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Summary

For a given finitely generated multiplicative subgroup of the rationals which possibly contain negative num-
bers, we derive, subject to GRH, formulas for the densities of primes for which the index of the reduction group
has a given value. likewise, We completely classify the cases of rank one, torsion groups for which the density
vanishes and the the set of primes for which the index of the reduction group has a given value, is finite. For
higher rank groups we propose some partial results. Additionally, we present some computations comparing
the approximated density computed with primes up to 1010 and those predicted by the Riemann Hypothesis.
Furthermore, We compute the density of the set of primes for which the order of the reduction group is

divisible by a given integer. Consequently, we consider the general case. Moreover,In the second Section of
the Chapter we test our formulas with several tables.
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Notations and Terminology

Symbol Description

N 1, 2, ....

Z Is the ring of integers.

p, q, ℓ Denotes prime numbers.

Q∗ Is the set of non-zero rational numbers.

F ∗
p Is the multiplicative group of the field of p elements.

L/K L Is a field extension ofK.

Gal(L/K) Is the Galois group of the field extension L/K.

OK Is the ring of integers of the fieldK.

π(x) Is the prime counting function.

Li(x) =
∫ x
2

dt
log(t) Is the logarithmic integral function.

GRH Generalized Riemann Hypothesis.

f(x) ∼ g(x) limx→∞
f (x)
g(x) = 1

µ(n) Is Möbius function.

φ(n) Is Euler totient function.

gcd(a, b) Greatest common divisor of the integers a, b ∈ Z

vi



Chapter 1

Introduction:
In this dissertation, we study the generalization of the Artin’s primitive root conjecture, one of the most

well-known unsolved problems in number theory. This Chapter motivates the problems we are investigating,
outlines our goals, and gives an account of the contribution of this dissertation. We start with some historical
background.
Artin’s primitive root conjecture was formulated by E. Artin in 1927 during a conversation with H. Hasse

(see[7]). Indeed, the conjecture was initiated due to Gauss when he thought of the answer to a question Why
does the decimal expansions of the form 1/p, where p is prime and distinct from 2 and 5, are different? For
example:

1/3 = 0.3 1/11 = 0.09 1/17 = 0.0588235294117647

1/7 = 0.142857 1/13 = 0.076923 1/19 = 0.052631578947368421

So, in articles 315-317 of his Disquisitiones Arithmeticae (1801)[8], he showed that the period length match
with the order of 10 in the cyclic groupF∗

p, that means the smallest positive integer k such that 10k ≡ 1(mod p).
This integer k is the multiplicative order of 10 modulo p and is denoted by ordp(10). The integer k equals the
order of the subgroup generated by 10 in F∗

p, the multiplicative subgroup of residue classes modulo p. By
Lagrange’s theorem we conclude that ordp(10)|p− 1. If ordp(10) = p− 1, we say that 10 is a primitive root
modp.
Since primes p > 2 are all odd, the groups F∗

p all have even order, so that squares cannot be cyclic generators.
Clearly too, the number −1 has order dividing 2 in F∗

p, so that −1 cannot be a cyclic generator when p > 3.
Thus, a necessary condition on a for there to be infinitely many primes p with primitive root a is that a should
not be a square and that a should not be −1. Artin’s conjecture is that these trivially necessary conditions are
also sufficient:
Weak Artin’s conjecture: If the integer a is not a square and not−1, then there are infinitely many primes with
the primitive root a.
Artin also formulated a strong form of this conjecture:
Strong Artin’s conjecture: If the integer a is not a square and not −1. Furthermore, number of primes p ≤ x

with primitive root a assumed ρa(x), then there is a positive number δ(a) such that

ρa(x) ∼ δπ(x).

At the very beginning, his idea is a is a primitive root (mod p) if and only if a(p−1)/ℓ ̸≡ (mod p) for
all prime divisors ℓ of (p− 1). However, according to a principle of Dedekind, p splits completely in Fℓ =

Q(ζℓ, a1/ℓ), where ζℓ = e2πi/ℓ if and only if a(p−1)/ℓ ≡ (modp). As a result, Artin deduced that a is a
primitive root (mod p) if and only if p does not split completely in any Fℓ. Then he knew that the prime ideal

1



CHAPTER 1

theorem gives the density of primes which split completely in Fℓ, as

1
[Fℓ : Q]

,

Hence, the probability that p does not split completely is

1 − 1
[Fℓ : Q]

.

So, one would expect

A(a) =
∏
ℓ

(
l− 1

[Fℓ : Q]

)

as the density of primes for which a is a primitive root. Until 1960, this expression was thought to be plausible,
Then Lehmers [18] made some numerical calculations that did not seem always match with Artin’s expression.
Moreover, in 1968, Heilbronn Noticed that the events

”p does not split completely in Fℓ”

are not necessarily independent as p and ℓ range through all primes and published a corrected quantitative
conjecture. However, Artin made this correction much earlier, namely in 1958 in a letter to the Lehmers in a
response to a letter of the Lehmers regarding his numerical work. Artin did not publish his corrected conjecture,
nor did the Lehmers refer to Artin in their paper [18], although they give the correction factor. As late as 1964
Hasse provided a correction factor in the 1964 edition of his book [12] that is incorrect if a ≡ 1(mod4) is not
a prime.
In 1937, Bilharz [3] proved the function field analogue of Artin’s conjecture assuming the Riemann hypoth-

esis for congruence zeta functions, which was subsequently proved by Weil. A natural question to raise is
whether Artin’s original conjecture could be proved assuming the generalized Riemann hypothesis (GRH) for
the number fields involved. This was answered in the affirmative by Hooley [14] in 1967.

Theorem 1.1 (C. Hooley (1967)). Let π⟨a⟩(x) measures the number of primes for which a rational number a
a primitive root (mod p) such that a ∈ Q − {−1, 0, 1}, and assume GRH for Q(ζm, a1/m) with m ∈ N, and
squarefree, then the strong Artin Conjecture holds:

π⟨a⟩(x) = δa
x

log(x)
+O

(
x log(x) log(x)

log2(x)

)
.

In a remarkable work from 1977, Lenstra [21] adapted Hooley’s method and, assuming GRH, proved a
number field analogue of AC. His far reaching result again builds on an effective Cebotarev density theorem
under GRH and he produced the five condition.
The work of Hooley was generalized by several authors. In 1983, Rajiv Gupta and Ram Murty [9] proved

2



CHAPTER 1

with out any hypothesis, that three is a set of 13 numbers such that, for at least one of these 13 numbers, Artin
conjecture is true. Gupta, Kumar Murty, and Ram Murty [11] subsequently reduced the size of this set to 7.
Theorem 1.2. Given q, r, s ∈ Z multiplicatively independent, such that none of q, r, s, −3qr, −3qs, −3rs, qrs
is a square,then there exist a ∈ {q, r, s} with

π⟨a⟩(x) := Pa ∩ [1,x] ≪ x

(log(x))2

Moreover, there exist g ∈ {2, 3, 5} such that

#{p ≤ x : p > 5, ⟨g mod p⟩ = F∗
p⟩ ≪ π(x)

log(x)

In 1986, however, Heath-Brown [13] proved (improving on earlier fundamental work by Gupta, Ram Murty
and Srinivasan [10, 27]) a result which implies that there are at most two primes ℓ1 and ℓ2 for which ρ(ℓ1) and
ρ(ℓ1) are finite and at most three square free numbers a1, a2 and a3 for which ρ(a1), ρ(a2) and ρ(a3) are finite.
Here, we couldn’t list all the names and their works, but in order to get a full figure, we refer to Moree’s

Survey [25].
Given an integer m ≥ 1, the prime counting function that counts the prime numbers p for which a is a

near-primitive root modulo p of indexm is:

πΓ(x,m) := #{p ≤ x : p ̸∈ Supp Γ, [F∗
p : Γp] = m}.

Many of anthers assuming the GRH, an asymptotic formula for π⟨a⟩(x,m). In particular, Lenstra, Moree, and
Stevenhagen, in [19], propose a complete characterization, assuming the GRH, of the pairs (a,m) for which
there are no primes p|a with indp(a) = m.
Theorem 1.3. Assume the GRH for Q( n

√
a),n ∈ N. Then

π⟨a⟩(x,m) := π⟨a⟩(m) ∩ [1,x] = δa,m
x

log(x)
+Oa,m

(
x

(log(x))2

)

where
δa,m =

∑
n∈N

µ(n)

[Q[e
2πi
mn , mn

√
a] : Q]

.

In another direction, L. Cangelmi and F. Pappalardi in [4, 29] determined, on GRH, an asymptotic formula
for πΓ(x, 1), for which Γp contains a primitive root modulo p. Later for the higher rank Artin Quasi-primitive
root Conjecturein in 2013 F. Pappalardi and A.Susa consider πΓ(x,m) in a general context.
Theorem 1.4. Let Γ ⊂ Q∗ has rank r ≥ 2, letm ∈ N and assume GRH holds for Q(ζk, Γ1/k)(k ∈ N). Then,
∀ϵ > 0 andm ≤ x

r−1
(r+1)(4r+2)−ϵ,

PΓ,m(x) := PΓ,m ∩ [1,x] =
(
δΓ,m +O

(
1

logr(x)

))
π(x),

3



CHAPTER 1

where
δΓ,m =

∑
k≥1

µ

[Q(ζmk, Γ1/mk) : Q]
.

Moreover, they were successfully For the case when Γ contains only positive rational number, and will men-
tion later in the Chapter 3.
The goal of this dissertation is to obtain formulas for the densities of primes for which the index of the

reduction group Γp has a given value. Moreover, find the density of the set of primes whose the reduction
group Γp order is divisible by a certain integer.
In chapter two, some essential notes onmultiplicative groups that it will be the inception step to understanding

next chapters.
In chapter three, we derive formulas for the densities of primes for which the index of the reduction group

has a certain value for a given a finitely generated multiplicative subgroup of the rationals that may contain
negative integers, subject to GRH. We properly categorized the cases of rank one, torsion groups for which the
density vanish, and the set of primes for which the reduction group’s index has a given value. We provide some
partial results for higher rank groups. Furthermore, we show some comparisons between the estimated density
obtained with primes up to 1010 and those predicted by the Riemann Hypothesis.
In chapter four, We determine the density of the set of primes for which the order of the reduction group is

divisible by a specified integer given a finitely generated multiplicative group of rational numbers. Moreover,
we use many tables to test our formulas.
In Chapter 5, we will mention future work that will be about Densities related to average order of subgroups

of Q∗.
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Chapter 2

Notes on Multiplicative Groups:
Let K be a number field and let Γ be a multiplicative subgroup of K∗. As usual we say that Γ is finitely

generated if there exists α1, . . . ,αn ∈ Γ such that every other α ∈ Γ can be written in the form

α = αm1
1 · · ·αmn

n with m1, . . . ,mn ∈ Z.

In such a case we write Γ = ⟨α1, . . . ,αn⟩ and we refer to α1, . . . ,αr as generators of Γ. From the general
theory of finitely generated groups, we know that if Γ is finitely generated, then

Γ ∼= Zr ⊕ T

where r := rank Γ is the rank and

T = Tor Γ = {τ ∈ Γ : τm = 1 for somem ∈ N}

is the torsion subgroup of Γ. A Z–basis (modulo torsion) if Γ is an ordered set of elements (γ1, . . . , γr) of Γ,
such that for every α ∈ Γ there exists unique m1, . . . ,mr ∈ Z and ϵ ∈ Tor Γ such that α = ϵ · γm1

1 · · · γmr
r .

The elements of a Z–basis are multiplicatively independent (i.e. γm1
1 · · · γmr

r ∈ Tor Γ with m1, . . . ,mr ∈ Z,
implies (m1, . . . ,mr) = (0, . . . , 0)). Viceversa, a set of multiplicatively independent generators forms a Z–
basis.
The torsion subgroup of Γ is known to be cyclic and we denote by ωΓ its order. We say that Γ is torsion free

if Tor Γ is trivial. In the event that K has at least one real embedding, we have that Tor Γ ⊂ {−1, 1}. We also
say that Γ is unit–free if it does not contain any infinite order unit of O∗

K (i.e. if Γ ∩ O∗
K = Tor Γ). If K = Q

or if K is an immaginary quadratic field, then necessarily every subgroup of K∗ is unit–free. On the opposite
side, we say that Γ is unit–full if O∗

K ⊂ Γ.
We define support if Γ the following finite set of prime ideal of OK :

supp Γ := {p prime ideal of OK : vp(α) ̸= 0 for some α ∈ Γ}.

Here vp(α) denotes that p–adic valuation of α (i.e. if (α) = pe1
1 · · · pes

s is the (unique) decomposition of the
principal fractional ideal ofK, (α) as the product of distinct prime powers, then vp(α) = ej if p = pj for some
j and vp(α) = 0 otherwise).
If Γ is finitely generated, the support of Γ is finite. In fact, if α1, . . . ,αn ∈ Γ is a set of generators, then it is

clear that a prime p is in the support if and only if vp(αj) ̸= 0 for some j = 1, . . . ,n. Furthermore we have the
following

5
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Proposition 2.1. Let K be a number field and let Γ ⊂ K∗ be a unit–free finitely generated multiplicative
subgroup. Then

rank Γ ≥ # supp Γ.

Proof. Let r = rank Γ and s = # supp Γ. Suppose that γ1 . . . , γr ∈ Γ is a Z–basis of Γ. Also write supp Γ =

{p1, . . . , ps} so that for all j, (γj) = p
ej1
1 · · · pejs

s . If it was that s > r, then the matrix

E = Eγ1,...γr =


e11 · · · e1s
... ...
er1 · · · ers

 (2.1)

would have rank smaller or equal than r. This implies that there is a non trivial linear combination of the raws
of E that vanishes. Hence there are integersm1, . . . ,mr not all zero. such that

(γ1)
m1 · · · (γR)

mr = (1).

Hence ϵ = γm1
1 · · · γmr

r ∈ O∗
K . Since O∗

K ∩ Γ = Tor Γ, γ1, . . . , γr are multiplicatively dependent. This is a
contraddiction to the fact that γ1 . . . , γr ∈ Γ is a Z–basis of Γ.

The following definition will be crucial for the application in the sequel.

Definition 2.2. Suppose Γ = ⟨α1, . . . ,αt⟩ ⊂ K∗ is a finitely generated multiplicative subgroup, that supp Γ =

{p1, . . . , ps} is the support and that the ordering of its elements is fixed. Let

E = Eα1,...αt =
(
eij

)
i=1,...,t
j=1,...,s

be the matrix with integer entries defined (as in (2.1)) by (aj) = p
ej1
1 · · · pejs

s .
For any j = 1, . . . , min{s, t}, we define the j–th elementary discriminant divisor ∆j = ∆j(α1, . . . ,αt) as

the greatest common divisor of the determinants of all the j× j minors ofE. We also define ∆j(α1, . . . ,αt) :=
0 for j > min{s, t}.

