
Università degli Studi Roma Tre

Dipartimento di Matematica e Fisica
Doctoral program in Physics − XXXIV cycle

A thesis presented for the degree of
Doctor of Philosophy in Physics

Use of Minkowski spacetime diagrams in teaching Special

Relativity - an instrument to “see” relativistic effects:

the spacetime globe

Author:
Alessio Mattia Leonardi

Supervisors:
Prof. Settimio Mobilio

Prof. Claudio Fazio

PhD Program Coordinator:
Prof. Giuseppe Degrassi

July 2022



᾿Εν ἀρπχῇ ἦν ὁ λόγος,
ϰαὶ ὁ λόγος ἦν πρὸς τὸν ϑεόν,

ϰαὶ ϑεὸς ἦν ὁ λόγος.
οὗτος ἦν ἐν ἀρπχῇ πρὸς τὸν ϑεόν.

πάντα δι᾿ αὐτοῦ ἐγένετο,
ϰαὶ χωρὶς αὐτοῦ ἐγένετο οὐδὲ ἕν. ὃ γέγονεν

ἐν αὐτῷ ζωὴ ἦν,
ϰαὶ ἡ ζωὴ ἦν τὸ φῶς τῶν ἀνϑρώπων·

ϰαὶ τὸ φῶς ἐν τῇ σϰοτίᾳ φαίνει,
ϰαὶ ἡ σϰοτία αὐτὸ οὐ ϰατέλαβεν.

Gv 1, 1-5



Abstract

Special Relativity introduces students to Modern Physics, whose importance in the
high school is increasing. Nevertheless its teaching and learning is a critical issue.

Different solutions have been developed to overcome the encountered difficulties with a
particular emphasis on Minkowski’s spacetime diagrams.
In this work we describe the spacetime globe, a mechanical instrument that allows expe-
riencing Special Relativity hands-on. We show how it is possible to treat all the main
phenomena foreseen by Special Relativity with simple laboratory experiences, using the
idea of Minkowski’s spacetime diagrams. Our approach is based on the idea that Spe-
cial Relativity can be introduced to students underlying the problem of the point of view,
namely that at the root of this theory there is the fundamental issue of understanding how
events are seen from different points of view.
In order to understand if it may be an effective didactic tool, we set up a pilot experimen-
tation carried out with five groups of students of the last year of high schools oriented
towards scientific studies. We show the result of the pre-test and the post-test submit-
ted to the students from which arises the persistence of the commitment to alternative
representations of Classical Mechanics.
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Introduction

Special Relativity is one of the most beautiful and revolutionary theories: it marks a

de�nitive point in the History of Physics opening to a new era. It uni�es the Mechan-

ics with Electromagnetism introducing strong inferences over space and time, thus giving

a new vision of the world. Every book of Physics and general Science, being it addressed

to students or to general public, contains at least a reference to Special Relativity due to

the wide spectrum of phenomena it deals with.

Since many years, high schools are trying to keep up with the new discoveries of Mod-

ern Physics, making it necessary to introduce the main topics of Special Relativity within

Physics curricula. Students start to face new aspects of reality far from their everyday

life, thus encountering di�culties that have been already observed in the undergraduates,

mostly tied with their alternative representations in Classical Mechanics. Numerous so-

lutions are being proposed to solve the didactic issue of how e�ectively teaching Special

Relativity in high schools: in literature a common consensus1 over the use of spacetime

diagrams was found but this approach is still not widely di�used. The recent review [7]

of Prado et al. clearly points out that �the literature shows that using spacetime diagrams

is an e�cient procedure to answer and explaining questions, dilemmas and paradoxes of the

theory� [7].

The present PhD dissertation thesis focuses over a teaching project for high schools on

Special Relativity based on the spacetime diagrams. Since literature refers to the concept

of reference frame2 as on of the main source for misunderstandings on Special Relativity

(as well as in Classical one), we used a mechanical instrument that allows to visualise the

abstract concept of reference frame paying attention to consider it as a �point of view� of

an observer, in the same way Dimitriadi and Halkia [13] did.

Chapter 1State of Art contains an introduction to some key concepts in Didactic of

1[1, 2, 3, 4, 5, 6]
2[8, 9, 10, 11, 12]
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Introduction

Physics for the process of learning (conceptual change and capture) and how they are

applied to Special Relativity. Then the main features of two di�erent models of student's

way of thinking are introduced together with the description of their alternative concep-

tions in Classical Mechanics and Special Relativity as it emerges from the literature. Finally

di�erent approaches to teaching Special Relativity are presented, with particular emphasis

on Minkowski's one.

Chapter 2The Special Relativity contains a review of the main topics of Special Relativ-

ity together with a small historical introduction outlining the works preceding Einstein's

one that anticipated the contents of his theory. As Arriassecq and Greca [14] pointed out,

it is important to contextualised scienti�c �discoveries� and in particular the Theory of

Special Relativity, about which historians do not completely agree on the works already

existing before it. This contextualisation aims to remember the reader or to make him

aware that the scienti�c theories are not developed in ain a conceptual vacuum([14]) nor

they are an invention of a genius but they are inside the �ow of current of works. My

dissertation would like to be a �didactic thesis on didactic of Special Relativity�, meaning

that the reader could learn something else about Special Relativity itself. For this reason in

that same chapter I added also a description of this theory from Minkowski's perspective

showing how relativistic phenomena imply the existence of an absolute spacetime and

how they are implied by it.

Chapter 3The Special Relativity's project contains the description of the spacetime

globe, the mechanical instrument we used for our project together with the explanation

of how to show relativistic phenomena with it. It is a more complete and detailed version

of our previous work ([15]). We also showed a virtual version of the instrument through

simple animations realised with Python codes with a detailed example in order to ful�l the

issues of the Digital Didactic.

In Chapter 4School experimentation we described our pilot experimentation imple-

mented in order to understand whether the use of the spacetime globe is an e�ective didac-

tic tool. It consisted in two lectures carried out with some groups of high-school students

of Rome. We explained the topics of Special Relativity using the mechanical instrument

and we administered a pre- and a post-test with open and closed questions. Their whole

texts are reported in a drive folder (see Appendix C). We reported also some inferences

over the questionnaires arising from a statistical analysis of students' answers together

with a discussion of their replies to the open questions in terms of misconceptions and

common or scienti�c knowledge.

In ChapterConclusion we summarised the conclusions of this work and its future out-

looks. Finally in ChapterAbout teaching I pointed out some considerations about teach-

ing in relation to students arising from my experience.
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Chapter 1
State of Art

Science educational research is a complex issue: teaching and learning physics is nei-

ther a one-way process departing from the teacher and arriving on the student nor

the inverse one-way process. The full attention is no more focused on the teacher, the only

one �who knows�, nor on the student, the one �who builds� his own knowledge.

Knowledge is built in a two-bodies process involving both the teacher and the student in a

teaching-learning process. It is an adaptive action resolving into a continuous organisation

of the teaching apparatus depending on the current context. Teaching depends on how

students learn but the learning relays upon how teacher is able to dialogue with students'

ideas. Educational research has to examine how students' brain works in the learning pro-

cess, how students organise the preexisting ideas in the light of new ones and how they

face the problems challenging them: it concerns the theory of learning ([16, 17]) and the

nature of the students' ideas ([18]).

1.1 Conceptual change and capture

What is learning1?

Such an open question can not be solved into an easy description but without focusing on

what learning depends on (which is an also wider question), we can state that learning is

a process in which a concept is substituted with another one: aconceptual change. Here

with concept we referred to a single conception (e.g. �space is not absolute�) or to a theory

(e.g. the theory of Special Relativity) that is a set of subsequent di�erent a�rmations both

in their mathematical and logical aspects.

As Piaget showed in his studies, since the early age pupils try to give an explanation of

natural phenomena starting from their sensory experiences. The �rst naive experiments

1The content of this section refers to the works of Posner et al. [16] and Hewson [17].
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Chapter 1. State of Art 1.1. Conceptual change and capture

children perform allow them to create their own interpretive framework of the reality. It

constitutes the substratum the students have to face with during all the learning process;

it is the base necessary to activate the construction of knowledge. Indeed the students'

prior knowledge has a critical role in learning. When students face a new phenomenon, at

�rst their mind interprets and organises the experience or the concept framing it within

an already existent structure: in this way it simpli�es, orders and gives meaning to the

experience. This �rst step is known asassimilationwhich has the preexisting concepts as

instruments to investigate the new ones: students try to verify if what they already know

is su�cient to explain the new concepts. This is a natural part of a learning process but

sometime it fails: students understand that they are not able to grasp the full meaning and

essence of a new phenomenon or concept because of their insu�cient reading key. They

need to reorganise or replace their previous commitments. This second step is known as

accommodation. The whole teaching e�ort is to allow the transition from assimilation to

accommodation to happen in order to favour the conceptual change. However it is clear

that there must be certain features of the new concept under which this process is likely

to take place. At the very beginning there must be adissatisfactionbetween the current

conceptions and the problems students are trying to solve: that is, students should become

aware that their commitments are not able anymore to explain a certain set of phenom-

ena. We can refer to this dissatisfaction as acognitive con�ictwhich paves the way to the

accommodation process: it is important this con�ict to be created in students' mind other-

wise they will not fell the urgency to adopt new concepts. Oftenanomaliesin theories can

guide the accommodation showing some speci�c failures that require a new framework

of understanding even though sometimes they can not be seen really as anomalies by the

students. Thus what might create a con�ict in the teacher's mind could not create any dis-

satisfaction in the students. This is due to their own criteria of judgement which are made

up of their previous metaphysical beliefs and epistemological commitments. Researches2

showed that students also in front of evident (according to the instructor) incongruities

between for example relativistic phenomena and Classical Mechanics tried to force their

stable certainties to �t with them.

Once the cognitive con�ict �nally happened, there is a selection of the new proposed con-

ceptions: they must ful�l some parameters to gain acceptance in order to appear to make

sense. A new concept must beintelligible, namely the students must be able to understand

its content su�ciently to permit them to explore its inner implications. Intelligibility re-

quires a concept to be understood in its mathematical aspect: students need to grasp the

terms and the symbol used and how they are combined into more complex expressions.

This is the case of the Special Relativity which has an easy mathematics and it does not

2See Section 1.4 for further details.
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Chapter 1. State of Art 1.1. Conceptual change and capture

create any problems to students managing with its kind of algebra.

But this aspect is not su�cient: intelligibility is the ability of a concept to be coherently

represented by the individual. The innerrepresentationof a theory may be in the form of

images or some kind of networks: it is the frame the information must suit and it addresses

the student's attention and researchers.

Another important requirement for a new concept is to beplausiblethat is it has to succeed

where the previous ones failed. It has at least to be able of solving the con�ict that pre-

viously it brought about. The concept has also to be consistent with the other knowledge

to prevent internal contradictions. However students can �nd a concept to be plausible

not only for its capability of solving anomalies but also for other reasons: it seems consis-

tent with their current metaphysical beliefs and epistemological conceptions, with other

known theories, with past experiences or with their vision of the world.

Finally a concept that is intelligible and plausible, capable of solving anomalies, should be

fruitful to completely address the process of accommodation, namely it should also guide

students in discovering new areas of inquiry.

Sometimes the process of accommodation can take another direction and does not favour

a conceptual exchange but aconceptual capture: our learning model should take into ac-

count that a concept can also be reconciled with other existing concepts.Reconciliation

is the process in which students give sense to a new concept at the light of their existing

knowledge. The new commitment and the previous conceptions are not contradictory but

they share some features as they are part of the same set of ideas.

Depending on the status (intelligible, intelligible and plausible or intelligible, plausible and

fruitful) of an existing conception and of the new one, a conceptual change or a conceptual

capture can happen as well as a completely rejection.

The research of Hewson [17] shows that previous alternative frameworks constitute a ro-

bust obstacle towards a deeper learning and understanding of the correct interpretation

of natural phenomena in various �elds of Physics. He argues that if the status of these

alternative conceptions is not accurately debated, the new taught concepts will not be un-

derstood: they will be rejected, yet memorised or classi�ed as part of a �science world�. It

is just another di�erent view of reality, completely detached from the real world.

1.1.1 Focus on Special Relativity

The described process of accommodation seems to be easy and linear. If applied to the case

of Special Relativity, it should be outlined as following: students, starting from a dissatis-

faction with Classical Physics, start dealing with a new intelligible and plausible theory,

which is able to solve all the previous contradictions, to predict new phenomena and to

provide applications also to other �elds of Physics. This process will allow them to com-

10



Chapter 1. State of Art 1.1. Conceptual change and capture

pletely grasp the meaning of Special Relativity and its implications.

However these steps are oversimpli�ed:the basic conceptions of Special Relativity are very

complex and it is likely that it should require di�erent time to each one of them to be ac-

commodated. It is not a radical change but a gradual progress during which students

accommodate some of the features and the claims of a new single conception and then

they gradually modify the other ideas as they have fully understood the meaning and the

inferences of the new concepts.

The intelligibility of Special Relativity seems not to be problematic when Einstein's two

postulates are concerned. However the representation of the whole theory is quite di�cult

as it requires to build a coherent description of a world in which the two postulates are

true together with their consequences about the concept of space and time.

The inferences on the plausibility of this theory are crucial. Once again instructor must be

careful: Special Relativity has some features that historically are said to �t Einstein's req-

uisite for a plausible theory, i. e. parsimony and symmetry, in addition to the fundamental

ability of solving the previous anomalies. But students do not share the same Einstein's

epistemological beliefs. Special Relativity appears to them as counterintuitive as long as

the they will trust in absolute space and time. It is important to �nd out students' epis-

temological commitments in order to understand what at �rst students would consider

plausible or not.

Indeed Hewson's research shows how important are the learner's previous metaphysical

commitments to Classical Physics. He pointed out that an instruction addressing towards

them is e�ective. In particular he found out how the previous conceptions remained sta-

ble also in the �rst months after instruction on Special Relativity in one undergraduate

student: only after many interventions of the instructor his view changed. At the very

beginning he tried to reconcile this new theory with his previous knowledge ending up in

a product of Einsteinian concepts with Newtonian foundations. The whole theory seems

not to represent an issue except for the two mainly counterintuitive phenomena, namely

the slow running of a moving clock and the shrinking of the moving road. As a matter

of facts, the resistance shown by the student is due to his mechanistic view of the reality

where objects have some �xed properties as mass, length and so on. These attributes are

independent of the observer's measure, leading to the existence of a preferred observer

(the one at rest) who has �more reason� then the moving one. The former will perceive

the objects as they really are while the latter will have only a distorted perception of the

world: roads appear to shrink, clocks seem running slower. At �rst, the student integrated

two counterintuitive conceptions within his exhausting frame of known phenomena.

This research highlights that students' previous frameworks including metaphysical com-

mitments play a key role in the process of accommodation in learning Special Relativity.
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A conceptual exchange can not really happen if there is not such a dissatisfaction leading

to a lower reliability of the mechanistic view of reality and of the Classical Mechanics in

general.

1.2 Students' thinking

Next to the discussion about what learning is, the other important aspect is how students

think3. In order to deal with students' alternative interpretative frameworks we have to

consider how they interact with new conceptions: our didactic sequences should be or-

ganised speci�cally depending on students' way of thinking. Together with the traditional

misconceptions modelin which students' ideas are considered as a set of �xed elements

creating barriers to instruction, a new one has been recently proposed. Thepieces model

assumes students' ideas as context-depending adaptable �knowledge pieces� that learners

activate independently or in networks.

Both the models point out some features of the students' ideas Scherr [18] highlighted:

ˆ determinacy: students' ideas are not simply correct or incorrect. Often they are

referred only to a speci�c situation but not the correct one. Thus the idea that �the

higher the e�ort, the greater the e�ect� has an indeterminate state of truth until it

is not applied to the valid context (e.g. to the relation force-acceleration and not to

force-velocity). Determinacy is the property of an idea to be truth-determinate or

truth-indeterminate;

ˆ coherence: students' ideas seem often to be contradictory according to the instructor

knowledge even if learners do not feel this contrast. Coherence should be related to

how the internal system of logics of students creates their networks of ideas but it

is biased to the stance of the instructor;

ˆ context-dependence: researches found that students' answers to a question are in�u-

enced for instance by the setting where a question is asked (at school or in every-

day life) and by the situation (during a class or a clinical interview). Thus context-

dependence refers to all the surroundings of a question that can in�uence students'

performance;

ˆ variability: students' ideas can change or not very quickly during the same situation.

Ideas can be �uctuating if they change frequently and they are not stable;

ˆ malleability: students' ideas are expected to change after instruction. Malleability

refers to the di�culty of the accommodation's process: ideas can be rigid if they are

3The content of this section refers to Scherr's work [18].
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resistant to the change otherwise pliable.

These features are declined (see Table 1.1) according to the particular modelling of stu-

dents' thinking towards which instructors and teachers have to behave di�erently in order

to favour the learning process.

Misconceptions model Pieces model

Determinacy True or false Indeterminate
Coherence Coherent Potentially mutually independent
Context-dependence Context-independent Potentially context-dependent
Variability Stable Potentially �uctuating
Malleability Rigid Potentially pliable
Research agenda Find coherent frameworks Find useful pieces
Instructional agenda Elicit, confront, resolve Re�ne intuitions
Changes in understanding Di�cult, permanent Potentially easy, temporary

Table 1.1: Table gathering the features of students' ideas according to the two di�erent
models of thinking (from Scherr [18]).

The misconception model is the most traditional description of students' ideas: it outlines

the existence of alternative structured logical frameworks students use to solve problems.

They are (apparently) truth-determined as students think of their ideas to be correct; it

was observed that they are also coherent and rigid, stable and independent of the context

a problem refers to. This set of ideas is well organised inside students' mind probably

because they had it for a long time and thus we can expect students to have di�erent alter-

native frameworks and to see them emerging often in various contexts. The instructional

sequences should aim to identify these alternative students' interpretations, to make stu-

dents aware of them, then to show proofs of their inadequacy and �nally to help them

resolving these contradictions. Because of the solidity of these ideas, the learning is di�-

cult yet permanent.

The pieces model is more dynamical then the previous one: ideas are not gathered into a

solid frame and we refer to single pieces of knowledge that students activate independently

or in a network, depending on the problems. Ideas do not have a determined state of truth

as they depends on the situation and they are context-dependent. Being single pieces,

students' ideas are independent of one another, �uctuating and pliable. For this reason

we should not expect to have coherence between students' answers, yet we will see con-

tradictions as di�erent situations activate di�erent pieces of knowledge. Instructors can

have a prove of this model of thinking looking to the variability of students' answers or in

their changing during thought process. Indeed instructors and teachers have to �nd out
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the basic idea that guides students' reasoning which can either help them or not4. Once

these pieces have been identi�ed, the instruction has to be addressed in order to re�ne stu-

dents' intuitions: the elements are not incorrect by themselves but they are only applied

to a wrong context, thus requiring a re�ning. Students should be guided to understand

how to incorporate these concepts into their reasoning rather then denying. Instruction

is expected to be easier then the misconceptions model but potentially temporary.

1.3 Alternative conceptions in Classical Mechanics

The roots of Special Relativity lay deeply in some features of Classical Mechanics. The

researches on Einsteinian Relativity show also that students' problems are related to con-

cepts of Mechanics ([19]) which are not thoroughly treated at the time of classical instruc-

tion, �rst of all the concept of reference frame and event ([17, 20, 8, 9, 21]).

Many authors discussed about the in�uences the previous knowledge has on the learn-

ing process of Special Relativity: for instance Hewson [17] stressed the importance of the

Newtonian commitments into the explanation of relativistic phenomena as well as Selçuk

[22] pointed out that some misconceptions would arise from a failure in the accommoda-

tion of the concepts of Galilean Relativity. While investigating problems about the speed

of light, Villani and Pacca [23] found that university students use pre-relativistic concepts

very similar to Saltiel's �spontaneous� kinematic ([20] and later in the text). Moreover they

speci�ed that it is far from being real to assume that students learning Special Relativity

have already fully grasped the meaning of Galilean Relativity. Indeed de Hosson et al.

[9] stressed the deep students' misunderstanding of the structure of Classical Mechanics

which is an obstacle to the comprehension of Special Relativity. Thus students' alternative

representations of Classical Mechanics should be taken seriously into account while trying

to outline their thinking on Special Relativity as the former involves concepts that are far

from being simple, even if easily relating to everyday life experience. Students learn that

motion is frame-dependent in contrast with the usual dichotomous distinction between

�rest� and �motion� which is commonly always thought as well de�ned.

The major problem literature highlights is the concept ofreference frame, a set of observers

at rest with respect to each other, an operative concept which seems not to be hold by stu-

dents ([9]). In their review on Special Relativity, Alstein et al. [21] began from analysing

the literature's result on the use and understanding of reference frames and on other clas-

sical concepts that will be discuss later in the text.

Di�erent authors as Villani and Pacca [23], Özcan et al. [10], Scherr et al. [8] and de Hos-

son et al. [9] agree that it is necessary to start from the concept of reference frame for a
4As for example the idea that "the higher the e�ort, the grater the e�ect" which is correct if applied to the

relation force-acceleration and not to force-velocity.
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full understanding of Special Relativity in order to demolish the idolatrous stone of the

absolute frame, rebuilding the correct representation.

Special Relativity as well as Classical one needs a full correct understanding of the mean-

ing of reference frame ([8, 21]). For instance some of the alternative conceptions about

loss of simultaneity are actually alternative conceptions about reference frames.

Panse et al. [11] outlined seven di�erent alternative conceptions about reference frames:

I reference frames are concrete objects: it seems that students are likely to associate

the idea of a reference frame together with a physical bodies. They refer to them

as if they are concrete objects: this seems to be only a convenient way of thinking,

perhaps related to the next ones. For instance a ship can have such a reference frame

that su�ers friction in water too;

II reference frames have physical extension: students share the idea that reference frames

have some bounders, delimited by the physical extent of the body the are �xed to,

and then each object de�nes a di�erent reference frame regardless of the relative

state of motion. There are three major aspects: the physical extension of the frame,

its boundary and a �nite length of the coordinate axes related to the dimension of

the object. For instance a ball thrown out of moving car is going outside the refer-

ence frame of the car or two di�erent observers at rest with respect to each other

constitute two di�erent reference frames;

III reference frames have appendices: students are likely to consider as part of a larger

reference frame small moving bodies inside it regardless of their speed with respect

to it. For instance a man walking on the deck of a ship as well as a shoot bullet are

part of the ship's reference frame;

IV particular phenomena happen in particular frames: this less prominent conception

has phenomena happening in particular reference frame, either the one in which

it takes place or the one which the phenomena is viewed from. A stone dropped

inside a train takes place in its reference frame while a stone dropped outside in the

ground's one. In the same way, there is the belief that some events could happen only

in one particular reference frame nor in two di�erent: for instance a ball trowing

out of a moving train is a phenomenon for the reference frame of the ball itself, not

for the train or platform's one;

V real and apparent motions: students have the tendency to choose the most easy and

natural reference frame, even when it is not the most favourable to study a particular

motion. This is not a real problem except if they use it to express judgements about

the realness or the apparentness of that motion. For instance a child in a train leaving
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a station is really moving with respect to the platform while this one is not moving

with respect to the child. A third �neutral� observer would be necessary to express

a true statement whether it is real or apparent - an heritage of Newton's idea of

absolute space, as also Dimitriadi and Halkia [13] pointed out;

VI physical description from viewing: when students are describing a motion with re-

spect to a particular frame, they are likely to refer to its visual appearance or to the

moving object as seen from that frame. Students are certain of a motion in a particu-

lar frame because they can see that motion without using the law of transformation

of velocities from one frame to another. It was also found that they tend to confuse

measuring with viewing. This conception can be related to the connotation of the

observerleading students to consider physical viewing as the main issue in relative

description of phenomena;

VII pseudorelativism: students have a natural idea of relativity of motion that does not

include the idea of a reference frame, in the way that the description of motion is

determined by di�erent observers. If this idea is combined with the previous alter-

native conceptions, di�erent descriptions of phenomena (as trajectories of moving

objects) within the same reference frame emerge depending on how they are viewed.

