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There is a tide in the affairs of men,
Which, taken at the flood, leads on to fortune;

Omitted, all the voyage of their life
Is bound in shallows and in miseries.
On such a full sea are we now afloat;

And we must take the current when it serves,
Or lose our ventures.

Julius Caesar, William Shakespeare



Abstract

Coda wave attenuation tomography images efficiently highly-heterogeneous regions
such as volcanic areas or areas characterized by fluid/melts and temperature gradi-
ents. However, as the large-scale structure variations hinder the separation of stochas-
tic effects from complex coherent propagation, imaging heterogeneities across oceanic
basins with this method at the regional scale and for low frequencies presents chal-
lenges. This thesis focuses on the physics behind stochastic and coherent wave propa-
gation in mixed continental-oceanic settings, benchmarking results with a combination
of radiative-transfer and wave-equation forward modelling approaches and codes, and
inversion tools specifically designed for coda-attenuation imaging.

Coda-wave attenuation imaging is applied across Italy and the Tyrrhenian basin, a
mixed continental-oceanic crust, in the frequency band 0.5-1.5Hz using regional seis-
mograms and diffusive sensitivity kernels. The attenuation maps show the sensitivity
of the late-time coda waves to the shallow oceanic Moho discontinuity that produces
coherent reverberations. They suggest the potential of regional-scale data to provide
higher resolution maps of Moho, velocity variations and heterogeneities than what is
currently available.

The radiative transfer and wave-equation forward modelling evaluate the effects of
sharp structural variations on wave propagation. Radiative-transfer-based simulations
allow exploring the response of seismic wavefield to structural and heterogeneity spec-
trum variations by combining ray and scattering theories. The provided modelling of
both the coherent and the stochastic wavefields is able to constrain both heterogene-
ity spectrum and crustal interfaces across the Tyrrhenian basin. The seismic scattering
mechanism turns out to be predominantly resonant in the � 1 Hz frequency band. As
a consequence, crustal reverberations are the dominant physical mechanism generating
coda: these waves can propagate and reverberate in the crustal waveguides induced by
sharp changes in continental and oceanic crust.

The full-waveform modelling based on the finite difference method improves the
Radiative Transfer forward model by exploring the full 3D propagation, including real-
istic topography, bathymetry and laterally-varying interfaces. The wavefield simulation
in different crustal models highlights the presence of a crustal waveguide with a later-



ally varying thickness in the Southern Tyrrhenian basin. Synthetic tests were performed
by correlating the recorded data with wavefield simulations in crustal models with and
without a crustal pinch. This quantitative comparison discriminates the phases arrival
and amplitude influenced primarily by the continental Moho and the thin waveguide
across oceans.

The combined results of imaging and radiative transfer results with wave equation
forward modelling across the Southern Tyrrhenian Sea show that regional waveforms
from a single earthquake can be fully exploited thus resolving Moho depths and varia-
tions in sediment thickness across the basin. The joint radiative transfer and wave equa-
tion approach is ideally suited to become the benchmark forward-modelling approach
for full-waveform inversions in oceanic settings and regions of crustal reverberations.
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Introduction

Knowing the structure and composition of the Solid Earth is fundamental for all

�elds of Earth Science research, from the academic-led investigation of the Earth core,

mantle, and crust to the detection of mineral-, water- and oil & gas resources. Seismol-

ogy is the leading discipline when targeting the Earth interior from shallower to deeper

structures. It provides valid answers by studying the waves propagation from passive

and active seismic surveys. The seismic stations distributed on the Earth's surface de-

tect the waves recording the travel times and the amplitude. Different analyses in terms

of seismic velocity and attenuation can be performed using the station recordings to

characterize the propagation medium. The joint application of velocity and attenuation

tomography improves the reconstruction of structural features of the Earth at local, re-

gional, and global scales. In this framework, measurements of direct- and coda-wave

seismic attenuation show high sensitivity to crustal and upper-mantle heterogeneities

(Romanowicz and Mitchell, 2007). This information can be mapped in space depend-

ing on the characteristics of the studied phases (e.g., direct or refracted waves), their

sensitivity to space and their dominant frequency content (Dahlen and Baig, 2002).

When the seismic information is used to map the Earth structure, sharp lateral vari-

ations of the medium properties strongly affect the seismic wave�eld and the redistribu-

tion of energy in space and time. Studying how waves propagate and respond to these

variations allows the retrieval of information about the media. Two structural settings

where these variations produce important trade-offs in modelling are oceanic basins

characterized by mixed continental-oceanic crust and highly scattering and absorption

media (i.e., magmatic systems). The contributions from the random small-scale hetero-

geneities and the large-scale (deterministic) discontinuities are dif�cult to separate. The

discrimination between the stochastic signature and the coherent wave propagation is

fundamental for improving imaging techniques of oceanic basins, submerged continen-

tal crust and extended magmatism.

My PhD project tackles this problem from a tomographic and modelling perspec-
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tive by simulating heterogeneous seismic wave�elds with Radiative Transfer and wave-

equation methods. The �nal scope is to provide novel tomographic images of these

challenging environments when the scale of the heterogeneity and the wavelengths for-

bid a standard description in terms of single scattering or diffusive processes. My PhD

focuses on the importance of modelling both the coherent and the stochastic wave�elds

to reconcile regional-scale imaging of continental, magmatic and oceanic lithosphere

with the geodynamic interpretation of the evolution process (Nardoni et al., 2021, Nar-

doni et al. in preparation). The project combines seismic attenuation tomography with

radiative transfer and wave-equation modelling of the seismic wave�eld to improve the

imaging of oceanic crust, including realistic topography and rheologically-driven seis-

mic parameters.

