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Abstract

PECIAL RELATIVITY introduces students to Modern Physics, whose importance in the
high school is increasing. Nevertheless its teaching and learning is a critical issue.
Different solutions have been developed to overcome the encountered difficulties with a
particular emphasis on Minkowski’s spacetime diagrams.
In this work we describe the spacetime globe, a mechanical instrument that allows expe-
riencing Special Relativity hands-on. We show how it is possible to treat all the main
phenomena foreseen by Special Relativity with simple laboratory experiences, using the
idea of Minkowski’s spacetime diagrams. Our approach is based on the idea that Spe-
cial Relativity can be introduced to students underlying the problem of the point of view,
namely that at the root of this theory there is the fundamental issue of understanding how
events are seen from different points of view.
In order to understand if it may be an effective didactic tool, we set up a pilot experimen-
tation carried out with five groups of students of the last year of high schools oriented
towards scientific studies. We show the result of the pre-test and the post-test submit-
ted to the students from which arises the persistence of the commitment to alternative

representations of Classical Mechanics.
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Introduction

ecial Relativity is one of the most beautiful and revolutionary theories: it marks a
de nitive point in the History of Physics opening to a new era. It uni es the Mechan-
ics with Electromagnetism introducing strong inferences over space and time, thus giving
a new vision of the world. Every book of Physics and general Science, being it addressed
to students or to general public, contains at least a reference to Special Relativity due to
the wide spectrum of phenomena it deals with.
Since many years, high schools are trying to keep up with the new discoveries of Mod-
ern Physics, making it necessary to introduce the main topics of Special Relativity within
Physics curricula. Students start to face new aspects of reality far from their everyday
life, thus encountering di culties that have been already observed in the undergraduates,
mostly tied with their alternative representations in Classical Mechanics. Numerous so-
lutions are being proposed to solve the didactic issue of how e ectively teaching Special
Relativity in high schools: in literature a common consen$wser the use of spacetime
diagrams was found but this approach is still not widely di used. The recent review [7]
of Prado et al. clearly points out thathe literature shows that using spacetime diagrams
is an e cient procedure to answer and explaining questions, dilemmas and paradoxes of the
theory [7].
The present PhD dissertation thesis focuses over a teaching project for high schools on
Special Relativity based on the spacetime diagrams. Since literature refers to the concept
of reference frameas on of the main source for misunderstandings on Special Relativity
(as well as in Classical one), we used a mechanical instrument that allows to visualise the
abstract concept of reference frame paying attention to consider it as a point of view of
an observer, in the same way Dimitriadi and Halkia [13] did.
Chapter 1State of Art contains an introduction to some key concepts in Didactic of

1,2, 3,4,5, 6]
28, 9, 10, 11, 12]



Introduction

Physics for the process of learning (conceptual change and capture) and how they are
applied to Special Relativity. Then the main features of two di erent models of student's
way of thinking are introduced together with the description of their alternative concep-
tions in Classical Mechanics and Special Relativity as it emerges from the literature. Finally
di erent approaches to teaching Special Relativity are presented, with particular emphasis
on Minkowski's one.

Chapter 2ZThe Special Relativity contains a review of the main topics of Special Relativ-
ity together with a small historical introduction outlining the works preceding Einstein's
one that anticipated the contents of his theory. As Arriassecq and Greca [14] pointed out,
it is important to contextualised scienti ¢ discoveries and in particular the Theory of
Special Relativity, about which historians do not completely agree on the works already
existing before it. This contextualisation aims to remember the reader or to make him
aware that the scienti c theories are not developed iriraa conceptual vacuuffil4]) nor

they are an invention of a genius but they are inside the ow of current of works. My
dissertation would like to be a didactic thesis on didactic of Special Relativity , meaning
that the reader could learn something else about Special Relativity itself. For this reason in
that same chapter | added also a description of this theory from Minkowski's perspective
showing how relativistic phenomena imply the existence of an absolute spacetime and
how they are implied by it.

Chapter 3The Special Relativity's project contains the description of the spacetime
globe, the mechanical instrument we used for our project together with the explanation
of how to show relativistic phenomena with it. It is a more complete and detailed version
of our previous work ([15]). We also showed a virtual version of the instrument through
simple animations realised with Python codes with a detailed example in order to ful | the
issues of the Digital Didactic.

In Chapter 4School experimentation we described our pilot experimentation imple-
mented in order to understand whether the use of the spacetime globe is an e ective didac-
tic tool. It consisted in two lectures carried out with some groups of high-school students
of Rome. We explained the topics of Special Relativity using the mechanical instrument
and we administered a pre- and a post-test with open and closed questions. Their whole
texts are reported in a drive folder (see Appendix C). We reported also some inferences
over the questionnaires arising from a statistical analysis of students' answers together
with a discussion of their replies to the open questions in terms of misconceptions and
common or scienti ¢ knowledge.

In ChapterConclusion we summarised the conclusions of this work and its future out-
looks. Finally in ChapteAbout teaching | pointed out some considerations about teach-
ing in relation to students arising from my experience.



Chapter

State of Art

ience educational research is a complex issue: teaching and learning physics is nei-
Sther a one-way process departing from the teacher and arriving on the student nor
the inverse one-way process. The full attention is no more focused on the teacher, the only
one who knows, nor on the student, the one who builds his own knowledge.
Knowledge is built in a two-bodies process involving both the teacher and the studentin a
teaching-learning procedsis an adaptive action resolving into a continuous organisation
of the teaching apparatus depending on the current context. Teaching depends on how
students learn but the learning relays upon how teacher is able to dialogue with students'
ideas. Educational research has to examine how students' brain works in the learning pro-
cess, how students organise the preexisting ideas in the light of new ones and how they
face the problems challenging them: it concerns the theory of learning ([16, 17]) and the
nature of the students' ideas ([18]).

1.1 Conceptual change and capture

What is learning?

Such an open question can not be solved into an easy description but without focusing on
what learning depends on (which is an also wider question), we can state that learning is
a process in which a concept is substituted with another onecoaceptual changélere

with concept we referred to a single conception (e.g. space is not absolute ) or to a theory
(e.g. the theory of Special Relativity) that is a set of subsequent di erent a rmations both
in their mathematical and logical aspects.

As Piaget showed in his studies, since the early age pupils try to give an explanation of
natural phenomena starting from their sensory experiences. The rst naive experiments

1The content of this section refers to the works of Posner et al. [16] and Hewson [17].



Chapter 1. State of Art 1.1. Conceptual change and capture

children perform allow them to create their own interpretive framework of the reality. It
constitutes the substratum the students have to face with during all the learning process;
it is the base necessary to activate the construction of knowledge. Indeed the students'
prior knowledge has a critical role in learning. When students face a new phenomenon, at
rst their mind interprets and organises the experience or the concept framing it within

an already existent structure: in this way it simpli es, orders and gives meaning to the
experience. This rst step is known aassimilationwhich has the preexisting concepts as
instruments to investigate the new ones: students try to verify if what they already know

is su cient to explain the new concepts. This is a natural part of a learning process but
sometime it fails: students understand that they are not able to grasp the full meaning and
essence of a new phenomenon or concept because of their insu cient reading key. They
need to reorganise or replace their previous commitments. This second step is known as
accommodatianThe whole teaching e ort is to allow the transition from assimilation to
accommodation to happen in order to favour the conceptual change. However it is clear
that there must be certain features of the new concept under which this process is likely
to take place. At the very beginning there must bed@satisfactiometween the current
conceptions and the problems students are trying to solve: that is, students should become
aware that their commitments are not able anymore to explain a certain set of phenom-
ena. We can refer to this dissatisfaction as@gnitive con ictwhich paves the way to the
accommodation process: it is important this con ict to be created in students' mind other-
wise they will not fell the urgency to adopt new concepts. Oftanomaliesn theories can
guide the accommodation showing some speci ¢ failures that require a new framework
of understanding even though sometimes they can not be seen really as anomalies by the
students. Thus what might create a con ict in the teacher's mind could not create any dis-
satisfaction in the students. This is due to their own criteria of judgement which are made
up of their previous metaphysical beliefs and epistemological commitments. Reseérches
showed that students also in front of evident (according to the instructor) incongruities
between for example relativistic phenomena and Classical Mechanics tried to force their
stable certainties to t with them.

Once the cognitive con ict nally happened, there is a selection of the new proposed con-
ceptions: they must ful | some parameters to gain acceptance in order to appear to make
sense. A new concept must logelligible namely the students must be able to understand

its content su ciently to permit them to explore its inner implications. Intelligibility re-
quires a concept to be understood in its mathematical aspect: students need to grasp the
terms and the symbol used and how they are combined into more complex expressions.
This is the case of the Special Relativity which has an easy mathematics and it does not

2See Section 1.4 for further details.
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create any problems to students managing with its kind of algebra.

But this aspect is not su cient: intelligibility is the ability of a concept to be coherently
represented by the individual. The inneepresentatioof a theory may be in the form of
images or some kind of networks: itis the frame the information must suit and it addresses
the student's attention and researchers.

Another important requirement for a new conceptis to péausiblethat is it has to succeed
where the previous ones failed. It has at least to be able of solving the con ict that pre-
viously it brought about. The concept has also to be consistent with the other knowledge
to prevent internal contradictions. However students can nd a concept to be plausible
not only for its capability of solving anomalies but also for other reasons: it seems consis-
tent with their current metaphysical beliefs and epistemological conceptions, with other
known theories, with past experiences or with their vision of the world.

Finally a concept that is intelligible and plausible, capable of solving anomalies, should be
fruitful to completely address the process of accommodation, namely it should also guide
students in discovering new areas of inquiry.

Sometimes the process of accommodation can take another direction and does not favour
a conceptual exchange but@nceptual captur@ur learning model should take into ac-
count that a concept can also be reconciled with other existing conceRisconciliation

is the process in which students give sense to a new concept at the light of their existing
knowledge. The new commitment and the previous conceptions are not contradictory but
they share some features as they are part of the same set of ideas.

Depending on the status (intelligible, intelligible and plausible or intelligible, plausible and
fruitful) of an existing conception and of the new one, a conceptual change or a conceptual
capture can happen as well as a completely rejection.

The research of Hewson [17] shows that previous alternative frameworks constitute a ro-
bust obstacle towards a deeper learning and understanding of the correct interpretation
of natural phenomena in various elds of Physics. He argues that if the status of these
alternative conceptions is not accurately debated, the new taught concepts will not be un-
derstood: they will be rejected, yet memorised or classi ed as part of a science world . It
is just another di erent view of reality, completely detached from the real world.

1.1.1 Focus on Special Relativity

The described process of accommodation seems to be easy and linear. If applied to the case
of Special Relativity, it should be outlined as following: students, starting from a dissatis-
faction with Classical Physics, start dealing with a new intelligible and plausible theory,
which is able to solve all the previous contradictions, to predict new phenomena and to
provide applications also to other elds of Physics. This process will allow them to com-

10



Chapter 1. State of Art 1.1. Conceptual change and capture

pletely grasp the meaning of Special Relativity and its implications.

However these steps are oversimpli ed:the basic conceptions of Special Relativity are very
complex and it is likely that it should require di erent time to each one of them to be ac-
commodated. It is not a radical change but a gradual progress during which students
accommodate some of the features and the claims of a new single conception and then
they gradually modify the other ideas as they have fully understood the meaning and the
inferences of the new concepts.

The intelligibility of Special Relativity seems not to be problematic when Einstein's two
postulates are concerned. However the representation of the whole theory is quite di cult
as it requires to build a coherent description of a world in which the two postulates are
true together with their consequences about the concept of space and time.

The inferences on the plausibility of this theory are crucial. Once again instructor must be
careful: Special Relativity has some features that historically are said to t Einstein's reg-
uisite for a plausible theory, i. e. parsimony and symmetry, in addition to the fundamental
ability of solving the previous anomalies. But students do not share the same Einstein's
epistemological beliefs. Special Relativity appears to them as counterintuitive as long as
the they will trust in absolute space and time. It is important to nd out students' epis-
temological commitments in order to understand what at rst students would consider
plausible or not.

Indeed Hewson's research shows how important are the learner's previous metaphysical
commitments to Classical Physics. He pointed out that an instruction addressing towards
them is e ective. In particular he found out how the previous conceptions remained sta-
ble also in the rst months after instruction on Special Relativity in one undergraduate
student: only after many interventions of the instructor his view changed. At the very
beginning he tried to reconcile this new theory with his previous knowledge ending up in

a product of Einsteinian concepts with Newtonian foundations. The whole theory seems
not to represent an issue except for the two mainly counterintuitive phenomena, namely
the slow running of a moving clock and the shrinking of the moving road. As a matter
of facts, the resistance shown by the student is due to his mechanistic view of the reality
where objects have some xed properties as mass, length and so on. These attributes are
independent of the observer's measure, leading to the existence of a preferred observer
(the one at rest) who has more reason then the moving one. The former will perceive
the objects as they really are while the latter will have only a distorted perception of the
world: roads appear to shrink, clocks seem running slower. At rst, the student integrated
two counterintuitive conceptions within his exhausting frame of known phenomena.

This research highlights that students' previous frameworks including metaphysical com-
mitments play a key role in the process of accommodation in learning Special Relativity.

11



Chapter 1. State of Art 1.2. Students' thinking

A conceptual exchange can not really happen if there is not such a dissatisfaction leading
to a lower reliability of the mechanistic view of reality and of the Classical Mechanics in
general.

1.2 Students' thinking

Next to the discussion about what learning is, the other important aspect is how students
think3. In order to deal with students' alternative interpretative frameworks we have to
consider how they interact with new conceptions: our didactic sequences should be or-
ganised speci cally depending on students' way of thinking. Together with the traditional
misconceptions model which students' ideas are considered as a set of xed elements
creating barriers to instruction, a new one has been recently proposed. pibees model
assumes students' ideas as context-depending adaptable knowledge pieces that learners
activate independently or in networks.

Both the models point out some features of the students' ideas Scherr [18] highlighted:

A

determinacy students' ideas are not simply correct or incorrect. Often they are

referred only to a speci c situation but not the correct one. Thus the idea that the

higher the e ort, the greater the e ect has an indeterminate state of truth until it

is not applied to the valid context (e.g. to the relation force-acceleration and not to
force-velocity). Determinacy is the property of an idea to be truth-determinate or
truth-indeterminate;

coherencestudents' ideas seem often to be contradictory according to the instructor
knowledge even if learners do not feel this contrast. Coherence should be related to
how the internal system of logics of students creates their networks of ideas but it
is biased to the stance of the instructor;

context-dependencesearches found that students’ answers to a question are in u-
enced for instance by the setting where a question is asked (at school or in every-
day life) and by the situation (during a class or a clinical interview). Thus context-
dependence refers to all the surroundings of a question that can in uence students'
performance;

variability: students' ideas can change or not very quickly during the same situation.
Ideas can be uctuating if they change frequently and they are not stable;

malleability. students' ideas are expected to change after instruction. Malleability
refers to the di culty of the accommodation's process: ideas can be rigid if they are

3The content of this section refers to Scherr's work [18].

12



Chapter 1. State of Art 1.2. Students' thinking

resistant to the change otherwise pliable.

These features are declined (see Table 1.1) according to the particular modelling of stu-
dents' thinking towards which instructors and teachers have to behave di erently in order
to favour the learning process.

Misconceptions model Pieces model
Determinacy True or false Indeterminate
Coherence Coherent Potentially mutually independent
Context-dependence Context-independent Potentially context-dependent
Variability Stable Potentially uctuating
Malleability Rigid Potentially pliable
Research agenda Find coherent frameworks Find useful pieces
Instructional agenda Elicit, confront, resolve Re ne intuitions
Changes in understanding Di cult, permanent Potentially easy, temporary

Table 1.1: Table gathering the features of students' ideas according to the two di erent
models of thinking (from Scherr [18]).

The misconception model is the most traditional description of students' ideas: it outlines
the existence of alternative structured logical frameworks students use to solve problems.
They are (apparently) truth-determined as students think of their ideas to be correct; it
was observed that they are also coherent and rigid, stable and independent of the context
a problem refers to. This set of ideas is well organised inside students’ mind probably
because they had it for a long time and thus we can expect students to have di erent alter-
native frameworks and to see them emerging often in various contexts. The instructional
sequences should aim to identify these alternative students' interpretations, to make stu-
dents aware of them, then to show proofs of their inadequacy and nally to help them
resolving these contradictions. Because of the solidity of these ideas, the learning is di -
cult yet permanent.

The pieces model is more dynamical then the previous one: ideas are not gathered into a
solid frame and we refer to single pieces of knowledge that students activate independently
or in a network, depending on the problems. Ideas do not have a determined state of truth
as they depends on the situation and they are context-dependent. Being single pieces,
students' ideas are independent of one another, uctuating and pliable. For this reason
we should not expect to have coherence between students' answers, yet we will see con-
tradictions as di erent situations activate di erent pieces of knowledge. Instructors can
have a prove of this model of thinking looking to the variability of students' answers or in
their changing during thought process. Indeed instructors and teachers have to nd out
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the basic idea that guides students' reasoning which can either help them dft. r@hce
these pieces have been identi ed, the instruction has to be addressed in order to re ne stu-
dents' intuitions: the elements are not incorrect by themselves but they are only applied
to a wrong context, thus requiring a re ning. Students should be guided to understand
how to incorporate these concepts into their reasoning rather then denying. Instruction
is expected to be easier then the misconceptions model but potentially temporary.

1.3 Alternative conceptions in Classical Mechanics

The roots of Special Relativity lay deeply in some features of Classical Mechanics. The
researches on Einsteinian Relativity show also that students' problems are related to con-
cepts of Mechanics ([19]) which are not thoroughly treated at the time of classical instruc-
tion, rst of all the concept of reference frame and event ([17, 20, 8, 9, 21]).

Many authors discussed about the in uences the previous knowledge has on the learn-
ing process of Special Relativity: for instance Hewson [17] stressed the importance of the
Newtonian commitments into the explanation of relativistic phenomena as well as Selguk
[22] pointed out that some misconceptions would arise from a failure in the accommoda-
tion of the concepts of Galilean Relativity. While investigating problems about the speed
of light, Villani and Pacca [23] found that university students use pre-relativistic concepts
very similar to Saltiel's spontaneous kinematic ([20] and later in the text). Moreover they
speci ed that it is far from being real to assume that students learning Special Relativity
have already fully grasped the meaning of Galilean Relativity. Indeed de Hosson et al.
[9] stressed the deep students' misunderstanding of the structure of Classical Mechanics
which is an obstacle to the comprehension of Special Relativity. Thus students' alternative
representations of Classical Mechanics should be taken seriously into account while trying
to outline their thinking on Special Relativity as the former involves concepts that are far
from being simple, even if easily relating to everyday life experience. Students learn that
motion is frame-dependent in contrast with the usual dichotomous distinction between
rest and motion which is commonly always thought as well de ned.

The major problem literature highlights is the concepti@ference framea set of observers

at rest with respect to each other, an operative concept which seems not to be hold by stu-
dents ([9]). In their review on Special Relativity, Alstein et al. [21] began from analysing
the literature's result on the use and understanding of reference frames and on other clas-
sical concepts that will be discuss later in the text.

Di erent authors as Villani and Pacca [23], Ozcan et al. [10], Scherr et al. [8] and de Hos-
son et al. [9] agree that it is necessary to start from the concept of reference frame for a

“As for example the idea that "the higher the e ort, the grater the e ect” which is correct if applied to the
relation force-acceleration and not to force-velocity.
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full understanding of Special Relativity in order to demolish the idolatrous stone of the
absolute frame, rebuilding the correct representation.

Special Relativity as well as Classical one needs a full correct understanding of the mean-
ing of reference frame ([8, 21]). For instance some of the alternative conceptions about
loss of simultaneity are actually alternative conceptions about reference frames.

Panse et al. [11] outlined seven di erent alternative conceptions about reference frames:

reference frames are concrete objéictseems that students are likely to associate
the idea of a reference frame together with a physical bodies. They refer to them
as if they are concrete objects: this seems to be only a convenient way of thinking,
perhaps related to the next ones. For instance a ship can have such a reference frame
that su ers friction in water too;

reference frames have physical extensiilents share the idea that reference frames
have some bounders, delimited by the physical extent of the body the are xed to,
and then each object de nes a di erent reference frame regardless of the relative
state of motion. There are three major aspects: the physical extension of the frame,
its boundary and a nite length of the coordinate axes related to the dimension of
the object. For instance a ball thrown out of moving car is going outside the refer-
ence frame of the car or two di erent observers at rest with respect to each other
constitute two di erent reference frames;

reference frames have appendisasdents are likely to consider as part of a larger
reference frame small moving bodies inside it regardless of their speed with respect
to it. For instance a man walking on the deck of a ship as well as a shoot bullet are
part of the ship's reference frame;

particular phenomena happen in particular fram#éss less prominent conception
has phenomena happening in particular reference frame, either the one in which
it takes place or the one which the phenomena is viewed from. A stone dropped
inside a train takes place in its reference frame while a stone dropped outside in the
ground's one. Inthe same way, there is the belief that some events could happen only
in one particular reference frame nor in two di erent: for instance a ball trowing
out of a moving train is a phenomenon for the reference frame of the ball itself, not
for the train or platform's one;

real and apparent motionstudents have the tendency to choose the most easy and
natural reference frame, even when it is not the most favourable to study a particular
motion. This is not a real problem except if they use it to express judgements about
the realness or the apparentness of that motion. For instance a child in atrain leaving
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a station is really moving with respect to the platform while this one is not moving
with respect to the child. A third neutral observer would be necessary to express
a true statement whether it is real or apparent - an heritage of Newton's idea of
absolute space, as also Dimitriadi and Halkia [13] pointed out;

VI physical description from viewingvhen students are describing a motion with re-
spect to a particular frame, they are likely to refer to its visual appearance or to the
moving object as seen from that frame. Students are certain of a motion in a particu-
lar frame because they can see that motion without using the law of transformation
of velocities from one frame to another. It was also found that they tend to confuse
measuring with viewing. This conception can be related to the connotation of the
observeteading students to consider physical viewing as the main issue in relative
description of phenomena,;

VIl pseudorelativismrstudents have a natural idea of relativity of motion that does not
include the idea of a reference frame, in the way that the description of motion is
determined by di erent observers. If this idea is combined with the previous alter-
native conceptions, di erent descriptions of phenomena (as trajectories of moving
objects) within the same reference frame emerge depending on how they are viewed.