As a result, Panse et al. [11] pointed out that undergraduates seem to consider reference

frames as decorative elements without using them to physically formulate and explore the

meaning of the principle of relativity. Synthesising, students have di�culties to determine

what makes a reference frame([24]). In the same way Saltiel and Malgrange [20] found that

students never think in terms of reference frame. Students seem to �geometrise� the space

imaging motions happening in an unique geometrical space which is �frozen�, independent

of observers. Students give birth to aspontaneous kinematic: motion becomes a property

of the moving body rather then of the observer as well as their trajectory that can be

rigidly transferred from one reference frame to another, regardless of observers and time.

More explicitly velocities as well as forces exist independently of reference frames with

the consequence that motion and rest are de�ned intrinsically. These ideas are settled in

the rooted conception that motion happens only in the frame where there are forces which

cause it revealing the existence of a �proper�, real motion with respect to a non physical

one which is an optical illusion.

The result of the research of Ramadas et al. [12] con�rmed that the Saltiel and Malgrange's

geometrical view of motion a�ects also the main features of Galilean Relativity: students

prefer to trust to their intuitive kinematic ideas of time and distance and to the theory of

�physical drag� for velocity composition. Time interval between �xed events is implicitly

thought to be invariant but students do not perceive the contradiction when a calcula-
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tion violates the absoluteness: time invariance is not considered as an axiom of Galilean

Relativity. As far as distances are concerned, despite of the simultaneity of two events,

students consider the relative distance to be invariant because of their intuitive concept

of frozen space, often to the detriment of time invariance. Distances covered on moving

platform are often seen as equal for observers on the same reference frame and on the

ground's one, despite of the platform's speed. Similarly ([20]), when starting and arriving

points are identi�ed by some �xed targets on the moving platform, the distance covered

does not change according to di�erent observers as the one travelled on the platform is

more �intrinsic�, more real. Finally students succeed in correctly transforming velocity

between reference frames, not using at all the transformation relations but a mechanism

of a physical drag as if the moving reference frame is carrying the moving observer in it.

An evidence of this reasoning is that on a moving platform moving forward is �easier�

then backward. Moreover students do not consider the principle of Galilean Relativity as

a powerful tool to determine answers to di�erent problems but only another among the

laws to be memorised and its violation is rarely recognised.

Finally we have to take into account students' understanding of time and simultaneity

which was deeply investigated by Scherr et al. [8] in relativistic context, revealing some

alternative concepts that should be already clear from Classical Mechanics. In particular

both Scherr et al. [8] and de Hosson et al. [9] found that students are likely to consider the

time of an event as the one at which a light signal reaches an observer, showing a missing

right perception of the meaning of event as already Hewson [17] shown. The consequence,

strictly connected to the idea of reference frame, is that di�erent observers standing in dif-

ferent positions but in the same reference frame will disagree on the time coordinate of

an event. At the same time observers in the same position are considered belonging to the

same reference frame, regardless of their state of motion. Similarly, de Hosson et al. [9]

found that reception of light signals by di�erent observers in the same point of space but

in relative motion creates some problems to students, revealing di�culties linked to the

concepts of events and reference frames.

The aim of this short review of the main issues concerning the relation between Galilean

and Special Relativity was to underline that a misunderstanding of Classical Mechanics

can still be dominant in students trying to solve relativistic problems; it constitutes an

additional source of alternative concepts that strongly in�uence their answers.

1.4 Alternative conceptions in Special Relativity

In the previous Section we have shown that an incorrect interpretation of the concept of

reference frames plays a key role in understanding Special Relativity. It is straightfor-
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ward that if students believe in the existence of a preferred reference frame or of a real

and apparent motion, they will miss the full meaning of Einstein's theory. Even if Special

Relativity predicts new phenomena which are relativistic ones, often students' misconcep-

tions are ascribable to their incorrect understanding of Classical Mechanics as we will see.

We now report what the literature identi�es as the most frequent alternative frameworks

in Special Relativity summarised some years ago by Aslanides [25] and more recently by

Alstein et al. [21] and Prado et al. [7]. We will not distinguish between the di�erent level of

instructions: as Dimitriadi and Halkia [13] quoted, most of the researches have been car-

ried out with university students (undergraduates or graduates) but an higher instruction

is not a synonymous of a deeper understanding as Scherr et al. [8] highlighted.

1.4.1 Postulates of Special Relativity

About the two postulates of Special Relativity we have to distinguish between their indi-

vidual understanding and their role within the theory as a whole. Indeed Posner et al. [16]

wrote that taken individually the two postulates are not problematic but the comprehen-

sion within the theory as a whole is problematic.

First postulate - principle of relativity

The �rst postulate is nothing more then the extension of the Galilean principle of relativ-

ity to the optics and electrodynamic phenomena. Thus one can infer that if students do

not use the principle of Classical Relativity as an operational tool (Section 1.3), its use in

Special Relativity could not be di�erent. Indeed Gousopoulos et al. [26] found that stu-

dents failed into perceiving the equivalence among motionless and uniform motion which

is a more fundamental classical issue rather then a relativistic one. The following works

are not explicitly referring to Special Relativity but contain some important students' con-

ceptions about the Galilean principle of relativity sometimes within relativistic situations.

These learning di�culties have been addressed however by the Alstein et al.'s work as

part of the frame of misconceptions about Special Relativity.

The work of Pietrocola and Zylbersztajn [27] goes in this direction: when asked if high

or low speeds in�uence some phenomena (mechanics ones as well as electrodynamics

ones), students do not use the principle of relativity but some arguments not always cor-

rect related to the concept of inertia. Indeed they use the not-existence of pseudo-forces

to explain the equivalence of laws between di�erent reference frames ([21]).

In the same way Bandyopadhyay [28] found that students do not use the principle of rel-

ativity in solving the problems, preferring a more procedural strategy. They understand

it in a kinematic and not dynamical way, obtaining that reference frames are equivalent

as there is a kinematic reciprocity given by the relative speed. This statement is however
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true also for non-inertial frames that share a kinematic quantity, the relative acceleration.

Bandyopadhyay also noticed that students do not fully grasp the relation between the in-

variance of laws and the transformation of physical quantities and that, as a consequence,

the former implies the latter and not the Galilean transformations as a student suggested.

This problematic was also pointed out by Özcan et al. [10].

Second postulate - light's speed

The review of Alstein et al. reported that the second postulate in literature received less

attention then the �rst. According to Aslanides [25] and Dimitriadi and Halkia [13] stu-

dents �nd it easier at least to be understood and to be applied while conversely Kamphorst

et al. [24] underlined the di�culty students face dealing with it. Maybe the textual under-

standing of the statement is easier as at �rst it does not involve particular and complex

reasoning.

However this is not su�cient: we can not infer that students fully hold its meaning as its

consequences are not yet completely accepted. As Posner et al. [16] suggested,the more

one accepts Newtonian mechanics the harder it will be to imagine a world in which the postu-

late about constancy of the speed of light is true. Indeed, as we will see from the subsequent

misconceptions, especially about simultaneity, the Newtonian heritage still in�uences stu-

dents' reasoning in relativistic context. Dimitriadi and Halkia found that students think of

light as having an intrinsic own speed which is constant (c) but di�erently measured by

various observers. This reveals that Galilean velocity addition is still adopted and that mo-

tion is view as intrinsic, in the way Saltiel and Malgrange [20] found. Similarly, Gousopou-

los et al. [26] found that students report correctly the principle of invariance of light speed

but still use Galilean addition of velocities.

Also Kamphorst et al. drew attention to the fact that students carry on using pre-relativistic

model even dealing with light speed as for example using Galilean velocity addition and

interpreting c as the maximum speed one can obtain. In the same way, Prado et al. [7]

found that there isstill confusion between the invariance of the speed of light and the feature

of being a limiting velocityand that the limited value of the speed of light is ascribed to the

insu�ciency of technology ([7, 13]).

1.4.2 Simultaneity

The understanding of the concept of simultaneity has been widely investigated by Scherr

and the outcomes of her researches have been published in di�erent works ([8, 29, 18, 30]).

As a general result it emerges that students fail to spontaneously apply the relativity of

simultaneity ([8]). In particular Scherr underlined two di�erent students' attitudes:
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ˆ simultaneity is observer-dependent: this misconception is rooted into students' ideas

of reference frames as constituted by the observer himself. Scherr found two di�er-

ent ways of reasoning. Many students tend to identify the time of an event with the

time at which the light signal from the event reaches the observer (as also shown

in [9, 13]): therefore simultaneity depends on the time order of the received light

signals. As also de Hosson et al. [9] pointed out, observers in the same reference

frame could not agree on the simultaneity of two events. Instead other students be-

lieve into the sensory experiences of the observers: if an observer does not have any

direct evidence of an event, it has not happened. Actually they fail to recognise that

observers can have access to additive information from other observers in their own

reference frame.

ˆ simultaneity is absolute: this result is quite predictable and it was also found by other

researches ([22, 13, 26]). Students strongly believe that simultaneity is absolute and

thus that two events happen at the same time in each reference frames. Moreover

the fact that observers are intelligent and correct for the signal travel time seems not

to help students ([13]) for this is considered as the demonstration of their belief: as

the observers make corrections then simultaneity is absolute. Any other appearance

of the contrary is an illusion due to the di�erent receptions of the light signals. In

addition Scherr found also that the signal travel time is thought to be in�uenced

by the desynchronization term in the Lorentz's transformation (� v dx~c2) while its

reception by the relative motion which a�ects the timing of events in the moving

reference frame only in this way.

Scherr's analysis showed that, even after instruction, students tried to combine what they

thought to have learnt with their existent conceptual framework according to which simul-

taneity could be absolute but yet relative, depending on the reception of the time interval

signals. In particular she proposed ([18]) that students held three di�erent beliefs: events

are simultaneous if observers receive a light signal from them at the same instant of time,

simultaneity is absolute and each observer constitutes a di�erent reference frame. Thus,

summarising ([21]), simultaneity does not depend on the relative motion between the ob-

servers and the events. As a consequence, students fail to apply the correct procedure of

measuring time and of ordering events time using synchronised clocks.

1.4.3 Causality

Strictly tied with the argument of simultaneity, there is the issue of time ordering, namely

causality. As Scherr et al. [29] highlighted, students' strong belief in absolute simultaneity

prevent them from considering real implications of the cause-e�ect relationship. Scherr
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proposed a scenario in which a tape player is in the middle of a moving train with respect

to the ground. Two light wavefronts are sent towards the tape player from the two side

of the train, simultaneously in the reference frame of the train. If the signals reach the

tape player at the same time, it remains silent whereas if the one coming from the front of

the train arrives �rstly, it plays otherwise if the one coming from the rear arrives �rstly, it

again stays silent. It is straightforward to see that a missed understanding of simultaneity

gives rise to two di�erent realities: in the moving reference frame an observer will listen

to the music whilst in the ground's one an observer will not hear any sound. Students

actually try to overcome this incompatibility depicting two di�erent situations:

ˆ students think that in the train's reference frame the tape player sounds while in the

ground's one not. Even if they strongly debate about the impossibility that in the

two reference frames di�erent events happen, they concludethat special relativity

implies that events occurring in one frame do not necessarily occur in all frames([29]);

ˆ students invent �alternative realities� borrowing ideas from Quantum Mechanics in

which the tape player both sounds and does not sound.

However students seem not to understand that they have to choose between the violation

of causality (the same event does not happen in all the reference frames) and the abandon-

ment of absolute simultaneity. They rather prefer to create a personal scenario in which

causality is irrelevant in their analysis and absolute simultaneity is preserved as in a pre-

relativistic world. Scherr argued that this due to the fact that students do not reach such a

level of deep understanding to consider violation of causality.

1.4.4 Time dilation

A very common misconception about time dilation was found by Gousopoulos et al. [26]

in almost all the students, namely the perception of time as a frame-independent, thus an

absolute physical quantity:Time is what it is, it can't change.

Gibson [31] investigated the use of time dilation phenomenon and observed that students

get confused using the formula as they do not understand which variable refers to a refer-

ence frame. Moreover they often use the formula just because a time is given in a problem.

Selçuk [22] found that students think that time �ows di�erently for di�erent observers

belonging to di�erent reference frames but the time dilation phenomenon is asymmetric

since it e�ects only the observer in motion. In the same way, according to Özcan et al.

[10], time dilation can not occur in the reference frame at rest. Aslanides [25] suggested

that this may be linked to students' inclination to consider as �real� the physics phenom-

ena happening on the ground or on the Earth's reference frame ([20, 21, 22, 13, 12, 31]),

thus implying the existence of an absolute reference frame ([11]). Moreover he introduced
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a new misconception strongly connected with this one that he called "asymmetric time

dilation": if time runs slowly for clocks �absolutely moving�, therefore in comparison it

must goes faster for clocks �absolutely at rest�.

Then the root of this misconception lays in the misunderstanding of the relativity of mo-

tion which again turns in students' wrong ideas about reference frames.

1.4.5 Length contraction

Similarly to what was already found for the time dilation phenomenon, Gibson [31] found

that students get confused using the length contraction formula and they employ it when

a length is involved in a problem. Additionally Gibson [31] and Gousopoulos et al. [26], as

already Posner et al. [16] did, observed that students tend to consider this phenomenon as

apparent: they think that an object according to the moving reference frame appears to be

shorter but it has always the same length. This feature is more marked with respect to the

time dilation phenomenon as also Dimitriadi and Halkia [13] highlighted: as time is more

an abstract concept, it is easier to accept its relativity. Conversely, they are still committed

to a mechanistic view of the world as already Hewson [17] pointed out according to which

objects have �xed properties as for instance the length: as a consequence the result of a

measurement on the Earth is the only really �true�. The same result was obtained by

Gousopoulos et al. [26] and Selçuk [22] who both added that, as for time dilation, students

believe that the contraction happen only in the �moving� reference frame and sometimes

also in all the directions, not only along the one of motion.

Aslanides [25] considered also the �asymmetric length contraction� according to which if

a �moving� observer gets a length contracted, then it must be lengthened according to the

observer �at rest�.

1.4.6 Velocity addition

Both Aslanides [25] and Alstein et al. [21] reported that there are not documented learning

di�culties about the relativistic addition of velocities. Dimitriadi and Halkia [13] found

that students have some problems into understanding that the maximum speed one can

obtain is the one of light and that this limit is not a matter of technology rather anintrinsic

property of nature.

1.4.7 Mass-energy equivalence

Regardless of the fame of the relationE0 � mc2, Aslanides [25] reported that no previous

misconceptions were found in literature. Selçuk [22] observed that according to the great-

est part of the students, mass is thought as an invariant quantity that, as Dimitriadi and
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Halkia [13] said, can be tied with the Hewson's inference on students' mechanistic view

of reality. However a part of the learners shows doubts about the concept of �relativistic

mass�, leading them to think about an increase of the mass in the moving reference frame.

As we will discuss in Section 2.2.3 and how it is underlined also by Aslanides [25], the use

of a �relativistic mass� is misleading and also incorrect. Selçuk argued that this misuse

of 
 -factor associated with mass arises from a confusion with the relativistic formula of

energy and momentum. Indeed the concept of mass is introduced within the context of

energy-momentum and thus students might have associated the
 -factor inside the def-

inition of P � 
mv andE � 
mc 2 with the mass rather then with the de�nition of the

previous quantity. This might have convinced them that mass increases with speed.

Selçuk also noticed that the mass conception has interesting implications on density con-

ception: some students, according to the mechanistic view, stated that as mass does not

change, also density remains invariant while other ones speci�ed the volume would have

shown a length contraction that was not actually real otherwise the nature of the sub-

stance would have changed. Other invariance of density has been achieved with a double


 -factor on both the mass and the length term in the density formula. Finally some stu-

dents thought of an increase on the density due to the increase of the mass, neglecting the

transformation of the volume. Misunderstanding on both mass conception and length one

result in a non-correct consideration of the transformation of a body's density.

1.4.8 Conclusion

The result of the analysed researches on the didactic features of Special Relativity in terms

of students' misconceptions shows di�erent aspects of how this theory is perceived.

Regardless of the level of instruction (from secondary to university), students seems to

have di�culties in understanding and internalising the relevant consequences of Special

Relativity also after instruction5. If Galileo's theory is not fully understood even if it deals

with concrete everyday life situations, even more Einstein's one faces this problem due

to its abstract outside daily life contents6. Indeed as there is not a chance to experiment

relativistic phenomena, students try to appeal to their own common sensory experience

in their explanation ([22]). The impossibility of observing these phenomena increases the

con�ict between their outcomes and students' intuition.

In particular many authors noticed that students tend to adopt the ground reference frame7

as the preferred one with an absolute sense. Classical Mechanics even after instructions

continues to have still a strong in�uence on the students' reasoning into their explanation

5[22, 8, 29, 23, 10, 32, 26]
6[22, 23, 10, 24, 32, 13, 26]
7[20, 21, 22, 13, 12, 31, 14]
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of relativistic phenomena8, especially in the mechanistic view ([17]) and in the existence

of an absolute perception of reality (absolute motion, absolute time, absolute space). More-

over the old misconception already observed by Saltiel and Malgrange [20] between a real

and an apparent motion is even more emphasised leading students to consider time di-

lation and length contraction as an optical illusion9 as well as asymmetric phenomena

([25]). Therefore some authors10 strongly emphasised the importance of the appropriate

language instructors and teachers should use, paying attention to words asmeasurement

andobservation, trying to avoid words asto seeor to appearin order not to strengthen this

incorrect conception ([22]).

Students are not used to consider the two postulates as e�ective tools for the resolutions

of problems and it seems that most of the students' alternative frameworks lays in the

not-correct understanding of the concept of reference frame and event11 which are con-

sidered as a prerequisite for Special Relativity. These concepts guide them to a misleading

evaluation of relativistic phenomena as for instance simultaneity.

1.5 Teaching Special Relativity

The evidence of persistent and resistant to change ([29]) students' di�culties motivated

researchers, instructors and teachers to �nd di�erent and various strategies for teaching

Special Relativity. If the Physics university courses already provide for its instruction also

with introductory courses of Modern Physics ([8]), the interest in the secondary educa-

tion is quite dissimilar. Indeed only in recent years (almost in the last decades) a growing

international interest in dealing with Modern Physics has been observed with a particular

attention to Special Relativity12, leading to di�erent didactic proposals. The termEin-

steinian physicshas been coined to gather the most relevant theories of Modern Physics:

the General together with the Special Relativity and Quantum Mechanics (Kersting and

Blair [42]).

Dimitriadi and Halkia [13] however reported that as well as examples of strategies, there

are also some objections to its introduction due to the di�culties it hides. In this context,

Alstein et al. [21] noticed that there is not a general agreement on the guidelines to adopt

in order to delineate the most suitable approaches for both university and secondary stu-

dents.

As far as the Italian educational overview is concerned, since 2010 the national guidelines

8[23, 9, 22, 17, 8, 13, 26]
9[16, 22, 31, 17, 13]

10[33, 22, 21]
11[17, 8, 18, 9, 13, 34]
12[32, 24, 14, 21, 13, 35, 36, 37, 2, 26, 38, 39, 40, 41]
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for high-school teaching and learning ([43]) have formalised the require of introducing

Special Relativity in the last year of students' formation in Physics:

The study of Einstein's Theory of Special Relativity will lead the student to deal

with simultaneity of events, time dilation and length contraction. The study of

the mass-energy equivalence will allow him to develop an energetic interpreta-

tion of nuclear phenomena (radioactivity, �ssion, fusion).13

The peculiar feature of this theory of being a scienti�c revolution but at the same time

a profound and new re�ection on the concept ofspaceandtime places Special Relativity

as an important moment of the students' formation. He is invited to re�ect and deepen

the philosophical reasoning in line with the General Guidelines and Skills for the Physics

curriculum of a Scienti�c High School:

By the end of the high school course the student will have learned the fundamen-

tal concepts of physics, the laws and theories that make them explicit, acquiring

awareness of the cognitive value of the discipline and of the link between the de-

velopment of physical knowledge and the historical and philosophical context in

which it developed.14

In particular a second document, the Normative Table [44], reports a distinction between

prerequisites, contents, abilities and competences students have to acquire at the end of

their instruction on Special Relativity in order to be prepared for their �nal exam.

Useful and complete analyses about di�erent teaching strategies have been recently car-

ried out by Prado et al. [7] and Alstein et al. [21]. The former gave a general overview on

students' and teachers' reasoning about Galilean and Einstein's Relativity and then illus-

trated di�erent didactic proposals for teaching Special Relativity. They showed how usual

approaches give rise to di�culties in correctly applying mathematical formulas to solve

problems. The latter summarised and analysed the amount of educational researches in

Special Relativity in the secondary and undergraduate instruction. In particular they stud-

ied forty works focusing over the learning di�culties, the di�erent teaching approaches

and the research tools. Finally the more recent work of Kersting and Blair [42] reported

four inspiring examples of alternative instructional tools for the teaching of Special Rel-

ativity: one approach based on relativistic dynamics aims to avoid the issue of changing

reference frame. The second one shows the work of Kamphorst et al. [24] while the third

one introduces Special Relativity through a di�erent use of the spacetime diagrams. The

last one emphasises the employ of Virtual Reality (see further on).

13[43] - my translation from Italian.
14Ibid. - my translation from Italian.