The joint application of forward modelling and seismic coda attenuation tomography

has improved our ability to discriminate between coherent re�ections and reverberations

produced by structural interfaces, such as the Moho, and the random heterogeneity that

characterizes both crust and mantle. The Italian peninsula and the Tyrrhenian basin

are the ideal environments to test the potential of seismic tomography and modelling

in the presence of crustal reverberations, crustal pinches, and volcanic materials. This

study has provided the �rst crustal attenuation model of the Italian peninsula, showing

that coda attenuation at low frequencies can detect variations in Moho depths: in the-

ory, this provides a way to map the Moho with regional seismicity, without using tele-

seisms. In the �rst part of my research, I have modelled the effects of lateral variations

of crustal structures and properties on seismic energy propagation across these areas

and obtained the �rst diffusion-based coda attenuation model of the Italian peninsula

and Tyrrhenian basins. I have used novel forward modelling (Sanborn et al., 2017) and

inversion (De Siena et al., 2017) open-access codes based on both eikonal approxima-

tion and Radiative Transfer theory (RTT). These models close the gap between frequen-

cies and scales where wave-equation-based and adjoint methods encounter some of their

greater challenges. Wave-equation methods and �nite difference approach (OpenSWPC

- Maeda et al. (2017)) are then necessary to reconcile mixed oceanic-continental models

of the crust with regional-scale images obtained across the lithosphere (e.g., Blom et al.,

2020).

In the second part of the project, wave-equation methods and codes based on Finite

Differences (OpenSWPC - Maeda et al. (2017)) are employed to investigate the effects

of the 3D propagation on the full waveforms. OpenSWPC is a code developed by the
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heterogeneous Earth community(Sato et al., 2012), tailored to work in high-attenuation

lithospheric media. In addition to deterministic interfaces, the wave propagation mod-

elling includes statistical �uctuations of the velocity �eld that characterize seismic wave

propagation at the crustal scale.

Combined imaging and modelling results can thus model crustal reverberations and

can �nally be used to map Moho depths with regional earthquakes. This framework

thus enables the de�nition of a joint wave-equation and radiative-transfer-based for-

ward modelling scheme for tomographic imaging and for mapping crustal parameters,

especially across the oceanic basins.

In the following chapters, I will present the imaging and modelling methods and

results by introducing �rst the theoretical background and, then, the data analysis.

Chapters 1and2 describe the theory of seismic wave attenuation and tomography

in the framework of seismic tomography applications at different scales and settings.

Chapter 3introduces the radiative transfer theory and its application to the mod-

elling of seismic energy envelopes, then introduces the simulation tool used in this

project (Radiative3D).

Chapter 4presents the application of coda attenuation imaging and radiative transfer

based simulations across Italy and the Tyrrhenian basin. It illustrates the methodology

and the obtained results of my paper (Nardoni et al., 2021) published in Physics of Earth

and Planetary Interior.

Chapters 5and 6 describe the wave equation modelling approach and the �nite-

difference based simulation tool (OpenSWPC).

Chapter 7presents the results of full-waveforms modelling and the sensitivity tests

of the wave�eld response to structural variations. The results described in this chapter

are part of the new paper, submitted to Surveys in Geophysics (preprint available on

ResearchSquare).



Chapter 1

Seismic Wave Attenuation

The structure of the Earth has been extensively studied using seismic waves gen-

erated by natural earthquakes and arti�cial sources. The basic view of the Earth con-

sists of a series of horizontal layers having different elastic properties, which are de-

termined from the travel times of body waves and surface waves dispersion curves.

Three-dimensional structures having a spatial scale larger than the predominant seis-

mic wavelength have been characterized using velocity tomography based on travel-

time data. Forward and inverse waveform-modelling methods have been developed to

model deterministic structures and the Earth's interior dynamics (Yuan and Romanow-

icz, 2010; French and Romanowicz, 2014). However, high-frequency (> 1 Hz) seismo-

grams contain wave trains following the direct S-wave or crustal phases that cannot be

explained by the deterministic structures, which are well described by the travel time to-

mography. Aki and Lee (1976) �rst focused on the tail portion of seismograms of local

earthquakes and considered these wave trains, known ascoda waves, as direct evidence

of the random heterogeneity of the lithosphere. Coda waves (Fig. 1.1) appear as ran-

dom signals having an envelope whose amplitude smoothly decreases with increasing

lapse time measured from the origin time of an earthquake. Aki (1969) proposed that

coda waves are the results of incoherent waves. Observations based on array analysis

have con�rmed that these wave-trains are incoherent waves scattered by randomly dis-

tributed heterogeneities in the lithosphere, which are characterized by random sizes and

contrasts of physical properties (detailed characteristics of coda-waves are given in Sec.

1.4).

The characteristic scale of the heterogeneities that mostly in�uence a wave is com-

parable with its wavelength. Strong random �uctuations in seismic velocity and density

having short wavelengths suggest a description of the Earth as a medium character-

4



Chapter 1: Seismic Wave Attenuation 1.1. Attenuation Processes

ized by random spatial velocity �uctuations and highlight the importance of seismic

wave scattering processes. In the last decades, geophysicists have been investigating

the relationship between seismogram envelopes and the spectral structure of the ran-

dom heterogeneity in the Earth using the radiative transfer theory (Wegler et al., 2006;

Sens-Schönfelder et al., 2009; Lee et al., 2010; Sanborn and Cormier, 2018). The scat-

tering process of seismic waves in the inhomogeneous Earth has been mathematically

and physically explained to allow a characterization of the statistical properties of the

inhomogeneity complementary to the standard strati�ed Earth view (Sato et al., 2012).

1.1 Attenuation Processes

The development of regional velocity tomography (Aki and Lee, 1976; Thurber

et al., 2009; Xu and Zhao, 2009), which uses travel-time readings from seismograms

of teleseismic waves, local earthquakes, or active sources, has determined the inhomo-

geneous velocity structure on scales from a few meters to a few tens of kilometres in

many regions of the world. In addition, attenuation plays a key role in characterizing

the Earth's heterogeneities: seismic waves have long been known to attenuate at a rate

greater than that predicted by the geometric spreading of their wavefronts, pointing out

that other mechanisms should be invoked to justify the measured attenuation values.

