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Perturbation Theory

Most of our understanding of physical systems comes from perturbation theory

EX: Anharmonic Oscillator
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small interaction ()
exactly solvable model

= Observables = Op + » _ \"60,)

n=1

however...

» The perturbative series is asymptotic: still useful for A < 1
> In (way too many) interesting cases the perturbation is not small:
what do we do then?



Numerical Strong dynamics toolbox

» MonteCarlo simulations

Qcp | supercomputer

» Lattice Field theory

quark |

1year ~ (v )

gluon

» Hamiltonian Truncation



Theoreticians’ Strong dynamics toolbox

» Introduce large parameters in the game:
number of fields N, number of dimensions D
— solve the theory in the infinite limit

» Study subsectors of a theory with large quantum
numbers (spin, electric charge,...)
— system becomes semi-classical, i.e. dominated
by classical solutions

» Exploit the power of additional symmetries
ex: supersymmetry — holomorphicity,
localization,...

this talk: study consequences of scale invariance



SCALE INVARIANT SYSTEMS



Scale invariance (an appetizer)

In a nutshell, scale invariant systems are characterised by the same behaviour
at all length scales.

Static configurations = property of self-similarity




Scale invariance & dynamics

dynamical system =- "equations” don’t depend on scales

Optics \/ Pendulum X



Classical Vs Quantum

Quantum mechanics changes the rules of the game

» classical scale invariance broken at quantum level

» coupling constants depend on the probing energy

9,
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» Under special circumstances scale invariance can still be realised at
quantum level



Conformal Field Theories in Nature
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Conformal Field Theories in Nature
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An example: the Ising model in 3D

Scale invariance = power law behaviour close to T.:

(Observable) ~ (T — T.)*

EX:
Correlation Length: E~ (T =T
e _ 2—-3v
Heat Capacity: C~ (T Tc)

Magnetic Susceptibility: x ~ (T — TC)(2_77)/V

Q: how to compute the critical exponents 7, 7
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An example: the Ising model in 3D

3D Ising critical exponents
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From Scale to Conformal Invariance

In all known unitary theories:

Scale Invariance = Conformal Symmetry

Preserves angles but not distances
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From boiling water to quantum gravity

The AdS/CFT correspondence relates QFT with conformal invariance to string
theory in Anti-deSitter background

Usually: Classical gravity = Strongly coupled CFTs

Lately: 2D CFTs = Black holes physics
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What are CFTs?

Theories invariant under the conformal algebra SO(D|2) which includes:

translations
Lorentz transformations
dilatations

vV vVv.v Yy

"inversion”
They are described by three ingredients:

spin
1) Spectrum: infinite set of operators Oa Z/
b
dimension in energy

2) Interactions between operators:

OXONZ >_(9L ZC’fjk(’)k

Operator Product Expansion (OPE) coefficients

3) Crossing symmetry constraints: see next slides...
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The power of conformal invariance

In CFT we are interested in computing correlations functions
(observables averaged over states of the theory)

(0i(x1)--0j(x)) = D (s]0i(x1)-..0;(xm)ls)e” /T (1)

states s

{ (0i(x1)0j(x2)) v
fixed by symmetry
(0i(x1)0j(x) O(x3)) v

encode dynamics

{ (Oi(x1)Oj(x2) Ok(x3) Os(xa))
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Four point functions

Use OPE to reduce higher point functions to smaller ones:

(0(x1)0(2)O(xs)O(xa)) ~ 3 >—<
(@}

OX1OX20X3OX4 ~

(0(4)0(2)0()0()) ;I

Crossing symmetry: two expansions must give the same result!
(Constraint on spectrum and interactions)
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Definition of a CFT:

A CFT is an infinite set of primary operators O ¢ and OPE coefficients Cij
that satisfy crossing symmetry for all set of four-point functions.

Q: What choices of CFT data are consistent?
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A bit of history

1971 1984’ 2001° 2008’ 2011° 2019
—u ——u — : HH-HHHHH
Dolan . :
Polyakov, = Zamolodchikov Orbon; Rattazz},Rychkov,Tonr:l,AV
Ferrara, recurrence scalar cb’s Shift of paradigm!
Gatto,Grillo relation for cb... inD=2,4
Bootstrap
Program

» Original formulation was very ambitious: solve exactly CFTs

» Shift of paradigm: "a few" better than "nothing”
(quantitative informations can be obtained without solving the theory)

» "A few" can lead to "all”

18



The many faces of Conformal Bootstrap

Numerical
Bootstrap

Lightcone
limit Causality
constraints

Regge
limit Mellin

bootstrap



Numerical bootstrap

No

are
{01,004, ..., (’)n}* Conformal
bootstrap

part of a CFT?

-~
N

Maybe
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Numerical Bootstrap

» Crossing equation for (O(x1)O(x2)O(x3)O(xa)):

e (X))
AL

Known functions Fa ¢

> Unitarity: Ciy[ >0

Maybe No
Foo Fa,u Foo FaLe

Fa, .,
Fp,e, A2:b2

Fa,.t.

Existence of A can be recast into a convex optimization problem and checked
numerically using linear (or semi-definite) programming algorithms
[Rattazzi,Rychkov, Tonni, AV '08] [Poland,Simmons-Duffin, AV '11]
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Numerical Bootstrap

Maybe No
Fpo Fa, e Foo Favo

Fns,

A

For unfeasible spectra the cone generated by all the vectors Fa ¢ is entirely

contained in half-space

Look for a Linear functional

Nmax
NFa =D Amad"0™Fa e

n,m
such that

A[Fax] >0 for any A/, except for AFa, . ]<0

> Nmax: parametrizes numerical complexity

> as Nmax increases, exclusion conditions get stronger
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Numerical Bootstrap

Rules of the game:

» Choose one or more operators O1, O, ....

v

Consider all four point functions containing those operators
< 010:0:0:1 >, < 0:10:0.0; >, ...