25



Chapter 1. State of Art 1.5. Teaching Special Relativity

In order to give an easy classi�cation of the various existing strategies to Special Relativity

we can consider the 5 major approaches Besson and Malgieri [19] identi�ed exploring the

university and secondary textbooks:

ˆ kinematic-algebraic approach : this is the most adopted way of teaching in Italian

High Schools ([1]). As pointed out by De Ambrosis and Levrini [2], the textbooks

hark back to Resnick's book ([45]) of 1968, tracing Einstein's original paper of 1905

([46]). At the beginning, the two Einstein's postulates are presented. Then the main

aspects of the theory are explained: loss of simultaneity, time dilation, length con-

traction, the concept of interval, and Lorentz's transformations. This frame is com-

pleted by the relativistic formulas of the composition of velocities, momentum, and

energy. Often light clocks and �gures with drawings representing the succession of

events (diagrams of events) are used;

ˆ kinematic-geometric approach : it is based on the geometric study of 4-dimensional

spacetime. It immediately introduces the invariance of the intervalds2, analogously

to the invariance of the distance in the Euclidean metric. The theory of Special Rel-

ativity is presented as a particular case of General Relativity, rede�ning classical

momentum and energy through the moment-energy four-vector, constructed with

invariant quantities. Levrini [34] strongly emphasised the geometry of spacetime as

useful didactic strategy;

ˆ dynamic-experimental approach : this methodology �rst introduces the experi-

mental existence of a limit speed (that one of light). Then it shows how the formula

of classical kinetic energy is not correct. This is replaced by the relativistic expres-

sion, obtained empirically from the data. A new de�nition for the momentum is

introduced within the dispersion relation (E 2 � p2c2 � m2c4). Its meaning and con-

sequences from a conceptual and physical perspective are �nally discussed;

ˆ k-calculus approach : in this approach, the two postulates of Einstein constitute

the starting points. Then it is considered thek value equal to the ratio between the

reception timeTœfrom an observer moving at a constant speedv of light signals sent

by another observer stationary to time intervals equal toT. It is obtained thatk �
»

ˆ1 � � •~ˆ1 � � • , providing the formula for the longitudinal Doppler e�ect. With

other manipulations, the expressions of the phenomena such as time dilation, length

contraction, the addition of velocities, and Lorentz transformations are obtained.

This approach does not allow to explain all the result of the Special Relativity. Thus

it may be considered a simple introduction;

ˆ historical approach : this way provides a historical reconstruction of the contents
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of the theory, starting from the analysis of the crisis of Classical Physics in the nine-

teenth century. In particular, it focuses on the contradictions between Electromag-

netism and Mechanics. Often this approach is mixed with some elements of the

kinematic-algebraic one. Selçuk [22] in particular does not agree with this ways

of teaching while Alstein et al. [21] reported that Levrini's strategy ([34, 37]) in-

volving an historical and philosophical contextualisation is promising, even if it has

not been empirically experimented so far. Kamphorst et al. [24] pointed out that in

science history and philosophy can be useful cluesto help students bridge the gap

between their pre-instructional ideas and physics concepts. This approach has been

tested e�ciently in high schools by Arriassecq and Greca [14] who reported result

more positive then when adopting traditional teaching.

To these approaches, we add the use of online resources like theReal Time Relativitygame

developed by Savage et al. [47] and theOpenRelativityproject of Sherin et al. [48], helping

students to visualise the e�ects of Special Relativity through interactive simulations. The

former allows students to see what happens to a scenario when high speed are reached

with particular emphasis on the optical distortion of objects and on relativistic phenom-

ena. It was used in a �rst year university course on Special Relativity accompanied to a

more classical teaching: the authors suggested that it might be of great importance for

studentswho prefer the concrete over the abstract. The latter is a �rst-person game provid-

ing a view of a relativistic world which has an arbitrary value of the speed of light. The

authors stated that it can provide an experience of the abstract relativistic concepts, hop-

ing that intuition about Special Relativity can be built. As far as the examined literature is

concerned, relativistic virtual reality was used by de Hosson et al. [9], suggested by Selçuk

[22] and thought to be the next step in the work of Gousopoulos et al. [26]. However

Kamphorst et al. [24] showed some perplexities about its use for the analysis of the second

postulate, as these simulations hide the constancy of light speed inside the programming,

but recommended it for the other aspects of Special Relativity. Maybe a combined didactic

actions with other approaches would be suitable.

Villani and Pacca [23] suggested the use of qualitative problems and in particular ofthought

experimentsin the form of paradoxes, a prerogative of Einstein's reasoning, which Ve-

lentzas and Halkia [38] showed to be of great importance for scienti�c reasoning. This

suggestions were implemented by Dimitriadi and Halkia [13] in their experimentation and

con�rmed by Alstein et al. [21], who expressed a preference with respect to the kinematic-

algebraic approach which is excessively focused over the formal mathematical aspects

of Special Relativity. Scherr et al. [29], although they used di�erent scenarios involving

thought experiments, showed some doubts in their use to generate a cognitive con�ict in

the students' reasoning. They stated it is useless that the instructor shows the contra-
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dictions a thought experiment wants to emphasise: the process of �confront and resolve�

should be carried out from students themselves, if a real conceptual change is expected to

be achieved.

Velentzas and Halkia [38] used two di�erent thought experiments with high-school stu-

dents to investigate some aspects of both the Special and the General Relativity. The for-

mer contain elements about simultaneity, time dilation and length contraction while the

latter was a simple Einstein's elevator. The strong points of this approach are argued to

be its narrative form and the minor content of mathematical formalism which motivated

students, helping the understanding of abstract concepts.

In the follow-up of their previous work ([32]), Kamphorst et al. [24] used thought experi-

ments in secondary teaching together withevent diagramsto investigate the understand-

ing of the second postulate, solving the issue highlighted by Scherr et al. [8] about students'

di�culty in distinguishing between the occurrence of an event and the reception of a light

signal towards an observer coming from it. They noticed that students did not use a pre-

ferred reference frame to determine light speed: even if the approach of Kamphorst et al.

was successful in their aim, they agreed that it could be di�cult to use in classes as it re-

quires teachers to individually guide students in their reasoning. Improvements to make

it more suitable for larger groups was stated.

However the multiple approach used by Kamphorst et al. [24] underlines the importance of

di�erentiating the didactic practices which Selçuk [22] stressed to be the way to eliminate

or at least to minimise students' misconceptions.

1.5.1 Approaching as Minkowski

The geometrical Minkowski's approach of 1908 ([49]) to Special Relativity based on dia-

grams that show the existence of an absolute spacetime has already been taken into ac-

count in literature. Its importance was �rstly recognised some years later by Einstein

himself in the preface to his article of 1916 about General Relativity ([50]) as the existence

of a spacetime turned to be fundamental for its description. Minkowski's standing about

spacetime starts from the matching between reality and a four-dimensional manifold, not a

3+1 one. It has been argued by Levrini [51] that the reality's description as it emerges from

Einstein �rst work of 1905 still has some Newtonian heritages. As quoted in [ibid.], citing

[52], space and time travel along correlated paths but no way to unify them is proposed15.

This is still a classical approach as Newton considered space and time as separated enti-

ties. Minkowski's substantivalist view of spacetime leads to a reality as a four-dimensional

manifold that exists as something invariant, observer-independent, thus absolute ([51]).

15Original Italian sentence:spazio e tempo viaggiano sì su percorsi correlati, ma non si propone alcuna forma
di riuni�cazione tra di essi.
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The didactic implications of this assumption are numerous ([37]): it should avoid students

to continue sharing the popular and incorrect version of Special Relativity that �everything

is relative� ([7, 14]), a feature of �relativity� that Einstein himself did not accept ([13]).

Moreover, beyond the epistemological considerations about space and time, Minkowski's

geometry paves the way to General Relativity's concepts. Some problems related to the

equivalence principle ([2]) or the transition from Special Relativity to the General one ([3])

can be solved thanks to four-dimensional spacetime.

In order to make easier for students the drawing, the understanding and the use of a

Minkowski diagram, di�erent attempts were made in the middle of the XIX century. From

a didactic point of view, as Benedetto et al. [53] pointed out, to avoid the introduction of a

complex notation arising from an imaginary timeict , it is more useful to introduce a real

rotation in a spacetime diagram. For the �rst time in 1948 this approach was applied by

Loedel ([54, 55, 56]) and then it was independently found also by Amar ([57, 58]). They all

considered two di�erent observersS andSœin relative uniform motion and a coordinate

reference system in the form̂x; ctœ• andˆxœ; ct• showing that each one can be obtained

from the other one simply with a rotation of a real angle, determined by the relative speed.

In the same way relativistic phenomena can be derived.

In 1962, Brehme [59] got an alternative derivation of these diagrams from the invariance

of the spacetime intervals with a slightly di�erence in reporting coordinates of an event

on the axes ([60]). Indeed if we consider

ds2 � dx2 � c2dt2 � dxœ2 � c2dtœ2 � dsœ2; (1.1)

one can rearrange as

dx2 � c2dtœ2 � dxœ2 � c2dt2; (1.2)

getting an invariance of an Euclidean distance in terms of eventsˆx; ctœ• andˆxœ; ct• .

The main didactic advantage of the picture of Loedel, Amar and Brehme is to have Lorentz

transformationˆx; ctœ• � ˆxœ; ct• as a simple rotation of the coordinate system̂x; ctœ•

into ˆxœ; ct• . As outlined by the previous authors and as we will show in Section 2.3, one

can get the same inferences as from a Minkowski diagram with an easier approach to the

understanding and resolution of problems asking transformations of events according to

di�erent observers. This use of alternative real diagrams has been addressed to be more di-

dactic: Benedetto et al. [53] highlighted that their strengths lay in the symmetric treatment

of the reference frames as both of them have orthogonal axes. The direct consequence is

that it is not necessary to introduce a scale factor to convert the measures of one observer

to those of the other observer as the scale of both the reference frame are equal.

In 1965 Taylor and Wheeler ([61]) following Minkowski's ideas elaborated the �rst didac-
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tic geometrical approach to Special Relativity based on a new geometry, namely the one

of spacetime, and on invariant quantities.

Already in 2001, Berenguer and Selles [3] pointed out the necessity of modifying the di-

dactic practice, developing a curriculum for the Bachelor degree in Physics based on the

Minkowski diagrams. They aimed to introduce new concepts, as worldline or spacetime

event, which are seldom discussed in schools and textbooks, leading to the understanding

of all the relativistic phenomena as purely spacetime e�ects, resulting from a not ordinary

Euclidean geometry. From the analysis, they concluded that this alternative didactic ap-

proach is possible with positive outcomes related to a greater understanding and ability

of the students to visually and graphically represent relativistic e�ects. But the authors

could not deny that students needed to familiarise with the new geometry which may be a

drawback. Moreover there is the possibility that students could be lead to an incomplete,

thus false, conceptual change if for instance they understood that a Minkowski diagram

represents the unfolding structure of reality and not an already given one. Even though

the research of Berenguer and Selles [3] was conducted for Bachelor courses, their con-

clusions showed important considerations that can be applied also to high schools.

However, as Liu and Perera [4] highlighted, despite the age of the Minkowski diagrams

and its e�ectiveness as a quantitative tool in Special Relativity, they are not used in uni-

versity instruction anda fortiori in secondary one to reinforce the algebraic method. They

showed that kinematics of Special Relativity can be easily derived from Minkowski dia-

grams, together with Lorentz transformations and invariant quantities. Moreover they can

be used to illustrate e�ciently paradoxes. Their research found that spacetime diagrams

help students to visualise situations and they facilitates qualitative reasoning and the turn

into a quantitative one requires only few steps forward.

Cayul and Arriassecq [5] carried out an experimentation with high-school students in-

vestigating the use of Minkowski spacetime diagrams to evaluate the simultaneity of two

events among di�erent observers in relative motion. Students understood the meaning of

the necessary elements to elaborate a diagram and it is not a problem to connect di�erent

concepts of Special Relativity to analyse a diagram. The greatest di�culty remains per-

forming numerical calculations and correctly using algebraic equations to determine the

simultaneity of events. In the follow-up ([62]) they added the use of applets in order to

overcome some di�culties students encounter with the concept of spacetime. The applets

were employed to address the concepts of simultaneity, time dilation and length contrac-

tion which revealed to be bene�cial for a better understanding.

Prado et al. [63] concluded their inquiry with the formulation of a full program for a teach-

ing proposal for high schools based on Minkowski spacetime diagrams in forms of event

diagrams ([64]). Their approach allows to visualise and to explain qualitatively and quan-
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titatively relativistic phenomena as time dilation, length contraction, the existence of a

limiting speed and the mass-energy equivalence which are the most relevant topics in

secondary education. They tested this strategy with students of a high school in a Span-

ish town with promising result. They reported also other pro�table uses in literature of

spacetime diagrams beyond their application for common topics of Special Relativity as

length contraction in accelerated reference frames ([65]) or scenario linked with black

holes ([66]) or even particle collisions ([67]) which in particular inspires our application

in Section 3.3.7.

In his PhD dissertation, Moutet [6] presented an experimentation, involving students of

the last year of high school, about Special Relativity through Minkowski spacetime geom-

etry using at �rst Brehme's diagrams while later on Minkowski's ones and Loedel's ones.

In his didactic proposal, Moutet used GeoGebra software to create diagrams and found

that, despite some di�culties related to the graphical approach (slope, interpretation of a

representation or a represented concept), it is advantageous with promising result show-

ing that students understand and assimilate the concepts of Special Relativity. He also

pointed out the need of a full formation for teachers about the use of spacetime diagrams.

In this direction goes the work of De Ambrosis and Levrini [2] who conducted a research

among teachers of high schools to evaluate the possibility of a didactic project based on

Taylor and Wheeler's approach. Despite some initial resistance, teachersagreed on the re-

liance and relevance([2]) of this new didactic strategy in teaching Special Relativity, thus

following Minkowski's original treatise.

1.6 Which approach for Special Relativity?

The previous section has highlighted the most common approaches to teach Special Rel-

ativity. They are valid, suggestive, yet providing di�erentpoints of viewto start dealing

with this theory. But if there are still so many di�culties, it is fair to question about their

shortcomings that have not been pointed out. Giving that each student may resonate

particularly with one of the suggested approach rather than with another one or a combi-

nation of them, there are some critical issue that these ways of teaching implicitly bring.

In particular Besson [68] outlined some implications about the �rst two, being the most

common way of teaching.

The kinematic-algebraic approach is the most common among Italian high schools as it

is followed by the national textbooks. As we will see in Chapter 4 from the result of our

prior analysis, it does not provide a good accommodation of the relativistic theory: it may

tend to relay excessively upon some formal aspects, leading students to focus more on the

mathematical demonstrations (as for instance using light's clocks) then on the operative
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concept of space, time and synchronisation which should be the starting point of this ap-

proach. Thus the belief that Special Relativity is extremely mathematical and then only

for gifted students ([41]) is enhanced and reinforced.

Conversely the kinematic-geometric approach is well compact but it needs to introduce

a very peculiar and abstract geometric structure (the one of the spacetime) without any

chance of validating its featuresa priori. Students have to accept as an authoritative im-

position a choice which seems to be without any foundations, actually complicating the

description of reality but that will be understood onlya posteriori.
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Chapter 2
The Theory of Special Relativity

2.1 Historical-scienti�c context

By the end of the 1800 all the Physics was thought to have been discovered:

�There is nothing new to be discovered in physics now.

All that remains is more and more precise measurement.�

said Lord Kelvin in a speech to the British Association for the Advancement of Science in

1900 [69]. He could not know how completely wrong he was...

After Newton sawfurther standing on the shoulders of Giants, Mechanics was a completed

theory, describing and predicting the motion of objects over the Earth as well as celestial

phenomena, even though some of them were not completely understood like the preces-

sion of Mercury's perihelion. Thermodynamics was able to deal with heat's transmission

and its successful application to the thermal machines did not question its e�ectiveness.

But the microscopic interpretation was not considered as reliable (molecules were a fancy

ideas) and the black body radiation was still an unsolved problem. Finally Maxwell's just-

born Theory of Electromagnetism well gathered electric and magnetic phenomena. The

interpretation of the optics solved the secular debate over light's nature: the discovery of

the electromagnetic waves by Hertz in 1886 together with its theoretical interpretation

thanks to Maxwell's theory sanctioned light to be a wave. Nevertheless even this elegant

theory had its dark counterpart destined to kick o� one of the most important scienti�c

revolution.

In the 1600s Galileo stated that (in a modern way):

Principle of Relativity (of Galileo). All the laws of Nature must be form invariant under

Galilean transformations.
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Galileo empirically observed that all inertial frames were equivalent, thus it was not pos-

sible to detect whether an inertial frame was moving with constant speed or not. Since the

lawsGof transformation from one inertial frame of referenceK to another oneKœmoving

with constant speedx with respect to the �rst one were

De�nition 1 (Galilean laws of transformation).

G �
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tœ� t
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Galileo deduced that all the laws of physics must preserved their form under these trans-

formations:

The equations of Mechanics are covariant under Galilean transformation.

When an experiment of Mechanics is performed in the framesK andKœ, having the laws

the same mathematical form, the result is the same in both the inertial frames. An experi-

ment can never detect if an inertial frame is moving or not, thus showing their equivalence.

Since 1600s Galileo's principle of relativity was always correctly observed up to Maxwell's

theory of electromagnetism which turned to be incompatible with Galilean transforma-

tions.
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are not invariant under Galilean transformations. Thus performing a simple electromag-

netic experiment, one would have been able of detecting an uniform motion with respect

to a particular inertial system: that of theluminiferous etherat rest.

The motion of light was well explained as long as it was regarded as a wave-�eld in a

completely analogy to the mechanical vibration �eld in an elastic solid body. But for the

latter there was a physical body throughout which vibrations could propagate: what about

the former? Thus, it was necessary to introduce a new �eld existing also if there was no

physical matter, in presence of an �empty space�: theether.

Electromagnetic �elds were regarded as states of ether and light was considered propagat-

ing in the same way as elastic vibrations throughout the ether.

1Here we use Gauss' CGS system [70].
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In 1851 Hippolyte Fizeau used a water-interferometer to study the e�ect of the movement

of a medium over light's speed and to measure the relative speed between light and water.

It seemed that light was dragged by the movement of the water: beingn the refractive

index of the water andv its speed, light's speedw in the water was:

w �
c
n

� v � ‹ 1 �
1
n2

• : (2.3)

But the experiment showed a result signi�cantly lower than the one expected from this

formula. Nevertheless it was consider a proof of the truthfulness of Fresnel drag coe�-

cient.

This quantity was introduced in 1818 by Augustin-Jean Fresnel in order to explain Arago's

experiment. He concluded stating the existence of a quasi-stationary ether, namely a sta-

tionary ether that was dragged by moving objects along with them as they move. Ifv was

the speed of the moving object andn its refractive index, then the ether was dragged with

a velocityvf wheref is the Fresnel drag coe�cient:

f � ‹ 1 �
1
n2

• : (2.4)

Thus both the ether and the water brought the light along with them.

Even though Fresnel's theory of the dragging ether well reproduced the experimental re-

sult, the famous Michelson-Morley experiment of 1887 questioned the existence of a quasi-

stationary ether.

In their experiment, Michelson and Morley used an interferometer to measure a di�erence

in the light's speed, according to the dragging of the ether, after a complete 90° rotation

of the instrument. At �rst one arm was aligned along the direction of Earth's velocity in

the ether and then it was rotated of 90°. A shift in the interference pattern of 0.4 fringes

was expected to be seen, being the sensitiveness of the instrument of 0.01 fringes. No

shift was observed, implying no change in the light's speed and then no dragging from the

ether...probably because there was no stationary ether.

In a similar way, the existence of a dragged ether was questioned by the aberration phe-

nomenon, the apparent change of the positions of a star in the sky during the year.

In 1727, James Bradley provided a simple explanation using a �nite value for the speed of

light and the Earth's motion around the Sun. But if ether was considered, then there would

not have been any aberration as the star's light would have been dragged together with

the Earth in its motion. The light's rays would have hit the telescope in an orthogonal

direction with respect to the Earth's motion.

Thus by the end of 1800s, the ether theory was the only way to understand light's propa-

gation but at the same time there were experimental result undermining this theory.
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A �rst attempt to solve this irreconcilability was unconsciously made by Woldemar Voigt

in 1887 [71, 72]: looking for the covariance of light's wave equation between inertial ref-

erence frames, Voigt derived a �rst version of Lorentz transformations.

Voigt made two assumptions:

ˆ the covariance of wave equation implies the form invariance of this equation be-

tween inertial reference frames: this is nothing else than Einstein's principle of rel-

ativity;

ˆ he asked for the invariance of the speed of light! (using his notation) in both the

at rest and moving reference frame: this will be Einstein's second principle.

These conditions led him to �nd a set of transformation between the frame of reference at

rest ˆx1; y1; z1• and time coordinatet and the moving framê � 1; � 1; � 1• and time coordi-

nate� :

� 1 � x1 � �t; � 1 � y1q; �1 � z1q; � � t �
�x 1

! 2
; (2.5)

where � is the x-component of the relative speed between the two inertial frames and

q �
»

1 � � 2~! 2 (the inverse of the future Lorentz factor
 ).

In a modern notation, these transformations are:

xœ� x � vt; yœ�
y



; zœ�
z



; tœ� t �
vx
c2

; (2.6)

very similar to the Lorentz transformations.

However Voigt did not provide any explanation for his assumptions nor theoretical or

experimental bases. Actually his aim was to obtain the formula for the Doppler e�ect,

showing that the wave equation was form invariant under transformation (2.5): his at-

tempt was to derive a new set of spacetime coordinate transformation. Moreover it seems

that he did not recognise the importance of these equations and in particular of the rela-

tion tœ� t � vx~c2 introducing for the �rst time since Newton's age a non-absolute time.

A decisive step forward were the contribution of Hendrik Antoon Lorentz by the end of

XIX century2.

We have to consider 5 main publications:

ˆ The Electromagnetic Theory of Maxwell and its Application to Moving Bodies(1892);

ˆ The Relative Motion of the Earth and the Ether(1892);

ˆ Attempt of a Theory of Electric and Optic Phenomena in Moving Bodies(1895);

ˆ Simpli�ed Theory of Electrical and Optical Phenomena in Moving Bodies(1899);
2Here we follow Acuña's reconstruction in [73].
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ˆ Electromagnetic Phenomena in Systems Moving with any velocity Less than that of

Light (1904).

With the aim of describing a new transformations of coordinates leaving invariant Maxwell's

equations, Lorentz applied a three-step method. He de�ned:

1. S0, the frame at rest with respect the ether.

2. S, the Galilean,real frame moving at velocityv with respect toS0: S andS0 were

connected by Galilean transformations.

3. Sœ, anauxiliary frame which also was moving at velocityv with respect toS0: Sœ

andS were connected by the following transformations3:

xœ� 
lx; y œ� ly; zœ� lz; t œ� l ‰t~
 � 
 ˆv~c2•xŽ; (2.7)

wherel was a parameter, subsequently set to 1.

Thus, combining these two set of transformations, in 1899 Lorentz wrote the transforma-

tion between the framesS0 andSœ:

xœ� 
l ˆx0 � vt0• ; yœ� ly; zœ� lz; t œ� 
l ‰t0 � ˆv~c2•x0Ž: (2.8)

They di�er from the version of 1892 where:

xœ� x0 � vt0; yœ� y; zœ� z; tœ� t0 � ˆv~c2•x0: (2.9)

The set of transformations (2.8) leaves Maxwell's equations form invariant, even though

already the version of (2.9) showed a form invariance up to �rst order ofv~c.

Moreover since 1892, Lorentz introduced thelocal timetœwhose physical meaning was

provided only in 1904 by Poincaré [74] as the time measured in a frame moving with

respect to the ether, with an illustration that resembles Einstein's procedure of synchro-

nisation of clocks. Poincaré also pointed out the impossibility of perceiving the local time

as slower due to the slowing of the watch itself; by this way a moving observer was not

able to determine if he was in motion or not, as stated by the principle of Relativity.