Scattering due to randomly-distributed small-scale heterogeneities and energy ab-

sorption by the media (elastic and anelastic attenuation, respectively) signi�cantly affect

seismic wave propagation and consequently the seismograms of local earthquakes, es-

pecially at high frequencies. Scattering excites long-lasting coda waves after the direct

arrival and broadens the apparent duration of oscillations with increasing travel distance

(Fig. 1.1). To model these observations and characterize the lithosphere (i.e., the region

of the Earth down to about 100 km), a stochastic treatment of the wave�eld is adopted

to describe both heterogeneous media and wave propagation through them.

Because of its strong dependence on temperature, partial melting, and water content,

mapping anelastic attenuation in the Earth has the potential to provide valuable informa-

tion on Earth's three-dimensional (3D) structure and dynamics, jointly with what can be

learned from mapping velocities. The attenuation parameters, which are frequency- and

amplitude-dependent, allow the retrieval of information about the material properties

such as pressure, temperature, fracturing and �uid content (Lees, 2007). A signi�cant

challenge is to separate the effects of anelastic (or intrinsic) attenuation from those of
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elastic scattering and focusing due to propagation in 3D structures. The joint application

of velocity and attenuation tomography thus improves the reconstruction of structural

features of the Earth at a local, regional, and global scale. Measurements of direct- and

coda-wave seismic attenuation show high sensitivity to crustal and upper-mantle hetero-

geneities (for a review see Romanowicz and Mitchell, 2007). This information can be

mapped in space depending on the characteristics of the studied phases (e.g., direct or

refracted waves) and their frequency-dependent sensitivity to space (Dahlen and Baig,

2002).

Figure 1.1: Seismograms that are recorded at different locations showing differences in
attenuation and amplitude. The red triangles are the stations and the black dot is the
seismic source.

1.2 Heterogeneity in the lithosphere

The characterization of the Earth is based on geophysical (e.g., seismic velocities

and density of rocks) and geological (e.g., mineralogical composition and grain size
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distribution, both controlled by the evolution processes of the rocks) observations of

its physical properties. Tectonic processes such as faulting, subduction, and large-scale

crustal movements related to plate tectonics contribute to increase the lithosphere het-

erogeneity. The wide variation of rocks and elastic properties within the Earth's litho-

sphere provides evidence of heterogeneity at different scales. The density controls the

P- and S-wave velocities as stated by Birch's law (Brich, 1960). Seismic velocity in-

creases roughly linearly with the mass density of rocks having the same mean atomic

weight. Fractures (from microscopic to many tens of meters) are important factors in�u-

encing the elastic properties of crustal rocks. The fractures can lead to anisotropy of the

elastic properties of the rock as they may have a preferential alignment that depends on

the evolution process or the oriented variation in stress magnitude. In volcanic regions,

variations in rock properties can occur on scales of a few m to a few km due to varia-

tions in the composition of magma erupted at differing stages of a volcano evolution.

Another example of heterogeneity and anisotropy is the result of the layering of rocks,

such as in sedimentary formations. Heterogeneities in sedimentary formations could

be due to the formation processes, the variations in porosity and pore �uids, and the

tectonic processes that act on the rocks after deposition. On a larger scale, movements

and collisions of lithospheric plates at plate boundaries, such as subduction zones or

collision zones, cause rocks of different types to merge.

Different imaging methods are used to characterize the Earth's complex structure

from large to small scale. In Sections 1.3 and 1.4, the primary imaging techniques are

introduced and are based on deterministic and stochastic observations, describing large-

and small-scale structures, respectively.

1.3 Imaging by deterministic observations

The deterministic characterization of the spatial heterogeneity of the Earth's litho-

sphere is one of the main goals of seismology. Characterizing the spatial heterogeneity

of the lithosphere allows a better understanding of the mechanism by which the crust

has evolved, volcanic processes, and the nature of active seismic zones.

Several seismic studies use re�ection and refraction methods to characterize the

crust. These two mechanisms depend on impedance contrasts that characterize layers

interfaces (e.g. interface between sediment and bedrock). The impedance (i.e., the prod-

uct of density and seismic velocity) contrast causes re�ection (back to the surface) and
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refraction according to Snell's law. Refraction and re�ection thus help the reconstruc-

tion of subsurface structures and are complementary to other tomographic methods.

Re�ectionseismology is a method of exploration geophysics that uses the principles

of seismology to estimate the properties of the Earth's subsurface from re�ected seismic

waves (Waters and Waters, 1981; Thomsen, 1988; Warner, 1990). The method requires

an active seismic source of energy and the detection of waves by an array of receivers

(or geophones) at the surface. It is based on the study of travel times of re�ected waves,

whose propagation is governed by the contrast of impedance across the medium, and it

attempts to reconstruct the pathways of the waves in order to build up an image of the

subsurface layers. Re�ection studies are generally used on a local scale for studies of

a few to a few tens of km and to depths of up to 15 km. On a larger scale, observa-

tions of earthquake waveforms provide evidence for re�ected phases generated by deep

interfaces in the Earth. (Ross et al., 2004; Zhang et al., 2019).

Refractionseismology is employed for studying regional seismic structures to depths

as great as the Moho. Refraction from the Moho provided the �rst direct evidence of

the large contrast in seismic velocity between the crust and mantle. When a ray en-

counters an inhomogeneity in its travels (e.g., contact between two rocks with different

velocities), the incident ray transforms into several new rays. If the second layer is char-

acterized by a seismic velocity higher than the velocity of the �rst one, the transmitted

wave is critically refracted and generates a head wave. In refraction seismology, the

relevant seismic arrivals are the direct wave and the “head wave”. The studied regions

extend from the order of a few tens to hundreds of km. The layered velocity structures

are the �rst information that is usually derived from refraction surveys and represent the

most basic information about heterogeneity in the crust (Klemperer et al., 1986; Improta

et al., 2000).