As a result, Panse et al. [11] pointed out that undergraduates seem to consider reference
frames as decorative elements without using them to physically formulate and explore the
meaning of the principle of relativity. Synthesising, students have di culties to determine
what makes a reference frafi24]). In the same way Saltiel and Malgrange [20] found that
students never think in terms of reference frame. Students seem to geometrise the space
imaging motions happening in an unigue geometrical space which is frozen , independent
of observers. Students give birth tospontaneous kinematimotion becomes a property

of the moving body rather then of the observer as well as their trajectory that can be
rigidly transferred from one reference frame to another, regardless of observers and time.
More explicitly velocities as well as forces exist independently of reference frames with
the consequence that motion and rest are de ned intrinsically. These ideas are settled in
the rooted conception that motion happens only in the frame where there are forces which
cause it revealing the existence of a proper, real motion with respect to a non physical
one which is an optical illusion.

The result of the research of Ramadas et al. [12] con rmed that the Saltiel and Malgrange's
geometrical view of motion a ects also the main features of Galilean Relativity: students
prefer to trust to their intuitive kinematic ideas of time and distance and to the theory of
physical drag for velocity composition. Time interval between xed events is implicitly
thought to be invariant but students do not perceive the contradiction when a calcula-
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tion violates the absoluteness: time invariance is not considered as an axiom of Galilean
Relativity. As far as distances are concerned, despite of the simultaneity of two events,
students consider the relative distance to be invariant because of their intuitive concept
of frozen space, often to the detriment of time invariance. Distances covered on moving
platform are often seen as equal for observers on the same reference frame and on the
ground's one, despite of the platform's speed. Similarly ([20]), when starting and arriving
points are identi ed by some xed targets on the moving platform, the distance covered
does not change according to di erent observers as the one travelled on the platform is
more intrinsic, more real. Finally students succeed in correctly transforming velocity
between reference frames, not using at all the transformation relations but a mechanism
of a physical drag as if the moving reference frame is carrying the moving observer in it.
An evidence of this reasoning is that on a moving platform moving forward is easier
then backward. Moreover students do not consider the principle of Galilean Relativity as
a powerful tool to determine answers to di erent problems but only another among the
laws to be memorised and its violation is rarely recognised.

Finally we have to take into account students' understanding of time and simultaneity
which was deeply investigated by Scherr et al. [8] in relativistic context, revealing some
alternative concepts that should be already clear from Classical Mechanics. In particular
both Scherr et al. [8] and de Hosson et al. [9] found that students are likely to consider the
time of an event as the one at which a light signal reaches an observer, showing a missing
right perception of the meaning of event as already Hewson [17] shown. The consequence,
strictly connected to the idea of reference frame, is that di erent observers standing in dif-
ferent positions but in the same reference frame will disagree on the time coordinate of
an event. At the same time observers in the same position are considered belonging to the
same reference frame, regardless of their state of motion. Similarly, de Hosson et al. [9]
found that reception of light signals by di erent observers in the same point of space but
in relative motion creates some problems to students, revealing di culties linked to the
concepts of events and reference frames.

The aim of this short review of the main issues concerning the relation between Galilean
and Special Relativity was to underline that a misunderstanding of Classical Mechanics
can still be dominant in students trying to solve relativistic problems; it constitutes an
additional source of alternative concepts that strongly in uence their answers.

1.4 Alternative conceptions in Special Relativity

In the previous Section we have shown that an incorrect interpretation of the concept of
reference frames plays a key role in understanding Special Relativity. It is straightfor-
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ward that if students believe in the existence of a preferred reference frame or of a real
and apparent motion, they will miss the full meaning of Einstein's theory. Even if Special
Relativity predicts new phenomena which are relativistic ones, often students’ misconcep-
tions are ascribable to their incorrect understanding of Classical Mechanics as we will see.
We now report what the literature identi es as the most frequent alternative frameworks

in Special Relativity summarised some years ago by Aslanides [25] and more recently by
Alstein et al. [21] and Prado et al. [7]. We will not distinguish between the di erent level of
instructions: as Dimitriadi and Halkia [13] quoted, most of the researches have been car-
ried out with university students (undergraduates or graduates) but an higher instruction
is not a synonymous of a deeper understanding as Scherr et al. [8] highlighted.

1.4.1 Postulates of Special Relativity

About the two postulates of Special Relativity we have to distinguish between their indi-
vidual understanding and their role within the theory as a whole. Indeed Posner et al. [16]
wrote that taken individually the two postulates are not problematic but the comprehen-
sion within the theory as a whole is problematic.

First postulate - principle of relativity

The rst postulate is nothing more then the extension of the Galilean principle of relativ-
ity to the optics and electrodynamic phenomena. Thus one can infer that if students do
not use the principle of Classical Relativity as an operational tool (Section 1.3), its use in
Special Relativity could not be di erent. Indeed Gousopoulos et al. [26] found that stu-
dents failed into perceiving the equivalence among motionless and uniform motion which
is a more fundamental classical issue rather then a relativistic one. The following works
are not explicitly referring to Special Relativity but contain some important students' con-
ceptions about the Galilean principle of relativity sometimes within relativistic situations.
These learning di culties have been addressed however by the Alstein et al.'s work as
part of the frame of misconceptions about Special Relativity.

The work of Pietrocola and Zylbersztajn [27] goes in this direction: when asked if high
or low speeds in uence some phenomena (mechanics ones as well as electrodynamics
ones), students do not use the principle of relativity but some arguments not always cor-
rect related to the concept of inertia. Indeed they use the not-existence of pseudo-forces
to explain the equivalence of laws between di erent reference frames ([21]).

In the same way Bandyopadhyay [28] found that students do not use the principle of rel-
ativity in solving the problems, preferring a more procedural strategy. They understand
it in a kinematic and not dynamical way, obtaining that reference frames are equivalent
as there is a kinematic reciprocity given by the relative speed. This statement is however
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true also for non-inertial frames that share a kinematic quantity, the relative acceleration.
Bandyopadhyay also noticed that students do not fully grasp the relation between the in-
variance of laws and the transformation of physical quantities and that, as a consequence,
the former implies the latter and not the Galilean transformations as a student suggested.
This problematic was also pointed out by Ozcan et al. [10].

Second postulate - light's speed

The review of Alstein et al. reported that the second postulate in literature received less
attention then the rst. According to Aslanides [25] and Dimitriadi and Halkia [13] stu-
dents nd it easier at least to be understood and to be applied while conversely Kamphorst
et al. [24] underlined the di culty students face dealing with it. Maybe the textual under-
standing of the statement is easier as at rst it does not involve particular and complex
reasoning.

However this is not su cient: we can not infer that students fully hold its meaning as its
consequences are not yet completely accepted. As Posner et al. [16] suggesteahre
one accepts Newtonian mechanics the harder it will be to imagine a world in which the postu-
late about constancy of the speed of light is tingeed, as we will see from the subsequent
misconceptions, especially about simultaneity, the Newtonian heritage still in uences stu-
dents' reasoning in relativistic context. Dimitriadi and Halkia found that students think of
light as having an intrinsic own speed which is constart) put di erently measured by
various observers. This reveals that Galilean velocity addition is still adopted and that mo-
tion is view as intrinsic, in the way Saltiel and Malgrange [20] found. Similarly, Gousopou-
los et al. [26] found that students report correctly the principle of invariance of light speed
but still use Galilean addition of velocities.

Also Kamphorst et al. drew attention to the fact that students carry on using pre-relativistic
model even dealing with light speed as for example using Galilean velocity addition and
interpreting c as the maximum speed one can obtain. In the same way, Prado et al. [7]
found that there isstill confusion between the invariance of the speed of light and the feature
of being a limiting velocityand that the limited value of the speed of light is ascribed to the
insu ciency of technology ([7, 13]).

1.4.2 Simultaneity

The understanding of the concept of simultaneity has been widely investigated by Scherr
and the outcomes of her researches have been published in di erent works ([8, 29, 18, 30]).
As a general result it emerges that students fail to spontaneously apply the relativity of
simultaneity ([8]). In particular Scherr underlined two di erent students' attitudes:
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simultaneity is observer-dependehts misconception is rooted into students' ideas

of reference frames as constituted by the observer himself. Scherr found two di er-
ent ways of reasoning. Many students tend to identify the time of an event with the
time at which the light signal from the event reaches the observer (as also shown
in [9, 13]): therefore simultaneity depends on the time order of the received light
signals. As also de Hosson et al. [9] pointed out, observers in the same reference
frame could not agree on the simultaneity of two events. Instead other students be-
lieve into the sensory experiences of the observers: if an observer does not have any
direct evidence of an event, it has not happened. Actually they fail to recognise that
observers can have access to additive information from other observers in their own
reference frame.

simultaneity is absolutehis result is quite predictable and it was also found by other
researches ([22, 13, 26]). Students strongly believe that simultaneity is absolute and
thus that two events happen at the same time in each reference frames. Moreover
the fact that observers are intelligent and correct for the signal travel time seems not
to help students ([13]) for this is considered as the demonstration of their belief: as
the observers make corrections then simultaneity is absolute. Any other appearance
of the contrary is an illusion due to the di erent receptions of the light signals. In
addition Scherr found also that the signal travel time is thought to be in uenced
by the desynchronization term in the Lorentz's transformationdx~c?) while its
reception by the relative motion which a ects the timing of events in the moving
reference frame only in this way.

Scherr's analysis showed that, even after instruction, students tried to combine what they
thought to have learnt with their existent conceptual framework according to which simul-
taneity could be absolute but yet relative, depending on the reception of the time interval
signals. In particular she proposed ([18]) that students held three di erent beliefs: events
are simultaneous if observers receive a light signal from them at the same instant of time,
simultaneity is absolute and each observer constitutes a di erent reference frame. Thus,
summarising ([21]), simultaneity does not depend on the relative motion between the ob-
servers and the events. As a consequence, students fail to apply the correct procedure of
measuring time and of ordering events time using synchronised clocks.

1.4.3 Causality

Strictly tied with the argument of simultaneity, there is the issue of time ordering, namely
causality. As Scherr et al. [29] highlighted, students' strong belief in absolute simultaneity
prevent them from considering real implications of the cause-e ect relationship. Scherr
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proposed a scenario in which a tape player is in the middle of a moving train with respect
to the ground. Two light wavefronts are sent towards the tape player from the two side
of the train, simultaneously in the reference frame of the train. If the signals reach the
tape player at the same time, it remains silent whereas if the one coming from the front of
the train arrives rstly, it plays otherwise if the one coming from the rear arrives rstly, it
again stays silent. It is straightforward to see that a missed understanding of simultaneity
gives rise to two di erent realities: in the moving reference frame an observer will listen
to the music whilst in the ground's one an observer will not hear any sound. Students
actually try to overcome this incompatibility depicting two di erent situations:

"~ students think that in the train's reference frame the tape player sounds while in the
ground's one not. Even if they strongly debate about the impossibility that in the
two reference frames di erent events happen, they conclutiat special relativity
implies that events occurring in one frame do not necessarily occur in all {faéjgs

~ students invent alternative realities borrowing ideas from Quantum Mechanics in
which the tape player both sounds and does not sound.

However students seem not to understand that they have to choose between the violation
of causality (the same event does not happen in all the reference frames) and the abandon-
ment of absolute simultaneity. They rather prefer to create a personal scenario in which
causality is irrelevant in their analysis and absolute simultaneity is preserved as in a pre-
relativistic world. Scherr argued that this due to the fact that students do not reach such a
level of deep understanding to consider violation of causality.

1.4.4 Time dilation

A very common misconception about time dilation was found by Gousopoulos et al. [26]
in almost all the students, namely the perception of time as a frame-independent, thus an
absolute physical quantityTime is what it is, it can't change

Gibson [31] investigated the use of time dilation phenomenon and observed that students
get confused using the formula as they do not understand which variable refers to a refer-
ence frame. Moreover they often use the formula just because a time is given in a problem.
Selcuk [22] found that students think that time ows di erently for di erent observers
belonging to di erent reference frames but the time dilation phenomenon is asymmetric
since it e ects only the observer in motion. In the same way, according to Ozcan et al.
[10], time dilation can not occur in the reference frame at rest. Aslanides [25] suggested
that this may be linked to students' inclination to consider as real the physics phenom-
ena happening on the ground or on the Earth's reference frame ([20, 21, 22, 13, 12, 31]),
thus implying the existence of an absolute reference frame ([11]). Moreover he introduced
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a new misconception strongly connected with this one that he called "asymmetric time
dilation™; if time runs slowly for clocks absolutely moving, therefore in comparison it
must goes faster for clocks absolutely at rest.

Then the root of this misconception lays in the misunderstanding of the relativity of mo-
tion which again turns in students’ wrong ideas about reference frames.

1.4.5 Length contraction

Similarly to what was already found for the time dilation phenomenon, Gibson [31] found
that students get confused using the length contraction formula and they employ it when
a length is involved in a problem. Additionally Gibson [31] and Gousopoulos et al. [26], as
already Posner et al. [16] did, observed that students tend to consider this phenomenon as
apparent: they think that an object according to the moving reference frame appears to be
shorter but it has always the same length. This feature is more marked with respect to the
time dilation phenomenon as also Dimitriadi and Halkia [13] highlighted: as time is more
an abstract concept, it is easier to accept its relativity. Conversely, they are still committed
to a mechanistic view of the world as already Hewson [17] pointed out according to which
objects have xed properties as for instance the length: as a consequence the result of a
measurement on the Earth is the only really true. The same result was obtained by
Gousopoulos et al. [26] and Selguk [22] who both added that, as for time dilation, students
believe that the contraction happen only in the moving reference frame and sometimes
also in all the directions, not only along the one of motion.

Aslanides [25] considered also the asymmetric length contraction according to which if

a moving observer gets a length contracted, then it must be lengthened according to the
observer atrest.

1.4.6 Velocity addition

Both Aslanides [25] and Alstein et al. [21] reported that there are not documented learning
di culties about the relativistic addition of velocities. Dimitriadi and Halkia [13] found
that students have some problems into understanding that the maximum speed one can
obtain is the one of light and that this limit is not a matter of technology rather enrinsic
property of nature

1.4.7 Mass-energy equivalence

Regardless of the fame of the relati®y mc?, Aslanides [25] reported that no previous
misconceptions were found in literature. Selcuk [22] observed that according to the great-
est part of the students, mass is thought as an invariant quantity that, as Dimitriadi and
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Halkia [13] said, can be tied with the Hewson's inference on students' mechanistic view
of reality. However a part of the learners shows doubts about the concept of relativistic
mass , leading them to think about an increase of the mass in the moving reference frame.
As we will discuss in Section 2.2.3 and how it is underlined also by Aslanides [25], the use
of a relativistic mass is misleading and also incorrect. Selguk argued that this misuse
of -factor associated with mass arises from a confusion with the relativistic formula of
energy and momentum. Indeed the concept of mass is introduced within the context of
energy-momentum and thus students might have associated ttiactor inside the def-
initionof P mv andE  mc ? with the mass rather then with the de nition of the
previous quantity. This might have convinced them that mass increases with speed.
Selguk also noticed that the mass conception has interesting implications on density con-
ception: some students, according to the mechanistic view, stated that as mass does not
change, also density remains invariant while other ones speci ed the volume would have
shown a length contraction that was not actually real otherwise the nature of the sub-
stance would have changed. Other invariance of density has been achieved with a double

-factor on both the mass and the length term in the density formula. Finally some stu-
dents thought of an increase on the density due to the increase of the mass, neglecting the
transformation of the volume. Misunderstanding on both mass conception and length one
result in a non-correct consideration of the transformation of a body's density.

1.4.8 Conclusion

The result of the analysed researches on the didactic features of Special Relativity in terms
of students' misconceptions shows di erent aspects of how this theory is perceived.
Regardless of the level of instruction (from secondary to university), students seems to
have di culties in understanding and internalising the relevant consequences of Special
Relativity also after instructiof. If Galileo's theory is not fully understood even if it deals
with concrete everyday life situations, even more Einstein's one faces this problem due
to its abstract outside daily life conterfts Indeed as there is not a chance to experiment
relativistic phenomena, students try to appeal to their own common sensory experience
in their explanation ([22]). The impossibility of observing these phenomena increases the
con ict between their outcomes and students' intuition.

In particular many authors noticed that students tend to adopt the ground reference ffame
as the preferred one with an absolute sense. Classical Mechanics even after instructions
continues to have still a strong in uence on the students' reasoning into their explanation

522, 8, 29, 23, 10, 32, 26]
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of relativistic phenomend especially in the mechanistic view ([17]) and in the existence

of an absolute perception of reality (absolute motion, absolute time, absolute space). More-
over the old misconception already observed by Saltiel and Malgrange [20] between a real
and an apparent motion is even more emphasised leading students to consider time di-
lation and length contraction as an optical illusichas well as asymmetric phenomena
([25]). Therefore some authot$strongly emphasised the importance of the appropriate
language instructors and teachers should use, paying attention to wordaeassurement
andobservatiojtrying to avoid words ado seer to appeaiin order not to strengthen this
incorrect conception ([22]).

Students are not used to consider the two postulates as e ective tools for the resolutions
of problems and it seems that most of the students' alternative frameworks lays in the
not-correct understanding of the concept of reference frame and elfemhich are con-
sidered as a prerequisite for Special Relativity. These concepts guide them to a misleading
evaluation of relativistic phenomena as for instance simultaneity.

1.5 Teaching Special Relativity

The evidence of persistent and resistant to change ([29]) students' di culties motivated
researchers, instructors and teachers to nd di erent and various strategies for teaching
Special Relativity. If the Physics university courses already provide for its instruction also
with introductory courses of Modern Physics ([8]), the interest in the secondary educa-
tion is quite dissimilar. Indeed only in recent years (almost in the last decades) a growing
international interest in dealing with Modern Physics has been observed with a particular
attention to Special Relativifi, leading to di erent didactic proposals. The terfin-
steinian physichas been coined to gather the most relevant theories of Modern Physics:
the General together with the Special Relativity and Quantum Mechanics (Kersting and
Blair [42]).

Dimitriadi and Halkia [13] however reported that as well as examples of strategies, there
are also some objections to its introduction due to the di culties it hides. In this context,
Alstein et al. [21] noticed that there is not a general agreement on the guidelines to adopt
in order to delineate the most suitable approaches for both university and secondary stu-
dents.

As far as the Italian educational overview is concerned, since 2010 the national guidelines

823, 9, 22, 17, 8, 13, 26]
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for high-school teaching and learning ([43]) have formalised the require of introducing
Special Relativity in the last year of students' formation in Physics:

The study of Einstein's Theory of Special Relativity will lead the student to deal
with simultaneity of events, time dilation and length contraction. The study of
the mass-energy equivalence will allow him to develop an energetic interpreta-
tion of nuclear phenomena (radioactivity, ssion, fusion)

The peculiar feature of this theory of being a scienti ¢ revolution but at the same time
a profound and new re ection on the concept spaceandtime places Special Relativity
as an important moment of the students' formation. He is invited to re ect and deepen
the philosophical reasoning in line with the General Guidelines and Skills for the Physics
curriculum of a Scienti ¢ High School:

By the end of the high school course the student will have learned the fundamen-
tal concepts of physics, the laws and theories that make them explicit, acquiring

awareness of the cognitive value of the discipline and of the link between the de-
velopment of physical knowledge and the historical and philosophical context in

which it developetf

In particular a second document, the Normative Table [44], reports a distinction between
prerequisites, contents, abilities and competences students have to acquire at the end of
their instruction on Special Relativity in order to be prepared for their nal exam.