» Make assumptions on the operators (and coefficients) appearing in the

OPE'’s O,' X Oj
» Check numerically if assumptions are consistent with crossing symmetry
> If not consistent: no CFT with that operator content
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A few applications




Comparison with 2D results

oxo ~ l+e+..
Scalars o ¢, with OPE:
oXe ~ O+ ..
exe ~ l+e+...

Q: given A, how large can A. be?
A: study < oooo >, < ooee >, < eece >

20} //
M(5.4)
15+ 2d Ising  \
N \
\
10 ?(
05
o1 02 03 04 T [Rychkov, AV 09]

Minimal models (exactly solvable) saturate the bound

Important
. . 25
No use of Virasoro algebra. Extend the method to 3D right away



An application in 3D

oxo ~ l+e+..
Scalars o ¢, with OPE:
oXe ~ O+ ..

exe ~ l+e+...
Q: given A,, how large can A, be?
A: study < ocooo >, < goee >, < eeee >
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Can we narrow down the 3D Ising model?

So far we have assumed anything about the CFT besides unitarity.
The 3D Ising model has only two relevant perturbations

Q: if only o and € have dimension < 3: allowed values for A,, A.?

0 . . . .
0.5 0.52 0.54 0.56 0.58 0.6



Can we narrow down the 3D Ising model?

So far we have assumed anything about the CFT besides unitarity.
The 3D Ising model has only two relevant perturbations

Q: if only o and e have dimension < 3: allowed values for A,, A.?

A

Monte Carlo
1.4130

1.4129 o
[Kos,Poland,Simmons-Duffin '14]

1.41262

1.4128 141261 [Simmons-Duffin '15]

e CataTis O30 T2 [Kos,Poland,Simmons-Duffin,AV '16]

1.4127

1.4126 Bootstrap

1.4125

0.51808 0.51810 0.51812 0.51814 0.51816 0.51818
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An island for any N

The O(N) archipelago

Ay

20,

— ~ 0(0)
18-

| = 04)
16| — 0(3)

I — 0Q)
140 Ising
12f

"""“““““““““““Alﬁ
0.505 0.510 0515 0.520 0.525 0.530
[Kos,Poland,Simmons-Duffin, AV '15]
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Why does it work?

Only a finite number of operators effectively matter

Decoupling of high dimensional operators:

s-channel: (O(x1)O(x2)O(x3)O(xa)) ~ Z >_0<

t-channel: (O(x1)O(x2)O(x3)O(xa)) ~ Z
Onae

——

e~ #Af(x;)

[Rychkov, Yvernay '15]
[Pappadopulo,Rychkov,Espin,Rattazzi '12]

In the numerical bootstrap functions f;; ~ O(1)

Large dimension operators exponentially suppressed!
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Data mining & CFT learning

Numerical bootstrap gives much more than exclusion plots:

when the allowed region is "small” the whole spectrum can be reconstructed
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Data mining & CFT learning

The solution, even if approximate, contains important info:

» operators needed to satisfy crossing (low dim + A — ¢ small)

» how fast operators are suppressed

. . 0
» how analytic structures are reproduced in Z @2

O

Study known spectra of interacting CFTs = infer general structure of CFTs
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An application to high energy physics




Conformal Window

Conformal Window of SU(N) gauge theories with N¢ fermions in the

fundamental
JIR fixed point
min N max
Ny vy Ny
. . I—— I . >
Chiral symmetry breaking k No asymptotic freedom
Strongly coupled

At the IR fixed point:

» Global Symmetry: U(1)v x SU(N¢). x SU(Nr)r
» "Mesons” /\/I,-f: scalars in O x O

» Bootstrap (I\/I[ij’_MpaM,§>
Can we get any constraint on the mass anomalous dimension vy =3 — Ay 7
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Case study: Ny = 8: stability

At the IR fixed point:

> IR fixed point is stable: no relevant perturbation which is singlet under
symmetry group

> The smallest dimension singlet ~ Tr[F,, F""] must be irrelevant

Bound on first singlet in the OPE M,j X I\/lk/_:

341 1 = YM S 1.79
2r 1 [Nakayama, Yu] 2016

Bounds on S sector

L
1 1.05 11 115 12 125 13
Dimensions of meson
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Case study: Nr = 8, symmetry enhancement

» Evidences of fixed point from Lattice simulation with Wilson fermions
» Lattice action only implements a sub-group of the global symmetry

» Enhancement to larger global symmetry in IR

)

Symmetry breaking operators are irrelevant

Bound on the lowest dimension [IJ x [ operator in the OPE M,.f x M,

45 T T T T T T

T
bound

=y < 1.31
T 1 [Nakayama, Yu] 2016

Bounds on TT sector

251

1 11 12 13 14 15 16 17 18
Dimensions of meson
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Conclusions

Scale invariant systems are the building blocks of quantum systems

CFT's in D > 3 (neglected for many years) are now under siege

> Numerical techniques allow to precisely determine CFT data

» Other complementary approaches available

We have only scratched the surface:
are we on the verge of a "CFT eight-fold way"?
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