The Smith Normal Form provides an efficient way to compute the elementary discriminant divisor. Given
E, nonzero m× n matrix with integer entries. There exist invertible m×m and n× n matrices with integer
entries (i.e. ±1 determinant) S, T so that the product

SET =



e1 0 · · · 0

0 . . . 0
... er

...
0 0 0

0 0 . . .


.

6



CHAPTER 2

and the diagonal elements ei are unique up to sign and satisfy ei | ei+1 ∀ 1 ≤ i < r. Finally

∆i = e1 · · · ei.

From the Smith Normal Form decomposition, the basic properties of the elementary discriminant divisor are
easily derived:

1. if j > rank Γ, then ∆j(α1, . . . ,αt) = 0. In fact r = rank Γ is the largest index r such that ∆r ̸= 0.
2. If Γ = ⟨β1, . . . , βu⟩, then for all j

∆j(α1, . . . ,αt) = ∆j(β1, . . . , βu)

Hence the elementary discriminant divisor do not depend on the set of generators for Γ nor on the ordering
of supp Γ chosen to define them. For this reason we shall denote the j–th elementary discriminant divisor
by ∆j .

3. ∆j1 · ∆j2 | ∆j1+j2 .
If Γ ⊂ K∗ is not finitely generated, the elementary discriminant divisor (∆j)j∈N could be defined is the

natural way and they would costitute an infinite sequence of non negative integers.

Proposition 2.3. Given Γ ⊂ Q+ finitely generated subgroup of rank r andm ∈ N, we set

Γ(m) := Γ · (Q∗)m/
(Q∗)m .

Then
#Γ (m) =

mr

gcd(mr,mr−1∆1, . . . ,m∆r−1, ∆r)
. (2.2)

Proof. Since
Γ(m) ∼=

∏
ℓ|m

Γ(ℓvℓ(m)),

and since the right hand side of the formula in (2.2) is multiplicative, it is enough to prove (2.2) in the case
whenm is the power of a prime ℓ. Let {p1, . . . , ps} be the support of Γ. Then

Γ(ℓa) =
⟨a1, . . . , ar, pℓa

1 , . . . , pℓa

s ⟩
⟨pℓa

1 , . . . , pℓa

s ⟩

∼=
⟨p1, . . . , ps⟩

⟨pℓa

1 , . . . , pℓa

s ⟩

/
⟨p1, . . . , ps⟩

⟨a1, . . . , ar, pℓa

1 , . . . , pℓa

s ⟩
.

It is clear that ⟨p1, . . . , ps⟩/⟨pℓa

1 , . . . , pℓa

s ⟩ has ℓas elements. We need to determine the size of the quotient
⟨p1, . . . , ps⟩/⟨a1, . . . , ar, pℓa

1 , . . . , pℓa

s ⟩. We consider the relations matrix N = Ea1,...,ar,pℓa
1 ,...,pℓa

s
and M =

7



CHAPTER 2

Ea1,...,ar , then N = (MmIs). By the argument above, it follows that

∣∣∣∣∣ ⟨p1, . . . , ps⟩
⟨a1, . . . , ar, pℓa

1 , . . . , pℓa

s ⟩

∣∣∣∣∣ = ℓa(s−r) gcd(ℓar, ℓa(r−1)∆1, . . . , ℓa∆r−1, ∆r).

Hence the claim.

8



Chapter 3

Densities of the ”quasi r–rank Artin problem”:

3.1 Introduction
The results of the present Chapter appeared in an article by Herish O. Abdullah, Andam Ali Mustafa and

Francesco Pappalardi that was published in Funct. Approximation, Comment. Math. 65 No.1 73-93 (2021).
Let Γ ⊂ Q∗ be a finitely generated multiplicative subgroup. We denote by Supp Γ, the support of Γ, i.e. the

finite set of those primes ℓ such that the ℓ–adic valuation of some elements of Γ is nonzero.
For any prime p ̸∈ Supp Γ, we can define the reduction group:

Γp = {γ mod p : γ ∈ Γ} ⊂ F∗
p

and the prime counting function:

πΓ(x,m) := #{p ≤ x : p ̸∈ Supp Γ, [F∗
p : Γp] = m}.

We also define the density (if it exists) as

ρ(Γ,m) = lim
x→∞

πΓ(x,m)

π(x)

which exists under the Generalized Riemann Hypothesis and it can be expressed by the following formula (see
[31], [4], [32], [24]):

ρ(Γ,m) =
∑
k≥1

µ(k)

[Q(ζmk, Γ1/mk) : Q]
. (3.1)

Here ζd = e2πi/d and Γ1/d denotes the set of real numbers α such that αd ∈ Γ.
If Γ = ⟨a⟩ with a ∈ Q \ {−1, 0, 1}, the density in question is the density of primes p for which the index

of a modulo p equals m. In the case m = 1, the statement that for a not a perfect square, ρ(⟨a⟩, 1) exists and
it is not zero, is known as the classical Artin Conjecture for primitive roots which, in 1965, was shown, by C.
Hooley [14], to be a consequence of the GRH. Hooley gave a formula for ρ(⟨a⟩, 1) in terms of an euler product
which is consistent with (4.1).
If we write a = ±bh with b > 0 not an exact power of a rational number, d = disc(Q(

√
b)) and Fℓ =

Q(ζℓ, a1/ℓ) so that

[Fℓ : Q] =

ℓ(ℓ− 1)/ gcd(h, ℓ) if ℓ > 2 or a > 0

2 if ℓ = 2 and a < 0,

9



CHAPTER 3 Introduction

then:

ρ(⟨a⟩, 1) =

1 − 1 − (−1)hd

2
∏
ℓ|d

−1
[Fℓ : Q] − 1

×
∏
ℓ

(
1 − 1

[Fℓ : Q]

)
.

In the above and in the sequel, ℓ will always denote prime numbers. The case whenm ≥ 1 has been considered
by various authors [26],[15], [23]. In particular (Moree [23, Corollary 2.2]), ifm is odd, then

ρ(⟨a⟩,m) =

1 − 1 − (−1)hd

2
∏
ℓ|d

ℓ-2m

−1
[Fℓ : Q] − 1

 (m,h)
m2 ×

∏
ℓ|m

hℓ|mℓ

(
1 + 1

ℓ

)
×
∏
ℓ-m

(
1 − 1

[Fℓ : Q]

)
. (3.2)

In the above and in the sequel,mℓ will always denote the ℓ–part ofm (i.e. mℓ = ℓvℓ(m) where vℓ is the ℓ–adic
valuation). A formula for the remaining case,m even, can be found in [23, Theorem 2.2].
The case when the rank of Γ is greater than 1 was considered in [4, 24, 32, 29]. For Γ ⊂ Q∗ finitely generated

subgroup andm ∈ N, we set Γ(m) := Γ · Q∗m/Q∗m and

A(Γ,m) =
1

φ(m)|Γ(m)|
×
∏
ℓ>2
ℓ|m

(
1 − |Γ(mℓ)|

ℓ|Γ(ℓmℓ)|

)
×
∏
ℓ>2
ℓ-m

(
1 − 1

(ℓ− 1)|Γ(ℓ)|

)
. (3.3)

For γ ∈ Γ(m), γ′ ∈ Z denotes the unique, up to sign, m–power free representative of γ (γ = γ′ · Q∗m). The
sign of γ′ is chosen to be positive if m is odd or if γ = γ′ · Q∗m ⊂ Q+ := {q ∈ Q : q > 0} and is negative
otherwise. If α > 0 and γ ∈ Γ(2α)[2] (the 2-torsion subgroup of Γ(2α)) with γ ̸= Q∗2α

, then γ′ = ±γ2α−1
0

with γ0 ∈ N, γ0 > 1 square free. We shall denote by δ(γ) = disc Q(
√
γ0) which is easily seen to depend only

on γ.
For Γ ⊂ Q+, we define:

Γ̃(m) := {γ ∈ Γ(m2)[2] : v2(δ(γ)) ≤ v2(m)} . (3.4)

It is easy to check that Γ̃(m) is a 2–group and if Γ ⊂ Q+, then

Γ̃(m) =



{1} if 2 - m

{γ ∈ Γ(2) : γ′ ≡ 1 mod 4} if 2∥m

{γ ∈ Γ(4)[2] : 2 - γ0} if 4∥m

Γ(m2)[2] if 8∥m.

(3.5)

The group Γ̃(m) will be defined also in the case when Γ * Q+ in (3.8).

10



CHAPTER 3 Introduction

Finally, we set:
BΓ,k =

∑
γ∈Γ̃(k)

∏
ℓ|δ(γ)

ℓ-k

−1
(ℓ− 1)|Γ(ℓ)| − 1

. (3.6)

For the special case when Γ contains only positive rational numbers, in [32], it was proved the following:

Theorem 3.1. Let Γ ⊂ Q+ be multiplicative subgroup of rank r and letm ∈ N. Then

ρ(Γ,m) = A(Γ,m) ×
(
BΓ,m − |Γ(m2)|

(2,m)|Γ(2m2)|
BΓ,2m

)

where A(Γ,m) is defined as in (3.3) and BΓ,k is defined as in (3.6).

Note that, form odd, BΓ,m = 1 and the formula above specializes to

ρ(Γ,m) =
1

φ(m)|Γ(m)|
∏
ℓ|m

(
1 − |Γ(mℓ)|

ℓ|Γ(ℓmℓ)|

)∏
ℓ-m

(
1 − 1

(ℓ− 1)|Γ(ℓ)|

)
×

×

1 +
∑

γ∈Γ(2)\{Q∗2}
δ(γ)≡1 mod 4

∏
ℓ|2δ(γ)

ℓ-m

−1
(ℓ− 1)|Γ(ℓ)| − 1

 (3.7)

which, for m = 1, should be compared with [24, 4.6. Theorem]. Furthermore, one can check that the formula
in the above result from [32] coincides with that of Moree’s [23, Theorem 2.2] in the case when Γ = ⟨a⟩ with
a ∈ Q+, a ̸= 1.
The goal of this Chapter is to extend the above Theorem by removing the constraint that Γ ⊂ Q+. We prove

the following:

Theorem 3.2. Let Γ ⊂ Q∗ be multiplicative subgroup of rank r ≥ 1 and letm ∈ N. Let

Γ̃(m) =

γ ∈ Γ(m2)[2] :
if γ ⊂ Q+ then v2(δ(γ)) ≤ v2(m);
if γ * Q+ then v2(δ(γ)) = v2(m) + 1

 . (3.8)

Then, with A(Γ,m) defined as in (3.3) and BΓ,k defined as in (3.6),

ρ(Γ,m) = A(Γ,m)

(
BΓ,m − |Γ(m2)|

(2,m)|Γ(2m2)|
BΓ,2m

)
.

Clearly, the definition of Γ̃(m) in Theorem 3.2 reduces to the one in (3.4) when Γ ⊂ Q+. Furthermore, it is

11
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not hard to verify that:

Γ̃(m) =



{1} if 2 - m;

{γ ∈ Γ(2) : γ′ ≡ 1 mod 4} if 2∥m;

{γ ∈ Γ(4) : either γ′ = γ2
0 , 2 - γ0 or γ′ = −γ2

0 , 2 | γ0} if 4∥m;

Γ(m2)[2] ∩ Q+ if 8 | m.

(3.9)

Hence Γ̃(m) is also a 2–group. The above identity should be compared with (3.5). Ifm is odd, then the formula
for ρ(Γ,m) in the statement of Theorem 3.2 simplifies to the same as in (3.7).
In Section 3.4 we specialize to the case when Γ = ⟨−1, a⟩ where a ∈ Q∗ \ {0, 1, −1} can be assumed to be

positive. We deduce from Theorem 3.2 an explicit formulas for ρ⟨−1,a⟩,m which is used in Section 3.5 to prove
the following:

Theorem 3.3. Let a ∈ Q+, a ̸= 1, write a = ah
0 , where a0 ∈ Q+ not the exact power of any rational number

and write a0 = a1a
2
2 where a1 > 1 is uniquely defined by the property to be a positive square free integer. The

density ρ(⟨−1, a⟩,m) = 0 if and only if one of the following two (mutually exclusive) cases is verified:
1. 3 | h, 3 - m, 3 | a1, a1 | 3m, 2 - h, 2∥m, 2 - a1;
2. 3 | h, 3 - m, 3 | a1, a1 | 3m, v2(h) < v2(m) ̸= 1.

Furthermore, on GRH, the set {p :
[
F∗

p : ⟨−1, a⟩p

]
= m} is finite if and only if one of the above two conditions

is satisfied.

Examples of pairs (a,m) satisfying 1. of Theorem 3.3 are (a,m) = (33, 2), (153, 10), · · · and examples
of pairs satisfying 2. are (a,m) = (36, 4), (1512, 40), · · · . A list of more values of (a,m) is presented in the
second table of Section 3.7.
Next, in Section 3.6, we investigate the identity

ρ(Γ,m) = 0

and the problem of determining whether

NΓ,m = {p ̸∈ Supp Γ, indp Γ = m}

is finite.
If Γ = ⟨g⟩ with g ∈ Q \ {0, 1, −1}, this problem has been solved (on GRH) by Lenstra [20, (8.9)–(8.13)]

(see also [23]). In fact,

Theorem 3.4. Lenstra [23, Theorem 4] Let g ∈ Q \ {−1, 0, 1} and write g = ±gh
0 , where g0 ∈ Q+ is not

the power of any rational number. The density ρ(⟨g⟩,m) = 0 if and only if we are in one of the following six
(mutually exclusive) cases:

1. 2 - m, disc(Q(
√
g)) | m;

12
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2. g > 0, v2(m) > v2(h), 3 | h, 3 - m, disc(Q(
√

−3g0)) | m;
3. g < 0, 2 - h, 2∥m, 3 - m, 3 | h, disc(Q(

√
3g0)) | m;

4. g < 0, 2∥h, 2∥m, disc(Q(
√

2g0)) | 2m;
5. g < 0, 2∥h, 4∥m, 3 | h, 3 - m, disc(Q(

√
−6g0)) | m;

6. g < 0, v2(m) > 1 + v2(h), 3 | h, 3 - m, disc(Q(
√

−3g0)) | m.
Furthermore, on GRH, N⟨g⟩,m is finite if and only if one of the above two conditions is satisfied.

In the higher rank case, we partially generalize the above in the following way:

Theorem 3.5. Let Γ ⊂ Q∗ be a non–trivial, finitely generated subgroup and let m ∈ N. Then ρ(Γ,m) = 0
when one of the following three conditions is satisfied:

A. 2 - m and for all g ∈ Γ, disc(Q(
√
g)) | m;

B. 2 | m, 3 - m, Γ(3) is trivial and there exists γ1 ∈ Γ̃(m) such that 3 | δ(γ1) | 6m.
C. 2∥m, |Γ(2)| = 2, Γ̃(2m) = Γ(4) and for all γ ∈ Γ̃(2m), δ(γ) | 4m.