Useful and complete analyses about di erent teaching strategies have been recently car-
ried out by Prado et al. [7] and Alstein et al. [21]. The former gave a general overview on
students' and teachers' reasoning about Galilean and Einstein's Relativity and then illus-
trated di erent didactic proposals for teaching Special Relativity. They showed how usual
approaches give rise to di culties in correctly applying mathematical formulas to solve
problems. The latter summarised and analysed the amount of educational researches in
Special Relativity in the secondary and undergraduate instruction. In particular they stud-
ied forty works focusing over the learning di culties, the di erent teaching approaches
and the research tools. Finally the more recent work of Kersting and Blair [42] reported
four inspiring examples of alternative instructional tools for the teaching of Special Rel-
ativity: one approach based on relativistic dynamics aims to avoid the issue of changing
reference frame. The second one shows the work of Kamphorst et al. [24] while the third
one introduces Special Relativity through a di erent use of the spacetime diagrams. The
last one emphasises the employ of Virtual Reality (see further on).

13[43] - my translation from Italian.
bid. - my translation from Italian.
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Chapter 1. State of Art 1.5. Teaching Special Relativity

In order to give an easy classi cation of the various existing strategies to Special Relativity
we can consider the 5 major approaches Besson and Malgieri [19] identi ed exploring the
university and secondary textbooks:

"~ kinematic-algebraic approach : thisis the most adopted way of teaching in Italian
High Schools ([1]). As pointed out by De Ambrosis and Levrini [2], the textbooks
hark back to Resnick's book ([45]) of 1968, tracing Einstein's original paper of 1905
([46]). At the beginning, the two Einstein's postulates are presented. Then the main
aspects of the theory are explained: loss of simultaneity, time dilation, length con-
traction, the concept of interval, and Lorentz's transformations. This frame is com-
pleted by the relativistic formulas of the composition of velocities, momentum, and
energy. Often light clocks and gures with drawings representing the succession of
events (liagrams of eventare used,;

kinematic-geometric approach : itis based onthe geometric study of 4-dimensional
spacetime. Itimmediately introduces the invariance of the intergsd, analogously

to the invariance of the distance in the Euclidean metric. The theory of Special Rel-
ativity is presented as a particular case of General Relativity, rede ning classical
momentum and energy through the moment-energy four-vector, constructed with
invariant quantities. Levrini [34] strongly emphasised the geometry of spacetime as
useful didactic strategy;

dynamic-experimental approach : this methodology rst introduces the experi-
mental existence of a limit speed (that one of light). Then it shows how the formula
of classical kinetic energy is not correct. This is replaced by the relativistic expres-
sion, obtained empirically from the data. A new de nition for the momentum is
introduced within the dispersion relationf? p?c®> m?c*). Its meaning and con-
sequences from a conceptual and physical perspective are nally discussed,;

k-calculus approach: in this approach, the two postulates of Einstein constitute
the starting points. Then it is considered thevalue equal to the ratio between the
reception timeT ®rom an observer moving at a constant speedf light signals sent
gy another observer stationary to time intervals equalTo It is obtained thatk

"1 "1 e, providing the formula for the longitudinal Doppler e ect. With
other manipulations, the expressions of the phenomena such as time dilation, length
contraction, the addition of velocities, and Lorentz transformations are obtained.
This approach does not allow to explain all the result of the Special Relativity. Thus
it may be considered a simple introduction;

" historical approach : this way provides a historical reconstruction of the contents
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of the theory, starting from the analysis of the crisis of Classical Physics in the nine-
teenth century. In particular, it focuses on the contradictions between Electromag-
netism and Mechanics. Often this approach is mixed with some elements of the
kinematic-algebraic one. Selcuk [22] in particular does not agree with this ways
of teaching while Alstein et al. [21] reported that Levrini's strategy ([34, 37]) in-
volving an historical and philosophical contextualisation is promising, even if it has
not been empirically experimented so far. Kamphorst et al. [24] pointed out that in
science history and philosophy can be useful clueshelp students bridge the gap
between their pre-instructional ideas and physics concHpits approach has been
tested e ciently in high schools by Arriassecq and Greca [14] who reported result
more positive then when adopting traditional teaching.

To these approaches, we add the use of online resources likR#a Time Relativitgame
developed by Savage et al. [47] and tBpenRelativityroject of Sherin et al. [48], helping
students to visualise the e ects of Special Relativity through interactive simulations. The
former allows students to see what happens to a scenario when high speed are reached
with particular emphasis on the optical distortion of objects and on relativistic phenom-
ena. It was used in a rst year university course on Special Relativity accompanied to a
more classical teaching: the authors suggested that it might be of great importance for
studentswho prefer the concrete over the abstiHge latter is a rst-person game provid-

ing a view of a relativistic world which has an arbitrary value of the speed of light. The
authors stated that it can provide an experience of the abstract relativistic concepts, hop-
ing that intuition about Special Relativity can be bufis far as the examined literature is
concerned, relativistic virtual reality was used by de Hosson et al. [9], suggested by Selguk
[22] and thought to be the next step in the work of Gousopoulos et al. [26]. However
Kamphorst et al. [24] showed some perplexities about its use for the analysis of the second
postulate, as these simulations hide the constancy of light speed inside the programming,
but recommended it for the other aspects of Special Relativity. Maybe a combined didactic
actions with other approaches would be suitable.

Villani and Pacca [23] suggested the use of qualitative problems and in particuthoafyht
experimentsn the form of paradoxesa prerogative of Einstein's reasoning, which Ve-
lentzas and Halkia [38] showed to be of great importance for scienti ¢ reasoning. This
suggestions were implemented by Dimitriadi and Halkia [13] in their experimentation and
con rmed by Alstein et al. [21], who expressed a preference with respect to the kinematic-
algebraic approach which is excessively focused over the formal mathematical aspects
of Special Relativity. Scherr et al. [29], although they used di erent scenarios involving
thought experiments, showed some doubts in their use to generate a cognitive con ict in
the students' reasoning. They stated it is useless that the instructor shows the contra-
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dictions a thought experiment wants to emphasise: the process of confront and resolve
should be carried out from students themselves, if a real conceptual change is expected to
be achieved.

Velentzas and Halkia [38] used two di erent thought experiments with high-school stu-
dents to investigate some aspects of both the Special and the General Relativity. The for-
mer contain elements about simultaneity, time dilation and length contraction while the
latter was a simple Einstein's elevator. The strong points of this approach are argued to
be its narrative form and the minor content of mathematical formalism which motivated
students, helping the understanding of abstract concepts.

In the follow-up of their previous work ([32]), Kamphorst et al. [24] used thought experi-
ments in secondary teaching together witvent diagram#o investigate the understand-

ing of the second postulate, solving the issue highlighted by Scherr et al. [8] about students'
di culty in distinguishing between the occurrence of an event and the reception of a light
signal towards an observer coming from it. They noticed that students did not use a pre-
ferred reference frame to determine light speed: even if the approach of Kamphorst et al.
was successful in their aim, they agreed that it could be di cult to use in classes as it re-
quires teachers to individually guide students in their reasoning. Improvements to make
it more suitable for larger groups was stated.

However the multiple approach used by Kamphorst et al. [24] underlines the importance of
di erentiating the didactic practices which Selguk [22] stressed to be the way to eliminate
or at least to minimise students' misconceptions.

1.5.1 Approaching as Minkowski

The geometrical Minkowski's approach of 1908 ([49]) to Special Relativity based on dia-
grams that show the existence of an absolute spacetime has already been taken into ac-
count in literature. Its importance was rstly recognised some years later by Einstein
himself in the preface to his article of 1916 about General Relativity ([50]) as the existence
of a spacetime turned to be fundamental for its description. Minkowski's standing about
spacetime starts from the matching between reality and a four-dimensional manifold, not a
3+1 one. It has been argued by Levrini [51] that the reality's description as it emerges from
Einstein rst work of 1905 still has some Newtonian heritages. As quotedilnd.], citing

[52], space and time travel along correlated paths but no way to unify them is proposed
This is still a classical approach as Newton considered space and time as separated enti-
ties. Minkowski's substantivalist view of spacetime leads to a reality as a four-dimensional
manifold that exists as something invariant, observer-independent, thus absolute ([51]).

Original Italian sentencespazio e tempo viaggiano si su percorsi correlati, ma non si propone alcuna forma
di riuni cazione tra di essi
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The didactic implications of this assumption are numerous ([37]): it should avoid students
to continue sharing the popular and incorrect version of Special Relativity that everything
is relative ([7, 14]), a feature of relativity that Einstein himself did not accept ([13]).
Moreover, beyond the epistemological considerations about space and time, Minkowski's
geometry paves the way to General Relativity's concepts. Some problems related to the
equivalence principle ([2]) or the transition from Special Relativity to the General one ([3])
can be solved thanks to four-dimensional spacetime.

In order to make easier for students the drawing, the understanding and the use of a
Minkowski diagram, di erent attempts were made in the middle of the XIX century. From

a didactic point of view, as Benedetto et al. [53] pointed out, to avoid the introduction of a
complex notation arising from an imaginary timiet, it is more useful to introduce a real
rotation in a spacetime diagram. For the rst time in 1948 this approach was applied by
Loedel ([54, 55, 56]) and then it was independently found also by Amar ([57, 58]). They all
considered two di erent observer§ and S®n relative uniform motion and a coordinate
reference system in the forix; ct® and”x%cte showing that each one can be obtained
from the other one simply with a rotation of a real angle, determined by the relative speed.
In the same way relativistic phenomena can be derived.

In 1962, Brehme [59] got an alternative derivation of these diagrams from the invariance
of the spacetime intervals with a slightly di erence in reporting coordinates of an event
on the axes ([60]). Indeed if we consider

ds?> dx? cAdt? dx® Adt®  ds®; (1.2)

one can rearrange as
dx? cdt®  dx® cZdt?; (1.2)

getting an invariance of an Euclidean distance in terms of evémxtxt® and”x%cte.

The main didactic advantage of the picture of Loedel, Amar and Brehme is to have Lorentz
transformation”x;ct®  “x%cte as a simple rotation of the coordinate syste; ct®

into “x%cte. As outlined by the previous authors and as we will show in Section 2.3, one
can get the same inferences as from a Minkowski diagram with an easier approach to the
understanding and resolution of problems asking transformations of events according to
di erent observers. This use of alternative real diagrams has been addressed to be more di-
dactic: Benedetto et al. [53] highlighted that their strengths lay in the symmetric treatment
of the reference frames as both of them have orthogonal axes. The direct consequence is
that it is not necessary to introduce a scale factor to convert the measures of one observer
to those of the other observer as the scale of both the reference frame are equal.

In 1965 Taylor and Wheeler ([61]) following Minkowski's ideas elaborated the rst didac-
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tic geometrical approach to Special Relativity based on a new geometry, namely the one
of spacetime, and on invariant quantities.

Already in 2001, Berenguer and Selles [3] pointed out the necessity of modifying the di-
dactic practice, developing a curriculum for the Bachelor degree in Physics based on the
Minkowski diagrams. They aimed to introduce new concepts, as worldline or spacetime
event, which are seldom discussed in schools and textbooks, leading to the understanding
of all the relativistic phenomena as purely spacetime e ects, resulting from a not ordinary
Euclidean geometry. From the analysis, they concluded that this alternative didactic ap-
proach is possible with positive outcomes related to a greater understanding and ability
of the students to visually and graphically represent relativistic e ects. But the authors
could not deny that students needed to familiarise with the new geometry which may be a
drawback. Moreover there is the possibility that students could be lead to an incomplete,
thus false, conceptual change if for instance they understood that a Minkowski diagram
represents the unfolding structure of reality and not an already given one. Even though
the research of Berenguer and Selles [3] was conducted for Bachelor courses, their con-
clusions showed important considerations that can be applied also to high schools.
However, as Liu and Perera [4] highlighted, despite the age of the Minkowski diagrams
and its e ectiveness as a quantitative tool in Special Relativity, they are not used in uni-
versity instruction anda fortiori in secondary one to reinforce the algebraic method. They
showed that kinematics of Special Relativity can be easily derived from Minkowski dia-
grams, together with Lorentz transformations and invariant quantities. Moreover they can
be used to illustrate e ciently paradoxes. Their research found that spacetime diagrams
help students to visualise situations and they facilitates qualitative reasoning and the turn
into a quantitative one requires only few steps forward.

Cayul and Arriassecq [5] carried out an experimentation with high-school students in-
vestigating the use of Minkowski spacetime diagrams to evaluate the simultaneity of two
events among di erent observers in relative motion. Students understood the meaning of
the necessary elements to elaborate a diagram and it is not a problem to connect di erent
concepts of Special Relativity to analyse a diagram. The greatest di culty remains per-
forming numerical calculations and correctly using algebraic equations to determine the
simultaneity of events. In the follow-up ([62]) they added the use of applets in order to
overcome some di culties students encounter with the concept of spacetime. The applets
were employed to address the concepts of simultaneity, time dilation and length contrac-
tion which revealed to be bene cial for a better understanding.

Prado et al. [63] concluded their inquiry with the formulation of a full program for a teach-
ing proposal for high schools based on Minkowski spacetime diagrams in forms of event
diagrams ([64]). Their approach allows to visualise and to explain qualitatively and quan-
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titatively relativistic phenomena as time dilation, length contraction, the existence of a
limiting speed and the mass-energy equivalence which are the most relevant topics in
secondary education. They tested this strategy with students of a high school in a Span-
ish town with promising result. They reported also other pro table uses in literature of
spacetime diagrams beyond their application for common topics of Special Relativity as
length contraction in accelerated reference frames ([65]) or scenario linked with black
holes ([66]) or even particle collisions ([67]) which in particular inspires our application
in Section 3.3.7.

In his PhD dissertation, Moutet [6] presented an experimentation, involving students of
the last year of high school, about Special Relativity through Minkowski spacetime geom-
etry using at rst Brehme's diagrams while later on Minkowski's ones and Loedel's ones.
In his didactic proposal, Moutet used GeoGebra software to create diagrams and found
that, despite some di culties related to the graphical approach (slope, interpretation of a
representation or a represented concept), it is advantageous with promising result show-
ing that students understand and assimilate the concepts of Special Relativity. He also
pointed out the need of a full formation for teachers about the use of spacetime diagrams.
In this direction goes the work of De Ambrosis and Levrini [2] who conducted a research
among teachers of high schools to evaluate the possibility of a didactic project based on
Taylor and Wheeler's approach. Despite some initial resistance, teadweed on the re-
liance and relevand§?]) of this new didactic strategy in teaching Special Relativity, thus
following Minkowski's original treatise.

1.6 Which approach for Special Relativity?

The previous section has highlighted the most common approaches to teach Special Rel-
ativity. They are valid, suggestive, yet providing di erergoints of viewto start dealing

with this theory. But if there are still so many di culties, it is fair to question about their
shortcomings that have not been pointed out. Giving that each student may resonate
particularly with one of the suggested approach rather than with another one or a combi-
nation of them, there are some critical issue that these ways of teaching implicitly bring.
In particular Besson [68] outlined some implications about the rst two, being the most
common way of teaching.

The kinematic-algebraic approach is the most common among Italian high schools as it
is followed by the national textbooks. As we will see in Chapter 4 from the result of our
prior analysis, it does not provide a good accommodation of the relativistic theory: it may
tend to relay excessively upon some formal aspects, leading students to focus more on the
mathematical demonstrations (as for instance using light's clocks) then on the operative
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concept of space, time and synchronisation which should be the starting point of this ap-
proach. Thus the belief that Special Relativity is extremely mathematical and then only
for gifted students ([41]) is enhanced and reinforced.

Conversely the kinematic-geometric approach is well compact but it needs to introduce
a very peculiar and abstract geometric structure (the one of the spacetime) without any
chance of validating its features priori. Students have to accept as an authoritative im-
position a choice which seems to be without any foundations, actually complicating the
description of reality but that will be understood onlg posteriori
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Chapter

The Theory of Special Relativity

2.1 Historical-scienti ¢ context

By the end of the 1800 all the Physics was thought to have been discovered:

There is nothing new to be discovered in physics now.
All that remains is more and more precise measurement.

said Lord Kelvin in a speech to the British Association for the Advancement of Science in
1900 [69]. He could not know how completely wrong he was...

After Newton sawfurther standing on the shoulders of GiaMgchanics was a completed
theory, describing and predicting the motion of objects over the Earth as well as celestial
phenomena, even though some of them were not completely understood like the preces-
sion of Mercury's perihelion. Thermodynamics was able to deal with heat's transmission
and its successful application to the thermal machines did not question its e ectiveness.
But the microscopic interpretation was not considered as reliable (molecules were a fancy
ideas) and the black body radiation was still an unsolved problem. Finally Maxwell's just-
born Theory of Electromagnetism well gathered electric and magnetic phenomena. The
interpretation of the optics solved the secular debate over light's nature: the discovery of
the electromagnetic waves by Hertz in 1886 together with its theoretical interpretation
thanks to Maxwell's theory sanctioned light to be a wave. Nevertheless even this elegant
theory had its dark counterpart destined to kick o one of the most important scienti c
revolution.

In the 1600s Galileo stated that (in a modern way):

Principle of Relativity (of Galileo) All the laws of Nature must be form invariant under
Galilean transformations.
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Galileo empirically observed that all inertial frames were equivalent, thus it was not pos-
sible to detect whether an inertial frame was moving with constant speed or not. Since the
laws G of transformation from one inertial frame of referen¢€ to another oneK “moving

with constant speed with respect to the rst one were

De nition 1 (Galilean laws of transformation)

¢
r® vt
G | ; (2.1)

Galileo deduced that all the laws of physics must preserved their form under these trans-
formations:

The equations of Mechanics are covariant under Galilean transformation.

When an experiment of Mechanics is performed in the frankeand K < having the laws
the same mathematical form, the result is the same in both the inertial frames. An experi-
ment can never detect if an inertial frame is moving or not, thus showing their equivalence.
Since 1600s Galileo's principle of relativity was always correctly observed up to Maxwell's
theory of electromagnetism which turned to be incompatible with Galilean transforma-
tions.
The set of equation's
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are not invariant under Galilean transformations. Thus performing a simple electromag-
netic experiment, one would have been able of detecting an uniform motion with respect
to a particular inertial system: that of theuminiferous etheat rest.

The motion of light was well explained as long as it was regarded as a wave- eld in a
completely analogy to the mechanical vibration eld in an elastic solid body. But for the
latter there was a physical body throughout which vibrations could propagate: what about
the former? Thus, it was necessary to introduce a new eld existing also if there was no
physical matter, in presence of an empty space : thider

Electromagnetic elds were regarded as states of ether and light was considered propagat-
ing in the same way as elastic vibrations throughout the ether.

0, B

"Here we use Gauss' CGS system [70].
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In 1851 Hippolyte Fizeau used a water-interferometer to study the e ect of the movement
of a medium over light's speed and to measure the relative speed between light and water.
It seemed that light was dragged by the movement of the water: beinte refractive
index of the water andr its speed, light's speed in the water was:

c 1
w - v <1 F.' (2.3)
But the experiment showed a result signi cantly lower than the one expected from this
formula. Nevertheless it was consider a proof of the truthfulness of Fresnel drag coe -
cient.

This quantity was introduced in 1818 by Augustin-Jean Fresnel in order to explain Arago's
experiment. He concluded stating the existence of a quasi-stationary ether, namely a sta-
tionary ether that was dragged by moving objects along with them as they movewés

the speed of the moving object andits refractive index, then the ether was dragged with

a velocityvf wheref is the Fresnel drag coe cient:

f <1 n_12 : (2.4)
Thus both the ether and the water brought the light along with them.
Even though Fresnel's theory of the dragging ether well reproduced the experimental re-
sult, the famous Michelson-Morley experiment of 1887 questioned the existence of a quasi-
stationary ether.
In their experiment, Michelson and Morley used an interferometer to measure a di erence
in the light's speed, according to the dragging of the ether, after a complefe@ation
of the instrument. At rst one arm was aligned along the direction of Earth's velocity in
the ether and then it was rotated of 90A shift in the interference pattern of 0.4 fringes
was expected to be seen, being the sensitiveness of the instrument of 0.01 fringes. No
shift was observed, implying no change in the light's speed and then no dragging from the
ether...probably because there was no stationary ether.
In a similar way, the existence of a dragged ether was questioned by the aberration phe-
nomenon, the apparent change of the positions of a star in the sky during the year.
In 1727, James Bradley provided a simple explanation using a nite value for the speed of
light and the Earth's motion around the Sun. But if ether was considered, then there would
not have been any aberration as the star's light would have been dragged together with
the Earth in its motion. The light's rays would have hit the telescope in an orthogonal
direction with respect to the Earth's motion.
Thus by the end of 1800s, the ether theory was the only way to understand light's propa-
gation but at the same time there were experimental result undermining this theory.
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A rst attempt to solve this irreconcilability was unconsciously made by Woldemar Voigt
in 1887 [71, 72]: looking for the covariance of light's wave equation between inertial ref-
erence frames, Voigt derived a rst version of Lorentz transformations.

Voigt made two assumptions:

~ the covariance of wave equation implies the form invariance of this equation be-
tween inertial reference frames: this is nothing else than Einstein's principle of rel-
ativity;

" he asked for the invariance of the speed of light(using his notation) in both the
at rest and moving reference frame: this will be Einstein's second principle.

These conditions led him to nd a set of transformation between the frame of reference at
rest”x1;y1;z1* and time coordinatd and the moving framé ;; 1; 1 and time coordi-
nate :

1 X1t 1 Y1 1 Z10; t = (2.5)

whe»re is the x-component of the relative speed between the two inertial frames and
g 1 24 2(theinverse of the future Lorentz factor).
In a modern notation, these transformations are:

XVt y ; z ; te t \(/:—)2(; (2.6)

very similar to the Lorentz transformations.

