-1(—iq1 + vrwge)
and géha)} is given by the difference. Recall

9" ) 1= 0520 025 (v) (B.213)

where 9; are the same of the previous section. We have the following

Lemma B.2.0.2. If there exists C' > 0, such that supp<pp« |2 < C61 then there exist

L, e independent constants cg,c1,k > 0 such that

. I
|§1(1},Z);ﬂ(y)‘ < Covgl—nz—no2h(1+n1+n2)efn 2" (Jy1l+vp ly2l) (B.2.14)
and
S g ) e sV (nlteetinh < g tmmamnotmagh(itn e —mama),
yeRT 72

(B.2.15)
(h)

Moreowver, gs,f satisfy the same estimates times an extra factor 2N,

Sketch of the proof. Take first mi,ma = 0,n = 0. Set, (q1,q2) = 2h(p1,p2v;1), SO one
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finds thatP] X
_(h 2 _
gl:({,u);,vp (y) = Eglg,?iJ(thl) 2th1y2) (B216)

Using again that fy, is a Gewvrey-2 function, the desired decay follows: (see analogous
discussion in the previous proof)

|g(0) L(W)] < ceV IvilHlel (B.2.17)

for ¢ > 0 independent of h. Again, d; acts as a multiplication in Fourier space by a factor

q;, so using the structure of f; we obtain extra factor UE"22h(”1+n2) with respect to the

previous estimate. Then, a derivative 0,, produce dimensionally a factor v}l both if it

applies to the denominator or to fh. To conclude and obtain , it is enough to use

the desired strecthed exponential decay and rescale variables thl =z, 2hv;1y2 = 29.
For the last statement we can rewrite

NV Zn_1"" fi(q) pr=—1(q)
gS,w(y) - 2 = = .
2 (Zn-1Dp+—1,0(q) + pre—1,0(0)) (Zh—1Dp—1,(q))

(B.2.18)

Then, from the definition of pp+«_1(q), which is of second order, the leading contribution
for ¢ small are given by O(q¢?), O(eq3) as it follows from an explicit computation. Then
recalling that vpge, ¢1 ~ 2" one obtains the extra 2" by repeating the above discussion. m

Note that the factor vg in|3.3.148| plays an important role. When vp(\, €) is fixed in
Section it satisfies vp = O(y/€) which implies that the bounds on the single scale
propagator are deeply affected by taking ¢ — 0.

B.3 Some technical facts

B.3.1 The transition scale h*(¢)

Let us define for v > 2,

(B.3.1)

“(e) = mi Y i 1120
h,y(e)—mln{hSO.’y > — .

(14 ap)o

and note that h%(e) = h* (3.3.76). To simplify things, since Qp =1+ O(N), a =1+ O(N)

and 0 = O(1), we have that for €, A small enough, we can approximate h* with
ho(€) = min{h : 7" > €}.

Then h., is a right continuous step function and has as a discontinuity set J, := {e : e € D,;}
where D., = {y" : h < 0}. Note that JyNJy =0 as long as v # ~* for every z € Z.

B.3.2 Completion of Lemma |3.4.0.5

We want to show that [0z,vp | < C|A|27" vp. As discussed in the second item below
(3.4.73)), the dependence on ¢ is only given by endpoint of the tree on scale h*—1, through

SWe specified the dependence on vr of the propagator s ..
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. *__ . . . . .
irrelevant terms RV’ ~1. This term is associated to a Grassmann monomial given by

ar Zfepf* w(f)y(f)W(ib P_*lzf* (You)opi(P2) (B.3.2)
and we are using the notations of for the Grassmann part and: 7* is the sub-tree
of T rooted at v*, which is the vertex on scale h* — 1 associated to RV" ~1; P* T*, y* are
respectively the set of fields label, the spanning tree and the coordinates of the enpoints of
the subtree 7*; P7 is the set of external fields associated to v*. Now, when the derivative
O acts, we obtain a “zero” factor Zznzl(—l)iwiyﬁﬂ which multiplies the above kernel
(where we numbered the field labels in P%, s.t. |P%| = n even). We distinguish two cases

(1) >, wi; = 0. In this case the “zero” factor can be written as a sum of gradients
coordinates, y; — yj_1, which can be bounded with propagators along the spanning
tree T*. This produces w.r.t the original bound an extra 2" vp, as it follows from
(B.2.15).