Figure 1.2 shows the potential of seismic refraction and re�ection in detecting dif-

ferent geological strati�cation. Finetti (2003) presents an extension of seismic re�ection

analysis to the identi�cation of the main Earth layers discontinuities as well as sedimen-

tary layers, crustal basement and Moho interface.

The receiver functionmethod is used for deterministic imaging of the Earth het-

erogeneity by using the information from teleseismic earthquakes recorded at a three-

component seismograph. A teleseismic P-wave will generate P-to-S conversions at

boundaries, such as the Moho (crust-mantle boundary). Those P-to-S converted phases

are recorded in the radial component at the receiver; however, the vertical-component P-

8



Chapter 1: Seismic Wave Attenuation 1.3. Imaging by deterministic observations

Figure 1.2: Study of re�ected, refracted phases and head waves from active seismic
data (after Improta et al., 2000). The velocity analysis leads to different geological
characterization of each layer.

wave is almost the same as the incident P-wave for near-vertical incidence. The receiver

function method (Langston, 1979) uses the deconvolution of the horizontal component

S-wave trace in the radial direction by the vertical component P-wave trace for mea-

suring the P-to-S conversion depth and the velocity contrast. The difference in travel

time between the generated S-wave and P-wave contains information about the depth to

the boundary and about the P- and S-wave velocities. The receiver function method has

been widely used to reveal layered velocity structures.

Seismic tomographywas �rstly applied to waves travel times to obtain a 2D or 3D

model of the Earth's structure from laboratory to global scale. This technique is used

to image the subsurface of the Earth with seismic waves produced by earthquakes or

explosions. The data received at seismometers are used to solve an inverse problem for

creating 2D or 3D images of velocity anomalies which may be interpreted as structural,

thermal or compositional variations. Further details on the theory and the application of

this method are given in Chapter 2.

Figure 1.3 shows an estimation of Moho depth for the Italian peninsula obtained

from Piana Agostinetti et al. (2009) using receiver functions analysis and a grid search

approach.
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Figure 1.3: Map of Moho depth using Moho depth values obtained from receiver func-
tions (from Piana Agostinetti et al. (2009)).

1.4 Stochastic approach: Coda Waves

Complementary to velocity, attenuation of seismic waves is a powerful observation

to characterize the lithosphere heterogeneities at different frequencies. The most im-

portant evidence that the Earth is heterogeneous is the presence of an incoherent waves

train after the arrival of S or crustal phases whose amplitude decreases exponentially as

the lapse time increases (Fig. 1.1). As mentioned in the previous sections, this waves

train is namedcoda waves. The longer the waves travel, the greater the variety of het-

erogeneities they encounter. The later portions of a seismogram can thus be considered

as a result of some kind of averaging over many heterogeneities.

While direct wave amplitude decreases with increasing epicentral distance, the av-

erage coda amplitudes have nearly equal amplitudes with respect to the epicentral dis-

tance. Rautian and Khalturin (1978) studied amplitudes of bandpass-�ltered seismo-
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grams for a wide range of lapse times. The authors found that amplitudes of the early

portions of seismograms are different from station to station and coda amplitudes have a

common shape at all the stations after about two times the S-wave arrival suggesting that

high-frequency coda waves are incoherent. To explain the observed smooth temporal

decay of coda amplitude (independent of epicentral distance), Aki and Chouet (1975)

proposed a model in which S-coda is composed of S-waves that have been scattered by

heterogeneities distributed in a large region around the direct wave path from the source

to the receiver. Reverberations in soft layers or the trapping and release of seismic en-

ergy cannot explain the observed features. Aki and Chouet (1975) �rst summarized the

characteristics of high-frequency coda waves of local earthquakes as follows:

• The spectral contents of the early part of a local earthquake seismogram depends

on travel distance and the nature of the wave path. The difference in spectrum

among stations is relevant in the early part of the signal and tends to disappear in

the coda.

• For a given local earthquake at an epicentral distance shorter than about 100 km

the total duration of a seismogram (the length of time from the beginning of P

waves to the end of coda) is nearly independent of the epicentral distance and can

be used effectively as a measure of earthquake magnitude.

• The power spectra of coda waves from different local earthquakes decay as a

function of time from the earthquake origin time with a trend which is independent

of the distance and the nature of the path between epicenter and station.

• The above time dependence is also independent of the earthquake magnitude at

least for small earthquakes withM L < 6.

• The S-coda amplitude depends on the local geology of the recording site.

• S-coda waves have the same site ampli�cation factor as that of direct S-waves

con�rming that coda waves are composed primarily of S-waves

1.4.1 Coda Attenuation Parameters

Coda wave generation models have been based on the Earth's lithosphere as com-

posed of a random and uniform distribution of point-like scatterers embedded in a

homogeneous background medium having a constant propagation velocity (Fig. 1.4).
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Diffraction effects caused by gradual changes in velocity are neglected. Energy propa-

gation modelling in a medium having distributed point-like scatterers is easier than wave

propagation modelling in a random media. As phases in coda waves look random and

incoherent, these models focus on the distribution of energy in space and analyze the

waveform envelopes. Sato et al. (2012) review the proposed models and mathematical

description for coda attenuation. The parameters for controlling the shape and ampli-

tude of coda waves are thetotal scattering coef�cientg0 and thecoda quality factorQc

estimated from the observed seismogram envelope (Fig. 1.6).

The relation betweenQc and coda physical interpretation has been discussed for a

long time. The two main causes for attenuation (as mentioned in Sec. 1.1) are scatter-

ing caused by small-scale heterogeneities of the lithosphere and absorption of seismic

energy by inelastic processes, which depend on temperature, mineralogy and �uids.Qc

is thus given by these two contributions as follows

Q� 1
c = Q� 1

sc + Q� 1
i (1.1)

wherescandi stand for scattering and inelasticity, respectively. Sec. 1.4.1.1 shows the

mathematical formulation of the scattering contributionQsc based on the total scatter-

ing coef�cient g0. However, the scattering and absorption processes cannot be easily

separated when we estimateQc from the data. Aki and Chouet (1975) thus proposed

two different models to interpret coda waves, and thenQc, and to �nally isolateQi :

single-scattering (Sec. 1.4.1.2) and multiple scattering (Sec. 1.4.1.3) models.