However Voigt did not provide any explanation for his assumptions nor theoretical or
experimental bases. Actually his aim was to obtain the formula for the Doppler e ect,
showing that the wave equation was form invariant under transformation (2.5): his at-
tempt was to derive a new set of spacetime coordinate transformation. Moreover it seems
that he did not recognise the importance of these equations and in particular of the rela-
tion t® t vx~c? introducing for the rst time since Newton's age a non-absolute time.

A decisive step forward were the contribution of Hendrik Antoon Lorentz by the end of
XIX century?.

We have to consider 5 main publications:
~ The Electromagnetic Theory of Maxwell and its Application to Moving Bb86sy;
" The Relative Motion of the Earth and the E{1&892);

Attempt of a Theory of Electric and Optic Phenomena in Moving Bb&885);

" Simpli ed Theory of Electrical and Optical Phenomena in Moving Ba@i@3);

2Here we follow Acufia's reconstruction in [73].
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" Electromagnetic Phenomena in Systems Moving with any velocity Less than that of
Light (1904).

With the aim of describing a new transformations of coordinates leaving invariant Maxwell's
equations, Lorentz applied a three-step method. He de ned:

1. Sp, the frame at rest with respect the ether.

2. S, the Galileanreal frame moving at velocityw with respect toSy: S and Sy were
connected by Galilean transformations.

3. S®anauxiliary frame which also was moving at velocity with respect toSy: S*
andS were connected by the following transformatiofis

e e

x® Ix; y & ly; z% Iz; t® | %o~ “V~CPeXZ: 2.7)

wherel was a parameter, subsequently set to 1.

Thus, combining these two set of transformations, in 1899 Lorentz wrote the transforma-
tion between the frame§, and S*

X% 17X Vtge; y= ly; z%® lz; t® | %y “v~cZxoZ:  (2.8)
They di er from the version of 1892 where:
x® Xg Vto; y® y; % z; t® ty “v~CeXo: (2.9)

The set of transformations (2.8) leaves Maxwell's equations form invariant, even though
already the version of (2.9) showed a form invariance up to rst ordewet.

Moreover since 1892, Lorentz introduced tleeal timet®whose physical meaning was
provided only in 1904 by Poincaré [74] as the time measured in a frame moving with
respect to the ether, with an illustration that resembles Einstein's procedure of synchro-
nisation of clocks. Poincaré also pointed out the impossibility of perceiving the local time
as slower due to the slowing of the watch itself; by this way a moving observer was not
able to determine if he was in motion or not, as stated by the principle of Relativity.

As said before, the idea of a non-absolute time together with a rst version of Lorentz
transformations were already introduced by Voigt but Lorentz was unaware of it until
1908 [72]: afterwards he recognised the priority of Voigt.

Lorentz formulated also th&heorem of Corresponding St41€92) that more or less is the
principle of invariance for electromagnetic elds:

3This is the ultimate version of 1899.
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If there is a solution of the source free Maxwell equatinis which the real
eld E andB are certain functions ok g andtg, the coordinates o5y and
the real Newtonian time, then if we ignore terms of ordef~c? and smaller,
there is another solution of the source free Maxwell equations in which the
ctitious eld E%andB %are those same functions a®andt*the coordinates

of S¥and local time (Janssen [75]).

Brie y, the theorem relates the con guration of an electromagnetic eld in two di erent
inertial framesS and S% respectively at rest and moving with respect to the ether. If in

S there is a possible con guration for this eld, then its form is invariant i8% it can be
written using the same mathematical expression of the eld$rusing the variables 0%
Another crucial aspect of Lorentz's work was the attempt to explain the null result of the
Michelson-Morley's experiment.

He started ([76]) from the laws of transformation of the electromagnetic forces between
inertial frames at rest and moving with respect to the ether. But the forces bringing to-
gether the molecules and thus determining the length of a body have an electromagnetic
nature. Then Lorentz suggested that the length should trgnsform in the same way, obtain-
ing that objects along the motion get contracted by a factod  v2~c2.

This expedient, known akorentz-Fitzgerald contractitecause it was proposed indepen-
dently also by George Francis Fitzgerald in 1889, solved the issue with the Michelson-
Morley's experiment. Even though without a plausible explanation, with the hypothesis
of the length's contraction Lorentz showed that the di erence in the light's travel time
across the arms of the interferometer was zero, thus explaining the experimental null re-
sult.

In the work of 1899 Lorentz summed up all the previous considerations introducing the
nal version of the transformations (2.8) together with the theorem of the corresponding
states. Moreover he gave a physical interpretation to théactor and to the transforma-
tions using the so-calledeneralised contraction hypothd3is]. It states that, changing
reference frames, the con guration of the charged patrticles re-arranges itself so that the
electromagnetic eld inS is the corresponding state of the original one 8y.

The assumptions made in the work of 1899 led Lorentz to new surprising result described
in the paper of 1904 in which he developed the model of the electron. He showed that
its mass depended upon the velocity, nding an energy-mass relation that, after having
beenn modi ed by Poincaré with an additional ternfPdincaré-pressyrimn 1906, yielded

for an electronmg Uyt ~2, beingUyo: the electron's total amount of energy.

Poincaré played a key role in Lorentz's works: he also corrected Lorentz's formula for the
velocity transformations obtaining the correct one equal to Einstein's one. The problem

“Maxwell equations in vacuum and in the absence of sources.
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was rooted in the third-step method used by Lorentz to derive the law of transformations.
Poincaré instead used a two-step method, deriving directly the transformations between
the frame at rest with respect to the eth&, and the moving oneS* These direct trans-
formations were called by Poincaré himself for the rst timeorentz transformationsnd

thus the correct form invariance for Maxwell's equations was achieved.

From a purely mathematical point of view, Poincaré showed that Lorentz transforma-
tions form a group and that their symmetry has also a physical consequence over the
length contraction e ect. Finally he found that Lorentz transformations leaves the quan-
tity x> y? z? c?t?invariant and that some other physical quantities like the electric
charge and the current density can be combined into a four-component object that was
Lorentz invariant. In some way Poincaré anticipated Minkowski's geometrical formula-
tion of Special Relativity but in his vision these properties were only mathematical and
did not have any physical meaning.

However, even though Lorentz's theory (or better Lorentz and Poincaré's theory) seems
to be a pre-theory of the Special Relativity, we need to look at it as it is, namely a ether
theory constituting the embodiment of a space absolutely at rest. Lorentz's aim was to
nd a theory that could explain the aberration of light, the Doppler e ect and the Fizeau
experiment. He actually succeeded and in addition he introduced new concepts that would
have been the protagonists of Einstein's scienti ¢ revolution.

2.2 Einstein's Special Relativity

It is not possible to understand the birth of the Special Relativity without taking into ac-
count the developments described in the previous section. It would seem only the result
of Einstein's brilliant intuition.

Einstein's work arises from a scienti c community puzzled over the theoretical hypoth-
esis of the ether. He knew Lorentz's rst studies but not the length contraction phe-
nomenon, yet acknowledging him as the rst to introduce the hypothesis of the change
of electron's shape even if purely by formal points of view. He was aware of the result
of Michelson-Morley's experiment ([77, pg. 40]), nevertheless his major inspiration came
from Maxwell's work:

I'm not thinking only of Newton: there would be no modern physics without
Maxwell's electromagnetic equations. | owe more to Maxwell than to anyone.
[78, pg. 152]

In one of his rst publications for general publiRelativity: the Special and General theory
[79] (1920), Einstein wrote that the theory of Special Relativity grew from the electrody-
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namics and optics, in particular from the Maxwell-Lorentz theory describing the electro-
magnetic interaction between classical point charges and their electromagnetic elds. At
the light of the new developments in electrodynamics and optics, Classical Mechanics was
no more able to provide a foundation to describe all the laws of nature.

He worked without appreciably modifying the prediction of Maxwell-Lorentz theory, mov-
ing towards a simpli cation in the theoretical assumptions, reducing the basis hypothe-
ses and the ad hoc ones. As Einstein quoted [79], the experimental result in favour of
Maxwell-Lorentz theory (aberration, Doppler e ect, Fizeau's experiment) were the same
as the arguments in favour of the Special Relativity but this one did not need arti cial
constructs like the ether or the Lorentz-Fitzgerald contraction:

The theory of relativity leads to the same law of moti®rwithout requiring
any special hypothesis whatsoever as to the structure and the behaviour of
the electron [79].

As we will see the contraction of moving bodies follows only by the new principles of the
theory without introducing any particular additional hypotheses.

From a epistemological point of view, these considerations (synthesis of old theories and
less hypotheses) gave to Einstein's theory an higher degreeuthlikenessor verisimil-
itude [80] with respect to the Maxwell-Lorentz one, thus representing a forward step for
science in its development towards the understanding of the laws of nature.

The incompatibility between experiments with the light (Maxwell-Lorentz theory) and the
principle of relativity (Newton theory) arose from two hypotheses of Classical Mechanics:
the idea that both time-interval and space-interval between two events were independent
from the state of motion of the observers. The origin of Special Relativity ([77]) is a com-
plete analysis of the concept @fbsolute spaand absolute timarising from the attempt

of adjusting Maxwell's theory with Newton's one.

The aim of 1905 Einstein's work [46] was to establish a:

simple and consistent theory of electrodynamics of moving bodies based on
Maxwell's theory [81],

wheresimplemeans without introducing ad hoc hypotheses like ether armhsistentneans
without creating con icts like those arising from the incompatibility with Classical Me-
chanics and Maxwell's theory.

This work would start a scienti ¢ and philosophical revolution, mainly leading to rewrite
the concept of space and time on the basis of only two postulates.

0f Maxwell-Lorentz theory.
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2.2.1 Only two suns

The two postulates of Special Relativity (1905) can be formulated in di erent ways. Fol-
lowing Einstein's original work [46], we have:

Postulates of Special Relativity (of Einstein)

1. Principle of Relativity: The laws of nature (mechanics, electrodynamics and optics)
are the same in all the inertial frames of reference.

2. Principle of light's speed: Light propagates in empty space with a nite velocity
independently from the state of motion of the emitting body.

Just before exploring the meaning as well as the implications of these two postulates, | want
to point out that Einstein never used the wombstulatevith a mathematical meaning: the
postulates of Special Relativity are natpriori but instead have a purely experimental na-
ture. Einstein was constantly open to the possibility of criticising them if they would have
proven to be wrong. Thus it is reasonable to ask if it is scienti cally correct that these two
experimental evidences can be a theory's foundation and therefore if only experimental
con rmations can su ce to consolidate its foundation.

In Appendix A.1 Einstein's position with respect to the role of the postulates has been
analysed from the epistemological point of view of the Falsi ability.

Now let discuss the two postulates: the original work [46] does not explain in details nei-
ther their origins nor their implications in contrast to the following publications [79, 82].
The rst principle was already well known throughout the history of physics: i is a
frame where the law of inertia is hoRlandK %is a second frame which is uniformly mov-

ing with respect toK, then natural phenomena iK “occur according to the same general
law as inK. Until the XIX century, as all the natural phenomena were described with the
help of Classical Mechanics, there were no doubt of it under the assumption of the abso-
luteness of both space and time. But, as already discussed, this general principle was no
longer true as far as electrodynamic phenomena were concerned. Two di erent inertial
framesK and K %in relative motion would have been distinguishable thanks to a peculiar
physical properties: the light's speed should have been di erent in the two frames. Thus
in the laws of Nature the velocity of th& “frame should have played a key role: how-
ever whenever the Earth was considered as the frafi¥8n an electromagnetic or optical
phenomenon (as in Michelson-Morley's experiment), no dependence upon Earth's speed
was recorded. Even though this is not a demonstration of the principle of relativity, & is
powerful argument in favoyi79].

This, with the fact that it seems not very probable thatpriori a principle of such a broad

8lt is the frame where the laws of Nature are expressed in the easiest form.
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generality should be valid only within a certain class of phenomena, led Einstein to extend
its range of validity to all the laws of nature, including electrodynamics and optics ones.
As far as the second principle of Special Relativity is concerned, Einstein started stressing
[82] the importance of some experimental result: the consequence of the Maxwell equa-
tions as well as of Lorentz's electrodynamics was that light's spee@s constanin vacuo

This had to be regarded as proved, experimentally con rmed. Indeed in 1913, studying the
double stars, the Dutch astronomer De Sitter showed that light speed did not depend on
the velocity of the emitting body.

Being this result true for at least one de nite inertial systei, according to the princi-

ple of relativity, we must assume the truth of this principle for every other inertial system
[82]. Once again, as previously, Einstein assumed as true this second principle, he did not
demonstrate it as it was a necessary assumption.

If the second postulate was false, one could detect uniform motion performing an elec-
tromagnetic experiment, thus invalidating also the rst postulate, never found to be false.
Thus the second postulate is inferred from the rst (it is a consequence) as well as the rst
also from the second, having already accepted the Galilean principle of relativity.

2.2.2 Return of Lorentz

Therefore, Einstein's real problem was to determine the correct equations of transforma-
tion from one inertial systenK to anotherK €in uniformly relative motion to it. Actually

this problem is uniquely settled by means of the two principles of Special Relativity [82].
Consider an inertial systenk and two pointsP; and Py: if their distance isr, then the
propagation of light satis es the equation:

r ct (2.10)

whe»re t is the time the light needs to propagate from poift; to point P,. Now as

r X2 x5  x3,taking the square of Eq. (2.10):
Q" x? & t2 o (2.11)
i
For the two principles of Special Relativity, the same equation must be true also in an
inertial systemK “moving with respect taK with a certain constant velocity relative to
it:
Q% x¥ & 2 o (2.12)
i

If we suppose thak and K ®have the same orientation and th&%s moving only along
the x-direction with speeds, then the transformations betweef andK Jeaving Eq. (2.11)
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and (2.12) mutually consistent are the®rentz transformations

De nition 2 (Lorentz laws of transformation)

¢
EX® X vte
Hy®y
L | ; (2.13)
Al 4
: v
Hice —_Ye
at <t CZX

»
where 1~ 1 v2-c2.

In a more general way, Lorentz transformations can be written as:

bo) %’0() Vtz
L ,r§ ro ; (2.14)

i v
JAE e

wherer andr y are the spatial vector respectively parallel and perpendicular to the rela-

tive speedv betweenK andK*

If we consider light as not having a nite speea¢( 2 ), this set of equations reduces to

Galilean transformations (2.1¢lassic limit)

Obviously whenK®is moving with respect toK also along other directions, transfor-

mations of coordinatey or z must be taking into account. For a complete description,

including also rotation of the frames, we refer to specialise texts as Barone [70].

Thus the two postulates of Special Relativity can be summarised as:

The laws of Nature must be covariant under Lorentz transformations.

Einstein was able to show that both the laws of Mechanics and those of Electromagnetism
could be rewritten in a covariant form under Lorentz transformations. The phenomena
that gave rise to incongruities like aberration, Doppler e ect, Fizeau's experiment and
Michelson-Morley's experiment now had a simple explanation without special hypothesis
as for instance the presence of an ether.

But new phenomena were about to be brought to light...

2.2.3 Jump at lightspeed

The prominent aspect of Lorentz transformations (2.13) is that of time: Einstein pointed
out that timet as measured in an inertial frami€ is not the same compared to the on&
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measured in a moving framk %

As previously said, Special Relativity has some of its roots in the deep analysis of the
concept of time: far from giving a psychological interpretation of the time, thus subjective,
Einstein was interested in an operative de nition.

If, for instance, | say That train arrives here at 7 o'clock , | mean something
like this: The pointing of the small hand of my watch to 7 and the arrival of
the train are simultaneous events. [46]

Ajudgementin which time plays a role is always a judgement of at least two simultaneous
events. In this way, a given observer A with a clock can determine the time values of events
in his proximity. If now B is a second observer (in the same frame) with a identical clock,
how can they compare their time?

It is thus clear that before the comparison of the two clocks the observers must settle a
procedure of synchronisatiptb]: the two observers A and B have to put their clocks into
their position and to use a light signal to synchronise them. For instance, observer A, when
its clock readg 0O, sends a light signal to B. This one will receive it after a tirne L,
beingL the distance between the two clocks: observer B will set his clock atL~c as
soon as the light signal arrives.

This procedure accounts for the time of transmission of light whose velocity is nite: it
is evident that this problem does not exist within Classical Mechanics. As the light was
thought to have an in nite speed, instant transmission was allowed and then a clock was
always synchronised with all the other possible clocks, moving or not. This condition is
the absolute validity assigned to time by Newton: an observer will always read on his clock
the same time of the clock of all the other possible observers.

Now instead there is a procedure to synchronise the clocks in one reference frame that
allows to create a temporal order for the events in that frame. The time of an event is that
one of a clock whose position coincides with the one of the event. Furthermore events
happening in di erent places with the corresponding clocks reading the same time are
simultaneous

Loss of simultaneity

The procedure of synchronisation allows each observer to have a theoretically in nite set
of synchronised clocks, being thus able to compare the time of events in each point of
the inertial frame he belongs to. But what happens when we consider another inertial
observer?

Avery classical argument illustrating this case can be found in Resnick's book [45] but here
we follow the reasoning of Morin [83]. Let's consider the following setuf:is an inertial
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frame where a light bulb is in the middle between two observers A and B, at distance
from each of them (Figure 2.1). D is a third observer, constituting if&nertial frame,
moving at speed to the left with respect toK.

Figure 2.1Setup.

A and B have synchronised clock: thus when the light bulb emits two di erent signals
arriving to A and B, they would agree that their clock reads the time tg t L-C.

Now let's consider the point of view of observer D who actually séegrame moving to
the right (Figure 2.2) at speed What about the simultaneity of the two events (arriving
of the light signal to A and B)?

Figure 2.21 oss of simultaneity: the point of view of observer D.

According to the second principle of relativity, observer D sees light still moving at speed
¢, while as seen from D theelative speedf light reaching Aisv cwhile that one reaching
Bisv c.

Now if L %s the distance between the light source and A (or B) in the frame &fthen D

"A priori we are not sure that the distance is always equalltoactually it is contracted by factor.
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says that A receives the light signakeforeB as
— (2.15)

andty @g.

In other words, if with set a coordinate systemwith the same orientation ag with the
centerO%in the bulb, thus the light's propagation equation i® ct®while that one of
observer B ix® L% vt® Photons from the light bulb reaches B whet® L% vt®
that means at timeg® L%V c-. A similar reasoning for light propagating to the left
towards observer Aleads tf L%V co.

Thus if in the inertial frameK the two events were simultaneous, according to the moving
frameK ®here is a time gap of

2V
t® tX tg 2 gL"?‘ (2.16)

that means the two events are no more simultaneous.
More in general, consider a inertial frant€ and there two simultaneous events andB:

A “CLXA YA ZA® B “ct;xs;YB;Z8*; (2.17)

wheret ta 1g.

Thus in another inertial frameK ®uniformly moving with respect tok with speedv along
x-axis, according to Lorentz transformations, the new temporal coordinate of the events
are

% %
ty <t XA tF <t 2Xe": (2.18)
Hence the time gap is
V.
t® tg tx 2 XA Xse: (2.19)

This result coincides with expression (2.16) as soon as it is set (for the length contraction)
XA L °°ande L®
Summarising:

Simultaneous events with respect to an inertial frame are no more simultane-
ous in another system in relative motion with respect to the rst.

This rst result de nitely gave up with the absolute nature of the classical concept of
simultaneity. Actually it shows that each reference system has its own particular time: if
we do not specify the frame which time is referred to, the statement of the time of an event
does not have any meaning.
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Time dilation

The description of the problem of simultaneity highlights that in some ways the motion
can a ect the measure of the time.

Consider the following situation: A is an observer on a railway embankmeftfiame)
seeing a train K ®frame) passing nearby him inside which there is a second observer B.
Both the observers have a clock and let ¢he speed of the train with respect to the
embankment (we suppose the two frames moving in parallel each other akedmgection,

so we will forget about the other dimensions).

According to A, the tick of one second of his clock is the di erence between the position
of hand reading 0 and reading 1.

Figure 2.3How long does one second last as measured from a moving clock (blue one)?

Thus letbeA “c ta;0e the event the hand of the clock is pointing to O that happens
attimeta Oinpositionxa O (we can suppose A to be at the center of the coordinate
system). Inthe samewad “c tg;0e is the event the hand of the clock is pointing to
1 happening attimetg 1 in the same position. The time the clock of A needs to tick a
secondis t tg ta.
Now let consider the point of view of B: according to him, the two events happen at dif-
ferent time (of his clock); applying a Lorentz transformation and taking into account that
Xa Xxg O

t ta O ty tg: (2.20)

This means thaaccording to Bthe duration of one tick of A's clockis t* tg ta
“tg tae.
This phenomenon is calletime dilation and can be summarised as:
De nition 3 (Time dilation ). Ifin aninertial frameK an event lasts t, then in another
inertial frameK “uniformly moving with respect tok at speeds along one dimension, the
same event lasts t%*
t® ot (2.21)

Let now have a deeper look: rst, in this phenomenon we have to deal witlo clocks.
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Observer B uses his own clock to measure an event whose duratiornti; K frame: if

for instance observer B tries to measure the duration of a click of his clock, he will see
that this lasts one second. In the same way, when A measures the duration of a click of
his clock, he sees that this lasts one second. This is correct according to the principle of
relativity: if B was able to see that the duration of a click of his own clock lasts more then

1 second, he would know to be in motion.