(2) >, wi € 2Z\ {0}. In this case, writing (B.3.2)) in Fourier we have that the global

momentum on the vertex v* must be preserved, namely

> (=1)(g; +wiar) = 0. (B.3.3)
i=1

Using that the fields (<=1 are supported on small momenta, i.e. |¢| < O(2"),
we can deduce that for some constant C' > 0

n2" > Cgr = n > Cirp/e (B.3.4)

where as usual 2" = O(e); this means that as e — 07, this situation occurs only
when we have an huge number of external fields associated to v*. On the other
hand, since we are studying contributions to Bj | that preserves the w on scale
and, since every contraction of Grassmann variables preserves as well the w’s of the
contracted fields, this scenario can occur only for trees 7 having pairs of vertices
with this property. So let’s discuss only the case of a pair and denote by o* the twin
vertex of v*, on scale h* — 1 of irrelevant type.

Now, when we apply 3, to the tree, we produce a zero factor given by

n n n+n—1
Z WzyzQ + Z Wi?]z? = Z Zj2 = Z(j+1)2 (B.3.5)
i=1 =1 Jj=1

where 7 (—1)'wiys and 3.7 (—1)'@;fi2 come respectively from the oscillatory
factors associated to v*, 9*. In the r.h.s we used the conservation of w + & and we
denoted with z the union of the coordinates y, 3, relabeled in such a way to single
out gradients. Now, let ¥ the vertex on scale h < h* — 1 which is the first parent of
both v*,o* in the tree. If we denote by n < n + 7 the number of Grassmann fields

SRecall that qr = (0,Gr) and we use the component notation y; = (ys1, yi2)-
"The same holds for any other running constants which preserves the w on scale h, and also for the free
energy contributions. See item 2 of Remarkl@
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immediately before the contraction on v, we have that since w, @ are separately not
preserved, by reasoning as in we must have n > C27"/Gp. This means
that we have at least a good factor |)\\27h_h*/ 2. This term is more than sufficient
to conclude the bound of the effect of J;.. Indeed we can estimate the gradients
zjo — 2(j+1)2 together with propagators along the spanning tree T associated to v,
as in point (1): this produces an extra dangerous 2= "yp which is compensated by
|)\‘2*h7h*/2'

Summarizing this shows that point (2) occurs only in extremely high order perturbation
theory and that the potentially dangerous factor 27" coming from the integration of the
gradients z; — z;jy1 along the spanning trees, are indeed negligible when summed over

h < h*. This shows that
C|A|
Ogevie 4] < 22, (B.3.6)

VF

B.3.3 Lowest order calculations
First order contribution to )}

The lowest order contribution in A comes necessarily from trees of the first regime of scale
with only one endpoint of type ’RLEV(_I) (compare with the proof of Lemma In
particular this happens when in the r.h.s. of we pick the Grassmann monomials
of the bare potential V', which are of lowest order (quartic monomials), and we do not con-
tract any fields in the truncated expectation. This are exactly the Grassmann monomials
appearing in the Figure [3.4} in formulas

(= 1) (Bry(0) Bty 02)(9) + 2B0,5(8)Eo y41.1)(9))
yel (B.3.7)

e _ 1 _
Eny(9) = e Woloy,  Eoy(d) = 5676, 1.

H stands for horizontal and O for oblique: recall that from the symmetry of the model,
the second and the third contribution in Figure are equal. Using (3.4.64)) and taking

the local part £ (cf. (3.3.129))) we find
. 1 .-
Z Z ¢;w1 ¢;w2¢;w3¢;w4 <62€25062WF(W3W4) + QBZQF(w2+W32w4)) _ (B.3.8)
yeA ¥

From the anticommutation of the Grassmann variables one finds that w can assume only
four values (+,+,—,—),(—,—,+,+), (+,—, —, +), (—, +,+, —), which carry relative signs
among them in the associated Grassmann monomial. Putting things together one finds
that the contribution to Ap« it is given by