REMARK. Regarding the last property of Theorem 3.5, note that Γ andm satisfy 2∥m, then

|Γ(2)| = 2 and Γ̃(2m) = Γ(4)

if and only if
1. Γ(2) = {Q∗2, −Q∗2};
2. the elements of Γ(4) are of the form γ2

0Q∗4 or −4γ2
0Q∗4 with γ0 ∈ N odd and square free;

3. Γ(4) contains at least one element on the second form.
In fact, if gQ∗2 ∈ Γ(2) with g ∈ Γ and |g| not a perfect square, then gQ∗4 ∈ Γ(4) is an element of order 4
so that Γ̃(2m) is proper subgroup of Γ(4). The form of Γ̃(m) is described in (3.9). Finally, at least one of the
elements has to be of the form −4γ2

0Q∗4, otherwise Γ(2) = {Q∗2}.
The result in Theorem 3.5 is compatible with the result of Lenstra. In fact

Proposition 3.6. Suppose Γ = ⟨g⟩ and m ∈ N. Then condition A. of Theorem 3.5 reduces to condition 1. of
Lenstra’s Theorem, condition C. reduces to condition 4 and condition B. reduced to one of conditions 2, 3, 5 or
6 according to the following:

2. if g > 0
3. if g < 0, v2(m) = 1 and v2(h) = 0
5. if g < 0, v2(m) = 2 and v2(h) = 1
6. if g < 0 and v2(m) > v2(h) + 1

where g = ±gh
0 with g0 ̸= 1 not the power of a rational number.

When rank Γ > 2, we do not know in general if ρ(Γ,m) = 0 implies that at least one of the conditions of
Theorem 3.5 is satisfied. Possibly the approach due to Lenstra, Moree and Stevenhagen [19] could provide a
complete characterization of the pairs Γ,m with ρ(Γ,m) = 0 also in the case when Γ contains some negative
rational numbers. The techniques of [19] have been adapted to the context of higher rank groups by Moree and
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Stevenhagen in [24] where the casem = 1 is considered. On the other hand, a least in the case whenm is odd,
condition 1. of Theorem 3.5 is also necessary. In fact we have the following:

Proposition 3.7. Assume that 2 - m and ρ(Γ,m) = 0. Then condition 1. of Theorem 3.5 is satisfied.

We conclude with the following:

Proposition 3.8. Assume that Γ ⊂ Q∗ and m satisfy one of the three conditions of Theorem 3.5, then NΓ,m is
finite. In particular, on GRH, if 2 - m,

NΓ,m finite ⇐⇒ ∀γQ∗2 ∈ Γ(2), disc(Q(
√
γ)) | m.

3.2 The degree of Kummer extensions
In this section we determine an explicit formula for the order of the Galois group

# Gal(Q(ζm, Γ1/d)/Q) = [Q(ζm, Γ1/d) : Q]

where d | m, ζm = e2πi/m and Γ1/d = { d
√
α ∈ R : α ∈ Γ}.

By the standard properties of Kummer extensions (see for example [17, Theorem 8.1]), if we denote by
Km = Q(ζm) the cyclotomic field, we have that

Gal(Km(Γ1/d)/Km) ∼= Γ(d)/Γ̃m,d (3.10)

where Γ(d) := Γ · Q∗d/Q∗d and Γ̃m,d :=
(

Γ · Q∗d ∩K∗
m

d
)

/Q∗d. Note that if d > 1 is odd, then K∗
m

d ∩
Q∗ = Q∗d, and

Γ̃m,d ∼=
∏
ℓ|d

Γ̃m,dℓ
= Γ̃m,d2 .

We recall that for γ ∈ Γ(d), γ′ ∈ Z denotes the unique, up to sign, d–power free representative of γ
(γ = γ′ · Q∗d). The sign of γ′ is chosen to be positive if d is odd or if γ = γ′ · Q∗d ⊂ Q+ and is negative
otherwise. Therefore

Γ̃m,2α = {γ ∈ Γ(2α) : γ′ ∈ Γ · Q∗2α

∩K∗
m

2α

}. (3.11)

It was observed in [31, Corollary 1] that, for 2α | m,

if Γ ⊂ Q+ then Γ̃m,2α = {γ ∈ Γ(2α)[2] : δ(γ) | m}. (3.12)

In fact, if Γ ⊂ Q+ and γ′ ∈ Γ(2α)[2], then γ′ = γ2α−1
0 and δ(γ) = disc Q(

√
γ0) divides m if and only if

γ′ ∈ K∗
m

2α

(see for example Weiss [36, page 264]).
Furthermore, if α = 0, then Γ̃m,1 is the trivial group and in [4, page 124, (24)] is was proven that if α = 1

14
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then,

ifm is squarefree then Γ̃m,2 = {γ ∈ Γ(2) : disc Q(
√
γ′) | m and disc Q(

√
γ′) ≡ 1(mod 4)}. (3.13)

Note that for 4 - m, the condition disc Q(
√
γ′) ≡ 1(mod 4) above is irrelevant as it is implied by the

condition that disc Q(
√
γ′) | m. Hence, form square free, the formula in (3.13) and that in (3.12) coincide.

Our first task is to extend the above formula for Γ̃m,2 in the case whenm is not necessarily squarefree.

Proposition 3.1. Let Γ ⊂ Q∗ be a finitely generated subgroup, letm ∈ N be even. Then

Γ̃m,2 = {γ ∈ Γ(2) : disc Q(
√
γ′) | m}

Although the proof of the Proposition is the same as the proof of Corollary 1 in [31], we add it here for
completeness.

Proof of the Proposition. Let us start from the definition in (3.11):

Γ̃m,2 := {γ ∈ Γ(2) : γ′ ∈ Γ · Q∗2 ∩K∗
m

2},

whereKm = Q(ζm). If γ′ ∈ Γ · Q∗2 is a squarefree integer, then γ′ ∈ K∗
m

2 if and only if
√
γ′ ∈ Km

∗ and this
happens if and only if disc Q(

√
γ′) | m (see for example Weiss [36, page 264]). This completes the proof.

We have the general

Lemma 3.2. Let Γ ⊂ Q∗ be a finitely generated group. Letm ∈ N and let α ∈ N, α ̸= 0 be such that 2α | m.
Finally set

Γ̃+
m,2α = {γ ∈ Γ(2α)[2] : γ ⊂ Q+, δ(γ) | m}

and

Γ̃−
m,2α =

{γ ∈ Γ(2α)[2] : γ * Q+, δ(γ) | m} if 2α+1 | m

{γ ∈ Γ(2α)[2] : γ * Q+, δ(γ) | 2m but δ(γ) - m} if 2α∥m

where, if γ′ = ±γ2α−1
0 , δ(γ) := disc(Q(

√
γ0). Then

Γ̃m,2α = Γ̃+
m,2α ∪ Γ̃−

m,2α .

The proof is, in spirit, the same as the proof of [34, Lemma 4].

Proof. We start from the definition:

Γ̃m,2α = {γ ∈ Γ(2α) : γ′ ∈ Γ · Q∗2α

∩K∗
m

2α

}.
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Suppose first γ = γ′Q∗2α

⊂ Q+ with γ′ ∈ N, 2α–power free and that 2α√
γ′ ∈ Q(ζm). Then Q( 2α√

γ′) is a
Galois, real, extension of Q and this can only happen if its degree over Q is at most 2. Hence γ′ = γ2α−1

0 for
some square free γ0 ∈ N so that δ(γ) = disc Q(

√
γ0) | m and γ ∈ Γ(2α)[2]. Hence γ ∈ Γ̃+

m,2α .
Next suppose that γ = γ′Q∗2α

* Q+, γ′ ∈ Z and γ′ < 0. The condition γ′ ∈ K∗
m

2α

implies that
γ′2 ∈ K∗

m
2α+1

is positive. Therefore, by the argument above, γ′2 = γ2α

0 for some square free γ0 ∈ N. Finally
γ′ = −γ2α−1

0 ∈ K∗
m

2α

.
From this property we deduce that

2α
√
γ′ = ε

√
γ0 ∈ K∗

m

for some primitive 2α+1–root of unity ε. We need to distinguish two cases: 2α+1 | m or 2α∥m.
If 2α+1 | m, ε ∈ Km. So √

γ0 ∈ Km which is equivalent to δ(γ) | m.
If 2α∥m, ε ∈ K2m \Km. √

γ0 ∈ K2m \Km which is equivalent to δ(γ) | 2m but δ(γ) - m.
This discussion proves that

Γ̃m,2α ⊆ Γ̃+
m,2α ∪ Γ̃−

m,2α .

Viceversa, suppose that γ ∈ Γ̃+
m,2α ∪ Γ̃−

m,2α and that γ ̸= Q∗2α

. Then γ = ±γ2α−1
0 Q∗2α

and the condition
δ(γ) = disc Q(

√
γ0) | m is equivalent to √

γ0 ∈ Km.
Finally, if γ ∈ Γ̃+

m,2α , γ′ = γ2α−1
0 =

(√
γ0
)2α

∈ K∗
m

2α

and hence γ′ ∈ Q∗2α

∩K∗
m

2α

so that Γ̃+
m,2α ⊂ Γ̃m,2α ,

while if γ ∈ Γ̃−
m,2α , γ′ = −γ2α−1

0 =
(
ε
√
γ0
)2α

, for some primitive 2α+1–root of unity ε.
If 2α+1 | m, then ε ∈ K∗

m and hence γ′ ∈ Γ · Q∗2α

∩K∗
m

2α

so that Γ̃−
m,2α ⊂ Γ̃m,2α .

Suppose 2α∥m. If γ ∈ Γ̃−
m,2α , then γ′ = −γ2α−1

0 and γ′2 = γ2α

0 = (
√

−γ0)2α+1 ∈ K2α+1
m since the condition

δ(γ) | 2m but δ(γ) - m implies that
√

−γ0 ∈ K∗
m. Therefore either γ′ ∈ K∗

m
2α

or −γ′ ∈ K∗
m

2α

. If it was
that −γ′ = γ2α−1

0 ∈ K∗
m

2α

we would deduce that √
γ0 ∈ K∗

m and this would contradic δ(γ) - m. Finally
γ′ ∈ Γ · Q∗2α

∩K∗
m

2α

so that Γ̃−
m,2α ⊂ Γ̃m,2α .

REMARK. Let γ0 ∈ N be square free and suppose that 2∥m. Then the condition disc(Q(
√

−γ0)) | m is
equivalent to disc(Q(

√
γ0)) | 2m and disc(Q(

√
γ0)) - m. In fact with the given assumption on γ0 and m,

disc(Q(
√

−γ0)) | m if and only if γ0 ≡ 3 mod 4 and γ0 | m/2 so that disc(Q(
√
γ0)) = 4γ0 | 2m and

disc(Q(
√
γ0)) = 4γ0 - m. This explains why the formula in Lemma 4.1 reduces to the one in Proposition 3.1

in the case when α = 1.
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3.3 Proof of Theorem 3.2
Let us start by writingm = 2v2(m)n with 2 - n and note that

ρ(Γ,m) =
∑
k≥1

µ(k)

[Q(ζmk, Γ1/mk) : Q]
=
∑
k≥1

µ(k)
∣∣∣Γ̃mk,m2k2

∣∣∣
φ(mk) |Γ(mk)|

=
∞∑

α=0

µ(2α)

φ(2α+v2(m))
∣∣∣Γ(2α+v2(m))

∣∣∣
∑
k≥1
2-k

µ(k)
∣∣∣Γ̃2α+v2(m)nk,2α+v2(m)

∣∣∣
φ(nk) |Γ(nk)|

=
∞∑

α=v2(m)

µ(2α−v2(m))

φ(2α) |Γ(2α)|

∑
k≥1
2-k

µ(k)
∣∣∣Γ̃+

2αnk,2α

∣∣∣
φ(nk) |Γ(nk)|

+
∑
k≥1
2-k

µ(k)
∣∣∣Γ̃−

2αnk,2α

∣∣∣
φ(nk) |Γ(nk)|



=
∞∑

α=v2(m)

µ(2α−v2(m))

φ(2α) |Γ(2α)|


∑

γ∈Γ(2α)[2]
γ⊂Q+

∑
k≥1,2-k

δ(γ)|2αkn

µ(k)

φ(nk) |Γ(nk)|
+

∑
γ∈Γ(2α)[2]

γ*Q+

∑
k≥1,2-k

δ(γ)|21+αkn
δ(γ)-2αkn

µ(k)

φ(nk) |Γ(nk)|


.

Lemma 3.1. Suppose that δ is a squarefree odd integer, that n is an odd integer and set:

AΓ,n =
1

φ(n)|Γ(n)|
×
∏
ℓ>2
ℓ|n

(
1 − |Γ(nℓ)|

ℓ|Γ(ℓnℓ)|

)
×
∏
ℓ>2
ℓ-n

(
1 − 1

(ℓ− 1)|Γ(ℓ)|

)
.

Then the following identity holds

∑
k≥1,2-k

δ|kn

µ(k)

φ(nk) |Γ(nk)|
= AΓ,n

∏
ℓ|δ
ℓ-n

−1
(ℓ− 1)|Γ(ℓ)| − 1

.

Proof. Observe that δ | kn if and only if d := δ/ gcd(δ,n) | k. If we write k = dt, then gcd(d,n) =

gcd(d, t) = 1, so that φ(ndt)|Γ(ndt)| = φ(d)|Γ(d)| × φ(nt)|Γ(nt)| and

∑
k≥1,2-k

δ|kn

µ(k)

φ(nk) |Γ(nk)|
=

∑
t≥1,

gcd(t,2d)=1

µ(dk)

φ(ndt)|Γ(ndt)|

=
1

φ(n)|Γ(n)|
× µ(d)

φ(d)|Γ(d)|
×

∑
t≥1,

gcd(t,2d)=1

µ(t)φ(t,n)|Γ(n)|
gcd(n, t)φ(t)|Γ(nt)|

where we used the identity φ(tn) = φ(t)φ(n) gcd(t,n)/φ(gcd(t,n)). Since |Γ(n)|
|Γ(nt)| is a multiplicative func-
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tion of t, the above equals:

=
1

φ(n)|Γ(n)|
× µ(d)

φ(d)|Γ(d)|
×
∏
ℓ-2d

(
1 − φ(gcd(ℓ,n))|Γ(nℓ)|

φ(ℓ) gcd(n, ℓ)|Γ(ℓnℓ)|

)

=
1

φ(n)|Γ(n)|
× µ(d)

φ(d)|Γ(d)|
×

∏
ℓ-2d,ℓ|n

(
1 − |Γ(nℓ)|

ℓ|Γ(ℓnℓ)|

)
×

∏
ℓ-2dn

(
1 − 1

(ℓ− 1)|Γ(ℓnℓ)|

)

= AΓ,n × µ(d)

φ(d)|Γ(d)|
×

∏
ℓ|d,ℓ>2

(
1 − 1

(ℓ− 1)|Γ(ℓ)|

)−1

= AΓ,n ×
∏
ℓ|δ

ℓ-2n

−1
(ℓ− 1)|Γ(ℓ)| − 1

.