Figure 1.4: The media characterized by random heterogeneity (left panel) are repre-
sented as composed of point-like scatterers randomly distributed (right panel).
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1.4.1.1 Scattering characteristics

The energy-�ux density is de�ned as the amount of energy passing through a unit

area perpendicular to the propagation direction per unit time. As illustrated in Fig.

1.5, an incident plane wave with energy-�ux densityJ 0 is considered to interact with a

scatterer and generates spherically outgoing waves with energy-�ux densityJ 1. Without

considering the polarization and partition of energy into three components, the amount

of energy scattered per unit time into a given solid angle elementd
 is J 1r 2d
 , where

r 2d
 is the corresponding surface element. The differential scattering cross-section of

the scatterer is de�ned as follows

d�
d


=
J 1r 2

J 0
(1.2)

A randomly inhomogeneous medium is modelled as a homogeneous background

medium having propagation velocityV0 and distributed point-like scatterers with num-

ber densityn (Fig. 1.4). The distribution is assumed to be randomly homogeneous and

isotropic, and each scattering is characterized by the differential scattering cross-section

d�=d 
 given by Eq. 1.2. According to Sato et al. (2012), we can de�ne the scattering

coef�cient as the scattering power per unit volume given by the product of the number

density and the differential scattering cross-section:

g � 4�n
d�
d


(1.3)

where the cross-section usually depends on frequency and the quantityg has the dimen-

sion of reciprocal length. The total scattering coef�cient is de�ned by the average over

all directions:

g0 �
1

4�

I
gd
 = n

I
d�
d


d
 = n� 0 = l � 1 (1.4)

where� 0 is the total scattering cross-section, which is the integral of the differential

scattering cross-section over solid angle. The total scattering coef�cient is the reciprocal

of the mean free pathl.

The wave energy decreases with increasing travel distance due to scattering and we

can thus de�ne a scattering attenuation term. Considering an incident plane wave with

angular frequency! , the energy-�ux density at travel distancex decays asexp(� g0x) =
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Figure 1.5: Concept of the differential scattering cross-sectiond�=d 
 of a single scat-
terer.

exp(� Q� 1
sc k0x), wherek0 = !=V 0, and the scattering attenuation is

Q� 1
sc (! ) =

g0

k0
=

g0V0

!
(1.5)

In the case of isotropic scattering,d�=d 
 = � 0=4� andg = g0.

1.4.1.2 Single scattering approximation

Aki and Chouet (1975) propose the single-scattering models for coda waves gen-

eration. The coda is considered as a superposition of backscattering wavelets from

randomly distributed and discrete scattering sources in a medium with uniform velocity.

Each wavelet is due to a single scatterer in the absence of the other scatterers. In this

model, the scattering is a weak process. Assuming single scattering and, in the �rst

order, the source and the receiver at the same location, Aki and Chouet (1975) devel-

oped a model for asingle-backscatteringprocess introducing an equation for the coda

wave energy density at frequencyf (central frequency of the bandpass �lter applied to

seismogram) and elapsed timet from the origin:

E(f; t ) / St� me� �f t=Q c (1.6)

E is the seismic energy per unit volume within a unit frequency band.m is determined

by geometrical spreading;t = 2r=v, so the energy density is proportional to1=r, if

m is equal to 1 and indicates surface waves, or1=r2, if m is 2 and indicates body

waves. Qc is the quality factor which takes into account the phenomenological coda

attenuation.S is the earthquake source term, which varies with earthquake magnitude.
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As a further step, it was calculated the single scattering energy considering a receiver

at positionx located at a distancer from a point source at the origin in the case of

isotropic scattering (Sato et al., 2012). The single-scattering energy, given by the spatial

integral of energy density
R R R1

�1 E(x; t)dx, increases monotonously with increasing

lapse time. To satisfy the conservation of total energy, the integral of energy density has

been multiplied by the exponential scattering attenuation terme� !t=Q sc to account for

energy lost due to scattering by the direct energy propagation term (Sato et al., 2012).

When waves are radiated from a point source in a random medium, single scattering

provides a good description of the propagation characteristics at small distances from

the source and at a short lapse time from the source origin time. However, multiple

scattering dominates over single scattering as travel distance or lapse time increases.

As travel distance increases, incoherent �uctuation waves increase and the interference

effects destroy the phase information. Besides, the single scattering model is the most

appropriate for the coda generation model at the longest wavelengths. Several works

modelled the coda of seismic phases recorded at regional and global scales relying on

the single scattering approximation and assuming the coda sensitivity to be a scattering

ellipsoid (Xie and Mitchell, 1990; De Souza and Mitchell, 1998; Mitchel et al., 1998;

Mitchell et al., 2008, 2015).

1.4.1.3 Multiple scattering model: diffusive approximation

In the single-scattering model, the coda is a superposition of scattered waves, each of

them due to a single scattering in the absence of the other scatterers. At large lapse time,

it is reasonable to assume that direct energy becomes small and that multiple scattering

produces a smooth spatial distribution of energy density. In themultiple scattering

model, the seismic energy transfer can be considered as a diffusion process because of

the multiple scattering that affects the waves. Consider a medium having a randomly

homogeneous and isotropic distribution of isotropic scatterers in which energyW is

spherically radiated from a source and is scattered through diffusion. A strong multiple

scattering process can be well described by the diffusion equation (Aki and Chouet,

1975)
@E
@t

= Dr 2E �
!
Qc

E (1.7)

whereE is the seismic energy per unit volume,D is the diffusivity and the last term

represents the loss by anelasticity which turns the seismic energy into heat. In this case,

Qc is the intrinsic quality factorQi and does not include the loss by scattering. The
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solution for a point source in time and space, whereQc can be consideredQi , is given

by

E D (x; t; ! ) =
W(! )

(4�Dt )3=2
e� r 2

4Dt e� Q � 1
I !t (1.8)

for three-dimensional diffusion corresponding to body wave scattering. The exponent

� 3=2 is intermediate to body wave (-2) and surface wave (-1) single-scattering theories.