(e* —1)(1 — cos Gr) (2727250 1 1) (B.3.9)

which is indeed O(\e), using that by hypothesis, jr = ©(1/€) (see below (3.3.110))).
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First order contribution to £¢(\)

Recall that o(A) = log(1+ v9(X)), so that the lowest order of & coincides with that of .
On the other hand vq satisfies the implicit equation

w=—>_ 2"B}(\w). (B.3.10)
h<0

Recall that from (3.4.1),([3-3.55) and (3-3.58)), 2"BY is nothing but the kernel Wéh):m(O)

where we extracted the linear term in the sequence v (namely 2°*'y,,1). This means
that, as in the previous Section, the lowest order comes from trees having only exactly one
endpoint that is of type RLOV(_I). In particular in, we must pick the Grassmann
monomials of the bare potential V', which are of lowest order (quartic monomials), and we
do not contract any fields in the truncated expectation on that scale. Indeed to contribute
to a local quadratic part on scale h, in virtue of the renormalized tree expansion we must
contract exactly two of the four Grassmann variables on scale h. In formulas we have that
the first order contribution to v is given by the coefficient of the grassmann monomial

(= 1) 3 €8, (Bny(6+ ) Bryr02)(6+ ) + 2B0,(6 + VEoysan(é+-)) (B311)
h<0

where the * in the expectation means that we contract only two fields and Epg,, Fo

are the same of the previous section. A simple computation shows that we can write the

coeflicient of (B.3.11])

h h . h) roya 1 Y h . h) roa
> (2g§ 0) - g3 (~202) - 93" (222) + 5 (203" (&1 — &2) — g1 (~2¢2) — g} >(2e2>))
h<0
(B.3.12)
where é; = (1,0), é3 = (0,2), while the propagator associated to 5hT7* is given by

e~ fr(q)

, i 2
— €l cos g2 — i1 €y + Fa,

3 (1, ye) = / dq (B.3.13)
R-1[0,27]2 1

as it follows from (B.2.1]), by taking the L — oo limit: note indeed in that Dy(q) + p(q)

it is nothing but the dressing with the running constant ¢, « of the original propagator

in (3.3.13); R is the same transformation matrix in (3.3.4). Using that a,{ = O(\) we

finally have that the first order contribution to 1y is given by

1 R ~ A
—-A <290(0) — go(—2é3) — go(2¢é2) + 3 (2g0(é1 — é2) — go(—2é2) — 90(262))) (B.3.14)
where
_ (h) _ 1/ e ' — ()T L B.3.1
00 =20 W="3 ] M g = (Y (2,00 (B.3.15)

h<0

where we used the definition of the cutoff functions ;<o fn = 1 and the change of variables
k = Rq, y = RTz in the last step: K ! is the infinite volume inverse Kasteleyn operator

given by the L — oo limit of (3.3.3]) (see also (3.1.12])). It has an explicit expression
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(B.3.25). Thus we have that
vo(\) = 2K H0)A + O(A\?) = —2) + O(\?). (B.3.16)
B.3.4 Frozen phase for the integrable model

We start with two standard results.

Lemma B.3.0.1. Let f : C* — C be analytic in each argument in the strip S, := {z :
1Sz| < n, Rz € [—m, 7]} and be 2w-periodic in each argument. Then,

‘ 1

(271—)” /jr doq ... d¢nf(¢)e—lw¢‘ < 6—77|I|1 sup |f(¢)’ (B.3_17)

HESy XX Sy
with x = (z1,...,2y) € R™ and |z|1 = |z1| + -+ + |20

Lemma B.3.0.2 (Poisson summation). If ' : [—7, 7] — C is C™, then

L7 Y F(k)= Y F(niL,nyL)(—1)"m+0m (B.3.18)
keP(0) nez?
where ]
_ —tk-x 1
F(@)= G /[—m12 dke=* P(k) (B.3.19)

and D(0) is the same as in (3.1.5).
IfAZl,B:C:%With€<O, we have that

1
f(z1,22) = e o) (B.3.20)
is separately analytic in the strip S;, thus by Lemma
|K~ (@) < e 2l sup |f(2)],  Jah = |21] + [a2
S% XS%
0 ks (B.3.21)

K1 ;:/ o -
() SO % P R Py

Lemma B.3.0.3. Assume that there exists 1 > 0 such that |[K ' (z)| < c,e™*1 for every
x € Z%. Then,

sup K5 (2, y) — KLz — )] < Cln)eH/O0) (B.3.22)
z,y€EA|z1—y1|,|r2—y2|<L/2

for some C(n) < oo.