From Lemma 3.1, we deduce that

ρ(Γ,m) = AΓ,n
∑

v2(m)≤α≤v2(m)+1

µ(2α−v2(m))

φ(2α) |Γ(2α)|
×

×


∑

γ∈Γ(2α)[2]
γ⊂Q+

v2(δ(γ))≤α

∏
ℓ|δ(γ)
ℓ-2n

−1
(ℓ− 1)|Γ(ℓ)| − 1

+
∑

γ∈Γ(2α)[2]
γ*Q+

v2(δ(γ))=α+1

∏
ℓ|δ(γ)
ℓ-2n

−1
(ℓ− 1)|Γ(ℓ)| − 1


= AΓ,n ×

(
BΓ,m − |Γ(m2)|

(2,m)|Γ(2m2)|
BΓ,2m

)

where
BΓ,m =

∑
γ∈Γ̃(m)

∏
ℓ|δ(γ)
ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

(3.14)

and

Γ̃(m) =

γ ∈ Γ(m2)[2] :
if γ ⊂ Q+ then v2(δ(γ)) ≤ v2(m);
if γ * Q+ then v2(δ(γ)) = v2(m) + 1

 . (3.15)

Note that in the product in (3.14), the position ℓ - 2m is equivalent to ℓ - m. In fact, when m is odd, then
necessarily, for γ ∈ Γ̃(m), δ(γ) is also odd.
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CHAPTER 3 The case Γ = ⟨−1, a⟩ with a ∈ Q+ \ {0, 1}

3.4 The case Γ = ⟨−1, a⟩ with a ∈ Q+ \ {0, 1}
In this section we consider the special case when Γ = ⟨−1, a⟩ with a ∈ Q+ \ {0, 1, −1}. The rank of Γ is

1 and we write a = ah
0 with a0 ∈ Q+ not an exact power of a rational number. Further we write a0 = a1a

2
2

where a1, a2 ∈ Q+ are uniquely defined by the property that a1 ∈ N and a1 > 1 is square free. We have the
following:

Theorem 3.1. With the above notation, let A =
∏

ℓ

(
1 − 1

ℓ2−ℓ

)
= 0.373955813619202288054 . . . be the Artin

Canstant,

ρ(⟨−1, a⟩,m) =
(m,h)
2m2

∏
ℓ|2m

ℓ2 − ℓ

ℓ2 − ℓ− 1
∏
ℓ|h

ℓ-2m

ℓ2 − 2ℓ
ℓ2 − ℓ− 1

∏
ℓ|2m

vℓ(m/h)≥0

ℓ+ 1
ℓ

1 + τa,m
∏
ℓ|a1
ℓ-2m

−(ℓ,h)
ℓ2 − ℓ− (ℓ,h)

A

where

τa,m =



0 if v2(h) > v2(m), or

if v2(h) = v2(m) = 0 and 2 | ha1;

−1
3 if v2(h) = v2(m) = 0 and 2 - ha1, or

if v2(h) = v2(m) > 0, or

if v2(h) < v2(m) = 1 and 2 | ha1;

1 if v2(h) < v2(m) = 1 and 2 - ha1, or

if v2(h) < v2(m) ̸= 1.

Proof. Form ∈ N (see [32, equation (5) page 6]) we have that,

|⟨−1, a⟩(m)| =
∣∣∣⟨−1, ah

0⟩Q∗m/Q∗m
∣∣∣ = (2,m)m

(m,h)
. (3.16)

Hence A⟨−1,a⟩,m, as in Theorem 3.2, equals

(m,h)
(m, 2)φ(m2)

×
∏

ℓ-2hm

(
1 − 1

(ℓ− 1)ℓ

)
×
∏

ℓ-2m
ℓ|h

(
1 − 1

ℓ− 1

)
×

∏
ℓ>2
ℓ|m

vℓ(h/m)≥1

(
1 − 1

ℓ

)
×

∏
ℓ>2
ℓ|m

vℓ(h/m)≤0

(
1 − 1

ℓ2

)
.
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We recall that

⟨̃−1, a⟩(m) =



{1} if 2 - m;

{γ ∈ Γ(2) : γ′ ≡ 1 mod 4} if 2∥m;

{γ ∈ Γ(4) : either γ′ = γ2
0 , 2 - γ0 or γ′ = −γ2

0 , 2 | γ0} if 4∥m;

Γ(m2)[2] ∩ Q+ if 8 | m.

Furthermore, if α ∈ N, then

⟨−1, a⟩(2α)[2] =

{Q∗2α

, −Q∗2α

, a2α−1
1 Q∗2α

, −a2α−1
1 Q∗2α

} if v2(h) < α

{Q∗2α

, −Q∗2α

} if v2(h) ≥ α.

Therefore, if v2(m) = 1,

⟨̃−1, a⟩(m) =

{Q∗2} if 2 | ha1;

{Q∗2,
(

−1
a1

)
a1Q∗2} 2 - ha1,

if v2(m) = 2,

⟨̃−1, a⟩(m) =


{Q∗4} if 4 | h;

{Q∗4, a2
1Q∗4} if 2 - a1 and 4 - h;

{Q∗4, −a2
1Q∗4} if 2 | a1 and 4 - h

and if α = v2(m) ≥ 3,

⟨̃−1, a⟩(m) =

{Q∗2α

} if v2(h) ≥ v2(m)

{Q∗2α

, a2α−1
1 Q∗2α

} if v2(h) < v2(m).

From this, we deduce that

B⟨−1,a⟩,m =
∑

γ∈⟨̃−1,a⟩(m)

∏
ℓ|δ(γ)
ℓ-2m

−1

(ℓ− 1)|⟨̃−1, a⟩(ℓ)| − 1
= 1 + εm,a

∏
ℓ|a1
ℓ-2m

−(ℓ,h)
ℓ2 − ℓ− (ℓ,h)

where

εm,a =


0 if v2(m) ≤ v2(h);

0 if 2∥m and 2 | ha1;

1 otherwise.
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Therefore
B⟨−1,a⟩,m − ⟨−1, a⟩(m2)

(2,m2)⟨−1, a⟩(2m2)
B⟨−1,a⟩,2m =

(
1 − gcd(h, 2m2)

4 gcd(h,m2)

)1 +
∏
ℓ|a1
ℓ-2m

−(ℓ,h)
ℓ2 − ℓ− (ℓ,h)

×
εm,a − gcd(h,2m2)

4 gcd(h,m2)
ε2m,a

1 − gcd(h,2m2)
4 gcd(h,m2)

 .

Finally

τm,a =
εm,a − gcd(h,2m2)

4 gcd(h,m2)
ε2m,a

1 − gcd(h,2m2)
4 gcd(h,m2)

=


0 if v2(m) < v2(h);
−ε2m,a

3 if v2(m) = v2(h)
4εm,a−ε2m,a

3 if v2(m) > v2(h);

=



0 if v2(h) > v2(m), or

if v2(h) = v2(m) = 0 and 2 | ha1;

−1
3 if v2(h) = v2(m) = 0 and 2 - ha1, or

if v2(h) = v2(m) > 0, or

if v2(h) < v2(m) = 1 and 2 | ha1;

1 if v2(h) < v2(m) = 1 and 2 - ha1, or

if v2(h) < v2(m) ̸= 1;

and this concludes the proof.

3.5 The vanishing of ρ(⟨−1, a⟩,m) and the proof of Theorem 3.3
In this section we consider the equation:

ρ(⟨−1, a⟩,m) = 0.

In virtue of Theorem 3.1, we deduce that for every a ∈ Q+ \ {0, 1} andm ∈ N, ρ(⟨−1, a⟩,m) = 0 is satisfied
if and only if:

Ca,m = 1 + τa,m
∏
ℓ|a1
ℓ-2m

−(ℓ,h)
ℓ2 − ℓ− (ℓ,h)

= 0.
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Furthermore, for ℓ odd,
(ℓ,h)

ℓ2 − ℓ− (ℓ,h)
≤ 1

and the equality holds if and only if ℓ = 3 | h. Hence the equation Ca,m = 0 is equivalent to: τa,m = 1, 3 | h
and 3 is the only odd prime that divides a1 but it does not dividem. This happens exactly in one the following
cases:

3 | h, 3 - m, 3 | a1, a1 | 3m, 2 - h, 2∥m, 2 - a1,

or
3 | h, 3 - m, 3 | a1, a1 | 3m, v2(h) < v2(m) ̸= 1.

Proof of Theorem 3.3. From the above discussion, it is clear that ρ⟨−1,a⟩,m = 0 is satisfied if and only if one
the the above properties are satisfied. In all other cases ρ⟨−1,a⟩,m ̸= 0. So, on GRH by [32, Theorem 1], there
are infinitely primes p such that

[
F∗

p : ⟨−1, a⟩p

]
= m.

Suppose next that a,m are such

3 | h, 3 - m, 3 | a1, a1 | 3m and 2 | m

and let p be a prime such that
[
F∗

p : ⟨−1, a⟩p

]
= m. From the fact that 2 |

[
F∗

p : ⟨−1, a⟩p

]
we deduce that −1

and a are squares in Fp∗ and that p ≡ 1 mod 2m. Furthermore, if ℓ > 3 is any other prime that divides a1.
Then ℓ | m | p− 1. So, by quadratic reciprocity,

(
ℓ

p

)
=
(
p

ℓ

)
=
(1
ℓ

)
= 1.

If the first of the properties in the statement of Theorem 3.3 is satisfied, then, since 2 - h, also a1 is a square
in F∗

p. The property that 2 - a1 implies that every ℓ | a1 is such that
(

ℓ
p

)
= 1. Thus

(
−3
p

)
=

(
−1
p

)(
3
p

)
=

(
3
p

) ∏
ℓ|a1,ℓ̸=3

(
ℓ

p

)
=

(
a1
p

)
= 1.

This implies that p ≡ 1 mod 3. Hence both −1 and a are cubes in F3
p which implies that 3 | m and this is a

contradiction.
In the case when a,m are such that the second properties in the statement of Theorem 3.3 is satisfied we let

p be a prime such that
[
F∗

p : ⟨−1, a⟩p

]
= m. Then, since v2(h) < v2(m) andm | p− 1,

(
a1
p

)
=

(
a0
p

)h/h2

≡ ah/h2
0

p−1
2 = a

p−1
2h2+1 = a

p−1
m

m/2h2+1

≡ 1 mod p.
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So that again a1 is a square modulo p. Furthermore, since v2(m) ≥ 2 and p ≡ 1 mod 2m, then 8 | p− 1. Thus

(
2
p

)
= 1

Finally, a similar argument as above shows that
(

−3
p

)
= 1 and 3 | p− 1. Again both −1 and a are cubes in F3

p

which implies that 3 | m and this is a contradiction.

3.6 The vanishing of ρ(Γ,m)
Proof of Theorem 3.5. We start from the identity

ρ(Γ,m) = A(Γ,m)

(
BΓ,m − |Γ(m2)|

(2,m)|Γ(2m2)|
BΓ,2m

)
.

It is easy to check, by the definition in (3.3), thatA(Γ,m) ̸= 0 for allm and all Γ. So, the equation ρ(Γ,m) = 0
is equivalent to

BΓ,m =
|Γ(m2)|

(2,m)|Γ(2m2)|
BΓ,2m. (3.17)

1. If 2 - m, then BΓ,m = 1 and |Γ(m2)| = 1. So the identity in (3.17) specializes to

|Γ(2)| = BΓ,2m =
∑

γ∈Γ̃(2m)

∏
ℓ|δ(γ)
ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

. (3.18)

Note that the hypothesis that disc(Q(
√
g)) | m for all g ∈ Γ, we deduce that disc(Q(

√
g)) = δ(gQ∗2) ≡

1 mod 4. Hence each of the products in (3.18) is empty. Finally Γ(2) = Γ̃(2m) so that the identity in
(3.18) is satisfied.

2. Next assume that the condition in 2. is satisfied. We claim that BΓ,m = BΓ,2m = 0 which implies that
(3.17) is an identity. Observe that, if γ1 ∈ Γ̃(m) is as in the statement, then

∏
ℓ|δ(γ1)
ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

=
−1

2|Γ(3)| − 1
= −1.

Therefore, since Γ̃(m) is a group, 3 - m and 3 | δ(γ1γ) if and only of 3 - δ(γ),

BΓ,m = −
∑

γ∈Γ̃(m)

∏
ℓ|δ(γ1γ)

ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

= −BΓ,m

which immediately implies thatBΓ,m = 0. We observe that, if γ1 = ±γm2/2
0 Q∗m2 , then γ2 = γm2

0 Q∗2m2 ∈
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Γ̃(2m2) since it satisfies δ(γ1) = δ(γ2) and v2(γ2) ≤ v2(2m). So, by the same argument, we deduce
that BΓ,2m = 0.

3. By the remark after the statement Theorem 3.5, the third condition implies thatBΓ,m = 1 and |Γ(m2)| =
2. So, identity (3.17) reduces to BΓ,2m = |Γ(2m2)|. The hypothesis that Γ(4) = Γ̃(2m) and that, for
every γ ∈ Γ̃(2m), δ(γ) | 4m, implies that

∏
ℓ|δ(γ)
ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

= 1

so that BΓ,2m = |Γ̃(2m)| and identity (3.17) is satisfied.

Proof of Proposition 3.6. If Γ = ⟨g⟩, then 3 | h if and only if Γ(3) is trivial and that v2(h) is the largest α such
that Γ(2α) is trivial.
To analyze precisely the special case when Γ = ⟨g⟩, g = ±gh

0 with g0 ̸= 1 not the power of a rational
number, we observe that #Γ(m) = m/ gcd(m,h) and

Γ(m)[2] =



{Q∗m2 , gm2/2
0 Q∗m2} if g > 0 and v2(m) > v2(h), or

if g < 0 and v2(m) > v2(h) + 1;

{Q∗m2 , −gm2/2
0 Q∗m2} if g < 0 and v2(m) = v2(h) + 1;

{Q∗m2 , −Q∗m2} if g < 0 and v2(m) = v2(h);

{Q∗m2} if g > 0 and v2(m) = v2(h), or

if v2(m) < v2(h).

A. If 2 - m and for all γ ∈ Γ, disc(Q(
√
γ)) | m, then, in particular disc(Q(

√
g) | m which is the first

property in Lenstra’s Theorem.
B. If 3 | δ(g) | 6m, v2(δ(g)) ≤ v2(m) + 1. Thus

Γ̃(m) =



{Q∗m2 , gm2/2
0 Q∗m2} if g > 0, v2(δ(g)) ≤ v2(m) and v2(m) > v2(h), or

if g < 0, v2(δ(g)) ≤ v2(m) and v2(m) > v2(h) + 1;

{Q∗m2 , −gm2/2
0 Q∗m2} if g < 0 and v2(δ(g)) − 1 = v2(m) = v2(h) + 1;

{Q∗m2} otherwise.