W(! ) is the total seismic energy generated by the earthquake within the unit frequency

band around! . For large t and small distance(x2 + y2 + z2)1=2 at which the coda waves

are observed, Eq. 1.8 becomes a function of only time t and is independent of distance.

1.5 Q� 1
c Measurements

As discussed previously, in addition to seismic velocity measurements, attenuation

provides relevant information about the structure of the Earth. In fact, mapping the

frequency-dependent anelastic absorption (related to temperature, chemical composi-

tion, melt or �uid contents) and scattering of seismic waves represents valid support

for velocity tomography measurements. Scattering loss and intrinsic absorption both

control the propagation of short period S waves through the crust. The complex pattern

of seismic radiation generated by an earthquake generally affects both the estimation of

the total seismic attenuation and the separation of speci�c attenuation mechanisms us-

ing direct waves. Del Pezzo et al. (2011) used the MLTWA (Multiple lapse time window

analysis, Fehler et al. (1992)) in order to obtain separate estimates of the average inverse

quality factors for S waves, i.e.Q� 1
sc andQ� 1

i , or a combination of these two parameters.

The method is based on the �t of the measured energy envelope of the waveforms to the

seismic energy envelope theoretically predicted by the radiative transfer theory, in three

time windows.

To evaluate separately the intrinsic attenuation and scattering, intrinsic attenuation

can be estimated by �tting the energy envelope of seismic coda waves, which decays fol-

lowing the exponential law described in Eq. 1.8 (diffusive approximation - Sec. 1.4.1.3)

E(t; f ) = S(f )t � � e� 2�f t=Q c (1.9)

where at long lapse timeQc represents the intrinsic quality factor with good approxima-

tion. E is the energy, S(f) is a frequency dependent source and/or site term, t is the lapse

time, f is the frequency and� is a positive exponent depending on the physical model
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used to describe coda waves. This method is applied from local to regional scale in the

volcanic and continental regions (Calvet et al., 2013; Mayor et al., 2016; De Siena et al.,

2017; Napolitano et al., 2019). To measure the multiple forward scattering in compar-

ison with absorption, the peak-delay method is used. Peak delay is de�ned as the time

lag between the S-wave arrival and the maximum amplitude of the arrival (Takahashi

et al., 2009). Comparison of coda-Q and peak delay time measurements allows the in-

terpretation of the origin of seismic attenuation (scattering/absorption) (De Siena et al.,

2016; Napolitano et al., 2019).

Figure 1.6: Example of vertical component velocity seismogram recorded at regional
distance (534km) and the envelope in the frequency band 0.5-1.5Hz.

The variation of coda waves quality factor from region to region is large. In general,

Q� 1
c is about10� 2 at 1Hz and decreases to about10� 3 at 20Hz. The frequency depen-

dence can be written in the form of a power of frequency f as it follows (Sato et al.,

2012)

Qc = Q0f n (1.10)

This power law is �tted for Qc at each central frequencyf . This analysis allows to

verify if the average ofQc changes with frequency. From the sperimental value ofQc,

Q0 andn can be calculated and compared with the values of other zones. AsQc depends

on n, the use of Eq. 1.10 allows to understand if we are looking at the crust or more
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heterogeneous zones.
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Chapter 2

Seismic tomography

Seismic tomographyaims at obtaining 2D or 3D models of the Earth's structure,

using travel times and amplitudes from both body (P and S) and surface waves. Seismic

tomography was introduced into seismology by Aki and Lee (1976); Aki et al. (1977),

who showed how to use travel times from local and teleseismic earthquakes to obtain

a 3-D velocity structure of the region beneath the seismic network. Based on travel

times, velocity tomography has been intensively applied on regional and global scales to

determine the P- and S-wave velocity structure of the lithosphere and deeper structures

(Thurber et al., 2009; Xu and Zhao, 2009; French and Romanowicz, 2014). Travel-

time tomography thus answers questions about the geodynamics and tectonics, e.g., by

estimating the amount of the subducted lithosphere and detecting the upwelling of hot

material from the mantle (Spakman and Wortel, 2004; Piromallo and Morelli, 2003).

However, as mentioned in Chapter 1, the deterministic structures do not explain all

the observations. Because of its strong dependence on temperature, partial melting,

and water content, seismic attenuation has the potential to provide valid information on

Earth's structure and dynamics, in addition to velocity imaging.

In the following sections, I introduce the theory of the inverse problems and its

applications to coda-waves attenuation imaging.

2.1 Inverse problem and regularization

Tomography is based on the solution of a linear or non-linear inverse problem,

which, given observed data (e.g. travel times of a phase), allows the building of a model

of the velocity structure. Discrete inverse problems can be posed by assuming that the

physics of a process is known and, for a set of model parameters described by a vector

19



Chapter 2: Seismic tomography 2.1. Inverse problem and regularization

m, gives rise to a set of observed data described by a vectord. The data can thus be

considered the result of a functionG acting on the model parameters and this can be

expressed, in the case of a linear inverse problem, by the equation (Aster et al., 2011)

d = Gm (2.1)

where the matrix G is called the data kernel. The solution to inverse problems is a

particular modelm that minimizes some measure of the distance between the actual

data andG(m) (the norm of residuals) and it rarely leads to exact information about

the values of the model parameters as there may be many models that adequately �t

the data (non- uniqueness of the solution). A parameter estimation problem aims at

representing spatial variations of a physical quantity, such as seismic velocity, and the

model parametrisation, i.e., the node spacing, is fundamental, as the inverse problem

ground on it. The parameters de�ning the model can be an n-element vectorm and a

�nite number of data points can be expressed as an m-element vectord. Three different

cases can be distinguished in order to discuss the inverse problem solution: the solution

is overdeterminedif m > n , underdeterminedif m < n andexactly determinedif m =

n (G is a square matrix). A method of analyzing and solving least squares problems in

ill-conditioned systems is the singular value decomposition, or SVD (Aster et al., 2011).