As said before, the idea of a non-absolute time together with a �rst version of Lorentz

transformations were already introduced by Voigt but Lorentz was unaware of it until

1908 [72]: afterwards he recognised the priority of Voigt.

Lorentz formulated also theTheorem of Corresponding States(1892) that more or less is the

principle of invariance for electromagnetic �elds:

3This is the ultimate version of 1899.
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If there is a solution of the source free Maxwell equations4 in which the real

�eld E and B are certain functions ofx 0 and t0, the coordinates ofS0 and

the real Newtonian time, then if we ignore terms of orderv2~c2 and smaller,

there is another solution of the source free Maxwell equations in which the

�ctitious �eld EœandB œare those same functions ofx œandtœ, the coordinates

of Sœand local time (Janssen [75]).

Brie�y, the theorem relates the con�guration of an electromagnetic �eld in two di�erent

inertial framesS andSœ, respectively at rest and moving with respect to the ether. If in

S there is a possible con�guration for this �eld, then its form is invariant inSœ: it can be

written using the same mathematical expression of the �eld inS using the variables ofSœ.

Another crucial aspect of Lorentz's work was the attempt to explain the null result of the

Michelson-Morley's experiment.

He started ([76]) from the laws of transformation of the electromagnetic forces between

inertial frames at rest and moving with respect to the ether. But the forces bringing to-

gether the molecules and thus determining the length of a body have an electromagnetic

nature. Then Lorentz suggested that the length should transform in the same way, obtain-

ing that objects along the motion get contracted by a factor
»

1 � v2~c2.

This expedient, known asLorentz-Fitzgerald contractionbecause it was proposed indepen-

dently also by George Francis Fitzgerald in 1889, solved the issue with the Michelson-

Morley's experiment. Even though without a plausible explanation, with the hypothesis

of the length's contraction Lorentz showed that the di�erence in the light's travel time

across the arms of the interferometer was zero, thus explaining the experimental null re-

sult.

In the work of 1899 Lorentz summed up all the previous considerations introducing the

�nal version of the transformations (2.8) together with the theorem of the corresponding

states. Moreover he gave a physical interpretation to the
 factor and to the transforma-

tions using the so-calledgeneralised contraction hypothesis[75]. It states that, changing

reference frames, the con�guration of the charged particles re-arranges itself so that the

electromagnetic �eld inS is the corresponding state of the original one inS0.

The assumptions made in the work of 1899 led Lorentz to new surprising result described

in the paper of 1904 in which he developed the model of the electron. He showed that

its mass depended upon the velocity, �nding an energy-mass relation that, after having

beenn modi�ed by Poincaré with an additional term (Poincaré-pressure) in 1906, yielded

for an electronm0 � Utot ~c2, beingUtot the electron's total amount of energy.

Poincaré played a key role in Lorentz's works: he also corrected Lorentz's formula for the

velocity transformations obtaining the correct one equal to Einstein's one. The problem
4Maxwell equations in vacuum and in the absence of sources.
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was rooted in the third-step method used by Lorentz to derive the law of transformations.

Poincaré instead used a two-step method, deriving directly the transformations between

the frame at rest with respect to the etherS0 and the moving oneSœ. These direct trans-

formations were called by Poincaré himself for the �rst timeLorentz transformationsand

thus the correct form invariance for Maxwell's equations was achieved.

From a purely mathematical point of view, Poincaré showed that Lorentz transforma-

tions form a group and that their symmetry has also a physical consequence over the

length contraction e�ect. Finally he found that Lorentz transformations leaves the quan-

tity x2 � y2 � z2 � c2t2 invariant and that some other physical quantities like the electric

charge and the current density can be combined into a four-component object that was

Lorentz invariant. In some way Poincaré anticipated Minkowski's geometrical formula-

tion of Special Relativity but in his vision these properties were only mathematical and

did not have any physical meaning.

However, even though Lorentz's theory (or better Lorentz and Poincaré's theory) seems

to be a pre-theory of the Special Relativity, we need to look at it as it is, namely a ether

theory constituting the embodiment of a space absolutely at rest. Lorentz's aim was to

�nd a theory that could explain the aberration of light, the Doppler e�ect and the Fizeau

experiment. He actually succeeded and in addition he introduced new concepts that would

have been the protagonists of Einstein's scienti�c revolution.

2.2 Einstein's Special Relativity

It is not possible to understand the birth of the Special Relativity without taking into ac-

count the developments described in the previous section. It would seem only the result

of Einstein's brilliant intuition.

Einstein's work arises from a scienti�c community puzzled over the theoretical hypoth-

esis of the ether. He knew Lorentz's �rst studies but not the length contraction phe-

nomenon, yet acknowledging him as the �rst to introduce the hypothesis of the change

of electron's shape even if purely by formal points of view. He was aware of the result

of Michelson-Morley's experiment ([77, pg. 40]), nevertheless his major inspiration came

from Maxwell's work:

I'm not thinking only of Newton: there would be no modern physics without

Maxwell's electromagnetic equations. I owe more to Maxwell than to anyone.

[78, pg. 152]

In one of his �rst publications for general publicRelativity: the Special and General theory

[79] (1920), Einstein wrote that the theory of Special Relativity grew from the electrody-
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namics and optics, in particular from the Maxwell-Lorentz theory describing the electro-

magnetic interaction between classical point charges and their electromagnetic �elds. At

the light of the new developments in electrodynamics and optics, Classical Mechanics was

no more able to provide a foundation to describe all the laws of nature.

He worked without appreciably modifying the prediction of Maxwell-Lorentz theory, mov-

ing towards a simpli�cation in the theoretical assumptions, reducing the basis hypothe-

ses and the ad hoc ones. As Einstein quoted [79], the experimental result in favour of

Maxwell-Lorentz theory (aberration, Doppler e�ect, Fizeau's experiment) were the same

as the arguments in favour of the Special Relativity but this one did not need arti�cial

constructs like the ether or the Lorentz-Fitzgerald contraction:

The theory of relativity leads to the same law of motion5, without requiring

any special hypothesis whatsoever as to the structure and the behaviour of

the electron [79].

As we will see the contraction of moving bodies follows only by the new principles of the

theory without introducing any particular additional hypotheses.

From a epistemological point of view, these considerations (synthesis of old theories and

less hypotheses) gave to Einstein's theory an higher degree oftruthlikenessor verisimil-

itude [80] with respect to the Maxwell-Lorentz one, thus representing a forward step for

science in its development towards the understanding of the laws of nature.

The incompatibility between experiments with the light (Maxwell-Lorentz theory) and the

principle of relativity (Newton theory) arose from two hypotheses of Classical Mechanics:

the idea that both time-interval and space-interval between two events were independent

from the state of motion of the observers. The origin of Special Relativity ([77]) is a com-

plete analysis of the concept ofabsolute spaceandabsolute timearising from the attempt

of adjusting Maxwell's theory with Newton's one.

The aim of 1905 Einstein's work [46] was to establish a:

simple and consistent theory of electrodynamics of moving bodies based on

Maxwell's theory [81],

wheresimplemeans without introducing ad hoc hypotheses like ether andconsistentmeans

without creating con�icts like those arising from the incompatibility with Classical Me-

chanics and Maxwell's theory.

This work would start a scienti�c and philosophical revolution, mainly leading to rewrite

the concept of space and time on the basis of only two postulates.

5Of Maxwell-Lorentz theory.
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2.2.1 Only two suns

The two postulates of Special Relativity (1905) can be formulated in di�erent ways. Fol-

lowing Einstein's original work [46], we have:

Postulates of Special Relativity (of Einstein).

1. Principle of Relativity: The laws of nature (mechanics, electrodynamics and optics)

are the same in all the inertial frames of reference.

2. Principle of light's speed: Light propagates in empty space with a �nite velocityc

independently from the state of motion of the emitting body.

Just before exploring the meaning as well as the implications of these two postulates, I want

to point out that Einstein never used the wordpostulatewith a mathematical meaning: the

postulates of Special Relativity are nota priori but instead have a purely experimental na-

ture. Einstein was constantly open to the possibility of criticising them if they would have

proven to be wrong. Thus it is reasonable to ask if it is scienti�cally correct that these two

experimental evidences can be a theory's foundation and therefore if only experimental

con�rmations can su�ce to consolidate its foundation.

In Appendix A.1 Einstein's position with respect to the role of the postulates has been

analysed from the epistemological point of view of the Falsi�ability.

Now let discuss the two postulates: the original work [46] does not explain in details nei-

ther their origins nor their implications in contrast to the following publications [79, 82].

The �rst principle was already well known throughout the history of physics: ifK is a

frame where the law of inertia is hold6 andKœis a second frame which is uniformly mov-

ing with respect toK, then natural phenomena inKœoccur according to the same general

law as inK. Until the XIX century, as all the natural phenomena were described with the

help of Classical Mechanics, there were no doubt of it under the assumption of the abso-

luteness of both space and time. But, as already discussed, this general principle was no

longer true as far as electrodynamic phenomena were concerned. Two di�erent inertial

framesK andKœin relative motion would have been distinguishable thanks to a peculiar

physical properties: the light's speed should have been di�erent in the two frames. Thus

in the laws of Nature the velocity of theKœframe should have played a key role: how-

ever whenever the Earth was considered as the frameKœin an electromagnetic or optical

phenomenon (as in Michelson-Morley's experiment), no dependence upon Earth's speed

was recorded. Even though this is not a demonstration of the principle of relativity, it isa

powerful argument in favour[79].

This, with the fact that it seems not very probable thata priori a principle of such a broad

6It is the frame where the laws of Nature are expressed in the easiest form.
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generality should be valid only within a certain class of phenomena, led Einstein to extend

its range of validity to all the laws of nature, including electrodynamics and optics ones.

As far as the second principle of Special Relativity is concerned, Einstein started stressing

[82] the importance of some experimental result: the consequence of the Maxwell equa-

tions as well as of Lorentz's electrodynamics was that light's speedcwas constantin vacuo.

This had to be regarded as proved, experimentally con�rmed. Indeed in 1913, studying the

double stars, the Dutch astronomer De Sitter showed that light speed did not depend on

the velocity of the emitting body.

Being this result true for at least one de�nite inertial systemK, according to the princi-

ple of relativity, we must assume the truth of this principle for every other inertial system

[82]. Once again, as previously, Einstein assumed as true this second principle, he did not

demonstrate it as it was a necessary assumption.

If the second postulate was false, one could detect uniform motion performing an elec-

tromagnetic experiment, thus invalidating also the �rst postulate, never found to be false.

Thus the second postulate is inferred from the �rst (it is a consequence) as well as the �rst

also from the second, having already accepted the Galilean principle of relativity.

2.2.2 Return of Lorentz

Therefore, Einstein's real problem was to determine the correct equations of transforma-

tion from one inertial systemK to anotherKœ, in uniformly relative motion to it. Actually

this problem is uniquely settled by means of the two principles of Special Relativity [82].

Consider an inertial systemK and two pointsP1 and P2: if their distance isr , then the

propagation of light satis�es the equation:

r � c� t; (2.10)

where � t is the time the light needs to propagate from pointP1 to point P2. Now as

r �
»

� x2
1 � � x2

3 � � x2
3, taking the square of Eq. (2.10):

Q
i

ˆ � x i •
2 � c2� t2 � 0: (2.11)

For the two principles of Special Relativity, the same equation must be true also in an

inertial systemKœmoving with respect toK with a certain constant velocityv relative to

it:

Q
i

‰� xœ
i Ž

2
� c2� tœ2 � 0: (2.12)

If we suppose thatK andKœhave the same orientation and thatKœis moving only along

thex-direction with speedv, then the transformations betweenK andKœleaving Eq. (2.11)
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and (2.12) mutually consistent are theLorentz transformations:

De�nition 2 (Lorentz laws of transformation).

L �

¢̈
¨̈̈
¨̈̈
¨̈̈
¨
¦
¨̈̈
¨̈̈
¨̈̈
¨̈
¤

xœ� 
 ˆx � vt•

yœ� y

zœ� z

tœ� 
 ‹ t �
v
c2

x•

; (2.13)

where
 � 1~
»

1 � v2~c2.

In a more general way, Lorentz transformations can be written as:

L �

¢̈
¨̈̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¨̈̈
¤

r œ
Õ � 
 ‰r Õ� v tŽ

r œ
Ù � r Ù

tœ� 
 ‹ t �
v
c2

� r •

; (2.14)

wherer œ
Õandr Ù are the spatial vector respectively parallel and perpendicular to the rela-

tive speedv betweenK andKœ.

If we consider light as not having a �nite speed (c � �ª ), this set of equations reduces to

Galilean transformations (2.1) (classic limit).

Obviously whenKœis moving with respect toK also along other directions, transfor-

mations of coordinatesy or z must be taking into account. For a complete description,

including also rotation of the frames, we refer to specialise texts as Barone [70].

Thus the two postulates of Special Relativity can be summarised as:

The laws of Nature must be covariant under Lorentz transformations.

Einstein was able to show that both the laws of Mechanics and those of Electromagnetism

could be rewritten in a covariant form under Lorentz transformations. The phenomena

that gave rise to incongruities like aberration, Doppler e�ect, Fizeau's experiment and

Michelson-Morley's experiment now had a simple explanation without special hypothesis

as for instance the presence of an ether.

But new phenomena were about to be brought to light...

2.2.3 Jump at lightspeed

The prominent aspect of Lorentz transformations (2.13) is that of time: Einstein pointed

out that timet as measured in an inertial frameK is not the same compared to the onetœ

43



Chapter 2. The Theory of Special Relativity 2.2. Einstein's Special Relativity

measured in a moving frameKœ.

As previously said, Special Relativity has some of its roots in the deep analysis of the

concept of time: far from giving a psychological interpretation of the time, thus subjective,

Einstein was interested in an operative de�nition.

If, for instance, I say �That train arrives here at 7 o'clock�, I mean something

like this: �The pointing of the small hand of my watch to 7 and the arrival of

the train are simultaneous events.� [46]

A judgement in which time plays a role is always a judgement of at least two simultaneous

events. In this way, a given observer A with a clock can determine the time values of events

in his proximity. If now B is a second observer (in the same frame) with a identical clock,

how can they compare their time?

It is thus clear that before the comparison of the two clocks the observers must settle a

procedure of synchronisation[45]: the two observers A and B have to put their clocks into

their position and to use a light signal to synchronise them. For instance, observer A, when

its clock readst � 0, sends a light signal to B. This one will receive it after a timet � L~c,

beingL the distance between the two clocks: observer B will set his clock att � L~c as

soon as the light signal arrives.

This procedure accounts for the time of transmission of light whose velocity is �nite: it

is evident that this problem does not exist within Classical Mechanics. As the light was

thought to have an in�nite speed, instant transmission was allowed and then a clock was

always synchronised with all the other possible clocks, moving or not. This condition is

the absolute validity assigned to time by Newton: an observer will always read on his clock

the same time of the clock of all the other possible observers.

Now instead there is a procedure to synchronise the clocks in one reference frame that

allows to create a temporal order for the events in that frame. The time of an event is that

one of a clock whose position coincides with the one of the event. Furthermore events

happening in di�erent places with the corresponding clocks reading the same time are

simultaneous.

Loss of simultaneity

The procedure of synchronisation allows each observer to have a theoretically in�nite set

of synchronised clocks, being thus able to compare the time of events in each point of

the inertial frame he belongs to. But what happens when we consider another inertial

observer?

A very classical argument illustrating this case can be found in Resnick's book [45] but here

we follow the reasoning of Morin [83]. Let's consider the following setup:K is an inertial

44



Chapter 2. The Theory of Special Relativity 2.2. Einstein's Special Relativity

frame where a light bulb is in the middle between two observers A and B, at distanceL

from each of them (Figure 2.1). D is a third observer, constituting theKœinertial frame,

moving at speedv to the left with respect toK.

Figure 2.1:Setup.

A and B have synchronised clock: thus when the light bulb emits two di�erent signals

arriving to A and B, they would agree that their clock reads the timetA � tB � t � L~c.

Now let's consider the point of view of observer D who actually seesK frame moving to

the right (Figure 2.2) at speedv. What about the simultaneity of the two events (arriving

of the light signal to A and B)?

Figure 2.2:Loss of simultaneity: the point of view of observer D.

According to the second principle of relativity, observer D sees light still moving at speed

c, while as seen from D therelative speedof light reaching A isv� cwhile that one reaching

B isv � c.

Now if L œis the distance between the light source and A (or B) in the frame of D7, then D

7A priori we are not sure that the distance is always equal toL : actually it is contracted by
 factor.
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says that A receives the light signalbeforeB as

tœ
A �

L œ

v � c
tœ
B �

L œ

v � c
(2.15)

andtœ
A @tœ

B .

In other words, if with set a coordinate systemx with the same orientation asv with the

centerOœin the bulb, thus the light's propagation equation isxœ� ctœwhile that one of

observer B isxœ� L œ� vtœ. Photons from the light bulb reaches B whenctœ� L œ� vtœ

that means at timetœ
B � L œ~ˆv � c•. A similar reasoning for light propagating to the left

towards observer A leads totœ
A � L œ~ˆv � c•.

Thus if in the inertial frameK the two events were simultaneous, according to the moving

frameKœthere is a time gap of

� tœ� tœ
A � tœ

B � 2
 2 v
c2

L œ; (2.16)

that means the two events are no more simultaneous.

More in general, consider a inertial frameK and there two simultaneous eventsA andB:

A � ˆct; xA ; yA ; zA • B � ˆct; xB ; yB ; zB• ; (2.17)

wheret � tA � tB .

Thus in another inertial frameKœuniformly moving with respect toK with speedv along

x-axis, according to Lorentz transformations, the new temporal coordinate of the events

are

tœ
A � 
 ‹ t �

v
c2

xA • tœ
B � 
 ‹ t �

v
c2

xB• : (2.18)

Hence the time gap is

� tœ� tœ
B � tœ

A � 

v
c2

ˆxA � xB• : (2.19)

This result coincides with expression (2.16) as soon as it is set (for the length contraction)

xA � 
L œandxB � � 
L œ.

Summarising:

Simultaneous events with respect to an inertial frame are no more simultane-

ous in another system in relative motion with respect to the �rst.

This �rst result de�nitely gave up with the absolute nature of the classical concept of

simultaneity. Actually it shows that each reference system has its own particular time: if

we do not specify the frame which time is referred to, the statement of the time of an event

does not have any meaning.
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Time dilation

The description of the problem of simultaneity highlights that in some ways the motion

can a�ect the measure of the time.

Consider the following situation: A is an observer on a railway embankment (K frame)

seeing a train (Kœframe) passing nearby him inside which there is a second observer B.

Both the observers have a clock and let bev the speed of the train with respect to the

embankment (we suppose the two frames moving in parallel each other alongx-direction,

so we will forget about the other dimensions).

According to A, the tick of one second of his clock is the di�erence between the position

of hand reading 0 and reading 1.

Figure 2.3:How long does one second last as measured from a moving clock (blue one)?

Thus let beA � ˆc � tA ; 0• the event �the hand of the clock is pointing to 0� that happens

at time tA � 0 in position xA � 0 (we can suppose A to be at the center of the coordinate

system). In the same way,B � ˆc � tB ; 0• is the event �the hand of the clock is pointing to

1� happening at timetB � 1 in the same position. The time the clock of A needs to tick a

second is� t � tB � tA .

Now let consider the point of view of B: according to him, the two events happen at dif-

ferent time (of his clock); applying a Lorentz transformation and taking into account that

xA � xB � 0:

tœ
A � 
t A � 0 tœ

B � 
t B : (2.20)

This means thataccording to B, the duration of one tick of A's clock is� tœ� 
t B � 
t A �


 ˆ tB � tA • .

This phenomenon is calledtime dilation and can be summarised as:

De�nition 3 (Time dilation ). If in an inertial frameK an event lasts� t, then in another

inertial frameKœuniformly moving with respect toK at speedv along one dimension, the

same event lasts� tœ:

� tœ� 
 � t: (2.21)

Let now have a deeper look: �rst, in this phenomenon we have to deal withtwo clocks.
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Observer B uses his own clock to measure an event whose duration is� t in K frame: if

for instance observer B tries to measure the duration of a click of his clock, he will see

that this lasts one second. In the same way, when A measures the duration of a click of

his clock, he sees that this lasts one second. This is correct according to the principle of

relativity: if B was able to see that the duration of a click of his own clock lasts more then

1 second, he would know to be in motion.

On the contrary, observer B uses his clock to measure the duration of a tick of A's clock

and he sees that 1 second of A's clock, according to him, lasts more than 1 second of his

clock. It is arelativemeasure. In the same way, to prevent the validity of principle of

relativity, the same phenomenon occurs in A's frame: if A measures the duration of a tick

of B's clock, he will sees that time dilated in the same way B sees.

Another way to express this phenomenon is saying:

An observer looking to a clock uniformly moving with speedv relative to him

measures the clock running slowly by the factor
 � 1~
»

1 � v2~c2.

The amount of delay" of the moving clock can be easily quantify as the di�erence between

the duration� t in K frame and the duration� tœin Kœframe:

" � � tœ� � t � � t ˆ 
 � 1• � Š1 � ˆ1 � ˆv2~c2•• � 1~2• � t �
1
2

�
v2

c2
� � t (2.22)

up to the second order in̂v~c•2. Being zero the �rst order, in Classical Mechanics all

clocks, moving or not, go at the same rate.

As a �nal consequence if A and B are two points of a straight line and a clock in A starts

moving towards B with speedv relative to another clock in A, if they have been synchro-

nised, at the end of the journey lastedt, they are no longer synchronised by1~2t ˆv~c•2.

Length contraction

Strictly connected with the loss of simultaneity there the is length contraction.

Consider two observers A and B in the same condition depicted in the time dilation phe-

nomenon. They do not have a clock but a rigid rubber. Together with observer A consider

also a rigid body, a cat for instance.

Figure 2.4:How is it long an object as measured with a moving rubber (blue one)?
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Observer A measures the length of the cat using his rubber: let focus the attention over the

measurement process. The comparison between the object and the instrument is carried

out at one instant of time: that is, the object must stay at rest during the measurement

process. Observer A needs to align the cat's tail with one notch of the ruler and its head

with another, to read the value of each notch and to calculate their di�erence. This is

the whole measurement process: it is clear that if, after having taken the �rst reading,

while moving to align the head to a notch, the cat moves, the measure will not give the

true length of the animal because the body was moving during the measurement process.

Once again the key word is simultaneity: the reading of the head and tail's position with

respect to the rubber has to be carried out at the same time.

According to observer A at timet � tA the tail is aligned with the zero notch of the rubber:

we can assign the 0 coordinate to the tailxA � 0. The eventA � ˆc � tA ; xA • is thus �the

observer A reads the tail's position�. At the same time,tB � tA , observer A reads the

position of the cat's head,x � xB : the event �the observer A reads the head's position� is

B � ˆc � tA ; xB• . Observer A determines the cat's lengthL as the di�erence between the

head and the tail's positionL � xB � xA .