(3.19)

Note that, in order for v2(δ(g)) − 1 = v2(m), necessarely v2(m) = 1 of v2(m) = 2 and in the latter
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case 2 | g0. The condition 3 | δ(g) | 6m which implies:

disc(Q(
√

−3g0)) | m in the first case of (3.19);

disc(Q(
√

3g0)) | m in the second case of (3.19), with v2(m) = 1;

disc(Q(
√

−6g0)) | m in the second case of (3.19), with v2(m) = 2.

We conclude that the second case of Theorem 3.5 specializes, in the case Γ = ⟨g⟩, to following cases of
the Theorem of Lenstra.

2. if g > 0
3. if g < 0, v2(m) = 1 and v2(h) = 0
5. if g < 0, v2(m) = 2 and v2(h) = 1
6. if g < 0 and v2(m) > v2(h) + 1.

C. The third property in the above statement means that. every element γ ∈ Γ̃(4) is either of the form
γ2

0Q∗4 or −4γ2
0Q∗4 with γ0 | m odd and square free and at least one of them is of the second form.

Hence, necessarily, g = −g2
0 with g0 even, not a fourth power and v2(g0) odd. This implies that 2∥h and

that disc(Q(
√

2g0)) | 2m.

Proof of Proposition 3.7. Assume that 2 - m and ρ(Γ,m) = 0, then by (3.17), |Γ(2)| = BΓ,2m. Furthermore

|BΓ,2m| ≤ |Γ̃(2m)| ≤ |Γ(2)|.

This implies that Γ̃(2m) = Γ(2) and that for every γ ∈ Γ, γ′ ≡ 1 mod 4 and

∏
ℓ|δ(γ)
ℓ-2m

−1
(ℓ− 1)|Γ(ℓ)| − 1

= 1.

Thus δ(γ) | m for all γ ∈ Γ(2). Hence the property in 1. holds for Γ andm.

Proof of Proposition 3.8. Suppose that Γ andm satisfy the first condition in the statement of Theorem 3.5. Let
p ̸∈ Supp Γ be such that |Γp| = (p− 1)/m, then p ≡ 1 mod m and by, quadratic reciprocity, for all g ∈ Γ,
since δ(gQ∗2) | m,

(
g
p

)
= 1. Hence Γp ⊂ F∗

p is contained in the subgroup of squares which implies that 2 | m,
a contradiction.
Next suppose that Γ and m satisfy the second condition in the statement of Theorem 3.5. First note that, if

p ̸∈ Supp Γ is a prime such that |Γp| = (p− 1)/m, then p ≡ 2 mod 3 since 3 - m and since all elements of
Γ are perfect cubes. Furthermore the hypothesis m even implies that all elements of Γp are squares modulo p.
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Let γ1 ∈ Γ̃(m) be such that 3 | δ(γ1) | 6m. Then

(
γ1
p

)
=

(
δ(γ1)

p

)
=

(
3
p

)(
δ(γ1)/3

p

)
= −1,

which is a contradiction to the property that all the elements of Γ are squares modulo p.
Finally suppose that Γ and m satisfy the third condition in the statement of Theorem 3.5. Let −4γ2

0Q∗4 ∈
Γ(4) with γ0 odd and square free as in the Remark after the statement of Theorem 3.5. Since 2∥m, −4γ2

0 is a
square modulo p. Hence p ≡ 1 mod 2m. We have also that p ̸≡ 1 mod 4m, otherwise the quartic symbol

[
−4γ2

0
p

]
4
=

[
−1
p

]
4

(
2
p

)(
γ0
p

)
= 1,

since γ0 | m. Furthermore γ0 | m also implies, by quadratic reciprocity that
(

γ0
p

)
= 1, hence the Legendre

symbol: (
2γ0
p

)
=

(
2
p

)
= 1

if and only if p ≡ 1 mod 8 (since p ̸≡ −1 mod 4). So a contradiction.

3.7 Numerical Examples
In this section we compare numerical data. The density ρΓ,m can be explicitly computed once a set of gener-

ators of Γ is given. The tables in this section have been computed using Pari-GP [35].
The first table compares the values of ρ⟨−1,a⟩,m as in Theorem 3.1 (second row) and

π⟨−1,a⟩(10899719603,m)

π(10899719603)
(first row)

with a = 2, . . . , 21,m = 1, . . . , 20. All values have been truncated to the first decimal digits.
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a\m 1 2 3 4 5 6 7 8 9 10

2 0.5609316 0.09349469 0.09972896 0.07011468 0.02834563 0.01661614 0.01340015 0.01753052 0.01108010 0.00472355

0.5609337 0.09348895 0.09972155 0.07011672 0.02834191 0.01662026 0.01340210 0.01752918 0.01108017 0.00472365

3 0.5983436 0.1121961 0.06648385 0.02804691 0.03023376 0.04986213 0.01429211 0.007009285 0.007383818 0.00566415

0.5983293 0.1121867 0.06648103 0.02804669 0.03023138 0.04986078 0.01429557 0.007011672 0.007386782 0.00566838

4 0.3739585 0.1869731 0.06648425 0.1402365 0.01889511 0.03324471 0.008932948 0.03505868 0.007385783 0.00945051

0.3739558 0.1869779 0.06648103 0.1402334 0.01889461 0.03324052 0.008934733 0.03505836 0.007386782 0.00944730

5 0.5707797 0.1328580 0.1014608 0.03321178 0.01889962 0.02361663 0.01363818 0.008306253 0.01127759 0.0141702

0.5707747 0.1328527 0.1014711 0.03321318 0.01889461 0.02361826 0.01363722 0.008303295 0.01127456 0.0141709

6 0.5609309 0.1495846 0.09972773 0.02804226 0.02834054 0.01662218 0.01340140 0.007010532 0.01108035 0.00756130

0.5609337 0.1495823 0.09972155 0.02804669 0.02834191 0.01662026 0.01340210 0.007011672 0.01108017 0.00755784

7 0.5655185 0.1368145 0.1005323 0.03419843 0.02856917 0.02432134 0.008929491 0.008552522 0.01116960 0.00691573

0.5654942 0.1368131 0.1005323 0.03420328 0.02857234 0.02432233 0.008934733 0.008550819 0.01117025 0.00691266

8 0.3365588 0.05609852 0.2991703 0.04207116 0.01700431 0.04985612 0.008041882 0.01051791 0.03324158 0.00283249

0.3365602 0.05609337 0.2991647 0.04207003 0.01700515 0.04986078 0.008041260 0.01051751 0.03324052 0.00283419

9 0.3739683 0.2991733 0.06648385 0.05609534 0.01889393 0.03323814 0.008931910 0.01402027 0.007383818 0.0151180

0.3739558 0.2991647 0.06648103 0.05609337 0.01889461 0.03324052 0.008934733 0.01402334 0.007386782 0.0151156

10 0.5609298 0.1427061 0.09972107 0.03321470 0.02834725 0.02536964 0.01340418 0.008301758 0.01108199 0.00471766

0.5609337 0.1426937 0.09972155 0.03321318 0.02834191 0.02536776 0.01340210 0.008303295 0.01108017 0.00472365

11 0.5626496 0.1389491 0.1000259 0.03473188 0.02843085 0.02469908 0.01344676 0.008686747 0.01111246 0.00701644

0.5626491 0.1389469 0.1000265 0.03473672 0.02842859 0.02470167 0.01344308 0.008684180 0.01111406 0.00702047

12 0.5983387 0.1121865 0.06648742 0.02804858 0.03023264 0.04986241 0.01429060 0.007011669 0.007378899 0.00566779

0.5983293 0.1121867 0.06648103 0.02804669 0.03023138 0.04986078 0.01429557 0.007011672 0.007386782 0.00566838

13 0.5621469 0.1393328 0.09993109 0.03483086 0.02840633 0.02476879 0.01343573 0.008701322 0.01110203 0.00704395

0.5621400 0.1393287 0.09993601 0.03483217 0.02840286 0.02476955 0.01343092 0.008708044 0.01110400 0.00703976

14 0.5609384 0.1413718 0.09973011 0.03419959 0.02833696 0.02513520 0.01340095 0.008548704 0.01107725 0.00714109

0.5609337 0.1413735 0.09972155 0.03420328 0.02834191 0.02513307 0.01340210 0.008550819 0.01108017 0.00714308

15 0.5589555 0.1417091 0.1014805 0.03543326 0.03024462 0.02362492 0.01335049 0.008858559 0.01127789 0.00566780

0.5589655 0.1417096 0.1014711 0.03542739 0.03023138 0.02361826 0.01335507 0.008856848 0.01127456 0.00566838

16 0.3739585 0.1869731 0.06648425 0.09348516 0.01889511 0.03324471 0.008932948 0.07012322 0.007385783 0.00945051

0.3739558 0.1869779 0.06648103 0.09348895 0.01889461 0.03324052 0.008934733 0.07011672 0.007386782 0.00944730

17 0.5616273 0.1397238 0.09985219 0.03493080 0.02838022 0.02484125 0.01341405 0.008729947 0.01109205 0.00705916

0.5616237 0.1397160 0.09984421 0.03492899 0.02837678 0.02483839 0.01341858 0.008732248 0.01109380 0.00705933

18 0.5609340 0.09348952 0.09972808 0.07011901 0.02834935 0.01661992 0.01340618 0.01753497 0.01108209 0.00472335

0.5609337 0.09348895 0.09972155 0.07011672 0.02834191 0.01662026 0.01340210 0.01752918 0.01108017 0.00472365

19 0.5614939 0.1398239 0.09982117 0.03495974 0.02836823 0.02486121 0.01341314 0.008741045 0.01108672 0.00706348

0.5614820 0.1398222 0.09981903 0.03495555 0.02836962 0.02485728 0.01341520 0.008738887 0.01109100 0.00706470

20 0.5707806 0.1328471 0.1014829 0.03322058 0.01889355 0.02362051 0.01363731 0.008299904 0.01127612 0.0141725

0.5707747 0.1328527 0.1014711 0.03321318 0.01889461 0.02361826 0.01363722 0.008303295 0.01127456 0.0141709

21 0.5600268 0.1409286 0.1005350 0.03522960 0.02829520 0.02431948 0.01429444 0.008803046 0.01116625 0.00711351

0.5600216 0.1409175 0.1005323 0.03522937 0.02829583 0.02432233 0.01429557 0.008807343 0.01117025 0.00712004
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a\m 11 12 13 14 15 16 17 18 19 20

2 0.00510744 0.0124679 0.00359997 0.00222978 0.00503516 0.00438153 0.00206209 0.00184754 0.00164031 0.00354257

0.00510365 0.0124652 0.00359751 0.00223368 0.00503856 0.00438229 0.00206270 0.00184670 0.00164041 0.00354274

3 0.00544021 0.0124616 0.00383648 0.00268420 0.00336011 0.00175025 0.00220027 0.00553765 0.00174867 0.00141870

0.00544389 0.0124652 0.00383735 0.00268042 0.00335904 0.00175292 0.00220022 0.00554009 0.00174977 0.00141710

4 0.00340434 0.0249248 0.00239988 0.00446720 0.00335940 0.00876508 0.00137414 0.00369432 0.00109360 0.00708846

0.00340243 0.0249304 0.00239834 0.00446737 0.00335904 0.00876459 0.00137514 0.00369339 0.00109361 0.00708548

5 0.00519359 0.00590447 0.00366198 0.00317556 0.00336173 0.00207477 0.00210207 0.00262178 0.00166963 0.00354352

0.00519319 0.00590457 0.00366063 0.00317418 0.00335904 0.00207582 0.00209889 0.00262425 0.00166919 0.00354274

6 0.00510627 0.0124629 0.00359992 0.00357324 0.00504114 0.00175411 0.00206171 0.00184493 0.00163881 0.00141912

0.00510365 0.0124652 0.00359751 0.00357389 0.00503856 0.00175292 0.00206270 0.00184670 0.00164041 0.00141710

7 0.00513631 0.00607994 0.00362347 0.00669896 0.00507949 0.00213845 0.00207716 0.00269970 0.00165395 0.00172480

0.00514514 0.00608058 0.00362676 0.00670105 0.00507953 0.00213770 0.00207947 0.00270248 0.00165375 0.00172817

8 0.00306486 0.0373951 0.00216091 0.00133867 0.0151169 0.00262701 0.00123701 0.00554338 0.000983628 0.00212638

0.00306219 0.0373956 0.00215851 0.00134021 0.0151157 0.00262938 0.00123762 0.00554009 0.000984246 0.00212564

9 0.00340005 0.0249340 0.00239661 0.00715018 0.00336011 0.00350570 0.00137538 0.00369255 0.00109416 0.00283125

0.00340243 0.0249304 0.00239834 0.00714779 0.00335904 0.00350584 0.00137514 0.00369339 0.00109361 0.00283419

10 0.00510461 0.00590093 0.00360070 0.00340683 0.00503538 0.00207639 0.00206380 0.00281799 0.00164099 0.00354335

0.00510365 0.00590457 0.00359751 0.00340931 0.00503856 0.00207582 0.00206270 0.00281864 0.00164041 0.00354274

11 0.00340353 0.00617265 0.00361100 0.00331679 0.00505721 0.00216874 0.00206702 0.00274380 0.00164561 0.00175059

0.00340243 0.00617542 0.00360852 0.00331979 0.00505397 0.00217105 0.00206901 0.00274463 0.00164543 0.00175512

12 0.00544441 0.0124649 0.00383767 0.00268083 0.00336152 0.00175182 0.00219725 0.00554242 0.00175120 0.00141594

0.00544389 0.0124652 0.00383735 0.00268042 0.00335904 0.00175292 0.00220022 0.00554009 0.00174977 0.00141710

13 0.00511588 0.00619055 0.00239962 0.00332478 0.00504846 0.00217509 0.00206879 0.00274989 0.00164528 0.00175839

0.00511463 0.00619239 0.00239834 0.00332891 0.00504940 0.00217701 0.00206714 0.00275217 0.00164394 0.00175994

14 0.00510613 0.00608177 0.00359234 0.00223823 0.00503918 0.00213949 0.00206543 0.00279089 0.00163908 0.00172924

0.00510365 0.00608058 0.00359751 0.00223368 0.00503856 0.00213770 0.00206270 0.00279256 0.00164041 0.00172817

15 0.00508856 0.00590030 0.00358190 0.00338418 0.00335933 0.00221683 0.00205424 0.00262339 0.00162967 0.00141946

0.00508574 0.00590457 0.00358489 0.00338579 0.00335904 0.00221421 0.00205547 0.00262425 0.00163465 0.00141710

16 0.00340434 0.0166159 0.00239988 0.00446720 0.00335940 0.0175294 0.00137414 0.00369432 0.00109360 0.00472694

0.00340243 0.0166203 0.00239834 0.00446737 0.00335904 0.0175292 0.00137514 0.00369339 0.00109361 0.00472365

17 0.00510339 0.00620499 0.00359956 0.00333673 0.00504253 0.00218122 0.00137517 0.00275780 0.00164143 0.00176759