In the SVD an m by n matrix G is factored into

G = U� V T (2.2)

whereU is an m by m orthogonal matrix with columns that are unit basis vectors span-

ning the data space,Rm , V is an n by n orthogonal matrix with columns that are basis

vectors spanning the model space,Rn , and� is an m by n diagonal matrix with non-

negative diagonal elements called singular values� . In order to minimize the residuals

between the data and the values predicted from the model, ageneralized inverse matrix

can be de�ned

G� g = [ GT G]� 1GT (2.3)

The solution to the inverse problem (Eq. 2.1) can be constructed from the singular-value

decomposition as (Lay and Wallace, 1995)

m = Vp� � 1
p UT

p d (2.4)
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whereVp andUp are obtained from the partition of� into a submatrix� p of nonzero

singular values and several zero matrices. If the inverse problem is ill-conditioned,

i.e., � i ! 0, small singular values can be excluded to obtain a solution close to the

natural solution, but this approach can worsen the model and data resolution. Instead of

choosing a sharp cutoff for the singular values, it is possible to include all the singular

values while damping the smaller ones. This methodology is known as regularization.

Ill-posed problems thus need additional assumptions: regularisation parameters are thus

employed to solve the inversion by preventing model over-�tting and smoothing the

non-uniqueness of the solution. Tikhonov regularization is one of the most commonly

used for regularization of linear ill-posed problems. Considering the solution instability

with respect to small changes in data noise and initial conditions, the aim is to prevent

an `over�t' of the data (by �tting noise) and to take into account the limitations of

observations (e.g., array of stations not well distributed) (Rawlinson et al., 2014). In

practice, all regularization methods for computing stable solutions to inverse problems

involve a compromise between the `size' of the regularized solution (how large is the

value of the sum of the model parametersmi ) and the quality of the �t that it provides

to the given data. What distinguishes the various regularization methods is how they

measure these quantities, and how they decide on the optimal compromise between the

two quantities.

In seismic tomography, solution robustness can be assessed using synthetic recon-

struction tests. To test the spatial resolution of solutions produced by linear or nonlinear

inversion schemes, the most common tool is the checkerboard resolution test in which

the synthetic model comprises an alternating pattern of higher and lower wave velocity

(or some other seismic property such as attenuation) in 2D or 3D (Fig. 2.1). Based on

the actual source-receiver array, the inversion method is applied to the synthetic data set

to recover the test model. Differences between the true and recovered model provide a

basis for assessing the reliability of the solution (Rawlinson and Spakman, 2016).

2.2 Imaging of Qc spatial variations

Seismic tomography applications involve mainly seismic velocity and attenuation.

Seismic attenuation has become a powerful imaging attribute as it showed increased

sensitivity to the small-scale heterogeneities of the crust and mantle. This parameter

can be evaluated from direct- and coda-waves and mapped in space as a function of the
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Figure 2.1: Example of a checkerboard resolution test (modi�ed from Rawlinson et al.,
2010): (a) synthetic model with alternating paths, (b) results of the synthetic data inver-
sion.

frequency.

Coda waves attenuation imaging has been applied at the regional and local scale, and

mainly in volcanic and continental areas. Depending on coda lapse time, it is possible

to assume a single scattering (Romanowicz and Mitchell, 2007), multiple-scattering

(Calvet et al., 2013) or diffusive approximations (Del Pezzo et al., 2016).

Without performing inversion, the regionalization approach has been employed for

coda waves considering the sensitivity distributed within ellipsoids whose size increase

with the lapse time (Mitchell et al., 2008). While this assumption grounds on the single

scattering approximation, in the multiple scattering regime, the coda wave sensitivity

is not distributed within an ellipsoid and strongly depends on the type of perturbation

(scattering or absorption). In the diffusive model, the coda sensitivity to heterogeneities

is larger at the locations of the source and the station (Pacheco and Snieder, 2005).

Calvet et al. (2013) adopt a regionalization approach to map coda attenuation in

space assigningQc values to ray paths between stations and hypocentres. According

to the higher sensitivity around the station and the source, the authors select a limited

range of source-receiver distances and averaged theQc values of the paths crossing

each block. Mayor et al. (2014) took a step forward in the regionalization approach

and built sensitivity kernels to account for higher sensitivity around the source and the

station. Using these kernels, Mayor et al. (2016) employ the regionalization approach to

map spatial variations of seismic absorption at a regional scale (the Alps and Northern
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Apennines).

Coda-wave sensitivity kernels can thus be de�ned to describe the sensitivity of coda

waves to the space surrounding the source and receiver (Fig. 2.2). These kernels have

improved the characterization of heterogeneous crustal layers (for a review see Sketsiou

et al., 2020) as well as volcanic and faulted media (De Siena et al., 2017; Napolitano

et al., 2019).

Del Pezzo et al. (2016) provide different sensitivity kernels using Monte Carlo sim-

ulation of the radiative transfer equation. These kernels are only valid at short lapse

times and for highly heterogeneous and diffusive media and show that the sensitivity of

coda waves to local variations of absorption is larger around the source/receiver and the

area between them (Fig. 2.2 - K1). The weighting functions obtained via Monte Carlo

simulations are the following
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whereD is the source–station distance,x andy the spatial coordinates,[xr ; yr ] are the

station coordinates and[xs; ys] the source ones and� x and� y are the spatial aperture of

the weighting function.