The restriction on z,y does not entail a loss of generality, since for any two vertices
on the L—torus the horizontal and vertical distances are at most L/2. However, the
formula written without the restriction woudl be false, since for instance x = (0,0) and
y = (L —1,0) are at distance 1 on the torus but at distance L on Z2.
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e—tkx
1+%(€ik1 +6ik2)7

which is C* on [—m, ]2 if € < 0. Then we can use Poisson summation to write

Proof. Assume without loss of generality that y = 0, and set F' (k) =

K;'(2,00 =K Y2)= Y K 'x1+mL,zo+neL)(-1)m %2 (B.3.23)
neZ?\{(0,0)}

Since |x1 + n1L| + |z2 + neL| > L/2, the sum is easily seen to be exponentially small in
L. ]

From (B.3.21)) we see then that Lemma [B.3.0.3|holds with 2 = € and ¢, = sup{|f(2)| :

z € S, x Sy} = —L+. Therefore,

€
1—e2

sup K, (2,y) — Kz —y)| < C(e)e 2/, (B.3.24)
zyehi|zi—yi | |z2—y2|<L/2

Lemma B.3.0.4. Let A, B,C such that A > B + C, then the infinite volume inverse
Kasteleyn operator K= (cfr. (3.1.9) can be explicitly computed:

_ (_1):1:1+x2 BN\* fC\™ [z + 29

x1

In particular,

_ 1 /(B4 C\"t
’K 1(%‘,0)‘ < ]]‘{351735220}2 ( A ) . (B326)
Proof. We start from
1 Z—xl—lw—xg—l
K1 = 7/ d / dw—m—r——. B.3.2
() (27m3)2 J)z)=1 & |w|=1 wA+Bz+C'w (B.3.27)

We perform the integral over z. Since A > B+ C, the only pole inside the circle |z| =1 is
at z =0 (if ;1 > 0, otherwise there is no pole inside and the integral is zero). The residue
theorem then gives

1 By o B.3.2
:ElZO(_ ) 27Ti/|w|:1 ’LUW ( 3. 8)

The integral over w is performed similarly: for zo < 0 it is zero because there is no pole

inside |w| = 1, and for x9 > 0 the residue theorem leads to (B.3.25)). As for (B.3.26)), it is

enough to note that (%)xl (ﬁcc)b (m;fm) <1. [

B.4 Symmetries of the effective theory

Let us recall that the original symmetries of the non interacting model, for A = 0, are
given in terms of mappings S1,S2 on the Grassmann algebra by (see Section [3.2.2))
Slzﬁlf—mﬁfk c—¢, 5221/33—>¢§f c—c

B4.1
Slzw;c—ﬂ,bic c— ¢, Szzwi.t—>w;t c—c, ( )

where x = (z1,x2) and & = (x2, 1) (similarly for k); they mean that in every Grassmann
polynomial, each Grassmann field v, is replaced as above and every constant ¢ € C is
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replaced by its complex conjugate only for the action of S;.

For A # 0, we showed in Section that they are also symmetries of the interacting
model. Then we want to check the effect of these symmetries on the multiscale construc-
tion. Note that in terms of the coordinates in A and Dy g introduced in , we have
that, e.g., Ss reads

Sipf —r o e, SigE—¢r e (B.4.2)

where § = (y1,—y2) and similarly for ¢ € Dy r. Note that ¢ comes k via the relation
RTk = R"k.