0.00510993 0.00620960 0.00360194 0.00333816 0.00504476 0.00218306 0.00137514 0.00275982 0.00164243 0.00176483

18 0.00510607 0.0124616 0.00359556 0.00223293 0.00504174 0.00438445 0.00206104 0.00184680 0.00163940 0.00353899

0.00510365 0.0124652 0.00359751 0.00223368 0.00503856 0.00438229 0.00206270 0.00184670 0.00164041 0.00354274

19 0.00510559 0.00621063 0.00360779 0.00333827 0.00504638 0.00218332 0.00206461 0.00276301 0.00109126 0.00176729

0.00510864 0.00621432 0.00360103 0.00334070 0.00504349 0.00218472 0.00206472 0.00276192 0.00109361 0.00176618

20 0.00519737 0.00589984 0.00366014 0.00317452 0.00336146 0.00207540 0.00209665 0.00262335 0.00166906 0.00353976

0.00519319 0.00590457 0.00366063 0.00317418 0.00335904 0.00207582 0.00209889 0.00262425 0.00166919 0.00354274

21 0.00509391 0.00607751 0.00358806 0.00268179 0.00508293 0.00220359 0.00206029 0.00270407 0.00163689 0.00178045

0.00509535 0.00608058 0.00359166 0.00268042 0.00507953 0.00220184 0.00205935 0.00270248 0.00163774 0.00178001

Next table lists the first few values of a (first raw), its factorization (second raw) andm (third raw) such that
ρ(⟨−1, a⟩,m) = 0.

a 27 216 729 1728 3375 9261 13824 19683 27000 35937 46656 59319 74088 110592 132651 185193 216000

33 63 36 123 153 213 243 39 303 333 66 393 423 483 513 573 603

m 2 4 4 2 10 14 4 2 20 22 4 26 28 2 34 38 10

Next table compares the values of ρΓ,m as in Theorem 3.2 (second row) and

πΓ(1010,m)

π(1010)
(first row)

for some groups Γ of rank 2 andm = 1, . . . , 20. All values have been truncated to the first decimal digits.
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Γ\m 1 2 3 4 5 6 7 8 9 10

⟨−1, 2, 3⟩ 0.820596 0.082060 0.0395175 0.0239324 0.00822387 0.0098772 0.00279091 0.0029907 0.0014603 0.0008217

0.820590 0.082059 0.0395099 0.0239339 0.00822248 0.0098774 0.00279248 0.0029917 0.0014633 0.0008222

⟨2, 3⟩ 0.697505 0.205153 0.0395175 0.0205123 0.00698931 0.0098772 0.00237151 0.0059838 0.0014603 0.0020563

0.697501 0.205147 0.0395099 0.0205147 0.00698910 0.0098774 0.00237361 0.0059834 0.0014633 0.0020556

⟨2, −3⟩ 0.711182 0.191476 0.0263467 0.0205125 0.00712861 0.0230480 0.00241891 0.0059831 0.0009733 0.0019170

0.711178 0.191471 0.0263399 0.0205147 0.00712615 0.0230474 0.00242015 0.0059834 0.0009755 0.0019185

⟨−2, 3⟩ 0.697509 0.205148 0.0395175 0.0205138 0.00699074 0.0098772 0.00237228 0.0059827 0.0014603 0.0020548

0.697501 0.205147 0.0395099 0.0205147 0.00698910 0.0098774 0.00237361 0.0059834 0.0014633 0.0020556

⟨−2, −3⟩ 0.711187 0.191471 0.0263420 0.0205148 0.00712694 0.0230528 0.00241881 0.0059807 0.0009757 0.0019186

0.711178 0.191471 0.0263399 0.0205147 0.00712615 0.0230474 0.00242015 0.0059834 0.0009755 0.0019185

Γ\m 11 12 13 14 15 16 17 18 19 20

⟨−1, 2, 3⟩ 0.000679 0.002879 0.0004043 0.0002789 0.000396198 0.000373124 0.000176883 0.000364441 0.000126355 0.000239328

0.000678 0.002880 0.0004046 0.0002792 0.000395897 0.000373967 0.000177465 0.000365832 0.000126284 0.000239822

⟨2, 3⟩ 0.000577 0.002468 0.0003435 0.0006983 0.000396198 0.000747096 0.000150315 0.000364441 0.000107638 0.000205653

0.000576 0.002469 0.0003439 0.0006981 0.000395897 0.000747933 0.000150846 0.000365832 0.000107342 0.000205562

⟨2, −3⟩ 0.000588 0.002469 0.0003505 0.0006509 0.000263545 0.000747221 0.000153294 0.000851385 0.000109579 0.000205082

0.000587 0.002469 0.0003506 0.0006515 0.000263931 0.000747933 0.000153803 0.000853609 0.000109447 0.000205562

⟨−2, 3⟩ 0.000576 0.002469 0.0003436 0.0006975 0.000396198 0.000746852 0.000150279 0.000364441 0.000107482 0.000205266

0.000576 0.002469 0.0003439 0.0006981 0.000395897 0.000747933 0.000150846 0.000365832 0.000107342 0.000205562

⟨−2, −3⟩ 0.000588 0.002467 0.0003507 0.0006510 0.000263912 0.000747661 0.000153299 0.000848999 0.000109390 0.000204851

0.000587 0.002469 0.0003506 0.0006515 0.000263931 0.000747933 0.000153803 0.000853609 0.000109447 0.000205562
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Chapter 4

Divisibility of reduction in groups of rational numbers

4.1 Introduction
The results of the present Chapter have been collected in an article byHerishO. Abdullah, AndamAliMustafa

and Francesco Pappalardi that has been submitted for publication.
Let Γ ⊂ Q∗ be a finitely generated multiplicative group of rank r. We denote by Supp Γ, the support of Γ,

i.e. the finite set of those primes ℓ such that the ℓ–adic valuation of some elements of Γ is nonzero. For any
prime p ̸∈ Supp Γ, we consider the reduction group:

Γp = {γ mod p : γ ∈ Γ} ⊂ F∗
p

and, form ∈ N, the prime counting function:

π(x, Γ,m) := #{p ≤ x : p ̸∈ Supp Γ,m | #Γp}.

We also define the density as

ϱ(Γ,m) = lim
x→∞

π(x, Γ,m)

π(x)

which in [31, Theorem 1] was proven to exists and to be expressed by the following formula:

ϱ(Γ,m) =
∑

n∈Sm

∑
d|n
f |n

µ(d)µ(f)

[Q(ζnd, Γ1/γ(f , n
m )) : Q]

(4.1)

where Sm = {n ∈ N : Rad(n) | m andm | n} and for n ∈ N, Rad(n) denotes the radical of n, the largest
squarefree integer dividing n and γ(f , k) = ∏

ℓ|f ℓ
vℓ(k)+1. Here ζd = e2πi/d and Γ1/d denotes the set of real

numbers α such that αd ∈ Γ.
If Γ = ⟨a⟩ with a ∈ Q \ {−1, 0, 1}, then the density in question is the density of primes p for which ordp(a),

the order of a modulo p, is divisible by m. Expessions for ϱ(⟨a⟩,m) have been proposed by several authors
([5, 6, 28, 22, 30, 37]). The most general formula is due to Moree in [22, Theorem 2]. He has shown the
following:

Theorem 4.1. Let a ∈ Q \ {−1, 0, 1}, write a = ±ah
0 with a0 > 0 not the exact power of a rational number.

Set δ(a) = disc(Q(
√
a0)), denote by vℓ(h) the ℓ–adic valuation of h and (h,m∞) =

∏
ℓ|m ℓvℓ(h), where ℓ

always denotes a prime number. Finally set v = v2(δ(a)/mh). Then

ϱ(⟨a⟩,m) =
νa,m

m(h,m∞)

∏
ℓ|m

(
ℓ2

ℓ2 − 1

)
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εa,m =



−1
2 if a > 0, v ≤ 0, or

if a < 0, v = 1;
1
4 if a < 0, v ≤ 0, or

if a > 0, v = 1;
1
16 if v > 1,

νa,m =



1 if 2 - m;

1 + 3(1 − a
|a|)(2

v2(h) − 1)/4 if 2∥m, δ(a) - 4m;

1 + 3(1 − a
|a|)(2

v2(h) − 1)/4 + εa,m if 2∥m, δ(a) | 4m;

1 if 4 | m, δ(a) - 4m;

1 + ε|a|,m if 4 | m, δ(a) | 4m.

In particular, if a > 0, then

νa,m =

1 + (−1/2)2max{0,v}
if 2 | m, δ(a) | 4m;

1 otherwise.

Regarding the higher rank case, for k ∈ N, we set

Γ(k) = Γ · (Q∗)k/(Q∗)k

which is a finite group with order dividing 2 · kr.
In [31] it was proved the following:

Theorem 4.2. Assume that Γ is a finitely generated subgroup of Q+ and that m ∈ N. For any squarefree
integer η, let tη = ∞ if eitherm is odd or for all t ≥ 0, η2t

Q∗2t+1
̸∈ Γ(2t+1) and

tη = min
{
t ∈ N : η2t

Q∗2t+1
∈ Γ(2t+1)

}
otherwise. Furthermore let sη = v2

(
δ(η)
m

)
, where δ(η) is the

discriminant of Q(
√
η) and let σΓ =

∏
ℓ∈Supp Γ ℓ. Then

ϱΓ,m =
1

φ(m)

∏
ℓ|m
ℓ>2

1 −
∑
j≥1

ℓ− 1
ℓj |Γ(ℓj)|


1 −

∑
η|gcd(m,σΓ)

ψη

 ,

where

ψη =



0 if tη = ∞;∑
k>tη

1
2k
∣∣∣Γ(2k)

∣∣∣ if sη ≤ tη < ∞;

− 1
2sη |Γ(2sη )| +

∑
k>sη

1
2k
∣∣∣Γ(2k)

∣∣∣ if sη > tη.

It is not difficult to check that:
• since∑j≥1

1
ℓj |Γ(ℓj)| is rational for any prime ℓ, ϱΓ,m is also rational;

• in the special case when Γ = ⟨a⟩ with a > 0, the formulas of the above Theorems coincide. See for
example [30, page 333–Remark 4].
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The goal of this Chapter is to extend the above Theorem by removing the constraint that Γ ⊂ Q+. We prove
the following:

Theorem4.3. Let Γ be a finitely generated subgroup ofQ∗ and thatm ∈ N. We assume the following notations:
• for β ≥ 1, Γ2(2β) is the 2–torsion subgroup of Γ(2β) = Γ · (Q∗)2β

/(Q∗)2β ;
• for γ = ±(γ0)2β−1

(Q∗)2β ∈ Γ2(2β), with γ0 ∈ N square free , δ(γ) denotes the field discriminant of
Q(

√
γ0);

• Γ2(2β,m) = {γ ∈ Γ2(2β) : δ(γ) | 4m};

• for γ ∈ Γ(2β), sgn(γ) =

1 if γ ⊂ Q>;

−1 otherwise.
Then

ϱΓ,m =
1

φ(m)

∏
ℓ|m
ℓ>2

1 −
∑
j≥1

ℓ− 1
ℓj |Γ(ℓj)|

× (1 −XΓ,m)

where,
• if 2 - m, or, if 2∥m and −1 ∈ Γ, XΓ,m = 0;

• if 2∥m, XΓ,m =
∑
β≥1

1
2β|Γ(2β)|

∑
γ∈Γ2(2β ,m)

ε(β, γ) sgn(γ).

with ε(1, γ) :=
(

−4
γ0

)
, ε(2, γ) := (−1)γ0+1, ε(β, γ) := 1 for β ≥ 3;

• if 4∥m, XΓ,m =
∑
β≥1

∣∣∣Γ2(2β,m)
∣∣∣

2β
∣∣∣Γ(2β)

∣∣∣ − |{γ ∈ Γ2(2,m) : 8 | δ(γ)}|
|Γ(2)|

;

• if 8 | m, XΓ,m =
∑
β≥1

∣∣∣Γ2(2β,m)
∣∣∣

2β
∣∣∣Γ(2β)

∣∣∣ .

4.2 The degree of Kummer extensions
In order to prove the Theorem, we need an explicit formula for the degree [Q(ζm, Γ1/d) : Q] where d | m.

A result with the correct level of generality can be found in [2]:

Lemma 4.1. Let Γ ⊂ Q∗ be a finitely generated group. Letm, d ∈ N with d | m. Then

[Q(ζm, Γ1/d) : Q] = |Γ(d)| × |Γ̃m,d|−1 (4.2)

where Γ(d) := Γ · Q∗d/Q∗d and
Γ̃m,d = Γ̃+

m,d ∪ Γ̃−
m,d.

Here, if we let Γ2(d) = Γ(2v2(d))[2], the 2–torsion group and, for γ = ±γ2v2(d)−1
0 Q∗2v2(d) ∈ Γ2(d), with

γ0 > 0 not the exact power of any rational number, we let δ(γ) := disc(Q(
√
γ0), then

Γ̃+
m,d = {γ ∈ Γ2(d) : γ ⊂ Q+, δ(γ) | m}
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and

Γ̃−
m,d =

{γ ∈ Γ2(d) : γ * Q+, δ(γ) | m} if v2(d) < v2(m)

{γ ∈ Γ2(d) : γ * Q+, δ(γ) | 2m but δ(γ) - m} if v2(d) = v2(m).

4.3 Proof of Theorem 4.3
Proof. We use the formulas for the degrees of Lemma 4.1 which lead to the following identity:

[Q(ζnd, Γ1/γ(f , n
m )) : Q] =

dφ(n)

|Γ̃nd,γ(f , n
m )|

∏
ℓ|f

∣∣∣Γ(ℓvℓ(n/m)+1)
∣∣∣ ,

where γ(f , n
m) =

∏
ℓ|f ℓ

vℓ(
n
m )+1. Note that Γ̃nd,γ(f , n

m ) is trivial if f is odd while if 2 | f , then v2(γ(f , n
m)) =

v2(
n
m) + 1, so that (if 2 | f ) Γ̃nd,γ(f , n

m ) = Γ̃nd,2n/m. Also note that, if 2 | n, 2n/m is a divisor of nd. Thus,
the sum defining ϱΓ,m in (4.1), equals

∑
n∈Sm

1
φ(n)

∑
d|n

µ(d)

d

∑
f |n

f odd

µ(f)
∏
ℓ|f

1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣

+
∑

n∈Sm

 ∑
f |n

f even

µ(f)
∏
ℓ|f

1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣

 1
φ(n)

∑
d|n

µ(d)

d
#Γ̃nd,2n/m


= S1 + S2,

say. To compute S1, we use the identity

1
φ(n)

∑
d|n

µ(d)

d
=

1
n

.