Kernel-based coda attenuation imaging is applied by using both regionalization and

inversion methods. De Siena et al. (2017) developed an inversion scheme of kernel-

based coda-wave attenuation targeting volcanic media. The authors applied a frequency-

dependent mapping ofQ� 1
c at Campi Flegrei caldera using space-weighting sensitivity

functions (Eq. 2.5) de�ned by Del Pezzo et al. (2016). The main assumption is all

the seismic energy remains inside the propagation grid. The inversion is tested in the

continental crust with thick Moho, for waveforms duration of 100s and in the absence

of leakage in the mantle (Borleanu et al., 2017; Napolitano et al., 2019). Ogiso (2019)

and Shito et al. (2020) applied the diffusive kernels to a wider area of lateral extension

of about 500 km in southwestern Japan. This inversion procedure provides a forward

model to image scattering and absorption, allowing to perform resolution tests, which
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is a signi�cant advantage of the inversion techniques.

The approximation of single, multiple scattering and diffusion and consequently the

use of different kernels depend on the frequency range and the lapse time. The standard

application at low frequencies requires the de�nition of scattering ellipsoids (using the

SS assumption, e.g., Romanowicz and Mitchell (2007)) or segments in the multiple

scattering approximation. At higher frequency and local scales, diffusive kernels are

used. Diffusive kernels (Eq. 2.5) from Del Pezzo et al. (2016) are analytic and allow

good resolution along the path and around the source and receiver. Other kernels are

based hypothesis of Pacheco and Snieder (2005) and are lapse-time-dependent and valid

independently of the presence or not of a diffusive regime. The corresponding 3D spatial

sensitivity is given by a time-dependent function

K 3D
i;j [%; t; B0; Le� 1; v] =

Z T

0
E 3D [r s%; �; B 0; Le� 1; v]E 3D [r%r; T � �; B 0; Le� 1; v]d�

(2.6)

setting the velocityv, the seismic albedoB0, the extinction lengthLe� 1 at average

values for the crust.E 3D is the energy envelope solution for a 3D model. In this case,

the resolution between the source and receiver is lost. Akande et al. (2019) employ this

3D kernel function to obtain the �rst three-dimensional attenuation model in the Campi

Flegrei area (Fig. 2.3). Gabrielli et al. (2020) compare the results of the inversion

procedure obtained using diffusive kernels and the “Pacheco-Snieder” ones. They show

the approach is equivalent using both diffusive kernels if the energy remains constrained

in the single layer. The advantage of analytic kernels is that they allow a good resolution

even though the area is not covered enough by sources and receivers (Fig. 2.2).

2.3 From rock samples to regional scale

While the phenomenological study of coda waves has been addressed to clarify the

origin, the attenuation imaging studies aim at physically calibrating theQc measure-

ments to correlate the lateral variation and the physical properties of the medium.

From rock samples to larger scales, the dependency of the coda quality factor on

the physical properties of the media has been explored in different geological settings.

Di Martino et al. (2021) present the �rst attempt for investigating the relationship be-

tween seismic attenuation measured from coda waves and rock properties. The authors

found that coda attenuation is mainly in�uenced by the pore space distribution in sam-
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Figure 2.2: Differences in sensitivity areas between the analytic (K1) and time-
dependent (K2) kernels (modi�ed from Sketsiou et al., 2020)

Figure 2.3: Computational kernels (K2) computed for different values ofB0 andLe� 1

(modi�ed from Akande et al., 2019).

ples. Several applications of the method have been performed at a local scale in conti-

nental, volcanic or faulted areas (Calvet et al., 2013; Mayor et al., 2016; Borleanu et al.,
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2017; De Siena et al., 2016).

Intrinsic attenuation is strongly dependent on temperature, partial melting, �uid and

water content. The results obtained in fault regions show how absorption imaging can

mark the pro�le of �uid-�lled fractures networks (Napolitano et al., 2020). Gabrielli

et al. (2021) analyzed data of the seismic sequence in Central Italy in 2016-2017 and

related highQ� 1
c to the deep migration ofCO2-bearing �uids across the strike of the

fault network from a deep source of trappedCO2 (Fig. 2.4).

At the regional scale, the sensitivity to large scale structures cannot be neglected

anymore. Below 3 Hz, crustal reverberations at the regional scale are crucial to model

coda attenuation (Morozov and Safarshahi, 2020), especially if the crustal thickness

variation is comparable to the wavelength (Cormier and Sanborn, 2019). The diffusive

approximation is untested for a shallow Moho and the oceanic crust, which cause en-

ergy leakage into the mantle and reverberations (Wegler, 2005; Margerin, 2017). The

drastic spatial variations in the deterministic (interfaces) and scattering properties of the

sampled media strongly affect coda-wave attenuation measurements. Crustal thickness

variations (Sanborn and Cormier, 2018; Cormier and Sanborn, 2019) together with the

loss of energy due to leakage into the mantle (Margerin et al., 1999; Wegler, 2005;

Margerin, 2017) cause the main bias in the attenuation mapping. Forward modelling

is the key answer to correctly model the crustal features allowing a feasible interpreta-

tion of high and low coda attenuation at regional epicentral distances. In Chapter 4, I

will present the application of coda attenuation imaging across the Italian peninsula and

the Tyrrhenian oceanic basin and the results of forward-modelling, which point out the

propagation effects dominating the seismogram envelopes.

2.4 Multi-Resolution seismic Attenuation Tomography

(MuRAT)

This thesis addresses the imaging of coda waves attenuation using the MuRAT soft-

ware package. In the framework of seismic attenuation tomography, MuRAT (https:

//github.com/LucaDeSiena/MuRAT ) is an open-access code dealing with the

separation between scattering and intrinsic attenuation. MuRAT has been developed to

image the heterogeneous Earth by providing the tools to measure and map in space total

and scattering attenuation and absorption from direct- and coda-waves.

The scattering attenuation is estimated using the peak delay method (De Siena et al.,
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