Symmetries for the effective potential

We use the following general fact: if a Grassmann integration P(di) and an interaction
V(¢) are symmetric under a symmetry S acting on the Grassmann algebra {i},.cp as
described above, then V' given by the relation

V') — / P(dy)e" @+ (B.4.3)

is still symmetric under S. By a measure to be symmetric we mean that its quadratic
part is symmetric, i.e. P(dy) = N7'DyeR®) with SQ(v) = Q(v), where N is the
normalization constant. As a consequence of the above general fact we have that the
symmetries satisfied by the bare action, S + V of , are preserved at each scale by
the multiscale construction of Section ({3.3.2)), in the following form. For simplicity let us
set the external fields A to zero: a similar discussion holds also in that casel]

Lemma B.4.0.1. The kernels of the effective potential Ve(h) (cfr. (3.3.77))) satisfy

(h) ) (h)
o JWocoly) €R oy A Wncow® =Wy lo ()
(h=h*) 5720 (h<h®):q  Hshe s GlTe s (BAd)
Weol®) =W 5() W@ =W, 5 @)

where y = (y1,...,yn) and w = (w1, ... ,wy) with y; € A, and w; = £1; 9= (Gir---+Yn)
with § == (y1, —y2); 0 = (61,62) and 6 = (62,6,). In terms of momenta,

(B.4.5)

Proof of Lemma. Let’s start with A > h*. Since the bare action S + V ((3.2.8)) is sym-
metric under Sy, S, in virtue of (B.4.3) above, we just need to check that at each scale
the integration P™M associated to the expectation in (3.3.95) is indeed symmetric. The

8The external fields are real value, so they do not change the conjugation symmetry and do not interact
with the symmetries acting only on the Grassmann algebra.
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integration P") (dp™) can be written as, let ¢ = o)

PM(dg) o DM eSs” @),

h - n —_ ~ A_
SP@) =22 Y 3 (fala— ar) in(@)d; (B.4.6)
q€Dy,r
frn(g—qr#0)
where fi5,(q) = rp(q) + Dr(q) + p(q) see (B.2.1) for the necessary definitions; recall that

qr = R™'kp = (0,7). Since Dy g = Dj i and fp, fip, qr are symmetric, we have that

S:(85" (¢) = 85 (™). (B.A.7)

Note that fij, it symmetric under §, since it is given from an even function in g2 (see below
(3-3.4)) by adding even terms in g¢o, i.e. xn(q), an(q) (cf. . One can repeat the
same, in simpler form, for ;.

This means that the effective interaction V(") and its kernels are indeed symmetric at
each h > h*. Since the symmetries preserve the degree of Grassmann monomials, we find
the desired statement in the Lh.s. of (see below for a derivation of this conclusion
in the simplest case).

Once we reach scale h* we introduce (see just above (3.3.114))) the field decomposition

@Z’(Sh ) _ SOg,(gh -1 4 SDZ,(h 71)7 SDZ,(Sh*fl) — Z efioqupgogzb(ugh -1) (B.4.8)
w==
which shows that in order for the fields (") to preserve the symmetries S;, i = 1,2,
they act on “quasi particles” fields ¢f , = gogjfdgh U as
S1:t Py — Dy c—C, Sy pw — B e c—ec. (B.4.9)
In Fourier space they reads
St Ag’w — q@fqﬁw, ¢ — G, Sy : Ag,w — qggﬁw, c—c (B.4.10)

where ggg’w = AZJquerqF. This can be seen by writing ¢7 ,, = L2 qu%ﬁ’w e”iqyégw and
noting that Dg, Rw = —D’& R S€€ and lines below. Using the representation in
Fourier space it is readily seen that the counterterm M (¢), introduced at the transition
scale ([3.3.109)), is symmetric under these transformations (using (3.3.112))). This means
that M preserves separately the symmetry of the Grassmann integration and of the ef-
fective interaction on scale h* — 1. Then a repetitive application of implies that
the symmetries — are preserved at each scale h < h*. Since the symmetries
preserve the degree of every Grassmann monomial, then we have that the statement in the
r.h.s. in also holds. Let us derive for concreteness, using the Fourier representation
of the effective potentials (see and lines above), the case n = 2. We have that
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the following term is preserved by Si,Ss (let’s work out only Ss)

Z ¢ 20w0(>A _L_ Z ¢ 20w9( )Qg_—w:

4€Dy a€Dp ..,

2 (h) (B.4.11)
=L > bWy, g@9
qEDIB,R,w
where we used that Dy, = —Dj i, and D/Q:R\M — D; ., where recall § = (g1, —q2),
6 = (62,6,) if = (61,65). This implies that
s (h R 5 (h
W2(,0),—w,§(q) = WZ(,O),w,O(q)' (B412)

Note finally that taking the infinite volume kernels, which do not depend on boundary
conditions 6 we obtain - -

Wy (@) = Wi (0): (B.4.13)

[

Corollary B.4.0.1. As a consequence we have that the running coupling constants satisfy:

Uhs Thy Oty Chy Zhs Ay Vhyt 10k 4, b € R

(B.4.14)
Vhw = Vh—w; Ohw = Oh—w, bh,w = _bh,—w

Proof of Corollary. Note that almost all the running constants are originally defined in
Fourier space. See and lines below for the definition of the constants.
For the first regime constants, we obtain, after taking the L — oo of the kernels,

Wy 0) e R, W™ (0) € iR, W™ (0) =0, RZW)™0)eR (B.4.15)

as it follows by deriving the equations in (B.4.5)). This implies the desired statement for
the constants vy, rp, ap, (. For the second regime of constants instead we obtain

h h % -(h);00
Wi (0) € R, Wi (0) = Wi (0)
HWSL><(0) € iR, B Wé’”v (0) = W) (B.4.16)

DW= 0) eR, W™ (0) = -0, W3"(0)

which implies the statement for all the remaining constants but A,. In this case notice
that the r.h.s. of (B.4.5) for n = 4, L = oo evaluated at g2, ¢3,q4 = 0 does the job. u






APPENDIX C

CONNECTION WITH VERTEX
MODELS

C.1 Honeycomb dimers and the 5V model

In this appendix we discuss some mapping between dimer models and the 6V model. The
6V model on the torus is defined as follows. Let L > 0 even and as usual G = (Z/LZ)?
be the torus of side [ﬂ An arrow configuration w (or six-vertex configuration) is a choice
of orientation for every edge of G, such that every vertex of G, has two incoming and
two outgoing edges in w (ice rule), as shown in Figure If Qgy denotes the space of
6V configurations, then the partition function is given by

ZGV: Z W(w)

wegy

where the product runs over vertices of Gz and the weight of a configuration W(w) is

given by
6

W(w) = H Ao (v) = H a?i
veC i=1

where o(w) : V' — {1,...,6} identifies the type of v in the configuration w and n;(w) is
the number of vertices of type i (Fig. in w.

Given a six-vertex configuration w, if we keep track only of North and West going
arrows at each vertex, we obtain a lattice path model, as shown Figure

When we specialize to the case ag = 0, it is seen that the lattice paths cannot intersect
anymore: this model goes under the name of monotone, non-increasing lattice paths model
(MNLP) [115]. Instead, in terms of the vertex model, it is called five-vertex model (5V). It
is known that dimer configurations on the hexgonal periodic lattice are bijectively mapped
to MNLP configurations. Consider a dimer configuration on the graph G, as in the
non interacting edge case, as in Figure Contracting each horizontal edge in the graph

Lwith respect to translation in the standard orthonormal basis

161
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R e

Figure C.1: The six possible vertex configurations. FEach type comes with a weight
al,...,0a6.

- . - -

Figure C.2: Left: six-vertex configuration on Gy. Right: a lattice paths configuration:
paths are colored green and orange.