Let now investigate the point of view of observer B. According to the operational de�nition

of the length measure, the position of the extremities of the object has to be measured at

the same instant of time. If we simply transform the eventA andB, the twox-coordinates

would depend respectively ontœ
A andtœ

B . As tœ
A x tœ

B , the coordinate ofxœ
A andxœ

B would

be determined at two di�erent instants of time and thus the di�erencexœ
B � xœ

A would not

correspond to the true length of the cat as measured by the observer B.

For this reason, it is easier to considerKœreference frame: according to observer B, at

certain timetœ
A the cat's tail is in a certain positionxœ

A while, at the same instant of time,

the cat's head is in a certain positionxœ
B . By de�nition, the quantity L œ� xœ

B � xœ
A is the

length of the cat as measured by observer B.

Now let link L œto L ; using the inverse Lorentz transformations:

xA � 
 ‰xœ
A � vtœ

A Ž xB � 
 ‰xœ
B � vtœ

A Ž: (2.23)

ThusL � xB � xA � 
 ˆxœ
B � xœ

A • � 
L œ.

This phenomenon is calledlength contraction and can be summarised as:

De�nition 4 (Length contraction ). If in an inertial frameK an object is longL , then

in another inertial frameKœuniformly moving with respect toK at speedv along one

dimension, the same object is longL œ:

L œ�
L



: (2.24)
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In particular the dimension that is contracted is the one along the motion while the other

ones remain the same as Lorentz transformations leave unchanged the coordinates that

are not in relative motion.

Another time, we need to give a deeper look to this phenomenon: we have to deal with

two rubbers. For instance, let consider observer A: he has a rubberlm � 1 m long, with

notches 1 mm distant each others. If he has an objectL � 2:50 m long, it means that the

rubber is contained 2 times and half into the length of the objectˆL~lm • .

If we consider a second observer B travelling with respect to A with speedv and having

the same rubber of A, he will see observer A together with the object moving at speed� v.

If B using his own rubber measures the moving object, he will get a contracted length

L œ� L~
 . In the same way, to prevent the validity of principle of relativity, when A uses

his ruler to measure an object which is stationary with respect to observer B, he will get a

contracted length. It is arelativemeasure.

However if B tries to use the rubber of the observer A, he will see no contraction: from the

point of view of B, both the ruler and the object are moving, thus both are contracted. In

particular, observer B will measure the ruler of A as longlœm � lm ~
 and the notches will

no longer be at distance 1 mm each others but1~
 mm. Thus if observer B uses observer

A's ruler, comparing the length of the object with that one of the ruler, he will get:

L œ~lœm � ˆL~
 •~ˆlm ~
 • � L~lm ; (2.25)

i.e. always the same length.

The process of measure involves the object in the moving reference system as measured

with a rubber at rest with respect to it. Moreover as we can interpret this phenomenon as

arising from a contraction of the distance between the notches of the ruler, another way

to express the length contraction is saying:

An observer looking to a ruler uniformly moving with speedv relative to him

measures the ruler shorter of the factor
 � 1~
»

1 � v2~c2.

From a historical point of view, Einstein was able to give the correct interpretation of the

Lorentz-Fitzgerald contraction phenomenon. Indeed Lorentz �rstly found that the shape

of the electron faces a contraction in the direction of the motion but he was guide by a

purely formal and mathematical spirit, nor he had a theoretical support for his argument.

Einstein showed that his theory lead to the same law of motion but without introducing

any ad hoc hypothesis about the structure of the electron [79]: the contraction arises from

the two principles of his theory.
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Addition of velocity

With the introduction of the Lorentz transformations, velocity also has to transform in a

di�erent way from how Galileo discovered.

Consider the two inertial observers A and B in uniform relative motion with speedu along

thex coordinate. The laws of transformation from A (at rest frameK) to B (moving frame

Kœ) are:

L �

¢̈
¨̈̈
¦
¨̈̈
¤̈

xœ� 
 ˆx � ut•

tœ� 
 ‹ t �
u
c2

x•
: (2.26)

Now we consider̂ x; t • as the coordinate of an object which is moving in the reference

frame K with speedv � dx~dt along the direction of the relative motion ofK and Kœ.

In order to derive how B measures the speed of the object in his reference system, we

di�erentiate the Eq. (2.26):
¢̈
¨̈̈
¦
¨̈̈
¤̈

dxœ� 
 ˆdx � u dt•

dtœ� 
 ‹ dt �
u
c2

dx•
: (2.27)

Taking the ratio between the �rst and the second equation, we get

dxœ

dtœ
� vœ�

dx � u dt

dt �
u
c2

dx
�

dt ˆdx~dt � u•

dt ‹ 1 �
u
c2

dx~dt•
�

v � u

1 �
u
c2

v
; (2.28)

beingdxœ~dtœthe speedvœof the object as measured inKœ.

This is the law of addition of velocity:

De�nition 5 (Addition of velocity ). If in an inertial frameK an object is uniformly

moving with speedv, then in another inertial frameKœmoving with respect toK with

speedu along the direction ofv, the measured speedvœof the object is:

vœ�
v � u

1 �
v � u
c2

: (2.29)

This expressions reduces to the Galileo's Classical one in the non-relativistic limit as if

v P c then 1 � v � u~c2 � 1 andvœ� v � u .

Einstein's formula contains the solution to the apparent irreconcilability of the principle

of relativity with the one on light's speed constancy. Indeed if we consider a light beam as

seen from a moving inertial frameKœ, moving in the same direction of the beam at speed
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u, an observer will measure a speedcœ:

cœ�
c � u

1 �
c � u
c2

� c �
c � u
c � u

� c: (2.30)

No object can move faster then light.

Using Eq. (2.29), Einstein gave an explanation to the result of Fizeau's experiment (Eq.

(2.3)): ifu � c~n is the speed of light in a liquid of refractive indexn, when the water is

moving with speedv, then light's speed with respect to an external inertial observer is:

w �
u � v

1 �
u � v
c2

� ˆu � v• � ‹ 1 �
uv
c2

• � ‹
c
n

� v• � ‹ 1 �
v
cn

• � (2.31)

�
c
n

�
v
n2

� v �
1
n

v2

c
�

c
n

� v ‹ 1 �
1
n2

• : (2.32)

Thus starting from the relativity addition of velocity, with simple approximations to the

�rst order in v (the water's speed is very small with respect to that of light), one gets the

relation obtained by Fizeau.

Finally, contrary to the Galilean addition formula, Einstein formula predicted a new phe-

nomenon about the composition of velocity. In particular if we consider the two inertial

framesK andKœin relative motion with speedu and an object moving inK with speed

vÙ in orthogonal direction with respect tou , the Galilean transformation will give that an

observer inKœwill measure alwaysvœ
Ù � vÙ. Consider inK an object moving with respect

to u with speedv, then remembering Eq. (2.14), the perpendicular componentsvÙ of v

transform as:

dr œ
Ù

dtœ
� vœ

Ù �
dr Ù


 ‹ dt �
u
c2

� dr •
�

dr Ù


dt ‹ 1 �
u
c2

� dr ~dt•
�

vÙ


 ‹ 1 �
u
c2

� v•
(2.33)

This term, absent in the Galilean relativity, arises clearly from the transformation of the

time. In the classical limit it is easy to show thatvœ
Ù � vÙ.

Summarising, the two components of a velocity parallel and perpendicular to the relative

motion betweenK anKœtransform as:

vœ
Õ �

vÕ� u

1 �
u � v
c2

vœ
Ù �

vÙ


 ‹ 1 �
u � v
c2

•
(2.34)
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Mass-energy equivalence

Under Galilean transformations the total momentumP of a system assumes the same

value when inertial frames are changed. But as far as Lorentz transformations are taken

into account, the relationdP � 0 is no longer true when we go from aK inertial system to

another oneKœin relative motion. A new de�nition for momentum has to be introduced

in order to have the conservation of momentum invariant under Lorentz transformation.

Following [70], we can hypothesise a momentum in the form ofp � mf ˆv2~c2•v where

the functionf depends onv via v2 assuming isotropy of space. The factor1~c2 makes the

entry of the function dimensionless.

Then, analysing an elastic collision with two bodies with the same mass in di�erent in-

ertial frame (center of mass, body 1 and body 2), one gets thatf ˆv• � 1~
»

1 � v2~c2 � 


obtaining:

De�nition 6 (Relativistic momentum).

p � m
 v: (2.35)

For this reason we can think of rewrite Newton's second law of motion as:

De�nition 7 (Minkowski's law).

d
dt

ˆm
 v• � F : (2.36)

Einstein then made a strong assumption, namely the validity of the theorem of kinetic

energy also in Special Relativity, obtaining a new de�nition of the kinetic energy. Indeed

if we consider a particle subjected to a forceF along the direction of motion, the work

done by the force in a displacementds is dW � F �ds. If all this work increases the kinetic

energydT of the particle, using the Eq. (2.36), we get:

dT �
d
dt

ˆm
 v• � vdt Ð�
dT
dt

�
d
dt

ˆm
 v• � v � m

dv
dt

� v � m
d

dt

v2: (2.37)

With some algebra:

dT �
1
2

m
 3dˆv2• : (2.38)

Integrating the above expression, the �nal form for the relativistic kinetic energy is:

De�nition 8 (Relativistic kinetic energy).

T � mc2ˆ 
 � 1•: (2.39)
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Before going into the analysis of the formula, we can see that if the speed of a free particle

is lower then that of the light, we can expand the parenthesis obtaining:

T � mc2 ˆ 
 � 1• � mc2 ’

”
Œ1 �

v2

c2
‘

� 1~2

� 1
“

•
� mc2 Œ1 �

1
2

v2

c2
� 1‘ �

1
2

mv2: (2.40)

Thus if the speed is small with respect to light's one, the relativistic kinetic energy yields

the Classical kinetic energy.

Now, giving a deeper look to the expression (2.39), we �nd that the relativistic kinetic

energy is made up of two contributions:

ˆ The total energyE which is the total energy of the particle:

De�nition 9 (Total energy).

E � 
mc 2 �
mc2

¼
1 � v2

c2

: (2.41)

ˆ The rest energyE0 which is the energy of the particle when its speed isv � 0:

De�nition 10 (Rest energy).

E0 � mc2 (2.42)

This last equation is one of the most known consequences of Special Relativity and it

shows the equivalence between the mass of a body and its energy at rest:

Mass and energy are therefore essentially alike; they are only di�erent expres-

sions for the same thing([82]).

Thus the relativistic kinetic energy is made up of the di�erence between these two quan-

tities:

T �
mc2

¼
1 � v2

c2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
total energyE

� mc2

±
rest energyE0

(2.43)

In the same way we can write the total energy of a particle:

E � T � E0 � T � mc2 (2.44)

Einstein's new de�nition of the energy yielded into some consequences. From Eq. (2.35)

to preserve a Newtonian aspect for the momentum, it has been usual to introduce a rela-

tivistic mass in the form of:

mr �
m0¼
1 � v2

c2

(2.45)
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wherem0 is the rest mass, i.d. theinertial massas measured in an inertial frame at rest

with respect to the body. In this way, the momentum can be write in the form ofp � mr v,

very similar to the Classical momentump � mv.

However, from this de�nition it arises a mass dependence upon the velocity: the inertial

mass should vary according to a change in the energy of the body. Thus it is necessary to

de�ne a rest massm0 for a body at rest to be distinguished from the �mass�
m 0 for the

moving body: the greater the speed, greater the mass of the object.

This is a leading astray de�nition which is no more adopted and it is only a historical her-

itage. Okun [84] pointed out an analysis of the propagation of concept of the relativistic

mass: in 1899 Lorentz introduced the notion of dependence of mass on velocity and in

particular in his work of 1904 ([85]), he de�ned alongitudinal massml and atransverse

massmt for an electron in motion. Later on, in 1921 Wolfgang Pauli published the book

�The Theory of Relativity� which would have been an introduction in Special Relativity

in the following years for many generation of physicists. He went beyond the concept

of transverse and longitudinal, de�ning conversely a rest mass and a relativistic mass, a

distinction employed also in other important works like Robert Resnick's book [45] or

Richard Feynman's lectures [86]. This distinction today is no more used and it is consid-

ered wrong.

What about Einstein's opinion? He himself in the work of 1905, in order to maintain the

form of the equation �mass� acceleration = force�, obtained thatml � m
 3 andmt � m
 ,

thus actually assuming a mass dependence upon velocity. It seems that he did not under-

stand the implication of the equations he derived as he did not report any comment to

these relations. But in the same year, Einstein wrote another article �Does the inertia of a

body depend upon its energy-content?� ([87]) where he stated that:

If a body gives o� the energyL in the form of radiation, its mass diminishes by

L~c2 [...] The mass of a body is a measure of its energy-content.

The equation, rewritten with the current notation as� E0 � � mc2, means that if a body

varies its mass, then also the amount of the (at rest) energy varies and vice versa. Indeed

Einstein never introduced a relativistic mass. In the following years (1906-1914), Einstein

wrote many articles ([88, 89, 90, 91]) clarifying the meaning of the previous sentence where

he begun to talk about inertia of a body or inertial mass: �the inertial mass and the energy

of a physical system appear in it as things of he same kind� leading �to consider any inertial

mass as a reserve of energy� ([90]). Thus the termmc2 means that a body with inertial

massm is an energy store of magnitudemc2: it is the measure of its energy.

But the rest-energy of a body can be modi�ed for instance by cooling it: if a body at rest

emits a radiation of energy" , then the amount of energy at rest decreases by� E0 � E0 � "
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and also the inertial massm must change during this process of� E0~c2. Conversely let

us consider inK a body at rest with massm and an observer moving inKœwith uniform

relative speedv along thex-direction. InKœthe object is no longer at rest as it will be seen

as moving with speed� v. If in K the total energy of the body isE � E0 � mc2 then in

Kœ, as it acquires a relative speed thus a kinetic energy, the total energy isE œ� T � E0 �

mc2ˆ 
 � 1• � mc2 � 
mc 2. In this process the intrinsic body's amount of energy does not

change, thus its inertial mass is not changing.

Thus Einstein started talking about theinertia of the energyto indicate that the process

involves directly the energy of a body and thus its inertial mass, which properly quanti�es

the resistance of the body to variation in the motion. This inertia depends upon the amount

of at-rest energy and thus can increase or decrease according to the variation of at-rest

energy. Then if gravitational mass is equal or proportional to the inertial mass, we are also

able to measure with a balance this variation (as for example in the radioactivity process

or in the chemical reactions).

In the book �The meaning of relativity� ([82]), Einstein wrote that:

We see that the energy,E0 of a body at rest is equal to its mass.[...]

E0 � mc2 (2.46)

Mass and energy are therefore essentially alike; they are only di�erent expres-

sions for the same thing. The mass of a body is not a constant; it varies with

changes in its energy.

It is true that the (inertial) mass of a body can change but this is not to ascribe to its

velocity, rather to the variation in the energy amount. Thus it is not correct to write the

previous equation usingE instead ofE0 because we are referring to the inertia of the body

which is quanti�ed by the at rest-energy. Nor it is correct to usem0 instead ofm: this

di�erence may arise considering inertial and gravitational mass. Let consider an inertial

frameK with observer A and a frameKœwith a ball moving alongx-direction with speed

v. Because of the law of transformation of the force, an observer A will measure that the

force alongy-direction increases by a factor
 . Thus the weightP of the object is measured

to be equal toPœ� 
P � 
mg and then the massm can be thought to have increased as

mœ� 
m , together with the inertia of the body. But as we are measuring a weight, we are

dealing with the gravitational mass while Einstein referred to the variation of the inertial

one. If a relativistic massmr � 
m is introduced, then the variation of mass with the

velocity will be ascribed to the gravitational mass as the body will be measured heavier

than if at rest. The dependence upon the energy is a feature of the inertial mass, not of

the gravitational one: in this context the fact that the gravitational mass coincides with
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inertial one is an �accident� that however can be used to show this equivalence. Indeed

it is true that if a chemical reaction is considered, one can weight the reagents and the

products to compute the released energyEr asEr � ˆmr � mp•c2.

Another consequence of usingm0 instead ofm regards the non-relativistic limit. If we

write the kinetic energyT asT � m0c2ˆ 
 � 1•, whenv P c then T � ˆ1~2•m0v2. Thus

we will have de�ned a moving classical body in terms of a mass at restm0 and we will have

to precise that this mass tends to the massm we use in Classical Mechanics. But actually

this is the same as the one de�ned in the Theory of Special Relativity. It is misleading to

usem0 as it would introduce another unnecessary clari�cation.

Einstein will write in 1948 in a letter to Lincoln Barnett ([84]):

It is not good to introduce the concept of themassM � m~ˆ1� v2~c2•1~2 of a

moving body for which no clear de�nition can be given. It is better to intro-

duce no other mass concept than the �rest mass�m. Instead of introducingM

it is better to mention the expression for the momentum and energy of a body

in motion.

It is necessary to de�ne once a rest mass or simply the massm of a body as the measure

of its inertia and then to treat about the amount of momentum and energy of a moving

body. The body's inertia depends on its at-rest energy content.

We point out that Einstein always seems to refer only to a body at rest in order to evalu-

ate the inertia of the energy, namely considering always the reference system at rest with

respect to the object. Actually this is not a problem for uniform motion, that is, we can

always �nd an inertial frame where a moving body is at rest. Einstein equivalence gives a

measure of the energy stored into a body, regardless of its state of motion. As we show in

Appendix A.2, the at-rest energy and thus the mass is invariant for a change of reference

frames. Then the variation in the mass and thus the variation in the inertia of the energy

is always the same.

Maybe rewriting Eq. (2.41) asE � 
E 0 it would be clearer that, since
 A 1, the total

amount of a body's energy increases while moving due to the contribution of kinetic en-

ergy, without requesting any hypothesis about the mass and its dependence upon velocity.

In this way the at-rest energy would not show any variation beingE0 always equal tomc2:

it is important to underline that from a moving object we will not get more energy with

respect if it is at rest. This is also true according to the relativity principle: being uniform

motion only depending on the choice of the reference frame, an observer that sees the ob-

ject moving or at rest can not get more energy from the same object otherwise he would

detect uniform motion. If then inKœthe object is seen as at rest, the observer will get an

amount of energy equal tomc2. In the same way, an observer inKœ, who sees the object
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as moving, will always get the same amount of energymc2 from the mass of that body.

Introducing a relativistic mass where it seems that the mass of a body undergoes to a mod-

i�cation due to velocity will lead to believe in the possibility of getting more energy from

it. The only way to have a real modi�cation of the body's mass is with a process involving

exchange of energy (like emission or absorption).

Another very important consequence of this equivalence is that the theory of relativity

gathers the principle of the conservation of mass with the principle of the conservation of

energy. This leads to a more compact theory that uses less propositions then the classical

one and then it has an higher degree of verisimilitude ([80]).

Before closing this paragraph, we report a short investigation about the treat of the en-

ergy in the most used Italian scholastic textbooks. We found that �Amaldi Blu� ([92]) writes

E � mc2 whence it derives that for at-rest particleE0 � m0c2. Thus it introduces the rel-

ativistic massm � 
m 0 wherem0 is the mass at-rest, adopting this notation throughout

the text. However another edition of the Amaldi book �Il nuovo Amaldi� ([93]) shows the

equationE0 � m0c2, pointing out that m0 is an old heritage slowly falling into disuse.

It does not use the relativistic mass but thatm0, the one measured in a reference frame

at-rest with respect to the object. As we have argued, also this approach is misleading. Fi-

nally both the textbooks �La �sica di Cutnell e Johnson� ([94]) and �Fondamenti di Fisica�

([95]) correctly write at-rest energy asE0 � mc2 andm as the mass for the de�nition of

total and kinetic energy.
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2.3 The rise of Minkowski

Einstein's work of 1905 solved the issues about Classical Electrodynamics bringing to light

new ideas about space and time, challenging the Newtonian view of reality with the exis-

tence of an absolute space and an absolute time.

However, as argued by Levrini [51], the reality's description emerging from Einstein �rst

work still has some Newtonian heritages. It is not relativistic at all as it will be in the

following years. As quoted in [ibid.], citing [52], �space and time travel along correlated

paths but no way to unify them is proposed8�. This is still a classical approach that, as

Newton did, considers space and time as separated entities. Einstein's approach was to

use a three-dimensional language to describe something which is more complex and ac-

tually four-dimensional as it will be clearer with General Relativity.

The greatest contribution to Special Relativity came from Einstein's mathematics profes-

sor, Hermann Minkowski, who was the �rst to announce a new four-dimensional vision

of the world with three articles ([49]):

ˆ The Relativity Principle(1907)

ˆ The Fundamental Equations for Electromagnetic Processes in Moving Bodies(1908)

ˆ Space and Time(1909)

Minkowski's geometrical approach to Special Relativity through the introduction of the

four-entity spacetimewas9 not a great success among the physicist. Einstein himself at �rst

considered Minkowski's ideas only a �super�uous learnedness� [49, pg. 2], even though

he had to quickly change his mind writing his theory of gravitation that would have been

impossible to be formulated without the great discovery of Minkowski:

The generalisation of the theory of relativity has been facilitated considerably

by Minkowski, a mathematician who was the �rst one to recognise the formal

equivalence of space coordinates and the time coordinate, and utilised this in

the construction of the theory. [96]

Einstein's work of 1905 entered into the �ow of attempts to de�ne an experimentally con-

�rmed theory of Electrodynamics: he was more interested in understanding how tomea-

surespace and time, a little bit overlooking the real implications, even of the principles

themselves. For instance he needed to postulate the relativity principle but he did not

8My translation from original Italian sentence: �spazio e tempo viaggiano sì su percorsi correlati, ma non si
propone alcuna forma di riuni�cazione tra di essi�.

9Maybe still today [49, pg. 3].
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explain its physical meaning as well as he did not explain why it was super�uous the ex-

istence of the luminiferous ether.

It is important to highlight that already in 1906 Henri Poincaré introduced Minkowski's

ideas in one of his work ([97]), which Minkowski was certainly aware of [49, pg. 19].

Poincaré noticed that Lorentz transformations left the quantityx2 � y2 � z2 � t2 un-

changed, similarly to the transformations from a three-dimensional coordinate system to

another one with the same origin (x2 � y2 � z2 is invariant). Then one could have de�ned

a four-dimensional coordinate systemx; y; z; t and vectors with four components, using

Lorentz transformations to change reference frames. However this is just an hypothesis

for Poincaré, an abstract four-dimensional space without a real importance on the Physics.

Instead Minkowski's works are �rstly deep considerations about the physical consequences

of Einstein's relativity leading to clearer highlight its inferences over our world and to de-

�ne a new geometry, that one of spacetime, worldlines and quadrivectors.

2.3.1 A new spacetime

The concept of spacetime is a direct consequence of Einstein's relativity principle (but

actually also of Galileo's one) that means the impossibility of detecting absolute uniform

motion. From this statement one can derive two important consequences.