On the contrary, observer B uses his clock to measure the duration of a tick of A's clock
and he sees that 1 second of A's clock, according to him, lasts more than 1 second of his
clock. It is arelativemeasure. In the same way, to prevent the validity of principle of
relativity, the same phenomenon occurs in A's frame: if A measures the duration of a tick
of B's clock, he will sees that time dilated in the same way B sees.

Another way to express this phenomenon is saying:

An observer looking to a clock uniformly moving with»speedelative to him
measures the clock running slowly by the factor 1~ 1 v2~2.

The amount of delay of the moving clock can be easily quantify as the di erence between
the duration tin K frame and the duration t%n K%rame:

N

Vv
- 2.22
- (2.22)

"%ttt 1o 81 "1 “VPCPee T2t

NI

up to the second order inv~ce2. Being zero the rst order, in Classical Mechanics all
clocks, moving or not, go at the same rate.

As a nal consequence if A and B are two points of a straight line and a clock in A starts
moving towards B with speed relative to another clock in A, if they have been synchro-
nised, at the end of the journey lastedthey are no longer synchronised dy2t “v~ce2.

Length contraction

Strictly connected with the loss of simultaneity there the is length contraction.

Consider two observers A and B in the same condition depicted in the time dilation phe-
nomenon. They do not have a clock but a rigid rubber. Together with observer A consider
also a rigid body, a cat for instance.

Figure 2.4How is it long an object as measured with a moving rubber (blue one)?
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Observer A measures the length of the cat using his rubber: let focus the attention over the
measurement process. The comparison between the object and the instrument is carried
out at one instant of time: that is, the object must stay at rest during the measurement
process. Observer A needs to align the cat's tail with one notch of the ruler and its head
with another, to read the value of each notch and to calculate their di erence. This is
the whole measurement process: it is clear that if, after having taken the rst reading,
while moving to align the head to a notch, the cat moves, the measure will not give the
true length of the animal because the body was moving during the measurement process.
Once again the key word is simultaneity: the reading of the head and tail's position with
respect to the rubber has to be carried out at the same time.

According to observer Aattimé ta the tail is aligned with the zero notch of the rubber:

we can assign the 0 coordinate to the taik 0. The eventA  “c ta;Xa* is thus the
observer A reads the tail's position. At the same timk, ta, observer A reads the
position of the cat's heads xg: the event the observer A reads the head's position is

B “c ta;xge. Observer A determines the cat's lengthas the di erence between the
head and the tail's positioh. Xg Xa.

Let now investigate the point of view of observer B. According to the operational de nition

of the length measure, the position of the extremities of the object has to be measured at
the same instant of time. If we simply transform the evelstandB, the twox-coordinates
would depend respectively ot andt3. Ast$ x tg, the coordinate ok andxg would

be determined at two di erent instants of time and thus the di erencgy x% would not
correspond to the true length of the cat as measured by the observer B.

For this reason, it is easier to consid&®reference frame: according to observer B, at
certain timet the cat's tail is in a certain positiox ¥ while, at the same instant of time,

the cat's head is in a certain positioxg. By de nition, the quantity L® xg x§¥ is the
length of the cat as measured by observer B.

Now let link L®o L ; using the inverse Lorentz transformations:

Xa  %ex vixZ Xg  WeF VIXZ: (2.23)
ThusL xg Xxa  "xg xg» L&
This phenomenon is callelgngth contraction and can be summarised as:

De nition 4 (Length contraction ). If in an inertial frameK an object is long., then
in another inertial frameK ®uniformly moving with respect toK at speedv along one
dimension, the same object is lond®

| =

L (2.24)
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In particular the dimension that is contracted is the one along the motion while the other
ones remain the same as Lorentz transformations leave unchanged the coordinates that
are not in relative motion.

Another time, we need to give a deeper look to this phenomenon: we have to deal with
two rubbers. For instance, let consider observer A: he has a rubper 1 m long, with
notches 1 mm distant each others. If he has an oblect 2:.50 m long, it means that the
rubber is contained 2 times and half into the length of the objéktt ..

If we consider a second observer B travelling with respect to A with speethd having

the same rubber of A, he will see observer A together with the object moving at speed

If B using his own rubber measures the moving object, he will get a contracted length
L® L~ . Inthe same way, to prevent the validity of principle of relativity, when A uses
his ruler to measure an object which is stationary with respect to observer B, he will get a
contracted length. It is aelativemeasure.

However if B tries to use the rubber of the observer A, he will see no contraction: from the
point of view of B, both the ruler and the object are moving, thus both are contracted. In
particular, observer B will measure the ruler of A as loff§j In~ and the notches will

no longer be at distance 1 mm each others ittt mm. Thus if observer B uses observer
A's ruler, comparing the length of the object with that one of the ruler, he will get:

LR® "L~ elp~e LAm; (2.25)

i.e. always the same length.

The process of measure involves the object in the moving reference system as measured
with a rubber at rest with respect to it. Moreover as we can interpret this phenomenon as
arising from a contraction of the distance between the notches of the ruler, another way
to express the length contraction is saying:

An observer looking to a ruler uniformly m0\£)ing with speedrelative to him
measures the ruler shorter of the factor 1~ 1 v2~c2.

From a historical point of view, Einstein was able to give the correct interpretation of the
Lorentz-Fitzgerald contraction phenomenon. Indeed Lorentz rstly found that the shape
of the electron faces a contraction in the direction of the motion but he was guide by a
purely formal and mathematical spirit, nor he had a theoretical support for his argument.
Einstein showed that his theory lead to the same law of motion but without introducing
any ad hoc hypothesis about the structure of the electron [79]: the contraction arises from
the two principles of his theory.
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Addition of velocity

With the introduction of the Lorentz transformations, velocity also has to transform in a
di erent way from how Galileo discovered.

Consider the two inertial observers A and B in uniform relative motion with spaealong
the x coordinate. The laws of transformation from A (at rest frarkg to B (moving frame
KY are:

ﬁ:xoe "X ute

L ! ! : (2.26)
o t(E (t —_Xe
o] CZ

Now we consider x;te as the coordinate of an object which is moving in the reference
frame K with speedv  dx~dt along the direction of the relative motion oK and K*

In order to derive how B measures the speed of the object in his reference system, we
di erentiate the Eq. (2.26):

;'. u : (2.27)

Taking the ratio between the rst and the second equation, we get

dx® . dx udt dt"dx~dt ue vV u
die u u u
dt 2 dx dtc1 2 dx~dts 1 SV

; (2.28)

beingdx*®dt®the speed/®of the object as measured K%
This is the law of addition of velocity:

De nition 5 (Addition of velocity ). If in an inertial frame K an object is uniformly
moving with speedv, then in another inertial frameKk ®moving with respect toK with
speedu along the direction ofv, the measured spead®of the object is:

vy — (2.29)

This expressions reduces to the Galileo's Classical one in the non-relativistic limit as if
vP cthenl v u~®> Zlandv® v u.

Einstein's formula contains the solution to the apparent irreconcilability of the principle
of relativity with the one on light's speed constancy. Indeed if we consider a light beam as
seen from a moving inertial fram& % moving in the same direction of the beam at speed
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u, an observer will measure a speed

c u
: 2.30
c cu C. © (2.30)

No object can move faster then light.

Using Eqg. (2.29), Einstein gave an explanation to the result of Fizeau's experiment (Eq.
(2.3)): ifu ¢ is the speed of light in a liquid of refractive index, when the water is
moving with speedv, then light's speed with respect to an external inertial observer is:

u v uv c v
W — e U Ve <1 e = wyeo <1 —o 2.31
1 2V @ “* n (2.:31)
2
cC Vv 1v¢ ¢ 1
- —= VvV —— — V<1l —: 2.32
n n? nc n ¢ n2 ( )

Thus starting from the relativity addition of velocity, with simple approximations to the
rst order in v (the water's speed is very small with respect to that of light), one gets the
relation obtained by Fizeau.

Finally, contrary to the Galilean addition formula, Einstein formula predicted a new phe-
nomenon about the composition of velocity. In particular if we consider the two inertial
framesK and K%in relative motion with speedi and an object moving irK with speed

vy in orthogonal direction with respect tar, the Galilean transformation will give that an
observer inK %will measure always vy. Consider inK an object moving with respect
to u with speedv, then remembering Eq. (2.14), the perpendicular componeptsf v
transform as:

dr % dry dry vy
= v : . . (2.33)
«dt @ dre dt <1 ? dr ~dte <1 ? Ve

This term, absent in the Galilean relativity, arises clearly from the transformation of the
time. In the classical limit it is easy to show thatf vy.

Summarising, the two components of a velocity parallel and perpendicular to the relative
motion betweerK an K%ransform as:

Ve U vy
1 — < 1 .
2 2
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Mass-energy equivalence

Under Galilean transformations the total momentukh of a system assumes the same
value when inertial frames are changed. But as far as Lorentz transformations are taken
into account, the relatiomP  0is no longer true when we go from K inertial system to
another oneK %in relative motion. A new de nition for momentum has to be introduced
in order to have the conservation of momentum invariant under Lorentz transformation.
Following [70], we can hypothesise a momentum in the formpf mf “v2~c?sv where
the functionf depends orv viav? assuming isotropy of space. The factbrc® makes the
entry of the function dimensionless.

Then, analysing an elastic collision with two bodies with the same mass in di erent in-
ertial frame (center of mass, body 1 and body 2), one getsfthat 1~ 1 v2~?2
obtaining:

De nition 6 (Relativistic momentum)
p m v: (2.35)

For this reason we can think of rewrite Newton's second law of motion as:

De nition 7 (Minkowski's law).

d

—"m ve F: 2.36

. (2.36)
Einstein then made a strong assumption, namely the validity of the theorem of kinetic
energy also in Special Relativity, obtaining a new de nition of the kinetic energy. Indeed
if we consider a particle subjected to a forée along the direction of motion, the work
done by the force in a displacemeds isdW F ds. If all this work increases the kinetic

energydT of the patrticle, using the Eq. (2.36), we get:

d. dT  d. dv d 5
dT amv vdtDEamvvav mav. (2.37)
With some algebra:
dT %m 3d v2e: (2.38)

Integrating the above expression, the nal form for the relativistic kinetic energy is:

De nition 8 (Relativistic kinetic energy)

T mc* 1 (2.39)
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Before going into the analysis of the formula, we can see that if the speed of a free particle
is lower then that of the light, we can expand the parenthesis obtaining:

2n 2 v, e 2 v 1,
T mc 1+ mc° A& ] 1 mc@& >@ 1 UL (2.40)

Thus if the speed is small with respect to light's one, the relativistic kinetic energy yields
the Classical kinetic energy.

Now, giving a deeper look to the expression (2.39), we nd that the relativistic kinetic
energy is made up of two contributions:

~ The total energyE which is the total energy of the particle:

De nition 9 (Total energy)

(2.41)

" The rest energ)e which is the energy of the particle when its speedis O:

De nition 10 (Rest energy)
Eo mc? (2.42)

This last equation is one of the most known consequences of Special Relativity and it
shows the equivalence between the mass of a body and its energy at rest:

Mass and energy are therefore essentially alike; they are only di erent expres-
sions for the same thin§g2]).

Thus the relativistic kinetic energy is made up of the di erence between these two quan-
tities: 5

mc

LR pcz (2.43)
\ =X
1 4 rest energyE o
711111111111111 1111111111111111‘[
total energyE

In the same way we can write the total energy of a particle:
E T Eo T mc? (2.44)

Einstein's new de nition of the energy yielded into some consequences. From Eq. (2.35)
to preserve a Newtonian aspect for the momentum, it has been usual to introduce a rela-
tivistic mass in the form of:

VAL (2.45)
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where mg is therest massi.d. theinertial massas measured in an inertial frame at rest
with respect to the body. In this way, the momentum can be write in the fornpof m, v,

very similar to the Classical momentum mv.

However, from this de nition it arises a mass dependence upon the velocity: the inertial
mass should vary according to a change in the energy of the body. Thus it is necessary to
de ne a rest massng for a body at rest to be distinguished from the massn ¢ for the
moving body: the greater the speed, greater the mass of the object.

This is a leading astray de nition which is no more adopted and it is only a historical her-
itage. Okun [84] pointed out an analysis of the propagation of concept of the relativistic
mass: in 1899 Lorentz introduced the notion of dependence of mass on velocity and in
particular in his work of 1904 ([85]), he de ned Bngitudinal massn, and atransverse
massm; for an electron in motion. Later on, in 1921 Wolfgang Pauli published the book
The Theory of Relativity which would have been an introduction in Special Relativity

in the following years for many generation of physicists. He went beyond the concept
of transverse and longitudinal, de ning conversely a rest mass and a relativistic mass, a
distinction employed also in other important works like Robert Resnick's book [45] or
Richard Feynman's lectures [86]. This distinction today is no more used and it is consid-
ered wrong.

What about Einstein's opinion? He himself in the work of 1905, in order to maintain the
form of the equation mass acceleration = force , obtained thay, m 3andm; m ,

thus actually assuming a mass dependence upon velocity. It seems that he did not under-
stand the implication of the equations he derived as he did not report any comment to
these relations. But in the same year, Einstein wrote another article Does the inertia of a
body depend upon its energy-content? ([87]) where he stated that:

If a body gives o the enerdy in the form of radiation, its mass diminishes by
L~c? [...] The mass of a body is a measure of its energy-content.

The equation, rewritten with the current notation as Eg mc?, means that if a body
varies its mass, then also the amount of the (at rest) energy varies and vice versa. Indeed
Einstein never introduced a relativistic mass. In the following years (1906-1914), Einstein
wrote many articles ([88, 89, 90, 91]) clarifying the meaning of the previous sentence where
he begun to talk about inertia of a body or inertial mass: the inertial mass and the energy
of a physical system appear in it as things of he same kind leading to consider any inertial
mass as a reserve of energy ([90]). Thus the temn? means that a body with inertial
massm is an energy store of magnitudec?: it is the measure of its energy.

But the rest-energy of a body can be modi ed for instance by cooling it: if a body at rest
emits a radiation of energy, then the amount of energy atrest decreasesbyy Ego
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and also the inertial mass must change during this process ofEo~c?. Conversely let

us consider ik a body at rest with mass and an observer moving il ®with uniform
relative speed along thex-direction. InK %the object is no longer at rest as it will be seen
as moving with speed v. If in K the total energy of the body i€ Eo mc? thenin
K®as it acquires a relative speed thus a kinetic energy, the total ener@is T Eg

mc®> 1o mc?® mc?. Inthis process the intrinsic body's amount of energy does not
change, thus its inertial mass is not changing.

Thus Einstein started talking about thimertia of the energyo indicate that the process
involves directly the energy of a body and thus its inertial mass, which properly quanti es
the resistance of the body to variation in the motion. This inertia depends upon the amount
of at-rest energy and thus can increase or decrease according to the variation of at-rest
energy. Then if gravitational mass is equal or proportional to the inertial mass, we are also
able to measure with a balance this variation (as for example in the radioactivity process
or in the chemical reactions).

In the book The meaning of relativity ([82]), Einstein wrote that:

We see that the energ¥ g of a body at rest is equal to its mass.|...]
Eo mc? (2.46)

Mass and energy are therefore essentially alike; they are only di erent expres-
sions for the same thing. The mass of a body is not a constant; it varies with
changes in its energy.

It is true that the (inertial) mass of a body can change but this is not to ascribe to its
velocity, rather to the variation in the energy amount. Thus it is not correct to write the
previous equation using instead ofE g because we are referring to the inertia of the body
which is quanti ed by the at rest-energy. Nor it is correct to usag instead ofm: this

di erence may arise considering inertial and gravitational mass. Let consider an inertial
frameK with observer A and a fram& %with a ball moving alongx-direction with speed

v. Because of the law of transformation of the force, an observer A will measure that the
force alongy-direction increases by a factor. Thus the weigh® of the object is measured

to be equal toP* P mg and then the massn can be thought to have increased as
m® m , together with the inertia of the body. But as we are measuring a weight, we are
dealing with the gravitational mass while Einstein referred to the variation of the inertial
one. If a relativistic massn, m is introduced, then the variation of mass with the
velocity will be ascribed to the gravitational mass as the body will be measured heavier
than if at rest. The dependence upon the energy is a feature of the inertial mass, not of
the gravitational one: in this context the fact that the gravitational mass coincides with
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inertial one is an accident that however can be used to show this equivalence. Indeed
it is true that if a chemical reaction is considered, one can weight the reagents and the
products to compute the released energy asE; "m; mp-cz.

Another consequence of usingg instead ofm regards the non-relativistic limit. If we
write the kinetic energyT asT moc®™  1s, whenv P cthenT  ~1~2¢mgv?. Thus

we will have de ned a moving classical body in terms of a mass at ragtand we will have

to precise that this mass tends to the masswe use in Classical Mechanics. But actually
this is the same as the one de ned in the Theory of Special Relativity. It is misleading to
usemyg as it would introduce another unnecessary clari cation.

Einstein will write in 1948 in a letter to Lincoln Barnett ([84]):

It is not good to introduce the concept of thmassM m~"1 v2~c?+12 ofa
moving body for which no clear de nition can be given. It is better to intro-
duce no other mass concept than the rest mass Instead of introducingv

it is better to mention the expression for the momentum and energy of a body
in motion.

It is necessary to de ne once a rest mass or simply the massf a body as the measure

of its inertia and then to treat about the amount of momentum and energy of a moving
body. The body's inertia depends on its at-rest energy content.

We point out that Einstein always seems to refer only to a body at rest in order to evalu-
ate the inertia of the energy, namely considering always the reference system at rest with
respect to the object. Actually this is not a problem for uniform motion, that is, we can
always nd an inertial frame where a moving body is at rest. Einstein equivalence gives a
measure of the energy stored into a body, regardless of its state of motion. As we show in
Appendix A.2, the at-rest energy and thus the mass is invariant for a change of reference
frames. Then the variation in the mass and thus the variation in the inertia of the energy
is always the same.

Maybe rewriting Eq. (2.41) &8  E ¢ it would be clearer that, since A 1, the total
amount of a body's energy increases while moving due to the contribution of kinetic en-
ergy, without requesting any hypothesis about the mass and its dependence upon velocity.
In this way the at-rest energy would not show any variation beifig always equal tanc?:

it is important to underline that from a moving object we will not get more energy with
respect ifitis at rest. This is also true according to the relativity principle: being uniform
motion only depending on the choice of the reference frame, an observer that sees the ob-
ject moving or at rest can not get more energy from the same object otherwise he would
detect uniform motion. If then inK ®the object is seen as at rest, the observer will get an
amount of energy equal tonc?. In the same way, an observer Ki® who sees the object
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as moving, will always get the same amount of enengg? from the mass of that body.
Introducing a relativistic mass where it seems that the mass of a body undergoes to a mod-
i cation due to velocity will lead to believe in the possibility of getting more energy from

it. The only way to have a real modi cation of the body's mass is with a process involving
exchange of energy (like emission or absorption).

Another very important consequence of this equivalence is that the theory of relativity
gathers the principle of the conservation of mass with the principle of the conservation of
energy. This leads to a more compact theory that uses less propositions then the classical
one and then it has an higher degree of verisimilitude ([80]).

Before closing this paragraph, we report a short investigation about the treat of the en-
ergy inthe most used Italian scholastic textbooks. We found that Amaldi Blu ([92]) writes

E mc? whence it derives that for at-rest particlEg  mgoc®. Thus it introduces the rel-
ativistic massm  m o wheremg is the mass at-rest, adopting this notation throughout
the text. However another edition of the Amaldi book Il nuovo Amaldi ([93]) shows the
equationEy  mgc?, pointing out thatmyg is an old heritage slowly falling into disuse.

It does not use the relativistic mass but thatg, the one measured in a reference frame
at-rest with respect to the object. As we have argued, also this approach is misleading. Fi-
nally both the textbooks La sica di Cutnell e Johnson ([94]) and Fondamenti di Fisica
([95]) correctly write at-rest energy aEg mc? andm as the mass for the de nition of
total and kinetic energy.
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2.3 The rise of MinkowskKi

Einstein's work of 1905 solved the issues about Classical Electrodynamics bringing to light
new ideas about space and time, challenging the Newtonian view of reality with the exis-
tence of an absolute space and an absolute time.

However, as argued by Levrini [51], the reality's description emerging from Einstein rst
work still has some Newtonian heritages. It is not relativistic at all as it will be in the
following years. As quoted inipid], citing [52], space and time travel along correlated
paths but no way to unify them is proposéd This is still a classical approach that, as
Newton did, considers space and time as separated entities. Einstein's approach was to
use a three-dimensional language to describe something which is more complex and ac-
tually four-dimensional as it will be clearer with General Relativity.