So that

S1 =
∑

n∈Sm

1
n

∏
ℓ|m
ℓ≥3

(
1 −

∣∣∣Γ(ℓvℓ(n/m)+1)
∣∣∣−1)

=

 ∑
α≥v2(m)

1
2α

×
∏
ℓ|m
ℓ≥3

∑
j≥vℓ(m)

1
ℓj

(
1 −

∣∣∣Γ(ℓj−vℓ(m)+1)
∣∣∣−1)

=
2
m

∏
ℓ|m
ℓ≥3

∑
j≥0

1
ℓj

(
1 −

∣∣∣Γ(ℓj+1)
∣∣∣−1)

=
1

φ(m)

∏
ℓ|m
ℓ≥3

1 − (ℓ− 1)
∑
j≥1

1
ℓj |Γ(ℓj)|

 .

(4.3)
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We also deduce that form odd, S2 = 0, since the sum over f is empty, and

ϱΓ,m =
1

φ(m)

∏
ℓ|m
ℓ≥3

1 −
∑
j≥1

ℓ− 1
ℓj |Γ(ℓj)|

 .

Whenm is even, in order to compute

S2 =
∑

n∈Sm

∑
f |n

f odd

µ(f)
∏
ℓ|f

1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣
 −1∣∣∣Γ(2v2(2n/m))

∣∣∣
 1
φ(n)

∑
d|n

µ(d)

d
#Γ̃nd,2n/m



=
∑

n∈Sm

∏
ℓ|m
ℓ≥3

1 − 1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣
 −1∣∣∣Γ(2v2(2n/m))

∣∣∣
 1
φ(n)

∑
d|n

µ(d)

d
#Γ̃nd,2n/m

 , (4.4)

we observe that if, for k ∈ N we write k = 2v2(k)k′, then

#Γ̃nd,2n/m = #Γ̃2v2(dn)m′,2v2(2n/m) .

Hence

1
φ(n)

∑
d|n

µ(d)

d
#Γ̃nd,2n/m =

1
φ(n′)

∑
d|n′

µ(d)

d
× 1

2v2(n)−1

(
#Γ̃2v2(n)m′,2v2(2n/m) − 1

2
#Γ̃2v2(2n)m′,2v2(2n/m)

)

=
2
n

(
#Γ̃2v2(n)m′,2v2(2n/m) − 1

2
#Γ̃2v2(2n)m′,2v2(2n/m)

)
.
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By replacing the above in (4.4), we obtain, form even:

S2 =
∑

n∈Sm

∏
ℓ|m
ℓ≥3

1 − 1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣
 −1∣∣∣Γ(2v2(2n/m))

∣∣∣ 2
n

(
#Γ̃2v2(n)m′,2v2(2n/m) − 1

2
#Γ̃2v2(2n)m′,2v2(2n/m)

)

=
∑

n′∈Sm′

1
n′

∏
ℓ|m
ℓ≥3

1 − 1∣∣∣Γ(ℓvℓ(
ℓn
m ))

∣∣∣
×

∑
α≥v2(m)

−1
2α−1

∣∣∣Γ(2α−v2(m/2))
∣∣∣
(
#Γ̃2αm′,2α−v2(m/2)

− 1
2

#Γ̃2α+1m′,2α−v2(m/2)

)
= S1 ×

∑
β≥1

−1
2β
∣∣∣Γ(2β)

∣∣∣
(
2#Γ̃2β−1m,2β − #Γ̃2βm,2β

)

= S1 ×
∑
β≥1

−1
2β
∣∣∣Γ(2β)

∣∣∣
∑

γ∈Γ2(2β)

τγ,m,2β

where,

τγ,m,2β =



2 if γ ∈ Γ̃2β−1m,2β \ Γ̃2βm,2β

1 if γ ∈ Γ̃2β−1m,2β ∩ Γ̃2βm,2β

0 if γ ̸∈ Γ̃2β−1m,2β ∪ Γ̃2βm,2β

−1 if γ ∈ Γ̃2βm,2β \ Γ̃2β−1m,2β .

Clearly τγ,2β ,m = 0 if δ(γ)′ - m′. Therefore we can write:

S2 = S1 ×
∑
β≥1

−1
2β
∣∣∣Γ(2β)

∣∣∣
∑

γ∈Γ2(2β)
δ(γ)′|m′

τγ,m,2β .

First assume that δ(γ)′ | m′ and that 4 | m. Then

τγ,m,2β =


1 if β ≥ 2, or

if β = 1 and v2(δ(γ)) ≤ v2(m);

−1 if β = 1 and v2(δ(γ)) = v2(m) + 1.

Note that it is impossible that v2(δ(γ)) > v2(m) + 1 since 4 | m.

35



CHAPTER 4 How to explicitely compute ϱ(Γ, m)

Second assume that δ(γ)′ | m′ and that 2∥m.

τγ,m,2β =


1 if v2(δ(γ)) ≤ β;

−1 if v2(δ(γ)) = β + 1;

0 if v2(δ(γ)) > β + 1

if γ ⊂ Q>, τγ,m2β =


−1 if v2(δ(γ)) ≤ β;

1 if v2(δ(γ)) = β + 1;

0 if v2(δ(γ)) > β + 1

if γ ̸⊂ Q>.

In the case when −1 ∈ Γ, γ ∈ Γ2(2β) if and only if −γ ∈ Γ2(2β). Hence, if 2∥m and −1 ∈ Γ,

∑
γ∈Γ2(2β)
δ(γ)′|m′

τγ,m,2β = 0.

We are left to consider the case 2∥m and −1 ̸∈ Γ.
It is not easy to check that if sgn γ = 1 if γ ⊂ Q> and −1 otherwise, then

τγ,m,2 =


sgn γ if γ0 ≡ 1 mod 4

− sgn(γ) if γ0 ≡ 3 mod 4

0 if γ0 ≡ 2 mod 4,

τγ,m,4 =

sgn γ if γ0 ≡ ±1 mod 4

− sgn γ if γ0 ≡ 2 mod 4.

and
τγ,m,2β = sgn γ if β ≥ 3.

Therefore

S2 = −S1 ×

 1
2 |Γ(2)|

∑
γ∈Γ2(2,m)

(
−4
γ0

)
sgn γ + 1

4 |Γ(4)|
∑

γ∈Γ2(4,m)

(−1)γ0+1 sgn γ

+
∑
β≥3

1
2β
∣∣∣Γ(2β)

∣∣∣
∑

γ∈Γ2(2β ,m)

sgn γ


and this completes the proof.

4.4 How to explicitely compute ϱ(Γ,m)
The crucial step to compute the density ϱ(Γ,m) is the calculation of the sizes of the groups:

Γ(ℓa) := Γ · (Q∗)ℓa

/(Q∗)ℓa
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for various primes ℓ. This is done to some extent in [? ]. Let ∥Γ∥ = {|g| : g ∈ Γ} ⊂ Q>. If ℓ is odd, then we
have that

#Γ(ℓa) = #∥Γ∥(ℓa).

If ℓ = 2 , then

#Γ(2a) =

2 × #∥Γ∥(2a) if − (Q∗)2a ∈ Γ(2a)

#∥Γ∥ otherwise.

Suppose that Γ ⊂ Q> and n ∈ N. Then

#Γ (n) =
nr

gcd(nr,nr−1∆1, . . . ,n∆r−1, ∆r)
.

where the elementary divisors ∆1, . . . , ∆r are defined as follows: Let Supp Γ = {p1, . . . , pr} be the support of
Γ, suppose that r is its rank and that a1, . . . , ar is a free set of generators of Γ. Write

ai = pei1
1 · pei2

2 · · · peir
r .

Then ∆k is the gcd of all the k× k minors of the matrix (eij).
• If gcd(∆r,m) = 1, then Γ(ℓa) = ℓra and

1
φ(m)

∏
ℓ|m

1 −
∑
β≥1

ℓ− 1
ℓβ#Γ(ℓβ)

 =
1
m

∏
ℓ|

(
ℓ

ℓ− 1
− ℓ

ℓr+1 − 1

)
=

1
m

∏
ℓ|m

ℓ2(ℓr − 1)
(ℓ− 1)(ℓr+1 − 1)

• Suppose r = 2 and set x1 = v2(∆1) and x2 = v2(∆2).

ℓ

ℓ− 1
− ℓ

∑
β≥1

ℓmax{β2,x1β,x2}

ℓ3β

 =
ℓ

ℓ− 1
− ℓ

 ∑
1≤α≤x1

1
ℓα

+
∑

x1<α≤x2−x1

ℓx1

ℓ2α
+

∑
α>x2−x1

ℓx2

ℓ3α


=

ℓ

ℓ− 1
− ℓ

1
ℓ

ℓ−x1 − 1
ℓ−1 − 1

+ ℓ−x1
∑

0<α≤x2−2x1

1
ℓ2α

+ ℓ2x2−3x1
∑
α>0

1
ℓ3α


=

ℓ

ℓ− 1
− ℓ

{
1 − ℓ−x1

ℓ− 1
+ ℓ−x1 1 − ℓ−2x2+4x1

ℓ2 − 1
+ ℓ−2x2+3x1 1

ℓ3 − 1

}

=
1
ℓx1

ℓ2

ℓ2 − 1
− 1
ℓ2x2−3x1

ℓ4 − ℓ3

(ℓ2 − 1)(ℓ3 − 1)
.

Hence

1
φ(m)

∏
ℓ|m

1 −
∑
β≥1

ℓ− 1
ℓβ#Γ(ℓβ)

 =
1
m

∏
ℓ|m

(
1
ℓx1

ℓ2

ℓ2 − 1
− 1
ℓ2x2−3x1

ℓ4 − ℓ3

(ℓ2 − 1)(ℓ3 − 1)

)
.
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More complicated formulas can be derived also for the case when r ≥ 3.
4.4.1 Comparison with Moree’s formulas
Suppose r = 1 and Γ = ⟨a⟩ with a ∈ Q \ {−1, 0, 1}, we write a = ±ah

0 with a0 > 0 not the exact power of
a rational number. Then h = ∆1 and #⟨a⟩(m) = m/ gcd(m,h). A quick calculation shows that

1
φ(m)

∏
ℓ|m
ℓ>3

1 −
∑
β≥1

ℓ− 1
ℓβ#Γ(ℓβ)

 =
2v2(h)+1

m gcd(h,m∞)

∏
ℓ|m
ℓ>3

ℓ2

ℓ2 − 1
.

In fact, if x1 = v2(h), then

ℓ

ℓ− 1
− ℓ

∑
β≥1

ℓmax{β,x1}

ℓ2β

 =
1
ℓx1

ℓ2

ℓ2 − 1
.

Hence, form odd, the formulas of Theorem 4.3 and of Theorem 4.1 coincides. We also deduce that for 2 | m

ϱ(Γ,m) =
1

m gcd(h,m∞)

∏
ℓ|m

ℓ2

ℓ2 − 1
× 3

2
× 2v2(h) (1 −XΓ,m) .

If 2 | m , then

Γ(2β) =


{Q∗2β

, −Q∗2β

} if a < 0 and v2(h) ≥ β;

{Q∗2β

} if a > 0 and v2(h) ≥ β;

{ajQ∗2β

: j = 0, . . . , 2β−v2(h) − 1} if β > v2(h).

Assume that δ(a) - 4m. Then

Γ2(2β,m) =

{Q∗2β

, −Q∗2β

} if a < 0 and v2(h) ≥ β;

{Q∗2β

} otherwise.

Hence
1 −

∑
β≥1

|Γ2(2β,m)|
2β|Γ(2β)|

=
2

3 × 2v2(h)

Finally

3
2

× 2v2(h) (1 −XΓ,m) =


1 if a > 0 or if 4|m;
3
2 × 2v2(h)

(
1 − 1

3×2v2(h)

)
if a < 0 and 2∥m.

Hence, form odd or for δ(a) - 4m, the formulas of Theorem 4.3 and of Theorem 4.1 coincides.
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Next assume that 2 | m, a > 0 and that δ(a) | 4m. Then

Γ2(2β,m) =

{Q∗2β

} if v2(h) ≥ β

{Q∗2β

, a2β−1
0 Q∗2β

} if v2(h) < β.

Hence
1 −

∑
β≥1

|Γ2(2β,m)|
2β|Γ(2β)|

=
1

3 × 2v2(h)
.

Finally

3
2

× 2v2(h) (1 −XΓ,m) =



17/16 if 2∥m, v2(h) = 0 and 8 | δ(a);

5/4 if 4∥m, 8 | δ(a) and v2(h) = 0;

if 2∥m, v2(h) = 1 and 8 | δ(a);

if 2∥m, v2(h) = 0 and 4∥δ(a);

1/2 if 8 | m, or

if 4∥m, 8 - δ(a) or v2(h) > 0;

if 2∥m, v2(h) > 1;

if 2∥m, v2(h) = 1, 8 - δ(a);

if 2∥m, v2(h) = 0, 2 - δ(a).

Hence, form odd or for δ(a) - 4m or for a > 0, the formulas of Theorem 4.3 and of Theorem 4.1 coincides.
Last assume that 2 | m, a < 0 and that δ(a) | 4m. Then

Γ2(2β,m) =


{Q∗2β

, −Q∗2β

} if v2(h) ≥ β

{Q∗2β

, −a2β−1
0 Q∗2β

} if v2(h) = β − 1

{Q∗2β

, a2β−1
0 Q∗2β

} if if v2(h) < β − 1.

Hence
1 −

∑
β≥1

|Γ2(2β,m)|
2β|Γ(2β)|

=
1

3 × 2v2(h)
.

Finally, if 4 | m, then

3
2

× 2v2(h) (1 −XΓ,m) =


5/4 if 4∥m, 8 | δ(a) and v2(h) = 0;

1/2 if 8 | m

if 4∥m, 8 - δ(a) or v2(h) > 0,
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and, if 2∥m ,then

3
2

× 2v2(h) (1 −XΓ,m) =



17/16 if v2(δ(a) = 3 and v2(h) = 0;

1/2 if v2(δ(a)) = 2 and v2(h) = 0;

5/4 if v2(δ(a)) = 0 and v2(h) = 0;

2 if v2(δ(a)) = 3 and v2(h) = 1;

11/4 if v2(δ(a)) < 3 and v2(h) = 1;
3
2 × 2v2(h) − 1/4 if v2(h) ≥ 2.

Hence, in all cases when Γ = ⟨a⟩, the formulas of Theorem 4.3 and of Theorem 4.1 coincides.