First, with a simple experiment with light signals it can be shown ([98, p. 40-45]) that the

speed of light is constant and simultaneity is not absolute. This is a �rst sign of a break

with Einstein since he needed topostulatethe constancy of light's speed whereas it is in-

side the principle of relativity itself.

The second logical implication is thatthere is no absolute space. Here space means the com-

mon space in which the Earth moves. Hence the space isabsoluteas it isoneentity, only

one, common for everyone. An absolute uniform motion is therefore an uniform motion

with respect to a single space but, as it does not exist, there exist more spaces. Thus an

object can be at rest with respect to one space but still moving with constant velocity in

other spaces.

How to interpret this idea of di�erent spaces?

A physical three-dimensional space is de�ned by all the space points that exist simulta-

neously at a given moment of time. Now, since light has a �nite speed10, it turns out that

the objects we see each moments are allpast imagesof that objects since light needs time

to travel from them to our eyes. Thus at each instant of time, the objects do not exist si-

multaneously with us but have existed in di�erent three-dimensional spaces belonging to

di�erent instants of time. This is to say that space-time in Classical Mechanics is foliated

by hyper-surfaces that are planes: reality exists over di�erent three-dimensional spaces,

10As moreover Römer experimentally showed in 1676.
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each one parallel to the others.

Figure 2.5:The space-time foliation in Classical Mechanics: three-dimensional spaces correspond
to di�erent instants of time. The spaces are shown with only one dimension in this image.

We do not perceive aspaceas �now� corresponds to all points over all the three-dimensional

spaces belonging to the path of a light ray toward us.

Nevertheless it is necessary that ateach instant of timethere must exist di�erent three-

dimensional spaces that there are di�erent three-dimensional spaces belonging to di�er-

ent instants of time (Figure 2.5).

Petkov [98] showed that the only possible way is to assume that these three-dimensional

spaces are cross-sections of an at least four dimensional space. Therefore as the world, the

reality itself is everything that coexists simultaneously at the present moment, it becomes

possible to have di�erent observers with di�erent �present� (simultaneity is no longer

absolute), each of them having di�erent three-dimensional worlds, only if the world is

four-dimensional, having time as the fourth dimension. Otherwise in a three-dimensional

world di�erent observers would have a common three-dimensional space, with a common

set of simultaneous events and therefore simultaneity would be absolute, which means the

absolute uniform motion does exist. We do not perceive the four-dimensional reality but

only the three-dimensional cross-sections that help us to reconstruct the four-dimensional

space in the same way as the two-dimensional images we perceived, which our brain pro-

cesses in order to give us the perceiving of the three-dimensionality of the sensitive reality.

Thanks to Minkowski, Einstein's relativity principle acquires a physical meaning in its

more genuine sense (i.e. referring to nature): the world is four-dimensional. It is nor

then a consequence of this. Also the covariance principle of the physical laws �nds in the

four-dimensional world an explanation: each inertial observer describes the phenomenon

exactly in the same way being he at rest in his own reference frame, to be considered made

up of its own space and its own time. In the same way, the principle of constancy of light's

speed is no longer a principle but a necessary consequence since each observer measures

the speed of light in his own space (which is at rest) with his own time.
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We need to introduce a four-dimensional space calledspacetimeor Minkowski spacetime,

which Minkowski referred to as simply theworld. Each point of the spacetime is aworld

point or eventwhich is de�ned by four numbers: three of them de�ne the position of an

event in the three-dimensional space whilst the fourth the moment at which it happens.

The concept of event is a building block of the spacetime but has a slight di�erent mean-

ing: in the spacetime, the fourth dimension, time, is already all given, it is entirely given

at once as the three spatial dimensions otherwise we would not have a four-dimensional

world. As a consequence, being a four-dimensional entity, the whole history of everybody

in spacetime is already entirely given: history is not unfolding in spacetime.

The four-dimensional object corresponding to a physical point-like object (like a particle)

is calledworldlinewhilst if the object has an extended shape, it is aworldtube. As the

worldline11 is the collection of the particle's events, an eventis that particle at a certain

given instant of its history in time: a worldline contains all the moments of a particle. As

a consequence,in spacetime there is no motion: for time is already given, a worldline is not

a trajectory in spacetime. A position that changes with time is a three-dimensional world

where time is a parameter that �ows and allows to see the changes. The worldline of a

particle is a built four-dimensional entity and spacetime is something like a frozen world.

To relate these considerations to our sensitive experience, we can start by introducing a

reference frame: in particular to create an inertial frame we can choose the worldline of a

uniformly moving particle to be the time axis whilst the three-dimensional space is orthog-

onal to the object's worldline. This particle is of curse at rest in its own three-dimensional

space but actually it can be a moving particle with respect to other particles.

Figure 2.6:Examples of di�erent worldlines in spacetime: the particle A determines the inertial
frame in whose space it is at rest. B also is at rest with respect to A's space while C is uniformly
moving in A's space. Particle D has an accelerated motion. The �gure shows only one spatial
dimension of A's space.

11The same consideration is true also for a worldtube: if not speci�ed, we will assume the validity of a
result also for a worldtube, thus omitting to write it.
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Indeed we can have di�erent relations between worldlines as shown in Figure 2.6. If A is

a uniformly moving particle and we choose its worldline to be the time direction, then:

ˆ if B has a worldline parallel to A's one, then in A's space the distance between the

two particles does not change. They are at rest with respect to each other. Then B's

worldline de�nes the same time direction of A's one and it makes no di�erence to

take one worldline or the other one to de�ne the inertial frame: they share the same

time and three-dimensional space;

ˆ particle C has an inclined worldline with respect the one of A (or B): the distance

from particle A increases with time which reveals C to be an uniformly moving

particle in A's space but not in its own space. Therefore as vertical worldline means

particle at rest, there must be an angle between two worldlines to talk about motion;

ˆ particle D has a curved worldline which means that the distance between particles

A and D increases with time but in such a way di�erent from C: it is an accelerated

motion.

This distinction has an important consequence as the accelerated motion turns to beab-

solute, where absolute means detectable by everyone and not a motion with respect to an

absolute space. If the shape of a worldline is curved, then this particle is accelerated in all

the inertial frames, namely with respect to all the three�dimensional spaces. An uniformly

moving particle is not moving in all the inertial frames as it is at rest in its own space. This

is not true for an accelerated particle because it does not have its own space.

Figure 2.7:An accelerated particle D has a curved worldline: at each moment of its story it is at
rest with respect to an inertial frame whose time axis is de�ned by the tangent direction to D's
worldline. In P and Q there are two di�erent inertial frames determined by the uniformly moving
particles A and B.

When we say that a uniformly moving particle has its own space we are stating that the

spaces at di�erent instant of time are all orthogonal to the same time direction de�ned by

63



Chapter 2. The Theory of Special Relativity 2.3. The rise of Minkowski

the particle's worldline, as the particle de�nedonly onetime direction (in a similar way to

Figure 2.5).

Indeed if we consider a worldline of an accelerated particle D, at each instant of time of its

history the time direction is di�erent, being de�ned by the tangent lines to the worldline

(Figure 2.7). This means that at each time of the particle's history we can de�ne a di�er-

ent space, orthogonal to the time direction: thus at each time adi�erent inertial frame is

associated with this particle, whose time axis is along the time direction in that point of

spacetime. Physically this means that the accelerated particle is instantaneously at rest

with di�erent inertial frame corresponding to di�erent uniformly moving particles which

in that instant of time share the same space and the same time with particle D. Thus at

events P and Q, we can �nd two particles A and B whose time axis coincides with the

tangent direction to D's worldline: the inertial frame associated with particle A and B are

calledcomovinginertial frame.

But spacetime is four-dimensional: the distinction between three-dimensional space and

time is not real and it is only a way we use to describe the invisible spacetime, ashadows

as Minkowski said ([99]). Similarly motion in the three-dimensional space is a description

of the way we perceive the particles' worldlines ([98]).

The conclusion that spacetime is four-dimensional entity could lead to interpret time as

equivalent to three-dimensional space: coordinatesx; y andz are of the same nature oft

or ct (in order to have all of them homogeneous). Time coordinate actually is not equiva-

lent to spatial ones: Einstein explicitly wrote that Minkowski recognised only theformal

equivalence of space coordinates and the time coordinate([96]). They are not of the same

nature, there is always a distinction among them.

Indeed the spatial coordinate are interchangeable, namely there is an arbitrary in choosing

which direction isx, whichy and whichz. Moreover we are free to create non-orthogonal

spatial planes between each others and also a three-dimensional non-orthogonal spatial

space with respect to the time axis. This is not true for time direction: there are some

constraints. We have seen already that we can not choose the worldline of an accelerated

particle to de�ne the time direction as it changes in each event (Figure 2.7).

Other di�erences arise when we examine the behaviour of light in spacetime: light's equa-

tion of motion for a ray propagating alongx-axis isx � ct which is a line forming an angle

of 45°with the time axis. If now we consider an isotropic light source inx; y; z � 0 which

emits att � 0, we will observe in the three-dimensional space a light-sphere expanding.

However in spacetime there is no light-sphere expanding as the entire history of the light

signal is already all given as a crystallised entity in the four-dimensional world. Neglect-

ing the z component of the three-dimensional space, in spacetime we have the structure

shown in Figure 2.8.
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Figure 2.8:A source in O emitting a light signal generates a cone in the four-dimensional spacetime
whose cross-sections with our three-dimensional space are the sphere we perceive as the expanding
light sphere.

Light propagates from the point O in all directions generating a hyper-surface that is a

conein the four-dimensional spacetime: at each instant of time our three-dimensional

space cuts the four-dimensional space creating a three-dimensional cross-section that is

a sphere, the light-sphere we interpret as expanding from O at timet � 0 in following

moments. In Figure 2.8 as we suppressed one spatial dimension, the cross sections are the

highlighted circumferences. This light cone is the future history of the light signal emitted

in the point O.

In the same way it can be de�ned another sheet of this cone that refers to the past of point

O: at certain time, what we see is de�ned by all the light rays that have reached our eyes.

Figure 2.9:An event de�nes two region of spacetime delimited by two four-dimensional cones:
one contains all the future history of event in O whilst the other contains all its past history.
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Thus as shown in Figure 2.9, if O represents the present moment, the lower sheet of the

cone is thepasthistory of all the light rays reaching O att � 0 whilst the upper sheet of the

cone contains thefuturehistory of all the light rays emitted from O att � 0. The light cone

however does not de�ne a space in the sense of a three-dimensional region simultaneously

existing at a given instant of time. Whilst the past sheet of the light cone contains events

corresponding at di�erent instants of time.

An observer in O thinks that he sees a three-dimensional space but this is de�ned at one

instant of time as a cross-section orthogonal to time direction: as shown in Figure 2.9 the

three-dimensional space is not intercepted by any light rays, thus the observer does not

see anything. It is the past region of the light cone that actually the observer perceives.

The light cone is a powerful instrument that allows to link the four-dimensional spacetime

with our apparent three-dimensional world and it is independent from the introduction of

a reference frames: it is a property of each event of spacetime.

Figure 2.10:Di�erent kinds of worldlines depending on their position with respect to a light cone.

With respect to a light cone, we can distinguish three kind of worldlines (Figure 2.10):

ˆ worldlines inside the cone like A and B, de�ning respectively a particle at rest and

moving with speed less then that one of light;

ˆ a worldline that lying on the surface of the cone like C that represents a light ray or

a particle moving at speed of light;

ˆ a worldline outside the cone like D that corresponds to a particle moving at speed

grater that one of light.

This distinction tells us more about the non-freedom in choosing the time direction. For

instance, we can think of setting an inertial frame whose time axis is along D's worldline

(Figure 2.11).
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Figure 2.11:Setting the inertial frame on the worldline of particle D (red line) of Figure 2.10:
particle B (blue line) will appear and disappear momentarily in all the space of particle D.

Then, B's worldline will be contained inside D's space but, as a worldline contains all

the history of a particle, this means that particle B simultaneously at one instant of time

would appear and disappear from nowhere. Indeed we can directly exclude the existence

of a worldline outside the cone (like D's one): if we consider the inertial frame whose

time direction is orthogonal to D's worldline like B's one, then the superluminal particle's

worldline would lie entirely on the three-dimensional space, simultaneously existing at all

instants of its history.

Thus we can not choose the time direction lying on a worldline outside the light cone

nor on its surface. Being the speed of light constant in all the reference frames, then also

the inertial frame associated with worldline C (Figure 2.10) would itself move at speedc

and in this way it would be a privileged reference frame. Moreover it would lead to a

contradiction as, since a particle is at rest in the inertial frame associated with its own

worldline, light will itself be at rest while we know that light has always the same speed.

The conclusion is that although we are free to decide the direction of spatial coordinates,

time direction is constrained to lie inside the light cone: therefore the worldlines inside

the light cone are calledtime-like, the ones lying on the surface of a light conelight-like

whilst the ones outside the light conespace-like.

2.3.2 The geometry of spacetime

The best way to study the geometry of the spacetime is starting from what we already

know about geometry of the Euclidean three-dimensional space. In particular we can take

advantage from the transformation between two coordinate systems which are rotated

with respect to each other to �nd the expression of the transformations between two iner-

tial frame, since the worldlines corresponding to these observers are rotated with respect
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to each other in spacetime.

If two coordinate systemsK and Kœare rotated by an angle� (taking with respect toy

axis), then the law of transformationR from K � Kœis:

R �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

xœ� x cos� � y sin� �
x � y tan �

ˆ1 � tan2 � •1~2

yœ� x sin� � y cos� �
y � x tan �

ˆ1 � tan2 � •1~2

: (2.47)

Now we introduced thespacetimeM (or M 4) as a four-dimensional manifold: in addi-

tion to the three-dimensional spatial coordinatesx; y andz we use a fourth coordinatect

where the coordinatet has been multiplied byc in order to have all the four coordinates

homogeneous. But we must keep in mind that time coordinatect is not equivalent to the

spatial ones and we must keep this constrain. A solution that shows their di�erent nature,

it is to introduce an imaginary timeict (following Minkowski's approach in his papers

[49]) and real spatial coordinates (or a real time and imaginary spatial coordinates) in a

similar way as the imaginary numbers are distinct from the real one in a complex plane

and can not be interchanged. The formalism of a complex coordinate is an helpful way to

describemathematically the spacetime and that allows to derive its properties. However

this does not have to lead to misunderstandings about thereality of spacetime, being real

(both in mathematical and ontological sense) the quantities we measure in spacetime on

its three-dimensional cross-sections (distances, time intervals, velocities...): the Physics

is held only from real quantity. We can formally look at Minkowski's world as a four-

dimensional Euclidean space with an imaginary time: this will help us to derive the main

features of spacetime only considering its three-dimensional Euclidean counterpart and

extending the results we will get to the four-dimensional space.

Thus we are going to describe the rotation in spacetime looking to the three-dimensional

ones: we can think of neglecting two spatial coordinates (y and z) and to use Eq. (2.47)

wherey will be replaced byct as time is orthogonal tox, in the wayy is tox. The complex

substitution12 is x � ix . If then we consider two inertial framesS and Sœin uniformly

relative motion with speedv, sincetan � � � x~� y � i � x~ˆc� t• � i v ~c � i� , making

the substitutions in Eq. (2.47), we get that:

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

xœ�
x � �ct
»

1 � � 2

ctœ�
ct � �x
»

1 � � 2

: (2.48)

12Minkowski adopted the substitutionct � ict but our choice is more suitable in order to get the interval
de�ned asc2 t2 � x2 .
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We recognise in Eq. (2.48) the law of Lorentz transformations (Eq. (2.13)):

Lorentz transformations are rotations in Minkowski spacetime.

Similar to these considerations, we know that in Euclidean space the length between two

points l2 � x2 � y2 is a conserved quantity, independent of the reference frame we use

to measure it. Then making our substitutions, we get that the conserved quantity iss2 �

c2t2 � x2. Then in the complete four-dimensional spacetime we have:

s2 � c2t2 � x2 � y2 � z2: (2.49)

This quantity, calledinterval, is thedistance in spacetimebetween two events and it is an

invariant under spacetime rotations, namely under change of inertial frames.

It is evident the di�erence from the Euclidean lengthl2 � x2 � y2 � z2, arising from the mi-

nus sign on the fourth coordinate. This feature is calledsignatureof a space: the signature

of Euclidean space iŝ� ; � ; � • whilst the signature of spacetime iŝ� ; � ; � ; � • or either

ˆ � ; � ; � ; � • : the di�erence is only in the choice of which coordinates are imaginary, the

temporal one or the spatial ones. We will use the signatureˆ � ; � ; � ; � • that corresponds

to the set of substitutionsy � ct andx � ix .

Due to the similarity with Euclidean space, the spacetime is apseudo-Euclideanspace. In

the pseudo-Euclidean spaceM an event, as a given point in spacetime, is de�ned by a

four dimensional vectorx � � ˆxˆ 0• ; xˆ 1• ; xˆ 2• ; xˆ 3• • � ˆct; x; y; z• � ˆct; x •. Among the

four dimensional vector that we can build in spacetime, importance is given to vectors

that changing reference frames transform according to Lorentz transformations: thefour-

vectorsor quadrivectors.

If the two reference frames are in uniformly motion with respect to each other at speedv

along one direction (x), then this transformation is described by the matrix� of element

� �
� :

� �

’
–––––
”


 � �
 0 0

� �
 
 0 0

0 0 1 0

0 0 0 1

“
—————
•

; (2.50)

being� � v~c.

Formally speaking, Minkowski spacetime is a manifold with a norm and then with the

concept of length (see Appendix A.3): one can use it to measure the distance between

two events in the spacetime and in the same way to de�ne the length of a quadrivector

(its norm) that, for what we have just said, it is a conserved quantity. However if two

events are connected by a displacement four-vector� x � � ˆc� t; � x; � y; � z•, then the

interval is � s2 � c2� t2 � � x2 � � y2 � � z2. It is clear that this scalar product is not

69



Chapter 2. The Theory of Special Relativity 2.3. The rise of Minkowski

positive de�nite as it can be negative and also zero even when the two points in spacetime

are not coincident. We can use this metric to evaluate the distance between two points

on each kinds of worldlines, thus deriving some important consequences. Consider as

the �rst event the point in spacetime (we simplify taking into account only one spatial

dimension)O � ˆ0; 0• while as second pointA � ˆct; x•, belonging to a certain worldline.

Moreover, since the length is invariant under change of inertial frame, we will choose a

suitable inertial frame to determine the properties of the worldlines:

ˆ distance over a time-like worldline : since it represents a real particle, we can

choose an inertial frame in which eventA lays over the time-direction. ThenxA � 0,

� x � 0 (the two events happen in the same spatial position) and sincec2� t2 A 0,

we have that� s2 � c2� t2 A 0. In general, for a time-like worldline in the four-

dimensional spacetime:

� s2 A0: (2.51)

This means that since the particle moves at speedv @c, then the time� t it needs to

travel the distance� x is smaller then the distancec� t light can travels in the same

interval of time.

ˆ distance over a light-like worldline : since it represents a particle moving at speed

of light, then eventA lays on the light cone. Thus the distance� x � xA � xO is

travelled at speed of light in an interval of time� t so thatc� t � � x and then taking

the square� s2 � 0. In general, for a light-like worldline in the four-dimensional

spacetime:

� s2 � 0: (2.52)

ˆ distance over a space-like worldline : it represents an hypothetical particle mov-

ing at speed greater then that of light and this means that it does exist an inertial

frame whose three-dimensional space simultaneously contains the entire worldline.

The eventA is simultaneous with respect to eventO, thus� t � 0and� s2 � � � x2 @

0. In general, for a space-like worldline in the four-dimensional spacetime:

� s2 @0: (2.53)

This means that since the particle moves at speedv Ac, then the time� t it needs to

travel the distance� x is greater then the distancec� t light can travels in the same

interval of time.

The important consequence of this classi�cation is that it exists an objective di�erence

between worldlines and this di�erence is absolute in the way that it is the same for every
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inertial observer.

Moreover we have seen that on a light-like worldline, the distance between two pointsO

and A in the spacetime is always zero even if the two events do not coincided. This is

another reason why an inertial frame whose time axis lays along a light-like worldline can

not be chosen: in this case, the two eventsO andA would lay over the time axis and, since

� x would be0, then� s2 � c2� t2. This would lead to a contradiction since for a light-like

particle� s2 � 0 and it should be0 also in this particular reference frame. Moreover since

� s2 � 0 and since in this frame� s2 � c2� t2, we will have that� t � 0 giving a non-clear

de�nition of time interval.

2.3.3 Minkowski strikes back

Minkowski's geometrical approach to Special Relativity reproduces the same result of

Einstein's theory, thanks to thespacetime diagrams. In particular, he used always bi-

dimensional diagrams representing a bi-dimensional spacetime with a time axist and one

spatial coordinate (thespace) x, orthogonal to the �rst.

Textbooks (for instance [70]) explain how to draw a Minkowski spacetime diagram but we

are going to adopt a more didactic strategy, following the approach of Loedel and Amar

(see Section 1.5.1). Indeed to draw the diagram it can be useful to think in terms of the

invariance of the interval: given an eventA � ˆct; x• in spacetime according to reference

frameS, the distance from the centerO iss2 � c2t2 � x2. Then, if we consider an uniformly

moving observerSœ, the eventA is mapped inAœ� ˆctœ; xœ• whose distance fromO13 is

sœ2 � c2tœ2 � xœ2. Because of the invariance of the interval

c2t2 � x2 � c2tœ2 � xœ2; (2.54)

we get ([98]):

c2t2 � xœ2 � c2tœ2 � x2: (2.55)

This expression looks like the invariance of Euclidean distancex2 � y2, telling us that, asx

andy are orthogonal in the Euclidean space, then we can drawt axis orthogonal toxœaxis

andtœorthogonal tox. Thectœaxis is rotated with respect toct axis by an angle� , being

tan � � � � v~c. The rotation of the two reference frames indicates that they represent

inertial observers in uniformly relative motion.

13Oœcoincides withO, having supposed that the two inertial frames coincide att � tœ� 0.
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Figure 2.12:Spacetime diagrams of two observers in uniformly relative motion: the time axes are
chosen along the observers' worldlines.

We just have to remember that all the considerations we deduce from a spacetime diagram

can be obtained also by making use of the Lorentz transformations.

Loss of simultaneity

Consider an inertial frameS and a second oneSœuniformly moving with respect to the

former.

Figure 2.13:Minkowski diagram concerning loss of simultaneity: eventsA andB , simultaneous
in S, are no longer simultaneous inSœ.

Let A and B be two events in spacetime: according to observerS, eventsA and B are

simultaneous as they occur at the same timet � 0 in two di�erent positions in spacexA

and xB (Figure 2.13). Conversely, according to observerSœthe two event are no longer

simultaneous: eventB happens at timetœ
B before eventA, happening attœ

A .
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Relativity of simultaneity allows to re�ect about the four-dimensionality of spacetime:

consider two observers A and B in uniformly relative motion whose time axis lays on

their worldlines. We suppose that there are also two clocksC1 andC2 at rest with respect

to A and thus moving with respect to B. The two observers meet at eventM and try to

determine the instant of time of their meeting with respect to the two clocks.