The greatest contribution to Special Relativity came from Einstein's mathematics profes-
sor, Hermann Minkowski, who was the rst to announce a new four-dimensional vision

of the world with three articles ([49]):

" The Relativity PrincipléL907)
" The Fundamental Equations for Electromagnetic Processes in Movin(lBo8)es
~ Space and Tim@909)

Minkowski's geometrical approach to Special Relativity through the introduction of the
four-entity spacetimavas’ not a great success among the physicist. Einstein himself at rst
considered Minkowski's ideas only a super uous learnedness [49, pg. 2], even though
he had to quickly change his mind writing his theory of gravitation that would have been
impossible to be formulated without the great discovery of Minkowski:

The generalisation of the theory of relativity has been facilitated considerably
by Minkowski, a mathematician who was the rst one to recognise the formal
equivalence of space coordinates and the time coordinate, and utilised this in
the construction of the theory. [96]

Einstein's work of 1905 entered into the ow of attempts to de ne an experimentally con-
rmed theory of Electrodynamics: he was more interested in understanding howniea-
surespace and time, a little bit overlooking the real implications, even of the principles
themselves. For instance he needed to postulate the relativity principle but he did not

8My translation from original Italian sentencespazio e tempo viaggiano si su percorsi correlati, ma non si
propone alcuna forma di riuni cazione tra di essi
®Maybe still today [49, pg. 3].
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explain its physical meaning as well as he did not explain why it was super uous the ex-
istence of the luminiferous ether.

It is important to highlight that already in 1906 Henri Poincaré introduced Minkowski's
ideas in one of his work ([97]), which Minkowski was certainly aware of [49, pg. 19].
Poincaré noticed that Lorentz transformations left the quantity y?> z? t? un-
changed, similarly to the transformations from a three-dimensional coordinate system to
another one with the same origix€ y2 z? is invariant). Then one could have de ned

a four-dimensional coordinate systemyy; z;t and vectors with four components, using
Lorentz transformations to change reference frames. However this is just an hypothesis
for Poincaré, an abstract four-dimensional space without a real importance on the Physics.
Instead Minkowski's works are rstly deep considerations about the physical consequences
of Einstein's relativity leading to clearer highlight its inferences over our world and to de-
ne a new geometry, that one of spacetime, worldlines and quadrivectors.

2.3.1 A new spacetime

The concept of spacetime is a direct consequence of Einstein's relativity principle (but
actually also of Galileo's one) that means the impossibility of detecting absolute uniform
motion. From this statement one can derive two important consequences.

First, with a simple experiment with light signals it can be shown ([98, p. 40-45]) that the
speed of light is constant and simultaneity is not absolute. This is a rst sign of a break
with Einstein since he needed toostulatehe constancy of light's speed whereas it is in-
side the principle of relativity itself.

The second logical implication is thaiere is no absolute spatkere space means the com-
mon space in which the Earth moves. Hence the spacisoluteas it isoneentity, only

one, common for everyone. An absolute uniform motion is therefore an uniform motion
with respect to a single space but, as it does not exist, there exist more spaces. Thus an
object can be at rest with respect to one space but still moving with constant velocity in
other spaces.

How to interpret this idea of di erent spaces?

A physical three-dimensional space is de ned by all the space points that exist simulta-
neously at a given moment of time. Now, since light has a nite sp&&it turns out that

the objects we see each moments arepabt imagesf that objects since light needs time

to travel from them to our eyes. Thus at each instant of time, the objects do not exist si-
multaneously with us but have existed in di erent three-dimensional spaces belonging to
di erent instants of time. This is to say that space-time in Classical Mechanics is foliated
by hyper-surfaces that are planes: reality exists over di erent three-dimensional spaces,

1%As moreover Romer experimentally showed in 1676.
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each one parallel to the others.

Figure 2.5The space-time foliation in Classical Mechanics: three-dimensional spaces correspond
to di erent instants of time. The spaces are shown with only one dimension in this image.

We do not perceive apaces now corresponds to all points over all the three-dimensional
spaces belonging to the path of a light ray toward us.

Nevertheless it is necessary that aach instant of timéhere must exist di erent three-
dimensional spaces that there are di erent three-dimensional spaces belonging to di er-
ent instants of time (Figure 2.5).

Petkov [98] showed that the only possible way is to assume that these three-dimensional
spaces are cross-sections of an at least four dimensional space. Therefore as the world, the
reality itself is everything that coexists simultaneously at the present moment, it becomes
possible to have di erent observers with di erent present (simultaneity is no longer
absolute), each of them having di erent three-dimensional worlds, only if the world is
four-dimensional, having time as the fourth dimension. Otherwise in a three-dimensional
world di erent observers would have a common three-dimensional space, with a common
set of simultaneous events and therefore simultaneity would be absolute, which means the
absolute uniform motion does exist. We do not perceive the four-dimensional reality but
only the three-dimensional cross-sections that help us to reconstruct the four-dimensional
space in the same way as the two-dimensional images we perceived, which our brain pro-
cesses in order to give us the perceiving of the three-dimensionality of the sensitive reality.
Thanks to Minkowski, Einstein's relativity principle acquires a physical meaning in its
more genuine sense (i.e. referring to nature): the world is four-dimensional. It is nor
then a consequence of this. Also the covariance principle of the physical laws nds in the
four-dimensional world an explanation: each inertial observer describes the phenomenon
exactly in the same way being he at rest in his own reference frame, to be considered made
up of its own space and its own time. In the same way, the principle of constancy of light's
speed is no longer a principle but a necessary consequence since each observer measures
the speed of light in his own space (which is at rest) with his own time.
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We need to introduce a four-dimensional space caligpdicetimer Minkowski spacetime
which Minkowski referred to as simply thevorld. Each point of the spacetime isveorld
point or eventwhich is de ned by four numbers: three of them de ne the position of an
event in the three-dimensional space whilst the fourth the moment at which it happens.
The concept of event is a building block of the spacetime but has a slight di erent mean-
ing: in the spacetime, the fourth dimension, time, is already all given, it is entirely given
at once as the three spatial dimensions otherwise we would not have a four-dimensional
world. As a consequence, being a four-dimensional entity, the whole history of everybody
in spacetime is already entirely given: history is not unfolding in spacetime.

The four-dimensional object corresponding to a physical point-like object (like a particle)
is calledworldline whilst if the object has an extended shape, it ism@rldtube As the
worldline!! is the collection of the particle's events, an evestthat particle at a certain
given instant of its history in time: a worldline contains all the moments of a particle. As
a consequencé spacetime there is no motidar time is already given, a worldline is not

a trajectory in spacetime. A position that changes with time is a three-dimensional world
where time is a parameter that ows and allows to see the changes. The worldline of a
particle is a built four-dimensional entity and spacetime is something like a frozen world.
To relate these considerations to our sensitive experience, we can start by introducing a
reference frame: in particular to create an inertial frame we can choose the worldline of a
uniformly moving particle to be the time axis whilst the three-dimensional space is orthog-
onal to the object's worldline. This particle is of curse at rest in its own three-dimensional
space but actually it can be a moving particle with respect to other particles.

Figure 2.6 Examples of di erent worldlines in spacetime: the particle A determines the inertial
frame in whose space it is at rest. B also is at rest with respect to A's space while C is uniformly
moving in A's space. Particle D has an accelerated motion. The gure shows only one spatial
dimension of A's space.

The same consideration is true also for a worldtube: if not speci ed, we will assume the validity of a
result also for a worldtube, thus omitting to write it.
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Indeed we can have di erent relations between worldlines as shown in Figure 2.6. If A is
a uniformly moving particle and we choose its worldline to be the time direction, then:

if B has a worldline parallel to A's one, then in A's space the distance between the
two particles does not change. They are at rest with respect to each other. Then B's
worldline de nes the same time direction of A's one and it makes no di erence to
take one worldline or the other one to de ne the inertial frame: they share the same
time and three-dimensional space;

particle C has an inclined worldline with respect the one of A (or B): the distance
from particle A increases with time which reveals C to be an uniformly moving

particle in A's space but not in its own space. Therefore as vertical worldline means
particle at rest, there must be an angle between two worldlines to talk about motion;

particle D has a curved worldline which means that the distance between particles
A and D increases with time but in such a way di erent from C: it is an accelerated
motion.

This distinction has an important consequence as the accelerated motion turns &dbbe
solute where absolute means detectable by everyone and not a motion with respect to an
absolute space. If the shape of a worldline is curved, then this particle is accelerated in all
the inertial frames, namely with respect to all the three dimensional spaces. An uniformly
moving particle is not moving in all the inertial frames as it is at rest in its own space. This
is not true for an accelerated particle because it does not have its own space.

Figure 2.7An accelerated particle D has a curved worldline: at each moment of its story it is at
rest with respect to an inertial frame whose time axis is de ned by the tangent direction to D's
worldline. In P and Q there are two di erent inertial frames determined by the uniformly moving
particles A and B.

When we say that a uniformly moving particle has its own space we are stating that the
spaces at di erent instant of time are all orthogonal to the same time direction de ned by
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the particle's worldline, as the particle de nednly onetime direction (in a similar way to
Figure 2.5).

Indeed if we consider a worldline of an accelerated particle D, at each instant of time of its
history the time direction is di erent, being de ned by the tangent lines to the worldline
(Figure 2.7). This means that at each time of the particle's history we can de ne a di er-
ent space, orthogonal to the time direction: thus at each timéi @rent inertial frame is
associated with this particle, whose time axis is along the time direction in that point of
spacetime. Physically this means that the accelerated particle is instantaneously at rest
with di erent inertial frame corresponding to di erent uniformly moving particles which

in that instant of time share the same space and the same time with particle D. Thus at
events P and Q, we can nd two particles A and B whose time axis coincides with the
tangent direction to D's worldline: the inertial frame associated with particle A and B are
calledcomovingnertial frame.

But spacetime is four-dimensional: the distinction between three-dimensional space and
time is not real and it is only a way we use to describe the invisible spacetinshaaows

as Minkowski said ([99]). Similarly motion in the three-dimensional space is a description
of the way we perceive the particles' worldlines ([98]).

The conclusion that spacetime is four-dimensional entity could lead to interpret time as
equivalent to three-dimensional space: coordinatey andz are of the same nature df

or ct (in order to have all of them homogeneous). Time coordinate actually is not equiva-
lent to spatial ones: Einstein explicitly wrote that Minkowski recognised only tloemal
equivalence of space coordinates and the time coor@@lle They are not of the same
nature, there is always a distinction among them.

Indeed the spatial coordinate are interchangeable, namely there is an arbitrary in choosing
which direction isx, whichy and whichz. Moreover we are free to create non-orthogonal
spatial planes between each others and also a three-dimensional non-orthogonal spatial
space with respect to the time axis. This is not true for time direction: there are some
constraints. We have seen already that we can not choose the worldline of an accelerated
particle to de ne the time direction as it changes in each event (Figure 2.7).

Other di erences arise when we examine the behaviour of light in spacetime: light's equa-
tion of motion for a ray propagating along-axis isx  ct which is a line forming an angle

of 45 with the time axis. If now we consider an isotropic light sourcexny; z 0which
emits att 0, we will observe in the three-dimensional space a light-sphere expanding.
However in spacetime there is no light-sphere expanding as the entire history of the light
signal is already all given as a crystallised entity in the four-dimensional world. Neglect-
ing the z component of the three-dimensional space, in spacetime we have the structure
shown in Figure 2.8.
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Figure 2.8A source in O emitting a light signal generates a cone in the four-dimensional spacetime
whose cross-sections with our three-dimensional space are the sphere we perceive as the expanding
light sphere.

Light propagates from the point O in all directions generating a hyper-surface that is a
conein the four-dimensional spacetime: at each instant of time our three-dimensional
space cuts the four-dimensional space creating a three-dimensional cross-section that is
a sphere, the light-sphere we interpret as expanding from O at time 0 in following
moments. In Figure 2.8 as we suppressed one spatial dimension, the cross sections are the
highlighted circumferences. This light cone is the future history of the light signal emitted

in the point O.

In the same way it can be de ned another sheet of this cone that refers to the past of point

O: at certain time, what we see is de ned by all the light rays that have reached our eyes.

Figure 2.9:An event de nes two region of spacetime delimited by two four-dimensional cones:
one contains all the future history of event in O whilst the other contains all its past history.
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Thus as shown in Figure 2.9, if O represents the present moment, the lower sheet of the
cone is thepasthistory of all the light rays reaching O @t 0 whilst the upper sheet of the
cone contains théuture history of all the light rays emitted from O at 0. The light cone
however does not de ne a space in the sense of a three-dimensional region simultaneously
existing at a given instant of time. Whilst the past sheet of the light cone contains events
corresponding at di erent instants of time.

An observer in O thinks that he sees a three-dimensional space but this is de ned at one
instant of time as a cross-section orthogonal to time direction: as shown in Figure 2.9 the
three-dimensional space is not intercepted by any light rays, thus the observer does not
see anything. It is the past region of the light cone that actually the observer perceives.
The light cone is a powerful instrument that allows to link the four-dimensional spacetime
with our apparent three-dimensional world and it is independent from the introduction of
areference frames: it is a property of each event of spacetime.

Figure 2.10Di erent kinds of worldlines depending on their position with respect to a light cone.

With respect to a light cone, we can distinguish three kind of worldlines (Figure 2.10):

~

worldlines inside the cone like A and B, de ning respectively a particle at rest and
moving with speed less then that one of light;

a worldline that lying on the surface of the cone like C that represents a light ray or
a particle moving at speed of light;

a worldline outside the cone like D that corresponds to a particle moving at speed
grater that one of light.

This distinction tells us more about the non-freedom in choosing the time direction. For
instance, we can think of setting an inertial frame whose time axis is along D's worldline
(Figure 2.11).
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Figure 2.11:Setting the inertial frame on the worldline of particle D (red line) of Figure 2.10:
particle B (blue line) will appear and disappear momentarily in all the space of particle D.

Then, B's worldline will be contained inside D's space but, as a worldline contains all
the history of a particle, this means that particle B simultaneously at one instant of time
would appear and disappear from nowhere. Indeed we can directly exclude the existence
of a worldline outside the cone (like D's one): if we consider the inertial frame whose
time direction is orthogonal to D's worldline like B's one, then the superluminal particle's
worldline would lie entirely on the three-dimensional space, simultaneously existing at all
instants of its history.

Thus we can not choose the time direction lying on a worldline outside the light cone
nor on its surface. Being the speed of light constant in all the reference frames, then also
the inertial frame associated with worldline C (Figure 2.10) would itself move at sjpeed
and in this way it would be a privileged reference frame. Moreover it would lead to a
contradiction as, since a particle is at rest in the inertial frame associated with its own
worldline, light will itself be at rest while we know that light has always the same speed.
The conclusion is that although we are free to decide the direction of spatial coordinates,
time direction is constrained to lie inside the light cone: therefore the worldlines inside
the light cone are calledime-like the ones lying on the surface of a light coright-like
whilst the ones outside the light congpace-like

2.3.2 The geometry of spacetime

The best way to study the geometry of the spacetime is starting from what we already
know about geometry of the Euclidean three-dimensional space. In particular we can take
advantage from the transformation between two coordinate systems which are rotated
with respect to each other to nd the expression of the transformations between two iner-
tial frame, since the worldlines corresponding to these observers are rotated with respect
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to each other in spacetime.
If two coordinate system& and K ®are rotated by an angle (taking with respect toy
axis), then the law of transformatioR fromK K%s:

¢ . X ytan
i X® xcos sin — 7
i y "1 tan? 12

R | : (2.47)
iy® xsin  ycos w
a 1 tan? 12

Now we introduced thespacetiméV (or M 4) as a four-dimensional manifold: in addi-
tion to the three-dimensional spatial coordinatgsy andz we use a fourth coordinatet
where the coordinaté has been multiplied by in order to have all the four coordinates
homogeneous. But we must keep in mind that time coordinetés not equivalent to the
spatial ones and we must keep this constrain. A solution that shows their di erent nature,
it is to introduce an imaginary timect (following Minkowski's approach in his papers
[49]) and real spatial coordinates (or a real time and imaginary spatial coordinates) in a
similar way as the imaginary numbers are distinct from the real one in a complex plane
and can not be interchanged. The formalism of a complex coordinate is an helpful way to
describanathematically the spacetime and that allows to derive its properties. However
this does not have to lead to misunderstandings about tbality of spacetime, being real
(both in mathematical and ontological sense) the quantities we measure in spacetime on
its three-dimensional cross-sections (distances, time intervals, velocities...): the Physics
is held only from real quantity. We can formally look at Minkowski's world as a four-
dimensional Euclidean space with an imaginary time: this will help us to derive the main
features of spacetime only considering its three-dimensional Euclidean counterpart and
extending the results we will get to the four-dimensional space.
Thus we are going to describe the rotation in spacetime looking to the three-dimensional
ones: we can think of neglecting two spatial coordinatgsand z) and to use Eq. (2.47)
wherey will be replaced byct as time is orthogonal te, in the wayy is tox. The complex
substitutiont?is x  ix. If then we consider two inertial frame$ and S%in uniformly
relative motion with speed/, sincetan X~y i x~c te iv—c i ,making
the substitutions in Eq. (2.47), we get that:

L (2.48)
FCt® »>——
a 1 2

2Minkowski adopted the substitutiomt  ict but our choice is more suitable in order to get the interval
de ned asc?t? x2.
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We recognise in Eq. (2.48) the law of Lorentz transformations (Eq. (2.13)):
Lorentz transformations are rotations in Minkowski spacetime.

Similar to these considerations, we know that in Euclidean space the length between two
pointsI> x? y?is a conserved quantity, independent of the reference frame we use
to measure it. Then making our substitutions, we get that the conserved quantisf is

c?t? x2. Then in the complete four-dimensional spacetime we have:
s 2 x? y? z% (2.49)

This quantity, callednterval, is thedistance in spacetinmetween two events and it is an
invariant under spacetime rotations, namely under change of inertial frames.

Itis evident the di erence from the Euclidean lengiB x? y? z2, arising from the mi-
nus sign on the fourth coordinate. This feature is callgignatureof a space: the signature
of Euclidean space i5 ; ; e« whilst the signature of spacetime is ; ; ; ¢ or either
"5 ; ; e:thedierence is only in the choice of which coordinates are imaginary, the
temporal one or the spatial ones. We will use the signatlire ; ; e that corresponds

to the set of substitutiony ctandx ix.

Due to the similarity with Euclidean space, the spacetime gse&udo-Euclideapace. In
the pseudo-Euclidean spad¢ an event, as a given point in spacetime, is de ned by a
four dimensional vectox ~ “x ®:x 1";x 2;x e “ct;x;y;ze “ct;xe. Among the
four dimensional vector that we can build in spacetime, importance is given to vectors
that changing reference frames transform according to Lorentz transformationsfabe
vectorsor quadrivectors

If the two reference frames are in uniformly motion with respect to each other at speed
along one directionX), then this transformation is described by the matrixof element

y O 0;
- 0 o—
- — (2.50)
-0 0 1 =
"0 0O 01

being v-c.

Formally speaking, Minkowski spacetime is a manifold with a norm and then with the
concept of length (see Appendix A.3): one can use it to measure the distance between
two events in the spacetime and in the same way to de ne the length of a quadrivector
(its norm) that, for what we have just said, it is a conserved quantity. However if two
events are connected by a displacement four-vector  “c t; Xx; y; ze,thenthe
interval is s> ¢ t2  x? y?  Zz2 ltis clear that this scalar product is not
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positive de nite as it can be negative and also zero even when the two points in spacetime
are not coincident. We can use this metric to evaluate the distance between two points
on each kinds of worldlines, thus deriving some important consequences. Consider as
the rst event the point in spacetime (we simplify taking into account only one spatial
dimension)O ~0; 0 while as second poind  “ct; x¢, belonging to a certain worldline.
Moreover, since the length is invariant under change of inertial frame, we will choose a
suitable inertial frame to determine the properties of the worldlines:

"~ distance over a time-like worldline : since it represents a real particle, we can
choose aninertial frame in which evert lays over the time-direction. Thers 0,

x 0 (the two events happen in the same spatial position) and sictet? A0,
we have that s> ¢ t? A0. In general, for a time-like worldline in the four-
dimensional spacetime:

s2 AO: (2.51)

This means that since the particle moves at speedc, then the time t it needs to
travel the distance x is smaller then the distance t light can travels in the same
interval of time.

distance over a light-like worldline : since it represents a particle moving at speed
of light, then eventA lays on the light cone. Thus the distancex Xa Xo is
travelled at speed of lightin an interval of time t so thatc t x and then taking
the square s> 0. In general, for a light-like worldline in the four-dimensional
spacetime:

s o (2.52)

distance over a space-like worldline : it represents an hypothetical particle mov-
ing at speed greater then that of light and this means that it does exist an inertial
frame whose three-dimensional space simultaneously contains the entire worldline.
The eventA is simultaneous with respectto evefit, thus t 0Oand 2 X2 @

0. In general, for a space-like worldline in the four-dimensional spacetime:

s? @o: (2.53)

This means that since the particle moves at speefic, then the time t it needs to
travel the distance x is greater then the distance t light can travels in the same
interval of time.