G, i.e. gluing into a single vertex the black and white vertices of the fundamental cell, we
obtain exactly the graph G, and the dimer configuration becomes a MNLP configuration,
see Figure

Since MNLP are nothing but 5V configurations, we have that if we choose the vertex

weights as follows
CL1:B ag:C CL4:A a5:a6:vBC

we obtain that

|ZL(A, B,C) = Zsy |

where Z1 (A, B,C) is the partition function of the dimer model on G, as below (3.1.2))
and Zsy is the same as Zgy given above when ag = 0. A simple check shows that with
the choice above, the weights of the configurations in Figure are

w(M) = AdBC? W(w) = aia%a%a%ag
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-1 - £ _ _

Figure C.3: The mapping between dimer configurations on Gy, and MNLP configurations
on Gy. The fundamental domains enclosing horizontal edge are mapped, by contraction
of the edge, bijectively in the set of vertices of G,.

and indeed w(M) = W (w) with the choice of (ai,...,as) above. Note also that the
free-fermion condition (FP) for the 6V model reads

aias + azaq — asag =0
and for the 5V (a3 = 0)
ajag — asae = 0

which is satisfied with the choice above. Indeed 6V it is known to be determinantal exactly
at the FP which corresponds to the determinantal structure of the dimer model.

Then, the interacting dimer model of Section (edge), see , is equivalent to an
interacting 5V (or MNLP) model where interaction acts on faces of the lattice by promoting
(A > 0) or disfavoring (A < 0) empty faces and faces with parallels paths, see Figure

(20 W

Figure C.4: The interaction modifies the weight of a configuration by an extra e for
every of the faces above. In the MINLP model paths prefer or not certain patterns de-
pending on the sign of A.
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C.2 6V model as non-planar square-octagon dimers

If we allow vertex weights in the 6V to have some periodicity, by varying from site to site,
it is known that a connection with non planar dimer models can be extablished (together
with connections to other lattice statistical mechanics models), if the family distinct family
of weights satisfy the free-fermion condition [94]. The simplest way to realize it is to
consider staggered vertex weights, namely two sets of arrows weights associated to the
two sublattices of the graph G, the color of which are black and white for simplicity as
in Figure (a) we denote also by Vp and Viy the set of black and white vertices of
GL. Finally, denote a1, ...,a¢ and af, ..., a; vertex weights associated to black and white
vertices, respectively. The free-fermion condition on the weights then reads

!/ !/ !
asag — asayqg — alaz, a5a6 - a3a4 — a1a2.
The generating function of the model is

ZgV: Z W(w)

wENGY

where now

6
W = I[ an | | T o, | = Lo (@™",
=1

veVR veViy

with n# (w) being the number of # vertices of type i, where # = black or white. There is

I I o

(c) (d)

Figure C.5: (a): a vertex configuration on the bipartite graph (vertex of type 1 are
encircled). (b): the associated expanded graph and the dimer configuration. (c): the
expansion procedure, a vertex becomes a city. (d): type 1 vertex configurations correspond
to two possible dimer covering of the associated city.

a way to associate to the 6V model a dimer configuration on an expanded graph. Expand
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each vertex of G, in a “city” of four vertices connected by edges as shown in Figure
(c). This gives the graph structure of Figure (b). Then, place a dimer on horizontal
or vertical edges of an octagon face iff they correspond to edges of G, with a leftwards of
rightwards arrow. This gives a unique dimer configuration on the expanded graph except
on cities corresponding to vertices of type i = 1 in Gy, as shown in Figure (b), (d),
where two possible dimer configurations occupy the city, one of which is non planar. It
is known [52] that non-planar graphs G do not have in general a clockwise odd Kasteleyn
orientation O such that the partition function of the dimer model on G can be written as
>0 ZPf(Dg), where Pf is the Pfaffian of the antisymmetric weighted adjacency matrix
Dy associated to the orientation O on the graph Gﬂ, cf. [52]. Anyway, there exists an
orientation O such that every non self intersecting loop in the expanded graph is indeed
counterclockwise odd [52} Figure 8]: together with the free-fermion condition on the vertex
weights and the local nature of the non planarity, this allows to obtain ng in terms of
>0 FPf(Dg) [94], where Dy is the weighted adjacency matrix on the expanded graph
weighted as in [94, Figure 5]. This is a generalization of the idea used by Kasteleyn [52]
to obtain the Ising partition function in terms of dimers on similar non planar graphsﬂ

20 here represents the possible 4 boundary conditions (periodic-periodic, periodic-antiperiodic, etc.) as

in, e.g., (2.1.1) and xy are signs s.t. »_,co = 1.

3Here the free-fermion condition on the weights plays a crucial role for the argument to work.
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