Figure 2.14:Relativity of simultaneity implies that observers A and B in uniformly relative motion
have two di�erent pairs of three-dimensional clocksC1 and C2, each one reading di�erent time
for each observer.

According to observer A, drawing his three-dimensional space at eventM , they meet

when both the clocks are reading the 5th second: A-observer's set of simultaneous events

is made up of the clockC1 readingtC1 � 5 s and clockC2 readingtC2 � 5 s. However

observer B sees that clockC1 is readingtC1 � 8 s while clockC2 is readingtC2 � 2 s.

The common view of the world based on the absolutely of simultaneity (presentism), de-

�nes the present as all that exists simultaneously at the moment �now�. But Figure 2.14

shows that there are two di�erent sets of simultaneous events and thus two di�erent

presents: observers A and B, meeting at eventM , disagree on what is �present�. A pair of

clocks exists simultaneously withM according to A, whereas B a�rms that another pair

of clocks exists simultaneously withM . Relativity of simultaneity represents thus a prob-

lem for our current presentism's view: the only solution to keep the presentist idea of the

world is theontological relativisation of existence([98, pg. 131]). This does not mean that

observers in uniformly relative motion describe thesamethree-dimensional object in a

di�erent way according to their reference frame. Instead it means that di�erent observers

havedi�erent three-dimensional objects: reality becomes frame- or observer- depending.

Thus at eventM there exist both one pair of clocks simultaneously withM according to

A and another pair of clocks simultaneously withM according to B. ClockC1 exists as

two di�erent three-dimensional objects, being one according to A the clock at its own time
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t1ˆA• � 5 s and the second according to B the clock at its own timet1ˆB • � 8 s. In the

same way, clockC2 simultaneously to clockC1 exists according to A at its proper time

t2ˆA• � 5 s and according to B at its proper timet2ˆB • � 2 s.

This implies the even if observer A has to deny the existence of another present14and then

the existence of other two clocksC1 andC2 reading di�erent times, being the relativity of

simultaneity a real phenomenon, observer A knows that clockC1 is reading the time8 s

according to observer B as a di�erent three-dimensional object. The same considerations

hold also for observer B and for the second clock. This results in a contradiction in terms

as each observer knows that his own present is the only one but each one knows also (for

relativity of simultaneity) that the clock exists as a di�erent three-dimensional object for

the other observer at the event of meeting. If the clockC1 does not exist astwo di�erent

three-dimensional object, no relativity of simultaneity would be possible.

However if we assume that spacetime exists and then the two clocks exist as a four-

dimensional objects, namely a worldtubes within the spacetime, reality can still be ab-

solute, no longer observer-dependent, obtaining non-contradictory conclusions.

Being clocks' worldtubes real four-dimensional entities, all the moments of their existence

are already entirely given in spacetime: as a consequence, observers A and B, having

their own plane of simultaneity at eventM (their own present), cut o� di�erent three-

dimensional �slice� from the worldtubes of the two clocks. As all the worldtubes already

exist, the three-dimensional space of observer B crosses the clocks' worldtube in two

events �clockC1 is reading8 s� and �clockC2 is reading2 s�, while observer A's present in

other two events �clockC1 is reading5 s� and �clockC2 is reading5 s� because all these

events already exist in spacetime, being part of the worldtubes. There is no need of intro-

ducing di�erent copies of the three-dimensional clocks. For both the observers clocksC1

andC2 are always the same four-dimensional objects but not the same three-dimensional

objects.

Time dilation

Consider the classical Euclidean bi-dimensional space and two reference frameK andKœ

rotated with respect to each other by an angle� . An observer inK measures the length

of a roadOA laying entirely alongy axis and he �nds that it is, say,y long.

14B's one because of the presentist view (only his own present exists).
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Figure 2.15:In Euclidean space the lengthOA of a road all along they-axis is projected towards
a shorter roadOAœin the Kœreference frame.

Now observer inKœwants to perform the same measure but it discovers that the end's

part of the roadA has bothx- andy- components inKœ. Since the Euclidean length is an

invariant, the componentsxœandyœof the end's part of the road are such thatxœ2 � yœ2 �

y2.

However the height of the road, namely theyœcomponent, appears shorter than inK

frame. Observer inKœhas only to project the pointA over yœ-axis, obtaining (using Eq.

(2.47)):

yœ�
y

ˆ1 � tan2 � •1~2
(2.56)

It is evident thatyœ@y as the observer inK is measuring the real height of the road (that

coincides with its length), that we calledproper, whilst the observer inKœmeasures its

apparent height, since the road inKœis inclined and thus it hasx- and y- components.

What the observer inKœis measuring is theprojectionof the road only along theyœ-axis

without taking into account thex-component.

Now consider the spacetime and two inertial observersS and Sœin uniformly relative

motion; making the substitutiony � ct e tan � � i� we have that

ctœ�
ct

ˆ1 � � 2•1~2
; (2.57)

which means

tœ� 
t �
t

¿
ÁÁÀ Œ1 �

v2

c2
‘

: (2.58)

We have obtained the formula of the time dilation phenomenon.

Consider two inertial framesS andSœhaving in their common origin two identical clocks;

their time axis is chosen to lay along the worldlines of the two clocks like in Figure 2.16.
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Figure 2.16:The spacetime diagram of the time dilation phenomenon: the duration an event of
proper time� in S reference frame is greater inSœreference frame (
� ).

The observer inS measures on the four-dimensional worldline a process that starts in

O and �nishes in A: according to him it has only a time component that we will call

proper time:

De�nition 11 (Proper time). Proper time� is the time of an event as measured in an

inertial frame at rest with respect to it.

Observer inS measures the proper time of the processOA that is, say,� � 5 s. Then when

observer inSœtries to perform the same measurement, he will �nd that eventA has not

only a time component but also a spatial one. If he determines the time coordinate of the

event A in his reference frame, he will measure a greater time, saytœ� 6 s as he is not mea-

suring the whole four-dimensional distance from eventO. He is measuring only the time

component of the four-dimensional processOA in order to compare his time component

with the S-observer one: as observer inKœdid in the Euclidean example, observer inSœ

is projecting eventA on the eventAœalong the worldline of his clock, thus determining a

di�erent time coordinate of eventA. Observer inSœwill �nd that event Aœis simultaneous

with eventA, as this one lays on the instantaneous three-dimensional space15correspond-

ing to eventAœ. He will �nd that when clock in S readst � 5 s, simultaneously his clock

readstœ� 6 s, concluding that the processOA lasts6 s in Sœframe. EventAœhas an ap-

parent or dilate time as actually inSœthe worldline of the clock, that was at rest inS, is

inclined. As a consequence,A has both a spatial and temporal coordinate: observer inSœ

is not measuring proper time as his worldline is not laying along the one of the process

OA (the clock of the observer inS).

Another important feature of this phenomenon is that it is reciprocal according to the rel-

ativity principle: observer inS can determine the duration of a processOB œ, being the

proper time� � tœ� 5 s, that is the duration ofOB œis 5 s as measured withSœ-observer's
15It is the three-dimensional plane over which lays the segmentAA œin Figure 2.16.
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clock, at rest with respect to the processOB œ. Then observerS will �nd that the simulta-

neous projection of eventB œon eventB lies on the three-dimensional plane at timet � 6

s. This means that the proper time of the two observers �ows in the same way, being then

no di�erence in the distance between the marks of two following seconds. This also means

that

proper time� is invariant

in the change of inertial frame, being proportional to the length of a time-like worldline

� � ct.

However in a di�erent way from the Euclidean world, the projection of the eventA does

not lead to a shorter road (yœ@y) but a greater component of the time coordinate (tœAt),

which is a consequence of the pseudo-Euclidean nature of the spacetime. This di�erence

is also evident in the way a spacetime diagram and an Euclidean diagram are drawn: com-

paring Figures 2.15-2.16, it is evident that for the former eventA is projected ontoAœ

towards smaller value of they-coordinate while for the latter eventA is projected onto

higher value of theict -coordinate. This is due to how the two coordinated axes are drawn

on the Euclidean surface of a paper sheet: as shown in the beginning of Section 2.3.3, for

the Euclidean space the two axes are orthogonal while for the pseudo-Euclidean one the

x-axis and thect-axis are not orthogonal. Due to the invariance ofs, thect-axis is orthog-

onal toxœone.

Actually time dilation phenomenon is an experimental evidence of the four-dimensional

nature of the spacetime. Consider Figure 2.17, depicting the worldline of two observersS1

andS2, avoiding the notation withœin order to be as general as possible.

Figure 2.17:Reciprocity of time dilation: this is guaranteed only admitting either two di�erent
pairs of three-dimensional clocks (presentism) or two clocks as four-dimensional entities.
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For the observerS1 a processOA lasts5 s that means when his clock readstS1 � 5 s the

process �nishes. ObserverS2 however will say that the eventOA laststS2 � 6 s due to

the time dilation phenomenon: this means that when theS2-clock readstS2 � 6 s, simul-

taneously observerS2 knows thatS1-clock readstS1 � 5 s.

In the same way the duration of the eventOB is tS2 � 5 s according toS2-clock but ob-

server inS1 will determine the duration of processOB to betS1 � 6 s.

Then S1-clock readingtS1 � 6 is simultaneous with theS2-clock readingtS2 � 5 s be-

longing to the same three-dimensional planexS2 ˆ tS2 � 5•; in the same way, theS2-clock

readingtS2 � 6 s is simultaneous with theS1-clock readingtS1 � 5 s belonging to the

same three-dimensional planexS1 ˆ tS1 � 5•. This means that:

ˆ according to observerS1 all that exists for him at his proper timetS1 � 6 lays on the

instantaneous three-dimensional plane attS1 � 6: S1-clock reading6 s andS2-clock

reading5 s (the end ofOB process);

ˆ according to observerS2 all that exists for him at his proper timetS2 � 6 lays on the

instantaneous three-dimensional plane attS2 � 6: S2-clock reading6 s andS1-clock

reading5 s (the end ofOA process).

Then in the presentist view if clocks are three-dimensional objects, bothS1 andS2 should

agree with the vision of only one of the two observers, sayS1, as there is only one present:

the clock ofS1 existed reading the time5 s while the clock ofS2 existed reading time6 s.

But in this way we will not have a reciprocal phenomenon and hence we would be able to

detect uniform motion.

Once again one arrives to the conclusion that in order to prevent this possibility there

should exist two di�erent pair of three-dimensional clock (as in the case of relativity of

simultaneity), one for each observer. ObserverS1 will say that it is real for him thatS1-

clock exists at timetS1 � 6 s while S2-clock exists at timetS2 � 5 s. ObserverS2 will say

that it is real for him thatS2-clock exists at timetS2 � 6 s while S1-clock exists at time

tS1 � 5 s. But both of them will say that only his own pair of clock exists, thus denying

the existence of the other observer's pair. One more time, we would lead to an ontological

relativised existence in which reality is observer-dependent.

Length contraction

Length contraction phenomenon is a little more tricky to treat and the following analysis

will clarify the adopted strategy in the SectionLength contraction16.

As for the proper time, we can de�ne aproper length:

16Section 2.2.3 pg. 48.
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De�nition 12 (Proper length). Proper lengthis the length of an event as measured in an

inertial frame at rest with respect to it.

We can now suppose to have an inertial frameS in which a road has proper lengthL : the

road lays entirely along thex-axis, thus having only a spatial component like in Figure

2.18 (where its complete worldtube is also shown).

Figure 2.18:The spacetime diagram of the length contraction phenomenon: inS reference frame
the length of the road isL while in Sœreference frame the road is shorter (L œ).

This means that, if we consider the road as a three-dimensional object, all its parts are

givensimultaneouslyas they lay on the same temporal component (ct � 0): the road is all

given at once, at only one moment of its history, namely at the present time of the observer

in S.

In the same way, when we consider an inertial reference frameSœmoving with respect to

S, he also must determine the length of the road with respect to his own reference frame

at one momentin Sœ. All the parts of the road also inSœmust existsimultaneously. As we

see from Figure 2.18 the lengthL œof the road inSœis shorter than inS: it is contracted.

Here it comes the trouble: we know that simultaneity is no longer preserved in Special

Relativity, hence the observer inSœcan not measure the length of thesameroad of ob-

serverS. Being in uniformly relative motion, observersS and Sœhavedi�erent set of

simultaneous events. As the road is an extended three-dimensional object, it is part of the

three-dimensional plane of present but the plane of present for observer inSœis not the

same three-dimensional plane of present for the observer inS. This means that observer

in Sœis measuring a di�erent road from the one of observer inS.

This can be nonsense since the road is just one, if we consider it as a three-dimensional

object. However in the view of a four-dimensional spacetime there is no contradiction: the
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road is a four-dimensional worldtube that entirely exists in spacetime. Its cross-sections

with the three-dimensional plane of bothS- andSœ- observers' present are interpreted as

the two di�erent roads each observer measures in his own reference frame. The road is yet

only oneobject but it is a four-dimensional entity, not a three-dimensional one.

Figure 2.19:Lorentz transformationS � Sœmaps eventsP and Q of the road in the eventspœ

andqœthat are not the starting (Pœ) and end (Qœ) point of the road with respect toSœ-observer. His
three-dimensional cross-section of the road's worldtube isPœQœ.

Now we need to get the formal relation between the length of the road inSœand in S.

In this reference frame we can say that the road lays between eventP and Q, having

coordinatexP and xQ : the proper length isL � xQ � xP . Then if we use the Lorentz

transformationS � Sœto obtain the length of the road inSœ, we are going to determine

the unknown coordinatesxœ
p and xœ

q from the known coordinatesxP and xQ . This will

give

xœ
q � xœ

p �
xQ � xP

ˆ1 � � 2•1~2
; (2.59)

which is a dilated length, not a contracted one. Looking to Figure 2.19, we see that actually

the cross-section between the road's worldtube and the plane of present of observerSœis

in the point PœandQœ, not in pœandqœ. Lorentz transformation does not project points

P and Qœonto pointsPœand Qœbut onto pœand qœ. Here the problem is what we are

measuring: theS-observer is looking to the three-dimensional cross-sectionPQ as his

own road while the true three-dimensional cross-section ofSœ-observer isPœQœnot pœqœ.

We actually have to use the inverse Lorentz transformationSœ� S since this one correctly

mapsPœ� P andQœ� Q as we can see from Figure 2.19. It is an unusual approach to

transform unknown coordinatesxœ
P andxœ

Q into the known onesxP andxQ to obtain the
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former: however it demonstrates that this transformation is linking twodi�erent three-

dimensional roads, which is possible only in a four-dimensional world.

Then we obtain that

xQ � xP �
xœ

Q � xœ
P

ˆ1 � � 2•1~2
; (2.60)

hence, beingxQ � xP � L andxœ
Q � xœ

P � L œ:

L œ� L ˆ1 � � 2•1~2 �

¾

1 �
v2

c2
L: (2.61)

It can be shown that the same considerations held for the Euclidean space: if the segment

OP represents inK the lengthL of a road, then the rotated one in theKœreference frame

is long:

L œ�
L

cos�
� L ˆ1 � tan2 � •1~2: (2.62)

Figure 2.20:In Euclidean space the length �contraction� is a length dilation.

This relation shows that in the Euclidean space there is a length dilation, not a contraction

beingL œA L. Form this relation one can obtain the formula of the length contraction by

making the substitutiontan � � i� . But more important, as for the case of the spacetime,

the only correct transformation that yields to the expression (2.62) is the rotationKœ� K,

not the rotationK � Kœ.

In Appendix A.4 we reported the implication the phenomenon has over the three-dimensional

objects we commonly deal with.

81



Chapter 2. The Theory of Special Relativity 2.3. The rise of Minkowski

Kinematic in spacetime

When we consider the motion of particles (or extended three-dimensional objects), as they

move with a speed smaller than light's one, they follow a time-like worldline. Their po-

sition on the worldline is given by the position four-vectorx � � ˆct; x; y; z•. Then if ds

is a small displacement along the time-like worldline, we know that in the inertial frame

whose time axis lays along the worldline's direction17 the interval isds2 � c2dt2. As the

time t is the time as measured along the worldline, it is the proper time of the particle.

Being the interval an invariant quantity, we can say that for a real particle:

ds2 � c2d� 2: (2.63)

Then we can use proper time to parametrize a time-like worldline:

x � � x � ˆ � • � ˆctˆ � • ; xˆ � • ; yˆ � • ; zˆ � •• : (2.64)

Here the coordinate are considered with respect to a general inertial frameSœuniformly

moving with a speedv relative to frameS, whose time axis lay on the worldline of the

particle. The general coordinate timet is linked to the proper time byt � 
� (time dilation

e�ect) so that ifSœis at rest with respect toS, the time coordinate is measuring the proper

time (beingv � 0, 
 � 0 andt � � ).

If now we have the positionx � of a particle following a time-like worldline as a function

of the proper time� , we can introduce the four-velocityu� as the derivative of the four-

dimensional position with respect to its the proper time:

De�nition 13 (Four-velocity).

u� �
dx�

d�
: (2.65)

Figure 2.21:The four-velocityu� of a particle is the tangent vector to its worldline: the four-
velocity's module is constant.

17Section 2.3.2 pg. 70.
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Due to its de�nition as derivative of the four-position, the four-velocity is tangent to the

worldline (Figure 2.21). Its components are:

ˆ temporal component:

u0 �
dx0

d�
�

cdt
d�

�
cdt
dt

dt
d�

: (2.66)

The relation between the coordinatet and the proper time ist � 
� anddt � 
d� (


is not a changing quantity). Then:

u0 � c

d�
d�

� 
c: (2.67)

ˆ spatial components:

ui �
dxi

d�
�

dxi

dt
dt
d�

� vi 
: (2.68)

wherevi � dxi ~dt are the components of the Classical three-dimensional velocityv

as measured with respect to the inertial reference frame in which it is de�ned.

Then the four-velocity is:

u� � ˆ 
c; 
 v• (2.69)

where we usev meaning the three componentsv � ˆv1; v2; v3• � ˆvˆ x• ; vˆ y• ; vˆ z• • .

It is evident that the four-velocity can not be a zero vector: the spatial part ofu� can be null

if the ordinary velocityv is zero but the temporal componentu0 � 
c is always di�erent

from zero.

Consider the spacetime diagram in Figure 2.22: a particle is at rest with respect to his own

reference frame.

Figure 2.22:The worldline of a particle at rest is a vertical line, having only a temporal component.
The four-velocity in eventA has the direction shown by the arrowu� : it is not null and has only
a temporal componentu� � ˆc;0•.

Di�erently from the Classical Mechanics where a particle at rest has null trajectory, in
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spacetime a particle at rest has still a worldline. It has only a temporal component and it is

orthogonal to the three-dimensional space. In the same way, beingu� its tangent vector,

it can not be a null vector: in the reference frame at rest with respect to the particle, the

four-velocity must have only temporal component in order to be tangent to a vertical line

in the spacetime.

The module of the four-velocity is

u� u� � � �� u� u� � 
 2ˆc2 � v � v• � 
 2ˆc2 � v2• � c2; (2.70)

that in the natural unitsc � 1 yields to u� u� � 1. The module of the four-velocity is

constant and it does not depends upon the three-velocity as in Classical Mechanics. This

four-dimensional velocity tells us that particles travel through spacetime always at the

same rate. Moreover, being theu� u� A 0, the four-velocity is a time-like vector. Finally,

being the four-velocity a ratio between the in�nitesimal four-vector positiondx� , which is

a quadrivector, and the in�nitesimal proper timed� , which is invariant, the four-velocity

is a quadrivector.

From the four-velocity as in Classical Mechanics it can be de�ned the four-momentump�

of a particle whose mass, as measured with respect to its rest frame, ism (rest mass):

De�nition 14 (Four-momentum).

p� � mu � : (2.71)

It easy to derive the component of the four-momentum, just multiplying the four-velocity

by m:

p� � ˆm
c; m
 v•: (2.72)

The module of the four-momentum is:

p� p� � m2u� u� � m2c2 (2.73)

Sincep� p� is invariant then the mass at restm is itself invariant too. Then when a particle

is moving according to a reference frame its mass does not change as this is an invariant

physical quantity. Moreover the dependence of the four-momentum upon
 , which leads

to the idea of a relativistic mass
m , arises from the relativistic three-velocity
 v. Then the

spatial component of the four-momentum ism � 
 v not m
 �v. If we admit the hypothesis

of a relativistic mass, the spatial component of the four-velocity would beui � vi , which is

not consistent with Eq. (2.68) as it does not consider the derivation with respect to proper

time and actually shows a pre-relativistic aspect (absolute time). From this consideration,

beingm an invariant quantity andu� a quadrivector, alsop� is a quadrivector.

The de�nition of p� shows that the spatial component is nor then a relativistic de�nition
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of classical momentumpc � mv: pi � 
p i
c � 
mv i .

For temporal component ofp� , we can expand its expression for small velocities (v P c),

obtaining that

p0 �
mc

ˆ1 � � 2•1~2
� mcŒ1 �

1
2

v2

c2
� oˆv4~c4•‘ �

� mc �
1
2

m
v2

c
� ::: �

1
c

‹ mc2 �
1
2

mv2 � :::• : (2.74)

We recognise the classical kinetic energyˆ1~2•mv2 plus a new relativistic quantityE0 �

mc2, the energy at rest as it is the only contribution we have when the particle is at rest

(the energy in the particle's reference frame).

Then we can consider for small velocity the total amount of energyE of a body as:

E � mc2 �
1
2

mv2 � oˆ � 4• : (2.75)

From Eq. (2.75) we notice that the expansion of the energy formula at low velocity is not

the classical energŷ1~2•mv2 because of the energy at rest. Indeed, regardless of the

presence of a potential energy, Classical Mechanics does not calculate thetotal amount of

energy but only the kinetic energy ([61]).

Comparing Eq. (2.75) with expression (2.74), we have that the temporal component of

four-momentum is:

p0 �
E
c

: (2.76)

Since alsop0 � 
mc , we have that the expression for the total energy of a particle is:

E �
mc2

ˆ1 � � 2•1~2
(2.77)

which in the particle's rest frame reduces to:

ET
� � 0

� E0 � mc2: (2.78)

In terms of the relativistic energy we can write the expression of the four-momentum as:

p� � ˆE~c; m
 v•: (2.79)

Because of this de�nition, the four-momentum is also calledenergy-momentumvector.

The energy-momentum quadrivector's components show also the great di�erence be-

tween energy and mass: energy is only the temporal part of the four-vector while mass is

its four-dimensional length. The energy of the particle ismc2 only when it is observed in
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its at rest frame ([61]): the relation between the energy and the mass is in general more

complex and it depends on the speed of the particle that increases its kinetic energy ac-

cording to Eq. (2.77).