The important consequence of this classi cation is that it exists an objective di erence
between worldlines and this di erence is absolute in the way that it is the same for every
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inertial observer.
Moreover we have seen that on a light-like worldline, the distance between two pdints
and A in the spacetime is always zero even if the two events do not coincided. This is
another reason why an inertial frame whose time axis lays along a light-like worldline can
not be chosen: in this case, the two eve@sandA would lay over the time axis and, since
x would be0, then s> ¢ t2. This would lead to a contradiction since for a light-like
particle s?> 0and it should bed also in this particular reference frame. Moreover since
s> 0and since in this frame s> ¢ t2, we willhavethat t 0 giving a non-clear
de nition of time interval.

2.3.3 Minkowski strikes back

Minkowski's geometrical approach to Special Relativity reproduces the same result of
Einstein's theory, thanks to thespacetime diagramsln particular, he used always bi-
dimensional diagrams representing a bi-dimensional spacetime with a timetaisl one
spatial coordinate (thspacgx, orthogonal to the rst.

Textbooks (for instance [70]) explain how to draw a Minkowski spacetime diagram but we
are going to adopt a more didactic strategy, following the approach of Loedel and Amar
(see Section 1.5.1). Indeed to draw the diagram it can be useful to think in terms of the
invariance of the interval: given an evert  “ct; X in spacetime according to reference
frameS, the distance from the cent@ iss?> ¢?t? x2. Then, if we consider an uniformly
moving observelS® the eventA is mapped inA® "ct®x% whose distance fronD*3is

s?  ?t® x® Because of the invariance of the interval

2 x? At® x%; (2.54)

we get ([98]):
At? x® At® xZ% (2.55)

This expression looks like the invariance of Euclidean distarée y?, telling us that, ax
andy are orthogonal in the Euclidean space, then we can dtaaxis orthogonal tax %axis
andt®orthogonal tox. Thect®axis is rotated with respect tat axis by an angle , being
tan v~C. The rotation of the two reference frames indicates that they represent
inertial observers in uniformly relative motion.

130%coincides withO, having supposed that the two inertial frames coincidetat t® 0.
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Figure 2.12Spacetime diagrams of two observers in uniformly relative motion: the time axes are
chosen along the observers' worldlines.

We just have to remember that all the considerations we deduce from a spacetime diagram
can be obtained also by making use of the Lorentz transformations.

Loss of simultaneity

Consider an inertial frames and a second on&%uniformly moving with respect to the
former.

Figure 2.13Minkowski diagram concerning loss of simultaneity: everfisand B, simultaneous
in S, are no longer simultaneous 8%

Let A andB be two events in spacetime: according to obser$reventsA andB are
simultaneous as they occur at the same time 0 in two di erent positions in spacexa
andxg (Figure 2.13). Conversely, according to obser8€the two event are no longer
simultaneous: everB happens at timeg® before eventA, happening aty.
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Relativity of simultaneity allows to re ect about the four-dimensionality of spacetime:
consider two observers A and B in uniformly relative motion whose time axis lays on
their worldlines. We suppose that there are also two clo¢ksandC, at rest with respect

to A and thus moving with respect to B. The two observers meet at evdntand try to
determine the instant of time of their meeting with respect to the two clocks.

Figure 2.14Relativity of simultaneity implies that observers A and B in uniformly relative motion
have two di erent pairs of three-dimensional clockS8; and C,, each one reading di erent time
for each observer.

According to observer A, drawing his three-dimensional space at ewdntthey meet
when both the clocks are reading the 5th second: A-observer's set of simultaneous events
is made up of the cloclC; readingtc, 5s and clockCy readingtc, 5s. However
observer B sees that clogk; is readingtc, 8 s while clockC; is readingtc, 2s.

The common view of the world based on the absolutely of simultaneity (presentism), de-
nes the present as all that exists simultaneously at the moment now . But Figure 2.14
shows that there are two di erent sets of simultaneous events and thus two di erent
presents: observers A and B, meeting at eviehi disagree on what is present. A pair of
clocks exists simultaneously witM according to A, whereas B a rms that another pair

of clocks exists simultaneously withl . Relativity of simultaneity represents thus a prob-
lem for our current presentism's view: the only solution to keep the presentist idea of the
world is the ontological relativisation of existen§@8, pg. 131]). This does not mean that
observers in uniformly relative motion describe tteamethree-dimensional object in a

di erent way according to their reference frame. Instead it means that di erent observers
havedi erent three-dimensional objects: reality becomes frame- or observer- depending.
Thus at eventM there exist both one pair of clocks simultaneously wilih according to

A and another pair of clocks simultaneously withl according to B. CloclC; exists as
two di erent three-dimensional objects, being one according to A the clock at its own time
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t;"Ae 5sand the second according to B the clock at its own titgeBe 8 s. In the
same way, cloclC, simultaneously to clockC; exists according to A at its proper time
t2"Ae 5sand according to B at its proper time"Be 2.

This implies the even if observer A has to deny the existence of another pré8ant then

the existence of other two clockS; andC; reading di erent times, being the relativity of
simultaneity a real phenomenon, observer A knows that cldékis reading the time8 s
according to observer B as a di erent three-dimensional object. The same considerations
hold also for observer B and for the second clock. This results in a contradiction in terms
as each observer knows that his own present is the only one but each one knows also (for
relativity of simultaneity) that the clock exists as a di erent three-dimensional object for
the other observer at the event of meeting. If the cloCl does not exist aswo di erent
three-dimensional object, no relativity of simultaneity would be possible.

However if we assume that spacetime exists and then the two clocks exist as a four-
dimensional objects, namely a worldtubes within the spacetime, reality can still be ab-
solute, no longer observer-dependent, obtaining non-contradictory conclusions.

Being clocks' worldtubes real four-dimensional entities, all the moments of their existence
are already entirely given in spacetime: as a consequence, observers A and B, having
their own plane of simultaneity at eveni (their own present), cut o di erent three-
dimensional slice from the worldtubes of the two clocks. As all the worldtubes already
exist, the three-dimensional space of observer B crosses the clocks' worldtube in two
events clockC; isreading8s and clockC; isreading2 s, while observer A's present in
other two events clockC; is reading5s and clockC; is reading5 s because all these
events already exist in spacetime, being part of the worldtubes. There is no need of intro-
ducing di erent copies of the three-dimensional clocks. For both the observers cl@gks
andC, are always the same four-dimensional objects but not the same three-dimensional
objects.

Time dilation

Consider the classical Euclidean bi-dimensional space and two reference aamel K *
rotated with respect to each other by an angle An observer inK measures the length
of a roadOA laying entirely alongy axis and he nds that it is, sayy long.

14B's one because of the presentist view (only his own present exists).
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Figure 2.15tn Euclidean space the leng@A of a road all along they-axis is projected towards
a shorter roadDA%in the K %reference frame.

Now observer inK ®wants to perform the same measure but it discovers that the end's
part of the roadA has bothx- andy- components irK* Since the Euclidean length is an

invariant, the components ®andy®of the end's part of the road are such that® y®®

y2.

However the height of the road, namely thg®component, appears shorter than iR
frame. Observer irK ®has only to project the pointA over y%axis, obtaining (using Eqg.
(2.47)):

e y
—_— 2.56
YUl tan? 12 (2.56)

It is evident thaty®@y as the observer ifK is measuring the real height of the road (that
coincides with its length), that we calledroper whilst the observer inK®measures its
apparent height, since the road iKK%is inclined and thus it hax- andy- components.
What the observer irkK ®is measuring is therojectiornof the road only along they%axis
without taking into account thex-component.

Now consider the spacetime and two inertial observé&sand S®in uniformly relative

motion; making the substitutiory  ct etan i we have that
(03] ct .
which means )
t® t fomr————————p (2.58)
2
Ag v
o2

We have obtained the formula of the time dilation phenomenon.
Consider two inertial frame$ andS%aving in their common origin two identical clocks;
their time axis is chosen to lay along the worldlines of the two clocks like in Figure 2.16.
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Figure 2.16The spacetime diagram of the time dilation phenomenon: the duration an event of
proper time in S reference frame is greater iB%reference frame ( ).

The observer inS measures on the four-dimensional worldline a process that starts in
O and nishes in A: according to him it has only a time component that we will call
proper time

De nition 11 (Proper time) Proper time is the time of an event as measured in an
inertial frame at rest with respect to it.

Observer inS measures the proper time of the proce®# thatis, say, 5s. Thenwhen
observer inS®ries to perform the same measurement, he will nd that eveisthas not
only a time component but also a spatial one. If he determines the time coordinate of the
event A in his reference frame, he will measure a greater time,t$ay6 s as he is not mea-
suring the whole four-dimensional distance from eve@t He is measuring only the time
component of the four-dimensional proce€¥A in order to compare his time component
with the S-observer one: as observer K*did in the Euclidean example, observer 8

is projecting eventA on the eventA®along the worldline of his clock, thus determining a

di erent time coordinate of evenfA. Observer irS%will nd that event A%s simultaneous
with eventA, as this one lays on the instantaneous three-dimensional spam@respond-

ing to eventA% He will nd that when clock in Sreadst 5 s, simultaneously his clock
readst® 6 s, concluding that the proce®A lasts6 s in S®rame. EventA®has an ap-
parent or dilate time as actually i8%®the worldline of the clock, that was at rest i, is
inclined As a consequencé, has both a spatial and temporal coordinate: observesff

is not measuring proper time as his worldline is not laying along the one of the process
OA (the clock of the observer ii®).

Another important feature of this phenomenon is that it is reciprocal according to the rel-
ativity principle: observer inS can determine the duration of a proce§¥B % being the
propertime t%® 5s, thatis the duration oDB%s 5 s as measured wit&%observer's

Bt is the three-dimensional plane over which lays the segmaw ®in Figure 2.16.
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clock, at rest with respect to the proce€B % Then observeB will nd that the simulta-
neous projection of evenB ®on eventB lies on the three-dimensional plane at tinte 6

s. This means that the proper time of the two observers ows in the same way, being then
no di erence in the distance between the marks of two following seconds. This also means
that

proper time is invariant

in the change of inertial frame, being proportional to the length of a time-like worldline

ct.
However in a di erent way from the Euclidean world, the projection of the eveftitdoes
not lead to a shorter roady(®@y) but a greater component of the time coordinaté®t),
which is a consequence of the pseudo-Euclidean nature of the spacetime. This di erence
is also evident in the way a spacetime diagram and an Euclidean diagram are drawn: com-
paring Figures 2.15-2.16, it is evident that for the former evéAnts projected ontoA®
towards smaller value of thg-coordinate while for the latter evenA is projected onto
higher value of thact-coordinate. This is due to how the two coordinated axes are drawn
on the Euclidean surface of a paper sheet: as shown in the beginning of Section 2.3.3, for
the Euclidean space the two axes are orthogonal while for the pseudo-Euclidean one the
x-axis and thect-axis are not orthogonal. Due to the invariance fthe ct-axis is orthog-
onal tox%one.
Actually time dilation phenomenon is an experimental evidence of the four-dimensional
nature of the spacetime. Consider Figure 2.17, depicting the worldline of two obseBsers
andS;, avoiding the notation with®n order to be as general as possible.

Figure 2.17Reciprocity of time dilation: this is guaranteed only admitting either two di erent
pairs of three-dimensional clocks (presentism) or two clocks as four-dimensional entities.
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For the observef; a procesA lasts5 s that means when his clock reads, 5s the
process nishes. Observes,; however will say that the evenODA laststs, 6 s due to
the time dilation phenomenon: this means that when tBg-clock readgds, 6 s, simul-
taneously observe®; knows thatS;-clock readds, 5s.

In the same way the duration of the eve@B ists, 5 s according tdS;-clock but ob-
server inS; will determine the duration of proces®B to bets, 65s.

Then S;-clock readingts, 6 is simultaneous with theS,-clock readingts, 5 s be-
longing to the same three-dimensional plarg,"ts, 5e; in the same way, thé&,-clock
readingts, 6 s is simultaneous with theS;-clock readingts, 5 s belonging to the
same three-dimensional plang;, “ts, 5. This means that:

~

according to observe$; all that exists for him at his proper timés, 6 lays on the
instantaneous three-dimensional planetgt  6: S;-clock readings s andS,-clock
reading5 s (the end ofOB process);

according to observes; all that exists for him at his proper timés, 6 lays on the
instantaneous three-dimensional planetgt  6: Sy-clock readings s andS; -clock
reading5 s (the end ofOA process).

Then in the presentist view if clocks are three-dimensional objects, ®tand S, should
agree with the vision of only one of the two observers, say, as there is only one present:
the clock ofS; existed reading the timé& s while the clock ofS; existed reading timé s.

But in this way we will not have a reciprocal phenomenon and hence we would be able to
detect uniform motion.

Once again one arrives to the conclusion that in order to prevent this possibility there
should exist two di erent pair of three-dimensional clock (as in the case of relativity of
simultaneity), one for each observer. Obser@&rwill say that it is real for him thatS;-
clock exists at timés, 6 s while Sy-clock exists at timds, 5s. Observes, will say

that it is real for him thatSy-clock exists at times, 6 s while S;-clock exists at time

ts, 5s. But both of them will say that only his own pair of clock exists, thus denying
the existence of the other observer's pair. One more time, we would lead to an ontological
relativised existence in which reality is observer-dependent.

Length contraction

Length contraction phenomenon is a little more tricky to treat and the following analysis
will clarify the adopted strategy in the Sectiobength contractiof.
As for the proper time, we can de ne groper length

183ection 2.2.3 pg. 48.
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De nition 12 (Proper length) Proper lengtls the length of an event as measured in an
inertial frame at rest with respect to it.

We can now suppose to have an inertial frarBan which a road has proper length: the
road lays entirely along thec-axis, thus having only a spatial component like in Figure
2.18 (where its complete worldtube is also shown).

Figure 2.18The spacetime diagram of the length contraction phenomenorsireference frame
the length of the road id. while in S®eference frame the road is shortel .

This means that, if we consider the road as a three-dimensional object, all its parts are
givensimultaneoushas they lay on the same temporal componeat ( 0): the road is all
given at once, at only one moment of its history, namely at the present time of the observer
in S.

In the same way, when we consider an inertial reference fra&f@noving with respect to

S, he also must determine the length of the road with respect to his own reference frame
at one momenin S% All the parts of the road also if8®must existsimultaneouslyAs we

see from Figure 2.18 the lengttfof the road inS%s shorter than inS: it is contracted.

Here it comes the trouble: we know that simultaneity is no longer preserved in Special
Relativity, hence the observer iB8%can not measure the length of theameroad of ob-
serverS. Being in uniformly relative motion, observerS and S®havedi erent set of
simultaneous events. As the road is an extended three-dimensional object, it is part of the
three-dimensional plane of present but the plane of present for observe%s not the
same three-dimensional plane of present for the observesinThis means that observer

in S%s measuring a di erent road from the one of observer

This can be nonsense since the road is just one, if we consider it as a three-dimensional
object. However in the view of a four-dimensional spacetime there is no contradiction: the
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road is a four-dimensional worldtube that entirely exists in spacetime. Its cross-sections

with the three-dimensional plane of botB- and S* observers' present are interpreted as

the two di erentroads each observer measures in his own reference frame. The road is yet

only oneobject but it is a four-dimensional entity, not a three-dimensional one.

Figure 2.191orentz transformationS  S®maps eventd® and Q of the road in the eventp®
andg®hat are not the starting P % and end Q% point of the road with respect t&%observer. His
three-dimensional cross-section of the road's worldtub&i¥)*

Now we need to get the formal relation between the length of the roadSfiand in S.
In this reference frame we can say that the road lays between eWwerand Q, having
coordinatexp andxq: the proper lengthisL  Xqo xp. Then if we use the Lorentz
transformationS  S%o obtain the length of the road ir8% we are going to determine
the unknown coordinatescand xg*from the known coordinatescp andxq. This will
give

e e XQ Xp |
Xq Xp m, (259)

which is a dilated length, not a contracted one. Looking to Figure 2.19, we see that actually

the cross-section between the road's worldtube and the plane of present of obsgfisr
in the point P ®and Q% not in p®and g* Lorentz transformation does not project points
P and Q%onto points P ®and Q®but onto p*and q* Here the problem is what we are
measuring: theS-observer is looking to the three-dimensional cross-secti®Q as his
own road while the true three-dimensional cross-section3ffobserver isP ®Q%*not pg*
We actually have to use the inverse Lorentz transformat®® S since this one correctly
mapsP® P andQ%® Q as we can see from Figure 2.19. It is an unusual approach to
transform unknown coordinateg s andxg into the known onesxp andxgq to obtain the
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former: however it demonstrates that this transformation is linking tweb erent three-
dimensional roads, which is possible only in a four-dimensional world.
Then we obtain that

XS X
XQ Xp AlQ 2,12 (2.60)
hence, beingkg xp L andxg xg L%
Ya
L® L1 2172 1 V—ZL' (2.61)
2t :

It can be shown that the same considerations held for the Euclidean space: if the segment
OP represents irK the lengthL of a road, then the rotated one in th€ %eference frame
is long:

L % L"1 tan? «12 (2.62)

Figure 2.20tn Euclidean space the length contraction is a length dilation.

This relation shows that in the Euclidean space there is a length dilation, not a contraction
beingL*A L. Form this relation one can obtain the formula of the length contraction by
making the substitutiortan i . But more important, as for the case of the spacetime,
the only correct transformation that yields to the expression (2.62) is the rotakéh K,

not the rotationK K%

In Appendix A.4 we reported the implication the phenomenon has over the three-dimensional
objects we commonly deal with.
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Kinematic in spacetime

When we consider the motion of particles (or extended three-dimensional objects), as they
move with a speed smaller than light's one, they follow a time-like worldline. Their po-
sition on the worldline is given by the position four-vector  “ct; x;y; ze. Then ifds

is a small displacement along the time-like worldline, we know that in the inertial frame
whose time axis lays along the worldline's directibfithe interval isds?  c?dt?. As the
time t is the time as measured along the worldline, it is the proper time of the particle.
Being the interval an invariant quantity, we can say that for a real particle:

ds? c?d 2 (2.63)

Then we can use proper time to parametrize a time-like worldline:

X X" e Tcth ;X ey ;77 ee: (2.64)
Here the coordinate are considered with respect to a general inertial fr&®eniformly
moving with a speeds relative to frameS, whose time axis lay on the worldline of the
particle. The general coordinate tintés linked to the proper time byt (time dilation
e ect) so that if S%s at rest with respect t&, the time coordinate is measuring the proper
time (beingv O, Oandt ).
If now we have the positiorx of a particle following a time-like worldline as a function
of the proper time , we can introduce the four-velocity as the derivative of the four-
dimensional position with respect to its the proper time:

De nition 13  (Four-velocity)

dx
—_ 2.
u q (2.65)

Figure 2.21:The four-velocityu of a particle is the tangent vector to its worldline: the four-
velocity's module is constant.

section 2.3.2 pg. 70.
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Due to its de nition as derivative of the four-position, the four-velocity is tangent to the
worldline (Figure 2.21). Its components are:

" temporal component:
o dx° cdt cdtdt

— — 2.

d d dt d (2.66)
The relation between the coordinateand the proper time ig anddt d (
is not a changing quantity). Then:

O 4 (2.67)

d
" spatial components: _ _
u' dx - dxdt V' (2.68)

d dtd
wherev'  dx'~dt are the components of the Classical three-dimensional velogity
as measured with respect to the inertial reference frame in which it is de ned.

Then the four-velocity is:
u - C, Ve (269)

where we usev meaning the three components  “v1;vZ;v3e “v Xy Y iy Ze,

Itis evident that the four-velocity can not be a zero vector: the spatial patt otan be null

if the ordinary velocityv is zero but the temporal component® ¢ is always di erent

from zero.

Consider the spacetime diagram in Figure 2.22: a patrticle is at rest with respect to his own
reference frame.

Figure 2.22The worldline of a particle at rest is a vertical line, having only a temporal component.
The four-velocity in eventA has the direction shown by the arrow : it is not null and has only
atemporal component  “c;0e.

Di erently from the Classical Mechanics where a particle at rest has null trajectory, in
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spacetime a particle at rest has still a worldline. It has only a temporal component and it is
orthogonal to the three-dimensional space. In the same way, beings tangent vector,

it can not be a null vector: in the reference frame at rest with respect to the particle, the
four-velocity must have only temporal component in order to be tangent to a vertical line
in the spacetime.

The module of the four-velocity is

uu uu 2 vve 2 v & (2.70)

that in the natural unitsc 1 yields tou u 1. The module of the four-velocity is
constant and it does not depends upon the three-velocity as in Classical Mechanics. This
four-dimensional velocity tells us that particles travel through spacetime always at the
same rate. Moreover, being the u A0, the four-velocity is a time-like vector. Finally,
being the four-velocity a ratio between the in nitesimal four-vector positiatx , which is

a gquadrivector, and the in nitesimal proper timd , which is invariant, the four-velocity

is a quadrivector.

From the four-velocity as in Classical Mechanics it can be de ned the four-momenpum

of a particle whose mass, as measured with respect to its rest franme,(iest maspg

De nition 14 (Four-momentum)
p mu: (2.71)

It easy to derive the component of the four-momentum, just multiplying the four-velocity
by m:
p "mc;m ve: (2.72)

The module of the four-momentum is:
pp mPuu m3? (2.73)

Sincep p isinvariant then the mass at resh is itself invariant too. Then when a particle

is moving according to a reference frame its mass does not change as this is an invariant
physical quantity. Moreover the dependence of the four-momentum upomwhich leads

to the idea of arelativistic massn , arises from the relativistic three-velocityv. Thenthe
spatial component of the four-momentumm v notm v. If we admit the hypothesis

of a relativistic mass, the spatial component of the four-velocity wouldibe v', which is

not consistent with Eq. (2.68) as it does not consider the derivation with respect to proper
time and actually shows a pre-relativistic aspect (absolute time). From this consideration,
beingm an invariant quantity andu a quadrivector, alsp is a quadrivector.