4.5 Numerical Data
In this section we compare numerical data. The density ϱ(Γ,m) can be explicitely computed once a set of

generators of Γ is given. The first table compares the values of ϱ(⟨−1, a⟩,m) as in Theorem 4.3 (second row)
and π(109,⟨−1,a⟩,m)

π(109) (first row) with 2 ≤ a ≤ 10 andm = 2, . . . , 10. All values have been truncated to 7 decimal
digits.

m\a 2 3 4 5 6 7 8 9 10

2
0.9999999 0.9999999 0.9999999 0.9999999 0.9999999 0.9999999 0.9999999 0.9999999 0.9999999

1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000

3
0.3750162 0.3749919 0.3750162 0.3749945 0.3750245 0.3749809 0.1249966 0.3749919 0.3749708

0.3750000 0.3750000 0.3750000 0.3750000 0.3750000 0.3750000 0.1250000 0.3750000 0.3750000

4
0.4166745 0.3333555 0.0833265 0.3333396 0.3333192 0.3333367 0.4166745 0.1666562 0.3333669

0.4166666 0.3333333 0.0833333 0.3333333 0.3333333 0.3333333 0.4166666 0.1666666 0.3333333

5
0.2083311 0.2083280 0.2083311 0.2083616 0.2083418 0.2083259 0.2083311 0.2083280 0.2083098

0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333

6
0.3750162 0.3749919 0.3750162 0.3749945 0.3750245 0.3749809 0.1249966 0.3749919 0.3749708

0.3750000 0.3750000 0.3750000 0.3750000 0.3750000 0.3750000 0.1250000 0.3750000 0.3750000

7
0.1458489 0.1458220 0.1458489 0.1458239 0.1458389 0.1458159 0.1458489 0.1458220 0.1458463

0.1458333 0.1458333 0.1458333 0.1458333 0.1458333 0.1458333 0.1458333 0.1458333 0.1458333

8
0.0833265 0.1666562 0.0416661 0.1666921 0.1666536 0.1666561 0.0833265 0.0833204 0.1666902

0.0833333 0.1666666 0.0833333 0.1666666 0.1666666 0.1666666 0.0833333 0.0833333 0.1666666

9
0.1249966 0.1250027 0.1249966 0.1249958 0.1250068 0.1250054 0.0416750 0.1250027 0.1249969

0.1250000 0.1250000 0.1250000 0.1250000 0.1250000 0.1250000 0.0416666 0.1250000 0.1250000

10
0.2083311 0.2083280 0.2083616 0.2083616 0.2083418 0.2083259 0.2083311 0.2083280 0.2083098

0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333 0.2083333

The next table compares the values of ϱ(⟨−a, b⟩,m) as in Theorem 4.3 (second row) and π(109,⟨−a,b⟩,m)
π(109) (first

row) with 2 ≤ a, b ≤ 5 and ⟨−a, b⟩ of rank 2. All values have been truncated to 7 decimal digits.
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m\(−a, b) (-2,3) (-2,5) (-3,2) (-3,4) (-3,5) (-4,3) (-4,5) (-5,2) (-5,3) (-5,4)

2
0.8705485 0.8705288 0.8705338 0.7410800 0.8571489 0.9285638 0.9285677 0.8705286 0.8571464 0.7410777

0.8705457 0.8705457 0.8705457 0.7410714 0,8571428 0.9285714 0.9285714 0.8705457 0,8571428 0.7410714

3
0.4615489 0.4615368 0.4615489 0.4615489 0.4615306 0.4615489 0.4615368 0.4615368 0.4615306 0.4615368

0.4615384 0.4615384 0.4615384 0.4615384 0.4615384 0.4615384 0.4615384 0.4615384 0.4615384 0.4615384

4
0.4821469 0.4821530 0.4821469 0.3392994 0.4285866 0.3392994 0.3392914 0.4821530 0.4285866 0.3392914

0.4821428 0.4821428 0.4821428 0.3392857 0.4285714 0.3392857 0.3392857 0.4821428 0.4285714 0.3392857

5
0.2419332 0.2419311 0.2419332 0.2419332 0.2419252 0.2419332 0.2419311 0.2419311 0.2419252 0.2419311

0.2419354 0.2419354 0.2419354 0.2419354 0.2419354 0.2419354 0.2419354 0.2419354 0.2419354 0.2419354

6
0.4574275 0.4017685 0.3420480 0.2225239 0.3296714 0.3956073 0.4285727 0.4017794 0.4450531 0.3420354

0.4574175 0.4017857 0.3420329 0.2225274 0.3296703 0.3956043 0.4285714 0.4017857 0.4450549 0,3420329

7
0.1637375 0.1637373 0.1637375 0.1637375 0.1637352 0.1637375 0.1637373 0.1637373 0.1637352 0.1637373

0.1637426 0.1637426 0.1637426 0.1637426 0.1637426 0.1637426 0.1637426 0.1637426 0.1637426 0.1637426

8
0.1785587 0.1785900 0.1785587 0.1696331 0.2142934 0.1696331 0.1696659 0.1785900 0.2142934 0.1696659

0.1785714 0.1785714 0.1785714 0.1696428 0.2142857 0.1696428 0.1696428 0.1785714 0.2142857 0.1696428

9
0.1538451 0.1538464 0.1538451 0.1538451 0.1538590 0.1538451 0.1538464 0.1538464 0.1538590 0.1538464

0.1538461 0.1538461 0.1538461 0.1538461 0.1538461 0.1538461 0.1538461 0.1538461 0.1538461 0.1538461

10
0.2106084 0.1792937 0.2106117 0.1792846 0.1728040 0.2246538 0.2073685 0.2397705 0.2332921 0.2376132

0.2106134 0.1792914 0.2106134 0.1792914 0.1728110 0.2246543 0.2073732 0.2397753 0.2332949 0.2376152

The next table compares the values of ϱ(⟨−a, −b⟩,m) as in Theorem 4.3 (second row) and π(109,⟨−a,−b⟩,m)
π(109)

(first row) with 2 ≤ a < b ≤ 5 and ⟨−a, −b⟩ of rank 2 which do not appear in the table above. All values have
been truncated to 7 decimal digits.

m\(−a, b) (-2,-3) (-2,-5) (-3,-4) (-3,-5) (-4,-5)

2
0.8705314 0.8705488 0.9285885 0.8571462 0.9285705

0.8705357 0.8705357 0.9285714 0.8571428 0.8705357

3
0.4615489 0.4615368 0.4615489 0.4615306 0.4615368

0.4615384 0.4615384 0.4615384 0.4615384 0.4615384

4
0.4821469 0.4821530 0.3392994 0.4285866 0.3392914

0.4821428 0.4821428 0.3392857 0.4285714 0.3392857

5
0.2419332 0.2419311 0.2419332 0.2419252 0.2419311

0.2419332 0.2419311 0.2419332 0.2419332 0.2419252

6
0.3420248 0.4017928 0.3956284 0.3296539 0.4285691

0.34203296 0.4017857 0.3956043 0.3296703 0.4285714

7
0.1637375 0.1637373 0.1637375 0.1637352 0.1637373

0.1637426 0.1637426 0.1637426 0.1637426 0.1637426

8
0.1785587 0.1785900 0.1696331 0.2142934 0.1696659

0.1785714 0.1785714 0.1696428 0.2142857 0.1696428

9
0.1538451 0.1538464 0.1538451 0.1538590 0.1538464

0.1538461 0.1538461 0.1538461 0.1538461 0.1538461

10
0.2106062 0.2397738 0.2246562 0.2332870 0.2073765

0.2106134 0.2397753 0.2246543 0.2332949 0.2073732

The next table compares the values of ϱ(⟨±2, ±3, ±5⟩,m) as in Theorem 4.3 (second row) and π(109,⟨±2,±3,±5⟩,m)
π(109)

(first row) andm = 2, . . . , 10. All values have been truncated to 7 decimal digits.
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m\(±a, ±b, ±c) (-2,3,5) (2,-3,5) (2,3,-5) (-2,-3,5) (-2,3,-5) (2,-3,-5) (-2,-3,-5)

2
09369727 0.9369867 0.9369780 0.9369753 0.9369809 0.9369824 0.9369852

0.9369791 0.9369791 0.9369791 0.9369791 0.9369791 0.9369791 0.9369791

3
0.4874978 0.4874978 0.4874978 0.4874978 0.4874978 0.4874978 0.4874978

0.4875000 0.4875000 0.4875000 0.4875000 0.4875000 0.4875000 0.4875000

4
0.4958488 0.4958488 0.4958488 0.4958488 0.4958488 0.4958488 0.4958488

0.4958333 0.4958333 0.4958333 0.4958333 0.4958333 0.4958333 0.4958333

5
0.2483914 0.2483914 0.2483914 0.2483914 0.2483914 0.2483914 0.2483914

0.2483974 0.2483974 0.2483974 0.2483974 0.2483974 0.2483974 0.2483974

6
0.4869885 0.4260683 0.4869926 0.4260422 0.4869911 0.4260532 0.4260539

0.4869921 0.4260546 0.4869921 0.4260546 0.4869921 0.4260546 0.4260546

7
0.1662449 0.1662449 0.1662449 0.1662449 0.1662449 0.1662449 0.1662449

0.1662500 0.1662500 0.1662500 0.1662500 0.1662500 0.1662500 0.1662500

8
0.2166697 0.2166697 0.2166697 0.2166697 0.2166697 0.2166697 0.2166697

0.2166666 0.2166666 0.2166666 0.2166666 0.2166666 0.2166666 0.2166666

9
0.1625054 0.1625054 0.1625054 0.1625054 0.1625054 0.1625054 0.1625054

0.1625000 0.1625000 0.1625000 0.1625000 0.1625000 0.1625000 0.1625000

10
0.2170817 0.2170833 0.2481338 0.2170819 0.2481318 0.2481331 0.2481336

0.2170890 0.2170890 0.2481386 0.2170890 0.2481386 0.2481386 0.2481386

11
0.0999258 0.0999258 0.0999258 0.0999258 0.0999258 0.0999258 0.0999258

0.0999316 0.0999316 0.0999316 0.0999316 0.0999316 0.0999316 0.0999316

12
0.2396969 0.2396969 0.2396969 0.2396969 0.2396969 0.2396969 0.2396969

0.2396875 0.2396875 0.2396875 0.2396875 0.2396875 0.2396875 0.2396875

13
0.0832971 0.0832971 0.0832971 0.0832971 0.0832971 0.0832971 0.0832971

0.0832983 0.0832983 0.0832983 0.0832983 0.0832983 0.0832983 0.0832983

14
0.1557722 0.1557708 0.1557699 0.1557610 0.1557671 0.1557703 0.1557664

0.1557727 0.1557727 0.1557727 0.1557727 0.1557727 0.1557727 0.1557727

15
0.1210907 0.1210907 0.1210907 0.1210907 0.1210907 0.1210907 0.1210907

0.1210937 0.1210937 0.1210937 0.1210937 0.1210937 0.1210937 0.1210937

16
0.1083288 0.1083288 0.1083288 0.1083288 0.1083288 0.1083288 0.1083288

0.1083333 0.1083333 0.1083333 0.1083333 0.1083333 0.1083333 0.1083333
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Chapter 5

Future work-Densities related to average order of subgroups of Q∗

5.1 Introduction
Let g ∈ Q \ {0, ±1} and consider a prime p not dividing the numerator or denominator of g, let ℓg(p) denote

the multiplicative order of g modulo p. For simplicity, when p does divide the numerator or denominator of g,
we let ℓg(p) = 1. Define

cg :=
∞∑

k=1

φ(k)Rad(k)(−1)ω(k)

k2[Q(g1/k, e2πi/k) : Q]
.

Assuming GRH, Kurlberg and Pomerance [16, Theorem 2] proved that the series for cg converges absolutely,
and,

1
π(x)

∑
p≤x

ℓg(p) =
1
2
cg · x+O

(
x

(log x)1/2−1/ log log log x

)
.

Further, with g = a/bwhere a, b ∈ Z, the error estimate holds uniformly for |a|, |b| ≤ x. Here Rad(k) denotes
the largest squarefree divisor of k and ω(k) the number of primes dividing Rad(k).
The authors of [16] gave a more explicit formula for cg. Write g = ±gh

0 where h is a positive integer and
g0 >0 is not an exact power of a rational number. Let δ(g) be the field discriminant of Q(

√
g0).

n =



lcm[2v2(h)+1, δ(g)] if g > 0;

δ(g)/2 if g < 0, v2(h) = 0 and 4∥δ(g);

δ(g)/4 if g < 0, v2(h) = 1 and 8 | δ(g);

lcm[2v2(h)+2, δ(g)] otherwise.

Then

cg =
∏

ℓ prime
F (ℓ) ×

H −
∏

ℓ|2δ(g)

1 − G(ℓ)

F (ℓ)


where

F (ℓ) = 1 − ℓ

ℓ2 − 1
+

ℓ3

ℓ2vℓ(h)(ℓ+ 1)(ℓ3 − 1)
,G(ℓ) =

1 −
v2(n)−1∑

j=1
ℓ1−3j+min(j,vℓ(h))


and

H =


29

21·4v2(h)+8 if v2(h) > 0 and g < 0;

1 otherwise.
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CHAPTER 5 Introduction

which is easily seen to be a rational multiple of

c :=
∏
ℓ

(
1 − ℓ

ℓ3 − 1

)
= 0.5759599689....

Let Γ ⊂ Q∗ be a finitely generated multiplicative group of rank r. We denote by Supp Γ, the support of Γ,
i.e. the finite set of those primes ℓ such that the ℓ–adic valuation of some elements of Γ is nonzero. For any
prime p ̸∈ Supp Γ, we consider the reduction group:

Γp = {γ mod p : γ ∈ Γ} ⊂ F∗
p.

C. Pelhivan in [33] proved he following result:

Theorem 5.1. Let Γ ⊆ Q∗ be a finitely generated multiplicative subgroup with rank r ≥ 2 and assume that the
Generalized Riemann Hypothesis holds for Q(ζk, Γ1/k) (k ∈ N). Let

CΓ :=
∑
k≥1

φ(k)Rad(k)(−1)ω(k)

k2[Q(ζk, Γ1/k) : Q]
.

Then the series CΓ converges absolutely and as x → ∞,

1
π(x)

∑
p≤x

|Γp| = 1
2
CΓ · x+OΓ

(
x(log log x)
(log x)r

)

where the constant implied by the OΓ–symbol may depend on Γ.

In the same paper derived the following identity:

Theorem 5.2. Assume that Γ is a finitely generated subgroup of Q+. Then

CΓ =
∏
p

1 −
∑
α≥1

1
p2α−1|Γ(pα)|


1 +

∑
η|σΓ
η ̸=1

∑
α≥γη

1
22α−1|Γ(2α)|∑

α≥1

1
22α−1|Γ(2α)|

∏
p|2η

1 −

∑
α≥1

1
p2α−1|Γ(pα)|

−1
−1


where γη = max{1 + tη, v2(δ(η))}. and

tη =

∞ if for all t ≥ 0, η2t
Q∗2t+1

̸∈ Γ(2t+1)

min{t ∈ N : η2t
Q∗2t+1

∈ Γ(2t+1)} otherwise.
(5.1)
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From the above result it is not difficult to deduce that CΓ is a rational multiple of

Cr =
∏
p

(
1 − p

pr+2 − 1

)

So, in the particular case when Γ = ⟨g⟩ ha rank 1 and we write g = gh
0 where g0 > 0 is not the power of any

rational number and g0 = g1g
2
2 where g1 is square free, then it is not difficult to check that tg1 = v2(h) and

tη = ∞ if η ̸= g1.
It is our plan to extend the Theorem above to the case when Γ is not necessarily contained in Q+. The tool

of the previous chapters will be used in this future project.
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