Finally we can calculate explicitly the value of the module of the four-momentum:

p� p� � � �� p� p� � ˆE 2~c2 � p � p• �
1
c2

ˆE 2 � p2c2• : (2.80)

But according to Eq. (2.73) the module ofp� is m2c2: then comparing this expression with

the last equation we get therelativistic dispersion relation:

E 2 � m2c4 � p2c2; (2.81)

whereE is the particle's total energy (rest energy + kinetic energy),m is the particle's rest

mass andp is the particle's relativistic momentumm
v .
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3.1 On spacetime diagrams

In Section 2.3.3 we have seen that the spacetime diagrams of two bodies uniformly mov-

ing with respect to each other can be represented as shown in Figure 3.1:

Figure 3.1:Spacetime diagrams of two observers in uniformly relative motion: the time axes are
chosen along the observers' worldlines. The angle' is so that the relative speed is� � tan ' .

But how can we correctly scale thexœ- andctœ-axis so that we can directly read from the

new axes the coordinates of an event in another reference frame?

Let take a step backwards. Consider our two observersS and Sœin uniformly relative

motion along one direction, sayx. Lorentz transformations link the spacetime coordinates

between the two reference frames:

L �

¢̈
¨̈
¦
¨̈̈
¤

xœ� 
 ˆx � �ct •

ctœ� 
 ˆct � �x •
: (3.1)
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If we want to describe thexœ- andctœ-axis inS observer's reference frame, then:

ˆ The new temporal axisctœis the locus of events havingxœ� 0; then from Eq. (3.1)

we get that:

ctœaxis
� ct �
1
�

x (3.2)

ˆ The new spatial axisxœis the locus of events havingctœ� 0; then from Eq. (3.1) we

get that:

xœaxis
� ct � �x (3.3)

Relations (3.2) and (3.3) describe thexœ- andctœ- axis in the reference framêx; ct•. The

two axes can be drawn in the same diagram (Figure 3.2): the angle' betweenctœ-axis and

ct-axis is the same as the one betweenxœ-axis andx-axis and it is such that� � tan ' . The

angle� betweenctœ-axis andx-axis is obviously

� �
�
2

� ': (3.4)

Thus we can depict bothS andSœreference frame in one picture as shown in Figure 3.1.

Now we return to our problem of scalingxœ- and ctœ-axis. In his original paper of 1909

Space and Time([99]), Minkowski looked to following equation:

c2t2 � x2 � y2 � z2 � 1: (3.5)

The left-hand side of Eq. (3.5) corresponds to the intervals2, the distance of an event

P � ˆx; ct• from the origin O of the reference frame. Being the interval an invariant

quantity under Lorentz transformations, Eq. (3.5) means that in all the reference frames

the distance of eventP from the origin is just 1.

Now in order to simplify the reasoning, we consider a bi-dimensional spacetime where the

only spatial coordinate isx; then we have that:

c2t2 � x2 � 1: (3.6)

For instance we can consider the most suitable reference frameS, the one in which event

P has only the temporal coordinateA � ˆ0; 1•: it can be regarded as a clock inx � 0

beating time with a tick of1 second. The vectorOA represents the unit along thect-axis:

the temporal unit.

The relation 3.6 can be represented in a spacetime diagram and it is nor than the hyperbola

c2t2 � x2 � 1 in the ˆx; ct• plane as shown in Figure 3.2:
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Figure 3.2:The relationc2t2 � x2 � 1 is a hyperbola in the spacetime diagram. The eventA � ˆ0; 1•
and the vectorOA is the temporal unit inS reference frame.

If we now consider an uniformly moving observerSœwith respect toS, we can determine

Aœ, the intersection between the hyperbola and thectœ-axis of Eq. (3.2). From the previous

considerations and from Figure 3.3, its coordinateAœ� ˆctA œ; xA œ• are so thatxA œ~ctA œ�

tan ' � � . Moreover it belongs to hyperbolact2 � x2 � 1, thus we have to solve

¢̈
¨̈
¦
¨̈̈
¤

� � xA œ~ctA œ

c2t2
A œ� x2

A œ� 1
: (3.7)

It comes thatAœ� ˆ 
�; 
 • .

Figure 3.3:The calibration hyperbolac2t2 � x2 � 1 allows to �nd the scale overctœ-axis. The event
Aœ� ˆ 
�; 
 • and the vectorOœAœis the temporal unit inSœreference frame.

Let us underline the physical meaning of these coordinates: inSœreference frame, event

Aœlays entirely alongctœaxis. Indeed if we substitute the coordinates of eventAœinto

Lorentz transformations (Eq. (3.1)), we get thatxœ
A œ� 0 andctœA œ� 1.
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Its spacetime distance from the common originOœ� O is 1 by construction:

sœ�
¼

c2t2
A œ� x2

A œ�
¼

c2tœ2
A œ� xœ2

A œ� 1: (3.8)

Moreover, being inSœreference framexœ
A œ� 0 andctœA œ� 1, eventAœcan be regarded as

the tick of a clock at rest with respect toSœsince its time duration is1 s: it is the new

temporal scale unit inSœreference frame. Thus hyperbola 3.6 is a calibration guide that

allows to correctly �nd the time scaling onctœ-axis.

This re-scaling has a natural interpretation: according toS-observer, because of time dila-

tion, the tick of at rest clock inSœlasts more than1 s: it lasts
 � 1 that is actually the time

coordinate of eventAœ.

We can proceed in the same way to �nd the new length unit, looking to another hyperbola

c2t2 � x2 � � 1which represents an eventP having four-dimensional distances2 � � 1 from

the origin. We choose as reference frameS the one in whichP has the easiest expression:

B � ˆ1; 0•. The vectorOB represents inS-reference frame the length unit as shown in

Figure 3.4.

Figure 3.4:The eventB � ˆ1; 0• and the vectorOB is the length unit inS reference frame. The
hyperbola has equationc2t2 � x2 � � 1.

Now once again we consider an uniformly moving reference frameSœand we draw the

xœ-axis: the intersection between the hyperbola and thexœ-axis is the eventB œ� ˆ 
; 
� •

(that still hass2 � � 1) and, substituting into Lorentz transformations in Eq. (3.1), we get

that in Sœreference frame the eventB has coordinateB œ� ˆ1; 0• (Figure 3.5).
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Figure 3.5:The calibration hyperbolac2t2 � x2 � � 1 allows to �nd the scale overxœ-axis. The
eventB œ� ˆ 
; 
� • and the vectorOœB œis the length unit inSœreference frame.

Thus the vectorOœB œis the length unit inSœreference frame, being an unitary vector: here

the link with length contraction is not the same as previously between the temporal unit

and the time dilation. The latter is directly a consequence of the rotation in spacetime that

is a movement along this hyperbolas. The former, as we already explained in Section 2.3.3,

can not be derived with a direct rotation in spacetime: this is the reason why according to

Sœ-observerxB œis not 1~
 , as one could expect from length contraction, but instead1 � 
 .

Figure 3.6:The vectorsOA andOB are the units inS-reference frame whilstOœAœandOœB œthe
units in Sœ-reference frame.

Calibration hyperbolasc2t2 � x2 � � 1are important in spacetime as they represent a graph-

ical and geometrical way to �nd the scale of the new axes and then to map events according

to both the observersS andSœ. Whatever is the relative speed betweenS andSœ, the up-

per branch of hyperbolac2t2 � x2 � 1 will give us the temporal unit, while the right branch

of hyperbolac2t2 � x2 � � 1 the length unit.
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3.1.1 Properties of hyperbolas

We know that the coordinates of an event in two di�erent reference framesS andSœare

linked by:

c2tœ2 � xœ2 � c2t2 � x2: (3.9)

This relation shows the invariance of the interval under Lorentz transformations; it points

out that the geometricallocusof a Lorentz transformation is a hyperbola of equationc2t2 �

x2 � s2, with s a real number.

Proposition 1. If P � ˆxP ; ctP • andPœ� ˆxœ
P ; ctœP • are two events in spacetime linked

by a Lorentz transformation, describing the same event according to two di�erent observersS

andSœin uniformly relative motion with speedv � �c , thenP andPœlay over the hyperbola:

c2t2 � x2 � s2; (3.10)

wheres2 � c2t2
P � x2

P � c2tœ
P

2 � xœ
P

2.

Proof.Consider the spacetime diagram of an observerS and an eventP � ˆxP ; ctP • . From

the equation of a rectangular hyperbolac2t2 � x2 � a2, we add the condition that the curve

crossesP:

c2t2
P � x2

P � a2: (3.11)

Then the equation of the hyperbola is:

c2t2 � x2 � c2t2
P � x2

P : (3.12)

Consider now an observerSœin uniformly relative motion with respect toS with speed

v � �c . Then eventP is mapped into eventPœ� ˆxœ
P ; ctœP • from a Lorentz transformation

(3.1). We can now consider the rectangular hyperbola crossingPœ:

c2t2 � x2 � c2tœ
P

2 � xœ
P

2: (3.13)

Now looking to the right-hand side of Eq. (3.12) and Eq. (3.13), we know that

c2t2
P � x2

P � c2tœ
P

2 � xœ
P

2 (3.14)

as the quantityc2t2
P � x2

P represents the four-dimensional distance of eventP from O

which is equal to the four-dimensional distancec2tœ
P

2 � xœ
P

2 of eventPœfrom Oœ(coin-

ciding with O).

Thus hyperbolas (3.12) and (3.13) are the same hyperbola and thenP andPœlay on the

92



Chapter 3. The Special Relativity's project 3.1. On spacetime diagrams

same curve of equation

c2t2 � x2 � s2; (3.15)

wheres2 � c2t2
P � x2

P � c2tœ
P

2 � xœ
P

2.

If now we consider two di�erent values of� , � 1 and� 2 and the two di�erent images ofP,

Pœ
1 � ˆxœ

1; ctœ1• andPœ
2 � ˆxœ

2; ctœ2• , we can apply Preposition 1 to each pair of eventsP; Pœ
1

andP; Pœ
2. We get that as they are the Lorentz-transformed of thesameeventP, bothPœ

1

andPœ
2 lay on the same hyperbola, namely the one crossingP.

Corollary 1. Given an eventP � ˆxP ; ctP • in the spacetime diagram of an observerS, all

the events on the hyperbola of equation

c2t2 � x2 � s2 (3.16)

wheres2 � c2t2
P � x2

P are the Lorentz-transformedPœof the eventP according to a particular

value of� .

We can thus image that inS reference frame all the eventsP of the spacetime are crossed

by a rectangular hyperbola de�ning the locus of all the possible eventsPœthat are the

Lorentz-transformed of eventP. Any eventPœwe consider that is the Lorentz-transformed

of eventsP for some value of the parameter� lays along the hyperbola crossingP.

By the end of this Section we want to point out a physical condition over the Lorentz

transformation we are dealing with. Two generic events laying on the same hyperbolas

are always connected by a Lorentz transformation. But it is not true in general that a

transformation leaving two events on the same hyperbola has the form of Eq. (3.1).

Indeed ([100]) the most complete set of a Lorentz transformation is de�ned by:

xœ� � � �
� x � � a� (3.17)

which is calledinhomogeneous Lorentz groupor Poincaré group. The subset witha� � 0 is

the homogeneous Lorentz group: xœ� � � �
� x � .

A whatever transformation of Poincaré group leaves the interval squareds2 invariant

since, di�erentiating Eq. (3.17), being both� �
� and a� constant, we have thatdxœ� �

� �
� dx� . Then the in�nitesimal displacementds2 between two quadrivectors and between

the transformed quadrivectors under (3.17) have the same expression as if they are linked

by a transformation of the homogeneous Lorentz group. As a consequence the surface

obtained as the geometrical locus of transformation (3.17) is still a hyperbola and then the

transformation connects two events laying over the same hyperbola. But however it is no

true that this transformation is described by Eq. (3.1).
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So we are looking for the only transformations that have the physical meaning of a change

between reference frames. These transformations are calledboostand the condition under

that a general Lorentz transformation corresponds to a boost is that the transformation's

matrix � belong to theproper orthochronousLorentz's group, i.e. it respects the conditions

det � � 1 and� 0
0 A0.

We will always refer to this kind of transformation even though not explicitly expressed.

3.1.2 Rotating worldlines in spacetime diagrams

Consider now an observerS at rest1: according to him, he will see himself as stationary.

ObserverS can build his own reference frame: the most suitable is the one in which he is

at center, inx � 0. As a consequence, his worldline is a vertical straight line with equation

x � 0 (as shown in Figure 3.7).

Figure 3.7:The worldline of an observer at rest in his own reference frame is a vertical straight
line of equationx � 0.

Now consider a second observerSœ(the blue cat in Figure 3.8) in uniformly relative mo-

tion with respect to observerS with speedv � �c . In S-observer's reference frame the

worldline of the moving observerSœhas equation

ct �
x
�

(3.18)

and it is represented by an inclined line with slope1~� .

1Let's say with respect to the Earth.
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Figure 3.8:The worldline of an uniformly moving observer with respect observerS with speed
v � �c is an inclined straight line (blue line) of equationct � x~� in S reference frame.

Then we are able to describe both the observersS andSœin S reference frame through

their worldlines: here we use the �common� meaning ofreference frameaspoint of view.

To be inS reference frame means to adoptS-observer's point of view: indeed from the

perspective of observerS, he is at rest and he sees the cat going forward away from him

at speedv. Thus Figure 3.8 is depicting spacetime from the point of view of observerS.

We can however ask which the point of view of observerSœis. At this purpose, we can

build a diagram very similar to the one of Figure 3.8. According to the principle of relativity,

from the point of view of observerSœwe know that he sees himself as stationary while he

sees observerS going away from him with the same speed but in the opposite direction

(v � � vv̂), namely backwards. As a consequence, inSœ-observer's reference frame, his

worldline has equationxœ� 0 while S-observer's onectœ� � xœ~� .

Then if we representSœ-observer's point of view, we would have as in Figure 3.9:

Figure 3.9:Sœ-observer's point of view: it is at rest (blue worldline with equationxœ� 0) while
the observerS is moving backwards with respect to it (red worldline with equation)ctœ� � x~� .

Figure 3.9 well representsSœ-observer's perspective which meansSœ-observer's reference
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frame in which it (the blue cat) is at rest whileS-observer (red man) is moving backwards

as his positionxœincreases in module but in the negative semi-axis.

Then if we gather together Figures 3.8 and 3.9 as in Figure 3.10 we can understand this shift

from S-observer's perspective (Figure 3.10a) toSœ-observer's perspective (Figure 3.10b):

(a)S-observer's point of view (b)S-observer's point of view

Figure 3.10: Transition fromS-observer's perspective (3.10a) toSœ-observer's perspective
(3.10b).

Comparing the two Figures, we see that the change in the point of view of the two ob-

servers is obtained just �rotating� the worldlines of the two observers. But we have to

explain how this �rotation� is performed.

First we have to require that the angle between the two worldlines keeps constant during

the rotation. Indeed the angle� is such thattan � � � : this requirement means that the

relative speed between the two observers does not change while we are changing the ref-

erence frame. In this way, once the rotation is completed,Sœ-observer will seeS-observer

still moving with the same speedS-observer seesSœ-observer moving, according to the

principle of relativity. We can say that the requirement of the invariance of relative angle

between the two observers is a consequence of the relativity principle.

Now we remind that a rotation in spacetime is actually a Lorentz transformation (Section

2.3.2): this is a right conclusion as physically our rotation of worldlines is describing a

change between reference frames that is given by a Lorentz transformation. This helps us

to understand the movements of the events in the spacetime diagrams when this rotation

is performed.

Consider Minkowski spacetimeM with the complex formalism where an eventP has

coordinateP � ˆ ix P ; ctP • according to an observerS at rest with respect it. The angle

in the spacetime between the segmentOP andct-axis is� such thattan � � ix P ~ctP as

shown in Figure 3.11.
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Figure 3.11:The angle� is the one formed between the segment joining together the originO
with an eventP � ˆ ix P ; ctP ) and thect-axis.

Now consider another observerSœin uniformly motion with respect to observerS with

relative speed� � vc. Then applying a Lorentz transformation, inSœ-observer's reference

frame the coordinates of eventP arePœ� ˆ ix œ
P ; ctœP • � ˆ i
 ˆxP � �ct P • ; 
 ˆctP � �x P ••

and the new angle� œbetween segmentOœPœandctœ-axis is such that:

tan � œ�
i
 ˆxP � �ct P •

 ˆctP � �x P •

� i
1 � �ct P ~xP

ctP ~xP � �
� i

1 � i� ~tan �
i~tan � � �

(3.19)

Remembering that the angle� betweenSœ-observer's worldline andctœ-axis is such that

tan � � i� , then:

tan � œ� i
1 � i� ~tan �
i~tan � � �

� i
1 � tan � ~tan �

i~tan � � tan � ~i
�

� i
tan � � tan �

tan �
�

i tan �
i 2 � tan � tan �

�

� �
tan � � tan �

� 1 � tan � tan �
�

tan � � tan �
1 � tan � tan �

� tan ˆ � � � • (3.20)

Neglecting the periodicity, we have:

� œ� � � � (3.21)

This relation tells us how to perform the rotation: starting from Figure 3.11, if we want to

draw the reference frame of the moving observer, events in spacetime rotate until the new

angle� œbetween the segmentOœPœand thectœ-axis is equal to� � � , that is the di�erence

between the angle� the segmentOP forms with ct-axis inS-observer's reference frame

and the angle� , de�ned by the relative speed between the observersS andSœ.

As a consequence, consider the two situations in Figure 3.10:

ˆ according to its physical meaning, changing the reference frames fromS-observer's

one toSœ-observer's one, the inclination ofS-observer's worldline goes from� � 0°
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(in Figure 3.10a the worldline is vertical) to� œ� � � (S-observer is moving in Figure

3.10b). This agrees with Eq. (3.21) as from� � 0°we get that� œ� � � � � 0� � � � � ;

ˆ in the same way, the inclination ofSœ-observer's worldline goes from� � � (Figure

3.10a) to� œ� 0 (Sœ-observer's worldline is vertical in Figure 3.10b). This agrees with

Eq. (3.21) as from� � � we get that� œ� � � � � � � � � 0.

We need �nally to point out another important feature of this rotation, namely the curves

events have to follow. In Euclidean space, when a 2D-rotation is performed, geometrical

entities rotate around a central point by a certain angle. Each point track an arc of a

circumference whose length depends on the amount of the angle of rotation. This is not

true for Minkowski spacetime which is pseudo-Euclidean. We have seen that two or more

events in spacetime that are linked by a Lorentz transformation lay on the same hyperbola.

Thus Pœ, the Lorentz-transformed of eventP with a relative speed�v � ��c , lays on the

hyperbolac2t2 � x2 � ct2P � x2
P , where alsoP lays on.

Consider now a very large succession ofn eventsPi that are the Lorentz-transformed of

eventP with a relative speed� i such that0 @� i @�� : as a boundary conditions we have

that for � � 0, P0 � P (there is no transformation at all) while for� � �� , Pn � Pœ, the

Lorentz-transformed ofP which we are interested in. For Corollary 1 we know that all

these events lay on the same rectangular hyperbola that crossesP.

Figure 3.12:Between an eventP and its Lorentz-transformedPœaccording to a relative speed�� ,
there are in�nite other eventsPi that are Lorentz-transformed of eventP with a parameter� @�� ,
all laying on the same hyperbola.

Then betweenP andPœthere are a numbern of events as large as desired all laying on the

same hyperbola linkingP andPœas shown in Figure 3.12. This means that we can think

of the Lorentz transformationP � Pœas constituting ofn � ª steps of Lorentz trans-

formationsP � P1 � P2 � ::: � Pœ. In the �rst step the segmentOP is inclined with

respect toct-axis by an angle� , in the second step the inclination ofOP1 is � œ
1 determined

by the value� 1, in the third is � œ
2 and so on until in the last step the inclination ofOPœ
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reaches the desired value of� œ� � � � . As a result we have that eventP is transformed

into eventPœ, the segmentOP is rotated from angle� to angle� œ� � � � and during this

rotation eventP follows the hyperbolic path de�ned by the hyperbola it belongs to.

Proposition 2. If P � ˆxP ; ctP • andPœ� ˆxœ
P ; ctœP • are two events in spacetime linked by

a Lorentz transformation, describing the same event according to two di�erent observersS

andSœin uniformly relative motion with speedv � �c , thenPœis obtained movingP along

the hyperbola of equationc2t2 � x2 � ct2P � x2
P until the angle� œbetween the segmentOPœ

and the vertical axis is

� œ� � � �; (3.22)

begin� the angle between the segmentOP and the vertical axis andtan � � � .

In this way we have a geometrical way to draw a spacetime diagram like that ones in

Figure 3.10, following two rules.

Rules of a spacetime diagram:

1. when the frame of reference of an observerS is adopted, his worldline isx � 0, a

straight line in the origin along thect-axis;

2. when the previous frame of reference is changed into the one of an observerSœ

uniformly moving with speedv � �c , all the events2 are rotated by a total angle of

� œ� � � 2� � � along the rectangular hyperbola crossing them.

3.2 The spacetime globe

Minkowski diagrams are very powerful but not immediate to draw. Even the di�erent

technique shown in Section 3.1.2 has many di�culties. Thus we looked for an easier way

to employ them within a didactic aim.

On the YouTube channelMinutePhysics([101]) we found an interesting instrument called

spacetime globeby the guy who built it. An image of the device taken from one of his

videos is shown in Figure 3.13.

2Worldlines too that are a set of events.

99




	Acknowledgement
	Introduction
	State of Art
	Conceptual change and capture
	Focus on Special Relativity

	Students' thinking
	Alternative conceptions in Classical Mechanics
	Alternative conceptions in Special Relativity
	Postulates of Special Relativity
	Simultaneity
	Causality
	Time dilation
	Length contraction
	Velocity addition
	Mass-energy equivalence
	Conclusion

	Teaching Special Relativity
	Approaching as Minkowski

	Which approach for Special Relativity?

	The Theory of Special Relativity
	Historical-scientific context
	Einstein's Special Relativity
	Only two suns
	Return of Lorentz
	Jump at lightspeed

	The rise of Minkowski
	A new spacetime
	The geometry of spacetime
	Minkowski strikes back


	The Special Relativity's project
	On spacetime diagrams
	Properties of hyperbolas
	Rotating worldlines in spacetime diagrams

	The spacetime globe
	Changing reference frames

	Special Relativity with a spacetime globe
	Loss of simultaneity
	Time dilation
	Length contraction
	Addition of velocities
	Light speed invariance
	Doppler effect
	Mass invariance

	Digital Education: Python simulations
	Superluminal motion


	School experimentation
	Introductory questionnaire
	Teaching-Learning Units
	Second introductory questionnaire
	Pilot experimentation
	Pre- and Post-test
	Pre-test analysis
	Post-test analysis


	Conclusion
	About teaching
	Appendix to Chapter 2
	A philosophical debate over the postulates
	Postulates in Mathematics
	Postulates in Physics

	Upon the variation of the inertia of the energy
	Metric in Minkowski spacetime
	Implication of length contraction

	Appendix to Chapter 3
	The Physics behind the spacetime globe
	A collision problem
	Introduction
	Problem formulation
	Resolution in the center-of-momentum frame
	From the COM to the LAB frame
	Resolution in the LAB frame
	Collision in two different reference frames

	Python code example for one of the simulations
	Main structure of the simulations


	Appendix to Chapter 4
	Kuder-Richardson index error
	Additional material