The de nition of p shows that the spatial component is nor then a relativistic de nition
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of classical momenturp, mv:p  pL mv'.
For temporal component gb , we can expand its expression for small velocitigs( c),
obtaining that

0 mc 1v? 4_ 4
p 1 2.12 mc @& > oV'~C
1 V? 1 5, 1
mc -m— I —<mec® —mv“S e 2.74
2 C c( 2 ( )

We recognise the classical kinetic energjy~2emv? plus a new relativistic quantityE

mc?, the energy at rest as it is the only contribution we have when the particle is at rest
(the energy in the particle's reference frame).

Then we can consider for small velocity the total amount of enefgyof a body as:

E mc? %mv2 0 A (2.75)

From Eqg. (2.75) we notice that the expansion of the energy formula at low velocity is not
the classical energy1~2emv? because of the energy at rest. Indeed, regardless of the
presence of a potential energy, Classical Mechanics does not calculatetdi@mount of
energy but only the kinetic energy ([61]).
Comparing Eq. (2.75) with expression (2.74), we have that the temporal component of
four-momentum is:

p- —: (2.76)

Since alsp® mc, we have that the expression for the total energy of a particle is:

2
mc

which in the particle's rest frame reduces to:

ET, Eo mc* (2.78)

In terms of the relativistic energy we can write the expression of the four-momentum as:
p "E~c;m ve: (2.79)

Because of this de nition, the four-momentum is also calledergy-momentumector.

The energy-momentum quadrivector's components show also the great di erence be-
tween energy and mass: energy is only the temporal part of the four-vector while mass is
its four-dimensional length. The energy of the particlerisc? only when it is observed in

85



Chapter 2. The Theory of Special Relativity 2.3. The rise of Minkowski

its at rest frame ([61]): the relation between the energy and the mass is in general more
complex and it depends on the speed of the particle that increases its kinetic energy ac-
cording to Eq. (2.77).

Finally we can calculate explicitly the value of the module of the four-momentum:

p p pp "E?<® p pe é“Ez p2c2e: (2.80)

But according to Eq. (2.73) the modulefis m2c?: then comparing this expression with
the last equation we get theelativistic dispersion relation

E?2 m2c* p?c? (2.81)

whereE is the particle's total energy (rest energy + kinetic energyj.is the particle's rest
mass ang is the particle's relativistic momenturm v .
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The Special Relativity's project

3.1 On spacetime diagrams

I n Section 2.3.3 we have seen that the spacetime diagrams of two bodies uniformly mov-
ing with respect to each other can be represented as shown in Figure 3.1:

Figure 3.1Spacetime diagrams of two observers in uniformly relative motion: the time axes are
chosen along the observers' worldlines. The anglés so that the relative speedis tan' .

But how can we correctly scale the® and ct®axis so that we can directly read from the
new axes the coordinates of an event in another reference frame?
Let take a step backwards. Consider our two observ@rand S®in uniformly relative
motion along one direction, say. Lorentz transformations link the spacetime coordinates
between the two reference frames:

93)(09 "X cte

L |} : (3.1)

Y, - ~ .
Sot® ct X
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If we want to describe the® and ct®axis in S observer's reference frame, then:

" The new temporal axi€t®s the locus of events having® 0; then from Eq. (3.1)
we get that:
. 1
ct®axis ct —x (3.2)

" The new spatial axix%s the locus of events havingt® 0; then from Eq. (3.1) we
get that:
x%axis ct X (3.3)

Relations (3.2) and (3.3) describe #f®and ct® axis in the reference framex;cte. The
two axes can be drawn in the same diagram (Figure 3.2): the dngletweenct®axis and
ct-axis is the same as the one betweeBaxis andx-axis and itis such that tan' . The
angle betweenct®axis andx-axis is obviously

- " 3.4

5 (3.4)
Thus we can depict botl$ and S%eference frame in one picture as shown in Figure 3.1.

Now we return to our problem of scaling® and ct®axis. In his original paper of 1909
Space and Tim§99]), Minkowski looked to following equation:

At? x2 y? 72 1 (3.5)

The left-hand side of Eq. (3.5) corresponds to the inters@lthe distance of an event

P “x;cte from the origin O of the reference frame. Being the interval an invariant
guantity under Lorentz transformations, Eqg. (3.5) means that in all the reference frames
the distance of ever® from the origin is just 1.

Now in order to simplify the reasoning, we consider a bi-dimensional spacetime where the
only spatial coordinate ix; then we have that:

ct? x? 1 (3.6)

For instance we can consider the most suitable reference fr&mthe one in which event

P has only the temporal coordinatd  ~0; 1-: it can be regarded as a clock in 0
beating time with a tick ofl second. The vectdDA represents the unit along thet-axis:

the temporal unit.

The relation 3.6 can be represented in a spacetime diagram and it is nor than the hyperbola
c?t? x? 1linthe"x;cte plane as shown in Figure 3.2:
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Figure 3.2The relationc®t? x2 1is a hyperbolain the spacetime diagram. The evant "0; 1¢
and the vectorOA is the temporal unit inS reference frame.

If we now consider an uniformly moving observ&®with respect toS, we can determine
A%the intersection between the hyperbola and tb#€axis of Eq. (3.2). From the previous
considerations and from Figure 3.3, its coordin&t€& “cta<Xac are so thatxpeCtae
tan' . Moreover it belongs to hyperbolet?> x? 1, thus we have to solve

XpeClpce

: 3.7)
fR2. x2a 1

[t comes thatA® = ; ..

Figure 3.3The calibration hyperbola®t?> x2 1allowsto ndthe scale ovect®axis. The event
A%® = .« and the vectorO%A%s the temporal unit inS%reference frame.

Let us underline the physical meaning of these coordinatesSreference frame, event
A%lays entirely alongct®axis. Indeed if we substitute the coordinates of evéxffinto
Lorentz transformations (Eq. (3.1)), we get th&f. Oandctye 1.
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Its spacetime distance from the common origdf® O is 1 by construction:

Ya Ya
s® 3. XZ. CHR, xR, L (3.8)

Moreover, being inS*reference frame¥= 0andcty. 1, eventA%can be regarded as
the tick of a clock at rest with respect t&*since its time duration isl s: it is the new
temporal scale unit ifS%reference frame. Thus hyperbola 3.6 is a calibration guide that
allows to correctly nd the time scaling orct®axis.

This re-scaling has a natural interpretation: according3eobserver, because of time dila-
tion, the tick of at rest clock irS®asts more tharl s: it lasts 1 that is actually the time
coordinate of evenA*

We can proceed in the same way to nd the new length unit, looking to another hyperbola
c’t? x?2  lwhichrepresents an evert having four-dimensional distanc& 1 from

the origin. We choose as reference fraiighe one in whichP has the easiest expression:
B "1;0-. The vectorOB represents inS-reference frame the length unit as shown in
Figure 3.4.

Figure 3.4The eventB  "1;0¢ and the vectorOB is the length unit inS reference frame. The
hyperbola has equation®t> x? 1.

Now once again we consider an uniformly moving reference fraBf€and we draw the
x%axis: the intersection between the hyperbola and tk&axis is the evenB* ~;
(that still hass? 1) and, substituting into Lorentz transformations in Eqg. (3.1), we get
that in S%eference frame the eve8 has coordinat8* ~1;0e (Figure 3.5).
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Figure 3.5:The calibration hyperbola?t?> x?> 1 allows to nd the scale ovex®axis. The
eventB® " ;  « and the vectolO®B Ss the length unit inS%reference frame.

Thus the vectolO™B s the length unit inS%eference frame, being an unitary vector: here

the link with length contraction is not the same as previously between the temporal unit
and the time dilation. The latter is directly a consequence of the rotation in spacetime that
is a movement along this hyperbolas. The former, as we already explained in Section 2.3.3,
can not be derived with a direct rotation in spacetime: this is the reason why according to
S%observerxg=is not 1~ , as one could expect from length contraction, but instelad .

Figure 3.6The vectorsOA andOB are the units inS-reference frame whilsO%A“and OB ®the
units in S®reference frame.

Calibration hyperbolas’t? x?  1areimportantin spacetime as they represent a graph-
ical and geometrical way to nd the scale of the new axes and then to map events according
to both the observer§ and S® Whatever is the relative speed betwe&mand S* the up-

per branch of hyperbola®t> x? 1 will give us the temporal unit, while the right branch

of hyperbolac?t?> x?  1the length unit.
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3.1.1 Properties of hyperbolas

We know that the coordinates of an event in two di erent reference fram@snd S®are
linked by:
At® x®  2t? xZ% (3.9)

This relation shows the invariance of the interval under Lorentz transformations; it points
out that the geometricalocusof a Lorentz transformation is a hyperbola of equatioft?

2

x2 2, with s a real number.

Proposition 1. If P "Xxp;ctpe andP® “x§;ctZe are two events in spacetime linked
by a Lorentz transformation, describing the same event according to two di erent olSservers
andS%n uniformly relative motion with spead c , thenP andP %ay over the hyperbola:

t? x? s% (3.10)
2 2 2 2 2
wheres? ct3 x3 AP x%¥2

Proof. Consider the spacetime diagram of an obser8and anevenP  “Xp;ctpe. From
the equation of a rectangular hyperbotdt? x? a2, we add the condition that the curve
crossed:

¢t x3  ak (3.11)

Then the equation of the hyperbola is:
> x2 AtE x3: (3.12)

Consider now an observe8®in uniformly relative motion with respect toS with speed
v c.ThenevenP is mapped into evenP® “x7’; ctF» from a Lorentz transformation
(3.1). We can now consider the rectangular hyperbola cros§iffy

> x? A®? x%2 (3.13)
Now looking to the right-hand side of Eq. (3.12) and Eq. (3.13), we know that
3 x3 AP? x®? (3.14)

as the quantityczt,% x,% represents the four-dimensional distance of evéhtfrom O
which is equal to the four-dimensional distan@dt®? x%?2 of eventP ®from O%(coin-
ciding with O).

Thus hyperbolas (3.12) and (3.13) are the same hyperbola andRhemd P ®ay on the
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same curve of equation
At? x? s% (3.15)

2 2 2 ®e2 ®e2
wheres? ¢t x2 cAt®? x%®2 D

If now we consider two di erent values of , 1 and » and the two di erent images of,
P "“x$ct andPs® “x$ ctgs, we can apply Preposition 1 to each pair of eveftsP®
andP; P5* We get that as they are the Lorentz-transformed of temeeventP, both P*
andPfay on the same hyperbola, namely the one crossihg

Corollary 1. Given anever®® “Xxp;ctpe in the spacetime diagram of an obselseall
the events on the hyperbola of equation

c’t? x? 2 (3.16)

wheres? ¢t x32 are the Lorentz-transform@fof the evenP according to a particular
value of .

We can thus image that is reference frame all the even® of the spacetime are crossed
by a rectangular hyperbola de ning the locus of all the possible eveRtSthat are the
Lorentz-transformed of ever® . Any eventP %we consider that is the Lorentz-transformed

of eventsP for some value of the parameter lays along the hyperbola crossirg.

By the end of this Section we want to point out a physical condition over the Lorentz
transformation we are dealing with. Two generic events laying on the same hyperbolas
are always connected by a Lorentz transformation. But it is not true in general that a
transformation leaving two events on the same hyperbola has the form of Eq. (3.1).
Indeed ([100]) the most complete set of a Lorentz transformation is de ned by:

*® X a (3.17)

which is calledinhomogeneous Lorentz graupPoincaré grouplhe subset witta  0'is
the homogeneous Lorentz grouff X .
A whatever transformation of Poincaré group leaves the interval squds invariant
since, di erentiating Eq. (3.17), being both anda constant, we have thatix®

dx . Thenthe in nitesimal displacementds? between two quadrivectors and between
the transformed quadrivectors under (3.17) have the same expression as if they are linked
by a transformation of the homogeneous Lorentz group. As a consequence the surface
obtained as the geometrical locus of transformation (3.17) is still a hyperbola and then the
transformation connects two events laying over the same hyperbola. But however it is no
true that this transformation is described by Eq. (3.1).
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So we are looking for the only transformations that have the physical meaning of a change
between reference frames. These transformations are caledtand the condition under
that a general Lorentz transformation corresponds to a boost is that the transformation's
matrix belong to theproper orthochronoworentz's group, i.e. it respects the conditions
det land % AO0.

We will always refer to this kind of transformation even though not explicitly expressed.

3.1.2 Rotating worldlines in spacetime diagrams

Consider now an observes at rest: according to him, he will see himself as stationary.
ObservelS can build his own reference frame: the most suitable is the one in which he is
at center, inx 0. As a consequence, his worldline is a vertical straight line with equation
X 0 (as shown in Figure 3.7).

Figure 3.7:The worldline of an observer at rest in his own reference frame is a vertical straight
line of equationx 0.

Now consider a second observ8f(the blue cat in Figure 3.8) in uniformly relative mo-
tion with respect to observets with speedv ¢ . In S-observer's reference frame the
worldline of the moving observeB%has equation

X

ct (3.18)

and it is represented by an inclined line with slofde- .

!Let's say with respect to the Earth.
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Figure 3.8:The worldline of an uniformly moving observer with respect observ@mwith speed
v ¢ is aninclined straight line (blue line) of equatiact x~ in S reference frame.

Then we are able to describe both the observBrand S¥in S reference frame through
their worldlines: here we use the common meaning oéference framaspoint of view

To be inS reference frame means to adoftobserver's point of view: indeed from the
perspective of observes, he is at rest and he sees the cat going forward away from him
at speedv. Thus Figure 3.8 is depicting spacetime from the point of view of obse8/er
We can however ask which the point of view of observefis. At this purpose, we can
build a diagram very similar to the one of Figure 3.8. According to the principle of relativity,
from the point of view of observeB%ve know that he sees himself as stationary while he
sees observe$ going away from him with the same speed but in the opposite direction
(v v{), namely backwards. As a consequenceSifobserver's reference frame, his
worldline has equatiorx® 0 while S-observer's onet® x% .

Then if we represenS®observer's point of view, we would have as in Figure 3.9:

Figure 3.9:S%observer's point of view: it is at rest (blue worldline with equatiot® 0) while
the observelS is moving backwards with respect to it (red worldline with equatioof® x~ .

Figure 3.9 well represent8®observer's perspective which meag&observer's reference
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frame in which it (the blue cat) is at rest whil8-observer (red man) is moving backwards

as his positionrx%increases in module but in the negative semi-axis.

Then if we gather together Figures 3.8 and 3.9 as in Figure 3.10 we can understand this shift
from S-observer's perspective (Figure 3.10aB8observer's perspective (Figure 3.10b):

(a)S-observer's point of view (b) S-observer's point of view

Figure 3.10: Transition frorB-observer's perspective (3.10a)3&observer's perspective
(3.10b).

Comparing the two Figures, we see that the change in the point of view of the two ob-
servers is obtained just rotating the worldlines of the two observers. But we have to
explain how this rotation is performed.

First we have to require that the angle between the two worldlines keeps constant during
the rotation. Indeed the angle is such thattan . this requirement means that the
relative speed between the two observers does not change while we are changing the ref-
erence frame. In this way, once the rotation is complet8&observer will se€s-observer

still moving with the same spee&-observer see§%observer moving, according to the
principle of relativity. We can say that the requirement of the invariance of relative angle
between the two observers is a consequence of the relativity principle.

Now we remind that a rotation in spacetime is actually a Lorentz transformation (Section
2.3.2): this is a right conclusion as physically our rotation of worldlines is describing a
change between reference frames that is given by a Lorentz transformation. This helps us
to understand the movements of the events in the spacetime diagrams when this rotation
is performed.

Consider Minkowski spacetim& with the complex formalism where an everR has
coordinateP  “ixp;ctpe according to an observe$ at rest with respect it. The angle

in the spacetime between the segmeédP andct-axis is such thattan iXp~Ctp as
shown in Figure 3.11.
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Figure 3.11The angle is the one formed between the segment joining together the ori@in
with an eventP  "ix p; ctp ) and thect-axis.

Now consider another observe3®in uniformly motion with respect to observes with
relative speed  vc. Then applying a Lorentz transformation, i8%observer's reference

frame the coordinates of evel® areP® “ixJ;ctys i "xp ctpe; "ctp X pee
and the new angle “between segmer®® *andct®axis is such that:

® i AXp Ctpe Il ct pXp Il i ~tan

_ : (3.19)
ctp Xpe Cctp~Xp I~tan

tan

Remembering that the angle betweenS%observer's worldline andt®axis is such that
tan i ,then:

e .1 1 ~tan .1 tan ~tan
tan i = i - .
i~tan i~tan tan H
itan tan i tan
tan i2 tan tan
tan tan tan tan .
tan . (3.20)
1 tan tan 1 tan tan
Neglecting the periodicity, we have:
*® (3.21)

This relation tells us how to perform the rotation: starting from Figure 3.11, if we want to
draw the reference frame of the moving observer, events in spacetime rotate until the new
angle “between the segmer@®P “and thect®axis is equalto  , that is the di erence
between the angle the segmenOP forms with ct-axis in S-observer's reference frame
and the angle , de ned by the relative speed between the observErand S®

As a consequence, consider the two situations in Figure 3.10:

" according to its physical meaning, changing the reference frames f&pobserver's
one toS%observer's one, the inclination d-observer's worldline goes from 0°
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(in Figure 3.10a the worldline is vertical) t¢® (S-observer is moving in Figure
3.10b). This agrees with Eqg. (3.21) as from0°we get that * 0 ;

" in the same way, the inclination o8%observer's worldline goes from (Figure
3.10a)to ® 0 (S%observer's worldline is vertical in Figure 3.10b). This agrees with
Eq. (3.21) asfrom  we getthat ® 0.

We need nally to point out another important feature of this rotation, namely the curves
events have to follow. In Euclidean space, when a 2D-rotation is performed, geometrical
entities rotate around a central point by a certain angle. Each point track an arc of a
circumference whose length depends on the amount of the angle of rotation. This is not
true for Minkowski spacetime which is pseudo-Euclidean. We have seen that two or more
events in spacetime that are linked by a Lorentz transformation lay on the same hyperbola.
Thus P the Lorentz-transformed of ever® with a relative speedsr ¢, lays on the
hyperbolac’t?> x? ct3 x3,where alscP lays on.

Consider now a very large successionrokventsP; that are the Lorentz-transformed of
eventP with a relative speed ; such that0 @ ; @ : as a boundary conditions we have
that for 0, Pp P (there is no transformation at all) while for ,Pn P%the
Lorentz-transformed oP which we are interested in. For Corollary 1 we know that all
these events lay on the same rectangular hyperbola that croBses

Figure 3.12Between an evenP and its Lorentz-transformed ®according to a relative speed,
there are in nite other events; that are Lorentz-transformed of evet with a parameter @ |,
all laying on the same hyperbola.

Then betweerP andP ®here are a numben of events as large as desired all laying on the
same hyperbola linkind® and P ®as shown in Figure 3.12. This means that we can think
of the Lorentz transformatiorP P %as constituting ofn 2 steps of Lorentz trans-
formationsP P, P, i P%Inthe rst step the segmenOP is inclined with
respect tact-axis by an angle, in the second step the inclination @P; is determined

by the value 1, in the third is $and so on until in the last step the inclination dP*
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reaches the desired value off . As a result we have that evemR is transformed
into eventP ®the segmenOP is rotated from angle to angle * and during this
rotation eventP follows the hyperbolic path de ned by the hyperbola it belongs to.

Proposition 2. If P "Xxp;ctpe andP® “x7;ctye are two events in spacetime linked by

a Lorentz transformation, describing the same event according to two di erent olfServers
and S%n uniformly relative motion with speed ¢, thenP %s obtained moving along

the hyperbola of equatiait> x2 ct3 x3 until the angle ®between the segmedP *®

and the vertical axis is

*® ; (3.22)
begin the angle between the segm@i® and the vertical axis an@n

In this way we have a geometrical way to draw a spacetime diagram like that ones in
Figure 3.10, following two rules.

Rules of a spacetime diagram:

1. when the frame of reference of an obsengiis adopted, his worldline ix 0, a
straight line in the origin along thect-axis;

2. when the previous frame of reference is changed into the one of an obs&%er
uniformly moving with speedv ¢, all the event$ are rotated by a total angle of
*® 2 along the rectangular hyperbola crossing them.

3.2 The spacetime globe

Minkowski diagrams are very powerful but not immediate to draw. Even the di erent
technique shown in Section 3.1.2 has many di culties. Thus we looked for an easier way
to employ them within a didactic aim.

On the YouTube channéllinutePhysicg[101]) we found an interesting instrument called
spacetime globey the guy who built it. An image of the device taken from one of his
videos is shown in Figure 3.13.

2Worldlines too that are a set of events.
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